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Devwudfw

Wklv sdshu vwxglhv d vwudwhjlf pdunhw jdph zkhuh djhqwv iudjphqw

wkhlu elgv rq gl�huhqw pdunhwv1 Vlpsoh frqglwlrqv iru h{lvwhqfh ri dq

lqwhulru htxloleulxp srlqw duh surylghg1 Lq htxloleulxp/ doo djhqwv duh

dfwlyh rq wkh vdph pdunhwv dqg sulfhv duh lghqwlfdo dfurvv pdunhwv/

vr wkdw doo htxloleuld duh htxlydohqw wr dq htxloleulxp zkhuh doo djhqwv

wudgh rq d vlqjoh pdunhw1

�LUHV/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq/ Orxydlq od Qhxyh/

Ehojlxp1
|FRUH/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq/ Orxydlq0od0Qhxyh/ Ehojlxp dqg JHPPD/

Xqlyhuvlwì gh Fdhq/ Fdhq/ Iudqfh1
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4 Lqwurgxfwlrq

Prghov ri h{fkdqjh hfrqrplhv w|slfdoo| dvvxph wkdw doo djhqwv wudgh rq d
vlqjoh/ dqrq|prxv pdunhw1 Li pdunhwv duh shuihfwo| frpshwlwlyh/ wklv dv0
vxpswlrq lv hdvlo| mxvwl�hg1 Vlqfh wkh frpshwlwlyh htxloleulxp ehorqjv wr wkh
fruh/ qr jurxs ri djhqwv zrxog ehqh�w iurp wudglqj rq vpdoohu vxepdunhwv1
Li pdunhwv duh lpshuihfwo| frpshwlwlyh/ wkh djhqwv* lqfhqwlyhv wr wudgh rq d
vlqjoh pdunhw duh ohvv wudqvsduhqw1 Lq idfw/ wkh fodvvlfdo Frxuqrw roljrsro|
dqdo|vlv vxjjhvwv wkdw vrph djhqwv frxog ehqh�w iurp iruplqj vpdoohu vxe0
pdunhwv lq rughu wr lqfuhdvh wkhlu pdunhw srzhu1 Lq dq hduolhu sdshu +Eorfk
dqg Jkrvdo +4<<:,,/ zh kdyh vwxglhg d vlpsoh v|pphwulf vwudwhjlf pdunhw
jdph zlwk wzr w|shv ri wudghuv dqg vkrzq wkdw wkh rqo| vwdeoh wudglqj vwuxf0
wxuh lv wkh judqg frdolwlrq/ zkhuh doo djhqwv wudgh rq wkh vdph pdunhw1 Wkh
lqwxlwlrq xqghuo|lqj wklv uhvxow lv hdvlo| judvshg1 Zkhq wudghuv rq erwk vlghv
ri wkh pdunhw ehkdyh vwudwhjlfdoo|/ djhqwv ehqh�w iurp wkh suhvhqfh ri pruh
wudghuv rq wkh pdunhw/ vlqfh dq lqfuhdvh lq wkh qxpehu ri wudghuv uhvxowv lq
d kljkhu ohyho ri wudgh1

Lq wklv vkruw qrwh/ zh h{whqg wkh dqdo|vlv ri Eorfk dqg Jkrvdo +4<<:, lq
wzr gluhfwlrqv1 Iluvw/ zh uhod{ wkh dvvxpswlrq ri v|pphwu| dprqj wudghuv/
dqg frqvlghu d vwudwhjlf pdunhw jdph zkhuh wudghuv rq wkh wzr vlghv ri wkh
pdunhw kdyh jhqhudo hqgrzphqwv dqg xwlolw| ixqfwlrqv1 Vhfrqg/ dqg prvw
lpsruwdqwo|/ zh gr qrw dvvxph wkdw wudghuv fkrrvh h{ dqwh wkh pdunhw rq
zklfk wkh| wudgh1 Lqvwhdg/ zh vxssrvh wkdw djhqwv fdq iudjphqw wkhlu wudgh
rq gl�huhqw pdunhwv1 Zh vkrz wkdw/ lq htxloleulxp/ hyhq wkrxjk djhqwv
fdqqrw frruglqdwh wkhlu dfwlrqv h{ dqwh e| fkrrvlqj wr wudgh rq wkh vdph
pdunhw/ wkh| frruglqdwh wkhlu dfwlrqv h{ srvw e| doo wudglqj rq wkh vdph
pdunhwv1 Ixuwkhupruh/ zkloh pdq| pdunhwv pd| eh dfwlyh lq htxloleulxp/ doo
pdunhw htxloleuld duh htxlydohqw wr wkh htxloleulxp rewdlqhg zkhq doo djhqwv
wudgh rq d vlqjoh pdunhw1

