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Summary

Using topological degree methods, we give some existence and multi-
plicity results for nonlinear differential or difference equations. In Chap-
ter 1 some continuation theorems are presented. Chapter 2 deal with
nonlinear difference equations. Using Brouwer degree we obtain upper
and lower solutions theorems, Ambrosetti and Prodi type results and
sharp existence conditions for nonlinearities which are bounded from
below or from above. In Chapter 3, using Leray-Schauder degree, we
give various existence and multiplicity result for second order differential
equations with ¢-Laplacian. Such equations are in particular motivated
by the one-dimensional mean curvature problems and by the accelera-
tion of a relativistic particle of mass one at rest moving on a straight
line. In Chapter 4, using Mawhin continuation theorem, sufficient con-
ditions are obtained for the existence of positive periodic solutions for
delay Lotka-Volterra systems. In the last chapter of this work we prove
some results concerning the multiplicity of solutions for a class of super-
linear planar systems. The results of Chapters 2 and 3 are joint work
with Prof. Jean Mawhin.






Introduction

The methods we deal with in the present thesis originated long ago.
They date back to C.F. GAuss, L. KRONECKER, H. POINCARE and
L.E.J. BROUWER who developed the topological theory of continuous
mappings in finite dimensional spaces. This theory is called Brouwer
degree and is one of the main tools used in this work. For a very nice
presentation of the Brouwer degree see [59].

The topological theory in infinite dimensional spaces has been initi-
ated in a celebrated paper published in 1922 by G.D. BIRKHOFF and
O.D. KELLOGG [18] who extended to some functions spaces the famous
Brouwer fized point theorem. They proved the existence of a least one
fixed point for continuous mappings from a convex compact subset of
C([a,b]) into itself. The Birkhoff-Kellogg fixed point theorem has been
extended by J. SCHAUDER [62] to the case of a continuous operator T’
mapping into itself a convex compact subset of a Banach space.

In 1933, SCHAUDER got the opportunity to meet J. LERAY in Paris,
and a second important period in infinite dimensional topology started
from their collaboration. LERAY and SCHAUDER immediately realized
that the topology of completely continuous perturbations of identity in
a Banach space was the setting to develop Leray’s continuation method
introduced in his thesis, and in particular to liberate it from unnecessary
uniqueness and regularity assumptions. Hence, LERAY and SCHAUDER,
in their fundamental paper [43], extend the Brouwer degree to compact
perturbations of the identity in a Banach space. The fundamental ideas
of the Leray-Schauder degree are explained by LERAY and SCHAUDER
themselves:

On peut [...] attacher & ensemble des solutions de certaines équations
fonctionnelles non linéaires un entier positif, négatif ou nul, I'indice total,

qui reste invariant quand 1’équation varie continiiment et que les solutions
restent bornées dans leur ensemble; les équations en question sont du type

(0.1) z— F(x) =0,

ou F(z) est complétement continue, [...] d’ol résulte un procédé tres
général permettant d’obtenir des théorems d’existence: soit une équation

7



8 INTRODUCTION

du type (0.1). Supposons qu’on la modifie continiment sans qu’elle cesse
d’appartenir au type (0.1) et de telle sorte que I'ensemble de ses solu-
tions reste borné [...]; supposons qu’on la transforme ainsi en une équation
résoluble z — Fy(z) = 0 et que l'on constate que l'indice total des solutions
de cette derniere équation difféere de zéro. Alors I'indice total des solutions
de ’équation primitive differe aussi de zéro; elle admet donc au moins une
solution.

The Leray-Schauder degree will be applied by J. LERAY, J. SCHAU-
DER, E. RoTHE, C.L. DoLpH, M.A. KRASNOSELS’KII and others to
various problems for partial differential equations and the second half of
the past century will see a tremendous development of the applications
of the Leray-Schauder degree to nonlinear problems. For an introduction
in the Leray-Schauder degree theory see [25], [53].

An important class of nonlinearities considered in this thesis is the
class of so called Villari type nonlinearities introduced in 1966 by G.
VILLARI [65].

In [65] the existence of T-periodic solutions is studied for the equa-
tion

(0.2) " 4+ au” +bu' + f(t,u,u u") =0,

where f : R* — R is a bounded continuous function, T-periodic with
respect to ¢t and satisfying the following condition.

(Vil) There exists R > 0 such that
T
/ fltut),d' (t),u"(t) >0 if up >R,
0

T
(0.3) /0 f(tu(t), ' (t),u"(t)) <0 if wupy < —R.

Moreover the constants a, b are such that b < 0 or ab # 0. If the above
conditions are satisfied, then (0.2) has a least one T-periodic solution.
To prove this result, VILLARI use the Leray-Schauder degree. Let us
consider a bounded continuous function g : R — Rand e: R — R a
T-periodic, continuous function satisfying the condition

1 T
(0.4) limsup g(u) < T/ e(s)ds < liminfg(u).
U——00 0 U100

It is clear that we can apply the above existence result for f = g — e.
In 1968, A.C. LAZER [41] independently considered the existence of
T-periodic solutions of second order equations of the form

(0.5) u" + cu' + g(u) = e(t),
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where ¢ € R, g : R — R is a bounded continuous function and e : R — R
a T-periodic, continuous function. If condition (0.4) holds, then (0.5)
has at least one T-periodic solution. This is a (non explicited) special
case of the existence result in [41]. To prove this result, LAZER applied,
in a technically sophisticated way, Schauder theorem to an equivalent
fixed point problem in the space of continuous, T-periodic functions.

In 1972 Lazer’s result is extended by J. MAWHIN [51] using a contin-
uation theorem introduced in [50] which is a particular case of Mawhin’s
continuation theorem [52]. We state and prove this abstract continu-
ation theorem in Chapter 1. The proof will be based upon Brouwer
degree in the finite dimensional case and upon Leray-Schauder degree
in the infinite dimensional case.

In Chapter 2 we use Mawhin’s continuation theorem in finite dimen-
sion to prove existence results for nonlinear difference equations with
Villari type nonlinearities. Let n € N fixed and (z1,---,z,) € R™
Define (Dz1,- -+, Dx,_1) € R"! and (D?zg,--- , D%z, 1) € R"2 by

Dz, = Tms1 —Tm, (1<m<n-1)
D%z = Tyt — 2%+ 2Tmo1, (2<m<n-—1).
Let f,, be continuous functions (2 < m < n —1). Consider the periodic
boundary value problem
D22+ () =0 (2<m <n—1),
(0.6) 1 =2p, Dwx1 =Dz, 1.
In Chapter 2 we prove the following result obtained jointly with MAWHIN
in [12].
Theorem 0.1. Suppose that the functions f,, (2 <m <n—1) are all

bounded from below or all bounded from above by c, and that for some
R>0ande e {-1,1},

n—1

€ T > 0 whenever min z; > R
szm( m) 2 ,mn @ >
o

2<j<n—1

n—1
(0.7) 6me(azm) < 0 whenever max z; < —R.
m=2

Then problem (0.6) has at least one solution x.

Analogous results hold also for first order difference equations and
for second order difference equations with Dirichlet boundary conditions
(see Chapter 2 and our papers [11], [12], [14]).
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Existence results for nonlinear second order differential equations
with ¢-Laplacian and Villari type nonlinearities are given in Chapter 3.
Let us consider equations of the form

(0.8) (¢() = flt,u,u), I(u,u)=0

where [(u,u') = 0 denotes the periodic, Neumann or Dirichlet boundary
conditions on [0,7], ¢ : R —] —a,a] (0 < a < +00) or ¢ :] —a,a]— R
(0 < a < +00) is a homeomorphism such that ¢(0) =0, and f : [0,T] x
R? — R is continuous. Of course, a solution of (0.8) is a function
u € C1([0,T]) such that pou’ € C1([0,T]). Interesting models are given
by

o(s) =Isl"™ s (p>1), os) =

S S
V1+ s2 V1—s2

where, in the first case (|u’[P=2u’)’ is the p-Laplacian operator, in the

and  ¢(s) =

/ . . .
second case ( \/&7,2)’ is the one-dimensional mean-curvature operator
u

u/
Vi—a?
tivistic particle of mass one at rest moving on a straight line (with the

velocity of light normalized to one). Applications of topological degree
methods to equations with p-Laplacian can be found in [27].

If ¢:] —a,a]— R (0 < a < +c0), following R. MANASEVICH and J.
MAWHIN [48], the various boundary value problems are reduced to the
search of fixed points for some operators defined on the whole space X of
function u € C*([0, 7)) such that I(u,u’) = 0. Those operators are com-
pletely continuous, and the Leray-Schauder degree can be used. Using
Mandsevich-Mawhin continuation theorem [47] (this is an adaptation of
Mawhin continuation theorem to the ¢-Laplacian case), we prove the
following existence result (see our papers [9], [15]).

Theorem 0.2. Let ¢ : R —]—a,a] (0 < a < +00) be a homeomorphism
such that ¢(0) = 0. Assume that f satisfies the following conditions.

(1) There exists a continuous function ¢ on [0, T] such that ||c” |1 <

a
5 and

(0.9) fltu,v) > c(t)

for all (t,u,v) € [0,T] x R2.
(2) There exist R >0 and € € {—1,1} such that

and in the last case ( )’ can be seen as the acceleration of a rela-

/Oftu '(t)) dt > 0 if up >R, |ul]e <M,
(0.10)

e/ P ®)dt < 0 if uy <R, |l < M,
0
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where M = max{|¢1(2|c™||1)|, [~ (=2[|c™[]1)]}-

Then (0.8) has at least one solution u if [(u,u’) = 0 denotes the periodic
or Neuman condition.

In a joint work with H. B. THOMPSON [16], we have obtained similar
results for difference equations involving the discrete ¢-Laplacian.

It is interesting to remark that, for ¢ : R —| —a,a[ (0 < a < +00),
in contrast to the periodic and Neumann cases, the solvability of the
Dirichlet problem with bounded right-hand side f does not require any
sign condition upon f.

On the other hand, for ¢ :] — a,a[— R (0 < a < +00), a somewhat
surprising result is that the Dirichlet problem

() = ft,u,u'), u(0)=0=u(T)

is solvable for each right-hand member f (see Chapter 3 and our paper
[13]). This is not the case for the other boundary conditions, for which
we prove existence results when the right-hand member f only satisfies
some sign conditions similar with (0.10).

A powerful tool for solving nonlinear boundary value problems is the
method of lower and upper solutions. This method originated in a two
papers of SCORZA DRAGONT [28], [29]. The method of lower and upper
solution for the two-point boundary value problem

(0.11) u' + f(t,u,u’) =0, wu(a) = A,ud) = B,

has been put by M. NAGUMO [61] in 1937 in an almost definitive way by
proving, using the shooting method, the existence of at least one solution
for (0.11) when there exist two functions « and /3 of class C? such that
a(t) < B(t) over [a,b] and the following conditions are satisfied:

i) f is continuous as well and over the cylinder
C={(t,u,v) : t € [a, b],a(t) <u < fB(t),v e R};

i) |f(t,u,v)] < @(v]) for all (t,u,v) € C and some positive con-
tinuous function ¢ such that

(0.12) /OOO ;i:) = +o0;

iii) o(t) + f(t,a(t), o/ (t)) > 0, 8"(t) + f (£, 6(t), 5'(t)) <0
for all t € [a, bl;

iv) a(a) < A < B(a), a(b) < B < (b).
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Condition (0.12) is called Nagumo condition.

The concept of lower and upper solution for second order periodic
boundary value problems has been introduced in 1963 by H.W. KNO-
BLOCH [39]. A Lipschitz condition was necessary in establishing the ex-
istence results in [39] because the method of proof depended on results
previously developed by L. CESARI [21] and H.W. KNoBLOCH [38].
Using a result concerning the existence of solutions of two-point bound-
ary value problem (0.11) due to L. JACKSON and K. SCHRADER, K.
SCHMITT [63] improved the results of KNOBLOCH, in the sense that a
Lipschitz condition is no longer required.

Consider the first order periodic boundary value problem

(0.13) 2+ f(t,r) =0, =(0)=z(T),

where f:[0,7] x R — R is a continuous function.

Definition 0.3. o (resp. () € C1([0,T]) is a lower solution (resp.
upper solution) of problem (0.13) if

J() + [La®)=0 (tel0,T), a0)>a
(resp. @(t) + F(tLAWM) <0 (t€[0,T]), B(0) < B(T)).

The basic existence theorem of the method of upper and lower solu-
tions for (0.13) goes as follows.

Theorem 0.4. If problem (0.13) has a lower solution « and an upper
solution B such that a(t) < B(t) for all t € [0,T] (resp. B(t) < a(t) for
all t € [0,T7), then problem (0.13) has at least one solution x such that
a(t) < z(t) < B(t) for allt € [0,T] (resp. B(t) < z(t) < a(t) for all
te0,71]).

The above theorem concerning lower and upper solutions for first or-
der periodic boundary value problems has been proved in 1962 by H.W.
KNOBLOCH [37], using a combination of Wazewski’s method and Mi-
randa’s theorem. A Lipschitz condition upon f was necessary. In 1972
MAWHIN improved the above result, showing that the Lipschitz condi-
tion is unnecessary. A simpler proof of this result, based upon Schauder’s
fixed point theorem is given in [56] (see also Chapter 2).

In a paper with MAWHIN [10], we give a method of upper and lower
solutions for the periodic boundary problem for nonlinear difference
equations of the first order. If n > 2 and f,, : R — R are continuous
(1 <m <n—1), one considers the periodic boundary value problem

(0.14) Dxp+ frm(xm) =0 (1 <m<n—1), x1 =1,
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Definition 0.5. o = (a1, ,ay) (respectively 5 = (B, -+ ,0n)) is
called a lower solution (resp. upper solution) for (0.14) if the inequalities

Doy, + foam) >0, 1<m<n—1), a;>a,
(resp. DB+  f(Bm) <0, (1<m<n-1), 5 <06
hold.

Theorem 0.6. If (0.14) has a lower solution o = (a1, -+ , ) and an
upper solution = (61, ,0n) such that oy < B (1 <m < n-—1),
then (0.14) has a solution x = (x1,--- ,xy) such that oy, < Ty < B
(I1<m<n-1).

One immediately notices that, in contrast to Theorem 0.4, Theorem
0.6 does not cover the case where a,;, > G, (1 < m < n—1). In Chapter
2 (see also [10]) one constructs counterexamples to show that, in contrast
to ordinary differential case, the lower solution has to be smaller than the
upper solution in the case of difference equations, to make the method
conclusive. In Chapter 2 (see [11], [12]) we give also an upper and lower
solutions method for second order difference equations with periodic or
Dirichlet conditions.

On the other hand, upper and lower solutions theorems for nonlinear
second order differential equations with ¢-Laplacian are given in Chapter
3 (see also our papers [13], [15]). Our results go as follows.

Let ¢ : R —] —a,a[ (0 < a < +00) be an increasing homeo-
morphism such that ¢(0) = 0. Consider the periodic boundary value
problem

(0.15) ()Y = f(t,u), u(0) — u(T) =0 = u/(0) — w/(T)
where f :[0,7] x R — R is a continuous function.

Definition 0.7. A lower solution « (resp. upper solution 3) of (0.15)
is a function such that o € C},,., p(c) € C* (resp. € C},.,9(f') € C')
and

(0.16) (o(c/ (1)) = f(t,a(t)) (resp. (6(5'(1)))" < f(t. (1))
for all t € [0,T]. Such a lower or upper solution will be called strict if
the inequality (0.16) is strict for all t € [0,T].

Theorem 0.8. Suppose that (0.15) has a lower solution o and an upper
solution [ such that a(t) < B(t) for all t € [0,T]. If there exists a
continuous function ¢ on [0,T] such that ||c” || < § and

(0.17)  f(t,u) > ce(t), forall (t,u)€[0,T] X [ar, O],
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then (0.15) has a solution u such that a(t) < u(t) < B(t) for all t €
[0,T]. Moreover, if a and [ are strict, then a( ) < u(t) < B(t) for all
te0,7).

A more general result holds when ¢ :| — a,a[— R (a # +00). In this
case, in contrast to the classical case, no Nagumo-like growth condition
for the dependence of f(t,u,v) with respect to v is required.

A very fruitful result was proved by A. AMBROSETTI and G. PRODI
in 1972 [3]. Let © C R™ be a smooth bounded domain and let us denote
by A1 < A2 < A3 < ... the eigenvalues of —A with Dirichlet boundary
conditions on 0f2, and by ¢ > 0 the principal eigenfunction. Consider
the semilinear Dirichlet problem

(0.18) Au+ f(u)=v(z) in Q wu=0 on 09,
where v € C%%(Q) and f € C%(R). The main result in [3] is the following
one.

Theorem 0.9. Assume that f satisfies the following conditions.

(0.19) f"(s) >0 forall seR,
(0.20) 0< lim fi> <A\ < hm fis) < A2.

Then there exists a closed connected manifold A1 C C%*(Q) of codimen-
sion 1 such that C%(Q)\A; = AgU As and (0.18) has ezactly zero, one
or two solutions according to v € Ag, A1 or As.

The above result was proved applying a global inversion theorem
to the operator Tu = Au + f(u) regarded as a differentiable mapping
between the Holder spaces C%%(Q) and C%*(Q).

Let

v=1t(+ vy, with /mC:O.
Q

So that problem (0.18) is equivalent to

(0.21) Au+ f(u) =t¢(z) +vi(x) in Q, uwu=0 on 9N

A cartesian representation of A; was given by M.S. BERGER and E.
PoporLAk in 1975 [17].

Theorem 0.10. Assume that f satisfies (0.19) and (0.20). Then there
is a real number t(vy) depending continuously on vy such that (0.21) has
exactly zero, one or two solutions according to t < t(vy),t = t(v1) or
t> t(vl).
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The proof of Theorem 0.10 is based upon a Hilbert space approach
and a Lyapunov-Schmidt procedure. Using upper and lower solutions,
J.L. KAzDAN and F.W. WARNER [36] have weakened the assumptions
and the conclusions of BERGER-PODOLAK. The multiplicity conclusion
of AMBROSETTI-PRODI without exactness has been obtained indepen-
dently, using a combination of the method of upper and lower solutions
and the Leray-Schauder degree, by E.N DANCER in 1978 [24] and H.
AMANN-P. HESS in 1979 [4]. An Ambrosetti-Prodi type multiplic-
ity result for a second order ordinary differential equation with peri-
odic conditions was given in 1986 by C. FABRY, J. MAWHIN and M.
NKASHAMA [31]. The periodic Ambrosetti-Prodi problem for nonlinear
perturbations of the p-Laplacian was discussed in 2006 by MAWHIN [60].
We describe this result below. Consider the periodic boundary value
problem

(o' IP=2) + fu)u’ + g(t,u) = s,
(0.22) u(0) —u(T) =0 =u'(0) — ' (T)
where p > 1, f : R — R and g : [0,7] x R — R are continuous. The
main result in [60] is the following one.
Theorem 0.11. If g satisfies the condition

(0.23) ‘ l‘im g(t,u) = +oo uniformly in t € [0,T],

u|—0o0
then there exists s1 € R such that (0.22) has zero, at least one or at least
two solutions according to s < s1,8 = S1 O § > S1.

When f = 0 we generalize the previous result as follows.
Let ¢ : R —] —a,a] (0 < a < +400) be an increasing homeomorphism
such that ¢(0) = 0. Let g : [0,7] xR — R be a continuous function. For
s € R, consider the periodic boundary-value problem

(024) (¢(u)' +g(t,u) =5, u(0) —u(T)=0=u'(0) - u/(T).
Assume now that the condition (0.23) holds. Consider

a
= i t = —.
o1 (m)lg[lé%]ng( ,u), 02 =01+ 5T
In Chapter 3 (see also [15]) we prove the following Ambrosetti-Prodi
type result.

Theorem 0.12. If the function g satisfies (0.23) and if there is a uy € R
such that

0.25 —. t,up) < oo,
(0.25) o3 tgfgglg( ug) < 09
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then there is s1 € [01,03] such that (0.24) has zero, at least one or at
least two solutions according to s < s1,s = s1 or s1 < s < 02.

A more general Ambrosetti-Prodi type result holds when ¢ :]—a, a[—
R (a # 400). On the other hand, Ambrosetti-Prodi type results for
differences equations are proved in Chapter 2 (see also [11], [12], [16]).

In Chapter 4 (see also [6]), using Mawhin’s continuation theorem in
infinite dimension we study the existence of positive periodic solutions
of some generalizations of competition systems, in particular the May-
Leonard model, and of prey-predator systems.

In [68], ZANOLIN has studied the delay-Lotka-Volterra system

(0.26) &i(t) = 2i(t) |ri(t) —au(Waa(t) = Y ai(t)a;(t — 7))
j=1
j#i

(i=1,2,..,n),

where r;,a; > 0,a;5 > 0 (j #
uous functions, 7; e R (j =1

(0.27) T — Z Qi

is satisfied, where |f|o = sup|f(¢)| denotes the maximum norm and
teR

f = % fg f the mean value of the T-periodic continuous function f,
then it is proved that system (0.26) has at least one T-periodic, positive

solution.
The system (0.26) is generalized by Y. L1 in [45] to the delay-Lotka-
Volterra system

@i(t) = z;()[ri(t) — a;i(t)xi(t)

—au(t)zi(t) — > agOai(t — 7tz (t), . za()))]
j=1
J#
(0.28) (i=1,2,...,n),
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where 7; € C(R"" R) and 7; (j = 1,2,...,n) are T-periodic with
respect to their first argument. It is shown that, if condition (0.27) is
satisfied and system

(0.29) D ajexply) =i, i=1,2,....n

j=1
has only one solution, then system (0.28) has at least one T-periodic
positive solution. We prove that the same conclusion holds if condition
(0.27) only is satisfied. A particular case of system (0.28) is the May-
Leonard-type system

21(t) = x1(t)[1 —21(t) — a1 (t)x2(t — o(t, z1(t),. .., x3(1)))
— Bi(t)as(t — m3(t, 1(t), ..., z3(t)))]
E2(t) = z2()[1 = Bo(t)z1(t — 7 (t, z1(t), ..., x3(t)))
(0.30) — 22(t) — ao(t)ws(t — 73(t, 21(t), ..., 23(1)))]
3(t) = x3(t)[1 — ag(t)x1(t — (¢, a;l(t) ., x3(t)))
Ba(t)za(t — m2(t, 1(1), . . ., 23(t))) — 23(2)]

where o, 3; > 0 (i = 1,2,3) are continuous T-periodic functions, 7; €
C(RY,R) and 7; (j = 1,2,3) are T-periodic with respect to their first
argument. In this case condition (0.27) becomes
a+Bi<l (i=1,23).
In [33] (see also [49]) it is shown that (0.30) has at least one non constant
periodic positive solution if
0<a;<1l<f (i=1,2,3),

where «;, 3; (i =1,2,3) are constants and 7; =0 (i = 1,2,3). A special
case of a result in [5] is that (0.28) (for n = 3) has at least one T'—periodic
positive solution if 7; = 0 (j = 1,2,3) and the May-Leonard type
condition is satisfied

], L

TilL Ajilar L%5 1M

(0.31) (i,4) € {(1,2),(2,3), (3, 1)},

where [f], denotes the minimum of f and [f]ys denotes the maximum of
f. We prove that (0.28) has at least one T'—periodic positive solution if

condition (0.31) is satisfied.
On the other hand we study the system

at) = w®)a(t) = b(t)u(t) — c(t)o(t — Bt u(t), v(t)))]
(0.32) o(t) = o@)[d(t) + fR)ult — at,u(t), v(t))) = g(t)v(t)]
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where a,b,c,d,f,g are continuous T-periodic functions and o, 8 € C(R3,R)
are T-periodic with respect to their first variable. It is also assumed that
a,b,c,f and g are strictly positive. We prove that if the functions a,b,. . .,
g,c, B are like above and Gopalsamy’s condition

fle . { [d]. [d]L} { [d] [d]M} [9]L
0.33) ——— < min , —— ¢ < max , <

O3 v Tl b Talz < el
is satisfied, then system (0.32) has at least one positive T-periodic solu-
tion.

Finally, we consider the system

at) = u(®)a(t) = b(t)u(t) - c(t)v(?)]
(0.34) 0(t) = T)v(t)[u(t — alt,u(t),v(t))) — o(t)]
where a,b,c,7,0 are continuous T -periodic strictly positive functions
and a € C(R3,R) is T-periodic with respect to its first variable. We
show that system (0.34) has at least one T-periodic positive solution if
condition

(0.35) [a]L — [b]M[U]M >0

is satisfied. The autonomous case has been considered in [44].

In the last chapter of this thesis (see also [7]) we prove two multiplic-
ity results for superlinear planar systems. To prove our first main result
we use a theorem of J.R. WARD and to prove the second one we use
Capietto-Mawhin-Zanolin continuation theorem. Consider the following
boundary value problem

(0.36) u = —g(t,u,v)v, v =gt,u,v)u

(0.37) u(0) =0 = u(m),

where ¢ is a continuous function on [0, 7] x R?. Assume
(0.38) g(t,u,v) — +oo0 as |u|l+ |v] = o0
uniformly with ¢ € [0, 7],

(0.39) g(t,0,0) =0 for all t¢e0,n],

(0.40) g(t,u,v) >0 forall (t,u,v) € [0,7] x R%

Under these assumptions J. R. WARD [67], among other results, proves,
using essentially Rabinowitz global bifurcation theorem (see e. g. [32],
[53], [58]) and the number of rotations associated to the bifurcations
branches furnished by it, that boundary value problem (0.36), (0.37)
has infinitely many solutions. Using the same method as in [67], we
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prove that (0.38), (0.39) are sufficient for (0.36), (0.37) to have infinitely
many solutions. Remark that (0.39) is essential in the method used
in [67].

Now, suppose that

(0.41) 9(0, —u,v) = g(0,u,v) forall (u,v) € R

If conditions (0.38), (0.41) hold and if the function ¢(0, -) is locally Lip-
schitz on R2, we prove that boundary value problem (0.36), (0.37) has
infinitely many solutions. We use Capietto-Mawhin-Zanolin continua-
tion theorem [20] (see also [19], [34], [57]). We state and prove this
continuation theorem in Chapter 1.






CHAPTER 1

Continuation theorems

1. MAWHIN’S CONTINUATION THEOREM IN FINITE DIMENSION

Let X,Y be real normed spaces of dimension n. Consider L : X — Y
a linear mapping which is not injective. Using that dim ker(L)= codim
Im(L), it follows that there exists two linear projectors P : X — X and
Q : Y — Y such that ker(Q) = Im(L),Im(P) = ker(L) and ker(L) is
isomorphic with Im(Q). Let J : ker(L) — Im(Q) be an isomorphism.

Theorem 1.1. Let Q C X be an open bounded set and let F : Q — Y
be a continuous mapping. Assume

(i). Lx + AF(x) # 0 for each (X, x) €]0, 1[x (09 \ ker(L));
(ii). QF(x) # 0 for each x € 9 Nker(L) and
dp[JtQF,Q Nker(L),0] # 0.

Then L + F has a least one zero in Q.

Proof. Consider the continuous homotopy M : [0,1]xQ — Y defined
by

M\ x) =Lz + AF(x) + (1 — N)QF(x),

which, for A = 1, reduces to L + F and for A = 0 reduces to L + QF.
We assume that L + F does not have a zero on 0 since otherwise we
are done with the proof. Consider (), z) € [0,1] x Q and notice that,
because ker(Q) = Im(L), it follows that

M(Az)=0
if and only if
QF(xz) =0, Lxz+ AF(z)=0.
Using the remark above and hypothesis (i), (ii) it follows that
M(N\ x) #0 for each (A, z) €[0,1] x 99Q.
Hence, the invariance of Brouwer degree under a homotopy implies that
(1.1) dp[L + F,Q,0] =dp[L + QF,Q,0].

21
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On the other hand, it is easy to check that L + JP : X — Y is an
isomorphism and that (L 4+ JP)~'h = J~!h for every h € Im(Q) (see
also Lemma 2.1 below). It follows that,
L+QF = L+JP—-JP+QF

= (L+JP)I+(L+JP)  (—JP+QF)]

= (L+JP)I—-P+J'QF).
Consequently, by the product formula of Brouwer degree

|d[L + QF,Q,0]] = [ind[L+ JP,0ldg[l — P+ J 'QF,Q,0]|
= |dg[l — P+ J'QF,Q,0]|.

