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Abstract: In this paper we are interested in the thermodynamic analysis of a counterflow heat exchanger,
when the dynamics are described by two hyperbolic partial differential equations (PDEs). First from the
first and second law of thermodynamics we derive the different models of the heat exchanger. Next we
perform an analysis of the equilibrium profiles from a certain condition on the system parameters that
guarantees the existence and uniqueness of the solution of the PDEs model. In this analysis we show
the importance of the thermal pinch as an energy efficiency factor. Finally we study the passivity and
the asymptotic stability of the considered heat exchanger essentially basing ourselves on the entropy
as a storage function, entropy production as a dissipation function, and the thermodynamic availability

function as a Lyapunov function.
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1. INTRODUCTION

In industrial applications where energy is vital, heat exchangers
have acquired major economic importance. Almost all the pro-
duced or collected thermal energy passes at least once through
a heat exchanger. They are among the most important equip-
ment in industry where irreversible thermodynamic processes
and transformations occur. The analysis of irreversibilities that
lead to the degradation of energy has been performed by sev-
eral authors. For example, Bejan (1977) analyzes a counter-
flow heat exchanger for gas-to-gas application. He introduces
a dimensionless number, called “number of entropy produc-
tion”, to quantify the irreversibilities. In (Bejan, 1996, Chap-
ter 5), Mohamed (2005), Guo et al. (2010), authors studied
chronologically in various situations the entropy production
in balanced and imbalanced counterflow heat exchangers, and
whether viscous dissipation phenomena are considered or not.
They show that in the absence of viscous dissipation phenom-
ena, balanced exchangers, i.e. whose fluids have the same ther-
mal heat capacity flow rates, correspond to the equipartition
of the transferred flow, but not of the thermodynamic driving
force or of the entropy production. Recall that according to Ilya
Prigogine, a system or process that achieves equipartition over
time is a so-called steady-state process, and therefore appears
to minimize the overall entropy production (Prigogine (1947)).
Systems where entropy production is thus equidistributed are
not feasible in practice. Their interest is that they serve as
reference cases, that we seek to approach. Furthermore it should
be specified that all the studies cited above are made using the
number of entropy production, as a criterion for evaluating irre-
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versibility, which only takes into account the thermomechanical
properties of each fluid at the inlet and at the outlet of the heat
exchanger.

In this paper we perform a thermodynamic analysis of a coun-
terflow heat exchanger described by a system of two coupled
hyperbolic partial differential equations. First (see Section 3),
from a general result on the existence and uniqueness of solu-
tion of hyperbolic systems (see Prieur and Winkin (2018)), we
derive an inequality from which we perform a steady-state ther-
modynamic analysis. Specifically we show that the thermody-
namic analysis of the heat exchanger from the well-posedness
condition is equivalent to that made from the thermal capacity
flows rates of the fluids by Bejan (1977); Balaji et al. (2021);
Ogunedo (2020). Moroever unlike the works that use the num-
ber of entropy production as a criterion for measuring irre-
versibility, we use the entropy production (Sandoval (2021)).
Next in the Section 4, we investigate and establish the passivity
of the heat exchanger by using entropy as the storage function
and entropy production as the dissipation function. Finally, we
study the stability of the heat exchanger in a thermodynamic
sense. Recall that the existing results in the literature on this
subject (see Besson et al. (2006), Kazaku et al. (2022a,b)) use
Lyapunov functions constructed from the square of the inten-
sive quantities, typically temperatures. Such functions are not
energy functions in the physical or thermodynamic sense. In
this paper we use as Lyapunov function the thermodynamic
availability, which is a function that depends on the entropy
as well as the irreversible entropy production of the system
(Alonso and Ydstie (2001)).

Before that, let us start by recalling the different thermody-
namic representations of the counterflow heat exchanger.
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Fig. 1. A counterflow heat exchanger
2. SYTEM MODEL

In this section we will establish the mathematical models of
the counterflow heat exchanger shown in Figure 1. To do this,
it is necessary first to admit a certain number of simplifying
assumptions and some constitutive laws:

o The outer tube sufficiently insulates the exchanger, so that
heat losses are not taken into account.

o Axial heat diffusion is negligible in fluids and in walls.

o The transport velocities v; (with j = 1,2) of component
7 are assumed to be constant and uniform along the
exchanger.

e Fluids are incompressible so that viscous dissipation phe-
nomena can be neglected.

e The pressure is assumed to be constant and uniform.

o The heat exchange with the double jacket is characterized
by the following equation: ¢;(2,t) = AUg(zr(z,t) —
xj(z,t)), where (2, t) (with k = 2, 1) is the distributed
temperature of the jacket, A, and U, the heat transfer
surface area and the overall heat transfer coefficient, re-
spectively.

