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Abstract Featured Timed Automaton (FTA) is a con-

cise formalism to model the real-time behaviour of vari-

ability-intensive systems. FTA extends the timed au-

tomaton by allowing optional transitions and clock con-

straints that are relevant only for a subset of the system

variants. Then, one can verify a variant individually by

deriving the corresponding TA from the FTA and using

established tools like UPPAAL, or apply family-based

algorithms to verify all variants at once. These latter al-

gorithms consist of computing the reachability relation

in FTA as an antichain. Yet, they suffer from a three-

source complexity: the number of states, the number

of time clocks and the number of variants. This moti-

vates the design of abstraction-refinement heuristics to

reduce verification effort. In this paper, we present the

syntax and semantics of FTA, efficient algorithms to

compute their reachability relations, and discuss how

abstraction methods can be applied.

Keywords Model checking · variability · real time ·
abstraction

1 Introduction

Nowadays, Variability-Intensive Systems (VIS), in par-

ticular Software Product Lines [17] (SPLs), are deployed

in a wide variety of domains, including in critical ar-

eas such as avionics and telecommunications. These
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systems interact with their environment in real time,

and therefore have to cope with hard real-time require-

ments. Providing VIS engineers with quality assurance

techniques is of utmost importance since those must in-

crease confidence that all product variants they build
work properly.

Model checking [4] is a well-known automated ver-

ification technique for complex systems. Given a be-

havioural model of a system under verification and a

property expressed in some temporal logic, a model

checker determines if there exists an execution of the

model that violates the property. If such an execution

exists, then the corresponding trace is returned and

eventually used to improve the design. The model-check-

ing problem for VIS is, however, much more complex

than for single systems. Indeed, in addition to the inher-
ent complexity of verification, the model checker has to
deal with a potentially huge number of products. Con-

ceptually, verifying a VIS comes to identifying all the

software products that fail to meet their requirements

and intended properties [15]. A simple but cumbersome

method for addressing this problem is to reuse exist-

ing techniques to check each product individually. This
product-based approach is clearly impractical for de-
signs with hundreds, or sometimes thousands, of prod-

uct variants [15,14].

Many model-checking techniques were designed for

verifying VIS and SPL efficiently, e.g. those based on
featured transition systems [13], modal transition sys-
tems [5] and multi-valued model checking [11]. These

typically exploit the commonalities between different

products to reduce the verification effort, that is, they

check only once behaviours common to multiple prod-

ucts. Unfortunately, they suffer from two drawbacks

that hinder their applicability in practice.
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First, most of these techniques cannot handle VIS

whose behaviour depends on real-time constraints. As
an answer to these limitations, we proposed Featured

Timed Automata (FTA) as the first approach to model

and verify real-time VIS [22]. Our technique relies on a
smart combination of variability-aware model-checking
with established real-time model-checking approaches.

More precisely, FTA extends Timed Automata (TA) [26],
the classical model for timed systems, with variable
timed constraints and variable transitions, thereby al-

lowing the modelling of multiple real-time systems in a

concise formalism.

Second, variability exacerbates the state-explosion
problem inherent to model checking by adding a second

source of complexity, viz. the number of products. In

single-system verification, one of the most effective an-

swers to state explosion is model abstraction, which cre-

ates more concise – therefore easier to verify – models of

the system, typically by merging similar states. A fun-

damental challenge to address is the design of abstrac-

tion techniques that can reduce the two-dimensional

complexity of VIS behavioural models. [21]

In this paper, we aim to address these two limi-

tations by extending our previous work [22]. Accord-

ingly, our first contribution is the formal definition of

FTA syntax and semantics. We also study several ways

of modelling variability by exploiting the structure of

TA. Then, we combine the principles of TA and VIS
model checking into new verification algorithms specif-
ically designed for FTA. Our second contribution is to
provide a formal definition of FTA abstraction and to

discuss how such an abstraction integrates within a ver-

ification procedure based on an abstraction refinement

loop. A peculiarity of this abstraction, which distin-

guishes it from our previous work [21] is that in TA
(and thus in FTA), state changes are subjected to timed
constraints. Therefore, state abstraction techniques for
FTA should lean on state abstractions that deal with

real-time behaviour [25,34].

Overall, this paper brings the following improve-
ments and additional content over [22]:

– Improved text and formalism (all over the paper);

– Reworked introduction (Section 1);

– The definition of antichain in FTA reachability re-

lation and an algorithm to compute it (from Defini-

tion 15 to the end of Section 5, including Algorithm
2);

– A new Section discussing how to design abstraction

refinement methods for FTA (Section 6);

– Up-to-date related work section reporting the latest

publications on real-time variability-intensive sys-

tem verification and abstraction refinement meth-

ods for such systems (Section 7).

This paper is structured as follows. Section 2 reca-

pitulates TA syntax and semantics. Section 3 defines
the FTA formalism and the concept of featured clock
constraints. Section 4 presents a transformation of FTA
that is a prerequisite for the verification algorithms

based on the reachability relation in FTA. These al-

gorithms are presented in Section 5. In Section 6, we

discuss how we can design abstraction refinement tech-

niques for FTA. Section 7 presents related work.

2 Timed Automata

Timed Automata (TA) [26] have become a popular for-

malism for reasoning over the behaviour of continuous-

time systems. The main reasons are that model check-

ing of TA remains decidable for branching-time logics

such as CTL and that efficient solutions can be imple-
mented. Moreover, renown implementations like UP-
PAAL [7] managed to catch the interest of academics
and practitioners alike. This increases confidence that

TA are suitable for verifying properties of real-time

VIS as well. Fundamentally, TA are Transition Systems

(TS) that can remain in a given state only a certain

amount of time, and can execute a transition within a
certain time interval. As a reminder, TS are defined as
follows.

Definition 1 (Transition system) [4] A TS is a tu-

ple (S,Act, T rans, I, AP, L) where

– S is a set of states named the state space;
– Act is a set of actions;

– Trans ⊆ S×Act×S is the transition relation, where
(s, α, s′) ∈ Trans (also noted s

α−→ s′) means that

there is a transition from state s to state s′ labelled
with action α;

– I ⊆ S is a set of initial states;

– AP is a set of atomic propositions representing basic
system properties that are satisfied or not in a given

state;
– L : S → 2AP is a function that associates every

state with the set of atomic propositions satisfied

by this state.

We assume that our TS have no terminal state, i.e.

a state without outgoing transition: ∀s ∈ S • ∃α ∈
Act, s′ ∈ S • (s, α, s′) ∈ Trans.

Definition 2 (Transition system semantics) [4] Let

ts = (S, Act, T rans, I, AP, L) be a TS. The semantics

of ts, noted [[ts]], is its set of traces:

[[ts]] = {L(s0), L(s1), · · · ∈ (2AP )ω |
s0 ∈ I ∧ ∀i ∈ N • ∃αi ∈ Act • (si

αi−→ si+1)}.
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In TA, time is represented by clocks whose values

evolve continuously. Clocks can be regarded as chronome-
ters: their value can be inspected and reset, but not
modified arbitrarily. Conditions over clock values are

named clock constraints and take the following form.

Definition 3 (Clock constraint) [4] A clock con-

straint over a set C of clocks is formed according to

the following grammar:

g ::= ⊤ | n ∼ c | g ∧ g

with n ∈ N, c ∈ C, and ∼∈ {<,≤,≥, >}.
We denote by CC(C) the set of clock constraints over
C. In TA, a clock constraint can label a state or a tran-

sition. In the first case, the constraint is an invariant,

which defines the interval of time in which the system

can be in the state. In the second case, it is a transition

guard specifying the interval of time during which the

system can execute the transition. Note that the value

domain of the numeric member of clock constraints is

limited to natural numbers. This is, however, without

loss of generality, as one could use real numbers instead.

