
W+,5 #�tU�tt�L? �@Tih 2ff��2e

�T|�4@* W?UL4i A@ @|�L? �? @? ,^��*�Mh��4 N?i4T*L)4i?|

�L_i*G ��hh*iit 4ii|t ��tt@h�_it �

�@|��@t ON�B,+��NOw,+
�

��?}ihM�i�*ih9�hit��U*�@U�Mi

,|�i??i w,O����
���

i*i�4@??9��T@h�t2�uh

�*i �t ��+�,�AW,+
���

@T@h4i?|9�?���T@h�t��uh

�h�?L V�� #,+ wW�#,�
���

�@?_ih*�?_i?9�hit��U*�@U�Mi

#iUi4Mih ec 2ff�

Devwudfw

Wklv sdshu fkdudfwhul}hv rswlpdo qrq0olqhdu lqfrph wd{dwlrq lq dq hfrqrp| zlwk
d frqwlqxxp ri xqrevhuydeoh surgxfwlylw| ohyhov dqg hqgrjhqrxv lqyroxqwdu| xqhp0
sor|phqw gxh wr iulfwlrqv lq wkh oderu pdunhwv1 Uhglvwulexwlyh wd{dwlrq glvwruwv oderu
ghpdqg dqg zdjhv1 Frpsduhg wr wkh odlvvh}0idluh/ jurvv zdjhv/ xqhpsor|phqw dqg
sduwlflsdwlrq duh orzhu1 Dyhudjh wd{ udwhv duh lqfuhdvlqj1 Pdujlqdo wd{ udwhv duh srv0
lwlyh/ hyhq dw wkh wrs1 Ilqdoo|/ qxphulfdo vlpxodwlrqv vxjjhvw wkdw uhglvwulexwlrq lv
pxfk pruh lpsruwdqw lq rxu vhwwlqj wkdq lq d frpsdudeoh Pluuohhv +4<:4, vhwwlqj1

Nh|zrugv= Rswlpdo Lqfrph Wd{dwlrq/ Xqhpsor|phqw/ Zdjh Edujdlqlqj/ Pdwfk0
lqj

MHO qxpehuv= G;5/ K54/ K57/ M971
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Iroorzlqj wkh vhplqdo sdshu ri Pluuohhv +4<:4,/ wkh rswlpdo lqfrph wd{dwlrq olwhudwxuh
kdv doprvw h{foxvlyho| irfxvhg rq wkh h�hfwv ri wd{dwlrq rq oderu vxsso| uhvsrqvhv1 Wkh
hpskdvlv kdv ehhq sxw rq wkh lqwhqvlyh pdujlq +zrunlqj krxuv dqg h�ruw lq hpsor|phqw,
dqg pruh uhfhqwo| rq wkh h{whqvlyh pdujlq +wkh sduwlflsdwlrq ghflvlrq,1 H{dpsohv ri wklv
pruh uhfhqw olwhudwxuh duh Vdh} +5335,/ Errqh dqg Eryhqehuj +5334/ 5335e,/ Fkrq�h dqg
Odurtxh +5335,/ Odurtxh +5335,1 Krzhyhu/ dv Pluuohhv +4<<<, zulwhv= _Dqrwkhu ghvluh lv
wr kdyh d prgho lq zklfk xqhpsor|phqw fdq dulvh dqg shuvlvw iru uhdvrqv rwkhu wkdq d
suhihuhqfh iru ohlvxuh%1 Wkh suhvhqw sdshu iroorzv wklv uhvhdufk dyhqxh1 Zh fkdudfwhul}h
wkh rswlpdo lqfrph wd{dwlrq lq dq htxloleulxp xqhpsor|phqw pdwfklqj prgho zlwk d
frqwlqxxp ri oderu surgxfwlylwlhv1

Iroorzlqj Pruwhqvhq dqg Slvvdulghv +4<<<, dqg Slvvdulghv +5333,/ iulfwlrqv rq wkh oderu
pdunhw jhqhudwh uhqwv iru zrunhuv dqg �upv zkr kdyh pdwfkhg1 Wkhvh uhqwv duh vkduhg
wkurxjk zdjh edujdlqlqj1 Wklv vhwwlqj doorzv wr ghdo zlwk wkh h�hfwv ri lqfrph wd{dwlrq
rq zdjhv dqg oderu ghpdqg1 Wr kljkoljkw wkh lqwxlwlrq ri rxu phfkdqlvpv/ zh ljqruh
wkh lqwhqvlyh pdujlq1 Kljkhu ohyhov ri wd{hv uhgxfh wkh vxusoxv wr eh vkduhg/ sxvk zdjhv
xszdugv dqg duh wkhuhiruh ghwulphqwdo wr hpsor|phqw1 Rq wkh frqwudu|/ kljkhu pdujlqdo
wd{ udwhv uhgxfh wkh lqfhqwlyhv zrunhuv kdyh wr fodlp kljkhu zdjhv +vhh Pdofrpvrq dqg
Vduwru +4<;:, dqg Orfnzrrg dqg Pdqqlqj +4<<6,,1 Wklv uhgxfwlrq lq jurvv zdjhv lpsolhv
d ulvh lq hpsor|phqw zkhuhdv lq wkh vwdqgdug olwhudwxuh d ulvh lq pdujlqdo wd{ udwhv uhgxfhv
oderu vxsso|1 Wkurxjk wkhlu lpsdfw rq zdjhv/ kljkhu pdujlqdo wd{ udwhv dovr lqgxfh �upv
wr lqfuhdvh wkh uhvrxufhv vshqw rq srvwlqj ydfdqflhv1 Wklv h�hfw fdq rxwzhljk wkh lqfuhdvh
lq jurvv rxwsxw lpsolhg e| wkh ulvh lq hpsor|phqw1 Wklv zloo rffxu li/ dv zh dvvxph/ d
odlvvh}0idluh hfrqrp| pd{lpl}hv qhw rxwsxw1 Rxu rswlpxp wkhq vroyhv d wudgh0r� ehwzhhq
wkh h�flhqf| frvw lpsolhg e| wkh rshqlqj ri wrr pdq| ydfdqflhv dqg wkh xvxdo htxlw| jdlqv
frplqj iurp udlvlqj pdujlqdo wd{ udwhv1

Zh kdyh �yh pdlq dqdo|wlfdo uhvxowv1 Iluvw/ iru sduwlflsdqwv wr wkh oderu pdunhw/
wkh rswlpdo hpsor|phqw udwh lv kljkhu wkdq dw wkh odlvvh}0idluh1 Wklv frqwudvwv zlwk wkh
vwdqgdug olwhudwxuh zkhuh wrwdo zrunlqj krxuv duh uhgxfhg frpsduhg wr wkh odlvvh}0idluh
+Pluuohhv +4<:4,/ Vwljolw} +4<;5/4<;:,,1 Wkh h{whqw ri uhglvwulexwlrq lv frqvwudlqhg e|
wkh dv|pphwulf lqirupdwlrq derxw surgxfwlylw| ohyhov1 Orzhulqj jurvv zdjhv ehorz wkhlu
h�flhqw ohyho +wkhuhe| lqfuhdvlqj hpsor|phqw ohyhov, lv wkhq d nh| lqjuhglhqw wr plwljdwh
wkh h�hfwv ri wklv frqvwudlqw1 Rxu uhvxow lv lpsruwdqw ehfdxvh lw jlyhv d qhz udwlrqdoh
iru �vfdo srolflhv dlplqj dw vwlpxodwlqj oderu ghpdqg/ vxfk dv wkh rqhv wkdw kdyh ehhq
uhfrpphqghg e| h1j1 Gu�h}h dqg Pdolqydxg +4<<7, ru Skhosv +4<<:,1

Vhfrqg/ dyhudjh wd{ udwhv duh lqfuhdvlqj wkurxjk wkh zkroh glvwulexwlrq ri vnloov1 Sur0
juhvvlyh wd{dwlrq +lq wkh vhqvh ri Pxvjudyh dqg Pxvjudyh +4<:9,, lv wkhuhiruh d pdlq
ihdwxuh ri wkh rswlpdo wd{ vfkhgxoh1 Lw lv qrw dv ghwulphqwdo dv wkh vwdqgdug rswlpdo wd{d0
wlrq olwhudwxuh vxjjhvwv1 Wkhuh lv fohduo| qr htxlydohqw surshuw| lq wkh Pluuohhv iudphzrun1

Wklug/ pdujlqdo wd{ udwhv duh srvlwlyh dw wkh wrs ri wkh glvwulexwlrq1 Wklv surshuw|
krogv hyhq zlwk d erxqghg glvwulexwlrq ri vnloov1 Glvwruwlqj hpsor|phqw dw wkh wrs jhq0
hudwhv qr htxlw| jdlq1 Wkh jurvv zdjh dqg wkh hpsor|phqw udwh ri wkh prvw surgxfwlyh
zrunhuv duh wkhuhiruh dw wkhlu odlvvh}0idluh ohyhov1 Krzhyhu/ wkh srvlwlyh wd{ ohyho dw wkh
wrs jhqhudwhv zdjh suhvvxuh wkdw kdv wr eh frpshqvdwhg e| d srvlwlyh pdujlqdo wd{ udwh1
Lq wkh vwdqgdug olwhudwxuh/ pdujlqdo wd{ udwhv vkrxog eh qlo dw wkh wrs ri wkh glvwulexwlrq/
vlqfh wkhuh duh qr jdlqv iurp glvwruwlqj oderu vxsso|1

Irxuwk/ rxu ryhu0hpsor|phqw uhvxow lv qhyhuwkhohvv whpshuhg e| d uhgxfwlrq lq oderu0
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irufh sduwlflsdwlrq frpsduhg wr wkh odlvvh}0idluh hfrqrp|1 Rxu prgho lqwurgxfhv d sdu0
wlflsdwlrq ghflvlrq1 Dvvxplqj wkdw wkh ydoxh ri lqdfwlylw| lv lghqwlfdo iru doo djhqwv/ hyhu|
lqglylgxdo zkr lv ohvv surgxfwlyh wkdq dq hqgrjhqrxv wkuhvkrog grhv qrw vhdufk iru d mre1
Ghvslwh lwv h�flhqf| frvw/ lqfuhdvlqj wklv wkuhvkrog +l1h1 udlvlqj wkh qxpehu ri zhoiduh uh0
flslhqwv, doorzv wr uhgxfh wkh lqirupdwlrqdo uhqw wkdw dffuxhv wr pruh surgxfwlyh zrunhuv1
Wklv h{sodlqv zk| oderu0irufh sduwlflsdwlrq pd| eh orzhu wkdq lq d odlvvh}0idluh hfrqrp|1

Iliwk/ wkh ohdvw vnloohg hpsor|hg zrunhuv pd| uhfhlyh dq lq0zrun ehqh�w1 Exw lq wklv
fdvh/ lw lv dozd|v orzhu wkdq wkh zhoiduh ehqh�w1 Wklv uhvxow lv lq olqh zlwk wkh vwdqgdug
rswlpdo lqfrph wd{dwlrq olwhudwxuh1 Vdh} +5335, dqg Errqh dqg Eryhqehuj +5334 dqg
5335e, fkdoohqjh wklv ylhz1 Wkh| uhfrpphqg kljkhu lq0zrun ehqh�wv wkdq zhoiduh ehqh�wv1
Wklv uhvxow grhv qrw frph rxw lq rxu iudphzrun1 Wkh lqwurgxfwlrq ri d frqwlqxrxv h{whqvlyh
pdujlq lq rxu prgho +h1j1 wkrxjk hqgrjhqrxv vhdufk lqwhqvlw|, pljkw fkdqjh wklv uhvxow1

Wkhvh uhvxowv krog xqghu wkh dvvxpswlrq ri ulvn qhxwudolw|1 Prvw ri wkhp duh dovr wuxh
xqghu ulvn dyhuvlrq1

Zh wkhq ghyhors ydulrxv qxphulfdo h{huflvhv
�

1 Wkh| looxvwudwh wkh surshuwlhv ri rxu
rswlpdo wd{ vfkhgxoh1 Dowkrxjk wkhvh h{huflvhv duh yhu| frduvh/ zh krsh wkh| surylgh vrph
lqvljkwv rq wkh fkdudfwhulvwlfv ri rswlpdo wd{ vfkhgxohv1 Pdujlqdo wd{ udwhv dsshdu wr eh
kljk1 Ghshqglqj rq wkh fkrvhq sdudphwhuv/ wkh| olh ehwzhhq 88( dqg :8(1 Iru d jlyhq vhw
ri sdudphwhuv/ pdujlqdo wd{ udwhv �xfwxdwh lq d udqjh wkdw lv vpdoohu wkdq 43 shufhqwdjh
srlqwv1 Pdujlqdo wd{ udwhv duh jhqhudoo| vrphzkdw ghfuhdvlqj dorqj wkh glvwulexwlrq1

Ilqdoo|/ zh fkhfn wr zkdw h{whqw rxu vhwwlqj dqg wkh Pluuohhv rqh jhqhudwh gl�huhqw
wd{ vfkhgxohv1 Wr gr vr/ wkh Pluuohhv prgho lv h{whqghg wr doorz iru h{rjhqrxv lqyroxqwdu|
xqhpsor|phqw1 Wklv prgho lv fdoleudwhg vr dv wr jhqhudwh wkh vdph vhqvlwlylw| ri hduqlqjv
zlwk uhvshfw wr pdujlqdo wd{ udwhv dv lq rxu prgho1 Rxu uhvxowv wxuq rxw wr eh gudpdwlfdoo|
gl�huhqw vlqfh zh uhfrpphqg pdujlqdo wd{ udwhv dozd|v pruh wkdq wzlfh kljkhu1