The total energy balance is established on the basis of the first

law of thermodynamics. Given the modelling assumptions, the

total energy corresponds to the internal energy. As the pressure

is assumed to be constant, this balance is equal to the enthalpy

balance, and it is written:
oh oh

— _ 1 — (— T
o = A5, teazt),  withg= (-1 1) (D

where q(z,t) = A;Uqg(z1(2,t) —z2(2, 1)), A = diag(—v1, v2),
h(z,t) = (h1(z,t); ha(z,t)) T is the enthalpy vector. Through-
out this paper we consider that h(z,t) € X and z(z,t) € X,
with X = L2(0,1) x L?(0,1) a Hilbert space with the inner
product (-,-) and the corresponding norm || - ||, and where
L?(0,1) = L?((0,1);R) denotes the Hilbert space of measur-
able square-integrable function with values in R.

The system of equations (1) written as a function of the en-
thalpies can be expressed as a function of the temperatures
using the expressions of the partial mass enthalpies for an
ideal mixture: h; = p;Sjcy (x; — Trey) + hj,.,, Where
Pj>Cp;»Sj, Trey and hy..y represent the density, the heat capac-
ity, the section of the tube, the reference temperature, and the
enthalpy of fluid 7, respectively. Thus (1) becomes (Maidi et al.
(2009)):

ox —U1 0 ox -1
P - t
ot ( 0 Uz) 92 " < ap —0 2(2:1), )
——— ~—————
A M
with (2, ) = (21(2,1) @5(2,1)) " and a;[s™'] = 25 the

heat transfer coefficient of fluid j. The system (2) is completed
by the following boundary conditions:

21(0,t) = z1,4n(t), x2(1,t) = 22,n(t), 3
where x1 ;, € R and 23, € R are the inlet temperatures of
the heat exchanger.

Under the classical non equilibrium thermodynamics assump-
tion of local equilibrium (de Groot et al., 1984, Chapter 3.2) !,

the Gibbs relation is ds = w " dh, with w! = (i L) vector

1 T2
of intensive variables, and s the entropy function. Therefore,
the entropy balances of each fluid are:

Os1 0s1 q(z,t)
Ei_vlg_xl(z,t) @
sy 0sy | q(z,t)

ot~ o xo(z,t)

The total entropy per unit length define as s(z,t) = s1(z,t) +
$2(z,t) has the following dynamical behaviour:

2
Ds _, (1 - 1) — AW ey, )

Dt To T (xm)?
1 1/2
with (z,,) = ( / x1x2d2> the average temperature be-
0
tween x7 and o, % = % + vl% - 7)2% is the ma-

terial derivative of entropy. o(z,t) is the density of entropy
production per unit of length inside the heat exchanger due
to heat transfer between the two fluids (Kjelstrup et al., 2010,
Chapter 9, page 165-166). It is obtained by identification with
the dynamic entropy equations (4). Therefore, the total entropy
production in the heat exchanger is (Sandoval (2021)):

1
Y(t) = / o(z,t)dz. (6)
0
3. STEADY-STATE ANALYSIS
3.1 Equilibrium profiles analysis
The stationary problem of (2)-(3) is defined by
P
{ A+ Ma(z) =0 -
z
21(0) = 21in, 2(L) = T2,in
whose solutions Z(z) represent the profile of temperatures at
equilibrium, which are given for all Z(z) and 2z € [0, L] by
T(z) = e Mz (0), with M = —M. Taking into account

the configuration of the system, the boundary condition is
expressed by

(i;%) - ((10 1) ~exp(OA‘1M)>l <§§((2))) ®)

Thus a straightforward computation yield the following expres-
sions for the components T (2) and To(2) :

1
= (B2—PB1)z _ (B2—p1)L
T1(2) = B, — By e AL (51e 2=P1)z _ g, e(P2=F1 )
ﬂl (B2—PB1)z
x1(0) + RN =T (1 _ o(B2=51 )xQ(L),
Ta(z) = B2 (e(ﬁ2fﬂ1)z _e(ﬁ2fﬁ1)L> 21(0)
? B1 — ByelB2=B1)L 1
1

i (81— B2 ) (D),
©)

1 The local and instantaneous relations of a irreversible system are the same as
those of a system at thermodynamic equilibrium.

