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1 Introduction

Quantum information theory (QI) has recently emerged as a promising ground for exploring
the quantum nature of high-energy processes at colliders. Concepts such as entanglement,
purity, and Bell non-locality, traditionally studied in low-energy quantum systems, have
found new relevance in particle physics, where the reconstruction of quantum states from
scattering events can provide novel insights into both Standard Model (SM) dynamics and
Beyond-the-Standard Model (BSM) scenarios. Recent measurements at the LHC [1-8] and
many phenomenological studies, from ¢t [9-30] to 777~ [31-37], to hadron-hadron [29, 38-49],
to EW diboson [50-70] final states, have established the feasibility and utility of quantum
observables for collider processes. As a result, further refinements and explorations have
been initiated that include the study of higher-order effects [65, 71-76], the use of more
elaborated entanglement measures [77-90], the study of multipartite entanglement [91-96], the
connection with non-locality [85, 97-105] as well as the exciting exploration of entanglement
as a dynamical principle [106-120]. For a recent status and prospects overview, see ref. [121].

At the core of current collider studies lies the spin-density matrix, which encapsulates
the quantum spin state of a system produced in high-energy collisions. It serves as the
starting point for computing a wide range of observables: polarisation, spin correlations,
entanglement measures (e.g. concurrence, entanglement of formation), and other markers
of non-classical behaviour such as negativity or magic. The computation of spin-density
matrices has been carried out so far on a process-by-process basis, often relying on custom
calculations or laborious numerical reconstructions. This lack of a general framework has
limited the widespread adoption of quantum information analyses in collider physics.

In this work, we present the first automated and general-purpose tool for computing spin-
density matrices for arbitrary scattering processes at tree level. Built within the MG5AMC
framework [122] and interfaced with the MADSPIN package [123], our implementation exploits
helicity amplitudes to construct the production density matrix directly from the matrix
elements. The production matrix is computed as

1 *
Rihy = ~ > M My, (1.1)

helicities, colours

where the sum runs over the helicities of all particles not retained in the density matrix and
over colour degrees of freedom, when present and where N averages over the unpolarised
initial-state quantum numbers (spin and colour). The physical spin-density matrix is obtained
by normalising R to unit trace and is stored event by event in a compact form in the Les
Houches Event (LHE) file format [124].

Our implementation supports a broad range of final states, including qubit—qubit, qubit—
qutrit, and qutrit—qutrit systems, as well as multipartite systems, and accommodates user-
defined reference frames and helicity bases. It is capable of handling polarised or unpolarised
initial states and different lab or helicity frames for density matrix evaluation. A dedicated
interface within the MG5AMC ecosystem enables a flexible configuration with the relevant
information embedded into the LHE files in a transparent and user-friendly manner.

We validate our tool by reproducing known results for t£ and VV (V = W*, Z) production
at hadron and lepton colliders and in the decay of hypothetical heavy scalar and vector



resonances. We then demonstrate its versatility by applying it to novel processes, such as
ttW* and comparing tW~(b) vs. t(t — W~b), and analysing ttt vs. tttt final states. We
do this by implementing in a library, publicly available along with the code, a number of
quantum observables that can be computed from the density matrices, including measures
such as purity, concurrence, and bounds on the entanglement for higher-spin systems. These
applications illustrate the wide scope of the implementation and its potential to support
precision studies and BSM searches in current and future experiments.

The paper is organised as follows. In section 2, we describe the theoretical basis for
constructing spin-density matrices from helicity amplitudes. In section 3 we present the
validation studies performed by comparing our numerical results to known expressions in
several cases relevant for SM and BSM collider phenomenology. In section 4 we provide novel
and non-trivial applications to several final states involving the top quark at the LHC. We
conclude in section 5 with an outlook on future extensions of the code. Three appendices
provide more technical details: the first lists the quantum observables available in our library
(appendix A), while the second contains how to run the code, including explicit examples
(appendix B). The third provides information on the conventions used to relate them to

other conventions found in the literature (appendix C).

2 Spin-density matrices

The spin-density matrix is the most general descriptor of a quantum system, encoding both
classical mixtures and genuinely quantum features, such as single-particle polarisations and
inter-particle spin-spin coherences. In collider processes, the relevant object is the production
spin-density matrix obtained in a given spin basis. Given their widespread use in perturbative
calculations for high-energy processes, helicity amplitudes provide the ideal quantities to cal-
culate the spin-density matrix: its diagonal elements determine population probabilities while
its off-diagonal elements, the so-called coherences, capture phase information that is essential
to quantify spin correlations, entanglement, and even potential CP-odd effects. Determining
this matrix from experimentally accessible variables is the task of quantum tomography:
by exploiting the factorisation of production and decay in the on-shell approximation, the
angular and energy distributions of the decay products provide a complete set of projectors
from which the elements of the density matrix can be inferred. This programme has so far
been performed for tf production [9] and extended to VV (V = W=, Z) final states [56],
where the interplay of polar and azimuthal modulations isolates definite spin-interference
structures. In our framework, these tomographic inputs are mapped to a comprehensive suite
of QI diagnostics, listed in table 1 and explained in more detail in appendix A, including
purity, polarisation vectors, spin-correlation matrices, entanglement witnesses, and negativity,
enabling a systematic and basis-controlled characterisation of the quantum state produced at
colliders. While easily defined at leading order, quantum tomography becomes more involved
at next-to-leading order. The relevance of higher-order effects in quantum tomography has
started to be explored only recently, e.g. [65, 71, 74, 75, 125]



2.1 Basics

A (spin) quantum state on a Hilbert space H is fully described by a density operator p, i.e. a
linear operator on H that is Hermitian, positive semidefinite, and of unit-trace:

pl=p,  p>0, Trfp=1 (2.1)
Expectation values follow from the Born rule,
(0) = Tr[p 0], (2.2)
for any observable O. A pure state corresponds to a rank-one projector,

Ppure = |¢> <¢| ) Tr [p?)ure} =1, (23)
while a mixed state satisfies 0 < Tr [p2] < 1 and admits a convex decomposition

Pmixed = Y_pi [Ui) (Wil,  pi=20, > pi=1, (2.4)

(not unique in general). The degree of mixedness can be quantified by the purity Tr[p?] or
by the von Neumann entropy S(p) = — Tr[plog p|.

For composite systems H = Ha ® Hp, the state of a subsystem is obtained by the
partial trace,

pa =Trelpasl, pB = Tralpasl, (2.5)

and correlations between A and B are encoded in off-diagonal blocks of psp in product
bases. A state is separable if pap = > . pk pff)@) pg) with 0 < pr < 1; otherwise it is
entangled. In collider applications, the production spin-density matrix encodes single-particle
polarisations and pairwise spin coherences, which are probed through angular modulations
in the decay distributions.

The simplest non-trivial setting for this formalism is a pair of qubits (e.g. two spin—%
fermions with two available spin states). Each single-particle Hilbert space has dimension two,
so the composite system lives in a four-dimensional space and is described by a 4 x 4 density
matrix p. A generic Hermitian, unit-trace 4 x 4 matrix contains 16 — 1 = 15 independent
real parameters. Among the many equivalent parametrisations, we adopt the conventional

Pauli (Fano-Bloch) expansion because of its transparent physical interpretation:

1
p==|Ia+> Bi(oi® L)+ > By(la®a;)+ > Cijloi®0;) |, (2.6)

4 —
J iJ
where o; (i € {1,2,3}) are the Pauli matrices and I is the 4 x 4 identity. The parameters
Bj and Bs are the single-particle polarisation (Bloch) vectors, whose components give the
average spin projections of each qubit along the three Cartesian axes (3 parameters each).
The 3 x 3 matrix C' collects the spin correlations between the two qubits along all axis
pairs (nine parameters). Together, these 3 4+ 3 + 9 numbers account for the expected total
of 15 degrees of freedom.



These coefficients are directly observable as expectation values of local and bilocal
Pauli operators and can be computed theoretically or reconstructed experimentally (via
tomography) as

B) = Tr[(¢ © Iy)p], By = Tr[(I, ® &)pl, Cij = Tr[(o; ® a;)p). (2.7)

In this language, §172 = 0 characterises locally unpolarised subsystems, while non-zero
entries of C' encode genuine two-qubit correlations (classical and quantum). Physical states
further satisfy positivity constraints (e.g. |B?1,2| < 1 and C bounded such that p > 0),
which are automatically enforced when p is constructed from amplitudes or from consistent
tomographic data.

This formalism extends straightforwardly to bipartite systems with arbitrary (and possibly
different) Hilbert-space dimensions. This is particularly relevant for collider applications
involving massive vector bosons (qutrits with three spin states), mixed fermion-boson final
states, or higher-spin particles (e.g. a massive spin-2 resonance with d = 2s+1 =5). A
convenient and physically transparent parametrisation is

21 d%4—1d%4-1
1 A
P = Gy M Elant g D Bui (1@l )+ Z By la,orf)+ 3 3 Oy (o),
Adp B =1 =1 j=1

(2.8)
where d4 and dp are the dimensions of #4 and Hp, respectively, and {771}, {TJ-B } form
traceless Hermitian operator bases (generators of SU(d4) and SU(dp)). With this choice, the
real vectors By and By generalise single-particle polarisation (Bloch) vectors to d4- and dp-
level systems, while the real matrix C' collects all inter-system spin (or helicity) correlations.
The total number of free real parameters is (d4 — 1) + (d% — 1)+ (d4 — 1)(d% — 1) = d4d% — 1,
as required by hermiticity and unit trace of a dadp X dadp density matrix.

In practice, one typically adopts orthonormal generator bases, e.g. Pauli matrices for
d = 2 and Gell-Mann matrices for d = 3, with a normalisation such as Tr [TZX T]-X } = 20;;
(X = A, B). In that convention the coefficients By;, Byj;, and Cj; are directly proportional
to measurable expectation values of local and bilocal operators, enabling tomographic re-
construction from decay-angle distributions. As in the qubit case, positivity of p imposes
non-trivial constraints on (él, Eg, (); these are automatically satisfied when p is derived from
physical amplitudes, and they provide useful consistency checks when reconstructing the state
from data. Finally, while the numerical values of (él, ég, (') depend on the chosen operator
bases, basis-independent features, such as singular values of C' or entanglement witnesses,
capture the invariant physics of spin alignment and correlations across arbitrary spins.

For systems more complex than a qubit pair, the simple interpretation of 5172 as three-
component polarisations of each particle does not directly apply; higher-spin or higher-
dimensional subsystems require a richer set of local spin multipoles (dipole, quadrupole,
etc.). Nevertheless, one can adopt parametrisations that make the spin content manifest by
expanding on irreducible tensor operators adapted to the particle spin (or, equivalently, on the
generators of SU(d) with d = 2s+ 1), which makes the role of each spin multipole explicit [56].

The coefficients Bi, By, and C, often called Fano coefficients, control the angular de-
pendence of the decay products. In the on-shell, narrow-width approximation, production



and decay factorise, and the decay distributions act as projectors onto these moments so
that single-particle moments isolate B 2, while bilocal angular modulations determine the
entries of C. Consequently, the coefficients can be measured experimentally through quantum
tomography, thereby enabling the experimental reconstruction of the density matrix.

Thus far we have described p and its derived observables at the level of a single phase-space
point (event). In many applications it is also useful to consider the average (incoherent)
state over an ensemble of events. Let {i} denote the selected events, each characterised by
a matrix element |[M|? and a density matrix p;. The ensemble-averaged density matrix p
is then defined as the weighted sum

_ M

p ;wzpl, w; 5 |M\§ (2.9)
In a Monte Carlo setting, w; should be understood as the full event weight (including flux
factors, PDFs, phase-space Jacobians, and selection cuts), normalised to unity.

Since the trace is linear, the Fano coefficients B1, Bs, and C of the averaged state are
obtained by the same weighted sum as in eq. (2.9). Operationally, this means one may
either average the density matrices and extract (él, Eg, (') once, or equivalently average
the event-level coefficients directly-provided a common spin-quantisation convention and
reference frame are used across events. Note that ensemble averaging produces an incoherent
mixture over kinematics; while linear observables (e.g. polarisations and correlations) commute
with this averaging, nonlinear functionals of p (such as entanglement monotones) must be
evaluated after forming p.

2.2 Quantum correlations and observables

One of the principal motivations for the density-matrix formalism is the systematic study of
quantum correlations between subsystems. While classical correlations arise from statistical
mixtures (separable states), genuinely quantum correlations, entanglement and alike, cannot
be captured by a single pure product state or by classical mixing alone. Determining whether
subsystems of a globally pure state are entangled is straightforward. By contrast, establishing
and quantifying entanglement among subsystems of a system in a mixed state is, in general,
NP-hard, which means that it is highly unlikely that there exists a solution to the problem
in polynomial time, making the computation of concurrence, in general cases, not feasible.
Definitive solutions/algorithms are then available only for very simple composite quantum
systems, specifically the 2 x 2 bipartite system.

For bipartite systems, a powerful diagnostic is the Peres-Horodecki or Positive Partial
Transpose (PPT) criterion [126, 127]. It distinguishes separable from entangled states. The
test is based on the partial transpose: if p is separable, then its partial transpose with respect
to either subsystem is again a physical state-Hermitian, unit-trace, and positive semidefinite.
Thus, a negative eigenvalue of the partially transposed matrix certifies entanglement (so-called
NPT entanglement). The PPT criterion is necessary and sufficient for 2 x 2 (qubit-qubit)
and 2x 3 (qubit-qutrit) systems, but only necessary in higher dimensions, including the 3x3
(qutrit-qutrit) case relevant to massive vector-boson pairs, where PPT states can nevertheless
be entangled (“bound” entanglement).



A well-known limitation of the PPT criterion is that, while it efficiently detects entan-
glement, it does not provide a quantitative measure of its magnitude. To characterise the
strength of quantum correlations, one must instead resort to dedicated entanglement measures
or witnesses specifically tailored to the system under study. Several such observables are
listed in table 1 and defined in more detail in appendix A.

For two-qubit systems, a standard monotone is the concurrence, which vanishes identically
for separable states and attains unity for maximally entangled Bell states. Concurrence is
invariant under local unitary transformations and monotonically non-increasing under Local
Operations and Classical Communication (LOCC). Moreover, it admits a closed relation to
the entanglement of formation, thereby providing an information-theoretic interpretation
of the physical resources required to prepare a given state [128].

In higher-dimensional systems, one typically employs alternative quantifiers such as the
(logarithmic) negativity—derived from the spectrum of the partially transposed density matrix
— or suitably constructed entanglement witnesses, each offering complementary sensitivity
across different classes of mixed states. Beyond entanglement, a hierarchy of quantum
correlations can be probed through measures of steering and Bell non-locality (stronger forms
of quantumness), or quantum discord (a weaker but still non-classical form), many of which
can also be evaluated directly from the density matrix p in a chosen basis.

Finally, measures originating from the resource theory of non-stabiliserness—such as
magic, which identifies the non-Clifford resources enabling universal quantum computation,
and mana, which quantitatively captures this property — can likewise be computed from p.
These provide a bridge between quantum information theoretic notions of computational
power and the structure of quantum correlations present in the system.

The full list of the QI observables currently implemented in the code (see
Density_functions.py) is given in table 1. More information on the theoretical formula,
meaning and applications of each observable can be found in appendix A. For each quantity
we provide: (i) a definition; (ii) the class of systems it applies to (e.g. qubit-qubit, qubit-qutrit,
general dq Xdp, ...); and (iii) its physical interpretation (polarisation, correlations, entan-
glement certification/quantification, non-classicality, etc.). While not comprehensive, the
catalogue includes the essential diagnostics for baseline collider analyses and is straightforward
to extend. Where appropriate, we also spell out normalisation conventions, invariance under
local basis changes, and practical guidance for tomographic reconstruction from decay-angle
distributions.