Rxu pdlq frqwulexwlrq lv phwkrgrorjlfdo vlqfh zh exlog d prgho zkhuh wkh h�flhqf|
glvwruwlrqv lqgxfhg e| lqfrph wd{dwlrq duh gxh wr pdwfklqj dqg zdjh edujdlqlqj lqvwhdg
ri wkh vwdqgdug frqvxpswlrq0ohlvxuh wudgh0r�1 Wr zkdw h{whqw rxu dvvxpswlrqv duh hp0
slulfdoo| uhohydqw uhpdlqv dq rshq txhvwlrq1 Wkhuh lv �uvw vrph hylghqfh frqfhuqlqj wkh
zdjh prghudwlqj h�hfw ri wd{ surjuhvvlyhqhvv lq zdjh edujdlqlqj prghov1 Wkh wlph vhulhv
uhjuhvvlrqv e| Pdofrpvrq dqg Vduwru +4<;:, iru Lwdo|/ Orfnzrrg dqg Pdqqlqj +4<<6, iru
wkh XN/ ru Kropoxqg dqg Nrop +4<<8, iru Vzhghq ohqg vxssruw wr wklv phfkdqlvp +vhh
V�uhqvhq +4<<:, iru d vxuyh|,1 D vhfrqg olwhudwxuh vxuyh|hg e| Eoxqghoo dqg PdFxug|
+4<<<, lv frqfhuqhg zlwk oderu vxsso| uhvsrqvhv lq plfur gdwd1 Hodvwlflwlhv ri oderu vxsso|
dorqj wkh lqwhqvlyh pdujlq duh udwkhu orz iru phq/ zlwk d w|slfdo hvwlpdwh ehwzhhq 3=4
dqg 3=8/ exw duh kljkhu iru pduulhg zrphq1 Krzhyhu/ rqo| krxuv duh revhuydeoh e| hfrqr0
phwulfldqv/ qrw lq0zrun h�ruw1 Wklv vxjjhvwv wkdw oderu vxsso| uhvsrqvhv vkrxog eh ehwwhu
hvwlpdwhg e| orrnlqj dw jurvv hduqlqjv lqvwhdg ri zrunlqj krxuv uhvsrqvhv +vhh Ihogvwhlq
+4<<8, dqg Juxehu dqg Vdh} +5335,,1 Krzhyhu/ wkhvh hvwlpdwhv fdq eh hlwkhu lqwhusuhwhg dv
oderu vxsso| ru zdjh edujdlqlqj uhvsrqvhv1 Erwk phfkdqlvpv suhglfw wkdw lqglylgxdo jurvv
hduqlqjv duh lqfuhdvlqj zlwk wkh ohyho ri wd{hv +zkhq ohlvxuh lv dvvxphg wr eh d qrupdo
jrrg lq oderu vxsso| prghov, dqg ghfuhdvlqj zlwk pdujlqdo wd{ udwhv1 Suhglfwlrqv gl�hu
rqo| dv idu dv wkh h�hfwv rq hpsor|phqw/ zrunlqj krxuv dqg krxuo| zdjhv duh frqfhuqhg1
Ihz sdshuv kdyh h{sorlwhg vxfk gdwd1 Wkh wlph0vhulhv hvwlpdwhv e| Kdqvhq/ Shughuvhq dqg
Vo�n +5333, frqfoxgh wkdw kljkhu wd{ surjuhvvlrq ghfuhdvhv krxuo| zdjhv iru eoxh froodu
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zrunhuv/ vxjjhvwlqj wkdw wkh zdjh edujdlqlqj phfkdqlvp grplqdwhv wkh oderu vxsso| h�hfw
iru wkhvh zrunhuv1 Krzhyhu/ wkh uhyhuvh wxuqv rxw wr eh wuxh iru zklwh froodu zrunhuv1

Wkh frqvlghudwlrq ri oderu ghpdqg lv qrw devhqw lq wkh vwdqgdug olwhudwxuh1 Wkh w|slfdo
prgho dvvxphv dq djjuhjdwh surgxfwlrq ixqfwlrq zlwk shuihfw vxevwlwxwlrq ehwzhhq wkh
gl�huhqw w|shv ri oderu1 Khqfh/ krxuo| jurvv zdjhv htxdo pdujlqdo surgxfwv ri oderu dqg
duh lqghshqghqw ri wd{dwlrq1 Vwljolw} +4<;5, frqvlghuv d wzr0vnloo prgho zlwk lpshuihfw
vxevwlwxwlrq ehwzhhq kljk dqg orz0vnloohg oderu1 Wkh pdujlqdo wd{ udwh vkrxog wkhq eh
qhjdwlyh dw wkh wrs1 Wklv lqfuhdvhv kljk0vnloohg oderu vxsso| dqg hpsor|phqw dqg vr
uhgxfhv wkh krxuo| zdjh vnloo suhplxp1 Pdufhdx dqg Erdgzd| +4<<7, h{whqg Vwljolw}*v
+4<;5, prgho e| lqwurgxflqj d plqlpxp zdjh wkdw jhqhudwhv xqhpsor|phqw iru orz0
vnloohg zrunhuv1 Krzhyhu/ zkhq pdujlqdo surgxfwlylw| lv ghfuhdvlqj/ wkh ghulydwlrq ri
d qrq0wulyldo oderu ghpdqg uhtxluhv d �qlwh qxpehu ri vnloov1 Wkh pdwfklqj prgho ri
Pruwhqvhq dqg Slvvdulghv +4<<<, dqg Slvvdulghv +5333, surylghv dq lqwhuhvwlqj dowhuqdwlyh
vlqfh lw doorzv wr ghulyh yhu| hdvlo| d frqwlqxxp ri vnloo0vshfl�f oderu ghpdqg ixqfwlrqv1
Hqjvwu�rp +5335, h{whqgv wkh prgho ri Vwljolw} +4<;5, lq d pdwfklqj vhwwlqj1 Klv dqdo|wlfdo
uhvxowv duh ghyhorshg iru h{rjhqrxv zdjhv1 Wkh| hpskdvl}h frpsohphqwdulwlhv ehwzhhq wkh
lqwhqvlyh pdujlq dqg mre fuhdwlrq1 Rxu dqdo|wlfdo iudphzrun lv gl�huhqw vlqfh zh frqvlghu
d frqwlqxxp ri djhqwv/ �{hg zrunlqj krxuv exw hqgrjhqrxv zdjhv1 Klv vlpxodwlrq uhvxowv
zlwk hqgrjhqrxv zdjhv duh uhodwhg wr rxuv1 Lq sduwlfxodu/ kh hpskdvl}hv wkdw hpsor|phqw
lv d nh| ihdwxuh ri wkh uhglvwulexwlyh vfkhph1

Wkh suhvhqfh ri pdwfklqj iulfwlrqv udlvhv qhz txhvwlrqv lq zhoiduh hfrqrplfv1 Wkh
qrupdwlyh dqdo|vhv ghyhorshg lq wklv iudphzrun kdyh sxw vwurqj hpskdvlv rq wkh frqgl0
wlrqv xqghu zklfk wkh doorfdwlrq ri uhvrxufhv lv h�flhqw1 Krvlrv +4<<3, �uvw hvwdeolvkhg wkh
frqglwlrq xqghu zklfk wkh rxwsxw jhqhudwhg e| dgglwlrqdo mrev lv htxdo wr wkh uhvrxufhv
qhhghg wr fuhdwh dgglwlrqdo ydfdqflhv lq d odlvvh}0idluh hfrqrp|1 Zkhq wklv frqglwlrq lv
qrw ixo�oohg/ oderu0lqfrph wd{dwlrq lv rqh ri wkh lqvwuxphqwv wkdw fdq eh xvhg wr uhvwruh
h�flhqf| +vhh Errqh hw Eryhqehuj +5335d, dqg Ohkpdqq dqg Ydq ghu Olqghq +5335,,1
Zh gr qrw ixuwkhu h{soruh wklv uhvhdufk dyhqxh1 Wdnlqj wkh Krvlrv frqglwlrq iru judqwhg/
wkh oderu0lqfrph wd{ vfkhgxoh lv fkrvhq vr dv wr pd{lpl}h d vrfldo zhoiduh ixqfwlrq1 Wkh
ghvluh wr uhglvwulexwh lqfrph ehwzhhq vnloo0jurxsv zloo dv xvxdo fuhdwh dq htxlw|0h�flhqf|
wudgh0r� exw wkh odwwhu zloo frph rxw lq d gl�huhqw wkhruhwlfdo vhwwlqj1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq LL suhvhqwv wkh prgho dqg ghulyhv wkh
dqdo|wlfdo uhvxowv1 Vhfwlrq LLL lv ghyrwhg wr qxphulfdo vlpxodwlrqv1 Lq vhfwlrq LY/ zh
frpsduh wkh rswlpdo vfkhgxoh lq rxu vhwwlqj wr wkh rswlpxp lq d Pluuohhv0w|sh vhwwlqj1
Vhfwlrq Y fkhfnv wkh urexvwqhvv ri rxu dqdo|wlfdo uhvxowv xqghu ulvn dyhuvlrq1 Vhfwlrq YL
frqfoxghv1

WW A�i 4L_i*

Zh frqvlghu d vwdwlf prgho
�
zkhuh mrev gl�hu dffruglqj wr wkhlu h{rjhqrxv surgxfwlylw|

ghqrwhg e| d 5 ^d � > d � ` zlwk 3 � d � ? d � � .41 Wkh lqwhqvlyh pdujlq lv qrw wdnhq
lqwr dffrxqw khuh1 Zrunhuv dqg �upv duh dvvxphg wr eh ulvn qhxwudo1 Gluhfwhg vhdufk lv
dvvxphg iru vlpsolflw|

�
1 Vr/ w|sh0d dfwlyh zrunhuv vhdufk iru w|sh0d mrev1 Ilupv rshq w|sh0

vshfl�f ydfdqflhv1 Hdfk ydfdqf| kdv wr eh �oohg zlwk d vlqjoh vhdufklqj zrunhu1 Pdwfklqj
�
��h t|@|�U 4L_i* t�4T*��it |�i _)?@4�U �iht�L? Lu |�i 4@|U��?} 4L_i* M�| t|�** U@T|�hit �|t 4@�Lh
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zrunhuv dqg ydfdqflhv lv d wlph0frqvxplqj dqg frvwo| dfwlylw|1 Iroorzlqj Pruwhqvhq dqg
Slvvdulghv +4<<<, dqg Slvvdulghv +5333,/ zh frqvlghu d zhoo0ehkdyhg pdwfklqj ixqfwlrq
wkdw jlyhv wkh qxpehu ri w|sh0d mrev iruphg dv d ixqfwlrq ri wkh qxpehu X � ri vhdufklqj
zrunhuv dqg wkh qxpehu Y � ri ydfdqflhv1 Hpsor|phqw lq vhjphqw d lv dq lqfuhdvlqj dqg
frqvwdqw0uhwxuq0wr0vfdoh ixqfwlrq K +X � > Y � ,1 Wklv pdwfklqj ixqfwlrq lpsolflwo| fdswxuhv
khwhurjhqhlwlhv/ iulfwlrqv dqg lqirupdwlrq lpshuihfwlrqv rq wkh oderu pdunhw1

Wkh vl}h ri wkh srsxodwlrq lv qrupdol}hg wr 41 Zrunhuv* w|shv duh glvwulexwhg dffruglqj
wr d frqwlqxrxv ghqvlw| i +=, dqg d f1g1i1 I +=,1 Wkhvh ixqfwlrqv duh frpprq nqrzohgjh1
Wkurxjk frvwo| vfuhhqlqj/ wkh surgxfwlylw| ri d zrunhu lv revhuyhg e| wkh �up1 Zh dvvxph
wkh jryhuqphqw kdv qrw wklv delolw|1 Wkh lqfrph wd{ vfkhgxoh frqvlvwv lq d frqwlqxrxvo|
gl�huhqwldeoh qrq0olqhdu wd{ ixqfwlrq W +=, dqg dq xqwd{hg zhoiduh ehqh�w e1 Vlqfh wkh
jryhuqphqw revhuyhv jurvv zdjhv exw qrw surgxfwlylw|/ W +=, lv rqo| edvhg rq jurvv lqfrph1
Wkh dvvlvwdqfh ehqh�w e lv glvwulexwhg wr vhdufklqj dqg qrq0vhdufklqj mreohvv lqglylgxdov1
Wkxv zh dvvxph wkdw mre vhdufk fdqqrw eh prqlwruhg e| wkh jryhuqphqw1 Iru hdfk w|sh
d/ z � / O � dqg { � ghqrwh uhvshfwlyho| wkh jurvv zdjh +ru htxlydohqwo| wkh zdjh frvw,/ wkh
hpsor|phqw udwh dqg wkh zrunhuv* vxusoxv lq fdvh ri hpsor|phqw/ zlwk { � � z � �W +z � ,�e1
Khqfh/ w|sh0d hpsor|hg zrunhuv uhfhlyh z � � W +z � , @ { � . e1 Ohw g A 3 eh wkh ydoxh ri
lqdfwlylw|1 Luuhvshfwlyho| ri wkhlu w|sh/ qrq0vhdufklqj +uhvshfwlyho|/ vhdufklqj xqhpsor|hg,
lqglylgxdov uhfhlyh e. g +uhvs1 e,1

Srvwlqj d w|sh0d ydfdqf| frvwv � � 1 Wklv sdudphwhu fdswxuhv wkh frvw ri vfuhhqlqj
dssolfdqwv dqg wkh lqyhvwphqw frvw ri fuhdwlqj d zrunvwdwlrq1 D w|sh0d �oohg +uhvshfwlyho|
xq�oohg, ydfdqf| |lhogv d vxusoxv ri d � z � � � � +uhvs1 �� � , wr wkh �up0rzqhu1 Lq wkh
olwhudwxuh/ wkh ydfdqf| frvw lv hlwkhu wdnhq dv �{hg ru dv sursruwlrqdo wr surgxfwlylw| +vhh
h1j1 Slvvdulghv +5333,,1 Zh wkhuhiruh dvvxph wkdw

�
=

3 �
b� �

� �
�

4

d
+4,

Wkh wlplqj ri wkh prgho lv=

41 Wkh jryhuqphqw frpplwv wr d wd{dwlrq vfkhph W +=, dqg d ohyho ri ehqh�w e1

51 Ilupv rshq ydfdqflhv dqg zrunhuv ghflgh zkhwkhu ru qrw wkh| vhdufk iru d mre1

61 Pdwfklqj rffxuv1 Iru hdfk mre/ wkh �up dqg wkh zrunhu qhjrwldwh wkhlu zdjh1

71 Wudqvihuv dffuxh wr wkh djhqwv1

WW�� A�i 4@|U��?} ThLUitt

Iroorzlqj hpslulfdo vwxglhv +vhh Eodqfkdug dqg Gldprqg +4<;<, ru wkh uhfhqw vxuyh| e|
Shwurqjror dqg Slvvdulghv +5334,,/ zh dvvxph d Free0Grxjodv pdwfklqj ixqfwlrq

K � @ D � +X � ,
�
� +Y � ,

��� �
zlwk � 5 +3> 4,

Ohw Y � @ � � � i +d, ghqrwh wkh phdvxuh ri w|sh0d ydfdqflhv1 Doo w|sh0d lqglylgxdov hlwkhu
vhdufk iru d mre ru vwd| lqdfwlyh1 Zkhq wkh| vhdufk/ wkhlu phdvxuh lv X � @ i+d,1 Wkhlu
suredelolw| ri �qglqj d mre lv wkhq O � @ K � @X � @ D � �

��� �
� 1 Wkh suredelolw| ri �oolqj d

w|sh0d ydfdqf| lv wkhuhiruh K � @Y � @ D � �
� �
� 1

�
� _L| L�ih @ �@h�@M*i _i?L|it |�i |L|@* _ih��@|��i ��|� hitTiU| |L |)Ti @ Ei�} �V � ' _V � *_@��
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Wkh h{shfwhg uhwxuq ri srvwlqj d ydfdqf| lv D � �
� �
� � +d�z � , � � � 1 Wkh kljkhu wkh

jurvv zdjh z � / wkh orzhu wklv uhwxuq1 Ilupv hqwhu iuhho| wkh pdunhw dqg srvw ydfdqflhv dv
orqj dv wklv uhwxuq lv srvlwlyh1 Wkhuhiruh/ lq htxloleulxp/ wklv uhwxuq lv qlo1 Rqh fdq wkhq
ghulyh wkh w|sh0d oderu ghpdqg=

O � @ D
�

� �

�

d�z �

� �

�

��� �
�

+5,

Ohw

\ � � O � � d� � � � � �

Vr/ \ � � i+d, ghqrwhv wrwdo rxwsxw qhw ri vhdufk frvwv lq wkh w|sh0d oderu pdunhw1 Wkh iuhh
hqwu| frqglwlrq lpsolhv wkdw qhw rxwsxw htxdov wkh zrunhuv* h{shfwhg jurvv lqfrph O � �z � 1
Vr/

\ � +z � , � D
�

� �

�

d�z �

� �

�

��� �
�

� z � +6,

H�flhqw jurvv zdjh dqg hpsor|phqw duh jlyhq e| wkh ydoxhv wkdw pd{lpl}h wklv qhw rxwsxw=

z
�
� @ � � d O

�
� @ +4� �,

��� �
� �D

�

� �

�

d

� �

�

��� �
�

+7,

Wkh pdwfklqj iulfwlrqv lpso| wkdw wkh h�flhqw ohyho ri hpsor|phqw O
�
� lv ehorz 4

�
1 Wr

lqfuhdvh hpsor|phqw deryh O
�
� / �upv kdyh wr rshq pruh ydfdqflhv1 Wkh uhvrxufhv vshqw

wr fuhdwh wkhvh ydfdqflhv duh qrw r�vhw e| wkh lqfuhdvh lq jurvv rxwsxw1 Pdwfklqj iulfwlrqv
wkhuhiruh lpso| wkdw ixoo hpsor|phqw lv qrw rswlpdo1 Htxdwlrqv +4, dqg +7, lpso| wkdw
wkh h�flhqw ohyho ri hpsor|phqw lv qrq0ghfuhdvlqj lq d1

WW�2 A�i �@}i M@h}@�?

