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Abstract

This manuscript studies random quadratic embeddings as compact
representations for signal processing and subspace learning tasks.
We first investigate how information can be extracted directly from
quadratic embeddings without reconstructing original signals. We
then construct random features for subspace-valued data on the Grass-
mannian manifold. Binary, aggregated and periodic rank-one features
are shown to approximate well-defined Grassmannian kernels, with
uniform guarantees. Finally, we investigate efficient implementations
through structured Hadamard-diagonal transformations and optical
processing units. For the latter, we develop an encoder and decoder
adapted to the binary-input constraints of the device and analyse the
effect of physical noise on the reconstructed embeddings. Numerical
experiments illustrate the approximation quality, computational gains
and practical limitations of the proposed methods.
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1
Introduction

Over the last sixty years, computing technology has changed beyond
recognition. If we only take a look back to 1969 with the Apollo 11 mis-
sion, which took humans to the moon for the first time in history, the
spacecraft was guided by a computer called the Apollo Guidance Com-
puter, whose memory and processing power were extremely limited by
modern standards. It had a total of 4kB of random-access memory (RAM)
and 72kB of read-only memory (ROM) [90]. Yet in spite of these seem-
ingly drastic constraints on memory by today’s standards, it played a
vital role in taking the astronauts to the moon and safely back to Earth,
making Apollo one of the most ambitious technological achievements
of the twentieth century.

Several decades later, and especially over the last decade, we have
seen a massive growth in the amount of data produced, stored and
processed worldwide. The estimated amount of stored information
increased from 2.6 exabytes (1018 bytes) in 1986 to 295 exabytes in
2007 [78]. More than ten years later, the same trend has not slowed
down. The amount of data stored globally is now of the order of
zettabytes (1021) with data being produced and stored across scientific
facilities (such as CERN), cloud services (such as Amazon Web Ser-
vices), social networks (Meta platforms), video platforms (YouTube),
among other sources [46].

This abundance of data is essential to modern machine learning
methods. This is particularly visible in the development of large lan-
guage models, which rely on increasingly large training datasets [109].
However, the growth of data is not solely due to an increase in the num-
ber of samples. The samples themselves can also have increasingly
high dimension, which increases the storage capacity needed to save
them. This appears in many areas, including genetics, hyperspectral
satellite imaging, finance, medical imaging, biology, climatology, geol-
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ogy, neurology, biomedical data analysis, and other modern scientific
applications [61, 64, 92, 127]. Both the number of data points and the
dimension of each point contribute to this growth. As a result, datasets
become expensive to store, transmit, process and analyse.

A natural response is to keep scaling hardware and memory (and
thus also energy consumption). This has driven many of the recent
developments in IT and pushed us to massively increase computing
capacity in order to allow the training of larger and larger learning sys-
tems [138]. However, scaling resources cannot be the only answer. Data
centres already represent a significant and growing share of electricity
consumption, with projections pointing to a sharp increase in the com-
ing years [83, 139]. Hardware supply is also constrained by costly and
geographically concentrated semiconductor production chains [141,
87]. These constraints make efficiency a scientific and strategic require-
ment, not just an obscure academic side quest. This has motivated
calls for more sustainable artificial intelligence and for computation-
ally efficient hardware and algorithms [160, 142]. Another approach is
therefore to ask whether data must always be stored and processed in
its raw form, and whether a different form may be more or less effi-
cient. This leads to the idea of changing data representation, namely
the form in which an object is described before it is stored, transmitted,
compared, or processed. A signal can be described by its original sam-
ples, by Fourier coefficients, by wavelet coefficients, by coefficients in a
learned dictionary, by random projections, by binary values, or in other
forms. A collection of related images or signals can also sometimes be
described through a low-dimensional subspace.

A representation can be more economical than another when it re-
duces one of the resources required by a task. This may mean fewer
entries for vectors, fewer bits per entry, lower transmission cost, lower
memory requirements, or faster comparisons between many objects.
The challenge is then to change the representation while preserving the
information needed for an intended task. This is the general problem
we study in this manuscript.

1.1 The need for compact data representation

Compactness through sparsity. Replacing data with a more compact
representation is not a new idea. A classical way to do this is to de-
scribe an object in a system of coordinates where most coefficients are
negligible or equal to zero. For instance, many signals are well de-
scribed by a small number of Fourier coefficients, while many images
have compact representations in wavelet bases or in learned dictionar-
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ies [48, 131]. This is the principle behind sparse representations and
sparse coding. The original object may have ambient dimension n, but
its useful information is then concentrated in only k significant coeffi-
cients, with k much smaller than n. In such a case, the relevant size of
the representation is guided less by the ambient dimension than by the
intrinsic complexity of the object, measured here by its sparsity level.

Compressed sensing gives a related example, but at the acquisi-
tion level. Classical sparse representations start from an already ob-
served signal, then transform it into Fourier, wavelet, or dictionary co-
efficients. Compressed sensing instead bypasses this two-step route
when the signal is known to have a sparse representation. Instead of
first acquiring the full signal, we directly acquire a smaller number of
linear projections that still contain enough information for reconstruc-
tion [60, 32]. For a k-sparse signal in dimension n, random construc-
tions will use a number of dimensions of order m = O(k log(n/k)), up
to constant factors. This again shows that the useful size of a represen-
tation can be governed by the intrinsic complexity of the signal rather
than by its ambient dimension.

Compactness through dimension reduction. The previous examples
exploit the fact that individual objects may have sparse descriptions.
Another way to build compact representations is to map data points to
a lower-dimensional space while preserving quantities that are useful
at the level of a dataset. A classical example is principal component
analysis (PCA), which projects data onto directions of largest empirical
variance in order to obtain a lower-dimensional representation while
retaining as much variability as possible [69]. This construction is data-
dependent, since the projection directions are learned from the dataset
itself.

A different route is to use random projections. The Johnson-
Lindenstrauss lemma shows that a finite set of N points can be pro-
jected into a much lower-dimensional Euclidean space while approx-
imately preserving all pairwise distances [91]. Under suitable condi-
tions, for a target distortion 0 < δ < 1, the projected dimension scales
likeO(δ−2 log N), independently of the ambient dimension. In contrast
with PCA, such random projections are data-agnostic. The projection
is drawn independently of the dataset, and probabilistic guarantees en-
sure that distances or related geometric quantities are preserved up to
a controlled distortion. Many constructions can be used for this pur-
pose, including Gaussian matrices and more structured or sparse ran-
dom matrices [1, 15].
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Compactness through learned representations. Compact represen-
tations can also be learned from data. This approach, called represen-
tation learning, aims to construct features that make a later task easier
to perform [19]. A classical example is neural networks. Their succes-
sive layers apply learned transformations (both linear and non-linear),
to create representations suited to a particular training objective [101].
Such representations need not be lower-dimensional than the original
data. Their compactness can instead come from keeping information
relevant to a task while discarding less important parts.

Although learned representations may adapt more closely to a par-
ticular dataset or task, this manuscript does not go in that direction.
We instead focus on data-agnostic representations, as explained above,
whose behaviour can be described through explicit probabilistic guar-
antees.

Compactness for pairwise comparisons. The need for compact rep-
resentations also appears when the task requires comparing many data
points. In many learning problems, the relevant information is con-
tained not only in each point separately, but also in the similarities or
distances between pairs of points. Kernel methods replace direct ma-
nipulation of the original data by pairwise similarity (or kernel) values,
allowing non-linear learning rules to be expressed through scalar prod-
ucts in an implicit feature space [136]. However, for a dataset with N
samples, exact kernel methods will therefore require the construction
and storage of an N × N Gram matrix. This creates a memory cost of
order O(N2), as well as a computational cost tied to the manipulation
of that matrix of up to O(N3) operations [2]. These costs can become
prohibitive when N is large.

Random features address this difficulty by replacing exact kernel
evaluations with scalar products between explicit random representa-
tions [125]. Each data point is mapped to a finite-dimensional feature
vector, and the scalar product between two such vectors approximates
the desired kernel value. Instead of storing all pairwise similarities, we
store one feature vector per sample and then apply linear methods in
the transformed space. The compactness is therefore not only tied to
the dimension of a single data point, but also to the cost of comparing
a large number of points.

Compactness through finite precision. Compactness can also be ob-
tained without changing the number of dimensions. Instead, we can
reduce the precision used to store or transmit each coordinate. Quanti-
sation replaces real-valued entries by values in a finite alphabet, while
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binarisation keeps only one bit per entry. This is a classical idea in sig-
nal processing [72], and it also appears in compressed sensing prob-
lems [85, 86]. Such representations can be much cheaper to store and
manipulate, especially when the number of samples is large. The price
is that the representation becomes coarser. The mathematical question
is then to determine which quantities remain accessible with good pre-
cision after quantisation, such as distances or similarities.

Compactness through subspace models. A compact representation
can also describe a collection of related data points rather than single
objects. For example, several images of the same object, several frames
of a video, or several signals from the same class may approximately
come from a single low-dimensional subspace [18]. Instead of treat-
ing each sample independently, we can represent the collection with a
low-dimensional subspace spanned by the dominant directions of vari-
ability. This is useful when the task is not to compare individual vec-
tors, but to compare groups of observations. In this case, each group
becomes an element of a space of subspaces, and the problem shifts to-
wards defining suitable ways to represent, compare, and process such
subspace-valued data.

The examples above show that compactness can take several forms.
It may come from sparsity, dimension reduction, quantisation, cheaper
pairwise comparisons, or structured models such as subspaces. In all
these cases, we replace the original data by another description, often
obtained through a map from the original space to a new representation
space. We will refer to such maps as embeddings. In this manuscript, we
are mostly interested in embeddings that preserve enough information
to perform tasks directly in the transformed domain, without first re-
constructing the original object. The next section introduces the non-
linear, and in particular quadratic, embeddings that will play this role
in the rest of this work.

1.2 Quadratic embeddings of data

Non-linear embeddings. The examples above mostly concern rep-
resentations obtained by reducing dimension, reducing precision, or
changing the geometry in which data is used. However, useful embed-
dings do not have to be linear. In many settings, the transformation
applied to the data includes a non-linear operation chosen either be-
cause it is imposed by the sensing process, or because it makes a cer-
tain task easier. Quantised and one-bit embeddings are a first example,
since they replace real-valued entries by coarse levels or signs while still
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preserving enough information for estimation or comparison tasks [85,
86]. Random Fourier features give another example, where random
linear embeddings are passed through non-linear periodic functions in
order to approximate shift-invariant kernels by scalar products in an
explicit feature space [125]. More generally, non-linear dimensionality
reduction methods also show that changing representation may aim at
preserving a geometry that might not be well captured by linear em-
beddings [102].

Quadratic embeddings and lifting. Among non-linear embeddings,
quadratic embeddings play a special role in this manuscript. Given a
vector x ∈ Rn and random vectors ai ∈ Rn, a basic quadratic embed-
ding takes the form

x 7→
(
⟨ai, x⟩2

)m
i=1.

This map is non-linear in x, but it becomes linear after lifting1 the signal
to the rank-one matrix X = xx⊤. Indeed, each entry can be written as

⟨ai, x⟩2 = a⊤i xx⊤ai = ⟨aia⊤i , xx⊤⟩F.

Thus, a quadratic embedding of vectors can be interpreted as a linear
embedding of lifted rank-one matrices. This interpretation is useful
because the lifted representation naturally contains second-order infor-
mation. For instance, if x, y ∈ Rn, then

⟨xx⊤, yy⊤⟩F = ⟨x, y⟩2.

Quadratic embeddings are therefore naturally connected to squared
similarities, quadratic kernels, and more generally to tasks where
second-order relations between signals are the relevant quantities.

Quadratic embeddings appear in several settings. In phase re-
trieval, the measurements are intensities rather than linear observa-
tions, so the available information naturally takes the form of squared
scalar products [13, 80, 36]. A related setting is ptychography, where
diffraction intensities are measured for different illuminated regions of
an object, also leading naturally to quadratic measurements [116, 110,
111]. Quadratic measurements also appear in radio-interferometric
imaging, where the measurements are correlations between signals re-
ceived by pairs of antennas and can be expressed as linear measure-
ments of a lifted covariance matrix [100, 97, 98]. In covariance esti-
mation, the object of interest is a covariance matrix, which describes

1As we will explain later, this procedure amounts to a deterministic embedding of
x into the space of symmetric rank-one matrices.
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products and correlations between coordinates [41]. Matrix recovery
from rank-one projections2 (ROP) follows a related idea, since em-
beddings of the form ⟨aia⊤i , X⟩F give linear information about a ma-
trix X through rank-one matrices [29]. Finally, optical sensing pro-
vides a physical motivation for such embeddings, since optical process-
ing units can naturally produce large numbers of random quadratic
features through light scattering [133]. These examples show that
quadratic embeddings arise naturally when intensity or correlation
measurements are observed, when matrices are the objects of interest,
or when the hardware directly produces quadratic features.

Quadratic embeddings and subspaces. The same quadratic structure
also appears when working with subspace-valued data. As mentioned
above, a collection of related samples can sometimes be represented by
low-dimensional subspaces. If such a subspace is represented by an
orthonormal basis U ∈ Rn×k, then its associated projector is

P = UU⊤.

This projector is invariant to the choice of orthonormal basis and there-
fore gives a natural representation of the subspace itself. It is also a
matrix-valued representation built from products of coordinates of U.
Rank-one projections of this projector then take the form

⟨aa⊤, P⟩F = a⊤UU⊤a.

Thus, random rank-one projections are also natural for subspaces. They
provide finite-dimensional representations of them, and we will see
later that their scalar products can be used to approximate kernels be-
tween subspaces [75].

Role of quadratic embeddings in this manuscript. The results pre-
sented in this manuscript use quadratic embeddings in two comple-
mentary ways. First, we study whether signal processing tasks can be
performed directly from random quadratic embeddings, without re-
constructing the original signal. In this setting, the question is whether
quantities needed for detection or classification can still be approxi-
mated directly in the embedding domain. Second, we use quadratic
embeddings to build random features for subspace-valued data. Their
scalar products are then used to approximate kernels with the goal of

2Since quadratic embeddings are equivalent to linear projections of the lifted matrix
X onto the lifted matrix Ai := aia⊤i which has rank one, this operation is also called
rank-one projection or ROP.
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building explicit finite-dimensional representations. In both cases, the
central question is the same. We want to understand which quantities
are preserved by quadratic embeddings, how accurately they are pre-
served, and how this can reduce storage or computational costs.

1.3 Organisation of the manuscript

We describe here the organisation of this manuscript. To make it
easier for the reader to distinguish between original results and
background material, new theoretical results are shown with a
shaded background, as illustrated here.

The chapters are all connected, but they do not all depend on each
other in the same way. Chap. 2 introduces the main definitions and
tools used throughout the manuscript. Chap. 3 and Chap. 4 both rely
on this background, but can then be read fairly independently. Chap. 5
builds on the previous chapters, since it studies how the constructions
introduced there can be computed more efficiently. This is summarised
in Fig. 1.1.

Chapter 1
Introduction

Chapter 2
Embeddings

Chapter 3
Signal processing

Chapter 4
Grassmannian

kernels

Chapter 5
Fast computations

Chapter 6
Conclusion

Fig. 1.1 Organisation of the manuscript and dependencies between the chapters.

Chapter 2 begins the technical part of the manuscript by turning
the general idea of compact representations into more rigorous math-
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ematical ideas. We first explain in more detail why high-dimensional
data and large datasets create computational difficulties. We then in-
troduce the main ways in which the representation of data can be
changed while keeping useful information accessible. This leads nat-
urally to embeddings, random transformations, subspace geometry,
kernels, random features, quantisation, binarisation and concentration
tools. The chapter is mostly expository, but it also sets the path followed
in the rest of the manuscript. Each later chapter studies a particular
way of changing the representation of data, and Chap. 2 introduces the
language needed to understand them.

Chap. 3 studies signal processing from random quadratic transfor-
mations. The starting point is the debiased quadratic transformation
obtained by taking differences of independent quadratic projections.
We show that, after this transformation, certain quantities can be esti-
mated directly without reconstructing the original signal. In particular,
the chapter develops the sign product embedding property, which al-
lows squared scalar products with fixed unit vectors to be estimated
in the transformed domain. The same estimator is also interpreted as
a finite-query approximation of the quadratic kernel. The results are
illustrated with experiments.

Chap. 4 turns to subspace-valued data and Grassmannian kernels.
The goal is to replace exact kernel evaluations between subspaces by
scalar products between transformed representations. The chapter first
discusses dense random constructions, and then introduces more com-
pact rank-one transformations. Since raw rank-one quantities have
poor theoretical concentration behaviour, the chapter studies bounded
variants based on signs, aggregation, and periodic transformations.
This leads to several random constructions for approximating Grass-
mannian kernels, together with theoretical guarantees and experiments
on synthetic and real-data examples.

Chap. 5 studies how the previous constructions can be computed
more efficiently. The chapter first considers structured Hadamard-
diagonal transformations as cheaper alternatives to the random trans-
formations from the previous two chapters. It then turns to optical com-
puting and to the use of optical processing units for random quadratic
transformations. Since the OPU imposes binary input constraints, the
chapter introduces a quantisation and encoding procedure that allows
quadratic embeddings of a quantised vector to be reconstructed from
binary OPU calls.

Finally, Chap. 6 concludes the manuscript by summarising the ideas
presented, discussing their limitations, and outlining perspectives for
improvement and future work.
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1.4 Related publications

■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “ROP in-
ception: Signal estimation with quadratic random sketching”. In:
Proceedings of the 30th European Symposium on Artificial Neural Net-
works, Computational Intelligence and Machine Learning (ESANN).
2022, [54]

■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “Signal
processing with optical quadratic random sketches”. In: ICASSP
2023 - 2023 IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP). 2023, pp. 1–5, [56]

■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “Signal
processing after quadratic random sketching with optical units”.
In: International Symposium on Computational Sensing (ISCS). 2023,
[55]

■ R. Delogne and L. Jacques. “Quadratic polynomial kernel ap-
proximation with asymmetric embeddings”. In: International
Workshop on Deep Learning and Kernel Machines (DEEPK). 2024, [51]

■ R. Delogne and L. Jacques. “Random Features for Grassman-
nian Kernels”. In: 2025 IEEE Statistical Signal Processing Workshop
(SSP). 2025, pp. 221–224, [53]

■ R. Delogne and L. Jacques. “Random features for Grassmannian
kernel approximation with bounded rank-one projections”. In:
Under review for Transactions on Machine Learning Research (TMLR)
(2026). URL: openreview.net/forum?id=wq18dZJ2pA, [52]

10 |

openreview.net/forum?id=wq18dZJ2pA


Notations and useful
formulae

Text abbreviations

w.h.p. With high probability.

a.k.a. Also known as.

i.e. Id est, a.k.a. in other words.

e.g. Exempli gratia, a.k.a. for example.

s.t. Such that.

General mathematical symbols

□ End of proof

:= Is defined as

u Scalar.

u = (ui)
n
i=1 Vector (bold lowercase).

U Matrix (bold uppercase).

f (u) Componentwise application of a function.

( f (u))i := f (ui).

dom( f ) domain of the function f

im( f ) image of the function f

arg maxx f (x) The value of x that maximises f (x).

arg minx f (x) The value of x that minimises f (x).
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1 | Notations and useful formulae

ei Standard basis vector. (ei)j :=

{
1 if j = i,
0 otherwise.

I Identity matrix. In if dimension ambiguous

1{x} Indicator function. {x = 1} :=

{
1 if x = 1,
0 otherwise.

|x| Absolute value.

⌊x⌉ Rounding of x to the nearest integer

⌈x⌉ Smallest integer greater or equal to x.

⌊x⌋ Largest integer smaller or equal to x.

i Standard unit complex number. i :=
√
−1.

ℜ Real part of a number in C. ℜ(a + bi) := a.

ℑ Imaginary part of a number in C. ℑ(a + bi) := b.

O Order of complexity.

Sets

N The set of natural numbers.

Z The set of integers.

R The set of real numbers.

C The set of complex numbers.

Sn The set of n-dimensional vectors with entries in S .

Sm×n The set of m× n matrices with entries in S .

Algebra

U⊤ Transpose of U.

U∗ Conjugate transpose of U.

vec(U) Vectorisation of the matrix by stacking its columns into a
single vector.
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bdiag(B1 ,. . . ,Bn) Block-diagonal matrix with entries given by the blocks
B1, . . . , Bn.

tr(U) Trace of U.

det(U) Determinant of U.

pdet(U) Pseudo-determinant of U. If U ∈ Rn×n has rank r then
pdet(U) := limt→0 tr−n det(U + tI).

span(U) Span of the columns of U.

⟨U, V⟩F Frobenius scalar product of U and V .

⟨U, V⟩F = tr(U⊤V).

∥U∥F Frobenius norm of U. ∥U∥F :=
√

tr(U∗U).

0 Vector of zeros with dimension clear from context, other-
wise 0n.

⟨u, v⟩ Scalar product between the vectors u and v. ⟨u, v⟩ :=
u⊤v.

∥u∥p ℓp-norm of u. ∥u∥p :=
(

∑n
i=1 |xi|p

)1/p.

∥u∥ ∥u∥ := ∥u∥2, the ℓ2-norm of u.

supp (u) Support of u, i.e., the set of indices where u is not zero.

Geometry

G(k, n) The Grassmannian manifold, containing k-dimensional
subspaces of Rn.

V(k, n) The Stiefel manifold, containing orthonormal matrices in
Rn×k.

G(k, n) Projective Grassmann representation of subspaces, i.e.,
representing the subspaces with the projection matrix as-
sociated with an orthonormal basis of that subspace.

SO(n) The special orthogonal group, containing matrices in
Rn×n such that ∀U ∈ SO(n), det(U) = 1.

∡(u, v) Measured angle between u and v.
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Distances in G(k, n)

dP The projection distance. For P, Q ∈ G(k, n),

dP(P, Q) =
(

∑k
i=1 sin2 θi

)1/2
= 1√

2
∥P−Q∥F

dBC The Binet-Cauchy distance. For P, Q ∈ G(k, n),

dBC(P, Q) =
(
1−∏k

i=1 cos2 θi
)1/2

=
(
1− pdet(PQ)

)1/2

dG The geodesic distance. For P, Q ∈ G(k, n),

dG(P, Q) =
(

∑k
i=1 θ2

i
)1/2.

Probability and Statistics

r.v. Random variable.

P(X) Probability of X.

Var(X) Variance of X.

Cov(X, Y) Covariance between the r.v. X and Y.

i.i.d. Independently and identically distributed.

X ∼ D the r.v. X is distributed according to D.

Xi ∼
i.i.d.
D The random variables Xi are independently identically

distributed according to a distribution D.

N (0, 1) The standard normal distribution.

N (0, In) The standard normal distribution in Rn.
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Embeddings
Vectors ai, bi are assumed random Gaussian, and U ∈ V(k, n) .

This list is intended as a cheat sheet to quickly find the definition of an embedding

m Embedding dimension

ρ Oversampling ratio, ρ := m/n with n the intrinsic di-
mension of the objects to embed.

ϕ General symbol for deterministic embeddings.

ψ General symbol for random embeddings.

ϕ p Projection embedding of an orthonormal basis.

ϕ p(U) = UU⊤ ∈ Rn×n.

Ψ Dense random embedding operator. For X ∈ Rn×n,

Ψ(X) =
(
⟨Ψi, X⟩

)m
i=1 ∈ Rm.

ψ s Symmetric rank-one projection embedding for vectors.
For x ∈ Rn,

ψ s(x) =
(
(a⊤i x)2)m

i=1 ∈ Rm.

ψ− Debiased rank-one projection embedding for vectors.
For x ∈ Rn,

ψ−(x) =
(
(a⊤i x)2 − (b⊤i x)2)m

i=1 ∈ Rm.

ψ d Dense random embedding on the projection embedding
ϕ p.

ψ d(U) = Ψ(ϕ p(U)) ∈ Rm.
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ψ rop Rank-one projection embedding.

ψ rop(U) =
(
a⊤i UU⊤bi

)m
i=1 ∈ Rm.

ψ± Signed rank-one projection embedding.

ψ±(U) =
(
sign(a⊤i ϕ p(U)bi)

)m
i=1 ∈ {−1, 1}m.

NΣ Aggregation parameter used in ψΣ.

ψΣ Aggregated signed rank-one projection embedding.

ψΣ(U) = sign
(
(∑NΣ

i=1 a⊤ij UU⊤bij)
m
j=1

)
∈ {−1, 1}m.

ψopu OPU version of ψ s.

ψopu(U) =
(
a⊤i UU⊤ai

)m
i=1 ∈ Rm.

ψ−opu OPU version of ψ−.

ψ−opu(U) =
(
r∗i UU⊤ri − s∗i UU⊤si

)m
i=1 ∈ Rm.

ψst Structured rank-one projection embedding using fast
structured random matrices.

ψst(U) =
(
a⊤i UU⊤bi

)m
i=1 ∈ Rm.

ψ◦ Periodic rank-one projection embedding for subspaces.

ψ◦(U) =
(

exp(iωa⊤i ϕ p(U)bi)
)m

i=1 ∈ Cm.
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Kernels and approximations
This list is intended as a cheat sheet to quickly find the definition of a particular kernel

κ(x, y) Arbitrary kernel applied to arbitrary objects x and y.

κ S(x, u) Sign product embedding kernel. For x, u ∈ Rn,

κ S(x, u) := E[ π
4m ⟨ψ−(x), sign(ψ−(u))⟩] = ⟨u, x⟩2.

κd(U, V) Kernel induced by the dense random embedding ψ d.

κd(U, V) := E[ 1
m ⟨ψ d(U), ψ d(V)⟩].

κrop(U, V) Kernel induced by the rank-one projection embedding
ψ rop.

κrop(U, V) := E[ 1
m ⟨ψ rop(U), ψ rop(V)⟩].

κp(U, V) Projection kernel. For P = UU⊤ and Q = VV⊤,

κp(U, V) := ∥U⊤V∥2
F = k− dP(P, Q)2.

κBC(U, V) Binet-Cauchy kernel. For P = UU⊤ and Q = VV⊤,

κBC(U, V) := det(U⊤V)2 = 1− dBC(P, Q)2.

κ±(U, V) Signed Grassmannian kernel.

κ±(U, V) := E[ 1
m ⟨ψ±(U), ψ±(V)⟩].

κ◦(U, V) Periodic Grassmannian kernel.

κ◦(U, V) := E[ 1
m ⟨ψ◦(U), ψ◦(V)⟩].
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κΣ(U, V) Aggregated signed Grassmannian kernel.

κΣ(U, V) := E[ 1
m ⟨ψΣ(U), ψΣ(V)⟩].

κΣ
∞(U, V) Kernel associated with the aggregated signed embed-

ding. If U and V have principal angles θ1, . . . , θk,

κΣ
∞(U, V) := 2

π arcsin( 1
k ∑k

i=1 cos2 θi).

κ̂(x, y) Approximation of an arbitrary kernel κ(x, y) using ran-
dom embeddings. For arbitrary objects x, y, and a ran-
dom embedding ψ,

κ̂(x, y) = 1
m ⟨ψ(x), ψ(y)⟩.

The approximated kernel depends on the choice of ψ.
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Conventions

Throughout this manuscript, we use a small number of symbols consis-
tently for dimensions and indexing. The exact meaning of each quan-
tity remains clear from the context when the same symbol is used for
related model parameters. Deterministic and random embeddings are
denoted by ϕ and ψ, respectively, with specific variants introduced
when needed. Their meaning is summarised in Tab. 1.2.

Symbol Meaning
n Ambient dimension of the objects under considera-

tion.
N Number of instances in a dataset.
m Number of random measurements or dimension of an

embedding.
k Intrinsic model parameter. It denotes the sparsity level

for sparse vectors and the subspace dimension for ele-
ments of G(k, n).

i, j, ℓ Indices used for coordinates, measurements or ele-
ments of finite collections.

x̂ Approximation or estimate of a quantity x.
ϕ General symbol for deterministic embeddings.
ψ General symbol for random embeddings.

Table 1.2 General notation conventions used throughout the manuscript.
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2
Representing and

comparing data

The introduction motivated the use of compact representations for
high-dimensional data and large datasets. We now turn this general
idea into more rigorous mathematical concepts. The goal of this chap-
ter is to introduce the objects, notations and tools used throughout the
manuscript to describe how data can be transformed while preserving
quantities of interest.

Datasets can be large in two different ways. The first difficulty
comes from the dimension of each object. We denote by n the ambient
dimension when the dataset is composed of vectors in Rn. As n grows,
even elementary operations such as storing a vector, computing scalar
products or evaluating distances become costly. This already appears
in standard image data. A greyscale image of resolution 1920× 1080,
after vectorisation, is represented by a vector in R2 073 600. A single ev-
eryday object can therefore correspond to more than two million entries
when used in its vectorised form.

This issue is not limited to data represented as vectors. Later in this
chapter, we will also consider data represented by subspaces. Such ob-
jects can be described through orthonormal bases or through projectors,
and these representations may involve large matrices when the ambi-
ent dimension is high. The cost of storing and manipulating each object
can therefore increase even before we take the size of the dataset into
account.

The second difficulty comes from the number of objects that must
be stored, compared or processed. We denote this number by N. This
parameter becomes especially important in methods based on pairwise
comparisons, such as kernel methods, where similarities between all
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2 | Representing and comparing data

pairs of training samples may be needed. Kernel methods are therefore
a natural place to begin, since they show how data can be compared
through an implicit representation. This also prepares the transition
to random features, which replace such implicit comparisons by scalar
products between explicit finite-dimensional representations.

We then discuss embeddings more generally, including the linear
and quadratic constructions used in later chapters. The chapter contin-
ues with the geometry of subspaces and the Grassmannian, before re-
turning to kernels in this structured setting. Finally, we discuss quanti-
sation, binarisation and concentration tools, which are used to describe
compact representations and analyse approximation guarantees.

2.1 From kernels to random features

In this section we turn our attention to kernels. We first give a brief
history of their development. We then define them formally and show
how they are used in practice. Finally we show that despite their deter-
ministic nature, random constructions are capable of being used to ap-
proximate those kernels and potentially improve their computational
efficiency.

A bit of history
Kernel methods appeared well before their use in machine learning.
The word kernel already appeared in functional analysis, integral equa-
tions, harmonic analysis, and statistics, where kernels were used to de-
scribe functions, integral operators, covariance structures, and inner
products between functions [8, Intro.]. Classical results such as Mer-
cer’s theorem [114] (1909) played an important role in this develop-
ment. Very roughly, Mercer’s theorem gives conditions under which
certain kernels can be decomposed into sums of products of functions.
Such a result helped establish the idea that a kernel can encode an
inner-product structure, even when the corresponding space of func-
tions is not written down explicitly [136, Prop. 2.11].

In 1950 Aronszajn produced a paper on reproducing kernels [8]
where he unified these ideas through the theory of reproducing kernel
Hilbert spaces. A few years later in 1962, Parzen used this framework
in statistics and signal processing contexts [120]. In that setting, using
a kernel made it possible to express estimators and detectors through
inner products in a function space.

The connection with modern machine learning came in 1964 in pat-
tern recognition with the paper Theoretical Foundations of the Potential
Function Method in Pattern Recognition by Aizerman, Braverman and Ro-
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zonoer, where they used positive kernels to introduce the idea that non-
linear classification in the original space could be treated as linear clas-
sification after passing to a suitable “linearisation” space [6]. This idea
was later taken up in the support vector machine framework of Boser,
Guyon and Vapnik, where nonlinear classification was done through
kernel evaluations rather than through an explicit construction of the
feature space [25]. In this more recent setting, a kernel is therefore not
only a similarity function between two objects but also a way of mak-
ing linear methods available in a transformed space, while keeping that
space implicit.

2.1.1 Positive-semidefinite kernels

Let us now define kernels. Let X be a set of objects. In standard Eu-
clidean settings, we often compare two elements x, y ∈ Rn through
their scalar product ⟨x, y⟩. Kernel methods allow us to generalise this
idea by replacing the scalar product with a function

κ : X ×X → R,

that measures similarity between two objects in X . The set X may be a
Euclidean space, a set of signals, a set of matrices, or other things such
as a Grassmannian manifold.

A key property for a kernel to be valid is its symmetry and positive-
semidefiniteness (PSD). This is not just a technical condition, it means
that we will be able to interpret the kernel as an inner product that has
to be symmetric and PSD after embedding the data into another space.

Definition 2.1.1 (PSD kernel). Let X be a non-empty set. A symmetric
function κ : X × X → R is called a PSD kernel if, for every N ∈ N, every
choice of points x1, . . . , xN ∈ X , and every choice of coefficients c1, . . . , cN ∈
R, we have

N

∑
i=1

N

∑
j=1

cicjκ(xi, xj) ≥ 0.

Equivalently, for any finite collection of points x1, . . . , xN ∈ X , the
matrix K ∈ RN×N defined by

Kij = κ(xi, xj), 1 ≤ i, j ≤ N

is symmetric PSD. This matrix is called the Gram matrix associated
with the points x1, . . . , xN and the kernel κ.

The importance of this condition is that a PSD kernel behaves like
an inner product. Recall that a Hilbert space is a vector space equipped
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x, y ∈ Rn φ(x), φ(y) ∈ H

κ(x, y) ⟨φ(x), φ(y)⟩H

κ(x, y) = ⟨φ(x), φ(y)⟩H

φ

kernel evaluation scalar product

Fig. 2.1 The feature map φ sends the original vectors into a feature space. Computing
the scalar product in this feature space can be done implicitly using the kernel function
κ in Rn.

with a scalar product, in which distances, angles, and orthogonal pro-
jections can be defined as in Euclidean space. The space may however
be infinite-dimensional, which makes it flexible enough to represent
very rich features. More precisely, there exists a Hilbert space H and a
map

φ : X → H,

such that
κ(x, y) = ⟨φ(x), φ(y)⟩H, (2.1)

for all x, y ∈ X and where ⟨x, y⟩H is the scalar product defined in H.
The map φ is called a feature map. It represents each object x as a vec-
tor φ(x) in a possibly high-dimensional or infinite-dimensional feature
space, where the kernel is simply the scalar product.

This is referred to as the kernel trick [136]. The idea is that, whenever
an algorithm only depends on scalar products between feature vectors,
we do not need to construct the feature representation φ(x) explicitly.
We can instead replace each scalar product ⟨φ(x), φ(y)⟩H by the kernel
value κ(x, y). The kernel therefore gives access to the geometry of the
feature space through pairwise evaluations only.

Classical examples include the linear kernel

κ(x, y) = ⟨x, y⟩,

the polynomial of degree p kernel

κ(x, y) =
(
⟨x, y⟩+ c

)p,
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or the Gaussian kernel

κ(x, y) = exp(−γ∥x− y∥2
2),

with c ≥ 0, p ∈ N, and γ > 0. In the linear case, the feature map is
simply the identity. In the polynomial and Gaussian cases, the corre-
sponding feature space is richer, and the kernel allows us to use this
richer geometry without explicitly writing all the features.

We can also go in the other direction and design a feature map
first, then define the corresponding kernel as the scalar product be-
tween the embedded points. For instance, if we take points in R2, with
x = (x1, x2), we can define the embedding

φ(x) = (x2
1,
√

2x1x2, x2
2).

Then, for y = (y1, y2),

⟨φ(x), φ(y)⟩ = x2
1y2

1 + 2x1x2y1y2 + x2
2y2

2.

This is exactly
(x1y1 + x2y2)

2 = ⟨x, y⟩2.

Thus the feature map φ induces the kernel

κ(x, y) = ⟨x, y⟩2.

Equivalently, this kernel can be viewed as computing a scalar product
between quadratic features without explicitly treating those features as
the original data representation.

This example is interesting because it shows explicitly how a non-
linear kernel can correspond to a scalar product after embedding. It
also shows why explicit feature maps may become expensive. Indeed
if we now work in dimension n, the full quadratic feature map has
on the order of n2 dimensions. Random features will later provide a
way to approximate such kernels without constructing the full feature
representation as well as accelerate the whole kernel method procedure
by circumventing the need for a Gram matrix. We will explain this in
detail in the next two sections.

In the next sections, we will show how these kernels can be used in
learning algorithms, why they become computationally expensive for
large datasets, and how random features can give explicit and finite-
dimensional approximations of implicit feature maps.
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2.1.2 Kernel machines and Gram matrices

Suppose that we are given a labelled dataset

(xi, yi)
N
i=1 ⊂ X ×Y , (2.2)

where X represents the input space and Y represents the labels as-
signed to every instance. If κ is a positive semi-definite (PSD) kernel
with a feature map φ : X → H, then learning with κ can be seen as
learning a linear model in the Hilbert spaceH.

Once a linear model with weight vector w ∈ H has been learned,
the prediction function f : X → Y for a new instance x is obtained
by taking the inner product with its feature vector: f (x) = ⟨w, φ(x)⟩H.
The question is then how this can be evaluated without explicitly con-
structing the potentially high-dimensional feature vector with φ.

The representer theorem [134] provides the answer. It states that if w
is obtained by minimising a regularised empirical risk functional, the
optimal weight vector lies entirely in the span of the embedded training
samples. Thus, it can be expressed as:

w = ∑N
i=1 αi φ(xi),

for some learned coefficients αi ∈ R. Substituting this back into the
prediction function yields:

f (x) = ⟨∑N
i=1 αi φ(xi), φ(x)⟩H = ∑N

i=1 αiκ(xi, x). (2.3)

Consequently, the model is linear in the feature spaceH, even though it
may be (highly) non-linear in the original input space X . Most impor-
tantly, the learned model can be evaluated solely using kernel values
between the new instance and the training samples, completely avoid-
ing the explicit construction of the feature representation.

The advantage is that we do not need to construct the feature vec-
tors φ(xi) explicitly. The algorithm can instead work only with pair-
wise kernel evaluations. For the training set, these evaluations are
stored in the Gram matrix

K ∈ RN×N , Kij = κ(xi, xj).

This matrix stores the pairwise scalar products needed by algorithms
that operate on the data after the implicit linearisation induced by the
kernel trick. This is useful because linear models are easier to anal-
yse with easily solvable optimisation problems [136, Chap. 7]. Kernels
make it possible to use this linear machinery in a richer feature space
without explicitly constructing that space [9].
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The drawback is that the Gram matrix becomes expensive for large
datasets. Storing the Gram matrix K requires O(N2) in storage, and
constructing it requires O(N2) potentially costly kernel evaluations
κ(xi, xj). In addition, solving the resulting optimisation or linear al-
gebra problem may introduce further costs of up to O(N3) operations
depending on the learning algorithm used [2].

Prediction can also be costly. Evaluating the prediction function
from Eq. 2.3 on a new point may require comparing x with many, or in
the worst case all N, training points. This situation appears naturally in
support-vector machines. In the binary case, with labels yi ∈ {−1, 1},
a kernel SVM learns a decision function of the form

f (x) = ∑N
i=1 αiyiκ(xi, x) + b, (2.4)

where b ∈ R is a learned bias term. Only the indices with αi ̸= 0
contribute to the sum. These training samples are called support vectors.
Denoting their index set by Isv := {i : αi ̸= 0}, the decision function
can therefore be written as

f (x) = ∑
s∈Isv

αsysκ(xs, x) + b.

In the worst case, all training samples may be support vectors, so that
|Isv| = N.

Taken together, these costs make exact kernel methods difficult to
scale to datasets with a large number of instances N. This shows that
problems in large dimensions and with large number of instances re-
quire simplification along two axes. The first is tied to the ambient
dimension n, since representing each object, transforming it, or eval-
uating a single similarity may already be costly when the objects are
high-dimensional. The second is tied to the dataset size N, since meth-
ods based on pairwise comparisons require a number of similarities
that grows quadratically with the number of objects.

These two goals are often connected. In the kernel setting, the
implicit feature map associated with κ avoids constructing a possibly
very large feature representation, but it replaces this construction by
the need to store and manipulate the Gram matrix. A natural objec-
tive is therefore to keep the benefit of working in a richer feature space
while avoiding the explicit construction of all pairwise kernel values. In
particular, we would like to replace the dependence on the full N × N
Gram matrix by computations involving explicit representations of in-
dividual objects.

The next subsection explains how random features provide one way
to do this.
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2.1.3 Random features

Random features introduced in [125] provide a way to approximate
kernel methods by replacing the implicit embedding associated with
a kernel by an explicit finite-dimensional random embedding. Instead
of working only with the kernel values κ(x, y), we construct a random
map

ψ : X → Rm

such that inner products between embedded points approximate the
desired kernel:

κ̂(x, y) := 1
m ⟨ψ(x), ψ(y)⟩ ≈ κ(x, y).

The parameter m defines the number of random features and as we
will see can be used to improve the approximation, at the cost of larger
storage and computation.

The embedding ψ is chosen so that the empirical kernel κ̂ is unbi-
ased, meaning that

Eκ̂(x, y) = κ(x, y)

for all x, y ∈ X . This identity only states that the estimator is correct on
average. To obtain an actual approximation result, we need to control
the probability that the random error is large. For fixed x, y ∈ X , this
means proving bounds of the form

P{|κ̂(x, y)− κ(x, y)| > δ} ≤ η(m, δ), (2.5)

for some probability η(m, δ) depending on m and δ, typically found
using concentration inequality results. Equivalently, we want to deter-
mine how large m must be so that |κ̂(x, y) − κ(x, y)| ≤ δ with prob-
ability at least 1− η. In stronger results, the same control is required
uniformly over a set S ⊂ X :

P
[

sup
x,y∈S

|κ̂(x, y)− κ(x, y)| > δ
]
≤ η(m, δ), (2.6)

for some probability η(m, δ) depending on m and δ. The concentration
tools used to prove such results will be explained in Sec. 2.6.

More concretely, random features are built by drawing independent
random parameters ω1, . . . , ωm and defining the features zωi(x). The
random embedding then takes the form

ψ(x) =
(
zω1(x), . . . , zωm(x)

)
,

so that
κ̂(x, y) = 1

m ∑m
i=1 zωi(x)zωi(y).
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If the random features are chosen so that

Eω

[
zω(x)zω(y)

]
= κ(x, y),

then κ̂(x, y) is a Monte Carlo estimator of κ(x, y).
This changes the structure of kernel methods described so far. In-

stead of forming and storing the full Gram matrix K ∈ RN×N , we com-
pute the feature matrix

Z =




ψ(x1)
⊤

...
ψ(xN)

⊤


 ∈ RN×m.

The cost of storing the data representation becomes O(Nm) instead of
O(N2). The approximate Gram matrix is formally given by

K̂ = 1
m ZZ⊤,

but it does not need to be formed explicitly. Instead, we can train di-
rectly on the rows of Z, using linear methods in Rm. This avoids storing
the full N × N Gram matrix and avoids computing all pairwise kernel
evaluations. When m≪ N, this can substantially reduce both memory
and computational cost.

The prediction stage is also more compact. A kernel predictor usu-
ally requires evaluations of κ(xi, x) against many (up to N) training
points. With random features, the learned model can instead be repre-
sented by a vector w ∈ Rm, and prediction takes the form

f (x) = ⟨w, ψ(x)⟩.

Thus prediction depends on the embedding dimension m, rather than
directly on the number of training samples.

In the original work on random features by Rahimi and Recht [125],
random feature approximations are developed for shift-invariant ker-
nels such as the Gaussian kernel. The key tool is Bochner’s theo-
rem, which says that continuous shift-invariant PSD kernels are Fourier
transforms of non-negative measures. This allows the kernel to be writ-
ten as an expectation over random Fourier frequencies. Sampling a fi-
nite number of such frequencies gives an explicit feature map whose
inner products approximate the kernel. Many other methods involv-
ing this idea were subsequently developed in all sorts of contexts but
always with the same underlying idea of constructing explicit approx-
imations of implicit embeddings [126, 107].
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More recently, random feature approximations have also been used
in modern neural architectures, for example in transformer models.
Their attention mechanisms involve many pairwise comparisons be-
tween vectors, which can become computationally expensive for large
inputs. Some of these comparisons rely on the softmax kernel κ(q, k) =
exp(⟨q, k⟩), up to a scaling of the vectors. Approximating this kernel
by an explicit random feature map,

κ(q, k) ≈ ⟨ψ(q), ψ(k)⟩,
can reduce this cost by avoiding the explicit computation of all pairwise
similarities. This idea is used in the Performer architecture through the
FAVOR+ construction [45]. Subsequent work has developed alterna-
tive positive and hybrid random feature constructions to improve such
approximations [44, 106]. These developments suggest possible exten-
sions of the structured or bounded random features developed later in
this manuscript to attention mechanisms and other large-scale models.

2.2 Embeddings as changes of representation

The term embedding can have different meanings in mathematics and
machine learning. Mathematically, in loose terms, an embedding is an
injective map that places one object inside another in a way that pre-
serves structure. Thus, different points must remain different, and the
important relations between them must still be visible after the map.
For example, a curve may be placed inside a plane, or a surface inside
three-dimensional space, without tearing it or gluing distinct points to-
gether. Results such as Whitney’s embedding theorem and Nash’s em-
bedding theorem show that very general abstract geometric spaces can
be represented inside Euclidean spaces while preserving the appropri-
ate geometric structure [156, 117]. In this classical sense, an embedding
is therefore a faithful representation of one mathematical object as part
of another.

In machine learning and data analysis, however, the word is used
in a broader sense. An embedding is usually understood as a change of
representation. Objects are mapped to vectors in a space where they are
easier to compare. This is especially useful when the original objects are
not naturally Euclidean, or when their comparison is not straightfor-
ward. For example, texts, words, graphs, or subspaces can be embed-
ded into vector spaces so that standard geometric tools become avail-
able. Word embeddings such as Word2Vec are a typical example where
words are represented by vectors whose relative positions encode se-
mantic relations [115]. Unlike their strict mathematical counterparts,
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machine learning embeddings are not necessarily injective. Depending
on the context, this change of representation can have different pur-
poses. Sometimes the goal is to represent non-Euclidean data in Eu-
clidean spaces, sometimes it is to reduce the dimension of objects by
replacing high-dimensional data with lower-dimensional vectors that
preserve the most useful information, and in other cases the data points
can be mapped to a richer feature space where comparisons become
simpler or more meaningful. Kernel methods, introduced in the pre-
vious section, are an important example of this last situation, since a
non-linear kernel can be interpreted as a scalar product after applying
a possibly high-dimensional or infinite-dimensional feature map. This
is also relevant for the Grassmannian kernels studied later, where ran-
dom features will be used to approximate non-linear kernels beyond
the projection kernel.

Random features are one example of a broader family of random
embeddings. Instead of designing the representation deterministically,
we design random strategies which guarantee, with high probability,
that certain geometric quantities such as distances, scalar products, or
kernel values are preserved up to a controlled error.

The rest of this section develops this language more precisely. We
first introduce a general notation for embeddings, then discuss deter-
ministic examples, and finally turn to random constructions.

2.2.1 Changing the representation space

We will use the word embedding in the broad sense introduced above.
Formally, this means that we consider a map

ϕ : X → Y ,

where X is the original space containing the objects to be embedded,
and Y is the representation space. An element x ∈ X is then replaced
by ϕ(x) ∈ Y . A very simple example is vectorisation. If we look back
to the image example, an image with resolution 1920 × 1080 can be
represented as a matrix X ∈ R1080×1920. The vectorisation embedding
maps this matrix to a vector x := vec(X) by stacking the columns of
X on top of one another, with x ∈ R2 073 600. Note that this specific
example does not reduce the amount of information, but it illustrates
that an embedding can simply change the form in which an object is
represented.