2.3 Implementation

The automated computation of production spin-density matrices is implemented natively
within the MG5AMC framework, leveraging its event generation, reweighting, and metadata
infrastructure. For each unweighted event, the code assembles the spin-density matrix from
helicity amplitudes and writes the result, together with the relevant run information, into
the LHE record, making it directly available for downstream analyses. A companion Python
library provides high-level routines to operate on these objects, including (but not limited to)
extraction of single-particle and pairwise spin polarisations, computation of entanglement



QI observables
Name Systems Meaning Refs.
available
Purity all systems | Quantifies how pure/mixed a quantum system is.
Concurrence | 2 x 2 Quantifies how entangled a pair of qubits is. [128]
Entanglement | 2 x 2 Quantifies how entangled a pair of qubits; also linked [128, 129]
of formation to Shannon entropy.
Peres- 2x 2,2 x 3 | Main criterion to determine if a system is separable. | [126, 127, 130]
Horodekci It is necessary for all systems but necessary and
criterion sufficient only for 2 x 2 and 2 x 3.
Fano dxd Represent the individual polarisations and spin cor- [131]
coeflicients relations of the system.
Upper and | 3 x3 For the 3 x 3 system, concurrence is not exactly [56]
lower calculable. Upper/lower bounds can be used to
concurrence estimate it.
D coefficients 2_'>< 2, Entanglement measure used for p p — t t. Useful to [132]
B =0, separate singlet/triplet states when p is pure and
C diagonal | maximally entangled.
Magic 2 x 2 Non-classicality indicator that quantifies the non- | [84, 133, 134]
stabiliserness of the system.
Mana dxd,d odd | Observable that extends magic for higher-dimension [135, 136]
systems.
Negativity all systems | Quantifies the negativity of the eigenvalues of the [83, 137]
partially transposed p to quantify entanglement.
Distances all systems | Quantify how different two density matrices are. [86]

Table 1. QI observables implemented in the analysis routine.

diagnostics (e.g. concurrence for qubits) and non-classicality indicators (e.g. “magic”), as well
as utilities for frame changes, axis conventions, and ensemble averaging.

The interface is designed to be minimally intrusive for MG5AMC users: the study
configuration is specified in the reweight_card.dat (spin quantisation axes, frames, particles
whose spin correlations are studied, etc.), after which event generation and reweighting yield
LHE files augmented with per-event spin information. Typical workflows then load the LHE
file into the accompanying library to perform tomographic reconstructions, build distributions
of the Fano coefficients, or evaluate basis-independent quantities (e.g. singular values of the
correlation tensor). Several worked examples in this paper illustrate recommended settings
and validate the implementation across representative processes. Instructions on how to
run the code are provided in appendix B

The primary objective of the implementation is, for each event, to construct the production
matrix R, i.e. the yet-to-be-normalised spin-density matrix of the selected particles. For



a two-particle system, we define

1 "
Rppy = > Mj My, (2.10)

helicities, colours

where the sum runs over the helicities of all particles not retained in the density matrix and
over colour degrees of freedom (when present). Here hy and hg label the helicity configuration
of the two particles whose spin state is retained, for instance, for two fermions one may
take h € {|+=),|++),|——),|—+)}, yielding a 4 x 4 matrix. The factor N averages over
the unpolarised initial-state quantum numbers (spin and colour), i.e. N equals the product
of the corresponding initial-state multiplicities.

By construction, R is a Gram matrix of (final-state) helicity amplitudes: it is Hermitian
and positive semidefinite, and its diagonal elements give the (averaged/summed) probabilities
for each helicity state, while the off-diagonal elements encode relative phases responsible
for spin interference and CP-odd effects. The physical, normalised spin-density matrix is
then p = R/ Tr[R], so the explicit value of N cancels once the trace normalisation is applied.
The choice of helicity basis (quantisation axes and reference frame) fixes the interpretation
of the matrix entries; basis changes correspond to local unitary rotations on p and leave
basis-independent observables (e.g. entanglement measures) unchanged.

Operationally, the code evaluates the helicity amplitudes M for each diagram of the
selected process and then constructs the production matrix via eq. (2.10), from which the
normalised density matrix p is obtained. The computation of helicity amplitudes is native
to MG5AMC and fully automated [122]. The summation in eq. (2.10) is performed by
the Fortran subroutine get_density in matrix.f, which forms all interference products
M My, across helicity and colour configurations and accumulates them to yield the requested
components of R.!

The resulting production matrix is then passed to a Python layer through f2py for
post-processing. The Python interface serves two purposes: (i) it parses the user inputs
(process, spin quantisation axes, reference frame, requested observables) and configures the
Fortran back-end accordingly; (ii) it writes the per-event spin information into the LHE
record for downstream analysis. In particular, it handles frame and basis choices that affect
the physical interpretation of p:

e Frame changes. The kinematics can be boosted from the laboratory frame to the
user-selected analysis frame (e.g. the ZMF or pair c.m. frame, the rest frame of one
particle, or a Gottfried-Jackson frame). For massive particles, helicity is not invariant
under general boosts; the code therefore applies rotation-free boosts.

e Spin basis (quantisation axis). The density matrix is conventionally expressed in
the helicity basis in a given frame. In principle, basis changes acting locally on each
subsystem as unitary similarities, p — (Ua® Ug) p (Ui‘® U;), where Uy g are built
from the appropriate Wigner D-matrices for the particle spins, could be used. Such
transformations preserve basis-independent quantities (e.g. eigenvalues, entanglement
monotones) while reshuffling polarisations and correlations.

YA proof of concept of this type of computation within MG5AMC was performed in ref. [138].



e Metadata and normalisation. The interface records the chosen frame and axes, the
ordering of helicity states, and the normalisation convention used to obtain p = R/ Tr[R],
ensuring reproducibility and unambiguous downstream use.

To compute the density matrix of a process, one needs information of the events (namely
the momenta of each external particle, their PDG codes, their status) but also information
on which particles to put in the density matrix, in which reference frame, etc. All of these
inputs are not unique, the momenta can be expressed in any reference frame, the spin
basis of the density matrix is conventional, the phases on each coefficient of the spinors of
fermions is conventional, and so on. Because of this, the components of the density matrix
are convention-dependent even though the matrix itself is a fundamental object containing
all information about a quantum system. Since the density matrix is not a Lorentz-invariant
quantity, care must be taken when comparing its components to expressions, ensuring that
the same conventions are used in both cases. The QI observables discussed in appendix A,
however, are independent of the specific convention adopted.

It is also important to note that conventions used in MG5AMC for the fermion spinors
via ALOHA [139] and defined in the library HELAS [140] may differ from conventions used
by popular calculation software like FEYNCALC in MATHEMATICA. The transformations used
in this paper to go from one convention to another are provided in appendix C.3.

3 Validation

To establish that the implementation reliably computes production density matrices and their
derived observables, we validate it against benchmarks from the literature. The test suite
spans Standard Model processes at the LHC and at eTe™ colliders, and representative BSM
scenarios at leading order (LO). Unless stated otherwise, all comparisons are performed at
fixed kinematic configurations with matched spin quantisation axes and phase conventions.
We verify, element by element, the agreement of the production matrix, its trace normalisation
and Hermiticity, and the positivity of the resulting density matrix. We also compare basis-
independent quantities, such as eigenvalues, singular values of the correlation tensor, and
entanglement diagnostics (e.g. concurrence/negativity, where applicable), and confirm their
invariance under local basis changes.

To validate the implementation across the relevant spin dimensionalities, we design
benchmark studies covering three cases: qubit-qubit (2x2), qubit—qutrit (2x3), and qutrit-
qutrit (3x3). For each class we choose processes with well-established control, fix frames
and spin bases, and compare the production matrix R (and the normalised p) element by
element, as well as derived, basis-independent quantities (eigenvalues, singular values of
the correlation tensor, entanglement witnesses/monotones, where applicable). Unless stated
otherwise, comparisons are performed at LO, at fixed phase-space points and in fiducial
regions, using consistent phase and axis conventions. The statistics associated to each of
the plots corresponds to 106 unweighted events.

,10,
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Figure 1. Diagrams for g g — t t at LO in QCD.

=~
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Figure 2. Diagram for ¢ ¢ — t ¢ at LO in QCD.

3.1 tt production at the LHC

One of the most extensively studied processes at the LHC, and a standard benchmark process
for validation, is top-antitop production,

pp —tt. (3.1)

For this final state, results are available for the production density matrix, the spin—correlation
matrix, and several quantum-information observables (such as the concurrence and the magic),
making it an ideal reference process. Since the density matrix is constructed at the parton
level, we validate our implementation separately for the two dominant production channels,

qgq—tt,
gg—tt,

before combining them with parton-distribution weights. Figures 1 and 2 show the Feynman
diagrams in the Standard Model at LO for the gluon-initiated and the quark-initiated channels,
respectively. In this simple case, the phase space can be parametrised by centre-of-mass
(c.m.) angle § and velocity [, defined as

B =1/1—4m2/M2. (3.2)

Channel-by-channel comparisons are performed at fixed kinematics and in specified spin
bases (e.g. helicity, beamline), checking the individual entries of the production matrix and
the derived quantities (polarisations, correlation tensor, eigenvalues). The combined hadronic
prediction is then obtained by PDF convolution. We verify that any residual PDF dependence
in basis-independent observables is negligible within uncertainties and that expected limiting
behaviours (e.g. Bt,t——m for unpolarised QCD production) are reproduced.

All formulas are expressed in the helicity frame {7, 7, I%} defined in appendix C.1, following
standard conventions. Unless stated otherwise, results are given in the t¢ centre-of-mass
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frame, which at LO coincides with the partonic centre-of-mass frame of the initial state. In
this basis the density matrix takes the form

1 3 3 3 3
p=4(]12®]I2+ZBM(UZ'®H2)+ZBQJ'(]I2®Gj)+zzcij(0i®0j) ; (3.3)

i=1 j=1 i=1j=1

where By and Bs denote the polarisations of the top and antitop quarks, respectively, and C
is the spin-correlation matrix. To emphasise the helicity basis, the component labels {1, 2, 3}
may equivalently be written as {n, 7, l%}, we adopt this notation hereafter.

In QCD, P and CP are conserved and in the LHC the initial state is unpolarised, this
implies that the final-state particles are also unpolarised and that the spin-correlation matrix
C is symmetric [13] so that

B, =0=B,. (3.4)

The expressions for the spin-correlation matrix coefficients for each parton-parton process at
LO are well known [9, 13]. Given the full two-qubit density matrix in eq. (3.3), any bipartite
entanglement measure can be evaluated. For fermion-antifermion pairs, the standard choice
is the concurrence, which quantifies entanglement for arbitrary (pure or mixed) two-qubit
states. A detailed discussion is provided in appendix A.2; here we simply record the formula
used for its computation. The concurrence is

C(p) = maX(O, )\1 - )\2 - )\3 - )\4), (35)

where the \; are the eigenvalues, ordered in decreasing value, of the matrix

VVoloy © 0y)p (0, © 0y)y/p, (3.6)

with p* the complex-conjugate of the density matrix and o, = 02. The expression for the
concurrence is thus, V3 € [0,1[,0 € [0,2x(:

- B2 sin? 6
a7y —
C(p??) = max (0’ 2 — B2sin26 |’ (3.7)
1 2—48%(1+sin? 0)+284 (1+sin 6) - 2 .9
C(po) = 1 2 max (0, 1+22642 iin2.9254(12+51n4 ) ) if 5(1+4sin“0) <1 . (3.8)
3 max (07 1+252ﬂsn(12ﬁr514(1);sm4 9)) if f(1+sin?0) > 1

One can also remark that for the gluon case there is a zone of the phase space where the
concurrence is 0. The boundaries of this region are defined by the following functions:

1+sin20 — /2sin6
/Blow(e) = \/ 1t Sin49 , (39)
1

N

(3.10)

Another observable that can be compared with analytical results from the literature is
magic, which is detailed in section A.8 and whose expression for a mixed (i.e. non pure)
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pair of fermions is:

; (AN + 528, ((BI)+ (Bh)') + X3, (Ch)* )
My(p') = —1o - - . , 3.11
) &(MWRNV+Z%GMQ +(BL)2) + 58,.1(Ch? o

with I = ¢, gg and X the non-normalised Fano coefficients:

Tr [RI} B! cL
il 1 _ b I _ g

Using the Fano coefficients computed in the literature, we can determine the expression for
magic using equation (3.11). For compactness, we define z = cosf. For the quark-antiquark
initiated channel, the expression reads

Sy () = — log, | DA T @ + (2B + DB+ (8 ) g
(B2 (2= 1) +2)* (B* (=2 = 1) + 282> — 1) + 2)
with
() = 8 (25 — 428 + 42" — 222 41), (3.14)
A(z) = -8 (z - 1) (4,24 s 2) , (3.15)
ci(z) =4 (2* - 1)2 (52" —3:2+3), (3.16)
A(z) = —4(z2 - 1), (3.17)
A(z) = (22 - 1)4 (3.18)
For the gluon-gluon-initiated channel, the expression is
- N9Y
M3(p?9) = —logs (D99> ) (3~19>
with
Dgg:(ﬂ4<z4—2z2+2>+2ﬁ2< 1) ) (47222+2)2
+268° (28 — 524 4+ 72— 4) 4 B (428 = 822 4 6) — 287 + 1), (3.20)
N9 =1+ N§%(2) 8> + N{*(2)8 + N§¥(2)8° + N§?(2)8° + N (2)8"
+ NJ3 (2) 8" + NP (2) 81 + N (2)8°° (3.21)
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Figure 3. Concurrence as a function of 6 (C.7) and 3 (3.2), in the centre-of-mass of the pair t¢ for the
process gg — tt at /s = 13 TeV. Analytic (a) and simulation (b) results. The coarse graining on the
right is related to the available statistics in the corresponding phase space region (1M of unweighted
events).

and

3 (2) = (3:22)
99(2) =1 ( B-3204521-5:243), (3.23)
99(2) =4 (62'0 ~ 3325+ 72:° — 902" 4-662% — 28), (3.24)
Ngg(z): (8210 — 482 + 136212 — 260210 + 39928 — 49625 + 46421 — 28022 4-96),  (3.25)
N (2) = (8216 50211 4146212 — 268210 + 36128 — 38220 431221 — 17222 +52),  (3.26)
N{§(2) = 4(52"° — 33211 +1052"% — 21121 4-3032% — 32420 + 25421 — 13222+ 36),  (3.27)
NY{(z) = (3.28)

(4—222+2)4,

N{#(z) = (24 —222—1—2)4 : (3.29)

Two complementary checks are performed to validate the results of the simulation. First,
one can examine the distributions of concurrence and magic across the phase space for each
individual process to verify that the expected patterns of quantum correlations are correctly
reproduced. Second, one can evaluate the relative error in the density matrix elements
to assess the numerical precision of the computation and ensure the internal consistency
of the simulation.

For comparison purposes, parton-level events have been generated for pp collisions at
/s = 13 TeV with the default NNPDF23 NLO PDF set [141]. Note that the width of the top
quark is taken as zero as it is an external state particle. The plots in figure 3 display the
concurrence over the phase space for the gluon-initiated process, comparing the prediction
with the simulation output. The two results exhibit excellent agreement, with a relative
bin-by-bin deviation below 1% across most of the phase space, and in particular in the region
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of highest cross-section. Notably, the region of strong spin correlation at large values of g
approaches a pure triplet configuration, corresponding to one of the maximally entangled
Bell states. Indeed, one can explicitly calculate that, in the limit § — 1 and for 6 = 7/2,
the density matrix takes the form

1001
110000

p== ; (3.30)
210000
1001

expressed in the basis {|+—),|++),|——),|—+)}. It follows that the system described by
this density matrix is a pure state generated by the Bell state |¥),

‘w+>:|+_{;;_+x p:\w+><m+y (3.31)

This state is known to be maximally entangled: the spins of the two particles are fully
correlated with opposite orientations. Correspondingly, the spin-correlation matrix of this
state is given by

100
Cyr=|0-10]. (3.32)
001

At the opposite limit of the phase space, at threshold (5 — 0), the density matrix of the
system becomes

0000
0110

p= . (3.33)
0110

0000

The system is again found to be in a pure state, corresponding to another Bell state, ]<I>+>,

: \®+>::L__{;;++>. (3.34)

This state is likewise maximally entangled: the spins of the two particles are anti-aligned.

p= o) (0"

The associated spin-correlation matrix is therefore

10 0
Cor=|01 0 |. (3.35)
00 -1

The plots discussed above demonstrate that the simulation is able to accurately reproduce
several QI observables across the entire phase space. However, in addition to these global
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comparisons, we also wish to assess the precision of the computation on an event-by-event
basis. To this end, the density matrix must be evaluated in exactly the same reference frame
and conventions as those used in the literature. This requires adopting the same definition of
the four-momenta (ée. the helicity frame), the same basis for the density matrix, and identical
conventions for the phases of the helicity states. Such details are rarely specified explicitly in
published works, and thus had to be carefully reconstructed for the purpose of this comparison.

