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Abstract
The Steiner tree problem (STP) is a classical NP-hard combinatorial optimization

problem with applications in computational biology and network wiring. The objec-

tive of this problem is to find a minimum cost subgraph of a given undirected graph

G with edge costs, that spans a subset of vertices called terminals. We present cur-

rently used linear programming formulations of the problem based on two different

approaches—the bidirected cut relaxation (BCR) and the hypergraphic formulations

(HYP), the former offering better computational performance, and the latter better

bounds on the integrality gap. As our contribution, we propose a new hierarchy of

path-based extended formulations for STP. We show that this hierarchy provides bet-

ter integrality gaps on graph instances used to define the worst-case lower bounds on

the integrality gap for both BCR and HYP. We prove that each consecutive level of

our hierarchy is at least as strong as the previous one. Additionally, we also present

numerical results showing that several difficult STP instances can be solved to inte-

ger optimality by using this hierarchy. Our approach can be adapted to variants of

STP or applied to hypergraphic formulations for further potential improvement on

the integrality gap bounds, in exchange for additional computational effort.

KEYWORDS

extended formulation, flow-based formulation, integrality gap, linear programming

relaxation, mixed-integer linear programming, Steiner tree

1 INTRODUCTION

The Steiner tree problem (STP) is an NP-hard problem [20] with applications ranging from computational biology to network

routing and design [19]. Given an undirected graph G = (V , E) with associated edge-cost function c : E →R+ and a set of

terminals R⊆V , the objective is to find a minimum-cost subgraph T ⊆G that spans R. The vertices of G that belong to V ⧵R
are called Steiner nodes. As existence of a cycle would imply that the cost could be decreased, the optimal solution is thus a

tree and hence the name of the problem.

This paper focuses on strengthening linear programming (LP) relaxations of STP. Current algorithms usually depend on one

of two LP relaxations—the bidirected cut relaxation (BCR) [5, 7, 26, 29] and the hypergraphic relaxation (HYP) [3, 8, 28]. Their

corresponding formulations gave rise to numerous optimization algorithms. Most recently, a HYP-based 1.39-approximation

algorithm was proposed by Byrka et al. [2], with a stronger analysis carried out later on by Goemans et al. [15]. The latter

reference also proved that the integrality gap for HYP is at most 1.39. Until then, the leading HYP-based algorithm was the

1.55-approximation one proposed by Robins and Zelikovsky [27], which was not LP-based. For BCR, which is more efficiently
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solvable than HYP, the best-known, but somewhat trivial, upper bound on the integrality gap is 2 [26]. It results by taking a

metric closure of graph G and obtaining a spanning tree for the terminals. For lower bounds on the integrality gap, Chlebík and

Chlebíková [4] proved that STP is NP-hard to approximate within ratio 96/95≈ 1.01. On several instances used to prove the

worst-case bounds, HYP generally attains smaller integrality gaps than BCR. For a graph known as Skutella’s graph the HYP

and BCR formulations both attain an 8/7≈ 1.14 integrality gap [23]. For BCR, there is an entire family of graphs suggested by

Goemans [13], for which the same gap is also attained. Based on Skutella’s graph, an additional family of graphs is obtained with

a 36/31≈ 1.16 integrality gap for BCR [2]. Finally, it has been proven by Feldmann et al. [9] that BCR and HYP are polyhedrally

equivalent (i.e., they yield the same LP bound) for graphs that do not contain a Steiner vertex with three neighboring Steiner

vertices. However, solving HYP is computationally expensive and therefore BCR-based relaxations are normally preferred in

the design of exact algorithms. On the practical side, the 11th DIMACS challenge (2014) has inspired several state-of-the-art

algorithms for STP in recent years. This includes work by Hougardy et al. [18], Fu et al. [11], Fischetti et al. [10] and Gamrath

et al. [12] to name a few.

Our main contribution is to strengthen BCR and HYP formulations by introducing additional variables to a standard mul-

ticommodity flow (MCF) formulation of STP. The new variables represent the flow of commodities along paths of G and not,

simply, flows on corresponding single edges. We show that our hierarchy of extended formulations improves the lower bound

on the integrality gap in all specific graph instances previously used to establish worst cases on LP relaxation gaps. This is of

particular interest to BCR, the formulation favored for designing exact algorithms. Indeed, it might be necessary to strengthen

BCR if its upper bound of 2 is to be improved. To the best of our knowledge, ours is the second flow-based hierarchy of extended

formulations proposed for the STP. The first one is due to Polzin and Daneshmand [6, 24]. Both of these hierarchies improve

the standard BCR formulation. Finally, we present numerical results showing how our hierarchy decreases or completely closes

the integrality gap on several difficult STP instances.

We simultaneously consider previously defined undirected graphs G = (V , E) and their corresponding bidirected graphs

D = (V , A) with the set of arcs A = {(i, j) ∣ {i, j}∈E}. We use the standard notation {i, j}∈E for an edge of G between vertices i
and j. Likewise, (i, j)∈A is used for an arc of D that points from i to j. Indices ij will be used to denote either edges of G or arcs

of D. We also use the classical notation x+ = max{0, x} and 𝛿+(C) = {(i, j)∈A ∣ i∈C, j∉C}. This means that 𝛿+(C) is the set of

arcs of D that point from a vertex in C to a vertex in V ⧵C. Finally, for conciseness we define  = {(r, k) ∣ r ∈ R, k ∈ R⧵{r}}
as the set of pairs of distinct terminals.

