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Abstract—We propose a mathematical formulation for study-
ing the 2D propagation of electromagnetic waves throughout a
cylindrical GRIN lens, when the source is located inside the lens.
The lens can contain electrically small cylindrical PEC elements,
whose effect on the propagation can be analyzed.

Index Terms—GRIN lenses, electromagnetic propagation,
cylindrical, PEC.

I. INTRODUCTION

The study of Gradient-Index (GRIN) lenses, and particularly
of electromagnetic propagation of waves throughout them, has
been a subject of interest for a long time [1]. The propagation
of a source of electromagnetic radiation located outside such
a cylindrical dielectric lens, has been studied both analytically
[2] and using full-wave solvers such as CST Microwave Studio
[3]. The scattering of a wave by a cylindrical body made
of an electrically large metallic core (PEC) surrounded by
dielectric layers has also been studied, with a source located
inside [4][5] or outside [6][7][8] the cylindrical body. Recently,
the scattering by a dielectric cylindrical body surrounded by
metallic elements wrapped around it has also been studied
[9][10], problem already addressed earlier in 2D [11] by use
of the semi-analytic Method of Regularization. In this paper,
we develop a 2D full-wave solver in cylindrical geometry,
assuming infinite length along ẑ for all elements. Our solver
is based on previous work [2], which we extend to a case
where the lossy body is made of concentric cylindrical shells,
mimicking a discretized GRIN lens, where the source is
located inside the cylinder, as well as a case where the lossy
body features a number of electrically small PEC shorting
pins. The paper is organized as follows: Section II sets the
problem for a homogeneous dielectric lens, Section III extends
it to a GRIN lens, Section IV introduces the PEC elements in
the lens and Section V provides a conclusion.

II. HOMOGENEOUS LENSES

Let us consider a cylindrical coordinate system (ρ̂, ϕ̂, ẑ)
in which we represent an incident wave by an infinite linear
source located in a medium of relative dielectric permittivity ϵr
at (ρ, ϕ) = (ρ′, 0) and oriented along ẑ, see Fig. 1. For the sake
of simplicity, we consider the wave with kz = 0 (the current
does not vary along ẑ) and vertically polarized, such that Eϕ

and Hz components are equal to zero. The analysis of such
fields from line sources next to such lenses has been studied

in several papers already [2]. The incident field Ei
z(ρ, ϕ, z) is

expressed as a sum of centred cylindrical harmonics

Ei
z =



+∞∑
m=−∞

ejmϕCmJm(kρρ) for ρ ≤ ρ′

+∞∑
m=−∞

ejmϕC ′
mH(2)

m (kρρ) for ρ ≥ ρ′,

(1)

and the H-field components are directly obtained using

Hi
ϕ =

(
−jωϵrϵ0

k2ρ

)
∂Ez

∂ρ
. (2)

The decomposition into centred cylindrical harmonics is
interesting because boundary conditions can be applied to each
harmonic individually. The coefficients of the incident fields
(for the mth cylindrical harmonic) are computed by applying
boundary conditions at the source:

Cm = −I0
k2ρ

4ωϵrϵ0
H(2)

m (kρρ) and C ′
m = −I0

k2ρ
4ωϵrϵ0

Jm(kρρ).

(3)
So far, the dielectric lens was not considered. The question

is now to determine how the lens will react to the incident
field. For that, the reference paper [2] defines the total field
Et

z(ρ, ϕ, z) inside the dielectric cylinder of radius a as a sum
of centred Bessel functions, and the scattered field Es

z(ρ, ϕ, z)
outside as a sum of centred Hankel functions:

Et
z =

+∞∑
m=−∞

ejmϕAmJm(kρρ) for ρ ≤ a

Es
z =

+∞∑
m=−∞

ejmϕA′
mH(2)

m (kρρ) for ρ ≥ a.

(4)

The scattered field inside the cylinder (ρ ≤ a) can only
consist of Bessel functions, similarly to the incident field
in the region ρ ≤ ρ′. For that reason, and because of the
underlying assumption that the source is located outside the
cylinder (ρ′ ≥ a), both the incident and scattered field inside
the cylinder (ρ ≤ a ≤ ρ′) have the same form and can be
combined into the term Et

z .