Now, by the Leray-Schauder reduction theorem for Brouwer degree, we
have

[dp[l — P+ J7'QF,Q,0]|
= |dg[(I = P+ J ' QF)|er(r), 2 Nker(L), 0]
= |dp[J 'QF,QNker(L),0]],
which, together with (1.1) and hypothesis (ii) implies that
dp[L + F,Q,0] # 0.

Using the existence property of Brouwer degree the theorem is proved.
|

2. MAWHIN’S CONTINUATION THEOREM IN INFINITE DIMENSION

Let X,Y be two infinite dimensional real normed spaces. A lin-
ear mapping L : D(L) C X — Y is called Fredholm if the following
conditions hold.

(i). ker(L) has finite dimension;
(ii). Im(L) is closed and has finite codimension.

If L is a Fredholm operator, the index of L is the integer
i(L) := dim ker(L) — codim Im(L).

In what follows we denote by L : D(L) C X — Y a Fredholm mapping
of index zero which is not injective. Let P: X — X and Q: Y — Y be
continuous projectors such that

ker(Q) = Im(L),Im(P) = ker(L);
X =ker(L) @ ker(P),Y =Im(L) & Im(Q).
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Let J : ker(L) — Im(Q) be an isomorphism. It is clear that the operator
L: D(L)Nker(P) — Im(L) is an isomorphism denoted by Lp. Consider
the operator Kpg : Y — X define by Kpg = L' (I — Q).
Lemma 2.1. The operator L+ JP : D(L) — Y is an isomorphism and
(L+JP)™' =Kpg+J'Q.

In particular,

(L+JP) 'z =J" 2 forall e Im(Q).

Proof. For the injectivity of L + JP, let € D(L) be such that
(2.1) (L + JP)x = 0.
From this equality we deduce that
Lz € Im(L) NIm(J) = ker(Q) NIm(Q) = {0},

hence z € ker(L). Consequently, Pz = = and, taking into account (2.1),
Jx = 0, therefore z = 0. For the surjectivity of L 4+ JP, let y € Y. We
assert that

v = (Kpq+J'Q)y
is a solution of the equation
(L+JP)x =y.
Indeed, since J~1Qy € ker(L), it follows that
Ly =LKpqy = LLp'(I - Q)y = (I - Q)y.

Since Kpqy € D(L) Nker(P), it follows that

JPx = JJ1Qy = Qy.
Consequently,

(L+JP)z=(I-Qy+Qy=y

and

(L+JP) ' = Kpg +J7'Q.

Lemma 2.2. If N: A C X — Y is a mapping, the problem
re€D(L)NA,Lx = Nz
s equivalent to the fized point problem

€ A,x=Pr+J 'QNz+ KpgNw.
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Proof. We have
[x € D(L)NA, Lv = Nz
& [zeDL)NA,(L+ JP)x = (N+ JP)zx]
& [relAx=(L+JP)'(N+JP)z].
On the other hand, using Lemma 2.1 it follows that
(L+JP)"YN+JP) = (Kpg+J 'Q)(N +JP)
= KpoN + KpgJP+J 'QN + J'QJP.
Since Im(J) = Im(Q) = ker(I — @), it follows that
KpoJP =Lp'(I-Q)JP =0.
Using Q‘Im(@) = I|Im(Q) and Im(J) = Im(Q), we deduce that
JlQip=J"tJpP="P.
Consequently
(L+JP)" YN +JP)=P+J'QN + KpgN,
and the assertion follows. ]

Definition 2.3. Let Q C X an open bounded set and N : Q — Y. We
say that N is L-compcat if KpoN is compact, QN is continuous and
QN (Q) is a bounded set in'Y.

Theorem 2.4. Let Q) C X be an open bounded set and let N : Q@ — Y
be a L-compact operator. Assume

(i). Lx # ANz for each (A, x) €]0,1[x (02N (D(L) \ ker(L)));
(ii). @Nz # 0 for each x € 0 Nker(L) and
dp[J7'QN,Q Nker(L),0] # 0.
Then L — N has a least one zero in D(L) N Q.
Proof. For A € [0, 1] consider the family of problems
(2.2) 2eDL)NQ, Lz =ANz+(1—-\QNz.
Let M :[0,1] x Q — Y be the homotopy defined by
M\ z) = Pr+ J 'QNz + AKpgNa.
Using Lemma 2.2 we have that the problem (2.2) is equivalent to the
fixed point problem z € €} and
r = Pr+J QAN+ (1—-NQN)x + Kpg(AN + (1 = A\)QN)x
= Pr+ A 'QNz+(1—-\)J 'QNz+  \KpgNx
+ (1-=XNEKpgQNz = M(\, x).
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Hence, the problem (2.2) is equivalent to the fixed point problem
(2.3) reQ, x=M(\z).

If there exists x € 92 such that Lr = Nz then we are done. Now
assume that

(2.4) Lz # Nx for each x € D(L)No.
On the other hand
(2.5) Lz # ANz + (1 = \)QNz

for each (A, x) €]0,1[x(D(L) N o). If
Lx=ANz+ (1 - N)QNzx
for some (A, z) €]0,1[x(D(L) N 0N2) we obtain, by applying @ to both
members of the preceding equality,
QNz =0, Lx=ANzx.

The first of those equalities and (ii) imply that x ¢ ker(L) N 9N i. e.
x € 00N (D(L) \ ker(L)) and hence the second contradicts (i). Using
again (ii) it follows that

(2.6) Lz # QNx for each z€ 00N D(L).
Using (2.4), (2.5) and (2.6) we deduce that
(2.7) x # M(N\x) for each (A z)€[0,1] x 9.

Because N is L-compact it follows that M is compact, hence using (2.7)
and the invariance property under compact homotopy of Leray-Schauder
degree, we have

(2.8) drs[I — M(0,-),9Q,0] = drs[I — M(1,-),Q,0].

On the other hand we have that

(2.9)  dps[I — M(0,-),9Q,0] = drs[I — (P + J'QN),Q,0]

But the range of P+ .J 'QN is contained in ker(L), so, using the reduc-
tion property of the Leray-Schauder degree and the fact that Plyer(r) =
Ilyer(r) it follows that

dps[I — (P + J'1QN),Q,0] = dg[l —(P+J*QN),QNker(L),0]
(2.10) = dg[-J'QN,QNker(L),0].

Using (2.8), (2.9) and (2.10) it follows that drs[I — M(1,-),,0] # 0,

hence the existence property of Leray-Schauder degree implies that there
exists z € Q such that v = M(1,z) i. e. x € D(L)NQ, Lz = Nx. |
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3. CAPIETTO-MAWHIN-ZANOLIN CONTINUATION THEOREM

Let X be a normed space endowed with the norm || - || and G :
[0,1] x X — X be a compact homotopy. We denote by 3 the closed set

Y={(\z)€0,1] x X :G(\ z) =z}
If AC[0,1] x X and X € [0, 1], we denote by A the set
AA={zecX:(\z)cA}CX.

Now, consider ¢ : [0,1] x X — Ry a continuous function satisfying the
following conditions.

(i1). There exists R > 0 such that (A, z) € N for each (\,z) € &

with ||z|| > R.

(i2). ¢~ 1(n) N'X is bounded for each n € N.
Because of our assumptions, it is clear that we can chose kg € N such
that

ko > sup{p(\,z) : (\,z) € &, ||z|| < R}.

Then, the set A = 1[0, ko] is closed in [0,1] x X and contains the set
{(\,z) € ¥ :||z|] < R}. Let j € N such that j > ko. Using the fact that
g is compact, ¢ is continuous and (i2), we deduce that ¥, := ¢~ 1(j)NE
is a compact set. On the other hand, the definition of A implies that
¥; N A = 0. Hence, there exists a sequence of sets (A;);>k,+1 such that
A; is open and bounded in X, A; NA;if j # [, A; N X0 = 29 and
OA; N Y0 = (). We assume that there exists k > kg such that

(3.1) drs[G(0,-),A;,0] #0,  (j > k).

Notice that if (I';) j>k,+1 is a sequence of sets having the same properties
as (Aj);j>ko+1, then by the excision property of Leray-Schauder degree,
it follows that

(32) dLS[g(O7 ')7 Ajv 0] = dLS[g(Ov ')7 Fja 0} (.7 > kO + 1)
Theorem 3.1. Assume that conditions (i1), (i2) and (3.1) hold. Then
for each j > k there exists xj € X such that p(1,z;) = j and G(1,z;) =
xj. Moreover, lim;j_,o ||z;|| = +o0.

Proof. Using our assumptions, it follows that there exists a sequence
of sets (O;)j>k+1 such that O; is open and bounded in [0,1] x X,
O;N0O; =0,0,NE =%, and 00; Y = (). For j > ko + 1 consider
r, = (9?. It is clear that this sequence of sets has the same properties
as (Aj)j>ko+1- Hence, (3.1) and (3.2) imply that

(3.3) drslG(0,-),T5,01 #0, (j >k).
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On the other hand, using the generalized invariance by homotopy prop-
erty of Leray-Schauder degree it follows that

(34)  drs[G(0,),I;,0] =drs[G(0,-), 05,0, (j > k).

Using (3.3), (3.4) and the existence property of Leray-Schauder degree
we deduce that there exists x; € 0]1 such that G(1,z;) = x; for all
J > k. Moreover, ¢(1,z;) = j for all j > k. If (x;);>1 is bounded, using
the fact that G is compact, it follows that we can find a convergent
subsequence (zj);>1. This implies that the sequence (p(1,z;));>1 is
convergent, contradiction. Consequently, lim; . ||z;|| = +o0. |






CHAPTER II

Nonlinear difference equations

1. ONE-SIDE BOUNDED NONLINEARITY

1.1. Periodic solutions of second order difference equations
with one-side bounded nonlinearity

Let n € N fixed and (z1,--- ,x,) € R". Define (Dz1,---,Dx,_1) €
R™ ! and (D%, -+, D?*z,_1) € R* 2 by

Dz, = Tjg1 —Tm, (1<m<n-1)
D%z, = T4l — 2Tm + Tm—1, (2<m<n-—1).

Let fn, : R — R be continuous functions (2 < m < mn —1). Consider the
periodic boundary value problem

D?z,, + fm(zm) =0 2<m<n-1),
(1.1) 1 =xpn, Dx1=Dx,_1.

Let us introduce the vector space
(1.2) V2 ={zeR": 2, =x,, Dry =Dz, 1}

endowed with the orientation of R™. Its elements can be associated to
the coordinates (x2,---,2,—1) and correspond to the elements of R™
of the form (%,m, e Tp_1, xﬁg”” ), so that the restriction D?
to V"2 is well defined in terms of (z2,---,2,_1). We use the norm
|lz]| := maxa<j<n_1|z;| in V"2 and maxi<j<n—2 |z;| in R*72. Now, we
define the continuous mapping G : V"2 — R"~2 by

(1.3)  Gm(zm) = D* (@) + fml(zm) (2<m<n—1),

so that (2122 go ...z, 122F5%8) is a solution of (1.1) if and only if
(2, -+, Tn_1) € V™" 2 is a zero of G. We also define F : V"2 — R"~2
by

F(z) = (fa(22), -+, fu1(Zn-1)),

29
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and call L : V"2 — R"? the restriction of D? to V"2, As the general
solution of the difference equation
Tmt1 = 2T — Tp—1 (M >1)
iS T, = ¢1 + cam, we see that
ker(L) = {(¢, -+ ,¢) : c € R}.

Furthermore, if y € Im(L), then, for some (z2,--+ ,Zm_1) € V72,
To + =
2 -1
Zyj = % —2wo + 23+ Z(xmfl — 2T + Ting1)
= m=3
X9 + Ty
T g — 2+ % —0.

As codim Im(L) = dimker(L) = 1, it follows that

n—2
m(L)={ycR"?: Zyj = 0}.
j=1
Consider the projectors P : V"2 — V"2 and Q : R"2 — R"2 defined
by

P(x27 e 71.71—1) = (CCQ, T 7x2)7 Q(yh T 7y'rl—2) = @7 T 7?)
o (8
wi = j
y o | 22 ]
J=1
so that ker(Q) = Im(L),Im(P) = ker(L).
Lemma 1.1. Let x € V"2 such that T = ﬁ (Z?;Ql a:j> =0. Then
n—1
]| < e ) |D?a4,
j=2

with ¢, 1s a constant which depends only on n.

Proof. Let
V={zeV"2:2=0}
be a subspace of R™. The following maps

'CC—>H$H7 ($27"' 7xn—1)—>Z‘D2$j|

define two norms on V. Because V is finite-dimension, those two norms
are equivalent, and the above inequality holds. [
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In order to obtain the existence of zeros of G = L + F' we shall apply
Mawhin’s continuation theorem in finite dimension. We first obtain
a priori estimates for the possible zeros of L + A\F' with A €]0,1], or
equivalently for the possible solutions of the periodic boundary value
problem

D% + Mm(zm) =0 (2<m<n—1),
(1.4) L1 = Tp, D.Z‘l = Dl’nfl,
with A €]0, 1].
Lemma 1.2. If each function fp,, (2 < m < n —1) is bounded from
below or from above by c, and if, for some R > 0, one has

n—1
<1'5) Z fm(xm) 7é 0
m=2

whenever ming<j<p—17; > R or maxecj<p—12; < —R, then, for
each N\ €]0,1] and each possible solution x of (1.4), one has ||z| <
4lc|(n — 2)c, + R.

Proof. Assume first that each f,, is bounded from below and let ¢
such that f,,(z) > ¢ for all z € R and all 2 < m < n — 1. We have, for
all2<m<n—1,

(1.6) [fm(@)| < fin(z) +2[c], (2 €R).
Let A €]0,1] and x be a solution of (1.4). It follows that

n—1
(1.7) > fnlam) = 0.
m=2

Denoting by T, = — 7T (2 <m <n —1) and using (1.4), (1.6) and
(1.7), it follows that

n—1

> |D*Fpy| < 2lel(n - 2).

m=2

The above inequality and Lemma 1.1 imply that

~ B
(1.8) , DA |Zm| < 2|c|(n — 2)cy,.
Using (1.5), (1.7) and (1.8) we deduce that |Z| < 2|c|(n — 2)¢, + R,
and so, using again (1.8) it follows that ||z|| < 4|c[(n — 2)c, + R. In the
case where the f,, are bounded from above by ¢, if suffices to write the
problem

Lz + F(z) =0,
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with L = —L and F = —F to reduce it to a problem with F bounded
from below, noticing that L and L have the same kernel and the same
range. |

Let ¢ : R — R be the continuous function defined by

n—1
(19) o) = — (Z fm<x>> (v eR).
m=2

Theorem 1.3. If the functions fn, (2 < m < n—1) satisfy the conditions
of Lemma 1.2 and if

(1.10) e(=p)p(p) <0,

for some p > 4|c|(n — 2)c, + R then, problem (1.1) has at least one
solution x such that ||z|| < 4|c|(n — 2)c, + R.

Proof. 1f follows from Lemma 1.2 that the first assumption (i)
of Mawhin’s continuation theorem in finite dimension is satisfied for

Q= B(0,p). Now, ker(L) ~ R ~ Im(Q) and
QF(c,---,c)=p(c), (ceR).

Hence, the second assumption (i) of Mawhin’s continuation theorem in
finite dimension is satisfied because of (1.10) and of

[dB[QF, B(0, p) Nker(L),0]] = |dple,] — p, p[, 0]| = 1.
Consequently, L + F has at least on zero in B(0, p), i. e. problem (1.1)

has at least one solution. [ ]

Corollary 1.4. Suppose that the functions fp, (2 <m <n —1) are all
bounded from below or all bounded from above by c, and that for some
R>0 ande € {-1,1},

n—1
€ E T > 0 whenever min z; > R
—

n—1
(1.11) EZQfm(:cm) < 0 whenever 2Sr]11§21;<_1mj§—R.
f—

Then problem (1.1) has at least one solution x such that ||z|| < 4|c|(n —
2)cn + R.

Proposition 1.5. Suppose that the functions f,, (2 <m <n—1) are
all bounded from below or all bounded from above by c, and that for some
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R>0ande € {-1,1},

n—1
5me(azm) > 0 whenever min z; > R
m=2

2<j<n—1
n—1
(1.12) « zzzfm(azm) < 0 whenever 2§I]11§:5L7§_1$j < —R.
m=

Then problem (1.1) has at least one solution x such that ||x|| < 4(|c| +
1)(n —2)c, + R.

Proof. For definiteness, assume that each f,;, is bounded from below
by c. For each k > 1, let us define

FO (@) = fonlz) + —

] 2<m<n-1),

so that fy(,]f) is bounded from below by ¢ — 1 and, using (1.12),

n—1
15 Z f#f) (rm) > 0 whenever 2<1jn<i7111_1 ;>R
m=2 S

n—1
(1.13) az:fq(ff)(xm) < 0 whenever max z; < —R.
m=2

2<j<n—1

Let us consider the periodic boundary value problem
D+ P (2,) =0 2<m<n-1),
(1.14) 1 =xn, Dzx1=Dx,_1.
Using Corollary 1.4, it follows that problem (1.14) has at least one so-
lution z(¥) such that ||z®)|| < 4(|c| + 1)(n — 2)¢, + R for all k = 1,2...

Going if necessary to a subsequence, we can assume that 2(¥) — 2 which
is a solution of (1.1) such that ||z| < 4(|c|+ 1)(n —2)cn, + R. |

Corollary 1.6. Forp > 0,a,, > 0,b,, € R (2 <m < n—1), the periodic
problem

D%z + am(zh)P —bp =0 (2<m <n—1),
(1.15) 1 = Tp, Dx1=Dx,_1,

has at least one solution if and only if

n—1
> b > 0.
m=2
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When apy <0 and by, € R (2 <m <n —1), problem (1.15) has at least
one solution if and only if

Proof. For the necessity, if problem (1.15) has a solution z, then

n—1 n—1
Z by = Z am(x)P > 0.
m=2 m=2

For the sufficiency, each function f,,(z) = am(x*)? — by, is bounded
from below by —b,,. Furthermore, if

n—1 1/p
R (M) |
Zm:? am

then Z:‘n_:lz fm(zm) > 0 when ming<j<,—1 2; > R. On the other hand,

27&;12 m(Tm) = — 22;12 b, < 0 when maxa<j<n—12; < 0. Hence the
result follows from Proposition 1.5. The proof of the other case is similar.
|

Remark 1.7. Conditions (1.5) and (1.10) hold in particular if there
exists R > 0 such that

(1.16) xfm(x) >0 or xfm(xr) <0 whenever |z|> R.
Exemple 1.8. The problem
D%z, + exp Ty — tm = 0 2<m<n-1),
r1 =xp, Dxri=Dxy 1
has at least one solution if and only if ZZ;IQ tym > 0.
The necessity follows from summing both members of the equation from

2 to n — 1, and the sufficiency from Theorem 1.3, if we observe that
there exists R > 0 such that the function ¢ defined by ¢(z) = expx —

L (ZZ@_:IQ tm> is such that ¢(z) > 0 for z > R and ¢(z) < 0 for
z < —R.

Exemple 1.9. If g : R — R is continuous and bounded, then, for each
(ta, ~++ , tn_1) € R"2 such that

T——00 T—+00

n—1
: 1 o
(1.17) limsup g(z) < —3 ( E_2 tm> < liminf g(z),
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the problem
D?z,, +g9(xm) —tn=0 (2<m<n-1), =z =, Dzxi=Dzr,

has at least one solution.
Condition (1.17) is a Landesman-Lazer-type condition for second order
difference equations with periodic boundary conditions.

1.2. Periodic solutions of first order difference equations with
one-side bounded nonlinearity

Let n € N and f,, continuous functions (1 < m < n — 1). Consider
the problem

(1.18) Dy + frm(zm) =0 Q1 <m<n-—1), x1=uz,
Let us introduce the vector space
Ul ={zeR": 2, =z,},

where an element of U™™! can be characterized by the coordinates
x1,--- ,%n—1 and consider the restriction L of D to U™~ ! given by

DSCl =T2 —T1, ",
Dxy_o = xp_1 — Tp_2,
(1.19) Dr, 1 =21 — Tp_1.

We use the norm ||z|| := maxi<j<n—1 |z;| in U""! and maxi<j<p—1 |75
in R*1. It is easy to check that the linear mapping L is such that

ker L = {(Ca"' 76) EUTL_I:CGR}?
n—1

Im L = {(ylu JM—l)GRn_l : Zymzo})
m=1

The projectors P : U™t — U1, Q:R" ! — R"! defined by

P(.%'l,"' ,l'n_l) - ($1,"‘ ,%1),

1 n—1 1 n—1
Q(ylv"'vyn—l) = (n_lzyﬁ’h?n_lzym)
m=1 m=1

are such that ker Q = Im L,Im P = ker L. Let finally F : U"~! — R»~!
be defined by

F(zy, - ,zn-1) = (filz1), -, fu1(2n-1)),

so the zeros of the continuous mapping L + F correspond to the solu-
tions of (1.18). We shall apply Mawhin’s continuation theorem in finite
dimension. We first obtain a priori estimates for the possible zeros of
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L + AF with A €]0, 1], or equivalently for the possible solutions of the
periodic boundary value problem

(1.20) Dxpm +Afm(zm) =0 (1<m<n-1), =z =umx,
with X €0, 1].

Lemma 1.10. If the function f,, (1 < m < n — 1), is bounded from
below or from above, and if for some R > 0

n—1
(1.21) S fnlwm) #0
m=1

whenever mini<j<p—1T; > R or maxi<j<pn—17; < —R, then there
exists p > R such that, for each X\ €]0,1] and each possible solution = of
(1.20), one has ||z|| < p.

Proof. Let A €]0,1] and x be a possible solution of (1.20). It follows
that
n—1
(1.22) > fm(zm) =0.
m=1
On the other hand, if we assume that each f,, (1 < m < n —1) is
bounded from below, say by ¢, we have, for all 1 <m <n —1,
[fm(@)] = [e] < |fm(z) =] = fm(z) —c (1 <m<n—1),
so that
(1.23) |[fm(2)] < fm(x) +2¢7 (x €R).
Hence, using (1.20), (1.22) and (1.23), we obtain

n—1 n—1 n—1
(124) D [Dxm| = A N fm@m) <D | finlwm)]
m=1 m=1 m=1

n—1
(1.25) < Y fmmm) +2(n—1)e” =2(n—1)c .
m=1
We deduce
n—1
< i D
S om S, n o+ D 1D
m=
< min = Ty, +2(n—1)c .

1<m<n-—1
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If 1 <j <mn-—1Iissuch that ; = mini<y<n—1 2y then, using (1.22)
and assumption (1.21), we obtain z; < R. Analogously
—R < maxi<m<n—1 Tm. Consequently we have

—[R+2(n—1)c7]< min z, < max z,<R+2n-—1)c.

1<m<n-—1 1<m<n-—1

It follows that we can take any p > R+2(n—1)c™. If the f,, are bounded
from above, it suffices to consider the equivalent problem —Lx—F'(x) = 0

with —F bounded from below, as — L has the same kernel and range than
L. |

By using now arguments completely similar to those in the preceding
section, we can apply Mawhin’s continuation theorem in finite dimension
to obtain the following existence result. We define ¢ : R — R by

1 n—1
o= (L o)
n—1
m=1
Theorem 1.11. Suppose that the functions fp, (1 <m < n—1) satisfy

the conditions of Lemma 1.10 and that

p(=p)p(p) <0.
Then, problem (1.18) has at least one solution.

Exemple 1.12. Given positive a,, and by, (1 < m < n—1), the periodic
problem

(1.26) Dxy + amexpm —bn =0 (1<m<n-—1), z1 =y,

related to the study of positive periodic solutions of Verhulst equation
with variable coefficients has at least one solution.

1.3. Second order difference equations with Dirichlet
boundary conditions and one-side bounded nonlinearity

Let n € N fixed and (zo, - -+ , ) € R""L. Define (Dxg, -+ , Dxy_1) €
R™ and (D%, -+, D?z,_1) € R"! by

Dz, = ZTjg1 —Tm, (0<m<n-—1)

D%ty = Tyg1 — 2T + Tyt (I1<m<n-1)).
Consider the Dirichlet eigenvalue problem
(1.27) D% 4+ Aty =0 (1 <m<n-1), zg=0=uz,.

The following results are classical, but we reproduce them for comple-
tion. If we look for a nontrivial solution of the form (for some 6 € R)

(1.28) Ty = Asinmf (0 <m <n),
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then one must have
sin(m —1)0 + (A —2)sinmf +sin(m+1) =0 (1<m<n-—1)
or, equivalently,
(sinmB)[2cos+A—2]=0 (1<m<n-1).
This system of equations is satisfied if we choose
(1.29) A=2—2cosf

and the Dirichlet boundary conditions x¢g = 0 = x,, hold if and only if
sinnd = 0, i.e. if and only if
k
0=0,=-—~ (k=1,2,---,n—1).
n

Consequently, the eigenvalues of (1.27) (in increasing order) are

km km
1.30) \p=2(1— ) =452 (k=1.2.--- n—1
(1.30) g ( COSn> sin” o ( , 2,0 ,n—1)
and a corresponding eigenvector pF = (gp’f, e ,cpfl_l) is given by
i < . km . 2km . (n— 1)k7r>
©" = |sin—,sin —,--- ,sin ———
n n n
(1.31) (k=1,2,- ,n—1).
In particular, the eigenvector (! associated to the first eigenvalue
(1.32) AL =2 (1 — cos f) — 4sin2 -,
n 2n
given by
2 —1
(1.33) Y1 = <sin7r,sin7r,--- ,sinw>
n n n

has all its components positive. Furthermore, as the ¢* constitute a
system of eigenvectors of a symmetric matrix, they satisfy the orthog-
onality conditions (@7, o*) = 0 for j # k, where (-,-) denotes the inner
product in R®~!. The norm generated by (-, -) will be denoted by || - ||2.

We need some identities and inequalities for finite sequence satisfying
the Dirichlet boundary conditions. The first one is a type of summation
by parts.
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Lemma 1.13. If (xg,- - ,7,) € R"™ and (yo,- - ,yn) € R**! are such
that xg = 0 =z, and yg = 0 = y,, the identity
n—1 n—1
(1.34) Z T Dy = Z Yym D>,
m=1 m=1
holds.
Proof. We have
n—1 n—1
Z xm(ym—i-l — 2ym + ym—l) - Z ym(xm+1 — 2z + xm—l)
m=1 m=1
n—2 n—1 n—2 n—1
= Z TmYm+1 + Z ImYm—-1 — Z YmTm4+1 — Z YmTm—1 =0
m=1 m=2 m=1 m=2
|
Define
!
(1.35) & = (x1, - ,Tn_1), T=(x,0) 5y =TT,
15
so that
n—1 mi 1
(Z)m = Ty, SID —— QDTQ (I1<m<n-1), <:?,g01>:0.
— n |3

Notice that
Dt + Mam = D*@)m + M (@)m + DXH@)m + M (@)m
(1.36) = D)D) + M(@)m.

Lemma 1.14. Ifz = (21, -+ ,xn—1), then there exists a constant ¢, > 0
which depends only on n such that

n—1
max |(Z)m| < cn Z |D2(%)m + )\1(55)m|<p,1n.
m=1

1<m<n-—1

Proof. The applications

(@1, Tp1) | Joax |Zml,
n—1

(1, 1) — Z |D*20, + MTm|op,
m=1

define two norms on the subspace V = {z € R*"!: (z,p!) = 0}. They
are equivalent, and inequality above holds. [
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Let n € N and f,,, continuous functions (2 < m < n — 1). Consider
the problem

(1.37) D?Zpy + M + fn(zm) =0 1<m<n—1), zp=0=z,.
Let us introduce the vector space
(1.38) Vil = {z e R"™ 12 =0 =x,}

endowed with the orientation of R"*!. Its elements can be associated
to the coordinates (x1,---,x,—1) and correspond to the elements of
R™*+1 of the form (0,21, -+ ,2,_1,0), so that the restriction D? to V"1
is well defined in terms of (x,---,zp—1). We use the norm |z| :=
maxi<j<np—1|7;| in V! and maxj<j<,—1|7;| in R*7!. We call L :
V=l 5 R the restriction of D? + A1 to V"1, We have

ker L = {cp' : c € R},
and, by the properties of symmetric matrices,
Im L= {ycR"': (y,o') =0}.
Consider the projectors P : V1 — V"~ land Q : R"~! — R"~! defined
by

1 1

szle = LY
(z) <’¢MWW? Q@)<%¢MWW?

so that ker Q@ = Im L,Im P = ker L. We also define F : V=1 — R»~!
by

F(z) = (fi(z1), -, fu—1(@n-1)).

so that (0,21, -+ ,zp—1,0) is a solution of (1.37) if and only if (z1, -- -,
Tp—1) € V"1 is a zero of L + F. In order to obtain the existence of
zeros of L + F we shall apply Mawhin’s continuation theorem in finite
dimension. We first obtain a priori estimates for the possible zeros of
L + A\F with A €]0, 1], or equivalently for the possible solutions of the
Dirichlet problem

(1.39) D%z + M2 + AMm(@m)=0 1<m<n-1), z9=0=uz,,
with A €]0, 1.