The four-momenta are expressed in the helicity frame defined in appendix C.1. The basis
used for the density matrix is {|+—), |++),|——),|—+)}, where the first helicity label refers
to the top quark and the second to the anti-top quark. The conventions for the definition
of spinors and helicities are detailed in appendix C.1. It should be noted, however, that
ref. [9] employed FEYNCALC to obtain the expressions, whereas our simulation relies on
MG5HAMC . Since these two frameworks use different phase conventions for fermion spinors,
the corresponding density matrices differ by a global phase for each helicity component.
To account for this difference, a unitary transformation U is applied such that p — UTpU,
thereby restoring the correct relative phases between the spinor components. The explicit
form and parameters of the transformation are given in appendix C.3.

Once these definitions are given, we can compare the density matrix to the one computed
by the MG5AMC code. We have tested several phase-space points, yet for illustration and
reference we choose one in the high cross-section zone where most events are generated,
with a bin centred at f = 0.922 and 20/7 = 0.116. The analytical and simulated density
matrices are found to be:

0.08245226 —0.00290679: —0.00290679: —0.0013824

0.002906797 0.41754774 —0.03382192 0.002906791
pTH = , | = puc- (3.36)
0.00290679: —0.03382192 0.41754774 0.00290679:

—0.0013824 —0.00290679i —0.00290679: 0.08245226]

The two density matrices agree perfectly to at least 8 digits. Other points have been
tested but omitted for the sake of brevity, they all show the same level of agreement. This
comparison study shows that the code is able to accurately compute the density matrix
for the gluon-initiated process.

An analogous study has been performed for the case of an initial state composed of
light quarks. Since results are available at leading order (LO), a direct comparison with the
simulation can be carried out. The parameters used to generate the data are identical to
those adopted for the gluon-initiated process at /s = 13 TeV.

The plots in figure 4 display the concurrence for the light-quark—initiated channel, with
the prediction shown on the left and the simulation result on the right. The first observation
is the excellent agreement between the simulated data and the expression, with a relative
deviation that we calculated to be below 1% in all regions of the phase space where the
statistical precision is sufficient. Notably, the region of strong spin correlation, i.e. § — 1
and § = 7/2, corresponds to a pure state, namely the Bell state |\I/+>, identical to the
configuration found in the same kinematic region for the gluon-initiated process. This
implies that the same conclusion regarding the Bell-state structure applies to the total
process pp — tt. In contrast, no high-entanglement region is observed near threshold for the
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Figure 4. Same as figure 3 for the ¢qg — ¢t production channel.

quark-initiated channel. This behaviour arises because, in this case, only opposite-helicity
quarks contribute to the interaction, whereas in the gluon-initiated process both like-helicity
and opposite-helicity configurations are allowed. The implications of this difference will be
discussed in more detail later in this section.

Until here we have computed the density matrix and concurrence for both partonic
channels of ¢t production at LHC because the density matrix is an object that is calculated
at the parton level. To enable the code to predict results directly comparable with collider
data, it needs to be able to compute the density matrix for the full p p — t ¢ process. As
discussed in the introduction, this is done by summing the density matrices with a weight
which corresponds to probability weight associated with each partonic subprocess

prot(V/s, k) = Zwl P (Vs k). (3.37)

where w; is the probability of finding the subprocess I. In the case of the process pp — tt,
we have I = ¢q, gg. The weight w; can be calculated as a weighted sum of the amplitudes A;:

I
~ M,
wi (Mg, ) = ( A

(3.38)

where the L!(M;) are called the luminosity functions and A; = Tr [RI} /4. Note that
compared to the density matrices, it does not depend on the choice of frame, it only depends
on the total energy of the system. The luminosity functions are defined through PDFs

B 277. 1/7 d¢ T
== [ 2Niom, (C) (3.39)

where 7 = M,;/+/s and Ni(x) are the PDF for each particle. With these elements, we can
compare the simulation data for pp — t¢ to the results from [9]. The parameters used for

LI(Mtf7 \/g)

generating the data are the same as the one used for the partonic channels.
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Figure 5. Concurrence 5(a) and cross-section 5(b) as a function of the production angle § C.7 and of
M,; in the centre-of-mass of the pair t¢ at the LHC (pp at /s = 13 TeV). They can be compared with
those obtained analytically, see figure 5 of ref. [9].

Figure 5 shows the concurrence distribution over the phase space for the process pp — tt,
together with the corresponding event density, which indicates the statistical weight of each
region. Compared to the parton-level analysis, small differences can be detected in areas of
phase space which are not very well populated. A useful cross-check consists in applying
a cut on the invariant mass of the ¢t system, thereby improving the statistical precision in
the affected regions. Figure 6(a) shows the concurrence distribution over the phase space
after applying the cuts Mz > 600 GeV and |n;| < 0.8, where 7; denotes the rapidity of the
top quark. These cuts ensure a sufficient number of events in the selected region, thereby
reducing the impact of statistical uncertainties. A direct comparison with the prediction in
figure 5 shows that the two results are in very good agreement, with only minimal differences.
The same procedure has been applied to the threshold region, using the cuts M,z < 400 GeV.

This study on the process pp — tt shows that the code allows precise computation of
the concurrence over the whole phase space which serves as an observable of entanglement;
moreover, its dependence on the choice of PDFs is small [9].

A further consistency check is obtained by considering polarised initial states in the
gluon-fusion channel. While in quark-antiquark annihilation the incoming fermions must
have opposite helicities, gluons can be either like- or unlike-helicity. Therefore, one expects a
markedly different behaviour for the unlike-helicity configuration grgr and for the like-helicity
configuration grgr. As shown in ref. [142], when focusing on the spin correlations between the
top and the anti-top quark, the processes grgr, — tt and g q — tt display very similar features.

In the low-8 region, corresponding to the threshold limit where the top quarks are
produced nearly at rest, the helicities of the top quarks align with those of the initial gluons.
The spin of each top is then fixed independently of the other, implying the absence of
entanglement and hence a vanishing concurrence. On the opposite side of the phase space,
in the high-/ region (|p] — o), only the helicity configurations t; tg and tg 7, contribute.
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Figure 6. Concurrence of pp — tt in the high-entanglement phase-space regions: 6(a) corresponds
to the high-g region, generated with M,z > 600 GeV and |n| < 0.8. 6(b) corresponds to the threshold
region, generated with M,; < 400 GeV.
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Figure 7. Concurrence over the phase space of the gluon-fusion process, where the initial gluons
are polarised with like and unlike helicities, is shown in figures 7(a) and 7(b), respectively. In the
like-helicity configuration (figure 7(a)), the region of strong correlation corresponds to the threshold
region of the process g g — tt. Conversely, for the unlike-helicity configuration (figure 7(b)), strong
correlations arise in the high-energy region of the phase space. Notably, this latter concurrence
distribution is identical to that obtained for the ¢q — tt channel (figure 4), as also discussed in
ref. [142].

In this limit, the spins, identical to the helicities, are perfectly correlated, leading to a
concurrence that tends to unity, in agreement with the behaviour observed in figure 7(b).

In the case of like-helicity gluons, the situation is reversed: strong entanglement is
expected in the threshold region, while no correlation arises in the high-4 limit [142]. This
pattern is precisely what we observe in figure 7(a).
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Figure 8. The value of magic over the phase-space spanned by cosf (C.7) and £ (3.2). Analytic (a)
and simulations (b) results. Plots are extremely close, in most of the phase space, bins deviate from
the result by a relative error of less than 0.1% in the covered regions of phase space.

A final test for this process consists in computing a different quantum witness for which an
expression is available. Earlier in this section, in eqgs. (3.13)—(3.29), we derived the expression
for the quantity known as “magic” in both production channels. Although magic is not
strictly an entanglement witness, it quantifies another genuinely quantum feature, the so-called
non-stabiliserness, widely used in QI yet scarcely explored in collider-physics contexts.

Figure 8 shows the value of magic for the gluon-initiated channel (left) and the cor-
responding result computed with MG5AMC (right) over the phase space (cos#, ). The
distribution of magic differs noticeably from that of the concurrence: regions exhibiting
large values of magic often correspond to low concurrence. The agreement between the and
simulated results is excellent, with relative deviations below 0.5% in each bin across most of
the phase space, and in particular in the regions with the largest cross-section. In regions of
limited statistics the uncertainty increases slightly, though effect is negligible for any realistic
experimental determination of the observable.

The same analysis can be carried out for the ¢¢ channel, yielding identical conclusions
and therefore not shown here.

In summary, a comprehensive set of validation tests has been performed on the well-studied
process of tt production at the LHC, comparing the simulated results with the corresponding
predictions. The excellent agreement observed confirms the robustness and reliability of the
implementation for this benchmark process. The following sections extend the analysis to
other processes to further demonstrate the versatility of the framework.

3.2 tt production at ete~ colliders

A second test case that we consider is the production of a tt pair at an electron—positron
collider, ete™ — tt. The results for this process are well established at leading order [28],
providing a benchmark for comparison. The main qualitative difference with respect to tt
production at the LHC arises from the presence of polarised weak—boson interactions.
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Figure 9. Feynman diagram of the process e™ e~ — tt at tree level.

The Feynman diagram for this process is shown in figure 9, and the QED vertices,
following the notation of ref. [27], are given by

e

(tTAM) = ieQuy", (ttZ2") = —~"(gvll — ga,7"), (3.40)

CwSw

where gy, = T3/2 — Qs2, and g4, = T3/2, with T° denoting the weak isospin of the fermion,
Q its electric charge, and s,, the sine of the weak mixing angle.

As discussed earlier, the density matrix and the spin—correlation matrix strongly depends
on the chosen conventions (definition of the reference frame and phase choices for spinors,
etc.), and it is therefore essential to specify them explicitly. The reference frame adopted here
is the same as in the study of t¢ production at the LHC, described in detail in appendix C.1.
The density matrix is always expressed in the basis {|+—),|++),|——),|—+)}. The results
obtained are compared with the results of ref. [28], which differ slightly from those implemented
in MG5aMC.

While ¢t production at the LHC is a CP-even process — which allows one to set the
polarisations of the top and antitop quarks to zero — this is not the case at an electron—
positron collider, where weak interactions induce CP—odd effects. Consequently, the top and
antitop polarisations do not need to vanish. As in the LHC case, this process is characterised
by two kinematic degrees of freedom: the production angle # and the top velocity 3,

B =/1—4m3/M2. (3.41)

The expressions for the spin-correlation coefficients are [28]

Alo] — F[O](BQCg — %4 2), Al = oplile, Al2l — pl2lg 2

Ol = FlO) (52 — (82— 2) 2), Chl = 2Fle,, Cll = pl2ls 2

Chp = 2F 0L /T— B2¢ysy, 0[1 Al \/75259, C[ ) _ 0, (3.42)
Cl = Fls3(2 - g?), i o Flg,

Cll = _ploig2g2, = 0, B = pig2,

where Cj; = C’ij/A and sy = sinf, cy = cosb.

The different coefficients C’ij are separated according to the number of 4° insertions.
This means that, to obtain the total contribution for a given element, one must sum over
the three channels. For instance,

A= A0 4 Al 4 4R (3.43)

The prefactors FIJ can be found in the appendix of [28].
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Figure 10. Concurrence of et e~ — tt over the phase space spanned by 6 (C.7) and 8 (3.41) in
the centre-of-mass frame of tt. (a) result of MG5AMC simulation at /s = 3TeV and with the PDF
isronlyll, (b) analytical plot of the concurrence.

The first comparison we perform is based on the concurrence of the process across the
phase space, since the expression of the spin—correlation matrix is available. The simulated
data were generated with MG5AMC at /s = 3 TeV using the electron PDF isronlyll.
The inclusion of a PDF allows one to probe different values of 8. In contrast, the results
used for comparison are obtained by varying the total centre-of-mass energy of the process,
but involve only electron—positron initial states. Therefore, we ensured that our simulated
sample does not include any event with photonic initial states.

Figure 10 shows the concurrence over the phase space (6, 3). Unlike ¢t production at the
LHC, the top quarks produced in lepton colliders are entangled throughout the entire phase
space. Moreover, in both hadron and lepton colliders (figure 5 and figure 10), a region of
maximal entanglement emerges at high energies (f — 1). The corresponding production
angle, however, differs between the two cases: at the LHC, maximal entanglement occurs
for @ = m/2, whereas at an electron—positron collider it is reached for § ~ 0.67 7. This
difference arises from the fact that the strong interaction conserves parity, whereas the weak
interaction does not [28].

The simulation results obtained with MG5HAMC are in very good agreement with the
analytical solution. The relative deviation between the simulated and analytical results is
found to be of order 1% or smaller across most of the phase space. Larger deviations appear
only in bins with low statistics, as expected. When phase—space cuts are applied to enhance
the event yield in these regions, as was done for ¢t production at the LHC, the relative errors
are again reduced to about 1%. This confirms that the implementation accurately reproduces
the concurrence at leading order for the process eTe™ — tt over the entire phase space.

Another class of quantum-information observables of interest are the entanglement markers
D These quantities are more readily accessible experimentally than the concurrence and
make it possible to distinguish between entangled and separable states. Their expressions
are given in egs. (A.31)—(A.34), and we recall that the condition for entanglement is that at
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least one of the D markers be strictly smaller than —1/3. In the following, we compare the
values of these markers with their analytical counterparts to assess the precision achievable
with the current implementation.

To do that we computed the relative difference between the D) coefficients at /s = 3 TeV
and the corresponding theoretical value at each phase space point finding agreement at the
machine level precision. Specifically, for electron colliders, these markers have been evaluated
in ref. [28] at different centre-of-mass energies (365 GeV, 500 GeV, and 3 TeV); we therefore
compute them for the same energies. Among all markers, D™ is the most relevant for this
process, as it is the smallest and thus the most sensitive to entanglement. Equations (3.44)—
(3.46) show the comparison between our results and those reported in the literature:

V5 = 365 GV ; DM = —0.35, DM = —0.3492106, (3.44)
V5 = 500 GeV DM = —0.42, DI = —0.4222872, (3.45)
V5 =3 TeV : D = —0.52, DI = —0.5212332. (3.46)

We observe that, for the first two energy points, the simulation results agree perfectly with
the analytical predictions.? This confirms that the code reproduces the results with very
high precision. For completeness, eqs. (3.47)—(3.64) present the comparison for the other D
markers, as well as for the off-diagonal elements of the spin-correlation matrix in each case.
The simulated values are found to be in excellent agreement with the ones, demonstrating the
capability of the code to accurately describe processes at both hadron and lepton colliders.