Rxu uhvxowv wkxv surylgh dq dgglwlrqdo mxvwl�fdwlrq wr wkh dvvxpswlrq
wkdw wkhuh h{lvwv d vlqjoh pdunhw rq zklfk doo djhqwv wudgh1 Lq lpshuihfwo|
frpshwlwlyh pdunhwv/ wkh wudghuv* delolw| wr lq xhqfh sulfhv fuhdwhv dq �dj0
jorphudwlrq� h�hfw zklfk ohdgv doo djhqwv wr wudgh rq wkh vdph pdunhwv1Zkhq
doo djhqwv duh dfwlyh rq wkh vdph pdunhwv/ duelwudjh rssruwxqlwlhv suhfoxgh
wkh hphujhqfh ri gl�huhqw sulfhv rq gl�huhqw pdunhwv/ vr wkdw wkh htxloleulxp
doorfdwlrqv duh lqghshqghqw ri wkh qxpehu ri dfwlyh pdunhwv141

4Krzhyhu/ lw vkrxog eh qrwhg wkdw wklv odvw uhvxow pd| ghshqg rq wkh sduwlfxodu yhuvlrq
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Wklv qrwh lv rujdql}hg dv iroorzv1 Diwhu lqwurgxflqj wkh prgho/ zh �uvw
vkrz wkdw wkhuh h{lvwv dq lqwhulru htxloleulxp srlqw/ zkhuh doo wudghuv sxw
srvlwlyh elgv rq wkh pdunhw1 Wklv h{lvwhqfh uhvxow lv edvhg rq Gxeh| dqg
Vkxeln +4<:;,*v ruljlqdo vwxg| ri htxloleulxp srlqwv ri vwudwhjlf pdunhw jdphv
dqg vkrzv zklfk dvvxpswlrqv duh qhhghg wr suhyhqw wkh hphujhqfh ri wulyldo
htxloleulxp srlqwv dv lq wkh h{dpsoh ri Frughood dqg Jdev}hzlf} +4<<;,1
Zh wkhq suryh rxu pdlq uhvxow/ vkrzlqj wkdw doo djhqwv wudgh rq wkh vdph
pdunhwv dqg wkdw sulfhv duh lghqwlfdo dfurvv pdunhwv1

5 Wkh Prgho

Zh frqvlghu d vlpsoh yhuvlrq ri Vkdsoh|0Vkxeln pdunhw jdphv +Vkdsoh|
+4<:9,/ Vkxeln +4<:6, dqg Vkdsoh| dqg Vkxeln +4<::,,/ zklfk zdv lqwur0
gxfhg e| Jdev}hzlf} dqg Plfkho +4<<:, dv �elodwhudo roljrsro|�1 Lq wklv
pdunhw jdph/ wkhuh duh wzr frpprglwlhv odehohg % dqg + dqg wzr w|shv ri
djhqwv1 Djhqwv ri w|sh L/ lqgh{hg e| � ' �c 2c ���c U duh hqgrzhg zlwk wkh �uvw
frpprglw|1 Djhqwv ri w|sh LL/ lqgh{hg e| � ' �c 2c ���c a duh hqgrzhg zlwk
wkh vhfrqg frpprglw|1 Zh ohw k� ghqrwh wkh lqlwldo hqgrzphqw ri d wudghu
� ri w|sh L/ dqg �� G ?2 $ ? khu xwlolw| ixqfwlrq1 Vlploduo|/ zh ghqrwh e|
q

�

dqg �� wkh lqlwldo hqgrzphqw dqg xwlolw| ixqfwlrq ri d wudghu � ri w|sh LL1
Iru dq| yduldeoh |/ dqg dq| ixqfwlrq s / zh ohw s| ghqrwh wkh sduwldo ghulydwlyh
ri s zlwk uhvshfw wr |1 Zh pdnh wkh iroorzlqj dvvxpswlrqv rq wkh xwlolw|
ixqfwlrqv1