1.1 LP relaxations for STP
We now introduce the standard LP relaxations used to solve the STP. In all cases, we choose an arbitrary terminal node r ∈R to

serve as a root node for the Steiner tree. Such a root node creates an orientation of edges away from it. We introduce a binary

variable (relaxed in the formulation) yij, which takes value of 1 if edge {i, j}∈E is part of the solution and 0 otherwise. Similarly,

we also introduce zij, a binary variable associated with an arc (i, j)∈A, which takes value 1 if (i, j) is part of the solution and 0

otherwise. The BCR relaxation is defined as:

min
∑

{i,j}∈E
c𝑖𝑗y𝑖𝑗 (BCR)

s.t.
∑

(i,j)∈𝛿+(V⧵C)
z𝑖𝑗 ≥ 1 ∀C ⊆ V ⧵ {r},C ∩ R ≠ ∅,

y𝑖𝑗 = z𝑖𝑗 + z𝑗𝑖 ∀{i, j} ∈ E,
y𝑖𝑗 ∈ [0, 1] ∀{i, j} ∈ E,
z𝑖𝑗 ∈ [0, 1] ∀(i, j) ∈ A.

It follows from the observation that in any feasible solution there must be at least one arc between two complementary sets of

nodes—one containing the root node and the other containing another terminal node. The formulation is root-independent in

the sense that the optimal solution value does not depend on our choice of r ∈R [14]. The BCR relaxation is exact (i.e., solves

the IP) if V = R [7], in which case STP corresponds to the minimum cost spanning tree problem.

Another commonly used relaxation is based on hypergraphs and requires a complete graph obtained by computing the metric

closure of G. The first STP formulation of this type [28] was based on the observation that the problem can be formulated as

that of finding a minimum-cost spanning tree of a hypergraph (R,) defined on the terminals. That hypergraph relies on the

notion of a full-component, which is a tree with all leaves belonging to the set of terminals and all nonleaf vertices being Steiner

nodes. Let  be the set of all full-components in our graph G, each component with associated cost CK equal to the sum of its
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edge-costs. The HYP-based relaxation is defined as:

min
∑
K∈

CKxK (HYP)

s.t.
∑
K∈

xK(|R ∩ K ∩ S| − 1)+ ≤∣ S ∣ −1 ∀S ⊆ R, S ≠ ∅, (1a)

∑
K∈

xK(|R ∩ K| − 1)+ =∣ R ∣ −1, (1b)

xK ≥ 0, ∀K ∈ . (1c)

Constraints (1a) are called subtour elimination constraints and enforce the absence of cycles in the solution. Constraint (1b)

ensures in combination with (1a) that the solution spans all terminals.

Solving HYP to optimality is strongly NP-hard, but is solvable as an LP in polynomial time if the components are restricted

to at most k terminals [28]. However, this increases the approximation ratio by factor of 1 + 1

⌊log2k⌋ [1]. Therefore, obtaining

solutions with good approximation ratio requires using large k, which results in huge LPs with more than |R|k variables and

constraints.

A more recent hypergraphic approach follows a chain of reasoning similar to the one used for BCR [25]. Let Ki be a directed

graph obtained by directing all edges in a full-component K ∈  towards i∈K. These directed hyperedges have the same cost

as the undirected hyperedge K they were created from. We associate a (binary) variable xKi to each such hyperedge. Similarly to

BCR, we fix a root node r ∈R and define Δ(U) = {Ki| U ∩K ≠ ∅, i∉U}, a set of directed full-components leaving U ⊆R ⧵ {r}.

The LP relaxation can then be written as follows:

min
∑

K∈, i∈K
CKxKi (HYP-cut)

s.t.
∑

Ki∈Δ(U)
xKi ≥ 1 ∀U ⊆ R ⧵ {r}, U ≠ ∅, (2)

xKi ≥ 0 ∀Ki.

Constraints (2) say that there is at least one component crossing between the root and the other terminal nodes. This relaxation has

the same optimal solution as HYP and both are stronger than BCR [25]. Based on this relaxation, a ln(4)+ 𝜀≈ 1.39 randomized

approximation algorithm for the STP was proposed by Byrka et al. [2]. Goemans et al. [15] later used it to obtain a deterministic

algorithm with the same ratio proving that this is an upper bound on the integrality gap.

In Section 2, we describe how our hierarchy of extended formulations is built, starting with the commonly used MCF LP

formulation for STP [29]. In Section 3, we consider several instances previously used as worst-case examples for lower bounds

on integrality gap. We also elaborate on some observations related to these examples, relevant to understanding the hierarchy.

Finally, we present numerical results showing that several difficult STP instances can be solved to integer optimality by using

this hierarchy.

2 STRONGER PATH-BASED EXTENDED FORMULATIONS

We introduce our extended formulation by firstly writing down the standard MCF LP formulation for STP [29]. This formulation

is equivalent to BCR [14] as it projects to the same feasible set. It models the problem in terms of multicommodity unit flows

sent from the root r to every other terminal vertex k∈R ⧵ {r} (a distinct commodity k applying to every vertex k). Recall that

we are given an undirected graph G = (V , E), its corresponding digraph D = (V , A), a cost function c : E →R+, and a set of

terminals R⊆V with r ∈R selected as the Steiner tree root.

We introduce the following variables:

• xi, i∈V: models the decision to include or not a vertex i in the solution, takes value 1 if vertex i is included and 0

otherwise.

• yij, {i, j}∈E: models the decision to include or not an edge {i, j} in the solution, takes value 1 if the edge is included

and 0 otherwise.

• zij, (i, j)∈A: models the decision to include or not an arc (i, j) in the solution, takes value 1 if the arc is included and 0

otherwise.

