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Résumé

Le but de cette dissertation est de développer et renforcer les interactions
entre deux champs de recherche actifs en mathématiques : la théorie des
catégories et la théorie des algebres de Hopf.

La théorie des catégories permet une approche unificatrice des struc-
tures mathématiques a priori, non reliées. En particulier, la théorie
des catégories semi-abéliennes, dont ’exemple représentatif est donné
par la catégorie des groupes, offre un cadre propice pour, entre autres,
développer la théorie des commutateurs et I’homologie non-abélienne.
D’autre part, les algebres de Hopf décrivent la symétrie des espaces
non-commutatifs, similairement aux groupes décrivant les symétries des
espaces classiques. Les algebres de Hopf peuvent étre vues comme une
linéarisation de la notion de groupe.

Le premier objectif de cette these est d’étudier la catégorie des algebres
de Hopf cocommutatives sur un corps quelconque. Nous montrons que
cette catégorie est semi-abélienne. Cela nous permet de comparer des
notions et théoremes existant dans le monde des algebres de Hopf avec des
concepts et résultats correspondants dans le contexte semi-abélien. Dans
cette these, nous étudions certains exemples de ce type d’interaction pour
les algebres de Hopf cocommutatives : la notion d’action, de produit
semi-direct, de commutateur, de module croisé, de carré croisé et le
lemme de Zassenhaus.

Le second objectif de cette these est d’approfondir notre connaissance
de la catégorie des algebres de Hopf quelconques. En particulier, nous
développons une notion adéquate d’extension scindée d’algebres de Hopf
(et de bigebres). Cette notion est adéquate pour plusieurs raisons. En
particulier, les extensions scindées d’algebres de Hopf (et de bigebres)



vi RESUME

sont équivalentes aux actions d’algebres de Hopf (et de bigebres). De plus,
le lemme des cinq courts scindés est satisfait quand on le restreint a ces
extensions particulieres, ce qui ouvre la voie a d’autres développements
en algebre homologique.
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Introduction

State of the art

Semi-abelian categories

In 1945, S. Eilenberg and S. Mac Lane [36] introduced the concepts of
category, functor and natural transformation, which turned out to be
important in the development of a new approach to several branches
of mathematics. This new field of mathematics, called category theory,
focuses on the interactions between mathematical objects rather than the
objects themselves. Here, “objects” can refer to a lot of different things:
sets, groups, matrices, topological spaces, etc. Categories formalize the
notion of a “transformation” between objects independently of the type
of objects considered. As an example, if we take as objects the members
of a family, category theorists would be interested in the relationships
between the members of this family. This innovative approach offers
new insights and, often, surprising new results. The abstraction of the
category theory allows us to forget about the mathematical structures
behind a construction and focus on the properties of this construction.

Let us make this statement more explicit by giving an example. In
mathematics, we can define the cartesian product of two sets, the direct
product of two groups, the intersection of two relations on the same
object and the tensor product of two cocommutative coalgebras. At a
first sight, these constructions seem totally distinct from one to another.
Nevertheless, when we look at them from the perspective of category
theory, a beautiful common scheme appears: each of them has the
universal property of a categorical product. Given two objects A and B
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in C, the categorical product of A and B is a unique (up to isomorphism)
diagram

such that for any f: C'— A and any g: C' — B, there exists a unique
morphism ¢ : C' — A x B such that 74 -¢ = f and np - ¢ = g. We
can represent this property in a diagrammatic way by saying that the
following triangles commute

Ax B
TA ~ B
i
(f\C%

This observation allows us to deal with the cartesian product of two sets,
the direct products of two groups, the intersection of two relations on the
same object, and the tensor product of two cocommutative coalgebras as
a unique construction. It is a simple example of the power of unification
of category theory.

In the fifties, the important notion of abelian category was introduced
[67, 23, 53]. Among the examples of abelian categories, there are abelian
groups (which is the “model example”), vector spaces, modules on a
ring. This notion offers an ideal framework to develop a good notion of
homology and to capture some typical properties of abelian groups. A
short definition of an abelian category is given by asking that the category
has finite products, a zero object, and that any morphism factors into
a normal epimorphism followed by a normal monomorphism. This last
condition is verified for the abelian groups since the image f(A) of a
morphism of abelian groups f: A — B is a normal subgroup in B. For
a morphism in the category of general groups, the image is not a normal
subgroup of the codomain. This implies that the category of groups is
not abelian. For a long time, categorists have been trying to complete



the following schematic picture and looked for a good notion of category
that could capture the properties of the category of groups, similarly to
the way the notion of abelian category captures the properties of abelian

groups.

Abelian groups ‘ Groups

Abelian categories ‘ ?

After several attempts, the theory of semi-abelian categories was intro-
duced by [58]. Other representative examples of semi-abelian categories
are given by the category of associative rings and the category of Lie al-
gebras. Semi-abelian categories provide a good context to obtain similar
properties and results as in groups: Noether’s isomorphism theorems, the
Snake Lemma, the Split Short Five Lemma, the Jordan-Ho6lder theorem,
the Zassenhaus Lemma, etc. More precisely, they offer us a general
framework to develop and study the (co)homology of algebraic structures
[41], commutator theory [16], radical and torsion theories [17], actions
[10, 19] and crossed modules [57]. The notion of semi-abelian category
can be seen as a non-additive version of the classical one of abelian cate-
gory. More precisely, the additivity in the definition of abelian categories
is replaced by the protomodularity (in the sense of [11]) and the zero
object in the definition of semi-abelian categories. It is also interesting to
observe that in a semi-abelian category, there is no notion of biproduct.
There is no isomorphism between the binary coproduct of two objects
and their product. Instead, the canonical morphism A+ B — A X B is
a normal epimorphism [58].

Hopf algebras
In 1941, H. Hopf introduced the notion of Hopf algebras when he was
studying the homology of Lie groups.

A Hopf algebra can be interpreted as a “linear” version of a group. It
relates to a vector space, as a group does to a set. Diagrammatically, the
notion of Hopf algebra completes the following figure.

Sets ‘ Groups

Vector spaces ‘ ?
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A Hopf algebra is a vector space, endowed with operations satisfying
suitable axioms which are similar to the ones of groups. More pre-
cisely, a group is a set, G, endowed with an associative multiplication,
m: G x G — G, a unit element, ug € G, and an inverse, (.)"1: G — G.
Diagrammatically, the inverse condition of a group can be expressed as

follows
1lg X (.)_1
Gx@G GxG
()t x1lg
A/ \m
G . {} - G. (0.1)

where A(g) = (g,9) is the diagonal map, e sends any element to the
singleton and w: {*} — G, sends the singleton to the neutral element
ug € G. By “linearization” of this structure, we obtain a vector space
over a field K endowed with a multiplication m: A ® A — A, a unit
uga: K — A, algebra morphisms A: A > A® Aand eq: A — K, called
comultiplication and counit, and a morphism S: A — A, called antipode,
playing the role of taking inverses in a group. These morphisms have to
satisfy some natural conditions (see Section 1.3), and in particular they
make the following diagrams commute

1Aa®S
AR A AR A
S®1a
A/ \m
A K A. (0.2)
€A uA

Such a structure is called a Hopf algebra over a field K.

The concept of a group is closely related to the idea of symmetry. More
precisely, the notion of a group acting on a set conceptualizes the permu-
tations (hence symmetries) of this set. Let us illustrate this notion with
a few examples. The symmetric group S, acts on the set {1,2,...,n} by
permuting the elements of the set. The dihedral group Da,, (generated
by a rotation of 27 /n and a reflection), acts on a regular n-sided polygon
via the isomorphic transformations of a regular n-sided polygon. The
groups Gl(n,R), consisting of all n x n real invertible matrices, and
A(n,R) ={z — Az +b | z,b € R",A € GI(n,R)} act on R". The



group R™ acts on itself by translation. Similarly, Hopf algebras can be
understood as the algebraic objects describing the symmetries of non-
commutative spaces, just as groups describe those of usual geometries.
Indeed, there are several canonical ways to construct Hopf algebras out
of groups. Firstly, for a given group G and a field K, one can endow
the group algebra K[G] with a Hopf algebra structure. Moreover, if
G acts on a set X then the vector space generated by the element of
X, K[X], becomes a module (coalgebra) over the Hopf algebra KI[G].
Secondly, for an algebraic group G, its coordinate algebra O(G) is a Hopf
algebra and if G acts on an algebraic variety X, then O(X) becomes in
a natural way a O(G)-comodule algebra. Henceforth, actions of groups
are directly related to (co)actions of Hopf algebras, which are one of the
main subjects of this thesis.

Let us give a basic example by looking at the quantum plane,

K(xz,y)
I,

Kq[ﬂf,y] =

where K is a field, K (x,y) is the free algebra on the indeterminates z
and y, I, is the two-sided ideal generated by xy — qyxr. Note that when
q = 1, the algebra K [x,y] is the coordinate algebra of the affine plane
of dimension two.

Just as GI(2,R) acts on the plane R? and the Hopf algebra O(GI(2,R))
coacts on O(R?) = R|z, y], one can consider a Hopf algebra Gl,(2), which
coacts on K[z, y]. This Hopf algebra GI,(2) is called a “quantum group”
and is obtained by deforming the multiplication of O(GI(2,R)) using the

parameter ¢ (see [61] for an introduction to quantum groups).

Another motivation to study Hopf algebras comes from representation
theory. In classical representation theory of groups, one of the impor-
tant properties is that the tensor product of two representations and
the vector space of linear maps between two representations are again
representations of the same group. In fact, one can observe that for
any Hopf algebra one has the same phenomenon. This can be expressed
by saying that the category of modules over a Hopf algebra is a closed
monoidal category admitting a closed strict monoidal forgetful functor
to the category of vector spaces. This closed monoidal structure on the
category of modules over a Hopf algebra can be described explicitly by
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means of the comultiplication, counit and antipode and quite remarkably
by Tannaka duality, this procedure can be reversed, which allows us
to (re)construct the comultiplication, counit and antipode out of the
monoidal structure on its category of modules.

Apart from the link with group theory, as already commented upon
above, the theory of Hopf algebras has been developed intensively and
examples showed up in several fields of mathematics including Lie theory
(the universal enveloping algebra of a Lie algebra can be endowed with
the structure of a Hopf algebra), Galois theory [77], combinatorics [2],
quantum mechanics [69], and knot invariants [63].

An intersection between category theory and Hopf alge-
bras

This thesis will develop and strengthen the interactions between these
two active research fields of mathematics: categorical algebra and the
theory of Hopf algebras.

Although both fields of Hopf algebras and semi-abelian categories are
strongly motivated by group theory, until recently, there was little in-
teraction between these two scientific communities, and they flourished
independently of each other. However, the category Hopfk coc of cocom-
mutative Hopf algebras is known to share many exactness properties
with the categories of groups and Lie algebras. It was already noted
by H. Yanagihara in [96, 97] that some classical isomorphism theorems
from group theory have their natural counterpart for cocommutative
Hopf algebras (this work was partly based on a theorem by Newman
[79]). More recently, it was shown in [48] that the category Hopfk coc
of cocommutative Hopf algebras over a field of characteristic zero is
semi-abelian. This fact implies that many of the exactness properties
of the category of cocommutative Hopf algebras follow directly from
the axioms of semi-abelian categories, and this has opened the way to
explore some new connections between categorical algebra and Hopf
algebra theory [49, 93, 45]. This result initiated a new line of research
based on interactions between Hopf algebras and semi-abelian categories.

An aspect of this research comes from the possibility of applying cate-
gorical concepts and results to obtain a deeper understanding of Hopf



algebra theory. Existing concepts and theorems within the realm of
Hopf algebras, which have been introduced in an “ad hoc” way, can be
compared to corresponding categorical concepts and theorems, which
have a wider range of applications. For instance, the notions of “split
extensions”, “actions” and “semi-direct products” have been studied
both in Hopf algebras [4, 5, 76] and in category theory [10, 18]. Similarly,
the notion of a “crossed module” has been defined and investigated
independently within semi-abelian category theory [57] and Hopf algebra
theory [70, 43, 7, 44].

One of the goals of this thesis is to study these notions at the frontier
between Hopf algebras and category theory.

As explained, Hopf algebra theory and semi-abelian category theory are
both mathematical fields closely related to group theory. It is therefore
natural to observe the notions of actions, split extensions and crossed
modules of groups.

Group actions

We first introduce the notions of actions and split extensions of groups
and describe the equivalence between them.

As mentioned before, an action of a group is an interesting notion that
describes the symmetries of a space. One can consider actions of groups
on different mathematical structures such as sets, vector spaces, or groups.
For the purpose of this thesis, we are interested in the actions of a group
on a group.

An action of a group (G, ug) on a group (X,uyx)isamap>: G x X —
X: (g,x) — g>x such that for any g,¢' € G and z,2’ € X the following
identities hold

(99'>x) = (9> (¢'> 1)),
(ug>x) ==,

g (zz') = (gox) (g o).
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A split extension of groups is a diagram of the form

0—— Ker(f) ——— @ ———=B———0  (03)

f

where G and B are groups, Ker(f) ={z € G | f(x) = up} is the kernel
of f, k is the inclusion, s and f are group morphisms, and f-s = 1p.

Split extensions of groups correspond to group actions. From the split
extension (0.3), we obtain the following action

>: B x Ker(f) — Ker(f): (b,z) — s(b)k(x)s(b) L. (0.4)

In the other direction, from >: B x X — X, we can construct (via the
semi-direct product) the following split extension

0 —— Ker(f) — Ker(f) x BLB—M)
" D2
where pa(z,b) = b, i1(x) = (z,1) and ia(b) = (1,b). The semi-direct
product Ker(f) x B is the set Ker(f) x B endowed with the following
group structure for x,y € Ker(f) and b,c € B

(x,0)(y, c) = (x(b>y), be).

These constructions lead to the following result:

Proposition 0.0.1. There is an equivalence of categories between the
category of actions of groups on groups and the category of split extensions
of groups.

This result allows us to decompose certain groups into two simpler groups.
We give some examples.

Let Ds, be the dihedral group, the group of symmetries of a regular
n-sided polygon. This group has order 2n, possesses n rotations and n
reflections, and is generated by a rotation of 27 /n (denoted by #) and a
reflection (denoted by 7). The following sequence is a split extension of
groups:

0 Bl Dy S 22—,



where Z/nZ is the group of integers modulo n, the morphism k: Z/nZ —
Dy, is defined via k(1) = 6, the morphism f: Da,, — Z/27 is given by
f(0) =0, f(r) =1, and the morphism s: Z/27Z — Dy, is defined as
s(1) = r and s(0) = Id. Hence, we have the following group isomorphism:
Dop 2 Z/n7 % 7/ 2Z.

The semi-direct product allows us to give another interpretation of the
group of all the affine automorphisms of R": A(n,R) = {z — Az +b |
z,b e R" A e Gl(n,R)}. We have a split extension of groups

0 R" p A(n,R) <—— GI(n,R) —— 0,

f

where k: R” — A(n,R): b— (z+— x+b), f: A(n,R) - Gl(n,R): (z —
Az +b) — A, and s: Gl(n,R) — A(n,R): A — (x — Azx). Hence, we
have A(n,R) 2 R" x Gl(n,R).

More generally, in any semi-abelian category, there is an equivalence
between (internal) actions and split extensions ([10] and [19]). This result
allows us to link two different notions.

The equivalence of Proposition 0.0.1 is also the building block to obtain
an equivalence between crossed modules and internal groupoids in the
category of groups.

But first, let us answer the following question: “What is a crossed module
of groups?”

Crossed modules of groups

Motivated by the study of the properties of the boundary map
0: m(X, A, x) = m (A, x),

relating the second relative homotopy group and the first homotopy group
of a pair of pointed topological spaces, J.H.C Whitehead introduced the
notion of crossed module in 1949 [94]. A crossed module of groups is
given by a morphism of groups

d: X — B,
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endowed with an action of B on X (>: B x X — X) in a way that is
“compatible” with the action given by conjugation

d(b>x) = bd(z)b,

d(z") >z = 2'za’™1, (0.5)

(see Definition 3.2.8). Later on, crossed modules attracted a lot of
attention as an algebraic structure in its own right. R. Brown and C.
Spencer [85] proved the equivalence between crossed modules of groups
and internal groupoids in the category of groups (a result that they credit
to Verdier). On the one hand, a crossed module of groups can be seen as
the “normalization” of an internal groupoid. Indeed, if

é
A L Ao (0.6)
il

is the reflexive graph underlying an internal groupoid structure in the
category of groups (§ is the “domain morphism”, v the “codomain mor-
phism”, ¢ the “identity morphism”, see Definition 1.6.7), its normalization

7|Ker(6): Ker(&) — AQ,

endowed with the action given in (0.4) is a crossed module of groups. On
the other hand, we can construct an internal groupoid from a crossed
module of groups thanks to the semi-direct product. When d: X — B is
a crossed module of groups, the following diagram

p2
X x B iz B,
p1

where ps is the projection on B, is is the inclusion of B and p; is defined
as p1(z,b) = d(z)b is underlying a unique internal groupoid structure in
the category of groups. These constructions yield the following result.

Proposition 0.0.2. [85] There is an equivalence between the category
of crossed modules and the category of internal groupoids in groups.

This equivalence allows one to deal with the concept of internal groupoid
in an alternative way, that is useful for computations [39].
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Note that, similarly to the case of internal groupoids, reflexive graphs
also have a “crossed” counterpart. There exists an equivalence between
precrossed modules (which are defined as crossed modules without the
Peiffer condition (6.9)) and the reflexive graphs in groups.

Proposition 0.0.3. There is an equivalence of categories between the
category of precrossed modules and the category of reflexive graphs in
groups.

In [62] R. Lavendhomme and J.-R. Roisin were interested in the coho-
mology of algebraic structures, and they showed similar equivalences in
the context of Lie algebras and rings. G. Guin-Waléry and J.L. Loday in
[55, 64] studied the relation between crossed modules and the so-called
1-cat-groups, which are reflexive graphs as in (0.6) such that the kernels
of § and ~ have a trivial commutator: [Ker(J), Ker(y)] = {1}.

More recently, G. Janelidze discovered that the theory of semi-abelian
categories offers an adequate framework to “internalize” the notions of
precrossed module and of crossed module. In 2003, besides defining the
categorical concepts of internal precrossed module and crossed module, he
proved two equivalences in any semi-abelian category [57]: one between
internal crossed structures and internal groupoids, and another one
between internal precrossed structures and internal reflexive graphs. In
the category of groups and the category of Lie algebras, he recovers the
main results of [85] and [62] on this topic.

Crossed squares of groups

In the category of groups (or in any semi-abelian category), the construc-
tion of crossed modules can be repeated, since the category of internal
groupoids in a semi-abelian category is semi-abelian [46, 15]. One obtains
a “2-dimensional” version of the equivalence between internal crossed
modules and internal groupoids, providing an equivalence between inter-
nal double crossed modules and internal double groupoids. The authors
of [55, 64] highlighted a relation between what they called crossed squares
of groups and 2-cat-groups. A few years later G. Ellis introduced the
notion of cat?-Lie algebra (and, more generally, of cat™-Lie algebra) and
obtained analogous results for Lie algebras [37]. This higher dimensional
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equivalence (in groups) allows one to consider a double groupoid in the
category of groups

72
Giio) +— w2 G2
_
T ’ T
o1 |t1|m 61 Lll 71
V3
G1+— 4 Gy,
)

as a commutative square with compatible actions — called crossed square
of groups —
A
L—M

o b

M' —— P.

The quite complicated structure of double groupoids is equivalent to a
commutative square of groups with some suitably defined and compatible
actions, which turns out to be easier to handle in some relevant cases. In
particular, in [39], G. Ellis used the notion of crossed square of groups to
cover the homotopy classification of maps from a 3-dimensional connected
CW-space X to some other CW-space. In [22], R. Brown and J.L. Loday
proved a Van Kampen theorem for crossed squares of groups.

Actions and split extensions of monoids and magmas

We recalled in this introduction an equivalence between actions and split
extensions in the category of groups (Proposition 0.0.1). This equivalence
holds in any semi-abelian category.

Unfortunately, the category of general Hopf algebras is not a semi-
abelian category [45]. Nevertheless, the category of monoids will offer us
a strategy to obtain a variation of this equivalence.
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In the category of monoids, even if there is no equivalence between split
extensions and monoid actions, we can observe that some split sequences
have “good properties” while others do not. We illustrate this observation
with the following examples [20)]

0
0 —— N —— O =5 N ——0, (07)
1 T
0
0— {0} — On—=N, (0.8)
K3 T

where Oy = {(z,y) € Nx N | z < y}, mi(n,m) = n, ma(n,m) = m,
i(0) = (0,0), iz(n) = (0,n) and 4(p) = (p, p)-

We observe that both sequences are split epimorphisms of monoids,
given with their kernels. For the sequence (0.7), similarly to the case of
groups, we can construct an isomorphism between Oy and Ker(m) XN =
N x N (the equality holds since the action of N on N is the trivial one).
Unfortunately, the sequence (0.8) does not satisfy a similar property
since Oy is not isomorphic to N. We can also notice that in the sequence
(0.7), i3 and § are jointly epimorphic. On the contrary, the morphisms 4
and § of the sequence (0.8) are not.

Not all split epimorphisms of monoids are “good split extensions”, in
the sense that they do not have properties similar to the ones in groups.
This observation was one of the motivations for the authors of [20, 72] to
introduce the notion of Schreier split epimorphism. They proved in [20],
that there exists a restricted equivalence between the actions of monoids
and the “Schreier split epimorphisms”. The terminology “Schreier split
epimorphism” comes from a paper by A. Patchkoria [82], who worked on
a notion of a Schreier internal category in the category of monoids and
proved that the category of Schreier internal categories in the category
of monoids is equivalent to the category of crossed semimodules.

A further step was done in a recent paper on split extensions of unitary
magmas, where a suitable notion of split extension of magmas was
introduced and shown to correspond to actions [47]. Another example
is the study of split extensions in the full subcategory of preordered
monoids whose preorder is determined by the corresponding positive
cone [73].
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Our contribution

The purpose of this thesis is to study categorical concepts and properties
of Hopf algebras. We explore, among others, the concepts of split
extensions, actions, commutators, crossed modules and crossed squares.

To achieve this goal we first examine the category of cocommutative
Hopf algebras over a field K and subsequently, the category of (non-
associative) Hopf algebras in a symmetric monoidal category. These
categories provide us with two different contexts to investigate properties
and categorical notions of Hopf algebras.

In Chapter 1, we recall several definitions and results and fix the
notation.

The remainder of the thesis is divided into two parts. In the first part,
we focus on cocommutative Hopf algebras over a field.

Recently, it was observed in [48] that, when the base field K has char-
acteristic zero, the category Hopfk coc is semi-abelian (in the sense of
[58]). The proof given in [48] depends on the Milnor-Moore theorem
providing a canonical decomposition of any cocommutative Hopf algebra
as a semi-direct product (also called smash product in the literature) of
a group Hopf algebra acting on a primitively generated Hopf algebra [75].
This theorem holds when the characteristic of the field K is zero so that
the fact that Hopfk coc is semi-abelian could only be proved under this
additional assumption.

In Chapter 2, we prove that the category of cocommutative Hopf alge-
bras over any field is semi-abelian. From this result follows a well-known
theorem of M. Takeuchi [89] saying that the category of commutative
and cocommutative Hopf algebras is abelian. These results appeared in
a joint paper with M. Gran and J. Vercruysse in Journal of Pure and
Applied Algebra, [50]. The fact that Hopf coc is semi-abelian allows us
to obtain new results in the category of cocommutative Hopf algebras.
More precisely, we give an explicit description of the Huq commutator of
two normal subobjects, [50]. We also provide an explicit version of the
Zassenhaus Lemma for the cocommutative Hopf algebras. This latter
result appeared in a joint paper with Olivette Ngaha Ngaha in Theory
and Applications of Categories, [81].
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In Chapter 3, we investigate the notions of crossed modules and of
crossed squares of cocommutative Hopf algebras. First, we recall a
well-known equivalence between actions of Hopf K-algebras and split
extensions of Hopf K-algebras, similar to Proposition 0.0.1 (see [76], [50],
[7], [93]). We use this equivalence to prove that the notion of crossed
modules introduced in [70] or in [43] (their definitions coincide in the case
of cocommutative Hopf algebras) is equivalent to the notion of internal
crossed modules in the sense of G. Janelidze [57]. Since Hopfk coc is semi-
abelian (as proved in Chapter 2), we know that such a construction exists.
By showing that the definition of crossed modules of cocommutative
Hopf algebras of [70] (or [43]) is equivalent to the one of internal groupoid
of cocommutative Hopf algebras, we have an alternative and explicit
description of the internal crossed modules in the sense of G. Janelidze
in the category of cocommutative Hopf K-algebras, [50]. It follows
from the equivalence between crossed modules of cocommutative Hopf
algebras and internal groupoids that the category of crossed modules
of cocommutative Hopf K-algebras is semi-abelian [15, 46]. Hence, the
construction of crossed modules can be repeated. Inspired by the results
in groups, we define crossed squares of cocommutative Hopf K-algebras
and show the equivalence between this notion and the internal double
groupoids of cocommutative Hopf K-algebras. This new definition of
Hopf crossed squares generalizes the notions of crossed squares of groups
and of Lie algebras. These results about Hopf crossed squares appeared
in an article in the Journal of Algebra [86].

After a better understanding of the category of cocommutative Hopf
K-algebras, we move to more general Hopf algebras. In the second part of
this thesis, to deepen the understanding of the notions of split extensions,
actions and precrossed modules in Hopf algebras, we investigate non-
associative non-cocommutative Hopf algebras in any symmetric monoidal
category.

Inspired by [47], we study the non-associative bialgebras and Hopf al-
gebras. In particular, cocommutative (non-associative) bialgebras over
a symmetric monoidal category C can be seen as internal monoids (or
magmas) in the category of cocommutative coalgebras over C. Hence,
the observations about the internalized magmas in a category with finite
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products given in [47] can be applied and give an appropriate notion of
split extension for cocommutative non-associative bialgebras.

Now a few natural questions come to mind: “What happens in the
non-cocommutative case?”, “How to define split extensions of general
Hopf algebras that are equivalent to actions of Hopf algebras?” and
“How to define precrossed modules of general Hopf algebras?”

In Chapter 4, by using the semi-direct product of non-associative
bialgebras, we define split extensions of (non-associative) bialgebras. We
prove several properties satisfied by these extensions, in particular, that
they are exact sequences and that they are equivalent to the actions of
(non-associative) bialgebras.The validity of the Split Short Five Lemma is
an important property of any semi-abelian category. Even if the category
of bialgebras is not a protomodular category [45], we prove that for
the particular split extensions of non-associative bialgebras the Split
Short Five Lemma holds. All the definitions and results for associative
bialgebras follow from the non-associative case.

In Chapter 5, we use a similar method as in Chapter 4 and we define
split extensions of non-associative Hopf algebras that are equivalent to
the actions of non-associative Hopf algebras, in any symmetric monoidal
category. As a corollary, we obtain a similar result for associative Hopf
algebras. We give several enlightening examples of split extensions of
Hopf algebras, and we compare our definition to some notions of split
extensions of Hopf algebras appearing in the literature [5, 7].

The paper [87] containing all the definitions and results obtained in
Chapter 4 and Chapter 5 will appear in Applied Categorical Structures.

We observed that in groups (or in any semi-abelian category) the actions
form an underlying structure for the definition of precrossed modules.
Similarly, split extensions are a part of the definition of reflexive graphs.
It seems then natural to use the results and definitions in Chapter 5, to
study the precrossed modules of (non-associative) Hopf algebras, and
how they can be related to internal structures.

In any semi-abelian category, there is an equivalence between a “pre-
crossed” construction and an “internal” construction. Even if the category
of (non-associative) Hopf algebras is not semi-abelian [45], we can still
expect that a variation of this kind of equivalence exists. The main
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example we have in mind is the category of monoids in which there is an
equivalence between crossed semimodules and Schreier internal categories
[82].

In Chapter 6, based on the definitions of actions of (non-associative)
Hopf algebras and split extensions of (non-associative) Hopf algebras, we
define the precrossed modules of (non-associative) Hopf algebras and the
S-reflerive graphs and show they are equivalent. A similar equivalence for
the associative Hopf algebras follows from this result and, in particular,
we recover the equivalence for groups, Proposition 0.0.2.

This chapter ends our journey through Hopf algebras and category theory.
In the last chapter, we include some concluding remarks and a discussion
of future research.
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INTRODUCTION




Chapter 1

Preliminaries

In this chapter, we give some definitions and fix notation about the
required knowledge for the rest of the document.

1.1 Basic constructions in a category

We recall some basics constructions defined in any category. We refer to
[66] for a more complete explanation of the basis of category theory.

Definition 1.1.1. In any category C, an initial object is an object I in
C such that for any object X in C there exists a unique morphism from I
to X.

Dually, an object T of C is called terminal, if, for any object X € C,
there exists a unique morphism from X to T.

An object which is both initial and terminal is called a zero object. If
such an object exists, we say that the category is pointed.

The zero morphism between two objects is the unique morphism that

factors through the zero object.

The category of vector spaces over a field K Vectk, the category of
groups Grp, and the category of (non necessarily unitary) algebras Algg
are pointed categories, whose the zero object is the trivial vector space,

19
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the trivial group, and the trivial algebra, respectively. The category
of sets Set is not pointed, the initial object is the empty set and the
terminal object is a singleton.

An important construction is the binary product.

Definition 1.1.2. Let A and B be two objects in a category C, the
binary product of A and B is an object of C, denoted by A x B, endowed
with two morphisms, ma: A X B — A and ng: A x B — B such that
for any f: C'— A and any g: C — B, there exists a unique morphism
Y : C — A X B such that the two following triangles commute

A<—A><B*>B

C.

Let us give some examples of the categorical product. In Vectyk, the
product is given by the direct sum endowed with the projections. In
Set, the product is given by the cartesian product endowed with the
projections.

We give the definition of the equalizer of two arrows in a category.

Definition 1.1.3. The morphism e: E — A, in C, is the equalizer of
f,9: A— Bif f-e=g-e and if for any morphism h: X — A such that
f+-h=g-h there exists a unique morphism h: X — E such thate-h = h

f

E

4“ g
| h /

X

This notion of equalizers allows us to define the useful concept of kernels
in a pointed category.

Definition 1.1.4. In a pointed category C, the kernel of an arrow
f: A — B is the equalizer of f and the zero morphism 0: A — B.
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In Vectk and Grp, the categorical kernels coincide with the classical
kernels.

Another important notion is the pullback. The pullbacks can be con-
structed via the product and the equalizer, and it is defined as follows.

Definition 1.1.5. Let f: A — C and g: B — C be two morphisms of
C, the pullback of these arrows is given by the object A x¢o B endowed
with two projections pa, pp making the following diagram commutes

AXCB%B

and satisfying the universal property that for any a: X — A and any
b: X — B such that g-b = f-a, there ezists an arrow (a,b): X — AxcB

making the two following triangles commute

<7

—>C’,

In Set, the object part of a pullback of two functions f: A — C and
g: B — C is a subset of the cartesian product A x B given by {(a,b) €

Ax B f(a) = g(b)}.
In particular, we call the pullback of the morphism f: A — B along

itself a kernel pair. More explicitly, let f: A — B be a morphism of C,
the kernel pair of f is the following pullback

Eq(f) —
; (1.1)

A

—

e

@
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We described several limits in a category: binary products, equalizers,
pullbacks. In particular, a category is called (finitely) complete when it
has all the (finite) limits. It is equivalent for a category to be (finitely)
complete or to have equalizers and all (binary) products or to have
pullbacks and a terminal object.

Dually a category is (finitely) cocomplete whenever it has all (finite)
colimits. We give an explicit description of the dual version of the notion
of equalizers: coequalizers.

Definition 1.1.6. The morphism q: B — @, in C, is the coequalizer of
f,9: A= Bifq-f=q-g andif for any morphism h: B — X such that
h-f = h-g there exists a unique morphism h: Q — X such that h- qg=nh

Similarly to the definition of a kernel, the cokernel of an arrow is defined
as the coequalizer of this arrow and the zero morphism.

Definition 1.1.7. In a pointed category C, the cokernel of an arrow
f: A — B is the coequalizer of f and the zero morphism 0: A — B.

In the class of arrows of a category, some of them are particularly
important in categorical algebra.

We say that an arrow f: A — B is an epimorphism if for any pair of
morphisms u,v: B — C such that u- f = v - f, it implies that u = v.
We say that an arrow f: A >— B is a monomorphism if for any pair
of morphisms u,v: Y — A such that f-u = f-v it implies that u = v.
The morphism f: A — B is an isomorphism if there exists a morphism

f71:B— Asuchthat f- f'=1gand f~' - f=14.

Definition 1.1.8. A morphism f: A — B is a strong epimorphism if
for any commutative diagram
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f
A——— B
[ //t// J

I
C —D,

where m: C = D is a monomorphism, there exists a unique morphism
t: B — C such that the two triangles commute.

A morphism that is the coequalizer of two arrows of C is called reqular

epimorphism.
A morphism that is the cokernel of an arrow is called normal epimorphism.

A morphism f: A — B is called split epimorphism if there exists s: B —
A in C such that f -s=1p.

A pair of morphisms (f1, f2): X — Y are called jointly epimorphic if
given two morphisms u,v: Y — Z such that u - f; = v - f; fori € {1,2},

it follows that u = v.

Note that in a category, the following implications hold

split epimorphism = regular epimorphism,

regular epimorphism = strong epimorphism.

In a category with binary products, we have that
strong epimorphism =- epimorphism.
In a pointed category, it is true that
normal epimorphism = regular epimorphism.
Dually, we have the notion of strong monomorphism, regular monomor-

phism, normal monomorphism, split monomorphism, and jointly mono-
morphic.

Definition 1.1.9. A morphism m: C — D is a strong monomorphism

if for any commutative diagram
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f
A——»B
L //t// L

I
C —D.

where f: C —» D is an epimorphism, there exists a unique morphism
t: B — C such that the two triangles commute.

A morphism that is the equalizer of two arrows of C is called regular
monomorphism.

A morphism that is the kernel of an arrow is called normal monomor-
phism.

A morphism f: A — B is called split monomorphism if there exists
s:B— A inC such thats- f=14.

A pair of morphisms (f1, f2): X — Y are called jointly monomorphic
(or jointly monic morphisms) if given two morphisms u,v: Z — X such
that fi-u = f;-v fori e {1,2}, it follows that u = v.

Note that an isomorphism in C is a monomorphism and an epimorphism.
But the converse is not true. Indeed, in the category of rings, the inclusion
7Z — Q is a monomorphism and an epimorphism but it is clear that it is
not an isomorphism.

Lemma 1.1.10. A morphism f: A — B is an isomorphism if and only
if it f is both a monomorphism and a strong epimorphism.

Definition 1.1.11. In a pointed category C, a short exact sequence,
also called extension, is given by two morphisms in C: k: A — B and
«a: B — C such that k is the kernel of a and « is the cokernel of k. It
1s written as

0 A B C 0.
K e
Definition 1.1.12. A short exact sequence 0 > X — A, B—->0
«

1s called split short exact sequence if a is a split epimorphism with section
e, i.e. a-e=1pg.
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1.2 Monoidal categories

This section is devoted to monoidal categories [66]. Roughly speaking a
monoidal category is a category endowed with a tensor product that is
associative and unital (up to coherent isomorphisms). The main example
of monoidal categories is the category of vector spaces equipped with the
tensor product.

Definition 1.2.1. [66] A monoidal category is given by the 6-tuple
(C,®,1, a,l,r), where
e C is a category,

e ®:C xC —C a bifunctor,

I € C 1is the identity object,

a: ®@-(le x®) = @ (® x 1¢) is a natural isomorphism, called the
associator,

I: ®@(Ix1e) = Candr: ®-(1¢ xI) — C are natural isomorphisms
called the left and right unit respectively.

These morphisms make the following diagrams commute
A®(B®(C®D)G)ALC®?A®B)®(C®D¢7)’Aﬁ’c>’ (A B)® C)® D

| T

la®aB,c,p aap,B,c®1lp

! |

A® ((B®C)® D) tabseh (A® (B®C))® D
A® (I ® B) s (ARI)® B
1a®lIB ra®lp
A® B.

