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Abstract

Multi-agent systems have been largely used over decades to model and
study groups of interconnected independent entities acting together, most
often collaboratively, towards some objective. Praised for their efficiency in
solving a wide variety of large and decentralized problems, related anal-
yses usually assume that the composition of the system is fixed. Yet, we
could wonder if this assumption is reasonable nowadays, as the size of
some systems reach huge magnitudes, and with the emergence of harsh
systems naturally subject to ever-changing compositions.

We analyze open multi-agent systems, i.e., subject to arrivals and depar-
tures of agents at timescales similar to that of the considered process. Be-
cause of their time-varying size and composition, the study of such sys-
tems is particularly challenging. Moreover, convergence results typically
cannot be obtained anymore, and analyses dedicated to closed systems do
not easily extend to open ones. Therefore, new tools and models tailored
for open systems seem necessary to perform dedicated analyses.

In the first part of this thesis, we study general challenges related to
open systems, in particular regarding their representation and the impos-
sibility for them to achieve convergence. To that end, we analyze specific
consensus problems in open settings, and consider in particular the Gossip
algorithm. We show on the one hand how to represent and study this al-
gorithm in settings subject to variable sizes, and study its performance on
the other hand by modelling how information evolves in open systems.

In the second part, we study the convergence of decentralized optimiza-
tion algorithms solving the resource allocation problem in open systems.
Using two distinct types of metrics, we characterize the evolution of the
error achieved by specific algorithms. In particular, we highlight how the
openness impacts their performance and efficiency.
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Introduction

HAT do social networks, bird flocks, groups of sensors and cars

on the road have in common? Although these situations arise in

different fields of expertise, they all share a major property: They
consist of individual entities interacting with each other in a common en-
vironment to achieve some objective, sometimes collaborative. Typically,
users in social networks exchange ideas over a shared topic, birds aim at
collaboratively optimizing their flight through specific formations, sensors
aggregate single measurements from different locations to improve their
accuracy, and cars avoid collisions while evolving on the same road.

A rather straightforward and easy approach to handle and work in such
situations would be to rely on some central master unit having access to
information about the whole network and taking decisions for the entire
community. However such strategies, called centralized, become extremely
expensive both in terms of cost and complexity when applied to a large
number of individuals with limited communication and sensing capabili-
ties, such as sensor networks. More generally, in the situations above, it is
rather natural to expect the individuals to be independent, and not to rely
on such central entity. Consequently, a shift has been observed over the last
decades from centralized to decentralized approaches, where each individual
takes its own decisions based on local information.

Subsequently, the Multi-Agent Systems (MAS) paradigm has been devel-
oped to describe, model and study problems of this type: A system is con-

I 1
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(b) Crossroad

N

|
Ca

N

5 —%

Ny

4

(c) Bird flock (d) Sensor network

Fig. 1.1 Examples of situations that can be represented as multi-agent systems:
(a) is a social network where the agents are users exchanging information with each
other when they are in contact, (b) is a crossroad where the agents are cars avoiding
collisions while following their respective trajectories, (c) is a bird flock where the
agents are birds adopting a V formation by paying attention to their neighbours,
and (d) is a group of sensors spread over some area and exchanging local measure-
ments with their neighbours to estimate some measured quantity more accurately.

stituted of individuals called agents, interacting with each other through a
network with some specific topology. Examples corresponding to the sit-
uations previously described are shown in Fig. 1.1, where each system is
constituted of five interconnected agents. Not only can each of these ex-
amples thus be studied using the MAS paradigm, but in the specific case
of Fig. 1.1 they can also be represented using the same network, depicted
in Fig. 1.2. In fact, only the nature of the states of the agents and of the
interactions changes from an example to another in that case.

In this thesis, we analyze a particular class of multi-agent systems called
Open Multi-Agent Systems (OMAS), where agents join and leave during the
process, resulting in various additional challenges. By analyzing specific

2|
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Multi-agent systems in general | 1.1

Fig. 1.2 Underlying network corresponding to the multi-agent systems pre-
sented in Fig. 1.1: Each node is an agent which holds a state x;, and each edge is a
bidirectional interaction channel. The nature of the states depends on the applica-
tion (an opinion, a measurement, a position...), and the existence of an interaction
channel depends on the physics of the application (proximity, acquaintance...).

standard MAS problems in open settings, we intend to highlight and study
general properties of OMAS applicable to a wide range of problems in this
framework, and to develop new techniques dedicated to their analysis in
general. The remainder of this chapter aims at (i) introducing multi-agent
systems in general as well as their use in various fields of applications, and
(i) presenting the impact of considering open multi-agent systems, and the
new challenges arising from them.