• f k
𝑖𝑗 , (i, j) ∈ A, k ∈ R ⧵ {r}: equals the flow of commodity k traversing arc (i, j), takes value 1 if arc (i, j) is in the unique

flow path used to deliver commodity k to its corresponding terminal and 0 otherwise
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The formulation can then be written down as follows:

min
∑

{i,j}∈E
c𝑖𝑗y𝑖𝑗 (MCF-1)

s.t.
∑
(j,i)∈A

f k
𝑗𝑖 =

∑
(i,j)∈A

f k
𝑖𝑗 , ∀i ∈ V ⧵ {k, r},∀k ∈ R ⧵ {r}, (3a)

xr =
∑

(r,i)∈A
f k
𝑟𝑖, ∀k ∈ R ⧵ {r}, (3b)

0 ≤ f k
𝑖𝑗 ≤ z𝑖𝑗 , ∀(i, j) ∈ A,∀k ∈ R ⧵ {r}, (3c)∑

(i,j)∈A
z𝑖𝑗 = xj, ∀j ∈ V ⧵ {r}, (3d)

y𝑖𝑗 = z𝑖𝑗 + z𝑗𝑖, ∀{i, j} ∈ E, (3e)

xi = 1, ∀i ∈ R, (3f)

xi, y𝑖𝑗 ∈ [0, 1], ∀i ∈ V and {i, j} ∈ E, (3g)

We call the above formulation MCF-1. The objective is a simple minimization of the total edge cost. Constraints (3a) ensure that

the flow for every individual commodity is balanced at nonterminal nodes while constraints (3b) enforce the balance at the root

node. As constraint (3f) ensures that variable xr takes value 1, together with (3a) and (3b) this means that 1 unit of commodity k
leaves the root and reaches its corresponding vertex k∈R ⧵ {r} (the latter condition being implied by flow balance). Inequalities

(3c) tie variables z and f with zij as an upper bound on the flow f k
𝑖𝑗 of commodity k∈R ⧵ {r} traversing arc (i, j). Constraints

(3d) ensure that every vertex apart from the root has precisely one incoming arc. This is not necessary for correctness of the

formulation (i.e., MCF-1 is equivalent to BCR without these constraints), but serves to strengthen it. Constraint (3e) imposes

an orientation for every edge in the solution and finally constraints (3g) relax the integrality constraint on x and y. Note that

node variables xi are not strictly necessary for the original MCF formulation. However, we choose to include them for the sake

of constraints (3d) and possible generalization of the formulation to the prize-collecting STP.

2.1 Extended formulation
We now define a hierarchy of extended formulations for the STP. Building upon multicommodity formulation MCF-1, we keep

(relaxed binary) variables x and y. The first step, similar to the work Gouveia and Telhada [16] who used this technique for the

multiweighted STP, is to simultaneously formulate the problem over every possible candidate root vertex. Therefore, variables

z are redefined to include an additional root index. Similarly, we modify variables f and also rename them as w for consistency

with the additional notation to be introduced later on.

• zr
𝑖𝑗 , (i, j) ∈ A, r ∈ R: models the decision to include or not an arc (i, j) in the unique path used to ship commodity k

from a root r to a terminal k, takes value 1 if arc is included and 0 otherwise; z can have different orientation depending

on the root that is chosen.

• w𝑟𝑘
𝑖𝑗 = f 𝑟𝑘𝑖𝑗 , (i, j) ∈ A, r ∈ R, k ∈ R ⧵ {r}: models the flow of commodity k shipped from root r to terminal k through

arc (i, j), takes value 1 if arc is on the unique commodity k path from r to k and 0 otherwise.

• ur
𝑖𝑗 , (i, j) ∈ A, r ∈ R: upper bounds on flow variables w𝑟𝑘

𝑖𝑗 for any commodity, takes value 1 if arc (i, j) is used to ship

commodity k from root r to any terminal k∈R ⧵ {r} and 0 otherwise.

We call the formulation obtained from MCF-1 by considering all possible roots MCF-1+.

Furthermore, we let 𝜆≥ 1 denote the level of our extended formulation, which will be called MCF-𝜆 and for 𝜆 = 1 corre-

sponds to formulation MCF-1+. First, we fix a level 𝜆 = 2 and elaborate on the simplest improvement scenario over MCF-1+.

Namely, we additionally consider flows over paths of length 2 (consisting of two edges), instead of just flows over single edges.

Accordingly, we define new variables w and u corresponding to flows and bounds for paths of length 2. These are added to

the formulation on top of the previous variables defined for arcs. With every consecutive level of the hierarchy, it is necessary

to define new path variables w and u with increasing number of indices. While this unorthodox practice might cause some

confusion, we use it to simplify the notation of the general MCF-𝜆 formulation. Variables for MCF-2 are defined as follows:

• w𝑟𝑘
𝑙𝑖𝑗 , (l, i), (i, j) ∈ A, r ∈ R, k ∈ R ⧵ {r}: models the flow of commodity k shipped from root r to terminal k through a

directed path (l, i, j) of length 2, takes value 1 if path on the unique commodity k path from r to k and 0 otherwise.

• ur
𝑙𝑖𝑗 , (l, i), (i, j) ∈ A, r ∈ R: upper bound on flow variables w𝑟𝑘

𝑙𝑖𝑗 for any commodity, takes value 1 if path (l, i, j) is used

to ship commodity k from root r to any terminal k∈R ⧵ {r} and 0 otherwise.

These variables are illustrated in Figure 1.
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FIGURE 1 Graphical representation of new variables for a case of length two paths

Furthermore, for notation purposes, we introduce two sets:

• 𝑟𝑘
2 = {(l, i, j) ∣ (l, i), (i, j) ∈ A, l ≠ k, i ≠ r, i ≠ k, j ≠ r, j ≠ l}, r ∈ R, k ∈ R ⧵ {r}: set of length two paths in graph

G, that might be used to ship commodity k from root r to terminal k, meaning that r can only be the first node and k can

only be the final node (though they are not necessarily included in the length two path).

• r
2 = {(l, i, j) ∣ (l, i), (i, j) ∈ A, i ≠ r, j ≠ r, j ≠ l}, r ∈ R: set of length two paths in graph G, that might be used to ship

commodities from root r to every other terminal vertex (though r is not necessarily included in the length two path).