By Mac Lane’s coherence theorem [65], there is a monoidal equivalence
between any monoidal category and a monoidal category where a, [
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and r are identities. Therefore, from now on, we will omit the natural
isomorphisms a, [ and r and a monoidal category will be denoted by the
triple (C,®,I).

Definition 1.2.2. A braided monoidal category is a 4-tuple (C,®,1,0)
where (C,®, 1) is a monoidal category and o is a braiding. A braiding
consists of a family of natural isomorphisms oxy: X @Y — YV ® X
satisfying

oxevz = (0xz®1ly)  (1x ® oy.z),

oxyez=(ly ®oxz) - (oxy ®@1z).

A braided monoidal category is called symmetric when
U;}X =oxy. (1.2)

In this thesis, we omit the indexes of the braiding when this does not
cause any confusion.

Examples 1.2.3. (1) The four-tuple (Set, x,{x}, o), where o is the twist
morphism, o(z,y) = (y,x) for any element x of a set X and any element
y of a set'Y, forms a symmetric monoidal category.

(2) The four-tuple (Vectk, ®, K, o) where o is the twist morphism defined
byo(z®y)=yRax foranyxz @y € X Y, is a symmetric monoidal
category.

(8) Any category with finite products and the terminal object, forms
a symmetric monoidal category. These categories are called cartesian
(monoidal) categories.

1.3 Hopf algebras in a symmetric monoidal cat-
egory

In this section, we recall how to construct algebras, coalgebras, bialgebras,

and Hopf algebras in a (symmetric) monoidal category.

An algebra in a monoidal category (C,®,I) is given by an object A € C
endowed with a morphism m: A® A — A, called the multiplication, and
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a morphism u4: I — A called the unit. The algebras that we consider
in this thesis are unital i.e. the following conditions hold

m-(ua®1a)=1a=m- (14 ®ua), (1.3)

us @ 1ly 14 ®@ua
A— > AQA+—— A

N

Convention: The unit morphism of an algebra A is denoted by u4: I —

3—®

o

A. In Chapter 2 and Chapter 3, we will work with unital algebras in the
monoidal category of vector spaces, in this case, the unit element will
(by slight abuse of notation) also be denoted by usq € A. The identity
morphism over an object B, is noted 15: B — B.

The algebra A is called associative whenever it satisfies

m-(m®1a)=m-(la®@m) (1.4)

A morphism of algebras f: A — B is a morphism in C such that the
following two diagrams commute

®

S BN

A—B

A Coalgebra is the dual notion of the notion of algebra. In other words,
a coalgebra over (C,®,I) is an object C' € C with a morphism A: C' —
C®C, called comultiplication, and a morphism e~ : C — I, called counit.
From now on, the coalgebras will always be counital and coassociative

(ec®lc) - A=1lc=(lc®ec) A (1.5)
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A®1c)-A=(1c®A)-A (1.6)

as expressed by the commutativity of the following diagrams

ec ® 1o le ®ec A

C+—CeC——C C———(CxC
\
\AT/ AJ eos
ARl +
C CRC——C0CRCxC.

Similarly, a morphism of coalgebras g: C — D is a morphism in C such
that the following two diagrams commute

€D

9®g
DD<+—C®C I

RN

D——mmmC

We also recall that a bialgebra in a symmetric monoidal category (or even
just in a braided monoidal category) (C,®, I, o) is a 5-tuple (B, m,up, A,
ep) where (B,m,up) is an algebra, (B, A, ep) is a coalgebra and A, ep
are algebra morphisms (which is equivalent to asking that m and up are
coalgebra morphisms) i.e. the following conditions hold

A-m=mem) (1p®cx1p)- (A®A), (1.7)
B® B - B
\
ARA AJ{
1

I1p®o®1p mem
BRBR®BRB——BRBBYB——B®B

A-up=up®up, (1.8)

uB
I—B

ou |

up @up A
N\

B®B

€g-m=¢cpRepg, (1.9)
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B®B—-B

AN
ep Rep JEB
pN
I
€ -up = 1j. (1.10)

/!

~F

Moreover, a morphism in C is a morphism of bialgebras if it is a morphism
of algebras and coalgebras.

A Hopf algebra is a T-tuple (A, m,uq, A, €4,S), where (A, m,ua, A, ez)
is a bialgebra and S is an anti-homomorphism of coalgebras and algebras
(S m=m-0-(S®S)and (S®S)-0-A=A-S), called the antipode,
making the following diagrams commute

1a®S
AR A AR A
S®1a
A/ \m (1.11)
A o I o A.

A morphism of Hopf algebras is a morphism f: A — B of bialgebras
such that the antipode is preserved: S'- f = f-S.

Remark 1.3.1. Note that, when the Hopf algebra is associative, S is
automatically an antihomomorphism of coalgebras and algebras. More-
over, a bialgebra morphism between associative Hopf algebras necessarily

preserves the antipode.

Definition 1.3.2. A Hopf algebra (A, m,ua, A, €4, S) is cocommutative
if its underlying coalgebra is cocommutative, meaning that the comultipli-
cation map A satisfies o - A = A.

Examples 1.3.3. (1) In the symmetric monoidal category (Set, x, {x},
o), every object has a unique coalgebra structure with A being the diagonal
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and € the morphism sending every element to the singleton. Hence, a non-
associative bialgebra (or algebra) is a magma, an associative bialgebra
(or algebra) is a monoid, and an associative Hopf algebra is a group.

(2) In the symmetric monoidal category (Vectk, ®, K, o) of vector spaces
over a field K, we recover the notion of K-algebras, K -coalgebras, K -
bialgebras, and Hopf K -algebras.

(3) In [25], a symmetric monoidal category was introduced such that
(reqular) Hom-algebras, Hom-coalgebras, and Hom-Hopf algebras (see
[71]) coincide with the associative algebras, coalgebras, and Hopf algebras
in this symmetric monoidal category.

(4) In [24], the authors showed that Turaev’s Hopf group-coalgebras (see
[92]) are associative Hopf algebras in a symmetric monoidal category of
families of vector spaces, which they called the Turaev category.

(5) (Non-coassociative, associative) bialgebras and Hopf algebras in any
symmetric monoidal category C can be seen as (non-associative, coasso-
ciative) bialgebras and Hopf algebras in C°P, the opposite category, which
is still a symmetric monoidal category.

(6) The coquasi-bialgebras and quasi-bialgebras are respectively examples
of non-associative bialgebras in Vectk and Vect&p, see [68] for an intro-
duction about these structures. The coquasi-Hopf algebras have different
antipode conditions, but under some specific assumptions, it is possible
to see them as mon-associative Hopf algebras. An example which is both
a non-associative Hopf algebra, as we defined and a coquasi-Hopf algebra
is the structure of octonions see [3].

To end this section, we would like to describe an important monoidal
category, the category of A-modules, where A is a bialgebra.

Definition 1.3.4. Let A be an algebra in the symmetric monoidal cat-
egory (C,®,1,0), we say that B € C is an A-module if there exists a
morphism in C,>: AQ B — B such that these two conditions are satisfied

pmlp)=>-(14>), (1.12)

D'(uA(X)lB): 1p. (1.13)
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Definition 1.3.5. A morphism between two A-modulest>: A® B — B
and>': A® B" — B'is a morphism f: B — B’ in C such that

fe=v'-(14®f).

When A is a bialgebra in (C,®,1,0), the category of A-modules and
A-module morphisms, denoted 4Mod, inherits a monoidal structure from
(C,®,1I,0). Indeed, let M, N be A-modules then M ® N is an A-module
via the following application:

Fep) (I4@0®ly) (A®1yely): ARM&N — M®N. (1.14)

Moreover, the unit object of C is also the unit object in 4Mod via the
following morphism in C

€A1l AT — 1.

If C is moreover a closed monoidal category (which means that for any
X € C, the endofunctor —® X has a right adjoint [X, —]), and A is Hopf
algebra, then 4Mod moreover inherits a closed structure from C.

Furthermore, by restricting to A-modules satisfying an additional con-
dition, one obtains a symmetric monoidal category, as explained in
the following proposition. This additional condition is inspired by the
definition of the crossed modules of Hopf algebras given in [70]. This
condition is a special instance of the condition in the definition of the
Yetter-Drinfeld modules (see Remark 1.3.7 2)). The bialgebras and Hopf
algebras in this category will be useful later to obtain an appropriate
notion of action of bialgebras and Hopf algebras.

Proposition 1.3.6. Let A be a bialgebra (or a Hopf algebra) in a sym-
metric monoidal category (C,®,1,0), then the full subcategory of 4Mod,
whose objects are the A-modules, >: A ® B — B satisfying the condition

(1a®p) (AR1lp)=(1480) (c®1p)  (A®1p), (1.15)

is a symmetric monoidal category. We denote this category by sMod.

Proof. The isomorphism ox y is a morphism of A-modules since it satis-
fies the equation

oxy ->=p-(la®0xy),
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ARlx ®1ly

AQRX QY —————— A2 X QY

ARlx ®1y

1a®o

ARly ®1x

ARQY @ X ———— A2V X —— AQY AR X

Figure 1.1: oxy is a morphism of A-modules

1ly®oc®1ly

cR1lx @1y AHMV

/ oaax ®ly
(1.15) A2oXRY ——— AQX®ARY

1a®@>® 1y

1la®>R 1y %

AXRY — AQX QY >®14® 1y
O.®HM\

oaAx ®ly >®R1a ®7

A2 X QY — 0 ARXQAQY ———— X R AQY

ARX®ARY — 2% L xgYv

1x ®>

1ly2®0 ﬁ.wv TAX,AY

| |

1la®o®1x >R D>
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which is shown in the diagram Figure 1.1. Moreover, it is easy to check
that if M, N are A-modules satisfying the condition (1.15), then M ® N
and [ are A-modules satisfying (1.15) via the linear map defined by
(1.14). O

We will define bialgebras and Hopf algebras in this category in the next
chapters.

Remark 1.3.7. 1) If we consider non-associative A-modules, i.e. we
remove the condition (1.12) in the definition of A-module, the
category defined in Proposition 1.3.6 is still a symmetric monoidal
category in which we can also define bialgebras and Hopf algebras.

We denote this category 4Mod.

2) We note that the category defined in Proposition 1.3.6, AMod, where
A is Hopf algebra in (C,®,1,0), is a full subcategory of the Yetter-
Drinfeld modules category over A [84]. An object in sMod is a
Yetter-Drinfeld module with trivial coaction (1p@uas: B — B® A).

3) We also note that if A is a cocommutative Hopf algebra, then the
condition (1.15) becomes trivial and sMod = 4Mod.

1.4 Algebraic categories

In this section, we recall the definitions of some categories with good
algebraic properties: regular, Barr-exact, protomodular, Mal’tsev, semi-
abelian, and action representable categories.

We start with the notion of a regular category. A key element in the defi-
nition of a regular category is the regular epimorphism - monomorphism

factorization.

Definition 1.4.1. A finitely complete category C is regular if any arrow
f: A — B factors as a reqular epimorphism p: A — D followed by a
monomorphism i: D — B

A———B (1.16)
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and if, moreover, the regular epimorphisms are pullback-stable. It means
that given a pullback

AXCBL

pll Ql
!
A——C
the morphism p1 is a reqular epimorphism whenever g 1is.
The categories Set, Grp, and Vect are examples of regular categories. In

the category of groups Grp, the decomposition “regular epimorphism -
monomorphism” is given via the following factorization

f

A/Ker(f) = f(A)

where m: A — A/Ker(f) is the canonical surjection and i is the inclusion.
It is also easy to show that surjective morphisms (which are the regular
epimorphisms in Grp) are stable under pullbacks. The category of
topological spaces, Top, is not a regular category [8].

The following reformulation of the notion of a regular category will be
useful:

Lemma 1.4.2. Let C be a finitely complete category. Then C is a regular
category if and only if
1. any arrow in C factors as a regular epimorphism followed by a

monomorphism;

2. given any reqular epimorphism f: A — B and any object E, the
induced arrow 1g X f: Ex A — E X B is a reqular epimorphism;

3. reqular epimorphisms are stable under pullbacks along split mono-

morphisms.

Proof. 1t is well-known that the properties (1), (2) and (3) hold in any
regular category.
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Conversely, if these properties hold, we need to prove that regular epi-
morphisms are pullback stable. Given any pullback

ExpA—2 4
| |
) ; (1.17)
¢ » +

E————8B

where f is a regular epimorphism, consider the diagram

ExpA—"" 3 ExA
| |
P1 g X f
o (s +

EFE—FExB

where e: E xgp A — E x A is the equalizer of p- 7 and f - w9, and the
arrows m1: B x A — FE and my: E X A — A are the product projections.
This diagram is a pullback, and it then follows that p; is a regular
epimorphism since it is the pullback of the regular epimorphism 1 x f
along the split monomorphism (1g,p). O

Our next aim is to introduce a particular class of regular categories,
called Barr-exact categories [6], for example the category of groups. The
notion of Barr-exactness for a category is defined via the concept of
equivalence relation that we recall below.

A relation on an object A in C is a triple (R, 79,71), where R is an object
of C and rg,71 : R — A is a pair of jointly monic morphisms in C (see
Definition 1.1.9). A relation (R,rg,r1) on A is called:

e reflexive if there is a (unique) morphism §: A — R such that
ro-0=14=171-0;

o symmetric if there is a (unique) morphism ¢: R — R such that
ro-s =711 and r; - ¢ = 710;

e transitive if there is a (unique) morphism 7: R x4 R — R such
that ro -7 =19 -m and 71 - 7 = 11 - g, where (R x4 R, m,m3) is
the pullback of rg and 7.
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e an equivalence relation if it is reflexive, symmetric, and transitive.

A kernel pair (as defined in Equation (1.1)) is an example of an equivalence
relation. Indeed, the universal property of the pullback

Eq(f) —>— A
PlJ{ f[
1 f

—— B.
will imply that (Eq(f),p1,p2) is an equivalence relation.

Definition 1.4.3. A regular category C is exact (in the sense of Barr
[6]) if any equivalence relation R in C is effective, i.e. it is the kernel pair
of some morphism in C. This property means that for any equivalence
relation (R,ro,7m1) there is a morphism f: A — B in C such that the
following square is a pullback:

R—2 A

\
70 hf
Loy

A—— B.

The categories Set, Grp, and Vect are examples of exact categories. In Grp,
let (R,70,71) be an equivalence relation on a group G, then the quotient
morphism 7: G — G/R is a group morphism and (Fq(7),p1,p2) =
(R,70,71). This observation implies that Grp is an exact category.

We recall now the definitions of a protomodular category (in the pointed
case) and a Mal’tsev category. It is well-known that any finitely complete
protomodular category is a Mal’tsev category (see [9], for instance).

Definition 1.4.4. A pointed category is protomodular, in the sense of
[11], if the Split Short Five Lemma holds in C. This means that for any
diagram of the form

e
0 X1 o Al <:>1 Bl — 0
il
’UJ PJ Jg
Ko €2
0 Xo As&——= By, ——0

a2
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where k; is the kernel of oy and o; - e; = 1p, for any i € {1,2}, then p is
an isomorphism whenever v and g are.

Definition 1.4.5. [26, 27] A finitely complete category C is a Mal'tsev
category when any (internal) reflezive relation in C is an equivalence
relation.

The following property of pointed, regular and protomodular categories,
which will be useful later, was proven in [13, Proposition 7].

Proposition 1.4.6. Let C be a pointed, regular, and protomodular cate-
gory. Let consider the following commutative diagram

0 K—F a1 .p 0
nr
0 - L

where k' is the kernel of f' and the upper row is exact. If v is an
isomorphism then (2) is a pullback.

We are now ready to give the definition of a semi-abelian category.

Definition 1.4.7. A semi-abelian category is an exact category C, that
is also pointed, finitely cocomplete and protomodular.

One of the main examples of semi-abelian categories is the category of
groups. Thanks to the observations made about the regularity and the
exactness property of Grp, it is easy to show that the category of groups
is semi-abelian.

Among the examples of semi-abelian categories there are also the cate-
gories of Lie algebras, (associative) rings, loops, crossed modules, compact
groups, Heyting semilattices, C*-algebras, the dual of the category of
pointed sets. Moreover, any abelian category is semi-abelian. More
precisely, a semi-abelian C is abelian if and only if C is additive. In
particular, we have the following proposition

Proposition 1.4.8. [58] A category C is abelian if and only if C and
C°? are semi-abelian.
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In this thesis, we will add several new cases to this list of examples
of semi-abelian categories (see Theorem 2.2.8, Corollary 2.2.10 and
Corollary 3.2.7)

As explained in [58], semi-abelian categories are suitable to define and
study (co)homology of non-abelian structures [41] and to define and
develop a categorical approach to commutator [16] and radical and
torsion theories [17]. In a semi-abelian category, there is also a natural
notion of semi-direct product, internal action [10], and crossed module
[57]. We refer to [58, 9] for more details about the basic notions and

properties of semi-abelian categories.

We give another characterization of a semi-abelian category using one of
the so-called “old axioms” (see 3.7 in [58], for instance).

Proposition 1.4.9. A pointed, regular, protomodular category that has
coproducts, is a semi-abelian category provided that the image of a nor-
mal monomorphism under a normal epitmorphism is again a normal
monomorphism. This condition means that for p,q two normal epi-
morphisms and w,v two monomorphism such that the following square
commutes

q
e

D D
I D I
A—B

then v s normal whenever w 1is.

In this thesis, we will also add a new example in the list of examples of
action representable categories (see Proposition 2.2.11).

Definition 1.4.10. A pointed protomodular category C is called action
representable (equivalently, that it has representable object actions in the
sense of [10]) if the following property holds: given any object X in C,
there is a split exact sequence,

OHXLY:i[X]HO (1.18)

f
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where k is the kernel of f, that is universal in the sense that, given any
other split short exact sequence in C where k is the kernel of f

0—=X-—FoA="<B— >0

there is a unique x: B — [X] (and X: A — X ) such that the following
diagram of split exact sequences commutes

OHXH/HS;BHO

]

O*>X*>X<7[X]*>O.
p2

The object [X] in (1.18) is called a split extension classifier for X.

In the action representable category Grp of groups, the object [X] is
simply given by the group Aut(X) of automorphisms of the group X.
In the category Liek of Lie algebras over a field K the split extension
classifier [A] of a Lie algebra A is given by the Lie algebra Der(A) of
derivations of A.

1.5 Centrality in the sense of Smith and of Huq

In this section, we define two types of centrality: the centrality in the
sense of Smith and the centrality in the sense of Huq. We explain the
link between these two notions and we recall the definition of the Huq
commutator of two normal subobjects.

Definition 1.5.1. Let (R,ro,71) and (S, so, s1) be two equivalence re-
lations over the same object X. We denote the pullback of sg along r

by
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A connector between R and S is an arrow p: R xXx S — X, sending an
element of the pullback xRySz to p(x,y, z), such that

o x5p(x,y,2) and zRp(x,y, 2),
o ﬁ(x7$7y) = y andﬁ(x’y7y) :’1"7

i ﬁ(xayvﬁ(y7uav)) :ﬁ(xauvv) and ]5(]3(177%10)7%7)) :]3(55797’0)-

When such an arrow exists, we say that the relations R and S centralize
(in the sense of Smith).

Definition 1.5.2. One says that two subobjects t: X — A andy: Y —
A of the same object A centralize (in the sense of Huq) [56], if and only
if there exists an arrow p making the following diagram commute:

1,0 0,1
XgXquY
\ P Yy
12
A.

In the category of groups, let X and Y be two subgroups of a group A,
then such an arrow p: X x Y — A exists if and only if xy = yx for any
reXandy€ey.

Proposition 1.5.3. [16] In a Mal’tsev category, the arrows p and p in
Definition 1.5.1 and Definition 1.5.2 are unique, whenever they exist.

Hence, in a Mal’tsev category, centralization becomes a property.

Note that these notions of centralization are not independent of each
other. If two relations centralize to each other (in the sense of Smith)

then it is true that their normalizations centralize in the sense of Huq
[16].

More explicitly, let (S, so,s1) and (R,ro,71) be two equivalence re-
lations over an object X that centralize, then their normalizations
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r1 - ker(rg): Ker(rg) — X and s1 - ker(sg): Ker(sg) — X centralize
in the sense of Huq:

7(s0) ﬂ» Ker(sg) x Ker(rg) M Ker(rg),

Ke
51 k)M pMT‘(TO)

X

where ker(rg): Ker(rg) — R and ker(so): Ker(sg) — S are the kernels
of rg and sg respectively. We quickly recall the construction of the proof
given in [16]. The arrow p is defined as p = p - ¢: Ker(sg) x Ker(rg) —
X, where p: R xx S — X is the connector between R and S (see
Definition 1.5.1) and ¢: Ker(sg) x Ker(ro) — R x x S is induced by the
universal property of the pullback (R xx S, w1, m3).

The converse is not true in general. If C is a category such that any two
relations always centralize to each other as soon as their normalizations
centralize in the sense of Huq, will say that C possesses the Smith is Hugq
property [16].

Lemma 1.5.4. Any action representable category has the Smith is Huq
property.

This lemma is true more generally for any action accessible category [19].

To end this section we give the definition of the Huq commutator of two
normal subobjects.

Definition 1.5.5. In a semi-abelian category, the Huq commutator of
two normal subobjects x: X — A and y: Y — A, denoted [ X,Y]Huq, is
the smallest normal subobject K — A such that its cokernel q: A — A/ K
has the property that the images q(X) and q(Y') by q centralize (in the
sense of Huq) in the quotient:

q(X) x q(Y)

1,0 | \

X Y q(X) ip qY
NS, N S

K A A/K.
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As expected, two normal subobjects x: X — A and y: Y — A centralize
in the sense of Huq, whenever [X,Y]yuq = 0.

In the category of groups, the Huq commutator of two normal subgroups
X,Y of Ais given by [X,Y]gu, = {zyz 'y ' |z € X,y e Y}

See [56] for more details about the Hug commutator.

1.6 Internal structures

Let C be a category with pullbacks, in this section we recall how to
define a reflexive graph, a reflexive-multiplicative graph, and a groupoid
internal to the category C (see [27]).

The first internal construction that we recall is the category of points in C,
which is denoted by Pt(C). The objects are the split epimorphisms, also
called points, (see Definition 1.1.8) and the arrows are the morphisms of
split epimorphisms, which are defined as follows.

Definition 1.6.1. A morphism of split epimorphisms between the split
Vv L

epimorphisms A’ ——= B’ and A 4>6 B is a pair of morphisms in
5/

C, (f: A= A ,g: B — B) such that the two squares of corresponding

arrows commute, i.e. g-0' =6-fand f-J/ ' =1-g

A point is an underlying structure in the definition of a reflexive graph.

Definition 1.6.2. A reflexive graph A in a category C is a diagram in
C of the following form

Ay . Ay , (1.19)
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where § is the “domain morphism”, v the “codomain morphism”, and t
the “identity morphism” satisfying § -1t =v-1t=14,.

Definition 1.6.3. A morphism of reflexive graphs between the reflexive

v s
graphs Ay «— v — A and A} «— . — Ay is given by a couple of
% ﬁ
N

morphisms (fi1: Ay — Ax, fo: A) — Ao) such that the three squares of
corresponding arrows of the following diagram commute

5/
All J A6
,Y/
1 fo
é
A1 2 AO .
Y

The category of reflexive graphs of a category C is denoted by RGraph(C).

When we add a “multiplication” to a reflexive graph we obtain the notion
of a reflexive-multiplicative graph.

Definition 1.6.4. In a category C with pullbacks, a reflexive graph,
1)
denoted by Ay +—
v
Ay — Aj is called a reflexive-multiplicative graph

Ao , together with a morphism m: Ay X4,

m
Al x4, Ay Ay L Ap , (1.20)
s
v

where Ay X 4, A1 is the (object part of the) following pullback

p
A1 XAO A1$A1

n| iv

Ay Ao

and m is a multiplication that is required to satisfy the identities

m-(la,e-0)=14=m-(t-7v,14,), (1.21)
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where (1a,,0-6): A1 — A1 xa, A1 and (¢-7,14,): A1 — A1 X4, A1 are
induced by the universal property of the pullback Ay X 4, A;.

Definition 1.6.5. A morphism of reflexive-multiplicative graphs is a
morphism of reflexive graphs that preserve the multiplication, i.e. a couple
(f1, fo) such that the four squares of corresponding arrows of the following
diagram commute

6/
All XA6 All m All J A6
7/
fixfi fi fo
1)
Ay x4y Ay n Ay . Ayp.
Y

Definition 1.6.6. A reflexive-multiplicative graph such that the multi-
plication m satisfies the additional identities

6'm:6'p2a
Y-m=75-pi,
m-(la,,m)=m-(m,1a,),

1s called an internal category.

An internal category in the category of sets is a (small) category.

Definition 1.6.7. An internal groupoid is an internal category such
that there exists a morphism ¢: Ay — Ay (which plays the role of inverse)
such that

VS =0,
m-(s,1a,) =1¢-6,
m-(la,,6) =1t 7.
We denote by RMG(C) the category of reflexive-multiplicative graphs with

morphisms of reflexive-multiplicative graphs. The category of internal
groupoids with the morphisms of reflexive multiplicative graphs will be
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denoted by Grpd(C), and the category of internal categories with the
morphisms of reflexive-multiplicative graphs will be denoted by Cat(C).

As shown in [27], when C is a Mal’tsev category (see Definition 1.4.5),
morphisms in RMG(C), Cat(C), or Grpd(C) are simply morphisms of
reflexive graphs. In particular, Grpd(C), Cat(C), and RMG(C) become
full subcategories of RGraph(C). The forgetful functors between these
internal structures give rise to isomorphisms between the categories.

Proposition 1.6.8. Let C be a Mal’tsev category, then the following
forgetful functors are isomorphisms of categories:

Grpd(C) — Cat(C) — RMG(C).

Another interesting property of a Mal’tsev category is that the groupoid
structure on a reflexive graph is unique whenever it exists. It becomes
a property to be an internal groupoid for a reflexive graph. It is also

é
equivalent for a reflexive graph A; «— ¢

5
structure of groupoids or to have a connector (see Definition 1.5.1)

between Eq(d) and Eq(v) [27].

Ap , to have an internal

All of these observations imply that the following proposition holds for a
pointed Mal’tsev category that satisfies the Smith is Huq property.

Proposition 1.6.9. In any category which is a pointed Mal’tsev category
and possesses the Smith is Huq property, the following statements are
equivalent

e (1.19) is a reflexive-multiplicative graph
e (1.19) is an internal category

e (1.19) is an internal groupoid

the kernel pairs Eq(5) and Eq(vy) of (1.19) centralize to each other
(in the sense of Smith)

o (1.19) satisfies the equality: [Ker(6), Ker(v)|Huq = 0, where [, ]Huq
denotes the Huq commutator.
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Note that, as explained in [74], for pointed protomodular categories, the

equivalence of theses conditions characterise the condition of Smith s
Hugq.



Chapter 2

The category of associative
and cocommutative Hopf
algebras over a field

In the first part of this thesis, we study the category of cocommuta-
tive and associative Hopf algebras in the symmetric monoidal category
(Vectk, ®, K, 0) of vector spaces over any field K, where o is the twist
morphism defined by o(z ® y) = y®@z forany z@y € X ®Y. In
Chapter 2 and Chapter 3, we will use the classical Sweedler notation for
calculations with the comultiplication, and we shall write A(c) = ¢1 ® co
for any ¢ € C' (with the usual summation convention, where ¢; ® co
stands for > c¢; ® ¢2). The unit element of the Hopf algebra A will be
denoted by ua € A and we recall that the notation 14 stands for the
identity map on A. By a slight abuse of notation, in Chapter 2 and
Chapter 3, u4 will denote the unit element (except for the field K, where
the unit of K is written 1) but also the linear application u4: K — A
which sends 1 to u4.

During our investigation of the cocommutative and associative Hopf
algebras in the symmetric monoidal category of vector spaces over any
field, for a sake of readability, we will omit to specify that they are
associative Hopf algebras in Vectk, where K is a field, and we will just
call them cocommutative Hopf algebras.

47
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In Sweedler notation a Hopf algebra (A, m,u4, A, €4,S) is cocommutative
if the following equation is satisfied for any a € A:

a1 @as =ag R aj. (21)

We denote the category of cocommutative Hopf algebras in the monoidal
category of vector spaces over the field K, by Hopfk coc-

2.1 Constructions of limits and colimits

It is well-known that the category of Hopf algebras over any field is
complete and cocomplete [88, 83]. In [1], the author describes the limits
and colimits for general Hopf algebras. We would like to recall the
description of some limits and colimits in the category of cocommutative
Hopf algebras.

Let us note that the base field K is a Hopf algebra, where the comultipli-
cation is given by the natural isomorphism A: K =2 K ® K, the counit,
the unit and the antipode are the identity maps. Moreover, for any Hopf
algebra A, we have unique Hopf algebra morphisms u4: K — A and
€4 : A — K. The following proposition follows from these observations.

Proposition 2.1.1. The base field K is the zero object in Hopfk coc-
The zero morphism between two Hopf algebras A and B is given by

€A up

A K B

To prove that the category of cocommutative Hopf algebras over any field
is semi-abelian, the fact that the categorical binary product is the tensor
product is crucial. We will see that this is an essential difference between
general Hopf algebras and cocommutative Hopf algebras. Since it is a
key element, we give an explicit proof of this well-known proposition.

Proposition 2.1.2. In the category Hopf k. ... the categorical product of
two cocommutative Hopf algebras A and B is given by the tensor product
(A®B, w4, mR) where the projections ma: AQB — A andp: A®B — B
are defined by ma(a ® b) = aep(b) and mp(a ® b) = ea(a)b, for any
a®be A® B.
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Proof. 1t is clear that the projections m4 and wp are Hopf algebra
morphisms. Moreover, let f: C — A and g: C — B be two morphisms
of Hopf algebras, we verify that the tensor product satisfies the universal
property of the categorical product:

A—2 Agp—"L B (2.2)
\@g /

Note that the morphism (f ® g) - A is a coalgebra morphism thanks to
the cocommutativity, as it is proved in the following equalities for any ¢
in C,

(fog) - A)e(feg) Q) Al)=(fog) Ala)®(f®9) Ale)
= flen) ® g(e1,) @ fle2,) @ glea,)
= f(e1) ® g(c2) @ f(c3) @ g(ea)
= f(e1) ® g(e3) ® f(e2) @ g(ea)
= flen) ® g(ea,) ® fle1,) @ glea,)
= f(e1)1 @ g(e2)1 ® fler)2 @ glez)2
= Aaes(f(c1) ® g(c2))
=Auen - (f®g) Ale).

It is an algebra morphism since for any a ® b € A ® B, we have

mass((F©9)-2)© (f©9)- 1)) (a®b)

=maes - (fla1) ® glaz) ® f(b1) ® g(b2))

= f(a1) f(b1) ® g(az)g(b2)

= f(a1b1) ® g(azbs)

= (f®g)-Alab).
Moreover, the morphism (f®g)-A: C — A® B is the unique morphism
making the two above triangles commute (2.2). Let suppose there exists

a morphism of Hopf algebras ¢: C — A ® B such that w4 -9 = f and
mp - Y = g, then we have the following equalities

(f@g)-A=(ra@mp) - (Y@¢)-A
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=(ma®7mp) (1a®Roc®1p) - (ARA) -
:¢7

where the last equality follows from the definition of the projections w4,
g, and the counit condition (1.5). O

An explicit description of the equalizers and the kernels in the category of
(cocommutative) Hopf algebras was given in [5]. Note that the following
constructions make sense for general Hopf algebras.

Definition 2.1.3. Let f,g: A — B be two Hopf algebra morphisms. We
recall the three following constructions of subalgebras

o LEqual(f,g) ={x € A|f(z1) @ z3 = g(21) ® x2}
e REqual(f,g) ={x € Alx1 ® f(x2) =21 ® g(x2)}

o HEqual(f,g9) ={z € Alz1 ® f(z2) ® 3 = 1 ® g(v2) ® x3}

It is clear that they are subalgebras. For general Hopf algebras, the
subalgebra H Equal(f, g) is a Hopf subalgebra of A. This Hopf subalgebra
with the inclusion morphism is the categorical equalizer in the category
of arbitrary Hopf algebras.

Proposition 2.1.4. In Hopfk coc, the equalizer of the arrows f: A — B
and g: A — B is given by the inclusion of HEqual(f,g) in A. Moreover,
the following equalities hold

HEqual(f,g9) = LEqual(f,g) = REqual(f,g).

The definition of the kernel in the category of cocommutative Hopf
algebras follows directly.

Proposition 2.1.5. The kernel of a morphism f: A — B in Hopfk coc
is given by the inclusion HKer(f) — A of the following Hopf subalgebra
of A,

HKer(f)={a€ A | f(a1) ® aa = up ®a}
={a€cA| a® fla2) =a®up}
={a€A| a1® flaz) ®azg = a1 @up @ az}.
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We give an explicit description of the pullback of cocommutative Hopf
algebras.

Proposition 2.1.6. The pullback of two morphisms f : A — C and
g : B — C in Hopfk coc 5 given by the following square

AXCB%B

—>C,

where the object part is
AxcB={a®bce A®B | a1 ® f(az2) ®b=a® g(b1) ® b2},

and the projections ps and pp are defined by pa(a ® b) = aep(b) and
pp(a®b) =eas(a)b, for anya®@b € A x¢o B.

We described the products, the equalizers, the kernels and the pullbacks
in the category of cocommutative Hopf algebras, hence Hopfk coc is a
(finitely) complete category [88, 83].

Dually, Hopfk coc is cocomplete [88, 83]. We give a description of the
coequalizers and the cokernels, note that these constructions also hold
for arbitrary Hopf algebras. First, we recall some basic properties of the
quotients of algebras, coalgebras and Hopf algebras.

Proposition 2.1.7. A two-sided ideal I in an algebra A is a linear
subspace I C A such that al and Ia belong to I for any a € A. For any
two-sided ideal I, the linear quotient A/I is an algebra and the canonical
projection A — A/I is an algebra morphism.

A two-sided coideal I in a coalgebra C' is a linear subspace I C C' such
that A(I) CI®C+C®1I and ec(I) = 0. For any two-sided coideal
1, the linear quotient C'/I is a coalgebra and the canonical projection
C — C/I is a coalgebra morphism.

A Hopf ideal I in a Hopf algebra H is a two-sided ideal and two-sided
coideal that is stable under the antipode (i.e. S(I) C I). For any
Hopf ideal the linear quotient H/I is a Hopf algebra and the canonical
projection is a Hopf algebra morphism.
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Proposition 2.1.8. Let f,g: A — B be two Hopf algebra morphisms.
Then, BJB, the two-sided B-ideal generated by J := {f(x) — g(z)|z €
A}, is a Hopf ideal. Moreover, the coequalizer of f and g is given by
HCoequal = B/BJB and 7 the usual projection.

Proof. 1t is clear that BJB is a two-sided ideal in B. Moreover, it is a
two-sided coideal since for any x € A, we have

= f(z1) ® f(z2) — g(z1) ® g(22)
= f(z1) ® f(z2) — g(z1) ® f(z2)
+ (1) ® f(22) — g(1) ® g(22)
= (f(z1) — g(z1)) @ f(22) + g(z1) @ (f(22) — g(22))

€ BJB®B+B®BJB

and eg(BJB) = 0. Moreover, it is stable under the antipode since the
following equality holds

S((f (@) = g(@)b) = SOE)(f(S(x)) — g(5(x)))S (D)

for any b,b' € B and x € A. Finally, the morphism of Hopf algebras
7m: B — B/BJB has the universal property of a coequalizer thanks to
the universal property of the linear quotient. Let ¢: B — E be such
that ¢ - f = - g, then BJB C ker(1), where ker(y) is the linear kernel.
Hence, there exists ¢: B/BJB — E such that ¢ - 7 = v and we can
check that 1) is a morphism of Hopf algebras.

f
A—_'B-—-B/BJB
g

N
E.

Given any coalgebra C', we shall write

Ct={zeC|ec(z)=0}.
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Remark that for any coalgebra morphism f : C' — D, we have that
f(CT) = f(C)F. Indeed, y € f(C)" if and only if y = f(z) for some
x € Cand 0 = ep(y) = ep(f(x)) = ec(x). This is also equivalent to
x € CT and y = f(x). Note that if A is a bialgebra, then A7 is equal to
the bialgebra {a — ea(a)ua | a € A}.