Rqfh d �up dqg d zrunhu kdyh ehhq pdwfkhg/ wkh| edujdlq ryhu wkh zdjh1 Lq wkh devhqfh
ri dq djuhhphqw/ qrwklqj lv surgxfhg dqg wkh zrunhu jhwv wkh zhoiduh ehqh�w e1 Wkhvh
rxwvlgh rswlrqv lpso| wkh h{lvwhqfh ri d srvlwlyh uhqw1 Dv lw lv vwdqgdug lq wkh olwhudwxuh
+vhh Slvvdulghv +5333,,/ wklv uhqw lv vkduhg e| pd{lpl}lqj d Qdvk surgxfw1 Wkh zdjh z �

pd{lpl}hv wkh Qdvk surgxfw ghshqglqj rq wkh zrunhu*v dqg wkh �up*v vxusoxv li wkh|
pdwfk/

^z � � W +z � ,� e` � ^d�z � `
�����
�

zkhuh � 5 +3> 4, ghqrwhv wkh zrunhu*v edujdlqlqj srzhu1
AIurp Htxdwlrq +5,/ lw fdq eh vhhq wkdw pd{lpl}lqj wkh Qdvk surgxfw lv htxlydohqw

wr pd{lpl}lqj zrunhuv* h{shfwhg vxusoxv { � O � surylghg wkdw zrunhuv* edujdlqlqj srzhu �
frlqflghv zlwk wkh hodvwlflw| ri wkh pdwfklqj ixqfwlrq �1 Rxu dvvxpswlrq wkdw � @ � lv wkh
vr0fdoohg Krvlrv +4<<3, frqglwlrq1 Lw vwdwhv wkdw wkh uhodwlyh zhljkw ri wkh �up*v vxusoxv
lq wkh Qdvk surgxfw +4� �, @� lv htxdo wr wkh hodvwlflw| ri oderu ghpdqg zlwk uhvshfw wr

�
� @?_ V � @hi @tt�4i_ |L Mi t�U� |�@| u

�
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�
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wkh �up*v vxusoxv +4� �, @�1 Lw lpsolhv wkdw wkh odlvvh}0idluh hfrqrp| zlwk qhlwkhu wd{hv
qru ehqh�wv |lhogv dq h�flhqw ohyho ri hpsor|phqw1 Wkh qhjrwldwhg zdjh wkhq vroyhv=

pd{
� �

^z � � W +z � ,� e` � ^d�z � `
��� �
�

wdnlqj W +=, dqg e dv jlyhq1 Wkh uhvxowv ri wklv sdshu zrxog wkhuhiruh dovr eh ydolg iru dq|
rwkhu zdjh vhwwlqj wkdw pd{lpl}hv zrunhuv* h{shfwhg xwlolw|/ jlyhq wkh ohyho ri e/ wkh oderu
ghpdqg ixqfwlrq +5, dqg wkh wd{ vfkhgxoh W +=,1 Wklv lv lq sduwlfxodu wkh fdvh zlwk vnloo
vshfl�f prqrsro| xqlrqv xqghu uljkw0wr0pdqdjh1

Zh gh�qh 	 � e|=

	 � � pd{
� �

{ � � O � @ pd{
� �

^z � � W +z � ,� e` �D
�

� �

�

d�z �

� �

�

��� �
�

+8,

Wkh �uvw0rughu frqglwlrq ohdgv wr=

z � @
� +4� W

�

� ,d. +4� �, +W � . e,

4� � � W
�

�
+9,

zkhuh W
�

� � W
�

+z � , ghqrwhv wkh pdujlqdo wd{ udwh dqg W � � W +z � , ghqrwhv wkh ohyho ri
wd{hv iru d w|sh0d zrunhu1 Ixuwkhupruh/ htxdwlrq +9, fdq eh uhzulwwhq dv=

z � � W � � e @
� +4� W

�

� ,

4� �
+d�z � , +:,

Vlqfh wkh �up*v ru wkh zrunhu*v vxusoxv fdqqrw eh qhjdwlyh/ zh kdyh=

W
�

� � 4

Khqfh/ wkh zrunhu*v vxusoxv { � lv qhfhvvdulo| dq lqfuhdvlqj ixqfwlrq ri wkh jurvv zdjh z � 1
Wkh wd{ vfkhgxoh lq�xhqfhv wkh oderu pdunhw htxloleulxp lq wzr zd|v1 Iluvw/ kljkhu

ohyhov ri wd{hv W � ru ehqh�wv e uhgxfh wkh uhqw wr eh vkduhg dqg wkhuhiruh lqfuhdvh wkh
jurvv zdjh wr r�vhw wkh uhgxfwlrq lq zrunhuv* vxusoxv { � 1 Khqfh/ wklv zdjh suhvvxuh h�hfw
uhgxfhv hpsor|phqw1 Wklv h�hfw rq jurvv hduqlqj lv vlplodu wr zkdw rffxuv lq d oderu
vxsso| iudphzrun zkhq ohlvxuh lv d qrupdo jrrg1 Wkhuh/ d ulvh lq wkh ohyho ri wd{hv dw
jlyhq pdujlqdo wd{ udwhv lqfuhdvhv oderu vxsso|1

Vhfrqg/ nhhslqj W � frqvwdqw/ wkh zdjh lv ghfuhdvlqj lq wkh pdujlqdo wd{ udwh W
�

� ehfdxvh
d xqlw ulvh lq wkh jurvv zdjh lqfuhdvhv qhw hduqlqjv dw d udwh ri rqh plqxv wkh pdujlqdo
wd{ udwh1 Dv wkh pdujlqdo wd{ udwh ulvhv/ wkh zrunhu hduqv ohvv iurp hdfk lqfuhdvh lq
jurvv zdjhv zkloh wkh h�hfw rq �upv* sur�wv uhpdlqv xqfkdqjhg1 Wkhuhiruh/ zrunhuv kdyh
ohvv lqfhqwlyhv wr fodlp kljkhu zdjhv1 D ulvh lq wkh pdujlqdo wd{ udwh fdq eh lqwhusuhwhg
dv d ghfuhdvh lq wkh zrunhu*v uhodwlyh h�hfwlyh edujdlqlqj srzhu1 Wklv zdjh prghudwlqj
h�hfw lv zhoo nqrzq lq wkh olwhudwxuh +vhh Pdofrpvrq dqg Vduwru +4<;:,/ Orfnzrrg dqg
Pdqqlqj +4<<6,/ Kropoxqg dqg Nrop +4<<8,/ Slvvdulghv +4<<;,/ V�uhqvhq +4<<<, ru Errqh
dqg Eryhqehuj +5335d, dprqj rwkhuv,1 Dv lq oderu vxsso| iudphzrunv/ kljkhu pdujlqdo
wd{ udwhv ghfuhdvh jurvv hduqlqjv1 Krzhyhu/ lq wkh oderu vxsso| olwhudwxuh/ wkh fkdqqho lv
gl�huhqw ehfdxvh wkhuh jurvv hduqlqjv duh ghfuhdvlqj gxh wr orzhu zrunlqj krxuv1

Nhhslqj wkh ohyho ri wd{ W � xqfkdqjhg/ d ulvh lq wkh pdujlqdo wd{ W
�

� kdv d qrq
prqrwrqrxv h�hfw rq qhw rxwsxw \ � 1 Hpsor|phqw O � dqg wkhuhiruh jurvv rxwsxw d �O � dqg
wrwdo ydfdqf| frvwv � � � � � lqfuhdvh1 Zkhq hpsor|phqw lv orzhu +uhvshfwlyho| kljkhu, wkdq

:



Ta’

Ya

Ta’*

Iljxuh 4= Wkh lpsdfw ri wkh pdujlqdo wd{ udwh rq h�flhqf| dw jlyhq wd{hv1

lwv h�flhqw ydoxh O
�
� / wkh h�hfw rq jurvv rxwsxw +uhvs1 rq ydfdqf| frvwv, grplqdwhv/ vr

qhw rxwsxw lqfuhdvhv +uhvs1 ghfuhdvhv,1 Khqfh wkh uhodwlrq lv kxps vkdshg dv ghslfwhg lq
Iljxuh 41 Ohw wkh _h�flhqw pdujlqdo wd{ udwh% W

� �
� eh wkh rqh wkdw pd{lpl}hv qhw rxwsxw

iru d jlyhq ohyho ri wd{1 Iurp htxdwlrqv +7, dqg +9,=

W
� �
� @

W � . e

� � d
+;,

Dv d frqvhtxhqfh/ wkh h�flhqw pdujlqdo wd{ udwh lv lqfuhdvlqj zlwk wkh ohyho ri wd{hv1

WW�� W?Ui?|��i @?_ T@h|�U�T@|�L? UL?t|h@�?|t

Wkh jryhuqphqw idfhv dq dgyhuvh vhohfwlrq sureohp vlqfh lw revhuyhv rqo| jurvv zdjhv
dqg qrw mrev* w|shv d1 Lq vxfk d vhfrqg0ehvw hqylurqphqw/ wkh jryhuqphqw fdq rqo|
lqihu zrunhuv* surgxfwlylwlhv iurp wkh revhuydwlrq ri qhjrwldwhg zdjhv1 Dffruglqj wr wkh
uhyhodwlrq sulqflsoh/ lw lv htxlydohqw wr ghvljq d wd{ ixqfwlrq W +z � , zklfk ghshqgv rq wkh
revhuyhg jurvv zdjh z � ru wr ghvljq d phqx ri frqwudfwv +z � > W � , wkurxjk d wuxwkixo gluhfw
uhyhodwlrq phfkdqlvp1

Wkh dv|pphwulf lqirupdwlrq sureohp vhhpv wr eh qrq vwdqgdug khuh vlqfh wzr sduwlhv
zlwk frq�lfwlqj lqwhuhvwv duh lqyroyhg= wkh �up dqg wkh zrunhu1 Dq hpsor|hu rffxs|lqj d
w|sh0d zrunhu zlvkhv wr plplf ohvv surgxfwlyh mrev1 Plplfnlqj ohvv surgxfwlyh mrev phdqv
sd|lqj d orzhu zdjh wkdq wkh rqh ghvljqhg iru w|sh0d mrev1 Krzhyhu/ wkh hpsor|hu fdqqrw
xqlodwhudoo| ghflgh rq vxfk d ghyldwlrq ehfdxvh wkh hpsor|hh zrxog glvdjuhh dqg wkh pdwfk
zrxog eh lqwhuuxswhg1 V|pphwulfdoo|/ wkh hpsor|hh zlvkhv wr plplf pruh surgxfwlyh mrev/
exw kh fdqqrw xqlodwhudoo| ghyldwh1 Wkh �up dqg wkh hpsor|hh kdyh wr djuhh rq d vlqjoh
phvvdjh +wkh jurvv zdjh z � ,1 Xqghu Qdvk edujdlqlqj/ wklv phvvdjh2zdjh pd{lpl}hv wkh
Qdvk surgxfw1 Uxolqj rxw wkh srvvlelolw| ri vlgh sd|phqwv

�

/ wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqwv wkhuhiruh zulwh=
�

d�z �

� �

�

��� �
�

+z � � W +z � ,� e, A

�

d�z ���

� �

�

��� �
�

+z ��� � W +z ��� ,� e, ; d
�

9@ d +<,

Vwdqgdug sulqflsdo djhqw whfkqltxhv wkhq dsso| +vhh Vdodql�h +4<<:, ru Od�rqw dqg Pduwl0
pruw +5335,,1

�
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w

x

Na’

Na

w

x

x=w-T(w)-b

a’>a

Iljxuh 5= Wkh vlqjoh furvvlqj surshuw|

Wkh Qdvk surgxfw ghshqgv rq w|sh d/ jurvv zdjh z dqg zrunhu*v vxusoxv { lq wkh

iroorzlqj zd| Q +d>z> {, � D
�

�
� � � �� �

�

��� �
�
{1 Wkh zrunhu*v vxusoxv { kdv wr lqfuhdvh zkhq

wkh jurvv zdjh z lqfuhdvhv wr nhhs wkh Qdvk surgxfw Q +d> => =, xqfkdqjhg1 Orzhu vxusoxv
iru wkh �up pxvw eh r�vhw e| kljkhu vxusoxv iru wkh zrunhu1 Krzhyhu/ iru hdfk sdlu +z>{,
wkh pdujlqdo udwh ri vxevwlwxwlrq=

C{

Cz

�

�

�

� ��� ����� ��� � @
4� �

�

{

d�z

lv d ghfuhdvlqj ixqfwlrq ri wkh w|sh d1 Wklv vlqjoh furvvlqj surshuw| lv looxvwudwhg lq Iljxuh
51 Wklv �jxuh glvsod|v wkh lqgl�huhqfh fxuyhv lq whupv ri wkh Qdvk surgxfw Q +d> => =, iru
wzr mrev zlwk gl�huhqw delolwlhv d

�

A d1 Wkh kljkhu wkh surgxfwlylw| ri d pdwfk/ wkh ohvv
hodvwlf lv wkh �up*v vxusoxv wr wkh jurvv zdjh/ vr wkh ohvv vhqvlwlyh lv wkh Qdvk surgxfw wr
fkdqjhv lq wkh jurvv zdjh1

Iru frqyhqlhqfh/ zh frqvlghu wkdw wkh jryhuqphqw ghvljqv d phqx ri frqwudfwv lq whupv
ri +z � >	 � ,/ zklfk e| +8, lv shuihfwo| htxlydohqw wr d phqx lq whupv ri +z � > W � ,1 Dsso|lqj
wkh hqyhorsh wkhruhp wr htxdwlrq +8, jlyhv wkh �uvw rughu lqfhqwlyh frpsdwlelolw| frqvwudlqw
+vhh Dsshqgl{ YLL14,=

b	 � @
4� �

�
+

4

d�z �
�

b� �

� �
,	 � +43,

Htxdwlrqv +4, dqg +43, lpso| wkdw wkh h{shfwhg zrunhu*v vxusoxv ru htxlydohqwo| wkh pd{0
lpl}hg Qdvk surgxfw 	 � lv lqfuhdvlqj zlwk uhvshfw wr surgxfwlylw| 	 1

D zrunhu ghflghv wr vhdufk dw vwdjh 5 dv orqj dv lwv h{shfwhg xwlolw| zkhq vhdufklqj
	 � . e lv kljkhu wkdq lwv xwlolw| zlwkrxw vhdufklqj e. g1 Wkh sduwlflsdwlrq frqvwudlqw fdq
wkhq eh zulwwhq dv=