The original space X depends on the nature of the data. In the sim-
plest case, X = Rn and the objects are vectors. In other situations, the
objects may be matrices, signals, images, datasets, or structured objects

| 31



2 | Representing and comparing data

such as subspaces. The representation space Y may also take different
forms. It may be a Euclidean space Rm, a complex space Cm, a matrix
space, or a discrete space such as {−1, 1}m.

The formulation of an embedding depends on the task we want to
perform after changing representation. In some settings, the relevant
quantity is a distance. In others, it is a scalar product or a kernel value.
The choice of embedding is therefore guided by the quantity we want
to preserve.

The change of space can make some quantities easier to access.
For example, correlations or covariances are more naturally described
through matrix-valued representations than through raw vectors alone.
Similarly, a subspace is often better represented through a (unique) pro-
jector than through a particular choice of basis (of which there are many
for one particular subspace). In such cases, the embedding is part of the
representation on which the subsequent analysis is built.

The role of an embedding is therefore not limited to compression.
When the representation space Y has smaller dimension than the orig-
inal space X , the embedding acts as a dimensionality reduction map.
When Y is larger than X , the embedding may instead be a form of
feature enrichment which can make a task easier. This is common in
learning problems, where data may become easier to separate after be-
ing mapped to a richer feature space. An embedding may also be task-
adapted, when it is designed for a particular estimation or classification
problem, or hardware-adapted, when its form is chosen so that it can
be computed efficiently on a specific device.

It is also useful to distinguish explicit and implicit embeddings. In
an explicit embedding, the vector ϕ(x) is actually computed and stored.
Random features, introduced in the previous section, provide one ex-
ample of such constructions. The linear and quadratic random embed-
dings introduced below will provide further examples. In contrast, ker-
nel methods often rely on implicit embeddings. The embedded vectors
are not necessarily computed directly, but their scalar products are eval-
uated through a kernel function. This was discussed in more detail in
Sec. 2.1.

2.2.2 Deterministic embeddings

Before turning to random embeddings, we briefly discuss a few clas-
sical deterministic embedding methods. Here, deterministic should
be understood in contrast with the random embeddings studied later.
These methods may be learned from the data, and some implemen-
tations may involve random initialisation or approximate numerical
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steps. However, the randomness is not part of the mathematical def-
inition of the embedding in the same way as is the case for random
ones.

A standard example is principal component analysis (PCA). Given
a dataset, PCA defines a linear embedding by projecting the data onto
directions of maximal variance, and is commonly used for dimension-
ality reduction [69]. Linear discriminant analysis (LDA) gives another
example, but with a supervised objective. In this setting, the dataset is
labelled, and the goal is then to build a representation in which these
classes are easier to distinguish. LDA uses the labels to find directions
along which the classes are well separated. The resulting embedding
is therefore chosen for discrimination rather than for reconstruction or
variance preservation. These examples show that an embedding may
be chosen according to different criteria, such as variance preservation
or class separation.

More broadly, learning methods can learn non-linear embeddings
directly from data. Deep neural networks provide the most common
example, with successive transformations producing features adapted
to a supervised, reconstruction, or self-supervised objective [19, 101].
Although their training may involve random initialisation and stochas-
tic optimisation, once their parameters are fixed, the resulting embed-
ding is deterministic. They therefore belong to the present discussion
rather than to the random embeddings studied later.

There exist other non-linear methods such as Isomap and Laplacian
eigenmaps which aim to represent high-dimensional data in a lower-
dimensional space while preserving geometric or neighbourhood in-
formation [102]. There are also visualisation-specific methods such as
t-SNE or UMAP which follow a similar motivation, although their prac-
tical implementations often involve random initialisation or stochastic
optimisation. They are therefore not deterministic in every computa-
tional detail, but they are also not random embeddings in the proba-
bilistic sense considered later in this chapter.

Kernel methods, discussed in Sec. 2.1, give another important ex-
ample of representation change. A kernel can be interpreted through
a feature map into a space where the geometry is more suitable for a
learning task. For instance, data that is not linearly separable in its orig-
inal vector form may become easier to separate after being mapped to
a richer feature space. In many kernel methods, this feature map is not
computed explicitly. It only needs to exist, and may even take values in
a high-dimensional or infinite-dimensional Hilbert space. The method
can then be applied through kernel evaluations, which give scalar prod-
ucts between embedded objects without explicitly constructing the em-
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bedded representation (see Eq. 2.1).
These examples show that embeddings may be designed for differ-

ent purposes, including dimensionality reduction, visualisation, dis-
crimination, or implicit feature enrichment. The rest of this section
focuses on random embeddings, where the representation is defined
through random objects and the quality of the approximation is con-
trolled probabilistically.

Throughout this manuscript, we denote a general deterministic em-
bedding by ϕ. Variants of this notation, such as ϕ p, will be introduced
later for specific deterministic embeddings.

2.2.3 Linear random embeddings

We now turn to random embeddings, which are the main mathematical
object studied throughout this document. In contrast with the deter-
ministic embeddings discussed above, randomness is here part of the
definition of the embedding itself. We will use the notation ψ for ran-
dom embeddings, with variants such as ψ rop, ψ±, ψst or ψopu for the
specific constructions introduced later.

The most classical example of random embedding is the dense lin-
ear random embedding. Given a random matrix Ψ ∈ Rm×n, we define

Ψ : x ∈ Rn 7→ Ψ(x) = Ψx ∈ Rm.

A standard choice is to take Ψ as a Gaussian matrix, with entries

(Ψ)ij ∼
i.i.d.
N (0, 1/m)

for 1 ≤ i ≤ m and 1 ≤ j ≤ n. With this normalisation, the embedding
is isotropic, meaning that it preserves the squared norms in expectation.
Mathematically, for every fixed x ∈ Rn,

E∥Ψx∥2 = ∥x∥2.

Equivalently, we can draw entries with distribution N (0, 1) and in-
clude a factor 1/

√
m in the definition of the embedding. The param-

eter m controls the dimension of the representation space. Increasing
m gives a larger representation, while decreasing m gives a more com-
pressed one. A larger m usually improves the quality of the approxi-
mation, but also increases storage and computational cost. A key part
of the study of such embeddings is precisely to determine how large
m has to be in order to guarantee that some quantities are preserved
up to a controlled distortion, with failure probability decreasing as m
increases.
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A first fundamental result is the Johnson-Lindenstrauss lemma [91].
It states that a finite set of N points in Rn can be embedded into Rm

while approximately preserving all pairwise distances, with m depend-
ing logarithmically on N.

Lemma 2.1 (Johnson-Lindenstrauss lemma for Gaussian embeddings).
Let S ⊂ Rn be a finite set with |S| = N, and let 0 < δ < 1. Let Ψ : Rn →
Rm be defined by Ψ(x) = Ψx, where the entries of Ψ ∈ Rm×n are independent
Gaussian variables with distribution N (0, 1/m). Then there exist universal
constants C, c > 0 such that, with probability at least

1− 2N2 exp(−cδ2m),

we have

(1− δ)∥x− y∥2 ≤ ∥Ψ(x)−Ψ(y)∥2 ≤ (1 + δ)∥x− y∥2

for all x, y ∈ S . In particular, for a failure level 0 < η < 1, it is enough to
take

m ≥ Cδ−2 log(N/η)

up to a change of the universal constant C.

This result gives a first mathematical justification for dimensionality
reduction through random linear maps. In the rest of this manuscript,
we will use the expression with high probability (w.h.p.) for this type of
guarantee, where the failure probability decreases exponentially in the
number of measurements.

The previous statement applies to a fixed finite dataset. A stronger
type of result is sometimes needed when the embedding must work
not only for a set of observed samples, but for every possible object in a
given model class. We call this a uniform guarantee. For example, rather
than preserving distances only between the points already present in
a dataset, we may want the same embedding to preserve the norm of
every vector, or the distance between every pair of vectors in a given
subspace.

Such guarantees require some control on the complexity of the
model class. This smaller effective complexity is often called the in-
trinsic dimension, or the number of degrees of freedom of the model. It
measures the number of parameters that are really needed to describe
the relevant objects, as opposed to the ambient dimension n of the space
in which they are represented.

A basic example is the set of k-sparse vectors, i.e., vectors with at
most k non-zero coordinates. Denoting by supp (x) the set of indices
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where x is non-zero, this model is written as

Σk := {x ∈ Rn : |supp (x)| ≤ k}.

This assumption is central in sparse representations and compressed
sensing [68, 60, 33, 16] and is not limited to vectors that are sparse in
their original representation. In many applications, signals are instead
sparse after a change of representation. Images, for example, are often
well represented by a small number of wavelet coefficients, which is one
of the motivations behind the use of wavelet bases in signal and image
processing [48, 112].

We can express this mathematically with what is called the restricted
isometry property (RIP) [37, 34]. A linear map Ψ satisfies the RIP on Σk
with distortion 0 < δ < 1 (a.k.a. RIP(δ, Σk)) if

(1− δ)∥x∥2 ≤ ∥Ψ(x)∥2 ≤ (1 + δ)∥x∥2 (2.7)

for all x ∈ Σk. Equivalently, the embedding approximately preserves
the Euclidean norm of every k-sparse vector. By applying this property
to differences of sparse vectors, with the sparsity level replaced by 2k,
we can also obtain approximate preservation of distances within sparse
sets. Random Gaussian matrices satisfy such restricted isometry prop-
erties with high probability when the number of measurements scales
as

m = O(k log(n/k))

up to constants and distortion factors [15, 67].
The Gaussian construction is mathematically convenient, but it is

not the only possible random linear embedding. Since a dense Gaus-
sian matrix requires storing mn real numbers and applying it costs
O(mn) operations, several works have proposed more compact con-
structions. Sparse and sign-based random projections can replace
Gaussian entries by simpler discrete variables while retaining Johnson-
Lindenstrauss like guarantees [1]. Other constructions combine ran-
dom sign changes, fast orthogonal transforms such as the Hadamard
transform, and subsampling to reduce the cost of applying the embed-
ding [4]. These examples show that the random embedding principle
is not tied to dense Gaussian matrices. The same geometric guarantees
can be pursued with more structured maps that are cheaper to store
and faster to apply. Related deterministic constructions are also of in-
terest, although obtaining explicit deterministic matrices satisfying the
RIP with guarantees comparable to random matrices remains a difficult
problem [14].
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The Johnson-Lindenstrauss and compressive sensing frameworks
therefore show the same general principle, i.e., that random linear em-
beddings can reduce dimension while preserving important geometric
quantities, provided that the set of objects being embedded has con-
trolled complexity.

The following sections move beyond the purely linear setting and
introduce quadratic embeddings, which can be interpreted as linear
measurements after a suitable lifted representation.

2.2.4 Quadratic embeddings

Linear random embeddings are the classical model for random dimen-
sionality reduction. However, there are also important embedding
models whose measurements are not linear with respect to the signal.
A central case in this manuscript is that of quadratic embeddings, where
the observed quantities depend on squared scalar products with mea-
surement vectors. Such models appear in phase retrieval, where in-
tensity measurements can be written as squared magnitudes of linear
measurements [11, 12, 13, 93, 80, 36]. Related quadratic structures also
appear in imaging problems such as radio interferometry [100, 97], in
covariance estimation from quadratic samples [40, 41, 89], in matrix re-
covery from rank-one projections [29], and in optical random feature
models [133].

The simplest quadratic random embedding considered here is the
symmetric rank-one projection (ROP) embedding. Given independent
Gaussian vectors ai ∼

i.i.d.
N (0, In), for i = 1, . . . , m, we define

ψ s : x ∈ Rn 7→ ψ s(x) =
(
⟨ai, x⟩2

)m
i=1 ∈ Rm. (2.8)

Each entry of ψ s(x) measures the squared alignment of x with a ran-
dom direction ai. The map is therefore nonlinear in x. It also remains
data-agnostic in the same sense as the linear random embeddings in-
troduced above. We do not need to know what the data we are consid-
ering looks like or whether it is a finite dataset.

A key way to understand this construction is through lifting. We
can indeed embed x ∈ Rn into the set of rank-one matrices by defining
the matrix X = xx⊤. With this in mind, each quadratic measurement
can be rewritten as

⟨ai, x⟩2 = a⊤i xx⊤ai = ⟨aia⊤i , X⟩F, (2.9)

where ⟨A, B⟩F = tr(A⊤B) denotes the Frobenius inner product be-
tween matrices. Thus, although ψ s is quadratic as a map of the vector
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x, it is linear as a map of the lifted matrix X = xx⊤. In other words,
quadratic random embeddings of vectors can be interpreted as linear
random embeddings applied after the deterministic lifting x 7→ xx⊤.
The measurement matrices Ai := aia⊤i are rank-one, which explains
the terminology of rank-one projections [29].

This identity also explains why this model appears in several set-
tings. In phase retrieval, squared magnitudes of linear measure-
ments can be interpreted as rank-one measurements of the lifted ma-
trix xx⊤ [36]. Radio interferometry leads to related lifted formulations,
where quadratic information about the observed signal is accessed
through structured measurements [100, 97]. In covariance estimation,
if Σ is a covariance matrix and u is a fixed direction, the variance of the
projected data satisfies

u⊤Σu = ⟨uu⊤, Σ⟩F,

which is again a rank-one measurement [41]. Matrix recovery from
rank-one projections studies the same measurement form directly on
an unknown matrix [29]. Optical random feature models also produce
squared random projections, leading to quadratic features of the input
data [133].

Quadratic embeddings are therefore connected to the geometry of
lifted rank-one matrices, and more generally to the study of low-rank
matrices in high-dimensional spaces [35].

Of course, explicitly forming the lifted matrix X = xx⊤ is expensive,
since it belongs to Rn×n thus introducing an unnecessary cost scaling
like O(n2). Quadratic embeddings give access to linear embeddings
of this lifted object without needing to ever construct it explicitly. This
explains why quadratic embeddings can be treated with tools taken
from linear random embeddings, while still producing genuinely non-
linear representations of the original signal.

This point of view also shows a connection with randomised nu-
merical linear algebra, where random embeddings are used to reduce
the computational cost of large matrix operations by performing part of
the computation on lower-dimensional representations [159, 77]. The
methods developed in the later chapters of this manuscript can partly
be interpreted from this perspective. Rather than explicitly manipulat-
ing the original high-dimensional objects, we construct compact ran-
dom representations on which later computations can be performed.
In particular, the rank-one measurements of projection matrices con-
sidered in Chap. 4 provide compressed representations of subspaces
from which their similarities, and consequently Grassmannian kernels,
can be approximated. This interpretation nevertheless differs from the
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usual random numerical linear algebra setting, since the objective here
is not only to accelerate standard linear algebra operations, and some of
the proposed embeddings involve non-linear transformations designed
to produce specific representations or kernels.

In the rest of this manuscript, we will use this construction in sev-
eral ways. In Chap. 3, quadratic embeddings will be used as the do-
main in which signal processing tasks will be performed directly with-
out returning to the original data, and in Chap. 4, related rank-one
measurements will be applied to projection matrices representing sub-
spaces, leading to random feature maps for Grassmannian kernels. The
specific variants of the embeddings as well as guarantees needed for
these applications will be introduced later when they become neces-
sary.

2.3 Subspaces and Grassmannian geometry

The previous section introduced random embeddings of vectors, in
both linear and quadratic forms. In Sec. 1.1 however we also mentioned
subspaces as a way to represent data points. This means that the objects
to compare are no longer individual vectors, but linear subspaces. This
of course requires different geometric tools. Thus before introducing
kernels or random embeddings for such objects, we will first need to
explain how subspaces are represented and compared in this section.

As mentioned in the introduction, the study of subspaces is moti-
vated by the fact that they provide an efficient way to represent data
when important information is not contained in a single vector, but in
the span of several observations. This appears in many settings, in-
cluding signal processing, computer vision, machine learning, and sub-
space classification, where we compare collections of signals through
the low-dimensional spaces they generate. More details on such appli-
cations will be found in Chap. 4.

A bit of history
The structure for collections of such objects is called the Grassmannian
manifold. The idea of the Grassmannian manifold as a collection of sub-
spaces came about during the nineteenth century. This era saw giant
leaps in concepts and the study of geometry shifted from the study of
individual figures (synthetic geometry) to the study of families of geo-
metric objects and the transformations that preserve their relations. In
this evolution, Julius Plücker (1801–1868) introduced algebraic coordi-
nates to represent lines in three-dimensional space, showing that the
set of all lines forms a geometric object in its own right, embedded in

| 39



2 | Representing and comparing data

a higher-dimensional projective space. This “line-geometry” was the
first particular case of what would later be called a Grassmannian.

In fact, a few years earlier, Hermann Grassmann (1809–1877), who
was then a secondary-school teacher in Stettin (Poland), working
largely outside academic circles, had published his Ausdehnungslehre
[71]. In it, he describes points, lines, and planes within a general frame-
work, treating them as elements of a larger “space of subspaces” thus
extending Plücker’s construction from lines to subspaces of arbitrary
dimension and laying out the principles that would later be used as
the basis for all of linear algebra. Although his visionary work was ig-
nored for decades, later geometers such as Cayley, Clifford and Klein
recognised its importance and included it into the theory of projective
geometry and invariants. For more details about this fascinating page
of mathematical history the reader may refer to [118] for Grassmann’s
biography, to [58] for a summary of his work, or to [27] for a more gen-
eral summary of the context in which these ideas came to be.

2.3.1 Subspaces and orthonormal bases

The Grassmannian manifold G(k, n) is the set of all k-dimensional lin-
ear subspaces of Rn. For example, G(1, n) is the set of all lines through
the origin in Rn. More generally, an element of G(k, n) is not a vector
or a matrix, but a subspace.

Recall that a linear subspace is defined as a subset of a vector space
satisfying several conditions, among which the stability of its elements
under linear combination [30]. One possible way of describing a finite
dimensional subspace is through a finite set of linearly independent
vectors of the subspace called a basis, such that every element of the
subspace can be obtained by a linear combination of the elements of
the basis. The number of elements in a basis describes the dimension of
the subspace. There are infinitely many choices of different bases repre-
senting the same subspace. A subspace can therefore not be identified
with a single basis.

In what follows, we will mostly use orthonormal bases, which are
bases with the additional constraint of having elements of unit norm
and orthogonal to each other. If P ∈ G(k, n) is a k-dimensional sub-
space, we can represent it by a matrix U ∈ Rn×k whose columns form
an orthonormal basis of P . Equivalently, P = span(U) and U⊤U = Ik.
The set of all such orthonormal matrices is the Stiefel manifold

V(k, n) := {U ∈ Rn×k : U⊤U = Ik}.
If a subspace is obtained from a collection of vectors x1, . . . , xN ∈

Rn, we can form a data matrix X = (x1, . . . , xN) ∈ Rn×N . When
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rank(X) ≥ k, we can form an orthonormal basis of dimension k of the
subspace spanned by the columns of X using for instance a QR factori-
sation or a singular value decomposition (SVD).

It is important to distinguish the subspace from the basis used to rep-
resent it. A subspace P does not have a unique orthonormal basis. If
U ∈ V(k, n) is a basis of P and R ∈ SO(k) is an orthogonal matrix, then
UR is another orthonormal basis of the same subspace.

Therefore, any geometric quantity defined on G(k, n) must be in-
variant under this change of basis. If a formula is written in terms of a
basis U, it should give the same value when U is replaced by UR.

2.3.2 Representing subspaces with projectors

Orthonormal basis are not unique for a particular subspace, we can
instead use a different representation that is unique to its associated
subspace. If U ∈ V(k, n) is an orthonormal basis of a subspace P ∈
G(k, n), we associate to it the orthogonal projector

P = UU⊤.

This matrix is symmetric and idempotent, meaning that P⊤ = P and
P2 = P. It also has rank k. Conversely, any symmetric idempotent ma-
trix of rank k is the orthogonal projector onto a unique k-dimensional
subspace. This gives the projector representation of the Grassmannian,

G(k, n) := {P ∈ Rn×n : P2 = P = P⊤, rank(P) = k}.

This representation is invariant to the choice of basis. Indeed, if U ′ =
UR for some orthogonal matrix R ∈ SO(k), then

U ′U ′⊤ = URR⊤U⊤ = UU⊤.

Thus, while the basis U is not unique, the projector P = UU⊤ is unique.
In the following sections and chapters, we will often identify a subspace
P ∈ G(k, n) with its projector P ∈ G(k, n) or with an orthonormal basis
U ∈ V(k, n).

This representation will come in handy later because it turns a sub-
space into a matrix object that can be embedded, and compared using
tools similar to those introduced in the previous section. In particular,
the map

ϕ p : U ∈ V(k, n) 7→ ϕ p(U) = UU⊤ ∈ G(k, n)

can be viewed as a deterministic embedding of a basis into a matrix
representation invariant under basis rotations. Random embeddings
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of subspaces will then be built by applying random measurements to
this projector representation.

Equipped with these representations, we can now define notions
of distance and similarity between subspaces, which will serve as the
basis for learning methods on G(k, n).

2.3.3 Principal angles

The only usable quantity to define the relative position of two sub-
spaces is their principal angles. In the simplest case of G(1, n), each
subspace is a line through the origin, and comparing two subspaces
is equivalent to measuring the angle between the two lines. This case
is illustrated in Fig. 2.2. For k-dimensional subspaces, this single angle
is replaced by k principal angles.

These angles measure how well the two subspaces align in differ-
ent directions. Small principal angles correspond to directions that are
close to each other, while angles close to π/2 correspond to nearly or-
thogonal directions. When all principal angles are equal to zero, the
two subspaces are identical and when all principal angles are equal to
π/2, the two subspaces are perfectly orthogonal.

Let P ,Q ∈ G(k, n) be two subspaces. We can find the principal
angles by selecting pairs of vectors in the subspaces that are as aligned
as possible. They are defined recursively as follows. First, choose unit
vectors p1 ∈ P and q1 ∈ Q that maximise their scalar product, and
define

cos θ1 = max
p1∈P ,q1∈Q

⟨p1, q1⟩,

where the maximum is taken over unit vectors ∥p1∥ = ∥q1∥ = 1. Then,
for i = 2, . . . , k, one repeats the same procedure while forcing the new
vectors to be orthogonal to the previously selected ones:

cos θi = max
pi∈P ,qi∈Q

⟨pi, qi⟩,

where the maximum is taken over unit vectors ∥pi∥ = ∥qi∥ = 1 satis-
fying ⟨pi, pj⟩ = 0 and ⟨qi, qj⟩ = 0 for every j < i. The resulting angles
θi ∈ [0, π/2] are the principal angles between P and Q (see [70, chap.
12], [113] or [22]).

Alternatively, the same angles can be obtained directly from any
orthonormal bases of the two subspaces. Let U, V ∈ V(k, n) be or-
thonormal bases of P and Q respectively. To find the principal angles,
we compute an SVD of U⊤V :

U⊤V = W1 diag(σ1, . . . , σk)W⊤
2 .
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Fig. 2.2 Principal angle between two one-dimensional subspaces P1,P2 ∈ G(1, 2).
In this case, each subspace is a line through the origin, and the single principal angle
coincides with the usual angle between the two lines.

The singular values σi are then the cosines of the principal angles, so
that

θi = arccos(σi), i = 1, . . . , k.

Equivalently, σi = cos θi for each i. Note that if P and Q do not have
the same dimension i.e., dim(P) = k ̸= dim(Q) = k′, then we can still
use the recursive formula above with min(k, k′) principal angles [113].

The recursive definition gives a more intuitive geometric interpre-
tation of the principal angles, whereas the SVD formulation is usually
the most convenient way to compute them. It also shows that the an-
gles do not depend on the particular bases chosen for the subspaces.
Indeed if we replace U and V by other orthonormal bases, it is equiv-
alent to multiplying U⊤V on the left and right by orthogonal matrices,
which will not change its singular values. This shows the importance
of principal angles when dealing with subspaces. We will see in the
next section how these angles will allow us to define distances between
subspaces.

2.3.4 Grassmannian distances

Armed with the definition of principal angles, we can put them to good
use by defining distances on the Grassmannian of which there are many
(see [124],[162, Tab. 2], or [63, Sec. 4.5]). We present here a few that will
be useful in subsequent sections and chapters.

The first is the projection distance. Given two subspaces P and Q
represented by their projectors P = UU⊤ and Q = VV⊤, it is defined
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by
dP(P, Q) = 1√

2
∥P−Q∥F. (2.10)

Equivalently, in terms of the principal angles θ1, . . . , θk,

dP(P, Q) =
(

∑k
i=1 sin2 θi

)1/2
.

This distance is a very natural choice when working with the projector
representation, since it is simply the Euclidean distance between the
two projectors in Frobenius norm.

Another useful distance is the Binet-Cauchy distance, defined by

dBC(P, Q) =
(

1−∏k
i=1 cos2 θi

)1/2
.

Since the values cos θi are the singular values of U⊤V , we also have

∏k
i=1 cos2 θi = det(U⊤V)2.

The Binet-Cauchy distance therefore measures how much the squared
volume of an orthonormal basis of one subspace shrinks when pro-
jected onto the other subspace. This squared volume is given by
det(U⊤V)2 = ∏k

i=1 cos2 θi, and equals one when the two subspaces are
identical. dBC is thus equal to zero when the subspaces are identical,
and increases as the subspaces become less aligned.

In projector form, this distance can also be written as

dBC(P, Q) =
(
1− pdet(PQ)

)1/2,

where the pseudo-determinant of a rank-r matrix M is defined as [66,
p. 529]

pdet(M) = lim
t→0

tr−n det(M + t In). (2.11)

For P = UU⊤ and Q = VV⊤, this gives pdet(PQ) = det(U⊤V)2.
Finally, the geodesic distance is the distance obtained by measuring

the length of the shortest path on the Grassmannian manifold between
two subspaces. It is given by

dG(P, Q) =
(

∑k
i=1 θ2

i

)1/2
.

It measures the length of the shortest path on G(k, n) connecting the
two subspaces.

These distances provide different ways of comparing elements of
G(k, n). The projection distance is directly tied to the projector repre-
sentation, while the Binet-Cauchy distance is related to volume change
under projection. Both of those will reappear later when we introduce
kernels and random embeddings for subspaces.
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2.4 Kernels and random features on the Grassmannian

In this section we demonstrate how the kernel theory we developed in
Sec. 2.1 can be applied to subspaces in the Grassmannian manifold. The
different geometry of course warrants slight practical adaptations but
the philosophy behind it remains the same. Grassmannian kernels take
subspaces of G(k, n) and embed them in a richer Hilbert space where
inner products are possible. Access to those inner products is implicit,
via formulae that work directly on representations of the subspaces,
followed by learning in exactly the same way as described in Sec. 2.1,
[75]. The process is illustrated in Fig. 2.3.

2.4.1 Kernels depending on principal angles

In order to be a valid Grassmannian kernel, the functions used as such
must respect a few conditions. First, the kernel must be PSD to allow
its use in kernel machines just as explained in Def. 2.1.1.

Second, as we target kernels defined over subspace bases, they must
be independent of the orthonormal bases of V(k, n) used to represent
the compared subspaces of G(k, n).

Definition 2.4.1 (Well-defined Grassmannian kernel). A well-defined
Grassmannian kernel is a PSD function κ : V(k, n) × V(k, n) 7→ R

that measures similarity between subspaces of G(k, n) independently of the
bases chosen to represent them. Formally, given two orthonormal bases
U, V ∈ V(k, n), κ satisfies

κ(U, V) = κ(UR, V R′), ∀R, R′ ∈ SO(k),

where SO(k) denotes the special orthogonal group in Rk.

Note that here we defined the functions for representations by or-
thonormal bases of elements of G(k, n). This could also be done via
other representations such as the projectors.

Finally, the kernel must not change if both compared subspaces are
similarly rotated in Rn [158].

Definition 2.4.2 (Rotational invariance). A Grassmannian kernel κ :
V(k, n) ×V(k, n) 7→ R is rotationally invariant if, given any two bases
U, V ∈ V(k, n) of the subspaces P ,Q ∈ G(k, n),

κ(U, V) = κ(RU, RV), ∀R ∈ SO(n).

A direct consequence of the rotational invariance is the following
important fact.
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<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit>. . .

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit>. . .

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="FpKUEXAnBHunewinqNohWtyDmks=">AAACBXicbVBNS8NAEN3Ur1q/qh71sFgETyURqR6LXvRWxX5AE8tmu7FLN5uwOxFL6MWLf8WLB0W8+h+8+W/c1By09cHA470ZZub5seAabPvLKszNLywuFZdLK6tr6xvlza2WjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX94lvntO6Y0j+Q1jGLmheRW8oBTAkbqlXddYPeQXhiZacwlHrshgYHv46sbY1fsqj0BniVOTiooR6NX/nT7EU1CJoEKonXXsWPwUqKAU8HGJTfRLCZ0aJZ1DZUkZNpLJ1+M8b5R+jiIlCkJeKL+nkhJqPUo9E1ndqKe9jLxP6+bQHDipVzGCTBJfxYFicAQ4SwS3OeKURAjQwhV3NyK6YAoQsEEVzIhONMvz5LWYdWpVWuXR5X6aR5HEe2gPXSAHHSM6ugcNVATUfSAntALerUerWfrzXr/aS1Y+cw2+gPr4xsn1phc</latexit>

Images in Rn

<latexit sha1_base64="MpGaJ2mufjo0ifnpvuvIHB58I3o=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoiUl0W3bisYB/QhDCZTNqhk0yYmYgl5Dfc+CtuXCjiUlf+jZM2C209MMzhnHu59x4/YVQqy/o2Kiura+sb1c3a1vbO7p65f9CTPBWYdDFnXAx8JAmjMekqqhgZJIKgyGek70+uC79/T4SkPL5T04S4ERrFNKQYKS15puVkjs9ZIKeR/uCDl9l23nBYwJVsLDqT3Mk9s241rRngMrFLUgclOp756QQcpxGJFWZIyqFtJcrNkFAUM5LXnFSSBOEJGpGhpjGKiHSz2WU5PNFKAEMu9IsVnKm/OzIUyWJBXRkhNZaLXiH+5w1TFV66GY2TVJEYzweFKYOKwyImGFBBsGJTTRAWVO8K8RgJhJUOs6ZDsBdPXia9s6bdarZuz+vtqzKOKjgCx+AU2OACtMEN6IAuwOARPINX8GY8GS/Gu/ExL60YZc8h+APj6wdP0KEi</latexit>

{x11, . . . ,x1k}

<latexit sha1_base64="hVnPXeEMDRtjarf2b+wkJS3lHVA=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSkmKVJdFNy4r2Ac0IUwmk3boJBNmJmIJ+Q03/oobF4q41JV/46TNQlsPDHM4517uvcdPGJXKsr6NldW19Y3NylZ1e2d3b988OOxJngpMupgzLgY+koTRmHQVVYwMEkFQ5DPS9yfXhd+/J0JSHt+paULcCI1iGlKMlJY803Iyx+cskNNIf/DBy5p2XndYwJWsLzqT3Mk9s2Y1rBngMrFLUgMlOp756QQcpxGJFWZIyqFtJcrNkFAUM5JXnVSSBOEJGpGhpjGKiHSz2WU5PNVKAEMu9IsVnKm/OzIUyWJBXRkhNZaLXiH+5w1TFV66GY2TVJEYzweFKYOKwyImGFBBsGJTTRAWVO8K8RgJhJUOs6pDsBdPXia9ZsNuNVq357X2VRlHBRyDE3AGbHAB2uAGdEAXYPAInsEreDOejBfj3fiYl64YZc8R+APj6wdS+qEk</latexit>

{x21, . . . ,x2k}

<latexit sha1_base64="kMEglkohsUQud8UltfzFOI1P1k0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAguSklEqsuiG1dSwT6gCWEymbRDJ5kwMxFLyG+48VfcuFDEpa78GydtFtp6YJjDOfdy7z1+wqhUlvVtLC2vrK6tVzaqm1vbO7vm3n5X8lRg0sGccdH3kSSMxqSjqGKknwiCIp+Rnj++KvzePRGS8vhOTRLiRmgY05BipLTkmZaTOT5ngZxE+oMPXnZj53WHBVzJ+rwzzp3cM2tWw5oCLhK7JDVQou2Zn07AcRqRWGGGpBzYVqLcDAlFMSN51UklSRAeoyEZaBqjiEg3m16Ww2OtBDDkQr9Ywan6uyNDkSwW1JURUiM57xXif94gVeGFm9E4SRWJ8WxQmDKoOCxiggEVBCs20QRhQfWuEI+QQFjpMKs6BHv+5EXSPW3YzUbz9qzWuizjqIBDcAROgA3OQQtcgzboAAwewTN4BW/Gk/FivBsfs9Ilo+w5AH9gfP0Aq5KhXA==</latexit>

{xN1, . . . ,xNk}
<latexit sha1_base64="0Y/zhyBLtxqMGT6JRMDMJ0XzaLk=">AAACDnicbVC7TsNAEDyHVwgvAyXNiSgSVWQjFCij0FAGRB5SbKLz5Zyccj5bd2tEZOULaPgVGgoQoqWm42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTvzWPVOax/IWRgnzI9KXPOSUgJG6dskD9gBZjWiuxx6X2IsIDIIA39xlQw94xDSW465ddMrOFHiZuHNSRHPUu/aX14tpGjEJVBCtO66TgJ8RBZwKNi54qWYJoUPSZx1DJTF7/Gz6zhiXjNLDYaxMScBT9fdERiKtR1FgOifH6kVvIv7ndVIIL/yMyyQFJulsUZgKDDGeZIN7XDEKYmQIoYqbWzEdEEUomAQLJgR38eVl0jwtu5Vy5fqsWK3N48ijI3SMTpCLzlEVXaE6aiCKHtEzekVv1pP1Yr1bH7PWnDWfOUR/YH3+AMA3nI8=</latexit>

Basis → Rk→n

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="PlUN2T8leaWWPsci8TY+BODSJvo=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAiSNgViR6DHuIxgnlAEkLvZJIMmZ1dZnrFsOQDvPgrXjwo4tUP8ObfOHkcNLFgoKiu7ukuP5LCoOt+O0vLK6tr66mN9ObW9s5uZm+/asJYM15hoQx13QfDpVC8ggIlr0eaQ+BLXvMH1+N67Z5rI0J1h8OItwLoKdEVDNBK7Uy2ifwBk5IGYwJQSoCio2YA2GcgaSk3OFUn1uXm3QnoIvFmJEtmKLczX81OyOKAK2TSDm54boStBDQKJvko3YwNj4ANoMcblioIuGklk2NG9NgqHdoNtX0K6UT93ZFAYMww8K1zvKaZr43F/2qNGLuXrUSoKEau2PSjbiwphnScDO0IzRnKoSXAtLC7UtYHDQxtfmkbgjd/8iKpnuW9Qr5we54tXs3iSJFDckRyxCMXpEhuSJlUCCOP5Jm8kjfnyXlx3p2PqXXJmfUckD9wPn8AUl2bIg==</latexit>

Grassmannian G(k, n)
<latexit sha1_base64="Da+onaQCb9/TqKdLgZ0Obq9TM1Q=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8EgeAq7ItFj0IsXIRLzgCSE2UknGTI7u8z0imGJF3/FiwdFvPoX3vwbJ4+DJhY0FFXddHf5kRQGXffbSS0tr6yupdczG5tb2zvZ3b2qCWPNocJDGeq6zwxIoaCCAiXUIw0s8CXU/MHV2K/dgzYiVHc4jKAVsJ4SXcEZWqmdPWgiPGBSHgDyvlA9ylSHlqs3o3Y25+bdCegi8WYkR2YotbNfzU7I4wAUcsmMaXhuhK2EaRRcwijTjA1EjA9YDxqWKhaAaSWTD0b02Cod2g21LYV0ov6eSFhgzDDwbWfAsG/mvbH4n9eIsXvRSoSKYgTFp4u6saQY0nEctCM0cJRDSxjXwt5KeZ9pxtGGlrEhePMvL5Lqad4r5Au3Z7ni5SyONDkkR+SEeOScFMk1KZEK4eSRPJNX8uY8OS/Ou/MxbU05s5l98gfO5w9GVpbI</latexit>

Sketching and SVM

<latexit sha1_base64="SqcbR4EwBfWLuGY4wjPYNK5FQt4="></latexit>{
x(1)
j

}M

j=1
→ S1

<latexit sha1_base64="DOfzFhy65ITnBV4r/9q6GPMsm6s="></latexit>{
x(2)
j

}M

j=1
→ S2

<latexit sha1_base64="RB11otxcxzEmc54tZlTuBikRtbo="></latexit>{
x(N)
j

}M

j=1
→ SN

<latexit sha1_base64="F57kVx13xuLE25e4aEwSCywomZI=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkSPVY9OKxUvsBbQib7aZdukmW3Y1QS3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFwjOlHacb2ttfWNzazu3k9/d2z8o2IdHLZWkktAmSXgiOwFWlLOYNjXTnHaEpDgKOG0Ho9uZ336kUrEkftBjQb0ID2IWMoK1kXy70BthIXCp4bsXDb9y7ttFp+zMgVaJm5EiZKj79levn5A0orEmHCvVdR2hvQmWmhFOp/leqqjAZIQHtGtojCOqvMn88Ck6M0ofhYk0FWs0V39PTHCk1DgKTGeE9VAtezPxP6+b6vDam7BYpJrGZLEoTDnSCZqlgPpMUqL52BBMJDO3IjLEEhNtssqbENzll1dJq1J2q+Xq/WWxdpPFkYMTOIUSuHAFNbiDOjSBQArP8Apv1pP1Yr1bH4vWNSubOYY/sD5/AOxykfk=</latexit>

ω(
S 1
, S

2
)

<latexit sha1_base64="VbRCDK/t7aLt6j7HBgzRG/Uepbk=">AAACDHicbVDJSgNBEO2JW4xb1KOXxiB4CjMi0WNQBI9xyQJJDD2dStKkp2forhHDkA/w4q948aCIVz/Am39jZzlo4oOCx3tVVNXzIykMuu63k1pYXFpeSa9m1tY3Nrey2zsVE8aaQ5mHMtQ1nxmQQkEZBUqoRRpY4Euo+v3zkV+9B21EqG5xEEEzYF0lOoIztFIrm2sgPGByEXMp2sAUvYkYBzqkjYBhz/fp9V1gu9y8OwadJ96U5MgUpVb2q9EOeRyAQi6ZMXXPjbCZMI2CSxhmGrEBu6bPulC3VLEATDMZPzOkB1Zp006obSmkY/X3RMICYwaBbztHJ5pZbyT+59Vj7Jw2E6GiGEHxyaJOLCmGdJQMbQsNHOXAEsa1sLdS3mOacbT5ZWwI3uzL86RylPcK+cLVca54No0jTfbIPjkkHjkhRXJJSqRMOHkkz+SVvDlPzovz7nxMWlPOdGaX/IHz+QMkRZsK</latexit>

Euclidean Space Rm

<latexit sha1_base64="78qlPtt1rY3iCHL20HToeUIN0TA=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkzRarLohtXUql9QDsMmTTThmYyIckIdeiXuHGhiFs/xZ1/Y9rOQlsPXDiccy/33hMIRpV2nG8rt7a+sbmV3y7s7O7tF+2Dw7aKE4lJC8cslt0AKcIoJy1NNSNdIQmKAkY6wfhm5nceiVQ05g96IogXoSGnIcVIG8m3i/0xEgKVm371vOnfnfl2yak4c8BV4makBDI0fPurP4hxEhGuMUNK9VxHaC9FUlPMyLTQTxQRCI/RkPQM5Sgiykvnh0/hqVEGMIylKa7hXP09kaJIqUkUmM4I6ZFa9mbif14v0eGVl1IuEk04XiwKEwZ1DGcpwAGVBGs2MQRhSc2tEI+QRFibrAomBHf55VXSrlbcWqV2f1GqX2dx5MExOAFl4IJLUAe3oAFaAIMEPINX8GY9WS/Wu/WxaM1Z2cwR+APr8wcYlpIW</latexit>

ω(S2 , SN )

<latexit sha1_base64="grvpC9CylsayJaUszcusQzrZD5c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjRfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHyfd877xdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouLVKrW7aql+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOtR4+w</latexit>

ω(S1)

<latexit sha1_base64="FQ4hIhK3NNODg3jJy0gK0hisU/0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjRfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHyfb963i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKrW7i1L9OosjDydwCmXw4BLqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8weuzI+x</latexit>

ω(S2)

<latexit sha1_base64="gD66dVYcGCQNV9E8aH8Q6NEcwI4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJJKtoPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuJKs0i+WDGMfUFHkgWMoKNlR678ZCV73u3p71iya24M6Bl4mWkBBnqveJXtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVGJBtZ/ODp6gE6v0URgpW9Kgmfp7IsVC67EIbKfAZqgXvan4n9dJTHjpp0zGiaGSzBeFCUcmQtPvUZ8pSgwfW4KJYvZWRIZYYWJsRgUbgrf48jJpnlW8aqV6d16qXWVx5OEIjqEMHlxADW6gDg0gIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4A2ViPzQ==</latexit>

ω(SN )

<latexit sha1_base64="NEIi78q6nCjNvAtWWwaymfYabVE=">AAACCHicbVDJTgJBEO3BDXFDPXqwIzHxRGaMQY9ELx5xYUkASU9TAx16lnTXGMmEoxd/xYsHjfHqJ3jzb+wBDgq+pJKX96pSVc+NpNBo299WZmFxaXklu5pbW9/Y3Mpv79R0GCsOVR7KUDVcpkGKAKooUEIjUsB8V0LdHVykfv0elBZhcIvDCNo+6wXCE5yhkTr5/RbCAyY3sasjxkHT0KOjls+w77r0+s50FOyiPQadJ86UFMgUlU7+q9UNeexDgFwyrZuOHWE7YQoFlzDKtWINZtOA9aBpaMB80O1k/MiIHhqlS71QmQqQjtXfEwnztR76rulMT9SzXir+5zVj9M7aiQiiGCHgk0VeLCmGNE2FdoUCjnJoCONKmFsp7zPFOJrsciYEZ/bleVI7LjqlYunqpFA+n8aRJXvkgBwRh5ySMrkkFVIlnDySZ/JK3qwn68V6tz4mrRlrOrNL/sD6/AG8RpnL</latexit>

Subspaces of Rn

<latexit sha1_base64="MuHvokLhDh6RJHo9YwhRrVwfUsk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi1WNRBI8V7Ae0oWw203bpZhN2J8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IBFco+t+W4W19Y3NreJ2aWd3b//APjxq6jhVDBosFrFqB1SD4BIayFFAO1FAo0BAKxjdzvzWGJTmsXzESQJ+RAeS9zmjaKSebXcRnjC7iwIIQy4H055ddivuHM4q8XJSJjnqPfurG8YsjUAiE1Trjucm6GdUIWcCpqVuqiGhbEQH0DFU0gi0n80vnzpnRgmdfqxMSXTm6u+JjEZaT6LAdEYUh3rZm4n/eZ0U+9d+xmWSIki2WNRPhYOxM4vBCbkChmJiCGWKm1sdNqSKMjRhlUwI3vLLq6R5UfGqlerDZbl2k8dRJCfklJwTj1yRGrknddIgjIzJM3klb1ZmvVjv1seitWDlM8fkD6zPHwY6k+4=</latexit>

Embedding
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Fig. 2.3 A kernel function can be defined on the Grassmannian manifold to compute
similarity scores between subspaces.

Theorem 2.1. A rotationally invariant Grassmannian kernel κ : V(k, n)×
V(k, n) 7→ R only depends on the principal angles of the compared subspaces,
i.e., given two bases U, V ∈ V(k, n) of the subspaces P ,Q ∈ G(k, n) and
their k principal angles {θi}k

i=1, there exists a function f such that κ(U, V) =
f (θ1, . . . , θk).

Proof. This theorem is a direct consequence of [158, Thm. 3] (see also
[47]).

2.4.2 Projection and Binet-Cauchy kernels

Two examples of well-defined, PSD, rotationally invariant kernels on
G(k, n) are the projection kernel κp [74] and the Binet-Cauchy kernel
κBC [157]. Given two subspaces P ,Q ∈ G(k, n) related to projectors
P, Q and with bases U, V ∈ V(k, n), respectively, both kernels relate to
their homonymous distances:

κp(U, V) := ∥U⊤V∥2
F = k− dP(P, Q)2, (2.12)

κBC(U, V) := det(U⊤V)2 = 1− dBC(P, Q)2. (2.13)

Both kernels are linked to a classical embedding of the Grassmannian
manifold allowing us to prove that they are PSD, i.e., there exists an em-
bedding ϕ : V(k, n)→ Rd, with a possibly very large dimension d, such
that the considered kernel κ can be recast as κ(U, V) = ⟨ϕ(U), ϕ(V)⟩.
In particular, the projection kernel arises as the Frobenius inner prod-
uct between orthogonal projectors, corresponding to the projection em-
bedding

ϕ p : U ∈ V(k, n) 7→ ϕ p(U) = UU⊤ ∈ G(k, n), (2.14)

with d = n2. Similarly, the Binet-Cauchy kernel is given by the inner
product of the Plücker embedding which represents each basis of V(k, n)
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by its d = (n
k) possible k× k minors [75]. Such an embedding is never

constructed explicitly in practice due to its high computational costs.
Let us also mention that beyond these two standard kernels, a larger

family of PSD, rotationally invariant Grassmannian kernels can be con-
structed by composing classical Euclidean kernels with the projection
or Plücker embeddings. In particular, [75] shows that applying radial
basis function (RBF), Laplace, polynomial or binomial kernels to those
embeddings yields well-defined Grassmannian kernels. A great exam-
ple is the projection RBF kernel

κRBF(U, V) = exp
(
− γ∥P−Q∥2

F
)
, with γ > 0, (2.15)

which depends only on the Frobenius distance between projectors and
is PSD on G(k, n). As we show in Sec. 4.5, the periodic kernel κ◦ in-
troduced in this work recovers this projection RBF kernel in the small-
frequency regime, thereby providing a random-feature approximation
that naturally interpolates between linear and RBF-type Grassmannian
similarities.

2.4.3 Random feature approximations on the Grassmannian

The random features method described earlier in Sec. 2.1.3 also applies
to kernels defined on the Grassmannian. In this setting, the objects are
subspaces P ∈ G(k, n) represented by orthonormal bases U ∈ V(k, n)
or, equivalently, by projectors P = UU⊤. Since the basis U is not
unique, a random feature map for Grassmannian data must respect this
representation issue.

A natural way to do this is to build the random features from the
projector representation. Given random parameters ω1, . . . , ωm, we
may define features of the form

ψ(U) =
(
zω1(UU⊤), . . . , zωm(UU⊤)

)
∈ Rm.

Because the construction depends on U only through UU⊤, it is invari-
ant to the choice of orthonormal basis. If U ′ = UR for some rotation
R ∈ SO(k), then U ′U ′⊤ = UU⊤, and therefore ψ(U ′) = ψ(U). The
resulting features are therefore well suited for G(k, n).

This invariance is especially natural for the random quadratic em-
beddings described in Sec. 2.2. Indeed, a rank-one quadratic measure-
ment of the projector takes the form

za(U) = a⊤UU⊤a.
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If the basis is replaced by U ′ = UR, with R ∈ SO(k), then

za(U ′) = a⊤URR⊤U⊤a

= a⊤UU⊤a
= za(U).

Thus these measurements are not just compatible with the Grassman-
nian representation, they are measurements of the projector itself, and
are therefore invariant to the choice of basis. This will be explained in
more detail later.

The associated empirical kernel is

κ̂(U, V) = 1
m ⟨ψ(U), ψ(V)⟩.

The goal is then to choose the random measurements zωi so that this
quantity approximates a well-defined Grassmannian kernel κ(U, V).
As before, the desired guarantees can be pointwise (for a fixed pair
of subspaces) or uniform (over a subset of G(k, n) or over the whole
manifold).