V5 =365CGeV: D)= % DV =0.333333, (3.47)
D) = —0.071914, D®) = _0.071914, (3.48)
DY) = 0.087791, DY) = 0.087791, (3.49)
[(Crr + Cri)/2)in = 0.13276,  [(Chy + Cy1)/2)sim = 0.13276,  (3.50)
[(Crn + Cry) /2]in = 0, [(Crn + Crr) /2)sim = —2.107°,  (3.51)
[(Crk + Cin)/2]tn = 0, [(Crk + Ckn)/2sim = —2.107%. (3.52)
V5 =500GevV: D) = % DY) =0.333333, (3.53)
DY) = 0.103499, D) = 0.103499, (3.54)
DY) = —0.0145456, DY) = —0.0145455, (3.55)
[(Chr + Crie)/2]in = 0.225993,  [(Cher + Cri)/2Jsim = 0.225993,  (3.56)
[(Crn + Chr)/2ltn = 0, [(Crn + Crr) /2)sim = —2.107°, (3.57)
[(Crak + Cin) /2] = 0, [(Crk + Cn)/2lsima = 11075 (3.58)

?In ref. [28], the value of D™ at /s = 3 TeV is written as —0.53 instead of —0.52 as calculated in this
paper. This difference may have been due to rounding effects or just a typographical error.
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Figure 11. Diagram of the decay of a heavy particle, mixed scalar-pseudoscalar into ¢t in the SM
at LO.

V5=3Tev: DY) = % DY) =0.333333, (3.59)
D) = 0.326378, D) = 0.326378, (3.60)
DY) = —0.138479, D) = —0.138479, (3.61)
[(Chr + Cri) /2] = 0.0547778,  [(Cr + Crie)/2sim = 0.0547778,  (3.62)
[(Crn + Crr) /2len = 0, [(Con + Cry) /2]sim = —1.107°, (3.63)
[(Crk + Crn)/2]tn = 0, [(Cpk + Crn)/2)sim = 210719 (3.64)

3.3 tt production from scalar and vector resonance decays

Up to this point, we have examined common processes whose density matrices depend on the
kinematics. We now turn to simpler cases: resonant decays of scalars, pseudoscalars, vector
bosons, axial vectors, etc. The advantage of these processes is that their density matrices are
constant and can therefore be easily compared with results. They also provide a stringent
test of the code ability to handle particles of different spin.

The first process we study is the decay ¢ — tt, where ¢ denotes a mixed scalar-pseudoscalar
state characterised by a mixing angle o and a mass Mg > 2m;.

The interaction of this particle with the top quark is

Lint = —%(bf(cos o+ isinay’)t + h.c.. (3.65)

The density matrix can be easily calculated analytically giving

0 0 0 0
110 1 _ﬂca—z:sa
== Peoctisa 3.66
Taloomee | o
0 0 0 0

where ¢, = cosa, s, = sina and 8 = /1 —4m? /M(?5 The associated spin-correlation

matrix is

_B2C§—S§ 55204
FPitsl B rsT
C=| p5% 5372 0| (3.67)
0 0o -1
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One can observe that if @ # 0, the spin-correlation matrix is not symmetric. This reflects
the fact that the presence of a pseudoscalar component in the interaction leads to CP
violation. As mentioned earlier, these matrices do not depend on the kinematics of the
process when a € {0,7/2}.

Instead of comparing the concurrence, as done previously, we consider the density matrices
and the spin-correlation matrices for kinematically independent processes. We have compared
the expressions with the simulated data for varying values of («, ) and expect identical
results. For a = 0, corresponding to a pure scalar ¢, the system is independent of 3, and
the MG5AMC matrices reproduce the ones exactly:

00 0O
1101 —-10
pvcela=0)=— = prau(a =0 3.68
valo=0)=g| (a=0) (3.68)
00 0O
-1 0 O
Cugla=0)=10 -1 0 | =Cru(a=0). (3.69)
0 0 -1

We next consider the case o = m/2, ¢ is then a pure pseudo-scalar, the system remains
independent of 8 and the matrices calculated with MG5AMC match exactly the ones:

0000
110110
puc(a=m/2) = 0110

0000

= pru(a =7/2), (3.70)

10 0
Cugla=7/2)=101 0 | =Crula=m/2). (3.71)
00 -1

Finally, we test this process for intermediate values of «, where the matrices depend on
5. We therefore select two representative points in phase space to illustrate that the code
behaves as expected. The first point corresponds to a = 7/3 and = 0.7257106861553025
(Mg = 500 GeV):

0 0 0 0
0 0.5 0.350664199 + 0.356419163: 0
PMG = . = PTH. (3.72)
0 0.350664199 — 0.356419163¢ 0.5 0
0 0 0 0

We compute the relative error with respect to the calculation for both the real and imaginary
parts of the off-diagonal terms, in order to verify the numerical precision of the computation.

,25,



Figure 12. Diagram of the decay of a heavy Z’ boson into tt with Mz > 2m;.

The relative error is found to be of order 10712-10~13 for all elements, indicating that the
calculation can be regarded as exact for this point.

The second point is @ = 7/6 and = 0.5102940328869229 (M4 = 400 GeV):

0 0 0 0
0 0.5 0.061419268 + 0.496213335¢ 0
pMG = _ =pra-  (3.73)
0 0.061419268 — 0.496213335¢ 0.5 0
0 0 0 0

The relative error for each element of this density matrix is also of order 10~'2-10713, so
the calculation can be regarded as exact. These comparisons demonstrate that the code can
compute the density matrix of basic qubit processes with extremely high precision, achieving
relative errors at the level of 10712-10713,

Having verified that the code performs correctly for the decay of scalar and pseudoscalar
particles, we now turn to the decay of a massive vector boson. As in the scalar case, we consider
the simple process of a vector boson decaying into a top quark and an antitop quark. The
vector boson is taken to be a mixture of vector and pseudovector components, with respective

coupling factors gy and ga. The corresponding interaction Lagrangian for this decay is

int = t(gy — gay’ )yt + h.c., 74
Lint o5 O Vit(gy — gay” )yt +h.c (3.74)
where
1 1 e
gv =5 Q sin” Oy, ga=5T% 9= oy (3.75)

with e the electron charge, T is the weak-isospin projection, and @y the weak mixing angle.

One can note that no vector boson in the Standard Model is massive enough to produce
a tt pair on shell. To make the process possible, we therefore introduce a hypothetical boson
7' with a mass sufficiently large, i.e. My > 2m;.

The main difference with respect to the previous decay is that the initial state now admits
three possible polarisation states, each yielding a distinct density matrix. To obtain the decay
of an unpolarised massive vector boson, we therefore average over the polarisations. The

— 26 —



density matrices corresponding to the three possible polarisation states of the Z’ are:

1000 00 00 0000
0000 1lo1 -10 0000
““looool’ 72011 of " “looool (3.76)
0000 00 00 0001

The density matrix of the unpolarised boson is obtained by averaging the individual density
matrices with their matrix element

1

P = TR T TR (Mo Moo 1M o) 377
This gives
K. 0 0 0
*TN 3.78
Ptot N 0 —Ky Ky 0 ( )
0 0 0 K,
with
N = (1 - 4Qsin® fi)2(1 — %) + (1~ 4Qsin® by + 5)° + (1 — 4Qsin® by — 7). (3.79)
K_ = (1-4Qsin® 0w + B)°, (3.80)
fo= %(1 —4Qsin® 0w )*(1 - 57, (3.81)
o= (i@t = o7 (3.82)

where 8 = (/1 —4m2/M?2,.

We can now compare the density matrix with the results obtained from MG5AMC .
When only My is varied, the density matrix depends solely on the value of 5. We perform the
comparison in three regions of the phase space: at threshold (5 — 0), in the high-energy region
(8 — 1), and in an intermediate region. For § = 0.024037142 (Mz = 346.1 GeV) we have

0.373039660 0 0 0
0 0.166216523 —0.166216523 0
pTH = = PMG> (3.83)
0 —0.166216523 0.166216523 0
0 0 0 0.294527295

For 8 = 0.721897500 (Mz = 500 GeV) we have

0.877267800 0 0 0
0 0.027331383 —0.027331383 0
PTH = = pMG, (3.84)
0 —0.027331383 0.027331383 0
0 0 0 0.068069435
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Figure 13. Feynman diagram of the process ¢ — ZZ at LO where ¢ is heavy SM-like scalar of mass

For 8 = 0.997602808 (Mz = 5000 GeV) we have

0.849681224 0 0 0
0 0.000171017 —0.000171017 0
PTH = = pMGC (3.85)
0 —0.000171017 0.000171017 0
0 0 0 0.149976742

where the equalities are true up to a precision of 1076.

These comparison points demonstrate that MG5AMC accurately computes the elements of
the density matrix for the decay of a vector or axial-vector boson across the entire phase space
(provided the boson mass is allowed to vary). The relative error for this process is consistently
of order 1079 or smaller for all matrix elements. Although this uncertainty remains very
small and enables highly precise computations, a slight loss of precision is observed. It may
be attributed to the averaging over different density matrices required for the final result.

3.4 VV: heavy Higgs decay and pair production at the LHC

Another interesting class of systems whose spin correlations merit investigation are qutrit
systems, exemplified by massive vector bosons. These systems are more challenging to study,
not only because their spin structure is more intricate, but also because no observable as
powerful as the concurrence is available for them. Indeed, the concurrence is defined through
a minimisation procedure, which prevents its (and even numerical) evaluation except in
the case of two qubits.

The first system we consider is the simplest one: the decay of a heavy SM-like scalar into
a pair of massive vector bosons. In this study, we focus on the process ¢ — ZZ, although
the results are identical for the W boson since the hZZ and hWTW ™ vertices share the
same tensor structure in the SM. At leading order, this process is described by a single
Feynman diagram figure 13.

The Lagrangian of interaction for this decay is simple

2
Line = %d)Z“ZM. (3.86)

As for the other decays, we define the dimensionless quantity 5, which is related to
vector-boson pair invariant mass.

AM2

Z,
Mg

=1 (3.87)
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Since massive vector bosons have three possible spin projections, rather than two as

in the fermionic case, the density matrix for this process is a 9 x 9 matrix. We express it
in the basis {|——),|-0),|—+),]|0—),]00),[0+),|+—),|+0),|++)}. The resulting density

matrix for this process is given by:

0 000
0 000
0 000
p:m —(1-5%000
0 000
0 000
0 000

(1-5%2000-(1-p1)000 (1-p%)?

000 0
000 0
000 0
000 —(1—p%
000 0
000 0
000 0

(1-5%2000-(1-p)000 (1-p%)?

(3.88)

One can note that this density matrix depends only on 3, and therefore on the mass of

the heavy scalar. As done previously, we compare the result of eq. (3.88) with the simulation

results obtained using MG5AMC in different regions of the phase space: the threshold region
(8 — 0), the boosted region (8 — 1), and an intermediate region.

In the boosted regime, we consider My = 1 TeV, corresponding to § = 0.983228862

(Mz = 91.188 GeV).

0 000 0
0 000 0
0 000 0
prH = | —0.016902085 0 0 0 0.999428312
0 000 0
0 000 0
0 000 0

0.000285844 0 0 0 —0.016902085 0 0 0 0.000285844

000 0
000 0
000 0
0 00 —0.016902085
000 0
000 0
000 0

0.000285844 0 0 0 —0.016902085 0 0 0 0.000285844

= PMG-

(3.89)

The relative error between the coefficients is extremely small: for each individual coefficient,

taking the calculation as reference, the relative error is of order 107'2. The computation

can therefore be regarded as exact.
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In the threshold region, we take My = 182.5 GeV, so = 0.036857054 (Mz = 91.188 GeV).

0.332729035 0 0 0 —0.333634251 0 0 0 0.332729035
0 000 0 000 0
0 000 0 000 0
0 000 0 000 0

prH = | —0.333634251 0 0 0 0.334541930 0 0 0 —0.333634251 | = pmaG- (3.90)

0 000 0 000 0
0 000 0 000 0
0 000 0 000 0

0.332729035 0 0 0 —0.333634251 0 0 0 0.332729035

For this value of 3, the relative error between the result and the value computed by
MG5AMC is even smaller, of order 10716 for the individual elements of the density matrix.

The third and final point is in the intermediate region, we take My = 250 GeV, so
B = 0.683976545.

0.104086252 0 0 0 —0.287085974 0 0 0 0.104086252
0 000 0 000 0
0 000 0 000 0
0 000 0 000 0

prH = | —0.287085974 0 0 0 0.791827496 0 0 0 —0.287085974 | = pmaG- (3.91)

0 000 0 000 0
0 000 0 000 0
0 000 0 000 0

0.104086252 0 0 0 —0.287085974 0 0 0 0.104086252

For this value of 3, the relative error between the result and that computed by MG5AMC is
of order 10™13 for the individual elements of the density matrix. The study of this simple
example demonstrates that the code correctly handles systems composed of two qutrits.
The next validation step, after successfully reproducing the density matrix for decay
processes, is to include the production stage. We therefore consider the production of a pair of
weak bosons at the LHC. The analytical results for these processes have been derived in ref. [56],
and our simulated results will be compared against them. The processes under study are:

pp—WHtWw-, wii— WHWw- dd - WTWwW~ (3.92)
wa— 27 dd — Z Z, ud — ZWT, (3.93)

where u and d, respectively represent the up and down quark family in a five-flavour scheme:
u = {u,c}, d = {d,s,b}.

The conventions adopted for the simulations closely follow those of ref. [56] to enable a
direct comparison. Specifically, the production angle 6 is defined between the antiquark ¢ and
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the W, or between the antiquark ¢ and the Z in the case of Z-boson pair production. The
reference frame used is the helicity frame defined in appendix C.1: it is boosted to the rest
frame of the boson pair, with the reference direction for the helicity basis taken along the W
boson (or the Z in the case of ZZ production). The simulations employ the latest NNPDF4 .0
NNLO PDF set [143], which is the one used in ref. [56], and the input parameters are:

my = 80.377 GeV, my = 91.1876 GeV, (3.94)
mp, = 125.35 GeV, Gy = 1.166378.10"° GeV. (3.95)

In the case of qutrits, the concurrence observable exhibits distinct properties. First, it is
not known how to compute it exactly for systems composed of a pair of qutrits; however,
upper and lower bounds can be evaluated to estimate its value. Second, unlike for qubits,
the concurrence for qutrit pairs can exceed unity. The definitions of these bounds, following
ref. [56], are recalled here and discussed in more detail in appendix A:

C? 5 = 2max(0, Tr {pQ] —Tr {pzﬂ,Tr {pﬂ —Tr {pQB}), (3.96)
C#p =2min(1 — Tr [pi} ,1—Tr {pQB} ), (3.97)

where p4 and pp are the density matrices of each particle in the pair. They are obtained
by tracing out one of the Hilbert spaces, H4 (or Hp), from the total density matrix p
defined on H = Ha ® Hp.

Figure 14 shows the lower bound of the concurrence over the phase space (6, myy ), where
V' denotes a weak boson, for the five partonic processes defined in egs. (3.92)—(3.93). The
different partonic channels are independent from one another and differ slightly in their
couplings to the Z boson, since the weak isospin takes different values for the down- and
up-quark families. This results in small variations in the corresponding density matrices
and motivates plotting both channels separately. Note that the up-quark channel is not the
mirror image of the down-quark channel, in agreement with the results.

Because of the distribution of events across the phase space, we did not scan the entire
region as was done for the process pp — tt. This omission, however, has negligible impact,
since the unprobed regions do not contribute significantly to the total cross-section. The
plots in figure 14 reproduce very accurately those of figure 11 in ref. [56], demonstrating that
our code accurately reproduces the theoretical predictions.

For tt production, we have studied the concurrence directly, whereas the ZZ, WW, and
ZW processes we computed upper and lower bounds on the concurrence to estimate its value.
In the case of ¢t production, we also evaluated the quantity known as magic, which, however,
cannot be defined for 3 x 3 systems such as pairs of massive vector bosons. A possible
analogue for magic is the quantity known as mana. To our knowledge, this observable has
not previously been applied in collider settings; we therefore compute it for a realistic process
to demonstrate its feasibility and correct implementation in our code.