Multi-agent systems in general

The Multi-Agent Systems paradigm is originated from Distributed Artificial
Intelligence, a subfield of Artificial Intelligence which studies the collabo-
ration between independent intelligent entities [Des02]. Starting from the
mid-70’s, it rapidly evolved and diversified to become an entire field of
research [Wei99], following the promising perspective of its use in several
application fields. One of the main examples of Distributed Artificial Intel-
ligence are multi-agent systems (MAS) [Woo002]. A MAS is constituted on
independent entities called agents, interacting through a network in order
to solve, usually collaboratively, a global problem beyond the capabilities
and knowledge of the individual entities [Gla06]. Hence, the study of MAS
amounts to solve problems at the scale of the network by only acting on the
agents individually. In that sense, it differs from game-theoretical frame-
works where each player (i.e., agent) makes decisions based solely on its
own outcome, regardless of that of the other players [PW02].
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Collective behaviors such as those studied with MAS were initially ob-
served in the context of biology [KR02], where groups of animals must take
collective decisions while moving together, ¢.g., in bird flocks, fish schools
or insect swarms for instance [LSN 11, Rey87, DGFGRO06]. In particular,
animals in such settings have access to only a limited amount of informa-
tion through interactions with close neighbours, so that decision making is
done at the agent level [CKFL05, KRK09]. Those ideas actually transpose to
statistical physics [VCB] 795, LRC01, VZ12], in particular in [TT98] where
flock models are used to describe the motion of self-propelled particles.

More generally, the ideas of collaborative agents, and hence the MAS
paradigm, have been applied in a wide range of domains. Opinion dy-
namics is of them [BMHT09, HK02, FJ99, VMH18, YTL"18], as individ-
uals influence each other’s opinions through interactions. The focus of
such studies is generally more on the evolution and behavior of the sys-
tem itself rather than on the goal of the agents, which is sometimes not
even clearly defined. It naturally extends to sociology and sociophysics
[DeG74, YOG 18], typically with applications to social networks [PT17].
Vehicle coordination also relies on MAS to model vehicles in a shared en-
vironment [CHW11, CYRC12], e.g., with applications to formation control
[MR19, NZJY21], and quickly extends to robotics [FM04a, JLMO03, Ota06,
DBB14]. Consensus problems, where agents have to collaboratively agree
on some decision to make, appear in various fields, including coordina-
tion [RBAO5], decentralized optimization [NOR18], rendez-vous problems
[ABO6], or for decentralized estimation, for instance over wireless sensor
networks [RN04, PKP06, OSFS08]. A survey covering several applications
with their respective challenges can be found in [DKJ18].

Working with MAS comes with additional complexity as compared to
centralized settings. In particular, because the agents are independent their
respective evolution directly depends on their environment and is most of
the time subject to randomness. Consequently, predictions and analyses
at the system level become challenging, especially since they often require
the use of probabilistic tools [Hew91].

In return, using MAS (and hence discarding the use of a central unit)
brings a lot of new advantages. Firstly, the absence of a central unit implies
that each agent works based solely on local information: This means for in-
stance that they do not need to know the structure of the whole network,
which can be crucial for large-scale networks (e.g., with the emergence of
the “Internet of Things" (IoT) [Stal8].) More generally, decentralization al-
lows handling large-scale exchanges of information at lower costs through
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successive local interactions and dealing with huge or private data, as it is
spread over the network and not stored in a single unit. Moreover, the fail-
ure of a single agent has less impact in decentralized settings, where it is
diluted over the agents, than in the presence of a central unit whose single
failure would imply that of the whole system. This follows from the fact
that each agent in a MAS holds at all times an individual estimate of the
solution of the problem it aims at solving, without needing to wait for a
central unit to provide it. This usually constitutes an important bottleneck
in centralized settings, as the central unit has to deal with numerous com-
putations and communications with all the agents. Hence, in a MAS, each
agent has access to a real-time solution, which can be decisive in real-time
decision making processes. Finally, MAS allow for scalability, as agents co-
operate the same way no matter the system size, which often constitutes a
bottleneck for centralized approaches applied to large-scale systems.