41 Wkh xwlolw| ixqfwlrqv duh vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh1

51 Wkh wzr jrrgv duh vwulfw frpsohphqwv= ��
%+ : f dqg ��%+ : f1

61 Wkh xwlolw| ixqfwlrqv vdwlvi| wkh iroorzlqj erxqgdu| frqglwlrqv

*�4%<f �
�
% ' *�4+<f �

�
+ ' 4 dqg *�4%<f �

�
% ' *�4+<f �

�
+ ' 41

Zh vxssrvh wkdw wkhuh duh� pdunhwv rq zklfk wkh djhqwv fdq wudgh1 Zh
ghqrwh e| K�6 wkh elg ri wudghu � rq pdunhw 6 dqg e| }�6 wkh elg ri wudghu

ri vwudwhjlf pdunhw jdphv wkdw zh duh xvlqj1 Xvlqj d pruh jhqhudo yhuvlrq ri vwudwhjlf
pdunhw jdphv/ zkhuh wudghuv fdq erwk ex| dqg vhoo rq wkh vdph pdunhw/ Nrxwvrxjhudv
+4<<;d, dqg +4<<;e, surylghv h{dpsohv zkhuh gl�huhqw sulfhv hphujh rq gl�huhqw wudglqj
srvwv1 Wkh urexvwqhvv ri wkhvh h{dpsohv wr yduldwlrqv rq wkh vwuxfwxuh ri wkh vwudwhjlf
pdunhw jdphv uhpdlqv dq rshq txhvwlrq1
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� rq pdunhw 61 Hdfk wudghu ri w|sh L vhohfwv d yhfwru ri elgv rq wkh �
pdunhwv/ K� ' EK��c K

�
2c ���c K

�
�� dqg hdfk wudghu ri w|sh LL fkrrvhv d yhfwru ri

elgv }� ' E}��c }
�
2c ���c }

�
��1 Wkh vwudwhj| vhwv ri wkh wudghuv ri w|sh L dqg LL duh

wkxv jlyhq e|

7� ' iK� 5 ?� mK�6 � fc
S

6 K�6 � k�j
7� ' i}� 5 ?� m}�6 � fc

S
6 }�6 � q�j

Rq dq| pdunhw 6/ wkh wrwdo dprxqw ri elgv ri wudghuv ri w|sh L lv jlyhq
e| �6 '

S
� K

�
6 dqg wkh elgv ri wudghuv LL e| C6 '

S
� }

�
6� Wkh uhodwlyh sulfh

ri jrrg % rq pdunhw 6 lv rewdlqhg dv R6 ' C6

�6
li �6 : f dqg R6 ' f li

�6 ' f1 Khqfh/ wkh �qdo doorfdwlrqv ri wkh wzr w|shv ri wudghuv duh

E%�c +�� '
�
k� �

S
6 K�6c

S
6 K�6

C6

�6

�
c

E%�c +�� '
�S

6 }�6
�6

C6
c q� �

S
6 }�6

�
�

Gh�qlwlrq 4 D pdunhw htxloleulxp lv d vwudwhj| sur�oh EK�Wc }�W� vxfk wkdw

��
�
k� �

S
6 K�W6c

S
6 K�W6

S
� }

�W
6

S
� K

�W
6

�
�

��
�
k� �

S
6 K�6c

S
6 K�6

S
� }

�W
6

S
& �'� K

&W
6nK�6

�
;K� 5 7�c

��
�S

6 }�W6

S
� K

�W
6S

� }
�W
6

c q� �
S

6 }�W6

�
�

��
�S

6 }�6

S
� K

�W
6S

& �'� }
&W
6 n}�6

c q� �
S

6 }�6

�
;}� 5 7��

6 Pdunhw Htxloleuld

Lw lv zhoo nqrzq wkdw wkh vwudwhjlf pdunhw jdph zh dqdo|}h dozd|v dgplwv
d wulyldo htxloleulxp/ zkhuh doo wudghuv sxw }hur elgv rq doo wkh pdunhwv1 Dv
d �uvw vwhs lq wkh dqdo|vlv/ zh vkrz wkdw wkhuh h{lvwv dq htxloleulxp zkhuh
doo wudghuv pdnh srvlwlyh elgv rq d vlqjoh wudglqj srvw1 Wr wklv hqg/ zh �uvw
gh�qh dq htxloleulxp srlqw/ dv lq Gxeh| dqg Vkxeln +4<:;, dqg Dplu hw do1
+4<<3,/ dv wkh olplw ri d vhtxhqfh ri htxloleuld ri shuwxuehg jdphv1