For each of the mth harmonic, the incident, scattered and
total fields are used to ensure the continuity of the total fields
at the cylinder edge. A set of simple 2x2 systems of equations
can thus be solved to find the Am and A′

m coefficients for
each harmonic independently.
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III. GRIN LENSES

In this paper we analyse lenses in which the dielectric
cylinder of radius a is now made of N concentric cylindri-
cal dielectric shells and we propose an extension involving
PEC (perfectly electrical conductor) scatterers. The shells are
defined by a set of radii an(0 ≤ n ≤ N) such that the nth

shell corresponds to an−1 ≤ ρ ≤ an, as shown in Fig. 1. The
innermost shell includes the origin (a0 = 0) and the outermost
shell defines the lens edge, of radius a (aN = a).

X-axis

Y-axis

n=1

n=2

n=3

n=4

source

PEC

air

Fig. 1. Geometry of the problem with N = 4 shells.

We decide to place the source inside the dielectric cylinder.
Following [2] the incident field related to a given source
is calculated as before (1)-(3) but taking into account the
dielectric permittivity of the shell n

′
in which the source is

placed. The obtained incident field only makes sense in that
shell, for that reason we introduce the following notation:

Ei,n=n′

z =



+∞∑
m=−∞

ejmϕCmJm(kρρ) for an−1 ≤ ρ ≤ ρ′

+∞∑
m=−∞

ejmϕC ′
mH(2)

m (kρρ) for an ≥ ρ ≥ ρ′

0 elsewhere,
(5)

while noting that Ei,n̸=n′

z = 0 everywhere.

In practice, one must look for the scattered field in the
dielectric regions which might contain sources, and the total
field in the dielectric regions which do not contain any. For
that reason, we define the scattered field Es,n

z (ρ, ϕ, z) inside
each shell of index n ∈ [1, N ], and the total field Et

z(ρ, ϕ, z)
outside, both expressed as a combination of Hankel functions

of the first and second kinds:

Es,n
z =

+∞∑
m=−∞

ejmϕ[An,1
m H(1)

m (kρρ) +An,2
m H(2)

m (kρρ)]

for an−1 ≤ ρ ≤ an

Et
z =

+∞∑
m=−∞

ejmϕA2′

mH(2)
m (kρρ) for ρ ≥ a.

(6)
Hankel functions of the first kind represent inward propagat-

ing waves, whereas those of the second kind represent outward
propagating waves. The total field outside can only consist of
Hankel functions of the second kind. As before, the continuity
of the total fields is ensured at the cylinder edge (ρ = a)
considering the scattered and incident fields in the outermost
shell (n = N ). The continuity of the total fields must now
also be ensured at each interface between two neighbouring
dielectric regions:


Es,n

m,z(ρ = an) + Ei,n
m,z(ρ = an) =

Es,n+1
m,z (ρ = an) + Ei,n+1

m,z (ρ = an)

Hs,n
m,z(ρ = an) +Hi,n

m,z(ρ = an) =
Hs,n+1

m,z (ρ = an) +Hi,n+1
m,z (ρ = an)

(7)

for 1 ≤ n ≤ N − 1.

For N zones we have a total of 2N + 1 parameters to
determine, while so far 2N conditions were written. The
last condition is related to the innermost shell, where the
superposition of both Hankel functions must correspond to a
Bessel function, in other words A1,1

m = A1,2
m .

The conditions can be summed up in a system of equations
Smxm = bm of size 2N+1. For the case N = 2, the structure
of such a system reads as:


1 −1 0 0 0
⋆ ⋆ ⋆ ⋆ 0
⋆ ⋆ ⋆ ⋆ 0
0 0 ⋆ ⋆ ⋆
0 0 ⋆ ⋆ ⋆




A1,2
m

A1,1
m

A2,2
m

A2,1
m

A2′

m

 =


0

Ei,1
m,z(ρ = a1)− Ei,2

m,z(ρ = a1)
Hi,1

m,z(ρ = a1)−Hi,2
m,z(ρ = a1)

Ei,2
m,z(ρ = a2)

Hi,2
m,z(ρ = a2)


(8)

The symbol ⋆ is used for the non-zero elements in the
matrix Sm. The vector xm contains the unknowns Am while
the vector bm contains incident field values at the different
interfaces. In practice, one solves such a system 2M+1 times,
for a finite set of harmonics m ∈ [−M,M ]. A single block-
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diagonal system Sx = b of size (2M + 1)(2N + 1) can be
written for all harmonics at once, given their independence: Sm=−M · · · 0

...
. . .