Lemma 1.15. If each function f,, (1 < m <n —1) is bounded from
below or from above, and if, for some R > 0, one has

n—1
(1.40) D fm(@m)en, #0

m=1
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whenever mini<j<p—17; > R or maxi<j<p—17; < —R then there
exists p > R such that, for each X\ €]0,1] and each possible solution x of
(1.39), one has ||z|| < p.

Proof. Assume first that each f,, is bounded from below and let ¢
such that f,,,(z) > ¢ for all z € R and all 1 < m < n — 1. We have, for
all<m<n-—1,

(1.41) [fm(@)| < fin(z) +2[c], (2 €R).

Let A €]0, 1] and z be a solution of (1.39). Multiplying (1.39) by ¢L, and
adding, we obtain

n—1 n—1
[0 DT + Mphm] + A D o fn(@m) = 0.
m=1 m=1

But, using Lemma 1.13,

n—1 n—1
> e D?wm + Mppam] = > [2m (D*eh, + Aigy,)] =0,
m=1 m=1
so that
n—1
(1.42) > fnlam)ey, =0.
m=1

On the other hand, using (1.36) we have
(1.43) (D*Z)m +M(@)m + Mfm(zm) =0 (1<m<n-—1).
Using (1.41), (1.42) and (1.43) we deduce that

n—1 n—1 n—1
S D@+ M@l om =AY L mlzm)len, <2l Y o,
m=1

m=1 m=1
which implies that there exists a constant R; > 0 such that

n—1

(1.44) S D2 @m + M@l < R

m=1

Using (1.44) and Lemma 1.14, it follows that there exists Ry > 0 such
that



42 II. NONLINEAR DIFFERENCE EQUATIONS

Then, by (1.40) and (1.42), thereexists 1 <k <n—land1<li<n-1
such that z; < R and x; > —R. Consequently, (T)r = 2 —(Z)r < R+ Ro
and (T); = x; — (¥)r > —R — Ra. Therefore, for each 1 <m <n —1,

Tk 1 @5
— <(R+R .= R
@]1€ Pm ( + 2) 1§I7}112’;{_1 90]16 35

— _ @, O .
(T)m = W‘Pm > —(R+ Ry) o ?i :

(f)m =
= —Rs.

Consequently ||z|| < p for some p > 0.
In the case where the f,, are bounded from above, if suffices to write
the problem

Lz + F(z) =0,

with L = —L and F = —F to reduce it to a problem with F bounded
from below, noticing that L and L have the same kernel and the same
range. ]

By using now arguments completely similar to those in the preceding
sections, we can apply Mawhin’s continuation theorem in finite dimen-
sion to obtain the following existence result. Let ¢ : R — R be the
continuous function defined by

n—2
(1.45) o(u) =) fmlup),) o,
m=1

Theorem 1.16. If the functions f,, (1 < m <n —1) satisfy the condi-
tions of Lemma 1.15 and if

(1.46) e(=p)p(p) <0,

then, problem (1.37) has at least one solution.
Exemple 1.17. The problem

D%z, 4+ M@ + €Xp Ty — tm = 0 (I1<m<n-1), x9=0=ux,,

n—1

has at least one solution if and only if > " tmepl, > 0.

The necessity follows from summing both members of the equation from
1 to n— 1 after multiplication by ¢! , and the sufficiency from Theorem
1.16, if we observe that there exists R > 0 such that the function ¢
defined by (u) = S ! [exp(ue),) — tm] @b, is such that ¢(u) > 0 for

m=1

u > R and p(u) <0 for u < —R.
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Exemple 1.18. If g : R — R is a continuous function bounded from
below or from above and (t1,--- ,t,_1) € R"~! such that

n—1
(1.47) —oo < limsupg(x) < Zmnlilm(fm < liminf g(x) < 400,
T——00 Zm:l P T——+00

then the problem
D%z + M 4+ 9(xm) —tm=0 (1<m<n-1), 20=0=ux,,

has at least one solution.
Condition (1.47) is a Landesman-Lazer-type condition for difference
equations with Dirichlet boundary conditions. It is easily shown to be
necessary if

limsup g(z) < g(x) < liminf g(z)

T——00 T—+00

for all z € R.

2. UPPER AND LOWER SOLUTIONS FOR DIFFERENCE EQUATIONS
2.1. First order difference vs first order differential equations

Consider the periodic boundary value problem
(2.1) o+ f(t,z) =0, =z(0)=az(T),
where f :[0,7] x R — R is a continuous function.
Definition 2.1. a (resp. () € C([0,T]) is a lower solution (resp.
upper solution) of problem (2.1) if

) + flt,at)) >0 (t€]0,T]), «0)>a(T)
(resp. A1) + FLAE)<0 (te[0,T]), B(0) < BT)).

The basic existence theorem of the method of upper and lower solu-

tions for (2.1) goes as follows.

Theorem 2.2. If problem (2.1) has a lower solution o and an upper
solution [ such that a(t)) < B(t) for allt € [0,T] (resp. B(t) < a(t) for
all t € [0,T)), then problem (2.1) has at least one solution x such that
a(t) < z(t) < B(t) for all t € [0,T] (resp. B(t) < x(t) < aft) for all
t€[0,77).

Proof. Let us first consider the case where a(t) < G(t) (t € [0,T7)).
Define v: [0,7] x R — R by

B(t), ﬁ( )
y(t,x) = =, x <
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and consider the modified problem
(2.2) 2+ f(ty(t2) -z +(t2) =0, 2(0)=a(T),

which coincides with (2.1) when a(t) < z(t) < p(¢) for all t € [0,T].
First it is clear, writing (2.2) in the equivalent form

T
z(t) = /0 G(t,s)[f(s,7(s,2(s))) +7(s,2(s))] ds

with G(t,s) the Green function of the linear periodic problem
_$I+x:h(t)7 ZE(O) :$(T),

that the existence of at least one solution to problem (2.2) follows from
Schauder’s fixed point theorem. It suffices now to show that each so-
lution = of (2.2) is such that a(t) < z(t) < B(t) for all t € [0,T], and
hence is a solution of (2.1). If a(t) > x(t) for some t € [0,T], then o —z
reaches at some 7 € [0, 7] a positive maximum, so that a(7) > z(7) and
v(1,2(7)) = (7). The condition a(0) > a(T") implies that the maxi-
mum cannot be achieved at T" without being achieved at 0, so that we
can assume that 7 € [0,T[. Then o/(7) — 2/(7) <0, and

(1) + f(r,a(r)) <2/'(7) + f(r,y(r,2(7))) = 2(7) — a(r) <0,

a contradiction with the definition of a lower solution. One shows in a
similar way that x(t) < 3(t) for all ¢t € [0,T].

In the case where 3(t) < «(t) for all ¢ € [0,7], one defines ¢ :
0,7] x R — R by

a(t), x> alt)
S(t,x) =< =, B(t) <z < alt)
B(t), = < B(),

and considers the modified problem
(2.3) 2+ f(t,0(t,2)) +x—d(t,z) =0, z(0)=z(T),

which has at least one solution using Schauder’s fixed point theorem.
An argument like above shows that each solution z of (2.3) is such that
B(t) < z(t) < at) for all ¢t € [0,T]. |

If n > 2 and f, : R — R are continuous (1 < m < n — 1), one
considers the periodic boundary value problem
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Definition 2.3. a = (a1, -+ ,ap) (resp. B = (81, ,0n)) is called a
lower solution (resp. upper solution) for (2.4) if the inequalities
Day, +  f(am) >0, (1<m<n-1), a1 >a,
(resp. DBm +  [fm(Bm) <0, (1<m<n-1), B <pB)
hold.
Theorem 2.4. If (2.4) has a lower solution o = (v, -+ , ) and an
upper solution = ([, ,0n) such that oy, < By (1 <m < n—1),

then (2.4) has a solution x = (x1,--- ,zp) such that oy < Tpy < B
(1<m<n-1).

Proof. Let vy, : R = R (1 <m < n—1) be the continuous functions
defined by

Bm, x> Bm
Vm(x>: Z, O‘mgﬁgﬁm
Ay, T < Oyp,

and consider the modified problem
Dl'm+fmo'7m($m)_l'm+7m($m) =0 (1§m§n_1)7
(2.5) T = p.

The existence of at least one solution to (2.5) is an easy consequence of
Brouwer fixed point theorem in the space

(2.6) Ul ={zeR": 21 =, },
whose elements can be characterized by the coordinates z1,--- ,T,_1.
Indeed, the restriction L of D — I to U"™!, given by
D$1 :.1‘2—2.1‘1,"' s
Dxy o=z 1 — 224 2,
(2.7) Dz, 1 =11 — 2T5_1.
is one-to-one, hence invertible, and (2.5) is equivalent to the fixed point
problem
ITm = _Lil[fm o ’Ym(xm) + Vm(xm)] (1 Sm<n-— 1);

in U"~L. It remains to show that if z = (1, -+, x,) is a solution of (2.5),
then oy, < 2y < B (1 <m < n), so that (z1,---,z,) is a solution of
(2.4). Suppose by contradiction that o; — x; > 0 for some 1 < i < n, so
that oy, — Ty = maxi<j<p(oj — ;) > 0. If 1 <m <n —1, then

Qi1 — Tt < Qg — Ty,
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which gives

Doy, + fm(am) < Dzp, + fm o ’Ym(xm) =Ty — oy <0,
a contradiction with the definition of lower solution. Now the condition
a1 > Qg, shows that the maximum is reached at m = n only if it is also

reached at m = 1, a case already excluded. One shows in the same way
that z < 3. [

A simple but useful consequence of Theorem 2.4, goes as follows.
Corollary 2.5. Assume that there exists numbers a < 8 such that

fm(a) > fm(B) (1<m<n-1).
Then problem (2.4) has at least one solution with a < z,, < B (1 <m <
n—1).

Proof. Just observe that (a, - - - , «) is a lower solution and (3, - - - , 3)
an upper solution for (2.4).

Exemple 2.6. For eachp > 0,a,; >0 and by, € R (1 <m <n—1) the
problem

Dz, — am]:vm\p_lzvm =b, (1<m<n-1), z1=umx,
has at least one solution, because if
by 1/p
R> max —— ,
1<m<n—1 am,
then (=R, -+ ,—R) is a lower solution and (R, --- , R) an upper solution

Remark 2.7. When £, < a;, (1 <m < n—1), one can try to adapt
the argument of Theorem 2.2 for the case where ((t) < a(t) by defining

Ay, T >

om(z)=q ©  Pn<zr<om
Bms T < Pm,
and considering the modified problem
Dz + frn © 0 (Tm) + T — Om(zm) = 0 (1<m<n-1),
(2.8) 1 = Tnp.

The Brouwer fixed point theorem still gives the existence of at least one
solution for (2.8). If one tries to show that, say, G, < x;, (1 < m <
n— 1), and assume by contradiction that 3; —z; > 0 for some 1 < ¢ < n,
so that By, — 2, = maxi<j<n(Bj — ;) > 0, one has for 1 <m <n—1

/Bm—i-l — Tyl < Bm — Tm,
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which gives
Dgy, + fm(ﬂm) < Dz, + fm © 'Ym(xm) = —Zm + Bm >0,
implying no contradiction with D, + fin(6m) < 0.

That the argument works in the ordinary differential case and not in
the difference case comes from the fact that a local extremum is charac-
terized by an equality (vanishing of the first derivative) in the first case
and by two inequalities (with only one usable in the argument) in the
second case. This raises the question of the validity of the method of
upper and lower solutions in reverse order for difference equations. The
question is solved by the negative in what follows.

An eigenvalue of the first order difference operator with periodic
boundary conditions is a A € C such that the problem

(2.9) Dzxy, = Az, 1<m<n-1), z=ux,

has a nontrivial solution. Explicitely, system (2.9) can be written

r—x, = 0
xo—(1+XNz1 = 0

(2.10)
Tn— 14+ Nzp—r = 0

Looking for solutions of the form z,, = ¢ (1 < m < n — 1) for some

0 € R, one easily finds that § must verify the equations
A= —14¢f, =10 _ 1

which gives the n — 1 distinct eigenvalues

(2.11) Me=-1l+tent (0<k<n-—2),

2kmmi
with the corresponding eigenvectors :Ufn =en1t (1<m<n0<k<

n—2). In particular, Ao = 0 is always a real eigenvalue, and all the other

eigenvalues have negative real part. If n = 2, 0 is the unique eigenvalue;

if n > 2 is even, 0 is the unique real eigenvalue; if n is odd, An—1 = —2
2

is the unique nonzero real eigenvalue.
For n > 2 odd and A = —2, system (2.10) becomes
xr—x, = 0
ro+xr; = 0
(2.12)

Ty +Tn1 = 0
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and has the eigenvector with components 202 = (1)t (1<m<
n). The adjoint system

r1+r2 = 0
(2.13) Tp1+xp, = 0
—zr1+x, = 0

has the nontrivial solution with components z,, = (—=1)""! (1 < m <
n). As by, = 0pm (1 < m < n) (Kronecker symbol) is not orthogonal to
the kernel of the adjoint system (2.13), the problem

rn—xz, = 0
x9o+x1 = 0
Tpn1+xp2 = 0
Tp+2Tpo1 = 1

has no solution, or, equivalently the problem
Dz + 22, =0 (1<m<n-—2),
Dxp 1+ 22,1 =1,

(2.14) T] =T

has no Solutzon However, « = (1,1,---,1) is a lower solution and
B = (0, -,0) is an upper solution of (2.14) such that B, < am,
(1=men)

If now n > 2 is even, the problem
Dzy+2x, = 0 (1<m<n-3), Dzr, o+2x,9=1,
(2.15) Dxp1 = 0, x1=2a,
is of course equivalent to the problem
Dzp, 422, =0 (1<m<n-3), Drypo+2r,2=1 x5 =z,1,

As n—11is odd, it follows from the counterexample (2.14) that problem
(2.15) has no solution. However o = (1,1,---,1) is a lower solution
and 3 = (0,0,---,0) is an upper solution of (2.15) such that By, <
(1 <m<n).

For n = 2, problem (2.4) is equivalent to the unique scalar equation

fi(xz1) =0
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and, in this case, the validity of the method of upper and lower solutions,
independently of their order, follows from its equivalence with Bolzano’s
theorem applied to the real function f;.

Remark 2.8. Notice that, in contrast to the periodic problem for first
order difference equations, whose eigenvalues are in the left half-plane,
all the eigenvalues N\, = % (k € Z) of the differential operator %
with periodic boundary conditions on [0,7] are on the imaginary axis.
Hence the situation for the method of lower and upper solutions for pe-
riodic solutions of first order difference equations is more akin to the one
of periodic solutions of second order ordinary differential or difference
equations, whose eigenvalues are also located in a half-plane, and where
the lower solution has to be smaller than the upper solution to make the

method of upper and lower solutions fully conclusive.

2.2. Upper and lower solutions for second order difference
equations with periodic boundary conditions

Let fi, : R = R, (2 < m < n—1) be continuous functions. We study

the existence of solutions for the periodic boundary value problem
D%z, + fm(zm) = 0 2<m<n-1),

(2.16) 1 = xn, Dx1=Dx, 1.
If a, 8 € RP, we write a« < 3 (resp. a < ) ifa; < f; forall 1 <i<p
(resp. a; < f3; for all 1 <14 < p).
Definition 2.9. o = (aq, -+ ,an) (resp. 8= (81, -+ ,0n)) is called a
lower solution (resp. upper solution) for (2.16) if

a1 = an, Dag > Day—1 (resp. b1 = Bn, DB < DfBp-1)

and the inequalities

D0y + fro(oun) 20 (resp. DBy + frn(Bm) < 0)
(2.17) 2<m<n-1)

hold. Such a lower or upper solution will be called strict if the inequalities
(2.17) are strict.

Theorem 2.10. If (2.16) has a lower solution o = (o, ,ap) and
an upper solution 8 = (f1,- -, Bn) such that a < (3, then (2.16) has a
solution x = (x1,--- ,xy,) such that o < x < (. Moreover, if a and 3
are strict, then a < x < [3.

Proof. 1. A modified problem.
Let v : R — R, (2 < m < n —1) be the continuous functions defined
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Bm, x> Bm
’Ym(x>: Zz, amgxéﬁm
Om, L < A,

and define F),, = fi, 0 ym, (2 <m <n—1). We consider the modified
problem

D%z, + Fo(xm) — [m — Ym(zm)] =0 (2<m <n-1),
(2.18) x1 =m,, Dxy= Dx,_1,
and show that if x = (21, ,zy) is a solution of (2.18) then a < x <
{ and hence z is a solution of (2.16). Suppose by contradiction that
there is some 1 < ¢ < n such that o; — z; > 0 so that a,, — ., =
maxi<j<n(a; —x;) > 0. Using the fact that oy — 21 = a,, — 2, and
D(ay — 1) > D(ap—1 — p—1) we obtain that 2 < m < n — 1, because,
ifoj —z; <ar—a21 =0, —a, forall 2<j <n—1, then

0>as—x0— (1 —x1) >y — Ty — (A1 — Tp—1) > 0,
a contradiction. Hence
D*(am — Tm) = (g1 — Tomg1) — 2(@m — Tm) + (-1 — Tm_1) < 0,
and
D*a,, < D%z = —Fin(zm) + (@m — Ym(Tm))
= —fm(am) + (Tm — am) < —fm(am) < D204m7

a contradiction. Analogously we can show that x < 3. We remark that
if a, B are strict, then a < z < .

II. Abstract formulation of problem (2.18).
Consider the vector space

(2.19) V2l ={zeR": 2, =x,, Dry =Dz, 1}

endowed with the orientation of R™. Its elements can be associated to
the coordinates (xg,---,x,—1) and correspond to the elements of R™
of the form (Lgn”,xg, e Xpq, %), so that the restriction D?
to V"2 is well defined in terms of (x2,---,z,_1). We use the norm
||| := maxo<j<n—1 |z;] in V"2 and max<j<p—2 |z;] in R" 2. We define
the continuous mapping G : V"2 — R"~2 by

(2.20) 2<m<n-1).
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It is clear that the solutions of (2.18) are the zeros of G in V"2, In order
to use Brouwer degree to study those zeros, we introduce the homotopy
G :10,1] x V"2 — R"2 defined by

G\ ) = (1= N)(D*2p — Tm) + AG ()
(2.21) = D%z — T + MEpm(zm) + Ym(zm)],
for all 2 < m < n — 1. Notice that G(1,-) = G and that G(0,-) is linear.

1II. A priori estimates for the possible zeros of G.
Let R be any number such that

(2.22) R > pmax | max |Ein(2) + ()]

and let (A, 2o, - ,2,_1) € [0,1] x V"2 be a possible zero of G. If
Ty, = MaXa<j<n—1Tj, then, D2%x,, < 0. This is clear if 3 < m < n — 2
and if, say, m = 2, then

D?x9 = 23 — 219 + 27 1 +2xn_1 =123 — 29+ 27 Il +2mn_1
and similarly if m = n — 1. Hence,

0> D%ty = T — N Fm(m) + Ym(Tm)],

which implies

_$2§07

T < max |Fp(z) + v (2)| < R.
T€ER

Analogously it can be shown that —R < mina<;<,—12;, and hence

(2.23) o] =, max_|aj| < R

for each possible zero (A, x) of G.

1V. The existence of a zero for G.

Using the results of Parts II, III and the invariance under homotopy of
the Brouwer degree, we see that the Brouwer degree d[G(], -), Br(0),0] is
well defined and independent of A € [0, 1]. But G(0, ) is a linear mapping
whose set of solutions is bounded, hence equal to {0}. Consequently,
|d[G(0,-), Br(0),0]] = 1, so that |d[G, Br(0),0]] = 1 and the existence
property of Brouwer degree implies the existence of at least one zero of

G.

V. End of the proof.

We have proved that there is some # € V"2 such that G(x) = 0, so =
is a solution of (2.18), which means that & < x < 8 and x is a solution
of (2.16). Moreover if «, 8 are strict, then a < z < 3. |
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Remark 2.11. Suppose that « (resp. (3) is a strict lower (resp. upper)
solutions of (2.16). As we have already seen, (2.16) admits at least one
solution x such that o < z < . Define the open set

Qap = {22, Zn1) EV" 21 O < < B (2<m<m—1)}.

If p is large enough, then, using the additivity-excision property of
Brouwer degree, we have

|dIG, Qap, 0]| = |d[G, B,(0),0]] = 1.
On the other hand, if we define the continuous mapping G:Vr?
R"~2 by
(224)  Gu(zm) = D*zp + fn(zm) 2<m<n-—1),
G is equal to G on 1,3, and then
(2.25) |d[G, Qap,0]] = 1.

2.3. Upper and lower solutions for second order difference
equations with Dirichlet boundary conditions

Let f, : R = R, (1 < m < n—1) be continuous functions. We study
the existence of solutions for the Dirichlet boundary value problem

(2.26) D%z + fr(zm) =0 (1<m<n—1), z0=0=ux,
Definition 2.12. a = (ag, -+ ,ay) (resp. = (8o, - ,0n)) is called a
lower solution (resp. upper solution) for (2.26) if

(2.27) apg <0, a, <0 (resp. Bop >0, B >0)

and the inequalities

D% + frn(em) 20 (resp. D*Bin + fin(Bin) < 0)
(2.28) I1<m<n-1)

hold. Such a lower or upper solution will be called strict if the inequalities
(2.28) are strict.

Theorem 2.13. If (2.26) has a lower solution o = (ag,- - ,ap) and
an upper solution 3 = (Bo,- -, Bn) such that a < 3, then (2.26) has a
solution x = (xg, -+ ,xy) such that o < x < (. Moreover, if a and 3
are strict, then ap < Ty < B (1 <m <n-—1).

Proof. 1. A modified problem.
Let v : R — R, (1 < m < n —1) be the continuous functions defined
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Bms > Pm
Ym(x) =4 «, am <z <[y
ama T < am7

and define F,,, = fim 0 vm (1 < m < n —1). We consider the modified
problem
D% + Fru(zm) = [Tm — Ym(zm)] =0 (1 <m <n—1),
(2.29) z0=0=ux,,
and show that if © = (xq, -+ ,x,) is a solution of (2.29) then a < x < 3
and hence z is a solution of (2.26). Suppose by contradiction that there
is some 0 < i < n such that o;—x; > 0 so that o, — 2y, = maxo<j<n(a;—
xj) > 0. Using the inequalities (2.27), we obtain that 1 <m < n — 1.
Hence
D2(am - xm) = (am—f—l - wm—i—l) - 2<am - wm) + (am—l - wm—l) <0,
and
DQOlm < Dzl'm = _Fm(xm) + (.Tm - 'Ym(l'm))
= *fm(am) + (xm - am) < *fm(am) < D2am7

a contradiction. Analogously we can show that x < 3. We remark that
if v, B are strict, then ay, < Ty < B (1 <m <n—1).

II. Abstract formulation of problem (2.29).
Let us introduce the vector space

(2.30) Vil = {z e R 12 =0=2,}

endowed with the orientation of R™t1. Its elements can be associated
to the coordinates (x1,--+,x,—1) and correspond to the elements of
R™+1 of the form (0,21, -+ ,2,_1,0), so that the restriction D? to V"1
is well defined in terms of (z1,---,zp—1). We use the norm ||z| :=
maxi<j<n—1 |z;| in V=1 and maxi<j<np—1 |Z;| in R™ . We define the
continuous mapping G : V*~! — R*~! by

(2.31) Gm() = D*Tpy + F(@m) — [Tm — Y (Tm)],

for all 1 < m < mn—1. It is clear that the solutions of (2.29) are the
zeros of G in V™!, In order to use Brouwer degree to study those zeros,
we introduce the homotopy G : [0,1] x V*~! — R"~! defined by

GmNz) = (1=N)(D%zp — 2m) + AGp(2)
(2.32) = D2$m — Tm + )\[Fm(xm) + ’Ym(xm)]’
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for all 1 < m <n — 1. Notice that G(1,-) = G and that G(0, ) is linear.

1II. A priori estimates for the possible zeros of G.
Let R be any number such that

2.33 R F
(2.33) >1§£2§_1I£§u§‘ m () + Ym ()]

and let (\,21,---,2,_1) € [0,1] x V"~ be a possible zero of G. If
0 <, = maxi<j<n—1T;, then D?z,, < 0. Thisis clearif 2 < m < n—2
and if, say, m = 1, then

D2:B1 =29 —2x1 =120 — 21 —21 <0,
and similarly if m = n — 1. Hence,
0> D%z = T — A Fn(@m) + Y (2m)],
which implies

T < max |Fp(z) + ym(z)| < R.
Tz€ER

Analogously it can be shown that —R < minj<;<,—1 z;, and hence

(2.34) ||| = ma ) |z;| < R

1<j<n—

for each possible zero (A, x) of G.

1V. The existence of a zero for G.

Using the results of Parts II, III and the invariance under homotopy of
the Brouwer degree, we see that the Brouwer degree d[G(], -), Br(0),0] is
well defined and independent of A € [0, 1]. But G(0, ) is a linear mapping
whose set of solutions is bounded, and hence equal to {0}. Consequently,

|d[G(0,-), Br(0),0]] = 1,

so that |d[G, Br(0),0]| = 1 and the existence property of Brouwer degree
implies the existence of at least one zero of G.

V. End of the proof.

We have proved that there is some z € V"~ ! such that G(x) = 0, so x is

a solution of (2.29), which means that o < x < § and z is a solution of

(2.26). Moreover if «, 3 are strict, then oy, < Tp < B (1 <m <n-—1).
|



3. AMBROSETTI-PRODI TYPE MULTIPLICITY RESULTS 55

Remark 2.14. Suppose that « (resp. (3) is a strict lower (resp. upper)
solutions of (2.26). As we have already seen, (2.26) admits at least one
solution x such that o, < z, < Bp (1 < m < n—1). Define the open
set

Qg ={(@1, 20 1) €V iam <am < B 1<m<n—1)}

If p is large enough, then, using the additivity-excision property of
Brouwer degree, we have

|d[Ga Qa,ﬁaOH = |d[GaBP(O)>O” =1

On the other hand, if we define the continuous mapping G:vrl -
Rn—l by

(2.35) Gm() = D*2py + frn(zm) (1<m<n—1),
G is equal to G on €, 3, and then

(2:36) |G, Qa,,0] = 1.

3. AMBROSETTI-PRODI TYPE MULTIPLICITY RESULTS

3.1. Ambrosetti-Prodi type results for second order
difference equations with periodic boundary conditions

In this section we are interested in problems of the type

D%ty + fn(xm) =s (2<m<n-—1)

(3.1) 1 =Ty, Dzy = Dzxp_1,
where fa, -+, fn—1 are continuous, s € R, n € N is fixed and
(3.2) fm(x) > 0 as |z w00 (2<m<n-1).

We reformulate (3.1) in order to apply Brouwer degree theory. Consider
the space V"2 defined in (2.19) and the continuous mapping G : R x
V=2 — R"=2 defined by

G (8, 2m) = Dz + frn(zm) —s (2<m<n—1).

Then (z1,---,2,) is a solution of (3.1) if and only if (x9, -+ ,x,-1) €
V=2 is a zero of G(s, ).