This can be seen as a parallel construction of the deterministic em-
beddings introduced above. Instead of explicitly constructing a pos-
sibly large projector or Plücker representation, we only compute a fi-
nite number of random measurements of the subspace representation.
This makes it possible to replace the full Gram matrix by explicit ran-
dom feature vectors, while preserving the Grassmannian invariances
needed for the resulting inner products to be useful.

The detailed constructions used later in Chap. 4 follow this princi-
ple. In particular, the Grassmannian chapter introduces random feature
maps based on rank-one measurements of the projector UU⊤, together
with non-linear transformations that yield bounded approximations of
Grassmannian kernels [53].

2.5 Quantisation and binarisation

So far, we have discussed representation changes obtained by embed-
ding objects into new spaces. This is only one part of the story since the
cost of a representation does not only come from its dimension, but also
from the numerical format used to store and manipulate it. A vector
with real-valued entries may be accurate, but it can also be expensive
to store, transmit, compare, or process on specialised hardware.

A second way to simplify data is therefore to reduce the precision of
the representation itself. Quantisation replaces real-valued coordinates
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by values from a finite alphabet, while binarisation pushes this idea to
the extreme by keeping only one bit of information per entry. These op-
erations incur loss of information, but they can still preserve enough for
a given task. Again the goal is not necessarily to reconstruct the origi-
nal object perfectly, but to keep the quantities needed for comparison,
estimation, or classification.

This improvement will be useful in later chapters. Some of the
embeddings considered in this manuscript will be explicitly binarised,
while others must be adapted to quantised or binary inputs because of
computational or hardware constraints. We will therefore present the
basic ideas of quantisation, binarisation, and asymmetric comparisons,
where two objects may be compared even though they are not repre-
sented in exactly the same way.

2.5.1 Quantised representations

A real-valued representation stores each coordinate with a certain nu-
merical precision. In mathematical models, we write vectors as ele-
ments of Rn, but in actual computations their entries must be repre-
sented with a finite number of bits. Quantisation formalises this step
by replacing real-valued coordinates with values from a finite alphabet
[72].

In the quantisation procedure we consider, each entry of a vector
is quantised separately by a scalar quantiser. It is specified by a set of
thresholds

t1 < t2 < · · · < tL+1

and a set of quantisation levels

q1, . . . , qL.

The thresholds define the quantisation intervals

Cj = [tj, tj+1)

for j = 1, . . . , L. A scalar value x is then mapped to the level associated
with the interval containing it:

Q(x) = qj if x ∈ Cj.

Applied componentwise to a vector x ∈ Rn, this gives a quantised vec-
tor

Q(x) = (Q(x1), . . . , Q(xn)).
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The number of levels L determines the number of bits needed to
store each coordinate. If L levels are used, each quantised coordinate
can be encoded using

B = ⌈log2 L⌉
bits, where ⌈x⌉ denotes the closest integer greater than or equal to x.
Conversely, a quantiser using B bits per coordinate can represent at
most 2B levels. Standard floating-point formats typically use 32 or 64
bits per coordinate [81]. Although these formats are already finite-
precision representations, they can still be expensive when either the
ambient dimension n or the number of stored objects N is large. Quan-
tising to a smaller number of levels reduces this cost since each coordi-
nate is no longer stored as a floating-point number, but as the index of
a level in a finite dictionary.

A particularly useful case is uniform scalar quantisation which is
defined as follows.

Definition 2.5.1 (Uniform quantisation). Let δ > 0 denote the quantisa-
tion step and let L ∈ N be an even number of levels. We define the uniform
quantiser as

q(t) = δ(⌊t/δ⌋+ 1/2),

followed by clipping to the interval

[−(L/2− 1/2)δ, (L/2− 1/2)δ].

Here, clipping means that values above (L/2− 1/2)δ are replaced
by (L/2− 1/2)δ, while values below −(L/2− 1/2)δ are replaced by
−(L/2− 1/2)δ. The output therefore belongs to a finite alphabet of L
equally spaced levels. The parameter δ controls the spacing between
consecutive levels, while L controls how many levels are available be-
fore clipping occurs.

Quantisation creates a trade-off between precision and compactness
of representation. The quantised vector Q(x) is cheaper to store, trans-
mit, and process, but it no longer contains all the information in x. The
important question is whether this loss of information affects the task
we consider. In many situations, exact reconstruction of x is not re-
quired. It may be enough to preserve approximate similarities, classifi-
cations, or estimates.

In compressed sensing, for instance, the ideal model first forms lin-
ear measurements y = Ax, but these measurements cannot be stored
or transmitted with infinite precision. They must eventually be coded
with a finite number of bits. This leads to quantised CS, where the ob-
servation model includes both the measurement process and the quan-
tisation step [26, 161, 165]. These works emphasise that quantisation is
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a part of the sensing model itself. They study how the choice of quan-
tiser, sensing matrix, and reconstruction method affects the information
that can still be recovered from finite-precision measurements.

2.5.2 Binarised embeddings

Binarisation is the most extreme form of quantisation. Instead of repre-
senting each entry by one of several levels, we keep only a single bit. In
the setting of measurements or embeddings, this often means replacing
a real-valued vector by its signs. Given an embedding ψ : X → Rm, its
binarised version takes the form

sign(ψ(x)) ∈ {−1, 1}m,

where the sign is applied componentwise.
This operation has an immediate cost advantage. A real-valued em-

bedding with m entries must store numerical values, while a binarised
embedding stores only m bits. Binary vectors can also be compared
efficiently. For example, their Hamming distance counts the number
of disagreeing signs, and for vectors in {−1, 1}m this is equivalent to
computing their scalar product. This makes binarised representations
attractive when many embedded objects must be stored or compared.

The price is that binarisation discards all magnitude information.
In particular, if we replace Ax by sign(Ax), then multiplying x by a
positive scalar does not change the binary measurements. The scale of
the signal is therefore lost. This is not necessarily fatal, because many
tasks depend more on directions, angles, or similarities than on abso-
lute magnitudes. The central question is then whether the binarised
representation preserves the information needed for the task.

This question is central in one-bit compressed sensing. There, a sig-
nal is measured through

y = sign(Ax),

so that each embedding records only whether a linear observation is
positive or negative. In such a drastic context, it is still possible to
extract stable information on signals despite the loss of information
caused by binarisation [86, 122, 121, 3]. A key geometric idea is that
the Hamming distance between two binary measurement vectors can
reflect the angle between the original signals. Thus, even very coarse
measurements can preserve useful geometry.

A related line of work is locality-sensitive hashing (LSH), where
random projections are used to construct compact binary representa-
tions that preserve similarity between vectors [82, 38]. These binary
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representations are obtained from the signs of random linear projec-
tions, and the probability of a sign disagreement depends directly on
the angle between the vectors. Random Ferns provide another example
of cheap binary representations, where several randomly chosen pair-
wise comparisons of local measurements, such as pixel intensities in an
image patch, are grouped together and their outcomes are used to es-
timate probabilities for efficient classification [119]. These approaches
are related to the embeddings considered in this manuscript through
their use of compact binary representations, but the objective is differ-
ent. The binary embeddings developed later are designed to approx-
imate similarities or kernels with controlled accuracy, rather than for
indexing or classification.

This geometric interpretation is closer to our needs than exact signal
reconstruction. In later chapters, binarised embeddings are not used to
recover the original object. They are used because their scalar products
(or Hamming distances for binary cases) can approximate quantities of
interest, such as similarities or kernel values. In that sense, binarisa-
tion is another way to change the representation while keeping enough
information for the desired task.

Recent work also studies learning directly from binary measure-
ments, both in statistical models such as one-bit linear regression [79]
and in signal reconstruction from binary measurements [144]. Other
applications include matrix completion when only 1-bit noisy observa-
tions are available [50]. This reinforces the message that binary repre-
sentations are not just a storage trick. They can be the normal output
of some measurement device, or the representation deliberately chosen
because it is cheaper and still informative.

We will also use binarisation in asymmetric comparisons, where
only one side of an estimator is binarised. For example, instead of com-
paring two objects through two identical embeddings, we may con-
sider quantities of the form

q̂(x, y) = 1
m ⟨sign(ψ(x)), ψ(y)⟩.

Such expressions do not necessarily define symmetric kernels, but they
can still provide useful estimators when the two objects play different
roles. This idea will reappear in Chap. 3 when we estimate quantities
directly from embedded or binarised measurements.

Finally we will also use binarisation to make real-valued vectors
compatible with efficient computational devices whose inputs are re-
stricted to binary representation, thus warranting a special algorithm to
decompose quantised vectors into binary inputs. Increasing the num-
ber of levels L improves the accuracy of the representation, but also
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increases the number of bits or elementary components needed to en-
code it. This is developed in Chap. 5.

2.6 From concentration to uniform guarantees

The previous sections introduced several random constructions whose
purpose is to approximate deterministic quantities such as kernel func-
tions or scalar products. In each case, the same question appears: how
many random measurements or features are needed for the approxi-
mation to be reliable? We will answer this question using concentration
inequalities and uniform approximation arguments.

In this section we thus introduce the probabilistic language used
to answer this question i.e., concentration inequalities. We do not aim
to give a full exposition of this from head to toe. Instead, we present
elements that will often return when we evaluate the quality of our
estimates later. We first explain how to move from expectation to high-
probability approximation for a fixed pair of objects. We then recall
the role of tail behaviours of random variables, since bounded, sub-
Gaussian, sub-exponential, and heavier-tailed random variables do not
give the same result quality. Finally we explain how fixed pair es-
timates are upgraded to uniform guarantees through covering argu-
ments and union bounds.

The resulting conditions on the number of random features should
be understood as order-of-magnitude bounds rather than exact thresh-
olds. This is enough for our purposes, because the main question is
how the required number of measurements scales with the failure prob-
ability of the approximation. Throughout this manuscript, constants
such as C, c, C′, . . . denote positive absolute constants that do not de-
pend on the main parameters, and their value may change from line to
line.

2.6.1 From expectation to concentration

The estimators considered in subsequent chapters are averages of in-
dependent random quantities. Given two objects x and y belonging to
an arbitrary space, and for a deterministic target q(x, y), we construct a
random estimator of the form

q̂(x, y) = 1
m ∑m

i=1 Xi(x, y),

where the variables Xi(x, y) are independent copies of a random feature
or random measurement depending on x and y. The first property we
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will prove is its expected value

Eq̂(x, y) = q(x, y).

This identity simply says that the estimator will be correct on average. It
does not say that a single draw of the random embedding gives a good
approximation, or how many random features are necessary to make a
good approximation.

If we now take a fixed pair of objects x, y, the next interesting state-
ment is a high-probability bound of the form already introduced in
Eq. 2.5 for kernel approximation:

P
{
|q̂(x, y)− q(x, y)| > δ

}
≤ η(m, δ),

with η(m, δ) a probability depending on m and δ. Equivalently, with m
trials of Xi(x, y), the absolute error will be at most δ with probability at
least 1− η(m, δ). This statement is the first step to go from an identity
about the expectation of our approximation to a guarantee over a larger
continuous space. It says that a single random draw of the embedding
is likely to produce an estimator close to the target quantity, rather than
being correct only after averaging over infinitely many independent
draws. This statement is also useful for seeing the role of m. Indeed
by increasing the number of measurements, we will push the failure
probability η(m, δ) down for a given target accuracy of δ.

A typical concentration bound for a fixed pair of objects (x, y) will
take the form

P{|q̂(x, y)− q(x, y)| > δ} ≤ C exp(−cmδ2),

for 0 < δ < 1 and where C, c > 0 are absolute constants. Such
a bound says that the failure probability decreases exponentially fast
with mδ2. If we want to make the failure probability smaller than a
pre-determined value η > 0, it is then enough to take m of the order of

δ−2 log(η−1).

We repeat that here, and throughout the manuscript, statements of the
form m ≥ Cδ−2 log(η−1) give an order of magnitude for m rather than
an exact threshold. The constants C, c, C′, . . . do not depend on the main
parameters such as m, δ, or η, and may change from line to line.

2.6.2 Tail behaviour and concentration inequalities

The strength of a concentration bound depends on the tail behaviour
of the random variables being averaged. The tail of a random vari-
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Fig. 2.4 Illustration of tail behaviour. Heavy-tailed random variables are more likely
to produce large deviations, while bounded transformations cut off extreme values.

able describes how likely it is to take values far from its mean. Ran-
dom variables with lighter tails lead to stronger concentration, while
heavier-tailed variables give weaker concentration results.

A useful way to describe tail behaviour is through bounds on the
probability of large deviations. We say that a random variable X has
sub-Weibull tails of order α > 0 if there exists a parameter K > 0 such
that, for every t ≥ 0,

P{|X| ≥ t} ≤ 2 exp(−(t/K)α). (2.16)

The parameter K controls the size of the variable, while α controls the
speed of the tail decay. Larger values of α correspond to faster decay.
This is illustrated in Fig. 2.4: heavy-tailed variables are more likely to
produce large values, while bounded variables cannot exceed a fixed
range.

The case α = 2 corresponds to sub-Gaussian behaviour, where the
tails decay like Gaussian tails. The case α = 1 corresponds to sub-
exponential behaviour, which allows larger deviations but still gives
useful concentration results. These two regimes are especially impor-
tant because they give access to standard concentration inequalities
such as Hoeffding and Bernstein bounds. When α < 1, the tails are
heavier, and the resulting concentration estimates are weaker [24].

An equivalent way to describe the same behaviour is through ψα

norms [148, Ch. 2]. For α > 0, the ψα norm of a random variable X is
defined as

∥X∥ψα := inf{t > 0 : E exp(|X|α/tα) ≤ 2}.

This norm measures the scale beyond which the tails of X decay like
a sub-Weibull tail of order α. Finiteness of ∥X∥ψα is equivalent to the
tail bound above. A random variable with finite ψα norm is therefore
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called sub-Weibull of order α [24]. In the cases where α = 1 the ψ1-norm
is referred to as the sub-exponential norm and when α = 2 the ψ2-norm
is referred to as the sub-Gaussian norm.

Once the tail behaviour of the variables is known, we can choose the
corresponding concentration inequality. For i.i.d. centred sub-Gaussian
variables, concentration gives the basic quadratic regime

P{| 1
m ∑m

i=1 Zi| > δ} ≤ 2 exp(−cmδ2/K2),

where K depends on the ψ2 (or sub-Gaussian) norm of the variables.
This is the regime we obtain for all random variables satisfying the tail
condition in Eq. 2.16 with α = 2 which includes bounded variables.

For i.i.d. centred sub-exponential variables (i.e., satisfying the tail
condition in Eq. 2.16 with α = 1) with K depending on their ψ1 (sub-
exponential) norms, we can use Bernstein’s inequality which gives

P{| 1
m ∑m

i=1 Zi| > δ} ≤ 2 exp(−cm min(δ2/K2, δ/K)).

For small deviations, the first term dominates and the bound again
behaves like exp(−cmδ2/K2). For larger deviations, the second term
shows the heavier sub-exponential tail.

2.6.3 Uniform approximation and covering arguments

So far the concentration inequality we derived controls the approxima-
tion error for a fixed pair of objects. However, since we want a result
that holds for any pair of objects over a certain space, i.e., a uniform ap-
proximation result, we must get to a stronger statement. If the objects
of interest belong to a set X , given a subset S ⊆ X , the desired estimate
has the form introduced in Eq. 2.6,

P{ sup
x,y∈S

|q̂(x, y)− q(x, y)| > δ} ≤ η(m, δ),

with η(m, δ) a probability depending on m and δ. Equivalently, with
probability at least 1− η(m, δ), all pairs x, y ∈ S are approximated with
error at most δ by the same draw of the random embedding.

This distinction is important whenever the embedding is used as a
replacement for the original instances. The first concentration bound
says that the embedding works for a fixed pair chosen in advance. A
uniform bound on the other hand says that, after the random construc-
tion has been drawn, all comparisons inside the class can be made with
controlled error. The set S may be a finite dataset, a structured signal
model, or a manifold of subspaces. The required number of random

56 |



From concentration to uniform guarantees | 2.7

features then depends not only on the accuracy δ, but also on the size
or complexity of S .

For a finite class, going from a fixed pair to uniform control follows
from the union bound. Suppose that S contains M elements and that,
for every fixed pair x, y ∈ S ,

P{|q̂(x, y)− q(x, y)| > δ} ≤ η0.

Since there are at most M2 pairs in S × S , we obtain

P{∃x, y ∈ S : |q̂(x, y)− q(x, y)| > δ} ≤ M2η0.

If
η0 ≤ C exp(−cmδ2),

then the uniform failure probability is bounded by

CM2 exp(−cmδ2).

To make this smaller than η, it is enough to take m of the order of

δ−2(log M + log(η−1)).

For infinite classes, we first reduce the problem to a finite one. Let
d be a metric on S . A finite set Nϵ ⊂ S is called an ϵ-net if, for every
x ∈ S , there exists x0 ∈ Nϵ such that

d(x, x0) ≤ ϵ.

An illustration of an ϵ-net is provided in Fig. 2.5.
We then prove the approximation on all pairs of points in the finite

net, apply a union bound overNϵ ×Nϵ, and extend the approximation
from the net to the full set S . This last step uses some property of the
quantities involved, such as Lipschitz continuity or a separate stability
argument. Such arguments can be found in [125, 135].

The size of the net will influence the probability bound term in
the final inequality. If the fixed pair failure probability behaves like
C exp(−cmδ2), then the union bound over the net produces terms in-
volving

|Nϵ|2 exp(−cmδ2).

Thus m must be large enough to cancel out log |Nϵ|, up to the desired
accuracy and failure probability.
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d(x, x4) ≤ ϵ

ϵ

Fig. 2.5 Illustration of an ϵ-net Nϵ = {x1, . . . , x6} for a set S . Every point x ∈ S lies
within distance at most ϵ of a point xi ∈ Nϵ.

2.7 Conclusion

This chapter presented the preliminary context for the rest of the text.
We started from the general problem of representing high-dimensional
data and large datasets in a way that preserves the quantities needed
for estimation, or comparison, while reducing storage and computa-
tional costs. This led us to random embeddings, which replace the
original objects by random lower-dimensional or feature-space repre-
sentations with controlled approximation error.

We then introduced the geometric setting needed when data is rep-
resented as subspaces. Subspaces were represented through orthonor-
mal bases and orthogonal projectors, and compared through principal
angles and Grassmannian distances. This allowed us to present kernels
on general spaces, then Grassmannian kernels in particular. Random
features were also presented as explicit finite-dimensional embeddings
whose inner products approximate kernel values, avoiding the need to
form and store a full Gram matrix thus alleviating the computational
and storage costs of kernel algorithms.

We also recalled how representations can be made more compact
by reducing numerical precision. Quantisation replaces real-valued co-
ordinates by finite-level representations, while binarisation keeps only
one bit per entry.

Finally, we introduced the probabilistic language used to con-
trol random approximations. Concentration inequalities turn expecta-
tions into high-probability guarantees. Uniform approximation results
widen fixed pair estimates by requiring the same random embedding
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to work over an entire, possibly continuous set of objects using cover-
ing arguments and union bounds.

The next chapters build on these ideas. We first study signal pro-
cessing directly from random quadratic embeddings, then random fea-
ture approximations of Grassmannian kernels, and finally efficient im-
plementations based on structured transforms and optical computa-
tion.
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3
Signal processing in the

quadratic embedding
domain

3.1 Introduction

The previous chapter introduced random embeddings as a way of
changing the representation of data while preserving quantities needed
for later processing. We now turn to the first concrete setting studied
in this manuscript. The objects of interest are signals x ∈ Rn, and their
representations are obtained through random quadratic embeddings as de-
scribed in Sec. 2.2.4.

The central question of this chapter revolves around applying signal
processing tasks after the embedding and without ever reconstructing
the original signal representation. In many applications, the full signal
is not the final object of interest. We may only need to estimate whether
a given pattern is present, how strongly a signal overlaps with a region
of interest, or whether an embedded observation belongs to a given
class.

In this chapter, we show that a random quadratic embedding of any
k−sparse vector x ∈ Rn keeps enough information to estimate certain
quantities depending on ⟨u, x⟩, where u is a fixed unit vector. After
introducing the embedding model, we show that a debiased quadratic
embedding satisfies a sign product embedding property. This allows us
to approximate ⟨u, x⟩2 directly from embedded data. We then interpret
this mechanism as an asymmetric random feature approximation of a
quadratic kernel and illustrate it through numerical experiments.
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3.1.1 Motivation

The previous chapter introduced random embeddings as data-agnostic
transformations used in signal processing, numerical linear algebra and
machine learning [107, 77, 21]. Classical examples include linear ran-
dom projections for dimensionality reduction and compressed sens-
ing [91], as well as random feature constructions where random pro-
jections are combined with non-linear functions to induce kernel simi-
larities [133, 126]. For such embeddings to be useful, the transformed
representation must still preserve the quantities needed for a task at
hand. We follow this philosophy here, but for the quadratic embed-
dings introduced in Sec. 2.2.4.

Quadratic embeddings arise naturally in several inverse and sens-
ing problems. This is the case in phase retrieval, where the goal is to
recover signals from intensity measurements [13, 12, 93, 80], in covari-
ance estimation from quadratic samples [41, 40, 89], and in matrix re-
covery from rank-one projections [29]. Related lifted matrix-valued for-
mulations also appear in low-rank matrix recovery [35], quantum state
tomography [73], and compressive radio-interferometric imaging [100,
98]. These examples show that quadratic embeddings are used in con-
crete problems, where measurements of a vector x can often be inter-
preted as linear measurements of the lifted matrix xx⊤.

The question classically attached to such measurements is whether
the original signal, or its lifted representation, can be reconstructed.
This is not the question we pursue here. In this chapter, we study what
signal processing tasks can be performed directly in the embedding do-
main generated by random quadratic embeddings, rather than focus-
ing on reconstruction methods which can prove costly [67, 29, 36, 41].
More precisely, given a signal x and a fixed vector u, we study how to
estimate quantities depending on ⟨u, x⟩ directly from the embeddings
of x and u, by constructing a function g(u, y) that approximates a target
function f

(
⟨u, x⟩

)
. This setting is illustrated in Fig. 3.1.

The choice of the function f depends on the embedding under con-
sideration. In the random linear case, the natural function is f (t) = t,
since comparisons between the embeddings of x and u can be used
to approximate their scalar product. This is, for instance, the set-
ting behind the linear sign product embedding (SPE) property studied
in [85]. For the quadratic embeddings considered here, however, x and
−x have the same embedding. The sign of ⟨u, x⟩ is therefore lost, so
that the linear function f (t) = t cannot in general be recovered from
the quadratic embedding alone. This naturally motivates the choice
f (t) = t2 studied in this chapter.
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<latexit sha1_base64="iZXEEcw6I9sTDMBZJeQfDAcceUU=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAiuSiJSXRbd6K6CfUAbymR60w6dTMLMjVhC/RU3LhRx64e482+ctllo64GBwzn3zNw5QSK4Rtf9tlZW19Y3Ngtbxe2d3b19++CwqeNUMWiwWMSqHVANgktoIEcB7UQBjQIBrWB0PfVbD6A0j+U9jhPwIzqQPOSMopF6dqmL8IjZraSMgdbc5CY9u+xW3BmcZeLlpExy1Hv2V7cfszQCiUxQrTuem6CfUYWcmfuK3VRDQtmIDqBjqKQRaD+bLT9xTozSd8JYmSPRmam/ExmNtB5HgZmMKA71ojcV//M6KYaXfsZlkiJINn8oTIWDsTNtwulzBQzF2BDKFDe7OmxIFWVo+iqaErzFLy+T5lnFq1aqd+fl2lVeR4EckWNySjxyQWrkhtRJgzAyJs/klbxZT9aL9W59zEdXrDxTIn9gff4AeQiVUg==</latexit>

Inaccessible

<latexit sha1_base64="g5Ihl8oxLtBMOXnDjf46mTP9ZWQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR6LXrxZwX5AG8pmM2mXbj7YnRRr6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzvERwhbb9bRTW1jc2t4rbpZ3dvf2yeXDYUnEqGTRZLGLZ8agCwSNoIkcBnUQCDT0BbW90M/PbY5CKx9EDThJwQzqIeMAZRS31zXIP4RGzO0+BHIM/7ZsVu2rPYa0SJycVkqPRN796fszSECJkgirVdewE3YxK5EzAtNRLFSSUjegAuppGNATlZvPDp9apVnwriKWuCK25+nsio6FSk9DTnSHFoVr2ZuJ/XjfF4MrNeJSkCBFbLApSYWFszVKwfC6BoZhoQpnk+laLDamkDHVWJR2Cs/zyKmmdV51atXZ/Ualf53EUyTE5IWfEIZekTm5JgzQJIyl5Jq/kzXgyXox342PRWjDymSPyB8bnD3Mik58=</latexit>

Observed

<latexit sha1_base64="Ft37q0maElruSIvUajb045mPeww=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcqMSHVZdOOygn1AO5RMJtOGZpIhyQhD6c6Nv+LGhSJu/QV3/o2Zdha19UDIyTn3knuPHzOqtOP8WIWV1bX1jeJmaWt7Z3fP3j9oKZFITJpYMCE7PlKEUU6ammpGOrEkKPIZafuj28xvPxKpqOAPOo2JF6EBpyHFSBupbx8PKj1fsEClkblgcj7/Ss/6dtmpOlPAZeLmpAxyNPr2dy8QOIkI15ghpbquE2tvjKSmmJFJqZcoEiM8QgPSNZSjiChvPN1jAk+NEsBQSHO4hlN1vmOMIpWNZiojpIdq0cvE/7xuosNrb0x5nGjC8eyjMGFQC5iFAgMqCdYsNQRhSc2sEA+RRFib6EomBHdx5WXSuqi6tWrt/rJcv8njKIIjcAIqwAVXoA7uQAM0AQZP4AW8gXfr2Xq1PqzPWWnBynsOwR9YX7+E9Jka</latexit>

g(u,y)
<latexit sha1_base64="RXKcchtkSW+NHOVUb9cFIzYPYBE=">AAACG3icbVDLTgIxFO34RHyhLt00EhNXZIYYdIm6cYmJPBIgpFMu0NBpm7ZjIBP+w42/4saFxrgyceHf2AEWCt6kyck5997ec0LFmbG+/+2trK6tb2xmtrLbO7t7+7mDw5qRsaZQpZJL3QiJAc4EVC2zHBpKA4lCDvVweJPq9QfQhklxb8cK2hHpC9ZjlFhHdXLFloWRTa6U0nLEoimLY4WtxARTKayWnEMXd90pUqfqpJPL+wV/WngZBHOQR/OqdHKfra6kcQTCUk6MaQa+su2EuHWUwyTbig0oQoekD00HBYnAtJOptwk+dUwX96R2T1g8ZX9PJCQyZhyFrtNdPzCLWkr+pzVj27tsJ0yo2IKgs496MU+dp0E5xxqo5WMHCNXM3YrpgGhCrYsz60IIFi0vg1qxEJQKpbvzfPl6HkcGHaMTdIYCdIHK6BZVUBVR9Iie0St68568F+/d+5i1rnjzmSP0p7yvH7o3onw=</latexit>

Approximation up to a controlled distortion

Fig. 3.1 Illustration of the framework: instead of reconstructing the signal x from its
embedding y, we directly estimate a function g(u, y) to approximate f (⟨u, x⟩), with a
controlled error.

This will lead us to an asymmetric and partly binarised compari-
son between embedded objects and connect the chapter to the ideas of
quantisation and binarisation discussed in Sec. 2.5.

3.1.2 Related works

Our work is closely related to signal processing with compressive mea-
surements in the linear setting [49], where several tasks can be per-
formed directly from embedded data without explicit reconstruction.
We follow the same general philosophy, but in a quadratic framework.
Similar work can also be found in [31] where the authors propose to
perform learning tasks directly in the compressed domain, showing
that classification can be carried out from random projections without
explicit signal recovery.

Our main theoretical result is also closely related to the sign product
embedding (SPE) property introduced for random linear embeddings
in [85]. In the linear setting, the SPE uses an asymmetric comparison
involving the sign of one linear embedding to approximate the scalar
product ⟨u, x⟩. In this chapter, we extend this principle to the debi-
ased quadratic embedding, for which the corresponding quantity is the
squared scalar product ⟨u, x⟩2.

In addition, the estimator that we consider induces a comparison
between embedded signals that can be interpreted as a kernel-like sim-
ilarity. This connects our approach to random feature constructions,
where inner products in an embedding domain are used to approxi-
mate kernel evaluations, as in [125, 135, 107]. In particular, our con-
struction can be seen as generating features whose inner products esti-
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mate a function of ⟨u, x⟩, in a way that is reminiscent of random feature
approximations, but arising from quadratic rather than linear embed-
dings.

3.1.3 Contributions

The main theoretical contribution of this chapter is a quadratic exten-
sion of the SPE property to the debiased quadratic embedding. The
core result of this chapter shows that, after a simple debiasing step, the
quadratic embedding of a signal can be combined with the sign of the
quadratic embedding of a unit vector to approximate a function of their
scalar product with controlled distortion. More precisely, this compar-
ison gives access to the squared scalar product between the signal and
the unit vector directly in the embedding domain. The resulting guar-
antee holds uniformly over the considered class of sparse signals, and
can therefore be viewed as the quadratic equivalent of the existing lin-
ear SPE. This provides a direct way to perform basic estimation, detec-
tion and classification tasks from quadratic embeddings alone. Aside
from this signal processing interpretation, the same mechanism also
implies a kernel viewpoint since the resulting comparison behaves like
an asymmetric random feature approximation of a quadratic polyno-
mial kernel.

The rest of this chapter is organised as follows. We first introduce
the random quadratic embedding model and its debiased version, and
link them to rank-one projections. We then state and analyse the main
estimation result in the embedding domain. After that, we discuss its
interpretation, including its link with asymmetric random feature con-
structions. Finally, we illustrate these ideas on synthetic estimation
problems, localised detection in images, and simple classification ex-
periments.

3.1.4 Related publications

This chapter is related to the following publications, with contributions
from Vincent Schellekens, Laurent Daudet, Laurent Jacques, and the
author of the present document.

■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “ROP in-
ception: Signal estimation with quadratic random sketching”. In:
Proceedings of the 30th European Symposium on Artificial Neural Net-
works, Computational Intelligence and Machine Learning (ESANN).
2022, [54]
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■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “Signal
processing with optical quadratic random sketches”. In: ICASSP
2023 - 2023 IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP). 2023, pp. 1–5, [56]

■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “Signal
processing after quadratic random sketching with optical units”.
In: International Symposium on Computational Sensing (ISCS). 2023,
[55]

■ R. Delogne and L. Jacques. “Quadratic polynomial kernel ap-
proximation with asymmetric embeddings”. In: International
Workshop on Deep Learning and Kernel Machines (DEEPK). 2024, [51]

3.2 Quadratic random embedding of signals

We now introduce the random quadratic embedding model used
throughout this chapter. We start from the basic construction based on
rank-one projections, and then introduce a debiased variant that will
play a central role in the estimation results.

3.2.1 Symmetric rank-one projections

The use of rank-one projections as random measurements was intro-
duced in [29]. In this section, we focus first on a symmetric version,
which will be used as a building block for the embedding model stud-
ied in this chapter. Let us first remind the definition of ψ s as presented
in Eq. 2.8.

Definition 3.2.1 (Symmetric ROP embedding). Let x ∈ Rn and let
(ai)

m
i=1 be independent random vectors in Rn with ai ∼ N (0, In), ∀i. The

symmetric rank-one projection embedding ψ s(x) ∈ Rm is defined componen-
twise as a collection of measurements

ψ s(x) =
(
⟨ai, x⟩2

)m
i=1, i = 1, . . . , m.

This construction corresponds to taking quadratic measurements of
x of the form (⟨ai, x⟩)2. Each measurement (or projection) reflects how
well x aligns with a random vector ai, and the collection of measure-
ments therefore captures how x interacts with many random directions.
The embedding can thus be interpreted as a representation of x through
its responses to a set of random probes.
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Recall that this can also be interpreted as a linear mapping of lifted
objects, as each quadratic projection can be rewritten as a linear projec-
tion of those lifted objects. Indeed Eq. 2.9 shows that

ψ s(x) =
(
⟨Ai, X⟩

)
,

where X = xx⊤ and where Ai = aia⊤i are random rank-one matri-
ces. The embedding is thus quadratic in x but linear in the lifted space,
where it corresponds to projecting X onto random rank-one matrices.
This viewpoint explains the terminology of rank-one projections.

A key property of this embedding is that it is biased. Indeed, for any
x ∈ Rn, we have

E
[
ψ s(x)i

]
= E

[
⟨ai, x⟩2

]

= E
[
x⊤aia⊤i x

]

= x⊤E
[
aia⊤i

]
x

= x⊤ In x
= ∥x∥2

2.

This shows that each term ⟨ai, x⟩2 has a non-zero mean equal to
∥x∥2

2. This mean does not give us information about the alignment be-
tween ai and x, but only the norm of the signal. The directional infor-
mation is therefore carried by the changes of ⟨ai, x⟩2 around this av-
erage value. This becomes problematic when comparing two embed-
ded signals, since the raw scalar product between their quadratic mea-
surements also contains a term depending only on their norms. Con-
sequently, two orthogonal signals may still have a positive expected
similarity after embedding, which hides the geometric information we
want to preserve.

As a result, when using these measurements to compare signals
or estimate quantities depending on ⟨u, x⟩, the dominant contribution
comes from the norm of the signals (since it is going to accumulate
when we combine many measurements), rather than from their ori-
entations relative to the random vectors ai. This hides the directional
information which is precisely the interesting part of the embedding
that we want to preserve. This motivates the introduction of a debiased
embedding.

3.2.2 Debiased rank-one projections

In order to remove the bias effect described just above, we consider a
simple debiasing strategy based on taking differences of independent
measurements, following the approach of [41] and [99].
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Definition 3.2.2 (Debiased ROP embedding). Let (ai)
2m
i=1 be independent

random vectors in Rn with ai ∼ N (0, In). The debiased ROP embedding
ψ−(x) ∈ Rm is defined as

ψ−(x)i = ⟨ai, x⟩2 − ⟨am+i, x⟩2, i = 1, . . . , m.

This construction can be seen as the difference of two single in-
dependent symmetric ROP embeddings. In particular, it can be im-
plemented using the same basic symmetric quadratic embedding ψ s,
which will be relevant in settings where only symmetric projections are
available such as in Optical Processing Units which will be presented
in Chap. 5.

Remark 3.1. The construction of the debiased embedding uses 2m indepen-
dent probes instead of m. This effectively doubles the number of required prob-
ing vectors, but does not change the scaling of the embedding dimension. In
particular, all results expressed in terms of m remain of the same order. As
noted in [41], this modification does not affect the behaviour of the bounds
derived for the embedding.

By construction, the debiased embedding satisfies

E
[
ψ−(x)i

]
= E

[
⟨ai, x⟩2

]
−E

[
⟨am+i, x⟩2

]

= ∥x∥2
2 − ∥x∥2

2 = 0,

so that the constant contribution from ∥x∥2 present in each measure-
ment is now removed, meaning that, in contrast with the symmetric
embedding, the debiased embedding is now centred, and therefore
only shows variations due to the alignment between the random vec-
tors and the signal. This will allow us to extract useful directional in-
formation from this embedding. This debiased construction satisfies an
isotropy property, meaning that it preserves, in expectation, certain ge-
ometric quantities of the signal, as shown in the following proposition.

A more general version of this result is given in [41, Lem. 4], where
the debiased embedding is extended to matrices of arbitrary rank and
to sub-Gaussian probing vectors. For completeness, we provide here a
short proof in the vector Gaussian case.

Proposition 3.1 (Isotropy of the debiased embedding). Given x ∈
Rn, we have

1
m E∥ψ−(x)∥2 = 4∥x∥4. (3.1)
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Proof. Let a, b ∼ N (0, In) be independent. By definition,

ψ−(x)i = (a⊤x)2 − (b⊤x)2.

By rotational invariance of the Gaussian distribution, we can assume
without loss of generality that x = ∥x∥e1. Then

ψ−(x)i = ∥x∥2(a2
1 − b2

1),

and therefore
E
[
ψ−(x)2

i
]
= ∥x∥4E

[
(a2

1 − b2
1)

2].
Expanding,

E
[
(a2

1 − b2
1)

2] = E[a4
1] + E[b4

1]− 2E[a2
1b2

1].

Since a1 and b1 are independent standard Gaussian variables,

E[a4
1] = 3, E[a2

1b2
1] = 1,

which yields
E
[
(a2

1 − b2
1)

2] = 4.

Hence,
E
[
ψ−(x)2

i
]
= 4∥x∥4,

and summing over i = 1, . . . , m gives

1
m E∥ψ−(x)∥2 = 4∥x∥4.

This result can be interpreted in the lifted space. Indeed, recalling
that X = xx⊤, we have ∥X∥2

F = ∥x∥4. Prop. 3.1 therefore shows that the
debiased embedding is correctly scaled with respect to the Frobenius
norm of the lifted signal. In other words, it behaves, in expectation,
like a well-calibrated linear embedding of X.

Remark 3.2 (Connection with asymmetric projections). For complete-
ness, we note that the debiased embedding can be rewritten as

ψ−(x)i =
(
⟨di, x⟩

)(
⟨si, x⟩

)
,

where di = ai − am+i and si = ai + am+i. Assuming ai follow a Gaussian
distribution, di and si are uncorrelated and therefore independent Gaussian
vectors for all i, so that ψ− is equivalent to an asymmetric rank-one projection
embedding ψ rop up to a rescaling. This idea will be useful later, in particu-
lar in connection with implementations based on optical processing units (see
Chap. 5) or asymmetric ROP (see Chap. 4).
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3.3 Signal estimation in the embedding domain

We now turn to the main objective of this chapter. Given a signal x ∈
Rn and a unit vector u ∈ Rn, we want to estimate a quantity of the form

f
(
⟨u, x⟩

)

directly from y = ψ−(x), the embedding of x, and a unit vector u ∈ Rn,
without reconstructing x. In the present setting, we will consider the
square function

f : t ∈ R 7→ t2.

Our goal is therefore to construct a function g acting on y := ψ−(x),
the embedding of x and u such that

g(u, y) ≈ ⟨u, x⟩2.

The key tool is a sign product embedding property satisfied by the
debiased quadratic embedding with high probability. This result relies
on the sign product embedding (SPE) framework introduced in [85].
The idea relies on the simple trick of applying the same embedding
procedure ψ− to u, thus sending u to the same domain as y, with the
goal to perform the comparison between y and ψ−(u) in the embed-
ding domain.

In order to obtain guarantees that hold simultaneously over a class
of signals, rather than for a single fixed instance, it is necessary to re-
strict attention to structured signals. As presented in Sec. 2.2.3, such
uniform guarantees are standard in compressive sensing and random
embedding theory, where the complexity of the signal class controls the
required number of measurements (See for example [135, 15, 35]).

We will apply this idea with the set of k-sparse vectors in the canon-
ical basis,

Σk := {v ∈ Rn : |supp (v)| ≤ k}.
The role of Σk is to provide a simple low-complexity signal class on
which uniform guarantees can be stated. It is useful because the em-
bedding dimension in Prop. 3.2 scales proportionally to k, up to log-
arithmic factors. Thus, dimensionality reduction is meaningful when
k≪ n, whereas in the extreme case k = n the required number of mea-
surements becomes comparable to the ambient dimension.

Remark 3.3. More generally, and as already discussed in Sec. 2.2.3, many
signals are not sparse in the canonical basis but admit sparse representations
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in an orthonormal basis, for instance images in wavelet bases. Let V ∈ Rn×n

be orthonormal and consider signals of the form

x = Vα, α ∈ Σk.

Since Gaussian distributions are rotationally invariant, for any orthonormal
matrix V , the random vectors ai and V⊤ai have the same distribution. There-
fore, applying the embedding to signals of the form x = Vα with α ∈ Σk is
statistically equivalent to applying it to k-sparse vectors in the canonical ba-
sis. As a result, all guarantees stated below extend directly to vectors that are
sparse in an orthonormal basis.

We can now state the main result of this chapter.

Proposition 3.2 (SPE for the debiased embedding). Given a fixed
unit vector u ∈ Rn and a distortion 0 < δ < 1, provided that

m ≥ Cδ−2k log
(

n
kδ

)
, (3.2)

then, with probability at least 1− C exp(−cδ2m), for all x ∈ Σk,
∣∣∣ π

4m ⟨sign(ψ−(u)), ψ−(x)⟩ − ⟨u, x⟩2
∣∣∣ ≤ δ∥x∥2. (3.3)

Proof. The proof follows a three-step argument as described in Sec. 2.6.
We first compute the expectation of the estimator and show that it
matches the target quantity ⟨u, x⟩2. We then establish concentration
around this expectation for a fixed signal x. Finally, we extend this
concentration to a uniform guarantee over Σk using a covering argu-
ment combined with a union bound. It follows the same structure as
presented in the supplementary material of [54] but has been rewritten
slightly.

Expectation: We first compute the expectation of

π
4m ⟨sign(ψ−(u)), ψ−(x)⟩.

By rotational invariance of the Gaussian distribution and homo-
geneity in ∥x∥2, it is sufficient to consider u = e1 and x = ce1 + se2
with c = cos θ, s = sin θ.
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Let a, b ∼ N (0, In) be independent. Then

1
m E⟨sign(ψ−(u)), ψ−(x)⟩

= Esign(a2
1 − b2

1)
[
(ca1 + sa2)

2 − (cb1 + sb2)
2]

= Esign(a2
1 − b2

1)
[
c2(a2

1 − b2
1) + s2(a2

2 − b2
2) + 2cs(a1a2 − b1b2)

]

= c2Esign(a2
1 − b2

1)(a2
1 − b2

1),

where the terms in s2 and 2cs vanish since a2, b2 are independent of
a1, b1 and centred. We then have

1
m E⟨sign(ψ−(u)), ψ−(x)⟩ = c2E|a2

1 − b2
1| = c2E|a1 − b1||a1 + b1|.

Since a1 − b1 ∼ N (0, 2) and a1 + b1 ∼ N (0, 2) are Gaussian and uncor-
related, they are independent. Writing

a1 − b1 =
√

2Z1, a1 + b1 =
√

2Z2,

with Z1, Z2 ∼ N (0, 1) independent, we obtain

E|a1 − b1||a1 + b1| = 2E|Z1|E|Z2|.

Since Z1 and Z2 are identically distributed asN (0, 1), it remains to com-
pute E|Z| for Z ∼ N (0, 1). We have

E|Z| =
∫

R
|z| 1√

2π
e−z2/2dz = 2

∫ +∞
0 z 1√

2π
e−z2/2dz.

With the change of variable u = z2/2, so that du = zdz, this gives

E|Z| = 2√
2π

∫ +∞
0 e−udu = 2√

2π
=
√

2
π .

Therefore,

E|a1 − b1||a1 + b1| = 2E|Z1|E|Z2| = 2
(√

2
π

)2
= 4

π .

This allows us to conclude that

π
4m E⟨sign(ψ−(u)), ψ−(x)⟩ = c2 = ⟨u, x⟩2.

Concentration: We now study concentration for fixed u and, since
Eq. 3.3 is homogeneous, we can consider x fixed with ∥x∥ = 1 without
loss of generality. Let us define

S := π
4 ⟨sign(ψ−(u)), ψ−(x)⟩ −m⟨u, x⟩2 = ∑m

i=1 Yi,
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with

Yi := π
4 Zi − ⟨u, x⟩2, Zi := si(u)

[
(a⊤i x)2 − (b⊤i x)2],

and si(u) = sign
[
(a⊤i u)2 − (b⊤i u)2].

The variables Zi are i.i.d. and sub-exponential, with

∥Zi∥ψ1 ≤ 2∥(a⊤i x)2∥ψ1 ≤ 4∥a⊤i x∥2
ψ2
≤ C,

see [149, Def. 5.13 & Lemma 5.14]. Hence the variables Yi are i.i.d. ,
centred, and sub-exponential, with bounded sub-exponential norm.
Therefore, by Bernstein’s inequality [149, Cor. 5.17], for any δ ≥ 0,

P
[
|S| ≥ δm

]
≤ 2 exp(−c min(δ2, δ)m),

that is for u and x fixed,

P
[∣∣ π

4m ⟨sign(ψ−(u)), ψ−(x)⟩ − ⟨u, x⟩2
∣∣ ≥ δ

]
≤ 2 exp(−c min(δ2, δ)m).

(3.4)
Finally since we assume that 0 < δ < 1, we can always choose
min(δ2, δ) = δ2.

Covering: We extend this bound uniformly over vectors x ∈ Σk ∩
Sn−1 and u fixed. Write

ψ−(x) =
(
(a⊤i x)2 − (b⊤i x)2)m

i=1 =
(
d⊤i Xsi

)m
i=1,

with di = ai − bi, si = ai + bi and X = xx⊤.
Let G = {xx⊤ : x ∈ Σk ∩ Sn−1}. Given ϵ > 0, there exists an ϵ-net

Gϵ ⊂ G such that for every X ∈ G, there exists X ′ ∈ Gϵ satisfying

∥X − X ′∥F ≤ ϵ,

and X ′ has the same row and column supports as X. Moreover, the
cardinality of this net satisfies

|Gϵ| ≤ (n
k)(9/ϵ)2k+1 ≤

(
cn
ϵk

)2k+1
,

see [35, Lemma 3.1]. The binomial term comes from counting the pos-
sible supports of size k, and the net can be constructed separately on
each support before taking the union over all supports.

Fix ū = sign(ψ−(u)). Note that

π
4m ⟨ū, ψ−(x)⟩ − ⟨u, x⟩2 = π

4m ⟨ū,
(
d⊤i Xsi

)m
i=1⟩ − u⊤Xu.
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By a union bound applied to Eq.3.4, with probability at least

1− 2|Gϵ| exp(−cδ2m),

the following holds for all X ′ ∈ Gϵ:
∣∣∣ π

4m ⟨ū,
(
d⊤i X ′si

)m
i=1⟩ − u⊤X ′u

∣∣∣ ≤ δ.

Using the bound |Gϵ| ≤
( cn

ϵk

)2k+1 and choosing ϵ = δ/4, the condition
from Eq. 3.2 ensures that

2|Gϵ| exp(−cδ2m) ≤ C exp(−cδ2m).

The rest of the proof assumes that this event holds.
Define

Q := π
4m ∑m

i=1 ūidis⊤i − uu⊤.

Then for all X ∈ G,

π
4m ⟨ū,

(
d⊤i Xsi

)m
i=1⟩ − u⊤Xu = ⟨Q, X⟩.

Let
ρ = sup

X∈G
|⟨Q, X⟩|.

Fix X ∈ G and let X ′ ∈ Gϵ be such that ∥X − X ′∥F ≤ ϵ, with X ′ having
the same row and column supports as X. Define

Y =
X − X ′

∥X − X ′∥F
.

Then ∥Y∥F = 1 and

X = X ′ + ∥X − X ′∥FY ,

so that

|⟨Q, X⟩| ≤ |⟨Q, X ′⟩|+ |⟨Q, Y⟩|∥X − X ′∥F ≤ |⟨Q, X ′⟩|+ |⟨Q, Y⟩|ϵ.

It remains to bound |⟨Q, Y⟩|. Since both X and X ′ have rank 1, the
matrix Y has rank at most 2. Moreover, since X and X ′ have the same
row and column supports, there exists a set S ⊂ [n] with |S| ≤ k such
that both X and X ′ are supported on S× S. Hence Y is also supported
on S× S.