...
0 · · · Sm=M


 xm=−M

...
xm=M

 =

 bm=−M

...
bm=M


(9)

An illustrative case is shown in Fig. 2 for a GRIN medium
of radius a = 15mm at 60GHz. The lens is divided into
N = 15 dielectric zones and implements a Gutman distri-
bution ϵr(ρ) = 1 + (a/f)2 − (ρ/f)2 with a focal point at
f = 0.75 a. The source is placed at ρ′ = f and is represented
by a red asterisk. As expected, the lens is able to output a
plane wave.

Fig. 2. Source located at the focal point ρ′ = f = 0.75 a of a Gutman lens.

Once the cylindrical harmonic coefficients are obtained for
the total field in the region outside the dielectric lens, it is
possible to compute the lens radiation pattern. Based on the
asymptotic behaviour of Hankel 2 functions in the far region
(large kρρ), the total electric field can be rewritten as

Et
z ≈ e−jkρρ√

kρρ

√
2

π

+M∑
m=−M

ejm(ϕ+π/2)ejπ/4A2′

m, (10)

where the radiation pattern F (ϕ) clearly appears:

F (ϕ) =

√
2

π
ejπ/4

+M∑
m=−M

ejm(ϕ+π/2)A2′

m. (11)

The radiation pattern related to Fig. 2 is shown in blue in
Fig. 5.

IV. METALLIC ELEMENTS

We add to our solver P cylindrical metallic elements (PEC)
placed anywhere inside the lens, at positions (ρp, ϕp) for
p ∈ [1, P ] as shown in Fig. 1, of radius ap and oriented the
same way as the dielectric cylinder (axis along ẑ). We model
those PEC elements by an additional incident field Ei,n

z,p

centred on the PEC, computed as before (1)-(3) for a source
intensity I0 = 1 and considering the dielectric permittivity
of the dielectric shell np in which the PEC is located. We
rely for that on Pocklington’s approximation, which states
the equivalence of generated fields between a current source
located on the PEC centre, and a current source distributed
over the PEC perimeter. An underlying condition is that the
PEC radius ap be very small compared to the wavelength.

The intensities of each element (relative to the source I0)
are represented by Ip. The mth cylindrical harmonic of the
incident field is now the sum

Ei,n
m,z = Ei,n

m,z,source +

P∑
p=1

Ipe
−jmϕpEi,n

m,z,p (12)

In the systems of equations Smxm = bm expressed in
Section III, the vectors bm contain values of incident fields
at the interfaces. Those systems of equations can be rewritten
adding the contributions of the PEC elements:

Smxm = bm ⇔ Smxm −
P∑

p=1

Ipbm,p = bm,source (13)

The quantities Ip are now additional unknowns of our
model. We need to express P additional conditions. A PEC
must satisfy the condition that there can be no electric field
tangent to its surface. Given our representation of PEC as
metallic cylinders oriented along ẑ and the electric field
having only components along ẑ, the condition simply states
that Et

z(ρp, ϕp) = 0 for p ∈ [1, P ]. That condition cannot be
solved for each harmonic separately, therefore it is required
to solve a single system of equations (9) for all harmonics.

The total electric field is the sum of many contributions:
• the incident field from the source,
• the incident field from each PEC, including the one under

observation,
• the scattered field from the lens.

The total electric field observed at the PEC element q
located in dielectric shell nq is thus given by
+M∑

m=−M

(
Ei,nq

m,z,source +

P∑
p=1

Ipe
−jmϕpEi,nq

m,z,p + Es,nq
m,z

)
ejmϕq .