Figure 15 shows the values of the mana for WW and ZZ production in the up-quark-
initiated channel. These distributions exhibit the same overall trend as the plots of the lower
bound of the concurrence: states with higher concurrence also tend to display higher mana.
This is not always the case for the magic, for which separable states can exhibit maximal
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Figure 14. Lower bound of the concurrence Cy,p over the phase space spanned by 6 (C.7) and Myy
generated by MG5AMC in the partonic channels of the production of weak bosons in the LHC. The
angle 0 is defined in the rest-frame of the weak bosons as the angle between the anti-quark ¢ and W+
(or Z in the ZZ channel). Upper-left: wd — W+ Z; middle-left: v — Z Z; middle-right: dd — Z Z;
bottom-left: uw@ — W+ W~ bottom-right: dd — W+ W~.
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Figure 15. Mana over the phase space spanned by My and cos@ (C.7) for ua — W~ WT (a) and
dd— Z Z (b). These plots show the same trend as the plots of the lower bound of concurrence.

values. A more detailed study of collider processes using mana would be of interest to better
understand its behaviour and physical interpretation.

4 Applications

Having established numerical agreement in all validation tests, we now turn to phenomeno-
logical applications at the LHC. These include fiducial predictions with realistic selections,
distributions of polarisations and correlation tensors, and QI observables, together with an
estimate of statistical uncertainties from finite event samples. Where relevant, we also examine
the sensitivity of basis-dependent quantities and highlight basis-independent measures that
provide a robust characterisation of the produced quantum states.

Before presenting the results, we clarify how quantum observables (such as concurrence,
magic, etc.) are averaged to construct histograms. Throughout this section, we focus on
observables evaluated from the density matrix averaged over events, O[(p)], i.e. the density
matrices of the events are first averaged within a given phase-space region and the observable
is then computed from the resulting averaged density matrix. This procedure directly reflects
how experimental measurements are performed at colliders, where each phase-space bin is
reconstructed from an ensemble of events rather than from fully resolved quantum states on
an event-by-event basis.

An alternative procedure consists in computing the observable for each individual event
and then averaging the result, (O[p]). While both prescriptions are equivalent when the
observable (concurrence, magic) is shown fully differential in phase space, as in the case of
2 — 2 processes, they differ for higher-multiplicity final states, where the density matrix is
not fully differential. In that case, (O[p]) corresponds to an idealised scenario with complete
event-by-event state reconstruction and can be interpreted as providing an upper bound on
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the amount of quantum correlations that could be accessed with fully exclusive final-state
information.

Unless stated otherwise, the results in this section are obtained from large Monte Carlo
samples (1M events). Statistical uncertainties on the quantum observables, estimated via
bootstrap resampling, are negligible at the level of the presented plots.

4.1 ttW production at the LHC

The first quantum system we analyse is ¢t in association with a W boson:
qq —tt W,

At tree level (LO in g2gy ) the amplitude is generated by two diagrams, shown in figure 16,
with the W radiated from the initial-state quark line while the ¢t pair is created via an
s-channel gluon. This process is closely related to inclusive t¢ production (Section 3.1),
and we will systematically compare the two. Two features are particularly relevant for the
spin-quantum structure:

e Initial state: the gg channel that dominates inclusive tt at the LHC is absent at LO
in ttW=*. As a result, the strong near-threshold entanglement driven by gluon fusion
in ¢t is not present here; we therefore expect sizeable entanglement primarily in the
high-energy regime, where helicity selection enhances off-diagonal spin coherences.

e Chiral emission: the W is emitted only from the initial-state quarks and couples
through the left-handed charged current. This V-A structure induces a non-trivial
polarisation of the interacting quark leg, effectively preparing a polarised ¢q’ initial state
for tt production. Consequently, the one-body polarisations gt’[ and the correlation
tensor Cj; of the ¢t subsystem differ qualitatively from the unpolarised gq or gg cases,
with characteristic patterns in the helicity basis {7, 7, k}.

In what follows we construct the event-by-event production matrix R for the t¢ subsystem
within ¢ ¢ — tt W, extract the normalised density matrix p, and study its Fano coefficients
(ét, gg, (). We then compare basis-independent diagnostics (eigenvalues of p, singular values
of C, and two-qubit entanglement measures such as the concurrence and the magic) to the
corresponding quantities in inclusive ¢t production, highlighting the impact of the chiral initial
state and the absence of the gg channel at LO. Specifically, we verify that the top quarks are
polarised as a consequence of the chiral initial state induced by the W* boson [144], and we
compare the corresponding values of several quantum-information observables.

The data used in this study were generated with MG5AMC with a center of mass energy
of 13 TeV in order to simulate processes from the LHC. A 5 flavour scheme is used so we
consider all quarks except the top quark to be massless, the PDF used is the NNPDF4.0 NNLO
PDF [143] and the input parameters used for the data generation are

myz = 91.118 GeV, Gr = 1.166390.107° GeV 2, agy = 1.325070.10%.

The density matrix of two top quarks can be parametrised following eq. (2.6) with By and
B5 the polarisation vectors of each of the top quarks. Because of the linearity of the trace, one
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Figure 16. Feynman diagrams of the process q ¢ — tt W™ at tree-level.

can apply formula (2.7) on the average density matrix or average the individual polarisation in
the same way. For this process we have three external observable particles, we can thus study
the spin correlations between any of the three pairs tt, tW* and tW*. We will first study the
system made of the pair of top quarks in order to compare it to the known process qq — tt.
Then we will study the spin correlations between the weak boson and any of the top quarks.

Quantum spin correlations in tt: the goal of this first study is to compare with the
process qq — tt. We recall that, for this process, the polarisations of the top quarks vanish,
as a general consequence of the vector nature of the strong interaction. In the present case,
however, a weak-interaction vertex is introduced which, unlike the strong interaction, is
sensitive to helicity and therefore induces a net polarisation in the final state. The average
polarisations of the two top quarks are given by:

—1.63.107° 1.63.107°
(S)=1 0603 |, (S =1 -0603 |- (4.1)
—2.78.1074 —2.78.1074

The spin-correlation matrix also becomes dense, as correlations now appear in all directions,
unlike in the original process.

To explore this further, we compare the values of different observables, such as the con-
currence and the purity, with those of the original process over the phase-space (cos 8, My -).
However compared to all other processes studied up until now that were 2 — 2 processes,
this process has 3 particles in the final state. This means that there is an ambiguity on the
definition of the angle 6 used to parametrise the phase-space, indeed 6 can be defined as the
angle between the top in the centre-of-mass frame of tW ™ and the beam axis in the lab frame
Z or between the top in the centre-of-mass frame of tW~ and the beam axis in the boosted
frame. Both these definitions are the same for 2 — 2 processes as explained in appendix C.1
but not for more complex processes. For the rest of this paper, we have decided to use the
beam axis in the lab frame Z as reference for the definition of 6, the definition can be found in
equation (C.7). Differences between the two definitions are visible but do not change the trend
and thus the interpretation of the plots and will not be discussed in the rest of the paper.

Figure 17 shows the concurrence over the phase space for the processes qq — tt (left)
and q7 — ttW* (right). The two histograms are nearly identical, indicating that the
polarisation of the initial state does not significantly affect the level of entanglement in the
final state for this process. Note that for the process g’ — ttW*, the histogram appears
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Figure 17. Concurrence of gq — tt (a) and of ¢¢ — tt W= (b) over the phase space spanned by
M,; and cos@ (C.7) in the centre-of-mass frame of t¢. Emission of a W* boson from initial state
affects only slightly the level of entanglement of the ¢t pair.

less smooth, which is due to the presence of two contributing channels, compared with only
one in the simpler ¢t process.

Another observable that can be easily computed for this process is the purity, which
quantifies how mixed the quantum state is. Specifically, we plot the normalised purity pu
over the same phase space. Figure 18 shows the normalised purity across the phase space
for qq — tt (left) and ¢’ — ttW¥ (right). A purity of 1 corresponds to a pure quantum
state, while a value of 0 corresponds to a maximally mixed state.

For tt, the purity approaches unity in the high-energy, low-cos 6 region, where the states
are entangled. This behaviour is consistent with the fact that such strongly correlated states
tend toward Bell states, which are pure. In contrast, ttW=* exhibits a markedly different purity
distribution: the purity is significantly higher across the entire phase space compared to the
original process and is no longer correlated with regions of high entanglement. This indicates
that polarising the initial state leads to the production of much purer states throughout the
phase space, while having little effect on the degree of entanglement.

Quantum spin correlations in tW~ and tW™: we have first considered the ¢t system
to compare it with the initial g7 — ¢t process and to understand the impact of polarising
the initial state. However, the emission of the weak boson W* also allows us to study the
quantum spin correlations between the boson and one of the top quarks. All calculations are
performed in the centre-of-mass frame of the ¢t pair. In this frame, the symmetries are such
that it is sufficient to study a single subsystem, chosen here to be the tW™* system.

This system is no longer a 2 x 2 system, and the concurrence is therefore not easily
computable. We thus require new observables to quantify entanglement in this case. As
discussed in appendix A, when reviewing several entanglement witnesses and other quantum-
information observables, the Peres-Horodecki criterion remains both necessary and sufficient
for 2 x 3 systems, making it an excellent witness for our study. The Peres-Horodecki criterion
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Figure 18. Normalised purity of ¢g — t (a) and of ¢¢’ — tt W+ (b) over the phase space spanned
by M,; and cosf (C.7) in the centre-of-mass frame of tt. Note that the scales in the two plots are
different.

states that a system described by a density matrix p is entangled if and only if its partial
transpose possesses at least one negative eigenvalue. We are therefore interested in the
smallest eigenvalue of p’B.

The negativity (and its logarithmic form, the logarithmic negativity), defined in ap-
pendix A, is an observable derived from the Peres-Horodecki criterion, quantifying the
negativity of the partial transpose of the density matrix. Specifically, for 2 x 3 systems, a log-
arithmic negativity of zero corresponds to a separable state, while a non-zero value indicates
entanglement, with a maximal value of one corresponding to a maximally entangled state.

Figure 19 shows the value of the logarithmic negativity over the phase space (M, -+, cos ).
The observable is non-zero across the entire phase space, indicating that the system is entangled
in all regions. However, the threshold region exhibits the highest level of entanglement, whereas
the high-energy region shows almost vanishing logarithmic negativity, implying that the
system becomes nearly separable. The dependence on the production angle 6 is weak, which
is consistent with the behaviour expected for entangled states in the threshold region.

Interestingly, while no entanglement is observed in the threshold region for the tt sub-
system, owing to the absence of a gluon initial state, the tWW* subsystem does exhibit

entanglement in this region.

4.2 t(t = W™b) vs. tW—(b)

Distinguishing pp — tW~(b) and pp — tt, with £ — bW, provides a particularly interesting
testbed for studying quantum correlations in top production and decay. These channels,
which are known to interfere at NLO in QCD, probe the transition between entangled and
effectively separable subsystems when one of the heavy quarks subsequently decays. In this
context, the recent studies on post-entanglement effects [21, 55] have shown that the pattern
of spin correlations encoded in the top decay products can preserve, distort, or even revive the
quantum features present in the production stage. Investigating these phenomena through
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Figure 19. Value of the logarithmic negativity over the phase space spanned by cos 6 (C.7) and M,z
for tW* production.

Figure 20. Feynman diagrams of the process pp — tW™ in the Standard Model at LO in the
five-flavour scheme.

quantum-information observables thus offers a complementary perspective on the interplay
between production, decay, and entanglement loss in realistic collider environments.

As widely studied, tW production at next-to-leading order (NLO) in QCD interferes
with ¢t production, making their separation a non-trivial task. Techniques such as diagram
removal and diagram subtraction have been developed for this purpose [145-150]. In this
section, we employ QI observables to investigate how different the processes pp — tW ™ and
pp — tt, with ¢ — bW, are, whose Feynman diagrams are shown in figures 20 and 21.

In this study, we consider the quantum spin correlations between the ¢ quark and the
W~ boson. Since the W~ is a massive vector boson, it has three possible polarisation states,
making the system a qubit-qutrit configuration for which the concurrence is not directly
computable. We therefore employ alternative quantum-information observables to quantify
the degree of entanglement between the two particles. In a 2 x 3 (qubit-qutrit) system, the
Peres-Horodecki criterion remains both necessary and sufficient, and can thus be applied
here. We also make use of the negativity, an observable derived from the Peres-Horodecki
criterion, to measure the degree of entanglement, and of the purity to assess how mixed
the quantum state of the tW* pair is. This list of observables is not exhaustive: further
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Figure 21. Feynman diagrams for the process pp — tt,£ — bW~ in the Standard Model at LO.

quantities, such as the mana or other quantum-information measures listed in appendix A,
could also be computed once implemented in the code.

The data used for this analysis were generated with MG5AMC at a centre-of-mass energy
of 13 TeV, corresponding to LHC conditions. A five-flavour scheme is employed, treating all
quarks except the top as massless. The simulations use the NNPDF4.0 NNLO PDF set [143],
and the input parameters adopted for event generation are

myz = 91.118 GeV, Gr = 1.16639.107° GeV 2, agyy = 1.32507.107,

while the value of ag is set by the PDF.

We start by computing the differences in the observables introduced earlier to assess
whether any of them can help discriminate between the two processes.

Figure 22 shows the normalised purity over the phase space, together with the relative
difference in normalised purity between the two processes. The two processes exhibit markedly
different behaviours in terms of normalised purity. However, when taking into account the
fact that cross-sections are actually peaked (for both processes) in regions, i.e. at low [
and large values of cos, where the difference is not so striking, it is worth investigating
other possibilities.

Let us consider the level of entanglement of the tWW ™~ system, comparing the distributions
of the logarithmic negativity, defined in appendix A. Figure 23 shows the logarithmic negativity
over the phase space for the two processes, together with their relative difference.

The two processes exhibit markedly different behaviours in the entanglement structure
of the tW~ subsystem. In particular, the process pp — tt, with ¢ — bW, features an
intermediate region where the logarithmic negativity vanishes, indicating a separable state.
Such a region is absent in the gb — tW ™ process. More importantly, in the threshold region
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Figure 22. Normalised purity over the phase-space for (a) gb — tW~ and (b) pp — t(t — b)W .
Plot (c) shows the relative difference in the normalised purity between the two processes.

18001
16001 =

1100 SEESTTIIE R

GeV

M-

%”
01,3

0.0

Figure 23. Logarithm negativity over the phase space for gb — tW~ (a) and of pp — tt, — bW~ (b).
Plot (c) shows the relative difference in the logarithm negativity between the two processes.

around cosf = 1, where both processes display a large cross-section, the difference in the
logarithmic negativity becomes substantial, exceeding 40% in every bin. These results suggest
that measuring the degree of entanglement of the tWW = system, via the logarithmic negativity,
could provide a powerful discriminator between the two production mechanisms, provided
the experimental precision on this observable is sufficiently high.

4.3 Same-sign top-quark correlations: ttt vs. tttt

In this section, we illustrate the potential of our automated approach by comparing the
quantum (spin) correlations in final states for which results of the corresponding amplitudes
are not available (and in any case would not be practical).

We consider like-sign top pairs, ¢t (or tf), in multi-top-quark final states, 3t produc-
tion, ttt/ttt (3t), a mixed electroweak-QCD channel which effectively amounts to single-top
production accompanied by a gluon splitting g — t£; and 4t production tttt (4t). Current
measurements of multi-top-quark production at the LHC have limited power to disentangle
these mechanisms [151, 152]. Given the distinct dynamics of 3t versus 4¢ production, one

expects sizeable differences in their spin correlations, which we now compare for the first time.?

3Spin-correlation effects in 4¢ production have recently been studied in ref. [153].
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Figure 25. Example of diagrams of the process p p — t t t ¢ with ¢ any light quark in the Standard
Model at LO.

Figure 24 shows a few representative Feynman diagrams for 4¢ production at leading order
(LO) in the Standard Model, considering only QCD interactions (other processes contribute
if EW interactions are included, which we do not consider here for simplicity). Figure 25
shows representative diagrams for 3t production at LO in the Standard Model; in this case,
EW interactions are needed and we only include the dominant QCD contributions to the
final state. For 3t production, we consider only the final state tttq, with ¢ denoting a light
quark (excluding b). Other processes, such as tttW or ttth, contribute whose analysis we
defer to a more detailed study.