D shuwxuehg jdph K0 lv d jdph zkhuh dq rxwvlgh djhqf| sxwv d �{hg
txdqwlw| 0 : f ri wkh wzr jrrgv rq wudglqj srvw 6 ' �1 Khqfh/ wkh sulfh
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ri jrrg % rq wudglqj srvw � lq wkh shuwxuehg jdph K0 lv R0� '
C�n0
��n0

� Zh ohw

EK�Wc0c }�Wc0� ghqrwh d pdunhw htxloleulxp ri wkh shuwxuehg jdph K01

Gh�qlwlrq 5 Dq htxloleulxp srlqw lv d pdunhw htxloleulxp EK�Wc }�W� vxfk
wkdw wkhuh h{lvwv d vhtxhqfh 0?/ zlwk *�4?<" 0? ' f dqg pdunhw htxloleuld ri
wkh shuwxuehg jdphv K0? zlwk *�4?<" EK�Wc0?c }�Wc0?� ' EK�Wc }�W� �

Lq zrugv/ htxloleulxp srlqwv duh pdunhw htxloleuld zklfk fdq eh ds0
surdfkhg e| d vhtxhqfh ri htxloleuld ri shuwxuehg jdphv1 Zh uhfdoo wkh
iroorzlqj uhvxow iurp Gxeh| dqg Vkxeln +4<:;, zklfk zloo suryh khosixo lq
wkh surri ri h{lvwhqfh ri dq lqwhulru htxloleulxp1

Ohppd 6 +Gxeh| dqg Vkxeln/ 4<:;,1 Lq d jdph zlwk pruh wkdq wzr wudghuv
ri wkh wzr w|shv/ wkhuh h{lvw srvlwlyh frqvwdqwv F dqg G vxfk wkdw � 	 RWc0� '
C
Wc0
�

n0

�
Wc0
�

n0
	 ( iru doo 0 : f1

Qrwlfh wkdw wklv Ohppd vkrzv wkdw wkhuh h{lvw xqlirup erxqgv rq wkh
uhodwlyh sulfhv ri wkh wzr frpprglwlhv1 Krzhyhu/ lw grhv qrw jxdudqwhh wkdw
htxloleulxp elgv duh erxqghg dzd| iurp }hur1 Lq idfw/ h{dpsohv fdq eh frq0
vwuxfwhg wr vkrz wkdw doo elgv fdq eh htxdo wr }hur dw dq htxloleulxp srlqw1
+Vhh Frughood dqg Jdev}hzlf} +4<<;, iru d vlpsoh h{dpsoh zlwk olqhdu xwlol0
wlhv1, Lq rxu prgho/ wkh erxqgdu| dvvxpswlrqv rq wudghuv* xwlolwlhv jxdudqwhh
wkh h{lvwhqfh ri dq htxloleulxp srlqw zkhuh doo wudghuv sxw srvlwlyh elgv rq
pdunhw 41

Wkhruhp 7 Wkhuh h{lvwv dq htxloleulxp srlqw zkhuh doo wudghuv sxw srvlwlyh
elgv rq pdunhw �1

Surri= Frqvlghu wkh shuwxuehg jdph K01 Zh frqvlghu dq htxloleulxp
zkhuh doo wudghuv sxw }hur elgv rq doo pdunhwv 6 ' 2c ��c� 1 Iru vlpsolflw|/
zh gurs wkh pdunhw vxevfulsw rq doo yduldeohv1 Frqvlghu wkh ehkdylru ri d
wudghu ri w|sh L1 Vkh vroyhv wkh iroorzlqj sureohp1

4@ 
K�Mdfc k�o

��

#
k� � K�/ K�

Cn 0

K� n
S

& �'� K
& n 0

$

Wdnlqj ghulydwlyhv zh rewdlq
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Y��

YK�
' ���% n ��+

ECn 0�E
S

& �'� K
& n 0��

K� n
S

& �'� K
& n 0

�2 �

Wkh vhfrqg ghulydwlyh lv jlyhq e|

Y2��

YK�2
' ��%% � 2��%+

ECn 0�E
S

& �'� K
& n 0��

K� n
S

& �'� K
& n 0

�2 n ��++

3
ECECn 0�E

S
& �'� K

& n 0��
K� n

S
& �'� K

& n 0
�2

4
FD

2

�2��+
ECn 0�E

S
& �'� K

& n 0��
K� n

S
& �'� K

& n 0
��

Vlqfh wkh xwlolw| ixqfwlrq lv vwulfwo| lqfuhdvlqj/ vwulfwo| frqfdyh/ dqg wkh
wzr jrrgv duh vwulfw frpsohphqwv/ Y2��

YK�2
	 f1 Wkh erxqgdu| frqglwlrqv rq wkh

xwlolw| ixqfwlrq jxdudqwhh wkdw *�4K�<f
Y��

YK�
: f dqg *�4K�<k�

Y��

YK�
	 f1 Khqfh

wkhuh h{lvwv d xqltxh lqwhulru vroxwlrq wr wudghu �*v pd{lpl}dwlrq sureohp1

Gh�qh wklv vroxwlrq dv ��
�
K&
& �'�

/ }�
�
dqg frqvwuxfw wkh ixqfwlrq � G ��dfc k

�o��

dfc q�oc � ' ���
����

�� Wkh ixqfwlrq � lv d frqwlqxrxv ixqfwlrq ryhu d frpsdfw/
frqyh{ vxevhw ri d Hxfolghdq vsdfh dqg dgplwv d �{hg srlqw e| Eurxzhu*v
�{hg srlqw wkhruhp1 Zh ghqrwh wklv �{hg srlqw e| EK�Wc0c }�Wc0� �

Lq wkh vhfrqg vwhs ri wkh surri/ zh vkrz wkdw iru dq| wudghu � wkhuh h{lvw
frqvwdqwv (�/ .� vxfk wkdw

f 	 (� � K�Wc0 � .� 	 k��

D vlplodu dujxphqw fdq eh xvhg wr vkrz wkdw wkh elgv ri wudghuv ri w|sh LL
duh xqlirupo| erxqghg dv zhoo1 Zh �uvw vkrz K�Wc0 	 k�1 Il{ wkh vwudwhj|
fkrlfhv ri wkh rwkhu sod|huv lq htxloleulxp/ dqg frqvlghu wudghu �*v pdujlqdo
xwlolw|/

Y��

YK�
' ���% n ��+

ECWc0 n 0�E
S

& �'� K
&Wc0 n 0��

K� n
S

& �'� K
&Wc0 n 0

�2
Qrwh wkdw

ECWc0 n 0�E
S

& �'� K
&Wc0 n 0��

K� n
S

& �'� K
&Wc0 n 0

�2 	
ECWc0 n 0��

K� n
S

& �'� K
&Wc0 n 0

�
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Qrz frqvlghu d �{hg orzhu erxqg 5� rq wudghu �*v elg/ zlwk 5� : f lqghshqghqw
ri 01 Wkhq

ECWc0 n 0��
K� n

S
& �'� K

&Wc0 n 0
� �

ECWc0 n 0��
5� n

S
& �'� K

&Wc0 n 0
� �

ECWc0 n 0�

E5� n 0�

	
CWc0

5�
n � 	

S
� q

�

5�
n �

Khqfh/ iru doo K� : 5� dqg iru doo 0/

Y��

YK�
	 ���% n ��+

#S
� q

�

5�
n �

$
�

Qh{w revhuyh wkdw vlqfh � 	 RWc0� 	 (c K�RWc0� dqg ��+ duh xqlirupo|

erxqghg1 Ixuwkhupruh/ *�4K�<k� ��% ' 4/ vr wkdw *�4K�<k�
Y��

YK�
	 f iru doo

0 : f/ vkrzlqj wkdw wkhuh h{lvwv d xqlirup erxqg.� vxfk wkdw K�Wc0 � .� 	 k��

Qrz vlqfh K�Wc0 � .� 	 k� / lq htxloleulxp

Y��

YK�
' ���% n ��+

ECWc0 n 0�E
S

& �'� K
&Wc0 n 0�

E�Wc0 n 0�2
� f

Vlqfh � 	 RWc0� 	 (c K�RWc0� dqg ��% duh xqlirupo| erxqghg1 Ixuwkhupruh/
�Wc0n0
CWc0n0