" B — BaelP2=h
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with 81 = ?)‘—11, and B3 = ‘3—;

According to (Prieur and Winkin, 2018, Lemma 1) the dis-
tributed parameter model (2)-(3) is well posed, i.e. for all initial
conditions zo(z) = (z10(2),220(2))" € X there exists a
unique solution of model (2)-(3) if and only if the matrix given
at the equation (8) is invertible; in other words if:

B1 # Bo. (10)

We are going to show that this condition on the physical param-
eters of the system plays an important role in understanding
the thermodynamics of heat exchangers, and is equivalent to
the inequality defined on the thermal capacity flow rates of
each fluid, found in the litterature ((Bejan and Kraus, 2003,
Chapter 11), Forsberg (2021)). Three cases can be studied. If
1 > 2, the amount of heat that can be transmitted is limited
by fluid 1. It is this fluid that undergoes the greatest temperature
variation along the heat exchanger. Its outlet temperature 1 o+
is close to the inlet temperature x3 ;y,, as shown in Figure 2a.
If B2 > (5 we have the reverse scenario, see Figure 2b. From
Figures 2a and 2b we note also that the outlet of the cold fluid
is greater than that of the hot fluid; this is one of the main
advantages of the counterflow configuration. In contrast, the
thermal pinch AT i, 2 is located at the outlet of the hot or cold
fluid, depending on whether 3 > 5 or 82 > (31, respectively.
Note that in general for 5; # (2, the temperature difference
along the heat exchanger is obtained from the expressions of
the trajectories (9), and is equal to:

— (B2—P1)=
AT(z) = (gll = gj)e?ﬁz—mw (11)

Then we observe that when L +— o0, AT(z) — 0 (see
Figure 1 for the case 81 > [2 and for the length L = 3). This
shows that the lower the thermal pinch, the higher the thermal
heat transferred. It can be deduced that the thermal pinch is an
efficiency factor for an imbalanced exchanger.

(21(0) — 22(L)) -

Now let us see what happens to the condition (10) when it is not
verified. For 5; = 3 = (3 the problem defined by (7) becomes
singular. In that case, the temperature profiles are calculated
using a series expansion (of first order) of eA” Mz = | 4
A~Mz. Then we obtain:

2
F1(2) = (1 B+t 1ing) 21(0) + 1fzﬁLx2(L),
To(2) = (W — z) x1(0) + ;igzmg(l})

(12)
Figure 2d shows that the temperature difference remains uni-
form along the heat exchanger by the fact that we have sym-
metrical flows. In other words, the counterflow heat exchanger
works particularly well when 81 = 5 because warming varies
in the same way as cooling (absence of pinch thermal; indeed
AT(z) = ﬁ(wl(O) — x9(L) is constant). However, even
if the length is infinite the heat exchanger is still irreversible;
in that case the trajectories of x1(z) and x2(z) are collinear
(l’l(L) = .’EQ(L), 1’2(0) = iCl(O))
Remark 3.1. Some authors talk about balanced counterflow
heat exchanger to refer to case 31 = (32, and imbalanced to refer
to case 81 # P2 (Bejan, 1996, Chapter 5), Mohamed (2005),
Guo et al. (2010). Although they do not explicitly express it,
this can explained by the fact that the temperature difference

2 Minimum temperature differences between the hot and cold fluids in the heat
exchanger.

along a counterflow heat exchanger is isothermal in the first
case, while in the second case it is nonisothermal.

3.2 Entropy analysis

We have just seen that depending on the conditions on the sys-
tem parameters, three different behaviors can be identified. We
shall now see what this implies about the entropy production.
At steady state, equation (5) is written

(21(2) — 72(2))°

o(z) = AUyj——F—"—F—5—. 13

(2) g (Tm(2))2 (13)

Thus the local entropy production is easily obtained by suc-
cessively substituting in (13) the expressions of the trajectories
(9) and (12). Figure (3) represents the local entropy production
profiles o(z) in the cases 51 # (2 and $; = (2. In general, we
observe that this function is positive and convex. It is mainly
for this reason that the entropy production can be used in some
cases as a Lyapunov function (see e.g. Favache and Dochain
(2009), Garcia-Sandoval et al. (2016)). Furthermore, from the
Figure 3 an important conclusion is that, although the heat
flux transferred ¢(z) is uniform in the case of a balanced heat
exchanger (51 = f2), the entropy production along the heat
exchanger axis is not. This is due in particular to the fact that the

thermodynamic driving force (#(z) - #(Z)) is non-uniform.

We note also that the balanced counterflow heat exchanger
corresponds to a minimum entropy production regime.

