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Abstract— Performing blind calibration is highly important
in modern sensing strategies, particularly when calibration aided
by multiple, accurately designed training signals is infeasible or
resource-consuming. We here address it as a naturally-formulated
non-convex problem for a linear model with sub-Gaussian ran-
dom sensing vectors in which both the sensor gains and the sig-
nal are unknown. A sample complexity bound is derived to as-
sess that solving the problem by projected gradient descent with
a suitable initialisation provably converges to the global optimum.
These findings are supported by numerical evidence on the phase
transition of blind calibration and by an imaging example.

1 Introduction

The problem of acquiring an unknown signal under sensing
model errors is crucial for modern sensing strategies such as
Compressed Sensing (CS), in which such errors are inevitable
in physical implementations, have direct impact on the attain-
able quality [1], and may be to some extent exploited for secu-
rity purposes [2]. However, if the signals and model errors are
stationary, the use of random sensing operators in CS also sug-
gests that repeating the acquisition (i.e., taking more snapshots)
under new draws of the sensing model could suffice to diversify
the measurements and learn both unknown quantities. We ad-
dress the case of sensing a single unstructured vector x € R™
by collecting p snapshots of m random projections, i.e.,
y=d Az, d:=diag(d) e R™*™ [ € [p] ={1,...,p},

ey
where y; = (y1,, - 7ym,l)T € R™ is the [-th snapshot;
d = (dy, - 7dm)—r € R’ is an unknown, positive and
bounded gain vector that is identical throughout the p snap-
shots; the random matrices A; € R™*™ are independent and
identically distributed (i.i.d.) and each A; has i.i.d. rows, the
i-th row azl € R being a centred isotropic sub-Gaussian ran-
dom vector (i.e., E[a; ;] = On,IE[a“aL] =1I,).

This essentially bilinear model, referred to as blind calibra-
tion [3,4] is motivated by compressive imaging applications,
where unknown d are associated to physical gains and attenua-
tions in a sensor array, while the random projections of an im-
age x are obtained by light modulation (e.g., by random con-
volution [5-8]). Similarly, model errors concern radar signal
processing applications (e.g., as discussed in [9, 10]). In such
contexts, the knowledge of d could critically improve the accu-
racy of the sensing model. This is typically achieved by solving
convex or alternating minimisation problems [3,4, 11] that use
multiple training signals x; instead of randomising the sensing
operator. More recently, lifting approaches [9, 10] have been
proposed to jointly recover (x, d) in (1) (as well as more gen-
eral blind deconvolution models, [12—-14]). Their main limita-
tion is in that a semidefinite program is solved to recover a very
large rank-one matrix «d ', an approach that rapidly becomes
computationally inefficient as m and n exceed a few hundreds.
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Table 1: Finite-sample and expected values of the objective function; its gradi-
ent components and Hessian matrix; the initialisation point (€g, o). - abbre-
viates the diag(-) operator.

2 A Non-Convex Approach

Inspired by recent results on fast, provably convergent non-
convex approaches to phase retrieval [15-18] we argue that the
blind calibration problem of recovering the two unstructured
vectors (x,d) in (1) can be solved exactly by a non-convex
problem described hereafter. Since no a priori structure is as-
sumed on (x, d) we operate in the case mp > n + m and solve
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given {y}{_,, {Ai}j_, with I = {y € RY, 17y =
m} being the scaled probability simplex. The geometry
of this problem is well understood by observing the ob-
jective f(&,~) with its gradient and Hessian matrix, com-
puted in Table 1 for finite and asymptotic p. All finite-
sample expressions therein are unbiased estimates of their
expectation w.rt. a;;. There, we evince that all points
in {(§,7v)eR"xR": £ =1z y=0ad,acR\{0}} are
global minimisers of f(&€,v). Moreover, f(&,7) is easily
shown to be generally non-convex' as there exist plenty of
counterexamples (¢’,~") for which H f(&',~") # 0.