Opening our systems

A significant paradox appears when considering multi-agent systems. On
the one hand, scalability and flexibility are some of the most cited and de-
sired features of MAS. Yet, on the other hand, most results stated around
MAS stand for asymptotic properties under the assumption that the com-
position of the system remains unchanged: Namely, even if the commu-
nications channels between the agents constituting the system can change
over time, the agents themselves remain the same during the entire process.
Looking back at the introductory examples of Fig. 1.1, it is clear that this
assumption is rather restrictive: Users are expected to join and leave social
networks either through (dis)connections or (un)subscriptions; Birds, and
living systems in general, evolve with births and deaths of some individu-
als or through the fusion or separation of groups; Sensors in a network can
experience failures, or new connections might be added; Finally, the cars
sharing a stretch of road keep changing all the time as not all drivers ride
the same way nor to the same destination.

The apparent contradiction between the desired scalability and flexibil-
ity features and the fixed composition of the systems is actually justified
when arrivals and departures of agents are rare enough as compared to
the timescale at which the studied process takes place: The system is then
expected to incorporate the effect of an arrival or departure before the next
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one occurs. Nevertheless, this assumption is now getting increasingly chal-
lenged. Nowadays, multi-agent systems have to deal with extremely large
systems, e.g., with the emergence of the “Internet of Things" (IoT) [Stal8],
or with the development of wireless networks of devices in nanomedicine
[[HB14] that bring system sizes to magnitudes of the order of trillions. At
such scales, arrivals and departures become highly significant, as the prob-
ability of an arrival or departure and the characteristic length of a process
both grow with the system size. This phenomenon typically appears in
the study of living systems where the birth and death rates of individuals
are usually proportional to their number [DGFGRO06]. The rates of arrival,
departure or failures can also naturally compare to the slow convergence
rates observed in extreme environments, where communications can be
difficult or infrequent, e.g., because of losses in transmission. Finally, some
systems are inherently subject to frequent arrivals and departures, such
as cars that keep joining and leaving a stretch of road [CHW11] or social
networks where users keep connecting and disconnecting [PT17].

Fig. 1.3 Extension of the multi-agent system represented in Fig. 1.2 to an open
multi-agent system subject to arrivals (in green) and departures (in red), and whose
size and composition thus evolve with time. Each arrival amounts to the introduc-
tion of a new agent in the system, connecting with some already existing agents,
and each departure amounts to an agent already present leaving the system for-
ever.

In this thesis, we consider a particular class of MAS, which recently
started receiving attention, called open multi-agent systems (OMAS), which
are subject to permanent arrivals and departures of agents during the pro-
cess thatis studied. We present in Fig. 1.3 an illustration of an OMAS which
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extends the MAS of Fig. 1.2 with possible arrivals and departures. As dis-
cussed above, such configurations appear in many fields of applications,
including e.g., dynamic network routing [OYM " 01] or robotics subject to
failures [Ota06].

Typically, OMAS arise in the context of Federated Learning [KMA 21,
CNDP"21] where clients come and go to collaboratively train a model in
various contexts, including smart cities, data management or UAVs. By na-
ture, the clients involved in these applications can undergo failures or un-
availabilities for instance due to their mobility [F607], or simply join or per-
manently drop out [[TW'22]. More generally, with the emergence of the
Internet of Things, deploying models over all potential clients at once be-
comes infeasible, even though standard algorithms such as the well-known
FedAvg typically assume it to be the case [CNDP'21]. Although some re-
cent algorithms start taking joining and leaving clients into account, such
as in [MA22], understanding the actual impact of arrivals and departures
on such procedures, including consensus and decentralized optimization,
and how to analyze them remains unclear so far.

Considering arrivals and departures has a significant impact on the
analysis and design of algorithms around MAS, resulting in new chal-
lenges. Firstly, every arrival and departure results in an instantaneous
change in both the system size and state, making the evolution of the
system challenging to analyze on the one hand, and preventing classical
asymptotic convergence on the other hand, so that algorithms in open sys-
tems cannot be expected to provide “exact" results. Moreover, these events
amount to perturbations for the system, which can sometimes even mod-
ify the objective pursued by the agents of the system. In particular, at
each departure and depending on the nature of the problem, it may be
necessary for algorithms to deal with either (i) outdated information re-
lated to agents that left the system and that is thus not relevant anymore
and should be erased, or (ii) losses of information about agents that left
and that should be remembered. Furthermore, preliminary studies have
shown that algorithms designed for closed systems do not easily extend
to open systems. Moreover, (naive) correction mechanisms for handling
few arrivals and departures, or guaranteeing convergence if they were to
eventually stop, can be counterproductive if these events keep regularly
occurring, see e.g.[AHH17, HM16, Bra18].