Taking as “g” the zero morphism in the construction of the coequalizer,
we obtain the description of the cokernel.

Proposition 2.1.9. The cokernel of an arrow f: A — B in Hopfk coc
s given by the canonical quotient

q: B— B/Bf(A)"B,
where f(A) ={f(a) | a € A} is the direct image of A along f.
To end this section about limits and colimits in the category of cocom-
mutative Hopf algebras, we will give another explicit description of the

pullback of an inclusion morphism along any morphism. This description
is based on a construction given in [97].

As explained in [97] (Corollary 2) given a morphism p: A — B in
Hopfk coc and a Hopf subalgebra C' C B of B, then the subset of A
defined by

pHCO) ={reA|(p@11)A(r) € C @ A}

is a Hopf subalgebra of A. This subalgebra is called the h-inverse of C
(along p). The h-inverse and the direct image along p define an order
preserving correspondence between the lattices of Hopf subalgebras of A
and B.

Lemma 2.1.10. Consider a morphism p: A — B in Hopfk coc. Then:

(i) for all Hopf subalgebras C of B, p(p~1(C)) C C;
(ii) for all Hopf subalgebras D of A, D C p~!(p(D)).

(iii) for all Hopf subalgebras C C B and D C A,

D Cp ' (C) e p(D) CC;
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(iv) for all Hopf subalgebras C C B

C =p(p 1(C)) & C = p(D), for some D C A.

Proof. (i) If x € p~1(C), then p(x1) ® 22 € C ® A. By applying 1¢ ® €4
to this element we get p(x) € C.
(i7) First remark that p(d) € p(D), for any d € D. Then we have

p(d1) ® d2 € p(D) ® A.
(731) If p(D) C C then it follows by the previous observations that
D Cp~(p(D)) S p~(O).

The other implication is proven in the same way.

(v) In the case C' = p(p~1(C)), we can take D = p~1(C). On the other
hand, if C' = p(D) for some Hopf subalgebra D of A then by part (i7)
we have D C p~1(p(D)) = p~}(C). By applying p, one gets C' = p(D) C
p(p~1(C)), and by part (i) we obtain the desired equality. O

Let us now observe that the h-inverse p~!(C) is nothing but the “object
part” of the pullback of the inclusion morphism ¢: C' — B along p: A —
B:

Lemma 2.1.11. Given an inclusion of a Hopf subalgebra i: C' — B of
a cocommutative Hopf algebra B, then the diagram

p(C)—LC (2.3)
ji J/z
A— B

is a pullback, where j is the inclusion of p~1(C) in A, and p the restriction

of p to p~H(C).

Proof. As it follows from Lemma 2.1.10 (i), for any = in p~(C) the
element p(x) is in C, and the diagram (2.3) is commutative. To check the
universal property, consider two morphisms a: T — A and 5: T — C
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such that p -« = i- 3. It suffices to show that a(t) € p~1(C), for any
t € T. We have the equalities:

(pR14)A(at) = (pra®a)(t; ®t)
i-B(t) ® ata)

Since §(t) € C for any t € T, we obtain that a(t) € p~1(C), as desired.
O

This other characterization of the pullback of an inclusion along any
morphism will be useful to prove the regularity of the category of cocom-
mutative Hopf algebras.

2.2 Hopfk coc is regular, semi-abelian, and action
representable

In this section (based on [50]), we prove that the category of cocommuta-
tive Hopf algebras over any field is semi-abelian and action representable.
Similar results were obtained in [48] for fields of characteristic zero. As
explained in detail in the previous section, Hopfk coc is complete and
cocomplete [88, 83]. Moreover, it is pointed, with zero object the base
field K, Proposition 2.1.1.

Our proof of the regularity of Hopfk coc is based on a result due to
Newman (Theorem 2.2.1). We start by establishing the framework of
this result.

Let A be a Hopf algebra then for an A-module M (as defined in Definition
1.3.4 in the category Vectk), we denote the action of an element a € A
onm € M by

a>m.

It satisfies the following equations for any a,b € A and any m € M:
(b (a>m)) = (ba>m),

uabm=m.



CHAPTER 2. THE CATEGORY OF ASSOCIATIVE AND COCOMMUTATIVE
56 HOPF ALGEBRAS OVER A FIELD

In Sweedler notation, an A-module coalgebra C satisfies the two following
conditions

Ac(adc)=ai>eci ®ag>ca, ec(adc)=ea(a)ec(c)
foralla € A and ce C.

The following result, due to Newman [79], will play a central role in
what follows. It states that when I is a left ideal of a Hopf algebra A
that is also a (two-sided) coideal, the quotient A/I has the structure of
an A-module coalgebra, and the canonical projection 7w : A — A/I is
a morphism of A-module coalgebras. Conversely, given any surjective
morphism 7 : A — B where A is a cocommutative Hopf algebra and B
is a (cocommutative) A-module coalgebra, the vector space kernel of 7
naturally has the structure of a left ideal and (two-sided) coideal.

Theorem 2.2.1. [79] Let A be a cocommutative Hopf algebra on a field
K. Then there is a bijective correspondence between

S ={D C A | D isaHopf subalgebraof A}
and

Z={IC A | Iisaleftideal and atwosided coideal of A}.

1. The correspondence ®4: S — I associates, with a Hopf subalgebra
D of A, the corresponding left ideal two-sided coideal given by
®4(D) = AD* (which is the A-module generated by DV );

2. Conversely, given a left ideal two-sided coideal I in A, the inverse
correspondence Wua: T — S sends I to the Hopf subalgebra of A
given by

Vyl)={z e A|(1la@m)A(x) =z®ua},

where m is the canonical quotient m: A — A/I and ug = m(uy) is
the equivalence class of the unit ua of the Hopf algebra A.

When A is a cocommutative Hopf algebra, B an A-module cocommutative
coalgebra, and f : A — B a morphism of A-module coalgebras we find
that the vector space kernel ker(f) is a left ideal two-sided coideal in A,
and ker(f) = AV 4 (ker(f))*.
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Theorem 2.2.1 can be restricted to normal Hopf subalgebras. We recall
that a Hopf subalgebra B C A of a cocommutative Hopf algebra A is
called normal if for any b € B and a € A, one has that a1bS5(a2) € B.
The following corollary is well-known, but we include a proof for sake of
clarity.

Corollary 2.2.2. For a Hopf subalgebra B C A of a cocommutative
Hopf algebra A, the following conditions are equivalent:

1. B is a normal Hopf subalgebra;

2. the associated ideal ®4(B) is a Hopf ideal (hence the quotient
A/®4(B) is a Hopf algebra);

3. the inclusion morphism B — A is a normal monomorphism, i.e.
the kernel of some morphism in Hopfk coc.

In other words, Newman’s correspondence can be restricted to a corre-
spondence between normal Hopf subalgebras and Hopf ideals.

Proof. (1) = (2). Let B be a normal Hopf subalgebra of A, and consider
the associated left ideal, two-sided co-ideal ®4(B) = AB*. Let us
show that it is also a right ideal. For any ab € AB" (sum implicitly
understood) and any o’ € A, we find that

(ab)a' = aea(a))baly = aa)S(ah)baly € AB™T.

To see that AB™ is stable under the antipode, remark that S(ab) =
S(b)S(a). Since b € BT and B is stable under the antipode, S(b) €
Bt C AB™T and therefore S(b)S(a) € AB* since we have just shown
this is a right ideal.

(2) = (3). If I = ®4(B) is a Hopf ideal, then the quotient A/®4(B) is a
Hopf algebra. By Newman'’s correspondence, we know that B = W 4(I).
Observe that W4 (I) is exactly the kernel HKer(m) of the quotient 7 :
A— A/l

(3) = (1). Suppose that B = HKer(f) for some morphism f: A — C in
Hopfk coc. Then we know that x € HKer(f) if and only if f(z1) ® z2 =
uc ® x. For any a € A, we then find that

flarz1S(aq)) ® agzaS(as) = f(a15(aq)) ® axS(as)
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= f(a15(a2)) ® azzS(as)
= uc ®azS(az),

and therefore aj2S(az) € HKer(f). O

To prove the regularity of the category of cocommutative Hopf algebras,
we show that any morphism of Hopf algebras has a regular epimorphism-
monomorphism factorization. We also prove that for any regular epimor-
phism f: A — B, the morphism 1 ® f: E® A - E® B is a regular
epimorphism. These two statements are the conditions (1) and (2) in
Lemma 1.4.2. Note that in Hopfk coc, the regular epimorphisms are the
surjective morphisms [30].

Lemma 2.2.3. The category Hopfk coc 0f cocommutative Hopf algebras
over a field K satisfies conditions (1) and (2) in Lemma 1./.2.

Proof. As remarked in [48], given a morphism f: A — B, its regular
epimorphism-monomorphism factorization i - p in Hopfk coc is obtained
by taking the cokernel p of the kernel k of f:

A
A(HKer(f))+TA

HKer(f) —> A

Indeed, notice that the vector space kernel ker(f) is a Hopf ideal when
f A — B is a Hopf algebra morphism, then thanks to Newman’s
theorem and its Corollary 2.2.2, we know that ker(f) = A(HKer(f))",
where A(HKer(f))* is equal to A(HKer(f))* A since HKer(f) is normal.
Therefore, we have that

A A
A(HKer(f))*A ~ ker(f) (4,

and the regular epimorphism - monomorphism factorization in Hopfi coc

is obtained as the usual one in vector spaces.

To see that condition (2) is satisfied, observe that in Hopf coc the regular
epimorphisms are the same as surjective morphisms [30], and products
are tensor products: F x A = F ® A. Accordingly, the induced arrow
lp® f: E® A— E® B is surjective whenever f is surjective. O
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The point (i) in the following lemma was also observed in [97, 93], for
instance.

Lemma 2.2.4. Let p: A — B be a surjective Hopf algebra morphism in
Hopfk coc. Then for any Hopf subalgebra D of A, we have that
(i) if D is normal in A, its direct image p(D) is a normal Hopf

subalgebra of B,

(ii) taking the direct image commutes with applying the correspondence
® from Theorem 2.2.1, i.e.

®p-p(D) =p-a(D).

Proof. (i) Assume that D is a normal Hopf subalgebra of A, so that
a1dS(az) € D, for any a € A and any d € D. Since p is surjective, for
any b in B there exists a in A such that p(a) = b (and then b ® by =
p(a1) ® p(az)). Hence, for any d in D,

bip(d)S(b2) = p(a1)p(d)S(p(az))
= p(a1dS(az)) € p(D),

since a;dS(az) € D (since D is normal in A). Thus, p(D) is a normal
Hopf subalgebra of B.

(77) Using the surjectivity of p in the third equality, it follows that

p-®a(D) = p(AD™) = p(A)p(DT) = Bp(D¥) = Bp(D)* = &5 - p(D).
N

The following result proves that the pullback of an epimorphism along
a monomorphism in Hopfk cc is again an epimorphism. To prove this,
we use the observation from Lemma 2.1.11 that the pullback along a
monomorphism in Hopfk coc can be computed by means of the h-inverse.

Proposition 2.2.5. [50] Consider a surjective morphism p: A — B in
Hopfk coc and a Hopf subalgebra C of B, with inclusion i: C' — B. Then
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the morphism p in the following pullback is also surjective.

p 1 (C)——C
Il
A——>B.

Proof. From Lemma 2.1.11, we know that p is just given by the re-
striction of p. Hence, p is surjective if and only if C = p(p~1(C)). By
Lemma 2.1.10(iv), it is equivalent to prove that C' = p(D) for some Hopf
subalgebra D of A. To construct this algebra D, consider the quotient
B/BC™, which is a left B-module coalgebra and thus a left A-module
coalgebra by restriction of scalars via p. Consider now the following
diagram in the category Vect of vector spaces:

RN

B/BCH.

Since 7 and p are both surjective, we have
p(ker(r - p)) = ker(nr) = BC™. (2.4)

Furthermore, 7 - p is an A-module coalgebra morphism, and therefore
the (vector space) kernel of 7 - p is a left ideal and a two-sided coideal
in A. Using the correspondence of Theorem 2.2.1, we obtain therefore a
Hopf subalgebra D := U 4(ker(w - p)) of A. To show that C' = p(D), let
us observe that

O5(C) = ker(m) = p(ker(m-p)) =p- Pa - Yalker(m - p))
=p-®a(D) =25 -p(D)

where we used (2.4) in the second equality, the Newman correspondence
from Theorem 2.2.1 in the third equality, and Lemma 2.2.4(ii) in the
last equality. Applying once more the Newman correspondence, we find
that C = Vg - ®p(C) =Yg Pp(p(D)) = p(D) and this completes the
proof. O

The regularity of Hopfk coc follows from Lemma 1.4.2, Lemma 2.2.3, and
Proposition 2.2.5.
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Corollary 2.2.6. [50] The category Hopf coc is regular.

Proof. In any pullback

ExcB-2-C

N

A B,

where f: A — B is a monomorphism, and p: £ — B a regular epimor-
phism, we know that py: E X B — (' is surjective by Proposition 2.2.5.
By Lemma 1.4.2 and Lemma 2.2.3 the proof is then complete. O

An important fact is that Hopfk coc can be seen as the category of the
inernal groups in the category of cocommutative K-coalgebras. An
internal group in a (finitely complete and pointed) category C is given by
a quadruple (G, m,e,i) where m: G x G — G is a morphism in C which
is associative (the multiplication), e: 0 — G which is the unit for the
multiplication m and the morphism i: G — G such that

1G><i

GxG GxG

i X 1lg
s/ o

G 0 G.

e

It is then clear that the category of internal groups in Coalgk coc, denoted
by Grp(Coalgk coc), is Hopfi coc-

Note that this observation is still true for the category of cocommutative

Hopf algebras in any symmetric monoidal category.

The category Hopfk coc is known to be protomodular [11, 48] since it
can be seen as the category of internal groups in the category of co-
commutative K-coalgebras, which is a finitely complete category (see
[54, 83]).

Proposition 2.2.7. The category Hopfk coc s protomodular.

Since Hopfk coc is pointed, Proposition 2.2.7 implies that the Split Short
Five Lemma holds: given the following diagram
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K1 €1
0 X1 A1 <:> Bl — 0
aq
K2 €2
0 Xo Ay «——— By —— 0,

Qa2

where r; is the kernel of a; and «; - ¢; = 1p, for any i € {1,2}, then p is
an isomorphism whenever v and g are.

Theorem 2.2.8. [50] The category Hopfk coc is semi-abelian.

Proof. The category Hopfk coc is pointed, with zero object the base field
K, and it is known to be protomodular [11] (see Proposition 2.2.7).
Hopfk coc is also (finitely) complete and cocomplete [83]. By Corollary
1.4.2 the category Hopfk coc is regular, so thanks to Proposition 1.4.9 it
will be semi-abelian provided that the direct image of a normal monomor-
phism is again a normal monomorphism. This property is true by Lemma
2.2.4 (i). O

From this theorem one can easily deduce Takeuchi’s theorem concerning
the category Hopfk comm,coc 0f commutative and cocommutative Hopf
algebras:

Theorem 2.2.9. [89] The category Hopfk comm,coc 0f commutative and
cocommutative Hopf algebras over a field K is an abelian category.

Proof. 1t is well-known that the category of abelian objects in a semi-
abelian category is abelian (see Corollary 4.2 in [46], for instance). It
turns out that the category Ab(Hopfk coc) of abelian objects in Hopfi coc
is isomorphic to the category Hopfk comm,coc Of commutative and cocom-
mutative Hopf algebras. Indeed, it follows from Proposition 9 in [12]
that the abelian objects in any semi-abelian category C are precisely
the objects X with the property that the diagonal A: X — X x X is
a normal monomorphism (= a kernel of some morphism in C). Accord-
ingly, as observed in [93], the abelian objects in Hopfk coc are precisely
the cocommutative Hopf algebras X such that the comultiplication
A: X — X ® X is a normal monomorphism or, equivalently, such that
X is commutative. 0
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We finish this section by an immediate corollary, that can be viewed as
a semi-abelian extension of the result due to Grothendieck, which states
the category of finite dimensional, commutative, and cocommutative
Hopf algebras is abelian.

Corollary 2.2.10. [50] The category Hopffe___ of finite dimensional

K,coc
cocommutative Hopf algebras over a field K is semi-abelian.

The opposite category (Hopf{d )°P of the category Hopffd of finite

K,comm K,comm
dimensional commutative Hopf algebras over a field K is semi-abelian.

Proof. The first statement follows immediately from Theorem 2.2.8 and
fd
fK,coc
closed under finite limits and regular quotients.

the observation that Hop is a full subcategory of Hopfk coc which is

The second statement follows from the fact that the vector space dual

induces an equivalence of categories between the categories Hopf,f(d coc and
f
(Hopf,ﬁcomm)OP. O

As it has been explained, the category of cocommutative Hopf algebras
Hopfk.coc can be seen as the category of the internal groups of the
category of cocommutative Hopf algebras Coalgk coc. This category is
a cartesian closed category, which means that it is a cartesian category
(see Examples 1.2.3 (3)) and that for any cocommutative coalgebras C,
the functors — ® C': Coalgk coc — Coalgk coc and [C, —]: Coalgk coc —
Coalgk coc, which is the internal Hom functor, form a pair of adjoint
functors.

Proposition 2.2.11. [50] The category Hopfk coc is an action repre-
sentable category.

Proof. By Theorem 4.4 in [10], one knows that the category of internal
groups in a cartesian closed category is always action representable,
provided it is semi-abelian. The result then follows from Theorem 2.2.8
and the observation that the category Hopfk coc of cocommutative Hopf
algebras is the category of internal groups in the cartesian closed category
Coalg coc of cocommutative coalgebras (see [54] (2.3) for the fact that
Coalk coc s a cartesian closed category). O
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Remark 2.2.12. The same argument as in the proof of the Proposition
here above implies that Hopfk coc 15 locally algebraically cartesian closed
in the sense of [52], and then algebraically coherent in the sense of [31].

Remark 2.2.13. An explicit description of the split extension classifier
[X] of a cocommutative Hopf algebra in Hopfk coc was given in [49] in the
special case when the characteristic of the base field K is zero, by using
the canonical semi-direct product decomposition in the Milnor-Moore
Theorem [15]. It would be interesting to give such a description in the
case of a general field K.

2.3 Application of the semi-abelianess of the
category of cocommutative Hopf algebras
over a field

In the previous section, we proved that the category of cocommutative
Hopf algebras over any field is semi-abelian. We will use the theory of
semi-abelian categories to investigate some categorical constructions and
properties in the category of cocommutative Hopf algebras and deepen
our understanding of this category.

2.3.1 Commutator of Huq in Hopfk coc

In this section we shall describe the commutator of Huq in the category of
cocommutative Hopf algebras, [50]. We begin with the characterization of
the centrality in the sense of Huq (see Definition 1.5.2) via the following
lemma. A key element in this lemma is the fact that the categorical
product X x Y in Hopfg .. is the tensor product X ® Y.

Lemma 2.3.1. [50] In Hopf ..., for any two Hopf subalgebras : X —
A, and y: Y — A of a cocommutative Hopf algebra A, the following
conditions are equivalent:
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(a) there exists a unique morphism of Hopf algebrasp: X @ Y — A
such that this diagram

(1,0) % (0,1)

commutes;
(b) ab=ba, Va € X andVbeY;
(c) a1b15(a2)S(be) = ea(a)ea(b)ua, Ya € X and Vb €Y.

Proof. (a) < (b). First note that, in Hopfy .., if there is a p making
diagram (2.5) commute then p has to be defined as p(a ® b) = ab: indeed,

pla®@b) =p((a@ua)(us @ b))
=pla®@ua)p(us @)

= ab.

Then note that, if (b) holds, then p is an algebra morphism (and it is
always a coalgebra morphism by the cocommutativity assumption).

On the other hand, when (a) holds and p is an algebra morphism,
ab=p((a®@ua)(ua ®b)) =p((ua ®b)(a®@ua)) = ba.
(b) & (¢) When condition (b) holds, then we have the following identities:
a1b15(a2)S(b2) = a15(a2)b1S(b2) = ea(a)ea(b).

Conversely, a1b15(a2)S(b2) = ea(a)ea(b)uag for all @ € X and b € YV
implies that

ab = albeA(ag) = CL1bS(CL2)CL3 = a1b1S(a2)6A(b2)a3
= albls(ag)S(bg)bgag = EA(al)EA(bl)bgaz = ba. O

Thanks to Lemma 1.5.4 and Proposition 2.2.11, the Huq centrality implies
the Smith centrality and vice-versa, which is express in the following
remark.
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Remark 2.3.2. [t is well-known that any action representable category
has Smith is Huq property. It means that the notion of centrality of two
equivalence relations R and S in the sense of Smith is equivalent to the
notion of centrality of the corresponding normal subobjects in the sense of
Huq [19]. Let us make it explicit, let (R, ro,m1) and (S, so, s1) be two equiv-
alence relations over X in Hopfk coc, these relations centralize in the sense
of Smith if and only if their normalizations r1 - hker(ro): HKer(rg) — X
and s1 - hker(so): HKer(sg) — X centralize in the sense of Hug:

(1,0) (0,1)
HKer(sg) — HKer(sg) ® HKer(ro) < HKer(rg),

51 - hk:er(s()\ Mer(ro)

‘
X

where hker(rg): HKer(rg) — R and hker(sg): HKer(sg) — S are the
kernels of ro and sg respectively. Thanks to Lemma 2.53.1, it follows
that two equivalence relations (R, ro,m1) and (S, so,s1) of cocommutative
Hopf algebras centralize if and only if r1(k)s1(z) = si1(x)ri(k) for any
k € HKer(rg) and any x € HKer(sg). Hence, the dotted arrow in
the above diagram can be defined as p(x ® k) = si1(z)r1(k), for any
x € HKer(so) and any k € HKer(rg).

After the centrality in the sense of Huq, we specify now the Huq commu-
tator (see Definition 1.5.5) in Hopfk coc.

In particular, in the category Hopfy .o, the Huq commutator of two
normal Hopf subalgebras : X — Aandy: Y — A, denoted by [X, Y]Huq,
is defined as the smallest normal Hopf subalgebra in A such that, in
the quotient A/A[X, Y]ﬁuq, the normal Hopf subalgebras ¢(X) and ¢(Y)
commute in the sense of Huq, where ¢ : A — A/A[X, Y]ﬁuq is the
canonical projection. By Lemma 2.3.1 this is also equivalent to the
condition

ab =ba

Ya € X,b €Y or, equivalently, to

ab —ba € A[X,Y]ﬁuq.
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We shall now give an explicit description of the Huq commutator of two
normal Hopf subalgebras X and Y of A, and show that it coincides with
the commutator defined in [96].We write [X, Y] for the subalgebra of A
generated by all elements of the form

{a,b} = a1b15(a2)S(b2)
for any a € X and any b€ Y.

Proposition 2.3.3. The algebra [X,Y] is a normal Hopf subalgebra of
A.

Proof. Thanks to the cocommutativity, [X,Y] is a subcoalgebra and
hence a subbialgebra of A. Indeed,

A({a,b}) = A(a1b1S(a2)S(b2))
= albls(a4)S(b4) &® a2b25<a3)5(b3)
= albls(ag)S(bQ) X agng(a4)S(b4) € [X, Y] ® [X, Y]

Moreover, this subbialgebra is a Hopf subalgebra:

S(alblS(ag)S(bg)) = bQGQS(bl)S(al)
= blals(bQ)S(ag) € [X, Y},

where we used that S? = 14 since A is cocommutative (see e.g. [88,
Proposition 4.0.1(6)]). Finally, given any c¢ in A, we check that the
element cra1b1S(a2)S(b2)S(c2) belongs to [X,Y] for any ¢ € X and
any b € Y. Indeed, this is the case, since X and Y are normal Hopf
subalgebras of A:

clalblS(ag)S(bg)S(cz)
= ClalS(CQ)CgblS(C4)C5S<a2)5(06)075(52)5(08)
= (ClaS(Cz))l(Cng(C4))1S((ClaS(Cz))Q)S((63b5(64))2). OJ
Proposition 2.3.4. [50] Let X,Y be two normal Hopf subalgebras of A.

Then
[X,Y] = [X,Y]Huq-
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Proof. If q: A — AJA[X,Y]" denotes the canonical quotient, as a first
step we will prove that ¢(X) and ¢(Y) commute in A/A[X,Y]". As we
have already observed, in Hopfk coc, this is equivalent to the condition

ab—ba € A[X, Y],

for any @ € X and any b € Y. Equivalently, this can be expressed by
asking that

ab —ba = a1by (eA(ag)eA(bQ)uA — S(bg)S(ag)bgag),) S A[X, Y]+,

that holds by definition of [X,Y].

Next, we will show that [X, Y] is the smallest normal Hopf subalgebra
which satisfies the definition of commutators. In other words, we are
going to prove that [X, Y] factors through the categorical kernel of any
surjective Hopf algebra morphism for which the images of X and Y
commute. Let f: A — B be any surjective Hopf algebra morphism such
that f(X) and f(Y) commute in B.

For any generator {a,b} of [X,Y], we have:

f(a1b15(a2)S(b2)) ® asbsS(as)S(bs)
= f(a1)f(b1)f(S(a2))f(S(b2))) ® azbsS(as)S(ba)
= f(a1)f(S(a2)) f(b1)f(5(b2))) ® azbsS(as)S(ba)
= uy ® arb1S(az)S(b2).

In conclusion, the Hug commutator [X, Y ]nuq of two normal Hopf subal-
gebras X and Y of A is [X,Y]. O

Hence, the categorical definition of the Huq commutator in Hopfk coc
corresponds to the existing notion of the commutator of cocommutative
Hopf algebras given by Yanagihara in [96].

2.3.2 The Zassenhaus Lemma

We will use that the category of cocommutative Hopf algebras is semi-
abelian to obtain a new result in this category: the Zassenhaus Lemma
for cocommutative Hopf algebras.
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We will apply to Hopfk coc, the results developed in [95]. In [95], O. Wyler
investigated a large class of pointed categories in which the Zassenhaus
Lemma, well-known in group theory, remains valid. These categories are
very close to the ideal determined categories introduced by G. Janelidze,
L. Marki, W. Tholen and A. Ursini in [59]. We recommend the article
[81] for the description of the Zassenhaus Lemma in the much more
general framework of star-reqular categories, which unified the results
obtained in the pointed context [95] and the non-pointed context [91].

We recall the framework and the tools used in [95].

A normal category is a pointed regular category in which every regular
epimorphism is a normal epimorphism. [60]

An ideal determined category is a normal category (with binary coprod-
ucts) in which the normal image of a normal monomorphism is again a
normal monomorphism [59].

In particular, any semi-abelian category is normal and ideal determined.
We recall the definition of the asymmetric join [80].

Definition 2.3.5. Let C be a normal category. For any kernel k: K — A
with cokernel f: A — A/K, and any monomorphism m: M — A, we
define their asymmetric join K vq M as the subobject k~vVam: K Vg M —
A of A in the following pullback

o

A/K.

The asymmetric join K w4 M is a subobject of A containing both K and
M.

We recall that when it exists, the supremum K V M of two subobjects K
and M of the same object A is the smallest subobject of A containing
K and M. In other words, for any object L such that K and M factor
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through L, the supremum also factors through it. In particular, if the
category has binary coproducts and any arrow has a factorization as a
strong epimorphism followed by a monomorphism, the supremum always
exists.

The following lemma gives another characterization of the asymmetric
join in a semi-abelian category.

Lemma 2.3.6. If C is a semi-abelian category, K s M is exactly the
supremum of K and M (as subobjects of A).

Proof. Let L be another subobject of A containing both K and M and
consider the following diagram

K\\/A M M f(M)
|
|
v

N~~~

K A A/K

where the vertical dashed arrow is induced by the fact that regular
epimorphisms are strong epimorphisms (in any category with binary
product). One can verify that the monomorphism n is in fact the kernel
of the normal epimorphism p, which is clear since & is the kernel of f and
[ is a monomorphism. The protomodularity of C allows us to conclude
that the bottom right-hand square is a pullback (see Proposition 1.4.6).
This implies the existence of the diagonal dotted arrow.

O
In the particular case of groups, K vy M is exactly KM = MK = {km |
ke K,me M}

Thanks to this notion of the asymmetric join, O. Wyler stated the
Zassenhaus Lemma as follows (see also [81]).



2.3. APPLICATION OF THE SEMI-ABELIANESS OF THE CATEGORY OF
COCOMMUTATIVE HOPF ALGEBRAS OVER A FIELD 71

Corollary 2.3.7. Let C be an ideal determined category. Let K —
U,L — V be two kernels and U — A,V — A be two monomorphisms,
then we have the isomorphisms

Kvy(UnV) unv ~ Lw(UnV)
Kvy(UNL) (KNnV)vyay(LNU) Lvy(KNV)’

This result is summarized in the following diagram

Kvy(UnV) Lvy(UNYV)
| S ]
Kvy(UNL) Lvy(KNV)

AN
\/\/

KnV

where N = (K N V)vyay (L NU) and the three vertical kernels have
isomorphic quotients.

In Grp, let Hy, Ho, N1, N2 be four subgroups of G such that Nj is
normal in H; and Ny is normal in Hy. Then Corollary 2.3.7 becomes
the well-known Zassenhaus Lemma in group theory

Nl(HlﬂHQ) -~ HiN Hy ~ NQ(HlﬂHQ)

Nl(NgmHl) o (Nl ﬂHQ)(Hl QNQ) o NQ(Nl ﬂHg)'

We describe the asymmetric join and the Zassenhaus Lemma in the
category of cocommutative Hopf algebras Hopfk coc.

Lemma 2.3.8. Let M and K be two Hopf subalgebras of a Hopf algebra
A, with K normal in A. Then the vector spaces KM and MK are
equal, where KM and M K are the vector spaces generated by the sums
of elements in {km | k € K,m € M} and {mk | k € K,m € M}
respectively.

Proof. Let k be an element of K and m be an element of M, then

km = my(S(ma)kms) € MK
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and
mk = (m1kS(ma))ms € KM

since K is normal in A. O

Lemma 2.3.9. Let M and K be two Hopf subalgebras of a cocommutative
Hopf algebra A, with K normal in A. Then the vector space KM is a
cocommutative Hopf algebra.

Proof. Consider k,h € K and n,m € M, thanks to the previous lemma,

KM is a subalgebra:
knhm € KMKM = KKMM = KM.
KM is a subcoalgebra:
A(km) = kymy @ kame € KM @ KM.
KM is Hopf subalgebra:
S(km) =S(m)S(k) e MK = KM.
The cocommutativity is clear. O

Proposition 2.3.10. Let M and K be two Hopf subalgebras of A with
K normal in A. Then KM is the supremum of K and M as Hopf
subalgebras.

Proof. It is clear that if there exists a Hopf subalgebra L containing K
and M, then L contains also KM (since a Hopf subalgebra is closed
under products and sums). O

In conclusion, in the specific context of Hopf algebras, for any kernel
k: K — A and any monomorphism m: M — A,

KNvaM = KM.
Thanks to the above descriptions and Theorem 2.2.8 we can apply the

results obtained in the framework of ideal determined categories to
cocommutative Hopf algebras.
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Theorem 2.3.11. [81][Zassenhaus Lemma] In Hopfy ..., let K be a
normal Hopf subalgebra of U, L a normal Hopf subalgebra of V', and U,
V two Hopf subalgebras of A. There is the following isomorphism

K{UNV) N unv
KUNVIELNU)T  wnV)(KnV)(LnU))*
N L{UNV)
T LUNV)LKNV)*

This theorem is the analogue, for cocommutative Hopf algebras, of
Theorem 3.10 of S. Natale [78], who proved a similar result for finite
dimensional Hopf algebras. Thanks to the above result we now have a
larger class of Hopf algebras in which the Zassenhaus Lemma is satisfied.

Other applications of the semi-abelianess of the category of cocommuta-
tive Hopf algebras are explained and exhibited in the next chapter.
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Chapter 3

Crossed modules and
crossed squares of
associative and
cocommutative Hopf
algebras

This chapter is dedicated to other applications of the semi-abelianess of
the category of associative and cocommutative Hopf algebras. Explicitly
we will describe the internal crossed modules and the“double” internal
crossed modules in the category of cocommutative Hopf algebras. In this
chapter, as in the preceding one, we use the classical Sweedler notation for
calculations with the comultiplication, and we shall write A(c) = ¢; ® 2
for any ¢ € C' (with the usual summation convention, where ¢; ® co
stands for Y ¢; ® c2). We also recall that the unit element of the Hopf
algebra A will be denoted by us € A and 14 stands for the identity map
over A. By a slide abuse of notation, in this chapter, us will denote the
element (except for the field K, where the unit of K is written 1) but
also the linear application u4: K — A which sends 1 to uy4.

75
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3.1 Actions and semi-direct products of cocom-
mutative Hopf algebras

In this section, we recall an important relation between actions and split
extensions of cocommutative Hopf algebras. The module Hopf algebras
(see Definition 3.1.1) is an important notion in Hopf algebra theory.
Independently, the concept of internal action was defined in category
theory [10, 18]. The fact that Hopfk coc is semi-abelian (Theorem 2.2.8),
directly implies an equivalence between actions and split extensions
of cocommutative Hopf algebras. However, long before, in [76], an
equivalence between split extensions and module Hopf algebras was
proven in an “ad hoc” way for cocommutative Hopf algebras. It implies
that the modules Hopf algebras of cocommutative Hopf algebras coincide
with the internal actions in the category of cocommutative Hopf algebras.
We recall the definitions and constructions involved in the proof of this
equivalence in detail. In particular, one important notion used is the
“semi-direct product”. Similarly, this notion was introduced in both Hopf
algebras (called smash-product) [76] and category theory [18]. This semi-
direct product will offer us a way of decomposing any cocommutative
Hopf algebra over an algebraically closed field of characteristic zero into

a group-like part and a primitive part.

Recall that for a cocommutative Hopf algebra B, the category of B-
modules is a symmetric monoidal category (see Definition 1.3.4 and
Proposition 1.3.6, where the condition (1.15) becomes trivial). Hence,
one can consider a Hopf algebra in the category of B-modules, which is
then called a B-module Hopf algebra. Explicitly, we have the following
definition:

Definition 3.1.1. A (cocommutative) B-module Hopf algebra X is a
(cocommutative) Hopf algebra X endowed with a linear map >: B® X —
X, b®x — b>x, satisfying the following identities

(bb' >x) =b (V> 1), (3.1)
upb T =2, (3.2)

(b>zy) = (i) (b2 > y), (3.3)
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bqu :eB(b)uX, (34)

(bl>$)1®(bl>$)2:bl >z ® by > o, (3.5)

ex(brx) =ep(b)ex(x), (3.6)

for any b,b' € B, and x,y € X.

A morphism between X a B-module and Y a C-module is given by a
pair of morphisms of Hopf algebras (a: B — C,3: X — Y) such that
B(brx) = a(b)> f(z) for any b€ B, x € X.

They form the category of cocommutative module Hopf algebras, this
category is denoted by Act(Hopfk coc)-

When A is a B-module Hopf algebra, one can define the semi-direct
product A x B (which is, in the Hopf algebra context, usually called the
smash product and is denoted by A# B [76]) as the vector space A ® B
with the following structure maps:

(a®b)(d @) =a(by>a) @ bob,
UAxB = UA D UB,
Apxpla®b) =a; ® b ®ag ® by,
eAaxp(a®b) = ea(a)ep(b),
Saxp(a®b) = Sp(b1)>Sa(a) @ Sp(ba),

for any a,a’ € A and any b,V € B.

The semi-direct product of cocommutative Hopf algebras is a useful tool
allowing us to decompose any cocommutative Hopf algebras (over an
algebraically closed field) into a “group part” and a “Lie algebra part”.
More precisely, we recall how we can decompose a Hopf algebra in a
group-like part and a primitive part, thanks to the following functors,

G: Hopfk coc — Grp
H—-Gp={reH|A(z)=z®x,eg(x) =1},
K[—]: Grp = Hopfk coc
G — K[G],
P: Hopfk coc — LieAlgk
H—-Lg={rceH|A(z)=ugQ@r+zrQun},
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U: LieAlgk — Hopfk coc
L — U(L),

where K[G] denotes the group Hopf algebra of the group G, the Hopf
algebra structure is given by A(g) = g® g, eg(g) =1, and S(g) = g~ *
for any g € G, and U(L) is the universal enveloping algebra of the Lie
algebra L with a Hopf algebra structure given by A(z) = ug @z +xQug,
eg(z) =0, and S(x) = —z for any « € L. The above functors appear in
the following adjunctions.