(14)
The incident field from the source is entirely known, such

that we can define

K0(q) =

+M∑
m=−M

Ei,nq
m,z,source(kρρq) e

jmϕq . (15)
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The contribution of the PEC p ∈ [1, P ] on the PEC element
q ∈ [1, P ] depends on the unknowns Ip. We define

K1(q, p) =

+M∑
m=−M

Ei,nq
m,z,p(kρρq) e

jm(ϕq−ϕp) (16)

such that the contribution can be written
P∑

p=1

Ip K1(q, p). (17)

Let us remind that E
i,nq
m,z,p = 0 unless nq = np. For the

diagonal elements of K1, corresponding to the incident
field from the PEC element p on itself, the contribution
is not calculated on the PEC center (where the electric
field diverges) but rather at the distance ap from its center,
according to Pocklington’s approximation. For that, we use
the expression of the incident field based on H

(2)
0 (kρρ) and

evaluate it for ρ = ap. For all other contributions above and
below, the evaluation of the field is done on the PEC centre.

The effect of the scattered field from the lens depends on
the unknowns inside the vectors xm, based on the dielectric
shell nq in which the PEC is located. We define

K1
m(q,m) = H

(1)
m (kρρq) and K2

m(q,m) = H
(2)
m (kρρq)

(18)
such that the contribution can be written

+M∑
m=−M

(
Anq,1

m K1
m(q,m) +Anq,2

m K2
m(q,m)

)
. (19)

The PEC conditions can eventually be rewritten for each
element q ∈ [1, P ] as

−
+M∑

m=−M

(
Anq,1

m K1
m(q,m) +Anq,2

m K2
m(q,m)

)
−

P∑
p=1

IpK1(q, p) = K0(q).

(20)

The complete system of equations, considering the PEC
elements, now has a size (2M + 1)(2N + 1) + P . A general
view of the matrix form is given here for the sake of clarity:[

S −bPEC

−K1
m −K2

m −K1

] [
x

IPEC

]
=

[
bsource
K0

]
,

(21)
where IPEC is a vector of length P containing the unknowns
Ip and bPEC a matrix of size (2M + 1)(2N + 1) × P
containing the PEC incident field contributions.

An illustrative case is shown in Fig. 3. Three PEC elements
of radius ap = 150µm, represented as red circles, are added
compared to the structure of Fig. 2. The PEC elements are
located λg/4 at the back of the source along the X-axis,
in order to form a reflective backwall. They are distributed
λg/4 apart from each other along the Y-axis. The presence
of the backwall enhances the intensity of the electric field

along the focusing direction of the lens. This reduces the side
lobes (from -10dB to -13dB) and greatly reduces the backward
radiation, as can be seen in red in Fig. 5.

Fig. 3. Source located at the focal point ρ′ = f = 0.75 a of a Gutman lens,
with 3 PEC elements used as a backwall for the source.

In order to validate our 2D solver, we compared it with a 3D
commercial simulator while assuming infinite thickness with
uniform properties along the ẑ axis. The structure presented
in Fig. 3 was simulated in CST Microwave Studio. A discrete
port acting as a current source was used as an excitation. A
z = 0 cut of the total electric field is shown in Fig. 4 with the
same range between 70dBV/m and 100dBV/m as in Fig. 3.
The comparison with Fig. 3 clearly confirms the ability of our
solver to cope with both a GRIN medium and the presence of
PEC elements.

Fig. 4. CST Results for a source located at the focal point ρ′ = f = 0.75 a
of a Gutman lens, with 3 PEC elements used as a backwall for the source.

A last illustrative case is shown in Fig. 6. PEC elements of
radius ap = 150µm are added, compared to the structure of
Fig. 2, at ρp = 0.2 a every 15◦. The combination of electrically
small PEC elements creates an equivalent electrically large
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Fig. 5. Normalized radiation patterns corresponding to Fig. 2 and 3.

PEC cylinder, where there is no electric field. This can be an
alternative approach to solve problems containing a PEC core
layer such as [4] or [7], while avoiding the use of specific
Green’s functions for grounded cylindrically layered media.

Fig. 6. Source located at the focal point ρ′ = f = 0.75 a of a Gutman lens,
with PEC elements arranged at ρp = 0.2 a every 15◦.

V. CONCLUSION

We established equations to solve the 2D problem of electro-
magnetic propagation by a source placed inside a GRIN lens,
the latter possibly featuring cylindrical and electrically small
PEC elements. We showed that PEC elements can enhance
the radiation properties of such a lens. We believe that such
a solver might be used to further improve GRIN lenses, for
example by placing PEC elements in such a way to reduce
side lobes or control coupling between multiple sources.
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