We now write down the extended formulation for this case:

min
∑

{i,j}∈E
c𝑖𝑗y𝑖𝑗 (MCF-2)

s.t.
∑

(l,i,j)∈𝑟𝑘
2

w𝑟𝑘
𝑙𝑖𝑗 =

∑
(i,j,l)∈𝑟𝑘

2

w𝑟𝑘
𝑖𝑗𝑙 ∀(i, j) ∈ {A ∣ i ≠ r, j ≠ k},∀(r, k) ∈ , (4a)

xr =
∑

(r,i,j)∈𝑟𝑘
2

w𝑟𝑘
𝑟𝑖𝑗 , ∀(r, k) ∈ { ∣ (r, k) ∉ A}, (4b)

xr =
∑

(r,i,j)∈𝑟𝑘
2

w𝑟𝑘
𝑟𝑖𝑗 + w𝑟𝑘

𝑟𝑘, ∀(r, k) ∈ { ∣ (r, k) ∈ A}, (4c)

w𝑟𝑘
𝑟𝑖 =

∑
(r,i,j)∈𝑟𝑘

2

w𝑟𝑘
𝑟𝑖𝑗 , ∀(r, i) ∈ {A|i ≠ k}∀(r, k) ∈ , (4d)

w𝑟𝑘
𝑟𝑖 ≤ ur

𝑟𝑖, ∀(r, i) ∈ A,∀(r, k) ∈ , (4e)

w𝑟𝑘
𝑙𝑖𝑗 ≤ ur

𝑙𝑖𝑗 , ∀(l, i, j) ∈ 𝑟𝑘
2 ,∀(r, k) ∈ , (4f)

zr
𝑖𝑗 =

∑
l∶(l,i,j)∈r

2

ur
𝑙𝑖𝑗 , ∀(i, j) ∈ {A|i ≠ r},∀r ∈ R, (4g)

zr
𝑖𝑗 =

∑
l∶(l,i,j)∈r

2

ur
𝑙𝑖𝑗 + ur

𝑖𝑗 , ∀(i, j) ∈ {A|i = r},∀r ∈ R, (4h)

∑
(i,j)∈A

zr
𝑖𝑗 = xj, ∀j ∈ V ⧵ {r}, ∀r ∈ R, (4i)

y𝑖𝑗 = zr
𝑖𝑗 + zr

𝑗𝑖, ∀{i, j} ∈ E, ∀r ∈ R, (4j)

xi = 1, ∀i ∈ R, (4k)

xi, y𝑖𝑗 ∈ [0, 1], ∀i ∈ V and {i, j} ∈ E. (4l)

Note that the constraints (4i)–(4l) have the same role in formulation MCF-2 as constraints (3d)–(3g) do in MCF-1. The flow

balance constraints on nodes (3a) are now replaced by flow balance constraints on arcs (4a), meaning that one now balances

flows through individual arcs. However, this generalization only applies to arcs which are not adjacent to the root or their

accompanying terminals. Constraints (4b) and (4c) correspond to (3b) as they balance the flow over all arcs pointing out of the

root. This can include paths of length 2 or single arcs if there is an edge directly linking the root to an accompanying terminal. A

tightening occurs at constraints (4d)–(4h), which correspond to constraints (3c) in MCF-1. The first of these constraints makes

sure that length two paths with roots as their initial vertices are properly defined. The second and third constraints impose

bounds on flows over length-1 and length-2 paths respectively, as illustrated in Figure 1. Finally, the last two constraints relate

the arc capacity to path capacities.

We now generalize this approach by allowing paths of length up to 𝜆≥ 2. We define new variables and sets in addition to

the ones introduced before the MCF-2 formulation:
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• w𝑟𝑘
p : models the flow of commodity k shipped from a root r to a terminal k∈R ⧵ {r} through a path p of length at most

𝜆, takes value 1 if the path is part of the integer solution and 0 otherwise.

• ur
p: can be interpreted as a switch on the use or not of path p from root r, takes value 1 if the path is included in the final

solution and 0 otherwise. Another interpretation is that it takes value 1 if path p is part of the arborescence rooted at r
and 0 otherwise.

• 𝑟𝑘
l = {(j1, j2,… , jl+1) ∣ (ji, ji+1) ∈ A ∀i = {1, 2,… , l}, ji ≠ r ∀i = {2, 3,… , l + 1}, ji ≠ k ∀i = {1, 2,… , l}, i ≠ l ⇐⇒

ji ≠ jl ∀i, j = {1, 2,… , l+ 1}}: set of paths of length l in graph G, that may be used to ship commodity k from root r ∈R
to terminal k∈R ⧵ {r}, meaning that r can only be the first node and k can only be the final node (though they are not

necessarily included in the path).

• r
l = {(j1, j2,… , jl+1) ∣ (ji, ji+1) ∈ A ∀i = {1, 2,… , l}, ji ≠ r ∀i = {2, 3,… , l + 1}, i ≠ l ⇐⇒ ji ≠ jl ∀i, j =

{1, 2,… , l + 1}}: set of paths of length l in graph G, that may be used to ship commodities from a root r ∈R to every

other terminal vertex, meaning that r can only be the first node (though it is not necessarily included in the path).

• P𝑟𝑘
p = {n ∈ 𝑟𝑘

𝜆 |n = (… , p)} ∪ {∪𝜆−1
l=1 {n ∈ 𝑟𝑘

l |n = (r,… , p)}}: set of paths directed from a root r ∈R to a terminal

k∈R ⧵ {r}, ending in a path p or a vertex p and of length 𝜆 or shorter if beginning at r.

• Pr
p = {n ∈ r

𝜆|n = (… , p)} ∪ {∪𝜆−1
l=1 {n ∈ r

l |n = (r,… , p)}}: set of paths directed from root r ∈R, ending in a path p
or a vertex p and of length 𝜆 or shorter if beginning at r.

• Q𝑟𝑘
p = {n ∈ 𝑟𝑘

𝜆 |n = (p,…)} ∪ {∪𝜆−1
l=1 {n ∈ 𝑟𝑘

l |n = (p,… , k)}}: set of paths directed from root r ∈R to a terminal

k∈R ⧵ {r}, beginning with a path p or a vertex p and of length 𝜆 or shorter if ending in k.