K[-]

u
Grp 1 Hopfk coc 1 LieAlgg. (3.7)
G P

Moreover, U(Lg) can be seen as a K[Gg]-module thanks to the following
linear map
gz =gzS(g),

for any z € Ly and g € Gp.

The following Theorem gives us a way to decompose any cocommutative
Hopf algebra over an algebraically closed field K of characteristic zero in
a group-like part and a primitive part [75].

Theorem 3.1.2 (Cartier-Gabriel-Konstant-Milnor-Moore). Let H be
a cocommutative Hopf algebra over an algebraically closed field K of
characteristic zero. We have the following isomorphism

U(LH)NK[GH]—)Hx®k'—>xk

Remark 3.1.3. Note that the particular case of Theorem 2.2.8 where the
field was assumed to have zero characteristic [48] depended on Theorem
3.1.2

The semi-direct product induces a well-known correspondence between
split epimorphisms and module Hopf algebras (see [76]), as in the category
of groups Proposition 0.0.1. For the reader’s convenience, we recall this
correspondence in detail.

é
Proposition 3.1.4. Let A«——" B be a split epimorphism of Hopf
1

algebras, i.e. 0 -i = 1p. Then, HKer(d) is a B-module Hopf algebra for
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the action £: B ® HKer(d) — HKer(§) defined by
E(b® k) =1i(b1)ki(S(b2)).
Moreover, there exists a natural isomorphism

w: HKer(d) x B — A: k@b — ki(b). (3.8)

Proof. Using the explicit description of the kernel of a morphism in
Hopfk coc, one can check that £(b ® k) € HKer(d) for all b® k € B®
HKer(9).

(i(b1)ki(S(b2)))1 @ 6((i(b1)ki(S(b2)))2)
i(b1)k1i(S(b4))) ® b26(k2)S(bs)
i(b1)ki(S(ba))) @ baupS(bs)
i(b1)ki(S(b2)) ® up.

Furthermore, it is easy to verify that £ defines a B-module Hopf al-
gebra structure on HKer(d). Moreover, one can check that the maps
¢: HKer(§)x B — A and ¢: A — HKer(9) x B defined by p(k®b) = ki(b)
and ¥ (a) = a1(i-0)(S(az2)) ® d(as) are well-defined, and they are Hopf
algebra morphisms. Moreover, these morphisms are mutual inverses. [J

This isomorphism gives rise to an equivalence of categories between the
category Act(Hopfk coc) and the category Pt(Hopfk coc), see [76], [50], [7],
[93]

Proposition 3.1.5. There is an equivalence of categories between the
category Act(Hopfk coc) and the category Pt(Hopfk coc)-

Proof. For a sake of clarity we explicit the functors of this equivalence.

A Pt(HOPfK,coc) — ACt(HonK7C°C)’

)

A+———B B @ HKer(9) LN HKer(9)

! \
A fl[ fO[ = fo® fi Jf}
& +

AP B’ ® HKer(d") ELEN HKer(d"),

7
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where fl is the morphism induces by the kernel’s universal property and
¢ is defined as in Proposition 3.1.4.

B : Act(Hopfk coc) — Pt(Hopfk coc)

p2
BoX ———— X XxB+——B
| |
B BRa l{a = a®p l{ﬂ
N o \ P2
B@X ———— X X'xB ——B.

where py is the projection and e is the inclusion defined by pa(z ® b) =
ex(z)b and e(b) = ux ® b, respectively.

The pair of morphisms (g, 1) is an isomorphism between the split epi-
4 P2

morphisms A+—— B and HKer(§) x B —_" B . Moreover, since
7 e

X — X x B is the kernel of ps, we can conlclude that these functors

form an equivalence of categories. O

This categorical equivalence between actions and points in Hopfk coc Will
be a building block for the equivalence between crossed modules and
internal groupoids of cocommutative Hopf algebras, which we will prove
in Proposition 3.2.4.

3.2 Internal crossed modules of cocommutative
Hopf algebras

The abstract notion of internal crossed modules was defined and investi-
gated in the general context of semi-abelian categories by G. Janelidze
[57]. Internal crossed modules in a semi-abelian category C form a cat-
egory, denoted XMod(C) that is equivalent to the category of internal
groupoids in C.

In the context of Hopf algebras, the notion of Hopf crossed module was
defined independently by S. Majid [70] and by J.M. Ferndndez Vilaboa,
M.P. Lépez Lépez, and E. Villanueva Novoa [43] (see also [42]). We will
show here that in the cocommutative case, the category HXModk coc of
Hopf crossed modules is equivalent to the category of internal groupoids
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in Hopfk coc and is consequently also equivalent to the category of internal
crossed modules in Hopfk coc. Moreover, from this definition, we recovered
the notions of crossed modules of groups and Lie algebras.

We recall Majid’s definition of Hopf crossed module of cocommutative
Hopf algebras which, in this case, also coincides with the definition given
in [43].

Definition 3.2.1. [70] In Hopfk coc, a Hopf crossed module is given
by a triple (B, X,d) where B is a cocommutative Hopf algebra, X is a
cocommutative B-module Hopf algebra and d : X — B is a Hopf algebra
morphism satisfying

d(brz) = bid(x)S(be) (3.9)

d(y) >z = y12S(y2) (3.10)
for any x,y € X and b € B.

The axiom (3.10) is usually called the Peiffer identity. Let HXModk coc
be the category of Hopf crossed modules, where a morphism

(o, 8): (B, X,d) — (B, X', d)

is a pair of Hopf algebra morphisms o: X — X’ and 8: B — B’ such
that d - o= f-d and a(b>z) = B(b) > a(z).

We give some examples of the definition of Hopf crossed modules.

Examples 3.2.2. 1) The inclusion of a normal Hopf subalgebra N of
M is a crossed module of Hopf algebras where the action of M on N is
given by m>n = minS(ma).

2) Let f : A — B be a morphism of Hopf algebras where A and B are
commutative, i.e. m - o = m. The morphism f endowed with trivial
action, b>a := eg(b)a is a Hopf crossed module since we have for any
be B and any a,a’ € A,

f(o>a) = f(ep(b)a) = ep(b) f(a) = b1.S(b2) f(a) = b1 f(a)S(b2),
fla')>a=ep(f(d))a=ea(d)a=arS(ay)a = ajaS(as).

3) Let g : A — B be a morphism of Hopf algebras such that HKer(g) C
Z(A) = {z € A | za = ax Ya € A} and there exists a section of
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coalgebras, i.e. there exists s : B — A a morphism of coalgebras such that

g-s=1p.

The Hopf algebra A is a B-module Hopf algebra viat>: BRA — A: bRa —
s(b1)aS(s(b2))

The first condition to be a crossed module is trivially verified

g(b>a) = g(s(b1)aS(s(b2)) = brg(a)S(b2).
To prove the second condition, also called Peiffer identity, we remark that
ay ® S(ah)s(g(as))a® S(s(g(ay))) = a) ® aS(ay)s(g(az)) @ S(s(g(a})))

since S(x1)s(g(x2)) belongs to HKer(g) for any x € A,

Hence, by multiplying, we obtain
g9(a') > a = s(g(a}))aS(s(g(a3)) = ajaS(ay).

Before proving the equivalence between crossed modules of cocommuta-
tive Hopf algebras and internal groupoids in Hopfk coc, we identify the
internal groupoids with some other internal structures in the category of
cocommutative Hopf algebras.

In particular, we recall that a cat!-Hopf algebra, in the sense of [43], is a
reflexive graph

é
A1 AR— AO (311)
v
such that
ab = ba, (3.12)

Va € HKer(d) and Vb € HKer(7).

We write cat!(Hopfk coc) for the category whose objects are cat!- Hopf
algebras and whose morphisms are the ones of reflexive graphs.
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In the context of cocommutative Hopf algebras, Proposition 1.6.9 leads
us to the following proposition:

Proposition 3.2.3. [50] In Hopfy ..., for a reflexive graph (3.11) the
following conditions are equivalent:

(a) (3.11) is a reflexive-multiplicative graph;
(b) (3.11) is an internal groupoid;

1)
(¢) (3.11) satisfies [HKer(0), HKer(v)]Huq = 0;
(d) (3.11) is a cat'-Hopf algebra;

)

(e) (3.11) satisfies [HKer(d), HKer(y)] = 0.

This implies that the categories RMG(Hopfk coc), Grpd(Hopfk coc), and
cat!(Hopfk coc) are isomorphic.

Proof. Since C = Hopfk coc is a semi-abelian category (Theorem 2.2.8),
thus, in particular, a Mal’tsev category, this proposition follows from
Proposition 1.6.9, Lemma 1.5.4, Proposition 2.2.11 and the description
of the Huq commutator given in Proposition 2.3.4. O

We will now show that the categorical notion of crossed modules in the
category of cocommutative Hopf algebras corresponds exactly with the
notion of Hopf crossed modules defined by Majid (Definition 3.2.1), by
using the fact that both categories are equivalent to Grpd(Hopfk coc). As
mentioned in [50], the next theorem could be derived from Theorem 14
in [43] or Proposition 1.5 in [7], but we prefer to give a sketch of the
proof for sake of completeness.

Proposition 3.2.4. The categories HXModk coc and Grpd(Hopfk coc) are
equivalent.

Proof. Thanks to Proposition 3.2.3, it will suffice to prove that the
categories RMG(Hopfk coc) and HXModk coc are equivalent. For clarity,
we recall the definition of the functors on the objects, yielding this
equivalence.
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With a reflexive multiplicative graph

é
Ay &1
~

A

one associates the Hopf algebra morphism
d =y - hker(5): HKer(d) — Ao

(where hker(d): HKer(d) — A; is the kernel of §), equipped with the
action Ay ® HKer(d) — HKer(9) defined by

a>k =i(ar)ki(S(a2)),

for any a € Ap and k € HKer(d). Thanks to Proposition 3.1.4, HKer(d)
is an Ap-module Hopf algebra. The morphism d = - hker(d) is a Hopf
algebra morphism by construction, so it remains to see that the two
axioms in the Definition 3.2.1 of Hopf crossed module are satisfied. The
first axiom holds, since

dla>k) = [y-hker(d)](i(a1)ki(S(a2)))
= (v-9)(a1)(y - hker(8))(k) (v - i)(S(az))
= ald(k)S(ag).

By Proposition 3.2.3, the elements of HKer(d) and HKer(y) commute,
hence for all b, k € HKer(9),

(S(k1)(@ - 7)(k2))b = b((S (k1) (i - 7)(k2)) (3.13)
since (S(k1)(i-v)(k2)) € HKer(7), as it follows from
(S (ha) (i 7)(ks)) @ S(ka) (i 7)) = 7S (ka))(ks) @ S (ko) (i - 7))
= up @ S(k1)(i - 7)(ka)-
Accordingly, the equality (3.13) implies
(k) > b = (i) (k1 )b(i 1) (S (k)
= k1S (k) (i - ) (k3)b(i - v) (S (ks))

= k10S(k2) (i - ) (k3) (i - ) (S(ka))
= k1bS(k2)
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showing that the Peiffer identity holds and d: HKer(d) — Ap is indeed a
Hopf crossed module in Definition 3.2.1.

Conversely, given a Hopf crossed module d : X — B, we define the
reflexive graph
p2

—
XxB+t—°¢— B, (3.14)
p1

The morphism ps is the second projection ps(x ® b) = ex(x)b, the
morphisms p; and e are defined by p;(z ® b) = d(z)b and e(b) = ux ® b.
This reflexive graph is equipped with a groupoid multiplication by setting

mz@br @) =z’ @ep(b)V,

for any (z ® b® 2’ ® b') in the pullback P defined by

2

P X xB
Wli ip1
X xB B.

p2

We observe that the Peiffer identity is essential to prove that the map
m: P — X x B is an algebra morphism, and is then a morphism in
Hopfk coc. Let (z ® b® 2’ ® b') be an element in P, in particular, this
element satisfies the equation

TRb Qb2 @Y =20 b d(x))b) @ zh® b,

by definition of the pullback (Proposition 2.1.6). By applying the counit
and the comultiplication the equation

rRb@z @b @by =1 d(z])b] @xh by ® ep(b)bs (3.15)

also holds. We denote the mutliplication in P and in X x B by juxtapo-
sition, we have for any (z @bz’ V), (y @ c®y @) in P,

m(zebes V) (ycoy ®d))
(zeb)yec) (@ ab)(y @)
(z(b1>y) ®bac @ 2" (b > y') @ byc)
z(bey)a' (b 0 y') ® ep(c)by’

m
m
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O ()b, o )b (W b o) © ep(c)e ()b

.10
L0, (o ) S ()2 (B & o) @ ep(ch)blyc’

— (B, > y) (B> o) © en(chWy!

= z2' (V) > yy') @ ep(chb)byc’

= (z2’ @ ep(W)V) (v’ ® ep(c)c)
=mrzber @ )mly@cxy ).

w

€

The correspondence described above naturally extends to morphisms,
yielding two functors

F : RMG(Hopfk coc) — HXMod coc,

)
A T—i—— 4, HKer(5) —— % A,
Y
F flJ( foJ{ = fN1J foJ{
& ,
A — 7 — A HKer(8') —2—— AJ,
,Y/

where fl is the morphism induces by the kernel’s universal property.

G : HXModk coc — RMG(Hopfk coc)

P2
—

x—% B XxBec¢—pR

‘ p1
G a[ B[ = a®p ﬁ[
A p2
d/

X ———5 X'xB &= p.
p1

These functors give rise to an equivalence of categories thanks to the
isomorphism of Proposition 3.1.4, which provides with the identity a
morphism of reflexive graphs. On the one hand, we have

d p2
F-G(XHB)zF(XxB“e>B

p1

= HKer(ps) ———'B

)

> p1 - hker(p2)

which is isomorphic to d: X — B by definition of p; and po.
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On the other hand, we have

L) v - hker(d)
G'F(AlHLfAO):G HKer(8) =% 4,
Y

P

_
= HKer(é) XAy &—€¢— Ay,

p2

1
this multiplicative reflexive graph is isomorphic to A; ==t — Ay due
. . v
to the isomorphism (3.8)

©: HKer(§) x Ag — A1: k® a — ku(a).

Indeed, in the following diagram

D2

P —
HKer(d) x Ag &——¢¢ —— Ay
p1
6
Al L AO?
¥
the three rectangles commute. O

Remark 3.2.5. The previous result can also be deduced from the recent
results of Bohm (see Proposition 3.13 in [7], where a Hopf monoid in
Vecty is precisely a Hopf algebra).

Let us write XMod(Hopfk coc) for the category of internal crossed modules
in Hopfk coc in the sense of Janelidze [57].

Corollary 3.2.6. [50] There is an equivalence of categories between
HXModk coc and XMod(Hopfk coc)-

Proof. In any semi-abelian category, the equivalence between internal
groupoids and internal crossed modules was established in [57]. The
result then follows from Theorem 2.2.8 and Proposition 3.2.4, since both
the categories HXModk coc and XMod(Hopfk coc) are equivalent to the
category Grpd(Hopfk coc)- O
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Corollary 3.2.7. [50] The category XMod(Hopfk coc) and the category
HXModk coc are semi-abelian.

Proof. By Theorem 2.2.8 we know that Hopfk coc is semi-abelian, and
this implies that the category Grpd(Hopfk coc) of internal groupoids in
Hopf coc is itself semi-abelian (see [46], and Lemma 4.1 in [15]). The
result then follows from Proposition 3.2.4 and Corollary 3.2.6. O

To end this section about crossed modules of cocommutative Hopf alge-
bras, we show that we recover the definitions of crossed modules of groups
and Lie algebras when we restrict the crossed modules of cocommutative
Hopf algebras to group-like elements and primitive elements, respectively.

We recall the definitions of the crossed modules of groups and Lie algebras

Definition 3.2.8. [9// A crossed module of groups is given by a mor-
phism of groups d: X — B endowed with an action of groups of B on X
such that for any b in B and any x, y in X,

d(b>x) = bd(z)b !, (3.16)
d(z)>y = zyz ' (3.17)

Definition 3.2.9. [62] A crossed module of Lie algebras is given by
a morphism of Lie algebras d: a — b endowed with an action of Lie
algebras of b on a such that for any b in b and any x, y in a,

d(b>z) = [b,d(2)], (3.18)

d(z)>y = [z,y]. (3.19)

The morphisms of these two algebraic structures are defined as expected,
and they respectively form the category of crossed modules of groups,
XMod, and the category of crossed modules of Lie algebras, XLieAlgk. In
the following result, we exhibit a lifting of the adjunctions (3.7) to the
“crossed” level.

Lemma 3.2.10. The adjunctions (3.7) are lifted to the respective cate-
gories of crossed modules.
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A, ~u
XMod , L HXModk coc J_—> XLieAlgyk
I 1 P 1
D ) D
| L O B B
Grp (iT HOpr,coc % LIeAng
P

where K is the ground field and D are the discrete functors. More
precisely the functor D: Hopfk coc — HXModk coc @s defined as follows
D(H) = (H, K, un).

Proof. First, it is clear that K[—] sends a crossed module of groups to a
Hopf crossed module and G does the opposite. We give some details of
how the functor P sends a Hopf crossed module to a crossed module of
Lie algebras. We recall that P(H) = {x € H|A(z) =z Q@ uy + uyg @ x}
is a Lie algebra where the bracket is given by [z,y] = zy — yx. Let
(B, X,d) be a Hopf crossed module, then by restricting this definition to
the primitive elements, we obtain a morphism of Lie algebras, such that

d(b>z) = bid(x)S(b2) = bd(x) — d(z)b = [b,d(x)]
d(z)> 2’ = 212" S(xg) = x2’ — 2’ = [x,2].
This is the definition of a crossed module of Lie algebras (Definition
3.2.9). The adjunction structure is also lifted to the “crossed structure”.
Indeed, we know that for G a group and H a Hopf algebra we have the
isomorphism

HomHopr,coc(K[G]v H) = HomGrP(Ga g(H)) (32())

Let (B, X,d) be a crossed module of groups and (H,Y,u) a crossed
module of Hopf algebras. Then by using (3.20) we can prove that
there is a bijection between Hompxmody ... (KI(B, X,d)], (H,Y, 1)) and
HomXMOd((Bv X, d)? g(Hv Y, M))
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where fl for ¢ = 1,2 is the restriction of f; to the elements of B and X

respectively. The same computations work for the other adjunction. [J

To sum up, in this section we proved that the internal crossed modules
of cocommutative Hopf algebras (in the sense of G. Janelidze) are the
ones defined in [43] and [70] in the cocommutative case. Moreover, from
this definition, we recovered the notions of crossed modules of groups
and Lie algebras.

3.3 Crossed squares of cocommutative Hopf al-
gebras

Thanks to Corollary 3.2.7, we can construct internal crossed modules in
the category of crossed modules of cocommutative Hopf algebras and
one obtains a “2-dimensional” version of Proposition 3.2.4, providing an
equivalence between internal “double crossed modules of cocommutative
Hopf algebras” and internal double groupoids of cocommutative Hopf
algebras.

In this section, we investigate this notion of “double crossed modules”.
More precisely, we define the notion of Hopf crossed squares. We prove
that the category of Hopf crossed squares is equivalent to the category
of internal double groupoids of cocommutative Hopf algebras. We also
prove that the notion Hopf crossed squares generalizes the notions of
crossed squares of groups and Lie algebras (Proposition 3.3.13). This
section is based on the article [86]. We point out to the interested reader
that in [86] moreover a notion of Hopf 2-actions is defined and shown to
be equivalent to 2-fold split epimorphisms (Pt(Pt(Hopfk coc))-

Lemma 3.3.1. Since HXModk coc is semi-abelian, we have the following
equivalence of categories,

XMod(HXModk coc) = Grpd(HXModk coc)
= Grpd(Grpd(Hopr,coc))
= Gl’pdz(HOPfK,coc)'

Here Grpd2(Hopr7coc) denotes the category of double internal groupoids
in Hopfk coc. In this section, we will describe the category of internal
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crossed modules in the category of crossed modules of cocommutative
Hopf algebras, denoted by XMod(HXModk coc). But first, let us describe
Grpd2(Hopr,Coc) the category of double internal groupoids.

Definition 3.3.2. A double internal groupoid of Hopf algebras is an
internal groupoid in Grpd(Hopfk coc), €. it is defined by a commutative

square
2
H12) 2 Hy
02
ot |m 53 Lll ’yill
Y5
Hl Ly H(Z)v
85

(3.21)

where the (H{LQ}’ Hla 1, 517 [’1)} (H{LQ}’ H27 VY2, 62, LQ); (H27 H@? ’Yia ia Lll)
and (Hy, Hy, 5, 05,15) are not only reflexive graphs, but also internal
groupotds.

Thanks to the isomorphism of Proposition 3.2.3 we can prove that the
notion of double internal groupoids is equivalent to the notion of cat?-
Hopf algebra that is defined as follows.

Definition 3.3.3. A cat?-Hopf algebra is a 7-tuple (H, N, M, sy, tnx,

SN SM
S — —
sustar), where H<—in —— N and H +—iu —— M are cat'-
tn iy

Hopf algebras, where the injective morphisms in: N — H and ipr: M —
H are from now on regarded as inclusions and which will be omitted,

satisfying the following four conditions of compatibility

SN " SM = SM * SN,
tn -t =1tm -,
SN -tym =1tpm - SN,

204 tN-SMZSM-tN.
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Definition 3.3.4. A morphism of cat?-Hopf algebras between the cat?-
Hopf algebras (H,N,M,sn,tn,sm,tav) and (H',N', M’ s, t, shy
thy) is a morphism of Hopf algebras f: H — H' such that the image
of fIn:=7f-in (flm:= [ in) lies in N' (M') and the four following
diagrams commute

SN SM
H™— N H
tN tav
T T T
Sn Sy
H <N H — M.
™ ™

In other words, a morphism f: H — H' is a morphism of cat®>-Hopf
algebras if and only if it is a morphism of cat'-Hopf algebras for the two
underlying cat'-Hopf algebras.

The category of cat?-Hopf algebras and cat?-Hopf algebra morphisms is
denoted by cat2(Hopr,coc). Proposition 3.2.3 implies a correspondence
between the cat?-Hopf algebras and the double groupoids of Hopf algebras.
For the sake of clarity, we describe explicitly the following isomorphism.

Proposition 3.3.5. There is an isomorphism between cat?(Hopfk coc)
and Grpd®(Hopfk coc)-

Proof. From the cat?-Hopf algebra (H, N, M, sn,tn,sn,ta), We con-
struct the following double groupoid

SM
H iM M

ty

tN | iN | sy tN i SN M

SM "IN

—_—
N+— NN M,

tyr o iN
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where the maps ¢ are the inclusion. The Hopf algebra N N M is the
intersection of N and M seen as Hopf subalgebras of H, it is equivalent
to say that it is the pullback of iys along iy. All the squares in this
diagram commute thanks to the definition of cat?-Hopf algebras.

Moreover, by using the correspondence between cat!-Hopf algebras and
internal groupoids, the above diagram is a double groupoid of cocommu-
tative Hopf algebras since the kernels and their restrictions centralize,

[HKer(sy), HKer(tn)] =0,
[HKer(syr), HKer(tyr)] =0,
[HKer(sy -in), HKer(ty - i)
[HKer(sy -in), HKer(tar - in)]

)

On the other way around, if we have a double groupoid (3.21), the 7-tuple
(H{172}, Hy, Ha,t1 -1, 01 - 01, L2 - Yo, L2 - 62) is a cat?-Hopf algebra. Indeed,
the kernels have trivial commutators since the top reflexive graph and
the left one are internal groupoids. Moreover, we have all the conditions
of compatibility between the four maps thanks to the commutativity
of (3.21). For example, the condition (2C1) holds as we can see in the
following equalities,

(b1-71) - (L2-v2) =1 -ty -2
=111 Y M

= (t2-72) - (t1-m)-

3.3.1 Definition of a Hopf crossed square

We define the notion of Hopf crossed squares in the context of cocommu-
tative Hopf algebras. Let us notice that the definition makes sense also
in the non-cocommutative case. The following definition is inspired by
the definitions in groups and of Lie algebras given by Ellis in his thesis
[37].

Definition 3.3.6. [86] In Hopfk coc, a Hopf crossed square (L, M, N, P,
h, A\, X, i, v) is a commutative square in Hopfk coc,
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A
L M
N P;

where L, M, N are P-modules Hopf algebras and h: M @ N — L a
coalgebra map such that for anyl € L, n,n’ € N, m,m’ € M and p € P,

(CS1) (P,M,u), (P,N,v) and (P,L,k =pu-A=v-X) are Hopf crossed
modules,

(CS2) X and N are P-linear,
(CS3) h is P-linear,

(CS4) A-h(m@mn) =mi(v(n)>S(ms)),
X h(m @n) = (u(m) >n1)S(n2),
(

(C€S5) h(A(l) @ n) = Li(v(n)>S(l2)),
h(m @ XN(1)) = (u(m) > 1)S(l2),

(
(
(CS6) h(m @ nn') = h(mi ® n1)(v(n2) > h(me @ n')),
h(mm' @ n) = (u(m1) > h(m’ @ n1))h(me @ na).

Definition 3.3.7. A morphism of Hopf crossed squares between the
crossed squares (L, M, N,P,h,\, X, u,v) and (ZAL,M,N,]AD,E,S\,):’,/}, V)
is given by 4 Hopf algebra morphisms ov: L — L,B: M — M, v: N — N,
and §: P — P, such that each face of the following cube commutes

L - M i
N
)\/ Nilu,l/;,p
14
N P




3.3. CROSSED SQUARES OF COCOMMUTATIVE HOPF ALGEBRAS 95

and o, B, v, and § are morphisms of modules i.e.

a(p>1) =d(p) > a(l),
B(p>m) = d(p) > B(m),
Y(pen)=0d(p)>y(n).

Moreover, they are compatible with the coalgebra morphisms h and h i.e.

we have the following identity

a-h=h-(B®~).

The Hopf crossed squares and the morphisms of Hopf crossed squares

form the category of Hopf crossed squares, X2(Hopr,coc).

Remark 3.3.8. We observe the following facts about the notion of Hopf
crossed squares. The following observations will be useful later.

(1)

(2)

(3)

Let us consider a Hopf crossed square (L, M, N, P,h,\, N p,v).
Thanks to the morphisms p and v, we can define the linear map

M®&L—-L:m®l— uim)sl,

which turns L into a M-module Hopf algebra and the linear map
N®L—-L:n®l—=v(n)pl,

which turns L into a N-module Hopf algebra.

Let (L, M, N, P,\, X, u,v) be a Hopf crossed square, then (M, L, \)
(where M acts on L as MQL — L: m®l — pu(m)>l) and (N, L, \)
(where N acts on L as N® L — L: n®1 — v(n)>1) are crossed
modules. We use that X\ is P-linear, and k = p1- A and p are crossed
modules to prove the conditions (3.9) and (3.10) for (M, L, \).

Ap(m) > 1) = p(m) > A(l) = miA(1)S(m2),
(- MO U = k(1) 51 = LI'S(l2).
The same computations work for (N, L, \).

(A, 1p) is a morphism of crossed modules between (P,L,k) and
(P, M, 1)
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A
L M
K Y
P P

since A\ is P-linear.

(1z, 1) is a morphism of crossed modules between (M, L,\) and
(P, L, k)

h
h

>

M

P

by the construction of L as an M-module.

Similarly, we can prove that (N',1p) and (11,,v) are morphisms of
crossed modules.

(4) In HopfK coc, if (L, M, N,P,h,\, X, p1,v) is a crossed square,

L

N

A

M

I

14

P

Y

then (L, N, M,P,S -h-o,N,\ v,u) is also a Hopf crossed square

)\I

L
JA
7

M

N

P.

Indeed, we can easily check that all the conditions are satisfied, for
example, we obtain (CS4) for anyn € N and m € M,

N-S-h-on@m)=S\N-h(men))
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IS ((u(m) b n1)S(n2))

(2.1)
= n1(u(m) > S(n2)).

We prove that a Hopf crossed square satisfies some equalities, which will
turn out to be useful later on.

Proposition 3.3.9. Let the 9-tuple (L, M, N, P,h, A\, N, u,v) be a Hopf
crossed square, then the following equalities hold for any m € M, | € L,
neN,peP

(py>m) > (p2o 1) = po> (u(m) b 1), (3.22)
vipron)> (pe>l) =p> (v(n)>1), (3.23)

h(upr @ n) = en(n)ur, (3.24)

h(m ® un) = em(m)ur, (3.25)

(n(ma) > (v(n1)>l))h(me@nz) = h(m1®@ni)(v(ng) > (u(mz2)>1)). (3.26)

Proof. We use the equivariance of crossed modules (3.9), the property
(3.1), and the property of the antipode to obtain (3.22) and (3.23) for
anymeM, ne N,peP
(3.9)
p(pr>m) > (p2>1) =" (p1pu(m)S(p2)) > (p3>1)

S p1p(m) S (po)ps) v 1

s (u(m) o 1),

v(pron)o (p2o1) 2 (pro(n)S(p)) > (ps > 1)

="(p1v(n)S(p2)ps) >

Thanks to the condition (C'S5) and (3.4), we prove that h satisfies (3.24)
and (3.25), for any m € M and any n € N,

h(up @ n) = h(A(ur) @ n) (C55) ur(v(n)>S(ur)) = en(n)ur,

h(m @ un) = h(m & N(ur)) ‘2 (u(m) > ur)S(ur) & enr(m)ur.
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The equality (3.26) is a consequence of the conditions (C'S4) and (C'S5).
Indeed, on the one hand, we have for any m’ ® n’ ® I'’in M @ N ® L,

RO(R(m @) @ (1)) 2 (0 Ah(m’ @ ') o 1) S (1)

= (u(mi (v(n) > S(mj))) » 17) S(15)
p(mi)u(v(n’) > S(my)) o 17) (1)
(m)v(nh)u(S(m3))S(v(ns)) & 11)S(1l)

=

and on the other hand
RA(h(m' @n')) @ N() "= "h(m' @n')1(v- N (1" > S(h(m' @n')s))
h(my @ ny)(v - X'(U') > S(h(mh @ ny)))
h(my @ n)11S(h(my @ n5))S (1)

By combining these two results, we have the following identity

(n(m)v(n))p(S(my))S(v(ny)) > 1) S(l5) @ I3 @ h(ms @ ny)
= h(m} ® n))I}S(h(mf @ n)))S(ly) ® I @ h(ms @ nj).

By multiplying the four components of the tensor products together, we
obtain

((m1)v(n)) (S (m5)) S (v(ny)) & 1) h(ms @ ny) = h(m' @ n')l".

For the particular element m' ® n’ @ I' = m; ® n1 ® (v(n2)u(ms) >1), in
M®N® L, with any m € M, any n € N, and any [ € L, we recover the
above equality (thanks to (3.1)),

(u(m1) > (v(n1) > 1)) h(m2 @ n2) = h(m1 @ n1)(v(ng) > (u(me) >1)).

We illustrate the notion of Hopf crossed square with some examples:

Examples 3.3.10. (1) Let N and M be two normal Hopf subalgebras
of P a cocommutative Hopf algebra, we construct the following

square of inclusions
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(2)

(3)

NN"M—M
N P

with h: M @ N — NN M: m®n+— miniS(me)S(n2), where the
modules are given by conjugation. This construction is a Hopf
crossed square. In particular the unit square

A A

A A

is then a Hopf crossed square with A®@ A — A: a® d' — a1a’S(az)
and h(a ® a') = a1’ S(a2)S(dhy). Note that A = A is the normal-
ization of the largest equivalent relation on A.

Any commutative diagram of commutative (and cocommutative)
Hopf algebras,

can be seen as a Hopf crossed square where the modules are the
trivial ones (i.e. C @ B — B: ¢ ® b+ bec(c)), and the coalgebra
map h: B® D — A is chosen as h(b® d) = eg(b)ep(d)ua. Note
that this example follows from the fact the category of commutative
and cocommutative Hopf algebras is abelian (see Theorem 2.2.9).

Thanks to Theorem 5.1.2, we know that we can re-express any
cocommutative Hopf algebra over an algebraically closed field of
characteristic zero as

X = U(Lx) X K[Gx]
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Let B and X be two commutative and cocommutative Hopf algebras
over an algebraically closed field of characteristic zero, d: X — B
be a crossed module, then the following square

U(Lx) U(Lp)
UK[Gx] " €U(Lx) UK[Gp] ' €U(LB)
d
K[Gx] K[Gp]

is a Hopf crossed square where h: U(Lp) ® K[Gx] — U(Lx) is
the trivial map (h: U(L) ® K[Gx] = U(Lx): k® g+ 0). Note
that the vertical arrows correspond to the normalization of a totally
disconnected groupoid, i.e. a groupoid with § = ~ (see [9] for
details).

(4) Another example of Hopf crossed square is given by the following
square

X:X

d

| d

X B

Y

where d: X — B is a Hopf crossed module and h: X ® X — X is
given by h(z ® y) = 1y1.5(22)S(y2)-

(5) Let d: X — B be a crossed module, then the commutative square

K

K

ux up

d
X

B

is a Hopf crossed square with h :== lg ® ex: K ® X — K. This
is the definition of the discrete functor denoted D': HXModk coc —
X2(Hopr7coc) on the objects.
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An important property that we want for our definition of Hopf crossed
squares is to recover the definitions of crossed squares of groups and
Lie algebras by restricting the elements to the group-like elements and
primitive elements, respectively. To verify this, we recall the definition
of crossed squares of groups and Lie algebras.

The definition of crossed squares of groups given below is equivalent to
the one introduced by Loday in [64]. Note that the observations (2) and
(3) in Remark 3.3.8 are the analogues for cocommutative Hopf algebras,
of the (redundant) conditions of the original definition of crossed squares
of groups given by Loday.

Definition 3.3.11. A crossed square of groups is a commutative square
of groups

A
L M
N H
4
M —— P,

together with actions of P on L, M and M', and with a function h: M x
M' — L satisfying the following axioms

(i) the homomorphisms p, ' and k = p-A = '+ N are crossed modules.

m(p'(n)>m™1),
(u(m) > n)nt,

(
(v) Ph(m,n) = h(Pm, Pn),
for all m,m' in M, n,n' in M', | in L and p in P.

The following definition is equivalent to the one given by Ellis in his
thesis [37] and recalled in [28].
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Definition 3.3.12. A crossed square of Lie K-algebras is a commutative

square of Lie K-algebras
A
[——m
n—2p

together with an action of p on [, m, and n and with a function h: mxn —
[ satisfying the following axioms

(i) X and N preserve the action of p,
(i) the homomorphisms ju, ' and kK = p-X = /- N are crossed modules,
(iii) ah(m,n) = h(am,n) = h(m,an),

(iv) h(m +m',n) = h(m,n) + h(m',n),
h(m,n +n') = h(m,n) + h(m,n’),

(v) h(lm,m'],n) = (u(m) > h(m',n)) — (u(m') > h(m,n)),
h(m, [n,n']) = (v(n) > h(m,n')) = (v(n) > h(m, n)),

(vi) p>h(m,n) = h(p>m,n) + h(m,p>n),

(vii) X - h(m,n) =—(v(n)>m),
X - hm, ) = (u(m) > n),

(viii) h(A(l),n) = —(v(n)>1),
h(m, X (1)) = (p(m) >1),

for allm,m’ inm, n,n’ inn, linl, pinp and a € K.

The morphisms of these structures are defined as expected, and they
respectively form the category of crossed squares of groups X>?Mod and
the category of crossed squares of Lie algebras, X?LieAlgk. Similarly to
Lemma 3.2.10, the following result exhibits a lifting of the adjunctions
(3.7).
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Proposition 3.3.13. The adjunctions are lifted to the respective cate-

gories of crossed squares

K- U
X2Mod , L~ X*(Hopfkcoc) _ L . XLieAlgy
R 1 R
D’ D’ D’
Kl-] U
XMod L HXMOdK’COC 1L XLieAIgK
R 1 P
D D D
\ K[-] \ u \
Grp (i? Hopr,coc —_L> LieAIgK,
P

where K is the ground field and D and D" are the discrete functors (see
Ezamples 3.3.10 (5) and Lemma 3.2.10 for an explicit description of D’
and D, respectively).