Lemma 3.1. If b € R, then there exists p > 0 such that any possible
solution x of (3.1) with s < b belongs to the open ball B,(0) C V"2,
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Proof. Let s < b and (x1,--- ,2y) be a solution of (3.1). We have
that

n—1
(3.3) D fmlem) = (n—2)s.
m=2

From (3.2) we deduce that f,, (2 <m <n — 1) is bounded from below.
This implies that there exists ¢ > 0 such that if 2 < m <n — 1, then
(3.4) |[fm(2)] < fm(xz) + ¢ forall zeR.

Using (3.3) and (3.4) it follows that

n—1 n—1
| fn(zm)| < Z | fm(zm)| < Z fm(@m) +c(n —2)
m=2 m=2
= (st =-2)<(b+)n—-2) 2<m<n—1).

Hence, using now (3.2), the conclusion follows. |

Theorem 3.2. If the functions fp, satisfy (3.2) (2 <m <n—1), then
there is s1 € R such that (3.1) has zero, at least one or at least two
solutions according to s < s1,8 = 81 or § > S1.

Proof. Let
S; ={s €R:(3.1) has at least j solutions } (j > 1).
(a) S1 # 2.

Take s* > maxo<m<n—1 fm(0) and use (3.2) to find R* < 0 such that

2<men—1 fm(BZ) > 5"
Then o with a; = R* <0 (1 < j < n) is a strict lower solution and
with 3; =0 (1 < j <n) is a strict upper solution for (3.1) with s = s*.
Hence, using Theorem 2.10, s* € 5.
(b) If s € Sy and s > S then s € Sh.
Let £ = (x1,--- ,Ty) be a solution of (3.1) with s = 5, and let s > s.
Then 7 is a strict upper solution for (3.1). Take now R_ < minj<y,<p Tm
such that mino<m<n—1 fm(R-) > s. It follows that a with a; = R_
(1 < j < n)is a strict lower solution for (3.1), and hence, using Theo-
rem 2.10, s € S;.
(c) s1 =inf Sy is finite and Sy D ]s1, 00].
Let s € R and suppose that (3.1) has a solution (x1,- - ,z,). Then (3.3)
holds, from where we deduce that s > ¢, with ¢ € R such that f,,(z) > ¢
for all z € R, and 2 < m < n — 1. To obtain the second part of claim
(c) S1 D]s1,00[ we apply (b).
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(d) 52 D) ]81, OO[

Let s3 < s1 < s9. Using Lemma 3.1 we find p > 0 such that each possible
zero of G(s,-) with s € [s3, s2] is such that maxo<y<p—1|zm| < p. Con-
sequently, the Brouwer degree d[G(s, ), B,(0), 0] is well defined and does
not depend upon s € [s3, s2]. However, using (c), we see that G(s3,z) # 0
for all x € V™ 2. This implies that d[G(ss,), B,(0),0] = 0, so that
d[G(s2,), B,(0),0] = 0 and, by excision property, d[G(s2,), By (0),0] =
0if p' > p. Let s € ]s1,82[ and T = (Z1,- -+ ,Tp) be a solution of (3.1)
(using (c)). Then 7 is a strict upper solution of (3.1) with s = ss.
Let R < minj<j<, Z; be such that mino<y<p—1 fm(R) > s2. Then
(R,---,R) € R" is a strict lower solution of (3.1) with s = s2. Con-
sequently, using Remark 2.11, (3.1) with s = sy has a solution in Qzz
and

‘d[g(‘g% ')7 QRﬁ% OH =1.

Taking p’ sufficiently large, we deduce from the additivity property of
Brouwer degree that

|d[g(827 ')? Bp'(O)\ﬁRfc\v 0” = ’d[g(s% ')7 Bp/(0)7 O] - d[g(s2a ')7 QR&E? O”
= |d[g(827'))QR’IE\7 0” = 17
and (3.1) with s = s, has a second solution in B, (0) \ Qgz.

(e) s1 € S1.
Taking a decreasing sequence (o )ken in ]s1, 00| converging to sj, a cor-

responding sequence (z¥, ... x%) of solutions of (3.1) with s = o} and
using Lemma 3.1, we obtain a subsequence (z7*,--- x7") which con-
verges to a solution (z1,--- ,xy) of (3.1) with s = s;. |

Similar arguments allow to prove the following result.
Theorem 3.3. If the functions fp, satisfy condition

(3.5) fm(x) = —0c0 as |z] - 00, 2<m<n-1).

then there is s1 € R such that (3.1) has zero, at least one or at least two
solutions according to s > s1,s = s1 or s < S1.

Exemple 3.4. There exists s; € R such that the problem

D%z, + \xm\l/z =s 2<m<n-1), z1=z, Dri=Dr,

has no solution if s < s1, at least one solution if s = s1 and at least two
solutions if s > s1.

Exemple 3.5. There exists s; € R such that the problem

D2xm—exprn:s 2<m<n-1), =z =z, Dzxi=Dzx,
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has no solution if s > s1, at least one solution if s = s1 and at least two
solutions if s < s7.

3.2. Ambrosetti-Prodi type results for second order
difference equations with Dirichlet boundary conditions

In this section we are interested in problems of the type

(3.6) D%y, + M2 + fr(zm) = spl, 1<m<n—1), zg=0=uxz,,

where n > 2 is fixed, f1,---, fn_1 : R — R are continuous, s € R, Ay is
defined in (1.32), ¢! is defined in (1.33) and
(3.7) fm(x) =0 as|z)| w00 (1<m<n-1).

We prove an Ambrosetti-Prodi type result for (3.6), which is reminiscent
of a multiplicity theorem for second order differential equations with
Dirichlet boundary conditions proved in [23].

The next lemma provides a priori bounds for the possible solutions
of (3.6).
Lemma 3.6. Let a,b € R. Then there is p > 0 such that any possible
solution x of (3.6) with s € [a,b] belongs to the open ball B,(0).

Proof. Let s € [a,b] and (xg, -+ ,2,) € R"™! be a solution of (3.6).
Multiplying each member of the equation by ¢! and adding, we obtain

n—1 n—
Z (907171)2] = Z [SovlnDme + Al%”rlnxm] + Z ‘Prln m(Tm)-

m=1

S

But, using Lemma 1.13,

S [oh D%+ Meham] = D [2m (D20h, + Migh,)] =0,
m=1 m=1
so that
n—1
(3.8) > o fm(@m) = slle'[I3.
m=1

Using (3.7) we deduce that there exists a constant a > 0 such that
(3.9) [fm(@)| < fm(z) + @, (1 <m<n-—1).
Using the equation (3.6), written in the equivalent form

(3.10) (DT + M (Z)n + frn(zm) = sl (1 <m <n—1),
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and the relations (3.8), (3.9) we have

n—1 n—1
Y D @)+ M @mlen, = D [s0m — Fmlm) e,
m=1

m=1
n—1 n—1
< Isllle" 3+ D | fm(zm)loh < 2lslllel3 +a > @,
m=1 m=1

which implies that there exists a constant R; depending only on a,b,n
such that

n—1
(3.11) Z |D2(?ﬁ)m + Al(g)m‘Sovln < Ri.
m=1

Using the relations (3.9), (3.10), (3.11) and Lemma 1.14 , we obtain
Rs > 0 such that

‘fm(xm” S RQ (1 S m S n — 1).

Hence assumption (3.7) implies the existence of Rg > 0 such that |z,,| <
Ryforalll<m<n-—1. [ ]

Theorem 3.7. If the functions fp, (1 < m <n—1) satisfy (3.7), then
there is s1 € R such that (3.6) has zero, at least one or at least two
solutions according to s < s1,5 =81 or § > S1.

Proof. Let
S; ={s € R:(3.6) has at least j solutions } (j >1).
(a) 51 # 2.

Take s* > maxj<m<n—1 f:Zl(O) and use (3.7) to find R* < 0 such that

fm(RE0p) > s* ¢, (1<m<n—1).

Then a with ag =0 = oy, and o = R*_gpjl- <0(1<j<n-1)isastrict
lower solution and § with 3; =0 (1 < j < n) is a strict upper solution
for (3.6) with s = s*. Hence, using Theorem 2.13, s* € 5.

(b) If s € Sy and s > 5 then s € 5.

Let © = (Z1,--+ ,Z,) be a solution of (3.6) with s = 3, and let s > s.
Then 7 is a strict upper solution for (3.6). Take now R— < minj<,,<p %
such that f,(R_pk) > spl (1 < m < n—1). It follows that a with
ap =0 =, and a; = R_gp} (1 < j < n)is a strict lower solution for
(3.6), and hence, using Theorem 2.13, s € 5.

(c) s1 =inf Sy is finite and Sy D ]s1, 00].

Let s € R and suppose that (3.6) has a solution (xi,---,z,). Then



60 II. NONLINEAR DIFFERENCE EQUATIONS

(3.8) holds, from where we deduce that s > ||p'||;> E%_:ll L ming fi,.
To obtain the second part of claim (c) S1 D]si, 00[ we apply (b).

(d) So D ]Sl, OO[

We reformulate (3.6) to apply Brouwer degree theory. Consider the space
V=1 defined in (1.38) and the continuous mapping G : Rx V"1 — Rn~!
defined by

Gm(s,x) = D22, + M T + fm(xm) — sw}n (I<m<n-1).

Then (zg,--- ,xy,) is a solution of (3.6) if and only if (z1,--- ,zp—1) €
V™=l is a zero of G(s,-). Let s3 < s1 < s3. Using Lemma 3.6 we
find p > 0 such that each possible zero of G(s,-) with s € [s3,s9] is
such that maxj<m<n—1|Tm| < p. Consequently, the Brouwer degree
d[G(s,-), B,(0),0] is well defined and does not depend upon s € [s3, s2].
However, using (c), we see that G(s3,z) # 0 for all z € V"1, This
implies that d[G(s3,-), B,(0),0] = 0, so that d[G(s2,-), B,(0),0] = 0 and,
by excision property, d[G(sz,-), By (0),0] = 0 if p’ > p. Let s € ]s1,s2]
and ¥ = (Z1,---,Z,) be a solution of (3.6) (using (c)). Then 7 is a strict
upper solution of (3.6) with s = sp. Let R < minj<,,<p %’; be such that
fm(RoL) > sapl (1 <m < n—1). Then (0, Rpl, -, Ryl |,0) € R*H!
is a strict lower solution of (3.6) with s = sa. Consequently, using Re-
mark 2.14, (3.6) with s = s3 has a solution in Qp.1 5 and

|d[g(52’ ')7 QRgol,ﬁE’ O” =1.

Taking p’ sufficiently large, we deduce from the additivity property of
Brouwer degree that

1[G (s2, ), By (0)\Qry1 7, 0]]
= |d[g(527 ')7 Bp/(0)7 O] - d[g(s% ')a Qchl,fa O”
= |d[g(527 ')7 QRgol,EEa 0” =1,
and (3.6) with s = sp has a second solution in B, (0) \ Qg1 7.

(e) s1 € 5.
Taking a decreasing sequence (0 )ken in ]s1, 00[ converging to sj, a cor-

responding sequence (z¥, ... x%) of solutions of (3.6) with s = o and
using Lemma 3.6, we obtain a subsequence (z7*,--- x7") which con-
verges to a solution (x1,--- ,x,) of (3.6) with s = s;. |

Similar arguments allow to prove the following result.

Theorem 3.8. If the functions fy, satisfy condition

(3.12) fm(x) = —00 as |z] =00, (1<m<n-1).
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then there is s; € R such that (3.6) has zero, at least one or at least two
solutions according to s > s1,s = s1 or s < 8.

Exemple 3.9. There exists s1 € R such that the problem
D%y 4 M + |lzm| 2 =50l 1<m<n-1), z0=0=uz,

has no solution if s < s1, at least one solution if s = s1 and at least two
solutions if s > s1.

Exemple 3.10. There exists s; € R such that the problem
szm—i—)\lxm—exp:p?n:sap}n 1<m<n-1), zg=0=uz,

has no solution if s > s1, at least one solution if s = s1 and at least two
solutions if s < s1.






CHAPTER III

Second order differential equations with
¢—Laplacian

1. NOTATION AND PRELIMINARIES

We denote the usual norms in L'(0,7) and L% (0,T) respectively
by || ||1 and || - ||eo- Let C' be the Banach space of continuous functions
on [0, T] endowed with the norm || - [|s, C'! denote the Banach space of
continuously differentiable functions on [0,7] equipped with the norm
lull = ||w]loo + [|%]|oo, Ca denotes the closed subspace of C! defined by
Ci={ueC':u(0)=0=u(T)}, Cj# denotes the closed subspace of C!
defined by Ci# ={ueC':u/(0) =0=1u(T)}, C}, denotes the closed
subspace of C! defined by C},, = {u € C' : u(0) = u(T),u/(0) = u/(T)}.
We denote by P, Q the projectors

T
P.Q:C—C, Pult)=u0), Qu(t)=~ /0 u(s) ds,

and we define H : C — C' by

If u e C, we write

ut = max{u,0}, w  =max{-u,0}, wuy =minu, wuy =maxu.
[0,7] [0,7]

Lemma 1.1. Ifw € L*>(0,T), then

T
(1) |H(T = Qulloe < 5 vl

63
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Proof. If w € L*°(0,T), we have, for t € [0,T],

H(I - Qu(t) = / s)ds — /

(1.2) - <1—;)/0 w(s)ds—T/t w(s) ds

T
= / G(t,s)w(s)ds
0

1=k i 0<s<t
(13) G(t’s)_{ Lo if t<s<T.

where

T
Hence, for each ¢ € [0, 7], one has

T
H(I = Qu)] < /0 |G(t; )| lw(s)| ds

T t
<l [ 168 as =2t (1= 1) lulle

T
< Sl

Remark 1.2. Inequality (1.1) is sharp as shown by the function w €

L*°(0,T) defined by

1 if 0<t
(1.4) w(t)—{_l PoTo

which is such that Qu =0, ||w|« = 1, and
t : T
t if 0<t<+
— =t>73
/Ow(5>ds {Tt if T<t<T
Consequently,

T T
|Hulloo = 5 =

It is sharp also in the space C, as shown by the continuous functions w,

(0 <& < ) defined by

1 if O<t<——€
(1.5) we(t)y=4¢ (L -1) if L- €<t<§+6
-1 if S+e<t<T,
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which are such that Q. = 0, ||we|loc = 1,

. t if 0<t<Z-¢
/wE(S)dS: %—2—18(%—15)2 if §—€<t<%+8
0 Tt if T<t<T,

and hence,

=L e (L)
5 2\ 2 Welleo-

The next Lemma gives an inequality similar to (1.1), except that the
norm || - ||o is replaced by the norm || - [|; in the right-hand member.
Again, the constant is the best possible.

Lemma 1.3. Ifw € L'(0,T), then
(1.6) [1H(I = Q)wlloo < Jw][s-

Proof. We use again formula (1.2) with G defined in (1.3). Then,
for each t € [0,T], we have

t\ [ t (T
H(I - t) = 1— = _ =
- Quil = |(1-3) [weas- 1 [ utas
t\ [ t (T
< 1— = — < .
< (1-7) [+ 5 [ toeolds < uls
|
Lemma 1.4. Let ¢ ] —a,a[— R,0 < a < oo be a homeomorphism such
that ¢(0) = 0, and let u € C,,. be such that ||u/|« < a, p(u') is of class

Ct, and (¢(u))'(0) = (¢())(T). Then
lo(u)lso < NIL(S(u)) T 1

Proof. Let us extend u to R as a C'! T-periodic function, (¢(u’))’
to R as a continuous T-periodic function, and let ¢y € [0,7] be such
that u(tg) = wr. Then u'(tg) = u'(to + T) = 0, which implies that if
tc [to,to + T], then

MWW-—/@W@W%S/WW@MWS

to to
to+T
< /t [(@(u'(5))) T ds = [I[(¢(w) "1
0
On the other hand, in a similar way, we have

¢/ (1)) = —[[[(&(u)) "1
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The proof in the case of the negative part uses similar arguments. [

Lemma 1.5. Let ¢ : R —]—a,a[,0 < a < 0o be a homeomorphism such
that #(0) = 0, and let u € CL,, be such that ¢p(u') is of class C* and

per

(p(u))(0) = (¢p(u))(T). Then
[ lloo < [1[(¢() 1

The next Lemma is an adaptation of a result of [47] to the case of
an homeomorphism which is not defined everywhere.

Lemma 1.6. Let ¢ : R —]| — a,a],0 < a < oo be a homeomorphism,
¢(0) =0 and B = {h € C : ||h||ex < §}. For each h € B, there exists a
unique o € R such that

/ = a)dt = 0.

Moreover, a € Range(h). The function Qg : B — R defined by Q4(h) :=
a is continuous. If ¢ ;] —a,a[— R,0 < a < oo is a homeomorphism such
that ¢(0) = 0, then the operator Q¢ 1s defined on C.

Proof. Let h € B. We first prove uniqueness. Let a; € R be such
that h(t) — a; € ] —a,a[ for all t € [0,T] and [; ¢~ (A(t) — ;) dt = 0
(i = 1,2). Tt follows that there exists tq € [0, 7] such that ¢~1(h(tg) —
a1) = ¢~ H(h(to) — ag), and using the injectivity of ¢~ we deduce that
a1 = a. For existence, it is clear that the function

T
vl hr] = R, s /0 671 (h(t) — s) dt

is well defined and continuous. On the other hand, because ¢! is strictly
monotone and ¢~ 1(0) = 0, we see that v(hy)y(hy) < 0, and the ex-
istence of o € [hr,hps] such that y(«) = 0 follows. Finally, we show
that Qg4 is continuous on B. Let (hy), C B such that h, — hg in C
and hy € B. Without loss of generality, we may assume that there is
0 < e < § such that (||hn]lec)n C [—¢€,¢], and, passing if necessary to
a subsequence, we may assume that Q4(h,) — ag € [—¢,¢]. Using the
dominated convergence theorem we deduce that f(;[ ¢~ (ho(t) —ag) dt =
0, so we have that ag = Q¢ (ho). Hence, the function Q4 is continuous.m

Remark 1.7. The above result shows that the function Qg verifies the
identity

(1.7) Qo¢ " o(I—Qy)o
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Finally, to each continuous function f : [0, 7] x R? — R, we associate
its Nemytskii operator Ny : C' — C defined by

Np(u)(t) = f(t ut),u'(t)).
All the above defined operators P, Q, H, Ny are continuous.

2. FORCED ¢-LAPLACIAN WITH VARIOUS BOUNDARY CONDITIONS

To motivate the assumptions of the theorems proved here and the
construction of the associated fixed point operators, we first study the
solvability of the forced equation

(2.1) (B(u)) = f(t)

with f € L'(0,T) and ¢ : R —] —a,a[,0 < a < oo is a homeomorphism,
»(0) = 0, submitted to various boundary conditions. For each 7 € [0, 7],
we define F; : [0,7] — R by

(2.2) Fot) = [ fs)ds,
so that
Fo(t) = Fo(t) — Fo(r).

We first consider the Neumann boundary conditions

(2.3) u'(0) = 0 =u/(T).
Proposition 2.1. Problem (2.1)-(2.3) has a solution if and only if
T
(2.4) / f(s)ds=0
0
and
(2.5) | E0||oo < a,

in which case problem (2.1)-(2.3) has the family of solutions

(2.6) mw:mm+4¢*mm»@ (t € [0,T]).

Proof. If u is a solution of problem (2.1)-(2.3), then (2.4) follows
from integrating both members of (2.1) on [0, 7] and using the boundary
condition (2.3). If (2.4) holds, we get, by integrating both members of
(2.1) on [0,t] and using the boundary condition (2.3)

(2.7) ¢(u'(t)) = Fo(t) (t€[0,7]),
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which implies (2.5). Now, if conditions (2.4) and (2.5) hold, problem
(2.1)-(2.3) is equivalent to (2.7), hence to

u'(t) = ¢~ (Fo(t)) (t€[0,T)),
which gives (2.6) by integration from 0 to ¢. [

Remark 2.2. If ¢ :] —a,a[— R is a homeomorphism such that ¢(0) = 0
and 0 < a < 400, then problem (2.1)-(2.3) has a solution if and only if
(2.4) holds.

Exemple 2.3. The problem

/ /
(\/12—7/2> = (¥ COS t, UI(O) =0= U/(ﬂ'),
u

is solvable if and only if |a| < 1.

Exemple 2.4. The problem

(\/JLIW)/ —a <t _ ;) W(0)=0=d(1),

is solvable if and only if |a| < 8.
Exemple 2.5. If w is defined in (1.4), the problem
o /
<\/1+7> =aw(t), 4'(0)=0=u(T),
is solvable if and only if |a| < %

Remark 2.6. Using the inequality (1.1), we see that if f € L>(0,T),
the conditions

r 2a
(2.8) fls)ds =0, |lfllc < 7
0
are sufficient for the solvability of problem (2.1)-(2.3). The second in-

equality gives |a| < % in Example 2.3, || < 2 in Example 2.4, and

la| < 2 in Example 2.5.

If we consider now the Dirichlet boundary conditions
(2.9) u(0) =0=u(T),

we obtain the following necessary and sufficient conditions for the solv-
ability of problem (2.1)-(2.9).
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Proposition 2.7. Problem (2.1)-(2.9) has a solution if and only if there
exists T € [0,T] such that

T
(2100 |Fllw<a and /‘dHR@»@:Q
0

in which case problem (2.1)-(2.9) has the solution

(2.11) u@:A¢ﬂm@msuemm.

Proof. If u is a solution of problem (2.1)-(2.9), it follows from (2.9)
and Rolle’s theorem that there exists 7 € [0,7] such that u/(7) = 0.
Then equation (2.1) gives

¢(u'(t)) = Fr(t) (t €0, TY),

which implies the first condition in (2.10) and the equivalent form

u(t) = o7 (FR(8) (te[o,T)),

which, using the first boundary condition, gives (2.11). Then the second
boundary condition implies the second condition in (2.10). Now, if con-
dition (2.10) holds, it is immediate to check that (2.11) solves (2.1)-(2.9).

|

Exemple 2.8. For the problem
u !
2.12 ——— | =qa, u(0)=0=u(l),
S
F,(t) = a(t — 1), and it is easily checked that
! - 1
als 1) 41 Vi=a?r? = T=a2(1= 7] =0

0 V1I—-a?(s—71)2 a

if and only if 7 = % Consequently, Problem (2.12) is solvable if and only

if |a| < 2. Elementary computations show that the (unique) solution is
given by

szé ¢pff—¢yﬁﬁ0—;f (t € [0,1]).

Remark 2.9. The computation of 7 in conditions (2.10) may be diffi-
cult. As F(7) =0, one has the inequalities

1
(2.13) 50scpmFo < [F7loe < OscorFo < | fll1,
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which provide the less sharp but more explicit necessary condition for
solvability of (2.1)-(2.9)

OscporFo < 2a.
and the less sharp versions of the first sufficient condition in (2.10)
OscpoFo <a, or |fl1<a,
or, noticing that,for f € L>(0,7), ||flli < T||flc>

a
£l <

In the Example 2.8, all those conditions reduce to |a| < 1.

Remark 2.10. The existence of 7 € [0, 7] such that

T
/O ¢ 1 (Fr(s)ds =0

i.e. such that

T
/0 ¢ Y (Fo(s) — Fy(1))ds = 0

is equivalent to the existence of ¢ € Range Fjy such that

T
/ ¢ (Fo(s) —c)ds =0,
0
and hence is guaranteed by Lemma 1.6 when [|Fplo < §.

Remark 2.11. If ¢ :]—a, a[— R is a homeomorphism such that ¢(0) = 0
and 0 < a < +oo, then problem (2.1)-(2.9) has a least one solution
for each f € L'(0,T). Moreover the solution is given in (2.11), where
7 € [0,T7] is such that Q4(Fy) = Fo(7). This follows by Lemma 1.6 and
the proof above.

Finally, for the periodic boundary conditions
(2.14) w(0) —u(T) =0 =14'(0) — u/(T)

we have the following necessary and sufficient condition for the solvabil-
ity of (2.1)-(2.14).
Proposition 2.12. Problem (2.1)-(2.14) has a solution if and only if

T
(2.15) /0 f(s)ds=0
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and if there ezists T € [0,T) such that

T
@10 [Fle<a ad [ 67 ()ds=0,
0

in which case problem (2.1)-(2.14) has the family of solutions

(2.17) u(t):u(0)+/0 ¢~ N(F,(s))ds (t€0,T]).

Proof. 1t is a combination of the ideas of the proofs of the Neumann
and Dirichlet cases, and the details are left to the reader. [

Remark 2.13. If ¢ :]—a, a[— R is a homeomorphism such that ¢(0) = 0
and 0 < a < +o0, then problem (2.1)-(2.14) has a solution if and only
if (2.15) holds.

Exemple 2.14. Consider the problem

’LL/

(2.18)(\/1+u/2

where a € R and w is defined in (1.4). Then for each t € [0,T7,

Wi(t) = /Ttw(s)ds: T T'.

) —aw(t), u(0)—u(T)=0=u'(0) —u(T),

) [
2 2

Hence

T
/ aW,(s) ds
0 1 — a?W2(s)

= % \/1—a2<7—§‘—§>2—\/1—a2 7—22 =0,
if and only if 7 = % or 7 = %. Now
Wrjalloo = IWoryalloo = 47
so that Problem (2.18) is solvable if and only |a| < 7.
3. FIXED POINT FORMULATIONS
In this section ¢ :] — a,a[— R,0 < a < oo is a homeomorphism such

that ¢(0) =0 and N : A € C' — C denotes an operator.

Consider the abstract periodic boundary value problem
3.1 (o)) =N(u), u(0)—u(T)=u'(0)—u(T).
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On the other hand, suppose that A N C;er £0. Ifuec ANCL , let us

consider the function e
Pn(u) = Pu+ QN(u)

(3:2) + Hog ™ o(I—Qy)o[H(I - Q)N|(w).

Proposition 3.1. The operator Py : ANCL, — CL. is well defined

per per
and if u € ADC’;W, then u is a solution of (3.1) if and only if u = Py (u).

Proof. Let u € ANC,,. It is clear that Py(u) € C'. We show that

in fact Py (u) € Cp,,.. Using Remark 1.7, we deduce that
Pn(u)(T) = Pu+QN(u)+TQo¢ ' o(I—Qy)oH(I—Q)N](u)
= Pu+ QN(u) = Pn(u)(0).
On the other hand we have that
(Py(w) =" o (I=Qp)o [H(I — Q)N](u),
which implies that
(Pn(w)'(0) = ¢~ (= Q4 (H(I = Q)N (u))) = (P () ().
Consequently Py (u) € Cp,, and the operator Py : ANCL,. — Cp, is

well defined. Now suppose that u € ANC),. is such that u = Py (u). It
follows that

u—Pu—Ho¢p to(l—Qy)o[H(I—Q)N](u)=QN (u),
which gives
u=Pu+Hog¢p to(l—-Qy)o[H(I—-Q)N](u), QN(u)=0,

so that u € C;er and u is a solution for (3.1) by differentiating the first

equation, applying ¢ to both of its members, differentiating again and
using the second equation. Now, the proof of the other implication is
obvious. n

Consider the abstract Neumann boundary value problem

(3.3) (¢(u')) = N(u), u'(0)=0=u(T).
On the other hand, suppose that A N C’# # 0. Ifue AN C’#, let us
consider the function

(3.4) Ny(u)=Pu+QN(u)+Hog¢ 'o[H(I —Q)N](u).
Proposition 3.2. The operator Ny : AQC;# — C# s well defined and
if u € ANCL, then u is a solution of (3.3) if and only if u = Ny (u).



3. FIXED POINT FORMULATIONS 73
Proof. Let ue AN C’# It is clear that Ay (u) € C! and

My (u) = ¢~ o [H(I — Q)N](u),
which implies that
(N (w)'(0) = 0 = (Py () (T).
This implies that Ny (u) € C’# Now suppose that u € AN C’# is such
that u = Ny (u). It follows that
u—Pu—Hog¢ ' o[H(I - Q)N|(u) = QN(u),
which gives
u=Pu+Ho¢ ' o[H(I—Q)N](u), QN(u)=0,
so that u € Ci# and w is a solution for (3.3) by differentiating the first
equation, applying ¢ to both of its members, differentiating again and

using the second equation. Now, the proof of the other implication is
obvious. n

Finally, let us consider the abstract Dirichlet boundary value prob-
lem

(3.5) (¢(u) = N(u), u(0)=0=u(T).