Using natural numbers offer the benefit of facilitating

the implementation of clock constraint, by allowing the

use of efficient data structure like difference bound ma-

trices [7].
This leads us to the definition of TA.

Definition 4 (Timed automaton) A TA is a tuple

(Loc, Act, C, Trans, Loc0, Inv, AP , L) where

– Loc is a set of locations;
– Act is a set of actions;

– C is a set of clocks;
– Trans ⊆ Loc×CC(C)×Act× 2C ×Loc is a transi-

tion relation. For a transition (l, g, α,Res, l′), l is the
starting location, g is the transition guard, α is the

action triggering the transition, Res is the subset of

clocks to reset, and l′ is the target location.
– Loc0 ⊆ Loc is a set of initial locations;

– Inv : Loc → CC(C) is a total function associating
a location with an invariant;

– AP is a set of atomic propositions;

– L : Loc → 2AP is a total function associating a

location with the atomic propositions satisfied in

that location.

where CC(C) denotes the set of clock constraints over

C.

Example 1 An example of TA is given in Figure 1. Sim-

ilarly to TS, the possible states of the modelled system

are represented by a set of locations (off and on). Tran-

sitions between locations, modelled by arrows, describe

how the state of the system can evolve. For example,

off
x < 10

on

start

x > 6 / reset(x)

stop

x > 3 / reset(x)

run

Fig. 1 An example of a Timed Automaton.

if the system is in location off and triggers the ac-

tion start, it will reach location on. We use clock con-
straints to restrict the intervals of time during which

the system can idle in a location or execute a transi-

tion to leave this location. For instance, the system can

remain in location off only when the value of clock x

is less than 10. Similarly, it can move to location on

when the value of x is greater than 6. Overall, it means

that the system always remain in location off between

6 and 10 time units. Upon the execution of a transi-

tion, the value of clocks can be reset to zero (e.g., see

transitions start and stop).

The semantics of a TA is commonly defined as an
infinite TS whose states consist of a location and a val-

uation of the clocks. The transitions in this TS can
be categorized into two types. Delay transitions do not

change the location of the system; they only represent
the passage of time. A delay transition may occur only

if the invariant of the current location is still satisfied af-

ter the delay modelled by the transition. Discrete tran-
sitions occur when the system moves from one location

to another. These are executable only when the current

clock values satisfy both the guard of the executed tran-

sition and the invariant of the target location. After the

execution of such transitions, clock values can be reset.

Definition 5 (TA Semantics [4]) Let ta = (Loc,

Act, C, Trans, Loc0, Inv, AP , L) be a TA. The seman-
tics of ta is the semantics of the TS (S, Act′, T rans′,
I, AP ′, L′), noted TS(ta), and such that

– S = Loc× V al(C);

– Act′ = Act ∪ R≥0;

– I = Loc0 × η0;

– AP ′ = AP ∪ CC(C);
– L′(l, η) = L(l) ∪ {cc ∈ CC(C) | η |= cc}.
where V al(C) the set of clock evaluations, that is, the
set of total functions η : C → R+ that assign a non-

negative real value to every clock, and η0 is such that

∀c ∈ C • η0(c) = 0.

Temporal logics such as LTL and CTL cannot ex-

press real-time properties. Instead, one can specify them

in Timed Computation Tree Logic [2] (TCTL), a timed

variant of CTL.
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Definition 6 (TCTL [2,4]) A TCTL formula Φ over

a set AP of atomic propositions and a set C of clocks
is formed according to the following grammar:

Φ ::= ⊤ | a | cc | Φ1∧Φ2 | ¬Φ1 | ∃(Φ1UJΦ2) | ∀(Φ1UJΦ2)

where Φ1 and Φ2 are TCTL formulae, a ∈ AP , cc ∈
CC(C), and J is a subinterval of [0,∞). When J =

[0,∞), it can be omitted.

A TCLT formula thus defines time-sensitive require-
ments over the atomic propositions that should be sat-

isfied or unsatisfied during during the executions of the

TA. In this work, we consider a specific fragment of

TCTL that can be checked through reachability analy-

sis, as we deal with this type of analysis in the subse-

quent sections. Our approach is, however, not limited

to this fragment and can straightforwardly be extended

to fully support TCTL. A formula of this fragment has

the form

Φ ::= ∃♦Jφ | ∃�Jφ | ∀♦Jφ | ∀�Jφ | ∀�(φ→ ∃♦Jψ)

where φ and ψ are Boolean formulae over the set of

atomic propositions, ♦Jφ = ⊤UJφ, and ∀�Jϕ = ¬∃J¬ϕ.
Intuitively, the formula ∃♦Jφ is satisfied if and only if

“there exists a path where a state satisfying φ is reached,

and this state can be reached in a time that lies in J”.
Similarly, the formula ∃�Jφ expresses the requirement

that “there exists a path where, during the interval of

time J , the proposition φ is always satisfied”. When the

symbol ∀ replaces ∃, it means that the property that fol-

lows must hold for every path. Finally, ∀�(φ→ ∃♦Jψ)

means that “whenever φ occurs, there must be a way

to satisfy ψ within the interval of time J”. This last
formula is notably helpful to express real-time fault re-

covery requirements.

Model checking a TA against a TCTL formula is

achieved by computing the reachability relation in the

underlying infinite TS. Should that model not be infi-

nite, this would come down to model-checking a stan-
dard TS. The infinite size comes from the definition
of the state space itself, that is, the cartesian product

of the set of locations with the set of clock valuations.

The former is finite but the latter is not. This is the rea-

son why all the existing TA model-checking algorithms

make use of time abstraction. One of the most popular

mechanism for abstracting time consists in representing

a set of clock valuations with a clock zone [26]. Given a

clock constraint g, a clock zone for g is the maximal set

of clock valuations satisfying g. In practice, zones can

be represented as the conjunction of constraints of the

form x− y < n with n ∈ Z and x, y ∈ C ∪ {0}. Several
TA model-checkers, notably UPPAAL [7], rely on this

representation. Applying zone-based abstraction on the

Pump
P

FastStart
Fstart

FastStop
Fstop

Button
B

Legend:

a a
= and = or

a
= optional

Fig. 2 Feature diagram of the pump SPL.

infinite TS yields a finite TS where states are couples

of location and zone. One can thus compute the set of
reachable states in this TS and consequently determine
if and when the system can reach a given location [26].
We apply the principles of this exploration procedure

in our own verification algorithms for real-time VIS.

3 Modelling Real-Time VIS Behaviour

In real-time VIS, features may influence the behaviour

of a system in two ways. First, features may add or re-

move capabilities like in discrete VIS. Second, they may

also influence the time constraints that determine the

minimum and maximum delays for executing a given

action or remaining in a given state. Accordingly, we

extend TA with variability in the same way as TS were

extended to Featured Transition Systems [13]. The re-

sulting formalism is named Featured Timed Automa-

ton (FTA). Before giving its formal definition, we first

present it through an introductory example.

Example 2 We consider a simplification of the well--

known mine pump example [30] extended with real-
time. We focus on a closed model of the software con-
trolling the pump itself and ignore the other compo-

nents of the system. We assume that the software is de-

veloped as a VIS with three optional features: Button

(B), FastStart (Fstart), and FastStop (Fstop). The

corresponding feature diagram is shown in Figure 2.

Button defines that the pump is equipped with a but-
ton used to start and stop the engine. If FastStart

(resp. FastStop) is enabled, then less time is required

for the pump to start (resp. stop). This small VIS has

a total of eight products.

Figure 3 shows a graphical representation of an FTA
modelling the real-time behaviour of the pump VIS.