Variables x, y, and z remain as previously defined. The general MCF-𝜆 extended formulation can be written as:

min
∑

{i,j}∈E
c𝑖𝑗y𝑖𝑗 (MCF-𝜆)

s.t.
∑

q∈P𝑟𝑘
p

w𝑟𝑘
q =

∑
q∈Q𝑟𝑘

p

w𝑟𝑘
q , ∀p ∈ {𝑟𝑘

𝜆−1 ∣ r ∉ p, k ∉ p},∀(r, k) ∈ , (5a)

xr =
∑

p∈Q𝑟𝑘
r

w𝑟𝑘
p , ∀(r, k) ∈ , (5b)

w𝑟𝑘
p =

∑
q∈Q𝑟𝑘

p ∩𝑟𝑘
l+1

w𝑟𝑘
q , ∀p ∈ {𝑟𝑘

l ∣ r ∈ p, k ∉ p},∀(r, k) ∈ 

∀l = {1, 2,… , 𝜆 − 1}, (5c)

w𝑟𝑘
p ≤ ur

p, ∀p ∈ 𝑟𝑘
𝜆 ,∀(r, k) ∈ , (5d)

w𝑟𝑘
p ≤ ur

p, ∀p ∈ {𝑟𝑘
l |r ∈ p},∀(r, k) ∈ 

∀l = {1, 2,… , 𝜆 − 1}, (5e)

zr
𝑖𝑗 =

∑
p∈Pr

𝑖𝑗

ur
p, ∀(i, j) ∈ A,∀r ∈ R, (5f)

(4i)−(4l)

We keep the last four constraints of MCF-2. Constraints (5a) enforce flow balance for paths of length 𝜆− 1. They play the

same role for paths of length 𝜆− 1 in MCF-𝜆 as the constraints (4a) in MCF-2. In simple terms they enforce that, given a path,

the sum of flows into it is equal to sum of flows out of it. Root node flow balance is now enforced in (5b) as a sum of flows

along paths that may eventually be longer that those in (4b) and (4c) and that ship the required one unit of commodity k from

a root r to a terminal k∈R ⧵ {r}. Constraints (5d) and (5e) represent generalized constraints (4e) and (4f) and impose flow

bounds on all paths up to length 𝜆. In a similar fashion to constraint (5b), constraint (5f) relates the capacity of an arc (i, j) to a

sum of capacities of paths of length at most 𝜆. Constraints (5c) now provide proper definition of flows on short paths of lengths

1 through 𝜆− 1, which are adjacent to the root node. This is important in order to allow a proper calculation of capacity zr
𝑖𝑗

near root r through constraints (5d), (5e), and (5f). Note that only the following flow path variables (and corresponding path

capacities u) have to be defined:

• variables representing flow on paths of length 𝜆,

• variables representing flow on shorter paths that begin at root r.

It should be noted that for a fixed level 𝜆, the problem description contains a polynomial number of variables and constraints.

The highest order of magnitude for them is determined by the number of paths of length 𝜆 that may eventually exist in the

graph. If we consider a complete graph, then there are (|V|𝜆+1) such paths. Given that we consider directed paths for all pairs

of terminals, one would thus have (|V|𝜆+1|T|2) variables and constraints.
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For some graph instances, especially those containing longer paths, MCF-𝜆 with small parameter 𝜆 can fail to match the

results obtained by HYP or MCF-𝜆 with high 𝜆 value. We discuss this situation in more detail in the next section in a paragraph

associated with Figure 5, which presents an instance of a graph that causes such problems for MCF-2. It can be addressed

by increasing 𝜆, which can significantly increase the size of the formulation, but the result can be made arbitrarily bad by

subdividing the path with more vertices. Alternatively, we can replace graph G by its metric closure and introduce an additional

constraint for each Steiner (nonterminal) node:

∑
j∶(i,j)∈A

zr
𝑖𝑗 ≥ 2xi, ∀i ∈ V ⧵ R ∀r ∈ R. (6)

This means that each Steiner node, if included in the final solution, has at least 2 outgoing edges in addition to the constraint

saying that it has at most one incoming edge. Equivalently, we could write down a constraint saying that each Steiner node is

either of degree 0 or at least 3. This approach also increases the size of the problem, but the number of variables and constraints

remains of the same order of magnitude. Metric closure is also required for hypergraphic formulations [23], so MCF-𝜆 does not

suffer a disadvantage in comparison.

Finally, we present an extended formulation of maximum level (we call it MCF-n), that is, a formulation that involves the

longest paths possible in the graph.

min
∑

{i,j}∈E
c𝑖𝑗y𝑖𝑗 (MCF-n)

s.t. xr =
∑

p∈Q𝑟𝑘
r ∩P𝑟𝑘

k

w𝑟𝑘
p , ∀(r, k) ∈ , (7a)

w𝑟𝑘
p =

∑
q∈Q𝑟𝑘

p ∩𝑟𝑘
l+1

w𝑟𝑘
q , ∀p ∈ {𝑟𝑘

l ∣ r ∈ p, k ∉ p},∀(r, k) ∈ 

∀l = {1, 2,… , n − 1}, (7b)

w𝑟𝑘
p ≤ ur

p ∀p ∈ 𝑟𝑘
l , ∀(r, k) ∈ ,∀l = {1, 2,… , n}, (7c)

zr
𝑖𝑗 =

∑
p∈Pr

𝑖𝑗

ur
p, ∀(i, j) ∈ A,∀r ∈ R, (7d)

(4i)−(4l)

This differs from MCF-𝜆 only in one aspect, namely constraints (5a) and (5b) are replaced by (7a) that only involve balance

constraints for every individual root vertex. Namely, we sum all the flows in k-commodity paths of any length that begin at a root

r ∈R and end at a terminal k∈R ⧵ {r}. Similarly to MCF-𝜆, flow balance at commodity terminals is preserved automatically

due to constraints (5a) and (5b). In addition to all flows along root-to-terminal paths, also shorter paths beginning at a root are

included to facilitate strengthening through bounds u in constraints (7b), (7c), and (7d). In practice, even a single flow balance

constraint (7a) that splits the flow among all possible paths from root to commodity makes the problem prohibitively expensive

to solve.