Proof. Similar computations as in the Lemma 3.2.10 work for crossed
squares. Let (L,M,N,P h,\,N, u,v) be a Hopf crossed square. By
applying the functor P: Hopfy ., — Liek, we obtain the definition of
a crossed square of Lie algebras. To give an idea of how it works, we
prove that the condition (CS6) implies the condition (v) of Definition
3.3.12. We use the explicit form of the Hopf algebra structure of primitive
elements (i.e. A(z) = @ uyg +uyg @ x for any x € P(H), with H a
cocommutative Hopf algebra). For any m,m’ € M and n € N, we have

h([m,m'] ® n) = h(mm' — m'm @ n)
= h(mm’ @ n) — h(m'm @ n)

(Cé%)(,u(ml) > h(m' ®@n1))h(ma @ na) — (u(m}) > h(m @ ny))h(ms @ ng)

= (u(m) > h(m’ @ ny))h(ury @ ng) + (u(uar) > h(m' @ ny))h(m @ ny)
(') > A ® ) (s © o) — (a(ouns) > hlam © ) (o @)

= (u(m)>h(m’ @n))h(upy @ un) + (u(unrr) > h(m' @ n))h(m @ uy)
+ p(m) > h(m @ un))h(uar @ n) + (u(uar) > h(m' @ uy))h(m @ n)
— (u(m') > h(m @ n))h(upy @ un) — (u(upr) > h(m @ n))h(m’ @ uy)
— (u(m') > h(m @ un))h(unr @ n) = (p(uar) > h(m @ uy))h(m' @ n)



CHAPTER 3. CROSSED MODULES AND CROSSED SQUARES OF
104 ASSOCIATIVE AND COCOMMUTATIVE HOPF ALGEBRAS

GO ) o b @ n)) — (u(m) > B(m @ ).

O

Definition 3.3.6 of a Hopf crossed square allows us to recover the defi-
nitions of crossed squares of groups and Lie algebras, similarly to the
definition of Hopf crossed modules generalizing the definitions of crossed
modules of groups and Lie algebras. This result gives us confidence that
Definition 3.3.6 is adequate.

Furthermore, this definition is equivalent to the internal crossed modules
in the category of Hopf crossed modules, since the category X?(Hopf K.coc)
of Hopf crossed squares and the category catz(Hoprmc) of cat?-Hopf
algebras are equivalent. The next section is devoted to the proof of
Theorem 3.3.14.

Theorem 3.3.14. [86] There is an equivalence of categories between the
category X?(Hopf coc) and the category cat?(Hopfx coc)-

Thanks to this theorem we have totally described the notion of internal
crossed modules (in the sense of G. Janelidze) in the category of crossed
modules of cocommutative Hopf algebras, which are what we called Hopf
crossed squares. This remark is clarified in the following proposition.

Corollary 3.3.15. [86] The category XMod(HXModk coc) is equivalent
to the category X2(Hopr7coc).

Proof. This equivalence is clear thanks to the Lemma 3.3.1 and the
Theorem 3.3.14 O

3.3.2 Detailed proof of Theorem 3.3.14

In this section, we give a detailed proof of Theorem 3.3.14. This section
is quite technical and tedious. There are no new results or definitions in
this section, if the reader is not interested in the details of this proof, he
can skip this section.

We construct two functors

F: cat2(Hopr7coc) — X2(H0pr7COC)
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G: X2(H0pr,coc) - Cat2(HOpr,coc)
and show that they form an equivalence of categories.

Proposition 3.3.16. There is a functor
F: catz(Hoprcoc) — X2(Hopr7coc).

Proof. Let us consider a cat?-Hopf algebra (H, N, M, sy, tn, sy, tu)-
We construct the following square

HKer(sy) NHKer(sy) NN HKer(sn) (3.27)
tym ty
IN
HKer(sy)NM NN M,

where the modules are given by the action of conjugation

(NNM)® (NNnHKer(sy)) = NN HKer(sy)
x®k — x1kS(x2),
(NNM)® (HKer(sy) N M) — HKer(sy) N M
x®k — x1kS(x2),
(NNM)® (HKer(sy) NHKer(sy)) = HKer(sy) N HKer(sar)
x®k — x1kS(x2),

Thanks to these applications we can check that the intersections N N
HKer(sy), HKer(sy)NM, and HKer(sy)NHKer(sy) are (NN M)-
module Hopf algebras.

We prove that tn(HKer(sy) N HKer(sy)) is included in the Hopf
algebra NN HKer(syr). Let k be an element of HKer(sy)NHKer(sy),
then tx (k) is in N and ¢ty (k) belongs to the Hopf subalgebra H Ker(sys)
since we have

(sar - t) () @ iy (ko) P27 (k- sar)(hr) @ (ko)

=uy Q tN(k).

The morphism tx: HKer(sy) "M — N N M is well-defined since for

any element m in M,

A= C
tN(m) b R Lot tn - tM(m) (2:2) tar - tN(m) e M.
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Same computations work for the morphisms ty: N N HKer(sy) —
NNM and ty: HKer(sy) N HKer(sy) — HKer(sy) N M by using
(202), (203), and ty - iy = 1y.

Moreover, the square (3.27) commutes thanks to the compatibility con-
dition tp; -ty =tN -ty (202).

Thanks to Theorem 3.2.4, this square is composed of crossed modules,
which gives the condition (C'S1).

The morphisms ty: HKer(sy) N HKer(sy) — N N HKer(spy) and
tr: HKer(sy) N HKer(sy) - HKer(sy) N M are (N N M)-module
morphisms (C'S2). For any p € NN M and [ € HKer(sy) N HKer(sa),
we have

tn(p> 1) = tn(p1lS(p2))
=tn(P)tn (DN (S(p2))
= pitn(1)S(p2)
=p>itn(l),

since ty - iy = 1y, and a similar computation holds for ¢,;.

We define h: (N N HKer(sy)) @ (HKer(sy) N M) — HKer(sy) N
HKer(spy) as
h(n & m) = nlmlS(ng)S(mg).

We verify that h is well-defined by using the fact that sy is a morphism
of Hopf algebras, that m € HKer(sy) and the cocommutativity. In-
deed, we can see that for n € NN HKer(sy) and m € HKer(sy) N\ M,
nim1S(n2)S(ms) belongs to HKer(sy) N HKer(sy) thanks to the fol-
lowing identities,

sn((nm1S(n2)S(ms))1) ® (n1miS(ng)S(mz))s
= sn(n1)sn(ma)sn(S(na))sn (S(ma)) ® namaS(n3)S(ms)
= SN(nl)SN(S(TM)) ® n1m25(n2)5(m3)

=UuUN &® nlmlS(nQ)S(mg).
Similar computations work for H Ker(sr).

Since we are in Hopfy .o, h is a coalgebra morphism. Let us check that
it is also an (N N M )-module morphism (i.e. condition (CS3)). With
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peE NNM,ne NNHKer(sy) and m € HKer(sy) N M, we obtain

)
h(p1>n®p2>m) = (p1>n)i(p2 >m)1S((p1>n)2)S((p2 >m)2)
= (p1,n5(p1,))1(P2, mS (p2,)) 1S (P11 (p1,))2) S (P2, MS (p2,))2)
= p1n1.S(p2)psm1S(pa)S(psn2S(pe))S(prm2S(ps))

= p1nim1S(n2)S(ms2)S(p2)

=p>h(n®m)

The condition (C'S4) holds for ¢j; (and similarly for ¢y) thanks to
tar - in = 1l since, for n an element of N N HKer(syr) and m an
element of HKer(sy) N M, we have the following equalities,
tar - h(n @ m) =ty (nimiS(ng)S(ma))
= tar(n1)matar(S(n2))S(ma)
= (tp(n)>mq)S(ms).
To obtain the conditions (C'S5) and (C'S6), we show two intermedi-

ate results thanks to the equalities [HKer(syr), HKer(ty)] = 0 and
[HKer(sy), HKer(ty)] = 0 in the definition of cat?-Hopf algebras,

tr(n)>k=np>k, (3.28)
tn(m)>k=mn>k, (3.29)
for any n € NN HKer(syr), m € HKer(sy)NM and k € HKer(sy) N
HKer(sy).
First, we can check that t);(S(n1))ne belongs to HKer(ty) for any
n € NN HKer(sy). Indeed, since ty is split (tps - ips = 1) it implies
that tpr - tar = tar, and we have the following equalities

tar(tar (S(n1))ng)1 @ (Ear(S(n))ne)e

= ta (tam(S(n2))ns) @ tar(S(n1))na
= (tm - tam)(S(n2))tar(ng) @ tar(S(n1))na
= up @ tar(S(n1))ne

Thanks to this observation, we use [HKer(syr), HKer(tar)] = 0 to
obtain the equality (3.28) for n € NN HKer(sy) and k € HKer(sy) N
HKer(sy),

tr(n) >k = tar(na)ktar(S(n2))
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= ta(m)k (tam(S(n2))nz) S(na)
=ty (n) (Em(S(n2))ns) kS(na)
= n1kS(na)

=npk.

Similarly, for m € HKer(sy) N M and k € HKer(sy) N HKer(sp), we
can show (3.29).

Thanks to (3.28), (3.29), and [HKer(sy), HKer(tn)] = 0 we obtain the
condition (CS5), for | € HKer(sy)NHKer(sy) and m € HKers(sy)N
M, we have

hta (D) ©m) = tx (1) matn (S(12))S (ms)
— tn(L)matn (S(2))3S(14)S (ms)
= v (1) (En (S (12))ls) ma S (1) S (ma)
= 11m15(l2)S(mz2)
— L(m S(ls))
C201 (e (m) > S (1))

Similarly, for | € HKer(sy) N HKer(sy) and n € NN HKers(spy),
by using the fact that [HKer(sy), HKer(ty)] = 0, we can show that
(tar(n)>11)S(l2) = h(n @ tar(l)).

The property (CS6) of the definition of Hopf crossed square is easily
checked by definition of the modules and of h, (3.28), and (3.29) as it is

shown in the following equalities, where p € NNM, n € NNHKer(sp),
and m,m' € HKer(sy) N M,

h(n @ mm') = nymim}S(n2)S(m4)S(ms)
= n1m1S(n2)S(ma)msnsmyS(ng)S(mh)S(my)
= h(n1 @ m1)(ma > h(ng @ m'))

(3.29) h(n1 @ ma)(tn (m2) > h(ng @ m'))

The second equality also holds with a similar computation as above.

This construction extends to the morphisms. Let f be a morphism of
cat?-Hopf algebras
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SN SM

HT__—N HT_— M

7% tar
e [

— —
H — N H —— M
tN/ t]\/]’

We construct the morphisms of the associate Hopf crossed squares,
defined by the restrictions of f. For any p € NN M, | € HKer(sy) N
HKer(sy),n € NNHKer(sy),m € HKer(sy) N M, we have

fpen) = fp1)f(n)f(S(p2)) = f(p) > f(n),

flprl) = Fp) (D F(S(p2)) = Flp)> f(1)

flpem) = f(p1)f(m)f(S(p2)) = fp)> f(m),
f-h(n@m) = f(nimiS(ng)S(ma)) = I'(f(n) @ f(m)).

where the modules are defined thanks to the action by conjugation and
h: (NNHKer(sy)) @ (HKer(sy) N M) — HKer(sy) N HKer(sy) is
given by h(n ® m) = nimy.S(n2)S(ms).

Moreover, the following cube commutes since f-iy-ty = tn/-f, fipr-tyr =

tv - f

/

Un
HKer(sy,) "HKer(sh,) L NN HEKer(sh,)

A

fHKer(sN)ﬂHKer(sM)

/

t
HKer(sy) N HKer(sy) 1+ X NNHKer(sy)

tljw/

e

fHKer(sN)ﬂM

7

HKer(sy)NM

tu HKBT(S?V/) nNM — tm

e

fNﬂHKeT(sM)

e

ti]w/
t’]v{
N nM
INam
NN M.
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O

Proposition 3.3.17. There is a functor

Gi XZ(HOpr,coc) - Cat2(Hopr,coc)'

Proof. Let (L, M, N, P,h,\, X\, u,v) be a Hopf crossed square. Since M
is a P-module Hopf algebra and L is an N-module Hopf algebra, via
the linear application N ® L — L: n ® [ — v(n)>m (as explained in
Remark 3.3.8 (1)), we can construct the two following Hopf algebras:
M x P and L x N. We verify in details that L x N can be seen as an
(M % P)-module Hopf algebra thanks to the following linear map

(m®@p)>(l®n) = (u(mi) > (p1>1))h(me @ p2>ni) @ p3>na. (3.30)

We verify the condition (3.1) for (3.30) in the following computations for
any l € L, m,m' € M,n € N, and p,p' € P,

(mep)e (' ©p) > n)
=(mep)> ((u (m’l)D(p > 1))h(méh @ phy>n1) @ ph > ng)
= (1alm1) > (p1 > () o (0} > ) () @ ph > 1))

h(ma @ p2 > (ph > n2)1) @ p3 > (P > n2)2

P uoma) > (> (ulmd) o () (1) (p2 5 b © > )

h(ms @ (pspfs) > n2) @ (papl) > ng
(CS3)

="(p(m1) > (pr > (p(my) > (py > 1))))
(u(ma) > h(p2, > mh © (p2, > (P >n1)))) h(ms © (psps) > n2)
® (paply) > n3
D (ulm) > (1 5 (ulmh) > (0 5 1))
((ma,) > h(p2>ms @ ((p3py) 1))
h(m22 ® ((p3p3) > 11)2) @ (paph) > n2

IIm

(i) > (p1 > (u(mh) > (B, 1)) h(ma(pa b m) @ (psph) > 1)
@ (pap) > 12

Du(ma) e (p (p1, >mh)) > (p1, > (1 > 1))))
h(ma(p2 > mj) @ (papy) > n1) @ (pap3) > ng

||w
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D mpy s m!)1) > (p2p')1 1))
h((m(p1>m'))2 @ (pap)2 > n1) @ (p2p’)3 > 12
(m(p1>m)®p2p') > (l®n)

((m®p p)) (l®n).

The cocommutativity of the Hopf algebras M and P, the property (3.5)
and the fact that A is a morphism of coalgebras imply the condition (3.5)
for the linear map defined by (3.30) for any [ € L, m € M, n € N, and

p € P.

(mep)>(l@n)) @ (mep)>(Qn)):
= ((u(m1) > (p1>1))h(m2 @ pa > n1) @ p3 > na)
@ ((u(ma) > (p1>1))h(ma ® p2 > n1) @ p3 >n2)2
(32 ((ma,) > (p1, > 11))h(me @ pa >ni)1 @ p3, >ng,
® ((may) > (P15 > 12))h(m2 @ p2 > n1)2 @ p3, > no,
= (u(m1) > (p1>11))h(ms ® ps>ni) ® ps >ng
® (p(m2) > (p2 > 12))h(ma @ pa>n2) @ pe > na

ot

=) (u(m1) > (p1>1))h(me ® pa>ny) @ p3>ng
® (u(m3) > (pa > l2))h(ma @ ps > n3) @ pe > ng
= (m1®@p1) > (It ®n1) ® (M2 @ p2) > (l2 @ n2).

Via the following equalities, for any [ € L, m € M, n € N, and p € P,

(er@en)(me@p)>(l®@n))

= (er @ en)((w(ma) & (p1 > 1)) h(m2 ® p2 > n1) ® p3 >n2)
= er(u(ma1) > (p1>1))er(h(me @ p2>n1)) ® en(ps > n2))
=er(DeL(h(m@p>n))

= er(Dem(m)ep(plen(n),

the linear map (3.30) satisfies (3.6) thanks to the properties of e.

The conditions (3.2) and (3.4) for (3.30) are satisfied thanks to (3.24)

and (3.25) foranyl € L, me€ M, n € N, and p € P:

(upr @up) >l @n) = (u(up) > (up>)h(uy @ up>ny) @ up>ng
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3. 24)[6]\[(711) & no

=Il®n,

(m®@p) > (ur @un) = (u(m1) > (p1>ug))h(me @ pa>un) @ ps>uy
= h(mep(p) ®uy) @ uy
)

= eM(m)ep(p)(uL ® UN).
We verify the condition (3.3) for (3.30) for any [,I' € L, m € M, n,n’ € N,

and p € P. It holds thanks to several properties of the definition of Hopf
crossed square and the modules, as we can see in the following identities.

(map)e (leon)(l'@n)) =(mep)> ((ving)>1') @non')
= (u(m1) > (pro1(v(ny) > 1)) h(mae @ pa > (ngny)) @ p3 > (nany)

)
D (u(ma) > (o1& D) ((ms) & (P2 > (w(n1) & 1))
h(ms ® p3 > (nan))) @ pa > (n3nk)

> (

(

w
w

v(pa, > 1) > (p2, > 1))

713”2)

Nlma) > (pr o 1) (u(ms) &
h(ms @ ps > (ngn!)) @ pa >
(

(v(p2>n1) > (p3e1')))
® pe > (ngnh)

N (ulma) > (o1 & 1) (1(ms)
h(ms @ (pa > n2)(ps > nj)

EOumr) > (pr 1) (1(ma) > (v(p2 1) > (p3 > 1))

(
h(mz @ (pa>n2)1)((¥(pa>n2)2) > h(ma @ ps > n})) © pe > (n3n3)
( (v(

>
)

C/-.
(‘;\

D (ulma) & (p1 ) (1(ma) b (w(pa > m1) & (03 > 1)) (s @ pa > o)

(u(
((v(ps > n3)) > h(my ® pe>ny)) ® pr > (nany)
(1

2 p(ma) > (pr > 1)) (u(ma) > (v((p2 > na)1) > (pa > 1))
h(mz ® (p2 > n1)2)(¥(pa > n2) > h(ma @ ps > nj)) @ pe > (n3n5)

C2 () o (1 1)) h(ma @ (p2 > m1)1)
(

(
(v((p2>n1)2) > (u(ms3) > (p3>1')))
((V(P4 >ng)) > h(my ® ps >ni)) @ pe > (nzny)
( ( )

p(my) > (p1>1))h(me @ (p2 > n1))
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(v(ps & na) > ((u(ms) > (pa > 1)) h(ma ® ps 1)) @ ps & (ngnj)

= () > (p1 5 D)o © pa 1) @ ps oo )
(

hat
W

(:

() > (pa> 1) a(ma & ps > mh) @ p o mh )

= ((m1@p1)> (@ n))((m2 @ p2) > (' ®@n)).
Hence, Lx N is an (M x P)-module Hopf algebra via the linear application
defined in (3.30).
Then, we can define the semi-direct product (L x N) x (M x P), where
the algebra structure is given as follows

(onemep)l on om' @) =1(vin)b (um) e (o))
(v(n2) > h(ma2 @ p2 > n})) @ n3(ps > nh) @ ma(pa>m') @ psp/,

Thanks to (4) of Remark 3.3.8, we know that (L,N, M,P,S -h-o)
satisfies all the conditions of the definition of Hopf crossed square where
the role of M and N are inverted. Hence, we can construct similarly to

above, the semi-direct product (L x M) x (N x P), with (L x M) seen
as an (N x P)-module, thanks to the following linear map

(n@p)>(l@m) = (v(n1) > (p1>1))S(h(p2>mi ®ng)) @ p3>mo.
The multiplication in (L x M) x (N x P), is given by the following linear
map

(tomonep)l em on' @) =1(um)> () > o))
(1(mz) > S(h(p2 > m) @ n2))) @ ms(ps > my) @ ns(ps>n') @ psp'.

Note that the semi-direct products (L x N) x (M x P) and (L x M) %
(N x P) are isomorphic, the isomorphisms are given by

Y: (LXN)x (M xP)— (LxM)x (N xP) (3.31)
(l@ne@m®p) —1S(h(m ®@ny)) @®ma@ng @ p

Y (Lx M) x (N xP)— (LxN)x(MxP)
(l@men®p)—lh(m @ny) @ ne @ me @ p.
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We verify that these maps are morphisms of Hopf algebras. On one hand,
we obtain, for [,I' € L, m,m’ € M, n,n’ € N, and p,p’ € P
Y((lonemep)(l'@n' @m'@p'))
= w((v(m) > (5m1) > (915 1)) ) (v(n2) > h(ma @ p2 o nh)
® n3(p3 > ny) @ ma(ps>m') @ psp’)
= Z(V(nl) > (u(ma) > (p1 o> l'))) (v(n2) > h(ma @ pa > nY))
S(h((ma(pa>m’))1 @ (n3(p3 >n5))1) © (ma(pa>m’))e
® (n3(ps > ﬂg))2 @ psp/
(3:5)

l(l/( > (prol’ )) v(n2) > h(ma ® p2 >n)))

S(h(ms(ps > ml) ® ng(pg >nb))) @ ma(pe >mh) @ ny(ps>nf) @ prp

(C56) z(y(m) > (u(ma) > (pr > z’))) (v(n2) > h(ma @ pa > 1))

S ((p(m3) > h(ps >m} © ng(ps > njy)))h(ma @ na(ps>nj)))
® ms(p7 > mb) @ ns(ps >nly) @ psp’
(v > (alma) > (151)) ) (vln2) > hlma © pao 1)
S((u(ms) > h(pe > m} @ nz(ps >nj)))h(my @ na)
(v(ns) > h(m5 & py > ”fs))) ® mg(pr > my) @ ng(ps > ny) @ psp’
= i(vm > (p151)) ) (v(n2) o h(ma @ pa > 1h)
<u<n3> > S( <m3 © pa > 1)) S (1(ma) > h(ps > ) @ ng(py 1))
h(ms @ ny)) @ me(ps > my) ® ns(pr >nly) @ psp’
(v > (ulmi) > (pr> 1))
(v(n2) > (h(m2 @ p2 > n)S(h(ms ® p3 > ny))))
S(p(ma) > h(ps >my @ ns(pa>ng))h(ms @ nz))
® me(ps > ms) @ na(pr >ny) @ psp’
(L1 l(u(m) > (u(ma) > (p1 > l/)))S(M(mQ) > (h(ps >my @ na(pa>nh))
h(ms @ na)) ) © ma(ps >mh) & na(ps o) © pep’
S 1(vm) > (ulm1) > (p1 5 1)) ) S((ma © n2)S((a(ms) > h(pa > m

@ ngz(p3>ny)))) @ ma(ps>mb) @ na(ps >nh) @ pep’
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and on the other hand, by using the properties of (L, N, M, P,S -h - o)
we have

Ylenemep)y(l'@n @m' @p)
= (IS(h(m1 ® n1)) @ ma @ nay @ p)(I'S(h(m} ® n})) @ msH @ nh & p')
— 1S(h(m1 ® 1)) (p(ma) > (v(na) & (1 > 'S (h(m) @ n})))))
(1(m3) > S(h(p2 >mh ® n3))) ® ma(ps >ms) @ na(ps>ns) @ psp’
219 (h(m @ m1)) (1(ma) > (v(n2) & (pr > 1))
(1(ms) > (v(ns) > (p2 > S (h(my @ n5)))) ((ma) & S(h(ps > mly @ na))
® ms(ps > my) @ ns(ps > nh) @ pep’
CELCI 1) b (u(ma) & (p1 5 1)) S(A(ma © ny))
(1(ms) > (v(ng) > (S(h(p2 > M) @ ps>n)))))
(1(ma) > S(h(pa>ms @ na))) ® ms(ps > ms) @ ns(pe > ny) @ prp’
U(v(n) > (1(ma) > (pr & 1)) S(h(ma © ng))
(1(ms) > (w(ns) > S (h(p2 b mh @ ps o 11)))S((py > mh @ na))

(33)

® my(ps > ms) @ ns(ps > ny) @ prp’

(©56) I(v(n1) > (u(ma) > (p1>1')))S(h(me © ng))

(1(m3) > S(h(p2 >m) @ ng(ps>ny)))) @ ma(pa >msy)

® na(ps > 1) @ pep’.
Thus, the linear map 1 is a morphism of Hopf algebras between (L x
N) x (M x P) and (L x M) x (N x P), since it is a coalgebra morphism

thanks to the cocommutativity. Moreover, it is an isomorphism as we
can check as follows

Y- l@m@n@p) = p(lh(my @ n1) @ng @ my @ p)
= lh(m1 ®n1)S(h(me, @ na,)) ® ma, @ na, @p
= lh(mi; ®@n1)1S(h(m; ®n1)2) ® me @ N2 @ p
=l®menQgp,

and, thanks to similar computations, ¥~ - = L(LxuN)x(Mxp) also holds.

Remark that d: L x N — M x Pand d': L x M — N x P defined as

dl®@n) = A1) ®@v(n),
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d'(l®m) = N(1) ® p(m),
are crossed modules.

First, we check that d is a morphism of algebras thanks to the fact that
X is P-linear for [, I’ elements of L, and n, n’ elements of N, we have the
following equalities

d((len)(l'@n)) =d((v(n)>1") @ nan’)
= ADAv(n1) > 1) @ v(nan)
= A(D)(r(n1) > A1) ® v(ng)v(n)
= (

A @ v(n)(AI) @ v(n))
d(l @ n)d(I' ®n').

Moreover, this morphism satisfies the two properties to be a crossed
module, since for any m € M, p € P, ,I' € L, and n,n’ € N, we have

d((m @ p)> (I @n))

= d((u(ma)p1>1)h(me @ p2 > n1) ® p3 > n2)

= A((p(m1)p1 > )h(ma @ pa>n1)) @ v(ps > na)
CDLEZ2) (uma) o (p1 > MD))AR(ma @ pa > 1)) @ v(ps > na)
2 (1 o A1) S (ma)A(h(ms @ pa b 11)) @ v(ps b o)
024) m1(p1 > /\(l)
2 ma(pr > M) (pav(n1) S (ps) > S(ma)) @ pav(n2) S (ps)

2 1 (p1 > A1) @ pov(n)) (S(ps) & S(ma) @ S(pa))
v(n))(S(p2) > S(ma) @ S(ps))

)
)S(mg)m;g( (pg > nl) > S(m4)) & I/(pg > ng)
)

)
= (m1 ®@p1)(Al) ®
= (m1 ® p1)d(l ® n)S(m2 ® p2),

dilen)e('@n)= A1) vn)s{'@n)

= (- A1) > (v(n1) 2 1) (A(l2) @ v(n2) > nj) @ v(ng) > ny

() (- Al & (1) 5 1))l (v(v(ng) b 1) > S(Is)) @ v(ng) > )

(3.10) Li(v(ny) > 1)S(1)l3(v(v(ng) > n)) > S(ly)) @ v(ng) > nb
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(3.9)
(3.1)

(h
(h

Li(v(ng) > 1) (v(n2)v(n})S(v(ng)) > S(le)) @ nanyS(ns)

="lL(v(n
(L ( (m1

1) > 1) (v(nand) > (S(v(ns) > S(l2))) ® nanyS(ns)
) > 1) @ nan’)(S(v(n3) > S(l2)) @ S(na))

n) ('@ n')(S(v(n2) > S(l2)) ® S(ns))
®@n) (' ®n')S(ls ® ny).

n

We obtain the same conclusion for d’ with similar computations. Hence,

we have two Hopf crossed modules.

Thus, we apply the equivalence in one dimension of Proposition 3.2.4, to

obtain two cat!-Hopf algebras where the source and the target maps are

defined as

S1:

t1:

(LXN)x(MxP)— (MxP)
Idn@mep—er(Den(n)(m e p),

(LXN)x(MxP)— (MxP)
l@n®@m®p— Al)(v(ni)>m) @ v(ng)p,

1 (Lx M) x (N xP)— (N xP)

leamen®@p—er(ley(m)(n®p),

(LXxM)x(NxP)—(NxP)

lom@n®p— XN({)(u(m)>n) @ uims)p,

the section is given by e1(m ® p) = up @ uy ® m ® p, €j(n @ p) =
ur, ® upr @ n Q@ p and they have trivial commutators.

By using the isomorphism v as defined in (3.31) we obtain the following
two cat'-Hopf algebras

s1: (LxN)x (M xP)— (M x P)

len@m®p— er(Den(n)(m @ p),

t1: (LxN)x(MxP)— (MxP)

len®@m®p— A1)(v(n1)>m) @ v(ng)p,

S9: (LXN)x (M xP)— (N xP)

lon®@mep—er(l)ep(m)(n® p),

ta: (Lx N)x (M xP)— (N xP)
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l@n@m®ep— N()n o u(m)p,
where sg = s} -9 and to =t] - 9.

We note that [HKer(s2), HKer(t2)] = 0 since [HKer(s}), HKer(t})] =
0. Indeed, let a be an element of H Ker(ss) (i.e. s2(a1) ®ag = unwp Qa)
and b and element of HKer(ts), then ¢ (a) belongs to HKer(s}) (s -
P(a1) @ P(az) = unwp @ P(a)) and ¥ (b) belongs to HKer(t}). Hence,
ab =19~ (¥(a)y (b)) = ¥~ (¥ (b)¥(a)) = ba.

We easily check the conditions of compatibility for being a cat?-Hopf
algebra.

Let (I®n ® m ® p) be an element in (L x N) x (M x P), we have the
following identities

t1-t2a(l®@n@m®p) =ti(ur @ N()n ® upr ® p(m)p)
= ur @ un @ Nur) V(N (D)n)1) > unr) @ v((N (Dn)2)u(m)p

(S—)uL Quy @uy @ v-XN({v(n)u(m)p

=urp @uy @ up @ p- A(Dv(n)u(m)p

(3.10) ur, @ X (up)uy @ upr @ p(A(1)(v(n1) >m))v(ng)p

:tg(uL®UN®)\( )(( ) m)@u(’ﬂa)p)
=ty-t1(l®@Nn@m ®p)

s1-t2(l@n®@mep) = si(up @ N ()n @ uy @ p(m)p)
=ur @uy ®er(Den(n)upr @ pu(m)p
=toler(Den(n)ur @ uy @ m @ p)
=t3-51(l®n®mM®Dp)

ti-s2(l®@n®@mep) =ti(eL(em(m)ur ® n ® uy @ p)

= eL(l)eM(m)uL R un & (V(nl) > UM) & V(n2)]9

@ er(Depr(m)ur @ uy @ upr @ v(n)p

= s9(ur @ uy @ A(1)(v(n1) >m) @ v(ng)p)
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=35 -t1(l®n®m®p).

Hence, the 7-tuple ((L x N) x (M x P),M x P,N x P, s1,t1,$2,12) is a
cat?-Hopf algebra.

if we consider a morphism of Hopf crossed squares (a, 3,7, 9)

L
%
L -
A

First, let us check that a @ y®@ S ®0: (L x N) x (M x P) — (L' x N') x
(M’ % P') is a morphism of Hopf algebras (the only non-trivial part is
the respect of the multiplication), thanks to the axioms of the definition
of a morphism of Hopf crossed square (Definition 3.3.7):
(e@ye BRI ((®nemep)l'@n’ @m p))
= (@®y® 80 8)(1(v(n)> (uim) > (p1>1)) )
(V(’I’LQ) > h(mg X p2 > n/l)) ® ng(pg > né) X mg(p4 > m/) ®p5p,)
=a(l (V(nl) > (u(ma) > (p1 > l’))) (v(n2) > h(me @ pa>nh)))
®y(n3(ps >ns)) © B(ms(pa>m')) @ 6(psp’)
= a(i)(v - vlm) > (8- ulm) > (5p1) > (1))
(7 v(n2) > a - h(mz ® p2>ni))
®7(n3)(0(ps) > 7(71'2)) ® B(m3)(6(pa) > B(m')) @ 6(ps5)d(p')
= a(®) (¥ y(n1) > (- (6(p) > a(l)))
(0 y(ng) > h(ﬁ(mz) ® 5(102) >y(n1))) ® ¥(n3)(3(ps) > y(n3))
® B(m3)(d(pa) > B(m')) ® 6(p5)d(p')
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= (a(l) @v(n) @ B(m) ® d(p))(a(l’) @ ~v(n') @ B(m') ® 6(p)).

This morphism is, in particular, a morphism of cat?-Hopf algebras

S1
(LxN)x (MxP)—__—_IMxP
\ h
aRYRLRI
\ s8]
(L'« N')x (M'"xP) 2 M %P
t

LR

52
(Lx N)x (M x P) !N xP
| f
aRYRLRI
I s
(L'« N')x (M'"xP') 3N xP.

th

TY® 4

Indeed, the four rectangles commute since for any [ @ m @ n @ p €
(L x N) x (M % P) we have

(B -s1(len@mep)=(810)(ep(l
= er(len(n)p
= s1(a(l) @(

Jen(n)m @ p)
(m) ® d(p)
n) ® f(m) @ 4(p))

(Y®0)-s2l®n®@m®p) = (y®§)(eL(l)ear(m)n ® p)
= er(Denr(m)y(n) ® d(p)
= sy(a(l) ® y(n) ® B(m) @ §(p)).

B - t1ledne@mep)=(8®0)(A()(v(n1)>m)v(n)p)
( (D) (v(n1) >m)) @ 6(v(n2)p)
A B(v(n1) >m) @ d(v(n2)p)
= X ~a(l) (- y(n1) > B(m)) ® v - v(n2)d(p)
=t} (a7 ®@n®mep),

(v®0) - ta(l@n@mep)=(y®§N({)n@ u(m)p)
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=X -a(l)y(n) & i B(m)s(p)
=th (a7 L2§)(l@n@meDp).

Hence, we can conclude that this is a morphism of cat?-Hopf algebras. [

Theorem 3.3.18. There is an equivalence of categories between the
category X2(Hopf coc) and the category cat?(Hopfk coc)-

Proof. Thanks to Proposition 3.3.16 and Proposition 3.3.17, we have the
following 2 functors

F: Catz(HOPfK,coc) - xz(Hopr,coc)7

G: X2(Hopr7coc) — catz(Hoprcoc).
We show that they describe an equivalence of categories between Hopf

crossed squares and cat?-Hopf algebras.

On one hand, let us consider a cat?-Hopf algebra (H, M, N, sy, tn, s,
tar), by applying the functors Fand G , we obtain the following cat?-Hopf
algebra,

H' = (HKer(sy) N HKer(sy)) x (HKer(sy) N M)
X (NNHKer(sy)) @ (NNM),
M' = (HKer(sy)N M) x (NN M),
N' = (NnHKer(spy)) x (NN M)
si: H = N':s1(len®@m®p) =er(l)en(n)(m e p)
ti: H - N :t1(l@n@m®p) =tn()ty(n)mty(S(n2)) @ tn(ng)p
sor H — M': s5(l@n@m ®@p) = er(Derr(m)(n @ p)
to: H — M': ta(l@n®@m®p) =ty (D)n @ty (m)p.

Thanks to the equivalence between modules Hopf algebras and split
epimorphisms that was recalled in Lemma 3.1.4 we have the following

isomorphisms,

N' =(NNHKer(sy)) » (NOM)2NNH=N
M'=(HKer(sy)"M)x (NAM)=HAM =M
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H' = (HKer(sy)NHKer(sy)) x (HKer(sy) N M)
x (NNHKer(spy)) x (NNM)
~ HKer(sy) X N = H,

given by the multiplication in H. Moreover, the isomorphism

o:H — H: (l®n®m®cp) — lnmp, (3.32)

is a morphism of Hopf crossed square, since it makes the two following
diagram commute

S1 52

H' N’ H M’
| f | b2

@ oln P e
i' SN i SM

H N H M

tn ty

Indeed, for any | € (HKer(sy) N HKer(sy)), n € (HKer(sy) N M),
m € (NNHKer(sy)), and p € (NN M) we have, thanks to the property
of HKer(sy), the following equalities

¢ln - s1l®@n®@m® p) = g|n(er(l)en(n)m @ p)
=er(l)en(n)mp
= sn(Inmp)
=sy-p(l®@n®@m®ep)

eIy - t1(l@n@m @ p) = oy (tn(Din(n)min(S(n2)) @ ty(ns)p)
= tn(D)tn(n1)mtn(S(n2))ty(ns)p
= tn(Dtn(n)mp
P gy (1nmp)
=ty p(l®n®@mep).