On the other hand, suppose that AN CY # 0. If u € AN CY, let us
consider the function

(3.6) Dn(u) =Ho¢ o (I —Qg)oHoN(u).

Proposition 3.3. The operator Dy : AN C} — C} is well defined and
if u € ANCY, then u is a solution of (3.5) if and only if u = Dy (u).

Proof. Let u € AN CL. Tt is clear that Dy (u) € C!. We show that
in fact Dy (u) € CL. Using Remark 1.7, we deduce that

Dn(u)(T) = TQo¢™ o (I—Qy)oHoN(u)
— 0= Dy (u)(0).

Consequently Dy (u) € C3. Now suppose that u € C} is such that
u = Dy(u). It follows that

u' = ¢ 1o (I —Qp)o HoN(u)
o) = (I- Q) o H o N(u)
(¢(u)) = N(u).

Now, the proof of the other implication is obvious. [
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4. HOMOTOPY TO THE AVERAGED NONLINEARITY

In this section ¢ :] — a,a[— R,0 < a < oo is a homeomorphism such
that ¢(0) = 0 and f : [0,T] x R? — R is a continuous function. Our
aim is to extend Mawhin’s continuation theorem in infinite dimension
to quasilinear periodic boundary value problems of the following type

(41) (¢(u)" = f(t,u, ), u(0) — u(T) = 0 = u'(0) — u'(T).

The following continuation theorem is due to Mawhin and Manésevich
in the case a = 400 and it is taken from [47].

Theorem 4.1. Assume that 2 is an open bounded set in C’;e,, such that
the following conditions hold.

(1) For each X €0, 1] the problem
(42)  (6(u) = Af(tu,),  w(0) —u(T) =0=1u/'(0) - u'(T),

has no solution on OS).
(2) The equation

1 T
(4.3) Fld) = = / F(t,d,0)dt =0,
T Jo
has no solution on 0 NR.
(3) The Brouwer degree
(4.4) dp[F,QNR,0] £ 0.
Then problem (4.1) has a least one solution in €.

Proof. Following the same strategy as in the proof of Mawhin’s
continuation theorem in infinite dimension, let us embed problem (4.1)
into the one parameter family of problems

((u)) = ANp(u)+ (1= NQNy(u),
(4.5) uw(0) —u(T) = 0=1u'(0)—u/(T).

For A €]0, 1], observe that in both case, u is a solution to problem (4.2)
or u is a solution to problem (4.5), we have necessarily

(4.6) QN (u) = 0.

It follows that for A €]0,1], problems (4.2) and (4.5) have the same
solutions. For (X, u) € [0,1] x C}, consider

Ni(u) = ANf(u) + (1 = A)QNy(u).
So, if we consider the nonlinear homotopy
gf : [0, 1] X ﬁ — C;er, gf(/\,u) = 7)]\]A (u),
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that is

Gr(\u) = Pu+ QNy(u) + Ho ¢~ ' o (I —Qp) o [NH(I — Q)Ny](u),
then using Proposition 3.1 it follows that problem (4.5) can be written
in the equivalent form

(4.7) u=Gr(\u).

It is not difficult to check that Gy is a completely continuous homotopy.
We assume that for A = 1, (4.7) does not have a solution on 0f) since
otherwise we are done with the proof. Now by hypothesis (1) it follows
that (4.7) has no solutions for (\,u) €]0,1] x 9. For A = 0, (4.5) is
equivalent to the problem

(p(u)) = QNys(u), u(0)—u(T)=0=1u'(0)—u(T),

and thus if v is a solution to this problem, we must have (4.6). Hence

u'(t) =67 (e),

where ¢ € R is a constant. Integrating this last equation on [0,7] we
obtain that ¢~!(¢) = 0, and thus u(t) = d, where d is a constant. Thus,
by (4.6)

T
| sdoa—o
0

which together with hypothesis (2) imply that u = d ¢ 9. Thus we
have proved that (4.7) has no solution (A, u) € [0, 1] x 9€2. Then we have
that for each A € [0, 1], the Leray-Schauder degree drs[I —Gf(A,-),,0]
is well defined and using the invariance under a homotopy of this degree
we have

(4.8) drs[I —G¢(1,:),9Q,0] = drs[I — G¢(0,-),,0].
On the other hand, we have that
I=Gs(0,-) = I —(P+QNy),

and the range of P + QN; is contained in the subspace of constant
functions, isomorphic to R, so, using the reduction property of the Leray-
Schauder degree we have that

dLs[I — gf((), '), Q, 0] = dB[I — (P + QNf)’R, Qn R,O]

=dp[—QN;, QNR,0] = —dp[F,Q2NR,0].

Since by hypothesis (3) this last degree is different from zero, using

(4.8), it follows that the degree drs[I — G¢(1,-),§,0] is different from
zero. Using now the existence property of Leray-Schauder degree we
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deduce that there exists u € 2 such that u = G¢(1,u), that is u is a
solution of (4.1). [

Remark 4.2. Using the same strategy as in the proof above and Propo-
sition 3.2, the theorem above holds also if we consider the Neumann
condition instead of the periodic condition.

5. VILLARI TYPE NONLINEARITIES
5.1. ¢-Laplacian with ¢ defined on R

Let ¢ : R —] —a,a[ (0 < a < +00) be a homeomorphism such that
#(0) =0 and f: [0,7] x R? — R is a continuous function.

Periodic boundary value problems
Consider the periodic boundary value problems of the following type
(5.1) (o(u))" = f(t,u,u'),  u(0) —u(T) = 0=1'(0) —/(T).

In order to apply the continuation theorem proved in the last section we
consider the family of problems

(5.2)  (o(u)) = Af(t,u, o), w(0) —u(T)=0=1u'(0) - (T).

where A €]0,1]. The following lemma, giving a priori bounds for the
possible solutions of (5.2), adapts a technique introduced by Ward [66].
Lemma 5.1. Assume that [ satisfies the following conditions.

(1) There exists a continuous function ¢ on [0, T] such that ||c™||1 <

a
5 and

(5.3) f(t,u,v) > c(t)

for all (t,u,v) € [0,T] x R2.
(2) There exist R >0 and € € {—1,1} such that

T
eAJVm@mw»ﬁ>o if up >R, [l < M,
(5.4) 2

¢ [ fu @) <o i un <R e < M,
0

where M = max{[¢~ ! (2llc™[|1)]; [¢~* (=2l 1)1}
If w is a solution of (5.2), then ||u/||cc < M and ||uljoo < R+ MT.
Proof. Let u be a solution of (5.2). This implies that

(5.5) QN (u) = 0.
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Using the fact that f is bounded from below by ¢, we deduce the ele-
mentary inequality

(5.6) 1f(tu,0)| < F(t,u,0) + 26 (1) V(t,u,0) € [0,7] x R2.
From (5.5), (5.2) and (5.6) it follows that

(@)l = MINg(u)x
(5.7) < / N(u)(s) ds + 2lle |l = 2]je 1.

Because u € C! is such that u(0) = u(T), there exists £ € [0,T] such
that «/(§) = 0, which implies ¢(u/(£)) = 0 and

t
P(u'(t)) = / (¢(u'(s))) ds (t €[0,T]).
3
Using the equality above and (5.7) we have that
[p(u' ()] < 2[c"[lr (¢ € [0,T]),
and hence
(5.8) []loe < M.

If ups < —R (respectively uy, > R) then, from (5.8) and (5.4), it follows
that

/ F(t,u(t), ' (t))dt <0 (respectively / f(t,u(t), ' (t)dt > 0).

Using (5.5) we have that
(5.9) upy > —R and up, < R.
It is clear that

T
(5.10) wunr < + / ()] dt.
0

From relations (5.8),(5.9) and (5.10), we obtain that

—(R+ MT) <up <wup <R+ MT.
It follows that ||ullcc < R+ MT. |
Theorem 5.2. Let f be a continuous function which satisfies the con-

ditions (1) and (2) of Lemma 5.1. Then (5.1) has at least one solution
u such that ||u'l|c < M and ||ul|oo < R+ MT.
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Proof. The case a=+00.
Let p> R+ M(T +1) and Q C C}

ber D€ the open bounded set defined
by

Q= {u € Cp, : [lull < p}-

Using Lemma 5.1 it follows that (1) in Theorem 4.1 holds, with 2 defined
above. Notice that @ N R =] — p, p[ and using (5.4) it follows that
conditions (2) and (3) in Theorem 4.1 hold. Applying Theorem 4.1 we
deduce that (5.1) has at least one solution.

The case a < 4o00.

Let ¢ : R — R be a homeomorphism such that ¢ coincides with ¢ on
[—(M + 1), M + 1]. It follows that

(5.11) M = max{|o~ (2 [[1)], [ (=2l 1)}

It is clear that if, for A €]0, 1], we consider the problem

(5.12) (p(u)) = Af(t,u,u), u(0) —u(T) = 0=u'(0) —u'(T),

then Lemma 5.1 holds also if we change ¢ with ¢. Using (5.11) and
Lemma 5.1, we deduce that if u is a solution of (5.12), then

(5.13) W]l <M and |ulloo < R+ MT.

Hence, the solutions of (5.12) coincide with the solutions of (5.2). But,
we have proved that (5.12) has at least one solution for A = 1, which is
also a solution of (5.1). |

Remark 5.3. The conclusion of Theorem 5.2 also holds if f(t,u,v) <
c(t) for some ¢ € C such that ||c™ |1 < % and all (t,u,v) € [0,T] x R?,
and f satisfies the sign condition (5.4). It suffices to replace ¢ by —¢, f
by —f and to apply Theorem 5.2.

Exemple 5.4. Using Theorem 5.2 and Remark 5.3, we see that the
equations

u /

u(0) — u(T) = 0 = u'(0) — u/(T),

have at least one solution if h € C s such that

_ 1
171l < 1Pl < 5
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and p is positive and sufficiently small. This is in particular the case if
0<hp <hy< %
Exemple 5.5. Let p > 1 and h € C. The periodic boundary value
problem
(| |P72u") + expu = h(t), u(0)—u(T)=0=1'(0)—u/(T),
has at least one solution if and only if |h™ |1 < |[h1]1.

An immediate but useful consequence of Theorem 5.2 is the following
result.

Corollary 5.6. Let g : R — R be a continuous function such that g < 0,
and h € C such that |h™ |1 < §. If the following Landesman-Lazer type
condition is satisfied

1 (T
(5.14) —oo < limsup g(u) < T/ h(s)ds < limJirnfg(u),
U——00 0 U—+00
then the periodic boundary value problem
(5.15) (o(u)) +g(u) = h(t), u(0)—u(T)=0=u'(0)—u'(T),
has at least one solution.
Proposition 5.7. The conclusions of Theorem 5.2 and Remark 5.3 still

hold if the sign condition (5.4) is weakened into
(2°) There exist R > 0 and € € {—1,1} such that

T
o[ fu@a@d= 0 i R e <
(5.16) 7O

e[ Sl 0 i <Rl <
0

where M’ > max{|¢~"(2[|c™ [[1)], [6~" (=2lle™ [[1)]}-
Proof. Letting
fn(t,u,v) :f(t,u,v)—i—E Y

n 1+ u?’
it is easy to see that, for n > N with N sufficiently large, the problems
(517) (W) = fultiu,e), u(0) —u(T) = 0 = o/ (0) — /()

satisfy the conditions of Theorem 5.2 for ¢ replaced by a suitable cy
with |lcy|l1 < § and M by the corresponding My < M'. Consequently,
each problem (5.17) for n > N admits at least one solution u,, satisfying

[uh]loo < My, |tnlloo < R+ MNT.
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which allows us to extract a convergent subsequence whose limit is a
solution of (5.1). [

Corollary 5.8. Let p > 0, h € C such that h > 0 and k € C such that
[|[kT|]1 < §. Then the periodic boundary value problem

(@(u)) + h(t)(u")? = k(t),
(5.18) u(0) —u(T) =0 =4/(0) — /(T
has at least one solution if and only if fOT k(t)dt > 0.
If h € C such that h < 0 and k € C such that ||k™||1 < §, problem
(5.18) has at least one solution if and only if fOT k(t)dt <O0.

Proof. For the necessity, if problem (5.18) has a solution u then

T T
/ k(t)dt = / h(t) ()Pt > 0.
0 0
For the sufficiency, the function

f(t7u) = k<t) - h(t)(u+)p7

is bounded from above by k. Furthermore, if

1/p
P (fOT k:(t)dt) |

~ \ T h(t)dt

then fOT f(t,u(t))dt > 0 when ur, > R. On the other hand fOT f(t,u(t))dt =

- fOT k(t)dt < 0 when ups < 0. Hence the result follows from Proposition
5.7. The proof of the other case is similar. [

Let f: R x R? = R, (t,u,v) — f(t,u,v) be T-periodic with respect
to t and continuous, and let us consider the existence of a T—periodic
solution w (i.e., a solution such that u(t +7T') = u(t) for all ¢t € R) of the
equation

(5.19) (o)) = f(t,u,u).

Of course, those solutions are continuations over R, by T-periodicity,
of the solutions over [0,7] such that u(0) — u(T) = 0 = /(0) — u/(T),
so that the previous theory can be applied. Moreover, in this case the
results above can be improved.

Lemma 5.9. Assume that f is T-periodic with respect to the first vari-
able and satisfies the conditions (5.3) and (5.4) of Lemma 5.1 with
llc7|l1 < a and

M = max{|o~" (le” )], lo ™ (=l [[)[}-
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If w is a solution of (5.2), then ||u/|lcc < M and ||uljoo < R+ MT.

Proof. Let u be a solution of (5.2). This implies that (5.5) holds. On
the other hand the continuation over R, by T-periodicity, of v denoted
also by u satisfies the equation

(5.20) (p(u)) (t) = Af(t,u(t),u'(t)) forall teR.
From (5.20), (5.5) and Lemma 1.5 it follows that

(5:21) [l¢(u)lloo < I(¢())]" Il < NINp(@)]" [ < [l [l < a,

and hence (5.8) holds. To finish the proof it suffices to use the same
arguments as in the proof of Lemma 5.1. [

Theorem 5.10. Assume that f is T-periodic with respect to the first
variable and satisfies the conditions of Lemma 5.9. Then (5.19) has at

least one T-periodic solution u such that ||u']|ec < M and ||ullc < R+
MT.

Proof. See the proof of Theorem 5.2. [

Let f : [0,7] x R* — R be a continuous function satisfying the
condition

(5.22) |f(t,u,v)| <e< % for all  (t,u,v) € [0,T] x R%

Lemma 5.11. Suppose that condition (5.22) holds and that there exist
R >0 and e € {—1,1} such that

T
o[ ftu@ai@a> 0 f wz Rl <0,
(5.23) 7%

E/ fltu), @) dt < 0 if upy <—R, ||u]e <M,
0

where M = max{|¢p~(—cT)|, |¢p~1(cT)|}. If u is a solution of (5.2), then
|| co < M and ||ulloo < R+ MT.

Proof. Let u be a solution of (5.2). From (5.2) and (5.22), it follows
that

T
(5.24) AdemﬂﬁSJ-

To finish the proof it suffices to use the same arguments as in the proof
of Lemma 5.1. [
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Theorem 5.12. Let f be a continuous function which satisfies the con-
ditions (5.22) and (5.23) of Lemma 5.11. Then (5.1) has at least one
solution u such that ||u'||cc < M and ||ul|o < R+ MT.

Proof. See the proof of Theorem 5.2. [

Remark 5.13. For f bounded, condition (5.22) is better than the con-
dition
a
t <ec< —
’f(7u7v)‘—c 2T
given by Theorem 5.2 or Remark 5.3.

Remark 5.14. In Theorem 5.12 one can weaken the sign condition
(5.23) in a similar way as in Proposition 5.7.

Exemple 5.15. Using Theorem 5.12 we obtain that the periodic bound-
ary value problem

u !

——— | =a(arctanu +sint), w(0)—u(l)=0=14'(0) —u'(1),
V1+ u’2>

has at least one solution if |a| < 0.4145.

Exemple 5.16. Using Theorem 5.12 we obtain that the periodic bound-
ary value problem

u! ! 1 L., ., 5
g = 3 arctan(u + t) + 3 sin(u’ 4+ t%),

u(0) —u(l) = 0=u(0)—u/(1),
has at least one non constant solution.

Neumann boundary value problems
Consider the Neumann boundary value problems of the following type

(5.25) (p(u)) = f(t,u,u"), 4 (0)=0=u(T).

In order to apply the continuation theorem proved in the last section for
the Neumann boundary condition, we consider the family of problems

(5.26) (p(u)) = Mf(t,u,u'), 4'(0)=0=u/(T).
where A €]0, 1].

Lemma 5.17. Assume that f satisfies the conditions (1) and (2) of
Lemma 5.1. If u is a solution of (5.26), then ||u/]lcc < M and |julloc <
R+ MT.
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Proof. Let u be a solution of (5.26). This implies that (5.5) holds.
Using (5.26) and (5.5) it follows that

(5.27) ¢(u') = NHNy(u) = NH(I — Q)Ny(u).
Using (5.5), (5.27), (5.6) and (1.6), it follows that
[6(u)leo = IINH(I = Q)Ny(u)lloc < [Ny ()l

T
< [ Nt ds+ 2l =2 <
0

which implies ||u/||oc < M. The end of the proof is then entirely similar
to that of Lemma 5.1. |

Using the previous Lemma and Remark 4.2 we have the following
result.

Theorem 5.18. Let f be a continuous function which satisfies the con-
ditions (1) and (2) of Lemma 5.1. Then (5.25) has at least one solution
u such that ||u'l|c < M and ||ul|so < R+ MT.

Now, suppose that f satisfies
2
@%)u@%mgc<¥ for all (t,u,v) € [0,T] x R2

Lemma 5.19. Assume that f satisfies (5.28) and condition (2) of Lemma
5.1 with M = max{|¢_1(f%)|, |¢_1(%)|} Then (5.25) has at least one
solution u such that ||u||cc < M and ||u|lcc < R+ MT.

Proof. Let u be a solution of (5.26). As in the proof of Lemma 5.17,

we have
lp(u) oo = IMH(I — Q)N (w) oo,

which together with (5.28) and (1.1) imply that ||u/||cc < M. The end
of the proof is then entirely similar to that of Lemma 5.1. [

Using the previous Lemma and Remark 4.2 we have the following
result.
Theorem 5.20. Let f as in Lemma 5.19. Then (5.25) has at least one
solution u such that ||u||cc < M and ||u|lco < R+ MT.

Dirichlet boundary value problems
We finally consider Dirichlet problems of the form

(5.29) () = f(t,u, ), u(0) =u(T) =0

where f: [0,T] x R? — R is continuous and such that

@%)U@wwgc<%me1@%@eMﬂxW.
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For A € [0, 1], consider the family of Dirichlet problems

(5.31) () = Af(t,u,u'), w(0) =u(T) =0,
which reduces to (5.29) for A =1 and to
(5.32) (6()) =0, u(0) = u(T) =0

for A = 0. This last problem has only the trivial solution.

Lemma 5.21. Let f : [0,T] x R?> — R be continuous and satisfying
condition (5.30). If u is a solution of (5.31) then

lu'lloe < max{|¢™ (=eT)|, [¢” (cT)[} := M and ullo < TM.

Proof. Let u be a solution of (5.31). Then, using (5.31) and (5.30)
it follows that

l¢(u)lloo = [1H © (ANf)(u)|loo < T < a.
Consequently,
v/l < M

fulle = | [ 0) s

Theorem 5.22. Let f : [0,7] x R? — R be continuous and satisfying
condition (5.30). There exists a solution u of (5.29) such that ||u/]|s <
M and ||u)lco < TM where M is defined above.

and

<TM.

[e.e]

Proof. The case a=+00.
Consider the completely continuous homotopy M : [0,1] x C} — C}
defined by

M(Xu) =Dy, (u) = Ho ¢ ' o (I —Qy) o H o (ANy)(u).

Using Proposition 3.3 we deduce that if u € C} then u is a solution of
(5.31) iff u = M(A, u). Therefore, if

Q={uecCl:|ulloo<TM+1, |[t]o<M +1},
it follows from Lemma 5.21 that
u# M), Y\ u) e o

It follows from the homotopy invariance of Leray-Schauder degree that
drsll — M(X,-),,0] is independent of A\ € [0, 1] so that, if we notice
that M(0,-) =0,

drs[I — M(1,-),Q,0] = drs[I — M(0,-),Q,0] = 1.
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Hence, using the existence property of Leray-Schauder degree we deduce
that M(1,-) has a fixed point u, which is a solution of (5.29).

The case a < +00.

Let ¢ : R — R be a homeomorphism such that ¢ coincides with ¢ on
[—(M + 1), M + 1]. It follows that

(5.33) M = max{|p~ ! (=¢T)|, [~ (¢T)[}.
It is clear that if, for A € [0, 1], we consider the problem
(6531 (e = M), uw(0) = u(T) =0,

then Lemma 5.21 holds also if we change ¢ with ¢. Using (5.33) and
Lemma 5.21, we deduce that if u is a solution of (5.34), then

(5.35) [o/ls <M and |ullo < MT.

Hence, the solutions of (5.34) coincide with the solutions of (5.31). But,
we have proved that (5.34) has at least one solution for A = 1, which is
also a solution of (5.29). |

Exemple 5.23. If follows from Theorem 5.22 that the Dirichlet problem

<¢£Lﬂy:a@mﬁm%m u(0) = 0 = u(r)

has at least one solution if |a| < 5= and the Dirichlet problem
(Ju'[P~2') = asinu + cost), u(0) =0 = u(r)
has at least one solution for all a € R.

Remark 5.24. In contrast to the periodic and Neumann cases, the
solvability of the Dirichlet problem with bounded right-hand side f does
not require any sign condition upon f. This is related to the absence of
a necessary condition like (2.4) for the solvability of the simple Dirichlet
problem

(B(u) = f(®), w(0)=0=uT).

On the other hand, the approach used to study periodic or Neumann
problems with one-sided bounded nonlinearities does not work in the
Dirichlet case.
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5.2. ¢-Laplacian with ¢ defined on | —a,a[, a # +o0

Periodic or Neumann boundary value problems
Consider the periodic boundary value problems of the type

(5.36) (o(u)) = f(t,u,u),  u(0) —w(T)=0=1'(0) —u/(T),
where ¢ ;] —a,a[—= R (0 < a < o0) is a homeomorphism, ¢(0) = 0 and
f:]0,7] x R? — R is a continuous function.

For X\ €]0,1], consider the family of periodic boundary value prob-
lems

(5.37) (6()) = M(Lu,u), u(0) - u(T) =0 = o/(0) — /(7).
Lemma 5.25. Assume that [ satisfies the following conditions. There
exist R >0 and € € {—1,1} such that

/Oftu ‘@)dt> 0 if uL>R, |V« <a,
(5.38)

c / Fltu@), () dt < 0 if uy <R, [l <a,
0

If w is a solution of (5.37), then ||ul]| < R+ a(T + 1).
Proof. Let u be a solution of (5.37). This implies that

(5.39) 4|00 < a,
and
(5.40) QN¢(u) = 0.

If upy < —R (respectively uy, > R) then, from (5.39) and (5.38), it
follows that

/ f(t,u(t),u'(t))dt <0 (respectively / f(t,u(t),d'(t)dt > 0).

Using (5.40) we have that
(5.41) ups > —R and up < R.
It is clear that

T
(5.42) upnr < ug, +/ ' (t)| dt.

0
From relations (5.39),(5.41) and (5.42), we obtain that
(5.43) —(R+aT) <ur <upy < R+aT.

Using (5.39) and (5.43) it follows that ||u|| < R+ a(T + 1). ]
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Using Lemma 5.25 and Theorem 4.1 we obtain the following exis-
tence result.

Proposition 5.26. Let f be continuous and satisfying condition (5.38)
of Lemma 5.25. Then (5.36) has at least one solution u such that ||ul| <
R+a(T+1).

Proof. See the proof of Theorem 5.2 in the case a = +oc. [

Theorem 5.27. Assume that f satisfies the following conditions. There
exist R >0 and € € {—1,1} such that

T

e/ fEu@ @) dt> 0 if up >R, il <a,
0

(5.44) T

e/ flt,u®),d'@)dt< 0 if uy <—R, ||| <a,

0

Then (5.36) has at least one solution.

Proof. Consider the continuous functions

Falt,w,0) = f(tu,0) + = ——=

it

with associated fixed point operators Py, . Then, using Propositions
5.26 and 3.1, we deduce that there exists u,, € C;eT such that w, =
Pn;, (un) and [juy || < R+a(T +1). So, applying Arzela-Ascoli theorem,
passing if necessarily to a subsequence, we have that u,, — uin C*, which
implies that Py, (un) — Pn;(u) in C*. Consequently, u = Py, (u),
which implies that u is a solution for (5.36). |

Corollary 5.28. Let h : [0,T] x R? — R and g : [0,7] x R — R be
continuous, with h bounded on [0,T] x Rx | — a,a| and g satisfying one
of the condition

lim g(t,u) =400, lim g(t,u) = —00

U——00 u—-+00
lim g(t,u) = —oco, lim g(t,u) = +o0,
U——00 uU—+00

uniformly in t € [0,T]. Then the problem
(@) + h(t,u,u) + g(t,u) =0, u(0) —u(T) = 0=1'(0) —(T),
has at least one solution.

Corollary 5.29. Let h : [0, T]xR? — R be bounded on [0, T|xRx |—a, a]
and continuous. Then, for each p # 0, the problem

() + pu = h(t,uad),  u(0) — u(T) = 0= /(0) — u/(T),
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has at least one solution, and
drs[I — PNQ,BP,O] = sign(u),
where g(t,u,v) = h(t,u,v) — pu and p sufficiently large.

Exemple 5.30. Ife € C, c € R\ {0} ,d € R, ¢ >0 and p > 1, the
problem

/ !/
(s ) o+ el = ),
—Uu

u(0) —u(T) =0 =u/(0) — u/(T),

has at least one solution.

Another easy consequence is a Landesman-Lazer-type theorem.
Corollary 5.31. Let g : R — R be continuous. Then problem

(5.45) (o)) +g(u) =e(t), u(0)—u(T)=0=1u'(0)—u'(T)

has at least one solution for each e € C' such that

1 T
(5.46) lim sup g(u) < / e(s)ds < liminf g(u)
U — 00 T Jy u—+00
or
1 (7
(5.47) limsup g(u) < T/ e(s)ds < liminf g(u).
u——+00 0 U——00

Remark 5.32. Similar results hold also for Neumann boundary value
problems.

Dirichlet boundary value problems
We finally consider Dirichlet problems of the form

(5.48) (G(u) = f(t,u, ), u(0) =u(T)=0
where ¢ :] —a,a[— R (0 < a < o0) is a homeomorphism such that

#(0) =0, f : [0,7] x R? — R is a continuous function. For X € [0, 1],
consider the family of Dirichlet problems

(5.49) (6(u) = Af(t,u,'),  u(0) =u(T) =0,
which reduces to (5.48) for A =1 and to
(5.50) (p(u) =0, u(0)=u(T)=0

for A = 0. This last problem has only the trivial solution.

Theorem 5.33. Let f : [0,T] x R? — R be continuous . Then (5.48)
has at least one solution.
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Proof. Let A € [0, 1] and u be a possible solution of (5.49). Then
[v/[loc < @

and

lulloo = H/ u'(s)ds|| < Ta.

0 0o
Therefore, if Q = {u € C} : |Julloo < Ta, ||t/|ls < a}, it follows that
(5.49) has no solutions on 9. The rest of the proof follows exactly in
the same way as in the proof of Theorem 5.22. [

6. UPPER AND LOWER SOLUTIONS AND DEGREE
6.1. ¢-Laplacian with ¢ defined on R

In this section ¢ : R —]—a,a] (0 < a < 400) denotes an increasing
homeomorphism such that ¢(0) = 0. We prove existence of solutions for
the periodic boundary value problem

(6.1)  ((u) = f(tu), u(0) —w(T)=0=u(0) - u(T)
where f:[0,7] x R — R is a continuous function.