We now present two theoretical results related to our hierarchy of extended formulations.

Proposition 1. MCF-(𝜆+ 1) is at least as strong as MCF-𝜆 for 𝜆≥ 1.

Proof. To prove this it suffices to show that any MCF-(𝜆+ 1) solution can be converted to a MCF-𝜆 solution with

the same cost. Note that constraints (4i)-(4l) remain the same for all levels of 𝜆≥ 1. For the remaining constraints, it is

necessary to sum the flows and bounds of paths of length 𝜆+ 1 to obtain the flows and bounds on paths of length 𝜆. This

is carried out in the style of constraints (5c) as follows:

w𝑟𝑘
p =

∑
q∈Q𝑟𝑘

p ∩𝑟𝑘
𝜆+1

w𝑟𝑘
q , ∀p ∈ {𝑟𝑘

𝜆 |k ∉ p},∀(r, k) ∈ ,

w𝑟𝑘
p =

∑
q∈P𝑟𝑘

p ∩𝑟𝑘
𝜆+1

w𝑟𝑘
q , ∀p ∈ {𝑟𝑘

𝜆 |r ∉ p},∀(r, k) ∈ ,

ur
p =

∑
q∈Qr

p∩
r
𝜆+1

ur
q, ∀p ∈ {r

𝜆|k ∉ p},∀r ∈ R,

ur
p =

∑
q∈Pr

p∩
r
𝜆+1

ur
q, ∀p ∈ {r

𝜆|r ∉ p},∀r ∈ R,
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This reasoning can be applied in a straightforward way to constraints (5a), (5b), and (5f). For (5c) and (5d) and (5e),

all the necessary constraints for the 𝜆-level formulation are already included and we remove the ones related to paths of

length 𝜆+ 1. ▪

Proposition 2. There exist instances of graphs, for which MCF-(𝜆+ 1) is stronger than MCF-𝜆.

Proof. We refer to the next section for examples of graph instances where there is an improvement (e.g., graph in

Figure 9). ▪

3 ANALYSIS OF BOUNDS FOR WORST-CASE INSTANCES OF HYP AND BCR

In this section, we present empirical results for our hierarchy of extended formulations and report on computational experiments

carried out with use of the ZIMPL mathematical modeling language [21] and Gurobi LP solver [17]. In all the following figures

illustrating various graph instances, squares and circles are used to represent terminal nodes and Steiner vertices respectively.

Unless shown otherwise, the edge weights are 1.

First, consider the Goemans [13] family of graphs, which can be defined as follows. Define a single “origin” node n0 and N
additional nodes n1, … , nN , all of which are terminals. We then add Steiner nodes mi with incident edges {n0, mi} and {ni, mi}

for every i = 1, 2, … , N. Each of these edges has cost 2. Additional Steiner vertices pij are also introduced with cost 2 edges

{pij, mi} and {pij, mj} incident to them. At last, vertices qij are also introduced with incident edges {qij, mi}, {qij, mj}, and {qij, pij}

of cost 1 for every applicable pair i, j with i, j = 1, 2, … , N, i≠ j. This is illustrated in Figure 2A. In our tests we use the simplest

graph of this family, defined for N = 2 (Figure 2B), as well as two modified graphs with additional terminals as illustrated in

Figure 2C,D.

BCR obtains fractional solutions for the graphs displayed in Figure 2B,C with a solution value of 7.5 in both cases. These

fractional solutions assign flows of 0.5 at every edge of the graph and were used to establish a 16/15≈ 1.07 integrality gap

for BCR. In case of the hypergraphic formulation, this gap is closed for 2B, but not for 2C, where a 16/15 integrality gap is

still present. Considering our extended formulation, the fractional solutions for these graphs are eliminated by MCF-2, which

reaches the integer optimal value of 8. A similar result is obtained for the instance (2D), where BCR attains a fractional solution

(A) (B)

(C) (D)

FIGURE 2 Instances of graphs based on the family of graphs proposed by Goemans [13]. (A) Segment of a graph belonging to the family of graphs

proposed by Goemans. (B) An instance for N = 2 with 3 terminals. (C) A modified instance with an additional “central” terminal node. (D) A modified

instance with an additional terminal node attached to the central vertex [9]
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TABLE 1 Comparison of optimal objective function values for standard and extended formulations on selected graph instances

Instance Nodes Terminals Edges BCR HYP MCF2 MCF3 MCF4 OPT

2B 7 3 9 7.5 8 8 8 8 8

2C 7 4 9 7.5 7.5 8 8 8 8

2D 8 4 10 5.5 6 6 6 6 6

5 16 3 18 30 32 31.5 32 32 32

7 15 8 35 8.75 8.75 9.40625 9.40625 9.40625 10

9 22 10 39 15 15.75 15.75 16.5 16.5 17

(A) (B)

(C)

FIGURE 3 Sample solutions of instance 2B with BCR, HYP, and MCF-2 formulations. (A) Solution using BCR: for each commodity there are 2 paths of

flow, one along the outer edges and the other through the center. Each path carries 0.5 units of flow. (B) Solution using HYP: two components joining the

terminals along outer edges are chosen, one for each commodity. (C) Solution using MCF-2 in terms of edge variables y. Only four outer edges are picked,

such that they provide a solution similar to HYP.

value of 5.5 with a lower bound on integrality gap of 1.09. HYP closes this gap by obtaining the integer solution 6. This result

is also attained by MCF-2. However, this is also an example showing that, contrary to the case of BCR, the choice of the root

cannot be arbitrary. If only a single root is considered, then the optimal integer solution is only obtained by MCF-2 in case

of one of the degree 2 terminals is taken as the root node. For the remaining terminal, only the fractional solution of BCR

will be obtained. This justifies our choice of including all possible roots in the formulation. The solutions are summarized in

Table 1, together with three graph instances introduced later on in this section. The results for BCR are matched by MCF-1 and

MCF-1+ .