As in TA, we model the locations of the system. Here,

there are only two locations, on and off, which models

that the pump is started and stopped, respectively. The
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off
[Fstart](x < 7)

[¬Fstart](x < 10)
on

[B] start / 

[Fstart](x > 4) ⋀ [¬Fstart](x > 6) / reset(x)

[B] stop / 

[Fstop](x > 3) ⋀ [¬Fstop](x > 5) / reset(x)

run

Fig. 3 FTA modelling the mine pump VIS.

pump can transit between these locations if and only

if it has feature B. Initially, the pump is in the off

location. At some point, the pump must be started,

that is, the pump cannot remain in the off location

indefinitely. As for TA, we model this restriction with
a location invariant. In FTA, however, invariants may

depend on variability. For example, we should be able

to express the following requirement :

“The maximum amount of time the pump may

remain in off location depends on the presence

of FastStart is enabled. With this feature, the

maximum time is 7 time units, otherwise it is 10

time units.”

In order to model the above requirement, we com-

bine features with location invariants. More precisely,

we define an invariant as the conjunction of clock con-

straints annotated with a feature expression. We name

this construct featured clock constraint. Then, only the
products satisfying the feature expression have to sat-

isfy the associated clock constraint. In our example, the

invariant of location off is given by x < 7 for the prod-

ucts having the feature FastStart; for the others, the

invariant is given by x < 10. Accordingly, we specify

the invariant of location off as

[FStart](x < 7) ∧ [¬FStart](x < 10).

As for invariants, variability influences the executabil-

ity of transitions and their associated clock constraints.

As mentioned above, the feature Button is needed to

execute the transitions start and stop. Consequently,
these transitions are annotated with the feature expres-

sion B. On the contrary, the transition run does not

require the feature Button to be executed and is thus

annotated with the feature expression ⊤, which is sat-

isfied by every product. Another requirement for the

pump is the need for a preheating time before it begins

to run. This delay depends on feature FastStart. We
can express that constraint as follows :

“The pump must remain at least in 6 time units

in the off location before starting. If the pump

is equipped with feature FastStart, this delay is

reduced to 4 time units.”

As before, we may model this requirement by guard-

ing the transition with a featured clock constraint. In

this case, the constraint is

[FStart](x > 4) ∧ [¬FStart](x > 6).

The transition stop is constrained similarly. We thus

annotate that transition with another featured clock

constraint. Overall this model defines that the pump

always remains in location off between 4 and 7 time

units if feature FastStart is enabled, and between 6

and 10 time units otherwise.

3.1 Syntax and Semantics of FTA

As our introductory example suggests, the encoding of

variability within FTA relies on a combination of fea-

ture expressions and clock constraints. The resulting

formalisms is defined as follows.

Definition 7 (Featured clock constraint) A fea-

tured clock constraint over a set F of features and a

set C of clocks is a formula of the form

g ::= ⊤ | [χ](c ∼ n) | g ∧ g

where c ∈ C, n ∈ N, ∼∈ {<,≤,≥, >}, and χ is a feature

expression over F .

Intuitively, g = [χ]g′ means that g′ must hold for prod-

ucts satisfying χ – the others do not have to satisfy the

constraint. We denote by FCC(F,C) the set of fea-

tured clock constraints over F and C. The satisfiabil-

ity relation for featured clock constraints by a couple
(p, η) ∈ 2F × V al(C) is recursively defined as follows:

(p, η) |= g ⇔
{
(p, η) |= g1 ∧ (p, η) |= g2, g = g1 ∧ g2,
p 6|= χ ∨ η |= g′, g = [χ]g′.

When p 6|= χ, p is said to trivially satisfy any featured
clock constraint of the form [χ]g. Note that a classical

(non-featured) clock constraint g can be regarded as a

featured clock constraint where each feature expression
is a tautology. Also, we allow the use of [χ](g1∧g2) as a
shortcut for [χ]g1 ∧ [χ]g2. As an example, the featured

clock constraint [FastStart] (x > 4) (see Figure 3) is

satisfied by a product p and a clock valuation η if and
only if p does not have feature FastStart or clock x has

a value higher than 4 in η.

Feature expressions and featured clock constraints

allow us to model the impact of features on real-time
models. By combining them with timed automata, we
obtain a new formalism to model the behaviour of real-

time VIS.
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Definition 8 (Featured timed automaton (syn-

tax)) A featured timed automaton is a tuple (Loc, Act,
C, trans, Loc0, Inv, AP,L, fm, γ) such that

– Loc is a finite set of locations,

– Act a finite set of actions,

– C is a finite set of clocks,
– Loc0 ∈ Loc, is the set of initial locations,

– Trans ⊆ Loc × FCC(F,C) × Act × 2C × Loc is a
finite set of transitions,

– Inv : Loc → FCC(F,C) is a total invariant func-

tion that associates featured clock constraints to lo-

cations,

– AP is a set of atomic propositions,
– L : Loc→ AP is a total function labelling locations

with atomic propositions,

– fm is a feature model over a set F of features,

– γ : Trans → 2(2
F ) is a total function that labels

transitions with feature expressions.

According to this definition, we consider that a fea-

ture may modify the availability of transitions, transi-

tion guards, and location invariants. As for FTS, the

function γ associates a transition t with a feature ex-

pression such that γ(t) encodes the set of products able

to execute t. We model the variability of transition

guards and location invariants with featured clock con-

straints, as opposed to classical clock constraints. For

example, if [¬FastStart](x < 10) is a featured clock

constraint occurring in the invariant of a location, then

the system is forbidden to be in that location when the

value of x is greater than 10. This prohibition, how-

ever, holds only for the products that do not have the

feature FastStart. One can easily relate the above defi-
nition with the example shown in Figure 3. However, be

aware that we have omit to display the atomic propo-

sitions in order to increase the readability of the figure.

Thanks to the above constructs, FTA is a conve-

nient formalism to model the real-time behaviour of a

set of products. Besides, from an FTA we can derive a

TA that models the behaviour of a specific product. To

achieve this, we define a projection operator over FTA.

Basically, the projection of an FTA onto a product p is

obtained by (1) removing the transitions unavailable to

p, (2) replacing any featured clock constraint [χ]g by g

if χ(p) = ⊤ holds, or by ⊥ otherwise.

Definition 9 (Projection of FTA) The projection
of an FTA fta = (Loc, Act, C, Trans, Loc0, Inv,AP ,

L, d, γ) onto a valid product p ∈ [[fm]] is the TA fta |p =

(Loc, Act, C, Trans′, Loc0, Inv′, AP , L) with

∀l ∈ Loc • Inv′(l) = Inv(l) |p

Trans′ = {t = (l, g |p, α,R, l
′) | t ∈ Trans ∧ p |= γ(t)}

where the projection of a featured clock constraint g

onto a product p is recursively defined as

g |p =





(g1) |p ∧ (g2) |p, g = g1 ∧ g2,
g′, (g = [χ]g′) ∧ p |= χ,

⊤ (g = [χ]g′) ∧ p 6|= χ.

For example, Figure 1 is the TA resulting from the pro-

jection of the FTA shown in Figure 3 to the product

{B,Fstop}.
Each TA resulting from the projection of an FTA

onto a specific product exactly models the behaviour of

that product. Given that an FTAmodels a set products,

we define its semantics as a function that associates

every valid product with the semantics of its projection.

Definition 10 (Featured timed automaton (seman-

tics)) The semantics of an FTA fta = (Loc,Act, C,

trans, Loc0, Inv,AP, L, d, γ) is the function [[fta]] such

that
∀p ∈ [[fm]] • [[fta]](p) = [[TS(fta |p)]].

For instance, the FTA presented in Figure 3 associates

the product with features {B,Fstop} to the TA shown

in Figure 1.