In Figure 4 we also see that the irreversibility decreases when
L +— 4-00. Thus, related to the analysis of temperature profiles,
we conclude that, to harness the full potential of heat recovery
or heat transfer it is essential to carry out an analysis upstream
in order to find the right balance between “length (or heat
transfer surface area)” and “thermal pinch”, and ultimately to
reduce investment costs.

4. DYNAMICAL ANALYSIS
4.1 Passivity analysis

Let us start by recalling the definition of passivity (der Schaft
(1996)).

Definition 4.1. Let us consider a dynamical system I'(¢,£(¢))
with input variable u(t) € R’ output variable y(t) € R? and
the state variable ¢ € L?(0,1). We consider as a supply rate
function w(t) € RY x RP +— R. We say that T'(,£(t)) is
passive with respect to the supply rate function w(t) if there
exists a non-negative function W (£(t)) called storage function,
such that for all u(t) € R?, y(t) € R? and & € L(0,1):

T
W(ET)) - W(&) < / T () ()t

Proposition 4.1. The thermodynamic model (4) of counterflow
heat exchanger is passive with the entropy functional as the
storage function, and the entropy production functional as the
dissipation function.

(14)

Proof. Let us consider the following auxiliary variables:
W(t) =8 —5(t),
and
w(z,t) :=35— s(z,t),
where S and 5 are arbitrarily large constant values of entropy

such that for ¢ € [0, +00), W(t) and w(z, t) are nonnegative.
Then
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Fig. 2. Equilibrium profiles for inlet temperatures 1 i, = 60°C,, @ ;p, = 8°C, and parameter values: v = 0.9749m /s, vo = 1.6513m/s, a1 = 3.2389s L and ag = 2.903s 1.
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Fig. 3. Local entropy production o (z) of balanced and imbal-
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Fig. 4. Local entropy production o (z) of balanced and imbal-
anced counterflow heat exchangers for L = 3m.

dW(t) o ! 881 882
i —‘/0 <(9t+(%)dz

! ds1  0Osy 11
= 7/0 <Ulaz +v2§ + <x2 - 331> q(z,t)> dz

! 881 882
i—/; <—'U162 +'U28Z+U(Z,t)> dZ

= [v1s1(2,t) — 0282(2715)](1) _/0 o(z,t)dz.

(15)
Given that the dissipation function o (z,t) > 0, then according
to definition 4.1 the following inequality of the passivity holds:

AW (t)
dt

< [v1s1(2,t) — vas2(2, 1),
=w (Szn (t), Sout (t)) )
and for t € [0, 7] its integral form is:

W(T)-W(0) < /o W (8in(t), Sout(t)) dt.

Note that w (84, (t), Sout(t)) can be seen as a bounded supply
rate function. |

In this proof, the interest of the variable W () is to formalize
the passivity in the sense of definition 4.1. Note also that for

an isolated system (with v1 = v9), $;n(t) = Sout(t), and
that implies that the supply rate function w(t) is zero, and
WO — [ Lo (2, t)dz = —E(t).

4.2 Stability analysis

In this paragraph we are interested in the stability in the ther-
modynamic sense of the counterflow heat exchanger, by using
thermodynamic availability function for which we recall the
definition and the properties.

Consider h(z,t) € X as the state vector (extensive properties
vector) of the entropy function (as state function of h(z,t))
s(z,t) € X.

Definition 4.2. (Local availability). Letw(z,t) = w(h(z,t))—
w(hg(2)) be the difference between the profile of the intensive
variables of the system w(h(z,t)) and that of the desired time
invariant intensive variables w(h,4(z)), where the desired steady
state h;(z) is defined in a Hilbert space X.

We call local thermodynamic availability the function a(h(z, t))
defined with respect to hy(z) as follows:

a(h(z,t)) = —(z,t) "h(z,1). (16)

Therefore the global availability is given by

A(t):/oa(h(z,t))dz, te[0,4+00).  (I7)

The time derivative of the global availability function .4(¢) has
the following expression (Hoang and Dochain (2013), Zhou

et al. (2021)):
dA(t) ' da

We give some properties of local availability that will be used
later.

(18)

Properties
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e P1: The differential form of a(h(z,t)) = —(z,t) "h(z,t)
is homogeneous function of degree 1 with respect to
h(z,t).

o P2: If the entropy is strictly concave, then
(1) a(h(z)) is strictly convex,

) a(h(z)) > 0, h(z) # ha(2),
(3) alh()) = 0.h(z) =hy(z).

e P3: Let the function f(h,h;) = —wh with w = w(h) —
w(hg) and h = h — hy. If s is strictly concave, then:

(1) 0 < a(h) < f(hhy),
(2) w = —Ph, where P € X is positive define operator.