By applying the constraint v € II" , one minimiser
(z*,d*) = (H‘ﬂl x, ﬁd) remains for mp > n + m, which
is exact up to o = ™/||d||;. Assuming that d € R} in (1) is
bounded amounts to letting d* := 1,, + w € C, Cll?, we
15 N pB™ for a maximum deviation p = ||d* — 1,,[/0e < 1
where C, = 1,, + l,ln N pBY. The test vector is also cast
as v = 1,, + & € C,. While the problem clearly remains
non-convex, by defining a distance A(€,7) = ||€ — x*||2 +

% |y — d*||3, and a neighbourhood of the global minimiser
(@*,d") as D, = {(£,7) € R" xC, : A€, ) < 2[2"|3)
for k,p € [0,1), it is easily shown that (2) is locally convex
in expectation on D, , for sufficiently small x. Thus, we re-
quire an initialisation point (£, o) to lie in a small D, , for
which a notion of local convexity holds for finite p. Simi-
larly to [15] we see that initialising &y as in Table 1 grants
E[&)] = x*, i.e., asymptotically in p this initialisation yields
the exact solution. We also let 79 = 1,, (¢9 = 0,,) and run
projected gradient descent to solve (2), as summarised in Al-
gorithm 1. Note that, since we assume p to be small (i.e., d*
is far from the vertices of II'!") and the optimisation starts on

Tt is biconvex [10], i.e., convex once either €& or y are fixed.
2The orthogonal complement of 1, is 1, = {v € R™ : 1, v = 0}.
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1: Initialise &0 == - 37, (A1) " w1, Y0 = L, k=0,

2: while stop criteria not met do

3: g = argmin,,cp f(& —vVef(€k, Vi), ’yk){Line search in ﬁ}
My = argminveR f(gk, Yk — va;f(ﬁk, ‘yk)){Line search in 'y}
Err1 =&k — e Ve f(&k,ve)

1k+1 =T My V‘#f(gk’ ’Yk)

Y41 = Pcplk_*_1 {Projection on Cp}

k=k+1

9: end while

[ A

Algorithm 1: Non-Convex Blind Calibration by Projected Gradient Descent.

Yo = 1,,, we are allowed to first project the gradient step as
Vﬂy_f(qul) = P]_#LV.Yf(f,"/) with Pl#; =1, - %]ﬂnl;rrz’
then project it on C, (i.e., Fc,; this step is useful for the proofs
and not required in all the experiments). The line searches in
3:-4: of Algorithm 1 are solved in closed-form and introduced
to improve the convergence rate. Below, we obtain the condi-
tions that ensure convergence of this descent algorithm to the
exact solution (z*, d*) for fixed step sizes fig, fi.

3 Recovery Guarantees

Having assumed that all mp sensing vectors a; ; are i.i.d. sub-
Gaussian, we establish the sample complexity required for the
initialisation to lie in D, , with very high probability. This
and all other statements rely on Bernstein-type concentration
inequalities [19] and some simple geometry of (2) in D, ,.

Proposition 1 (Initialisation Proximity). Let (€o, o) be as in
Algorithm 1. Foranye € (0,1),t > 1, provided n 2 tlog(mp)
and mp 2 € %(n + m)log (ne~') we have that, with proba-
bility exceeding 1 — Ce—cc’mp _ (mp)~t for some C,c > 0,
€0 — x*]|l2 < €||x*||2. Since v9 = 1,, we also have
7o — d*|loo < p < 1. Thus (€0,70) € D, with the same

probability and k = /€2 + p2.

With analogue tools we are able to state when a single gradi-
ent descent step from any (€, ) reduces, with very high prob-
ability, the distance w.r.t. the global minimum. This requires
establishing a regularity condition on V f(&,-) holding uni-
formly for all (§,~) € D, (similarly to [15, Condition 7.9]).