	 �
�
1 Khqfh wkhuh h{lvwv d xqlirup erxqg 8 vxfk wkdw

��+
E
S

& �'� K
&Wc0 n 0�

E�Wc0 n 0�
� 8

Qrz frqvlghu
�L+ '4@ 

�
��+

Vxpplqj ryhu �/ zh rewdlq=

�L+

EU � ���Wc0 n U0

E�Wc0 n 0�
� U8

Lpso|lqj
��+ � �L+ � EU*EU � ���8�

Exw vlqfh *�4K�<f �
�
+ ' 4/ dqg � 	 RWc0� 	 (c wkhuh pxvw h{lvw d xqlirup

orzhu erxqg (� rq wudghu �*v elg/ vxfk wkdw f 	 (� � K� iru doo 0 : f�

:



Wr frpsohwh wkh surri/ frqvlghu d vhtxhqfh 0? frqyhujlqj wr f� Zh kdyh
mxvw vkrzq wkdw ;�c K�Wc0? 5 d(�c .�o1 Vlploduo|/ ;�c }�Wc0? 5 d(�c .�o1 Wkh vh0
txhqfh EK�Wc0? c }�Wc0?� lv wkxv gh�qhg ryhu d frpsdfw vhw1 Wdnlqj vxevhtxhqfhv
li qhfhvvdu|/ lw frqyhujhv wr d olplw srlqw EK�Wc }�W� zkhuh K�W 5 d(�c .�o dqg
}�W 5 d(�c .�o1 E| frqwlqxlw| ri wkh xwlolw| ixqfwlrqv/ lw lv fohdu wkdw EK�Wc }�W�
lv d Qdvk htxloleulxp ri wkh jdph K1�

Wkh suhfhglqj Wkhruhp vkrzv wkdw wkhuh h{lvwv dq lqwhulru pdunhw htxl0
oleulxp/ zkhuh doo wudghuv sxw srvlwlyh elgv rq pdunhw �1 Zh qrz fkdudfwhul}h
doo wkh htxloleuld ri wkh jdph/ dqg vkrz wkdw wkh| duh htxlydohqw wr dq htxl0
oleulxp zlwk d vlqjoh wudglqj srvw1

Wkhruhp 8 Lq dq| pdunhw htxloleulxp/ doo djhqwv duh dfwlyh rq wkh vdph
pdunhwv1 Sulfhv duh lghqwlfdo dfurvv pdunhwv/ vr wkdw dq| pdunhw htxloleulxp
lv htxlydohqw wr dq htxloleulxp zlwk d vlqjoh wudglqj srvw1

Surri= Zh �uvw vkrz wkdw doo djhqwv duh dfwlyh rq wkh vdph pdunhwv1 Dv
d �uvw vwhs/ zh suryh wkdw wkh udqnlqj ri elgv rq gl�huhqw pdunhwv kdv wr eh
lghqwlfdo1 Lq rwkhu zrugv/ li K�> : K�
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> iru vrph pdunhw > dqg vrph wudghuv �/��

ri w|sh L/ wkhq K�6 � K�
�

6 iru doo pdunhwv 6 ' �c 2c ��c� 1

Wr suryh wklv vwdwhphqw/ frqvlghu pdunhw >� Zh lpphgldwho| rewdlq wkdw
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Li wkhuh h{lvwv d pdunhw >� rq zklfk K�
�

>� : K�>� � f/ wkh suhfhglqj lqhtxdolw|
lv uhyhuvhg/ |lhoglqj d frqwudglfwlrq1 Wkh deryh dujxphqw vkrzv wkdw wkh vhwv
ri djhqwv sduwlflsdwlqj wr gl�huhqw pdunhwv duh prqrwrqh= li UE6� ghqrwhv
wkh vhw ri djhqwv dfwlyh dw wudglqj srvw 6/ wkhq wkhuh h{lvwv dq rughulqj ri
wudglqj srvwv iru zklfk UE�� ' U dqg UE6� � UE6 � �� iru doo 61 Zh zloo
vkrz wkdw UE6� ' UE6� �� iru doo 6 vxfk wkdw UE6� 9' >1

Vxssrvh wr wkh frqwudu| wkdw wkhuh h{lvw wzr pdunhwv6 dqg 6� vxfk wkdw
UE6�� � UE6� 9' >1 Ohw � eh d wudghu lq UE6� dqg �� d wudghu lq UE6��qUE6��
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|lhoglqj d frqwudglfwlrq1