4 An Alternative Definition of FTA

Definition 10 expresses the semantics of FTA in terms

of TA, the semantics of the latter being itself defined

as an infinite induced TS. In the end, the above seman-

tics can be seen as a function from FTA to TS where

variability is first resolved (through the definition of

projection) before real-time is unfolded. This induces

a model checking algorithm that can check each vari-
ant separately using single-TA verification algorithms.
While this algorithm is straightforward to engineer, it

suffers from the exponential blow-up induced by vari-

ability (that is, the number of variant grows exponen-

tially with the number of features).
This calls for an alternative approach that can bet-

ter exploit the commonalities between the variants to

reduce. To achieve this, one can invert the aforemen-

tioned two processes and first transform an FTA into

an infinite FTS, whose semantics is defined as the pro-

jection onto a set of products.

Definition 11 (Featured transition systems [13])

An FTS is a tuple (S, Act, T rans, I, AP, L, fm, γ),
where

– S,Act, T rans, I, AP, L are defined as in Definition 1;

– fm is a FM over a set of features F ;
– γ : Trans→ 2(2

F ) is a total function that associates

a transition with a feature expression over F .
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An FTS can be seen as the merging of the TS of all

the products that compose the VIS. The TS modelling

a specific product is obtained from the FTS by apply-

ing a projection function. In simple terms, this function

prunes the FTS of all the transitions whose feature ex-

pression is not satisfied by the considered product [13],

and then removes all feature expressions.

Definition 12 (Projection of FTS) [13] Let fts =

(S,Act, T rans, I, AP,L, fm, γ) be an FTS and p ∈
[[fm]] be a product. The projection of fts onto p, noted
fts |p, is the TS (S, Act, T rans′, I, AP, L) where

Trans′ = {t ∈ Trans | p |= γ(t)}.

In this section, we investigate this alternative se-
mantics and prove that it is equivalent to the previous

one. Before giving the actual definition, it is first re-
quired to perform some transformations on FTA. We
formalise these transformations and show that they pre-

serve FTA semantics.

4.1 Separating Variability from Real-Time

Consider again the FTA shown in Figure 3. We observe

that the transition start from off to on could have been

defined without the use of featured clock constraints. In

this case, the transition is equivalent to two alternative

transitions, i.e. one for the products having the feature

FastStart with the guard x > 4, and one for the other

products with the guard x > 6 (see Figure 4 for an illus-

tration). The above reasoning thus raises the question

of studying a possibly equivalent form of FTA where

feature expressions have been removed from featured

clock constraints. In what follows, we show that we can
transform every FTA into an equivalent FTA without
featured clock constraints. Depending on whether we
consider transition guards or location invariants, the

transformation procedure is different.

Let us first consider the first case (e.g. the transition

start in Figure 3). Let t = (l, g, α,Res, l′) be a transi-

tion. The idea of the transformation is to create copies

of the transition such that a given product p can exe-
cute only one of the copies and the guard of this copy

is a classical clock constraint equivalent to the projec-

tion of the guard of the original transition onto p. The

original transition is then removed. The transformation

is achieved as follows:

1. Separate products into groups such that two prod-

ucts p1 and p2 are in the same groups if and only

if the projections of the transition guard onto p1
and p2 are equivalent. This results in a set of set of

off
[Fstart](x < 7)

[¬Fstart](x < 10)

on

(x > 4) / reset(x)

[Fstop](x > 3) ⋀ [¬Fstop](x > 5) / reset(x)

[B ∧ ¬Fstart] start / (x > 6) / reset(x)

[T] run
[B] stop / 

[B ∧ Fstart] start / 

Fig. 4 FTA with a transformed transition guard.

products {G1, . . . , Gk} ⊆ 2(2
F ) such that Gi is the

largest set satisfying

c |p = ci

p ∈ Gi

where ci is the clock constraint resulting from the

projection of the guard onto any product in Gi.

2. Remove t from Trans.
3. For each groupGi add ti = (l, ci, α,Res, l

′) in Trans
and define γ(ti) = γ(t) ∧ B(Gi) ∧

∧
j 6=i ¬B(Gj).

For the transition start, we have two groups, namely

the products that have feature Fstart and the ones

that do not. The corresponding clock constraints are

x > 4 and x > 6, respectively. As shown in Figure 4,

this results in two new transitions: the first has the

guard x > 4 and is executable by the products satisfy-

ing B ∧ Fstart; the second has the guard x > 6 and is
executable by the products satisfying B∧¬Fstart. This
new FTA has the same semantics as the one shown in

Figure 3. This transformation preserves the semantics

of the model by definition of the grouping criteria and

of the projection for transition guards.

The second transformation, which removes features
from a location invariant, also relies on duplication.

However, we now have to duplicate both the location

and its incoming transitions. Let l be this location. Like

we did in the previous transformation, we separate the

products into groups G1, . . . , Gk with the correspond-
ing projections c1, . . . , ck of the location invariant. Then

we perform the following steps:

1. If l is in Loc0, add a new location l0 in Loc0 with

Inv(l0) =
∧

c∈C

c ≤ 0.

2. For each group Gi do:

(a) Create a copy li of l, add it in Loc and remove

l.

(b) For every t = (l, g, α,Res, l′) ∈ Trans, remove

it and add ti = (li, g, α, Res, l
′). Set Inv(li) = ci

and γ(ti) = γ(t).
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off
x < 7

on

[Fstart](x > 4) ⋀ [¬Fstart](x > 6) / reset(x)

[Fstop](x > 3) ⋀ [¬Fstop](x > 5) / reset(x)

off
x < 10

[Fstart](x > 4) ⋀ [¬Fstart](x > 6) / reset(x)

[B ∧ ¬Fstart] stop / [Fstop](x > 3) ⋀ [¬Fstop](x > 5) / reset(x)

dummy
x = 0

[Fstart]τ 

[¬Fstart]τ

[T] run

[B] start / 

[B] stop / 

[B] start / 

Fig. 5 FTA with a transformed invariant.

(c) For every t = (l′, g, α,Res, l) ∈ Trans, remove

it and add ti = (l′, g, α, Res, li). Define γ(ti) =

γ(t) ∧ B(Gi).

(d) If l was in Loc0, add τ inAct and ti = (l0,⊤,τ ,∅,li)
in trans, and set γ(ti) = B(Gi).

The result of applying this transformation to loca-

tion off is illustrated in Figure 5. In this new model,

we have two copies of the location: the upper one corre-

sponds to products having the feature FastStart; the
lower one corresponds to the other products. Since off

was an initial location, a dummy location l0 has been

added. This is needed to ensure that any product starts

in a location with an appropriate invariant. Provided

that no semantics is associated to the dummy location

and its outgoing transitions, this FTA is equivalent to

the one shown in Figure 3 modulo weak timed bisimu-

lation of the respective projections [37]. Note that the

above two transformations are commutative; their suc-

cessful application yields the FTA shown in Figure 6.

From the above observations, we conclude that the

sole purpose of featured clock constraints is to increase

the conciseness of the model through a reduction in

the number of transitions and locations. More precisely,

both transformations multiply the number of transi-

tions by a factor of O(2|F |), even though they decrease

the size of the guards and invariants by the same factor.

Additionally, The second transformation yields models

where the number of locations is also multiplied by the

same factor. Although it considers but a small example,

Figure 6 already gives account for that phenomenon.

4.2 An Infinite FTS Semantics

We can finally provide FTA with a new semantics, namely
in terms of FTS. This alternate semantics is a gen-

eralization of the transformation from TA to TS [4]

combined with the aforementioned two FTA transfor-

mations. More precisely, we define a transformation of

FTA into an induced FTS. The initial step consists

in removing all featured clock constraints as presented

off
x < 7

on

off
x < 10

dummy
x = 0

[Fstart]τ 

[¬Fstart]τ

[T] run

[B ∧ Fstart] start / (x > 4) / reset(x)

[B ∧ ¬Fstart] start / (x > 6) / reset(x)

[B ∧ Fstop] stop / (x > 3) / reset(x)

[B ∧ ¬Fstop] stop / (x > 5) / reset(x)

[B ∧ Fstart] start / (x > 4) / reset(x)

[B ∧ ¬Fstart] start / (x > 6) / reset(x)

[B ∧ Fstop] stop / (x > 3) / reset(x)

[B ∧ ¬Fstop] stop / (x > 5) / reset(x)

Fig. 6 FTA with transformed invariants and guards.

above. It results an FTA with classical clock constraints

from which the induced FTS is extracted just like an

infinite-state TS is produced from a TA.