Proposition 2 (Regularity condition in D, ,). For any § €
(0,1),p € [0,1),¢ > 1, provided p < %, n 2 tlog(mp),
p 2 6 2logm and /mp Z 62(n + m)log(%), with prob-
ability exceeding 1 — C[me="P 4 ¢~V 4 (mp)~*] for
some C, ¢ > 0, we have that for all (§,7) € Dy p,

<VLf(E,"/)a [ij; ]> > 1nA(¢,~) (Bounded curvature)
IV=F(&IE < L A(E, )

forn =2(1-9p—26) >0, L := 4V/2[14+p+ (1 + k)| x*|2].

From Proposition 2 it follows that the neighbourhood D;; , is
a basin of attraction to the solution (z*, d*), i.e., we can show
that the update from any (&x, Vi) € Dy, p t0 (§k+1,Vkt1) is SO
that the distance A(€,~) decreases under an upper bound on
Iig, 1~ specified in the following result.

(Lipschitz gradient)

Theorem 1 (Provable Convergence to the Exact Solution). Un-
der the conditions of Proposition 1, 2 we have that, with prob-
ability exceeding 1 — C[me_c‘szp + e Vmp 4 gmc’mp 4
(mp)_t] Sfor some C,c > 0, Algorithm 1 with pg == p, jtoy =
MW has error decay

2 k
A&k, vr) < (L=nu+L=p®) " (40*) 2113, (&> k) € Dy
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Figure 1: Empirical phase transition of (2) for n = 28, p = 1073 (left) and

p = 10795 (right). The probability value P¢ is reported on each level set.
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Figure 2: A practical, high-dimensional example of blind calibration against
unknown, unstructured gains d with m = n, p = 4 snapshots.

at any iteration k > 0 provided p € (O7TTI/L2), T =
min{1, l=*13/m}. Hence, A(&x, k) P 0.
—00

Let us mention finally that if additive measurement noise
N = (n1,---,n,) € R™*? corrupts the p snapshots of (1),
then it can be shown that A(&g,vi) — o2 as k — oo, with
o> %p | IN||%. Thus, Algorithm 1 is robust to noise, its solu-

tion degrading gracefully with 2.

4 Numerical Experiments

Empirical Phase Transition: To characterise the phase
transition of (2) solved by Algorithm 1 we ran some extensive
simulations by generating 256 random instances of (2) for
each configuration log,n x logy,m X logy,p X lognp €
{1,...,8}3 x {-3,...,0}, drawing d* = 1,, + w with
w € 1;5 drawn uniformly at random on the sphere pS7 L.
Then we evaluated P¢ := P [max{ H‘ﬁ;ﬂu“’, H‘”ﬁ;f‘lh} < C]
on the trials with ¢ = 103 chosen according to the stop
criterion f(&,~) < 1077. Of this large dataset we only report

the case n = 28 in Fig. 1, highlighting the contour levels of
P, for p = {1073,107%5} as a function of log, m and log, p.

Blind Calibration of an Imaging System: To test (2) in a
realistic context, we assume that « is an = 64 x 64 pixel im-
age acquired by an imaging system following (1), in which its
m = 64 x 64 pixel sensor array suffers from large pixel re-
sponse non-uniformity [20]. This is simulated by generating d
as before with p = 1/2. We capture p = 4 snapshots with a; ; ~
N(0,,,I,,). By running Algorithm 1, the recovered (&,d) =

ld—d* |2 M} ~ —147.38dB. In-

ld<llz * llz*]l2
stead, by fixing v = 1,, and solving (2) only in &, i.e., finding

a least squares (LS) &, we obtain ”“ﬁ;TH*QH"’ ~ —5.50dB.

(z, d) attains max{

5 Conclusion

We presented and solved a non-convex formulation of the blind
calibration problem for a random linear model. The obtained
sample complexity could be further improved by exploiting,
e.g., a sparse model for x,d; in absence of such priors, the
exact solution is achieved at a rate v/mp = (n + m) log(n).
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