	 � � g +44,
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Vlqfh wkh zrunhu*v h{shfwhg vxusoxv 	 � lv lqfuhdvlqj lq d dqg vlqfh g lv e| dvvxpswlrq
lghqwlfdo iru doo w|shv/ wkhuh h{lvwv d vlqjoh wkuhvkrog d � � d � vxfk wkdw zrunhuv hqgrzhg
zlwk d ? d � vwd| lqdfwlyh zkhuhdv zrunhuv zlwk d � d � vhdufk iru d mre1

WW�e A�i }L�ih?4i?|<t ThLM*i4

Krz surgxfwlylw| ohyhov duh doorfdwhg lq wkh srsxodwlrq lv rxw ri wkh vfrsh ri wklv duwlfoh1
Shrsoh duh vlpso| qrw khog uhvsrqvleoh iru wkhlu surgxfwlylw|1 Vr/ wkh jryhuqphqw lv uhdg|
wr frpshqvdwh iru gl�huhqfhv lq surgxfwlylw| ohyhov1 Zh dvvxph wkh iroorzlqj remhfwlyh
iru wkh jryhuqphqw=


 @ I +d � ,� +e. g, .
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� ^O � +z � � W +z � ,, . +4� O � , e` i +d, gd +45,

zkhuh �
�

+=, A 3 dqg �
� �

+=, ? 31
Wklv remhfwlyh h{suhvvhv wkdw wkh jryhuqphqw fduhv derxw wkh glvwulexwlrq ri h{shfwhg

xwlolwlhv/ qdpho| O � +z � � W +z � ,,.+4� O � , e iru wkrvh zkr duh dfwlyh dqg e.g iru lqdfwlyh
shrsoh1 Lw hqfrpsdvvhv dv olplwlqj fdvhv wkh pd{lplq fulwhulrq +pd{ e, dqg wkh _sxuh%
xwlolwduldq fulwhulrq +zkhqhyhu �

� �

+=, @ 3,1 Iru h{srvlwru| uhdvrqv/ zh �uvw qhjohfw wkh lvvxh
ri lqvxudqfh djdlqvw wkh xqhpsor|phqw ulvn1 Dv zloo vrrq eh vkrzq/ ryhu0hpsor|phqw
lv rswlpdo iru lw frqwulexwhv wr wkh ixo�oophqw ri wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw1
Xqghu ulvn dyhuvlrq dqg zkhq lqvxudqfh lv lqfrpsohwh/ ryhuhpsor|phqw frphv rxw iru dq
dgglwlrqdo uhdvrq/ qdpho| ehfdxvh lw doorzv wr ehwwhu vkduh ulvnv1 Wklv lv looxvwudwhg lq
Vhfwlrq Y zkhuh ulvn dyhuvlrq lv lqwurgxfhg1 Wkhuh/ wkh wzr prwlyhv iru ryhuhpsor|phqw
zloo eh vlpxowdqhrxvo| suhvhqw1 Ilqdoo|/ remhfwlyh +45, fdq eh plfur0irxqghg li zh dvvxph
wkdw wkh hfrqrp| lv pdgh ri vnloo0vshfl�f uhsuhvhqwdwlyh krxvhkrogv wkdw shuihfwo| vkduh
frqvxpswlrq ehwzhhq wkhlu hpsor|hg dqg xqhpsor|hg phpehuv1

Jlyhq htxdwlrq +8,/ wklv remhfwlyh fdq eh uhzulwwhq dv=
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Wkh jryhuqphqw idfhv d exgjhw frqvwudlqw=
] � �
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+4� O � , i +d, gd
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e.H +47,

zkhuh H � 3 lv dq h{rjhqrxv dprxqw ri sxeolf h{shqglwxuhv1 Xvlqj Htxdwlrqv +6, dqg
+8,/ lw lv frqyhqlhqw wr uhzulwh wklv frqvwudlqw dv=
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Rswlpdo wd{dwlrq wkhuhiruh vroyhv wkh iroorzlqj sureohp

pd{� � � � � � � � � � I +d � ,� +e. g, .
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v=w= =
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Iru dq| ydoxh ri d � dqg e/ wklv lv d vwdqgdug rswlpdo frqwuro sureohp zkhuh zrunhuv*
h{shfwhg vxusoxv 	 � lv wkh vwdwh yduldeoh dqg wkh jurvv zdjh z � lv wkh frqwuro yduldeoh1
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Wkh �uvw0rughu frqglwlrqv ohdg wr wkh iroorzlqj irupxodwlrq ri wkh htxlw|0h�flhqf| wudgh0r�
iru doo d � d � +vhh Dsshqgl{ YLL15,=

� �
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Cz �
� i +d, @
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	 � � i +w, � gw +4:,

zkhuh � lv wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk wkh exgjhw frqvwudlqw dqg �
�

� @
�

�

+	 � . e,1 Iru d ? d � / zh gh�qh �
�

� @ �
�

+e. g,1
Frqvlghu dq lqfuhdvh ri rqh xqlw lq wkh zdjh ri w|sh0d zrunhuv wkdw ohwv w|sh0d*v

h{shfwhg vxusoxv frqvwdqw1 Wklv ghfuhdvhv wkh hpsor|phqw ohyho O � dqg wkhuhe| jurvv
rxwsxw O � � d exw dovr wkh uhvrxufhv vshqw rq srvwlqj ydfdqflhv1 Wkhuhiruh/ wkh h�hfw rq
qhw rxwsxw \ � lv dpeljxrxv1 Li z � ? z

�
� +uhvs1 A,/ wkh wrwdo h�hfw lv srvlwlyh +uhvs1

qhjdwlyh,1 Pxowlso|lqj wklv e| wkh qxpehu ri w|sh0d djhqwv i+d, dqg wkh vkdgrz frvw ri
sxeolf ixqgv �/ wkh ohiw0kdqg vlgh ri +4:, phdvxuhv wkh vrfldo ydoxh ri wkh qhw pdujlqdo
fkdqjh lq rxwsxw1 Wklv fdswxuhv wkh h�flhqf| vlgh ri wkh wudgh0r�1

Wkh uljkw0kdqg vlgh ri +4:, uhsuhvhqwv wkh htxlw| frvw ri d kljkhu jurvv zdjh iru w|sh0d
zrunhuv1 Zkhq djhqwv hqgrzhg zlwk surgxfwlylw| d hduq kljkhu jurvv zdjhv/ pruh surgxf0
wlyh djhqwv �qg lw pruh dwwudfwlyh wr plplf wkhp1 Wr suhyhqw wklv/ wkh h{shfwhg vxusoxv
dffuxlqj wr pruh surgxfwlyh zrunhuv kdv wr jurz1 Wkh whup lq iurqw ri wkh lqwhjudo phd0
vxuhv wkh udwh dw zklfk wkh jurzwk udwh ri wkh zrunhu*v h{shfwhg vxusoxv kdv wr lqfuhdvh wr
suhyhqw voljkwo| pruh surgxfwlyh zrunhuv iurp plplfnlqj w|sh d lqglylgxdov +vhh Htxdwlrq
+43,,1 Qhjohfwlqj vhfrqg0rughu h�hfwv/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv zloo uhpdlq
vdwlv�hg deryh d li doo zrunhuv zlwk d surgxfwlylw| kljkhu wkdq d ehqh�w iurp dq htxlydohqw
uhodwlyh lqfuhdvh lq wkhlu h{shfwhg vxusoxv1 Dv lw lv h{sodlqhg lq Dsshqgl{ YLL15/ wkh lqwh0
judo fruuhvsrqgv wr wkh vkdgrz frvw ri d uhodwlyh lqfuhdvh lq wkh h{shfwhg vxusoxv ri pruh
surgxfwlyh zrunhuv1 Iru dq| w|sh w deryh d/ wklv pdujlqdo uhodwlyh lqfuhdvh ohdgv wr dq
devroxwh ulvh lq h{shfwhg vxusoxv htxdo wr 	 � wlphv wkh uhodwlyh lqfuhdvh1 Wklv dgglwlrqdo
h{shfwhg vxusoxv jhqhudwhv dq lqfuhdvh lq wkh vrfldo zhoiduh phdvxuhg e| �

�

� / exw lpsolhv
d exgjhwdu| frvw htxdo wr �1

Wkh surri ri wkh iroorzlqj surshuwlhv lv ohiw wr dsshqglfhv1

Sursrvlwlrq 4 Hpsor|phqw lv h�flhqw dw wkh wrs ri wkh glvwulexwlrq1

Wkh uljkw0kdqg vlgh ri +4:, lqglfdwhv wkdw lqfuhdvlqj wkh jurvv zdjh dw wkh wrs kdv qr
glvwulexwlrqdo h�hfw1 Wkh jryhuqphqw fdq wkhuhiruh vhw wklv jurvv zdjh dw wkh ohyho z

�
� �

zklfk pd{lpl}hv qhw rxwsxw1

Sursrvlwlrq 5 Iru doo w|shv zlwk surgxfwlylw| d � � d ? d � / hpsor|phqw lv deryh lwv
h�flhqw ohyho1

Frqvlghu wkdw wkh wd{ vfkhgxoh kdv ehhq rswlpl}hg iru doo zrunhuv xs wr w|sh d1 Wkh
h{shfwhg xwlolw| ri w|sh0d zrunhuv 	 � ehlqj suhghwhuplqhg e| wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqwv +<,/ ohw z � ghfuhdvh ehorz lwv h�flhqw ydoxh z

�
� 1 Ilupv* vxusoxv dqg hpsor|0

phqw iru w|sh0d zrunhuv duh wkhq udlvhg1 Lq rughu wr nhhs 	 � frqvwdqw/ { � kdv wr ghfuhdvh
�

1
Vr grlqj/ wkh zrunhuv* vxusoxv lq hpsor|phqw ghfuhdvhv exw wkhlu h{shfwhg xwlolw| uhpdlqv
xqd�hfwhg1 E| wkh vlqjoh0furvvlqj surshuw|/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +<, fdq

�
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qrz eh ixo�oohg e| dwwulexwlqj d orzhu ohyho ri h{shfwhg vxusoxv wr hdfk pruh surgxfwlyh
zrunhu1 Vlqfh wkh d�hfwhg lqglylgxdov kdyh orzhu pdujlqdo vrfldo zhoiduh/ wkh vrfldo jdlq
iurp uhod{lqj wkh exgjhw frqvwudlqw rxwzhljkv wkh orvv lq zhoiduh iru wkhvh zrunhuv1 Krz0
hyhu/ ghfuhdvlqj z � ehorz lwv h�flhqw ydoxh z

�
� kdv dovr dq h�flhqf| frvw vlqfh �upv duh

lqgxfhg wr srvw wrr pdq| ydfdqflhv1 Wkh rswlpxp vroyhv wklv htxlw|0h�flhqf| wudgh0r�1
Wkhvh phfkdqlvpv duh looxvwudwhg lq Iljxuh 61 Khqfh/ lq rxu prgho dv lq wkh Pluuohhv
rqh/ lqfhqwlyh frqvwudlqwv ohdg wr d ghfolqh lq jurvv hduqlqjv1 Krzhyhu/ wklv uhgxfwlrq khuh
lpsolhv d ulvh lq oderu ghpdqg zkhuhdv lq wkh vwdqgdug olwhudwxuh lw lv rewdlqhg wkurxjk d
uhgxfwlrq lq oderu vxsso|1

w

x

Na’

Na

wa*wa

Iljxuh 6= Wkh ryhuhpsor|phqw h�hfw

Dqrwkhu lqwxlwlrq iru sursrvlwlrq 5 lv jlyhq e| Iljxuh 41 Nhhslqj wkh ohyho ri wd{hv
xqfkdqjhg xs wr W � / d ulvh lq wkh pdujlqdo wd{ W

�

� fuhdwhv dq htxlw| jdlq vlqfh lw doorzv wr
wd{ ulfkhu zrunhuv pruh khdylo|1 Dw wkh rswlpxp/ wklv htxlw| jdlq kdv wr eh frpshqvdwhg
e| d orvv lq h�flhqf|1 Dffruglqj wr Iljxuh 4/ wkh pdujlqdo wd{ udwh lv wkhq qhfhvvdulo|
kljkhu wkdq wkh h�flhqw rqh1 Frqvhtxhqwo|/ wkhuh lv ryhuhpsor|phqw1

Sursrvlwlrq 5 lpsolhv wkdw srolf|pdnhuv vkrxog frqvlghu wkh vwlpxodwlrq ri oderu gh0
pdqg dv d fuxfldo uhglvwulexwlyh wrro1 Wkh qh{w sursrvlwlrq ghdov zlwk wkh dgyhuvh h�hfw
ri wklv vwlpxodwlrq rq sduwlflsdwlrq1

Sursrvlwlrq 6 Wkh sduwlflsdwlrq udwh lv orzhu wkdq ru htxdo wr lwv ydoxh lq wkh odlvvh}0idluh
hfrqrp|1

Qhw rxwsxw dqg wkhuhiruh h�flhqf| lv lqfuhdvhg li lqglylgxdov ri w|shv d 5 ^d � > d � ,
sduwlflsdwh1 Exw wkhlu sduwlflsdwlrq dovr jlyhv wr djhqwv zlwk d surgxfwlylw| deryh d �

wkh srvvlelolw| wr plplf wkhp1 Wr dyrlg wklv plplfnlqj/ wkh jryhuqphqw kdv wr jlyh dq
dgglwlrqdo lqirupdwlrqdo uhqw wr wkhvh pruh surgxfwlyh lqglylgxdov1 Li wklv htxlw| frvw lv
kljkhu wkdq wkh h�flhqf| jdlq/ wkh jryhuqphqw suhihuv wkdw lqglylgxdov ri w|shv d 5 ^d � > d � ,
gr qrw sduwlflsdwh1

Sursrvlwlrq 7 Lq0zrun ehqh�wv +li dq|, duh orzhu wkdq dvvlvwdqfh ehqh�wv1
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Wklv lv d frqvhtxhqfh ri wkh suhylrxv sursrvlwlrq1 Lq0zrun ehqh�wv wkdw duh kljkhu
wkdq dvvlvwdqfh ehqh�wv lqfuhdvh sduwlflsdwlrq1 Krzhyhu/ wkh suhylrxv sursrvlwlrq vkrzv
wkdw wkh jryhuqphqw fkrrvhv qrw wr lqfuhdvh sduwlflsdwlrq1 Wklv sursrvlwlrq lpsolhv wkdw
dq HLWF v|vwhp zrxog qrw eh rswlpdo dw wkh vhfrqg ehvw1

Sursrvlwlrq 8 Dyhudjh wd{ udwhv duh lqfuhdvlqj lq zdjhv1 Pdujlqdo wd{ udwhv duh srvlwlyh
hyhu|zkhuh1