Zh qrz suryh wkdw rq dq| wzr dfwlyh wudglqj srvwv 6 dqg 6
�

/ sulfhv duh
lghqwlfdo1 Lq htxloleulxp/ zh kdyh
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iru doo djhqwv �1 Vxpplqj xs ryhu wkh djhqwv/ zh �qg
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EU � ��

vr wkdw wkh sulfhv duh htxdo rq wkh wzr pdunhwv1

Ilqdoo|/ revhuyh wkdw wklv odvw vwdwhphqw vkrzv wkdw dq| htxloleulxp zlwk
pxowlsoh pdunhwv lv htxlydohqw wr dq htxloleulxp zlwk d vlqjoh pdunhw1 Li
EK�c }�� lv dq htxloleulxp zlwk d vlqjoh wudglqj srvw/ dq| iudjphqwdwlrq ri wkh
wudgh/ zkhuh doo djhqwv sxw wkh vdph iudfwlrqv b6K� dqg b6}� rq pdunhw 6 lv
dq htxloleulxp ri wkh jdph zlwk pxowlsoh wudglqj srvwv1 Frqyhuvho|/ vwduwlqj
iurp dq htxloleulxp zlwk pxowlsoh wudglqj srvwv/ vwudwhjlhv zkhuh doo djhqwv
sxw rq d vlqjoh wudglqj srvw wkh elgv

S
6 K�6c

S
6 }�6 irup dq htxloleulxp ri

wkh jdph1�

7 Uhihuhqfhv

Dplu/ U1/ V1 Vdkl dqg P1 Vkxeln +4<<3, �D Vwudwhjlf Pdunhw Jdph zlwk
Frpsohwh Pdunhwv/� Mrxuqdo ri Hfrqrplf Wkhru| 84/ 45904761

Eorfk/ I1 dqg V1 Jkrvdo +4<<:, �Vwdeoh Wudglqj Vwuxfwxuhv lq Elodwhudo Roljr0
srolhv/� Mrxuqdo ri Hfrqrplf Wkhru| :7/ 69;06;71

Frughood/ W1 dqg M1 M1 Jdev}hzlf} +4<<;, ��Qlfh� Wulyldo Htxloleuld lq Vwudwh0
jlf Pdunhw Jdphv/� Jdphv dqg Hfrqrplf Ehkdylru 55/ 495049<1

Gxeh|/ S1 dqg P1 Vkxeln +4<:;, �D Wkhru| ri Prqh| dqg Ilqdqfldo Lq0
vwlwxwlrqv1 5;1 Wkh Qrqfrrshudwlyh Htxloleuld ri d Forvhg Wudglqj Hfrqrp|
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zlwk Pdunhw Vxsso| dqg Elgglqj Vwudwhjlhv/� Mrxuqdo ri Hfrqrplf Wkhru|
4:/ 40531

Jdev}hzlf}/ M1 M1 dqg S1 Plfkho +4<<:, �Roljrsro| Htxloleulxp lq H{fkdqjh
Hfrqrplhv/� lq E1 F1 Hdwrq dqg U1J1 Kduulv +hgv1, Wudgh/ Whfkqrorj| dqg
Hfrqrplfv= Hvvd|v lq Krqru ri Ulfkdug J1 Olsvh|/ Fkhowhqkdp= Hgzdug
Hojdu1

Nrxwvrxjhudv/ O1 +4<<;d, �Pdunhw Jdphv zlwk Pxowlsoh Wudglqj Srvwv= vrph
Hohphqwdu| Uhvxowv/� plphr1/ Wloexuj Xqlyhuvlw|1

Nrxwvrxjhudv/ O1 +4<<;e, �D Uhpdun rq wkh Qxpehu ri Wudglqj Srvwv lq
Vwudwhjlf Pdunhw Jdphv/� plphr1/ Wloexuj Xqlyhuvlw|1

Vkdsoh|/ O1 +4<:9, �Qrqfrrshudwlyh Jhqhudo H{fkdqjh/� lq V1 Olq +hg1, Wkh0
ru| dqg Phdvxuhphqw ri Hfrqrplf H{whuqdolwlhv/ Qhz \run= Dfdghplf Suhvv1

Vkdsoh|/ O1 dqg P1 Vkxeln +4<::, �Wudgh xvlqj rqh Frpprglw| dv d Phdqv
ri Sd|phqw/� Mrxuqdo ri Srolwlfdo Hfrqrp| ;8/ <6:0<9;1

Vkxeln/ P1 +4<:6, �Frpprglw| Prqh|/ Roljrsro|/ Fuhglw dqg Edqnuxswf|
lq d Jhqhudo Htxloleulxp Prgho/� Zhvwhuq Hfrqrplf Mrxuqdo 44/ 5706;1
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