First, a state of an induced FTS must refer to a pre-

cise point of time. Consequently, the whole state space

is defined as Loc × V al(C) and is infinite. An initial

state is then an initial location with every clock value

set to 0:

I = Loc0 × {η ∈ V al(C) | ∀c ∈ C • η(c) = 0}.

To be able to relate a state with the time constraints

it satisfies, we augment the set of atomic propositions

with the set of clock constraints occurring in the origi-

nal FTA, which we denote byAP ′ = AP∪CC(C,FTA).
We then update the function that associates each state

with atomic propositions according to this definition

of AP ′. More formally, this new function is defined as
L′ : Loc× V al(C) → 2AP ′

:

L′(l, η) = L(l) ∪ {cc ∈ CC(C,FTA) | η |= cc}.

Finally, the set of transitions is composed of discrete

and delay transitions. Discrete transitions are the result

of a modification in the system location, namely the ex-

ecution of an actual transition in the original FTA. The

state reached by a discrete transition is then determined

according to:

1. the clock valuations of the state from which the
transition is executed;

2. the guard of the corresponding transition in the
FTA;

3. the set of clocks to reset;

4. the invariant of the target location.

Formally, t′ = ((l, η), α, (l′, η′)) is a discrete transition

if and only if

∃t ∈ trans • t = (l, g, α,Res, l′) ∧ η |= g

∧ η′ = reset Res in η ∧ η′ |= Inv(l′)
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(off, x = 0) (off, x = 5)

(on, x = 0)

... ... (off, x = 7)

...

[B ∧ Fstart] start

5

Fig. 7 An infinite induced FTS.

where reset Res in η is a clock valuation function η′

such that

∀c ∈ C • η′(c) =

{
0, c ∈ Res,
η(c), otherwise.

The feature expression labelling a discrete transition is
equal to the one labelling the corresponding transition
in the FTA, that is, γ′(t′) = γ(t). Delay transitions

models the passage of time when the system remains
in a given location. Intuitively, a delay transition may
occur if the duration of the delay does not lead to a
violation of the current location invariant. Thus, t′ =
((l, η), d, (l, η + d)) is a delay transition if and only if

η+d |= Inv(l), where η+d is η with the value of every

clock increased by d time units. Such a transition is

executable by all the products: γ(t′) = ⊤.

Example 3 We partially illustrate the result of this trans-

lation in Figure 7, where it has been applied on the FTA
shown in Figure 3. The initial state is composed of the

location off and the clock valuation where x has the

value 0. This state has an uncountable number of out-
going delay transitions (that is, to every state such that
x < 7). When the value of x is greater than 4, a tran-

sition to the state (on, x = 0) is executable for the

products that have the features Button and FastStart.

So far, we have equipped FTA with two different

semantics. Given that a TA is nothing more than an

infinite TS and that an FTS is a function from the set

of products to TS [20], both end up describing FTA as

a function that associates a product with the behaviour

of an infinite TS. These two semantics are equivalent,

i.e. for every valid product p, they give rise to TS with
equivalent behaviour.

Theorem 1 Let fta be an FTA defined over an FM
fm and FTS(fta) its induced infinite FTS. Let TS(ta)

denote the infinite TS induced by a TA ta. Then,

∀p ∈ [[fm]] • [[FTS(fta) |p]] = [[TS(fta |p)]].

Proof Immediately follows from the definition of FTS

projection [13], Definition 9, and the rules of the trans-

formation from FTA to FTS.

These different formulations of FTA semantics reflects

the existence of two distinct approaches for FTA model

checking.

5 Reachability Relation in FTA

We have presented the FTA formalism, its syntax and
two semantics, which end up being equivalent. The pur-
pose of providing multiple definitions lies in the ex-

istence of two distinct methods for model-checking a

real-time SPL modelled as an FTA. For a formula Φ

and an FTA fta defined over an FM fm, we define the

F-satisfiability of fta with respect to φ as the feature

expression noted fta |= φ and defined such that

(fta |= φ)(p) = (fta |p |= φ).

A first, product-based method to compute this consists

in computing the projection of the FTA onto each valid

product, thereby producing a set of TA, and checking

all these TA against the property. An important weak-

ness of this verification approach is its inability to take

into account that multiple products can share common

behaviour. To overcome this limitation, we propose an-

other method that combines the abstraction of time

using zones with the efficient algorithms previously de-

signed for FTS. We illustrate the use of this approach

to compute reachability relations. The notion of reach-

ability in FTA is different than that of TA and FTS,

because it has to consider (1) the reachable locations,

(2) the products able to reach them, and (3) the values
of the clocks when these locations are reached.

To compute reachability, we first define a new suc-

cessor operator which takes both variability and time

constraints into account. Since features do not occur in

invariants and transition guards in the separated form

(see Section 4.1), the clock zone that is reached upon

the execution of a transition does not depend on the
features. Therefore, this successor zone is determined
according to the current zone ζ, the target location l′,
and the chosen transition t = (l, g, α,R, l′). It is given

by

next(l, ζ, t) =
(
(reset R in ζ ∧ g) ∧ Inv(l′)

)⇑ ∧ Inv(l′)

where reset R in ζ ′ is the zone ζ ′ where every clock in
R has been reset to 0 and (ζ ′)⇑ is the zone ζ ′ after

any elapsing of time [26]. The zone next(l, ζ, t) can be

empty if ζ⇑, the invariant of l′ and the guard of t are

incompatible. In this case, we must discard it and not

pursue the exploration. Similarly, since the set of fea-

tures of a given product remains constant over time, the

satisfiability of a feature expression annotating a tran-

sition does not depend on the value of clocks. These

two properties show that Boolean features and real-

time constraints are completely orthogonal constructs.

Ipso facto, defining the successor operator comes down

to determining, given a transition, which products are
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able to execute it and which zone is reached after the

execution.

Definition 13 (Successor relation in FTA) Let fta

Let fta = (Loc, Act, C, Trans, Loc0, Inv,AP, L, fm,

γ) be an FTA, fts its induced FTS. The successor rela-

tion of fts is a relation Post ⊆ (Loc×2V al(C))×(Loc×
2V al(C))× 2(2

F ) defined as

((l, ζ), (l′, ζ ′), γ) ∈ Post⇔ ∀p ∈ [[γ]]∃t •

t = (l, g, α,R, l′) ∈ Trans • γ(t)(p)∧ζ ′ = next(ζ, l, t).

The successor relation as defined above is not necessar-

ily minimal with respect to the inclusion of zones and

sets of products. This is an issue we have to deal with

during the exploration of the state space of the induced

FTS. We next derive the definition of reachability in
FTS from the successor relation.

Definition 14 (Reachability relation in FTA) Let

fta be an FTA. The reachability relation in fta is a set

of triplets R(fta) ⊆ Loc × 2V al(C) × 2(2
F ) such that

(lk, ζk, bk) ∈ R(fta) ⇔ ∃(l0, ζ0, b0) . . . (lk, ζk, bk) where
l0 ∈ Loc0, ζ0 = {η0}, b0 = ⊤, and for all i < k and

p ∈ [[fm]] we have

bi+1(p) ⇔ bi(p) ∧ ∃(li+1, ζi+1, γ) ∈ Post(li, ζi) • γ(p).