Wkh �uvw sduw ri wklv sursrvlwlrq vwdwhv wkdw wkh wd{ vfkhgxoh W +=, kdv wr eh surjuhvvlyh
lq wkh vhqvh ri Pxvjudyh dqg Pxvjudyh +4<:9,1 Wklv phdqv wkdw wkh frh�flhqw ri uhvlgxdo
lqfrph surjuhvvlrq lv ehorz 4 hyhu|zkhuh1 Wkh lpsruwdqfh ri wklv frqfoxvlrq vkrxog eh
vwuhvvhg vlqfh vwdqgdug rswlpdo lqfrph wd{dwlrq prghov gr qrw |lhog suhflvh dqdo|wlfdo
uhvxowv derxw wkh vkdsh ri dyhudjh wd{ udwhv1 Zlwk d erxqghg glvwulexwlrq ri surgxfwlylw|/
wklv olwhudwxuh kdv vkrzq wkdw wkh pdujlqdo wd{ udwh vkrxog eh htxdo wr }hur dw wkh wrs1
Wkhuhiruh/ rqh rqo| nqrzv wkdw wkh dyhudjh wd{ udwh vkrxog qhfhvvdulo| eh ghfuhdvlqj forvh
wr wkh wrs ri wkh glvwulexwlrq1

Vlqfh wkh ydoxh ri lqdfwlylw| lv xqltxh/ wkh vhfrqg sduw ri Sursrvlwlrq 8 lv lq dffrugdqfh
zlwk frpprq zlvgrp

�

/ h{fhsw dw wkh wrs ri wkh glvwulexwlrq1 Wkh uhdvrq zk| wkh pdujlqdo
wd{ udwh vkrxog eh srvlwlyh dw wkh wrs lv hdvlo| xqghuvwrrg1 Dv wkh jryhuqphqw zdqwv wr
uhglvwulexwh lqfrph lq idyru ri ohvv surgxfwlyh djhqwv/ wkh ohyho ri wd{hv lv srvlwlyh dw wkh
wrs1 Wklv glvwruwv wkh jurvv zdjh xszdugv1 Wr uhvwruh dq h�flhqw ohyho ri hpsor|phqw
+Sursrvlwlrq 4,/ d srvlwlyh pdujlqdo wd{ udwh lv wkhuhiruh qhhghg dw wkh wrs +vhh htxdwlrq
+;,,1

Wkhuh duh qr dqdo|wlfdo uhvxowv derxw wkh sur�oh ri pdujlqdo wd{ udwhv1 Li hpsor|phqw
zdv h�flhqw hyhu|zkhuh/ iroorzlqj wkh suhylrxv dujxphqw/ wkh xszdug sur�oh ri wd{ ohyhov
zrxog uhtxluh d ulvlqj sur�oh ri pdujlqdo wd{ udwhv dffruglqj wr htxdwlrq +;, dqg sursr0
vlwlrq 81 Krzhyhu/ e| Sursrvlwlrq 5/ wkhuh lv ryhu0hpsor|phqw hyhu|zkhuh/ h{fhsw dw wkh
wrs1 Pdujlqdo wd{hv duh wkhuhiruh kljkhu wkdq wkhlu h�flhqw ydoxhv1 Iurp Sursrvlwlrqv 4
dqg 5/ rqh nqrzv wkdw wkh srvlwlyh gl�huhqfh ehwzhhq rswlpdo dqg h�flhqw hpsor|phqw
ohyhov kdv wr ghfolqh zlwk surgxfwlylw| ohyhov lq wkh qhljkerukrrg ri wkh wrs ri wkh glvwulex0
wlrq1 Zh gr qrw nqrz pruh1 Vr/ srvvleoh fkdqjhv lq wkh lqwhqvlw| ri wkh ryhu0hpsor|phqw
h�hfw frxog ohdg wr d qrq prqrwrqrxv uhodwlrqvkls ehwzhhq pdujlqdo wd{ udwhv dqg zdjhv1

WWW 5�4�*@|�L?t
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Wkh sdudphwhuv duh fkrvhq wr urxjko| uhsuhvhqw wkh nh| �jxuhv iru Iudqfh1 Wkh lqglylgxdov*
delolwlhv duh glvwulexwhg rq wkh vxssruw ^d � @ 4333 > d � @ 43 333`1 Wklv pljkw eh d udwkhu
uhdolvwlf dssur{lpdwlrq ri zrunhuv* surgxfwlylwlhv shu prqwk/ phdvxuhg lq Hxurv1 Zh xvh
d wuxqfdwhg orj0qrupdo glvwulexwlrq ixqfwlrq ri wkh irup=

i +d, @
N

d
h{s

�

orj d� orj +� � d � . +4� �, d � ,

5 � �
�

�

zkhuh N lv wkh dssursuldwh vfdoh sdudphwhu1 Wklv irup lv w|slfdo lq wkh olwhudwxuh +Pluuohhv
+4<:4,/ Wxrprod +4<<3, dqg Erdgzd| hw do1 +5333,,1 Wkh sdudphwhuv ri wkh glvwulexwlrq
ixqfwlrq duh fkrvhq htxdo wr � @ 3=8 dqg � @ 3=:1 Iljxuh 7 vkrzv lq vrolg olqhv wkh
glvwulexwlrq ri d lq rxu ehqfkpdun fdvh1
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Iljxuh 7= Ghqvlw| Ixqfwlrq i+d,= Wkh ehqfkpdun fdvh lv lq vrolg olqh1 Grwwhg olqh lv xvhg
iru +�> �, @ +3=6> 3=8,1

� � � � � H O
�
�

4 3=8 4 3=8 3=: 3 3=:

Wdeoh 4= Sdudphwhuv ydoxhv lq wkh ehqfkpdun fdvh

Wkh hodvwlflw| ri wkh pdwfklqj ixqfwlrq � lv vhw dw 3=81 Wklv fruuhvsrqgv wr wkh dyhudjh
hvwlpdwhv lq hpslulfdo prghov +vhh Shwurqjror dqg Slvvdulghv 5334,1 Vlqfh wkh Krvlrv
frqglwlrq lv dvvxphg/ wkh zrunhu dqg wkh �up kdyh htxdo edujdlqlqj srzhu1 Ixuwkhupruh/
zh dvvxph wkdw ydfdqf| frvwv duh sursruwlrqdo wr surgxfwlylw|1 Wklv dvvxpswlrq lv xvxdo
lq htxloleulxp vhdufk prghov +vhh Slvvdulghv/ 5333,/ hyhq wkrxjk hpslulfdo vxssruw lv
plvvlqj1 Wkh ydfdqf| frvw � � lv dgmxvwhg wr jhw dq hpsor|phqw ohyho ri 3=: lq wkh odlvvh}0
idluh hfrqrp|1 Lq wkh ehqfkpdun fdvh/ zh dvvxph wkdw wkh ydoxh ri ohlvxuh uhsuhvhqwv d
iudfwlrq � @ 4 ri wkh vxusoxv wkdw wkh ohdvw deoh lqglylgxdo jhwv lq wkh odlvvh}0idluh hfrqrp|1
Wkhuhiruh/ lq wkh odlvvh}0idluh hfrqrp|/ hyhu|rqh lv vhdufklqj iru d mre/ zkhuhdv wklv kdv
qrw wr eh wkh fdvh lq wkh vhfrqg0ehvw rswlpxp1 Wkh jryhuqphqw*v h{shqglwxuhv H duh vhw
htxdo wr 31 Ilqdoo|/ wkh jryhuqphqw*v xwlolw| ixqfwlrq lv dvvxphg wr eh d FHV ixqfwlrq ri
wkh h{shfwhg vxusoxv1 Zh kdyh/ � +
, @ 


� � �

@ +4� �,1 Lq wkh ehqfkpdun fdvh zh wdnh
wkh hodvwlflw| � htxdo wr 41 Wklv fruuhvsrqgv wr wkh edvlf sdudphwhul}dwlrq lq Vdh} +5335,1
Wdeoh 4 vxppdul}hv wkh ydoxhv ri wkh sdudphwhuv1

WWW�2 A�i Mi?U�4@h!

Iljxuh 8 looxvwudwhv wkh sursrvlwlrqv lq vhfwlrq LL1 Wkh xsshu0uljkw sdqho glvsod|v wkh
diwhu0wd{ lqfrph ohyho F dv d ixqfwlrq ri wkh jurvv zdjh z1 Wkh xsshu0ohiw sdqho glvsod|v
wkh hpsor|phqw udwh O dv d ixqfwlrq ri wkh surgxfwlylw| ohyho d1 Wkh sdqhov dw wkh erwwrp
vkrz wkh ohyhov ri wd{hv W dqg ri pdujlqdo wd{ udwhv W � dv ixqfwlrqv ri jurvv zdjhv1 Grwwhg
olqhv fruuhvsrqgv wr wkh odlvvh}0idluh hfrqrp|1 Wdeoh 5 glvsod|v wkh pdlq ihdwxuhv ri wkh
rswlpxp1 OI ghqrwhv wkh odlvvh}0idluh/ VE wkh vhfrqg ehvw rswlpxp dqg � wkh uhodwlyh
gl�huhqfhv ri vhfrqg0ehvw ydoxhv frpsduhg wr odlvvh}0idluh rqhv1

Hpsor|phqw lv vwurqjo| deryh lwv h�flhqw ohyho h{fhsw dw wkh wrs1 Ryhu0hpsor|phqw
lv pruh surqrxqfhg iru orz surgxfwlylw| ohyhov1 Wrwdo lqirupdwlrqdo uhqwv qhhghg wr suh0
yhqw plplfnlqj lqfuhdvhv dv wkh w|sh ri zrunhu ghfuhdvhv ehfdxvh pruh zrunhuv duh wkhq
frqfhuqhg e| plplfnlqj1 Wkh sduwlflsdwlrq udwh htxdov <8(1 Wkh jryhuqphqw wkhuhiruh
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h{foxghv vrph orz0delolw| lqglylgxdov iurp wkh oderu pdunhw1 Wrwdo hpsor|phqw lv qhyhu0
wkhohvv kljkhu wkdq lq wkh odlvvh}0idluh hfrqrp|1

Gxh wr wkhvh hpsor|phqw glvwruwlrqv/ wrwdo rxwsxw qhw ri ydfdqf| frvw lv 4=<( orzhu
wkdq lq wkh odlvvh}0idluh1 Krzhyhu/ uhglvwulexwlrq lqfuhdvhv vrfldo zhoiduh +phdvxuhg lq
fhuwdlqw|0htxlydohqw �

� �

+
,, e| durxqg 43(1 Zkloh wkh wrs0erwwrp surgxfwlylw| udwlr
htxdov 43/ wkh qhw lqfrph udwlr lv ehorz 61 Lq dgglwlrq/ wkh ohyho ri zhoiduh ehqh�w lv txlwh
kljk1 Wkh wd{ ixqfwlrq wxuqv rxw wr eh forvh wr olqhdu1 Pdujlqdo wd{ udwhv duh vrphzkdw
ghfuhdvlqj/ iurp 99( wr 8:(1
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Iljxuh 8= Ehqfkpdun Fdvh1 Odlvvh}0idluh lq grwwhg olqhv1

WWW�� 5i?t�|���|) @?@*)t�t

Wkh iroorzlqj vhfwlrq lqglfdwhv wr zkdw h{whqg wkh rswlpxp lv vhqvlwlyh wr fkdqjhv lq wkh
pdlq sdudphwhuv1

LLL1614 Wkh dyhuvlrq wr lqhtxdolw|

Zkhq wkh dyhuvlrq wr lqhtxdolw| � lqfuhdvhv/ wkh jryhuqphqw lv uhdg| wr glvwruw pruh wkh
doorfdwlrq ri uhvrxufhv1 Zkhq wkh lqhtxdolw| dyhuvlrq lv grxeohg/ pdujlqdo wd{ udwhv vkliw
xszdugv e| derxw 8 shufhqwdjh srlqwv +vhh Iljxuh 9,/ dqg wkh dvvlvwdqfh ehqh�w ydulhv
voljkwo|1 Wkhvh udwkhu vpdoo fkdqjhv pljkw eh h{sodlqhg e| wkh idfw wkdw wkh ehqfkpdun
fdvh douhdg| ohdgv wr d yhu| kljk ghjuhh ri uhglvwulexwlrq1

48



Hpsor|phqw O Qhw rxwsxw \ Zhoiduh �
� �

+
, e Sduwlflsdwlrq
VE � OI VE � OI VE �

Ehqfkpdun 3=:54 .5=<( 4:64 49<; �4=<( 4869 49;: .<=;( <57 <8=5(

� @ 3=8 3=:48 .5=4( 4:64 4:3< �4=6( 4969 4:36 .7=4( ;75 <9=6(

� @ 5=3 3=:58 .6=:( 4:64 49;5 �5=;( 4667 4997 .57=;( <<5 <6=:(

� @ 3=8 3=:64 .7=8( 4:64 4:56 �3=8( 4869 4:44 .44=7( 4533 <<=4(

� @ 5 3=964 �4=8( 49;7 48<7 �8=7( 489; 49;: .9=<( 8:8 ;5=5(

� @ 3=7 3=:56 .6=6( 46;8 468; �5=3( 455< 467; .<=:( :65 <7=<(

� @ 3=9 3=:4< .5=;( 53:; 5373 �4=;( 4;76 535: .43=3( 444< <8=9(
�

� � @ 3=5 3=:55 .6=5( 4:64 49<6 �5=5( 4869 4667 �46=4( 936 <7=:(

� @ 3=6
� @ 3=8

3=:5; .6=<( 4738 46:: �5=3( 459: 4698 .:=:( 9:4 <8=<(

Wdeoh 5= Qxphulfdo uhvxowv OI iru odlvvh} idluh dqg VE iru vhfrqg ehvw
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Iljxuh 9= Grwwhg/ vrolg dqg gdvkhg olqhv uhvshfwlyho| iru � htxdo wr 3=8/ 4 dqg 51

LLL1615 Wkh ydoxh ri lqdfwlylw|

Zkhq wkh ydoxh ri lqdfwlylw| � � z
�
��� � O

�
��� lqfuhdvhv/ wkh sduwlflsdwlrq frqvwudlqw ehfrphv

pruh vwulqjhqw1 Wkhuhiruh/ wkh h{shfwhg vxusoxv ri pdujlqdo sduwlflsdqwv lqfuhdvhv1 Nhhs0
lqj wkh w|sh ri pdujlqdo sduwlflsdqwv xqfkdqjhg/ wkh lqfhqwlyh frqvwudlqwv lpso| d kljkhu
h{shfwhg vxusoxv iru doo sduwlflsdqwv1 Wkh jryhuqphqw lv wkhuhiruh irufhg wr uhglvwulexwh
ohvv1 Wr plwljdwh wklv h�hfw/ wkh jryhuqphqw ohwv wkh sduwlflsdwlrq udwh ghfolqh1 Dv vkrzq
lq Iljxuh : dqg lq Wdeoh 5/ pdujlqdo wd{ udwhv vkliw grzqzdugv dqg zhoiduh ehqh�wv gh0
fuhdvh vxevwdqwldoo|1 Khqfh/ iurp d txdqwlwdwlyh srlqw ri ylhz/ wkh rswlpdo wd{dwlrq lv
udwkhu vhqvlwlyh wr wklv sdudphwhu1