Same computation as above makes the right diagram commutes.

By applying F - G on the Hopf crossed square (L, M,N,P,h, \, N, u,v),
we obtain the following Hopf crossed square
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t
HKer(s1) N HKer(s2) 1, (M x P)n HKer(s2)

HKer(s1) N (N x P)

(N x P)N (M x P),

where

$1: (LXN)x (M x P)— (M x P)
[@n®@m@p— er(l)en(n)(m®p),
s2: (LXN)x (M xP)— (N xP)
l@n@m®p— en(l)ep(m)(n® p),
t1: (LXN)x (M xP)— (MxP)
l@n®@mep= A()(¥(n)>m) @ ving)p,
ta: (Lx N)x (M xP)— (N xP)
lon@mep—= N({)n u(m)p.
Since s; and so are just projections, it is obvious that
HKer(s)) 2 LxN
HKer(sy) = L x M.
The expression (N x P) N (M x P) stands for the intersection of the
vector spaces K R N® K ® P and K ® K ® M ® P, where the Hopf

algebra structures on these two vector spaces are the underlying ones of

(Lx N)x (M x P).
More precisely,

(NXP)N(MxP)={lean@m®p € (LXN)X(MxP)|len@m®p €
(KOANK®P)N(K®K®M®® P)}.

It follows that (N x P)N (M x P) = K ® K ® K ® P, see for example
Lemma 1.4.5 of [33].

The canonical morphism between K @ K ® K ® P and P allows us to
say that (N x P)N (M x P) = P.
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Similar arguments imply that HKer(s;) N HKer(s2) = L, (M x P)N
HKer(s2) =2 M, and HKer(s;) N (N x P) = N, via the canonical
isomorphisms. The canonical isomorphisms form a morphism of Hopf

crossed squares.

Hence, this isomorphism implies that F' - G = L1x2(Hopfy coe)» a0d We

conclude that X2(Hopr’coc) and cat2(Hopr7coc) are equivalent. O



Chapter 4

Split extensions and actions
of bialgebras

In Chapter 2 and Chapter 3, we studied in detail the category of co-
commutative Hopf algebras. In particular, we recalled a well-known
equivalence between the actions of cocommutative Hopf algebras and
the split extensions of cocommutative Hopf algebras (Proposition 3.1.5).
Note that, in any semi-abelian category, [58], there is an equivalence
between (internal) actions and split extensions ([10] and [19]). Unfor-
tunately, this property does not hold in more general categories: for
example, there is not such an equivalence between split extensions and
monoid actions in the category of monoids. Nevertheless, in [20, 72],
the authors prove a restricted equivalence for the “Schreier split epimor-
phisms”. The terminology “Schreier split epimorphisms” came from a
paper of Patchkoria [82], who worked on a notion of a Schreier internal
category in the category of monoids and proved that the category of
Schreier internal categories in the category of monoids is equivalent to
the category of crossed semimodules. A step of generalization of this
result was done in [47]. The authors defined a suitable notion of split
extensions of magmas and showed they correspond to actions. Another
example is given in [73], where the authors studied the split extensions in
the full subcategory of preordered monoids whose preorder is determined
by the corresponding positive cone.
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Inspired by these results, we want to define a good notion of split exten-
sions for (non-)associative bialgebras. Note that the case of cocommu-
tative (non-)associative bialgebras over a symmetric monoidal category
C follows from the internalization of the results of [47] (see section 4.6
in [47]). Indeed, (non-)associative bialgebras can be seen as internal
monoids (or magmas) in the category of cocommutative coalgebras over

C.

But what is an adequate notion of split extension of non-cocommutative
bialgebras? What properties do they have?

This chapter will answer these questions. We define split extensions
of non-associative bialgebras that are equivalent to the “actions” of
non-associative bialgebras in any symmetric monoidal category. A split
extension of bialgebras always forms an exact sequence. We also observe
several properties of these split extensions, for example, the fact that Split
Short Five Lemma holds for these split extensions. The associative case
follows from this study of split extensions of non-associative bialgebras
(Corollary 4.3.3). They give a generalization of the concept of a Schreier
split epimorphism from the case of monoids to associative bialgebras in a
symmetric monoidal category. In the next chapter, we will obtain similar
results for the Hopf algebras. Chapter 4 and Chapter 5 are based on the
article [87].

Convention: For the sake of simplicity, “bialgebras” will mean “non-
associative bialgebras” (unless the associativity is explicitly mentioned).
For the monoidal product of n copies A ® --- ® A, the notation A"
will be used. The same convention will be used for the morphisms, for
example, we denote a @ a: A® A - B® B by o?: A> — B?. For
the diagrams appearing in the proof, we will also omit“®” and just
use the juxtaposition, a ® f: A® B — C' ® D will be expressed as
af: AB — CD.

4.1 Definitions of the actions and the split ex-
tensions of bialgebras

This section is devoted to the definition of the split extensions of general
bialgebras. The axioms of this definition are inspired by the properties
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that we observe for the split extension provided via the semi-direct
product (see Lemma 4.1.2).

In the preliminaries, we define a symmetric monoidal category of non-

associative B-modules, gMod, for B a bialgebra (see Remark 1.3.7). In
this chapter, we investigate unital coalgebras in this category, which is
what we called actions of bialgebras.

Definition 4.1.1. Let X and B be bialgebras in a symmetric monoidal
category (C,®,1,0). An action of B on X is a morphism>: BRX — X
in C, such that the following diagrams commute in C

l>~(uB®1x):1x, (4.1)
up ® lx 9 X
\DJ
X
(lp®r) (A®lx)=(1p®>) (c®1x) (A®1x), (4.2)
A®lx
B X B®B®X
\ |
A@lx 1B®[>
¥ o®1 1 ®> ¥
X B
BBX BRIBRX ——B®X
>-(lp®ux) = ux - €z, (4.3)
15 ®
B2—SBex
|
ux *€B >
N
X
€Ex > =€p ey, (4.4)

BoX ——s X

~
€ ®ex €x

S
1
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Ab=0o>) (1p00celx) (A A). (4.5)
>
B® X X
\
A®A AJ
¥ 15®c®1x b® b

BRIBRXQX ——BRXRBIX ——X®X

Let us note that (4.5) and (4.4) mean that ex and A are morphisms of
B-modules. The axiom (4.3) means that uy is a morphism of B-modules.
The axiom (4.2) is inspired by the condition (1) that Majid used in [70]
to define Hopf algebra crossed modules. This condition also appears in
the definition of the Yetter-Drinfeld modules (see Remark 1.3.7).

This definition of action is what we need to define a bialgebra via the
semi-direct product construction. In particular, we are interested in

diagrams of the form

fffffff XxBt——B (4.6)

in C, where i1 = 1x ® up, is =ux ® 1p, 1 = lx ® €p, M = ex ® 13,
and X X B is the object X ® B, where the bialgebra structure is given
by the following morphisms in C,

mxxg=mMmem) - (lx@>rR1p®1p) - (I1x®1pRoc®1p)
(Ix®A®1x ®1p)

UxxB = UX ®UB,

Axup=(lx®oc®1p) - (A®A),

ExXxB = €x ®€p.

By combining Figure 4.1 and Figure 4.2, we check that this definition
provides a bialgebra structure on X ® B making the morphisms i1, 79
and 7o bialgebra morphisms, and m; a coalgebra morphism. Note that
we can check that ux ® up is the neutral element for the multiplication
thanks to the first two axioms (4.1) and (4.3) of the definition of action.
Note that the coassociativity of this structure is obvious.

We investigate this construction in detail in the case of associative
bialgebras in Section 4.3.2.
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BIALGEBRAS

gx) % (e 2X)

d10X7

ax

mmmkyﬁmw

Nmﬂmmrmx.hgmvmﬂ

wMNNmNKA| mmxmxmmNA‘ mmNNmNmNNA‘ mMNNMXMNN

d&XHA

mmﬁbvmvamﬂ meAmvmvamﬂ mmvﬂﬁbkmNXH Af

e Xy XdeX
|

¢do(X )X
T

eXq AN.S (cd 108 XdeXT). (vd7 29 2XT) ¢ X 1oHeXT

f

el Xzl X
T

e Nkrmgmmmkﬁ

VA‘A’uMNHm.wVA‘ A’MHMNMNMNVWA‘ ﬁMNVWNmNNA| NMNN%MNVWA‘ Nm.mvmmm.mvm

meQVAHb

VT gt YA X 108X el 1eX el pedsX | de XX

;
X eV 7 v
B XX
(L1) vV (¢p) v XX (9'1) mxwﬂs
VXY AxHX Xy XT A X)
|
— e eX T A XAX o AXAX o (4 X)

T gred :eigqoaS[elq e st 1onpoid JooIIp-Tues oy [, :T°§ 9Ins1q
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HXDHXW

(XB)2 "= XB2XB > X2B3X2B? —— X2B2X2B3 8 X?(BX)?B?

Al (1.6)
+
Akwmwvw Hkmbwukmmm
(1xolp)?
(XB)*
lxBoxB,xBlxB
(1xAlxp)?

(XB)*

l1x2p20p x21p2

|
Hkmmbwmkmmw
1x2pops kamm

Nwmﬁwmm —— X2BXB3XB?

Figure 4.2: The semi-direct product is a bialgebra: part 2

AlgA3 lx2polxps

HXNWXDHXWm

X AIXE o e B2 X B
—
|
lx2px0olxps
<

(4.2) X2BXB2XB3

~ ,
ly2pgxp20lp: ly2pxp>1ps
~ ly2pxpblps M
X?BXB?XB3 — X?BXBXB?
,
ly2pxolps
+
X’BXx?p*
,
lxox,BxBoBxB,BlB 1y2D>lypa
+
(12)  x*pt
f
HXQHX%QHW
4
(XB)®*BX B? X4B4
I |
(1xB)%0lgxp2 lx20x2 p2lp2
(1x >1g2)2 v
(XBXB?)? — 2, (X2B?)?
|
» "
(1xpolp)? Lx > 1p2)? mA ¥

(XB?XB)?

—= (X2B?%)2"% (X B)?

/ MXxBMXxB \\
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Let us make some observations about the graph (4.6), which are analogous
to the ones made in [47],

Lemma 4.1.2. The graph

as defined in (4.6), where i1, i, w2 are morphisms of bialgebras, satisfies
the following properties

(1) m i1 =1x, mg-iza =1p

(2) m iy =ux -€p, T2+ = UB - €X

(3) mxup- (i1 -7 ®@iz-m)(lx ®o®@1p) - (A®A)=1x®1p
(4) T -mxxp - (i1 ®iz) = 1lx @ep

(5) (Ip@m)-(Ip@mxup) - (IpRi®i1)  (A®1x) = (1p®m)-
(Ip@mxwup) (1pRi2®i1) - (c®@1x) - (A®1x)

(6) mX><lB'(1X®IB®mXxB)'(i1®i2®1x®13) :mXNB-(mXNB@Q
lx ®1p)- (i1 ®i2 ®1x ® 1p)

(7) mxup-(1x®@1p@mxup) (11R1x®1p®iz) = mxup - (MxxB®
Ix®1p) - (i1 ®1x ® 1p ® i)

(8) mxup-(lx®@1p@mxxp) (lx ®1pRi1 ®iz) = Mmxup: (Mxup®
Ix®1p) - (Ix ® 1p ® i1 Qi)

(9) w1 is a morphism of coalgebras and w1 preserves the unit.

Proof. The properties (1) and (2) are trivial. The condition (3) is proven
via the commutativity of the following diagram
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1xol
XB—22 xope kit (XB)?
|
(1.5) lxexeplp lxepexlp
\ \L
XB XB (i1 - m1)(iz - T2)
|
lxupuxlp
+
(1.8) (XB)?
|
1xAlxlp
¥
XB Lxtpupux s XB2XB
|
lxlBUlB
N
1 1
XB ke XBXB? mxn
\
(41) 1X DIBIB
N
XB ——— lxuxuplp ———— X232
\
(1.3) mm
1
XB XB.

The equality (4) holds since this diagram commutes

YB lxupuxlp (XB)2
+
lxupuxuplp XBQXB
\
\ 1X1B0'1B
<+
(4.1) XBXDB? MXxB
|
1X > (13)2
lxuxuplp +
XB X?B?
lxep (13) mm
1 S
X XB.
lxep

The property (5) is due to (4.2) and the commutativity of the squares
denoted (A)
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Al 1gioi
BX a BBX — 22, B(XB)?
|
Alyx ‘
<+
BBX (4.2) 1> (A) 1pmxxB
|
olx l
v 1> 1plxep
BBX BX BXB
1B'lAZ'L.l (A) 1glxep

lpmx«B

B(XB)? ———— BXB

We observe that the squares (A) commute thanks to the unitality of the
multiplication and the counitality of the comultiplication, as explained
in the following diagram

B2x Lpux plxus B(XB? — 22X ey
\
131){130'13
1pAlx X
B:X — B3X (BX)"5°
‘ \
Lplpo 1glx>1plp
1 1p>lp lpuxlxlpun ;
156 BQXB —— BXB BX232
1.3 |
(1.5) ) tem
1
151
Sy Blxep BXB.

We prove the “partial associativity” condition (6) thanks to the following
diagram
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1 1 1xAl
(XB)2 xupuxlpxp (XB)3 xAlxpxn XBZ(XB)Z
—_— [
lxupuxuplpxp lxpolpxp
—_— !
(XB)’BXB
|
(4.1) 1x>1pBxB
4
(XB)? X2B?XB
I |
lxupuxlpxB mmlxp
+ N2
(XB)? (XB)? == (XB)?
I |
1xpxAlxp 1xAlxp
+ +
(XB)’BXB XB2XB mxnp
I |
lxpxpBolp 1xpolp J{
+ +
(XB)*B XBXB? XB
1 | 1 | . / ;
xBxP>lpg2 1x>1g2 mm
+ lxupuxlypge? XiB / ‘
XBX?2B? X?2p? (4.1)  Xx2RB2?
| T~ >
1xpmm (1.3) -+ (1.8) 1xuplxupm 1x>lpg2
v IXAIXB lxpolp \ |
(XB)? XB2XB (XB)?B.

With similar computations we can show the “partial associativities” (7)
and (8), moreover (9) is clear. O

We define a split extension of bialgebras by taking inspiration from the
above Lemma.

Definition 4.1.3. [87] A split extension of bialgebras is given by a
diagram

A e
X oo A———— B, (4.7)

where X, A, B are bialgebras, k, a, e are morphisms of bialgebras, such
that

(1) \-k=1x, a-e=1p

(2) \-e=ux-€p, a-K=up-€x
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(3) m-((k-A)@(e-a)) - A=1x
(4) A>-m-(k®e)=1x Qep

(5) 1p®@A)-(1p@m)-(1p®e®k) - (A®lx)=(1p®RA)-(1p®@m)-
(Ip@e®k) (c®1x)  (A®1x)

(6) m-(m®14) - (kR®e®1a)=m-(la@m) - (kRe®1y4)
(7)) m-(m®14) (rRla®e)=m-(la®@m) (k14 Qe€)
(8) m-(m®1a) - (la@kRe)=m-(1a@m) - (14 kR e)
(9) X is a morphism of coalgebras preserving the unit.

Remark 4.1.4. We notice that the conditions A\ -k = 1x, A-e =
ux -€p, and \ preserving the unit are consequences of the axiom (4). The
condition (7) follows from (3), (6), and (8), as we show in the following
diagrams, where we use that e and k are (bi)algebra morphisms.

1amly
At ——— 43
— >~

K2e? (8) mlyg

2/2 r2e? g M mls 2
X*B A A3 A
~ A
i © e
~ ~
Xt gy g2
x2p — g A 2 A
A
1zm s (8) m
-
) 7 262 1gam lam
X?2pB? At A3 A?

~ A

K2e2 (6) lam

™~ 1amla
At A3

Hence, by pre-composing with (1x @ A@ a® 1) - (1x ® A® 15) and
using the condition (3), we obtain the following diagram
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XAB

Then, we conclude that condition (7) holds.

XAB
N
1xAlp /
N
XA2B (3) 1xmlp klae
AN
1xAalg /
> lxrelp
X?2p? XA%’B A3
(3) 1xrelp mlg
XA%B A?
1xmlB m
‘/nlAe A3 1am A2 m A

Proposition 4.1.5. If there exists a morphism A satisfying the condi-
tions of Definition 4.1.3, it has to be unique.

Proof. Let us suppose that there exist two morphisms A and )\ satisfy-
ing the conditions of Definition 4.1.3. Then the commutativity of the
following diagram shows that A’ has to be equal to .
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In the associative case, the conditions (6), (7) and (8) trivially become
redundant. Note that these “partial associativity conditions” are versions
of the conditions considered in the article [47].

Another important property of the split extensions of bialgebras is given
by the following proposition:

A e
Proposition 4.1.6. Let X £~ ~~"~"~"-¢ A B be a split ex-
K «

tension of bialgebras, then k and e are jointly epimorphic in the category
of bialgebras (and in the category of algebras)

Proof. Let v,w: A — Y be two morphisms of bialgebras such that
v-k=w-kandv-e=w-e.

A A
. (3) w
, e N(era)
3 A \
(k- A)(e-a) vV v
+ 1
A2 v y2
« w ~
A Y .

The above diagram allows us to conclude that v and w are equal. Hence,
k and e are jointly epimorphic. Note that we only use that v and w are
algebra morphisms (we do not need them to be coalgebra morphisms). [

Note that any point (split extension) in a pointed protomodular category
satisfies this property. Hence, even if the category of bialgebras is not
protomodular, Proposition 4.1.6 is interesting and seems to indicate that
this definition of split extensions of bialgebras is adequate.

Definition 4.1.7. A morphism of split extensions of bialgebras from

>\/ !

e €
X e—n—— A T B to X' <*:* A’ ‘7/ B’ is given by three morphisms
K (0%

of bialgebras g: B — B', v: X — X' and p: A — A’ such that the
following diagram commutes
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X A B
K @

v p g
N e’

X< R (4.8)
K o

We do not need to ask the commutativity of all the squares thanks to
this corollary:

Corollary 4.1.8. Letg: B— B, v: X — X', p: A — A’ be morphisms
of bialgebras

e
X A B
K @

v p g
! 6/
X' A B
K/ o

Ifp-k =K -vandp-e=e¢€ g hold, then the identities N - p =v -\ and
o -p=g-a follow, and conversely.

Proof. Let us suppose that p-x = & -v and p-e = € - g, then by
Proposition 4.1.6, we can prove that X' - p = v - X\ by checking that
(N-p)-k=@w-AN)-kand (N -p)-e= (v-A)-e, which is done in the
following identities:

Np)w=XN-kv=v=(v-A) -,
(Nop)-e=XN-e-g=ex =(v-))-e

Similarly, one can check that o/ -p=g- . O

A e
Proposition 4.1.9. Given a split extension X =~~~ A B of

bialgebras, the following properties hold:

a) k is the kernel of a in the category of bialgebras;
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b) « is the cokernel of k in the category of bialgebras;

c) e is the kernel of X in the category of pointed coalgebras.

Hence, a split extension of bialgebras is a short exact sequence (as defined
in Definition 1.1.11), so the term “extension” is appropriate.

Proof. a) Let w: D — A be a morphism of bialgebras such that o - w =
up - €p. We build the morphism @ : D — X by setting

0=\ w.

First, we verify that « - w = w thanks to the commutativity of the
following diagram

D D
~
A (1.3) + (1.5)
D2
I
w ww (K- XA w)(uag-€p) KeXw (49>
L ea™
AQ AQ
Ng (3) S
- >
A A.

Moreover, @ is a coalgebra morphism by construction and an algebra
morphism since the following equalities hold thanks to (1) and the fact
that k- W = w:

m-o? = Xkem-@? = Am-k?-0% = Am-w? = Ahw-m = A-k-O-m = D-m.

Finally, if there exists another morphism w’ such that & - w’ = w, then

by (1)
W=AkWd=Nw=AKk-®=00.

Hence, « is the kernel of a.

b) Let 5 : A — C be a bialgebra morphism such that §-x = uc-ex. We
define 3 : B — C by

f=5e
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This morphism is a bialgebra morphism, and thanks to Proposition 4.1.6,
it is enough to remark thatB-oz-/i:ucweX :B-K;andﬁ-oz-ezﬁ-e,
to conclude that 3 -« = 8. Moreover, if there exists another 8’ such that
B' - o = B then, thanks to (1) we have

=8 ae=fe=f-ae=j
and « is the cokernel of k.

c) Let v: Y — A be a morphism of coalgebras such that A\ -y = uy - ey.
We can verify that the equality e -4 = v holds for 4 = a-v: Y — B,
using the condition (3) in Definition 4.1.3 as in diagram (4.9). Moreover,
it is clear that 4 is a coalgebra morphism and it is the unique morphism
such that e -4 = ~. O

4.2 Equivalence of categories between the split
extensions and actions of bialgebras

To prove the equivalence between actions of bialgebras and split exten-
sions of bialgebras, we need the following proposition. The morphism
of coalgebras A, in Definition 4.1.3, is not an algebra morphism but it
satisfies the following property.

A e
Proposition 4.2.1. Let X £~ ~"~"~--¢ Al B be a split ex-
K (0%

tension of bialgebras, then the following diagram commutes

A®1a la®(e-a)® (k- A) 1a®@m

A2 A3 A3 A2
A® )\J

i PNCED)
A A X.

Proof. In order to prove the proposition, we make the three diagrams
(A),(B) and (C) commute. Then we compose them to obtain the conclu-

sion. The diagram (A) is commutative since e and « are morphisms of
(bi)algebras.
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(4) 45 La(e-a)(k- A)m 44
H Lamls
o e Ve e BRI he
(e @)(x - N)(e - a)? . ‘ (5 2)2(e-a)
115 114 (k- 2)?1a 1;3
Lami g (5 M1 J (8)  mia
/\{4 2{4 _tam 43 22
(N-)\‘)zlAz (7) Lam m
Y

The following diagram (B) commutes thanks to the counitality of the
comultiplication, the unitality of the multiplication, and the fact that

(e - ) is a morphism of (bi)algebras.

(B) AQ A2 A4 14A1 42 A5 1 2014 AS
\ \
A2q (k- N)(e-a)*(e-a)
4 v
At AP
\
14A2%1 4 1aml 2
4 4
A6 (1.3) + (1.5) At
| I
14201 42 Ta(k- N1 2
Y((k-N(e-a)2(ug -€a)e-a) 1aml 4 La(k-Mmly ¥
AS AS A
|
(5~ N)(e- a))? (1) +(2) H
+ e’ K - m
)t Tam(e-a)?ly A5 La(k-A)mlg 4
Jﬁ lAm21A A4 lA(/i~)\)(e-a)1A 14“4

The diagram (C) is the following, where we are using the fact that we

work with coalgebra morphisms.
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(CAQZAQLM:AA: 14421, o e

A (e (5 (e e -
1A’l’1f‘ 1Anl21A
(k- N)(e-a))? 23 14Ala pe

A4 1,2m (3) A4

1 2m

A3 A?

mla m

A3 A2 A
H H

A? A? A.

Finally, we combine the three above diagrams in Figure 4.3, and we
obtain the following equality

m=m-(k®e)- (MR1p) - ARA®@a) - (l4@m®1ly)
(la®e-a)@(k-A)@m) (1414 Q00®1,)
(La®A®11®14) - (A®A).

By composing with A and using the condition (4), we can conclude that
Am=m-ARAN)-(1la®@m) - (la®(e-a)®(k-A)) - (AR 14).

O

The construction in Lemma 4.1.2 taught us how to build a split extension

of bialgebras from an action of bialgebras. The following Proposition
constructs an action from a split extension of bialgebras.
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w

(D)
v v v p ey p oot Ve oV
[4 A’
ﬂﬂm wrr 5 v T e o)y 7w o)) P ovigent 7w
w THQHNAK.EV
| |
NM\ wd\
T T
Viw ViviwVy
7 7
4 (V) 4 (a)
T
(0-9)5(¢ - ¥)
7
eV (0 9)(x¢ - ¥) (0 )V
T
«JS«\H
7
v w(y - ¥)(0-2)V] o VIoVIV] v VIVIVVT W vV eV

(D) pue (g) (V) sureiderp o) Jo UOIIRUIqUIO)) ¢ 9INSI]
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A e
Proposition 4.2.2. Given a split extension X {275 A s B of
K (6

bialgebras, we can construct an action of bialgebras, >: B ® X — X

defined by
p=A-m-(e® k).

Proof. We check all the axioms of the definition of actions of bialgebras
(Definition 4.1.1).

1 1
XuB—X>BX BB—HX>BX

l l
K A2 e A2
\m > \/m >

1l 1l

A A

\ \

A A

1l uven ¥

X X B—25 X

>

BX A2 A X
€A €x

€BEX

BX 1
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BX A2 A X
| |
AA AA
l l
pex?——M 40 a7 a A
| |
1BO'1X 1A0'1A
l ekek i mm A
(BX)? Al A? X2,

Moreover, the condition (4.2) for the particular action > = A-m-(e®k) is
exactly the condition (5) in the definition of split extensions of bialgebras
(Definition 4.1.3). O

Consider the diagram

A e
X o A——— B
K o
ol lo (4.11)
1 i2
X oo X xB<—— B,
i1 T2

where the two rows are split extensions, the top row by definition and
the bottom one by Lemma 4.1.2, where the action of bialgebras is given
by Proposition 4.2.2. The morphisms ¢ and v are defined by

b=0A®a)-A,
and
p=m-(k®e).

In the following lemmas, we prove step by step that ¥ and ¢ are isomor-
phisms of split extensions. First, we prove that they are inverse to each
other.

Lemma 4.2.3. The morphisms ¢ and ¥, in C, are inverse to each other.
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Proof. We prove in the following two diagrams that ¥ - p = 1x ® 1p and
@ -1 = 14 by using the properties of the split extensions.

¥
XB Kre A2 m A
AN |
AA AA
\ K2e2 \L
X2p2 — % 5 p4 (1.7) A
\ \
1xolp laola P
\L (H€)2 ‘L
2 mm
(XB) A4 A?
AN |
1x(ux - ep)ke (4) Ao
\ mm Ixa ‘L
X2A2? XA XB
N
W+@) e
) N
XB 2 R2
( ) 1x(ux -eg)(up -€x)lp X°B o
N
XB XB,
(0
— A . a3
A—2 22 B
|
3
A? |y
|
1
A.

O]

To prove that 1 and ¢ of (4.11) are morphisms of bialgebras, we need
the following technical Lemma. Notice that this Lemma will also be
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convenient to express the action > := \-m - (e ® k) in the particular case
of Hopf algebras (See Remark 5.1.6).

A e
Lemma 4.2.4. Given a split extension X $=~~°3 At B of bial-
K (0%

gebras, we have
m - (6@/‘6) =m:- (/1®e) . (l>®13) . (13@0’) . (A@lx), (4.12)

where>=X-m- (e ® k).

Proof. The equality of the lemma is proven thanks to the commutativity
of the following diagram where we use that «, x and e are morphisms of

bialgebras
BX =——— BX = A2 = A
| | |
Alx (1poly) - (AA) (1golx)- (AA) (1.7) A
l (35)2 l mm l
B2X BXBX At A?
| IENCVENC |
1o eklpx mao Ao
l l mlp(up - €x) l A l (3)
BXB A2BX ——— AB? ———— XB
eklp Ke
| |
A2RB (1.3) + (1.5) A2
l Alp Ke m l
AB XB A2 A.

O

Lemma 4.2.5. The morphism ¢ = m - (k®e€): X @ B — A is a
morphism of bialgebras.
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Proof. First, we establish two diagrams denoted by (A) and (B). We will
need them to conclude that ¢ is a morphism of algebras.

(A) We use the partial associativity of the split extensions to check that

the following diagram commutes

(re)? Laml 1
XBXB - At A g3 e A2
|
(6) m
re)? 1
XBXB ( e) mlAlA 3 mlA A2 m A
(8)
(rke)? mlaly lam m
XBXB 3 A2 A

(B) The diagram commutes since e and « are (bi)algebra morphisms

X232 K2e2 A4 1amly A3 mla A2
7 -
x2p2 K?e? A4 mlala 43 -
mlplp mlaly
mm
X" g3 (6) m
lxm 1Am
l Kre l m
XB A2 A

Thanks to these two diagrams and Lemma 4.2.4 we have the following
diagram showing that ¢ = m - (k ® e) is a morphism of algebras
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1 1 ol 1x>1pe
(XB? —=22, xp2xB —2 2, xBXB? —— > X252

N 7
(re)? 4192 K2e2 m?2
4 A4 XB
AN /(B |
(ke)? 1lamlgy lamlg ( ) Ke
N I
“) A \ i
|
At A? A.

Finally, ¢ is a morphism of bialgebras since it is also a morphism of
coalgebras:

Ke

XB A? A
| |
AA AA
L
XXBB ——25 5 A4 (1.7) a
| |
1xo'13 1AO'1A
l (55)2 i mm
XBXB A A? .

The above diagram commutes since e and k are coalgebra morphisms. [J

From this Lemma and Lemma 4.2.3, it is straightforward that ) is
also a morphism of bialgebras, and it brings us to the following useful
proposition.

Proposition 4.2.6. The diagram (4.11)
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,,,,,,,,, <—
X3 A B
K (0%

L&

1 Z‘2
{-==-=-=-=-= —
X : X xB - . B
21 2

in the category of bialgebras in C commutes. Accordingly, (1p,1x,v) and
(1p,1x,¢) are isomorphisms of split extensions of bialgebras.

Proof. Thanks to Proposition 4.1.8 and Lemma 4.2.3, it is enough to
check that the two following diagrams of (4.11) commute to conclude
that ¢ and v are morphisms of split extensions of bialgebras.

1 1
BuXB XX—UB>XB

AN \ AN \
uase L KU A L
\A299 \AQSO
TR,

B—A X—A

Lemma 4.2.7. Let (g,v,p) be a morphism of split extensions as in
Definition 4.1.7, then

O]

’U'I>:l>'(g®l)),
where the actions are induced by the split extensions.
Proof. This follows from the fact that (g,v,p) is a morphism of split

extensions and p is a morphism of bialgebras, as we can see in the
following diagram
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BX A2 A X
gv pp p v
/l , e'r’ l2 m’ l, N l/

B'X A A X',

O

/ 6/

A e
Lemma 4.2.8. Let X """ A" B and X' £ A B be

K/ o

two split extensions of bialgebras, and g: B — B’ and v: X — X' two
morphisms of bialgebras. Then the following conditions are equivalent:

1) there exists p: A — A’ such that (g,v,p) is a morphism of split
extensions;

2) there exists a unique p: A — A’ such that (g,v,p) is a morphism
of split extensions;

3)v-p>=p-(gR0).

Proof. Thanks to Proposition 4.1.6 and Lemma 4.2.7, we just need to
check that 3) = 1). Let us define p: X x B — X' x B’ as

P=vRg.

It is clear that this morphism is a morphism of coalgebras. Moreover, p
is a morphism of algebras as we can see in the following diagram
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MXxXx«B

(XB)? ——— XB2XB ——— (XB)’B ——— X?2R?2 — XB

‘ 1XA1XB 1XBU'1}3 1xl>152 ‘ ‘

(vg)? vg?vg (vg)?g 3) w2g? vg

! | | |

(X/B/)Q — s X'B2X'B ——— (X/B/)QB/ — s x2pn "Xy

IXIAIX/B/ 1x/prolps 1X/I>IB/2

Mx’'«p’

Then we can define a morphism p: A — A’ as @4/ - P - 14 where ¢ and
1 are the isomorphisms in Proposition 4.2.6. In particular, that gives us

p:m'(l-@/@e’)-(v®g)-()\®04)’A-

Finally, (g,v,p) is a morphism of split extensions of bialgebras,

K

X A B - A
AN | N |
A A A A
RN + N +
| |
1x(u3-6N Ao (uX-EB)N Ao
4 4
XB XB
\ \
v vg g vg p
4 4
X/B/ X/B/
| |
K'e! e
< <
A/2 A/Z
\ \
m m
/ + / 4
Xl % A/ Bl € ; A/.

Thanks to Corollary 4.1.8 the commutativity of these two diagrams is
enough to conclude that diagram (4.8) commutes. O

Definition 4.2.9. Let>: B X — X andv’: B ®@ X' — X' be two
actions of bialgebras. A morphism between them is defined as a pair of
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morphisms of bialgebras g: B — B’ and v: X — X' such that

v->=0(g®0v).

The split extensions of bialgebras (Definition 4.1.3) endowed with the
morphisms of split extensions of bialgebras (Definition 4.1.7) form the
category of split extensions of bialgebras in the symmetric monoidal cate-
gory C denoted by SplitExt(BiAlge). The actions of bialgebras (Definition
4.1.1) with the morphisms of actions (Definition 4.2.9) form the category
of actions of bialgebras in C, denoted by Act(BiAlge).

Theorem 4.2.10. [87] The category SplitExt(BiAlge) of split extensions
of bialgebras in C and the category Act(BiAlge) of actions of bialgebras
in C are equivalent.

Proof. The functor F': SplitExt(BiAlgec) — Act(BiAlge) is defined as

A
X e A———B BoX X
K o ‘
F v p g = gRv v
X'éf*f/\*C***A/éB/ B/®X/4>>/ X/,
K o

where > = A -m - (e ® k) as in Proposition 4.2.2, and we have a mor-
phism of actions thanks to Lemma 4.2.7. The functor G: Act(BiAlge) —
SplitExt(BiAlgc) is defined as

. )
B X —X X<”"”’§X><|B‘72>B
1 .
G g v = v p g
L wa i
B'®X — X' X' X' w B 5 B
i ™

where p := v ® g is given by Lemma 4.2.8 and the bialgebra structures of
the semi-direct products X x B and X’ x B’ are defined as in (4.6).
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We observe that
F'G(D):7T1'mX>dB-<Z'Q®Z'1):I>, (4.13)

where the last equality holds thanks to the commutativity of the following

diagram
uxlplxup 9 1xAlxp 9 lxpolp 9
BX — (XB) —— XB?*XB———— XBXB
\
1xl>152
1
BX Alx B2X lBO' BXB DlB XB uxlxlBuB X2B2
\
(1.3) m2
{
(1.5) XB
\
lxep
N {
BX X

Thanks to this observation and the isomorphisms ¢ and v of (4.11), the
functors F' and G give rise to an equivalence of categories. O

Remark 4.2.11. Note that the idea to work in the “non-associative”
setting follow from the paper [47]. We also remark that we directly
obtain dual results for non-coassociative bialgebras, by considering non-
associative bialgebras in the symmetric monoidal category CP, the dual
of C. The notion of action becomes coaction which satisfies the dual
conditions of Definition /.1.1. In particular, (4.2) becomes the com-
patibility condition of a Yetter-Drinfield module with a trivial action.
These coactions are equivalent to the split extensions of bialgebras in C°P.
In particular, these extensions are split monomorphisms such that the
cokernel is split in the category of algebras in C (the category of coalgebras
in CP).

To end this section, we prove that a variation of the Split Short Five
Lemma holds in BiAlgc.
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Theorem 4.2.12. Let (g,v,p) be a morphism of split extensions of

bialgebras

A e

D, Gh il AS———— B (4.14)
K @

v p g
N e

X/ $---=-=--=-- Al — B/
K o

then p is an isomorphism whenever v and g are.

Proof. Thanks to Theorem 4.2.10, the diagram (4.14) is canonically
isomorphic to

T i2

X" XxBSf_—_—_B
71 ‘ 2

v v®g g
- | i

X' it mn . X' x B¢ B’
3 ™

It follows that v ® g is an isomorphism whenever v and g are. O

4.3 The cocommutative and associative case

In this section, we give two explicit restrictions of our results: the cases
of cocommutative bialgebras and of associative bialgebras.

4.3.1 Cocommutative bialgebras in a symmetric monoidal
category

If we consider cocommutative bialgebras, then the category BiAlge coc of
cocommutative bialgebras in C can be seen as the category of internal
magmas in the category of cocommutative coalgebras. Indeed, the
categorical product of cocommutative coalgebras is given by the tensor
product.

In this particular case, the condition (4.2) in Definition 4.1.1 becomes
trivial and the definition can be reformulated explicitly as:
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Definition 4.3.1. Let X and B be cocommutative bialgebras. An action
of B on X 1is a morphism of coalgebras>: B ® X — X such that

l>~(uB®1x):1x,

>~(1B®ux):63-ux.