Here, we focus on the systems composed of top quarks with equal electric charge, namely
tt or tt. This choice is motivated by the fact that a unique combination of final-state particles
gives rise to each of these pairs. One could alternatively study the quantum spin correlations
of the tt system; however, in that case the observables would correspond to an average over
the two possible pairings. Note that our code can select the particles forming the system
based on any kinematic variable, such as transverse momentum, rapidity, and so on, although
this selection would still mix contributions from different combinations. Once again, as
our aim is illustrative, we just focus on observables related to the tt system and leave the
full analysis to a dedicated study.

Events are generated with MG5AMC at a centre-of-mass energy of 13 TeV, corresponding
to LHC conditions. A five-flavour scheme is employed, treating all quarks except the top as
massless. The simulations use the NNPDF4.0 NNLO PDF set [143], and the input parameters

for event generation are

mz =91.118 GeV,  Gp=1.16639 x 107° GeV 2, ajy, = 1.32507 x 10%.
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Figure 26. Normalised purity p of the state t¢ over the phase space spanned by cos6 (C.7) and My
for the 3¢ production (a) and the 4¢ production (b). The difference between the two processes is stark
and could help discriminate them in collider experiments.

The value of ag is determined by the PDF set. The density matrix p is computed in the
ZMF of the ¢t system, and the helicity frame is defined using either of the two top quarks
as reference. The choice of reference top does not affect the result, as it corresponds to the
transformation 6 — 6 + m, under which the amplitude is invariant.

Figure 26 shows the normalised purity p for 3¢ production (left) and 4¢ production (right)
over the phase space (cos @, My). In the case of 3t production, the normalised purity is never
zero but higher purity values are observed in the high-energy region. In contrast, for 4t
production, the normalised purity is zero across the entire phase space (where statisctics
are sufficient). This pronounced difference could be exploited to discriminate between the
two processes.

Another observable that can be computed is the concurrence, which, as explained earlier in
this paper, quantifies the degree of entanglement between the two particles in the ¢t subsystem.
Since the Feynman diagrams of these processes are more complex than those of simpler
reactions such as pp — tt, it is more difficult to develop an expectation for the outcome.

Figure 27 shows the concurrence over the phase space (cos 6, M) for 3t production (left)
and 4t production (right). For 4¢ production, the concurrence is nearly zero throughout the
phase space, consistent with the naive expectation of weak entanglement in case particles
are not “connected” in the Feynman diagrams. The same observation can be done for 3t
production.

With our goals in mind, we emphasise that the difference in purity between the 3t
and 4t production processes is remarkable: only the 3t channel exhibits a non-vanishing
purity. This difference could allow one to distinguish between the two processes anywhere
in the phase-space.

A third observable that can be used to discriminate between the two processes is the
spin expectation value of either of the top quarks. Figure 28 shows the norm of the spin
expectation value for one of the two top quarks in 3t production (left) and 4¢ production
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Figure 27. Concurrence of the state ¢t over the phase space spanned by cosf (C.7) and My, for the
3t production (a) and the 4¢ production (b). This observable hardly discriminates the two processes.
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Figure 28. Norm of the spin expectation value of any of the two top quarks over the phase space
cosf (C.7) and My; for the 3t production (a) and the 4t production (b). We observe that for the 4t
production the top quarks are non polarised, while in 3¢ production they are.

(right). As in the case of the concurrence, the norm of the spin expectation value in 4t
production is essentially zero; in fact, all three components of the spin expectation value are
very close to zero (below 10~% in absolute value) for any event. In contrast, in 3¢ production,
the norm of the spin expectation value is non-zero across the entire phase space, and each
of its components is also non-zero, with magnitudes of order 1071-1072. This shows that
measuring the spin expectation value of the ¢t subsystem provides a powerful discriminator
between 3t and 4¢ production on an event-by-event basis.

Another possibility to distinguish between the two processes is to define a distance
between the reduced density matrices of the tt pairs.
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Figure 29. Trace distance (a) and fidelity distance (b) between the 3t and 4t production processes
over the phase space cosf (C.7) and My,.

We have considered and implemented two such “distances”: the trace distance and the
fidelity distance, both defined in appendix A. They share the same physical interpretation:
a distance equal to zero indicates that the two density matrices describe the same physical
state, while larger values correspond to increasingly dissimilar systems. Consequently, we
expect the plots of these two distances to display qualitatively similar behaviour.

Figure 29 shows the trace distance (left) and the fidelity distance (right) between the 3¢
and 4t production processes. As expected, both distributions exhibit very similar patterns,
although the trace distance is systematically larger than the fidelity distance. The two
measures consistently indicate that the density matrices of the two processes are most similar
in the threshold region, particularly around cosf = 0, and diverge progressively as the
invariant mass of the ¢t system increases. The similarity between the two plots also provides
a useful validation of the implementation of these observables.

This simple application of our automated code demonstrates that the measurement
of quantum (spin) correlations in multi-top-quark processes can discriminate between the
processes pp — tttq and pp — tttt, whose separation is challenging with current observ-
ables. Measurements of the concurrence, purity, and spin-expectation value each enable this
discrimination and can be combined to further enhance its effectiveness.

5 Conclusions and outlook

We have presented a fully automated framework for computing production spin-density
matrices at event level within MG5AMC, together with a lightweight Python library for
post-processing and analysis. The implementation assembles helicity amplitudes into per-
event production matrices R, normalises them into density matrices p, and stores the
relevant objects and metadata to the LHE record. The analysis layer provides a unified
interface to: (i) extract single-particle and pairwise spin polarisations (El,gg) and the
correlation matrix C (ii) perform frame changes; (iii) evaluate a catalogue of QI observables
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(purity, entanglement witnesses and monotones such as concurrence and negativity, as well
as no-classicality indicators like magic); and (iv) build ensemble averages with consistent
normalisation and reproducibility.

The framework was validated against known results across the three relevant classes:
qubit-qubit (¢t), qubit-qutrit (associated ¢tV production), and qutrit-qutrit (V'V production).
For each case we verified, at fixed kinematics and in fiducial regions, element-by-element
agreement of R and p, trace normalisation, Hermiticity and positivity. A BSM benchmark
involving a mixed scalar-pseudoscalar decay further demonstrated that the machinery naturally
accommodates non-standard interactions (including CP-violating couplings) at leading order.

Building on these validations, we produced new results for quantum states arising in
processes such as q’ — ttW=*, t-W correlations in tW vs. tt and finally t¢ correlations in 3t
vs. 4t final states. We showed how the event-level description enables systematic exploration
of quantum observables identifying those that are suited to provide sensitivity to specific
phenomenology questions.

We believe that the range of processes considered for validation, together with the
illustrative showcases presented, clearly demonstrate the potential of our implementation
for phenomenological studies at present and future colliders. Many further applications
can be envisaged, both within the Standard Model, such as the exploration of multi-partite
correlations or decoherence phenomena, and beyond it, including investigations of SMEFT
sensitivity. These directions will be the subject of further dedicated studies.

On the code-development side, we plan to study the feasibility of constructing the
production R matrix at NLO QCD and electroweak accuracy, to disentangle genuine higher-
order effects on the density matrix p, which can be interpreted as decoherence effects, from
those originating from the tomographic reconstruction itself.

In summary, the tool provides a straightforward and standardised route from amplitudes
to QI observables at colliders. By bridging precision event generation with QI methods,
it enables a systematic exploitation of spin coherences and entanglement as discovery and
characterisation handles for both SM precision tests and BSM searches.
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A Quantum observables

In this appendix we summarise the QI observables currently implemented in the analysis
routine (Density_functions.py). For each quantity we provide: (i) the definition; (ii) the
class of systems it applies to (e.g. qubit-qubit, qubit-qutrit, general d4 xdp); and (iii) its
physical interpretation (polarisation, correlations, entanglement certification/quantification,
non-classicality, etc.). The catalogue is not exhaustive, but it covers the core diagnostics
needed for baseline collider studies and can be easily extended. Where relevant, we also state
normalisation conventions, invariance properties under local basis changes, and practical
notes on tomographic reconstruction from decay-angle distributions.

A.1 Purity

Purity is a very simple observable to compute, and it is therefore available for any quantum
system when other more complex observables may not. It measures how pure/mixed a

quantum system is.
Systems available: all.

Theoretical formula: purity is defined as
~v="Tr {pﬂ, (A.1)

This quantity indeed quantifies how pure the quantum subsystem represented by p is, however
it is not normalised in the sense that its lower bound is not 0, we can then define the
normalised purity that corrects it and is defined as

1
= — - = A2
wp) = 7 (v(p) d> ; (A.2)
where d is the dimension of the Hilbert space on which the density matrix is defined.

Meaning: purity measures how mixed/pure a subsystem represented by p is. If purity is
equal to 1 the subsystem is pure, if it is smaller than 1, it is mixed and the closer it is to
the lower bound the more mixed it is. The bounds for purity are: 1/d < < 1 with d the
dimension of the Hilbert space on which the density matrix is defined. The upper bound
is reached if p is a projector, meaning the system is in a pure state and the lower bound
is reached for p = I;/d which means that the system is in a completely mixed state. The
normalised purity represents the same information but the bounds are 0 < u(p) < 1.

A.2 Concurrence

Concurrence is an observable that is defined for any quantum system but requires a complex
minimisation procedure so it is not known how to compute it for most systems. A formula to
compute concurrence is known for a system made of a pair of qubits [128], also upper and
lower bounds are known for a system made of a pair of qutrits but are discussed below.
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Systems available: qubit/qubit only.
Theoretical formula: for a pair of qubits, the concurrence is:
C(p) = maX(O, )\1 - )\2 - )\3 - )\4), (A3)

where the \; are the eigenvalues in decreasing order (A; is the biggest one) of the matrix

\/\/ﬁ(ay ® oy)p*(oy ® oy) /P, (A.4)

where o, is the Pauli matrix and p* is the complex-conjugate of the density matrix p. The
square root /p is always defined because p is positive semi-definite.

Meaning: for a pair of qubits the bounds on concurrence are 0 < C(p) < 1. The upper
bound is reached if the two qubits are fully entangled (in a Bell state) and the lower bound
is reached if the two qubits are in separable states.

A.3 Entanglement of formation

As for concurrence, entanglement of formation is an observable that is defined for any system
but requires a complicated minimisation procedure so it is only available for a pair of qubits
in practice. It is another observable that is used to quantify entanglement [128, 129].

Systems available: qubit/qubit only.

Theoretical formula: entanglement of formation can be simply calculated via the con-
currence C[p]:

Fr(p) = H (1 tvl CW) , (4.5)

where H(p) is the Shannon entropy, defined as

H(p) = —plogy(p) — (1 — p) logy(1 — p). (A.6)

Meaning: as expected from an entanglement witness, it is normalised such that 0 < Ep(p) <1.
This quantity is a measure of entanglement, meaning that it is zero if the states are separable
and the larger it is, the more entangled the two subsystems are. Specifically it the entanglement
of formation is 1, it means that the two qubits are fully entangled. This observable is useful
for studies where the Shannon entropy is interesting.

A.4 Peres-Horodecki or PPT criterion

The Peres-Horodecki criterion is a necessary condition for the quantum system to be separable.
For 2 x 2 and 2 x 3 quantum systems the criterion is necessary and sufficient, therefore it
allows to distinguish between entangled and separable states for systems made of a pair of
qubits or of a qubit and a qutrit. It is the main tool available to distinguish entangled and
separable systems, most of the entanglement witness are derived from this criterion.
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Systems available: 2 x 2 (qubit/qubit) and 2 x 3 (qubit/qutrit) quantum systems for it to
be necessary and sufficient, any bipartite system for the necessary part only.

Theoretical formula: the Peres-Horodecki criterion concerns the partial transpose of the
joint density matrix defined as

o7 = (1 T)p, (A7)
and the sign of its eigenvalues.

Meaning: the criterion states that for the system to be entangled, it is necessary for at
least one eigenvalue of the partially transposed density matrix p’B to be negative, it becomes
necessary and sufficient for 2 x 2 (qubit/qubit) and 2 x 3 (qubit/qutrit) systems. Note
that we could also transpose the density matrix of the first particle as p’4 = (p?8)T so
their eigenvalues are identical. Derivation of this criterion and more detailed explanations
can be found in [126, 127, 130].

A.5 Polarisations and spin-correlation matrix

The polarisation vectors from each particle in the density matrix and the correlations
between their spins can be extracted from the density matrix. While the Fano coefficients
of equation (2.8) can always be extracted from the density matrix, they can not always be
linked to polarisations and spin-density matrices. In the 2 x 2, 2 x 3 and 3 X 3 systems
however this link is possible.

Systems available: qubit/qubit, qubit/qutrit, qutrit/qutrit.

Theoretical formula: the Fano coefficients [131] can be extracted from the density matrix
via the following formula. The different values of the prefactors come from the different
definitions of the spin observables 5.
For qubit/qubit: By; = Tr[(o; @ Ia)p] By; = Tr[(Is ® 0;)p] Cij = Tr[(o; ® 0;)p]
(A.8)

1 1
For qubit/qutrit: By; = Tr[(0; ® I3)p) By; = 3 Tr[(Iy @ Ai)p] Cij = 3 Tr[(os ® Aj)p]
(A.9)

1 1 1
For qutrit/qutrit: By; = 3 Tr[(A\ @ 13)p] B = 3 Tr[(Is @ Xi)p] Cij = 1 Tr[(Ai ® Aj)p]
(A.10)

Note that in the 2 x 3 system case, we gave the formula if the qubit if the first particle or if it
is the second particle but it is a convention and the physical result should not change because
of it. We have seen that the expectation value of an observable A is Tr[Ap] in section 2,
so the expectation values of the spin/polarisations are

(S1) = (S1®@14,) = Tr[(S1 ® La,)p], (A.11)
<52> = <]Id1 ® SQ> - Tr[(]lch ® 52)/0]7 (A'12)
<5152> = <Sl X SQ> = TI“[(Sl X Sz)p], (A13)
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where S1, Sy are the spin operators for the first and second particle, respectively. We also
know that these spin operator for qubits are

1{01) 1 1{0—\ 1 1{1 0 1
Sy == == S, =~ — - S, == - = A14
2 (1 0) 27 W73 (z 0) 27V 7T (o —1) 50 (A4

which means that

(51) = %Blu (So) = %B% (S182) = —C. (A.15)

For a qutrit, the representation fo the spin operators read

, 010 X X 0—i 0 ,
Sy = 101 =—=(\1+N), S, = 0 —i| = —=0M2+ A7), A.16
\/E \/i( 1 6) Y \/i 7 2 \@( 2 7) ( )
010 0i 0
X 100 )
S:=51000 | =50+ V3Xg). (A.17)
00 -1

The expectation values for the spin-operators for a system qutrit/qutrit are thus:

V2(B11 + Big) V2(Ba1 + Bag)
(S1) = | V2(Bi12+ Bi7) | (S2) = | V2(Bag + Boar) | (A.18)
Bis + V3B Bss + V/3Bas
and
2(C114+C16+Cs1+Coo) 2(C12+C17+Ce2+Cor) V2(C13+Ce3+v3(C1s+Cs)
(8152)= 2(Ca14+C71+C26+C76) 2(Co2+C27+Cr2+Cr7)  V/2(Ca3+Cr3++/3(Cas+Crs)
\/§(CSI+036+\/§(081+086) \/5(0324-0374-\/3(0824-087) 033+\/§(038+083)+3C88

(A.19)

Finally, for a system made of a qubit and a qutrit, expectation values for the spin
operators are

V2(Ba1 + Bag)
(S1) = B, (S2) = | V2(Ba2 + Bar) | - (A.20)
Bas + V/3Bag
12(011 + C16) 95(Cr2 + Ci7) 3(Ci3 +V3Cis)
(5182) = | J5(Ca1 + Ca6) —5(Caz + Car) 5(Caz + v/3Cas) | - (A.21)
75(Cs1 4 C36) —5(Cs2 + Car) 5(Ca3 + V/3C3s)

S-S
S-S



If instead the qutrit is the first particle and the qubit the second, the spin expecta-
tions become

V2(B11 + Big)

(S1) = | V2(B12 + B1r) (S2) = B, (A.22)
Bi3 +/3Bis
%(Cn + Cé1) %(012 + Cs2) %(013 + Cég3)
(5152) = %(021 +Cn) %(022 + C72) %(023 +Cr) |- (A.23)

$(C31 +V3Cs1) 3(Csa+ Cs2) 5(Cs3 + v/3Cs3)

Note that the structure of these matrices are not unique, but we will use these conventions

D=

for our calculations.