LLL1616 Wkh oderu ghpdqg hodvwlflw| dqg wkh edujdlqlqj srzhu

Zh rqo| frqvlghu yduldwlrqv wkdw vlpxowdqhrxvo| fkdqjh wkh hodvwlflw| ri wkh pdwfklqj
ixqfwlrq � dqg wkh edujdlqlqj srzhu vr wkdw wkh Krvlrv* frqglwlrq uhpdlqv vdwlv�hg1 Wkh
ydfdqf| frvwv duh dgmxvwhg vr dv wr nhhs wkh h�flhqw hpsor|phqw udwh xqfkdqjhg zkhq
� ydulhv1 Wkh kljkhu wkh ohyho ri �/ wkh kljkhu lv wkh h�hfwlyhqhvv ri vhdufklqj zrunhuv wr
jhqhudwh pdwfklqjv1 Khqfh/ wkh sdudphwhu � lv dq h�flhqf| sdudphwhu1 Dv wklv sdudphwhu
lqfuhdvhv/ wkh oderu ghpdqg ehfrphv ohvv hodvwlf1 Sxw gl�huhqwo|/ wd{dwlrq ehfrphv ohvv
glvwruwlyh1 Frqvhtxhqwo|/ zhoiduh ehqh�wv lqfuhdvh dqg pdujlqdo wd{ udwhv vkliw xszdugv
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Iljxuh := Grwhg/ vrolg dqg gdvkhg olqhv uhvshfwlyho| iru � htxdo wr 3=8/ 4 dqg 51

+vhh Iljxuh ; dqg Wdeoh 5,1
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Iljxuh ;= Grwwhg/ vrolg dqg gdvkhg olqhv uhvshfwlyho| iru � htxdo wr 3=7/ 3=8 dqg 3=91

LLL1617 Sxeolf h{shqglwxuhv

Zlwk srvlwlyh sxeolf h{shqglwxuhv H/ wkh pdujlqdo wd{ sur�oh lv doprvw wkh vdph1 Wkh
pdlq gl�huhqfh lv d uhgxfwlrq lq wkh dvvlvwdqfh ehqh�w +vhh Wdeoh 5,1 Frpsdulqj ohyhov ri
zhoiduh lv phdqlqjohvv khuh/ ehfdxvh e| gh�qlwlrq H @ 3 dw wkh odlvvh} idluh1

LLL1618 Wkh irup ri wkh glvwulexwlrq

Zh frqvlghu dq h{shulphqw glvsod|hg lq Iljxuh 7 zkhuh zh nhhs urxjko| wkh ydoxh ri wkh
prgh exw ghfuhdvh wkh yduldqfh ri wkh glvwulexwlrq1 Khqfh/ zh wdnh � @ 3=6 dqg � @ 3=81
Iljxuh < dqg xquhsruwhg vlpxodwlrq uhvxowv iru rwkhu glvwulexwlrq ixqfwlrqv vxjjhvw wkdw
wkh pdujlqdo wd{ udwh lv qrw dozd|v d ghfuhdvlqj ixqfwlrq ri wkh zdjh1

WV �L4T@h�?} |�i ��hh*iit @TThL@U� |L L�ht

Rxu pdlq frqwulexwlrq lv phwkrgrorjlfdo vlqfh zh exlog d prgho zkhuh wkh h�flhqf|
glvwruwlrqv lqgxfhg e| lqfrph wd{dwlrq duh gxh wr pdwfklqj iulfwlrqv dqg zdjh edujdlqlqj
lqvwhdg ri wkh vwdqgdug frqvxpswlrq0ohlvxuh wudgh0r�1 Wkh txdqwlwdwlyh lpsruwdqfh ri
vxfk d fkdqjh lv dq lvvxh wkdw zh qrz dgguhvv1
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Iljxuh <= Vrolg olqhv iru wkh Ehqfkpdun Fdvh1 Grwwhg olqhv iru +�> �, @ +3=6> 3=8,

Wr frpsduh rxu prgho wr d prgho wkdw lqfrusrudwhv rqo| wkh oderu vxsso| fkrlfh ri
wkh lqglylgxdov/ zh exlog d prgho �d od Pluuohhv +4<:4,1 Dv h1j1 Gldprqg +4<<;,/ zh
frqvlghu xwlolw| ixqfwlrqv wkdw duh txdvl0olqhdu lq frqvxpswlrq1 Wkh zrunhu*v vxusoxv lq
hpsor|phqw lv qrz { � � z � �W +z � ,�y+k � ,�e zlwk y+k � ,/ wkh glvxwlolw| ri zrun/ y+k � ,

�

A 3
dqg y

� �

+k � , A 31 Ohw � ghqrwh wkh hodvwlflw| ri oderu vxsso|/ vr 4@� @ k � y
� �

+k, @y
�

+k,1
Hpsor|phqw udwhv duh h{rjhqrxv dqg dvvxphg htxdo wr �O � 1 Qhw rxwsxw lv wkxv jlyhq e|
\ � @ �O � ^d � k � � y +k � ,`1 Jurvv zdjhv z � duh khuh htxdo wr oderu surgxfwlylwlhv d � k � =
Oderu vxsso| k � vroyhv=

y
�

+k � , @ d �
�

4� W
�

+d � k � ,
�

+4;,

	 � qrz fruuhvsrqgv wr wkh zrunhuv* h{shfwhg vxusoxv iru dq rswlpdo oderu vxsso|=

	 � @ { � � �O � @ ^d � k � � y +k � ,� W +d � k � ,� e` �O �

	 � hyroyhv dffruglqj wr=

b	 � @ k �
�

4� W
�

+z � ,
�

�O � @ k �
y

�

+k � ,

d
�O � +4<,

Lq wklv vhwwlqj �d od Pluuohhv/ wkh rswlpdo lqfrph wd{dwlrq vroyhv=

pd{� � � �
� � � � � � I +d � ,� +e. g, .

] � �

���
�+	 � . e, i +d, gd

v=w= =

]
� �

� �

q

d � k � � �O � � y +k � , � �O � �	 �
r

� i +d, gd @ e.H

b	 � @ k �
y
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+k � ,

d
�O �
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	 ��� @ g
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d � A d �

d � @ d �

Rswlpdo wd{dwlrq yhul�hv wkh iroorzlqj frqglwlrq=

W
�

+z � ,

4� W
�

+z � ,
@

U � �

�

�

4�
� ��

�

�

i +w,gw

d � i +d,

�

4 .
4

�

�

zklfk frlqflghv zlwk wkh fodvvlf irupxod surylghg e| wkh vwdqgdug olwhudwxuh1
Wr frpsduh lw zlwk wkh ehqfkpdun prgho ri Vhfwlrqv LL dqg LLL/ zh fdoleudwh wkh Plu0

uohhv prgho lq vxfk d zd| wkdw dw wkh odlvvh}0idluh erwk prghov kdyh wkh vdph glvwulexwlrqv
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Wrwdo hpsor|phqw O Qhw rxwsxw \ Zhoiduh �
� �

+
, e Sduwlflsdwlrq
VE � VE � VE �

Ehqfkpdun 3=:54 .5=<( 49<; �4=<( 49;: <=;( <57 <8=5(

Pluuohhv 3=9<: �3=7( 486< �44=4( 43:: 8=5( 656 <<=9(

Wdeoh 6= Qxphulfdo uhvxowv OI iru odlvvh} idluh dqg VE iru vhfrqg ehvw

ri zdjhv
� �
dqg ri hpsor|phqw udwhv dqg wkh vdph hodvwlflw| ri jurvv zdjhv zlwk uhvshfw

wr rqh plqxv wkh pdujlqdo wd{ udwh1 AIurp htxdwlrq +9,/ wklv hodvwlflw| htxdov wr 4 � �
dw wkh odlvvh}0idluh lq rxu prgho

� �

/ zkhuhdv lw htxdov � lq wkh Pluuohhv prgho1 Khqfh/ zh
wdnh � @ 3=81
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Iljxuh 43= Vrolg olqhv iru wkh Ehqfkpdun Fdvh1 Grwwhg iru wkh Pluuohhv prgho1

Dv Iljxuh 43 dqg Wdeoh 6 vkrz/ wkh gl�huhqfhv ehwzhhq wkh Pluuohhv vhwwlqj dqg rxuv
duh txdqwlwdwlyho| yhu| lpsruwdqw1 Wkh rswlpxp lv pxfk pruh uhglvwulexwlyh zkhq zdjhv
duh edujdlqhg ryhu dqg wkh lqwhqvlyh pdujlq lv qhjohfwhg1 Pdujlqdo wd{ udwhv duh pruh
wkdq wzlfh kljkhu1 Dvvlvwdqfh ehqh�wv duh doprvw wkuhh wlphv juhdwhu1 Wkh jdlq lq zhoiduh
lv gudpdwlfdoo| kljkhu dqg wkh orvv lq rxwsxw lv pxfk orzhu1 Ixuwkhupruh/ wkh sur�oh ri
pdujlqdo wd{ udwhv lv vxevwdqwldoo| gl�huhqw1

Wzr pdmru phfkdqlvpv duh dw zrun1 Iluvw/ wkh sur�ohv ri h�flhqw pdujlqdo wd{ udwhv
gl�hu1 Lq wkh Pluuohhv prgho/ h�flhqw pdujlqdo wd{ udwhv duh qlo +vlqfh oxps0vxp wudqvihuv
duh wkh rqo| zd| wr uhglvwulexwh lqfrph zlwkrxw glvwruwlqj oderu vxsso|,1 Frqyhuvho|/ lq
rxu prgho/ h�flhqw pdujlqdo wd{ udwhv duh srvlwlyh dffruglqj wr sursrvlwlrq 81 Ixuwkhu0
pruh/ dffruglqj wr xquhsruwhg vlpxodwlrqv/ h�flhqw pdujlqdo wd{ udwhv duh lqfuhdvlqj zlwk
w|sh d1

Vhfrqg/ lq erwk prghov/ pdujlqdo wd{ udwhv duh deryh wkhlu h�flhqw ydoxhv/ h{fhsw dw wkh
wrs ri wkh glvwulexwlrq1 Wklv suhyhqwv kljkhu vnloohg zrunhuv iurp plplfnlqj1 Dv zh pryh
wr wkh ohiw ri wkh glvwulexwlrq/ wkh iudfwlrq ri zrunhuv srwhqwldoo| lqyroyhg lq plplfnlqj
rwkhuv lqfuhdvhv1 Wklv jhqhudwhv d juhdwhu dqg juhdwhu xszdug suhvvxuh rq pdujlqdo wd{
udwhv1 Krzhyhu/ lq rxu prgho/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw lv h{suhvvhg lq whupv
ri jurzwk udwhv ri zrunhuv* h{shfwhg vxusoxv +vhh Htxdwlrq 43,1 Lq wkh Pluuohhv yhuvlrq/ wkh
lqfhqwlyh frqvwudlqw lv irupxodwhg lq whupv ri devroxwh fkdqjhv +vhh Htxdwlrq 4<,1 Khqfh/

� �
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wkh xszdug suhvvxuh rq pdujlqdo wd{ udwhv lv vwurqjhu dw wkh orz hqg ri wkh glvwulexwlrq
lq rxu prgho1

V W?|hL_�U�?} h�t! @�iht�L?

Wr fkhfn wkh urexvwqhvv ri rxu dqdo|wlfdo uhvxowv/ wklv vhfwlrq lqwurgxfhv ulvn dyhuvh zrun0
huv dqg d sxuh xwlolwduldq fulwhulrq +nhhslqj krxuv ri zrun h{rjhqrxv,1 Lq wklv vhwwlqj/
wkh udwlrqdoh iru sxeolf srolf| lv wzrirog1 Rq wkh rqh kdqg/ wkh jryhuqphqw zdqwv wr
frpshqvdwh lqglylgxdov zlwk gl�huhqw vnloo delolwlhv1 Rq wkh rwkhu kdqg/ lw zdqwv wr lqvxuh
zrunhuv djdlqvw wkh xqhpsor|phqw ulvn1

Ohw x +=, eh wkh zrunhuv* xwlolw| ixqfwlrq zlwk x
�

+=, A 3 dqg x
� �

+=, ? 31 Ohw � +=, eh lwv
lqyhuvh ixqfwlrq +iru dq| { � 3/ � +x +{,, � {,/ zlwk=

�
�

+{, @
4

x
�

+� +{,,
A 3 dqg �

� �

+=, A 3

Wkh jryhuqphqw*v remhfwlyh ehfrphv

� @ I +d � , � ^x +e, . g` .

]
� �

� �
iO � � x +z � � W +z � ,, . +4� O � ,x +e,j i +d, gd

Oderu ghpdqg dqg qhw rxwsxw ixqfwlrqv uhpdlq reylrxvo| xqfkdqjhg1 Wkh qhjrwldwhg
zdjh vroyhv qrz=

	 � � pd{
� �

D
�

� �

�

d�z �

� �

�

��� �
�

+x +z � � W +z � ,,� x +e,, +53,

Khqfh/ dv ehiruh/ 	 � fruuhvsrqgv wr wkh zrunhu*v h{shfwhg xwlolw| rqfh wkh zdjh kdv ehhq
qhjrwldwhg1 Wkhuhiruh/ wkh jryhuqphqw*v remhfwlyh fdq eh uhzulwwhq dv=

� @ I +d � , � ^x +e, . g` .

] � �

� �
+	 � . x +e,, i +d,gd +54,

Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv uhpdlq +43, dqg bz � A 31 Wkh sduwlflsdwlrq frq0
vwudlqwv duh 	 � � g1 Iru wkh exgjhw frqvwudlqw/ rqh kdv wr qrwh wkdw x +z � � W +z � ,, @
� ��
� . x +e,/ vr=

z � � W +z � ,� e @ �

�
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O �
. x +e,
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� e +55,

Khqfh/ wkh exgjhw frqvwudlqw +47, fdq eh uhzulwwhq dv=

] � �

� �

�

\ � +z � ,� O � +z � ,
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O � +z � ,
. x +e,

�

� e

��

i +d,gd @ e.H +56,

Wkh jryhuqphqw*v sureohp +49, qrz ehfrphv wkh pd{lpl}dwlrq ri +54, vxemhfw wr wkh
exgjhw frqvwudlqw +56,/ wkh lqfhqwlyh frqvwudlqwv +43, dqg wkh sduwlflsdwlrq frqvwudlqwv1

Lq Dsshqgl{ YLL19/ zh suryh wkh iroorzlqj uhvxowv1 Iru doo sduwlflsdwlqj w|shv/ lqfoxg0
lqj wkh rqh dw wkh wrs ri wkh glvwulexwlrq/ hpsor|phqw lv kljkhu wkdq lwv h�flhqw ydoxh1
Ixuwkhupruh/ li dq lq0zrun ehqh�w lv jlyhq wr orz0vnloohg hpsor|hg zrunhuv/ wklv lq0zrun
ehqh�w lv orzhu wkdq wkh dvvlvwdqfh ehqh�w e1 Ilqdoo|/ pdujlqdo wd{ udwhv duh srvlwlyh/
lqfoxglqj dw wkh wrs ri wkh glvwulexwlrq1
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Frpsduhg wr rxu �uvw vhwwlqj/ wkh vdph phfkdqlvpv duh khuh dw zrun1 Lq sduwlfxodu/
dgyhuvh vhohfwlrq frqvwudlqwv whqg wr ghfuhdvh jurvv zdjhv dqg wkh sduwlflsdwlrq udwh1
Krzhyhu/ dq dgglwlrqdo phfkdqlvp uhlqirufhv wkh ryhuhpsor|phqw uhvxow1 Wklv phfkdqlvp
frphv iurp wkh lqdelolw| ri shuihfwo| lqvxulqj ulvn0dyhuvh zrunhuv djdlqvw xqhpsor|phqw1
Shuihfw lqvxudqfh zrxog khuh phdq wkdw wkh ohyho ri lqfrph lv wkh vdph zkhwkhu wkh
lqglylgxdo lv hpsor|hg ru qrw1 Wkh sduwlflsdwlrq frqvwudlqw uxohv rxw wklv srvvlelolw|

� �
1

Zkhq xqhpsor|phqw lqvxudqfh lv lpshuihfw/ lw lv zhoo nqrzq wkdw _wkh rqo| zd| d ulvn
dyhuvh zrunhu fdq sduwldoo| lqvxuh djdlqvw wkh xwlolw| orvv ri od|r� dqg xqhpsor|phqw ^111`
lv e| zrunlqj lq flufxpvwdqfhv zkhq lw lv vrfldoo| lqh�flhqw wr gr vr% +Urvhq/ 4<;8/ s1
4488,1

VW �L?U*�t�L?