Since Y is symmetric and has rank at most 2, it admits a spectral
decomposition

Y = λ1v1v⊤1 + λ2v2v⊤2 ,
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and since Y is supported on S × S, each eigenvector vi is supported
on S, hence vi ∈ Σk. After normalisation, the vectors vi are unit-norm
eigenvectors, so that

viv⊤i ∈ G.

Therefore, by definition of ρ,

|⟨Q, viv⊤i ⟩| ≤ ρ.

Using the spectral decomposition, we get

|⟨Q, Y⟩| ≤ |λ1| |⟨Q, v1v⊤1 ⟩|+ |λ2| |⟨Q, v2v⊤2 ⟩| ≤ (|λ1|+ |λ2|)ρ.

Since Y has rank at most 2 and ∥Y∥F = 1, its non-zero eigenvalues
satisfy

λ2
1 + λ2

2 = ∥Y∥2
F = 1.

Hence, by Cauchy-Schwarz,

|λ1|+ |λ2| ≤
√

2
√

λ2
1 + λ2

2 =
√

2.

Thus
|⟨Q, Y⟩| ≤

√
2ρ.

Combining previous estimates and using the fact that |⟨Q, X ′⟩| ≤ δ
for all X ′ ∈ Gϵ, we obtain

|⟨Q, X⟩| ≤ δ +
√

2ρ ϵ.

Taking the supremum over X ∈ G yields

ρ ≤ δ +
√

2ρ ϵ.

Choosing ϵ = δ/4 and using δ < 1, we get

ρ ≤ δ

1−
√

2ϵ
≤ 2δ.

A final rescaling of δ concludes the proof.

Proposition 3.2 states that, provided that m is sufficiently large com-
pared to the complexity of the signal model, the function

g
(
u, ψ−(x)

)
= π

4m ⟨sign(ψ−(u)), ψ−(x)⟩
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gives an approximation with controlled quality of

⟨u, x⟩2.

In other words, the interaction between x and u can be estimated di-
rectly in the embedding domain by projecting the embedding of x onto
the sign of the embedding of u. This also has a nice geometric interpre-
tation through lifting. If we define U = uu⊤ and X = xx⊤, we have

⟨U, X⟩F = ⟨u, x⟩2.

For unit vectors u and x, this is equal to cos2(θ), where θ is the angle
between them. The SPE can therefore be interpreted as estimating, di-
rectly from the quadratic embeddings, the alignment between the one-
dimensional subspaces spanned by u and x. Note that this interpreta-
tion is consistent with the fact that the quadratic embedding does not
distinguish x from −x.

This approximation is useful only when the quantity to be estimated
is sufficiently large compared to the distortion term. Indeed, using the
scaling on m found in Eq. 3.2, the error in Eq. 3.3 scales as

δ∥x∥2 = O
(√

k
m

)
∥x∥2

up to logarithmic factors. Therefore, the estimate is informative only
when ⟨u, x/∥x∥⟩2 is not too small compared to δ. In particular, taking
u orthogonal to x provides a way to empirically evaluate the distortion
level as a function of m, since in that case the true value is zero, so the
estimate directly reflects the distortion level.

This result is in the same spirit as signal processing from com-
pressed measurements in the linear setting [49], where one seeks to es-
timate useful quantities directly from transformed data without recon-
structing the original signal. Here, however, this principle is achieved
in a genuinely quadratic setting.

The previous proposition extends directly to a finite family of unit
vectors.
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Corollary 3.1. Given a set of S unit vectors {us}S
s=1 and a distortion

0 < δ < 1, provided that

m ≥ Cδ−2
(

k log
(

n
kδ

)
+ log S

)
, (3.5)

then, with probability at least 1− C exp(−cδ2m), for all x ∈ Σk and all
s ∈ [S],

∣∣∣ π
4m ⟨sign(ψ−(us)), ψ−(x)⟩ − ⟨us, x⟩2

∣∣∣ ≤ δ∥x∥2. (3.6)

Proof. For each fixed s ∈ [S], Proposition 3.2 ensures that the desired
inequality holds with probability at least 1− 2 exp(−cδ2m).

Applying a union bound over the S vectors {us}S
s=1, we obtain that

the inequality holds simultaneously for all s ∈ [S] with probability at
least

1− 2S exp(−cδ2m).

Using that 2S exp(−cδ2m) = 2 exp(log S− cδ2m) and the condition

m ≥ Cδ−2
(

k log
(

n
kδ

)
+ log S

)
,

we obtain that this probability is bounded below by 1−C exp(−cδ2m),
which concludes the proof.

This corollary shows that the same embedding can be used to esti-
mate several quantities of the form ⟨us, x⟩2 simultaneously, with only
an additional logarithmic dependence on the number S of unit vectors.
In particular, a single embedding of x can be reused to approximate
several quantities with different unit vectors.

3.4 A kernel interpretation of the estimator

The estimation result of Proposition 3.2 has a natural interpretation in
terms of kernel approximation. Recall that, for a fixed unit vector u, the
estimator

π
4m ⟨sign(ψ−(u)), ψ−(x)⟩

provides an approximation of ⟨u, x⟩2 with controlled distortion, uni-
formly over x ∈ Σk.

Since the function κ S(x, u) := ⟨x, u⟩2 defines a quadratic polyno-
mial kernel (more specifically a dot-product kernel of the form f (⟨x, y⟩)
with f (x) = x2, [123]), this result shows that the interaction between x
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and u can be approximated directly from their embeddings. In this
sense, the estimator can be interpreted as a random feature approxima-
tion of the kernel κ S in the same spirit as what can be found in [125]
and [135], with features constructed from quadratic measurements.

More precisely, defining the mappings

ψ1(x) = ψ−(x), ψ2(u) = sign(ψ−(u)),

we can rewrite the estimator as

π
4m ⟨ψ2(u), ψ1(x)⟩.

Prop. 3.2 then states that, for a fixed vector u, this quantity approxi-
mates κ S(x, u) uniformly over Σk, provided that the number of mea-
surements m is sufficiently large.

This construction differs from classical random feature methods
found in [125], where a single feature map is used symmetrically for
both arguments. Here, two distinct embeddings are used, leading to
an asymmetric feature representation. This is in line with the frame-
work of asymmetric random features introduced in [135], where kernel
approximations are obtained from the inner product of two different
embeddings, for instance when one side undergoes quantisation.

In our setting, this asymmetry arises naturally from the use of the
sign function applied to the embedding of u, while x remains unquan-
tised. The resulting quantity is not, in general, a kernel in the strict
sense, since it is neither symmetric nor guaranteed to be PSD. However,
it provides a consistent approximation of the quadratic kernel and can
therefore be used as an asymmetric similarity measure for tasks such as
detection or classification. Note that the target kernel κ S(x, u) = ⟨x, u⟩2
is symmetric and PSD, but its asymmetric approximation does not di-
rectly define a standard SVM kernel. For a standard SVM, the similar-
ity matrix used during training should correspond to a symmetric PSD
kernel. The asymmetric SPE approximation does not satisfy these prop-
erties. Although it can be symmetrised, this alone does not guarantee
positive semidefiniteness. It should therefore be interpreted primarily
as an approximation of the true quadratic kernel, rather than as a stan-
dard SVM kernel.

For comparison, we can also consider using the ψ− for both sides
without the sign and find the associated approximation

1
m ⟨ψ−(x), ψ−(u)⟩.

This quantity is symmetric and PSD by construction. However, it is
not the object controlled by Prop. 3.2. The fully real-valued symmetric
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construction is closer in spirit to the unbounded rank-one embeddings
studied later in Chap. 4. There, we will see that such unbounded ran-
dom features have heavier-tailed behaviour, which motivates the use
of bounded transformations when uniform approximation guarantees
are desired.

Corollary 3.2 (Kernel approximation in the SPE domain). Let
{us}S

s=1 ⊂ Rn be a fixed set of unit vectors, and define the quadratic
kernel

κ S(x, us) := ⟨x, us⟩2.

For s ∈ [S], define the asymmetric empirical similarity score

κ̂ S(x, us) := π
4m ⟨sign(ψ−(us)), ψ−(x)⟩.

Under the assumptions of Corollary 3.1, with probability at least 1 −
C exp(−cδ2m),

supx∈Σk
maxs∈[S]

∣∣κ̂ S(x, us)− κ S(x, us)
∣∣ ≤ δ∥x∥2.

Proof. This is exactly Corollary 3.1 after defining κ S(x, us) = ⟨x, us⟩2
and κ̂ S(x, us) =

π
4m ⟨sign(ψ−(us)), ψ−(x)⟩.

It is important to stress that Cor. 3.2 does not provide a uniform
approximation of κ S(x, u) over all possible pairs (x, u). The unit vec-
tors us are fixed in advance, and the guarantee holds uniformly over
x ∈ Σk and over this finite collection of references. Thus, the result is
best understood as a finite-query kernel approximation statement. This
is sufficient for settings where we compare embedded signals with a
predetermined finite set of vectors, but it should not be read as a full
random-feature approximation of κ S over the whole ambient space.

3.5 Experiments

We now illustrate the behaviour of the SPE estimator introduced in
Prop. 3.2. Throughout this section the reader should keep in mind that
the goal of these experiments is not to optimise performance metrics
of a given method, but rather to verify that the quantities appearing
in Eq. 3.3 can be used in practice to perform simple signal process-
ing tasks only using the data transform with the ψ− embedding. We
therefore focus on four questions. First, we check whether the distor-
tion term δ decreases with m as predicted by the theory. Second, we
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test whether the SPE estimate can replace direct scalar-product com-
parisons in a simple classification task on the MNIST dataset. We then
show that event detection in the embedding domain is also possible by
embedding frames of a video of a moving object and using those em-
beddings to detect when the object moves from one part of a frame to
another. Finally we also show that the induced kernel interpretation
creates an approximation that can be used for basic classification tasks.

3.5.1 Empirical distortion of the SPE estimator

We first study the distortion term δ from Eq. 3.3. Recall that, for a unit
vector u and a signal x, the SPE estimator is given by

g(u, x) = π
4m ⟨sign(ψ−(u)), ψ−(x)⟩,

with the goal to approximate ⟨u, x⟩2. Since the error in Prop. 3.2 is con-
trolled by δ∥x∥2, we evaluate the normalised error

|g(u,x)−⟨u,x⟩2|
∥x∥2 .

In particular, when u is orthogonal to x, the target quantity ⟨u, x⟩2 van-
ishes. In this case, the residual value of the estimator directly measures
the distortion level:

δ̂ = 1
∥x∥2

∣∣∣ π
4m ⟨sign(ψ−(u)), ψ−(x)⟩

∣∣∣.

In Fig. 3.2, we show this quantity as a function of the oversampling
ratio ρ := m/n, where m is the number of embedding dimensions and n
is the ambient dimension of the original signal. This ratio measures the
size of the embedding relative to the size of the input. Values ρ < 1 cor-
respond to a compressed representation, values ρ ≃ 1 correspond to an
embedding of comparable dimension, and values m/n > 1 correspond
to an overcomplete representation. Plotting the error against ρ there-
fore indicates whether the estimator can be useful for dimensionality
reduction purposes.

For each value of m, we repeat the experiment over 300 independent
trials. In each trial, we draw a random unit vector u uniformly on the
sphere Sn−1. We then draw a second random vector z ∼ N (0, In) and
set

x = z− ⟨z, u⟩u,

to ensure that x is orthogonal to u. This matches the form of Prop. 3.2,
where u is supposed to have unit norm and the error is proportional to
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Fig. 3.2 Empirical distortion of the SPE estimator when u is orthogonal to x. The
curve is in logarithmic scale and shows the mean value of δ̂ over several random trials,
with the central percentile range displayed as a shaded region. The dotted line indi-
cates an m−1/2 slope.

∥x∥2. In the experiment, we fix the ambient dimension to n = 512 and
test embedding dimensions

m ∈ {22, 23, . . . , 212}.

For each trial, a new independent version of the debiased embedding
ψ− is generated, and we compute

δ̂ = 1
∥x∥2

∣∣∣ π
4m ⟨sign(ψ−(u)), ψ−(x)⟩

∣∣∣.

Since ⟨u, x⟩ = 0 by construction, this quantity directly measures the
relative SPE error. The main curve in Fig. 3.2 shows the average of δ̂
over the independent trials, along with a shaded band including 80% of
the results. The observed decay follows the expected m−1/2 behaviour,
in agreement with the scaling

δ = O
(√

k
m

)
,

up to logarithmic factors. This confirms that the approximation func-
tion g becomes more accurate as the embedding dimension increases at
the rate predicted by theory.
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Fig. 3.3 Illustration of MNIST samples, hand-drawn digits from 0 to 9

3.5.2 MNIST classification in the embedding domain

We next test whether the SPE estimator can be used to perform a sim-
ple classification task directly from the instances embedded with ψ−.
We consider the MNIST dataset [57], which contains images of hand-
drawn digits from 0 to 9 (see Fig. 3.3). Each image will be represented
as a vector x ∈ R784. The full dataset contains 70 000 images split into
Ntr = 60 000 training images and Nte = 10 000 test images. We denote
the training set by {(xi, ti)}Ntr

i=1, where ti ∈ {0, . . . , 9} is the label of xi.
From the training set, we compute the centroid

cj := 1
|Kj| ∑i∈Kj

xi, Kj := {i : ti = j},

of each digit class j ∈ {0, . . . , 9}, and define the corresponding query
vector

uj =
cj
∥cj∥ .

In the direct domain (i.e., without embedding), a test image x is classi-
fied according to

t̂d(x) = arg maxj⟨uj, x⟩2.

This simple direct centroid classifier provides the basic accuracy of
81.95% on the test instances.

The direct classifier still assumes that we have access to the test im-
ages x in the original domain. We now consider the setting where a
new test instance is only available through its debiased quadratic em-
bedding ψ−(x). This is the situation of interest in this chapter: the
signal has already been transformed by ψ−, and we want to classify it
without reconstructing x.

For each class centroid, we can compute the corresponding embed-
ding ψ−(uj) once. Then, using Prop. 3.2, the direct score ⟨uj, x⟩2 can be
replaced by its estimate in the embedding domain. This gives the SPE
classifier

t̂SPE(x) = arg maxj
π

4m ⟨sign(ψ−(uj)), ψ−(x)⟩.

This classification process is summarised in Fig. 3.4. This classification
method is directly aligned with Proposition 3.2, since the class centroids
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Fig. 3.4 Process of classification of embedded test data using the SPE

are still defined in the original signal domain, while each comparison
with the test image is performed from ψ−(x) alone. In other words,
once the class centroids have been embedded, an incoming embed-
ded instance can be classified without accessing or reconstructing its
original pixel representation. The resulting test accuracies are shown
in Fig. 3.5, as a function of the oversampling ratio ρ = m/n. As ex-
pected, the classification accuracy improves with the embedding di-
mension and progressively approaches the accuracy of classification in
the original domain.

We also test two classifiers trained directly in the embedding do-
main. For each class j, we compute an embedded centroid

cψ−

j = 1
Nj

∑i:ti=j ψ−(xi),

where Nj is the number of training samples in class j. The first
embedded-centroid classifier uses the rule

t̂ψ−(x) = arg maxj⟨c
ψ−

j , ψ−(x)⟩.

The second version keeps only the sign of the embedded centroids:

t̂ s
ψ−(x) = arg maxj⟨sign(cψ−

j ), ψ−(x)⟩.

This last rule is not a direct application of Prop. 3.2, since cψ−

j is an em-
pirical centroid in the embedding domain rather than the embedding
of a known vector uj. However, it is motivated by the same stabilising
role of the sign function. Since raw quadratic embeddings can have
heavy-tailed coordinates (see Sec. 4.2.1 for more details), replacing an
embedded centroid by its sign will reduce the influence of unusually
large coordinates.
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Fig. 3.5 Test accuracy of the SPE classifier on MNIST as a function of the oversam-
pling ratio ρ = m/n. The dotted horizontal line indicates the direct centroid baseline
in the original signal domain.

The results are shown in Fig. 3.6. The direct centroid classifier
reaches an accuracy of 81.95% and is shown as a reference baseline.
Both embedded-centroid classifiers are trained directly in the embed-
ding domain, using class centroids computed from the embedded
training samples ψ−(x). The unsigned version stays below the direct
accuracy, suggesting that raw embedded centroids are not by them-
selves a stable replacement for the direct class centroids. By contrast,
applying the sign operation to the embedded centroids leads to an im-
provement of up to 5% compared to the centroid classifier, at the cost
of a higher ρ. This suggests that the sign operation acts as a useful
stabilisation mechanism in the quadratic embedding domain.

Effect of sparse orthonormal representations

The previous MNIST experiment was performed directly in the pixel
domain, without enforcing any explicit sparse model. However, Propo-
sition 3.2 is stated for vectors in Σk, and the preceding discussion
shows that the same result applies to vectors that are sparse in any or-
thonormal basis, by rotational invariance of Gaussian measurements.
It is therefore natural to ask whether representing MNIST images in a
sparse orthonormal basis improves the measurement-accuracy trade-
off.

To test this, we transform each image into an orthonormal discrete
cosine basis and keep only the k largest coefficients in magnitude. No
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Fig. 3.6 MNIST classification accuracy of embedded-centroid classifiers as a function
of the oversampling ratio ρ = m/n. The direct centroid classifier is shown as a hori-
zontal reference line. The embedded-centroid curves correspond to classifiers trained
directly from ψ−(x), with and without applying the sign operation to the embedded
class centroids.

reconstruction is performed and the classifiers are applied directly to
the truncated coefficient vectors. This gives exactly k-sparse coefficient
vectors while keeping the same SPE methodology as before. However,
in this experiment sparsity is imposed by truncation rather than being
an intrinsic property of the original data.

The direct sparse-DCT centroid classifier remains accurate even for
small values of k. For instance, using only k = 50 coefficients yields a
direct accuracy of 81.19%, close to the full pixel-domain direct accuracy
of 81.95%. With k = 100 coefficients, the direct sparse-DCT baseline
reaches 82.06%. This confirms that the images are well represented by
a small number of DCT coefficients for this particular centroid classifi-
cation task.

The SPE classifier also benefits mildly from this representation. For
example, in the pixel domain, an accuracy of 79.48% is obtained at m =
1000, corresponding to ρ ≃ 1.28. In the sparse-DCT representation with
k = 200, the same accuracy is reached at m = 800, corresponding to ρ ≃
1.02. The improvement is not dramatic, but it supports the expected
trend that a representation closer to the sparse model can reduce the
number of measurements required to reach a comparable accuracy.

To further study this experiment with data that actually satisfies
the sparse model by construction, we consider another synthetic clas-
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sification problem in the same ambient dimension n = 784. We gen-
erate ten classes of vectors of unit norm with support on a fixed set
of k entries, with k ∈ {10, 25, 50, 100, 200}. For each sample of class
c ∈ {1, . . . , 10}, one of the first ten active entries is associated with the
class and receives a unit contribution, while the other entries are filled
with Gaussian noise. More precisely, the cth active entry contains this
unit contribution in addition to a Gaussian perturbation, whereas the
other nine contain only Gaussian perturbations. When k > 10, the re-
maining k− 10 active entries are also filled with independent Gaussian
noise. The resulting vector is finally normalised to unit norm. We gen-
erate 500 training and 200 test samples per class and apply the same
direct and SPE centroid classifiers as above. For the SPE classifier, the
accuracies are averaged over five independent realisations of the ran-
dom embeddings.

The direct classifier achieves between 96.55% and 97.15% accuracy
across the different sparsity levels. In the sparsest case, k = 10, the
SPE classifier reaches 95.91% accuracy with only m = 400 measure-
ments, corresponding to ρ ≃ 0.51, and 96.17% with m = 500, cor-
responding to ρ ≃ 0.64, compared with a direct accuracy of 97.15%.
Thus, in this genuinely sparse setting, the SPE classifier approaches the
direct-domain performance while using fewer measurements than the
ambient dimension. The effect is less pronounced as k increases. For
instance, at m = 400, the accuracy decreases to approximately 91–92%
for k ≥ 25, despite the direct accuracy remaining close to 97%. This
experiment therefore shows that it is possible to go below ρ = 1 when
we are in a sparse enough regime.

Overall, these experiments support the main claims of this chap-
ter. The orthogonal vector experiment validates the expected distortion
scaling of the SPE estimator, while the MNIST experiment shows that
this estimator can be used to transfer a simple classification rule to the
embedding domain. The sparse DCT experiment shows a moderate
benefit from imposing a sparse representation on MNIST. Finally, the
synthetic experiment illustrates the regime described by Prop. 3.2 more
directly. When the signals are genuinely sparse, accurate classification
can be obtained with an embedding dimension smaller than the am-
bient dimension, although this advantage becomes less visible as the
sparsity level increases.

3.5.3 Event detection in a synthetic image sequence

We next consider a simple event detection task. The goal is to illus-
trate how the SPE estimator can recover localised information from the
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Fig. 3.7 Example frames from the revolving disk sequence used for the quadrant
detection experiment. The blue lines show the four quadrant regions, while the dotted
curve and arrow show the circular trajectory followed by the disk.

debiased quadratic embedding of an image sequence, without recon-
structing the frames themselves.

We generate a synthetic sequence {xt}T−1
t=0 of T = 96 images of size

24× 24, hence with ambient dimension n = 576. Each frame contains
a blurry white disk moving on a circular trajectory over a black back-
ground. An example frame is shown in Fig. 3.7.

We define four unit vectors {uj}4
j=1, each corresponding to one

quadrant of the image. More precisely, uj is the normalised indicator
of the j-th quadrant. For each frame xt, the true quadrant occupancy is
defined as

qj(t) := ⟨uj, xt⟩2.

This quantity measures the squared intensity of the frame over quad-
rant j. According to Prop. 3.2, it can be estimated from the embedding
ψ−(xt) through

gj(t) = π
4m ⟨sign(ψ−(uj)), ψ−(xt)⟩.

Thus, after computing and storing the signed embedded quadrant pat-
terns sign(ψ−(uj)), every incoming frame can be processed directly in
the embedding domain.

The experiment is shown in Fig. 3.8. We use m = 170 measure-
ments, corresponding to ρ ≃ 0.3. The true occupancy curves qj(t) and
their SPE estimates gj(t) are normalised before plotting. The estimated
curves follow roughly the expected curves of the four quadrants and
reproduce the passage of the disk through the image.

As a simple discrete detection criterion, we also assign each frame
to the quadrant with largest estimated occupancy,

ô(t) = arg maxj gj(t),

and compare it with the true maximiser

o(t) = arg maxj qj(t).
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Fig. 3.8 Quadrant occupancy detection from debiased quadratic embeddings.
Dashed curves show the true occupancies qj(t) = ⟨uj, xt⟩2, while solid curves show
the SPE estimates gj(t) = κ

m ⟨sign(ψ−(uj)), ψ−(xt)⟩. The experiment uses 24× 24 im-
ages, T = 96 frames, and m = 170 measurements.

This gives an argmax detection accuracy of 94.8%. A closer look shows
that the incorrect detections occur mainly near transitions between
nearby quadrants. In these frames, two true occupancy values are close,
so a small perturbation of the estimated curves can change the value
of o(t). In addition, the predicted quadrant is typically the next quad-
rant along the trajectory, corresponding to a slight shift of the transition
rather than a complete localisation failure.

This experiment should not be interpreted as an optimised com-
pression scheme for such a synthetic video, which might have a lower
intrinsic complexity. However, it provides an illustration of the mecha-
nism behind Prop. 3.2, i.e., localised quantities of the form ⟨uj, xt⟩2 can
be estimated directly from ψ−(xt), without reconstructing the image
and without applying an inverse of the quadratic operator. Combined
with the distortion experiment in Fig. 3.2, this confirms that the SPE
estimate can be used as a practical signal processing tool directly in the
embedding domain.

3.5.4 Kernel interpretation

We now test whether the kernel interpretation of Prop. 3.2 can be used
for a simple classification task. The goal is to compare a classifier using
the exact quadratic kernel κ S(x, y) = ⟨x, y⟩2 with the same classifier
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when its kernel evaluations are replaced by its approximation κ̂ S.
We generate a synthetic binary classification dataset in R512. First,

we draw two random unit vectors c1, c2 ∈ R512 and use them to define
the centres of the two classes. To generate a new sample, we first choose
a class label t ∈ {1, 2} uniformly at random. We then choose a sign
σ ∈ {−1, 1} uniformly at random and start from the point σct.

A random perturbation is then added to create a cloud around this
point. More precisely, we draw an independent Gaussian vector ξ ∼
N (0, In) for every sample. Thus, each sample is of the form

x = σct+ξ
∥σct+ξ∥ .

The random sign makes the problem invariant under the transfor-
mation x 7→ −x. As a result, the quadratic kernel

κ S(x, y) = ⟨x, y⟩2

is naturally well adapted to the task, since it will not see the difference
between two vectors that differ only by their sign.

We create 400 training samples and 200 test samples. As a reference
method, we train a binary SVM using the exact quadratic kernel Gram
matrix

Kij = κ S(xi, xj) = ⟨xi, xj⟩2

for 0 ≤ i ≤ j < 400, on the training set. A test sample x is then classified
from the support-vector decision function (from Eq. 2.3)

f (x) = ∑s∈Isv
αsysκ

S(x, xs) + b,

where Isv is the set of support-vector indices selected by the exact
quadratic-kernel SVM.

We then keep the same trained coefficients αs, labels ys, and Isv, but
replace every exact kernel evaluation κ S(x, xs) by

κ̂ S(x, xs) =
π

4m ⟨ψ−(x), sign(ψ−(xs))⟩.

This gives the approximate decision function

f̂m(x) = ∑s∈Isv
αsysκ̂

S(x, xs) + b.

In this second classifier, the support vectors are stored through the bi-
nary vectors sign(ψ−(xs)), while each incoming test sample is repre-
sented by its embedding ψ−(x).

We repeated this experiment for values of m varying from 1 to 100
on a logarithmic scale, with 20 trials for each value of m. The results
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are shown in Fig. 3.9. The solid curve shows the test accuracy obtained
when κ S is replaced by its approximation κ̂ S. The dashed horizontal
line gives the test accuracy of the exact SVM. The curve shows the mean
value over the trials, with the shaded region corresponding to one stan-
dard deviation. As m increases, the approximate classifier improves
and eventually reaches 100% test accuracy.
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Fig. 3.9 Approximate support-vector prediction with κ̂ S. The solid curve shows the
test accuracy obtained by replacing κ S in the support-vector decision function by its
approximation κ̂ S. The dashed line shows the test accuracy of the exact quadratic-
kernel SVM.

Compared with linear embeddings, the quadratic setting consid-
ered in this chapter preserves a different notion of similarity. In the
linear case, the corresponding SPE estimates the signed scalar product
⟨u, x⟩, whereas the quadratic embedding considered here naturally ap-
proximates ⟨u, x⟩2. Linear embeddings thus keep directional informa-
tion that is necessarily lost by quadratic measurements, since x and −x
have the same quadratic representation. They are also generally sim-
pler to analyse and use when linear measurements are available and the
task only depends on linear geometry. The interest of the present ap-
proach is instead to show that, when the available measurements are in-
trinsically quadratic, useful estimation and classification tasks can still
be carried out directly in the embedding domain without reconstruct-
ing the original signal.

3.6 Conclusion

In this chapter, we studied signal processing tasks performed directly
from random quadratic embeddings. Starting from rank-one projec-
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tions, we introduced the debiased embedding ψ− in order to remove
the constant bias present in the symmetric quadratic measurements.
We then showed that this debiased construction can be used to estimate
useful quantities without reconstructing the original signal.

The main result of the chapter is given in Prop. 3.2. It states that
given a unit vector u, the quantity obtained by comparing ψ−(x) with
sign(ψ−(u)) approximates ⟨u, x⟩2 uniformly over sparse signals, pro-
vided that the number of measurements is large enough compared to
the sparsity level. This gives a direct way to process embedded signals
by precomputing signed embeddings of unit vectors and then apply-
ing simple scalar products in the embedding domain. The finite-query
version given in Cor. 3.1 further shows that several such quantities can
be estimated simultaneously, at the price of only a logarithmic depen-
dence on the number of unit vectors.

Finally, we interpreted the estimator of Prop. 3.2 as an asymmet-
ric random feature approximation of the quadratic polynomial kernel
κ S(x, u) = ⟨x, u⟩2. This interpretation shows that the same construction
can be used not only for signal estimation, but also for simple kernel-
based prediction.

We backed up our claims with experiments both evaluating the
quality of the theoretical guarantees presented, and the usability of our
approximation in experimental settings. We performed classification
and detection as well as a kernel-based experiment, every time show-
ing that the higher the embedding dimension, the better accuracy was
achieved.

Overall this chapter demonstrated that randomly quadratically em-
bedded data could be used directly in the new representation in order
to perform simple signal processing tasks. The results also show that
this idea is not limited to a single change of representation since both
the real-valued embedding and its signed variant can preserve enough
information to support useful computations after embedding.

The next chapter moves from vector-valued data to subspaces,
where random embeddings will be used to approximate kernels on the
Grassmannian manifold.
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4.1 Introduction

In the previous chapter we studied random quadratic embeddings of
vectors and showed that useful quantities can be estimated directly in
the embedding domain. We now move from individual signals to sub-
spaces. Instead of representing a data point by a single vector x ∈ Rn,
we represent it by a k-dimensional linear subspace of Rn as presented
in Sec. 2.3. This setting occurs when the information is not contained in
a single observation, but in the span generated by several observations
of the same object.

The goal of this chapter is to develop random feature approxima-
tions of Grassmannian kernels. More precisely, we construct random
embeddings of elements of the Grassmannian manifold such that Eu-
clidean inner products between their embeddings approximate these
kernels.

4.1.1 Motivation

There exist many supervised and unsupervised learning tasks where
data classes or clusters are better represented by low-dimensional sub-
spaces spanned by the instances of a specific class of data. This assump-
tion arises naturally in a range of contexts such as image and video
processing [154, 18, 129, 108, 84], wireless communications [137], and
dynamic subspace modelling in signal processing [140, 132, 88]. For
instance, a collection of images of the same object under different view-
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points or illumination conditions can be represented by the subspace
spanned by these images. Similarly, the frames of a video, or features
extracted from them, can span a low-dimensional subspace represent-
ing the complete sequence, allowing videos to be compared or clas-
sified through their corresponding subspaces. In this setting, data is
naturally modelled as elements of the Grassmannian manifold G(k, n),
the set of all k-dimensional subspaces of Rn.

As discussed in Secs. 2.1 and 2.4, kernel machines such as SVMs
and kernel regression use pairwise similarities to learn non-linear clas-
sification boundaries [9]. For subspace-valued data, these similarities
can be defined using Grassmannian kernels [75, 74, 157]. Their main
limitation is the usual cost of kernel methods. For a dataset containing
N subspaces, computing and storing the N×N Gram matrix has a cost
that grows quadratically with N.

Methods such as the Nyström approximation reduce the cost of
handling this matrix by constructing a lower-rank approximation from
a subset of the data [62, 10]. This reduces the storage costs, however
these methods still require computing a large number of pairwise simi-
larities and remain data-dependent. In particular, the approximation
is constructed from a subset of the dataset itself, so that the result-
ing representation depends on the choice of these samples and still re-
quires kernel evaluations when processing new data. Random features
instead replace each subspace with a finite-dimensional random vec-
tor whose scalar products approximate the chosen kernel [125]. This
avoids constructing the full Gram matrix and allows learning methods
to operate directly on these random representations. The goal is thus to
develop such approximations for Grassmannian kernels.

A direct strategy consists in vectorising the projection matrices and
applying standard random projections, as suggested by the compres-
sive sensing literature [67, 35]. While this yields valid random feature
constructions, it comes at a high computational and memory cost due
to the ambient dimension n2 of the projector representation.

An alternative is to rely on more structured measurements, such
as rank-one projections of the form a⊤Pb, which significantly reduce
the computational burden. These constructions provide unbiased es-
timators of classical Grassmannian kernels, but they suffer from poor
concentration properties due to their heavy-tailed nature. As a result,
obtaining accurate approximations requires a large number of features,
limiting their practical usefulness.

The goal of this chapter is to design random feature maps for Grass-
mannian data that remain computationally efficient while providing
accurate approximations of meaningful kernels. This requires construc-
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tions that both respect the geometry of subspaces and have sufficiently
strong concentration behaviour.

4.1.2 Related works

Early supervised classification methods for subspace-valued data re-
lied on nearest-subspace algorithms, notably the CLAFIC (ClAss-
Featuring Information Compression) approach introduced in 1967 by
S. Watanabe and others in [153, 154], which represents each class by a
reference subspace and assigns labels by projecting new instances into
the reference subspaces. More recent works embed subspaces into Eu-
clidean spaces allowing efficient nearest-neighbour search. In particu-
lar, [17] and [84] propose deterministic and binary embeddings based
on vectorised projection matrices, approximately preserving the projec-
tion distance and enabling scalable classification.

Another related line of work is about Euclidean distance geometry
and the recovery of Gram matrices from partial distance measurements
[59, 145]. In this setting, a low-rank positive-semidefinite matrix such
as P = UU⊤ can be interpreted as a Gram matrix, and measurements of
the form (ei − ej)

⊤P(ei − ej) correspond to squared distances between
embedded points. This is related to our use of measurements of pro-
jection matrices, but with a different objective. They aim to recover the
matrix P itself from limited measurements, whereas we aim to build
random feature maps whose inner products approximate a Grassman-
nian kernel. Hence, bounded non-linear functions are not introduced
for projector recovery, but to obtain kernel estimators with controlled
concentration.

Beyond distance-based methods, Grassmannian kernel methods
provide a good alternative for learning from subspace data. Classical
kernels defined through principal angles have been extensively stud-
ied in [75]. While effective, these kernels suffer from poor scalability,
as kernel-based learning requires forming and storing an N × N Gram
matrix, which quickly becomes prohibitive for large datasets [125]. The
reader can refer to Sec. 2.4 where we recall essential information on
Grassmannian kernels.

Several works have addressed this limitation through randomised
representations. A first line of work applies random projections to vec-
torised projectors, relying on the JL lemma to provide guarantees for
controlling distortion [17, 84]. A complementary approach, analysed
in [105], directly projects subspaces using dense Gaussian operators to
embed G(k, n) into a lower-dimensional Grassmannian G(k, m) while
approximately preserving pairwise distances. Although theoretically
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appealing, these approaches rely on dense random matrices and incur
O(n2) storage or computation costs, limiting their applicability in high
dimensions. This will be developed further in Sec. 4.2.1.

Binary and quantised measurements have also been explored for
subspace estimation and search. In [151], the authors propose a Grass-
mannian locality-sensitive hashing (LSH) scheme based on random
one-dimensional subspaces, resulting in binary codes that preserve
neighbourhood structure for approximate nearest-subspace search. A
more recent work introduces a simple sensing framework for recov-
ering a principal subspace from binary measurements, demonstrating
that accurate subspace estimation is possible without transmitting full
data vectors [42]. Quantisation has also been considered in random
feature methods for kernel approximation, where low-precision ran-
dom Fourier features can reduce memory requirements while retaining
good learning performance [164]. These works highlight the effective-
ness of random angular comparisons and quantisation, though their
focus lies on retrieval, subspace recovery or Euclidean kernel approx-
imation rather than on random feature approximations of Grassman-
nian kernels.

Closest in spirit to the present work is [150] which proposes ran-
dom projection operators for fast nearest-subspace search, probing
subspaces using random directions to construct compact summaries.
While conceptually related to our use of random rank-one projec-
tions, their goal is efficient retrieval rather than the construction of ran-
dom features whose inner products approximate Grassmannian ker-
nels with theoretical guarantees.

In contrast to existing approaches, we combine kernel methods with
carefully designed rank-one random projections to construct scalable
random feature maps for Grassmannian data. We develop bounded
random feature constructions that yield well-defined, positive-definite
Grassmannian kernels depending only on principal angles, and estab-
lish uniform approximation guarantees. These properties allow kernel-
based learning on subspaces at a computational and memory cost that
scales linearly with the ambient dimension, enabling practical large-
scale applications.

4.1.3 Contributions

In this chapter, we develop random feature methods that are suitable
for Grassmannian data. More precisely, each subspace P ∈ G(k, n)
is represented by its orthogonal projector P = UU⊤, and is probed
through m independent asymmetric rank-one quadratic measurements

94 |



Introduction | 4.1

of the form a⊤i Pbi, where ai, bi ∼i.i.d. N (0, In). Stacking these mea-
surements defines the rank-one projection (ROP) feature map

ψ rop(U) = (a⊤i UU⊤bi)
m
i=1,

whose empirical inner product is an estimator of the projection kernel
but exhibits heavy-tailed concentration.

To control this behaviour, we compose ψ rop with bounded non-
linear functions. Using the sign function yields binary random features
ψ± = sign ◦ ψ rop, from which we can build an empirical kernel

κ̂ ±(U, V) = 1
m ⟨ψ±(U), ψ±(V)⟩

that converges uniformly, with high probability, to a well-defined,
positive-definite and rotationally invariant Grassmannian kernel κ±

that depends only on the principal angles between two subspaces [75].
Although no explicit closed form is known for κ±, we show that it can
be expressed as a function of the associated projectors P = UU⊤ and
Q = VV⊤ with

κ±(U, V) = 1− 2
π E∡(Pg, Qg),

where ∡(u, v) denotes the angle between two vectors u and v and g ∼
N (0, In). This characterisation provides insight into the behaviour of
κ± with respect to the principal angles between subspaces.

Since no closed-form expression is known for κ±, we also introduce
the aggregated binary embedding ψΣ, a variant of ψ± in which each
coordinate averages NΣ independent rank-one measurements before
applying the sign function. The expected kernel associated with this
construction is denoted by κΣ. We show that, as NΣ → ∞, κΣ converges
to the explicit Grassmannian kernel

κΣ
∞(U, V) = 2

π arcsin
(

1
k ∑k

i=1 cos2 θi

)
,

with an approximation error bounded by C/
√

NΣ. This construction
therefore keeps binary random features while providing access to an
explicit limiting kernel, at the cost of computing NΣ rank-one measure-
ments for each coordinate.

Using instead the complex exponential defines periodic random
features ψ◦ = exp(iωψ rop), for which the expected kernel admits the
closed form

κ◦(U, V) = E⟨ψ◦(U), ψ◦(V)⟩ = ∏k
j=1
(
1 + ω2 sin2 θj

)−1,
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where θ1, . . . , θk are the principal angles between U and V . For ψ± and
ψ◦ inner products of the random features provide unbiased estima-
tors of the corresponding kernels and satisfy uniform approximation
bounds over V(k, n) if m = O(kn) (up to logarithmic factors), yielding
scalable Grassmannian kernel approximations with controlled error.

From a computational perspective, these constructions significantly
reduce the cost of kernel-based learning. While classical Grassmannian
kernels require O(N2) evaluations and storage for an N-sample Gram
matrix, and dense random embeddings of projectors incur O(n2) cost
per feature, the proposed bounded ROP-based features can be com-
puted in O(kmn) operations and stored using O(mn) memory. Com-
bined with the fact that m = O(kn) features suffice to control the ap-
proximation error, this yields overall complexities that scale linearly
with the ambient dimension.

The proposed approach is illustrated in Fig. 4.1.
The rest of the chapter is structured as follows. We will first intro-

duce linear random features and show that they do approximate Grass-
mannian kernels, but at a high cost. We then show that we can allevi-
ate this cost by using asymmetric rank-one projections, but these show
poor concentration behaviour and thus do not allow us to have a con-
centration result for any pair of subspaces over G(k, n). To solve this,
we introduce the three aforementioned kernels based on a bounded
function applied to the random features. For each of them we study
their theoretical properties and derive uniform bounds over the en-
tire Grassmannian manifold. We finally study their computational and
memory requirements before concluding with supporting experiments,
on both synthetic and real datasets.

4.1.4 Related publications

This chapter is related to the following publications, with contributions
from Laurent Jacques and the author of the present document.

■ R. Delogne and L. Jacques. “Random Features for Grassman-
nian Kernels”. In: 2025 IEEE Statistical Signal Processing Workshop
(SSP). 2025, pp. 221–224, [53]

■ R. Delogne and L. Jacques. “Random features for Grassmannian
kernel approximation with bounded rank-one projections”. In:
Under review for Transactions on Machine Learning Research (TMLR)
(2026). URL: openreview.net/forum?id=wq18dZJ2pA, [52]
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Fig. 4.1 Schematic representation of the proposed method. Data points are assumed
to belong to low-dimensional subspaces of Rn. Subspaces are represented by their
orthonormal bases, which are then embedded via ϕ : G(k, n) → Rm into a Euclidean
space. Inner products in this space approximate well-defined Grassmannian kernels
allowing for learning tasks to be performed efficiently.

4.2 From dense embeddings to rank-one random features

In this section, we present two linear random feature maps over sub-
spaces of G(k, n), that enable us to approximate the projection kernel κp

between two subspaces (see Sec. 2.4). These two maps are inspired by
the compressive sensing of structured matrices [35, 67] and the context
of compressive covariance estimation from quadratic sampling [41]. As
explained below, while each of them has clear limitations, they define a
benchmark from which we develop new random features in Sec. 4.3, 4.4
and 4.5.

4.2.1 Dense random projections of projectors

We can first embed each k-dimensional subspace P ∈ G(k, n) by pro-
jecting its projector P ∈ G(k, n) onto dense n× n random matrices. If P
is known through a basis U ∈ V(k, n), then projecting the well-defined
P = ϕ p(U) = UU⊤ (as well as any other function of P) respects the
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Grassmannian geometry. Formally, this random projection is

Ψ : X ∈ Rn×n 7→ Ψ(X) =
(
⟨Ψi, X⟩

)m
i=1 ∈ Rm,

where the n × n probing matrices Ψi have Gaussian entries i.i.d. as
N (0, 1). Embedding elements of V(k, n) can then be done by compos-
ing Ψ with the projection embedding ϕ p, i.e., defining the dense random
feature map

ψ d = Ψ ◦ ϕ p : U ∈ V(k, n) 7→ Ψ(ϕ p(U)) ∈ Rm. (4.1)

Interestingly, when we consider two bases of two k-dimensional sub-
spaces P and Q, inner products in the space mapped by ψ d are unbi-
ased estimators of the projection kernel κp. Indeed, if U and V are their
respective n× k orthonormal bases, then, defining the empirical kernel

κ̂ d(U, V) := 1
m ⟨ψ d(U), ψ d(V)⟩,

we find

E κ̂ d(U, V) = 1
m ∑m

i=1 E⟨ϕ p(U), Ψi⟩⟨Ψi, ϕ p(V)⟩
= ⟨ϕ p(U), ϕ p(V)⟩
= κp(U, V),

since E vec(Ψi) vec(Ψi)
⊤ = In2 by design.

We can also study how these inner products deviate from the pro-
jection kernel by invoking the compressive sensing literature [67]. The
mapping Ψ is indeed known to embed low-rank matrices into Rm with
a controlled distortion on their Frobenius norms [35]. Given some dis-
tortion level 0 < δ < 1 and provided m = O(δ−2kn) (up to log factors),
the mapping Ψ respects, with high probability, the RIP (see Eq. 2.7 in
Sec. 2.2.3), or RIP(δ,R(k, n)), over the set R(k, n) of n× n rank-k ma-
trices:

(1− δ)∥X∥2
F ≤ 1

m∥Ψ(X)∥2
2 ≤ (1 + δ)∥X∥2

F, ∀X ∈ R(k, n). (RIP)

The RIP allows us to reach a uniform approximation of the projection
kernel κp through κ̂ d with distortion δk, as expressed in the following
proposition.

Proposition 4.1 (RIP⇒ uniform kernel approximation on G(k, n)).
If the mapping Ψ : Rn×n → Rm respects the RIP(δ,R(2k, n)) for some
distortion 0 < δ < 1, then,

∣∣κ̂ d(U, V)− κp(U, V)
∣∣ ≤ δk, ∀U, V ∈ V(k, n).
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Proof. Writing P = UU⊤ and Q = VV⊤, by the polarisation identity,

κp(U, V) = ⟨P, Q⟩ = 1
4

(
∥P + Q∥2

F − ∥P−Q∥2
F
)

and
κ̂ d(U, V) = 1

4m (∥Ψ(P + Q)∥2
2 − ∥Ψ(P−Q)∥2

2.)

Since Ψ respects the RIP over R(2k, n), a set which includes the matri-
ces P±Q, we get

κ̂ d(U, V) ≤ ⟨P, Q⟩+ 1
4 (∥P + Q∥2 + ∥P−Q∥2) ≤ ⟨P, Q⟩+ kδ,

since ∥P∥2
F = ∥Q∥2

F = k and ∥P + Q∥2
F + ∥P − Q∥2

F = 4k. We obtain
the lower bound similarly.

Having an approximation error bounded by δk instead of δ in
Prop. 4.1 is a severe limitation. From a rescaling argument, if we rather
target, with high probability, the uniform error

|κ̂ d(U, V)− κp(U, V)| < δ, ∀U, V ∈ V(k, n),

then Ψ must respect the RIP(δ/k,R(2k, n)), which thus happens with
high probability provided m = O(δ−2k3n). Consequently, the resulting
feature map ψ d is not scalable in practice. First, each matrix Ψi ∈ Rn×n

contains n2 entries, globally requiring the storage of O(mn2) real num-
bers. Second, evaluating each feature ⟨Ψi, ϕ p(U)⟩ in Eq. 4.1 costsO(n2)
operations, so also a total of O(mn2) operations for the m projections.

Consequently, evaluating ψ d with m = O(δ−2k3n) components to
estimate κp through κ̂ has memory and computational complexities of
O(δ−2k3n3), which can be worse than a single evaluation of both κp and
κBC for small values of k < n.

4.2.2 Rank-one projections for lighter storage and computation

An alternative random feature map with reduced computational and
storage costs compared with dense random projections can be built us-
ing an asymmetric version of the rank-one projection embedding in-
troduced in Eq. (2.8). Given a subspace P of G(k, n) with basis U ∈
V(k, n), we define the rank-one projection embedding ψ rop [41, 29, 56, 55]
from m pairs of independent Gaussian random vectors ai, bi ∼ N (0, In)

and the associated rank-one matrices Ai = aib⊤i as

ψ rop : U ∈ Rn×k 7→ ψ rop(U) =
(
⟨Ai, ϕ p(U)⟩ = a⊤i UU⊤bi

)m
i=1. (4.2)

Crucially, as for Ψ, the feature map ψ rop, which is defined over ϕ p, is
invariant to the choice of basis U meaning that it only depends on the
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subspace P . Moreover, we can compute the components of ψ rop(U)
with complexity of O(kmn) by computing all the k-dimensional vec-
tors αi := U⊤ai and βi := U⊤bi, 1 ≤ i ≤ m, with storage and computa-
tional complexities O(kmn), and then evaluating all the inner products
ψ

rop
i (U) = α⊤i βi in O(km) computations. This makes ROP both geo-

metrically sound and computationally practical.
Interestingly, like for Ψ again, given two k-dimensional subspaces

P ,Q ∈ G(k, n) with bases U, V ∈ V(k, n), the empirical kernel

κ̂ rop(U, V) := 1
m ⟨ψ rop(U), ψ rop(V)⟩, (4.3)

is an unbiased estimator of the projection kernel κp(U, V). Indeed, we
observe that

1
m E⟨ψ rop(U), ψ rop(V)⟩ = 1

m

m

∑
i=1

Ea⊤i ϕ p(U)bib⊤i ϕ p(V)ai

=
1
m

m

∑
i=1

E(a⊤i ϕ p(U)ϕ p(V)ai)

= 1
m ∑m

i=1 tr(UU⊤VV⊤)

= ∥U⊤V∥2
F = κp(U, V),

where we used the cyclic property of the trace.
Although κ̂ rop estimates κp on average, its concentration behaviour

is less favourable than the one obtained from bounded random fea-
tures. Indeed, each term of the sum composing mκ̂ rop has the same
distribution as the random variable

Z := (a⊤UU⊤b)(a⊤VV⊤b) = α⊤βα′⊤β′,

where a, b ∼i.i.d. N (0, In) gives the projections α := U⊤a and β :=
U⊤b onto U, and similarly for the projections α′ and β′ onto V . This
is mainly the product of four (correlated) Gaussian random variables.
The random variable Z has thus distribution tails that are heavier than
the sub-exponential random variables [148]. As highlighted in [24],
this places our estimator in a sub-Weibull (with parameter 1/2) regime,
where deviations are still controlled, but they decay much more slowly
than the exponential-type rates enjoyed by sub-exponential random
variables.