Definition 6.1. A lower solution « (resp. upper solution 3) of (6.1) is
a function such that a € C},,,¢(a/) € C* (resp. B € Cp,,.,4(8') € C')
and

(6.2)  (8(a'(1)) = f(t,e(t)) (resp. (3(F'(1)) < f(t B(2))).
for all t € [0,T]. Such a lower or upper solution will be called strict if
the inequality (6.2) is strict for allt € [0,T].

Theorem 6.2. Suppose that (6.1) has a lower solution « and an upper
solution (B such that a(t) < [(t) for all t € [0,T). If there exists a
continuous function ¢ on [0,T] such that ||c” || < § and

(6.3)  f(t,u) >c(t), forall (t,u)e[0,T]x [aL,Bum],

then (6.1) has a solution u such that a(t) < u(t) < B(t) for allt € [0,T].

Moreover, if a and 8 are strict, then a(t) < u(t) < B(t) for allt € [0,T).
Proof. 1. A first modified problem.

Let v : [0,7] x R — R be the continuous function defined by

B(t), u>p(t)
v(tu) =< u, a(t) <u < B(t)
alt), u<alt),
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and define F : [0,T7] x R — R, F(t,u) = f(t,v(t,u)). We consider the
modified problem

(b(u)) = F(t,u) + [u—(tu),
(6.4) u(0) = w(T) = 0 =u'(0) — /(T),

and show that if u is a solution of (6.4), then a(t) < u(t) < 5(¢) for all

€ [0,7] and hence u is a solution of (6.1). Suppose by contradiction
that there is some ty € [0, 7] such that [a — u]pr = a(ty) — u(te) > 0. If
to €]0,T[ then o (tg) = u'(tp) and there are sequences (tx) in [tg — &, o[
and (t}) in ]to, to + €] converging to to such that o/ (t) — v'(t5) > 0 and
o/ (t,) —u/(t),) < 0. As ¢ is an increasing homeomorphism, this implies
that g(a (1)) — B(e/(t0)) > Bl (1)) — H(ul (1)), Hla’ () — H(e (1)) <
o(u' () — o(u/(to)) and (¢(a/(t0)))" < (¢(u/(t0)))". Hence, because v is
a lower solution of (6.1) we have

(6(e/(10))) < (8(u/(10)) = (10, a{to)) + ulto) — a(to)]
< flto,alto)) < (¢(e(t0)))’,

a contradiction. If [a — u]yr = a(0) — u(0) = a(T") — u(T), then &/(0) —
u'(0) < 0,a/(T) — /(T) > 0. Using that a,u € C},,., we deduce that

per>»

a/(0) —u/(0) =0 =d/(T) —/(T). This implies that
(6.5) ¢(e'(0)) = $(u'(0)).

On the other hand, [a—u]y = «(0)—u(0) implies, reasoning in a similar
way as for tg €]0,T7[, that

(6(a’(0)))" < ((u(0)))".
Using the inequality above and o/(0) = u/(0), we can proceed as in the
case tg €]0,T[ to obtain again a contradiction. In consequence we have
that a(t) < wu(t) for all ¢ € [0,7]. Analogously, using the fact that [ is
an upper solution of (6.1), we can show that u(t) < 3(t) for all ¢t € [0, T.
We remark that if v, 3 are strict, then a(t) < u(t) < 5(t) for all ¢t € [0,T].

1. A second modified problem.
Let u be a solution of (6.4). Using I we have that u is a solution of (6.1)
such that a(t) < u(t) < B(t) for all ¢t € [0,T]. Hence, using (6.3) and
the same method as in the proof of Lemma 5.1, we deduce that

(6.6) () lloo < 2[lc” [l < a,

which implies (5.8), where M is defined as in Lemma 5.1. Let b > 0 such
that

max(||a/]|co + 1, || |loc + 1, M + 1) < b,
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and ¢ : R — R an increasing homeomorphism such that ¢» = ¢ on [—b, b].
Hence, if we suppose that u is a solution of the periodic boundary-value
problem

(W) = F(t,u) + [u—y(t,u),
(6.7) uw(0) — w(T) = 0 = /(0) — u/(T)

then, as in I, we obtain that a(t) < u(t) < () for all ¢ € [0,T], which
implies that u is a solution of the periodic boundary-value problem

(W) = f(t,w), u(0) —u(T)=0=u'(0) - u/(T).

This implies, using again (6.3) and the same method as in the proof of
Lemma 5.1, that

'l oo < max{[e~ 2l )], [ (=2l l)]} = M.
By the choice of 9, this implies that u is a solution of (6.1).

III. Some homotopies and a priori estimates.
For X € [0, 1], consider the periodic boundary-value problems

(W) =u+ AP (t,u) —y(t,u)],

(6.8) u(0) — u(T) =0 =4/(0) — u/(T),
(W) =M+ (1= X)Q(u),
(6.9) w(0) —u(T) =0 =1u/(0) — /(7).
Let
T T [F(t,u) = (t u)l,

and consider u € Cj,, a solution of (6.8). Let to € [0,T] such that
u(tp) = ups. This implies that (¢(u/(tg)))” < 0, which together with
(6.8), implies that uy; < o. Analogously, we have that uy > —o. We
deduce that ||u|le < 0. Let € € [0,T] such that «/(£) = 0. Then, using
(6.8) and the fact that ||ul|s < o, we deduce that

o ()] = | /g (6(/(5)))'ds| < 2To,

which implies that [|u/|lec < max(|y)(+2T0)]). Now, let u € Cp,, be a
solution of (6.9). This implies that Q(u) = 0. It is clear that, if A = 0,
then u = 0. If A # 0, consider ¢y € [0,T] such that u(tp) = wups. This
implies that Aduar = (¥(u'(t9)))” < 0 and ups < 0. Analogously, we have
that uz, > 0. It follows that u = 0. In consequence, there is a p > 0 such

that if u € C},,. is a solution of (6.8) or (6.9), then |u| < p.

per
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IV. Abstract formulations of (6.8) and (6.9).
For X € [0,1], consider the nonlinear operators Ny : Cp,,. — C (i = 1,2)
defined by

N w) = u+ MFC,u() = 7(u())]
and
Ni(u) = du+ (1= N)Q(u).

On the other hand, consider the homotopies A; : [0,1]xC}. — C3.,., (i =
1,2)

NiAu) = Py (u)
= Put QNj(u)+ How o (I~ Qy)o[H(I ~QNi(u).

Using Arzela-Ascoli’s theorem, it is not difficult to see that NV;(i = 1,2)

is completely continuous and, using Proposition 3.1, that if u € C;er,

then wu is a solution of (6.8) (resp. (6.9)) if and only if Ni(\,u) = u
(resp. Na(\,u) = u). Hence, using III, it follows that

Ni(Au) #u  forall (A u)€0,1] x9B,, (i=1,2).
The homotopy invariance of Leray-Schauder degree gives
(6.10)  drg[I —N;(0,-),B,,0] =drs[I —N;(1,-), B,,0],

for i = 1,2. But the range of N3(0,-) = P + @ is contained in the
subspace of constant function, isomorphic to R, so, using the reduction
property of the Leray-Schauder degree we have that

drs[I —N2(0,+), B,,0] = dp[l — (P +Q)r,] — p,p[, 0]
dB[*I’] - ,O,p[,O] =-1,

which, together with (6.10) and the fact that N3(1,-) = N1(0,-) implies
that

drs[I — Ni(1,-), B,,0] = —1.

Then, from the existence property of the Leray-Schauder degree there
is u € B, such that Ni(1,u) = u, which implies that v is a solution of
(6.7).

V. End of the proof.
We have proved in IV that there is u a solution of (6.7). The choice of
1 implies that u is a solution of (6.4). Finally, using I it follows that u
is a solution of (6.1) and a(t) < u(t) < B(t) for all ¢t € [0,T]. Moreover,
if o and [ are strict, then a(t) < u(t) < (t) for all t € [0,T]. ]



6. UPPER AND LOWER SOLUTIONS AND DEGREE 93

Remark 6.3. Suppose that (6.1) has a lower solution o and an upper
solution [ such that «(t) < §(t) for all ¢ € [0,T]. Then, the conclusion
of Theorem 6.2 also holds if f(¢,u) < ¢(t) for some continuous function
con [0,T] such that ||¢*|; < § and all (t,u) € [0,7] X [ag, Bar)-

Remark 6.4. The Remark 6.3 also holds if f : [0,77x]0, +o00[— R.
Exemple 6.5. Using Theorem 6.2 we deduce that the equations

(\/;L;W)/:u:”:tesint, u(0) — u(2r) = 0 = o/ (0) — ' (27)

have at least one solution if 0 < € < ﬁ. To apply Theorem 6.2, take
a=—¢3,3=¢s and c(t) = —e(1 £sin(t)) for all ¢ € [0, 27].

Remark 6.6. Suppose that a = 4+00. Under the hypothesis of Theorem
6.2, suppose that « (resp. f3) is a strict lower (resp. upper) solution of
(6.1). As we have already seen, (6.1) admits at least one solution u such
that a(t) < u(t) < B(¢) for all ¢t € [0,T] and ||u/||cc < M. Moreover, if
u is a solution of (6.1), then a(t) < w(t) < B(t) for all t € [0,T] and
[|t/]]oo < M. If p > M, define the open, bounded set

O s={ueC A ialt) <u(t) <p(t) forall te[0,T], ||l <p}.

If p, p' are large enough, then, using the additivity-excision property of
the Leray-Schauder degree, we have

drs[I — Ni(1,-), Q0 5,0] = dps[I — Ni(1,-), By, 0] = —1
Because Py, = Ni(1,-) on Q7 5, we deduce that
(6.11)  dgslI — P, 0 5,0] = dpsll — Py, By, 0] = —
6.2. ¢-Laplacian with ¢ defined on | — a,a[, a # +o0

In this section ¢ :] — a,a[— R (a # +o0) denotes an increasing
homeomorphism such that ¢(0) = 0. Let f : [0,7] x R? — R be a
continuous function. We study the existence of solutions for the periodic
boundary value problem

(6.12) (¢(u)) = f(t,u,u), u(0) —u(T)=0=1u'(0) —u(T).
Definition 6.7. A lower solution « (resp. upper solution 3) of (6.12)
is a function o € C such that |||« < a, ¢(a’) € Ct, a(0) = a(T),
a’(0) > o/(T) (resp. B € O ||Bo < a, ¢(8') € CF, B(0) = B(T),
3'(0) < #'(T)) and

(o(a’ (1)) = f(t, (1), (1))
(6.13) (resp. (6(B'(1)) < f(t,5(t), 5'(1)))
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for all t € [0,T]. Such a lower or upper solution is called strict if the
inequality (6.13) is strict for all t € [0,T).

Theorem 6.8. If (6.12) has a lower solution o and an upper solution
B such that a(t) < B(t) for all t € [0,T], then problem (6.12) has a
solution u such that o(t) < u(t) < B(t) for all t € [0,T]. Moreover, if o
and [ are strict, then a(t) < u(t) < B(t) for all t € [0,T].
Proof. Let v :[0,T] x R — R be the continuous function defined by
B(t),  w>pB(t)
tu) =1 u, a(t) <u < B(t)
a(t), u<a(t),
and define F : [0, T|xR? — R by F(t,u,v) = f(t,7(t,u),v). We consider
the modified problem
(b(u) = F(t,u,u') +u—7(t w),
(6.14) w(0) —u(T) =0 =4'(0) —u/(T)
and first show that if u is a solution of (6.14) then a(t) < u(t) < G(t) for
all t € [0,T7], so that w is a solution of (6.12). Suppose by contradiction
that there is some tg € [0, 7] such that [« — u]pr = a(to) — u(to) > 0. If
to €]0,T[ then o (tg) = u/(to) and there are sequences (tx) in [tg — €, to|
and (t,) in to, to + €] converging to to such that o' (t) — u/(tx) > 0 and
o/ (t),) —u'(t,) < 0. As ¢ is an increasing homeomorphism, this implies
(p(d/(t0)))" < (é(u/(to)))’. Hence, because « is a lower solution of (6.12)
we obtain

(6(c/(t0))) < (6(u'(t)))" = f(to, alto), o (t0)) +
< flto, alto), o/ (to)) <
a contradiction. If [a — u]pr = @(0) — u(0) = a(T") — u(T), then &/(0) —
uw'(0) < 0,0/ (T) —u/(T) > 0. Using that o/(0) > o/(T), we deduce that
a/(0) —u/(0) = 0= d/(T) —«/(T). This implies that
(6.15) ¢(a/(0)) = ¢(u'(0)).
On the other hand, [a—u]y = «(0)—u(0) implies, reasoning in a similar
way as for tg €0, 77, that
(6(c/(0)))" < (¢(u(0)))".

Using the inequality above and o/(0) = «/(0), we can proceed as in
the case tp €]0,T[ to obtain again a contradiction. In consequence we

have a(t) < u(t) for all ¢ € [0,7]. Analogously, using the fact that 3
is an upper solution of (6.12), we can show that u(t) < G(¢) for all
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t € [0, T]. We remark that if a, 8 are strict, then a(t) < u(t) < 3(t) for
all t € [0, 7).

We now apply Corollary 5.29 to the modified problem (6.14) to ob-
tain the existence of a solution, and the relation

(6.16) drs[I — M, B,,0] = —1

for the fixed point operator M associated to (6.14) and all sufficiently
large p > 0. Moreover, if o and 8 are strict, then a(t) < u(t) < () for
all t € [0, 7. |

Exemple 6.9. Let f,g: R — R be continuous functions such that

liminf g(u) = +o00, limsupg(u) = —oc0.
U——00 u—~+00

If h € C, then the problem
() + S0 4 9(0) = h(D, ul0) ~ u(T) =0 =/(0) = /(D)

has at least one solution.

Remark 6.10. Suppose that « (resp. (3) is a strict lower (resp. upper)
solution of (6.12). As we have already seen, (6.12) admits at least one
solution u such that a(t) < u(t) < B(t) for all ¢ € [0,T]. Moreover, if u
is a solution of (6.12), then a(t) < u(t) < B(t) for all t € [0,T]. Define
the bounded, open set

Qup={ue C’;er ca(t) <u(t) < B(t) forall tel0,T], |l <a}.

If p is large enough, then, using the additivity-excision property of the
Leray-Schauder degree, we have

sl — M, 5,0] = dps[I — M, B,,0] = —1.
Because PNf = M on 3, we deduce that
drslI = PNy, Qap, 0] = —1.

Remark 6.11. A careful analysis of the above proof implies that Theo-
rem 6.8 holds also if f : [0, T]x]0, +oo[xR — R s a continuous functions.
7. AMBROSETTI-PRODI TYPE MULTIPLICITY RESULTS
7.1. ¢-Laplacian with ¢ defined on R

In this section ¢ : R —| —a,a[ (0 < a < 400) denotes an increas-
ing homeomorphism such that ¢(0) = 0. Let ¢ : [0,7] x R — R be a
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continuous function. For s € R, consider the periodic boundary-value
problem

(7.1) (o)) +g(t,u) =s, u(0)—u(T)=0=u(0)—u(T).
Assume now that the following condition

(7.2) g(t,u) — 400 if |u| — oo, uniformlyin ¢ € [0,T]
holds. Consider

= min t,u).
o1 (t,u)E[O,T}XRg( )

The case a = +00

Lemma 7.1. There exists an p > 0 such that any possible solution u of
(7.1) with s < b € R belongs to the open ball B,, that is ||u|| < p.

Proof. Let u be a solution of (7.1) with s < b € R. This implies that
(7.3) QNy(u) = s.

On the other hand, because s — g is bounded from above by b — o1, it
follows, as in the proof of Lemma 5.1, that

(7.4) | ||o0 < M,

where M is a constant depending only upon b and o;. Using (7.2) we
can find R > 0 such that

(7.5) g(t,u)>b if |u| > R,t € [0,T].

If ur, > R, then using (7.5), we deduce that QN,(u) > b, which, together
with (7.3) gives s > b, a contradiction. So we have uy, < R. Analogously
we can show that ups > —R. Then using the following inequality

T
uy < ug —|—/ |u/ (1) |d,
0

and (7.4) we have that
(7.6) u|oo < R+ MT.
We can take p > R+ (T'+ 1) M. u

Theorem 7.2. If the function g satisfies (7.2), then there is s1 € R
such that (7.1) has zero, at least one or at least two solutions according
to s < 81,8s=81 or s > S1.
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Proof. Let
S; ={s €R:(7.1) has at least j solutions } (j > 1).
(a) S1# 2.

Take s* > maxycpo, ) 9(,0) and use (7.2) to find R* < 0 such that

. * *

té?&%]g(t,R,) > s
Then o with @ = R* < 0 is a strict lower solution and § with G = 0 is
a strict upper solution for (7.1) with s = s*. Hence, using Remark 6.3,
s* e 5.
(b) If s € S1 and s > S then s € Sh.
Let u be a solution of (7.1) with s = s, and let s > 5. Then u
is a strict upper solution for (7.1). Take now R_ < wuy such that
min;eo,7] g(t,R_) > s. It follows that &« = R_ is a strict lower solu-
tion for (7.1), so, using Remark 6.3, s € 5.
(c) s1 =inf Sy is finite and Sy D ]s1, 00].
Let s € R and suppose that (7.1) has a solution u. Then (7.3) holds,
from where we deduce that s > 1. To obtain the second part of claim
(c) S1 D]s1,00[ we apply (b).
(d) Sz D]si,00[.
Let s3 < s1 < s3. Consider the nonlinear operator Nj : C;er — C
defined by

Ny(w) = 5 — g(-,u),
and the completely continuous homotopy G : [s3,s2] x Cl,, — Cjp,
defined by

G(s,") = Pn,.

Hence, if s € [s3, s2] and u € Cp,, then u is a solution of (7.1) if and only
if G(s,u) = u. Using Lemma 7.1 we find p such that each possible zero of
I—G(s,-) with s € [s3, s2] is such that u € B,. Consequently, the Leray-
Schauder degree drs[I—G(s, ), B,, 0] is well defined and does not depend
upon s € [ss, so]. However, using (c), we see that u — G(s3,u) # 0 for all
u € Cp,.. This implies that drg[I — G(s3,-), B,,0] = 0, so that dpg[I —
G(s2,-), B,,0] = 0 and, by excision property, dr.s[I —G(s2,-), By,0] =0
if p' > p. Let s € ]s1, s2[ and u be a solution of (7.1) (using (c)). Then
u is a strict upper solution of (7.1) with s = so. Let R < up be such
that min,cjo 1) g(t, R) > s2. Then R is a strict lower solution of (7.1)
with s = s3. Consequently, using Remark 6.6, (7.1) with s = s3 has a
solution in Q’I’éﬂ and

drsll — G(s2,), 2 5. 0] = —1,
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for p’ sufficiently large. Taking p” > p’ sufficiently large, we deduce from
the additivity property of Leray-Schauder degree that

dLS[I - g(827 ')7 Bp” \ﬁﬁ%fu\a O] - dLS[I - g<827 ')7Bp”70]
_dLS[I - g(827 ')7 Qg?ﬁa 0] - _dLS[I - g(827 ')7 Qg’ﬁv 0] - 17

and (7.1) with s = s3 has a second solution in B, \ﬁg,g-

(6) s1 € 51.

Let (1) be a sequence in |s, +o0o[ which converges to si, and let uy be
a solution of (7.1) with s = 73, given by (c). We deduce that

(7.7) up = G (i, up).

From Lemma 7.1, we know that there exists p > 0 such that ||ug|| < p
for all £ > 1. Then, the complete continuity of G implies that, up to
a subsequence, the right-hand member of (7.7) converges in C},., and

per>
then (uy) converges to some u € C}, such that u = G(s1,u), ie. toa

solution of (7.1) with s = s;. n
Exemple 7.3. Let h € C, then there exists s1 € R such that the problem
(| [P~2u") +log(1 + |ul) + h(t) = s, w(0) —u(T) =0 = u'(0) —u/(T)

has no solution if s < s, at least one solution if s = s1 and at least two
solutions if s > si.
The case a < 400
Let us consider
a

o9 =01+ ﬁ
Lemma 7.4. If 01 < § < 02 and u is a solution of (7.1) with s < 4,
then o1 < s and
(7.8) ' lloe < max(l6— (2275 — o1))]) =: p.

Proof. Suppose that u € C,,, is a solution of (7.1). It follows that
o1 < s because

T
Toy < / g(t,u(t))dt = sT.
0

On the other hand, using the fact that s — g is bounded from above by
s — o1 we deduce the following inequalities
lp(u)lo < 2l|[s — o1] [l = 2T (s — 1) < 2T(6 — 01) < a,

which implies (7.8). |
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Let ¢ : R — R be an increasing homeomorphism such that ¢ = ¢
on [—(p+1),p+ 1], and consider the periodic boundary-value problem

(7.9) (@) +g(t,u) =5, u(0) —u(T) = 0= /(0) — u/(T).
Using the same arguments as in the proof of Lemma 7.4 we deduce the
following result.

Lemma 7.5. If 01 < § < 02 and u is a solution of (7.9) with s < 4,
then o1 < s and

(7.10) [0/l < max(je™ (£2T(8 - 01))]) =: p1.

Now, using the definition of ¢, it follows that p = p1. Then, we have
the following lemma.

Lemma 7.6. If 01 < § < 09 and s < 6, then u is a solution of (7.1) if
and only if u is a solution of (7.9).

Using Theorem 7.2 we deduce the following result.

Lemma 7.7. If the function g satisfies (7.2) and if there is a ug € R
such that

7.11 =: t, < o9,

(7.11) 03 trerfgg]g( up) < 02

then there is sy € [o1,03] such that (7.9) has zero, at least one or at

least two solutions according to s < s1,8 = 81 or 81 < s < 0, where
03 < 6 < 09

Using Lemma 7.6 and Lemma 7.7 we deduce the following Ambrosetti-
Prodi type result.

Theorem 7.8. If the function g satisfies (7.2) and (7.11), then there
is s1 € [o1,03] such that (7.1) has zero, atl least one or at least two
solutions according to s < s1,s =81 or s1 < § < 09.

Exemple 7.9. Let 0 < ¢ < g~ and p > 0. There exists 51 € [—¢, €] such
that the periodic problem

u’ !
———— ) +|[ulP+esint) =s, u(0)—ul27)=0=1u(0)—u2r
(s )+l esint) s, u(0) = u(ze) =0 = u/(0) - '(2n)
has zero, at least one or at least two non constant solutions according to
5 < 81,8 =51 07"31<s<ﬁ—e.

Exemple 7.10. Let h € C such that

1
hM—hL<ﬁ.
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There exists s € [hr, har] such that the periodic problem

(11' u/2> T log(1+ [u]) + h(t) =

w(0) —u(T) =0 =14'(0) —u/(T)
has zero, at least one or at least two non constant solutions according to
§ < 81,8 =81 0r81<s<hL+%.
7.2. ¢-Laplacian with ¢ defined on | — a,a[, a # o0

In this section ¢ :] —a,a[— R (0 < a < +00) denotes an increasing
homeomorphism such that ¢(0) = 0. Let f : [0,7] x R? — R be a
continuous function satisfying the following condition
(7.12) flt,u,v) = 400 if |u| — o0

uniformly for (¢,v) € [0,7]x]—a,a]. We are interested in studying the
Ambrosetti-Prodi problem for the solutions of the periodic boundary
value problem

() + ft,u,u) = s,
(7.13) w(0) —u(T) =0 ='(0) — u/(T),

in terms of the value of the forcing term s.

Lemma 7.11. There exists an p > 0 such that any possible solution u
of (7.13) with s < b € R belongs to the open ball B,,.

Proof. Let s < b and u be a solution of (7.13). This implies that u
satisfies

(7.14) |00 < @
and
(7.15) QNy(u) =

Using (7.12) we can find R > 0 such that
(7.16)  f(t,u,v) >b if |u| > R, (t,v) € [0,T] x [—a,al.

If ur, > R, then using (7.14) and (7.16), we deduce that QNy(u) > b,
which, together with (7.15) gives s > b, a contradiction. So we have
ur, < R. Analogously we can show that up; > —R. Then using the
following inequality

T
up < ug +/ [u/(7)|dr,
0
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we have that
|ul|lo < R+ Ta.
We can take p > R+ (T + 1)a. |

Using Lemma 7.11, Theorem 6.8, Remark 6.10 and the same method-
ology as in the proof off Theorem 7.2 we deduce the following result.

Theorem 7.12. If the function f satisfies (7.12), then there is s € R
such that (7.13) has zero, at least one or at least two solutions according
to s < 81,8s=81 or s> S1.

Corollary 7.13. Let f : R — R, g : [0,7] x R? — R be continuous
functions such that f is bounded and g satisfies

g(t,u) — +oo if |u| — oo wniformly in t€[0,T).
Then, there is s1 € R such that the problem
(@) + flwu' +g(t,u) =s, u(0) —u(T)=0=u'(0)—u(T)
has no solution if s < s1, at least one solution if s = s1 and at least two
solutions if s > s1.
Exemple 7.14. Let h € C, then there exists s € R such that the
problem
u’ - 1
V1 —u? 14+ u?
u(0) —u(T) =0 =/(0) — /(T

u' + exp(u?) + h(t) = s,

(

has no solution if s < s1, at least one solution if s = s1 and at least two
solutions if s > s1.
8. SINGULAR NONLINEARITIES
8.1. ¢-Laplacian with ¢ defined on R

In this section ¢ : R —]—a,a] (0 < a < +00) denotes an increasing
homeomorphism such that ¢(0) = 0. Consider the periodic boundary
value problem

(8.1) (¢(u)) +g(u) =h(t), u(0)—u(T)=0=u'(0)—u(T),
where h € C and ¢ :]0, +00[—]0, +0o0] is a continuous function such that

(8.2) g(u) = 400 as u— 04,

(8.3) glu) =0 as u— +oo.
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Theorem 8.1. Suppose that g satisfies (8.2), (8.3) and |hT|1 <
Then (8.1) has at least one solution if and only if Q(h) > 0.

(IS

Proof. If w is a solution of (8.1), then it is clear that Q(h) =
QNy(u) > 0 because g > 0. Reciprocally, suppose that Q(h) > 0.
The case a = +00.
Using (8.2), it follows that there exists € > 0 such that g(e) > h(t)
for all ¢ € [0,7]. Hence, a = € is a strict lower solution for (8.1).
On the other hand we know that there exists w € C’;er such that
(p(w')) = h—Q(h). Using (8.3), we deduce that there is § > 0 such that
B(t) =04+ w(t) > at) and g(4(t)) < Q(h) for all t € [0,T]. Then, 3 is
a strict upper solution for (8.1) and using Remark 6.4 with f = h —g
we deduce the result in this case.
The case a < +00.
If w is a solution of (8.1), then using the fact that the function h — g is
bounded from above by h and ||hT||; < §, it follows that

W/ |oo < |61 (E2||RT||1)] := M.

Let ¢ : R — R be an increasing homeomorphism which coincides with
¢ on [—(M"+1),M"” 4+ 1]. It follows that u is a solution of

(p()Y + g(u) = A1), u(0) —u(T) = 0 =/(0) — o/(T),

if and only if w is a solution of (8.1). Now, the conclusion follows using
the above case. |

Exemple 8.2. If i > 0 and h € C such that |hT|j1 < 1, then there is
at least one positive solution for the equation

u’ |
<w> T T
if and only if Q(h) > 0.

Exemple 8.3. If u > 0 and h € C, then there is at least one positive
solution for the equation

1
(’u/‘p72ul)/ 4+ —

i h(t), u(0) —u(T)=0=1'(0) —u/(T)

if and only if Q(h) > 0.
Consider the periodic boundary value problem

(84) (o(u) —g(u) =n(), u(0)—u(T)=0=1d(0)—u(T),
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where h € C such that h(0) = h(T") and g :]0, +00[—]0, +0o0] is a con-
tinuous function. Suppose that

1
(8.5) /0 g(t)dt = +o0.

The case a = +00

Lemma 8.4. Suppose that h € C' such that h(0) = h(T) and g satisfies
conditions (8.2), (8.3), and (8.5). There exists € > 0 such that if \ €
[0,1] and u is any positive solution of

(@) = (1 = N[Q@Ny(u) + Q(h)] + Alg(u) + h(t)],
(8.6) w(0) —u(T) =0 =u'(0) —u/(T),
then u(t) > € for all t € [0,T].