Similarly, thanks to the cocommutativity we can drop the condition
(5) in the definition of split extensions of bialgebras (Definition 4.1.3),
and this turns out to be exactly the internal version, in the category of
coalgebras, of Definition 1.4 in [47]. Then, in the case of cocommutative
bialgebras, the above theorem reduces to the results in Section 4.6 in
[47]. Indeed, if C is a category with finite limits, it is, in particular, a
cartesian monoidal category. Hence, any magma in such a category can
be seen as a non-associative cocommutative bialgebra in this category
(where the unique comultiplication is the diagonal). Accordingly, the
results in [47] become a particular case of our theorem.

4.3.2 Associative bialgebras in a symmetric monoidal cat-
egory

In this subsection, we restrict our results to the associative bialgebras in
a symmetric monoidal category.

First, it is interesting to note that the multiplication mx.p : (X ® B) ®
(X ® B) - X ® B, defined in (4.6), is not associative in general. Even
if X and B are associative bialgebras this structure is not associative.
Let us illustrate this observation with a simple example. Let C be the
category of sets, and we consider the monoids (N, +,0) and (Np,.,1). In
particular we can construct an action of (Np,.,1) on (N, +,0) via the
function >: Ng x N — N sending (b, ) to x to the power of b, 2°. We
can observe that this function satisfies the conditions (4.1) and (4.3)
of Definition 4.1.1 (the other ones being trivial in C = Set): z! = z,
0% =0 for any = € N, b € Ny. By defining, via this action, the bialgebra
structure on N x Ng as m ((x,b), (y,¢)) = (z+14°, b.c), this multiplication
is non-associative:

m (m((0,2),(1,1)),(1,1)) =m((1,2),(1,1)) = (1 +1%,2.1) = (2,2)
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m ((0,2),m ((1,1), (1,1))) = m((0,2), (2,1)) = (0 + 22,2.1) = (4,2).

We need additional conditions on the actions of two associative bialgebras
B and X to obtain an associative bialgebra structure on X x B. In
particular, we have the following Lemma.

Lemma 4.3.2. The multiplication mxyp : (X®B)®(X®B) - X®B,
defined in (4.6), is not associative, in general. If X and B are associative,
then mxwp 15 associative as well if and only if

p-(m®1lx)=>-(1p@Dp), (4.15)

p-(lp@m)=m-(>ep) - (lpRo®lx) (A®1lx®1x). (4.16)

Proof. Via the following diagram, we show that if mx.p is associative
then (4.15) is immediately satisfied. With similar computations, we can
show that associativity also gives condition (4.16). The other implication
is given by the commutativity of the diagram in Figure 4.4 (it is a direct
computation using the conditions (4.15) and (4.16)).
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BQX B2X
(1.5)
1Al 1y 2
(1.6)  B2x 2 xpixy <25 xB2XB ux1ps
N\ (1.3) |
Algpx uxlpuxlplxup 1xp>1lp
1z2 i \ «
By <2 psy (13) (xBTS x ) KX xpy
lpuxlpgzy D‘(lBD)
1 (1.4)
(4.3) BXB2X mxxBlxB mxxp (A) 1xp
>lp2x
By uxlp2x XBQXXWﬂXUB(XB)Q MX%B XB pe
N (110) AN |
1xmlx lxBxeRB ( ) lxep m
B2X ’thmlx XBX 1xl> X2 m X

\D. . /

The trapezes (A) commute thanks to (1.5) and (1.9), as is shown in the
following diagram

(A)
(XB)2 mxx«B XB
~ /
1xAlxlp mm
\2 lx1lpolp 9 1xl>(13) (1 9)
Ixpxes  XB?XB—————— XBXB?> ——— X?B? lxes
~ I AN
J{ (15) lx1lpeplxep 1X].B].X€2B meQB J{
\ + 1x> m N
XBX XBX X2 X.

O]
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Nﬁmﬂs o XX T X AXIX
aXTyXT (L1) mﬁmqs
XX mxﬁMNA‘mN‘wmx aXd109XT
| mvmﬁmsuﬂﬂ mxmﬂbQVNﬂ
d10dX7 arx Nmbmmxﬁ
+ Vv
mm»x,‘mvm a1 (ax) mMVm‘,mmN‘ XX dX KO mmmxvaN
e aX] (¢17) druq dx] XX oY
v v AN
e X e XX sdXd10dXT NMN,MN,mmCm X (X dX)x aXaXTYXT
N -
NF 1w X w mﬂbmxmmxﬁ mxmmxﬂdmkﬂ mCQNAQ/VQV
+ ~
ax @.G e X «—— XH X +—— XXX MVNNMVNmmN« 8.3 mAva
+ e qeXy sy qdra Xy y
NE Sm:e:u: Xdp X’ NMme: MNNMXMHQXH ax1,(yX7)
K
mmmummﬂsxwmmummﬁ o< memAkmvkﬁgﬂmmmvmmmN X oY mxwxmx MNNANMNV XTIy XEIXT
NmﬁAXH GH.WV e X1y X IXd10dXIXT
XX . XdX mxwmxmx\ X d9XdX
" cd 1w d X N
d109X7 mﬂmk,mbmx#
| I
m.vmmm.x MNVWNm.VW d108XdX7
+~
IXTVXT weX Ty X7
I mEm:mﬁ I ed1 qXdXT
(g x) e XX AXAXIX

9ATYRIO0SS® ST JonpoId J09IIP-TS Y, F'F oINS,
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We note that if X and B are associative bialgebras, then an action
of B on X satisfying (4.15) and (4.16) is a bialgebra in pMod (see
Proposition 1.3.6).

Let us consider associative bialgebras in C. We define two categories:
Act(AssBiAlge) and SplitExt(AssBiAlge). An object in Act(AssBiAlge), is
an action of associative bialgebras (Definition 4.1.1) satisfying (4.15) and
(4.16), the morphisms are the morphisms of Act(BiAlgc). The category
SplitExt(AssBiAlge) is a full subcategory of SplitExt(BiAlge) since the
conditions (6), (7) and (8) become redundant.

The definition of a split extension of associative bialgebras generalizes the
concept of “Schreier split epimorphism” introduced and developed in [72].
In particular, let us describe the associative version of Definition 4.1.3 in
the symmetric monoidal category of sets. A split extension of monoids is
given by a diagram

A e
X ¢ A B, (4.17)

where X, A, B are monoids (the multiplications are expressed by juxta-
position and the unit is denoted by 1), k, a, e are morphisms of monoids,
A is a function such that for any a € A, b € B, x € X, the non-trivial
conditions are

This is the definition of a Scheier split epimorphism introduced in [20].

Corollary 4.3.3. [87] There is an equivalence of categories between the
category SplitExt(AssBiAlge) of split extensions of associative bialgebras
in C and the category Act(AssBiAlge) of actions of associative bialgebras
in C.

Proof. 1t is clear by applying Lemma 4.3.2 and Theorem 4.2.10. 0
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To conclude, in this chapter, we defined split extensions of bialgebras
in a symmetric monoidal category. These split extensions form exact
sequences, satisfy the Split Short Five Lemma and are equivalent to
actions. Moreover, the kernel and the splitting, x and e, of a split

A e
extension X {2777 A . B are jointly epimorphic. Our results can
K [e%

be restricted to the cocommutative and associative bialgebras and they
generalize the ones obtained for monoids [20] and for magmas [47],
respectively.
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Chapter 5

Split extensions and actions
of general Hopf algebras

In this Chapter, we work with non-associative Hopf algebras. Similarly
to the previous chapter, we give a definition of a split extension of
Hopf algebras. We prove an equivalence between the category of split
extensions of non-associative Hopf algebras and the category of actions
of non-associative Hopf algebras. The definition of a split extension
of non-associative Hopf algebras has the expected properties and the
associative case is obtained as a corollary. We also give some examples
of this notion of split extensions of Hopf algebras, and we compare our
definition of split extensions with the definition of an exact cleft sequence
given by N. Andruskiewitsch and J. Devoto [5] and with a definition
given by Bohm [7].

For the sake of simplicity, in this section “Hopf algebra” will mean
“non-associative Hopf algebra” (unless the associativity is explicitly men-
tioned).

163
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5.1 Definition and equivalence of split exten-
sions and actions of Hopf algebras

Definition 5.1.1. [87] A split extension of Hopf algebras is a split
extension of bialgebras

A
X o A——— B, (5.1)
K «

such that X, A, B are Hopf algebras and k, o, e are morphisms of Hopf
algebras, with an additional condition of associativity (condition (9"))
and an additional condition about the antipode (conditions (10')). More
precisely, the split extension (5.1) satisfies

(1) A-k=1x, a-e=1g

(27) A-e=1ux-ep, a Kk =up- ex
(3) m-((k-N)®(e-a)-A=14
(4°)) Am-(k®e)=1x Rep

(5°) Ip@A)-(1p@m)-(1p®e®kr) - (A®lx)=(1p®A)-(1p®@m)-
(Ip®e®k) (c®1x) (A®1x)

(6)) m-(m®14) - (k@e®@1a)=m-(1la@m) - (kRe® 1ly)

(8) m-(mR1a) - la@k®e)=m-(1lg@m

( ) ( )=m-( ) (

(7)) m-(m®14) (kR1a®e)=m-(la@m) - (k@1x®e)
( ) ( =m-( )-(la®re)
(9) m-(m®R14) (e®@1a@kK)=m-(la®@m) - (e®1s®K)

(10°)) S-X-m-(e®@k)=A-m-(e®k) - (1p®S),

(11°) X is a morphism of coalgebras preserving the unit.

Similarly to Proposition 4.1.9, a split extension of Hopf algebras is a

short exact sequence of Hopf algebras.

A e
Proposition 5.1.2. Given a split extension X $=~~~3 AT—— B of

Hopf algebras, the following properties hold:
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a) k is the kernel of a in the category of Hopf algebras;

b) « is the cokernel of k in the category of Hopf algebras.

Hence, a split extension of Hopf algebras is a short exact sequence, so
the term extension is appropriate.

Proof. Let w : D — A be a morphism of Hopf algebras such that
a-w = up - €p. In Proposition 4.1.9, we checked that the morphism
w:= A-w: D — X is a morphism of bialgebras and that x - & = w.
Moreover, it preserves the antipode since we have the following equalities

S @=\kS-@G=NSkd=\ASw=AwS=-85.

Hence, we can conclude that a) and b) hold thanks to Proposition 4.1.9.
U

We define an action of Hopf algebras as a Hopf algebra in the symmetric
monoidal category pMod (see Proposition 1.3.6).

Definition 5.1.3. Let X and B be Hopf algebras, >: B® X — X is
an action of Hopf algebras if it is an action of bialgebras such that the
following additional conditions are satisfied

>-(lp@p)=p>-(Mm®1x), (5.2)
>-(lp@m)=m-(>er) - (1p®cdlx) - (A®1lx®1lx), (5.3)
>-(1p®S) =250, (5.4)

These conditions can be expressed by the commutativity of the following
diagrams
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I1p®>
BRBX —B®X
\
m® lx (5.2) DJ

2

BOX ———— X
ARlx®1 1 1
B®X®XMBQ®X2m(B®X)ZLm>X2
1p®@m (53) ml
B®X 2 X,
BX ————— X
\
15285 (5.4) SJ
+ >
BX——X

Note that the condition (5.3) means that m is a morphism of B-modules
and the condition (5.4) means that S is a morphism of B-modules.

We notice that, when we consider associative Hopf algebras, condition
(5.4) is trivially satisfied thanks to the uniqueness of the antipode.

We define the map ©: B ® X — X ® B as the composition
O:=pr®lp)- (o) (A®1x).

We will use this map to obtain shorter computations. We re-formulate
the conditions (5.3), (4.1), (5.2), and (4.3) in terms of ©. These new
conditions will help us to prove that the semi-direct product is a Hopf
algebra when we construct it with an action as defined above (Definition
5.1.3).

Lemma 5.1.4. Let>: B® X — X be an action of Hopf algebras, the
morphism © := (>® 1p) - (1p®0) - (A® 1x) is a coalgebra morphism
and satisfies the following conditions

(m®1p)-(I1x®0)-(0x1x)=0-(1g@m), (5.5)
@~(UB®1)():1)(®UB, (5.6)
(Ix@m)- O®1p)-(1p®O)=060-(Mm® lx), (5.7)

O - (Ip®ux) =ux ®1p, (5.8)
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O®ly Ix®6
BRIX®X—XRBX—XX®B

lp®m m®lpg
| ) |
B X X®B

up ®1
X—5BeX

AN

1x Qup €]
X®B
1 ®6 o®1 1p ®ux
BoBRX 5B®X®B—X®B®B B2, BoXx
m®lx 1x ®@m ux ®1lp e
l . l N\
B® X X®B X ® B.

Proof. First, we prove that this morphism is a morphism of coalgebras
in Figure 5.1

We only show the two first equalities since the computations are similar.
We prove (5.5) via the following diagram, where the key part is given by
(5.3).
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//— O - (1pm)
Al 2 1

2m lgo
BX? — > B2X2 —>— BBX —+ BXB —— XB
\ / l>15
1poB,xx 1pmlp
~ /S
Aly2 Alpgxe BX2B
I
(1.6) Alyap (5.3) mlpg
IBAIXQ lp20B xx J’
Oly B2X? — B3X? —— B2?X°’B
\ \ \
1polx 1popB,x1x lpolxp
+ 1 +
1px Al 1 21
(BX)Q M BXBQX BXBY (BX)QB D—B> X2B
\
>lpx
‘L lXAlX IXBU 1X[>13

XBX — XB2X —— (XB)? ———— X?B.

\1 @_//

The condition (4.1) provides directly the condition (5.6) as we can see in
the following diagram

uplx

X —BX

\(1.8) Alx
N

uplxup BQX

X——XB

The other equalities follow from (5.2) and (4.3), the proofs being similar
to the ones given above. O
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wstydIow BIqoS[ROD € ST @ :1°G oIn3Iq

: — —
dx) 9 NAmev e (X ) o) (xq)
mvm._uqu._”
[
’ X dXd +— )
(@7) axd Pr—yo mm@mv (91)
dX10Xd] mvm._”vnimmbm._” dX104d7
' , ,
dx) «——— (ax4g) eXel ¢ ———— Xl ¢ Xl X10d]
+ (819) N — “HvEr eX'dogdy 4
d10X71 g1a'XdoXdy NdemmJ eXdyydar vedT
, , — — ,
e X ¢4 : X8 Xl
48 X4 NmHmA_ Nmmmf;xxmv AN ﬁv \ AT S —— M
% e X104y ermmbmm: % Xdry
[ ,
v (¢F)  HeXed - v Xod X
T T 0
Y (971) X1y Y
f f f
aqx = aqx4d prs Xzq Xy Xqd —Xd
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Starting from an action of Hopf algebras, we can define a split extension
of Hopf algebras

fffffff XxB<—— B (5.9)

where the structure of X x B is given by

mxxg=(mem) (1x O @ 1p)
UXxB = Ux ®Uup,
Axyp=(1x®0o®1p) - (A®A),

€ExxB = €x Q€p,
Sxxp=0-(S®59)-0.

Thanks to Lemma 4.1.2) we already know that (5.9) is a split extension
of bialgebras. It is also easy to check that i1, i9, and 7o are morphisms
of Hopf algebras as it is shown in the following diagrams,

uxlp o lxup o
B XB BX X XB BX
| | | |
S SS S SS
p Lpux BX X X BX
| |
H (5.8) o H (5.6) 6
B s XB X S XB
o SS
XB BX BX
| |
exlp / Alx
4 <
B lgex B2X
| |
s / (15)  1po
p4 cpexln BXB
|
H (44) DlB
B ol XB.

Furthermore, since © is a morphism of coalgebras, we can show that
Sxxp is an anti-homomorphism of coalgebras as we can see in the
following diagram
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o S? ©
XB BX BX XB
A? A? AZ?
v Ox2 p2 v oo S4 v
X2B2 — B2X2 —— X2RB2 —— X2R2 AxuB
1X(;1B 1Xc‘f13 l
v g4 v o2
Ixolp (1.2) (BX)? — (BX)? — (XB)?
l U'BX‘,BX O'BX‘,BX UXB‘,XB
2 oo 2 5L e O e
(XB) (BX)? =5 (BX)? = (XB)

We also prove that Sxp is an anti-homomorphism of algebras. To prove
it we combine the four commutative diagrams obtained in Figure 5.2,
Figure 5.3, Figure 5.4, and Figure 5.5 in the diagram of Figure 5.6.

Moreover, we check that the construction (5.9) satisfies the antipode
condition (1.11) thanks to the following two diagrams
1xBSx«B

Axxn
— T xolp 7 lxpo 1x5S? 1x5O
XB 5, X?B> = (XB)? =5 XB?X = XB*X — (XB)?

lxmlx 1)(@13
1)(5135 1x2m 1xo J’ l
2B — XBX X2B2 mxxB

X2B? — X2B? —— X

e

Ixuplx 1x© (0.7) 2

(1.11) 5.7) m
/ (5.6) l l
AlB 1Xs€B 9 1x2UB X2B mlp XB’

XB X2B X
— -
)

(uxup) - (exen
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Figure 5.2: Sx.p morphism of Hopf algebras part 1

2 54 o2 OXB,XB

(XB)? ————— (BX)? —— (BX)? (XB)? (XB)?
7 7 \
9X,BXB OBX,BX o2
mw 2 H 54 \
(BX) (BX)? (BX)? ——— XB2X
! Olpx
opx,Blx 7 7
4 Alxpx Alxpx 1xOlp
B2X? 1 !
olxpx M&
Ipolx B2XBX B2XBX — B2XBX (5.7)
¥ | |
: |
Amwv AH@V DHAmkvm lgpolpx lgpolpx 1xmly
DHXW% /ﬁ H mm H
v s ALxpx BXB?X — BXB?X X2B?
B2XBX ——— B3XBX | | |
| ! 1pxA%lx >lpax Ix2m
oB,Bx1lBx lgsxAlx H H H
1 M op2 Bxlp2x 1xmlyx
2 B3XB2X BXB*X XB2X ——  XBX — 1x0 — X?2B
BXB“X
f \ | | a
Alxp2x 1pxo?lx 1xA21x Q.ﬂv 1xAlx Ix>1lp milpg
v oB,Bx1A1x lpxp2olx \ S7 >lpax ! (Ixm?1x)- (1xpolpx) % lxpo \ H

(B*X)? ——— BXB*X —— BXB'X — BXB'X — XBiX ———— XB2X — (XB)? XB
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MXHEAWH memkﬂE

deXed1pdT (FeXdy1,0). (41,591,9)

AX «— X — G,(XT) ¢ Go(X o) ¢ dX X ——— X - X o X

drw [ G719

PN

mxﬁk.m mm.ommﬂ
(€'¢) et (279) T e _ T¥eTras \ H wX gy
axyqrd weXdr, X cq
mimmm: Py Ewm 1< : e X
VNHA_ mvmﬂbmdﬂ mvmﬁvm NmbmmH \ 7 NmmkmMH
_— 1
[
mmvmmm ﬁ X8 T ——— e XvH mmmwmmm T Nmmwmmm
mmxﬂﬂ % \Nkm,mmbmmﬂ eXd el pcd
gxX4 «— MNNM Emkﬁmﬂ X o mvm«mm Nvmmm
g1wdy N < T 9
| |
e X4 ¢ X 49 X e Xcqd
-~ zS914S
odT % \Nxmﬁmd eXEA(,7 - 70)
eX'edped | Xrary Xl e X el
\ PN Nm‘mﬁww PN
\ X7 qed] cd'XdXp. Axm“xgv Xd'Xp0
eXTv ,
Nefl o e Xodl ¢ — X0l Xl Nxmm —— H X — AXAX XIX4
eXdyody ~  edeXp edra X ~ ~
\ »S % ¢S E1S XX
| 1 |
X1y A e Xd »S Aﬂmv XX XX
\ N ~
W ed'zXp draxy (gp)  (@XAvXD)- Amﬁxm,mbx:
\ N s
[
X 5 X8 X g HeX e A XAX oo g X)

¢ Hred seiqo3[e jdoy jo wstydiow gXXg :¢°¢ oan3ryg
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Figure 5.4: Sxp morphism of Hopf algebras part 3

1xAlxp 1poB,Bx1B (60x,BX) " OxBX B2 (02 - A?)1p o lpolgax2 1p20p2 px2
(XB) ——='XB?XB —— XBXB> —— > B3X? ——— B°X? — B°X?> —— B3X?2B?

| |
(eBx,Blx) 0x,BXB AH.MV \ \ 1psx2S?
A mekw ocAlpx2 +

B?2X? —— B*X?2 ——— B’X? (07 A%y 1p2(0-A)lp2x2 B3X?B?
!

, 7
A%lys  (1.6) olpAlye Hmﬁ:mx\ (1.6) \ A1 am
< \ N2 HmmAQ.D <

432 52 Mex2 6o 532
B*X B°Xs —— B*°X B°X*B
I I I
o212 1pop p2lp2x2 o’lpx2p
+ Vv lpsope px2 1 g4 252 (0-A)lgzx2m +
B*X? BSX? —— B*X?B? — B*X?B?> ——— B°X’B
I I
1gs(o- A)lye (1.2) 541p521p
3 +
B3 X2 B°X%B
I ,
1pop p2lpx2 lpolgay2p
3 +
B5X? B°X%B
| I
lpsop2 x2 1pso,BxlxB Ip20p2 pxlxB
<4 N2
B3X2B2 B3XB*XB
| I
1p3x252 Ipmlxp2xp
<

Algzy2m cAlgx2p (S31p)?

+
B3X?B? — B'X?B —— B°X?B —— B°X?B —

1g2ml xp)2 lpop,Bx1lBXxB

— . B3(XB)? ———— (B®*X)2B
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mmmmm: e X — o X o X ﬁ%mvaﬂﬁxmmm?%é o X e Wﬁmxm\
dXTw < g7 Aﬁ V gXTwXd1 Xd10dXdy nm‘
I v ~__ v ,

4 Mmm: S mcmmmcmm/ e, XeldXd e Xyl X Nwmkm
axgrxd'dody axpX'edody 1,5 (z1) Xd1odXd] ~ X1ocd X4
I I ~ e I
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axXdX1uedy % eXd1dzdpdy X1ydrXd'do
I | I
axX49dXyd ax1X'edody e X o8l (X d)

Al
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, ,
MNNmm AMHMV 1.8 MNxmm. NMNVWNm. eXed 1o ANMV XNMNM

0 0 o +

(d1¢9) deXdpp  weXdyy ,geXedy XA1Xd'do

, I , ,
TeX o T X X — (X4 XX 49

T — + o ey +
eXdygo deXd1p eX'elpedy XadX1y

| v | |
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Figure 5.6: Sxxp morphism of Hopf algebras: combination
Mw

X g )
Akmvm XxB Cmmvw XB,XB A»vaw
N
OX,BXB Figure (5.2)
/_ o 1
2 BX,B1X 2 2 AHWXWNQ.HMAVAAQW,WXHWDHXV.ADHXWMXV. 4
(BX) B*X (6B,Bx1Bx) (Alxpx) (1polx) BXB'X
Figure (5.4)
A
Akmvwngx«mwkm (Alg2xam) - MX % B
AHmeﬂm.Wwv
(1gsog2 x2) - . (1x > 1g) - (1xpo) -
Cwqmmm*mkwx ) Figure Am.mv (1xm?1x) - (1xpolpx) -
R 2 2 N . 7
(Lpa (0 A)ly2) - (Clpix) 5
Cmmqmmdmkmv : ((0% - A)1y2)
(1polgaxz2) -
(6% - A?)1px2) -
(60x,Bx) 0xpx,B2 " (1gamlxpxB) - ml
mxwp  (1xBBx18) BX2B (1piolxs)-(5%15)2 - —— B3(X B)? X2B ——— X2RB
(0Alpx2p) |
1pop,BxlBxB
(Ipmlxp2xp) - (1p20p2 pxlxB) - + 215)-(1 1
B3X2B2 — (lpolpaxap) - (S415521p) - . Cwmumvwmﬁvamwm
(0°1px2p) - (A%1gx2m) - (1gsx25?) /
Figure (5.3) mlp
SxxB N
XB XB
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A / SxxBlxp \
XxB
N P 1 521 o1

1xol 2
XB 3, X?B2 ~— (XB)? =3 BX*B —+ BX2B — (XB)?

1pmlp 1xO1p
SlxslB mlBZ olp l l
X?B* —— X?B* —— XB* —— BXB X?2B? mxxn
(1.11) lpuxlp Olp (5.5) mm
/ (5:8) l l
1xA exSlp uxlpg2 1xm
XB X B? B? X B? XB.

—— )

(uxup) - (exen)

Furthermore, the conditions (5.7) and (5.5) imply that the split extension

T 19
XX xB T B satisfies the condition (9') of the Definition 5.1.1
71 7r

as it is shown in the following diagram

1 1 o1 1 2
(BX)2 ux1lpxBxup (XB)3 XBX B XBX232 XBmM (XB)2
|
(1.3) 1xO1p
15x© 1pml o1 +
(BX)2 25 px2p —""s BXB ——— X B? X2p2
N A
Olxp (5.5) m(1p)? \\
pN /
e
(XB)? 228 x2p2 1Xm\ "
2 1x061 2
(BX)?2 —F—— (xB — "y " X
1x01 /
(XB)2 L‘; X232 )
e N mlp m
1xp© (5.7) (1x)%m /
o1 7 1xml ) b
(BX)? 225 xprx =, xpx —22 1 x2p X?B?
4\
(1.3) 1xO1p
9 uxlpxBxuB 3 1xOlpxp m2lxp | 9
(BX)* — (XB) X2B2XB —— (XB)~
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Finally, the condition (10’) holds thanks to (5.4) and (4.13), and we can
conclude that (5.9) is a split extension of Hopf algebras as defined in
Definition 5.1.1.

Conversely, if we have a split extension of Hopf algebras, we can define
an action of Hopf algebras. Thanks to Proposition 4.2.1 and condition
(9'), we can prove two identities which are crucial properties, for our
purposes, of a split extension of Hopf algebras.

A e
Lemma 5.1.5. Let X - ~~~~--¢ A B be a split exten-
K «

sion of Hopf algebras, we have

Am-(e®k)- (mMR1x) =Am-(e®(k-N)-(1p@m)-(1pR®e®k), (5.10)

Am-(e®@k)-(Ip@m)=m-A@A) - (me@m) - (e®kKk®eRK)
'(1B®U®1X>'(A®1X®1X>a (511)

Ip@A-m-(e®
BQ®XB%H)§®X

m® lx (510) A-m-(e®kK)
‘L A-m-(e® k) ‘L

B®X X

A@lx@lx 1pR®o®l1x

BRX®X — B X2 —— (B X)?

(A-m-(e®K))?

lp®@m (5.11) XX
\
| m
A-m-(e®K) +
B® X X.

Proof. Thanks to Proposition 4.2.1, the result follows as we can check
by means of Figure 5.7 and Figure 5.8, where we use that e, a, k are
morphisms of bialgebras. O

This lemma implies that the action of bialgebras defined by (4.2.2)
(>=X-m- (e ® K)) satisfies the conditions (5.2) and (5.3). Hence, this
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Figure 5.8: Proof of (5.11)

Lpm er
BX? BX
/ QIM
/ 1am m
Aw\v A3 A2
er? mla "
BX? A3 22
| (1.7) |
A21, Al
A1y H %
BX2 — B2x3 A5 A3 A3 (4.10)
1poly2 1401 42; m214 la(e-a)(k-A) la(e-a)(k-A)
Blxe % (er)?r % \Hmm (e-a)?(k-A) 3m~>/ % lam
Amu@mk AP A5 A3
(1) +(2) N
B2X2 F (BX)? (ex) 44 m?

o ey —m=—— I

i

v,m

»xww




5.1. DEFINITION AND EQUIVALENCE OF SPLIT EXTENSIONS AND
ACTIONS OF HOPF ALGEBRAS 181

action becomes an action of Hopf algebras since the axiom (5.4) is given
by the condition (10”).

Remark 5.1.6. The construction of the action of Hopf algebras given by
>=Xm-(e®k) can be reformulated without X\, when we compose it by k.
Indeed, by pre-composing by (1p@1x®e)-(1p®1x®595)-(1p®0)- (A®1x)
and post-composing by m, the two components of the equality (4.12), we
obtain the following equality

k>=m-(m®1y) (e®r®e) (1p1x®S) - (1p®R0)- (A®1x). (5.12)
We notice that thanks to the condition (8'), this is equivalent to
K'D:m'(lA(X)m)-(€®/€®€)'(1B®1x®S)-(lB®O’)~(A®1x).

When the symmetric monoidal category C is Vectk, k can be viewed as
an inclusion and (5.12) give us a way to construct the action without .

For the sake of clarity, we give an explicit description of the morphisms
of split extensions and actions of Hopf algebras in C.

Definition 5.1.7. A morphism of split extensions of Hopf algebras from

e N e’

XS " AST—= B to X' =5 A B’ is given by three morphisms
K «

K o

of Hopf algebras g: B — B’', v: X — X' and p: A — A’ such that the
following diagram commutes

X - A——B
K o

v P g (5.13)
by e’

X/ {----- Al < Bl
K o'

We recall that, by using Corollary 4.1.8, it is enough that the two following
equalities hold p-x = ' -v and p-e = €' - g, to imply that all the four
squares of (5.13) commute.

Definition 5.1.8. Let>: B X — X andv’: B @ X' — X' be two
actions of Hopf algebras. A morphism between them is defined as a pair
of morphisms of Hopf algebras g: B — B’ and v: X — X' such that

v-> =0 (g®0).
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The actions of Hopf algebras (Definition 5.1.3) endowed with the mor-
phisms of actions of Hopf algebras (Definition 5.1.8) form the category
Act(Hopfc) of actions of Hopf algebras in C. The split extensions of Hopf
algebras with the morphisms given by Definition 5.1.7 form the category
SplitExt(Hopfe) of split extensions of Hopf algebras in C.

Theorem 5.1.9. [87] There is an equivalence of categories between
the category SplitExt(Hopfc) of split extensions of Hopf algebras in the
symmetric monoidal category C and the category Act(Hopfe) of actions
of Hopf algebras in the symmetric monoidal category C.

Proof. Let (g,v,p) be a morphism in SplitExt(Hopf¢), then it is clear
that (v, g) is a morphism in Act(Hopf¢). On the other hand, if (v, g) is a
morphism of actions of Hopf algebras, the triple (g, v,v®g) is a morphism
of split extensions of Hopf algebras since v ® g preserves the antipode.
Moreover, the isomorphisms ¢ :=m - (k® e) and ¥ := (A® «) - A (in
(4.2.6)) form an isomorphism in SplitExt(Hopf) since they are morphisms
of Hopf algebras, as we can see in the following diagram

o SS Alx 1o >lp
XB BX BX B2X — BXB —— XB
en e
N2 N2
Ke A2 (4.12) A2
J | |
m
m S T v
A? A A A,

where the left square commutes since S is an anti-homomorphism of alge-
bras. In conclusion, we obtain our statement thanks to the observations
about the split extension (5.9) and Lemma 5.1.5. O

In the case of associative Hopf algebras, we can define SplitExt(AssHopfc)
and Act(AssHopfc). The actions of associative Hopf algebras are actions
of Hopf algebras where the condition (5.4) always holds thanks to the
uniqueness of the antipode. A split extension of associative Hopf algebras
is the same as in SplitExt(Hopfc) where the conditions (6), (7'), (8),
and (9’) become trivial. Moreover, the condition (10’) is not required, it

becomes a property that any split extension of associative Hopf algebras
has.
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Corollary 5.1.10. /87] There is an equivalence of categories between
the category SplitExt(AssHopfe) of split extensions of associative Hopf
algebras in C and the category Act(AssHopfc) of actions of associative
Hopf algebras in C.

Remark 5.1.11. Let us notice that, the Split Short Five Lemma (as
proved in Theorem 4.2.12) also holds in the categories: SplitExt(Hopf¢),
SplitExt(AssHopfc), and SplitExt(AssBiAlge).

5.2 Examples of split extensions of Hopf alge-
bras

We investigate the two main symmetric monoidal categories of interest:
Set and Vectk. On the one hand, we specify our results in Set.

5.2.1 Split extensions of Hopf algebras in the category of
sets

1) Any split extension of groups

s
0 K ; G———H—0
f

is a split extension of associative Hopf algebras when the symmetric
monoidal category is Set. In particular, Corollary 5.1.10 becomes
the well-known equivalence of categories between split extensions
of groups and group actions Proposition 0.0.1.

2) In Set, non-associative Hopf algebras will be structures given by a
set GG, with a non-associative multiplication, a neutral element ug,
an inverse such that

g lg=uc=gg " (5.14)

In particular, the non-zero octonions [29, 51] are equipped with a
non-associative multiplication satisfying (5.14).

We can describe what split extensions of this algebraic structure
should be to be equivalent to actions of such algebraic structures.
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Indeed, a split extension should be a split morphism of these

€
algebraic structures X ———— A - . B such that

the following conditions are satisfied for any a € A,b € B,z € X

(3) (ale-a)(a™))(e- a)(a) =a

(67) (s(z)e(b))a = r(z)(e(b)a)

(77) (w(z)a)e(b) = r(z)(ae(d))

(8) a(r(z)e(b)) = (ar(z))e(b)

(97) (e(b)a)r(z) = e(b)(ar(z))
(10") e(b~1) "t =e(b

The other conditions are trivially satisfied with

Ma) =a(e-a)(a™).

5.2.2 Split extensions of Hopf algebras in the category of
vector spaces

We give a particular example of associative split extensions of Hopf
algebras, in the symmetric monoidal category Vectk of vector spaces over
a field K.

We consider a split epimorphism « of associative Hopf K-algebras,

o e
HKer(a) — = A+——— B, (5.15)
«
where HKer(a) is the kernel of « in the category Hopfx of Hopf K-
algebras, K, stands for the equalizer in Vectk of (14 @ up ® 14) - A and
(1A®a®1A)- (A®1A)-A,

oo (la®up®14)-A
HKer(a) — A A®B®A. (5.16)
(1a®a®1a) - (A®14)-A

We recall that the equalizer in Vectk of f,g: A — B is given by {a € A |
f(a) = g(a)}. We also define the following equalizers

KoL up®1a
LKer(a) — A B® A,
(@a®1a)-A
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Ko.R 1y ®up
RKer(a) — A AR DB .
(1A®a)~A

Proposition 5.2.1. A split epimorphism (5.15) such that
HKer(a) = LKer(a)

is an extension of associative Hopf algebras (Definition 5.1.1) in the
symmetric monoidal category Vecty.

Proof. First, we recall that for any morphism « in AssHopfyk it is well-
known that the following conditions are equivalent (see [4])

o HKer(a) = LKer(a),

e HKer(a) = RKer(a),

LKer(a) = RKer(a),
e LKer(«a) is an associative Hopf algebra,

e RKer(a) is an associative Hopf algebra.

e
Let A . B, be a split epimorphism of associative Hopf algebras
o

satisfying the condition H Ker(a) = LKer(a), since A is an associative
Hopf algebra we can define the following section of k,: HKer(a) — A

A=m-(1a® (S -e-a))-A.

First, we use the condition H Ker(a) = RKer(a) on the kernel to prove
that \ factors through H Ker(«a),
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, A e L
\ \ \
A A2 AA
~ 1 1
A2 (1.6) a4 A4 (1.7)
\ \
14A 1420 A
4 4
A3 A4 laocla
A \ \ J
lao laola
+ 142A Y (14(S-e-a))? m
(1.5) e A A4( Al ) 4 2 PE
‘ N |
1a(S-e-a)a(S-a) (14)%a? ‘
14(S-e-a)ea N + laa
l (1.11) A2B? l
— 2
42 14(S-e-a) 22 mup \)AB

By using that A factors through RKer(a) = HKer(a), we prove that

A-A=(A®A\)-A. The commutativity of part (A) is clarified in the
second diagram

A a A
- e-a
IS A A A2 1A(S ) m A
\
A
4 A
A2 A
|
14(5-e-a) J
N2
A A2 A2 A2
\ \
Tj, 1AuBlA
A « ¥
A—2 22 g3 AN uBA (13)
|
14(S-e)lgy
4
(A) A3~
mla
A2 ~
A2




5.2. EXAMPLES OF SPLIT EXTENSIONS OF HOPF ALGEBRAS 187

The central rectangle commutes since A factors through H Ker(a). The
diagram (A) commutes as we can see in Figure 5.9.