This distinction is especially important when going from a fixed
pair of subspaces to a uniform guarantee over the full Grassmannian.
For any fixed pair P ,Q with bases U, V ∈ V(k, n), the empirical ker-
nel κ̂ rop(U, V) still concentrates around κp(U, V), with a failure prob-
ability decaying as exp(−c

√
m) for a fixed approximation error. For
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a finite dataset of N subspaces, a union bound over all pairs there-
fore gives a failure probability scaling as N2 exp(−c

√
m). Hence, for

a fixed approximation error and target failure probability, a Johnson-
Lindenstrauss like guarantee can still be obtained with m scaling as
O(log2 N), which explains why unbounded ROP features can perform
well on finite datasets. However, obtaining a data-independent ap-
proximation guarantee over all pairs of subspaces in the continuous
space G(k, n) is much more demanding with such heavy-tailed dis-
tributions. In fact, following the proof techniques used in this work
suggests that to approximate κp with κ̂ rop for all subspaces in V(k, n)
requires m = O((kn)2) measurements, i.e., an embedding dimension
much larger than the dimension of G(k, n). This is also consistent with
the observations of [41] and [29] who explain that ψ rop cannot satisfy
the RIP with a reasonable number of measurements. These limitations
motivate the introduction of bounded non-linear functions in Sec. 4.3,
4.4 and 4.5.

4.2.3 Improving concentration behaviour

We can both remove the computational complexity and storage limita-
tions of dense random projections and the heavy-tailed distribution of
rank-one projections by composing ROPs with a bounded, non-linear
function. Practically, given a bounded function g : R → K (with K

equal to R or C), with |g(λ)| ≤ 1 for all λ ∈ R without loss of gen-
erality, we apply it componentwise to the rank-one projection operator
ψ rop, i.e., we define

ψ g : U ∈ V(k, n) 7→ g(ψ rop(U)) ∈ Km. (4.4)

This raises several central questions. First, which kernel κ is reached
in expectation by the empirical kernel

κ̂ g(U, V) = 1
m ⟨ψ g(U), ψ g(V)⟩, U, V ∈ V(k, n).

Is it a valid kernel with respect to the Grassmannian geometry? And
can we uniformly bound the related approximation error between κ̂ g

and κg?
Among the many possible choices of g, we focus on three specific

examples. The first is the sign function, g(λ) = sign(λ) equals 1 if
λ > 0 and to −1 otherwise. It is inspired by the one-bit compressive
sensing literature [86, 67] and yields very light binary random features
ψ± := sign ◦ ψ rop with codomain in {±1}m, i.e., each subspace is en-
coded over no more than m bits. It is studied in detail in Sec. 4.3.
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The second construction is motivated by the fact that no closed-
form expression of κ± is known when k > 1. We therefore introduce
an aggregated variant of the binary embedding. Instead of applying
the sign function to a single rank-one projection, the embedding ψΣ is
defined as a vector with each entry containing the sum of NΣ indepen-
dent rank-one projections in each coordinate. It still is defined in {±1}m

and therefore retains the same m-bit representation. This aggregation
allows us to apply a Berry-Esseen theorem and compare the resulting
kernel κΣ with a Gaussian limit. As NΣ → ∞, this gives access to an ex-
plicit closed-form Grassmannian kernel, with an approximation error
controlled by NΣ. It is studied in detail in Sec. 4.4.

The third is reminiscent of the random Fourier features [125] and
applies the complex exponential map, g(λ) = exp(iωλ) for some fre-
quency ω ∈ R, to ψ rop, i.e., we define the periodic random features
ψ◦(U) := exp(iωψ rop(U)) for any subspace P with basis U ∈ V(k, n).
It is studied in detail in Sec. 4.5.

4.3 Signed random features for Grassmannian kernels

In this section we study the first of the two functions suggested above to
improve the concentration properties of the rank-one operator, namely
the sign function applied componentwise to the rank-one projection
operator ψ rop. It yields the binary random feature map ψ±, whose val-
ues belong to {±1}m. This construction has the advantage of taming
the heavy-tails of raw rank-one projections as well as producing ex-
tremely compact embeddings thanks to its binary nature.

We will begin in Sec. 4.3.1 by formally defining the embedding,
identifying the kernel induced by ψ± in expectation and studying its
basic properties. In particular, we show that this kernel is well defined
on G(k, n).

We then turn to the approximation properties of the empirical ker-
nel associated with ψ±. After a simple pointwise concentration bound,
we develop the proof of a uniform approximation result over V(k, n).
The discontinuous nature of ψ± makes this proof challenging. We will
construct it from smaller lemmas in Sec. 4.3.2.

Next, in Sec. 4.3.3 we study the particular case working on G(1, n).
This case is particularly interesting as 1-dimensional subspaces are
equivalent to vectors, which links back directly to the case studied in
Chap. 3. Furthermore, although no closed form of κ± is known in gen-
eral, we obtain an explicit formula in this particular case.
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4.3.1 Definition and properties

To define the binary random features ψ± : V(k, n) → {±1}m, we set
g(·) = sign(·) in Eq. 4.4, i.e., given the m random vectors ai, bi ∼i.i.d.
N (0, In), with 1 ≤ i ≤ m,

ψ±(U) :=
(
sign(a⊤i ϕ p(U)bi)

)m
i=1, U ∈ V(k, n). (4.5)

This provides the empirical kernel

κ̂ ±(U, V) := 1
m ⟨ψ±(U), ψ±(V)⟩,

and, given any pair of bases U, V ∈ V(k, n), we are interested in the
kernel

κ±(U, V) := E[⟨ψ±(U), ψ±(V)⟩]. (4.6)

The binary codomain of ψ± offers the advantage of reducing the cost
of storing and possibly transmitting subspace random features: each of
the m random features requires a single bit instead of floating-point
numbers which are typically stored using 32 or 64 bits [104, 81]. This
is especially valuable in settings where bandwidth or memory is con-
strained (e.g., embedded devices or distributed systems). Moreover,
binary vectors enable extremely fast bitwise operations, making both
storage and computation far more efficient than in the full-precision
case.

Unfortunately, when k > 1, there is no known closed form for κ±.
However, despite not knowing its analytical form, this kernel is valid
as shown in the following proposition.

Proposition 4.2 (Validity of κ±). For bases U, V ∈ V(k, n) whose
subspaces form the principal angles θ1, . . . , θk, the kernel κ± is positive-
definite, symmetric and only depends on these principal angles, i.e.,
κ±(U, V) = f (θ1, . . . , θk) for some function f . Moreover, given g ∼
N (0, In),

κ±(U, V) = 1− 2
π E∡(ϕ p(U)g, ϕ p(V)g), (4.7)

with ∡(u, v) the angle between two vectors u and v.

Proof. By design, κ± is obviously symmetric. Regarding its positive-
semidefiniteness, we observe that, given an arbitrary number of N
elements U1, . . . , UN in V(k, n), with Pi := U iU⊤i , the Gram ma-
trix K ∈ RN×N whose entries are Kij = κ±(U i, U j) is such that for
any c ∈ RN , c⊤Kc = E(c⊤p)2 ≥ 0, with p ∈ {±1}N such that
pi = sign(a⊤Pib).
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Regarding the angular dependency of the kernel, since for any n× n
matrix M each component of ψ rop(M) is distributed as a⊤Mb, with
a, b ∼i.i.d. N (0, In), by exploiting the rotational invariance of these ran-
dom vectors, we have

κ±(U, V) = Esign(a⊤Pb)sign(a⊤Qb)

= Esign(a⊤RPR⊤b)sign(a⊤RQR⊤b)
= κ±(RU, RV),

for any orthogonal matrix R ∈ SO(n). Therefore, from Thm. 2.1,
κ±(U, V) only depends on the principal angles between U and V . Fi-
nally, the expression of Eq. 4.7 is a simple consequence of the arcsin
law used in [146, sec. 3, eq. 17] or Grothendieck’s identity in [148,
Lem. 3.6.5], i.e., we show easily that, by the law of total expectation,

κ±(U, V) = E[sign
(
a⊤(Pb)

)
sign

(
a⊤(Qb)

)
]

= 2
π E arcsin

( b⊤PQb
∥Pb∥∥Qb∥

)
,

which shows the result.

While we do not know any closed form formula for κ±, Eq. 4.7 in
Prop. 4.2 provides a noteworthy interpretation: 1 − κ±(U, V) is pro-
portional to the average angle made by the projections of a Gaussian
random vector on U and V . Interestingly, a similar concept was in-
troduced in [84] where the angle θ(U, V) between U and V is defined
as θ(U, V) = arccos

( 1
k ∑k

i=1 cos2 θi
)
, a form of non-linear averaging of

the principal angles and the angular similarity between these two sub-
spaces as κsim(U, V) = 1− 1

π θ(U, V).
We now address the question of bounding the approximation error

of κ̂ ± relative to κ±. We can first observe the following concentration
phenomenon, i.e., a pointwise approximation error bound on a fixed
pair of subspaces.

Proposition 4.3 (Pointwise approximation error of κ± by κ̂ ±).
Given a pair of subspaces in G(k, n) with bases U, V ∈ V(k, n), the
m-component binary random feature map ψ± (Eq. 4.5) related to m
i.i.d. Gaussian random vectors aj, bj ∼ N (0, In), and an error δ > 0,
we have

P
(∣∣ 1

m ⟨ψ±(U), ψ±(V)⟩ − κ±(U, V)
∣∣ < δ

)
≥ 1− 2 exp(− 1

2 mδ2).
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Proof. The proof is a direct application of Hoeffding’s inequality (see
e.g., [148]) since given the random variables

Xj := sign(a⊤j Pbj)sign(a⊤j Qbj), 1 ≤ j ≤ m,

all Xj’s are i.i.d. , bounded, and

E[κ̂ ±(U, V)] = E ∑m
j=1 Xj/m = κ±(U, V).

Then, we can show that κ̂ ± provides a uniform approximation of κ±

over all subspace pairs in G(k, n).

Proposition 4.4 (Uniform approximation error for κ̂ ± ≈ κ±). Let
δ > 0 and C, C′, c > 0 be absolute constants. If

m ≥ Cδ−2nk log( n2

kδ2 ),

then, with probability exceeding 1− C′ exp(−cδ2m),

sup
U,V∈V(k,n)

∣∣κ̂ ±(U, V)− κ±(U, V)
∣∣ ≤ δ.

Proof. The proof is explained in detail in Sec. 4.3.2 where we first de-
velop its building blocks before combining them to show the desired
result.

Prop. 4.4 thus shows that having a binary feature map ψ± with m =
O(kn) components, i.e., with m proportional to the intrinsic dimension
of each subspace of G(k, n), allows us to approximate, with high and
controlled probability, the expected kernel κ± of k-dimensional sub-
spaces by the empirical kernel κ̂ ± reached by mere inner product of
the random features of the two subspaces.

4.3.2 Proof of Prop. 4.4

Rather than attacking the uniform bound directly, we establish a series
of intermediate results clarifying how sign changes could occur under
small perturbations of the projector. We begin with the stability of the
simpler one-bit map x 7→ sign(a⊤x), and then transfer this idea to the
behaviour of ψ± in the neighbourhood of a projector P∗ ∈ G(k, n). This
leads to bounds on the probability that one measurement flips sign in
the neighbourhood, and then to a concentration result controlling the
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Stability Covering

Lem. 4.1
One-bit stability of sign maps on cones

Lem. 4.2 & Cor. 4.1
Local stability of one ψ± measurement

Lem. 4.3
Concentration of the number of sign flips

Prop. 4.5
Reduction of the uniform problem

to finitely many local neighbourhoods
through a covering of G(k, n)

Prop. 4.3
Concentration of κ̂ ±

for a fixed pair of subspaces

Uniform concentration
Prop. 4.4

Fig. 4.2 Structure of the proof of Prop. 4.4. The argument combines a local stability
analysis of ψ± with a covering argument on G(k, n).

total number of such flips in the full measurement vector. In parallel,
we introduce a covering of G(k, n) allowing us to reduce the uniform
statement to finitely many local estimates. The final proposition is then
obtained by combining these local stability results, the covering argu-
ment, and a union bound. We present this proof step by step in the
following lemmas and propositions so that the role of each ingredient
remains explicit all the way to the final concentration result. A visual
depiction of the proof structure is given in Fig. 4.1.

Lemma 4.1 (Stability of 1-bit map on a cone). Let Cα(u) = {x ∈ Rn :
∡(x, u) ≤ α} be a cone of axis u ∈ Sn−1 and half aperture 0 ≤ α ≤ π.
Given the random map ψ̄ : x ∈ Rn 7→ sign(a⊤x) with a ∼ N (0, In),
we have

P
[
ψ̄ /∈ C0(Cα(u)

)]
= 1

if α > π/2 and

P
[
ψ̄ /∈ C0(Cα(u)

)]
≤
√

2
π (tan α)

√
n, if 0 < α ≤ π/2,

where C0(S) denotes continuous functions on a set S .

Proof. The proof is adapted from [144, Corollary 12]. We first observe
that ψ̄ is discontinuous over Cα(u) iff |a⊤u| ≤ ϵ∥a∥ with ϵ := sin α.
Therefore, by the rotational invariance of the Gaussian distribution we
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can choose u = e1 = (1, 0, . . . , 0)⊤ and the probability above amounts
to computing

p : = P[|a1|2 ≤ ϵ2∥a∥2]

= P[a2
1 ≤

ϵ2

(1− ϵ2)
(a2

2 + . . . + a2
n)]

= EξP[a2
1 ≤

ϵ2

(1− ϵ2)
ξ|ξ],

where ξ ∼ χ2(n− 1) is independent of a1. This gives

P[a2
1 ≤ ϵ2

(1−ϵ2)
ξ|ξ] ≤

√
2
π

ϵ√
1−ϵ2

√
ξ =

√
2
π (tan α)

√
ξ

Observing that Eξ

√
ξ ≤ √Eξξ ≤

√
n− 1 ≤ √n by Jensen’s inequality

gives the result.

From this result, we can show that, when the projectors of two sub-
spaces are close in Frobenius norm, each component of the binary ran-
dom features related to ψ± coincides with high probability.

Lemma 4.2 (Local stability of the binary embedding). We consider
the subspace P∗ ∈ G(k, n) and the random vectors a, b ∼ N (0, In).
Define the map ψ̄ : M ∈ Rn×n 7→ sign(a⊤Mb), the ball

BF
ϵ (P

∗) = {M ∈ Rn×n : ∥M − P∗∥F ≤ ϵ}

of radius ϵ > 0 and centred on P∗ ∈ Rn×n, and the neighbourhood

Nϵ(P∗) := BF
ϵ (P

∗) ∩G(k, n).

Then,

P
[
∃P, Q ∈ Nϵ(P∗) : ψ̄(P) ̸= ψ̄(Q)

]
= P

[
ψ̄ /∈ C0(Nϵ(P∗)

)]

≤ 4 n+k√
k

ϵ
k

k+1 .

Proof. First, we can assume P∗ = bdiag(Ik, 0n−k×n−k) from the rota-
tional invariance of a and b. Second, we note that since ψ̄ is the sign
of a linear functional, it fails to be continuous on Nϵ(P∗) if and only if
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there exist P, Q ∈ Nϵ(P∗) such that ψ̄(P) ̸= ψ̄(Q). Therefore,

pϵ : = P
[
ψ̄ /∈ C0(Nϵ(P∗)

)]

= P
[
∃P, Q ∈ Nϵ(P∗) : ψ̄(P) ̸= ψ̄(Q)

]

= P
[
∃P, Q ∈ Nϵ(P∗) : sign(a⊤(Pb)) ̸= sign(a⊤(Qb))

]
.

Given a parameter ρ > 0 to be fixed later, let us define the event

Eρ =
{
∥P∗b∥ > ρ∥b∥

}
,

which also defines b′, the distribution of b|Eρ. Therefore, by the laws of
total probability and expectations,

pϵ = P
[
∃P, Q ∈ Nϵ(P∗) : sign(a⊤(Pb)) ̸= sign(a⊤(Qb))|Eρ

]
P[Eρ]

+ P
[
∃P, Q ∈ Nϵ(P∗) : sign(a⊤(Pb)) ̸= sign(a⊤(Qb))|E c

ρ

]
P[E c

ρ ]

≤ P
[
∃P, Q ∈ Nϵ(P∗) : sign(a⊤(Pb)) ̸= sign(a⊤(Qb))|Eρ

]
+ P[E c

ρ ]

= Eb′Pa
[
∃P, Q ∈ Nϵ(P∗) : sign(a⊤(Pb′)) ̸= sign(a⊤(Qb′))|b′

]

+ P[E c
ρ ].

However, if P ∈ Nϵ(P∗), then the vectors β = Pb′ and β∗ = P∗b′

are at most ϵ′ := ϵ∥b′∥ far apart since

∥β− β∗∥ = ∥(P− P∗)b′∥ ≤ ∥P− P∗∥F∥b′∥ ≤ ϵ∥b′∥,

while, similarly, γ = Qb′ is at most ϵ′ far apart from β∗. Therefore,

pϵ ≤ Eb′Pa
[
∃β, γ ∈ B2

ϵ′(β∗) : sign(a⊤β) ̸= sign(a⊤γ)|b′
]
+ P[E c

ρ ]

≤ Eb′Pa
[
ψ̄ /∈ C0(B2

ϵ′(β∗))|b′
]
+ P[E c

ρ ],

where ψ̄ : x ∈ Rn 7→ sign(a⊤x), and B2
ϵ′(u) is the ℓ2-ball of radius ϵ′

around a vector u.
Let us observe that B2

ϵ′(β∗) is contained in a cone with a half aper-
ture α respecting

sin α = ϵ′
∥β∗∥ =

ϵ∥b′∥
∥P∗b′∥ ≤

ϵ
ρ ,

since the support of b′ is fixed by Eρ. Therefore, from Lem. 4.1, provided
that ϵ < ρ, we have

Eb′Pa
[
ψ̄ /∈ C0(B2

ϵ′(β∗))|b′
]
≤
√

2
π

ϵρ−1

(1− ϵ2ρ−2)1/2

√
n.

Therefore,
pϵ ≤

√
2
π

ϵρ−1

(1−ϵ2ρ−2)1/2

√
n + P[E c

ρ ]. (4.8)
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Let us now bound P[E c
ρ ]. Using the structure of P∗, we have

P[E c
ρ ] = P

[
∑k

i=1 b2
i ≤ ρ2∥b∥2]

= P
[

∑k
i=1 b2

i ≤
ρ2

1−ρ2 ∑n
i=k+1 b2

i
]

= P
[
X2 ≤ ρ2

1−ρ2 Y2],

where X2 and Y2 are two independent χ2-distributions with k and n− k
degrees of freedom, respectively. Again by the law of total expectation,

P[E c
ρ ] = EY2PX2

[
X2 ≤ ρ2

1−ρ2 Y2]. (4.9)

For any λ > 0,

P(X2 ≤ λ2) = (2k/2Γ(k/2))−1
∫ λ2

0
tk/2−1e−t/2dt.

Since ∫ λ2

0 tk/2−1e−t/2dt ≤ 2
k λk,

this shows that

P(X2 ≤ λ2) ≤ 2−k/2Γ(k/2 + 1)−1λk.

With Stirling’s bound

Γ(k/2 + 1) ≥
( k

2e

)k/2
,

we get

P(X2 ≤ λ2) ≤
( e

k

)k/2
λk.

Injecting this bound in Eq. 4.9 with

λ =
ρ√

1− ρ2

√
Y2,

we get

P[E c
ρ ] ≤

(
e
k

)k/2(
ρ2

1−ρ2

)k/2
E(Y2)k/2.

Since, by Jensen and from the moments of a χ2
n−k-distribution,

(E(Y2)k/2)2 ≤ E(Y2)k =
k

∏
j=1

(n + k− 2j),
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we get the crude bound

E(Y2)k/2 ≤ (n + k)k/2.

Therefore

P[E c
ρ ] ≤

(
e(n+k)ρ2

k(1−ρ2)

)k/2
. (4.10)

We now set
ρ2 = ϵ

2
k+1 k

3e(n+k) <
1
3 .

As observed above, we must impose the condition ϵ < ρ. Since

ϵ < ρ ⇐⇒ ϵ2 < ρ2 ⇐⇒ ϵ2 < ϵ
2

k+1
k

3e(n + k)
,

this is equivalent to

ϵ2− 2
k+1 <

k
3e(n + k)

.

Since
2− 2

k + 1
=

2k
k + 1

,

this is met whenever we impose the stronger condition

ϵ <
(

k
9e(n+k)

) k+1
2k

. (4.11)

With this setting, Eq. 4.10 gives

P[E c
ρ ] ≤

(
e(n+k)ρ2

k(1−ρ2)

)k/2

=

(
e(n+k)
k(1−ρ2)

ϵ
2

k+1 k
3e(n+k)

)k/2

=
(

ϵ2/(k+1)

3(1−ρ2)

)k/2
.

Since ρ2 < 1/3, we have 1− ρ2 > 2/3, hence 1
3(1−ρ2)

≤ 1
2 . Therefore,

P[E c
ρ ] ≤ ϵ

k
k+1

(
1
2

)k/2
≤ ϵ

k
k+1 .

Moreover, from the choice of ρ, we have

ϵ
ρ = ϵ

k
k+1

√
3e(n+k)

k .
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Now, by Eq. 4.11,
ϵ

2k
k+1 < k

9e(n+k) ,

so that
ϵ

k
k+1 <

√
k

9e(n+k) .

Injecting this in the previous expression gives

ϵ
ρ = ϵ

k
k+1

√
3e(n+k)

k ≤ 1√
3
.

Hence
ϵ2

ρ2 ≤ 1
3 , 1− ϵ2

ρ2 ≥ 2
3 , 1√

1−ϵ2ρ−2
≤
√

3
2 .

Gathering all the bounds provides

pϵ ≤
√

2
π

ϵρ−1

(1−ϵ2ρ−2)1/2

√
n + ϵ

k
k+1

≤
√

2
π

√
3
2 ϵ

k
k+1

√
3e(n+k)

k
√

n + ϵ
k

k+1

=
√

9e
π ϵ

k
k+1

√
n(n+k)√

k
+ ϵ

k
k+1 .

Since
√

n(n + k) ≤ n + k, we get

pϵ ≤
√

9e
π ϵ

k
k+1 n+k√

k
+ ϵ

k
k+1 .

Finally, observing that
√

9e/π < 3 and that (n + k)/
√

k ≥ 1, we obtain

pϵ ≤ 3ϵ
k

k+1 n+k√
k
+ ϵ

k
k+1

≤ 4ϵ
k

k+1 n+k√
k

.

Finally, if Eq. 4.11 does not hold, then the right-hand side above
exceeds 1, showing the vacuity of the bound on pϵ; this allows us to
forget the condition on ϵ.

A simple rescaling allows us to simplify the last lemma to get the
following corollary.

Corollary 4.1 (Local stability of the binary embedding (Simplified)).
Under the conventions and conditions of Lem. 4.2, for δ > 0, we have

P
[
ψ̄ /∈ C0(Nη(δ)(P

∗)
)]
≤ δ, η(δ) :=

( √
k

4(n+k)δ
) k+1

k
.
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Proof. By Lem. 4.2, for every ϵ > 0, we have

P
[
ψ̄ /∈ C0(Nϵ(P∗)

)]
≤ 4 n+k√

k
ϵ

k
k+1 .

We now choose ϵ = η(δ), with

η(δ) :=
( √

k
4(n+k)δ

) k+1
k

.

Since

η(δ)
k

k+1 =
( √

k
4(n+k)δ

) k+1
k

k
k+1

=
√

k
4(n+k)δ,

we obtain
4 n+k√

k
η(δ)

k
k+1 = 4 n+k√

k

√
k

4(n+k)δ = δ.

Therefore,
P
[
ψ̄ /∈ C0(Nη(δ)(P

∗)
)]
≤ δ,

which proves the claim.

Lem. 4.2 and Cor. 4.1 give the probability of sign flip for one element
in the measurement vector when P is moved around within ϵ. The
next lemma will further characterise the probability of having at most
a certain number of flips in the full measurements vector for a small
perturbation of P.

Lemma 4.3. Under the conventions introduced in Lem. 4.2, given an in-
teger m, we consider m random maps ψ̄i : P ∈ G(k, n) 7→ sign(a⊤i Pbi)
with ai, bi ∼i.i.d. N (0, In), 1 ≤ i ≤ m. Given δ > 0, the function η(δ)
defined in Cor. 4.1, and P∗ ∈ G(k, n), we have

P
[∣∣{i : ψ̄i /∈ C0(Nη(δ)(P

∗)
)}∣∣ > 2δm

]
≤ C exp(−cδ2m),

for absolute constants C, c > 0.

Proof. For each 1 ≤ i ≤ m, define the binary random variable Zi =
1
[
ψ̄i /∈ C0(Nη(δ)(P

∗)
)]

, with 1[E ] being equal to 1 if the event E is true,
and to 0 otherwise. By Cor. 4.1, we have pδ := EZi ≤ δ. The ran-
dom variables Zi are independent and bounded, hence sub-Gaussian.
Therefore, from [148, Prop. 2.6.1 and Theorem 2.6.2], for any ρ > 0,

P[∑m
i=1 Zi > δm + ρm] ≤ P[

m

∑
i=1

Zi ≥ mpδ + ρm]

≤ C exp(−cρ2m),
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for some absolute constants C, c > 0. Choosing ρ = δ yields

P[∑m
i=1 Zi > 2δm] ≤ C exp(−cδ2m).

In addition to the previous stability properties, our proof also uses
the possibility to cover the space of projectors.

Proposition 4.5 (Covering G(k, n)). Given ϵ > 0, there exists a cover-
ing Nϵ ⊂ G(k, n) of G(k, n), i.e., such that

∀P ∈ G(k, n), ∃P∗ ∈ Nϵ : ∥P− P∗∥F ≤ ϵ,

whose cardinality is bounded by

|Nϵ| ≤ (18
√

k/ϵ)(2n+1)k.

Proof. The set G(k, n) is included in the set

RF(k, n) := R(k, n) ∩
√

kBn×n
F

of n× n rank-k matrices with Frobenius norm bounded by
√

k (since if
P ∈ G(k, n), rank(P) = k and ∥P∥F =

√
k), we can cover G(k, n) from a

covering ofRF(k, n). Indeed, given two compact setsA ⊂ B in a metric
space (X , d) with distance d, if Bϵ/2 ⊂ B is an ϵ/2-covering of B, i.e.,
such that for any x ∈ B there is a x′ ∈ Bϵ/2 such that d(x, x′) ≤ ϵ/2,
then we can build an ϵ-covering Aϵ ⊂ A of A with |Aϵ| ≤ |Bϵ/2| (see
e.g., [148, Chap. 4]). From [35, Lem. 3.1], there exists an ϵ/2-covering of
R(k, n) ∩Bn×n

F , with d set to the Frobenius distance, whose cardinality
is bounded by (18/ϵ)(2n+1)k. This means that, by rescaling the set di-
ameter by

√
k, there exists an ϵ/2-covering ofRF(k, n) with cardinality

bound (18
√

k/ϵ)(2n+1)k, and thus, from the considerations above, there
exists an ϵ-covering Nϵ ⊂ G(k, n) with

|Nϵ| ≤ (18
√

k/ϵ)(2n+1)k.

We can now use previous lemmas to provide the final proof for
Prop. 4.4 that we restate here for simplicity.
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Proposition (Prop. 4.4 (restated)). Let δ > 0 and C, C′, c > 0 be abso-
lute constants. If

m ≥ Cδ−2nk log( n2

kδ2 ),

then, with probability exceeding 1− C′ exp(−cδ2m),

sup
U,V∈V(k,n)

∣∣κ̂ ±(U, V)− κ±(U, V)
∣∣ ≤ δ.

Proof. Given a radius ϵ > 0 to be fixed later, we know from Prop. 4.5
that there exists an ϵ-covering Nϵ ⊂ G(k, n) of G(k, n) with cardinality
|Nϵ| ≤ (18

√
k/ϵ)(2n+1)k. We also consider the set Vϵ ⊂ V(k, n) such

that for any U∗ ∈ Vϵ, P∗ := U∗U∗⊤ ∈ Nϵ, and where we ensure that
each P∗ is represented by only one basis in Vϵ, i.e., |Vϵ| = |Nϵ|. This
does not mean, however, that Vϵ is a covering of V(k, n).

The general objective of this proof is thus to upper bound, with con-
trolled probability, the approximation error |κ̂ ±(U, V) − κ±(U, V)| for
all pairs of subspace bases U, V ∈ V(k, n). Let us first observe that,
given P∗ = U∗U∗⊤ and Q∗ = V∗V∗⊤ the closest projectors in Nϵ to
P = UU⊤ and Q = VV⊤, we can upper bound this error with 3 terms
and target the following objective bound:

∣∣κ̂ ±(U, V)− κ±(U, V)
∣∣ ≤ T1 + T2 + T3 ≤ δ,

where mκ̂ ±(U, V) = ⟨ψ±(U), ψ±(V)⟩, κ±(U, V) = Eκ̂ ±(U, V), and the
three terms

T1 =
∣∣κ̂ ±(U, V)− κ̂ ±(U∗, V∗)

∣∣, T2 =
∣∣κ̂ ±(U∗, V∗)− κ±(U∗, V∗)

∣∣,
T3 =

∣∣κ±(U∗, V∗)− κ±(U, V)
∣∣.

We now handle these three terms separately, enforcing each of them to
be at most δ/3. The two first terms will be bounded conditionally to
two probabilistic events (defined below), respectively, E1 and E2, while
the last term is deterministic. By a union bound, the final approxima-
tion error will thus have a probability failure summing the probabilities
of failure of the two first events.

(a) Bound on T1: Given the random vectors ai, bi ∼i.i.d. N (0, In) and the
mapping ψ̄i : P ∈ G(k, n) 7→ sign(a⊤i Pbi), 1 ≤ i ≤ m, defining the
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feature map ψ±, the first term T1 can be upper bounded by

T1 ≤ 1
m ∑m

i=1
∣∣sign(a⊤i Pbi)sign(a⊤i Qbi)− sign(a⊤i P∗bi)sign(a⊤i Q∗bi)

∣∣
= 2

m ∑m
i=1 1

[
ψ̄i(P)ψ̄i(Q) ̸= ψ̄i(P∗)ψ̄i(Q∗)

]

≤ 2
m ∑m

i=1 1
[
ψ̄i(P) ̸= ψ̄i(P∗) or ψ̄i(Q) ̸= ψ̄i(Q∗)

]

≤ 2
m ∑m

i=1 1
[
ψ̄i(P) ̸= ψ̄i(P∗)

]
+ 2

m ∑m
i=1 1

[
ψ̄i(Q) ̸= ψ̄i(Q∗)

]

≤ 2
m ∑m

i=1 1
[
ψ̄i /∈ C0(Nϵ(P∗))

]
+ 2

m ∑m
i=1 1

[
ψ̄i /∈ C0(Nϵ(Q∗))

]
.

where Nϵ(P∗) = BF
ϵ (P

∗) ∩G(k, n) is an ϵ-ball centred on P∗. Defining
the first event

E1 := {∀P′ ∈ Nϵ :
∣∣{i : ψ̄i /∈ C0(Nϵ(P′)

)}∣∣ ≤ 1
12 δm},

it is clear that if E1 holds, then T1 ≤ δ/3, for all possible P, Q, P∗ and
Q∗.

From Cor. 4.1, setting ϵ = η(δ/12), we find by union bound over all
elements of Nη(δ/12) that, for some C, c > 0,

P[E c
1 ] ≤ C|Nη(δ/12)| exp(−cδ2m)

≤ C exp
(
(2n + 1)k log

(
18

√
k

η(δ/12)

)
− cδ2m

)

≤ C exp
(

cnk log
( √

k
η(δ/12)

)
− c′δ2m

)
.

(b) Bound on T2: Regarding the second term T2, we can ensure that T2 ≤
δ/3 for all possible P, Q, P∗ and Q∗ if this event holds:

E2 :=
{
∀U∗, V∗ ∈ Vϵ,

∣∣∣ 1
m ⟨ψ±(U∗), ψ±(V∗)⟩ − κ±(U∗, V∗)

∣∣∣ < δ
3

}
,

with ϵ = η(δ/12). From Prop. 4.3 and a union bound on all possible
pairs of bases picked in Vϵ × Vϵ, we know that, for some C, c, c′ > 0,

P[E c
2 ] ≤ 2|Nη(δ/12)|2 exp(− 1

2 mδ2)

≤ C exp
(

cnk log
( √

k
η(δ/12)

)
− c′δ2m

)
.

(c) Bound on T3: Finally, regarding T3, we can bound with several calls

| 115



4 | Approximating Grassmannian kernels with random
features

to the triangular inequality, so that, for all possible P, Q, P∗ and Q∗,

T3 ≤
1
m

m

∑
i=1

E

∣∣∣sign(a⊤i Pbi)sign(a⊤i Qbi)− sign(a⊤i P∗bi)sign(a⊤i Q∗bi)
∣∣∣

= 1
m ∑m

i=1 E
[
21
[
ψ̄i(P)ψ̄i(Q) ̸= ψ̄i(P∗)ψ̄i(Q∗)

]]

≤2P
[
ψ̄(P)ψ̄(Q) ̸= ψ̄(P∗)ψ̄(Q∗)

]

≤2P
[
ψ̄(P) ̸= ψ̄(P∗)

]
+ 2P

[
ψ̄(Q) ̸= ψ̄(Q∗)

]

=2P
[
ψ̄ /∈ C0(Nη(δ/12)(P

∗)
)]

+ 2P
[
ψ̄ /∈ C0(Nη(δ/12)(Q

∗)
)]

,

with ψ̄ : P ∈ G(k, n) 7→ sign(a⊤Pb) for a, b ∼ N (0, In). Finally,
Cor. 4.1 allows us to conclude that

T3 ≤ 2P
[
ψ̄ /∈ C0(Nη(δ/12)(P

∗)
)]

+ 2P
[
ψ̄ /∈ C0(Nη(δ/12)(Q

∗)
)]

≤ 4δ/12 = δ/3.

Final bound: Gathering the three terms T1, T2, and T3, we can finally
state that

sup
U,V∈V(k,n)

∣∣κ̂ ±(U, V)− κ±(U, V)
∣∣ ≤ δ,

with a failure probability given by

pfail = P(E c
1) + P(E c

2) ≤ C exp
(

cnk log
( √

k
η(δ/12)

)
− c′δ2m

)
.

Therefore, imposing

m ≥ Cδ−2nk log
( √

k
η(δ/12)

)
,

we get
pfail ≤ C exp(−cδ2m).

Since, using the expression of η,

log
( √

k
η(δ/12)

)
= log(

√
k) + k+1

k log
(

48(n+k)√
kδ

)

≤ C log
(

n2

kδ2

)
,

the condition on m simplifies into the stronger condition

m ≥ Cδ−2nk log
(

n2

kδ2

)
.
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4.3.3 The one-dimensional subspace case

When k = 1, we are faced with a particularly interesting special case.
Indeed, working in G(1, n) is akin to working with one-dimensional
subspaces of Rn, i.e., with lines through the origin. Equivalently, such
a subspace can be represented by a unit vector u ∈ Sn−1 (up to a sign),
and two such subspaces are entirely characterised by their single prin-
cipal angle. In this regime, the Grassmannian geometry reduces to a
purely angular geometry on vectors, which makes the behaviour of the
kernel κ± much easier to interpret.

The case k = 1 also connects this chapter with Chap. 3, where we
studied quadratic embeddings of vectors and used them to estimate
quantities of the form ⟨u, x⟩2 from random quadratic measurements.
The sign product embedding led to an asymmetric kernel interpreta-
tion, presented in Sec. 3.4, where x is represented through a quadratic
embedding and u through a binarised version of the same embedding.
When k = 1, the Grassmannian setting gives a symmetric version of
the same idea. Both arguments now represent one-dimensional sub-
spaces, and the binary embedding induces a genuine symmetric kernel
depending only on the angle between them.

A second reason why this special case deserves to be isolated is that,
unlike the general situation, the kernel κ± admits here a closed-form
expression. More precisely, as shown in Prop. 4.6, it becomes a simple
quadratic function of the principal angle between the two lines. This
explicit formula gives a concrete interpretation of the binary Grassman-
nian kernel. Moreover, since the general uniform concentration result
developed in Prop. 4.4 applies for all k ≥ 1, this closed-form kernel also
benefits from the same concentration guarantees, so that its empirical
approximation κ̂ ± remains uniformly controlled with high probability.

We now show the closed form of κ± when k = 1.

Proposition 4.6 (Expectation of the 1-d case). For two vectors u, v ∈
Rn such that ∥u∥ = ∥v∥ = 1, with P = uu⊤, Q = vv⊤, and for
κ̂ ±(U, V) defined as earlier, we have

E
[
κ̂ ±(u, v)

]
=
(

1− 2θ
π

)2
, (4.12)

where θ is the single principal angle between P and Q (or more simply,
the angle between u and v).

Proof. For k = 1, the projections of g ∼ N (0, In) onto the two subspaces
are Pg = au and Qg = bv, where a = u⊤g and b = v⊤g are correlated
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Gaussian random variables with E[a] = E[b] = 0 and E[ab] = cos θ.
The angle between Pg and Qg is therefore θ if and only if ab > 0 and
π − θ if ab < 0. Let p = P(ab > 0), then

E[∡(Pg, Qg)] = θp + (π − θ)(1− p).

On the other hand, since sign(a)sign(b) = 1 if ab > 0 and−1 otherwise,
we have

E[sign(a)sign(b)] = 2p− 1.

For correlated Gaussians with correlation cos θ, we have

E[sign(a)sign(b)] = 2
π arcsin(cos θ) = 1− 2θ

π

(see [130], p.230). Hence 2p − 1 = 1 − 2θ
π and therefore p = 1 − θ

π .
Substituting in the expectation above gives

E∡(Pg, Qg) = θ
(
1− θ

π

)
+ (π − θ) θ

π .

Inserting this quantity into Eq. 4.7 of Prop. 4.2, we obtain

κ±(U, V) = 1− 2
π E∡(Pg, Qg) =

(
1− 2θ

π

)2.

Remark 4.1 (Geometric interpretation of Prop. 4.6). Geometrically, this
expression can be understood by thinking about hyperplane separation. For
k = 1, one coordinate of the binary embedding can be written as

sign(a⊤Pb) = sign(a⊤u)sign(b⊤u).

Hence, each binary ROP feature combines two independent binary compar-
isons with the random vectors a and b. For two lines forming a single princi-
pal angle θ, a random hyperplane separates these lines with probability θ/π.
A single comparison with random vectors therefore has expected product of the
two binary outputs equal to 1− 2θ/π. Since the two tests entering the ROP
feature are independent, their contributions multiply, giving the squared an-
gular similarity (1− 2θ/π)2. The kernel is therefore equal to 1 for identical
subspaces and decreases to 0 when the two vectors become orthogonal.

The following corollary specialises the general uniform concentra-
tion result to the rank-one case, where the kernel admits the explicit
expression given in Prop. 4.6.
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Corollary 4.2 (Uniform approximation in the rank-one case). Let
δ > 0 and C, C′, c > 0 be absolute constants. If

m ≥ Cδ−2n log
(

n2

δ2

)
,

then, with probability exceeding 1− C′ exp(−cδ2m),

supu,v∈Rn\{0}
∣∣∣κ̂ ±(u, v)−

(
1− 2θ

π

)2∣∣∣ ≤ δ,

where θ denotes the angle between u and v.

Proof. This is a direct consequence of Prop. 4.4 with k = 1 together with
Prop. 4.6. Moreover, in the rank-one case, both κ̂ ±(u, v) and κ±(u, v)
are invariant under the rescaling of u and v by nonzero scalars, so the
statement may be written for arbitrary nonzero vectors rather than only
for unit vectors.

In summary, the case k = 1 forms a natural bridge between the vec-
tor setting of quadratic random embeddings described in Chap. 3 and
the Grassmannian kernel perspective developed here. In this rank-one
case, the kernel κ± admits an explicit expression as a quadratic function
of the angle between two lines. This complements the asymmetric ker-
nel viewpoint from Sec. 3.4 arising from the sign product embedding
(Prop. 3.2) in the vector case by showing that, when both arguments
are treated symmetrically as one-dimensional subspaces, the same phi-
losophy leads to a genuine symmetric kernel. Finally, this explicit ker-
nel still benefits from the general uniform concentration result, so that
its empirical approximation κ̂ ± remains uniformly controlled over Rn

with high probability.

4.4 Aggregated binary features for an explicit kernel

The binary kernel κ± has two attractive features: it is induced by one-
bit random features and it admits uniform approximation guarantees.
Its main limitation is analytical. Apart from the case k = 1, no closed-
form expression of κ± is known. This makes it harder to compare it
directly to known Grassmannian kernels or to interpret precisely how
it depends on the principal angles.

We now introduce a modified binary construction whose purpose
is to approximately recover an explicit Grassmannian kernel. The idea
is to aggregate several independent rank-one projections before apply-

| 119



4 | Approximating Grassmannian kernels with random
features

ing the sign function. Instead of applying the sign to a single rank-one
projection, we apply it to a sum of NΣ independent copies which cre-
ates a smoothing effect. Using the Berry-Esseen theorem, this averaged
quantity can be compared to a Gaussian limit. This comparison makes
it possible to identify an explicit limiting kernel, up to an approxima-
tion error controlled by NΣ.

This construction should not be viewed as a more efficient replace-
ment for the binary embedding ψ±, since each feature now requires NΣ
rank-one projections instead of one. It provides an explicit formula that
can be used as a reference kernel, or be used directly in settings where
a closed-form expression is required, while remaining connected to a
one-bit random feature construction, thus making its interest mainly
analytical.

We first define the necessary objects, study the validity of the kernel
induced by this new embedding, and state Prop. 4.9, which controls the
error between the expected kernel and its analytical approximation, in
Sec. 4.4.1. The proof of the proposition is then given in Sec. 4.4.2.

4.4.1 Definition and properties

Given an integer NΣ ≥ 1, we consider the aggregated random feature
map

ψΣ : U ∈ V(k, n) 7→ ψΣ(U) = sign
((

∑NΣ
i=1 a⊤ij UU⊤bij

)m
j=1

)
∈ {−1, 1}m,

where, for each 1 ≤ j ≤ m and 1 ≤ i ≤ NΣ, the vectors aij, bij ∼i.i.d.
N (0, In) are all independent. Compared to ψ±, each component of
ψΣ(P) is thus obtained by summing NΣ independent rank-one projec-
tions before applying the sign function.

As before, this binary embedding induces the empirical kernel

κ̂ Σ(U, V) := 1
m ⟨ψΣ(U), ψΣ(V)⟩,

as well as the expected kernel

κΣ(U, V) := E
[

1
m ⟨ψΣ(U), ψΣ(V)⟩

]
.

Since the components of ψΣ remain binary, this construction keeps the
compactness and storage advantages of one-bit embeddings, up to the
additional factor NΣ in the number of rank-one projections required to
compute each feature.
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Proposition 4.7 (Validity of κΣ). Let NΣ ≥ 1. For bases U, V ∈
V(k, n) whose subspaces form the principal angles θ1, . . . , θk, the kernel
κΣ is positive-definite, symmetric and only depends on these principal an-
gles, i.e.,

κΣ(U, V) = f (θ1, . . . , θk)

for some function f .

Proof. By design, κΣ is symmetric. Regarding positive-definiteness, let
U1, . . . , UN ∈ V(k, n) and let c = (c1, . . . , cN)

⊤ ∈ RN . We denote by
K ∈ RN×N the Gram matrix associated with κΣ, defined component by
component as Krs := κΣ(Ur, Us). By definition of κΣ, we have

Krs = E
[

1
m ⟨ψΣ(Ur), ψΣ(Us)⟩

]
.

Therefore,

c⊤Kc = ∑N
r,s=1 crcsKrs

= E
[

1
m ∑N

r,s=1 crcs⟨ψΣ(Ur), ψΣ(Us)⟩
]

= ⟨∑N
r=1 crψΣ(Ur), ∑N

s=1 csψ
Σ(Us)⟩

=
∥∥∥∑N

r=1 crψΣ(Ur)
∥∥∥

2

2
,

by the bilinearity of the Euclidean scalar product. Hence,

c⊤Kc = E
[

1
m

∥∥∥∑N
r=1 crψΣ(Ur)

∥∥∥
2

2

]
≥ 0.

This proves that κΣ is positive-definite. In addition, since ψΣ(U) only
depends on U via ϕ p(U) = UU⊤, the kernel κΣ is independent of the
choice of orthonormal basis representing the subspace.

It remains to show that κΣ only depends on the principal angles. Let
P = ϕ p(U) and Q = ϕ p(V). Since the components of ψΣ are identi-
cally distributed, we can focus on a single coordinate of ψΣ to find κΣ in
expectation. By rotational invariance of the Gaussian distribution, for
any orthogonal matrix R ∈ SO(n), the vectors R⊤aℓ and R⊤bℓ have the
same joint distribution as aℓ and bℓ. Hence,

κΣ(U, V) = E
[
sign

(
∑NΣ

ℓ=1 a⊤ℓ Pbℓ

)
sign

(
∑NΣ

ℓ=1 a⊤ℓ Qbℓ

)]

= E
[
sign

(
∑NΣ

ℓ=1(R⊤aℓ)
⊤P(R⊤bℓ)

)
sign

(
∑NΣ

ℓ=1(R⊤aℓ)
⊤Q(R⊤bℓ)

)]

= E
[
sign

(
∑NΣ

ℓ=1 a⊤ℓ RPR⊤bℓ

)
sign

(
∑NΣ

ℓ=1 a⊤ℓ RQR⊤bℓ

)]

= κΣ(RU, RV).
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The kernel κΣ is thus rotationally invariant. By Thm. 2.1, it only
depends on the principal angles between the two subspaces.

We now introduce the closed-form kernel that is approximated by
the aggregated construction.

Definition 4.4.1. For U, V ∈ V(k, n) with principal angles θ1, . . . , θk, we
define

κΣ
∞(U, V) = 2

π arcsin( 1
k ∑k

i=1 cos2(θi)).

The subscript ∞ indicates that this kernel appears as the limiting
object when the aggregation parameter NΣ tends to infinity.

Proposition 4.8 (Validity of κΣ
∞). The function κΣ

∞ is a positive semi-
definite kernel on G(k, n). Moreover, it only depends on the principal
angles between the two subspaces.

Proof. The dependence on the principal angles follows directly from the
definition. We prove positive semi-definiteness by realising κΣ

∞ as the
expectation of a binary random feature kernel.

Let G ∈ Rn×n have independent standard Gaussian entries. For
U ∈ V(k, n), define

zU = 1√
k

tr(G⊤UU⊤).

Since zU is a linear combination of independent standard Gaussian
variables, it is Gaussian. Its variance is

E[z2
U ] =

1
k∥UU⊤∥2

F = 1,

because UU⊤ is an orthogonal projector of rank k. Thus zU is a centred
standard Gaussian random variable.