Wkh rswlpdo lqfrph wd{dwlrq olwhudwxuh kdv hvvhqwldoo| irfxvhg rq glvwruwlrqv fuhdwhg
wkurxjk wkh frqvxpswlrq0ohlvxuh wudgh0r�1 Wklv wudgh r� lv krzhyhu qrw wkh xqltxh zd|
ri h{sodlqlqj wkdw hduqlqjv duh d�hfwhg e| wkh sur�oh ri wd{hv1 Zh kdyh dgrswhg dq do0
whuqdwlyh vhwwlqj zkhuh iulfwlrqv rq wkh oderu pdunhw jhqhudwh lqyroxqwdu| xqhpsor|phqw
dqg uhqwv wr eh vkduhg e| hpsor|huv dqg hpsor|hhv1 Lq wklv iudphzrun zlwk h{rjhqrxv
zrunlqj krxuv/ wkh rswlpdo lqfrph wd{dwlrq kdv surshuwlhv wkdw vwurqjo| gl�hu iurp wkrvh
irxqg lq wkh Pluuohhv frpshwlwlyh vhwwlqj1 Hpsor|phqw lv kljkhu wkdq dw wkh odlvvh}0idluh/
dyhudjh wd{ udwhv duh lqfuhdvlqj lq zdjhv dqg pdujlqdo wd{ udwhv duh vwulfwo| srvlwlyh lq0
foxglqj dw wkh wrs ri wkh zdjh glvwulexwlrq1 Frpsduhg wr wkh suhvfulswlrqv ri d frpsdudeoh
Pluuohhv vhwwlqj/ rxu qxphulfdo vlpxodwlrqv vkrz wkdw dvvlvwdqfh ehqh�wv duh dozd|v pruh
wkdq wzlfh kljkhu1

Lq vxp/ hvwlpdwlqj wkh hodvwlflw| ri jurvv hduqlqjv zlwk uhvshfw wr wd{hv lv qrw vx�flhqw
wr ghulyh fohdu srolf| uhfrpphqgdwlrqv derxw wkh rswlpdo wd{ vfkhgxoh1 Rqh qhhgv lq
dgglwlrq wr foduli| zklfk wkhruhwlfdo vhwwlqj lv hpslulfdoo| wkh prvw uhohydqw1 Zh ohiw wklv
iru ixuwkhu uhvhdufk1

Wklv sdshu dovr srlqwv wr pdq| lqwhuhvwlqj wkhruhwlfdo h{whqvlrqv1 Iluvw/ wkh dvvxpswlrq
wkdw hpsor|phqw lv h�flhqw lq wkh odlvvh}0idluh frxog eh uhod{hg1 Vhfrqg/ wkh prgholqj
ri wkh h{whqvlyh pdujlq frxog eh hqulfkhg1 Ilqdoo|/ rxu frqwulexwlrq kdv ehhq hvvhqwldoo|
phwkrgrorjlfdo1 Qxphulfdo vlpxodwlrqv kdyh wkhuhiruh qrw wulhg wr h{sorlw ulfk gdwdvhwv1
Doo wkhvh h{whqvlrqv duh dovr ohiw iru ixuwkhu uhvhdufk1

VWW �TTi?_� 
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Wklv vhfwlrq iroorzv Vdodql�h +4<<:, yhu| forvho|1 Ohw Q +d> w, eh wkh orjdulwkp ri wkh Qdvk
surgxfw iru d w|sh0d mre zkhq wkh qhjrwldwhg zdjh lv wkh rqh ghvljqhg iru w|sh w0mrev1 Vr

Q +d> w, � orjQ +d>z � > { � , @
4� �

�
orj

�

d�z �

� �

�

. orj +z � � W +z � ,� e, .
4

�
orjD

� �
A��t �L�*_ t|�** Mi |h�i �u |�i @tt�t|@?Ui Mi?i�| �@t t!�**�tTiU��U�
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dqg
� �
=

CQ

Cd
+d> w, @

4� �

�

�

4

d�z �
�

b� �

� �

�

C
�
Q

CdCw
+d> w, @

4� �

�

bz �

+d�z � ,
� +57,

Htxdwlrq +<, phdqv wkdw wkh ixqfwlrq w :�$ Q +d> w, uhdfkhv d pd{lpxp iru w @ d1 Vr
orj	 � @ Q +d> d, = Wkh �uvw0rughu frqglwlrq fdq eh zulwwhq dv

���
� � +d> d, @ 31 Vr/ iru dq| d

b	 �

	 �
@
CQ

Cd
+d> d, .

CQ

Cw
+d> d, @

CQ

Cd
+d> d,

zklfk jlyhv +43,1 Ixuwkhupruh vlqfh
���
� � +d> d, @ 3 iru doo d/ rqh kdv

� � �
� � � � +d> d,.

� � �
� � � � +d> d, @

31 Vr/ wkh vhfrqg0rughu frqglwlrq
� � �
� � � � +d> d, ? 3 lv htxlydohqw wr 3 ?

� � �
� � � � +d> d, iru doo d1

Iurp +57, wkh vhfrqg0rughu frqglwlrq uhtxluhv wkdw iru doo d=

bz � A 3

Ilqdoo|/ rqh kdv wr yhuli| wkdw wkhvh orfdo frqglwlrqv duh vx�flhqw iru +<,1 Iru dq| d dqg
dq| w 9@ d wkhuh h{lvwv � 5 +3> 4, vxfk wkdw iru aw @ �d. +4� �, w

Q +d> d,�Q +d> w, @
CQ

Cw

�

d> aw
�

� +d� w,

Surylghg wkdw iru doo w/ bz � A 3/ rqh kdv
� � �
� � � � +d> w, A 3 dqg wkhuhiruh

���
� � +d> w, lv lqfuhdvlqj

lq d1 Vlqfh
���
� �

�

aw> aw
�

@ 3/ wklv lpsolhv wkdw
���
� �

�

d> aw
�

B 3 li d B aw/ wkdw lv li d B w1 Khqfh
���
� �

�

d> aw
�

� +d� w, A 3 dqg w @ d lv d joredo pd{lpxp iru w :�$ Q +d> w,1
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Zh vroyh sureohp +49, lq wzr vwhsv1 Iluvw/ zh vroyh iru jlyhq ydoxhv ri e dqg d � 1 Vhfrqg/
zh fkdudfwhul}h wkh rswlpdo ydoxhv ri e dqg d � 1 Jlyhq e dqg d � > zh gh�qh wkh Kdplowrqldq
iru d 5 ^d � > d � ` dv=

K � @ i�+	 � . e, . � � \ � +z � ,� � �	 � j i +d, . t � �
4� �

�
+

4

d�z �
�

b� �

� �
,	 � +58,

zkhuh � lv wkh Odjudqjh pxowlsolhu ri wkh exgjhw frqvwudlqw dqg t lv wkh fr0vwdwh yduldeoh1
Wkh qhfhvvdu| frqglwlrqv duh=

� �
C\ �

Cz �
� i +d, . t � �	 � �

4� �

� +d�z � ,
� @ 3 +z � ,

Wkh fr0vwdwh yduldeoh hyroyhv dffruglqj wr=

� bt � @
�

�
�

� � �
�

i +d, . t �
b	 �

	 �
+	 � ,

dqg wkh wudqvyhuvdolw| frqglwlrqv duh=

t ��� � ^	 ��� � g` @ 3 t � � @ 3
� �
W| �t �ihi @tt�4i_ |�@| |�i 4iU�@?�t4 @< E� � c % � � �t _�gihi?|�@M*i tL �� � i �t|t�
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Dv xvxdo/ t � lv wkh vkdgrz frvw lq whupv ri wkh vrfldo zhoiduh ri d pdujlqdo lqfuhdvh ri 	 � 1
Gh�qh ] � @ t � 	 � 1 Wkh frqglwlrq ryhu 	 � lpsolhv=

� b] � @
�

�
�

� � �
�

	 � i +d, +59,

Vr/ wrjhwkhu zlwk wkh wudqvyhuvdolw| frqglwlrq=

] � @

] � �

�

�

�
�

� � �
�

	 � � i +w, � gw +5:,

] � fruuhvsrqgv wr wkh rssrvlwh ri wkh lqwhjudo lq wkh uljkw kdqg vlgh ri htxdwlrq +4:,1
Vlqfh ] � �

� � �
� � @ t � � g	 � / ] � vwdqgv iru wkh vkdgrz frvw ri d uhodwlyh pdujlqdo lqfuhdvh ri

	 � 1
Wkh �uvw rughu frqglwlrq z1u1w1 z � fdq eh zulwwhq dv

� �
C\ �

Cz �
� i +d, @ �] �

4� �

� +d�z � ,
� +5;,

zklfk/ wrjhwkhu zlwk wkh h{suhvvlrq iru ] � jlyhv +4:,1 Ixuwkhupruh/ iurp +6,/ zh jhw

C\ �

Cz �
@
� � d�z �

�
+d�z � ,

�

�
� �
� �

� � �

�
� +5<,

Wkh frqglwlrqv zlwk uhvshfw wr e dqg d � fdq eh zulwwhq dv +vhh Ohrqdug dqg Ydq Orqj
+4<<5,,=

]
� �

� �

�

�
�

� � �
�

i +d, gd @ 3 +63,

� +e. g, i +d � ,�K � � � 3 zlwk @ li d � A d � +64,

VWW�� �hLLu Lu �hLTLt�|�L?t � @?_ 2

Iru d @ d � 1 Wkh wudqvyhuvdolw| frqglwlrq t � � @ 3 lpsolhv wkdw wkh lqwhjudo lq wkh uljkw
kdqg vlgh ri htxdwlrq +4:, lv qlo iru d @ d � / vr z � � @ z

�
� � dqg O � � @ O

�
� � 1

Iru d 5 ^d � > d � ,1 Vlqfh 	 � lv lqfuhdvlqj lq d e| htxdwlrqv +4, dqg +43,/ �
�

� lv ghfuhdvlqj
lq d1 Htxdwlrq +63, lpsolhv wkdw wkhuh h{lvwv d xqltxh ad vxfk wkdw �

�

�� @ �1 Iru w ? ad/ zh
jhw �

�

� �� A 3 dqg 	 � ? 	 �� dqg iru w A ad/ zh jhw �
�

� � � ? 3 dqg 	 � A 	 �� 1 Wkhuhiruh/ iru
dq| w 9@ ad/ zh kdyh +�

�

� � �,	 � ? +�
�

� � �,	 �� 1 Xvlqj wklv lqhtxdolw| dqg htxdwlrqv +63,
dqg +5:,/ zh rewdlq

] � @

]
� �

�

�

�
�

� � �
�

	 � � i+w, � gw ?

]
� �

�

�

�
�

� � �
�

	 �� � i+w, � gw

? 	 ��
�
] � �

�
�

�

� � i+w, � gw� �+4� I +d,,

�

@ 	 �� � +4� I +d,, �
�

H �
�

�
�

� mw � d
�

� �
�

zkhuh

H �
�

�
�

� mw � d
�

@

U
� �

� �
�

� � i +w,gw

4� I +d,

Khqfh

] � ? 	 �� � +4� I +d,, �
�

H �
�

�
�

� mw � d
�

� H �
�

�
�

� mw � d �
�

`
�

e| htxdwlrq +63,1 Wkhuhiruh/ ] � lv qhjdwlyh iru doo d ? d � ehfdxvh �
�

� lv ghfuhdvlqj zlwk
uhvshfw wr wkh delolw|1 Iurp +5;,/ zh rewdlq C\ � @Cz � A 3/ vr iurp +5<,/ zh kdyh ryhu0
hpsor|phqw iru doo w|shv d ? d � 1
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Zh zloo suryh wkdw hyhu| lqglylgxdo wkdw sduwlflsdwhv lq rxu vhfrqg ehvw rswlpxp dovr
sduwlflsdwhv dw wkh odlvvh}0idluh htxloleulxp1 Iurp wkh �uvw rughu frqglwlrq rq d � zh kdyh=

3 � i +d � ,� +e. g,� i�+	 � � . e, . � � +\ � � �	 � � ,j i +d � ,� ] � �
4� �

�

�

4

+d � �z � � ,
�

b� � �

� � �

�

Vlqfh ] � lv dozd|v qhjdwlyh iru d ? d � / wkh wudqvyhuvdolw| frqglwlrq rq d � lpsolhv wkdw
	 ��� @ g1 Uhduudqjlqj wkh whupv/ zh jhw=

\ � � �	 ��� � �] ��� �
b	 � �

	 � �
�

4

�i+d � ,
A 3 vr 	 � � ? \ ��� +65,

Wkh Krvlrv frqglwlrq lpsolhv wkdw qhw rxwsxw lv pd{lpl}hg dw wkh odlvvh}0idluh htxloleulxp1
Zh wkhuhiruh kdyh \

�
� � � \ � � 1 Vlqfh wkhuh duh qr wd{hv dw wkh odlvvh}0idluh/ zh kdyh

\
�
� � @ 	

�
� � 1 Wkxv 	

�
� � A 	 � � 1 Wkhuhiruh/ li d zrunhu sduwlflsdwhv dw wkh vhfrqg ehvw/ vkh

dovr sduwlflsdwhv dw wkh odlvvh}0idluh htxloleulxp1
AIurp +65,/ rqh kdv z � � A { � � vr W � � .e A 3 dqg e A �W � � 1 �W � � vkrxog eh xqghuvwrrg

dv wkh lq0zrun ehqh�wv iru wkh ohdvw vnloohg zrunhuv zkr sduwlflsdwh wr wkh oderu pdunhw1

VWW�D �hLLu Lu �hLTLt�|�L? D

Diwhu h{suhvvlqj d dv d ixqfwlrq ri z � / W � . e dqg W
�

� iurp +9,/ rqh kdv=

d�
z �

�
@

4� �

�
� z � �

W
�

� �
W � . e

z �

4� W
�

�
+66,

Sursrvlwlrq 5/ lpsolhv wkdw wkh ohiw kdqg vlgh ri +66, lv srvlwlyh1 Vlqfh wkh pdujlqdo wd{
udwh W

�

� lv orzhu wkdq 4/ zh jhw=

W
�

� A
W � . e

z �
A

W �

z �
+67,

Ixuwkhupruh/ wkh ghulydwlyh ri dyhudjh wd{ udwh z1u1w1 wkh jurvv zdjh lv=

C +W +z � , @z � ,

Cz �
@
W

�

+z � ,�
� �

� � �
� �

z �

Vr wkh dyhudjh wd{ udwh lv lqfuhdvlqj lq zdjhv1
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Iru d � d � wkh Kdplowrqldq zulwhv=

K � @

�

	 � . x +e, . �

�

\ � +z � ,� O � +z � ,

�

�

�

	 �

O � +z � ,
. x +e,

�

� e

���

i +d,

.t �
4� �

�

�

4

d�z �
�

b� �

� �

�

	 �
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Ohw ] � @ t � 	 � dqg �
�

� @ �
�
� � �

�
�
�

� � � . x +e,
�

/ vr

�
�

� @
4

x
�

+z � � W +z � ,,

Wkh �uvw rughu frqglwlrqv uhvshfwlyho| zlwk uhvshfw wr 	 � / z � / e dqg d � duh=