Proof. Let A € [0,1], let u be a possible positive solution of (8.6),

and let us extend u to R as a C! T-periodic function, with (é(u'))’
continous and T-periodic. Then

(8.7 QN, (1) +Q(h) = 0
and hence, if A €]0, 1], (8.6) is equivalent to
(8:8) (6(u)) = Alglu) + h(®)], u(0) — u(T) = 0 = o/(0) — o/(T).

This identity can be extended to R by T-periodicity. Using Lemma 1.4
and the positivity of g, we deduce that

(8:9)  ll(w)lloo < N((u))] 1 = All(g(w) + 1)~ 1 < AlIR~ |1
Using (8.2), there exists £ > 0 such that
(8.10) g(u) > —Q(h) forall 0<u<E&.

and therefore, by (8.10) and (8.7), there exists t; € R such that u(t;) >
&. Now, let

(8.11) (t) = (u'(t))

which implies

(8.12) u'(t) = ¢~ (x(t)

for all t € [t1,¢1 + T]. Introducing (8.11) in (8.8) we obtain
(8.13) 2/ (t) — Ag(u(t)) = Ah(t)

for all t € [t1,¢1 + T]. Multiplying (8.12) by 2/(t) and (8.13) by «/(t) and
subtracting we get

o' ()¢~ (@ (t) — Ag(u(t))u/(t) = Ah()u' (t)
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l.e.

a(t) '
( [ ds> — Ag(u(t))u (1) = bty (1)
0
for all t € [t1,¢1 + T]. This implies that

t o (s)ds — / t ¢ 1(s)ds — A/ t g(s)ds =\ t h(s)u'(s)ds
0 u

0 (t1) ty

for all t € [t1,t; +T]. Using the fact that [ ¢~'(s)ds > 0 for all v € R,
we deduce that

u(t1) z(t1) 1
(8.14) )\/(t; g(s)ds < /0 t o L(s)ds + )\/tt h(s)u'(s)ds
(8.1

for all ¢ € [t1,t1 + T]. Using (8.9), (8.11) and (8.14), we obtain

u(tr) AR ||1
[, owas < 5 s)ds + 197 ([ 1) 14l

= Uil + o~ &R 1)k
Il - H1]|¢ B~ N1+ 1o~ (£ R[] R ]

(8.15) = c
for all t € [t1,t1 + T]. Using (8.5) we can find 0 < € < £ such that

(8.16) / * o)t > e

Since u(t;) > £ and g is positive, from (8.15) and (8.16) one gets u(t) > ¢
for all t € R. Now, for A = 0, the solutions of (8.6) are the constant
functions u solutions of

g(u) + Q(h) =
and they satisfy u > £ > e. [ |

Theorem 8.5. Suppose that h € C, h(0) = h(T'), and g satisfies con-
ditions (8.2), (8.3), and (8.5). Then (8.4) has at least one positive
solution if and only if Q(h) <0

Proof. 1If u is a solution of (8.4), then it is clear that Q(h) =
—QNy4(u) < 0 because g > 0. Reciprocally, suppose that Q(h) < 0.
We use the homotopy (8.6) and the corresponding homotopy for the as-
sociated family of fixed point operators M(A,-). Let A € [0,1] and u be
a possible positive solution of (8.6). We already know from Lemma 8.4
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that u(t) > e for some € > 0 and all ¢ € [0,7]. On the other hand, (8.9)
implies that

(8.17) ' loe < lo~ (BT [I1)] = d.
From assumption (8.3) follows easily the existence of R > 0 such that
(8.18) g(u)+Q(h) <0 if w>R.

Hence, because of (8.7), there exists to € [0,7] such that u(t2) < R,
which togethers with (8.17) implies

(8.19) u(t) < R+dT (t€[0,T]).

Hence, all the possible positive solutions of problem (8.6) are contained
in the open bounded set

Q:={ueCl, e<ult) <R+dT (0<t<T), |u']e < d}.

From the homotopy invariance of Leray-Schauder degree, we obtain

drs[I — M(1,-),Q,0] = dps[I — M(0,-),$,0]
=dplg+Q(h),2NR,0] = dplg+Q(h), Je, R[,0] = —1,
so the existence property of Leray-Schauder degree implies that M(1, )
has a fixed point u € © which is a positive solution of (8.4). |

Exemple 8.6. If u > 1, h € C and h(0) = h(T'), problem
1
(lu'P~2u") — =), u(0) —u(T) =0= u'(0) —u'(T)

has at least one positive solution if and only if Q(h) < 0.

The case a < +00

Theorem 8.7. Suppose that h € C such that h(0) = h(T), [|h™ |1 < a
and g satisfies conditions (8.2), (8.3), and (8.5). Then (8.4) has at least
one positive solution if and only if Q(h) < 0.

Proof. If w is a solution of (8.4), then it is clear that Q(h) =
—QNgy(u) < 0 because g > 0. Reciprocally, suppose that Q(h) < 0.
Let u be a solution of (8.4). It follows that u satisfies (8.9), with A = 1.
Hence, using the fact that ||h~||1 < a, it follows that (8.17) holds. Let
¢ : R — R be an increasing homeomorphism which coincides with ¢ on
[—(d+1),d+ 1]. It follows that u is a solution of

(8:20) (p(u) —g(u) =h(t), w(0)—u(T)=0=1d'(0)—u'(T),

if and only if u is a solution of (8.4). Now, the conclusion follows using
Theorem 8.5. [
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Exemple 8.8. If u > 1 and h € C such that |h™ |1 < 1 and h(0) =
h(T), then there is at least one positive solution for the equation

(\/11,7> - uiu —h(t), u(0) —u(T) = 0 = (0) — u/(T)

if and only if Q(h) < 0.
Remark 8.9. Theorem 8.1 and Theorem 8.5 hold also if ¢ :] — a, a[—

R (0 < a < +00) is an increasing homeomorphism such that ¢(0) = 0.
For the proofs use the same strategy as above.



CHAPTER IV

Delay-Lotka-Volterra systems

1. COMPETITION SYSTEMS WITH ZANOLIN CONDITION

Let T'> 0 and
Cr ={z:R — R": zis a continuous T-periodic function}

with the norm |z|p = sup |z(¢)|. (C7,| - |0) is a Banach space.
teR

We search a positive function = € Cr which is a solution of the system

zi(t) = xi(t)[ri(t) — awu(t)zi(t)
— Z aij(t)xj(t—Tj(tvxl(t)v”'vwn(t)))]
=1
j#i
(1.1) (i=1,2,...,n),

where r; > 0,a;; > 0,a;; > 0 (j # i),(i,5 = 1,...,n) are T-periodic
continuous functions, 7; € C(R"" R) and 7; (j = 1,2,...,n) are T-
periodic with respect to their first argument. To find such a function, it
is sufficient to show that the following system has T-periodic solutions

ii(t) = 7i(t) — ai(t) exp(x(t))
— Z a;j(t) exp [mj(t —7j(t,expxi(t),...,expa,(t)))
j=
J#
(1.2) (i=1,2,..n).

We reformulate problem (1.2) to use Mawhin’s continuation theorem in
infinite dimension. Let (L, D(L)) be the operator defined by

D(L)=CrNCYR,R"), Lx = &

107
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and N : Cr — Cp, Nx = y where
yi(t) = ri(t) — ai(t) exp(xi(t))

n

— Z a;j(t) exp [mj(t —7j(t,expxi(t), ..., expx,(t)))

J=1
JF#i
(i=1,2,...,n).

It is obvious that = € Cr is a solution of (1.2) if and only if x € D(L)
and Lz = Nz. Define the continuous projectors P, () as

1 (T
Q : Cr—Cp, Q= T/ x(t)dt =7,
0

P : Cp— Cp, Pr=uz(0).
We know that
Im(P) = ker(L), ker(Q) = Im(L),
Cr = ker(L)®ker(P)=1Im(L) ®Im(Q),
ker(L) = Im(Q)~R".
Consequently, L is a Fredholm operator of index zero. We recall that

the operator L : D(L) Nker(P) — Im(L) is an isomorphism denoted by
Lp. For z € Im(L), we have that

¢
Lyta(t) :/ x(s)ds for all te[0,T].
0

Thus, using the fact that N takes bounded sets into bounded sets, we
deduce that N is L-compact on €2 for any open bounded set 2 C Cr.
If x € Cp, we write

[*], =minz, [zr]y = maxuz.
(0,7 [0,T]

Lemma 1.1. Suppose that condition

n

(13) T — Z Eij —

J. .
J#i
is satisfied. Then there is a bounded, open set  C Cp such that

| {zeD(L): Lz = ANz} C Q.
A€]0,1]
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Proof. Let A €]0,1] and « € D(L) such that
(1.4) Lz = ANz.
Choose t} € [0,7T] such that
ot =[xy (i=1,2,...,n).
It follows that
() =0 (i=1,2,..,n).
In view of this and (1.4), we obtain that

0 = ri(t]) — ai(t]) exp(z;(t;))

n

- Z aij(t}) exp [:L‘j(tz1 —7j(th expri(t}), ... expx,(t])))

J=1
JF#i
(i=1,2,..,n).
Therefore,

ri(ty) — ai(t;) exp(zi(t;)) >0 (i=1,2,..,n),
which implies that
T . zi(th) <In
0

It follows from (1.4) and (1.5) that

(1.5) exp(z;(t})) <

Qg

T n
, .
(1.6) / @i (t)|dt < TF +T|—| @ +T > @y || =Bg
0 Gii | . @35 lo
j=1
J#i
(i=1,2,...,n).

Integrating (1.4) from 0 to 7', we have

T
TﬂZ/O a;i(t) exp(w;(t))dt

109

T n
+/ Z a;j(t) exp [:L“j(t—Tj(t,expxl(t),...,expa:n(t))) dt
O

J#i
(i=1,2,...,n).
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In view of this, (1.5) and (1.3), we find

r

>0 (i=1,2,..,n),
ajj

0

T n

/ (o (t) exp(mi(t))dt >Tr, =T Z Qi
0 ] —1
J#i

which implies that there exists positive constants B;s and points t? €
[0, 7] such that

z;(t9) > —Bia (i=1,2,..,n).

According to this and (1.6), we obtain

zi(t) = x(td) + /t & (t)dt

0
i

v

G

> —Biy—-Bp (i=1,2,..n).
Thus, using again (1.5) it follows that
i

In
ii

|zilo < max [ , Bin + Bm] (1=1,2,...,n).

0

Lemma 1.2. Let ¢ : R" — R"™, p(x) =y, where
n
yi:Fi—Zaijexp(mj) (i:1,2,"- ,’I”L).
j=1
If relation (1.3) holds, then there exists an open, bounded set Q3 C R™
such that
{z eR":p(x) =0} CQy and dplp,,0] = (-1)".
Proof. Let H : [0,1] x R® — R", H(\,z) =y, where
n
Yi =T — A exp(wi) - A Z 5 exp(:rj) (’L =12,.. n)

j=1
j#i
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Let A € [0,1] and = € R™ such that H(\,z) = 0. It follows that

T — Qg exp(xl-) - A Z Q;j exp(:vj) =0
j=1
JFi
(1.7) (i=1,2,...n).

We deduce that 0 < 7; — @;; exp(x;), so

exp(a;) < ~- < | 5| | @y <In |-
Q4 Qi | o Qi | g
(1.8) (i=1,2,...n).
On the other hand, from (1.7) , (1.8) and (1.3) we get
n n r
Qi exp(:ci) >T — Qj exp(a:j) >T — Z Qi 2| >0
. . @55 lo
J# J#i
(i =1,2,,--- ,n).

which implies that there exists a constant M € R such that
(1.9) M<z (1=12,,---,n).

From (1.8) and (1.9) we obtain the existence of an open, bounded set
07 € R"™ such that

U {zeR":HO\ 2) =0} c Q.
X€(0,1]

Furthermore, H(0,x) = 0 has the unique solution 2" with

for which
Ti0,(2%) = (=1)" [ [ (exp 2f) i,

Consequently, we have that

dple, 1,0l =dp[H(1,-),Q1,0)] = dg[H(0,-),Q1,0] = (—=1)".



112 IV. DELAY-LOTKA-VOLTERRA SYSTEMS

Theorem 1.3. Assume that relation (1.3) holds. Then system (1.1)
has at least one T-periodic positive solution.

Proof. We have noticed that it is enough to show the existence of
an element z € D(L) such that Lz = Nxz. We see that the restriction of
QN to R" is ¢, the function defined in Lemma 1.2. Using Lemma 1.1,
Lemma 1.2 and Mawhin’s continuation theorem in infinite dimension,
we find an element z € D(L) such that Lx = Nz. |

A particular case of system (1.1) is the May-Leonard-type system

Cbl(t) = CL‘l( )[1 — :El(t) — Ozl(t)l‘g(t — Tz(t,xl(t), NN ,l’g(t)))
t wg(t — Tg(t xl(t) l’3(t)>)]

Ba(t)
io(t) = z2(t)[1— Ba(t)z1(t — Tl(f z1(t), ..., x3(t)))
(1.10) — z2(t) — aa(t)ws(t — m3(t, 21(t), - . ., 23(t)))]
i3(t) = 31— as(t)zi(t — 7t xl(t) -, x3(t)))
Bs(t)w2(t — mo(t, z1(h), ..., 23(t))) — x3(t)]

where o;,3; > 0 (i = 1,2,3) are continuous T-periodic functions, 7; €
C(RY,R) and 7; (j = 1,2,3) are T-periodic with respect to their first
argument.

Corollary 1.4. If
(1.11) a,+8,<1 (i=1,2,3)
then system (1.10) has at least one T-periodic positive solution.

Proof. In this particular case, condition (1.3) is exactly condition
(1.11). We apply Theorem 1.3 for:

ri = lEaZ’Z’ (i:1,2,3)

a2 = ai1; a13 = B1; a1 = B2; a3 = ao;a31 = a3; azz = F3.

2. COMPETITION SYSTEMS WITH MAY-LEONARD CONDITION

We keep the notations of Section 1 with n = 3. The proof of the
following lemma uses some techniques of Ahmad [2].

Lemma 2.1. Suppose that condition

T @i aij
Tilp Qji I pr L5510

(2.1) (4,5) € {(1,2),(2,3), (3, D},
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holds. Then there is a bounded and open set Q2 C C such that
|J {zeD(L): Le=ANz} Q.
A€]0,1]
Proof. Let X €]0,1] and x € D(L) such that
(2.2) Lx = ANzx.

In what follows C; denotes a fixed constant independent of A and =x.
Integrating (2.2) we obtain

T
T = ii(t) exp xi(t)d
TF /0 a;; (t) exp x;(t)dt
3 T
. /0 i () expla; (t — 73(t, exp a1 (£), . .., exp s (£)))]dt
j=1
i F
(2.3) (i=1,2,3).
On the other hand, from (2.2) we have
[2i(t)] < rilt) + ai(t) expai(t)
3
+ Z a;j(t) explz;(t — 7j(t,expz1(t), ..., expz3(t)))]

j=1
i FJ

(2.4) (i=1,2,3).

Using (2.3) and (2.4) we deduce that

(2.5) Zill 1o,y < 2T 1H§1?§X3n =Cy (1=1,2,3).

Using again (2.3) we obtain 71 > 23: @15 explz;];, which implies the
existence of C3 > 0, such that !

(2.6) 2], < Cs (i=1,2,3).

By (2.5) and (2.6) we have

(2.7) [wlm < [zile + il iy £ Cs+ Coi=Cs (i =1,2,3).

We prove the existence of a constant C5 such that

(2.8) [z > Cs (i =1,2,3).



114 IV. DELAY-LOTKA-VOLTERRA SYSTEMS

Assume, by contradiction, that (2.8) is not true. Then there exists
(An)n CJO,1], (2™), € D(L) with Lz™ = X\, Nz™ such that one of the
following three possible situations holds :
L [2}p — —oo for all ¢ € {1,2,3}
II. [a)y — —oo forallie I C {1,2,3}, |I| =2
II. [}y — —oo foralli e I C {1,2,3}, |I|=1.
Let us first deal with situation 1. Using (2.3) we obtain that

3
1 < Zalj exp[r] | m - 0,
=1

which implies that 71 < 0. But [r1]z > 0, so we have obtained the de-
sired contradiction.

Consider now situation II. Suppose that I = {2,3}, the treatment
of the other ones being completely similar. Let Cg be a constant such
that

(2.9) [#1]m = Cs, (n €N)
and
(2.10) [z — —o0 (i =2,3).

In view of (2.5) and (2.9) we have that
(2.11)  [2V]L = [2V]m = |27 |1y = C6 — C2 = C7 (n € N).

Integrating the relation Lz™ = A\, Nz" (n € N) we obtain

T
Tr, = / ais(t) exp 2 (£)dt
0

3 T
+ Z /0 aij(t) explx (t — 7j(t,expay(t),...,expzy(t)))]dt
7=1
L7
(212) (neN, i=2,3).

Using (2.10)and (2.12) we deduce the existence of two sequences (A}),,
A7} — 0 such that
n

T
T, = / ann(t) expla(t — 71 (t, expal(t), ..., expald(t)))]dt + A7
0

(213)  (neN, i=23).
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By (2.1) for (i,75) = (1,2) we have
(2.14) a0 () > an(t)% (t € [0, T]).
From (2.13) and (2.14) it follows that
T7y > % /T a11(t) exp[z](t — (¢, expx}(t),. .., expxy(t)))]dt + Ay
' (n € N)
which implies that

T p—

T > / ay1 (t) exp[z] (t — T(t, expay (t), . .., expaz(t)))]dt + %Ag
0 2

(n € N)

from which we obtain that

T
T, < — / Faan (£) expla? (t — 11 (£, exp ™ (t), ..., exp i (£)))]dt
0

(2.15) D (meN).

T2
On the other hand, from (2.13) we have

T
Tryry = / Fraz (£) expla? (t — 11 (£, expal™(£), ..., exp 2l (£))]dt
0
(2.16) FATF (n € N).
By (2.15) and (2.16) we have

/OT[Tlagl(t) —T3aq1(t)] explz] (t — T1(t, expz(t),...,expay(t)))]|dt
(2.17) AL — %AS >0 (neN).

On the other hand, from (2.1) (for (¢,7) = (3,1)) we obtain that

(2.18) Traz1(t) —T3an(t) <0 (t € [0,7T]).

Using the fact that A7 — 0 (i =2,3)and (2.11), (2.17), (2.18) we
deduce that 0 < 0, a contradiction.

We consider now the third situation. Suppose that I = {3}, the
other cases being treated in the same manner. Let Cg be a constant
such that

(2.19) 27y >Cs (neEN, i=12)
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and
[z5]p — —o0.

n
Using (2.5) and (2.19) we have
(2.20) [2f]L = [27']a — 147 ]| o) 2 COs = Cai=Co (i =1,2).
Let (1), be a sequence such that
(2.21) i (t7) = 2] (n€N).
Using Lz" = A\, Nz" (n € N) and (2.21) we deduce that

ri(tY) = an(t])explzy]L
3

+ > a(ty) expla (8 — Tt} expa(t), .. expai (1))
j=1
J#1
(n €N),

which implies

3
[r1]e < lan)arexplz?]e + Y lay]arexplz]]m
j=1
j#1
(2.22) (n €N).
Let (t3)n be a sequence such that
(2.23) v3(ty) = [23]m (n €N).

Using again the relation Lz™ = A\,Nz" (n € N) and (2.23) it follows
that

ra(ty) = aza(ty) explay]n

3
+ Y ay(th) explaf (ty — mi(th, expa(ty), . .. expa}(t3)))]
7=1
J#2
(n €N),
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which implies
3
lasa]p explai]ar + D [ag;]r explaf]r < [ra]u
j=1
j#2
(2.24) (n € N).
By (2.24) we have that

— lawz]mlra]m < —lara]a(asz2] L expley]
3

(2.25) — Y larslulazs]rexplaf],  (n €N).
j=1
j#2
From (2.22) we obtain that
[r1]plaze]r < [a11]amaze]r explat]L
3
(2.26) + Y lalula)rexplzfly (neN).
j=1
J#1
In view of (2.25) and (2.26) we have that
[r1]Llag2]r — [ar2]a(re]m < {la11]ala2]r — [a12]ar[a21]L} explzy]L
+[a1s]arlaze]r explay]ym — [ai2]ar[azs]r expley] L
(2.27) (n € N).
Using the fact that

and the relations (2.1) (for (i,
that

=(1,2)), (2.7), (2.20), (2.27) it follows

(2.28) 0 < [an1]mlaze]r — [a12]arlaz]L.
From (2.22) we have that

— la21]r[r]r = —[a21]r]a11]ar explel]L
3

(2.29) — Z la21]]a1j]n explzf]y (n € N).
j=1
j#1
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By (2.24), we have that

[rolmlani]ar > [ani]maze]r expley| v
3

(2.30) + Y laglrlan]aexplf]l,  (n€N).
j=1
j#2
Using (2.29) and (2.30), we deduce that
[TQ]M[GH]M - [a21]L[7°1]L > {[an]M[an]L - [a21]L[a12]M}eXP[33§L]M
+[ags]r[a11]a explas]r — [a21]rla13]ar explrs]as
(2.31) (ne).

From
#§lar — —oo
and (2.1) (for (i,j)=(1,2)), (2.7), (2.19) and (2.31) we have that

(2.32) 0 > [a11]arlage]r — [a21]r[ai2]ar

In view of (2.28) and (2.32) we have obtained a contradiction. Conse-
quently relation (2.8) is true.
From (2.5) and (2.8) we have that

(2.33)  [wilL = [zils — |Zillprory =2 Cs = C1 0 (i =1,2,3).

By (2.7) and (2.33) we deduce the existence of a constant C' > 0, inde-
pendent of A €]0, 1] such that the relation Lz = ANz, x € D(L) implies
that |z|o < C. |

Lemma 2.2. Let ¢ : R? — R3, ¢(x) =y where
3
Y;i =T — Zaij exp(xj) (Z = 1, 2,3).
j=1
Suppose that condition (2.1) holds. Then there exist an open, bounded
set Q1 C R? such that

{x eR>: p(x) =0} CQ and dg[p,Q,0] #0.

Proof. Consider the continuous homotopy H : [0,1] x R? — R3,
H(\ x) =y, where
y1 =71 — a11 exp(z1) — Aarz exp(ze)] — a3 exp(zs),
Yo =T — 21 exp(:nl) — (929 eXp($2> — )\[623 eXp(.Q?g)],
Y3 = T3 — )\[631 exp(xl)] — as2 eXp(.CUg) — ass exp(:vg).
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Clearly, H(1,-) = ¢ and the function H(0, -) is denoted by ¢ = (¢1, 12, 13).
Using the same strategy as in the proof of Lemma 2.1, it is not difficult
to prove that there exists a positive constant R such that

U {zeR®: HO\2) =0} c] - R,R[*.
A€0,1]

Hence, using the invariance and excision properties of Brouwer degree,
it follows that

(2.34) dsle,] — p, pP%,0] = dp[w,] — p, o, 0],
for any p > R. Now, consider the continuous homotopy
G:0,1]]xR*—=R3 G\zx)=y,
where
y1 = (1= N)h1(z) + A(R — exp(a1) — nexp(as)),

Y2 = (1 = Na(z) + MR — nexp(x1) — exp(z2)),
ys = (1 = Ns(z) + A(R — nexp(z2) — exp(w3)),

and 1 > 1 is chosen such that there exists a positive constant R; satis-
fying

U {zeR?: G\ 2) =0} C] - Ry, R, P
A€[0,1]

Hence, using the invariance and excision properties of Brouwer degree,
it follows that

dB[w,]—p,p[S,O] = dB[G(Oa ')7]_:0’/)[3’0

]
(2.35) = dplG(1,-),] = p, [, 0]

=—1.

for any p > R;. Now, the conclusion follows using (2.34) and (2.35). m

Theorem 2.3. Assume that relation (2.1) holds. Then system (1.1)
has at least one T-periodic positive solution.

Proof. See the proof of Theorem 1.3. |
Corollary 2.4. If
(2.36) 0<ai(t)y <1< pi(t) (te]0,T], i=1,2,3),

then system (1.10) has at least one T-periodic, positive solution.
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Proof. We apply Theorem 2.3 for
ri = 1 = Qy; (Z = 1,2,3)

a2 = a1, a13 = 31, a1 = B2, a3 = a2,a31 = a3, az2 = F3.

3. DELAY-PREY-PREDATOR SYSTEMS
Let
Cr:={z:R — R?: z is a continuous T-periodic function}.

It is know that (C7p,|| - ||) is a Banach space with the norm ||z|| =

sup |x(t)| . We search for a positive function = € Cp such that = is a
teR
solution of the system

u(t) = u(®)|a(t) —bt)u(t) — c(t)v(t — B(t, u(t),v(t)))],
(3.1) o) = v@®)dE)+ fR)u(t —alt,u(t),v(t))) — gt)v(t)],
where a,b,c,d,f,g are continuous T-periodic functions and o, 8 € C(R3,R)
are T-periodic with respect to their first variable. It is also assumed that

a,b,c,f and g are strictly positive.
Consider the following system

u(t) = a(t) — b(t) expu(t)
—c(t) explo(t — B(t, expu(t), expv(t)))],
0(t) = d(t) + f(t) explu(t — a(t,expu(t),expv(t)))]
—g(t) expu(t).
It is obvious that if system (3.2) has a T-periodic solution, then system
(3.1) has a positive T-periodic solution.

We reformulate problem (3.2) so we can use Mawhin’s continuation the-
orem in infinite dimension. Let (L, D(L)) be the operator defined by

D(L)=CrNCYR,R?), Lz =&
and N : Cr — Cp, Nx = y where
yit) = a(t) = b(t) expult) — o(t) explo(t — B(t, expu(t), expv(t)))],
y2(t) = d(t)+ f(t)explu(t — a(t,expu(t),expv(t)))] — g(t) expv(t).

It is obvious that = € Cr is a solution of (3.2) iff z € D(L) and Lz = Nz.
Define the continuous projectors P, Q)

P . Cpr— Cp, Px=u1(0),
Q : Cpr—Cp, Qr==x.

(3.2)
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We know that

Im(P) = ker(L), ker(Q) = Im(L),

Cr = ker(L)®ker(P) =1Im(L) ®Im(Q),

ker(L) = Im(Q)~ R
Consequently, L is a Fredholm operator of index zero. It is easy to
prove that IV is an L-compact operator on €2 for any open bounded set
QcCCrp.
Lemma 3.1. Suppose that condition
69) U cin {10 2} ¢ (10 (D) Lo

(6] 0 la]ar” [alL [a]ar” [alL (el
holds. Then there is a bounded, open set Q0 C Cr such that
U {zeD(@): Le=ANz} cQ.
A€]0,1]
Proof. Let A €]0,1] and « € D(L) such that

(3.4) Lx = ANzx.

In what follows C; denotes a fixed constant independent of A and z.
Integrating (3.4), we obtain

T
al = /0 b(t) exp u(t)dt

T
(3.5) [ ettyexplote = Bt expute). expol))lat,
. T
ar - - /0 F(#) explut — alt, expu(t), exp v(t)))|dt
T
(3.6) + /Og(t)expv(t)dt.

On the other hand, from (3.4) we have that
la(t)] < a(t)+ b(t)expu(t)

(3.7 T cft)explo(t — B(t, expult), expu(®)))]
Using (3.5) and (3.7) we deduce that
(3.8) il oy < 27T@:= Cs.

Using again (3.5) we obtain that
@ > bexplu]r, + cexpv]r
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which implies the existence of a constant C'5 > 0, such that

(3.9) [U]L, [’U]L S 03.
By (3.8) and (3.9) we have that
(3.10) [ulpr < [u]r + @] L1y < Cs+ O = C.

Using (3.6), we have that

T
0 < [g]L/ expv(t)dt < |d|T
0

T
+ [f]M/O explu(t — a(t,expu(t),expv(t)))]dt
<

(3.11) |d|T + [f]ar explu]mT.