For two subspaces represented by U and V , we can find the covari-
ance by replacing the traces by Frobenius inner products,

E[zU zV ] =
1
k ⟨UU⊤, VV⊤⟩F = 1

k tr(UU⊤VV⊤).

The last trace is the projection kernel on the Grassmannian, thus we can
call the principal angles back in to find

tr(UU⊤VV⊤) = ∑k
i=1 cos2(θi).

Therefore the correlation between zU and zV is

ρ = E[zU zV ] =
1
k ∑k

i=1 cos2(θi).
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By Grothendieck’s identity [148, Lem. 3.6.5] or the result from [130,
Sec. 6.4],

E[sign(zU)sign(zV )] =
2
π arcsin(ρ) = κΣ

∞(U, V).

Now let U1, . . . , UN ∈ V(k, n) and c1, . . . , cN ∈ R. Then

∑N
i,j=1 cicjκ

Σ
∞(U i, U j) = E[(∑N

i=1 cisign(zU i))
2] ≥ 0.

Thus κΣ
∞ is positive semi-definite.

Prop. 4.8 shows that κΣ
∞ is a valid Grassmannian kernel with an ex-

plicit formula. We now show that this ideal kernel can be arbitrarily
close to κΣ at the cost of NΣ being larger.

Proposition 4.9. Let U, V ∈ Rn×n be two orthonormal bases with prin-
cipal angles θ1, . . . , θk, and let ψΣ be as defined earlier. Then, for some
absolute constant C > 0, we have

∣∣∣∣ 1
m E
[
⟨ψΣ(U), ψΣ(V)⟩

]
− κΣ

∞(U, V)

∣∣∣∣ ≤ C√
NΣ

.

Proof. See Sec. 4.4.2.

This proposition thus shows that an explicit formula for a kernel
is achievable at the cost of modifying slightly the embedding proce-
dure. Practically this will be close to κ± but it provides a usable formula
in contexts where an explicit formula is necessary as well as an inter-
pretable formula for a binary embedding in terms of principal angles.
The proof for this proposition is presented in Sec. 4.4.2 and experiments
validate the dependence of this approximation on NΣ in Sec. 4.7.2.

Since we keep this particular approximation strictly as a way to il-
lustrate the behaviour of κΣ as NΣ → ∞, we do not derive concentration
bounds for κ̂ Σ. For fixed subspaces, the empirical average in ψΣ remains
an average of independent bounded functions of ψ rop, so concentration
around its expectation is still expected. However, a full uniform anal-
ysis over G(k, n) is not needed for the role played by this construction
here.

4.4.2 Proof of Prop. 4.9

We first present the following result which will be necessary to obtain
a bound on the error between the expectation of κΣ and its explicit for-
mula.
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Lemma 4.4. Let

z :=
(

a⊤Pb
a⊤Qb

)
,

where P, Q ∈ Rn×n are two orthogonal projection matrices of rank k ≤ n
2 ,

and a, b ∼ N (0, In). Let Σ = Cov(z), and assume that Σ is invertible.
Then

E∥Σ−1/2z∥3
2 ≤ C,

for some absolute constant C > 0.

Proof. Let us first compute the covariance matrix of z.

z =

(
z1
z2

)
=

(
a⊤Pb
a⊤Qb

)
.

Since for two symmetric matrices A, B ∈ Rn×n and two independent
Gaussian vectors a, b ∼ N (0, In), we have

E[(a⊤Ab)(a⊤Bb)] = Ea

[
Eb[a⊤Abb⊤Ba]

]

= Ea

[
a⊤AInBa

]

= tr(ABEa[aa⊤])
= tr(AB),

(4.13)

and because P and Q are symmetric, we have

Σ =

(
E[z2

1] E[z1z2]
E[z1z2] E[z2

2]

)
=

(
k tr(PQ)

tr(PQ) k

)
.

This matrix is symmetric and can be diagonalised as Σ = XΛX−1,
where

X = 1√
2

(
1 1
1 −1

)
, Λ =

(
λ+ 0
0 λ−

)
,

with the corresponding eigenvalues

λ+ = k + tr(PQ), λ− = k− tr(PQ).

Since the object of interest in this proof is E∥Σ−1/2z∥3
2 we will now

focus on ∥Σ−1/2z∥2. Using the diagonalisation of Σ, we can express the
squared norm as

∥Σ−1/2z∥2
2 = z⊤(Σ−1/2)⊤Σ−1/2z = z⊤Σ−1z.
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Substituting Σ−1 = XΛ−1X⊤ into this expression gives:

∥Σ−1/2z∥2
2 = z⊤(XΛ−1X⊤)z = (X⊤z)⊤Λ−1(X⊤z).

We now define
(

u
v

)
:= X⊤z = 1√

2

(
1 1
1 −1

)(
z1
z2

)
=

( z1+z2√
2

z1−z2√
2

)
,

and therefore,

∥Σ−1/2z∥2
2 =

(
u v

) (λ−1
+ 0
0 λ−1

−

)(
u
v

)
= u2

λ+
+ v2

λ−
. (4.14)

Using this result we can write ∥Σ−1/2z∥2 =
√

u2

λ+
+ v2

λ−
, and since

√
x + y ≤ √x +

√
y for x, y ≥ 0, we have

∥Σ−1/2z∥2 ≤
√

u2

λ+
+
√

v2

λ−
= |u|

λ1/2
+

+ |v|
λ1/2
−

.

This allows us to bound ∥Σ−1/2z∥3
2. Since f (x) = x3 is convex for x ≥ 0

we can apply Jensen’s inequality which gives
(

a+b
2

)3
≤ a3+b3

2 .

This leads us to
(a + b)3 ≤ 4(a3 + b3),

and therefore we obtain:

∥Σ−1/2z∥3
2 ≤ 4 |u|

3

λ3/2
+

+ 4 |v|
3

λ3/2
−

.

We can then substitute the result from Eq. 4.14 and take expectations
(since the bound holds for every value of u and v) to get

E∥Σ−1/2z∥3
2 ≤ E

(
|u|

λ1/2
+

+ |v|
λ1/2
−

)3
≤ 4 E[|u|3]

λ3/2
+

+ 4 E[|v|3]
λ3/2
−

. (4.15)

All that remains now is to find bounds on E[|u|3] and E[|v|3]. Fol-
lowing the canonical representation of Grassmannian projectors given
in [47], and assuming k ≤ n/2, we can write,

U⊤ = (C, S, 0k×n−2k), V⊤ = (C,−S, 0k×n−2k),

where P = UU⊤, Q = VV⊤,

C = diag
(

cos(θ1/2), . . . , cos(θk/2)
)
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and
S = diag

(
sin(θ1/2), . . . , sin(θk/2)

)
.

With this representation, we have

P + Q =




2C2 0k×k 0k×n−2k
0k×k 2S2 0k×n−2k

0n−2k×k 0n−2k×k 0n−2k×n−2k


 ,

and

P−Q =




0k×k 2CS 0k×n−2k
2SC 0k×k 0k×n−2k

0n−2k×k 0n−2k×k 0n−2k×n−2k


 .

Using these block forms, we get

u = 1√
2

a⊤(P + Q)b

=
√

2 ∑k
j=1
(

cos2(θj/2)ajbj + sin2(θj/2)ak+jbk+j
)
,

and

v = 1√
2

a⊤(P−Q)b

=
√

2 ∑k
j=1 cos(θj/2) sin(θj/2)

(
ajbk+j + ak+jbj

)

= 1√
2 ∑k

j=1 sin(θj)
(
ajbk+j + ak+jbj

)
.

Let us first focus on u. By Cauchy-Schwarz applied to the random
variables |u| and u2 we have

E|u|3 = E[|u|u2] ≤
(
E[u2]

)1/2(
E[u4]

)1/2. (4.16)

Thus it is enough to find bounds on E[u2] and E[u4]. Let us define the
independent random variables

ξ j := ajbj, ξk+j := ak+jbk+j, 1 ≤ j ≤ k,

and the coefficients

αj :=
√

2 cos2(θj/2), αk+j :=
√

2 sin2(θj/2).

Then
u = ∑2k

ℓ=1 αℓξℓ.

The variables ξℓ are independent, centred, and satisfy

E[ξ2
ℓ ] = 1, E[ξ4

ℓ ] = E[a4]E[b4] = 9,
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since aj and bj are independent and since E[g4] = 3 for g ∼ N (0, 1).
Since u = ∑2k

ℓ=1 αℓξℓ, the multinomial expansion of u4 contains terms of
the form

αℓ1 αℓ2 αℓ3 αℓ4 ξℓ1 ξℓ2 ξℓ3 ξℓ4 .

Because the random variables ξℓ are independent and centred, every
term where at least one index has an odd power has zero expecta-
tion. Thus, the only surviving terms are those where all four indices are
equal, and those where two distinct indices each appear twice. There-
fore,

E[u4] = ∑2k
ℓ=1 α4

ℓE[ξ4
ℓ ] + 6 ∑1≤ℓ<r≤2k α2

ℓα2
r E[ξ2

ℓ ]E[ξ2
r ]

= 9 ∑2k
ℓ=1 α4

ℓ + 6 ∑1≤ℓ<r≤2k α2
ℓα2

r .

Now, (
∑2k

ℓ=1 α2
ℓ

)2
= ∑2k

ℓ=1 α4
ℓ + 2 ∑1≤ℓ<r≤2k α2

ℓα2
r .

Hence
9
(

∑2k
ℓ=1 α2

ℓ

)2
= 9 ∑2k

ℓ=1 α4
ℓ + 18 ∑1≤ℓ<r≤2k α2

ℓα2
r ,

which gives

9 ∑2k
ℓ=1 α4

ℓ + 6 ∑1≤ℓ<r≤2k α2
ℓα2

r ≤ 9
(

∑2k
ℓ=1 α2

ℓ

)2
.

Therefore,

E[u4] ≤ 9
(

∑2k
ℓ=1 α2

ℓ

)2
.

Moreover,

E[u2] = E
[(

∑2k
ℓ=1 αℓξℓ

)2]
= E

[
∑2k

ℓ=1 α2
ℓξ2

ℓ + 2 ∑1≤ℓ<r≤2k αℓαrξℓξr

]
.

Since the ξℓ are centred and independent, the cross terms have zero
expectation, and since E[ξ2

ℓ ] = 1 we get

E[u2] = ∑2k
ℓ=1 α2

ℓ .

Using the previous bounds along with Eq. 4.16, we obtain

E|u|3 ≤ 3
(

∑2k
ℓ=1 α2

ℓ

)3/2
.

Finally, writing c := cos(θj/2) and s := sin(θj/2))

∑2k
ℓ=1 α2

ℓ = 2 ∑k
j=1(c

4 + s4) = 2 ∑k
j=1
[
(c2 + s2)2 − 2c2s2]

= 2 ∑k
j=1
[
1− 1

2 sin2(θj)
]
= ∑k

j=1
(
1 + cos2(θj)

)

= k + tr(PQ) = λ+.
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Hence
E|u|3 ≤ 3λ3/2

+ .

Let us now focus on v. As for u, our goal is to bound E|v|3. By
Cauchy-Schwarz applied to the random variables |v| and v2, we have

E|v|3 = E[|v|v2] ≤
(
E[v2]

)1/2(
E[v4]

)1/2. (4.17)

It is therefore enough to control E[v2] and E[v4]. Recall that

v = 1√
2 ∑k

j=1 sin(θj)
(
ajbk+j + ak+jbj

)
.

Define the independent random variables

ηj := ajbk+j + ak+jbj, 1 ≤ j ≤ k,

and the coefficients
β j := 1√

2
sin(θj).

Then
v = ∑k

j=1 β jηj.

The variables ηj are independent and centred. Moreover,

E[η2
j ] = E[(ajbk+j)

2] + E[(ak+jbj)
2] = 2,

since the cross term has zero expectation. Similarly, since ajbk+j and
ak+jbj are independent and centred,

E[η4
j ] = E[(ajbk+j)

4] + E[(ak+jbj)
4] + 6E[(ajbk+j)

2]E[(ak+jbj)
2]

= 9 + 9 + 6 = 24.

We first compute the fourth moment. Similarly to what we did for u,
since v = ∑k

j=1 β jηj, the multinomial expansion of v4 contains terms of
the form

β j1 β j2 β j3 β j4 ηj1 ηj2 ηj3 ηj4 .

Because the random variables ηj are independent and centred, every
term where at least one index appears an odd number of times has zero
expectation. Thus, the only surviving terms are those where all four
indices are equal, and those where two distinct indices each appear
twice. Therefore,

E[v4] = ∑k
j=1 β4

j E[η4
j ] + 6 ∑1≤j<ℓ≤k β2

j β2
ℓE[η2

j ]E[η2
ℓ ]

= 24 ∑k
j=1 β4

j + 24 ∑1≤j<ℓ≤k β2
j β2

ℓ.
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Now, (
∑k

j=1 β2
j

)2
= ∑k

j=1 β4
j + 2 ∑1≤j<ℓ≤k β2

j β2
ℓ.

Hence
24
(

∑k
j=1 β2

j

)2
= 24 ∑k

j=1 β4
j + 48 ∑1≤j<ℓ≤k β2

j β2
ℓ,

which gives

24 ∑k
j=1 β4

j + 24 ∑1≤j<ℓ≤k β2
j β2

ℓ ≤ 24
(

∑k
j=1 β2

j

)2
.

Therefore,

E[v4] ≤ 24
(

∑k
j=1 β2

j

)2
.

We also have

E[v2] = E
[(

∑k
j=1 β jηj

)2]
= E

[
∑k

j=1 β2
j η2

j + 2 ∑1≤j<ℓ≤k β jβℓηjηℓ

]
.

Again since the ηj are centred and independent, the cross terms have
zero expectation, and since E[η2

j ] = 2 we get

E[v2] = 2 ∑k
j=1 β2

j .

Using the previous bounds along with Eq. 4.17, we obtain

E|v|3 ≤
(

2 ∑k
j=1 β2

j

)1/2(
24
(

∑k
j=1 β2

j

)2)1/2
=
√

6
(

2 ∑k
j=1 β2

j

)3/2
.

Finally,

2 ∑k
j=1 β2

j = ∑k
j=1 sin2(θj)

= k− tr(PQ)

= λ−.

Hence
E|v|3 ≤

√
6λ3/2
− .

We can now conclude. Using the bounds on E[|u|3] and E[|v|3]
along with Eq. 4.15, we get

E∥Σ−1/2z∥3
2 ≤ E

[
4 |u|

3

λ3/2
+

+ 4 |v|
3

λ3/2
−

]
≤ 12 + 4

√
6 ≤ C,

for some C > 0, which proves the result.
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Lem. 4.4 provides a bound on the third moment of z which will al-
low us to apply a multivariate Berry-Esseen theorem to the aggregated
variables. More precisely, it shows that the normalised third moment
remains bounded by an absolute constant, which is independent of the
subspace dimension k. This will allow us to compare the distribution of
the aggregated pair of rank-one projections with the Gaussian distribu-
tion, thereby allowing us to compare the expected signed kernel with
the corresponding Gaussian sign kernel, for which the classical arcsine
formula gives an explicit expression. Let us now prove Prop. 4.9.

Proof of Prop. 4.9

Proof. Throughout this proof we will use P := ϕ p(U) and Q := ϕ p(V).
Since the m coordinates of ψΣ(U) and ψΣ(V) are independent and iden-
tically distributed with respect to the index j, by linearity of expectation
it is enough to study one coordinate. We can thus fix j = 1 in ψΣ and
write ai1 as ai as well as bi1 as bi for clarity. We define

XNΣ := ∑NΣ
i=1 a⊤i UU⊤bi, YNΣ := ∑NΣ

i=1 a⊤i VV⊤bi.

Then
1
m E
[
⟨ψΣ(U), ψΣ(V)⟩

]
= E

[
sign(XNΣ)sign(YNΣ)

]
.

Since the sign is invariant under multiplication by a positive scalar, this
is also equal to

E
[
sign

(
XNΣ√

NΣ

)
sign

(
YNΣ√

NΣ

)]
.

We now define

zi :=
(

a⊤i UU⊤bi
a⊤i VV⊤bi

)
, s := 1√

NΣ
∑NΣ

i=1 zi =

(
XNΣ /

√
NΣ

YNΣ /
√

NΣ

)
.

The vectors zi are independent and identically distributed, centred, and
belong to R2.

Let Σ := Cov(zi), which will be the same for any value of i since all
random variables are i.i.d. . If UU⊤ = VV⊤ ↔ P = Q, then

1
m E
[
⟨ψΣ(U), ψΣ(V)⟩

]
= 1, 2

π arcsin
(

1
k ∑k

i=1 cos2(θi)
)
= 1,

so the result is immediate. We therefore assume in the rest of the proof
that P ̸= Q, so that Σ is invertible.

Let us compute Σ. Since P and Q are orthogonal projectors of rank
k, we know that

tr(PQ) = ∑k
l=1 cos2(θl).
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so we can compute

Σ =

(
E[(a⊤Pb)2] E[(a⊤Pb)(a⊤Qb)]

E[(a⊤Qb)(a⊤Pb)] E[(a⊤Qb)2]

)

=

(
k tr(PQ)

tr(PQ) k

)
,

where a, b are independent copies of the vectors ai, bi and where we
reused Eq. 4.13 from the proof of Lem. 4.4 to write E[(a⊤Pb)(a⊤Qb)] =
tr(PQ). Hence, if G = (G1, G2) ∼ N (0, Σ), the correlation coefficient
of G1 and G2 is

ρ := tr(PQ)√
k
√

k
= 1

k ∑k
l=1 cos2(θl).

We now compare the distribution of s to the Gaussian distribution
N (0, Σ). By the multivariate Berry-Esseen theorem for convex sets in
dimension 2 (see [20, Theorem 1.1] or [128, Theorem 1.1]), applied to

1√
NΣ

∑NΣ
i zi, for every convex set A ⊂ R2,

∣∣P(s ∈ A)−P(G ∈ A)
∣∣ ≤ C√

NΣ
βΣ,

with
βΣ := E∥Σ−1/2zi∥3,

for some absolute constant C > 0.
In order to show that we may apply the multivariate Berry-Esseen

theorem, we must observe that the value of E[sign(X)sign(Y)] depends
on the probability of

(
X Y

)⊤ being in one of the four orthants of R2.
Let us focus on the first quadrant

A+ := {(x, y) ∈ R2 : x > 0, y > 0},

which is convex. Therefore,
∣∣P(s ∈ A+)−P(G ∈ A+)

∣∣ ≤ C√
NΣ

βΣ. (4.18)

Next, denoting the first element of s by sNΣ,1 and the second by sNΣ,2,
and using the symmetry with respect to the origin, s satisfies

P(sNΣ,1 > 0, sNΣ,2 > 0) = P(sNΣ,1 < 0, sNΣ,2 < 0),

and similarly for G. Therefore if we denote the four quadrants of R2 by
Q1, . . . , Q4, we have

E[sign(sNΣ,1)sign(sNΣ,2)] = P(Q1)−P(Q2) + P(Q3)−P(Q4).
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By symmetry, P(Q1) = P(Q3) = P(s ∈ A+) and P(Q2) = P(Q4) =
1/2−P(A+), which gives

E[sign(sNΣ,1)sign(sNΣ,2)] = 4P(s ∈ A+)− 1.

and
E[sign(G1)sign(G2)] = 4P(G ∈ A+)− 1.

Combining these identities with Eq. 4.18 gives
∣∣∣E[sign(XNΣ)sign(YNΣ)]−E[sign(G1)sign(G2)]

∣∣∣ ≤ C√
NΣ

βΣ, (4.19)

with an absolute constant C > 0.
Finally, since (G1, G2) is a centred bivariate Gaussian vector with

correlation coefficient ρ, we can use Grothendieck’s identity [148,
Lem. 3.6.6] or the result from [130, Sec. 6.4]

E[sign(G1)sign(G2)] =
2
π arcsin(ρ) = 2

π arcsin
(

1
k ∑k

i=1 cos2(θi)
)

.

Injecting this identity into Eq. 4.19, we obtain
∣∣∣∣ 1

m E
[
⟨ψΣ(U), ψΣ(V)⟩

]
− 2

π arcsin
(

1
k ∑k

i=1 cos2(θi)
)∣∣∣∣ ≤ C√

NΣ
βΣ.

Using the constant used for bounding βΣ from Lem. 4.4 and absorbing
this constant into C yields the desired result:

∣∣∣∣ 1
m E
[
⟨ψΣ(U), ψΣ(V)⟩

]
− 2

π arcsin
(

1
k ∑k

i=1 cos2(θi)
)∣∣∣∣ ≤ C√

NΣ
,

for some C > 0.

4.5 Periodic random features for Grassmannian kernels

We now turn to the second bounded non-linear function considered in
this chapter, namely the complex exponential. As in the signed case
we are going to compose the rank-one projection operator ψ rop with a
bounded function applied componentwise. However, the resulting em-
bedding behaves quite differently here since it takes values in a com-
plex space rather than in {±1}m.

Another important difference is that the kernel induced by this em-
bedding admits a closed-form expression in terms of the principal an-
gles between subspaces. This allows us to analyse its behaviour more
explicitly, in particular through a frequency parameter ω, and to relate
it to more classical Grassmannian kernels for different values of this
parameter.
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4.5.1 Definition

We apply to the ROP operator ψ rop the bounded function g(λ) =
exp(iωλ), where ω ∈ R is a frequency parameter. The resulting pe-
riodic random feature map ψ◦ = g ◦ ψ rop is reminiscent of the random
Fourier features of [125], where random projections are followed by
a periodic non-linear function. Given m random vectors ai, bi ∼i.i.d.
N (0, In), for 1 ≤ i ≤ m, we define

ψ◦(U) :=
(

exp(iω a⊤i ϕ p(U)bi)
)m

i=1
, U ∈ V(k, n). (4.20)

We can then show that the empirical kernel κ̂ ◦ := 1
m ⟨ψ◦(U), ψ◦(V)⟩ be-

tween two k-dimensional subspace bases U, V ∈ V(k, n) is an unbiased
estimator of the following kernel.

Proposition 4.10 (Validity of κ◦). Given U, V ∈ V(k, n), with princi-
pal angles θ1, . . . , θk between them, and ψ◦ defined as above, the kernel κ◦

is positive-definite, symmetric and only depends on the principal angles
between the two subspaces U and V . Moreover,

κ◦(U, V) := Eκ̂ ◦(U, V) = ∏k
j=1(1 + ω2 sin2 θj)

−1. (4.21)

Proof. The symmetry and positive-semidefiniteness of κ◦ are proved
similarly to those of κ±. Regarding the dependence of κ◦ on the sub-
space principal angles, we first note that, given U, V ∈ V(k, n) and the
random vectors a, b ∼i.i.d. N (0, In),

κ◦(U, V) = Eκ̂ ◦(U, V) = E exp(iωa⊤(P−Q)b),

with the projectors P = UU⊤ and Q = VV⊤. The rotational invari-
ance of the random vectors a and b thus shows that κ◦ is rotationally
invariant, i.e., κ◦(U, V) = κ◦(RU, RV), for any rotation R ∈ SO(n).
From Thm. 2.1, κ◦(U, V) only depends on the principal angles between
U and V . Moreover, following [47], we can always apply a rotation
R such that U and V are “rotated” to make angles ±θj/2 around the
identity, i.e.,

U⊤ = (C, S, 0k×n−2k) ∈ Rk×n, V⊤ = (C,−S, 0k×n−2k) ∈ Rk×n,

with
C = diag

(
cos(θ1/2), . . . , cos(θk/2)

)

and
S = diag

(
sin(θ1/2), . . . , sin(θk/2)

)
.
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Using this representation, a few computations show that, up to a
permutation matrix Π ∈ {0, 1}n×n, P−Q is block-diagonal with k in-
dependent 2× 2 blocks, i.e., P−Q = Π⊤ΓΠ, with

Γ := bdiag
(

sin θ1

(
0 1
1 0

)
, . . . , sin θk

(
0 1
1 0

)
, 0, . . . , 0

)
∈ Rn×n,

where we append as many zeros as necessary to get an n × n matrix.
Since the distribution of the vectors a and b is permutation invariant,
a⊤(P −Q)b is distributed as a⊤Γb, so that κ◦(U, V) = E exp(ia⊤Γb).
However, since a⊤Γb = ∑k

j=1 sin θ2j(a2jb2j+1 + a2j+1b2j), we get from
the independence of the components of a and b,

κ◦(U, V) = ∏k
j=1 E exp(i a2jb2j+1 sin θj)E exp(i b2ja2j+1 sin θj)

= ∏k
j=1
(
E exp(i sin θjgg′)

)2,

f with g, g′ ∼i.i.d. N (0, 1). Defining u = (g + g′)/
√

2, v = (g− g′)/
√

2,
we observe that gg′ = 1

2 (u
2 − v2) with independent u, v ∼ N (0, 1),

i.e., 2gg′ is the difference of two independent χ2-distributions with one
degree of freedom. Since for any t ∈ R EeitX = (1− 2it)−1/2 if X ∼ χ2

1,
we obtain for any α ∈ R,

E exp(iαgg′) = (1− iα)−1/2(1 + iα)−1/2 = (1 + α2)−1/2.

This means that,

κ◦(U, V) =
k

∏
j=1

(
E exp(iω gg′ sin θj)

)2

=
k

∏
j=1

(1 + ω2 sin2 θj)
−1,

which completes the proof.

Remark 4.2. While the periodic random feature ψ◦ defined in Eq. 4.20 is
complex, the resulting kernel κ◦ is real, i.e., the imaginary part of κ̂ ◦ vanishes
in expectation. Moreover, we show easily that the 2m-component periodic
random feature map

ψ◦′(U) :=
(ℜ(ψ◦(U))
ℑ(ψ◦(U))

)
, (4.22)

provides also an unbiased estimator of κ◦(U, V) via 1
m ⟨ψ◦′(U), ψ◦′(V)⟩ since

⟨ψ◦′(U), ψ◦′(V)⟩ = ℜ
(
⟨ψ◦(U), ψ◦(V)⟩

)
.
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Just like we did for κ±, we now consider the approximation error
we make by replacing κ◦ by κ̂ ◦. We first study a bound on the point-
wise approximation error, i.e., the absolute error made on a fixed pair
of subspaces.

Proposition 4.11 (Pointwise approximation error of κ◦ by κ̂ ◦).
Given two subspace bases U, V ∈ V(k, n), the m-component periodic
random feature map ψ◦ in Eq. 4.20 and related to m i.i.d. Gaussian ran-
dom vectors aj, bj ∼ N (0, In), and an error δ > 0, we have

P
(∣∣ 1

m ⟨ψ◦(U), ψ◦(V)⟩ − κ◦(U, V)
∣∣ < δ

)
≥ 1− 4 exp(− 1

4 mδ2).

Proof. Defining the m i.i.d. complex random variables

Xj := ψ◦ j(U)ψ◦∗j (V), for 1 ≤ j ≤ m,

we have

mκ̂ ◦(U, V) = ∑m
j=1 Xj, mκ◦(U, V) = ∑m

j=1 EXj

and

P
[
|κ̂ ◦(U, V)− κ◦(U, V)| ≥ δ

]

≤ P
[
| 1

m ∑m
j=1ℜ(Xj)−ℜ

(
κ◦(U, V)

)
| ≥ δ/

√
2
]

+ P
[
| 1

m ∑m
j=1ℑ(Xj)−ℑ

(
κ◦(U, V)

)
| ≥ δ/

√
2
]
.

Since max(|ℜ(Xj)|, |ℑ(Xj)|) ≤ 1, Hoeffding’s inequality provides

P[| 1
m ∑m

j=1ℜ(Xj)−ℜκ◦(U, V)| ≥ δ/
√

2] ≤ 2 exp(− 1
4 mδ2),

and similarly for the imaginary part. Gathering the bounds provides
the result.

Armed with these results we can now attack the uniform bound in
the same way as we did for κ±. The statement and the proof follow a
very similar pattern.
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Proposition 4.12 (Uniform approximation error for κ̂ ◦ ≈ κ◦). Given
a distortion δ > 0, and some absolute constants C, C′, c > 0, if

m ≥ Cδ−2nk log(ω
√

kn/δ),

then

sup
U,V∈V(k,n)

∣∣κ̂ ◦(U, V)− κ◦(U, V)
∣∣ ≤ δ

with probability at least 1− C′ exp(−cδ2m), for some absolute constant
c, c0 > 0.

Proof. The proof for this proposition is delayed to Sec. 4.5.2 for more
clarity.

Prop. 4.12 shows that, as in the signed case, a number of random
features proportional to the intrinsic dimension nk of the problem (up
to log factors) is sufficient to obtain a uniform approximation of the
target kernel with high probability.

Remark 4.3. The uniform guarantees of Prop. 4.12 and Prop. 4.4 are worst-
case results over all pairs of k-dimensional subspaces in Rn. Their dependences
on nk are therefore coherent with the intrinsic dimension of G(k, n). It may
be possible to improve requirements on m when restricting the approximation
to structured subsets of G(k, n), for instance subspaces with sparse bases, or
subspaces satisfying additional constraints on their principal angles. In this
case, the proof would require replacing the covering number of the full Grass-
mannian by a covering number adapted to the restricted class. We leave this
direction for future work.

4.5.2 Proof of Prop. 4.12

In this section we prove the uniform concentration result stated in
Prop. 4.12.

Proof. Given a radius ϵ > 0 to be fixed later, we know from Prop. 4.5
that there exists an ϵ-covering Nϵ ⊂ G(k, n) of G(k, n) with cardinality
|Nϵ| ≤ (18

√
k/ϵ)(2n+1)k. As in the proof of Prop. 4.4, we consider a

set Vϵ ⊂ V(k, n) such that for any U∗ ∈ Vϵ, P∗ := U∗U∗⊤ ∈ Nϵ, and
such that each P∗ ∈ Nϵ is represented by a unique basis in Vϵ, i.e.,
|Vϵ| = |Nϵ|.

The proof proceeds in a similar way to that of Prop. 4.4, by decom-
posing the approximation error into three terms and then controlling
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each term separately. For arbitrary U, V ∈ V(k, n) and associated net
points U∗, V∗ ∈ Vϵ, with projectors P∗ = U∗U∗⊤ and Q∗ = V∗V∗⊤, we
write ∣∣κ̂ ◦(U, V)− κ◦(U, V)

∣∣ ≤ T1 + T2 + T3,

with T1 :=
∣∣κ̂ ◦(U, V)− κ̂ ◦(U∗, V∗)

∣∣, T2 :=
∣∣κ̂ ◦(U∗, V∗)− κ◦(U∗, V∗)

∣∣,
and T3 :=

∣∣κ◦(U∗, V∗)− κ◦(U, V)
∣∣.

We now bound each of the three terms by δ/3 in order to ensure a
total approximation error bounded by δ.

(a) Bound on T1: Let us first consider the event E1 := { 1
mn ∑m

j=1(∥aj∥2
2 +

∥bj∥2
2) ≤ 3}. Since aj, bj ∼i.i.d. N (0, In), the random variable Z :=

∑m
j=1(∥aj∥2

2 + ∥bj∥2
2) is distributed as a χ2

2mn-distribution with 2mn de-
grees of freedom, and EZ = 2mn. Moreover, by the Laurent–Massart
inequality [95, Lemma 1], there exist absolute constants c > 0 such that

P(E1) ≥ 1− exp(−cmn). (4.23)

Let us assume that E1 holds. For any P, Q ∈ G(k, n), let f (P, Q) :=
1
m ∑m

j=1 exp
(
iωa⊤j (P − Q)bj

)
, and P∗, Q∗ ∈ G(k, n) be associated net

points with ∥P− P∗∥F ≤ ϵ and ∥Q−Q∗∥F ≤ ϵ. Then

mT1 = m| f (P, Q)− f (P∗, Q∗)| ≤ ∑m
j=1
∣∣ exp

(
iωa⊤j (P−Q)bj

)

− exp
(
iωa⊤j (P

∗ −Q∗)bj
)∣∣.

Using | exp(ix)− exp(iy)| ≤ |x− y| for any x, y ∈ R, we obtain

m| f (P, Q)− f (P∗, Q∗)| ≤ ω ∑m
j=1
∣∣a⊤j

(
(P− P∗)− (Q−Q∗)

)
bj
∣∣.

Hence, by the triangle inequality,

| f (P, Q)− f (P∗, Q∗)| ≤ ω
m ∑m

j=1

(
|a⊤j (P− P∗)bj|+ |a⊤j (Q−Q∗)bj|

)
.

Using Cauchy–Schwarz gives |a⊤j (P − P∗)bj| = |⟨P − P∗, ajb⊤j ⟩| ≤
∥P − P∗∥F∥aj∥2∥bj∥2, and similarly for Q. Using ∥P − P∗∥F ≤ ϵ,
∥Q−Q∗∥F ≤ ϵ and ∥x∥∥y∥ ≤ (∥x∥2 + ∥y∥2)/2 yields

T1 = | f (P, Q)− f (P∗, Q∗)| ≤ 2ωϵ
m ∑m

j=1 ∥aj∥2∥bj∥2

≤ ωϵ
m ∑m

j=1
(
∥aj∥2

2 + ∥bj∥2
2
)
.

Therefore, under the event E1, T1 ≤ 3ωnϵ. In particular, choosing ϵ =
δ

9ωn ensures T1 ≤ δ
3 .

(b) Bound on T2: We now control the second term T2. For any fixed
U∗, V∗ ∈ Vϵ, with associated projectors P∗ = ϕ p(U∗) and Q∗ =
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ϕ p(V∗), Prop. 4.11 ensures the existence of absolute constants C, c > 0
such that

P
(∣∣κ̂ ◦(U∗, V∗)− κ◦(U∗, V∗)

∣∣ ≥ δ
3

)
≤ C exp(−cmδ2).

Let us define the second event

E2 =
{
∀U∗, V∗ ∈ Vϵ,

∣∣κ̂ ◦(U∗, V∗)− κ◦(U∗, V∗)
∣∣ < δ

3

}
.

Since |Vϵ| = |Nϵ|, a union bound over all pairs U∗, V∗ ∈ Vϵ yields

P(E c
2) ≤ C|Nϵ|2 exp(−cmδ2).

Using the covering bound from Prop. 4.5 with the value of ϵ = δ/9ωn
set above, we have |Nϵ| ≤ (18

√
k/ϵ)(2n+1)k ≤ (162ω

√
kn/δ)(2n+1)k,

and hence, for some absolute constants C, C′, c > 0,

P(E c
2) ≤ C exp

(
C′nk log(ω

√
kn/δ)− cmδ2

)
.

In particular, updating the constants, if

m ≥ Cδ−2nk log(ω
√

kn/δ),

then P(E c
2) ≤ C′ exp(−cmδ2). Under this condition, T2 ≤ δ

3 si-
multaneously for all pairs of U∗, V∗ ∈ Vϵ with probability at least
1− C′ exp(−cmδ2).
(c) Bound on T3: We now control the deterministic term

T3 =
∣∣κ◦(U, V)− κ◦(U∗, V∗)

∣∣.

Let us define for P, Q ∈ G(k, n), h(P, Q) = exp
(
iωa⊤(P − Q)b

)
, so

that κ◦(U, V) = E[h(P, Q)]. By linearity of expectation and the triangle
inequality,

T3 ≤ E
[
|h(P, Q)− h(P∗, Q∗)|

]
.

Using again | exp(ix) − exp(iy)| ≤ |x − y|, we obtain by Cauchy–
Schwarz

|h(P, Q)− h(P∗, Q∗)| ≤ ω
(
|a⊤(P− P∗)b|+ |a⊤(Q−Q∗)b|

)

≤ ω(∥P− P∗∥F + ∥Q−Q∗∥F)∥a∥2∥b∥2,

so that, taking expectations, using E[∥a∥2∥b∥2] ≤ n and the value of ϵ
set above,

T3 ≤ ω
(
∥P− P∗∥F + ∥Q−Q∗∥F

)
E[∥a∥2∥b∥2] ≤ 2ωnϵ ≤ 2

9 δ < 1
3 δ,
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which holds uniformly over all U, V ∈ V(k, n).

Final bound: We now combine the bounds T1 ≤ δ/3, T2 ≤ δ/3, and T3 ≤
δ/3 obtained above, as well as the probabilities (by union bound) and
conditions under which they hold. We proved that P[T1 ≤ δ/3|E1] =
1 and P[T2 ≤ δ/3|E2] = 1, with also P[T3 ≤ δ/3] = 1. Therefore,
P[T1 + T2 + T3 > δ] ≤ P[T1 > δ/3] + P[T2 > δ/3]. However,

P[T1 > δ/3] = 1−P[T1 ≤ δ/3|E1]P[E1]−P[T1 ≤ δ/3|E c
1 ]P[E c

1 ]

= 1−P[E1]−P[T1 ≤ δ/3|E c
1 ]P[E c

1 ] ≤ P[E c
1 ],

and, similarly, P[T2 > δ/3] ≤ P[E c
2 ]. This shows that, for some con-

stants C, C′, c > 0, provided that

m ≥ Cδ−2nk log(ω
√

kn/δ),

with probability exceeding 1 − P(E c
1) − P(E c

2) ≥ 1 − C′ exp(−cδ2m),
we have

sup
U,V∈V(k,n)

∣∣κ̂ ◦(U, V)− κ◦(U, V)
∣∣ = T1 + T2 + T3 ≤ δ,

which concludes the proof.

4.5.3 Properties

We conclude this section by studying the shape and properties of the
kernel κ◦ and its dependence on the frequency parameter ω; in particu-
lar, we show below that this parameter determines two specific regimes
where κ◦ is either close to the projection kernel or to a kernel that is rem-
iniscent of the Binet-Cauchy kernel. The first regime is valid at large
frequency.

Proposition 4.13 (Large-frequency regime of κ◦). Let us consider two
subspace bases U, V ∈ V(k, n) with projectors P and Q and principal
angles 0 < θ1 ≤ · · · ≤ θk ≤ π

2 . We have

limω→+∞ ω2kκ◦(U, V) = ∏k
j=1(sin2 θj)

−1 = pdet(P(In−Q)P)−1.

Proof. This is a direct consequence of Eq. 4.21.

Interestingly, we can relate the shape of κ◦ in this large-frequency
limit to an extension of the Binet-Cauchy kernel. Generalising this ker-
nel to subspaces U1 and U2 of different dimensions (k1 and k2, respec-
tively) and principal angles {θ′j}

min(k1,k2)
j=1 , through the definition

limω→+∞ ω2kκ◦(U, V) := ∏min(k1,k2)
j=1 cos2 θ′j,
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we get, under the conditions of Prop. 4.13 and if k < n/2,

κ◦(U, V) = κBC(U, V⊥)−1,

since U and V⊥ then make k principal angles {π
2 − θj}k

j=1 [113, 94].
Following a previous interpretation, this shows also that, in this regime,
the kernel κ◦(U, V) is inversely proportional to the volume made by the
basis U when projected onto V .

The second regime is reached at small frequency. We show below
that κ◦ then mimics a radial basis function (RBF) kernel (see Eq. 2.15).

Proposition 4.14 (Small-frequency regime of κ◦). Let us consider two
subspace bases U, V ∈ V(k, n) with projectors P and Q. We have
∣∣κ◦(U, V)− exp

(
− 1

2 ω2∥P−Q∥2
F
)∣∣ ≤ 1

4 ω4∥P−Q∥2
F ≤ k

2 ω4.

Proof. Given the two subspace principal angles {θj}k
j=1, since

log κ◦(U, V) = −
k

∑
j=1

log(1 + ω2 sin2 θj) and | log(1 + t)− t| ≤ t2/2

for any t > 0, we get

| log κ◦(U, V) + ω2
k

∑
j=1

sin2 θj| ≤
1
2

ω4
k

∑
j=1

sin4 θj ≤
1
2

ω4
k

∑
j=1

sin2 θj.

Therefore, since |eu − ev| ≤ max(eu, ev)|u− v| for real u and v, we get
∣∣κ◦(U, V)− exp(−ω2 ∑k

j=1 sin2 θj)
∣∣ ≤ 1

2 ω4 ∑k
j=1 sin2 θj,

where we used the fact that, by design,

κ◦(U, V) ≤ 1, and exp(−ω2
k

∑
j=1

sin2 θj) ≤ 1.

The result is obtained by observing that 2 ∑k
j=1 sin2 θj = ∥P−Q∥2

F.

In summary, Props. 4.13 and 4.14 show that κ◦ can adopt two dis-
tinct behaviours: at large frequency (ω ≫ 1) κ◦(U, V) is related to a
variant of the Binet-Cauchy kernel between U and the orthogonal sub-
space V⊥; it is also more sensitive to small changes in the subspace prin-
cipal angles. By contrast, at low frequency ω, κ◦ is well approximated
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by a RBF kernel in the projection distance ∥P−Q∥F. This gives a func-
tion more tolerant to small variations of angles. These characteristics
are numerically confirmed in Sec. 4.7 when comparing 2-dimensional
subspaces. In practice, choosing ω amounts to trading off sensitivity to
fine geometric variations against stability.

4.6 Computational and memory costs

The rapidity and efficiency with which we compute the three random
feature maps ψ±, ψΣ and ψ◦ (introduced in Sec. 4.3 and 4.5) on sub-
spaces of G(k, n) depend on those of the ROP projection operator ψ rop.

A priori, when we compute the m-component ROP ψ rop(U) of a
subspace basis U ∈ V(k, n), each component 1 ≤ j ≤ m of ψ rop re-
quires storing O(n) values from the random generation of the probing
vectors aj, bj ∼i.i.d. N (0, In). It also needs O(kn) operations from the
cost of computing a⊤j UU⊤bj from the inner product of āj := U⊤aj and

b̄j := U⊤bj. This way of factoring the computation also requires stor-
ing O(km) intermediate values, those from the k-component vectors āj
and b̄j, and an additional computational complexity O(km) for the in-
termediate inner products evaluation. Consequently, the projection of
one subspace into Rm through ψ rop needs a total storage ofO(mn+ km)
values and a computational complexity of O(kmn + km) = O(kmn).

Regarding the complexities of ψ± and ψ◦, considering that evaluat-
ing their respective non-linear functions brings negligible extra compu-
tations, we established through Props. 4.4 and 4.12 that we must take
m = O(δ−2kn) random features, up to log factors, to ensure that the ap-
proximation error of the target kernels is uniformly bounded by δ > 0.
The overall memory complexity of ψ± and ψ◦ is thusO(δ−2(kn2 + k2n))
with a computational complexity of O(δ−2k2n2).

Overall, for large values of k and n, these complexities are lower
than those of the dense random projections Ψ introduced in Sec. 4.2.
Since dense random projections require us to pick m = O(δ−2k3n) pro-
jections to approximate the projection kernel with uniform error δ, they
have a complexity O(δ−2k3n3) for both storing the m probing matri-
ces of size n2 and computing the m dense projections. Nevertheless,
the complexities discussed so far describe the cost of embedding a sin-
gle subspace and do not explicitly take into account the number N of
instances in a dataset. This dependence is important when compar-
ing random features with the direct use of Grassmannian kernels since
random-feature methods require embedding each of the N instances,
whereas exact kernel methods require pairwise kernel evaluations and

| 141



4 | Approximating Grassmannian kernels with random
features

Random feat. # of feat. m Memory Computation Bound Target kernel

Dense Ψ O(δ−2k3n) O(δ−2k3n3) O(δ−2k3n3) Prop. 4.1 Proj. kernel κp

Binary ψ± O(δ−2kn) O(δ−2kn2) O(δ−2k2n2) Prop. 4.4 New kernel: κ±

Aggregated ψΣ O(δ−2kn) O(δ−2kn2NΣ) O(δ−2k2n2NΣ) Assumed Close to κΣ
∞

Periodic ψ◦ O(δ−2kn) O(δ−2kn2) O(δ−2k2n2) Prop. 4.12 New kernel: κ◦

Table 4.1 Computational and memory complexities per instance for k-dimensional
subspaces of Rn to get a uniform approximation error δ > 0 between the empirical
kernel and the related target kernel.

Method Computation Memory

Exact kernels κp, κBC, κ◦, κΣ
∞ O(N2nk2) O(N2)

Binary/periodic ROP ψ±, ψ◦ O(Nk2n2) O(kn2 + Nkn)

Dense embedding ψ d O(Nk3n3) O(k3n3 + Nk3n)

Table 4.2 Computational and memory complexities for N subspaces of dimension k
in Rn. For the random-feature methods, we use the number of features required to ob-
tain a fixed uniform approximation error δ, i.e., , m = O(kn) for the binary and periodic
ROP embeddings and m = O(k3n) for the dense embedding, up to log factors. For the
direct kernel methods, the computation includes constructing the N×N Gram matrix.
For the random-feature methods, it is equivalent to embedding all N subspaces, and
the memory includes both the random vectors and the resulting feature representa-
tions. Methods with the same complexities are grouped together.

the storage of an N × N Gram matrix. Consequently, exact kernels
may remain computationally more efficient for small datasets, while
random-feature methods become increasingly interesting as N grows,
since their computation and storage scale linearly rather than quadrat-
ically with N. We provide this comparison in Tab. 4.2.

The computational and memory requirements for the embedding
procedure will be further alleviated in Chap. 5 where we will intro-
duce structured embeddings and Optical Processing Units, capable of
replicating the effects of ψ rop. The per-instance complexity results are
summarised in Tab. 4.1, while the equivalent table taking the dataset
size into account can be found in Tab. 4.2.

Remark 4.4. The computational complexities shown in Tables 4.1 and 4.2
count the total number of operations and should thus not be interpreted as ex-
ecution times on a particular hardware architecture. It should be noted that
random projections are naturally well suited to parallel computation, since
they can be formulated with matrix operations that are efficiently parallelised
on GPUs [143, 76]. Dense random projections can especially benefit from
highly optimised parallel matrix operations, while ROP and structured pro-
jections can also be parallelised. GPU computation could therefore substan-
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tially reduce practical execution times compared with a CPU implementation,
without changing the asymptotic number of operations required by the differ-
ent methods. The complexity comparisons above should thus be understood
as comparisons of the total computational work involved, rather than as direct
predictions of running time.

Similarly, the memory costs assume that the random operators are ex-
plicitly stored. When the random matrices or vectors are generated pseudo-
randomly, we may instead store only the random seed and regenerate their co-
efficients when required. This can strongly reduce their storage requirements.
It does not, however, remove the need to generate and apply these coefficients,
and therefore does not eliminate their computational cost. Depending on the
implementation, regenerated coefficients may also need to be stored temporar-
ily or generated progressively during the computation.

4.7 Experiments

In this section we demonstrate experimentally the results developed
in theory in the previous section. We start with some experiments to
confirm the results in expectation of our kernels? We then analyse the
geometric properties of those. Finally, we demonstrate on a real dataset
how our kernel approximations can be used in a real setting.

4.7.1 Dense projections versus rank-one projections

As a first analysis, we want to stress the computational advantage of us-
ing (unbounded) rank-one projections instead of dense Gaussian pro-
jections with the objective of approximating the projection kernel κp.
Indeed, the related empirical kernels both approximate κp, but their
computational and memory costs differ substantially, since dense pro-
jections require storing m full n× n matrices while ROP features only
require m pairs of vectors in Rn. We remind that, as stated in Sec. 4.2.2,
while unbounded ROPs allow for an approximation of the κp on finite
datasets, they are theoretically not optimal when we target a uniform
characterisation of this kernel over the whole space G(k, n).

To this end, we generate 100 pairs of subspaces in G(5, 100) with
pre-selected principal angles. For each value of m, we compare the
approximated κ̂ d and κ̂ rop with the exact projection kernel κp. The ex-
periment is repeated five times, and Fig. 4.3 shows the average mean
and maximum absolute errors of these approximations.