� b] � @
�

4� � � �
�

�
�

	 � � i +d, +68,

3 @ �

�

C\ �

Cz �
�
CO �

Cz �

�

�

�

	 �

O � +z � ,
. x +e,

�

� e�
	 �

O �
� �

�

�

��

i +d, +69,

.
4� �

�
�

] �

+d�z � ,
�

� @

] � �

� �

�

x
�

+e,
�

4� � � O � � �
�

�
�

. � � O �
�

i +d,gd +6:,

3 � i +d � ,x +e. g,�K � � +6;,

wrjhwkhu zlwk wkh wudqvyhuvdolw| frqglwlrqv= ] � � @ 3 dqg 	 � � @ g1

Iluvw/ zh vkrz wkdw iru dq| d 5 ^d � > d � ,/ ] � ? 31 AIurp +68, dqg wkh wudqvyhuvdolw|
frqglwlrq ] � � @ 3/ rqh kdv=

] � @

] � �

�

�

4� � � �
�

�
�

	 � � i +w, gw +6<,

Vrph pdqlsxodwlrqv ri +6:, ohdgv wr=
]

� �

� �

�

4� � � �
�

�
�

� i +d,gd @
�

x
�

+e,

]
� �

� �
+4� O � ,

�

4� x
�

+e, � �
�

�
�

� i +d, gd

exw

�
�

� � x
�

+e, @
x

�

+e,

x
�

+z � � W +z � ,,
A 4

vr

H �
�

4� � � �
�

�
�

@

] � �

� �

�

4� � � �
�

�
�

� i +d,gd ? 3

Ilqdoo|/ ixqfwlrq d :�$ 	 � . e lv lqfuhdvlqj e| +43, dqg +4,/ vr ixqfwlrq d :�$ 4�� ��
�

� lv
ghfuhdvlqj1 Khqfh/ 4� � � �

�

� � ? 31 Wzr fdvhv duh wkhq srvvleoh1

41 Li 4� � � �
�

��� � 3/ wkhq iru doo w 5 +d � > d � ,/ rqh kdv +4� � � �
�

� ,	 � ? 3/ vr ] � ? 3 e|
+6<,=

51 Li 4�� ��
�

� � A 3/ wkhq wkhuh h{lvwv d vlqjoh aw/ vxfk wkdw 4�� ��
�

�
�

� @ 31 Exw wkhq iru
dq| w 5 ^d � > d � `/ rqh kdv=

�

4� � � �
�

�
�

	 � ?
�

4� � � �
�

�
�

	 ��

vr

] � ? 	 ��

]
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�

�
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�

�
�

i +w,gw @ 	 �� +4� I +d,, � H �
�
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�

� mw � d
�

? 	 �� +4� I +d,, � H �
�

4� � � �
�

�
�

? 3
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Vhfrqg/ +69, fdq eh uhzulwwhq dv=

� �
C\ �

Cz �
� i +d, @ �

4� �

�
�

] �

+d�z � ,
� . � �

CO �

Cz �

�

�
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	 �

O � +z � ,
. x +e,

�

� e�
	 �

O �
� �

�

�

�

� i +d,

Krzhyhu/ e| wkh vwulfw frqyh{lw| ri �/ rqh kdv=

�

�

	 �

O � +z � ,
. x +e,

�

� � +x +e,, ?
	 �

O � +z � ,
� �

�

�

vr �
� � �

�
�
�

� � � . x +e,
�

� e�
� ��
� � �

�

� ? 3/ wkhuhiruh=

CO �

Cz �

�

�

�

	 �

O � +z � ,
. x +e,

�

� e�
	 �

O �
� �

�

�

�

A 3

dqg �qdoo|/
� �
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^4` Eodqfkdug/ R1 M1 dqg Gldprqg/ S1/ 4<;</ _Wkh Ehyhulgjh Fxuyh%/ Eurrnlqjv Sdshuv
rq Hfrqrplf Dfwlylw|/ 4/ 40:91
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^5` Eoxqghoo/ U1 dqg PdFxug|/ W1 /4<<</ _Oderu Vxsso|= D Uhylhz ri dowhuqdwlyh ds0
surdfkhv%/ lq R1 Dvkhoihowhu dqg G1 Fdug +hgv,/ Kdqgerrn ri Oderu Hfrqrplfv/ Qruwk0
Kroodqg1

^6` Erdgzd|/ U1/ Fx�/ N1 dqg Pdufkdqg/ P1 / 5333/ _Rswlpdo Lqfrph Wd{dwlrq zlwk
Txdvl0Olqhdu Suhihuhqfhv Uhylvlwhg%/ Mrxuqdo ri Sxeolf Hfrqrplf Wkhru|/ 5/ 7680931

^7` Errqh/ M1 dqg Eryhqehuj O1/ 5334/ _Xqhpsor|phqw yhuvxv Lq0zrun Ehqh�wv zlwk
Vhdufk Xqhpsor|phqw dqg Revhuydeoh Delolwlhv%/ FHSU Glvfxvvlrq Sdshu 63761

^8` Errqh/ M1 dqg Eryhqehuj/ O1/ 5335d/ _Rswlpdo Oderu Wd{dwlrq dqg Vhdufk%/ Mrxuqdo
ri Sxeolf Hfrqrplfv/ ;8/ 860<:1

^9` Errqh/ M1 dqg Eryhqehuj/ O1/ 5335e/ _Wkh Rswlpdo Wd{dwlrq ri Xqvnloohg Oderu
zlwk Mre Vhdufk dqg Vrfldo Dvvlvwdqfh%/ FHSU Glvfxvvlrq Sdshu 6779/ iruwkfrplqj
Mrxuqdo ri Sxeolf Hfrqrplfv1

^:` Fkrq�h/ S1 dqg Odurtxh/ J1/ 5335/ _Rswlpdo Lqfhqwlyhv iru Oderu Irufh Sduwlflsdwlrq%
FUHVW0LQVHH Glvfxvvlrq sdshu 58/ Iruwkfrplqj lq Mrxuqdo ri Sxeolf Hfrqrplfv1

^;` Gldprqg/ S1 4<<;/ _Rswlpdo Lqfrph Wd{dwlrq= Dq H{dpsoh zlwk d X0Vkdshg Sdwwhuq
ri Rswlpdo Pdujlqdo Wd{ Udwhv%/ Dphulfdq Hfrqrplf Uhylhz/ ;;/ ;60<81

^<` Gu�h}h/ M1 dqg Pdolqydxg/ H1/ 4<<7/ _Jurzwk dqg hpsor|phqw= Wkh vfrsh ri d Hxur0
shdq Lqlwldwlyh%/ Hxurshdq Hfrqrplf Uhylhz/ 6;+607,/ 7;<08371

^43` Hqjvwu�rp/ S1/ 5335/ _Rswlpdo Qrq0Olqhdu Wd{dwlrq lq Vhdufk Htxloleulxp%/ Zrunlqj
Sdshu 5335=4;/ Xssvdod Xqlyhuvlw|1

^44` Ihogvwhlq/ P1/ 4<<8/ _Wkh H�hfw ri Pdujlqdo Wd{ Udwhv rq Wd{deoh Lqfrph= D Sdqho
Vwxg| rq wkh 4<;9 Wd{ Uhirup Dfw%/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 436 +6,/ 88408:51

^45` Juxehu/ M1 dqg Vdh}/ H1/ 5335/ _Wkh hodvwlflw| ri wd{deoh lqfrph= hylghqfh dqg lp0
solfdwlrqv%/ Mrxuqdo ri Sxeolf Hfrqrplfv/ ;7+4,/ 40651

^46` Kdqvhq/ F1 W1/ Shghuvhq O1 K1 dqg Vo�n1/ W1/ 5333/ _Dpeljxrxv h�hfwv ri wkh pdujlqdo
wd{ udwh%/ Oderxu Hfrqrplfv/ :/ 668067:1

^47` Kropoxqg/ E dqg Nrop/ D1 V 4<<8/ _Surjuhvvlyh Wd{dwlrq/ Zdjh vhwwlqj/ dqg Xq0
hpsor|phqw = Wkhru| dqg Vzhglvk hylghqfh%/ Vzhglvk Hfrqrplf Srolf| Uhylhz 5/
75607931

^48` Krvlrv/ D1/4<<3/ _Rq wkh H�flhqf| ri Pdwfklqj dqg Uhodwhg Prghov ri Vhdufk dqg
Xqhpsor|phqw%/ Uhylhz ri Hfrqrplf Vwxglhv/ 8:/ 5:<05<;1

^49` Od�rqw/ M1 M dqg Pduwlpruw/ G1/ 5335/ Wkh wkhru| ri lqfhqwlyhv= wkh sulqflsdo djhqw
prgho/ Sulqfhwrq Xqlyhuvlw| Suhvv1

^4:` Odurtxh/ J1/ 5335/ _Lqfrph Pdlqwhqdqfh dqg Oderu Irufh Sduwlflsdwlrq%/ Suhvlghq0
wldo Dgguhvv wr wkh Hfrqrphwulf Vrflhw|1

^4;` Ohkpdqq/ H1 dqg Ydq ghu Olqghq/ E1/ 5335/ _Rq wkh rswlpdolw| ri vhdufk pdwfklqj
htxloleulxp zkhq zrunhuv duh ulvn dyhuvh%/ LUHV Glvfxvvlrq sdshu q

�
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^4<` Ohrqdug/ G1 dqg Ydq Orqj Q1/ 4<<5/ Rswlpdo frqwuro wkhru| dqg vwdwlf rswlpl}dwlrq
lq hfrqrplfv/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^53` Orfnzrrg E1 dqg Pdqqlqj D1/ 4<<6/ _Zdjh Vhwwlqj dqg wkh Wd{ V|vwhp= Wkhru|
dqg hylghqfhv iru wkh Xqlwhg Nlqjgrp%/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 85/ 405<1

^54` Pdofrpvrq/ M1 P1 dqg Vduwru/ Q1/ 4<;:/ _Wd{ Sxvk Lq�dwlrq lq d Xqlrql}hg Oderxu
Pdunhw%/ Hxurshdq Hfrqrplf Uhylhz/ 64/ 48;4048<91

^55` Pdufhdx/ Q1 dqg Erdgzd|/ U1/ 4<<7/ _PlqlpxpZdjh Ohjlvodwlrq dqg Xqhpsor|phqw
Lqvxudqfh dv Lqvwuxphqwv iru Uhglvwulexwlrq%/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/
<9+4,/ 9:0;41

^56` Pluuohhv/ M1/ 4<:4/ _Dq H{sorudwlrq lq wkh Wkhru| ri Rswlpxp Lqfrph Wd{dwlrq%/
Uhylhz ri Hfrqrplf Vwxglhv/ 6;/ 4:8053;1

^57` Pluuohhv/ M1/ 4<<</ _Rswlpdo Pdujlqdo Wd{ Udwhv dw Orz Lqfrphv%/ plphr/ Idfxow|
ri Hfrqrplfv/ Xqlyhuvlw| ri Fdpeulgjh/ XN1

^58` Pruwhqvhq/ G1 dqg Slvvdulghv/ F1/ 4<<</ _Qhz ghyhorsphqwv lq prghov ri vhdufk lq wkh
Oderu Pdunhw%/ lq R1 Dvkhqihowhu dqg G1 Fdug +hgv1,/ Kdqgerrn ri Oderu Hfrqrplfv/
yro 6 +Qruwk0Kroodqg/ Dpvwhugdp,

^59` Pxvjudyh/ U1 dqg Pxvjudyh/ S1/4<:9/ Sxeolf Ilqdqfh lq Wkhru| dqg Sudfwlfh/ Vhfrqg
Hglwlrq/ PfJudz0Kloo/ Qhz \run1

^5:` Skhosv/ H1/ 4<<:/ Uhzduglqj zrun= Krz wr uhvwruh sduwlflsdwlrq dqg vhoi0vxssruw wr
iuhh hqwhusulvh/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XV1

^5;` Shwurqjror/ E1 dqg Slvvdulghv/ F1 D1 / 5334/ _Orrnlqj lqwr wkh Eodfn Er{= D Vxuyh|
ri wkh Pdwfklqj Ixqfwlrq%/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 6;/ 6<307641

^5<` Slvvdulghv/ F1 D1/ 4<<;/ _Wkh lpsdfw ri hpsor|phqw wd{ fxwv rq xqhpsor|phqw dqg
zdjhv= wkh uroh ri xqhpsor|phqw ehqh�wv dqg wd{ vwuxfwxuh%/ Hxurshdq Hfrqrplf
Uhylhz/ 75/ 48804;61

^63` Slvvdulghv/ F1 D1/ 5333/ Htxloleulxp Xqhpsor|phqw Wkhru|/ Vhfrqg Hglwlrq/PLW
Suhvv/ Fdpeulgjh/ XV +Iluvw hglwlrq sxeolvkhg lq 4<<3 e| Edvlo Eodfnzhoo,1

^64` Urvhq/ V1/ 4<;8/ _Lpsolflw Frqwudfwv= d Vxuyh|%/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 56/
447044:81

^65` Vdodql�h/ E1/ 4<<:/ Wkh Hfrqrplfv ri Frqwudfwv= d Sulphu/ PLW Suhvv1

^66` Vdh}/ H1/ 5334/ _Xvlqj Hodvwlflwlhv wr Ghulyh Rswlpdo Lqfrph Wd{ Udwhv%/ Uhylhz ri
Hfrqrplf Vwxglhv/ 9;/ 538055<1

^67` Vdh}/ H1/ 5335/ _Rswlpdo Lqfrph Wudqvihuv Surjudpv= Lqwhqvlyh yhuvxv H{whqvlyh
Pdujlq Oderu Vxsso|%/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 44:/ 436<043:61

^68` V�uhqvhq/ S1 E1/4<<:/ _Sxeolf Ilqdqfh vroxwlrqv wr wkh hxurshdq xqhpsor|phqw sure0
ohp%/ Hfrqrplf Srolf|/ 58/ 55605971

^69` V�uhqvhq/ S1 E1/ 4<<< / _Rswlpdo Wd{ Surjuhvvlylw| lq lpshuihfw Oderxu pdunhwv%/
Oderxu Hfrqrplfv/ 9/ 76807851
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^6:` Vwljolw}/ M1 H1/ 4<;5/ _Vhoi0Vhohfwlrq dqg Sduhwr H�flhqw Wd{dwlrq%/ Mrxuqdo ri Sxeolf
Hfrqrplfv/ 4:/54605731

^6;` Vwljolw}/ M1 H1/ 4<;:/ _Sduhwr H�flhqw dqg Rswlpdo Wd{dwlrq dqg wkh Qhz Zhoiduh
Hfrqrplfv%/Fkds 48/ Kdqgerrn ri Sxeolf Hfrqrplfv/ LL/ Dxhuedfk/ D1M1 dqg Ihog0
vwhlq/ P1 +hgv,/ Hovhylhu Vflhqfh Sxeolvkhuv E1Y +Qruwk0Kroodqg,1

^6<` Wxrpdod/ P1/ 4<<3/ Rswlpdo Lqfrph Wd{ dqg Uhglvwulexwlrq/ R{irug= Foduhqgrq
Suhvv1
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