We can thus compute the reachability relation through

successive computations of the successor relation – see

Algorithm 1. The initial locations are always reachable

by all the valid products and for a clock zone ζ0 where

every clock has its value first set to zero and where time

can elapse as long as l0’s invariant is satisfied (Line 4–
8). The procedure then explores the state space of the

induced FTS with a depth-first search. At each itera-

tion, it computes the successor sets of the current state

(Line 9). For every successor s = (l′, ζ ′, b′), the proce-

dure adds s in the relation if and only if there exists no

element of the relation (l′, ζ ′′, b′′) such that the prod-

ucts represented by b′ are also represented by b′′ and
the clock zone ζ ′ is a subset of ζ ′′. Otherwise, it means

that we already know that the products satisfying b′

can reach l′ in the clock zone ζ ′. In this case, it is use-

less to consider s and to pursue the search from this

state. For a similar reason, when the procedure adds a

triplet in the relation it removes every triplet that has
become redundant because of the addition of s (Line

11). The redundancies originate from the fact that, like

the successor relation, the reachability relation is not

always minimal. To overcome this, we can use a partic-

ular union operator we discuss further in this section.

As for TA, a forward reachability algorithm using

zone-based abstraction does not always terminate with-

out an extrapolation operator [8]. Since termination is a

Input: fta=(Loc,Act, C, trans, Loc0, Inv,AP,L, fm, γ).
Output: R(fta).

1 R← ∅;
2 Stack ← [];
3 foreach s0 ∈ {(l0, ζ0, fm) | l0 ∈ Loc0} do

4 R← R ∪ {s0};
5 R← R ∪ {l0, (ζ0)⇑ ∧ Inv(l0), fm};
6 push({l0, (ζ0)⇑ ∧ Inv(l0), fm}, Stack);
7 end
8 while Stack 6= [] do
9 (l, ζ, b)← pop(Stack);

10 foreach (l′, ζ′, b′) ∈ Post(l, ζ, b) do

11 if 6 ∃(l′, ζ′′, b′′) ∈ R • [[b′]] ⊆ [[b′′]] ∧ ζ′ ⊆ ζ′′ then
12 R← R ⊔ {(l′, ζ′, b′)};
13 push((l′, b′, ζ′), Stack);
14 end

15 end

16 end
17 return R

Algorithm 1: Reachables(fta)

classical problem already solved in TA model-checking

and is independent of the addition of variability, we do

not deal with it.

To increase the efficiency of this algorithm, we have

to deal with a doubly-partial order, though. This issue

is the inheritance of the model-checking algorithms for

TA and FTS. For instance, let us suppose that the sys-

tem already reached the state (l, ζ) for the products sat-
isfying b and that it reaches a state (l, ζ ′) for the same

products in the future. If ζ ′ is a subset of ζ, it is useless
to continue the search from the latter state because the

set of states reachable from (l, ζ ′) would also be a sub-

set of the states reachable from (l, ζ). Similarly, if the

system first reaches (l, ζ) for products satisfying b, and

then reaches this state for products satisfying b′ with
b′ ⇒ b, we should not pursue the exploration: since any

products satisfying b′ also satisfies b, any information
obtained by further exploration would be redundant.

This doubly-partial order may lead to trickier phenom-

ena, where both the zones and the feature expressions

have to be compared. To cope with such cases, we define

formal rules that determine with which zone and feature

expression we must resume the exploration. Applying

these rules reduces the number of explored states dur-
ing a verification. More precisely, they guarantee that
the reachability relation is an antichain [18], thereby

eliminating redundant elements from the reachability
relation.

Definition 15 (Antichain in FTA reachability re-

lation) Let R ⊆ Loc×2V al(C)×2(2
F ). R is an antichain

if and only if

∀r, r′ ∈ R • r ≤ r′ ⇒ r = r′
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where

(l, ζ, b) ≤ (l′, ζ ′, b′) ⇔ (l = l′) ∧ (ζ ⊆ ζ ′) ∧ ([[b]] ⊆ [[b′]]).

To preserve the antichain upon union, a specific opera-

tor is needed. Algorithm 2 shows the procedure to add a

given triplet (l, ζ, b) to an antichain R. The idea is to it-

erate over the elements in R to remove any redundancy
contained in (l, ζ, b) with respect to the relation. Let

(l, ζ ′, b′) be an element of R. If ζ ⊂ ζ ′ then the triplet

is redundant for any product satisfying both b and b′;
indeed, we already know at what time these product

can reach location l. To remove this redundancy, we
transform b into b ∧ ¬b′ (see Lines 6–9). If ζ ⊃ ζ ′ then
the redundancy lies in R. In this case, we change b′ into
b′∧¬b and we remove the element from R if b′ does not
encode any valid product (Lines 10 – 15). If ζ = ζ ′, we
retain the products in [[b′]] (Lines 16–18) and at the end

of the algorithm, add to this set the products satisfying

b that are not redundant (Line 28). Finally, any element

(l′, ζ ′, b′) with l 6= l′ is added to R′ (Lines 19–21).
In the end, our algorithm combines existing model-

checking approaches. The only new construct (i.e. which

exists neither in TA nor in FTS) we introduced are fea-
tured clock constraints, which we could split up in fea-
ture expressions and classical clock constraints. This is
reflected in the computation of the successor relation,

where zones and products are considered orthogonally.

These nice characteristics make an implementation con-

siderably easier, as they allow one to reuse efficient

data structures like binary decision diagrams and de-
cision bounded matrices to encode feature expression
and clock zones, respectively.

6 Abstraction Refinement for FTA

Abstraction methods for TA [25,34] were proposed as
a means of overcoming the two-source complexity of

TA verification: the state-explosion problem inherent
to any model-checking approach, and the complexity of
TA algorithms which is exponential in the number of
clocks [26]. By introducing features in FTA, we add a

third source of complexity: indeed, the worst-case time

complexity of verifying a variability-aware model is ex-

ponential in the number of features, that is, linear in

the number of products [13]. FTA abstraction meth-
ods thus have to also cope with all this. Accordingly,
we discuss two kinds of abstractions: one that abstracts

the variability (feature abstraction), and the other that

leans on TA abstraction to reduce the number of states

in the induced FTS. These kinds of abstractions can

be used separately or jointly, as shown in our previous

work on FTS abstraction [21]. In whichever case, any

Input: R ⊆ {l} × 2V al(C) × 2(2
F ),

(l, ζ, b) ∈ Loc× 2V al(C) × 2(2
F ).

Output: R′, an antichain such that

∀r = (l, {η},B({p}) •

(∃r′ ∈ R′ • r ≤ r′)⇔ (∃r′′ ∈ R∪{l, ζ, b} • r ≤ r′′).

1 R′ ← ∅;
2 equal←⊥;
3 while (b ∧ fm 6|=⊥) ∧ (R 6= ∅) do

4 Take (l′, ζ′, b′) from R;
5 if l = l′ then
6 if ζ ⊂ ζ′ then
7 b← b ∧ ¬b′;
8 R′ ← R′ ∪ {(l, ζ′, b′)};
9 end

10 else if ζ ⊃ ζ′ then
11 b′ ← b′ ∧ ¬b;
12 if b′ ∧ fm 6|=⊥ then
13 R′ ← R′ ∪ {(l, ζ′, b′)};
14 end

15 end
16 else if ζ = ζ′ then
17 equal← b′;
18 end
19 else

20 R′ ← R′ ∪ {(l, ζ′, b′)};
21 end

22 end
23 else

24 R′ ← R′ ∪ {(l′, ζ′, b′)};
25 end

26 end

27 if equal 6=⊥ then

28 R′ ← R′ ∪ {(l, ζ, equal ∨ b)};
29 end
30 if R 6= ∅ then

31 R′ ← R′ ∪R;
32 end
33 return R′

Algorithm 2: R ⊔ {(l, ζ, b)}

abstract FTA yielded by those will be an existential ab-

straction of the original FTA [12], in the sense that any

behaviour of the original FTA (in terms of timed ex-

ecution trace) will also be a behaviour of the abstract

FTA. On the contrary, the abstract FTA may contain

behaviours that were not present in the original FTA,

due to, e.g., the merging of similar states. Formally, an
existential abstraction for FTA is defined as follows.