Both empirical kernels converge to κp as m increases. Dense projec-
tions are slightly more accurate, however this comes at a much larger
computational and memory cost. In this setting, storing dense matri-

| 143



4 | Approximating Grassmannian kernels with random
features

101 102 103

Embedding dimension m

10−1

100

A
b

so
lu

te
er

ro
r

Dense, max error

ROP, max error

Dense, mean error

ROP, mean error

Fig. 4.3 Approximation of the projection kernel with κ̂ d and κ̂ rop on G(5, 100). Both
empirical kernels target κp. Both approximations converge, although dense projections
are slightly more accurate, this comes at the cost of a much higher computational and
memory requirements.

ces requires mn2 real values, whereas storing ROP vectors requires only
2mn. For m = 2000, this makes κ̂ d about 50× less efficient than κ̂ rop in
terms of memory and about 125× slower in terms of execution time.
This illustrates the trade-off between a slight accuracy gain and com-
putational efficiency, thus motivating the use of rank-one projections.

4.7.2 Comparing the kernels

We then illustrate the geometry of the periodic Grassmann kernel in the
simple case k = 2. Using the closed form expression, we evaluate κ◦ on
a uniform grid of principal angles (θ1, θ2) ∈ [0, π/2]2 and display the
resulting 200× 200 heatmaps for three values of ω ∈ {0.5, 1, 2}.

We also execute the same experiment using the exact projection ker-
nel κp, the Binet-Cauchy kernel κBC and the empirical sign kernel κ±,
evaluated with the formula of Prop. 4.2. The corresponding heat maps
are illustrated in the lower row of Fig. 4.4. We see that all four kernels
share the property of being large when the principal angles are small
but their behaviour varies slightly as shown by the level curves. κBC

and κ◦ with large ω show more sensitivity for small angles, κp, κ± and
κ◦ with reasonable ω are well spread, and κ◦ with small ω shows a lot
less sensitivity to large angles. This confirms that κ◦ gives a trade-off
between a locally and a globally sensitive similarity metric on G(2, n).

Next, in order to illustrate Prop. 4.9, we numerically compare the
expected aggregated kernel κΣ with its explicit approximation κΣ

∞. We
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Fig. 4.4 Top: geometry of the periodic Grassmannian kernel κ◦ for k = 2 for various
ω. Bottom: comparison between the projection, Binet-Cauchy and sign kernels (all
normalised to [0, 1]) with k = 2.

estimate κΣ directly by sampling independent aggregated coordinates
for various values of NΣ.

We test several configurations of principal angles. We take n = 512
and consider the cases k = 1, 2, 3. For k = 1, we use 25 angles uniformly
spaced between 0 and π/2. For k = 2 and k = 3, we use 25 principal-
angle vectors sampled uniformly at random from [0, π/2]k.

For each value of NΣ and each principal-angle configuration, we
generate m = 5× 103 independent aggregated coordinates and com-
pute

κ̂ Σ(U, V) = 1
m ⟨ψΣ(U), ψΣ(V)⟩.

Keeping m deliberately large allows us to focus our attention on the
effects of NΣ. We then compare this estimate with the explicit limiting
approximation

κΣ
∞(U, V) = 2

π arcsin
(

1
k ∑k

i=1 cos2 θi

)
.

We consider several values of NΣ. For each k and each value of NΣ,
we compute the absolute error |κ̂ Σ − κΣ

∞| for all tested principal-angle
configurations, and show the average of these errors. The resulting
curves are plotted as functions of NΣ, along with a reference (dotted)
line proportional to N−1/2

Σ .
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Fig. 4.5 Numerical verification of the convergence of κΣ to κΣ
∞ for n = 512 and k =

1, 2, 3. For each value of NΣ, we test 25 configurations of principal angles and estimate
the expectation defining κΣ using 5× 103 samples per configuration. The curves show
the average absolute error |κ̂ Σ− κΣ

∞| over the tested angle configurations, together with
a reference N−1/2

Σ decay.

The results are shown in Fig. 4.5. For all three values of k, the em-
pirical error decreases as NΣ increases. This is consistent with Prop. 4.9,
which theoretically shows convergence of the aggregated kernel to-
wards the explicit expression κΣ

∞ as the number of aggregated rank-one
terms increases. The three curves also show a similar dependence on
NΣ for the different values of k. This is consistent with the bound of
Prop. 4.9, whose convergence rate O(N−1/2

Σ ) does not depend on the
subspace dimension k. Testing k = 1, 2, 3 therefore allows us to verify
empirically that increasing the subspace dimension does not substan-
tially alter the observed convergence towards κΣ

∞ in these experiments.

4.7.3 Error analysis

In this experiment, we study the empirical decay of the approximation
error for a fixed pair of orthogonal subspaces (similarly to the experi-
ment of Sec. 3.5.1). We take n = 512 and k = 9. We take U = (e1, . . . , ek)
and V = (ek+1, . . . , e2k), with ei the ith vector of the canonical basis, such
that all principal angles between these two subspaces are π/2.

This choice gives us an explicit target value. For the signed ker-
nel, the random variables defining the two signs are independent and
symmetric, hence

κ±(U, V) = 0.
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For the periodic kernel, the closed form of κ◦ gives

κ◦(U, V) = ∏k
j=1(1 + ω2 sin2 θj)

−1 = (1 + ω2)−k.

We set ω = 1, so that the target value for κ◦ is 2−k.
For each value of m, we compute the empirical kernels κ̂ ±(U, V)

and κ̂ ◦(U, V) over independent trials. We then measure the absolute
errors

|κ̂ ±(U, V)− κ±(U, V)| = |κ̂ ±(U, V)|
and

|κ̂ ◦(U, V)− κ◦(U, V)|.
The results are shown in Fig. 4.6 as functions of the oversampling ratio
ρ = m/(nk). We use n = 512, k = 9, and ω = 1. The number of random
features m takes 14 logarithmically spaced values between 10 and 104,
and each value is repeated over 50 independent trials. The solid curves
show the mean absolute error over the trials, and the shaded regions
correspond to one standard deviation. Both empirical errors follow the
reference ρ−1/2 decay very closely as expected. We also tested the same
thing for κ̂ Σ with NΣ = 3 and NΣ = 5. Its error behaves in the same
way as the signed kernel κ̂ ±, so we do not include it in the figure to
keep the plot readable.
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Fig. 4.6 Empirical decay of the approximation error for two orthogonal subspaces
in G(k, n), with n = 512 and k = 9. The horizontal axis shows the oversampling
ratio ρ = m/(nk). The curves show the absolute errors for κ± and κ◦, averaged over
independent trials. The dotted line shows the reference ρ−1/2 decay.
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Superclass n

Subclass 10n + 2

Fig. 4.7 Structure of the ETH-80 dataset

4.7.4 ETH-80 Classification

We evaluate our methods on the ETH-80 dataset [103, 39], which con-
sists of 80 objects grouped into 8 superclasses (e.g., apple, car, cow), each
object being captured from 41 viewpoints under moderate illumination
variations. Fig. 4.7 illustrates the hierarchical structure of the dataset,
with multiple images per object and multiple objects per superclass.
All images are resized to 32× 32 pixels, converted to greyscale, so that
n = 32× 32 = 1024.

This experiment is an image-set classification problem, in line with
other subspace classification experiments [74, 84, 155]. Each instance
to be classified is a group of images of the same object acquired under
different camera poses or illumination conditions. This group is then
represented by the subspace spanned by the corresponding observa-
tions.

More precisely, given a collection of Ni images associated with one
object, we collect them into a matrix X ∈ Rn×Ni and extract an or-
thonormal basis U ∈ Rn×k by retaining the k leading left singular vec-
tors of X. Unless otherwise stated, we fix k = 9, in line with the empir-
ical observations reported in [84] for a similar dataset. The parameter
k is therefore not tuned specifically to optimise the performance of the
methods considered here. The resulting task is therefore a classifica-
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tion problem between subspace-valued instances. It does not address
the separate problem of assigning a single isolated image to a subspace.

We consider two classification settings of increasing difficulty. In
the first one, superclass (8-way) classification, each object is represented
by a single subspace, but labels are given at the superclass level. This
setting results in a small number of subspaces and is useful to assess
the approximation quality of the proposed approximated kernels. In
the second one, object (80-way) classification, each object constitutes its
own class. To increase the number of available subspaces and stress
the computational aspects of kernel evaluation, multiple subspaces are
generated per object by subsampling images.

For both settings, we compare the exact projection kernel κp to its
random approximation κ̂ rop, evaluate the binary kernel κ̂ ± (for which
we do not have a closed-form κ± available), and compare the periodic
kernel κ̂ ◦ to its exact version κ◦.

Recall that κ̂ rop targets the exact projection kernel κp, whereas the
binary and periodic constructions induce the kernels κ± and κ◦, re-
spectively. Therefore, differences in classification accuracy may reflect
both the quality of the random approximation and the suitability of the
corresponding Grassmannian kernel for the considered dataset. Our
goal is not to show that bounded ROP features always outperform un-
bounded ROP features in finite-data classification, but instead to show
that they provide light random features associated with kernels for
which stronger uniform approximation guarantees can be computed.

Superclass (8-way) classification

In this first setting, we perform superclass classification on ETH-80, fol-
lowing a similar experiment as [155]. Each object is represented by a
single k-dimensional subspace, while labels are assigned at the super-
class level. For each superclass, we randomly select 7 objects for train-
ing and 3 for testing. This makes a total of 56 training subspaces and
24 test subspaces. Subspaces are constructed as described above, keep-
ing k = 9 dimensions. Test subspaces are built independently from the
corresponding test objects.

We begin by evaluating the exact projection kernel κp and the exact
periodic kernel κ◦, both of which reach perfect classification accuracy
on this task. This confirms that the problem is well suited to subspace-
based representations and kernel methods.

To better visualise the geometry of this classification problem,
Fig. 4.8 shows a two-dimensional t-SNE representation of the 80 sub-
spaces. We first compute the pairwise projection distances as defined
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Fig. 4.8 ETH-80 superclass dataset visualisation with t-SNE

in Eq. 2.10:

d(U, V) = 1√
2
∥P−Q∥F = 1√

2
∥UU⊤ − VV⊤∥F =

√
k− ∥U⊤V∥2

F.

The resulting representation shows a clear structure, with several
classes forming well separated clusters1. This provides a qualitative
explanation for the good classification results obtained with the exact
kernels, while noting that the two-dimensional representation does not
preserve all the information available to the classifiers.

We then replace these exact kernels with their approximated ver-
sions. To compare embedding sizes across methods, we show the re-
sults as a function of the oversampling ratio defined as ρ = m

nk , where
m denotes the embedding dimension. Small values of ρ correspond to
compressed representations, ρ ≈ 1 to embeddings of comparable size
to the original basis, and ρ ≫ 1 to overcomplete embeddings. In the
following experiments, we focus on ρ = 0.05 and ρ = 0.20, which al-
ready provide good accuracy results.

Fig. 4.9 shows the classification accuracy as a function of ρ, while
Tab. 4.3 summarises runtimes and accuracies for the two selected val-
ues of ρ. As expected, increasing ρ improves the accuracy of all random

1Interestingly, some neighbouring clusters also correspond to visually similar ob-
jects, such as cows and horses or tomatoes and apples. The geometry even seems
to have developed opinions about crockery, since the two isolated points of the red
coffee-cup class correspond to brown cups, whereas the remaining cups are white.
Apparently, the Grassmannian notices these things.
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Fig. 4.9 ETH-80 superclass classification results as a function of the oversampling
ratio.

Method ρ Total time (s) Accuracy (%)

Exact kernels (no embedding)

Projection kernel κp — 0.2633 100.00

Periodic kernel κ◦ — 0.2381 100.00

Random embeddings at two oversampling ratios

ROP 0.05 / 0.20 1.3211 / 5.3102 98.12 / 99.79

Binary ROP 0.05 / 0.20 1.3211 / 5.3111 93.12 / 96.04

Periodic ROP 0.05 / 0.20 1.3240 / 5.3145 93.54 / 93.75

Table 4.3 Superclass classification. Total time includes embedding computation and
SVM training/evaluation. Results averaged over 20 runs with different random em-
beddings.

embedding methods. They indeed converge quickly towards the per-
formance of the exact kernels.

From a computational perspective, this setting is too small for ran-
dom embeddings to fully show their strength. With only 56 training
subspaces, exact kernel computation is already fast, and ROP embed-
dings do not yet accelerate the procedure. This experiment is therefore
primarily a validation of the approximation behaviour of the proposed
kernels. The computational benefits of random embeddings will be-
come apparent when the number of subspaces increases, as shown in
the next experiment.
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Object (80-way) classification

We now turn to the object classification task, in which each individual
object constitutes its own class. This setting is significantly more com-
plex, both in terms of classification difficulty and computational cost,
and is well-suited to highlight the advantages of the approximated ker-
nels.

For each object, the 41 images are randomly split into 28 training
images and 13 testing images. From the training images, we randomly
select 15 images to construct a k-dimensional subspace, keeping k = 9
dimensions. This procedure is repeated 10 times per object, yielding 10
training subspaces in G(9, 1024) for each of the 80 objects. At test time,
a single subspace per object is built from the remaining 13 images, still
with k = 9. This ensures that no test image contributes in any way to
the construction of the training subspaces.

As in the previous setting, we first evaluate the exact projection ker-
nel κp and the exact periodic kernel κ◦. While both kernels achieve
strong classification performance, the cost of computing the corre-
sponding kernel matrices now becomes substantial due to the large
number of subspaces involved, with computation times close to one
minute under our experimental conditions.

We again evaluate the approximated versions of these kernels. Clas-
sification accuracy as a function of the oversampling ratio ρ is shown
in Fig. 4.10. Runtimes and accuracies at the same oversampling ratios
ρ = 0.05 and ρ = 0.20 as in the superclass setting are summarised in
Tab. 4.4.

The accuracy trends are consistent with those observed previously.
Increasing ρ improves performance for all random methods, although
larger embedding sizes are required in this more complex setting to
approach the accuracy of the exact kernels. The embeddings eventually
get to the performance of the exact projection kernel, but at the cost of
increased computation time, which can exceed that of the deterministic
kernels.

4.8 Conclusion

In this chapter we studied random feature maps for data represented
by linear subspaces. Starting from the projector representation of the
Grassmannian, we first showed that dense random projections can ap-
proximate the projection kernel, but at a cost that scales poorly with
the ambient dimension. Rank-one projections offer a lighter alternative,
however the raw features have poor concentration guarantees, which
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Fig. 4.10 Accuracy vs sub-sampling ratio for object classification with ROP embed-
ding

Method ρ Total time (s) Accuracy (%)

Exact kernels (no embedding)

Projection kernel κp — 52.8856 98.75

Periodic kernel κ◦ — 58.7874 90.00

Embedding methods at two oversampling ratios

ROP 0.05 / 0.20 24.1868 / 85.2087 84.19 / 94.06

Binary ROP 0.05 / 0.20 24.2049 / 85.2449 72.25 / 91.75

Periodic ROP 0.05 / 0.20 24.3763 / 86.4142 81.38 / 92.31

Table 4.4 Object classification. Total time includes embedding computation and SVM
training/evaluation. Results averaged over 20 runs with different random embed-
dings.

motivates the use of bounded non-linear transformations.
The first construction used the sign function to obtain binary ran-

dom features. This gives compact embeddings and leads to an em-
pirical kernel κ̂ ± that uniformly approximates a deterministic Grass-
mannian kernel κ±. Although this kernel does not admit a simple
closed form in general, we showed that it is well defined, positive semi-
definite, invariant under changes of basis, and determined by the prin-
cipal angles between the subspaces. The case k = 1 also connects this
construction to the sign product ideas introduced in Chap. 3, now in a
symmetric Grassmannian setting.

We then introduced an aggregated binary construction. This change
keeps the binary nature of the embedding while producing an expected
kernel κΣ that becomes close to an explicit kernel κΣ

∞ as the aggregation
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parameter NΣ increases. This gives a more interpretable binary kernel,
with a closed formula depending on the average squared cosine of the
principal angles.

Finally, we studied periodic random features, obtained by applying
a complex exponential to the rank-one projections. In that case, the ex-
pected kernel admits the closed form κ◦, and the parameter ω controls
how strongly the kernel reacts to changes in the principal angles.

We illustrated all these results with both synthetic and real datasets,
confirming the expected results. Although successful, those computa-
tion times can still be improved, motivating the next chapter, where we
keep the same rank-one projection principle but replace the Gaussian
measurements by faster mechanisms.
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5.1 Introduction

The previous chapters introduced two uses of quadratic random em-
beddings. In Chapter 3, the debiased embedding ψ− was used to per-
form signal estimation directly in the embedding domain, without re-
constructing the original signal. In Chapter 4, rank-one projections of
subspace projectors were used to build random features for Grassman-
nian kernel approximation.

This chapter studies how these embeddings can be implemented
more efficiently. We consider two complementary approaches based
on structured random transformations and optical processing units.

5.1.1 Motivation

In both cases, the mathematical construction relies on applying a cer-
tain number of random measurements m. This number is in both cases
proportional, up to log factors, to the intrinsic dimension of the ob-
jects considered. These embeddings are statistically useful, but are also
costly as described in Tab. 4.1.

We can indeed see that all the versions of the embeddings consid-
ered have, both for their memory and computational complexity, a de-
pendence on at least n2, with n the ambient dimension of the vectors
considered to build the subspaces. It is therefore desirable to find ways
of alleviating these costs, by finding ways to make the creation of those
random features lighter both in terms of memory and computational
footprint. To this end, we will consider two different approaches.
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The first is based on structured embeddings and will allow us to
generate close approximations to Gaussian vectors generated by mix-
ing a deterministic Hadamard transform with a random diagonal ma-
trix. This reduces both the computational load, since Hadamard trans-
forms can be performed very efficiently, and the memory footprint,
since only the diagonal of random matrices needs to be stored. This
will substantially accelerate the embedding procedure while retaining
good performance metrics as will be demonstrated experimentally.

The second approach will rely on an optical processing unit (OPU)
which is capable of performing symmetric ROPs (ψ s) physically by
encoding the vectors to project on a light beam, sending it through a
scattering layer and recording the intensity of the output. This makes
the computational cost constant regardless of the dimension of the in-
put vector, provided it does not exceed a certain physical limit, since
the scattering of light will always happen at the same speed. It also
reduces the memory footprint to nothing for the transform since it is
stored physically in the scattering layer. It also gives access to a large
number of random features instantly.

In both cases, we will explain the theory behind them and develop
the necessary tools where appropriate. As we will see, the OPU re-
quires particular attention because its physical constraints require us to
quantise and encode the input data before the desired transformations
can be computed.

5.1.2 Related work

This chapter continues two existing lines of work. The structured con-
structions adapt ideas developed for fast random projections and ran-
dom features, where Gaussian matrices are replaced by compositions
of Hadamard or Fourier transforms and random diagonal matrices [4,
5, 96, 163, 65, 23, 43, 147]. Here, these ideas are adapted to the rank-one
projections of low-rank matrices used in the previous chapters.

The optical part continues earlier work on quadratic random projec-
tions performed by scattering light [133, 28, 56, 132, 152]. Our contribu-
tion is to adapt this mechanism to the subspace embeddings considered
here by introducing the quantisation, binary encoding and decoding
procedures required by the physical constraints of the OPU.

5.1.3 Related publications

This chapter is related to the following publications, with contributions
from Vincent Schellekens, Laurent Daudet, Laurent Jacques, and the
author of the present document.
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■ R. Delogne, V. Schellekens, L. Daudet, and L. Jacques. “Signal
processing with optical quadratic random sketches”. In: ICASSP
2023 - 2023 IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP). 2023, pp. 1–5, [56]

■ R. Delogne and L. Jacques. “Random features for Grassmannian
kernel approximation with bounded rank-one projections”. In:
Under review for Transactions on Machine Learning Research (TMLR)
(2026). URL: openreview.net/forum?id=wq18dZJ2pA, [52]

5.2 Structured transforms for fast embeddings

A specific line of work has shown that random projections of vec-
tors performed by dense random matrices can be replaced by com-
positions of fast orthogonal transforms and random diagonal sign ma-
trices, creating vectors that behave similarly to i.i.d. Gaussian vec-
tors at a lower computational cost. Examples include the Fast John-
son–Lindenstrauss Transform [4], the Fastfood construction for random
features [96], the BCH–code based JL embeddings [5], Orthogonal Ran-
dom Features [163], signed circulant matrix random mapping [65], or
Hadamard blocks for compressive covariance sketching [147]. While
differing in detail, these methods share the common leitmotif of using
a small number of random diagonal matrices mixed with fast trans-
forms (Hadamard or Fourier), sometimes organised in blocks to gener-
ate large numbers of structured random vectors. In particular, the use
of a small number of successive Hadamard–diagonal compositions has
been studied explicitly in the context of structured random projections,
with theoretical and empirical evidence that as few as three such blocks
already yield distributions close to Gaussian [23, 43].

We decide to adapt this philosophy to rank-one projections of low-
rank matrices (obtained from low-rank subspace projectors) by adopt-
ing the method proposed in [43, 163, 147]. Mathematically, given a
subspace basis U ∈ V(k, n) (with projector P = UU⊤) made of k or-
thonormal vectors U = (u1, . . . , uk), defining T = ⌈m/n⌉, we pick
the m probing vectors {aj}m

j=1 and {bj}m
j=1 involved in ψ rop(U) as

the m first columns of two n × Tn matrices G := [G1, . . . , GT] and
G′ := [G′1, . . . , G′T], respectively. Each n× n matrix Gt, G′t, 1 ≤ t ≤ T,
is i.i.d. as the random matrix G whose distribution is defined by the fol-
lowing S-factor generative model:

G =
√

n ∏S
j=1
(

diag(εj)H
)
, with ε1, . . . , εS ∼i.i.d. ε, (5.1)

with the normalised Walsh-Hadamard matrix H ∈ {±1/
√

n}n×n ∩
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O(n), and ε an n-length Rademacher random vector with entries
i.i.d. as U (±1). The normalisation

√
n in Eq. 5.1 ensures that the

columns of G have squared norm n, which is also the expected squared
norm of a Gaussian random vector in Rn.

For small values of S (typically S = 3), picking m columns of G
(or G′) is known to generate an n×m matrix W⊤ with similar proper-
ties to an n×m Gaussian random matrix, e.g., W satisfies the Johnson-
Lindenstrauss lemma w.h.p. [5].

Thanks to this specific design of the ROP probing vectors, to project
the subspace U, we first compute, for 1 ≤ i ≤ k,

(a⊤j ui)
m
j=1 = S(G⊤ui), (b⊤j ui)

m
j=1 = S(G′⊤ui). (5.2)

with S ∈ {0, 1}m×Tn the selection matrix extracting the first m compo-
nents of any vector in RTn. From the structure of G and G′ and the use
of the fast Walsh-Hadamard transform1, computing G⊤ui and G′⊤ui
for all 1 ≤ i ≤ k in Eq. 5.2 requires O(SkTn log n) = O(Skm log n)
operations, and storing O(SkTn) = O(Skm) Rademacher components
(from Eq. 5.1) as well as the storage of the O(km) intermediate values
computed in Eq. 5.2. The final multiplication by S has negligible com-
plexity.

Next, we form the fast, structured ROP operator

ψst(U) =
( k

∑
i=1

a⊤j uiu⊤i bj

)m

j=1
=
(

a⊤j UU⊤bj

)m

j=1
,

which needs an extra O(km) operations.
The whole computation of ψst(U) requires a total storage ofO(Skm)

values, and a total computational complexity of O(Skm log n) opera-
tions. In practice, we find that using more than S = 3 provides no
significant gain. This empirical observation is consistent with the find-
ings in [163, Equation 5] or [147, Section 3.1], where triple Hadamard
blocks are shown to be sufficient for embedding covariance matrices.

Therefore, considering that S = O(1), and assuming that the results
of Props. 4.4 and 4.12 still hold when ψ± and ψ◦ rely on ψ rop, if we take
m = O(δ−2kn) random features (up to log factors) to ensure that the
approximation error of the target kernels is uniformly bounded by δ >
0, we can state that the computation of both types of random features,
binary or periodic, requires a total storage of O(δ−2k2n) values, and a
total computational complexity of O(δ−2k2n log n) operations.

1We used the implementation developed for [7] and available at https://github
.com/FALCONN-LIB/FFHT.
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Random feature # of features m Error bound Target kernel

Dense Ψ O(δ−2k3n) Prop. 4.1 Proj. kernel κp

Binary ψ± O(δ−2kn) Prop. 4.4 New kernel κ±

Periodic ψ◦ O(δ−2kn) Prop. 4.12 New kernel κ◦

Structured (⊃ ψst) O(δ−2kn) assumed assumed Various κ±, κ◦

Table 5.1 Number of random features required for k-dimensional subspaces of Rn

to obtain a uniform approximation error δ > 0 between the empirical kernel and the
corresponding target kernel.

Random feature Memory Computation

Dense Ψ O(δ−2k3n3) O(δ−2k3n3)

Binary ψ± O(δ−2(kn2)) O(δ−2k2n2)

Periodic ψ◦ O(δ−2(kn2)) O(δ−2k2n2)

Structured (⊃ ψst) O(δ−2k2n) O(δ−2k2n log n)

Table 5.2 Memory and computational complexities per instance for k-dimensional
subspaces of Rn after choosing the number of features needed to obtain a uniform
approximation error δ > 0.

We summarise the computational and memory costs of the vari-
ous random feature maps introduced so far in Tab. 5.1 and Tab. 5.2.
Practical applications and statistical analysis of this particular type of
embedding can be found in Sec. 5.5.

5.3 Optical processing units for random embeddings

The second route we consider in this chapter relies on optical computing.
While the structured embeddings of Section 5.2 reduce the computa-
tional cost of generating and applying random embeddings, Optical
Processing Units offer a different approach by completely stripping off
the computational aspect of the embedding. Instead of explicitly stor-
ing or applying a random matrix, the embedding is implemented phys-
ically through the propagation of light in a scattering medium. In this
section, we explain how this optical mechanism can be interpreted as a
quadratic random embedding, how it relates to the embeddings used
in chapters 3 and 4, and how we can apply this process to data after a
special encoding procedure to satisfy the OPU requirements.
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5.3.1 Optical random projections

Using the OPU in order to apply an embedding will offer two main
advantages. First of all, the vectors required to apply the embeddings
no longer need to be stored since they are physically contained inside
the OPU and remain stable over time as the OPU is used and reused
(up to some noise). Furthermore, as we will see shortly, since the OPU
process uses light to encode and process data, the processing step is
done at the speed of light, and independently of the ambient dimension
of the object to embed [132, 56, 28, 152].

A similar advantage exists with respect to the number m of random
projections returned for each input. Unlike a digital implementation,
where computing more projections requires more operations, the OPU
generates a large number of output coordinates in parallel and can re-
turn up to millions of random projections for a single input [28]. Hence,
within the hardware limits of the device, increasing m does not require
an increase in processing time, and reducing m does not directly allow
different inputs to be processed at a higher rate. In our setting, the
rate at which distinct inputs can be processed is instead more directly
affected by the number of separate OPU calls required to encode one
input as we will describe later.

Practically, an OPU processes a binary input vector x ∈ {0, 1}n,
with n ≤ O(106) by using it to program a digital micro-mirror device
(DMD). In this DMD, only correctly oriented “on” (1) mirrors (as op-
posed to mis-aligned “off” (0) mirrors) can reflect part of an incident
laser beam to a stable scattering medium. After scattering, the inten-
sity of a complex pattern, or speckle, arising from constructive and de-
structive interferences of the scattered light, is recorded by a camera.
Since the camera records only intensities, the resulting digital output is
quadratic in the input. In an idealised model, this produces measure-
ments of the form

ψopu(x) =
(
|r∗i x|2

)m
i=1,

where ri = ri,R + iri,I ∈ Cn, with ri,R, ri,I ∼i.i.d. N (0, 1
2 In) indepen-

dent. Equivalently, we write ri ∼i.i.d. CN (0, In) with this convention.
Thus the OPU naturally implements a complex equivalent process of
the symmetric quadratic embedding ψ s. This process is illustrated in
Fig. 5.1.

This physical implementation has two important consequences.
First of all, in terms of efficiency, the random vectors for the embedding
no longer need to be generated, stored, or applied digitally. They are
fixed by the scattering medium and accessed through the optical propa-
gation itself, at the speed of light. This is precisely why OPUs are attrac-
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Fig. 5.1 Encoding, scattering and recording process of a binary vector x in the OPU.

tive for random projection methods. The second consequence is more
of a constraint. The OPU does not accept arbitrary real-valued vectors
as inputs but only binary ones. Since the input is encoded through the
DMD as we just described, OPU inputs have to be vectors in {0, 1}n.
This binary input constraint is not a small implementation detail since
all objects appearing in the previous chapters are real-valued. There-
fore, the OPU cannot be applied directly to the objects appearing in
earlier sections of this work. To this end we will develop, later in this
section, a method to efficiently decompose quantised vectors into binary
vectors such that those binary vectors may be sent through the OPU
and their outputs recombined in a form equivalent to what would have
been the output if the OPU had been capable of processing quantised
vectors. The number of vectors to be sent to the OPU will depend di-
rectly on the number of quantisation levels L.

In this section we will thus first explain how the natural OPU trans-
formation can be processed such that it replicates ψ− and ψ rop studied
previously. We will then describe how a vector quantised to L levels
can be decomposed into binary vectors, with those binary vectors sent
through the OPU, and their outputs recombined such that the final re-
sult is the exact embedding of the quantised vector.

5.3.2 Quadratic embeddings with an OPU

As we just mentioned, we model the OPU as follows. Given a binary
input vector x ∈ {0, 1}n, the device returns an m-dimensional vector

ψopu(x) =
(
|r∗i x|2

)m
i=1,

where ri ∈ Cn are independent complex Gaussian vectors and where
r∗i denotes the transpose complex conjugate of ri. Equivalently, each
coordinate can be written as

|r∗i x|2 = x⊤rir∗i x = ⟨xx⊤, rir∗i ⟩F.

Thus the OPU performs complex quadratic measurements of the lifted
matrix xx⊤. This is the same lifted viewpoint developed originally in
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Chap. 3, meaning that the embedding is non-linear in x, but linear in
the rank-one matrix xx⊤.

Let us now see how this can be used to mimic ψ−. In Chap. 3, the
basic symmetric embedding was

ψ s(x) =
(
(a⊤i x)2)m

i=1,

with (ai)
m
i=1 random i.i.d. vectors in Rn and ai ∼i.i.d. N (0, In). The

debiased embedding was defined as

ψ−(x) =
(
(a⊤i x)2 − (b⊤i x)2)m

i=1,

with ai, bi random i.i.d. vectors in Rn with ai, bi ∼i.i.d. N (0, In).
Since the OPU gives the complex equivalent of ψ s, by taking twice

as many measurements (2m), splitting the output vector in two and
differencing the two half vectors, we can obtain

ψ−opu(x) =
(
|r∗i,1x|2 − |r∗i,2x|2

)m
i=1,

where we set ri,1 := ri and ri,2 := rm+i for i = 1, . . . , m, with (rℓ)2m
ℓ=1

i.i.d. complex Gaussian vectors in Cn, with rℓ ∼i.i.d. CN (0, In). Up to
the use of complex Gaussian vectors, it is the same debiasing mecha-
nism used for ψ− in Chapter 3.

Writing ri,ℓ = gi,ℓ + ihi,ℓ, with gi,ℓ, hi,ℓ ∼i.i.d. N (0, 1
2 In), we can set

ai =
√

2gi,1, bi =
√

2gi,2, ci =
√

2hi,1, di =
√

2hi,2.

Then ai, bi, ci, di ∼i.i.d. N (0, In) and

ψ−opu(x)i =
1
2

(
(a⊤i x)2 − (b⊤i x)2)+ 1

2

(
(c⊤i x)2 − (d⊤i x)2).

Thus each coordinate of ψ−opu(x) is in fact the average of two indepen-
dent ψ−(x) coordinates. It therefore does not exactly have the same
distribution as ψ−(x), but it is an averaged version of it, with the same
expectation and a smaller variance, similar to the idea of the aggregated
embedding from Sec. 4.4.

Next, if we look at how the OPU relates to ψ rop from chapter 4,
the goal is now to reproduce the asymmetric measurements used for
subspace embeddings2. Recall that given U ∈ V(k, n), we write

P = UU⊤ = ∑k
j=1 uju⊤j .

2This possibility was already hinted at in Rem. 3.2 where we explained that ψ− was
equivalent to ψ rop up to a rescaling
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The i-th coordinate of ψ rop(U) is therefore

ψ rop(U)i = a⊤i Pbi = ∑k
j=1 a⊤i uju⊤j bi,

with ai, bi random i.i.d. vectors in Rn with ai, bi ∼i.i.d. N (0, In).
The previous discussion shows that a differenced OPU measure-

ment applied to a real vector x gives, up to a factor 1/2, the average
of two independent asymmetric rank-one projections of xx⊤. Applying
this to each column uj and summing over j gives

1
2 ∑k

j=1 ψ−opu(uj)i =
1
2 a⊤i Pbi +

1
2 c⊤i Pdi,

where ai, bi, ci, di ∼i.i.d. N (0, In). Thus the OPU construction does not
recover one specific coordinate of ψ rop(U), but the average of two inde-
pendent coordinates with the same distribution. This remains a valid
random feature construction since, after a fixed rescaling, its expected
scalar product is the same as for a single rank-one projection, while the
averaging reduces its variance. After applying the sign function, it also
matches the aggregated embedding of Sec. 4.4 with NΣ = 2, up to the
fixed scaling factor.

The resulting quantities can then be composed with the same
bounded non-linear functions as in Chapter 4, for instance the sign
function or the complex exponential. This gives an OPU-compatible
way to construct the Grassmannian random features introduced earlier.
The remaining obstruction is not the form of the embedding anymore,
but the binary input constraint: the vectors x, u, and uj are generally
real-valued and therefore cannot be sent directly to the OPU. The next
subsection addresses this issue through quantisation and binary encod-
ing.

5.3.3 Encoding quantised vectors for the OPU

In this section we focus on the mechanism that allows us to evaluate
quadratic embeddings of quantised vectors using the OPU. Since the
OPU accepts only binary inputs x ∈ {0, 1}n, in order to increase pre-
cision beyond the 1-bit regime, we will consider a uniform quantiser
with L levels applied to a real vector x ∈ Rn and a procedure to split
this into binary vectors. The procedure is exact in the ideal noiseless
OPU model, provided that all calls use the same fixed optical transfor-
mation. Long-term measurements of speckle patterns indicate that this
transformation can remain stable over extended periods, as reported
for instance in the supplementary material of [152]. In practice, how-
ever, the measurements are affected by experimental noise and hard-
ware constraints, which must be accounted for when implementing
and evaluating the procedure.
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In what follows we call a vector OPU-compatible if it belongs to
{0, 1}n, since it can be directly fed into the OPU to produce quadratic
measurements. We first recall Def. 2.5.1 of the uniform quantiser.

Definition 5.3.1 (Uniform quantisation). Let δ > 0 denote the quantisa-
tion step and let L ∈ N be an even number of levels. We define the uniform
quantiser as

q(t) = δ(⌊t/δ⌋+ 1/2),

followed by clipping to the interval

[−(L/2− 1/2)δ, (L/2− 1/2)δ].

Applied componentwise, this creates a quantised vector q = q(x) ∈
Rn whose entries take L values equally spaced around zero. The possi-
ble values are gathered into the alphabet

{−δ(L− 1)/2, . . . ,−δ/2, δ/2, . . . , δ(L− 1)/2}. (5.3)

Since the OPU only accepts binary vectors, the goal is to evaluate
quadratic measurements of the form |r∗q|2 using only OPU-compatible
inputs, while keeping the same hidden vector r across all calls involved
in the reconstruction.

We now explain how q can be decomposed into signed bitplanes.
Let

B = ⌈log2 L⌉
denote the number of bitplanes. Since the quantiser is uniform with
step δ and has an even number L of levels, each rescaled magnitude
2|qℓ|/δ belongs to {1, 3, . . . , L− 1}. This rescaling removes the quanti-
sation step and turns each magnitude into an odd integer. We encode
this integer in binary and attach the sign of qℓ to each active bit. This
gives the decomposition

q = ∑B
i=1 Giqi,

where qi ∈ {−1, 0, 1}n and

Gi = δ2i−2.

The bitplanes are technically not arbitrary ternary vectors since for each
coordinate, all non-zero bitplane entries have the sign of the corre-
sponding entry of q. Two bitplanes can therefore never contain op-
posite signs at the same coordinate. Consequently, for all i, j,

qi − qj ∈ {−1, 0, 1}n.
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The following proposition shows that this structure is enough to recon-
struct the OPU embedding of q exactly from binary measurements.

Proposition 5.1 (Binary encoding of quantised OPU measure-
ments). A vector q ∈ Rn whose entries are quantised using Def. 5.3.1
with L = 2B levels can be written as a weighted sum of O(log L) vectors
in {−1, 0, 1}n. Moreover, the embedding ψopu(q) can be reconstructed
from quadratic measurements of binary vectors using

NOPU(L) = 3B + 3(B
2) =

3B(B+1)
2 ,

where B = ⌈log2 L⌉. In particular, the number of required OPU calls
scales as O((log2 L)2).

Proof. Let B = ⌈log2 L⌉. As described above, the quantised vector can
be written as

q = ∑B
i=1 Giqi, (5.4)

where qi ∈ {−1, 0, 1}n are signed bitplanes and Gi = δ2i−2. Expanding
the outer product gives

qq⊤ =
B

∑
i=1

G2
i qiq

⊤
i

︸ ︷︷ ︸
Symmetric terms

+ ∑
1≤i<j≤B

GiGj(qiq
⊤
j + qjq

⊤
i )

︸ ︷︷ ︸
Cross-terms

. (5.5)

It is therefore enough to show how each symmetric term qiq
⊤
i and each

cross-term qiq
⊤
j + qjq

⊤
i can be reconstructed from OPU-compatible in-

puts.
Symmetric terms. Since the signed bitplanes are ternary vectors

(taking values in {−1, 0, 1}), we first describe how to evaluate them by
splitting them into binary vectors. Let s ∈ {−1, 0, 1}n. We write

s = s+ − s−, s+ = 1{s = 1}, s− = 1{s = −1},
where 1 is applied componentwise, and define

rs = s+ + s−.

The vectors s+, s− and rs are binary, hence OPU-compatible. Since s+

and s− have disjoint supports, expanding the outer products gives

ss⊤ = s+s+⊤ + s−s−⊤ − s+s−⊤ − s−s+⊤

and
rsr⊤s = s+s+⊤ + s−s−⊤ + s+s−⊤ + s−s+⊤.
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Combining these two identities yields

ss⊤ = 2s+s+⊤ + 2s−s−⊤ − rsr⊤s . (5.6)

Thus the quadratic measurements of a ternary vector s can be recon-
structed from three OPU calls applied to s+, s− and rs.

Applying this identity to every qi, we obtain the diagonal terms

ψopu(qi) = 2ψopu(q+
i ) + 2ψopu(q−i )− ψopu(ri), (5.7)

where

q+
i = 1{qi = 1}, q−i = 1{qi = −1}, ri = q+

i + q−i .

This reconstructs the OPU measurements associated with the qiq
⊤
i term

in Eq. 5.5 using three binary inputs.
Cross-terms. It remains to handle the cross-terms. For 1 ≤ i < j ≤

B, define
dij := qi − qj.

By the decomposition of q in ternary bitplanes in Eq. 5.4 we know that
the same entry of all vectors qi will have the same sign as the corre-
sponding entry in q, hence we know that dij ∈ {−1, 0, 1}n. Therefore
we can apply the same ternary decomposition as Eq. 5.7 by defining

d+
ij = 1{dij = 1}, d−ij = 1{dij = −1}, rij = d+

ij + d−ij ,

to obtain

ψopu(qi − qj) = ψopu(dij) = 2ψopu(d+
ij ) + 2ψopu(d−ij )− ψopu(rij).

Notice that in general,

qiq
⊤
j + qjq

⊤
i = qiq

⊤
i + qjq

⊤
j − (qi − qj)(qi − qj)

⊤.

Therefore we can have access to the transformation of the cross-terms
with

cij := ψopu(qi) + ψopu(qj)− ψopu(dij). (5.8)

Recombining. Combining the diagonal and cross-term contribu-
tions gives

ψopu(q) = ∑B
i=1 G2

i ψopu(qi) + ∑1≤i<j≤B GiGjcij. (5.9)

The full decomposition procedure is described in Algo. 1 and the cor-
responding recombination procedure is given in Algo. 2.
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These procedures are exact and under the assumption that ψopu re-
mains perfectly constant from one use to another, the recombined vec-
tor given in Eq. 5.9 gives exactly what ψopu(q) would give if the OPU
tolerated non-binarised vectors.

Finally, each of the B diagonal terms requires three OPU calls, and
each of the (B

2) cross-terms requires three additional OPU calls through
the ternary difference qi − qj. Therefore

NOPU(L) = 3B + 3(B
2) =

3B(B+1)
2 .

This proves the claim.

Algorithm 1: OPU Encoder
Input: q ∈ Rn quantised with L levels, step δ
Output: Ordered set S of binary vectors in {0, 1}n

B← ⌈log2 L⌉;
S ← ∅;
for i = 1 to B do

Compute bitplane qi ∈ {−1, 0, 1}n;
q+

i ← 1{qi = 1};
q−i ← 1{qi = −1};
ri ← q+

i + q−i ;
S ← S ∪ {q+

i , q−i , ri};
for 1 ≤ i < j ≤ B do

dij ← qi − qj;
d+

ij ← 1{dij = 1};
d−ij ← 1{dij = −1};
rij ← d+

ij + d−ij ;
S ← S ∪ {d+

ij , d−ij , rij};
return S ;
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Algorithm 2: OPU Decoder

Input: Ordered OPU outputs ψopu(b) =
(
|r⊤i b|2

)m
i=1 for all

b ∈ S , weights (Gi)
B
i=1

Output: ψopu(q) =
(
|r⊤i q|2

)m
i=1

for i = 1 to B do
ψopu(qi)← 2ψopu(q+

i ) + 2ψopu(q−i )− ψopu(ri);

for 1 ≤ i < j ≤ B do
ψopu(dij)← 2ψopu(d+

ij ) + 2ψopu(d−ij )− ψopu(rij);
cij ← ψopu(qi) + ψopu(qj)− ψopu(dij);

for i = 1 to B do
ψopu(q)← ψopu(q) + G2

i ψopu(qi);

for 1 ≤ i < j ≤ B do
ψopu(q)← ψopu(q) + GiGjcij;

return ψopu(q);

Remark 5.1 (Subspace-valued data and OPU). The symmetric quantisa-
tion and signed bit-plane decomposition introduced above are chosen to be use-
ful for general subspace-valued data, whose basis vectors may contain both
positive and negative entries. This is also the case for the image-based applica-
tion we showed in the experimental section of Chap. 4. Although the original
image intensities are non-negative, the subspaces are represented by orthonor-
mal bases obtained from an SVD, whose entries are not in general positive.
Hence, the vectors actually encoded for the OPU contain both positive and
negative values, making the symmetric quantisation appropriate in this set-
ting.

5.4 Noise in optical embeddings

Since OPUs are physical objects, every time they are called upon, some
noise is going to appear. Since embedding a single quantised vector
requires a number of calls to the OPU that grows with the number of
quantisation levels L we are going to study how the noise levels in-
crease with L. We will first assume that the noise is centred on zero and
study how the OPU encoding procedure described above amplifies its
variance. We will then study the impact of a non-zero mean noise effect
on the final kernel approximation with random features from the OPU.
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5.4.1 Noise variance

For a binary vector x, we will model a noisy debiased OPU measure-
ment as

ψ−opu(x) = ψ̃−opu(x) + ϵ(x), (5.10)

where ψ̃−opu(x) denotes the ideal noiseless debiased measurement and
ϵ(x) the random noise term induced by the OPU for one particular pro-
cessing of x.

Remark 5.2 (Noise model). The raw output of the OPU is an optical in-
tensity and is therefore non-negative. The centred additive model we describe
in Eq. 5.10 thus describes the effective noise after the debiasing operation in
ψ−opu, which subtracts pairs of OPU measurements. If the noise affecting the
two raw measurements has the same mean, this common mean is cancelled by
the subtraction. We therefore assume a centred effective noise with variance
σ2 for what follows. This is a simplified model, since physical effects such
as input-dependent noise, quantisation and clipping might not satisfy these
assumptions.

Since each output coordinate of ψ−opu(x) is treated independently in
the same manner, we work with one arbitrary coordinate and omit the
coordinate index throughout this section.

We will also assume that the noise behaves as a random variable
independent of the OPU entry and of the output coordinate considered
and satisfying

E[ϵ(x)] = 0, Var(ϵ(x)) = σ2.

Under those conditions, we can formulate the following proposi-
tion about the variance of the noise when using the OPU for a vector
quantised to L levels.
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Proposition 5.2 (Noise amplification through the OPU decoder).
Let q be a vector quantised with L levels and decomposed as

q = ∑B
i=1 Giqi, B = ⌈log2 L⌉.

Under the independent centred noise model above, the decoded measure-
ment satisfies

ψ−opu(q) = ψ̃−opu(q) + ϵ(q),

where
Var(ϵ(q)) = 9σ2 (S2Q + 1

2 (Q
2 − R)

)
, (5.11)

with
S = ∑B

i=1 Gi, Q = ∑B
i=1 G2

i , R = ∑B
i=1 G4

i .

Proof. We will proceed by following the decomposition described in the
proof of Prop. 5.1. Recall that for a quantised vector q we can decom-
pose it following Eq. 5.7 and Eq. 5.8.

Let us first consider a ternary vector s ∈ {−1, 0, 1}n. By Eq. 5.7, its
quadratic measurement is reconstructed from three OPU calls as

ψ−opu(s) = 2ψ−opu(s+) + 2ψ−opu(s−)− ψ−opu(rs).

Using the noise model in Eq. 5.10, the noise in this reconstruction is

ηs := 2ϵ(s+) + 2ϵ(s−)− ϵ(rs).

Since the three noise variables are independent and have variance σ2,
we obtain

Var(ηs) = 4σ2 + 4σ2 + σ2 = 9σ2. (5.12)

Let ηi denote the noise in the reconstructed measurement of qi, and
let ηd

ij denote the noise in the reconstructed measurement of dij = qi −
qj. Applying the recombination formula in Eq. 5.9, the total decoder
noise is

ϵ(q) = ∑B
i=1 G2

i ηi + ∑i<j GiGj
(
ηi + ηj − ηd

ij
)
.

The noise ηi appears in the diagonal term and in every cross-term in-
volving bitplane i. Its total coefficient is therefore

G2
i + ∑j ̸=i GiGj = Gi ∑B

j=1 Gj = GiS,

with S := ∑B
i=1 Gi. It follows that

ϵ(q) = ∑B
i=1 GiSηi −∑i<j GiGjη

d
ij. (5.13)
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All the noise variables in Eq. 5.13 are independent and have variance
9σ2 since they are induced by ternary vectors. Hence

Var(ϵ(q)) = 9σ2(S2 ∑B
i=1 G2

i + ∑i<j G2
i G2

j
)
.

Let
Q := ∑B

i=1 G2
i and R := ∑B

i=1 G4
i ,

we have

Q2 =

(
∑B

i=1 G2
i

)2

= ∑B
i=1 G4

i + 2 ∑i<j G2
i G2

j ,

meaning that
∑i<j G2

i G2
j = 1

2 (Q
2 − R),

and therefore,

Var(ϵ(q)) = 9σ2 (S2Q + 1
2 (Q

2 − R)
)

.