We now present more detailed information on the solutions obtained by the different formulations on instances 2B, 2C, and

2D. Firstly, in Figure 3, solutions are displayed for instance 2B. The BCR solution allows for the flow to be sent through the

central node, which is not allowed by HYP or MCF-2. To be precise, BCR assigns 0.5 units to each edge in the graph, while

MCF-2 and HYP lead to an integer solution, which follows the outer edges.

In Figure 4, the solutions to instance 2C present the case in which HYP matches the BCR solution and is surpassed by

MCF-2. The BCR solution is similar to the previous case and assigns 0.5 capacity to each line. Using HYP leads to a choice of

three components, each with 0.5 weight. On the other hand, using MCF-2 leads to an integer solution.
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(A) (B)

(C)

FIGURE 4 Sample solutions of instance 2C with BCR, HYP, and MCF-2 formulations. (A) Solution using BCR: for each commodity there are two paths of

flow. Each path carries 0.5 units of flow. (B) Solution using HYP makes use of three components, each with weight 0.5. (C) Solution using MCF-2 in terms of

edge variables y. Edges are chosen such that the flow along one outer edge is replaced by flow through the central terminal

FIGURE 5 Instance of a modified Goemans graph (2A) showing issues in MCF-2 performance

In Figure 5, we present an instance of a graph that serves as an example justifying the use of metric closure and constraint

(6). It is obtained by taking graph 2B and replacing the inner edges with paths consisting of 4 edges. Solving the graph instance

with BCR and HYP yields objective function values of 30 and 32 respectively (the last of which matches the integer optimal

solution). MCF-2 attains a value of 31.5, which is better than that for BCR, but does not match the one attained by HYP. This can

be remedied either by using MCF-3, which matches the result provided by HYP, or by using the metric closure and constraint

6 as described in the previous section. Figure 6 shows MCF-2 and MCF-3 solutions for this instance and what fractional flow

is eliminated by the stronger formulation.

Skutella’s graph shown in Figure 7 is a basis for the current lower bound of 8/7≈ 1.14 on the integrality gap for the HYP

formulation [2]. It consists of 15 vertices divided into three layers—the first one including a terminal, which is originally
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FIGURE 6 The MCF-2 (left) and MCF-3 (right) solutions in terms of y variables to the instance presented in Figure 5. The higher level formulation

eliminates flow joining and splitting at the center node

FIGURE 7 Skutella’s graph, an example of 8/7 integrality gap for HYP formulation. All edges have weight 1. Numbers on the left side show the flow limits

provided by our hierarchy of extended formulations

intended as a root node, then a layer of seven Steiner nodes and finally a layer of 7 terminals. The initial terminal is con-

nected to every Steiner node. The edges between second and third layers follow the rule that each node has four adjacent edges

and each pair of nodes from one layer is connected to exactly six different nodes in the other layer. The optimal fractional

solution given by both BCR and HYP sends 0.25 units of flow along every edge, giving an objective function value of 8.75

with the integer optimum being 10. The integer optimal solution uses 3 Steiner nodes from the second layer to connect to the

lowest layer.

Skutella’s graph can be extended to an arbitrary number of layers. Given an original graph, we can add a new layer to

it as follows: take each terminal node at the bottom layer, turn it into a Steiner node and duplicate it 6 times (for a total of 7

identical nodes) together with edges to the nodes in the layer above. Now, for each set of 7 newly obtained nodes, we create

7 new terminals one layer lower and join then to the above with the same pattern of edges from original Skutella’s graph. We

can repeat this process as many times as necessary to obtain more and more complicated graphs with increasing lower bound

values for BCR. For a single additional layer, this approach is pictured in Figure 8. It was proven by Byrka et al. [2] that the

upper bound on the integrality gap for BCR approaches 36/31≈ 1.161, when the number of layers for this graph instance goes

to infinity. The original (3-level) Skutella graph serves as an example of the fact that strict improvement is not guaranteed in our

hierarchy. MCF-2 attains a fractional solution of 9.40625 = 301/32 for it, resulting in an integrality gap of 320/301≈ 1.06. This

solution assigns capacities of 5/32 and 19/64 to the upper set of edges and the lower set of edges respectively. Moreover, this

graph instance is also an example that choosing the largest possible 𝜆 in a graph does not produce the convex hull of the integer

problem.

Proposition 3. The MCF-n formulation, where n is the number of nodes in G, does not characterize the convex hull of
feasible solutions to the Steiner tree problem.

Proof. Let 𝜉14 be value of the optimal solution to MCF-14, which is an extended formulation of maximum level for

Skutella’s graph. If we restrict the problem such that flows on paths of length larger than 4 are set to 0, we can obtain

the value of the optimal solution to the restricted problem, which we call 𝜉∗14. Since our problem is a minimization one,

we have 𝜉14 ≤ 𝜉∗14. Note that, considering the constraint sets for MCF-14 and MCF-4, 𝜉∗14 = 𝜉∗4 , where 𝜉∗4 is value of the
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FIGURE 8 Elevated Skutella’s graph. All edges have weight 1

FIGURE 9 A different instance of a graph showing improvement between consecutive extended formulation levels. Numbers on the left side show the flow

limits provided by MCF-2 and numbers on the right side show flow limits provided by MCF-3

optimal solution to MCF-4 with flow on paths that do not start at r set to 0. Finally, observe that there exists an optimal

solution to MCF-4 that meets this criterion, so 𝜉∗4 = 𝜉4, where 𝜉4 is value of the optimal solution to MCF-4. Hence, for

Skutella’s graph instance we have

𝜉14 ≤ 𝜉∗14 = 𝜉∗4 = 𝜉4.