Definition 16 (Existential Abstraction for FTA)

An existential abstraction function for FTA is a surjec-

tion h : Loc → L̂oc such that h(l) = h(l′) ⇒ L(l) =

L(l′). An abstraction of an FTA fta under h is an FTA

ftah = (L̂oc, Act, Transh, (Loc0)h, Invh, AP, Lh, d,
γh) where:

– L̂oc = {h(l)|l ∈ Loc},
– (Loc0)h = {h(l0)|l0 ∈ Loc0},

FoMaC-QSPL, 002, v7 (final): ’Verification and Abstraction of Real-Time Variability- . . . 11



12 M. Cordy and A. Legay

– Lh(h(l)) = L(l), Invh(h(l)) ⊐
⋃

l′:h(l′)=h(l) Inv(l
′),

– Transh is defined such that (h(l1), g, α,R, h(l2)) ∈
Transh if and only if

∃l′1, l′2 : (l′1, g, α,R, l
′
2) ∈ Transh

∧ h(l1) = h(l′1) ∧ h(l2) = h(l′2)

– γh is such that

( ∨

l∈h−1(l̂),l′∈h−1(l̂′) • t=(l,g,α,R,l′)∈Trans

γ(t)
)

⇒ γh(l̂, g, α,R, l̂′) (1)

with h−1(l̂) = {l ∈ Loc | h(l) = l̂}.

Remember that any FTA with featured clock constraints

corresponds to an FTA with standard clock constraints

and additional feature expressions on the transition (see

Section 4.1). In the above definition, we assume that

this transformation has first been applied and thus that

our FTA contains no featured clock constraint.

Intuitively, an existential abstraction can merge mul-

tiple locations that have the same labels (through the

definition of h) and can generalize the γ function to

make a transition executable by at least the same (if not

more) products. To preserve the real-time behaviour of

the original FTA, (i) the clock constraints on transition

guards are not changed and (ii) the invariant of an ab-

stract location l̂ (i.e. a clock constraint) must subsume

the invariant of its corresponding concrete locations.

Ideally, the invariant of the abstract location should be

equal to the union of the invariants of the correspond-

ing concrete locations, in order not to engender too

many new timed behaviours. However, clock constraints

are not closed under union; the resulting abstract FTA

could thus be syntactically incorrect. In practice, one

could choose an abstract invariant as close possible as

the union of the concrete invariants so as to avoid cre-

ating to many new behaviours.

Given the above definition, the reachability relation

in the abstract FTA ftah will subsume the reachabil-
ity relation of the concrete FTA fta. Indeed, merging

locations does not remove any path present in the origi-

nal FTA. Moreover, by making γh more general than γ,

we ensure that any product can execute in the abstract

FTA all the transitions it could execute in the origi-

nal FTA. A consequence of this is that one can check a

property on ftah (which is easier to verify since it has
fewer locations and a more general γ function) rather

than on fta, and then infer whether this property also

holds for fta. For instance, let Φ = ∀�Jφ. Then two

cases may occur:

1. ftah satisfies Φ, that is, all of its paths satisfy φ

during the interval of time J . Since fta has fewer

behaviours (that is, a smaller reachability relation),
this implies that all of its paths also satisfy φ during

J .
2. ftah does not satisfy Φ that is, it has at least one

path that does not satisfy φ during J . This path

can either also be a valid path of fta or a path that

was created because of the abstraction. In this latter
case, we can detect that this execution trace – the
counterexample – is spurious by replaying it in fta,

following the principles of the well-known CEGAR
loop [12].

Similarly, consider Φ = ∃♦Jφ. Again, we distinguish

between two cases:

1. ftah does not satisfy Φ, that is, it has no reach-

able location that satisfies φ within J. Since fta has

fewer behaviours (that is, a smaller reachability re-
lation), this implies that fta does not contain any
path where φ is satisfied either.

2. ftah satisfies Φ, that is, it has a path to a location
satisfying φ that can be reached within J. This path

can either also be a valid path of fta or a path that

was created because of the abstraction function. Re-

playing this (positive) example on fta again allows

one to check whether or not it is spurious.

When a spurious execution trace is found, the abstrac-
tion must be refined in order to make it disappear from

ftah. Then we verify the resulting abstract FTA from
scratch, with the hope of not finding another spurious

execution trace.

Another source for spuriousness lies in that an ex-

ecution trace may be executable by more products in

ftah than in fta. This is because the γh function can
be more general than γ so as to reduce the complexity

due to variability. In such a case, the execution trace

provides guarantees only for the product that can really

execute it; the others must be verified again after mod-

ifying γh such that these products cannot execute the
execution trace anymore. The products actually able to

execute the transition are symbolically encoded by the
conjunction of all γ(t), for any transition t that belongs

to the spurious trace. Thus, to limit the execution of

the trace in ftah, only to those products, it suffices to

replace γh(t) by γ(t) for all transition of the trace.

In what follows, we discuss each kind of spuriousness

and give insights into how an FTA abstraction can be
refined to eliminate spurious execution trace. Following

the principles depicted in our previous work on FTS

abstraction [21], location abstraction and feature ab-

straction can be combined in a straightforward and or-

thogonal way. However, previous empirical evaluations
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tend to show that one should instead use one or the

other exclusively [21].

6.1 Feature Abstraction

We begin by discussing feature abstraction, that is, how

to compute a first γh function and how to refine it when

a spurious execution trace is found. Initially, we pro-

pose to make every transition executable by all prod-
ucts, that is, we define that γh(t) = ⊤ for any transi-

tion t. This comes down to associating each product of

the FTA fta = (Loc, Act, C, trans, Loc0, Inv, AP,L,

fm, γ) to the TA ta = (Loc, Act, C, trans, Loc0, Inv,

AP,L). Therefore, efficient model-checking algorithms
for TA (such as those implemented in UPPAAL [7])

can be reused and, depending on the results, this might
be sufficient to solve the FTA model-checking problem.
This gives us confidence that our previous findings re-

garding the efficiency of this initial abstraction [21] hold

in this case as well.

Once an execution trace has been found, we must

determine whether all products associated to it are re-

ally able to execute it in fta. Let σ = s0
t1−→ . . .

tk−→ sk
be the execution trace to check, such that si = (li, ζi, bi)

and ti is the executed transition that led from si−1 to

si. The products able to execute it in ftah are given

by
⋂

i=1...k γh(ti), while those able to execute it in fta
are given by

⋂
i=1...k γ(ti). Then, σ is spurious for the

products

⋂

i=1...k

γh(ti) ∧ ¬
⋂

i=1...k

γ(ti) ∧ fm

and consequently, these products must be verified again.

As for the other products, they can be ignored from now

on since we know that they can execute σ.

Algorithm 3 generalizes the above reasoning and im-

plements the refinement step of our feature abstraction.

In the inputs, the feature expression χ represents the

products to verify (initially, all the products in [[fm]]).
As for the outputs, the algorithm returns true if and

only if all the products satisfying χ can execute σ. If
that is not the case, it returns two outputs:

1. χ′, the feature expression encoding the products

that must be verified again, that is, the products
satisfying χ that cannot execute σ.

2. a new function γh′ that is equivalent to γh except

for transitions of σ that cannot be executed by the

same products in ftah and fta. For each of these

transitions t, γh′(t) equals γ(t), that is, we annotate

t with its original feature expression as defined in

fta.