Meaning: the quantities (S;) represent the average of the spin of the particle ¢ in each
direction. The quantity (S152) represents the average spin-spin correlations between the two
particles, for instance (S11522) (or (S12S2y)) is the average of the correlation between the spin
of the first particle along the Z axis and the spin of the second particle along the ¢ particle.

A.6 Upper and lower bounds for the concurrence

We have seen earlier that concurrence was computable for a 2 x 2 quantum system only,
however for the case of 3 x 3 systems it is possible to put bound on it [56]. These bounds
allow us to have some estimation of the concurrence.

Systems available: qutrit/qutrit.

Theoretical formula: the concurrence is defined for a pair of qudits but is not very
practical because too complicated to compute. Indeed if the density matrix (of any mixed
state system) is defined as

p= Zpi Vi) (il 5 Zpi =1, pi >0, (A.24)

the concurrence can be computed as:

Clp) = plni [ZPiC(Wi))] ; (A.25)

which is quite complicated to compute. A easier way of estimating the concurrence for a pair
of qutrits is to compute its bounds, the formula for these bounds are [56]:

C?5 = 2max (0, Tr [pﬂ —Tr [,0124} , Tr [pﬂ —Tr [,023} )s (A.26)
Clp = 2min(1 - Tr[p4], 1 - Tr[p})), (A.27)

where pgy = Trplp] = (I® Tr)p and pp = Tralp] = (Tr ®1)p are the partial density matrices.
For a pair of qutrits, we know the maximum of concurrence is reached for a totally symmetric
and entangled pure state, this state has C = 2/v/3 so we have:

0 < Cue(p) < C(p) < Cus(p) < (A.28)

Sl
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If we consider a Hilbert space H = H4 ® Hp and a density matrix pap defined on it,
both partial traces are defined and calculated through:

pa=Trplpas] =) (I @ (jlg)pan(la ©[5)p), (A.29)

7

pp =Tralpas] =) ((i|4 ©1p)pan(li) 4 ® Ip), (A.30)

i
where |i) , and |j) are any basis for H4 and Hp, respectively.

Meaning: the interpretation is the same as for the concurrence of a pair of qubits, it is just
an approximation because we cannot easily calculate it. If the maximum value is 0 then the
system is separable, if the minimum value is strictly positive, the system is partly entangled
and if the minimum value is 2/v/3 then we know that the system is fully entangled.

A.7 Coefficients D

We implemented the coefficients D®, which are standard observables in top-quark pair
production at the LHC [132]. These quantities enable one to test for entanglement and to
discriminate between singlet and triplet spin states.

Systems available: qubit/qubit where the polarisations are zero and the spin-correlation
matrix is diagonal.

Theoretical formula: there are four D coefficients, they can be calculated with the co-
efficients of the spin-correlation matrix C

DW = é(cn + Cag + C3), (A.31)
D@ = %(C’u — Coy — Cl3), (A.32)
DW = %(—Cn + Cop — C3), (A.33)
DB = %(—Cn — Cop + C33), (A.34)

where {z,y, z} is any basis of space. From these coefficients, one can calculate the concurrence
of the quantum state:

1
C= 3 max (0, —1 — 3Dyin), (A.35)
where Dy, is the smallest coefficient out of the four.

Meaning: these coefficients are useful entanglement witnesses because one can see from
equation (A.35) that if any of the four D coefficient is smaller than —1/3, then the concurrence
is strictly positive and the system is thus entangled. Also, according to which D coefficient is
smaller than —1/3 (if any), one can determine if the state is close to the singlet state of the
triplet states [28]. If DM is inferior to —1/3 the quantum state will be close to the singlet state
and if it is any of the other three, the quantum state will be close to one of the triplet states.
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A.8 Magic

The study of entangled (and non-classical) systems has been extensively developed in the
field of quantum computing, where several additional “non-classicality” witnesses have been
proposed. One particularly interesting quantity is the so-called “magic” [133]. The motiva-
tion for introducing this witness stems from the observation that, in quantum computing,
entanglement alone is not sufficient to guarantee a computational advantage. Indeed, it has
been shown [84] that certain maximally entangled states, known as stabiliser states, do not
provide any speed-up over classical computation. It is therefore intriguing to investigate
whether this quantum resource can also emerge in collider processes, which is the reason it
has been implemented in this library. Moreover, preliminary studies already suggest that
“magical” top quarks could be produced at the LHC [84].

Systems available: qubit/qubit.

Theoretical formula: magic quantifies the distance of the studied quantum state to the
closer stabiliser state. Let us first define what is a stabilised state, a state |¢) is stabilised
by a unitary operator U if

Ul) = ) (A.36)

For a pair of qubits the unitary operators that interest us are the one forming the Pauli
group. For a single qubit, this group is

G1 = {:l:]L :|:Z']L :|:0‘1, :|:i0‘1, :|:O‘2, :|:’i0‘2, :|:(73, :|:’i0’3}, (A37)

where 01 = 0, 09 = 0y, 03 = 0, and for a system composed of n qubits the Pauli group is
n

Grn=Q G ={A41® - ® Ay, 4 € G1}. (A.38)
i=1

We can also define the Pauli string P, which is an element of G,, defined as
Pn:P1®"'Pna Pie{]I701702703}7 (A39)

which are the elements of G,, when deleting the prefactors. From these strings we can
introduce the Pauli spectrum which is the list of the expectation values of all the Pauli strings:

spec(|y)) = {{¢[ P¢) , P € Pu}. (A.40)

Finally we can introduce the stabiliser Rényi entropies (SREs) which are a family of functions

{M,} defined by:

2q
M, = : 1 10g5(y), (= Z M7 (A.41)

4 PEP, 2"

where ¢ > 2. The set of values {M,} measures the spread of the Pauli spectrum for general
states, viewed as a distribution.
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Note that for a stabiliser state |¢), there are 2" non-zero elements in spec(]1)) and the
non-zero elements are +1. This means that for a stabiliser state, (; = 1 and so M, = 0, which
makes of M, a correct measure of magic. Specifically for a system composed of a pair of
quarks, the measure of magic used is Ms also known as the Second Stabiliser Rényi entropy.

Since we are working in the density matrix framework, we know that:

(| P i) = Tr[Pp], (A.42)

so that for a pure state:

[P
Ma(p) = —log, (W) | (A.43)
which can be generalised for a mixed state:
- [P
M;(p) = —log, (W) : (A.44)
> pep, Tr°[Pp]

where we took n = 2 because we are working on a system with 2 qubits. The Pauli strings
for 2 qubits are:

Py = {HQ R, L 0i,0; ® Is, 0y & 0j | 1,5 = 1,2,3}, (A45)
so there is a total of 1 +3 +3 + 9 = 16 elements.

Meaning: the formula (A.44) allows computing a measure of magic for a system made
of two qubits. Magic quantifies the distance of the quantum state studied and a stabiliser
state or the “non-stabiliserness”. These stabiliser states do not have a clear meaning for
particle physics yet, but in the field of quantum computing, the Gottesman-Knill theorem
shows that zero magic states (even when maximally entangled) do not bring computational
advantages compared to classical bits. Magic thus does not quantify entanglement like all the
previous observables but another property that quantum state can have and has not been
very common for high-energy physics studies yet. Specifically, it is common for the magic
to be zero in the region with maximum entanglement. A more in depth explanation of the
concept of magic in collider settings and in quantum computing can be found in [84].

Note also that magic for a pair of qubit is not bound by 1 like concurrence, the bounds
are [134]

0 < Ma(p) <logy(2" +1) —logy 2 =,—2 1.32. (A.46)

Example: let us start with a density matrix of the form (general density matrix for a
pair of qubits)

1 3 3 3
pI — 1 (H4+ZBZI+(O-’L®H2)+ZBJI(]I2®UJ)+ Z Cij(0i®0j)) s (A47)
i=1 j=1 i,j=1
with
BlE CclL
I+ _ P4 1 _ T
B;* = i Cij = e (A.48)
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Also, as written earlier, the Pauli strings are
Py = {]IQ ® 1,1 ® 0,05 & Isr,o; ® 0;j | 1,5 = 1,2,3}. (A49)

We want to calculate

3 3 3
Z Tri[Pp] = Trt[p] + Z Tr[(o; @ ) p] + Z Tri[(I ® a;)pl + Z Trt[(o; ® a;)pl,

PPy i=1 j=1 i,j=1
(A.50)
and
Trlp] =1 (A.51)
Tr[(0; @ Io)p'| = BI* (A.52)
Tr[(Iy © o) | = BI- (A.53)
Tr[(0s ® 0j)p] = Cj; (A.54)
> TPp =1+ i ((Bz-”)4 + (Bf’)‘*) + 23: (e (A.55)
PEP; i=1 ij=1
] \ \ ]
o Al,)4 AV 3 (B + (B + (@Y. (As6)
i i=1 ij=1 ]
and the same way,
> TPy = ! (AI)2+Z3:((BZ-”)2+(BJ)2) + 23: (2], (A.57)
PePy (A7)? i i=1 ij=1 ]
So that

AV 453 (BT 4 (Bl ) 3 (G
T — —1og, ATk (B! ~>I + (B, ~>_)+zw1<c”>~ .
(AN [(AN2 + 528, ((BI)2 4+ (BI7)2) + 23 ,2,(CLY?]

A.9 Mana

One limitation of the observables discussed so far is that they are primarily suited for systems
composed of qubit pairs. To probe more complex systems, such as pairs of qutrits or, more
generally, qudits, additional observables become relevant. In this context, we introduce
the concept of “mana”, which provides an operational approximation to magic for particles
with higher odd-dimensional spin representations [135]. We first define mana for a single
qudit and subsequently generalise it to bipartite systems composed of qudits of identical
or different dimensions.

Systems available: any system made of qu-d-its where d is odd and prime. For parti-
cle physics it means mainly qutrit/qutrit systems and even ququint/ququint systems for
BSM studies.
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Mana for a single qu-d-it: the mana of a state p is

M(p) = log, <Z Wp,a) (P)|> : (A.59)

P
where W is the discrete Wigner function defined as

1

W@MM=gﬁ@&mﬁ (A.60)

The quantities A, 4) are called the discrete phase point operators and are defined as

_ t

A = Dy 400D gy (A.61)
1 d—1d-1

A0 = 522> Dy (A.62)
u=0v=0

The discrete phase point operators are normalised by
Tr[A, Ay = dé(u,v). (A.63)

The operators D, ) are called the Heisenberg-Weyl displacement operators, they
are conventionally defined for one qu-d-it of odd (and prime) dimension as

Diywy = Wi X427, (A.64)

where wy are the d-root of the unity, there are d? such linearly-independent operators
parametrised by (u,v) with u,v € Z4. Be careful that 27! is defined on Zg so in fact
27t = (d+1)/2

The two operators X and Z are defined via their effect on the Fock states:

X|n)=|n+1) (A.65)
Z |n) = wj|n) (A.66)
ZX = wiXZ (A.67)

The operator X is called the shift operator and the Z operator is called the clock
operator, they are defined as

000---01
100 - 0
100---00
Owg 0 -~~~ 0
010---00
Z=100w? - 0 X = (A.68)
S ‘ 001---00
00 0 - wit
000---10

With these quantities, we have the information we need to compute the mana for a qu-d-it
of odd (and prime) dimension, we now need to explain how to compute it for a pair of particles.
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Mana for a system of n qu-d-its: To generalise mana to multi-particles systems, we
need to generalise the Heisenberg-Weyl displacement operators via tensor products as well
as the discrete Wigner function) [136].

The equation (A.64) is the definition of a Heisenberg-Weyl displacement operator for a
single qudit, where (u,v) is used to parametrise the d? linearly-independent operators. To
generalise these operators to n qudits, we simply take the tensor products of them

D@z = Durfor) ® Diusfus) @+ @ Duplu,)s (A.69)

with @ = (u1,ug, - ,uy), ¥ = (v1,v2, -+ ,Uy).

One issue with the Heisenberg-Weyl displacement operators is that they are not Hermitian
(but they are unitary). An Hermitian basis for a single qudit density matrix is formed by the
phase point operators defined in equation (A.62). The generalisation comes naturally:

d—1 d—1 d—1
A = g Z X D =g 2 X 2 S Doy (A0
@ v 1=0  up=0v1=0  wvp=0

A = Doy Aoy Dlarn (A.T1)

With the definition of the discrete phase point operators, their normalisation is:
Tr | A Agg | = d"0a 5054 (A.72)

From this the definition of the discrete Wigner function follows for n-qudits:
Wi (p) = dfln Tr [pA(aw)}» (A.73)

and so does the generalisation of mana

M(p) =logy [ > Wz (o)l | - (A.74)

Meaning: it is important to remember that this observable is only available for particles
whose Hilbert space is of odd-dimension so it can not be used to study systems with qubits.
Mana is a measure of the sum of negative entries in the discrete Wigner function (A.73),
which is similar to the Peres-Horodecki criterion in which we are interested in the negative
eigenvalues of the partially transposed density matrix. Mana is designed to be a surrogate to
magic which can only be calculated to qubit/qubit systems for more complex systems. There
are two states that are known to maximise mana for a single qutrit and they are called the
strange state |S) and the Norell state |N) for which mana reaches log5/3.

A.10 Negativity

The Peres-Horodecki criterion presented earlier is a very convenient entanglement witness,
however it is only binary, meaning it only tells us whether the system is separable or not
and not how entangled the states are. Negativity is a entanglement witness that attempts
to generalise this criterion for all systems.
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Systems available: for all systems.

Theoretical formula: the Peres-Hororecki states that if the partial transpose of the density
matrix has any negative eigenvalues, then the two states are entangled (for 2 x 2 and 2 x 3
systems), so if we calculate how negative these eigenvalues are, we can determine how
entangled the states are. Negativity is defined as

_[lo"P 1

TR (A.75)

N(p)

where || X|| = Tr[vX X}.
It is entanglement monotone [137], so the bigger the quantity is, the more entangled the
states are. However this entanglement witness is not additive, 7e.

N(p1p2) # N(p1) + N(p2). (A.76)

If one wants an additive negativity, one can use the logarithmic negativity which is additive
by construction

En(p) = log, (Ilo™11) (A7)

which is also entanglement monotone [137].

Meaning: the main advantage of this entanglement witness is that it is easily computable for
any system as it only requires to compute the trace norm of the density matrix. If the states
are separable, then negativity N vanishes [83]. The maximum value for negativity is reached
by fully entangled states, for 2 x 2 systems Bell states are fully entangled, their negativity is
1/2 and is the maximum value, the maximum value of logarithmic negativity is then 1.

A.11 Trace distance and fidelity

All the observables presented earlier consider a process calculated in a specific model and
allow to determine whether the system considered is entangled. Another type of study that
can be done is comparing the density matrix calculated by two different models, for instance
between the SM and any BSM model, and to calculate a “distance” between the two. This
allows to quantify any deviation from the SM through the density matrix. It can also be used
on two processes that are related to determine how “far” they are from each other. Two of
these observables are available in the code currently: trace distance and fidelity.

Systems available: for all systems.

Theoretical formula: for any two density matrices representing the same process, one
can define the trace distance as

1
DT (p1,p2) = 5 Ir \/(Pl = p2)t(p1 = p2) > 0. (A.78)
And one can define the fidelity as
F(p1, p2) = Tr\//p1p2+/p1, (A.79)

where 0 < F(p1,p2) < 1.
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To get a distance from the fidelity, one can define
DF(p17p2) =/1- F(p1,,02)2 > 07 (ASO)
called the fidelity distance.