This proposition shows that the variance of an OPU output directly
depends on the weights Gi induced by the quantisation. Without care-
fully selecting those, the risk is to create a noise whose variance grows
without bound as L (and thus the number of calls to the OPU) increases.
Luckily the next corollary shows that if we design the quantisation step
with this in mind we can keep the noise variance bounded even for
arbitrarily large values of L.

Lemma 5.1 (Limit of the decoder noise variance). Let L = 2B and
Gi = δ2i−2. If

δ = α
L ,

where α > 0 is a real constant, then

limB→∞ Var(ϵ(q)) = σ2α4

5 .

Proof. Using Gi = δ2i−2 and the geometric-series identity

∑B−1
k=0 rk = rB−1

r−1 ,
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we obtain

S = ∑B
i=1 Gi =

δ
2 ∑B−1

k=0 2k = δ
2 (2

B − 1),

Q = ∑B
i=1 G2

i = δ2

4 ∑B−1
k=0 4k = δ2

12 (4
B − 1),

R = ∑B
i=1 G4

i = δ4

16 ∑B−1
k=0 16k = δ4

240 (16B − 1).

Substituting L = 2B and δ = α/L gives

S = α
2

(
1− 1

2B

)
, Q = α2

12

(
1− 1

4B

)
, R = α4

240

(
1− 1

16B

)
.

Therefore,

limB→∞ S = α
2 , limB→∞ Q = α2

12 , limB→∞ R = α4

240 .

Substituting these limits into Eq. 5.11 gives

limB→∞ Var(ϵ(q)) = 9σ2
(

α4

48 +
1
2

(
α4

144 − α4

240

))
= σ2α4

5 .

If we take σ = 1 and α = 1, we can numerically find the relative
increase in standard deviation compared to when L = 2:

L increase from L = 2
2 1.00
4 1.75
8 2.09

16 2.24

This result is valid for any value of σ and α since they just show the
increase relative to the variance when L = 2.

Corollary 5.1 (Noise variance for subspace embeddings). Let U =
(q1, . . . , qk) ∈ V(k, n) be the basis of a subspace U ∈ G(k, n), with each
qℓ quantised with the same δ. Let ϵ(qℓ) denote the noise associated with
ψopu(qℓ) with Var(ϵ(qℓ)) given by Lemma 5.1 for all l. Then

Var(ϵ(U)) = k Var(ϵ(q)).

Proof. The decoded embedding of U is obtained by summing the de-
coded embeddings of its k quantised columns. Therefore the total noise
is

ϵ(U) = ∑k
ℓ=1 ϵ(qℓ).
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Assuming that the noises associated with the different columns are in-
dependent, and since every column is quantised using the same step δ,
Lemma 5.1 gives the same variance for every qk. Hence

Var(ϵ(U)) = k Var(ϵ(q)).

Since the factor k does not depend on L, the relative increases in
standard deviation given in the previous table remain unchanged.

In practice, for a subspace U ∈ V(k, n), we set

δ = 2M
L , M = maxi,j |Uij|.

This choice divides the range [−M, M] into L intervals of width δ.
Moreover, since δ = 2M/L, the condition of Lemma 5.1 holds with
α = 2M, and the variance of the decoded noise remains bounded as L
increases.

5.4.2 Effect of a non-zero mean

The previous result assumes that the noise in every OPU call has zero
mean. The final decoded noise may, however, have a non-zero mean
because the physical noise can depend on the input, on the output coor-
dinate, or on the part of the OPU output being used. Let ψ̃−opu(U) ∈ Rm

denote the ideal decoded and debiased embedding of a subspace U,
and let

ψ−opu(U) = ψ̃−opu(U) + Z(U)

denote the observed embedding, where Z(U) ∈ Rm is the additive
noise introduced by the physical OPU and the decoding procedure. We
define

µ(U) = E[Z(U)],

which is the mean noise vector. For two subspaces U and V , their em-
beddings can be used as random feature vectors to approximate a ker-
nel between them. Taking the noise into account gives

ψ−opu(U)⊤ψ−opu(V) =ψ̃−opu(U)⊤ψ̃−opu(V) + ψ̃−opu(U)⊤Z(V)

+ ψ̃−opu(V)⊤Z(U) + Z(U)⊤Z(V).

Assume that the ideal embeddings are centred and independent of the
noise. Taking the expectation gives

E[ψ−opu(U)⊤ψ−opu(V)] = κ(U, V) + µ(U)⊤µ(V) + tr
(

Cov(Z(U), Z(V))
)

(5.14)
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Fig. 5.2 Top: Empirical distribution of a row of the structured Hadamard-diagonal
embedding for increasing numbers of Hadamard blocks S. Bottom: Q-Q plots com-
paring the row-wise distribution to a standard Gaussian.

where κ(U, V) denotes the kernel induced by the random mapping
ψ−opu and where

Cov(Z(U), Z(V)) = E
[
(Z(U)− µ(U))(Z(V)− µ(V))⊤

]
.

A non-zero mean therefore adds the term µ(U)⊤µ(V) to the expected
kernel. If the noises associated with U and V are independent, the
cross-covariance term vanishes.

5.5 Experiments

In this section we aim to repeat the experiments on subspace classifica-
tion from Chap. 4. We first analyse the structured embedding and how
to use it in practice. We then turn our attention to the more delicate
OPU case with an analysis of the theoretical results found earlier and
application to the same classification problem.

5.5.1 Analysis of structured embeddings

In this experiment, we investigate how the depth S of the structured
Hadamard-diagonal embedding influences the behaviour of individual
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rows of the resulting random projection matrix. For a fixed dimension
n and a fixed row index j, we consider the random vector u =

√
n e⊤j G,

where G is generated according to the model in Eq. 5.1, and ej denotes
the j-th canonical basis vector of Rn. For increasing values of the num-
ber of Hadamard blocks S, we examine the empirical distribution of the
entries of u, which corresponds to the distribution of the coefficients of
a single row of the structured embedding matrix.

Figure 5.2 shows both the empirical histograms of the row entries
(top) and the corresponding Q-Q plots against a standard Gaussian
(bottom). For S = 1, the distribution is clearly non-Gaussian. As S
increases, the empirical distributions progressively smooth out and be-
come increasingly symmetric, while the Q-Q plots approach the iden-
tity line. Already at S = 3, the row-wise distribution closely matches a
Gaussian.

These observations empirically support the use of S = 3 Hadamard-
diagonal blocks to generate structured random projections with an ap-
proximately Gaussian distribution. This corroborates earlier findings
on structured matrices [43, 23]. In all subsequent experiments, we will
therefore fix S = 3 unless otherwise stated.

5.5.2 Experiments on subspaces with structured embeddings

We now return to the ETH-80 subspace classification experiments of
Sec. 4.7.4. The goal here is not to introduce a new classification protocol,
but to study whether the embeddings of Chap. 4 can be replaced by the
structured embeddings introduced in the present chapter.

We keep the same dataset, preprocessing, train-test splits and clas-
sifiers as in Sec. 4.7.4. Each image is resized to 32× 32, so that n = 1024,
and each subspace is of dimension k = 9. We also keep the same two
tasks. The first one is superclass classification, where each object is rep-
resented by a single subspace and the label is the superclass. The sec-
ond one is object classification, where each individual object defines its
own class and several subspaces are generated for each object in the
exact same way as in Sec. 4.7.4.

In Chap. 4, we compared exact Grassmannian kernels with Gaus-
sian rank-one random features and their bounded variants. We now
add the structured embeddings introduced in this chapter. For a basis
U ∈ V(k, n), we consider the real-valued, binary and periodic struc-
tured embeddings

ψst(U), sign(ψst(U)), exp(iωψst(U)).

with ω a real parameter. As before, the embedding size is described
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through the oversampling ratio

ρ = m
nk .

The ψst embeddings use S = 3 Hadamard–diagonal blocks, in line with
the empirical analysis of Sec. 5.5.1. We report the same two values ρ =
0.05 and ρ = 0.20 as in Chapter 4, which makes the comparison with
the Gaussian embeddings direct.

Superclass classification
We first repeat the superclass classification experiment. Since this

setting contains only 56 training subspaces and 24 test subspaces, it is
not the regime where random features are expected to bring the largest
computational advantage. It is nevertheless useful as a first check that
replacing Gaussian vectors by structured ones does not destroy the ap-
proximation behaviour observed in Chap. 4.

Fig. 5.3 shows the classification accuracy obtained with the struc-
tured embeddings as a function of ρ. The corresponding runtimes and
accuracies at ρ = 0.05 and ρ = 0.20 are reported in Tab. 5.3, together
with the exact kernels and Gaussian embeddings from Sec. 4.7.4.

We see that the structured embedding strategy gives very similar
trends compared to the unstructured one showing an increase in ac-
curacy as ρ grows. Furthermore, in spite of their much lower time re-
quirements (from 10 to 20× faster than the unstructured version), the
structured embeddings still give very good accuracy. At ρ = 0.20, the
structured binary embedding reaches 96.46% accuracy, while the real-
valued and periodic structured embeddings reach 93.54%.

In this setting, the main conclusion is therefore not that structured
embeddings outperform exact kernels, but that they recover most of the
classification accuracy while greatly reducing the cost of the random
feature computation.

Object classification
We now repeat the object classification experiment, where each of

the 80 objects defines its own class. This setting is more demanding
than superclass classification as it contains 10× more subspaces. It is
therefore better suited to show the computational benefit of replacing
exact kernel computations or Gaussian random features by structured
embeddings.

Fig. 5.4 shows the classification accuracy obtained with structured
embeddings as a function of ρ. The timing and accuracy values at ρ =
0.05 and ρ = 0.20 are reported in Tab. 5.4.

The Gaussian embeddings from Chap. 4 approach the exact pro-
jection kernel as ρ increases, but this comes with a larger runtime cost
than the non-embedded classification. At ρ = 0.20, the Gaussian ROP
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Fig. 5.3 ETH-80 superclass classification with structured embeddings using S = 3
Hadamard-diagonal blocks.

Method ρ Total time (s) Accuracy (%)

Exact kernels

Projection kernel κp — 0.2633 100.00

Periodic kernel κ◦ — 0.2381 100.00

Gaussian embeddings from Chapter 4

Gaussian ROP 0.05 / 0.20 1.3211 / 5.3102 98.12 / 99.79

Gaussian binary ROP 0.05 / 0.20 1.3211 / 5.3111 93.12 / 96.04

Gaussian periodic ROP 0.05 / 0.20 1.3240 / 5.3145 93.54 / 93.75

Structured embeddings

Structured ROP 0.05 / 0.20 0.1046 / 0.1963 94.79 / 93.54

Structured binary ROP 0.05 / 0.20 0.1048 / 0.1972 92.29 / 96.46

Structured periodic ROP 0.05 / 0.20 0.1055 / 0.2025 94.79 / 93.54

Table 5.3 Superclass classification with exact kernels, Gaussian embeddings and
structured embeddings. Total time includes embedding computation and SVM train-
ing and evaluation. Random embedding results are averaged over 20 trials.

embedding reaches 94.06% accuracy but requires 85 seconds in total
compared to 53 seconds.

The structured embeddings keep essentially the same accuracy as
their Gaussian counterparts, while being much faster to compute. At
ρ = 0.20, the structured variants are about 20× faster than the cor-
responding Gaussian embeddings. In all three cases, the accuracy re-
mains within less than 2% of the Gaussian version, with the binary and
periodic variants almost unchanged. This confirms that the structured
construction mostly preserves the behaviour of the embeddings from
Chap. 4, while substantially reducing their computational cost.

This experiment is the clearest illustration of the role of structured
embeddings. They do not change the kernels studied in Chap. 4. In-

| 177



5 | Fast computation of random embeddings

stead, they provide faster approximations of the same random feature
constructions. Compared with Gaussian embeddings, the loss in accu-
racy is moderate at ρ = 0.20, while the runtime reduction is large. Com-
pared with exact kernels, the structured methods avoid direct pairwise
kernel computations and provide explicit features that can be used with
linear learning methods.
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Fig. 5.4 ETH-80 object classification with structured embeddings using S = 3
Hadamard–diagonal blocks.

Method ρ Total time (s) Accuracy (%)

Exact kernels

Projection kernel κp — 52.8856 98.75

Periodic kernel κ◦ — 58.7874 90.00

Gaussian embeddings from Chapter 4

Gaussian ROP 0.05 / 0.20 24.1868 / 85.2087 84.19 / 94.06

Gaussian binary ROP 0.05 / 0.20 24.2049 / 85.2449 72.25 / 91.75

Gaussian periodic ROP 0.05 / 0.20 24.3763 / 86.4142 81.38 / 92.31

Structured embeddings

Structured ROP 0.05 / 0.20 1.8729 / 4.0293 83.00 / 92.38

Structured binary ROP 0.05 / 0.20 1.8925 / 4.0837 72.13 / 91.25

Structured periodic ROP 0.05 / 0.20 1.9967 / 5.2383 83.00 / 92.38

Table 5.4 Object classification with exact kernels, Gaussian embeddings and struc-
tured embeddings. Total time includes embedding computation and SVM training
and evaluation. Random embedding results are averaged over 20 runs.

5.5.3 Analysis of the OPU

Before applying the encoded optical embeddings to classification, we
examine two effects that cause the physical OPU to differ from the ideal
model. We first study how its output depends on the density of a bi-
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nary input. We then measure the noise remaining after the complete
encoding, decoding and debiasing procedure.

Effect of input density. The ideal Gaussian model does not fully
describe the measurements produced by the physical OPU. The cam-
era records each light intensity using 8 bits, giving 256 possible val-
ues between 0 and 255 and there is noise present in every measure-
ment. Other physical effects may also affect the output, but we do not
consider them here. The physical measurement is therefore better de-
scribed by

ψopu(x)j = Q8
(
ψ̃opu(x)j + ϵ(x)j

)
, (5.15)

where ψ̃opu denotes the ideal natural OPU embedding, ϵ(x)j denotes
the noise affecting coordinate j, andQ8 is the 8-bit quantiser used by the
OPU camera. Denoting its clipping level by C > 0, its quantisation step
is C

28 . Values close to zero are therefore difficult to distinguish from the
noise and from the first quantisation levels. Values above the available
camera range are clipped to the largest output value.

Both effects depend on the density of the binary input denoted by
d. Let b ∈ {0, 1}n and define

s = ∥b∥2 = | supp(b)|, d = s
n .

The density d is the proportion of non-zero entries in b. Since the entries
of b are binary, its squared norm is exactly equal to its number of non-
zero entries. Under the ideal Gaussian model, ∥ψ−opu(b)∥ should be
proportional to s = ∥b∥2.

We tested this numerically by taking vectors bi ∈ {0, 1}1024 with
varying levels of sparsity and measuring ∥ψ−opu(bi)∥ against ∥bi∥2.
Fig. 5.5 shows that for densities below approximately 20%, the opti-
cal signal is weak and the output seems strongly affected by noise and
for densities above approximately 80%, an increasing number of cam-
era pixels reach their maximal value, which breaks the linear depen-
dence on the norm. The OPU therefore behaves closest to the ideal
model when the binary input density lies between these two values.
This observation will be important for the encoded subspace embed-
dings, since their binary decomposition can produce both very sparse
and very dense inputs.

Noise after decoding. We next measure the noise affecting the final
decoded embeddings. We fix a subspace basis U0 ∈ V(9, 1024) and ap-
ply the complete quantisation, encoding, optical measurement, decod-
ing and debiasing procedure with R = 20 repetitions. We repeat the
experiment for quantisation levels L ∈ {2, 4, 8, 16}. The OPU produces
217 random features before debiasing, resulting in a final embedding
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Fig. 5.5 Norm of the debiased OPU embedding as a function of the density s/n of the
binary input. Each input is measured 20 times. The approximately linear behaviour is
mainly observed when the proportion of active entries lies between 20% and 80%.

dimension m = 65 536. We collect the resulting embeddings for every
quantisation level L in a large matrix ΦL ∈ R65 536×20 and compute the
variance of each row of ΦL. This tells us how much an entry of the
output vector (supposed to remain constant in the noiseless case) will
vary over 20 trials. This is shown on the left side of Fig. 5.6. We can see
that the empirical distributions of those variances shift towards higher
values as L grows, and the shift is strongest going from L = 2 to L = 4.
It then becomes smaller for subsequent values.

We also average the standard deviations of the output to obtain a
single empirical noise level for each value of L. We compare this quan-
tity with the standard deviation predicted by the noise model derived
from Lem. 5.1, after estimating the base noise variance from the exper-
iment with L = 2. The result is shown on the right side of Fig. 5.6. The
empirical and theoretical curves follow the same trend, with a large in-
crease from L = 2 to L = 4 followed by progressively smaller increases.
However, the theoretical model predicts a larger standard deviation in-
crease. This discrepancy may result from effects that are not captured
by the simplified noise model. For example, Lem. 5.1 assumes that
every binary OPU call has the same independent noise variance. How-
ever, the previous experiment has shown that the assumption of having
a common noise model for every binary vector input is likely inaccu-
rate.

Finally, we examine whether the final debiased embeddings remain
centred around zero. For each repetition, we average the entries of
ψ−opu(U0), then average the resulting values over the 20 trials. Since
the ideal debiased embedding is centred on zero in expectation, this
quantity provides an estimate of an additional scalar bias introduced
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Fig. 5.6 Noise measured after the complete OPU encoding and decoding procedure
over 20 repetitions of the same subspace.
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Fig. 5.7 Bias measured after the complete OPU encoding and decoding procedure
over 20 repetitions of the same subspace.

by the physical OPU. Figure 5.7 shows that this estimated bias increases
with the number of quantisation levels. The increase is again strongest
between L = 2 and L = 4 and becomes smaller for larger values of L,
following a trend similar to the standard deviation measured in Fig. 5.6.

5.5.4 Experiments on subspaces with the OPU

We now apply the complete OPU procedure to the two ETH-80 clas-
sification tasks considered in Chap. 4 and earlier in this chapter. We
keep the same data, train-test splits, subspace dimensions and classifi-
cation protocol. The only change is the embedding used to represent
each subspace.

Each basis U ∈ V(9, 1024) is first quantised using the procedure
introduced in Algo. 1. Its columns are then decomposed into binary
vectors, which are transmitted to the OPU. The optical measurements
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are combined by the decoder to reconstruct the quadratic embedding
of the quantised basis, after which two halves of the OPU output are
subtracted to form the debiased embedding ψ−opu(U).

We repeat the experiment for L ∈ {2, 4, 8, 16}. The physical OPU
returns 217 coordinates before debiasing. Subtracting the two halves
therefore gives a final embedding dimension of m = 65 536.

To study the influence of m, we randomly permute the coordinates
of each complete embedding and retain only the first m coordinates.
This truncation is performed after the optical measurements have been
acquired so that the OPU is only used once for the whole dataset.

For each value of L, we consider the three kernel approximations
used in Chap. 4 (raw, sign, and periodic) and apply the same classifica-
tion method as in Sec. 4.7. Again, we show the classification accuracy
as a function of the oversampling ratio ρ = m/(nk).

Classification with an ideal numerical OPU. Before considering
the measurements from the physical machine, we repeat the exper-
iment with a noiseless numerical implementation of the ideal OPU
model. The numerical model uses a fixed Gaussian matrix and com-
putes the corresponding quadratic measurements. It therefore pre-
serves the random matrix between different inputs and different values
of L, as does the physical machine, while removing camera quantisa-
tion, measurement noise and clipping. Of course since this procedure
is computed with traditional code, we cannot push the number of ran-
dom features as high as the OPU without incurring massive computa-
tional costs. We therefore keep m ≤ 5000, which will be sufficient to
observe the effects of the number of quantisation levels.

We first tested the complete quantisation, binary encoding, numer-
ical OPU measurement and decoding procedure. The decoded mea-
surements are the same as the direct quadratic measurements of the
quantised subspaces up to numerical precision. This confirms that any
difference between the numerical and physical experiments does not
come from an algebraic error in the encoder or decoder.

The results are shown in Fig. 5.8 for the superclass setting and in
Fig. 5.9 for the object setting. In the superclass setting, the influence of
L is limited. Increasing L only slightly improves the rate at which the
accuracy grows with m.

The influence of quantisation is much clearer in the object classifi-
cation setting. At m = 5000, the raw feature accuracy is about 55% for
L = 2, 54% for L = 4, 65% for L = 8 and 94% for L = 16, showing an in-
crease of nearly 40% accuracy from L = 2 to L = 16. Similar trends can
be observed in the other two feature types. Finer quantisation therefore
gives a substantial improvement on this task.
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Fig. 5.8 Superclass classification using noiseless numerical OPU measurements. Each
curve corresponds to a number of quantisation levels L.

It must be noted that the limited impact of a larger L for the super-
class setting can be explained in part by the fact that the problem is by
nature easier. We can indeed recall that in Chap. 4 the random feature
constructions all reached close to 100% even with an oversampling ra-
tio of ρ = 0.2. By contrast, the object classification problem required
more random features and did not reach such a high accuracy score.
This suggests that it is much more subtle as it requires smaller details
of objects to be taken into account which is why a finer quantisation
improves the classification result significantly.

Classification with the physical OPU. We now replace the ideal nu-
merical measurements with the measurements returned by the physi-
cal OPU. The same quantisation, encoding, decoding and classification
procedures are used. The superclass and object classification results are
shown in Figs. 5.10 and 5.11 respectively.

The physical measurements show the complete opposite trend com-
pared to the numerical experiment. For superclass classification, L = 2
and L = 4 both reach perfect accuracy with m large enough for all three
kernel approximations. However, the performance then decreases in all
three kernels for L = 8 and decreases further for L = 16. At the largest
embedding dimension, the raw features reach about 88% accuracy for
L = 8 and 67% for L = 16. The periodic features reach 88% and 75%,
while the binary features reach 58% and 50% for the same values of L.
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(c) Periodic features.

Fig. 5.9 Object classification using noiseless numerical OPU measurements. Each
curve corresponds to a number of quantisation levels L.

This trend is even stronger for the object classification problem. The
best results are obtained with L = 2 and performance then decreases
for all higher values of L. Furthermore, the maximum accuracy reached
using the physical OPU does not exceed 65% across all methods and
quantisation levels for this object classification problem, by contrast
with the numerical OPU which reaches over 85% accuracy in some
cases.

The object classification curves also show that increasing m does not
seem to increase accuracy beyond a certain point. The accuracy initially
grows as more features are considered, but then reaches a plateau. The
degradation in accuracy associated with a larger L therefore cannot be
explained only by an embedding dimension too low.

This conclusion is unchanged by removing the bias considered in
Sec. 5.5.3. For each embedded subspace, we subtract the average of the
coordinates of its debiased embedding. This removes an estimated bias
induced by the physical OPU. This shows that the observed degrada-
tion cannot be removed by subtracting a single bias from every entry of
the random feature vectors.

Density of the encoded binary inputs. In order to investigate why
the performances of the real OPU do not match their expected be-
haviour, we will verify whether the conditions for optimal OPU per-
formance laid out in Sec. 5.5.3 are satisfied. Our analysis showed that
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(c) Periodic features.

Fig. 5.10 Superclass classification using the physical OPU. Each curve corresponds to
a number of quantisation levels L. The OPU produces 217 coordinates before debiasing
and 65536 coordinates after debiasing.

the physical OPU behaves closest to its ideal model when the density d
of a binary input lies approximately between 0.2 and 0.8. We now ex-
amine whether the binary vectors produced by the encoder satisfy this
condition.

For every training and test subspace from the object classification
problem, we quantise its basis and collect all binary vectors generated
by the encoder from Algo. 1. We then compute their density and re-
peat this procedure for every value of L. The resulting empirical dis-
tributions are shown in Fig. 5.12. The two vertical lines indicate the
approximate optimal operating range of 0.2 to 0.8 identified in Fig. 5.5.

A large proportion of the encoded vectors lies outside the interval
between 0.2 and 0.8. In the object classification setting, this proportion
is approximately 41% for L = 2, 61% for L = 4, 70% for L = 8 and 74%
for L = 16.

This already paints a bleak picture. However if we take the weights
added in the decoder from Algo. 2 into account, we realise that some
values with larger weights have greater influence than others with
small weights. Some measurements are indeed multiplied by larger
coefficients than others during decoding. We therefore repeat the calcu-
lation by weighting every binary OPU measurement with the weights
Gi. Under this weighting, the proportion associated with inputs out-
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Fig. 5.11 Object classification using the physical OPU. Each curve corresponds to a
number of quantisation levels L. The OPU produces 217 coordinates before debiasing
and 65536 coordinates after debiasing.

side the operating range reaches approximately 79% for L = 4, 95% for
L = 8, and 99% for L = 16.

Note that if we consider the subspaces in the superclass dataset, the
results are very similar. We choose not to report them here since they
do not add much information.

Interpretation of the results. The numerical and physical experi-
ments showed two completely opposite effects: on the one hand, in-
creasing the number of quantisation levels had a positive impact on
results, on the other hand, the other setting showed a decrease in per-
formance when L increases.

This first shows that the encoding and decoding procedures of Al-
gos. 1 and 2 work as intended on a perfect numerical model but seem
unfit for the real OPU. We can indeed see that the binarised vectors
created by the encoding procedure lie increasingly outside the efficient
operating range of the OPU (Fig. 5.6). Furthermore, the increased num-
ber of OPU calls as L grows also increases the physical noise calculated
in theory in Sec. 5.4 and empirically in Sec. 5.5.3.

These observations may explain the classification trends in both set-
tings. Increasing L reduces quantisation error, but also increases the de-
coded noise and the contribution of binary inputs outside the preferred
density range. The first effect can initially compensate for the second,

186 |



Conclusion | 5.6

0.0 0.2 0.4 0.6 0.8 1.0

Binary OPU input density

0

10

20

30

P
ro

b
ab

ili
ty

d
en

si
ty

L = 2

L = 4

L = 8

L = 16

(a) Empirical density distributions of the en-
coded binary OPU inputs for object classifica-
tion. The vertical dashed lines mark the inter-
val [0.2, 0.8].

2 4 8 16

Number of quantisation levels L

0.0

0.2

0.4

0.6

0.8

1.0

F
ra

ct
io

n
ou

t-
of

-r
an

ge

Unweighted

Squared decoder weights

(b) Proportion of encoded binary inputs with
density outside [0.2, 0.8] for object classifica-
tion. We compare the unweighted proportion
with the proportion weighted by the squared
decoder coefficients.

Fig. 5.12 Density analysis of the binary vectors generated by the encoder in the
object-classification setting. The superclass setting shows the same qualitative be-
haviour and is omitted for brevity.

while for larger L the gain from finer quantisation becomes smaller but
the decrease of performance because of physical constraints dominates.

This explanation may be sufficient to justify the results, however it
does not allow us to draw further conclusions as to whether one effect
is more or less influential on the final result. Furthermore, other ef-
fects may be present inside the OPU and have thus not been taken into
account.

5.6 Conclusion

This chapter studied two ways of reducing the cost of the random em-
beddings introduced in the previous chapters. The first replaces inde-
pendent Gaussian vectors with structured Hadamard-diagonal trans-
formations. The second applies the computation of quadratic random
measurements with an optical processing unit.

The structured construction preserves the form of the rank-one em-
beddings from Chap. 4, while reducing their memory and computa-
tional requirements. Using S = 3 Hadamard-diagonal blocks produces
vectors whose empirical distributions are already close to Gaussian, as
illustrated in Fig. 5.2. The ETH-80 experiments confirm that this change
allows us to reach similar levels of accuracy in the same experimental
setting. At oversampling level ρ = 0.20, the three structured variants
remain within less than 2% of their Gaussian equivalents in the object
classification experiment, while reducing the computation time by ap-
proximately a factor of 20, as shown in Tab. 5.4. The structured embed-
dings therefore provide a practical way to keep the behaviour of the
random features from Chap. 4 at a substantially lower cost.
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The OPU follows a different strategy by implementing a fixed
quadratic random transformation through the propagation of light in
a scattering medium instead of constructing and applying the random
vectors digitally. Its binary input constraint does not allow the direct
processing of real-valued vectors as considered in the previous chap-
ters. We therefore introduced an encoder that decomposes a vector
quantised with L levels into binary vectors, together with a decoder
that reconstructs its quadratic embedding. Proposition 5.1 shows that
this reconstruction is exact in the ideal noiseless model and requires
O((log2 L)2) OPU calls.

The repeated optical calls also introduce physical noise. Proposi-
tion 5.2 describes how this noise is amplified by the decoder, while
Lemma 5.1 shows that its variance remains bounded when the quanti-
sation step decreases proportionally to 1/L. The experiments in Fig. 5.6
empirically showed that this behaviour was slightly less noisy than pre-
dicted by theory but followed the same trend with the largest increase
in noise occurring between L = 2 and L = 4, followed by progressively
smaller increases.

The numerical OPU experiments confirm that the encoding and de-
coding procedure behaves as intended in the ideal model. In particular,
finer quantisation substantially improves the more difficult object clas-
sification task, as shown in Fig. 5.9. The physical OPU produces the
opposite trend. Increasing L lowers the classification accuracy in both
settings, and the object classification performance remains far below
what was obtained with the structured embeddings.

The analysis of the encoded binary inputs provides a possible ex-
planation for this discrepancy. The physical OPU behaves closest to
its ideal model when the binary input density lies approximately be-
tween 0.2 and 0.8, as shown in Fig. 5.5. However, the encoder increas-
ingly produces heavily weighted binary vectors outside this interval as
L grows. Figure 5.12 shows that most of the contribution predicted by
the weighted decoder coefficients is associated with such inputs for the
largest values of L. The gain obtained from finer quantisation is there-
fore opposed by increased noise and by measurements taken outside
the preferred operating range of the device.

The optical experiments, however, demonstrate the mathematical
construction of the encoder and decoder. Quantised quadratic sub-
space embeddings can be reconstructed exactly from binary optical
measurements in the ideal model. The limitation is in the interaction
between the encoder and the physical properties of the available OPU.
In its current form, the method is therefore a demonstration of feasibil-
ity rather than a competitive implementation of the considered classi-
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fication tasks. A more effective optical construction would require an
encoder designed jointly with the physical device, so that the binary
inputs remain within a suitable density range while limiting both the
decoder coefficients and the number of optical calls.
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6
Conclusion

We first thank the honourable reader for making it this far, assuming of
course that the reader did not jump directly to the conclusion.

Having presented the main results obtained over the past few years,
we now step back and consider the manuscript as a whole. This final
chapter summarises its principal contributions, discusses their limita-
tions, and outlines several directions for future work.

6.1 Summary and future work

Chap. 2 began with the two main difficulties associated with large
datasets. Individual objects may have a high dimension n, while the
dataset itself may contain a large number N of objects. Both quantities
can make storage and computation difficult. Kernel methods are par-
ticularly attractive because they allow complex comparisons through
an implicit feature representation, but they also illustrate the difficulty
created by a large N, since they rely on pairwise evaluations and the
construction of Gram matrices. Random features provide a way to re-
tain the advantages of kernel methods while replacing the implicit fea-
ture map with an explicit finite-dimensional embedding whose scalar
products approximate the kernel.

The discussion then went from kernel approximations to embed-
dings as changes of representation. After introducing deterministic and
linear random embeddings, we turned to quadratic transformations,
which are at the core of the contributions developed later. We then in-
troduced subspace-valued data, their representation through orthonor-
mal bases and projectors, and their geometry through principal angles
and Grassmannian distances. This made it possible to return to kernels
and random features in the specific setting of the Grassmannian.
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Finally, quantisation and binarisation were presented as further
ways of reducing the cost of storing and processing embedded data.
Concentration inequalities and covering arguments then provided the
tools needed to move from identities in expectation to fixed-point and
uniform approximation guarantees. Together, these ideas establish the
progression followed in the later chapters, from quadratic estimation
in the embedding domain to Grassmannian random features and their
efficient implementation.

Signal processing in the quadratic embedding domain

Summary of contributions
Chap. 3 considered whether useful signal-processing operations can be
performed directly from random quadratic embeddings, without re-
constructing the original signal. The chapter focused on the debiased
embedding ψ−, obtained by taking differences of two independent ran-
dom quadratic measurements. This debiasing step removes the non-
zero mean of the original symmetric quadratic embedding and makes
it possible to compare an embedded signal with the signed embedding
of a fixed united vector.

The main contribution is the sign product embedding property es-
tablished in Prop. 3.2. For a fixed unit vector u, the quantity

π
4m ⟨sign(ψ−(u)), ψ−(x)⟩

approximates ⟨u, x⟩2 uniformly over all k-sparse signals x, provided
that

m ≥ Cδ−2k log
(

n
kδ

)
.

The required embedding dimension therefore depends linearly on the
intrinsic dimension k, up to logarithmic factors, rather than directly on
the ambient dimension n.

The result was then extended from a single reference vector to a
finite family of vectors. Cor. 3.2 shows that the same embedded sig-
nal can be compared simultaneously with a predetermined collection
of unit vectors, with only a logarithmic dependence on the number of
those vectors. This also gives a random-feature interpretation of the es-
timator. The signal x is represented by ψ−(x), while u is represented
by sign(ψ−(u)), and their scalar product approximates the quadratic
kernel

κ S(x, u) = ⟨x, u⟩2.

This differs from a classical symmetric random-feature construction,
but it is sufficient when incoming signals are compared with a fixed
collection of unit vectors.
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Experimentally, we showed that the empirical distortion decreases
with the embedding dimension as predicted by the theoretical analy-
sis. The MNIST experiments showed that centroid classification can be
performed in the embedding domain. The synthetic image-sequence
experiment in Sec. 3.5.3 further demonstrated that localised informa-
tion can be tracked from quadratic embeddings alone by comparing
each embedded frame with a small collection of embedded vectors for
each region of the image considered.

Perspectives
Several questions remain open. The first concerns the range of signal-
processing procedures that can be performed in the embedding do-
main. The experiments considered relatively simple estimators and
classifiers, but a natural continuation would be to develop statisti-
cally backed detection and estimation rules directly from the embed-
ded measurements. Hypothesis tests, likelihood-ratio methods and
maximum-likelihood estimators could provide better control of false-
alarm or missed-detection probabilities.

A second direction concerns the class of quantities that can be es-
timated. The sign product construction is naturally adapted to the
squared scalar product ⟨u, x⟩2, which follows from the quadratic struc-
ture of the measurements. It remains to determine whether other trans-
formations of the same embedding can approximate different functions
of ⟨u, x⟩, or whether related random embeddings can preserve other
quantities suited to tasks other than those presented.

Finally, the theoretical result is uniform over sparse signals x, but it
is proved for a fixed reference vector u. An interesting extension would
be to obtain a guarantee that is also uniform over a continuous set of
vectors rather than a finite collection.

Random features for Grassmannian kernels

Summary of contributions
Chap. 4 moved from vector-valued signals to data represented by low-
dimensional subspaces. Its goal is to replace exact Grassmannian ker-
nel evaluations with scalar products between explicit random feature
vectors, avoiding the construction and storage of a complete Gram ma-
trix.

The chapter first considers dense linear random projections of the
subspace projectors. These create a direct approximation of the projec-
tion kernel κp, but require storing and applying full random matrices
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in Rn×n. We therefore introduced the rank-one embedding

ψ rop(U) =
(
a⊤i UU⊤bi

)m
i=1.

Its empirical scalar products also approximate κp, but the resulting ran-
dom variables are heavy-tailed and thus have poor concentration prop-
erties. This motivated the use of bounded non-linear transformations
of the rank-one embedding.

The first construction applies the sign function and produces the
binary embedding ψ±. The corresponding empirical kernel

κ̂ ±(U, V) = 1
m ⟨ψ±(U), ψ±(V)⟩

approximates a deterministic kernel κ±. We showed that κ± is a well-
defined positive semidefinite Grassmannian kernel, invariant to the
choice of bases and to rotations of the subspaces. It therefore depends
only on their principal angles despite having no simple closed form in
general. In the special case k = 1, it reduces to an explicit function of
the single principal angle.

Prop. 4.4 establishes a uniform approximation guarantee over all
pairs of subspaces. More precisely, an embedding dimension satisfying

m ≥ Cδ−2nk log
(

n2

kδ2

)

is sufficient to obtain a uniform error bounded by δ with high probabil-
ity. The number of features therefore scales with the intrinsic dimension
of G(k, n) up to logarithmic factors.

We then introduced the aggregated binary embedding ψΣ. This ap-
proximation sums NΣ independent rank-one measurements before ap-
plying the sign function. Its expected kernel κΣ approaches the explicit
kernel

κΣ
∞(U, V) = 2

π arcsin
(

1
k ∑k

i=1 cos2 θi

)
,

where θ1, . . . , θk are the principal angles between U and V . Prop. 4.9
bounds the difference between κΣ and κΣ

∞ by C/
√

NΣ. The construction
therefore gives an interpretable binary kernel, although it requires more
rank-one measurements for every feature.

The final construction applies the complex exponential to the rank-
one embedding and produces the features ψ◦. Their expected kernel
has the explicit expression

κ◦(U, V) = ∏k
i=1
(
1 + ω2 sin2 θi

)−1.

The parameter ω controls the geometry of the kernel. For small ω, κ◦ is
close to a radial basis function kernel in the projection distance. Larger
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values make it more sensitive to small changes in the principal angles.
Prop. 4.12 gives a uniform approximation guarantee with a number of
features proportional to nk up to logarithmic factors.

The experiments first confirmed the geometry of the proposed ker-
nels and showed that their empirical approximation errors decrease
approximately as ρ−1/2, where ρ = m/(nk) represents the oversam-
pling ratio. This shows that the embedding dimension is directly linked
to the intrinsic dimension of the subspaces nk. The comparison with
dense projections also showed that rank-one projections approximate
the same projection kernel with substantially lower memory and com-
putational costs.

The ETH-80 experiments demonstrated that the raw, binary and pe-
riodic features can all be used for subspace classification, with useful
accuracy already obtained for embedding dimensions well below the
size nk of the original basis representation. In the object classification
setting, small embeddings provide faster but less accurate alternatives
to the exact kernels, while larger embeddings approach their accuracy.
The experiments therefore show that Grassmannian kernels can be ap-
proximated effectively with explicit rank-one random features, while
Chap. 5 investigates how these features can be computed more effi-
ciently.

Perspectives
The aggregated binary construction is only partially analysed. Prop. 4.9
controls the difference between its expected kernel κΣ and the limiting
kernel κΣ

∞, but no uniform concentration result was developed for the
empirical kernel κ̂ Σ. A complete analysis should both control the error
caused by the finite aggregation parameter NΣ and the error caused
by the finite embedding dimension m. This would clarify the trade-off
between approximation quality and the total number mNΣ of rank-one
measurements.

A second direction concerns subspaces of different dimensions.
The results in Chap. 4 compare elements of a fixed Grassmannian
G(k, n). Some applications may instead require comparisons between
subspaces whose dimensions differ, including the comparison of a vec-
tor (a one-dimensional subspace) with a higher-dimensional subspace.

The sign, aggregated sign and periodic transformations represent
only a small number of the bounded functions that could be applied
to rank-one measurements. Other transformations would potentially
induce other Grassmannian kernels with different dependence on the
principal angles. It is not yet clear whether other bounded transforma-
tions of the rank-one embedding would lead to useful Grassmannian
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kernels. A broader direction would be to establish a general result
describing which bounded functions produce valid kernels and un-
der which conditions their empirical approximations concentrate uni-
formly over the Grassmannian.

Another possible extension would be to consider kernels defined
on covariance matrices instead of projectors. As we saw, projection
matrices representing subspaces form a class of positive semidefinite
matrices, just like covariance matrices. However, the latter are not con-
strained to be idempotent or to have fixed eigenvalues. Rank-one mea-
surements remain natural in this setting, since for a covariance matrix
Σ they take the form ⟨aa⊤, Σ⟩F = a⊤Σa. This suggests that random
features similar to those developed here could be constructed for co-
variance matrices. The main difficulty is that kernels on covariance
matrices may depend on geometric properties that are more complex
than those of the Grassmannian considered in this work. Extending
the present approach would therefore require determining which co-
variance matrix kernels can be recovered or approximated from rank-
one measurements and how the corresponding geometric quantities are
preserved.

Fast computation of random embeddings

Summary of contributions
Chap. 5 demonstrated two ways of reducing the cost of the random em-
beddings introduced in the previous chapters. The first replaces inde-
pendent Gaussian vectors with structured Hadamard-diagonal trans-
formations. The second uses an Optical Processing Unit to compute
quadratic random measurements physically.

The structured embedding uses products of random diagonal sign
matrices and Walsh-Hadamard transforms to generate the vectors of
ψst. This reduces the cost of the rank-one embeddings both in terms of
computation and in terms of memory. The empirical study in Fig. 5.2
shows that three blocks already produce coefficients whose distribution
is close to Gaussian.

The ETH-80 experiments confirm that the structured construction
preserves the behaviour of the Gaussian embeddings from Chap. 4.
In the object classification setting, the raw, binary and periodic struc-
tured embeddings all reach accuracies above 91% at ρ = 0.20, remain-
ing within 2% of their Gaussian counterparts. Their computation is
approximately 20 times faster than that of the embeddings of Chap. 4.
The structured embeddings therefore provide a practical way to com-
pute the Grassmannian random features at a substantially lower cost.
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The second part of the chapter considers Optical Processing Units.
Their physical scattering mechanism produces complex quadratic ran-
dom measurements, which can be debiased by subtracting two halves
of the output. The result corresponds to an average of independent ver-
sions of the quadratic embeddings introduced in the previous chapters.

Since the OPU only accepts binary inputs, we introduced an encod-
ing procedure in Algo. 1 for vectors quantised with L levels. The quan-
tised vector is decomposed into ternary bitplanes, which are then rep-
resented through binary vectors compatible with the device. Prop. 5.1
shows that the quadratic embedding of the quantised vector can be re-
constructed exactly in the ideal noiseless model using

NOPU(L) = 3B(B+1)
2

OPU calls, where B = ⌈log2 L⌉. The number of calls thus scales as
O((log2 L)2).

We also studied how physical noise is amplified by the decoder of
Algo. 2. Prop. 5.2 gives the variance of the final decoded noise as a
function of the bitplane weights. Lem. 5.1 then shows that this variance
remains bounded when the quantisation step decreases proportionally
to 1/L. The empirical measurements in Fig. 5.6 follow the same trend,
with the largest increase occurring between L = 2 and L = 4.

The numerical OPU experiments confirm that the encoder and de-
coder behave exactly as intended in the ideal model. They also show
that finer quantisation can substantially improve the more difficult ob-
ject classification problem. The physical OPU produces a different re-
sult. Its accuracy decreases for larger values of L in both classification
settings.

The analysis of the density of the vectors sent to the OPU gives
a possible explanation for this unexpected result. The physical OPU
behaves closest to its ideal model when the binary input density lies
approximately between 0.2 and 0.8. However, the encoder produces
an increasing proportion of influential vectors outside this range as L
grows, as shown in Fig. 5.12. This effect is combined with the increase
in decoded noise caused by the larger number of optical measurements.

The optical results therefore confirm the mathematical encoding
and decoding construction, but do not yet show a competitive imple-
mentation on the physical device considered here. The main limitation
does not come from an algebraic error in the method, but from the in-
teraction between the encoder and the OPU.
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Perspectives
The structured embeddings are currently supported mainly by com-
plexity arguments and experimental results. The concentration guar-
antees established in Chap. 4 were proved for independent Gaus-
sian probing vectors and were assumed to remain valid for the struc-
tured construction. A first theoretical direction would be to establish
direct approximation guarantees for the Hadamard-diagonal embed-
dings and determine how many blocks are needed.

Finally, the optical encoding should also be redesigned with the
physical device in mind. The current procedure produces many binary
vectors that are either too sparse or too dense, and it requires several
OPU calls for every quantised basis vector. A better encoder should
keep the transmitted vectors within a suitable density range while try-
ing to reduce the number of calls.

6.2 Final remarks

The common thread throughout this manuscript is that random mea-
surements can be useful even when they do not allow us to reconstruct
the object that produced them. In many signal processing and learning
problems, the final goal is not to recover a vector, an image, or a sub-
space in full detail but to compare, detect, classify, or estimate a specific
quantity. When the embedding preserves that quantity with good ac-
curacy, the embedded representation can be enough.

This is the role played here by quadratic and rank-one measure-
ments. Their interest does not come from preserving everything. It
comes from the fact that they preserve certain interactions. In the vector
setting, debiased quadratic measurements allow us to estimate squared
scalar products with fixed patterns. In the Grassmannian setting, rank-
one measurements allow us to approximate kernels depending on the
geometry of subspaces. In both cases, bounded transformations such as
signs or complex exponentials make the embeddings more stable and
more suitable for random feature constructions.

This also gives a useful warning. Random quadratic embeddings
should not be treated as black-box compression mechanisms that au-
tomatically retain all useful information. They are only meaningful
once the task to be performed has been identified. The right ques-
tion is therefore not whether a compressed representation resembles
an original object, but whether it preserves the comparisons and esti-
mators required by a task. This task-driven reading is what makes the
constructions studied in this manuscript useful, and also what defines
their limits.
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The results presented here do not close the subject. They open sev-
eral paths, from sharper guarantees to faster implementations and op-
tical experiments. More importantly, they show that a change of rep-
resentation can change the way we approach a problem. We do not
always need to reconstruct the original object in order to use it. Some-
times it is enough to preserve the right quantity to reach the right deci-
sions. In that sense, quadratic and rank-one random embeddings offer
a way of turning difficult high-dimensional objects into lighter repre-
sentations that can still carry the information needed to act.
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List of acronyms

AI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Artificial intelligence.

CLAFIC . . . . . . . . . . . Class-featuring information compression.

CS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Compressed sensing.

DCT . . . . . . . . . . . . . . . . . . . . . . . . . . Discrete cosine transform.

DMD . . . . . . . . . . . . . . . . . . . . . . . . . Digital micromirror device.

FFHT . . . . . . . . . . . . . . . . . . . . . Fast Fast Hadamard Transform.

HDHD . . . . . . . . . . . . . . . . . . . . . Hadamard-diagonal transform.

IT . . . . . . . . . . . . . . . . . . . . . . . . . . . . Information technology.

JL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Johnson-Lindenstrauss.

LDA . . . . . . . . . . . . . . . . . . . . . . . Linear discriminant analysis.

LLM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Large language model.

LSH . . . . . . . . . . . . . . . . . . . . . . . . . . Locality-sensitive hashing.

MNIST . . . . . . . Modified National Institute of Standards and
Technology database.

OPU . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Optical processing unit.

PCA . . . . . . . . . . . . . . . . . . . . . . Principal component analysis.

PSD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Positive semidefinite.

Q-Q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Quantile-quantile.

QR . . . . . . . . . . . . . . . . Orthogonal-triangular factorisation.

RAM . . . . . . . . . . . . . . . . . . . . . . . . . . . . Random-access memory.

RBF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Radial basis function.

RIP . . . . . . . . . . . . . . . . . . . . . . . Restricted isometry property.

ROM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Read-only memory.
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ROP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Rank-one projection.

SP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Signal processing.

SPD . . . . . . . . . . . . . . . . . . . . . . . . Symmetric positive-definite.

SPE . . . . . . . . . . . . . . . . . . . . . . . . . . . Sign product embedding.

SVD . . . . . . . . . . . . . . . . . . . . . . Singular value decomposition.

SVM . . . . . . . . . . . . . . . . . . . . . . . . . . . . Support vector machine.

t-SNE . . . . . . t-distributed stochastic neighbour embedding.

UMAP . . Uniform Manifold Approximation and Projection.
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