The above properties are established in Alonso and Ydstie
(2001).

Proposition 4.2. The dynamical system (1) of imbalanced heat
exchanger is globally asymptotically stable at h.

Proof. Let us consider ' (z,t) = (5711 %), with &1 (2,t) =
21(2,t) — m14(2), F2(2,t) = x3(2,t) — w2a(2), and h =
(hl hg)T with h; = hy — hiqg and ho = hg — hog. Substituting
the dynamical system (1) into the expression of the global
availability derivative (18) we get the following:

dA ' da N
), adz-—/o w (z,t)adz

= —/0 W' (z,1) (Agi —|—gq(z,t)> dz.

By integrating by part in the domain [0, 1] the first term on the
right which represents the convection flux, we obtain:
dA T . 1 e 0w
2 [T (2 )AR ,t} AT (2, ) A=
o = [T Goni])+ [ (e 0ag
+ " (2,t)9q(2,1)) d.

1 1
1 1 ~
Note that/ W' gqdz = / (~ —~> qdz = X,(t) >
0 0o \T2 T1

0 corresponds to the irreversible entropy production at the
reference point (h14, haq). Thus,

s {@T(zyt)f\ﬁ(z,t)}l + /01 <ET(z,t)Aaw> dz.

i
dt — 0 0z

Property 3 tells us that @ (z,t) = —Ph(z,t), with P € R?*2 a
symmetric positive definite matrix. So we can write:

dA

- - 1 . oh
T _ T zre
= = [T 0APi( )] /0 W (= AP S e

. oh
< - T AP=—dz <0.
< /0 h'(z,1) Pazdz_O

Finally, if b~ hg, h(-,t) — 0, then lim A(t) = 0, which
t——+o00

implies the global asymptotically stability of heat exchanger
system. |

4.3 Numerical simulations

In order to assess the stability of the heat exchanger, simulation
tests have been carried out. The simulation parameters are listed
in Table 1, and the initial condition inspired by Besson et al.
(2006) was considered:

0.2

04 06

0.8 150 3 g
Space [m] 1 Times [Sec]
Fig. 5. Local availability.
—A
- —A
Ao
20 40 60 80 100 120 140

Times [Sec]

Fig. 6. Global availability A and global reduced availability

Arl and .Arg.
z1(2) = T1,in [(el Bain _ 1) 22+ 1] e’zz,

| (19)

T2(2) = T2 inexp {(1 —2)%In (xlmﬂ )

T1,in
X2 in

Figure 5 shows the time and spatial evolutions of the local

Table 1. Heat exchanger parameters & simulation

conditions

Description Symbol Value

Boundary condition for internal fluid 21(0,1) 60°C

Boundary condition for extternal fluid z2(1,1) 8°C
Heat transfer coefficient of internal fluid [e%} 0.9011s~1
Heat transfer coefficient of external fluid s 0.9091s~1
Velocity of internal fluid v1 0.0938m/s
Velocity of internal fluid v2 0.0946m/ s

availability function a(z,t). It converges globally and asymp-
totically to zero along the counterflow heat exchanger. Figure
6 shows that the global availability function A(¢) converges
asymptotically to zero. Note that this function can be split in
two contributions:

w0 (5D

—/ Thl(z,t)dz—/ —ha(z,t)dz,
0 0

T T2

(20)
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the first of which, noted A, (t), corresponds to the thermal
contribution of the internal fluid, and the second, noted A2 (t),
to the thermal contribution of the external fluid. These global
reduced availability functions are depicted in Figure 6. We note
that they converge towards zero with a smaller amplitude than
A(t). In particular, the amplitude of A, is greater than that of
A,1. This is due to the fact that according to the simulation
conditions listed in Table 1, the following condition on the
thermodynamic driving forces of the heat exchanger is verified:
(1/x2) > (1/z1). In other words, all of the entropy produced
35(t) is transferred to the external fluid.

5. CONCLUSION

This article was dedicated to the thermodynamic analysis of a
counterflow heat exchanger, when the dynamics are described
by two hyperbolic partial differential equations. These devices
are essential for energy applications. First, from the two first
thermodynamics laws we have derived the models of the heat
exchanger in entropic and energetic representation. Next we
have performed an analysis of the equilibrium profiles from a
certain condition on the system parameters, that guarantees the
existence and uniqueness of the solution of the PDEs model.
This analysis highlights the importance of the thermal pinch as
a factor in energy efficiency. Finally we successively studied
passivity and asymptotic stability, by using the entropy as a
storage function entropy production as a dissipation function
for to proof the passivity, and the thermodynamic availability
function for the stability.
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