Initially, the algorithm sets γh′ to γh (Line 2). It also

sets a feature expression σb to ⊤. Then it iterates over
all transitions of σ (Lines 4 – 10). For each i-th tran-

sition ti, it first checks whether all products satisfying

χ can execute ti (Line 5). If that is not the case (Lines

6 – 8), we first replace γh′(ti) by γ(ti) so as to make
ti executable only by that can execute it in the con-

crete FTA. We also conjunct σb with γ(ti), that is, σb
encodes the products that can execute σ until ti (in-

cluded). After the loop, if a refinement is needed (Lines
11 – 14), we encode in χ′ the products satisfying χ that

could not execute σ and return it together with γh′ .

If a refinement was needed, we create a new abstract

FTA ftah′ that is equivalent to ftah except that γh has
been replaced by γh′ . Then, we verify ftah′ against Φ

only for the products satisfying χ′ and, if the verifica-

tion returns an execution trace, we apply Algorithm 3
anew to determine whether some products satisfying
χ′ cannot execute it. We repeat this CEGAR loop until

no (counter-)example is found or until this (counter-
)example is not spurious. The termination of this pro-
cess is established by the following theorem.

Theorem 2 The CEGAR process for FTA feature ab-

straction terminates.

Proof At each refinement step, the returned feature ex-

pression χ′ encodes an increasingly smaller set of prod-

ucts. Let us assume that the CEGAR loop iterates in-

definitely. Then, [[χ′]] converges to the empty set, that
is, no product remains to be verified. At this point, the

next verification will return no (counter-)example and
the CEGAR loop terminates, which contradicts our ab-
surd hypothesis that the loop is infinite.

6.2 Location Abstraction

While the previous section is focused on abstracting
from the variability of an FTA, we now study how
we can adapt abstraction techniques for TA to apply

these to FTA, and use these techniques to reduce the

FTA verification effort. In this case, we assume that

feature expressions are left untouched.1 The complex-

ity of TA verification being exponential in the number

of clocks [26], a common way to achieve this consists of

merging, in an induced TS, all states that correspond to

the same location. Thus, every state of this TS (which

corresponds to a location and a clock valuation) will

be able to execute to execute any discrete transitions.

This comes down to replacing all transition guards by

1 This is without loss of generality, since variability and
time in FTA can be considered orthogonally.
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Input: fta and ftah, an execution trace

σ = s0
t1−→ . . . sk of ftah and a feature

expression χ.
Output: Return ⊤ if σ ∈ Prefix([[(fta)|p]]) for all

p ∈ [[χ]]; otherwise, return (χ′, γh′) such that
χ′ = χ ∧ σ 6∈ Prefix([[(fta)|p]]) and
γh′(ti) = γ(ti) ∧ γh′(ti) 6= γh(ti) for at least
one ti and γh′(t) = γ(t) for any transition
t 6∈ {t1 . . . tk}.

1 refined←⊥;
2 γh′ ← γh;
3 σb ← ⊤;
4 for i = 1 to k do
5 if χ ∧ γh(ti) 6⇒ γ(ti) then

6 γh′(ti)← γ(ti);
7 σb ← σb ∧ γ(ti);
8 refined← ⊤;
9 end

10 end
11 if refined then
12 chi′ ← χ ∧ ¬σb;
13 return (χ′, γh′);

14 end

15 else
16 return ⊤;
17 end

Algorithm 3: IsFeatureSpurious(fta, ftah, σ, χ)

the clock constraint ⊤, and thus making all transitions

always executable regardless of the current time zone.

It may thus happen that a transition is executable at a

time it should not be, which thereby creates additional

behaviour. If this behaviour leads to spurious (counter-

)examples, one has to refine the abstraction to make it
disappear. To achieve this, Nagaoka et al. [34] proposed
a refinement technique based on duplicating locations

and transitions. The core idea is to separate states from

the induced TS that correspond to last valid location of

the spurious example in two groups: (i) those that are

reached by the last transition of the spurious example

and (ii) those that can execute the following, invalid

transition. Then the states of each group are merged

(abstracted) in a copy of the original location. Since

in FTA variability is orthogonal to time, the same ap-

proach can be reused for FTA and thus constitutes a

second abstraction method.

7 Related Work

7.1 Real-Time VIS Verification

Since our first paper on verification of real-time soft-
ware product lines [19], recent papers have extended

and complemented our work.

Cledou et al. [16] introduce Interface Featured Timed

Automata, a formalism that extends FTA with inter-

face variables that allow for synchronized parallel com-

position. Then they transform an IFTA into a network

of timed automata and perform verifications using UP-

PAAL. Another extension is the Configurable Paramet-

ric Timed Automata (CoPTA) [32] which, unlike FTA,

support parametric timed constraints where the param-

eters are feature attributes that impact the behaviour

of the VIS [23].

Dimovski and Wasowski [27] design a three-step ab-

straction method for FTA. First, they define a partition

of the valid products. Second, they derive, for each ele-

ment of the partition (i.e. subset of the products), the

FTA encoding only the behaviour of the products in

the subset. They achieve this by generalizing the def-

inition of FTA projection (see Definition 9) to a set

of products.2 Then, for each projected FTA, they ap-
ply feature abstraction and use UPPAAL to verify the

resulting TA. The principle of partitioning the variabil-

ity of the VIS is interesting and can lead to drastic

reductions in verification time if an appropriate par-

tition is found. Combining this approach with the full

abstraction-refinement presented above and/or with state

abstraction forms a promising direction for future work.

Most recently, Lazreg et al. [31] assess the func-
tional feasibility of multiple configurations of data-flow-

oriented systems. Their problem is challenging in that

these systems must complete their execution within hard

real-time deadlines and at minimal costs. To address it,

they designed a tool leaning on ProVeLines [24] and

UPPAAL CORA [6].

7.2 Abstraction refinement

Clarke et al. [12] were the first to introduce CEGAR.
They presented the principles of existential abstraction,

designed an algorithm used to detect spurious coun-

terexamples, and proposed a refinement algorithm. Sev-

eral model checkers make use of predicate abstraction

to speed up the verification.

At the TACAS ’13 software verification competi-
tion [9], UFO [1], LLBMC [29], CPAChecker [10], and

ESBMC [33] were nominated the fastest model checkers
for product lines. These tools either rely on a product-
based approach or verify a model that includes the be-

haviour of all products (i.e. based on a product simula-

tor [3] or on configuration lifting [35]). In the first case,

abstraction can be applied to the models of the individ-

ual products but the commonality between these is not

exploited. The second case offers interesting perspec-
tives regarding an efficient application of abstraction

2 This is akin to the restriction operator defined in [19] for
FTS.
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on all products. However, this approach can determine

whether or not all products satisfy the property, while
we want to identify which products are error-prone.

Abstraction refinement has also been studied for

real-time. Dierks et al. [25] propose an automated im-

plementation of the CEGAR loop for PLC automata.

They show the efficiency of abstraction by applying it

to models that are initially too large to be verified. This

increases our confidence that studying abstraction for
FTA is also worthwhile. Nagaoka et al. [34] propose a
state abstraction technique for timed automata. Their

refinement step involves the creation of new states and

transitions in a way that behavioural equivalence is pre-

served. None of these work, however, are interested in

variability-intensive models.

8 Conclusion

The efficiency of FTA algorithms mostly depends on
the data structures used to represent time and vari-

ability [22]. To our knowledge, only separate encodings,
viz. DBMs and BDDs respectively, have been used. As

alternatives, we could use a data structure that com-
bines zone and binary variables representations. Clock

Restriction Diagrams [36] and Constraint Matrix Dia-

grams [28] appear as promising candidates.

Also, although CEGAR techniques were effective for
FTS [21], this has to be confirmed for FTA empirically.

Accordingly, one of our next task is to evaluate our ab-
straction methods on challenging case studies that in-
volve heavy timed constraints and large variability. This

might require us to combine the above-mentioned alter-

native encodings with additional abstraction heuristics

in order to obtain acceptable computation time. We

may also lean on Dimovski and Wasowski’s work [27]

to improve our abstraction-refinement methods.
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