The condition (4) is also satisfied by this definition of A thanks to the
commutativity of the following diagram, where we use that H Ker(a) =
RKer(a) (denoted by (%)),

HKer(o)B for A? = A
\ \
\ AA (1.7) A
v U ¢
kalp A4 lagla A4 m 42
P
\
A2 Laolp -
AB — A2R2 (AB)2 120
\ \
Alp lago J 1A(S'e'0‘)
\L o A N2 e2
A2B 3 ABA PSS gprg 2T g
~ |
1ae(S-€)(S-e-a) 142(8-e-a)?
~ Y m2
laegly (111) A4 ? A2
\
J 1amly
Ka€ lauga(S- e -« +
HKer(a)B =% A 2 A? aual ) A3 (1.4)
\ \
laa (13) 1am m
+ 14(S-e)
() AB . A?
% N
laup (1.3) m
coen 7 I
HKer(a)B — A A.

The last condition (5) is due to the fact that A-m-(e®k,) factors through
HKer(a). This factorization can be seen in the following diagram that
we call (A’). Note that, thanks to (1.7), we have

Am-(e®@kq) =m-(14®@m)- (14®14®85) (1a®o) (A®14)  (e®@Kq).
(5.17)
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Figure 5.9: (A)
A A AQ 1a(S-e-a) A2 m A
A A2 A2
\ | ey |
2 e 1420 A 142(S e ) e (17) A
Aly (1.6) laoly laolag
Uisoane 4
A3 E} A3 1A2A A4 (lA(S e Oé)) A4 m2 A2
\ \
A A21 A1, (1.7)
14201 42 N
(1.5) ASl,: A6 A6 A6 Aly
1A2521A2 lao g2 alx2 laolys
1,42A1 2 ‘L l (1a4(S-e-a))3 l m3
A5 ——— A6 A6 AS A3
ma’m laaly
14(S-e-a)(e-a)(S- i
4 e-a)la(S-e-a) 14(S-e-a)?(S-S- 9 1amlg
4 1 2€41 42 e-a)ls(S-e-a) AB*A — ABA
14(S-e)?1y
laolys ml 2m ‘L
A* (L11) 48 AS At 1a(S-e)la
14201 42 laoly
A2 (1a(S-e-a)?  12mle A6 mlazm Al lamla
Lami s (1.4)
1 2ugly2 5 lgoly2 \LS mlam A3 mla
(13) mla
ZilA(S-e-oz))2 m2 \/
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(4)
BHKer(a) o A? = A 4 A
\
\A2 A2
N s
era  B*HKer(a)? A (L7) A A
[ \
1BalHKer(a) laoly J J
M (eka)? v m2 22
A2 (BHKer(a))? Al A2 A2
|
VAN A2 H
/ Y (Qa(S e a)? 2
A2 A — A4 — A2
I I
m 14(Se-a) a(S-a)la(S-e-a)
+ +
A2 B2A? ala
. \ J
upm m?2
U N3
A BA BA.

Besides this observation, we establish two diagrams (B) and (C) in Figure
5.10 and 5.11 that we use in Figure 5.12 to prove that the condition (5)
holds. In these figures, H Ker(«) is denoted by H.

« e
To conclude, a split epimorphism HKer(o) — L A+—— B

—_—
(e

such that HKer(a) = RKer(a), is a split extension of associative Hopf
algebras.

O]

5.3 Comparison with other definitions

In this section, we compare the definition of split extensions of associative
Hopf algebras in Vectk with the definition given by Andruskiewitsch and
Devoto exact cleft sequences. We also compare the Proposition 1.5 of a
paper of Béhm, [7], with Corollary 5.1.10.
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Figure 5.10: (B)
BH X (o) A
i / -m - (ERq
Aly Alg AUHNV m \
v /_ Lpo QAQAM.&V mla \
B?H B?H BHB A3 A2 (1.7) A
, , , , ,
15Aly 1po era(S - e) A21, (1.7) A2
+ $ + v ) + "
B3H BHB 43 P RN B SN NP E
| |
HB»D M\T»D
v 3
(1.6) Alga AlaA A6 A6 (ala)? aly
| |
/ﬁ (alng)3 m“_.k»mQHb zﬁ
1p2 «(S - lauglaal Y 1gol 2
Lo B gyt s ey gy 1ETAR o A TS (a2 7
2 |
lp20lp al g2al g AHWV :
\ ¥ HWSHN\» 2
B3HB BA2BA BA)
7 1peka(S-€)S \
1pAlgp % 1pazo
/ — 1pmlap
B2HB BA3B BA’B
AN
: HWSHN
1A -m- (eka))S ~ 1 1
B2HB ? BAB 22 B2A ——2 4 BA
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Viw Viw
| N
Vel Vel (€71) (¢'1) HYy  HIY
T T
ody ody
| |
m:ﬂm (1) m:ﬂm oy oy Mol oo GHE e Hed Hed
aviw wvey (11'1) VHIV (91) !

| | l |

qVd «—— 4dVd

grodT d1g((P2) - w - ) d1 dyocdy

(D) wreiderq :11°G oINS
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Figure 5.12: Proof of the condition (5’)

Algy
BH BH

\

Aly Figure 5.11 : (C)

\

1o Algp 1gAlyp 1p20lp

B’H—— BHB ——— B?HB —— B3HB —— B?HB?

AN |

(A-m - (era))lp 1g(A-m-(era))S1p

\ l

AB Figure 5.10: (B) BAB?2

AN |

Alg Alp 1polp 1p(A-m- (eka))

N |
(A" A’B B?AB

AN |

alap mlap

up(A-m - (eka))lp / % 1o
BHB BAB B%A

(1.3) + (1.2) mia

oly 1p(A-m - (era)) /
B’H B’H BA.
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5.3.1 Definition of an exact cleft sequence

In some sense, Theorem 4.2.12, for the associative Hopf algebras (see
Remark 5.1.11), is similar to a property obtained for the ezact cleft
sequences of associative Hopf K-algebras (with bijective antipodes) in-
vestigated by [5] (see Lemma 3.2.19). We would like to emphasize the
differences and shared properties between the definition of an exact cleft
sequence of associative Hopf algebras and the definition of split extension
of associative Hopf algebras (Definition 5.1.1), in the symmetric monoidal
category Vectk of vector spaces. First, we recall the definition of an exact
cleft sequence of associative Hopf algebras [4].

Definition 5.3.1. A sequence of morphisms of associative Hopf algebras

L m

Al c’ B, (5.18)

is exact in the sense of [4] if

1) v is injective,

2) m is surjective,

3) ker(m) = C"W(A)t (ker(m) is the kernel in Vect and 1(A)t = {z €
UA) [ eyan(x) =0}),

4) (A)=LKer(r)={z el | (n®1c) A(z) =up @ z}.

Definition 5.3.2. Let (5.18) be an exact sequence of associative Hopf
algebras, then the sequence

13 X
Al c' B, (5.19)

L s

is cleft if and only if there exist a morphism of A'-modules & : C' — A’
(i.e. the equality & -m- (1@ 1cr) =m- (14 ®&) holds) and a morphism of
B’-comodules x: B' — C" (i.e. the equality (r@1cr)-A-x = (1p @) A
is satisfied) such that the following two equations hold

£ X =ua -ep, (5.20)

m-((t-§) @ (x-m) A=l (5.21)
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Remark that in [4, 5] the above definition is not the definition of an
exact cleft sequence, but it is equivalent to it by Lemma 3.1.14 in [4],
It is straightforward to observe that the conditions (5.20) and (5.21)
of the sequence (5.19) are the same as the conditions (2’) and (3’) in

A e
Definition 5.1.1. Moreover, let X =773 A% . B be a split extension
K «

of associative Hopf algebras, then A is an X-module morphism (thanks
to Proposition 4.2.1) and e is a B-comodule morphism.

However, there are major differences. Indeed, a split extension of asso-
ciative Hopf algebras (Definition 5.1.1) is (in general) not exact in the
sense of [4]. Conversely, the Hopf algebra morphism 7 in the exact cleft
sequence (5.19) is not a split epimorphism of Hopf algebras, since x is
neither a morphism of algebras nor a morphism of coalgebras (see [5] for
such an example). Then, it is clear that one definition does not imply
the other and vice versa. Nevertheless, there are sequences of associative
Hopf algebras that are exact cleft sequences and split extensions of asso-
ciative Hopf algebras. For example, any exact sequence of associative
Hopf algebras (5.18) such that 7 is a split epimorphism is an example of
both definitions (see Proposition 5.2.1).

5.3.2 A split epimorphism in the sense of [7]

In [7], G. Bohm studied a similar equivalence of categories as Corol-
lary 5.1.10 in a more general context. The author used a monoidal
admissible class of spans to define pullbacks and internal categories. As
a particular case of her theory, she establishes an equivalence between
two categories. The first one is the category of split epimorphisms

e
At . B, where B is a Hopf algebra and A is a bialgebra, having the
e

following cocommutativity conditions
<a®1A)-O'~A:(O¢®1A)-A. (5.22)

The second one is the category whose objects consist of a cocommutative
Hopf algebra B and a bialgebra X, such that X is a B-module bialgebra.
Proposition 1.5 in [7] shows an equivalence between these two categories.

Note that Corollary 5.1.10 does not follow from this interesting result of
[7].
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Indeed, there are examples of split extensions of associative Hopf algebras
which do not satisfy the condition (5.22).

The identity over a non-cocommutative associative Hopf algebra

1a
AT A,
1a
is an example of a split extension of associative Hopf algebras, as defined

in Definition 5.1.1, that does not verify the condition (5.22).

A split epimorphism of Hopf algebras satisfying (5.22) is an example of
split epimorphisms described in Proposition 5.15.

The results in Chapter 5 and the results in [7] coincide for cocommutative
associative Hopf algebras, but they are both different generalizations of
the cocommutative case.
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Chapter 6

S-reflexive graphs of
general Hopf algebras

In the previous chapter, we established an equivalence of categories be-
tween actions and split epimorphisms of (non-associative) Hopf algebras:
Theorem 5.1.9. This interesting result is a first step in the equivalence
between internal and crossed structures. Indeed, actions are an essen-
tial ingredient in the definition of “crossed structures”. Similarly, split
extensions are a fundamental component in the definition of internal
structure. In this chapter, we use the actions and split extensions of Hopf
algebras to define the S-reflexive graphs and the precrossed modules
of Hopf algebras. On the one hand, we define the notion of S-reflexive
graph as a reflexive graph with one of its “legs” being a split extension of
Hopf algebras. This definition is natural in the sense of [20] and [82]. On
the other hand, we define the notion of precrossed modules for general
Hopf algebras via the actions of Hopf algebras. We show an equivalence
between precrossed modules and the“S-reflexive graphs” of general Hopf
algebras.

In this chapter, we still work with general Hopf algebras in a symmetric
monoidal category, “Hopf algebras” still means “non-associative Hopf
algebras”.

We use the results of Chapter 5 to define the following notions: precrossed

modules of Hopf algebras and S-reflexive graphs of Hopf algebras.

197
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Definition 6.0.1. A precrossed module of Hopf algebras is given by a
pair (u: X — B,>: BQX — X) where p is a morphism of Hopf algebras
and > is an action of Hopf algebras such that

m-(p®lp)- CG1p)- (I1p®o)- (A®1lx)=m-(1p®pu), (6.1)
m-(lp@m)- (uR1pR1lg)=m- - (MR 1p)- (L1 1p), (6.2)
m-(lg@m)-(lp@uelg)=m-(mx1p)-(lp@uelp). (6.3)

In the category of Hopf algebras, the condition (6.1) can be rewritten

thanks to (6.2), (1.11), and (1.6) as
p-r=m-(me1p)- (lp@pues) - (1p®o)  (A®lx). (6.4)

This re-expression of the condition (6.1) is proven thanks to the commu-
tativity of the following diagram

Al 1o 1 S 1 1
BX =5 g2x 2% BxB 25 BXB BrE B3
\
Alxp
4
(1.6) B2XB (6.1) mlp
|
lBolB
IpxpS Y _plg plp2 mlp
BXB? —— BXB? — XB? B3 B2
15xA (1.11) pm (6.2)
lpo | Dep Hup Y
B2X — BXB X B2 m
AN
Aly (1.5) H (1.3) m
/ o “ R
BX X B.

Note that the equality (6.4) can also be re-expressed as
p-r=m-(lp@m) - (lpoup®S) (1p®o) (A®lx)

thanks to (6.3).
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Definition 6.0.2. A morphism of precrossed modules of Hopf algebras
between (u: X — B,>: BRX — X) and (1/: X' — B')p': BeX' — X')
is given by a morphism of actions between > and>', (f: X = X', g: B —
B') such that the following diagram commutes

x—" p

b, L

X/ L} B/
- (6.5)

These two definitions form the category PXMod(Hopf) of precrossed
modules of Hopf algebras.

We define the category SRGraph(Hopf) of S-reflexive graphs of Hopf
algebras. The objects and the morphisms of this category are defined as
follows.

Definition 6.0.3. An S-reflexive graph of Hopf algebras a graph of the
form

A (64
X oo ,Ac——ec— B, (6.6)
K
E

where X, A, B are Hopf algebras, k, a, 5 and e are morphisms of Hopf
algebras satisfying the following identity

B-e=1p (6.7)

A e
and X $-~~"-¢ A B is a split extension of Hopf algebras (as
K «

in Definition 5.1.1).

The terminology “S-reflexive graphs” was introduced in [20]. The authors

defined S-reflexive graphs for a specific class S of split extensions. This

class S needs to satisfy several properties, for example, the class S is

assumed to be stable under pullback. An S-reflexive graph in [20] is
B

—
defined as a reflexive graph A +— Z — B where the point (a,e) is in

the class S. Even if the theory developed in [20] does not apply in our
context, since we do not know if the split extensions of Hopf algebras
are stable under pullbacks, we use this terminology to emphasize the
difference with the reflexive graphs defined in 1.6.2.
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Definition 6.0.4. A morphism between two S-reflexive graphs of Hopf

A > N _*
algebras X £=-~~"3 cA+—e— B and X' T A e — B s
K ’
B K 6’

given by 3 morphisms of Hopf algebras g: B — B’, v: X — X', and
p: A — A’ such that the squares of the corresponding arrows of the
following diagram commute

********* A—c—B
" B
v p g
bY v,
X/ $-------- A/ < e B/.
K/ 8

We build step by step the equivalence of categories between the category
SRGraph(Hopf) and the category PXMod(Hopf).

Proposition 6.0.5. There is a functor

F': SRGraph(Hopf) — PXMod(Hopf).

thanks to Theorem 5.1.9, we can construct, from this S-reflexive graph of
Hopf algebras, an action of Hopf algebras>:= A-m-(e®k): B X — X.
Moreover, this action endowed with the morphism p:=8-k: X — B is
a precrossed module of Hopf algebras. Indeed, by applying 5 to (4.12),
we obtain the following commutative diagram showing that u satisfies
(6.1)
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Alx lgo >lp
BX — B2X —— BXB— XB———=XB
\
Ke 6.7
()
(4.12) A2 plp
[N
T BB ~ J
BX ER A2 m A 32
~ \
(6.7) 83 ~ ; m
1pp It m\ +
BX B2 B.

Moreover, to prove (6.2) and (6.3) we use the “partial associativity” of

A e
the underlying split extension X - ~-----¢ A B of the
K (0%

S-reflexive graph, as we can see in the following diagram

plplp 1pm

XB? B3 B?

~__ /'

Kee (67) BBB

Kee (67) B8B83
/ nlplp \ mlp

X B2 B3 B2

|
m
A3
XB2 Kee A3 1am A2 m A B ‘g
H (&) H H
XB2 Kee A3 mla A2 m A B B
AS
e ]

A similar computation proves (6.3) by using the condition (8’) of the
definition of split extensions of Hopf algebras (Definition 5.1.1) and we
conclude that (u:=f-k,>:=A-m- (e ®k)) is a precrossed module of
Hopf algebras.

Let (v, p, g) be a morphism of S-reflexive graphs, then (v, g) is a morphism
of actions (see Theorem 5.1.9), and it is clear that (6.5) is satisfied for
= -k, turning (v, g) into a morphism of precrossed modules. O
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In the previous proposition, we built a precrossed module of Hopf algebras
from an S-reflexive graph of Hopf algebras. Conversely, the following
proposition allows us to construct an S-reflexive graph from a precrossed

module.

Proposition 6.0.6. There is a functor

G': PXMod(Hopf) — SRGraph(Hopf).

Proof. From a precrossed module of Hopf algebras (u: X — B,>: B®
X — X), thanks to Theorem 5.1.9, we construct the following split

extension of Hopf algebras X ~-----¢ . X xB__" B. Viathe
il 'i2

morphism g, this construction can be transformed into an S-reflexive

graph of Hopf algebras,

where ﬂ m-(p®1p): X x B — B. It is clear that B-iy = 1 and that
B is a morphism of coalgebras. We check that Bisa morphism of Hopf
algebras thanks to the commutativity of the two following diagrams.

mx«B
1xAly
(XBYRXENY y poy XN (g2 XTI o g B e D ¥
/
1 1ge
1p)? o
(XB)? % B (6.1) B4 12152 plpe ulp
T~ 6.2
lelg 1BmlB J ( ° )
¥ 1x2
(()2) \ B3 B4 m43> B3 B2
\ \ \
mlp (62) mlp m
2 4 +
(xB)y M M gy M e g™ B
|
(wip)? (6.3) H
v 2
m m
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//— SxxB
SS Alx

o 1BO’ l>].B
XB— BX BX B2X —— BXB— XB
\ \
plp 1pp 1pp ulp
\Lz (’ \Lz S8 ¢2 : ¢2
B B B (6.1) B
\ \ \
m m m
1 g 1 1
B B B.

Furthermore, let (f,g) be a morphism of precrossed modules. Then
(f,f ® g,9) is a morphism of S-reflexive graphs

X3 . X x B B
******* X B +— ip —
1 ‘ 1—.2,>
B
f f®g g
w A m
X' oo 8 X' x B «i»— B
i T

Thanks to Theorem 5.1.9, we only need to check that the square with B
commutes, which is clear via the commutativity of the following diagram

nL®1lp m

X x B B2 B
\

f®g g®g g
i , N 1
Xwup P e M g

O]

In the previous propositions, we built the functors G': PXMod(Hopf) —
SRGraph(Hopf) and F': SRGraph(Hopf) — PXMod(Hopf). To show that
the functors give rise to an equivalence of categories, we will now use
Theorem 5.1.9 and check that the constructions and the morphisms
involved in the proof of Theorem 5.1.9 give the desired equivalence.
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Theorem 6.0.7. There is an equivalence of categories between the cate-

gory PXMod(Hopf) and the category SRGraph(Hopf).

Proof. We need to prove that there is an isomorphism between the
A > .
S-reflexive graph X 2 — A<— ; — B and the S-reflexive graph

«

A~ A A ,
G-F(X¢? ; A+—e— B ). By using Theorem 5.1.9, we want
K

that ¢ and 9 of (4.11) induce a morphism of S-reflexive graphs

A _
X mmm--- /P — B (6.8)
" 3
%) P
Xt XxB . B
,,,,,,, yE—
—o PR
E

where p=m - (k®e), v =A®a)-A,and B=m-((8-K) @ 1p).

In the previous chapter, we noticed that (1x,¢,1p) and (1x,,1p) are
isomorphisms of split extensions of Hopf algebras (see Theorem 5.1.9).
They are also morphisms of S-reflexive graphs of Hopf algebras since we
have the following identities,

Beom-(r@e)=m-(60f) (r®e)=p

Moreover, since F'-G(j1,>) := (m-(u®1p)-i1, 71 -mxup- (120i1)) = (1,>),
we have the equivalence between the two categories. O

The previous theorem can be applied in particular to associative Hopf
algebras leading to the following corollary.

Corollary 6.0.8. There is an equivalence of categories between the
following two categories:

e the category PXMod(AssHopf) of precrossed modules of associative
Hopf algebras, whose objects are the actions of associative Hopf
algebras with a morphism p satisfying the condition (6.1);
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e the category SRGraph(AssHopf) of S-reflexive graphs of associative
Hopf algebras as defined in Definition 6.0.53, where the underlying

A e
split extension X {Z7"7 A . B is a split extension of asso-
K (0%

ciative Hopf algebras.

Hence, the associative case follows from this section by erasing all the
associative conditions.

Remark 6.0.9. We notice that when restricting to associative Hopf

algebras, the definition of S-reflexive graphs (Definition 6.0.3) does not

coincide with the one given by the authors in [{3] of the pre-cat'-Hopf

algebras. Indeed, in [{3], the authors defined a pre-cat'-Hopf algebra
. . .y . ﬂ

as a reflexive graph (as defined in Definition 1.6.2) A <——e¢

o
where A and B are associative Hopf algebras, and the following equalities

hold (B®14)-0-A=(®14) - Aand (a®1y)-0-A=(a®1y)-A.
This definition is not equivalent to Definition 6.0.3 for associative Hopf

B

algebras, since
1a

€A _
It cA—1la— A
uA ’
1a

is an S-reflexive graph of Hopf algebras (if A is a Hopf algebra), but it
is a pre-cat'-Hopf algebra (in the sense of [43]) if and only if A is a
cocommutative Hopf algebra.

In [48], the notion of pre-cat'-Hopf algebras was used to define what they
called “cat'-Hopf algebras”, which they proved to be equivalent to their
definition of “crossed modules”.

We recommend also examining Proposition 2.4 of [7]. The author used a
definition that is close to the one given in [43]. This result is based on
Proposition 1.5 in [7], which was discussed in Section 5.3.2. The results
in [43] and [7] coincide with Corollary 6.0.8 in the particular case of
cocommutative Hopf algebras in a symmetric monoidal category.
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Conclusion and outlook

Conclusion

In this thesis, we have proved some new results relating categorical
algebra and the theory of Hopf algebras. This dissertation allowed us to
shed some new light on some categorical notions in the category of Hopf
algebras such as crossed modules, crossed squares, commutator, actions

and split extensions.

The notations, basic definitions, and basic properties were given in
Chapter 1. The next two chapters were devoted to the category of
cocommutative Hopf algebras over any field K.

In Chapter 2, we studied the properties of the category of cocommutative
Hopf K-algebras. Thanks to a result of Newman [79], we proved that the
category of cocommutative Hopf K-algebras, Hopfk coc is semi-abelian
and action representable. These results, Theorem 2.2.8 and Proposi-
tion 2.2.11, generalized the results obtained in the case of a field of
characteristic zero [48] to any characteristic. We also described the Hug
commutator, which coincides with the commutator defined in [96], and
observed that Hopfk coc satisfies the Smith is Hugq condition. We proved
that the Zassenhaus Lemma holds for cocommutative Hopf algebras of
arbitrary dimension, which provides new classes of Hopf algebras for
which the Lemma holds beyond those covered by the results of [78].

In Chapter 3, we recalled a well-known equivalence of categories between
actions and split extensions of cocommutative Hopf algebras. We studied
the internal crossed modules (in the sense of [57]) in the category of
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cocommutative Hopf K-algebras. Since the category Hopfk coc is semi-
abelian, the internal crossed modules in Hopfk coc exist and are equivalent
to the internal groupoids in Hopfk .. We showed that the internal
crossed modules in Hopfk coc coincide with the definition of crossed
modules of cocommutative Hopf algebras defined independently in [70]
and [43]. Although these definitions are different, they coincide when we
restrict them to the cocommutative Hopf algebras.

We used again the fact that Hopfk coc is semi-abelian to observe that
the category of crossed modules of cocommutative Hopf K-algebras is
semi-abelian [46, 15]. Hence, there is a notion of crossed module in this
category. We defined the notion of Hopf crossed square, which extends
the notions of crossed squares of groups [28] and Lie algebras [37]. We
proved that the Hopf crossed squares are the internal crossed modules in
the category of crossed modules of cocommutative Hopf K-algebras, by
showing that the Hopf crossed squares are equivalent to internal double
groupoids in Hopfk coc.

These two chapters offered a new understanding of the category of

cocommutative Hopf K-algebras.

The questions were at that point: “What does it happen for general Hopf
algebras?” and “What is a good notion of split extensions of general
Hopf algebras?”. We wanted to understand this notion in a general
framework.

These questions motivate Chapter 4, in which we studied the link be-
tween actions and split epimorphisms of (non-associative) bialgebras
in any symmetric monoidal category. Inspired by [47], we defined split
extensions of non-associative bialgebras, and we proved that they form
exact sequences and they are equivalent to what we called actions of
non-associative bialgebras. We showed that this equivalence restricts to
the associative case. This chapter ended with the proof of the Split Short
Five Lemma for the split extensions of (non-associative) bialgebras.

In Chapter 5, similarly to the previous chapter, we defined the split
extensions of (non-)associative Hopf algebras and proved an equivalence
between split extensions and actions of (non-)associative Hopf algebras.
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We concluded this chapter with some insightful examples and a compari-
son with other definitions of “split extensions of Hopf algebras” given by
Andruskiewitsch [4] and Boéhm [7].

In the last chapter, we used the definitions of split extensions and
actions of non-associative Hopf algebras in a symmetric monoidal category
(described in Chapter 5) to define precrossed modules and S-reflexive
graphs of (non-associative) Hopf algebras. We showed that these two
notions are equivalent.

This thesis has strengthened the links between Hopf algebras and category
theory, providing a thorough study of the categorical notions of actions,
precrossed modules and crossed modules of Hopf algebras in various
contexts.

Outlook

This thesis gives rise to several new questions and perspectives. We
present some of them in this section.

Crossed modules of Hopf algebras

The results obtained in Chapter 6 motivate us to define crossed modules
of (non-associative) Hopf algebras and describe their equivalent internal
structures.

A natural way to define crossed modules of (non-associative) Hopf alge-
bras is the following:

Definition 6.0.10. A crossed module of (non-associative) Hopf algebras
is given by a pair (u: X — B,>: B® X — X) where p is a morphism of
(non-associative) Hopf algebras and > is an action of (non-associative)
Hopf algebras such that

m-(p1lp)-CG1)- (1) - (A®1x)=m-(1p® u),
m-eCe1ly) (Pely®1lx) - (Ix®o) - (A®1lyx) =m, (6.9)
pelp@lg)=m-(melg) (Ll ®1lp),

m-(lp@m)-(
(Ip@u®lp)=m-(m®1p)-(1p@u® 1p).

)
)

m-(lp®@m
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In other words, a crossed module of (non-associative) Hopf algebras is a
precrossed module of (non-associative) Hopf algebras such that (6.9) is
satisfied, which corresponds to the so-called Peiffer condition.

We can observe that from a crossed module of (non-associative) Hopf
algebras, we can construct an S-reflexive graph of (non-associative) Hopf
algebras satisfying an additional property. For the following results and
definition, we consider Hopf algebras in a symmetric monoidal category
which has equalizers.

Proposition 6.0.11. From a crossed module of (non-associative) Hopf
algebras, the S-reflexive graph of (non-associative) Hopf algebras obtained
by the functor of Proposition 0.0.0, i.e.

where B :=m - (L®1p): X x B — B, satisfies the following property
mxxp - (i1 ® Kz) = mxxp - oxpxB - (1 ®Kp),
where K5 stands for the following equalizer in C
up ®@lxgn
K~

s
5— > X®B BoX®B .
B®1lxgn) Axgn

A first interesting perspective would be to understand this particular

K
B
(non-associative) Hopf algebras satisfying the condition

m-(k®kg) =m-0-(k® Kg), (6.10)
where kg stands for the following equalizer in C
up ®1a

Ks 24 4 B®A .
(B®14)-A
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Remark 6.0.12. There is a converse result of Proposition 0.0.11. Indeed,
we can show that from an S-reflexive graph of (non-associative) Hopf
algebras satisfying the condition (6.10), we can construct a crossed module
of (non-associative) Hopf algebras. It can also be shown that there is an
equivalence of categories between the crossed modules and these internal
structures.

As explained in Chapter 3, G. Janelidze [57] defined internal crossed
modules and proved that they are equivalent to the internal groupoids
in any semi-abelian category. In a Mal'tsev category, it is well-known
[27] that, for a reflexive graph, it is equivalent to being a reflexive
multiplicative graph, an internal category, an internal groupoid, or a
reflexive graph having a double centralizing equivalence relation on the
kernel pairs of its two “legs” (domain and codomain arrows). Moreover,
when the category has the so-called “Smith is Huq” condition, the
condition of centralization for equivalence relations exactly corresponds
to the centralization of their associated normal subobjects, i.e. the Huq
commutator is trivial. (see Proposition 1.6.9).

In particular, in the context of cocommutative Hopf algebras, the above
structures are described in Proposition 3.2.3 and they are all equivalent.

Hence, it would be interesting to understand if the S-reflexive graphs
satisfying (6.10) can be linked to the centrality of the kernels in the sense
of Huq and to the internal groupoids of general Hopf algebras.

Crossed modules of bialgebras

Another natural perspective is the study of the precrossed modules and
crossed modules of (non-associative) bialgebras. We are confident that
we can easily obtain the same equivalence between precrossed modules of
(non-associative) bialgebras and S-reflexive graphs of (non-associative)
bialgebras as in Chapter 6. The definitions of precrossed modules of
bialgebras and S-reflexive graphs of bialgebras would be as expected, in
the sense that we would have the following definitions.

Definition 6.0.13. A precrossed module of (non-associative) bialgebras
is given by a pair (u: X — B,>: B® X — X) where p is a morphism
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of (non-associative) bialgebras and > is an action of (non-associative)
bialgebras such that

m-(p®lp)->GR1p)- (1) - (A®1lx)=m-(1p® u),
m-(1p@m)- (pR1p®@1g)=m - (M 1p)- (L 1p®1p),
m~(lB®m)-(13®,u®1B):m~(m®13)-(13®,u®13).

Definition 6.0.14. An S-reflexive graph of (non-associative) bialgebras
is the following graph

X7 yA—ec— B, (6.11)
" B8

where X, A, B are (non-associative) bialgebras, k, «, [ and e are
morphisms of bialgebras satisfying the following identity

B-e=1p

A e
and X £--°°°% Al B is a split extension of (non-associative)
K «

bialgebras (as in Definition 4.1.3).

The definition of crossed modules of associative bialgebras would be very
similar to the definition of crossed modules of Hopf algebras. Indeed, if
we define a crossed module of associative bialgebras exactly as a crossed
module of associative Hopf algebras, with “bialgebras” replacing “Hopf
algebras”, then we can prove Proposition 6.0.11. For the non-associative
bialgebras case, if we do not add any condition in the definition of crossed
modules of non-associative bialgebras, Proposition 6.0.11 does not hold.

A solution to obtain this result for non-associative bialgebras is asking
that a crossed module satisfies the following equation:

D'(m@)lX)'(M@lB@lX):D'(lB®D)'(M®1B®1X)~

An appropriate definition of a crossed module of (non-associative) bial-
gebras could be the following one:

Definition 6.0.15. A crossed module of bialgebras is given by (u: X —
B,>: B® X — X) where p is a morphism of bialgebras and > is an
action of bialgebras such that

m-(p®1g)- C@1p)- (1p@o)- (A®1lx)=m-(1p®p),
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m-PEelx) (p®ly ®lx) - (Ix ®0)- (A®1x)=m,

m-(Ip@m)- (pelpelg)=m-(me1p) - (p®1p® 1p),

(
m-(Ip@m)-(Ip@p®lg)=m-(me1p)- (1@ u® 1p),
- (

p-(mlx) (pelpely)=>-(1p®>) (L®1p®1x).
We will need to define an appropriate “internal structure” in the category
of (non-associative) bialgebras to obtain an equivalence of categories.

Another interesting perspective would be to explore the paper [90] (see
also [7]), where the author studies crossed modules of monoids whose
domain is a group. By considering crossed modules, where the domain
is a Hopf algebra, we may obtain an easier equivalence as the one we
expect in the category of (non-associative) bialgebras.

Crossed squares and 2-crossed modules

In [40], the author studied the notion of 2-crossed module of cocommuta-
tive Hopf algebras, which is close to the concept of crossed square. He
defined a concept which unifies the 2-crossed modules of groups and Lie
algebras. Moreover, similarly to the case of groups and Lie algebras, he
showed an equivalence between the category of simplicial cocommutative
Hopf algebras with Moore complex of length 2 and the category of 2-
crossed modules of cocommutative Hopf K-algebras. We know that this
notion and the notion of Hopf crossed square are not equivalent. Indeed,
in the particular case of groups, Conduché [32] explained that from a
crossed square we can form two crossed 2-modules whose associated
simplicial groups (see Proposition 3.4 in [32]) are homotopic, but they
are not isomorphic. However, it would be interesting to study the link
between these two generalizations of crossed modules in two dimensions.

Another possibility would be to go one step further and show an equiva-
lence between cat™-Hopf K-algebras and crossed cube™ Hopf K-algebras.
Indeed, similarly to what was observed in Lemma 3.3.1, the construction
can be repeated in any dimension.
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Non-abelian tensor product of cocommutative Hopf alge-
bras

Another interesting perspective would be to describe the non-abelian
tensor products of cocommutative Hopf K-algebras by following the
approach using the crossed squares given in [35]. The authors used the
concept of crossed squares in semi-abelian categories to obtain an intrinsic
approach to the non-abelian tensor products. The notions of non-abelian
tensor products of groups [22] and Lie algebras [38] would be special cases
of this notion of non-abelian tensor products of cocommutative Hopf
K-algebras. As a first step, it would be interesting to study the internal
notion of compatible actions defined in any semi-abelian category (which
satisfies the Smith is Huq property) [34], in the category of cocommutative
Hopf K-algebras. This notion is strongly related to the crossed modules.

S-protomodularity

In the category of groups, split extensions have a lot of interesting
properties. One of them is the fact that the category of split extensions
is equivalent to the category of group actions. Unfortunately, this does
not hold in any category, for example the category of monoids does not
have this property. The category of groups is a protomodular category,
while the category of monoids is not. However, the class of the Schreier
split epimorphisms turned out to have interesting properties, similar to
the points in groups. For example, they are equivalent to the actions of
monoids, the Split Short Five Lemma holds, etc. [20]. The authors in [20],
introduced the notion of S-protomodularity, that is the protomodularity
with respect to a class S of split epimorphisms. The main example is
the category of monoids with the class of Schreier split epimorphisms.

In [45], the authors showed that the category of K-bialgebras, the cat-
egory of Hopf K-algebras, and even the category of cocommutative
K-bialgebras are not protomodular categories. Nevertheless, in the cate-
gory of (non-associative) Hopf algebras or (non-associative) bialgebras,
we have a class of split epimorphisms that has interesting properties. In
particular, the Split Short Five Lemma holds when it is restricted to
the split extensions of (non-associative) bialgebras or (non-associative)
Hopf algebras. Hence, it seems natural to expect that the categories



215

of (non-associative) Hopf algebras and (non-associative) bialgebras are
S-protomodular categories, for the class of split extensions defined in
Chapter 4 and Chapter 5, respectively.

To be an S-protomodular category, the class S of split epimorphisms
needs to satisfy some properties. Among them, the fact that any split
epimorphism in S has to be a strong point and that the class S has to be
stable under pullbacks (and under all the finite limits). These conditions
are not trivial. In particular, the product of two general bialgebras (or
Hopf algebras) is not given by the monoidal product, but rather by a
much more difficult construction using the cofree coalgebra construction
(see [1] in the category Vectk). One perspective would be to understand
this construction and then prove the S-protomodularity.

With this result, we could apply the theory of S-protomodular categories
to the categories of (non-associative) Hopf algebras and bialgebras. For
example, these categories would be S-Mal’'tsev [14] and we could obtain
a 3 x 3 lemma for the split extensions of (non-associative) Hopf algebras
and bialgebras [21].

It would be also interesting to study other properties, similar to the ones
observed in [20] and [47], for the split extensions of (non-associative)
bialgebras and Hopf algebras. In particular, we could examine the
composition of such split extensions.
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