Hence, algorithms designed for OMAS must be robust to repeated ar-
rivals and departures of agents, and able to cope with potentially variable
objectives. Moreover, they generally cannot be simply extended from al-
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gorithms designed in closed systems. Designing algorithms tailored for
open systems is thus becoming highly relevant nowadays. As an example,
being able to handle failures of connected basic devices such as servers for
instance is more interesting economically than investing in sophisticated
expensive devices that (almost) never fail, as failures are expected to ulti-
mately happen nonetheless. Similarly, tailored representations and analy-
sis techniques are necessary as well to model and study OMAS in general.

Joining and leaving agents

The possibility for agents to join and leave systems during a process has
been recognized in computer science, with e.g., specific architectures that
have been proposed to deploy large-scale open multi-agent systems, such
as the THOMAS project [CGJ709]. In the same line of work, mechanisms
allowing distributed computation processes to cope with the failures of
nodes or to take advantage of the arrival of new nodes also exist, such as
algorithms designed to maintain network connectivity into P2P networks
subject to arrivals and departures of nodes [GJR"10].

More generally, frameworks similar to open multi-agent systems have
been considered, e.g., with Virtual Traffic Lights (VTL) proposed in [Ton18]
for autonomous cars to deal with crossroads, which can be assimilated to
open systems by nature. In the context of trust and reputation compu-
tation, the model FIRE was for instance developed in [H]S06], motivated
by the need to determine the reliability of agents joining the system. The
study of the behavior of such algorithm however usually remains mostly
empirical. In that sense, opinion dynamics models subject to arrivals and
departures have been empirically studied in [TIY"13, ITY"14]. In partic-
ular simulation-based analyses were conducted in [SC13] for social phe-
nomena involving arrivals and departures of individuals and in [G]12] for
opinion networks subject to replacements.

Coping with arrivals and departures has also been considered in the
more general context of function computation, e.g., with self-stabilization
protocols [DGFGR06, AAFJ06] where agents can undergo temporary or
permanent failures, which can be assimilated to departures. The objec-
tive of such protocols is then to ensure asymptotic stability if the systems
were to eventually close, i.e., if arrivals and departures were to stop at some
point. There is however no guarantee about the transient performance of
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such protocols, for which they can even create important disruptions when
arrivals and departures become frequent (as discussed e.g., in [Bra18]).

Finally, the Plug and Play implementation, which aims at designing
structures on systems where subsystems can be plugged or unplugged has
received some attention over the last decade, for instance in the context of
model predictive control in [RFF12, RFft15] or Kalman filtering in [FC18].

Outline

Before jumping to the main course, let us briefly overview the content
of this thesis, which is articulated around the exploration and analysis of
open multi-agent systems and of their properties.

While each chapter is thought as being self-contained, they are undeni-
ably organized as being part of a whole. The results presented in this thesis
fall within the setting described in Chapter 2, which establishes their ba-
sis. Our main contributions are then divided in two parts, which present
results respectively obtained in the frameworks of consensus and decen-
tralized optimization. Nevertheless, all chapters deal with their own chal-
lenges and problems, all related to different aspects of OMAS.

More details on the content of each part and chapter are given below
and summarized in Fig. 1.4.

Preliminaries

Chapter 2 immediately follows this introduction: It sets the scene for the
subsequent analyses by introducing definitions, tools and design choices
with which we will model OMAS. These design choices will regularly ap-
pear throughout this thesis. More specifically, its contribution is twofold.
On the one hand, we synthesize and give some mathematical background
on graph and Markov theories and on the way they are used to model MAS
in general. On the other hand, we present how we extend these tools to
model OMAS and the corresponding design choices we make in the scope
of this thesis. Those have a significant impact on the way we model ar-
rivals and departures of agents and the stochastic evolution of our systems,
but also on the way we define problems in OMAS, which strongly influences
the challenges to be handled in analyses.
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Part I: Consensus

In the first part we investigate the rather basic consensus problem in open
systems, which allows studying some general properties of OMAS.