From Proposition 1 we know that 𝜉14 ≥ 𝜉4 and therefore 𝜉14 = 𝜉4. This proves for that graph instance that optimal solution

values are the same for MCF-𝜆 with 4≤ 𝜆≤ 14 and are equal to 9.40625, which is not the optimal integer solution value.

Hence, the extended formulation for the maximum path length possible does not characterize the convex hull of feasible

solutions to STP. ▪

We can also apply our approach to the graph presented by Byrka et al. [2]. For that graph, all edge weights are also set to 1.

There are now 4 layers of vertices, one terminal at the top layer, which is connected to three Steiner nodes in the second layer.

The third and fourth layers contain 9 nodes each, Steiner and terminal nodes respectively. The remaining connections are shown

in Figure 9. The optimal integer solution to this instance is 17, while BCR and HYP provide fractional solutions of 15 and 15.75

respectively. The latter one is matched by MCF-2 and improved upon by MCF-3, which attains 16.5. The weakest fractional

solution, given by BCR, has bound of 0.25 for flows in the middle of the graph (joining second and third layers) and 0.5 for

all other edges. HYP on the other hand assigns flows of 1/12 over all 27 symmetric components [2]. Our MCF-2 formulation

assigns capacity of 0.75 for the top edges, 0.25 for the middle set and 0.5 for the bottom set of the edges. For the case of MCF-3,

these capacities are approximately 0.5276, 0.3102, and 0.5185 respectively.

For the sake of completeness, we present an overview of lower and upper bounds in Figure 10.
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FIGURE 10 Comparison of integrality gap bounds for different formulations of STP [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 2 Results of computational experiments on I080 instances with 80 nodes each

MCF-1 MCF-2 Closed

Instance |E| |R| Opt Value Time (s) Value Time (s) Gap

i080-044 632 6 1366 1329 3 1366 887 100.00%

i080-111 350 8 2051 2025.44 25 2049.99 596 96.05%

i080-143 632 8 1767 1755.29 44 1767 2395 100.00%

i080-212 350 16 3677 3676.79 2224 3677 6030 100.00%

i080-213 350 16 3678 3650.33 1056 3677.84 7200 99.42%

i080-214 350 16 3734 3696.07 1250 3724.89 7200 75.98%

i080-215 350 16 3681 3672.91 1692 3681 5735 100.00%

i080-235 160 16 4487 4480.5 115 4487 452 100.00%

i080-305 120 20 5932 5888.5 82 5894.5 288 13.79%

i080-331 160 20 5226 5206.5 218 5213 589 33.33%

i080-332 160 20 5362 5339.5 194 5362 683 100.00%

4 NUMERICAL RESULTS

In this section, we present numerical results obtained by applying our extended formulation to some difficult test instances.

We used ZIMPL [21] as the modeling language and Gurobi 7.5 [17] as the LP solver with all presolve features turned off.

Due to increasing power of current solvers, test instances often need to be specially designed to be difficult. For example, our

initial tests on randomly generated instances for graphs up to 40 nodes were directly solved to integer optimality by MCF-1.

To provide meaningful results, we applied our extended formulation to several difficult instances from the I080 test set in the

SteinLib library [22]. Tests were performed on a computer with a 2.4 GHz CPU and 8 GB of RAM. A time limit of 2 CPU

hours was imposed on every run of the algorithm. Table 2 shows, from left to right, the name of each instance, its size (number

of edges and terminals), the optimal integer solution value, the objective function values attained by MCF-1 and MCF-2 and

corresponding CPU times.

While the computation times cannot compare to current state-of-the-art algorithms for STP, they give us an indication of

the computational effort necessary to solve higher-level extended formulations from our hierarchy. In general, a significant

increase in computation time is expected due to the larger size of the problem. On the other hand, we observe that in all cases a

substantial fraction of the remaining gap was closed by MCF-2 and in most cases that fraction was very high. In particular, 6 of

11 instances were solved to optimality by MCF-2. Moreover, applying the MCF-3 formulation to two of the worst performing

instances (in terms of the percentage of the integrality gap closed), i080-305 and i080-331, yields optimal solution values of

5929.6 (94.48% integrality gap reduction) and 5226 (100% integrality gap reduction) respectively. On a practical side however,

the demand for memory and computational power highly increased with size of the problem and 2 instances timed out, even

when solving their MCF-2 formulation.

5 CONCLUSION

In this paper we proposed a hierarchy of extended formulations of increasing strength. We have shown that our extended for-

mulations improve the solutions currently provided by hypergraphic and bidirected cut formulations to all graph instances we

have tested, such as Skutella’s graph and the Goemans family of graphs. Since these are used to show the worst-case lower

bound for the integrality gap, it suggests that MCF-𝜆 might lead to better approximation algorithms, which can be more efficient

http://wileyonlinelibrary.com
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than the computationally intensive hypergraphic formulations. On the other hand, the computational effort required to solve

MCF-𝜆 to optimality increases with each consecutive level of our extended formulation and hence only smaller 𝜆 are practical,

especially as increasing this parameter is not guaranteed to improve the bound.

Our framework is consistent with problems related to STP, such as the prize-collecting STP or the Steiner forest problem,

and hence can be adapted to them, among others. Still, further research is necessary to consider possible improvement over the

trivial upper bound of 2, detailed comparison of MCF-2 and HYP, behavior on some special graphs instances (e.g., bipartite

and quasi-bipartite graphs), development of tractable MCF-𝜆 formulations and overall improvement in deciding which level

𝜆 is the most suitable. Higher levels of this hierarchy can also be used to develop valid inequalities for lower levels, such as

MCF-1, corresponding to BCR.

One other possible approach is to consider the path-based hypergraphic formulation. By defining new variables for “paths

of components,” this might lead to further quality improvements due to HYP being stronger than BCR. However, the path-based

approach also increases computational complexity, which in turn means that the problems will become intractable faster than

the standard HYP approach.
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