From (3.10) and (3.11) we deduce the existence of a constant Cs > 0
such that

T
(3.12) / expv(t)dt < Cs.
0

Using (3.4), (3.10) and (3.12) we obtain, as for (3.8), the existence of a
constant Cg > 0 such that

(3.13) 911 0,7) < Ce-

From (3.9) and (3.13) we have that

(3.14) [Wa < W] + 10l zior) < C3 4 C6 := Cr.
Now we show the existence of a constant ¢ such that:
(3.15) [ular, V] > €

Assume, by contradiction, that the relation (3.15) is not true. Then
there exist (Ay)n CJ0,1], (xy, = (un,vn))n C D(L), Lz, = A\yNxy, such
that one of the three following situations holds:
L [up)pr — —o0, [up|pr — —00
II. [un]M — —00,308, ['Un]M > Cg (n S N)
III. 3Cy, [up]ar > Cy, (n € N), [vp]ar — —o0.
Let us first deal with situation 1. Using (3.5), we obtain that
a < [b]ar explun]ar + [c] v explon] v — 0,

but [a]r > 0, so we have obtained the desired contradiction.
Consider now the situation II. Using the relation (3.13) and II we
have that

(3.16) [Un]L > [Un]M — ||i}n||L1(0,T) > Cs — Cs :=Cqp (TL S N)
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From (3.14) and (3.16) we obtain that the sequence (vy,), is bounded
in C'(0,7T) and equicontinuous (clear from the relations (3.4), (3.10) and
(3.14)), so, using Arzela-Ascoli’s theorem, we can admit that there is
a function v € C(0,T) such that |[v — v, — 0. We deal with two

situations: IL.1 [d]as > 0.
Consider the sequences (t},)n, (t2), C [0, 7] such that

(3.17) Un (L) = [un)ar, vn(t2) = [vn]ar (0 € N).

Because [0, 7] is compact we can assume that there are t', 2 € [0, 7]
such that
tt — t (i=1,2).

Using (3.17) and the fact that ||[v — v,|| — 0 we deduce that
n

0al12) — v(t?) = [olr
and
vn(t}L — ﬁ(t,ll, exp un(t}Z), exp Un(t}l))) = v, (tn) — v(t).

(where ¢ € [0,T] such that t,, — t ). So, for every n € N we have

n

a(ty) = blt,,) explun]ar + clt,,) expv(tn),

d(t;) = —f(t7) expun(ty — alty,expun(ty), expva(})))
+ g(th) explun]ar-
Taking the limit we obtain that
a(t') = c(t') expo(?), d(t*) = g(t*) exp[v],
so we have that

a1 §2
HOESG

and from (3.3) and II.1 we have that
a [d]
¢IL 91m

I1.2 [d]as < 0 : Using the notation in II.1, we obtain that
d(t?) = g(t*) exp[v] s,

a contradiction.

which is impossible.
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Consider now the last possible situation. Using the same method
(see IT) we can show that this situation proves to be also impossible (for
example we can use the fact that

M {91,
[b] a1 [a]ar” falL

Consequently (3.15) is true. Using (3.8), (3.13) and (3.15) we obtain a

constant Cq; such that

(3.18) [ulL, [v]r > Ci1.

From (3.10), (3.14) and (3.18) we have that there is a constant C12 such
that

[lull, [[o]] < Chz,
which completes the proof. [

Lemma 3.2. Let ¢ : R? — R?, ¢(x) =y where
y1 = a—bexp(z1) — cexp(z2),
y2 = d+ fexp(z1) — gexp(zz).

If the relation (3.8) holds, then there is an open, bounded set Q; C R?
such that

{z eR?: p(z) =0} C Q and dp[p,,0] = 1.

Proof. Tt is obvious that from relation (3.3) we can deduce that

(3.19) a>0, —mL<Z<[Z]L.
We have that

(3.20) 3] <L [9,<2
From (3.19) and (3.20) we have that

(3.21) ag —de >0, bd+ fa>0.
Because br, cr, fr, 91 > 0, it follows that

(3.22) bg +¢f > 0.

From (3.21) and (3.22) we deduce that there is only one point (2, 29) €
R? such that

Furthermore,

Jo(af,29) = | - = exp(a]) exp(23)[bg + fe] > 0
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and dglp, Br(0),0] = 1. We can choose Q; = Bgr(0), R > 0 such that
(21, 27) € Br(0). m

Theorem 3.3. Assume that relation (3.3) holds. Then system (3.1)
has at least one T-periodic positive solution.

Proof. See the proof of Theorem 1.3. |

Next we state and prove our second result of this section. Consider
the system

u(t) = u(t)]a(t) — b(t)u(t) — c(t)v(t)]

(3.23) o(t) = T@v@)[u(t — alt,u(t),v(t)) —o(t)]
where a,b,c,7,0 are continuous T -periodic strictly positive functions
and a € C(R3,R) is T-periodic with respect to its first variable. As in
the case of system (3.1), we consider the following system

u(t) = a(t) —b(t)expu(t) — c(t) expv(t)
(3.24) o(t) = 7(t)[explu(t — a(t,expu(t),expv(t)))] — o(t)].
If system (3.24) has a T-periodic solution, then system (3.23) has a
positive T-periodic solution. Let Ny : Cp — Cp, Nz = y where

y1(t) = a(t) —b(t)expu(t) — c(t) expv(t),

y2(t) = 7(t)[explu(t — a(t,expu(t), expu(t)))] — o(t)].

It is obvious that = € Cr is a solution of (3.24) if and only if x € D(L)
and Lz = Niz. We notice that N7 is an L-compact operator.

Lemma 3.4. Suppose that condition
(3.25) [a]L — [b]M[J]M >0
holds. Then there is a bounded, open set 2 C Cr such that

| {zeD@): Lo=ANz} CQ.
A€]0,1]

Proof. The proof is similar to the proof of Lemma 3.1 and will be
omitted. ]

Lemma 3.5. Let @1 : R? — R?, ¢(z) =y where

y1 =a— bexp(z1) — Cexp(z2), y2 = Tlexp(z1) — 7).

If relation (3.25) is true, then there is an open, bounded set Q; C R?
such that

{z € R*: py(x) =0} C Q and dp[p,Q1,0] = 1.
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Proof. From relation (3.25) we deduce that
(3.26) a—bo >0
From the relation (3.26) we obtain that there is only one point (z{,2?)
such that ¢ (xcl)lx(l)) = 0. Furthermore

—bexp(zy) —cexp(x))
0 .0y _ 1 2
Tola1,3) = 7 exp(z9) 0

We can choose Q1 = Br(0), R > 0, such that (29,29) € Bgr(0). |

Theorem 3.6. Assume that relation (3.25) holds. Then system (3.23)
has at least one T-periodic positive solution.

= 7cexp(z}) exp(z)) > 0.

Proof. See the proof of Theorem 1.3. [



CHAPTER V

Multiplicity results for superlinear planar
systems

Consider the following boundary value problem

(0.27) u = —g(t,u,v)v, v =gt,u,v)u

(0.28) u(0) =0 = u(m),
where g : [0, 7] x R? — R is a continuous function satisfying
(0.29) g(t,u,v) - +o0o0 as |u]+ |v]| = o0

uniformly with ¢ € [0,7]. In this chapter we prove two multiplicity
results concerning the boundary value problem (0.27), (0.28) for nonlin-
earities g satisfying (0.29) and some additional conditions.

1. A FIRST RESULT

To prove the main result of this section, we use a theorem of Ward.
For the convenience of the reader, we state this theorem below.

Let G = (g1,92)" € C(Rx[0, 7] xR%,R?),w = (u,v)",J = ( (1) _01 >

and consider the boundary value problem

(1.1) w' = pJw + G(u, t,w), te0,n],
(1.2) u(0) = 0 = u(m).
Let

X = {w = (u,v) € C([0,7],R?) : u(0) = 0 = u(n)}

be a linear space equipped whit the norm |[w|| = max;cg ] |w(t)| where,
if w= (u,v) € R?, then |w|?> = u? + v2. Let S be the closure in R x X
of the set of all nontrivial solutions (p,w) (i. e. w # 0) of (1.1), (1.2).
The following theorem is due to Ward [67].

Theorem 1.1. Let G € C(R x [0,7] x R?,R?),G(p,t,0) = 0 for all
(u,t) € R x [0,7] and G(u,t,w) = o(Jw|) as |[w| — 0 uniformly with
respect to t € [0, ] and p in compact sets. Then

127
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(W1) Foreachk € Z,(k,0) is a bifurcation point of (1.1), (1.2). That
is, in every neighborhood of (k,0) € R x X there is a nontrivial
solution (p,w) of (1.1), (1.2).

(W3) For each k € Z let Cy, C R x X denote the component of S
which meets (k,0). Each Cy is unbounded in R x X and if
(p,w) € Cx,w # 0, then w may be extended to R as a 27-
periodic function in such a way that if t € [—m,7]/{—m, 7},
thent — w(t)/|w(t)| defines a mapping p(u, w) of the circle S*
into itself, and rot(p(p,w)) = k. It follows that if j # k then
Cj NC, = 0.

Now, we are in a position to state and prove the first main result of
this chapter.

Theorem 1.2. If g : [0,7] x R? — R is a continuous function satisfying
(0.29) and

(1.3) g(t,0,0) =0 forall tel0,n],

then (0.27), (0.28) has infinitely many topologically distinct solutions.
Indeed, for each k € N there is a solution wy = (ug,v) such that the
odd/even 27~ periodic extension wy of wy has rotation number k.

Proof. Let X be the Banach space defined above. We associate to
(0.27), (0.28) the following family of boundary value problems

(1.4) u = —pv —g(t,u,v)v, v =pu+ gt u,v)u

(1.5) u(0) =0 = u(m).

Let S be the closure in R x X of the set of all nontrivial solutions (u, w)
of (1.4), (1.5). For each k € N let C};, C R x X denote the component
of § which meets (k,0). Using Theorem 1.1 (we can apply this theorem
because g satisfies (1.3)) we have that Cj is unbounded in R x X for
each k € N. Consider (u,w) € Cg,w # 0. Let w be the odd/even 27—
periodic extension of w, and let g be the extension of g on [—m, 7] x R?
defined by g(t,u,v) = g(—t, —u,v) for all (t,u,v) € [—m, 0[xR2 Then,
if t € [-m, 7]\ {0} we have that

u'(t) = —pu(t) — gt ut), v(t))o(t), V'(t) = palt) + g(t, u(t), v(t))u(t).
This implies that

d, .
%|w(t)|2 =0 forall te[—mn|\{0},
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from where we deduce that u? + v2 is constant on [—,7]. Then t »—
w(t)/|w(t)] may be considered as a map of the circle St into itself, de-
noted be ¢(u,w). Let rot(¢(u, w)) be the rotation number of ¢(u, w).
Using Kronecker formula, we have that
1 [™du—uv
t = — ————dt
ro (90(/’6711))) ot o u2 + 2
1 s

1.6 = — g(t,u,v)dt.
(1.6 w+ g [ a59)
Let k € N, then from Theorem 1.1 we know that rot(yp(u, w)) = k for all
(1, w) € Ck,w # 0. Because C}, is unbounded in R x X, we have three
possible situations.

(I) The projection of Cj onto R is unbounded from below.
(IT) The projection of Cj onto R is bounded.
(III) The projection of Cj onto R is unbounded from above.

We show that situations (II) and (IIT) don’t hold.
Using (0.29), we deduce that there exists ¢ € R such that

(1.7) g(t,u,v) > ¢ forall (t,u,v) € [0,7] x R2.

Suppose that (II) holds. Then, because Cj is unbounded in R x X
there is a sequence (fi,, wy, ), in Cy such that (uy, ), is bounded in R and
||wn|| — co. As we have already seen, we have for all n € N that

||wn|[? =12 + 702 forall t€ [—m, ]

so that |u,| + || — oo uniformly in ¢ € [—m, w]. Using (0.29) we de-
duce that g(t, un(t), v, (t)) — 400 uniformly in ¢ € [—m, 7]. From this,
the fact that the sequence (py,), is bounded and (1.6) we have that
rot(p(tn, wy)) — 400, a contradiction with rot(p(un,w,)) = k for all
n € N.

Suppose that (IIT) holds. Then, there is a sequence (fi, wy)y, in Cy
such that p, — +o00. Using (1.6) and (1.7) it follows that rot(p(tn, wy))
— 400, which is again a contradiction with rot(p(pn,wy,)) = k for all
n € N.

Consequently we can only have situation (I), so, from the connect-
edness of Cy and (k,0) € Cj it follows that there exists wy € X such
that (0,wg) € Ck, so wy # 0 is a solution of (0.27), (0.28). On the other
hand, because rot((0,wy)) = k for all k € N, we deduce that wy # w;
if k # . n
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Exemple 1.3. Using Theorem 1.2, we deduce that the boundary value
problem

u' = —[(sint 4+ 1)(u? —u) + viv, o =[(sint + 1)(u? — u) + v}u,
u(0) =0 = u(r),

has infinitely many topologically distinct solutions.

2. A SECOND RESULT

In this section g : [0, 7] x R? — R is a continuous function satisfying
(0.29) and
(2.1) 9(0, —u,v) = g(0,u,v) for all (u,v) € R
Moreover, we suppose that function ¢(0,-) is locally Lipschitz on RZ.
The second main result of this chapter is the following one.
Theorem 2.1. If g is as above, then (0.27), (0.28) has infinitely many
topologically distinct solutions.

To prove the theorem above, we use Capietto-Mawhin-Zanolin con-
tinuation theorem. So, we need to make some preparations.
Let X be the linear space of continuous functions w = (u,v) on [0, 7]
with values in R? equipped with the usual norm ||w|| = max;e(o A [w(t
Consider the homotopy G : [0,1] x X — X defined by G(A, (u,v))
(x,y), where

x(t) = _/0 g(As,u,v)vds, y(t) =v(0) — u(n) +/0 g(As,u,v)uds,

for all t € [0, 7].
Lemma 2.2. The homotopy G is completely continuous on [0,1] x X.

Proof. Let (A, wp), C [0,1] x X such that A\, — Ao, w, — wp.
Then, if ¢t € [0, 7], we have

t t
/ g()‘nsaunvvn)vn ds — / g()\()sauva)UO ds
0 0

< / lg(An s, Un, Un)vn — g(Aos, wo, vo)vo|ds =: v, (n € N).
0

Using Lebesgue’s dominated convergence theorem, we deduce that v, —
0. Now, the continuity of G follows obviously. Let (A, wy, )y, be a bounded
sequence in [0,1] x X. Passing if necessarily to a subsequence, we can
assume that A\, — Ag. For n € N, define the continuous function z,, by

xn(t) :/0 g(AnS, Un, vp)vp ds, (t € [0,7]).
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Let M > 0 such that ||w,|| < M for alln € Nand M’ = sup{|g(t, u,v)v| :
(t,u,v) € [0,7] x [-M, M]?}. Because

2a(t)] < /0 1905, t v )al ds, (¢ € [0, 7)),

we deduce that max,cp A [7,(t)| < M’ for all n € N. Now, consider
t,t' € [0,7] and n € N. We have

t/
20 (t) — 2a(t)] < / 19(An, s v )| ds| < M|t — ¢,

It follows that the sequence (x,), is equicontinous . So, we can apply
Arzela-Ascoli theorem to deduce that (z,), has a convergence subse-
quence in C([0,7]). Now, the compactness of G follows obviously. [

Consider the family of boundary value problems

(2.2) v = —g(\t,u,v)v, v =g\, u,v)u

(2.3) u(0) =0 = u(m).

Lemma 2.3. If (\,w) € [0,1] x X, then G(\,w) = w if and only if w
is a solution of (2.2), (2.3).

Proof. Suppose that G(A,w) = w. Then, it is clear that we have
(2.2). On the other hand, it follows that «(0) = 0 and v(0) = v(0) —
u(m), so u(m) = 0. Conversely, suppose that w is a solution of (2.2),
(2.3). Integrating on [0, t] the equations in (2.2) and using the boundary
condition (2.3), it follows that G(\,w) = w. |

Let g : [-m, 7] x R? — R be a extension of g defined by g(t,u,v) =
g(—t, —u,v) for all (t,u,v) € [, 0[xR2. Using (2.1) it follows that g is
continuous. On the other hand, if (u,v) # (0,0) is a solution of (2.2),
(2.3), we define the 2r—periodic odd/even continuous extension of (u, v)
by u(t) = —u(—t),v(t) = v(—t) for all ¢t € [—m,0].

Lemma 2.4. If (u,v) # (0,0) is a solution of (2.2), (2.3), then (u,v) €
CH([~m,7],R?) and @' = —g(\t,u,0)v, v = g(At,u, V).
Proof. Let t €]0, 7|, then w is differentiable in ¢ and

u'(t) = u'(t) = —g(M, u(t), v(t))v(t) = —g(At, u(t), 5(£))0(t).

Analogously, v is differentiable in ¢ and

a'(t) = g, u(t), v(t))u(t).



132 V. MULTIPLICITY RESULTS FOR SUPERLINEAR PLANAR SYSTEMS

Now, consider ¢ € [—7,0[. Then, u is differentiable in ¢ and
u(t)=u'(=t) = —g(=At,u(-t),v(-t))v(-1)
= —g(=Xt, —u(t),v(t)v(t) = —g(At,u(t), v(t))o(t).
Note that the last equality follows by (2.1). On the other hand, v is
differentiable in ¢ and
U(t) = —v(=t) = —g(=At,u(-t), v(-t))u(-t)
= —g(=At,—u(t),v(t))(—u(t)) = g(At,u(t), v(t))u(t).

We have
tim i 19— (0) = —(0,0,0(0))000),
i LGRS tig ~0 — 0,0,00))0(0)

It follows that @ is differentiable in 0 and @'(0) = —g(0,0, v(0))v(0). On
the other hand we have

o) —-v0) o, B
lim M = —'(0)=0.
t,/0 t
So, ¥ is differentiable in 0 and v’(0) = 0. Finally, %, v are C'! because the
continuity of g. |

Let w = (u,v) be a non-trivial solution of (2.2), (2.3). Then, using
Lemma 2.4 we deduce that (u?(t) + v%(t))’ = 0 for all t € [~m,7]. It
follows that |w(t)|? = ¢ for all t € [—m, 7], where ¢ > 0 is a constant.
Now, w(—m) = w(m), and w(t)/|w(t)| € S for all t € [—, 7]. Identifying
St with [~ 7] /{—n, 7} we obtain a mapping t — w(t)/|w(t)| of S* into
itself, which we denote by (A, w). The rotation is defined. Using again
Kronecker formula and Lemma 2.4 we have that

Lo wa—w 1 [T
(24) rot(w(hw) = - / =g [ aOna

Let § : R? = R, 6(u,v) = min{1, (u®+v?)~1}. If (u,v) € X, we define as
before (u,v) to be the odd/even extension (not necessarily continuous)
of (u,v). Consider ¢ : [0,1] x X — R, defined by

o0 () =

T or

Lemma 2.5. The function ¢ defined above is continuous.

/ﬂ G\t T, 0) (W2 + 0%)d(w, D) dt‘ .

—T



2. A SECOND RESULT 133

Proof. The proof follows easily using the continuity of g, and the
Lebesgue’s dominated convergence theorem. [

Lemma 2.6. There exists R > 1 such that (A, w) € N for all (\,w) €
Y with ||w]] > R, where ¥ = {(\,w) € X : G(\,w) = w}.

Proof. From (0.29) we have that there exists R > 1 such that
(2.5) g(t,u,v) >0 if |(u,v)| > R,t € [—7, ]
Let (A\,w) € ¥ such that ||w|| > R. Using Lemma 2.3 and Lemma 2.4
we deduce that
(2.6)  wA(t) +0%(t) = ||w|]|* > R* > 1 forall t& [—m, 7]
The conclusion follows from relation (2.4), (2.5), (2.6) and the definition
of . [ ]
Lemma 2.7. The set o~ '(n) N'Y is bounded for each n € N.

Proof. Let n € N and suppose that the set ¢ ~!(n)N¥ is unbounded.
There exists a sequence (Ag,wy) € ¥ such that ¢(Ag,wy) = n for all
k € N and ||wg|| — oo. Using Lemma 2.3 and Lemma 2.4 we deduce
that 3 +07 = ||wg||? on [—m, 7], which implies that |y (¢)|+ |0k (t)] — oo
uniformly with ¢t € [—m, 7]. So, using (0.29), (2.4) and the definition of
¢ we obtain that ¢(\g, wg) — oo. Contradiction. |

Lemma 2.8. If ug,vg € R, then the initial boundary value problem
(2.7) v = —g(0,u,v)v, v =g(0,u,v)u, u(0)=wuy, v(0)=1vp
has a unique solution (u(-, (uo,vo)),v(-, (uo,vo))) which is defined on R.

Proof. Because the function ¢(0,-) is locally Lipschitz on R? it
follows that (2.7) has a unique maximal solution

(u<'7 (U(), UO))7 U('a (u()? UO))) :]a, b[_> R?.
We shall prove that |a, b= R. Remark that (2.7) implies

|(u(t, (uo,v0)), v(t, (uo, v0)))| = |(uo, vo)|
for all ¢t €]a,b[. Using again (2.7) and the continuity of g, it follows
that the function (v'(+, (ug, vo)), v’ (-, (ug,vp))) is bounded on ]a, b[, which
implies that (u(-, (ug,vo)),v(+, (up,v0))) has a continuous extension on
la, b], if b is finite. Consider (up, vp) the solution of (2.7) with the initial
data (u(b, (ug,vo)),v(b, (ug,vp))). Let € > 0 sufficiently small and define
(u,v) :Ja,b+ ] — R? by

(uv U) = (u(7 (u07 UO))? U(" (U(), UU)))
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on |a,b[, and (u,v) = (up,vp) on [b,b+ ¢]. It is clear that (u,v) verifies
(2.7), contradiction with maximality of (u(-, (ug,vo)),v(+, (ug,v0))), so
b = 400. Analogously, it follows that a = —oc. [

Using Lemma 2.8 we can consider the continuous function ¢/ : R? —
R? defined by U(z1,22) = (221,22 + u(m, (21, 22))). It is obvious that
if (u,v) is a solution of (2.2), (2.3) with A = 0, then (0,v(0)) is a
fixed point of U, and if (21, 22) is a fixed point of U, then z; = 0 and
(u(+, (0, 22)),v(-, (0, 22))) is a solution of (2.2), (2.3) with A = 0. If & > 0,
define

Qo={weX:||lu||<al, Go={EcR*:|¢<a}.

Suppose that « is chosen so that there is no solution (u,v) of (2.2),
(2.3) with A = 0 such that |v(0)] = a. The open sets 4, G, have the
following properties: there are no initial values of solutions to (2.2), (2.3)
with A = 0 on G, and no solution on 9€2,; the set of initial values in
G, of solutions to (2.2), (2.3) with A = 0 equals the set of values at t = 0
of solutions in Q, to (2.2), (2.3) with A = 0. If G C R%,Q C X are two
bounded open sets having the proprieties above, following Krasnosel’skii
and Zabreiko, we say that G, €2 have a common core. Following the same
lines as in the proof of [ [40], Theorem 28.5] we have the following result.
Lemma 2.9. If G ¢ R%,Q C X are two open bounded sets having a
common core, then the degrees dg[I —U,G,0],drs[I — G(0,-),Q,0] are
well defined and equal.

In what follows we use the notation

(u('v a)? ’U(‘, a)) for (u(7 (07 a))? U('v (07 a)))

If R > 1 is the constant from Lemma 2.6 and « > R, then, using (2.5)
it follows that the range of (u(-,«),v(-,«)) is the circle of radius «. Let
7(a) > 0 be such that u(7(«),a) = 0 and u(t, ) # 0 for all ¢t €]0, 7(a)].
On the other hand, from Lemma 2.8 and (2.1), we obtain that u(-, a) is
odd and v(-, @) is even. So, we have that (u(-,a),v(-,«)) is a bijection
from [—7(a), 7(a)] to the circle of radius a.
Lemma 2.10. 7(a) — 0 as o — +o0.

Proof. Because (u(-, ), v(-,«)) is a bijection from [—7(«), ()] to
the circle of radius a, we have that

T() ) ) )
/ (W2 (E, o) + v2(t, 0))Edt = 27
()
which implies that

(2.8)  7(a) inf{(W2(t, @) + v2(t,a))? : t € [-7(a), 7(a)]} < 7.
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On the other hand

(29) ul2('a Oé) + U,Q('a Ol) = 042[9(0, u('7 Oé),’U(‘, OL))]2.
Using (0.29) and (2.9) it follows that (2.8) holds only if 7(a) — 0 as
a — 4o00. u

Consider the set S = {T},,. If o > R, then it follows that
(u( + T(Oé), Oé), ’U(' + T(Oé), Oé)) = (u(a —Oé), u(': —Oé)),
which implies that if |a] > R then (u(-, ), v(-,a)) is a solution of (2.2),
(2.3) with A = 0 iff 7(Ja|) € S. So, if we consider the continuous func-
tion ¢ : R — R, ¢(t) = wu(m,t) then, if & > R such that 7(a) ¢ S,
it follows that the degrees dg[I —U,G,,0],dg[¢,] — a,a[,0] are well
defined. Moreover, we have the following result.

Lemma 2.11. Let o > R such that 7(a) € ]
Then

21 =l for some n € N.

dp[l —U,Gq,0] = dg[p,] — a,al,0] = (=1)"*1.
Proof. Because U acts in R?, we have
(2.10) dp[I —U,G,,0l =dplU — I,G,,0].

If we denote the rectangle [—a, a] X [—a, @] by R then, using the excision
property of Brouwer degree it follows that

(2.11) dplU —I,Ga,0] = dgld — I, R, 0].
Now, consider the homotopy

h:[0,1] xR — R h(\ (21, 22)) = (21,u(m, (\z1, 22))).
Remark that h(1,-) =U—1I and h(0,-) = Ig X ¢. Moreover, h(A, (21, 22))
= 0 if and only if h(1, (z1,22)) = 0. It follows that h(\, (21, 22)) # 0 for
all A € [0,1] and (z1,22) € OR. So, we can apply the invariance by
homotopy property, hence

dB[u - 1772'70] = dB[IR X d)aR’O]

(2.12) = dp[lr,] — a,a[,0] dglo,] — a, al,0].
Finally, because ¢ is odd it follows that dp(¢,] — «, a[,0) = sgn(¢(a)),

and so, using (2.10), (2.11), (2.12) and the definition of 7(«) the con-
clusion of lemma follows. |

Denote, for any subset A C [0,1] x X, the section of A at A € [0, 1],
by Ay ={x € X : (\,z) € A} Let R > 1 be the constant from Lemma
2.6 and let kg be an integer such that

ko > sup{p(A,w) : (A\,w) € &, ||w|| < R}
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and, using Lemma 2.7, consider, for any integer j > ko, the topological
degree dr,s[I—G(0,-),T';,0], where I'; D (¢~ 1(j)NX)o is an open bounded
subset of X for which the Leray-Schauder degree dg is defined and such
that F]’ Ny = (go_l(]) N 2)0
Lemma 2.12. There exists some integer k > ko such that
dLS[I - g(o') ')7 F]v O] 7é 0

for all integers j > k.

Proof. Using the continuity of 7(-) and Lemma 2.10 it follows that
there exists some integer k > ko such that Tfl(g) # & for all integers

j =k Ifj >k, let e > 0such that |5 — ¢, 7 +e[C|7, 755 [ and

Ay = {(u(,0), 0(,00) ol > Ror(lal) €)% — 2, + e[}

The sets A; have the same proprieties as the sets I'; above. Consider

aj:max{a>R:T(a):§+6}, ﬁj:min{a>R:T(a):§—5}.

Using a continuity argument given in [ [34], Theorem 5.1], we have that
dLs[I — Q(O, -), Aj,O] = dLs[I — g((), '), ng N ﬁaj,()].

But, using Lemma 2.9, Lemma 2.11 and the additivity property of the
Leray-Schauder degree, we deduce that

drs[I —G(0,-),Q, \ Qq,,0] = (—1)7H — (=1)7 #0.

Now, the conclusion follows using the excision property of Leray-Schauder
degree. [

Proof of Theorem 2. Using Lemma 2.2, 2.5, 2.6, 2.7, 2.12 we can
apply Capietto-Mawhin-Zanolin continuation theorem to deduce that for
all j > k there exists w; € X such that ¢(1,w;) = j and G(1, w;) = w;.
The conclusion follows using Lemma 2.3 [ ]

Exemple 2.13. Using Theorem 2.1, we deduce that the boundary value
problem
' = —[(u—1t)*+ (v —sint)} v, v =[(u—1t)?+ (v—sint)’|u,
u(0) =0 = u(m),

has infinitely many topologically distinct solutions.
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