Meaning: the trace distance is invariant under unitary transformations and is zero if the
two density matrices commute (they represent the same physics) and does not have a upper
bound. Fidelity quantify the similarity between the two different density matrices, its upper
bound is 1 and is reached only if both matrices are identical and its lower bound is 0 and
is reached only if both matrices have orthogonal supports. Note that F(p1, p2) = F(p2, 1)
even if that is not manifest [86].

A.12 Other forms of entanglement

Concurrence is not the only quantifier of quantum correlations; different observables capture
stronger or weaker forms of non-classicality. In particular, Einstein-Podolsky-Rosen (EPR)
steering is strictly stronger than entanglement as quantified by concurrence: any steerable
state is entangled, whereas some entangled states are unsteerable (e.g. certain Werner states).
By contrast, quantum discord is weaker than entanglement: it can be non-zero even for
separable states, revealing non-classical correlations beyond entanglement. In summary,
these notions obey the hierarchy,

steering = entanglement (non-zero concurrence) =- non-zero discord, (A.81)

where none of the converse implications holds in general. These measures (and related ones)
are not yet implemented in the code.

B Manual

In MG5AMC, two new modes of operation have been added for the computation of QI
observables. The first mode is based on the standalone output of MG5AMC and computes
the production matrix R for a single phase-space point. This interface is useful for debugging
and for interfacing with external tools or programs. The second mode is based on the
reweighting module of MG5AMC [154] and performs the computation of the density matrix

point by point in phase space over the events of a LHE file, as well as the associated analysis.*

B.1 Standalone mode

In this section, we review the new option that allows the user to compute the production matrix
R for a single phase-space point. The following snippet generates (and runs) an example
code that first creates a sample phase-space point (using RAMBO [155]), then evaluates the
squared amplitudes, and finally computes the production matrix for the particles requested.

4The new functionalities are planned to be released in version MG5AMC 3.8.0 and, in the meantime, can
be obtained by contacting the authors.
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generate p p > a t t~
output standalone --density=4,5
launch

In this example, the production matrix computed will correspond to the top and anti-top
particles, since those correspond to the particle numbered 4 and 5. We do not offer, in this
mode, any easy way to change the reference frame, axis of quantisation, etc. But, experienced
user in Fortran should be able to easily implement such options as well as interfacing such
computation with external tool/library.

B.2 Reweighting mode

In addition to the standalone mode, we provide a fully integrated implementation within the
MG5AMC framework, which allows, in a single run, the generation of events, the computation
of the corresponding density matrices, and the evaluation of quantum observables.

The first step is to create a folder for the process to study, this is classically done via
the standard MG5AMC command:

generate YOUR_PROCESS
output
launch

The code then prompts the user to select the type of run to be performed. Since the
computation of the density matrix is carried out at the parton level, the inclusion or omission of
parton-shower and detector simulations does not affect the quantum-information observables.

N
The following switches determine which programs are run:
/ \
| 1. Choose the shower/hadronisation program shower = OFF
| 2. Choose the detector simulation program detector = Not Avail. |
| 3. Choose an analysis package (plot/convert) analysis = MadAnalysisb |
| 4. Decay onshell particles madspin = OFF
| 5. Add weights to events for new hypp. reweight = OFF
\ /
J

Here, a new option is available for the reweight option called “density”, one can set
it by typing:

[reweight = density J

The code then offers the possibility to edit the various configuration files controlling event
generation. The user specifies the desired settings for the density-matrix construction directly
in the reweight_card.dat. All particle selections are provided as lists of PDG identifiers;
when multiple particles share the same PDG code, their instances are taken according to the
order established during process generation, that is, following the internal particle ordering
of the generated subprocess. The full list of supported parameters is provided below:
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e boost_choice [list[int], str, list[int]]: selects the Lorentz frame by speci-
fying which four-momenta to use for the event-level boost. The option accepts a
triple

([PDG codes], observable_name, [indices]),

interpreted as follows:

1. Momentum selection (1ist[int]): list of PDG codes whose four-momenta are
summed to define the boost vector. If the list contains several entries, the total
momentum P* = Y7, p} is used. This allows, e.g. boosting to the c.m. frame of a
pair or a subsystem.

2. Disambiguation key (str, optional): when multiple particles share the same
PDG code, they are ranked in descending order of the specified observable, as
implemented in FourMomentum (see lhe_parser.py). Valid keys include any at-
tribute/method exposed by that class (e.g. "pt", "eta", "E", "mass", "rapidity").

3. Index filter (1ist[int], optional): zero-based indices selecting which instances
(within the ranked list) to include. Here O denotes the particle with the highest
value of the chosen observable, 1 the next, etc. If omitted or empty, all matching
particles are considered in the order given by the ranking.

To skip any boost and keep the lab frame, set the first element to 0. The default is
(fol, ", .

Examples:

— boost_choice = ([6, -6], "", [1): boost to the tt pair rest frame using the
sum of the top and antitop four-momenta; no disambiguation needed.

— boost_choice = ([23], "pt", [0]): for multiple Z bosons, pick the hardest Z
(pt-ranked, index 0) and boost to its rest frame.

— boost_choice = ([5, -5], "E", [0,1]): if several b and b are present, select
the two most energetic b-flavoured jets by energy and boost to the rest frame of
their sum.

— boost_choice = ([0], "", [1): no boost applied (use lab frame).

e helicity_direction [list[int], str, list[int]]: this options allows the user to
specify if and how the system should be rotated. The first option is a list of PDG codes
that allow the user to specify which particle momenta should be used as reference for
the rotation into the helicity as defined in appendix C.1. If the list contains several
elements, the sum of their momenta is used as reference. The two other arguments
are optional and serve the exact same purpose as in the boost case, please refer to
the previous point for these options. The value 0 allows specifying that no rotation
should be done. Caution: because of the way the helicity frame is defined, even with
(p,0) = (0,0), the components of the 4-momenta will change, this is done to keep the
same convention used in appendix C.1. Indeed, (ps,py,Py) —>p=0,0—=0 (Py, =Pz, P-) in
the helicity frame. The default value for this option is: ([0], "", [1).
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e particle_in_density_matrix [list[int], str, list([int]]: this option is the
only one that is required for the computation of the density matrix of each event
because it specifies which particles are to be put in the density matrix. The first option
is a list of PDG codes that allows the user to specify which particle should be put in
the density matrix and in which order, for now the code only allows selecting up to
2 particles for this option. The two other arguments are optional and serve the exact
same purpose as in the boost case, please refer to the previous point for these options.
There is no default value for this option, as it is mandatory to complete it for the
density mode to function.

e order_helicities [list[int]]: this option allows the user to specify in which
helicity basis the density matrix should be written. The first and only argument for this
option is a list of integers contained in {—1,0,+41} that are the helicity values each of
the particles can take. For instance, if we consider a system made of two fermions and
that we want the density matrix to be written in the basis {|—=),|—+),|+—),|[++)},
the option should be [-1, -1, -1, +1, +1, -1, +1, +1]. The default value of this
option depends on the system considered but are always ordered with the helicities +1
in first, then the helicities 0 and finally the helicities -1.

e axis_referential [list[int]]: as explained in appendix C.1, the axis used as
reference for the definition of the angle 8 is the +2 axis. This option allows the user to
change this reference by using one of the initial particle direction as reference, the input
is thus a list of PDG codes of the selected particles. For instance if the user chooses
[2], the angle # will be using the up quark of the initial state as reference for 6 if it
exists. The default value is [0]

e symmetrise_initial_state [bool: if this option is set to True, the production matrix
event will be calculated as the sum of the production matrix calculated using 6 (using
+Z as reference) and using 0 + 7 (using —2) as reference. This option is used in some
analysis (for instance [56]) and can be interesting if the initial state is not symmetric.
The default value is False.

Note also that the user can modify the reweight_card by using inline commands in MG5AMC
using the two following syntaxes, in the same way the user would do it for other cards.:

set reweight_card input_name input_value
set input_name input_value

After the computation is completed, the density matrix for each event is stored in the
.1lhe file, and the average density matrix is also printed. The script 1he_parser.py, together
with the set of functions provided in Density_functions.py, allows one to extract the
data from the .1lhe file and compute various quantum-information observables, such as the
purity or the concurrence. A detailed technical description of this Python library can be
found in the on-line documentation, available here: https://cp3.irmp.ucl.ac.be/pro
jects/madgraph/wiki/Density.
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B.3 Examples

We now list a few examples of inputs that can be put in the reweight_card to study a
variety of processes.

If one aims to study spin correlations between bosons, for instance in the process
ete” — WT W™, the reweight_card can be set up as follows:

change boost_choice [24, -24]

change helicity_direction [24]

change particle_in_density_matrix [24, -24]

change order_helicities [+1, -1, +1, O, +1, +1, 0, -1, O, O, 0, +1, -1,
-1, -1, 0, -1, +1]

J

In this way, the density matrix is computed in the centre-of-mass frame of the W-boson
pair, taking the W7 as the reference for defining the helicity frame. The matrix is expressed
in the basis {|+—),|+0),|++),[0—),]00),|0+),|—=),|=0),|—+)}.

The next example is chosen to show how to use an observable to distinguish an identical
particle, for instance the process pp — Z Z Z contains three identical particles in the final
states. If we want to study the spin correlations between two of the Z bosons, one can not
just use the first two Z appearing within the event record. The following syntax allows
identifying which pair of Z to include by ordering them by transverse momentum:

change particle_in_density_matrix [23, 23] pt [0, 1]

change boost_choice [23, 23] pt [0, 1]

change helicity_direction [23] pt [2]

change order_helicities [+1, -1, +1, O, +1, +1, 0, -1, 0, 0, O, +1, -1,
-1, -1, 0, -1, +1]

With these settings, the particles included in the density matrix are, for each event, the
two Z bosons with the highest transverse momentum. The reference frame is then boosted
to the centre-of-mass frame of these two particles, while the helicity reference direction is
defined by the Z boson with the smallest transverse momentum, i.e. the one not included
in the density matrix. Although this particular configuration may not be of direct physical
interest, it serves to illustrate some of the flexibility and capabilities offered by the code.

Lastly, if one wishes to study spin correlations between a massive boson and a massive
fermion, for instance in the process pp — tt W™, the following parameters can be used:

change particle_in_density_matrix [6, 24]

change boost_choice [6, 24]

change helicity_direction [6]

change order_helicities [1, -1, 1, O, 1, 1, -1, -1, -1, 0, -1, 1]

With these settings, the particles included in the density matrix are the top quark and the
W boson, and the matrix is computed in the centre-of-mass frame of this pair. The top
quark is chosen as the reference particle for the helicity frame.
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Figure 30. Spin-helicity basis for a 2 — 2 process. The only boost needed to go to the ZMF of the
tt pair is along the 2 direction.

<<
>

\so

IS
D

Figure 31. Definition of the angle ¢ to put k the plan (O, ,9).

C Conventions

C.1 Definition of the helicity frame

The density matrix is an object that strongly depends on various conventions (such as the
choice of reference frame, spinor definitions, etc.). The choice of reference frame is left to
the user. In this appendix, we describe the basis adopted in the code for the computation of
the density matrix, which corresponds to the conventionally used one.

In MG5AMC the default reference frame is the laboratory frame {#,9, 2}, where 2 is
the beam axis, and the first incoming particle is defined to have p, > 0, while {Z, ¢} span
the plane perpendicular to 2. However, in most studies analysing high-energy processes
from a quantum-information perspective, the reference frame employed is the helicity frame
{n, 7, l?:} Figures 30 and 31 illustrate this basis for the case of top-quark pair production.

This new basis is defined as:

k the direction of fly of the chosen particle

 Z—cosOk

P —
sin 0

n=7rxk
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One can show that with these definitions, the new vector basis are:

k = cos psinf & + sin psin 9 + cos 6 2,
7= —cosfcospZ —cosfsinpy+sind 2,
n=—sinpZ+cospy.

And the momenta in this reference frame immediately are:

P = —sin @ pg + cos ¢ py, (C.1)
pp = — cos p cos O p; — sin @ cos 0 py + sin Ops, (C.2)
pj, = cos psin 0 p; + sin psin 6 p; + cos 0 ps. (C.3)
The angles 6, are defined as:
6 = arccos % , (C4)
\/ Pz "‘pg + 3
¢ = sign(py) arccos N (C.5)

N

Note the sign(p;) factor in the definition of ¢, it ensures that k is defined in the direction
of the particle and not in the opposite direction, as can happen depending on the signs
of the components of p.

Note that at LO for 2 — 2 processes, the centre-of-mass frame of the final particles is the
same as the one for the initial particles, this means that the boost is only in the 2.

The helicity frame presented above is the one implemented in MG5AMC and convention-
ally used for quantum spin correlation studies for 2 — 2 processes. However, for processes
with 3 or more particles in the final state, the definition of # becomes convention depen-
dent. In all conventions is assumed that the centre-of-mass frame of the two particles is
reached from the lab frame via a pure boost transformation (no rotations). This is called
the Zero-Momentum-Frame (ZMF). Now, the 6 angle can be defined in various ways, of
which we consider two:

e The angle 6 is defined between the direction of the chosen particle (e.g. the top) in the
ZMF and the direction of the beam axis boosted in the same frame pi:
ﬁtop : ﬁl ( C 6)

cosl = — — .
|[Propl | - [1P1]]

e The angle 6 is defined between the direction of the chosen particle (e.g. the top) in the
ZMF and the beam axis in the lab frame:

cosf = ptip : Z, (C.7)
||Pop|

with 2 = (0,0,1),
In this paper we have chosen the second definition, i.e. to use % as reference for the definition
of #. We have compared the values of the observables across the different processes studied for

each choice of definition. While differences between the cases are visible, they do not alter the
overall behaviour of the observables and therefore do not affect the interpretation of the results.
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C.2 Conventions used for the external polarisations

The density matrix is an object whose specific form and structure depend strongly on the
adopted conventions: the definition of spin states, the reference frame, the choice of the
helicity basis, etc. The code employs a specific convention for the choice of frame, described
in appendix C.1, where the user can select any external particle of the process to define the
angles # and ¢. The spinor convention used in MG5AMC are based on the HELAS library,
you can find them in appendix A of ref. [140]. The reader can note that these spinors are
defined as the helicity eigenstates, meaning that the spin of the fermion is projected on the
direction of its momenta. The spin quantisation axis is thus chosen by the rotation applied
to the system wviag the option helicity_direction.

C.3 FeynCalc conventions

{l+=) [++) =) =4},
{‘+_> ’ H_O> ’ ‘++> ’ ‘O_> ’ ‘OO> ’ ’0+> ’ |__> ’ ’_O> ’ |_+>}' (CQ)

—~
Q
oo

~—

The difference between FEYNCALC and our code arises from distinct phase conventions.
Indeed, while the moduli of all elements of the density matrix coincide, their complex phases
differ. In general, one is free to multiply each component of a polarisation vector or spinor by
a global phase without altering any physical observable. However, since the density matrix
is not Lorentz-invariant, this phase convention does affect its coefficients. The difference in
helicity phase choices can thus be interpreted as a change of basis for the density matrix,
which can be expressed through a unitary transformation U such that

P =UTpU. (C.10)

For the qubit-qubit processes, we find that the transformation required to recover the
same convention corresponds to adding a relative phase of m between the 4+ and — helicity
states of the first particle in the density matrix. If p is expressed in basis (C.8), this results
in the following transformation matrix:

10 0 O
01 0 O
U2qubits = . (Cll)
00-10
00 0 —1

In the qutrit-qutrit case it is also needed to dephase one polarisation vector compared
to the other two by a phase of —7/2. If p is expressed in the basis (C.9), this results in
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the following transformation matrix

1000 0 00O0O
0—-—00 0 00O0O
0010 0 00O0O
000—- 0 0000
Usqutrits = |0 0 0 0 =1 0 0 0 O
0000 O —000O0
0000 O 0100
0000 O O0O0—-20
0000 0O 00O01

(C.12)
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