* Chapter 3 presents and defines the consensus problem and several
of its variations as they can be found in the literature. It provides an
overview of the existing results related to such problems in closed
systems, and introduces their extension to open systems or similar
settings as they have been considered so far. In particular we define
in this chapter the Gossip algorithm, which will be the main case
study considered in this part.

* In Chapter 4 we investigate the representation of OMAS of variable
size. Following preliminary results obtained in [HM17] by ]. M. Hen-
drickx and S. Martin, we show that OMAS can be analyzed via size-
independent quantities called descriptors whose evolution is charac-
terized by a finite-dimensional dynamical system. We then apply
this approach to analyze the behavior of pairwise gossip interactions
for the consensus problem. These results rely on tools taken from
Markov theory to analyze the evolution of the system state with re-
spect to that of the system size.

[MMH20] Charles Monnoyer de Galland, Samuel Martin and Julien M. Hen-
drickx, “Modelling Gossip Interactions in Open Multi-Agent Systems”, in
IEEE Transactions on Automatic Control (submitted).

¢ Chapter 5 focuses on the derivation of performance limitations as a per-
formance criterion for consensus algorithms, as usual convergence
is never achieved anyway. The results require the introduction of
“knowledge sets" to model the variable information available to agents,
and consist in lower bounds on the performance of any algorithm for
some interaction scheme, which we then apply to study the perfor-
mance of the Gossip algorithm.

[MH19] Charles Monnoyer de Galland and Julien M. Hendrickx, “Lower
bound performances for average consensus in open multi-agent systems”,
in Proceedings of the 58th IEEE Conference on Decision and Control (CDC
2019), Nice (France), pages 7429-7434, December 2019 (published).

[MH20] Charles Monnoyer de Galland and Julien M. Hendrickx, “Funda-
mental Performance Limitations for Average Consensus in Open Multi-
Agent Systems”, in IEEE Transactions on Automatic Control (fo be published).
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Part II: Decentralized optimization

In the second part we focus on the analysis of decentralized optimization
algorithms, and in particular dedicated to the resource allocation problem.
All the results of Part Il were obtained in collaboration with Renato Vizuete
from L2S CentraleSupélec (Paris) and GIPSA-Lab (Grenoble).

® Chapter 6 reviews the literature related to decentralized optimiza-
tion. It notably presents the resource allocation problem, which is
at the core of this part, and the Random Coordinate Descent algorithm
(RCD) which is the main case study that we consider. It also reviews
existing results related to decentralized optimization in open sys-
tems, and presents the so-called online optimization framework which
deals with problems sharing similar properties.

* In Chapter 7 we study the convergence of the RCD algorithm in sys-
tems subject to replacements. We characterize the evolution in ex-
pectation of the instantaneous error, defined as the distance between
the estimator and the minimizer, by studying the effects of replace-
ments and of the algorithm separately. We show that the expected
asymptotic error is bounded, with some conservatism following the
over-approximation of the instantaneous impact of replacements on
the error, which accumulates over the iterations.

[MVH"21] Charles Monnoyer de Galland, Renato Vizuete, Julien M. Hen-
drickx, Paolo Frasca and Elena Panteley, “Random coordinate descent algo-
rithm for open multi-agent systems with complete topology and homoge-
neous agents”, in Proceedings of the 60th IEEE Conference on Decision and
Control (CDC 2021), Austin (Texas, USA), December 2021 (to be published).
This paper will receive the 2022 Outstanding Student Paper Prize awarded by
the Networks and Communication Systems TC during CDC2022.

[MVHT22] Charles Monnoyer de Galland, Renato Vizuete, Julien M. Hen-
drickx, Elena Panteley and Paolo Frasca, “Random Coordinate Descent for
Resource Allocation in Open Multi-Agent Systems”, in IEEE Transactions
on Automatic Control (submitted).

* In Chapter 8 we consider a variation of the resource allocation prob-
lem with a variable budget to allocate. Inspired by online optimization,
we analyze it with new metrics based on the error accumulated over
the iterations. This approach allows directly evaluating the accumu-
lated effects of replacements rather than the instantaneous one, so
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that reasonable bounds can be obtained for well-designed algorithms
in a decent setting.

[VMH*22] Renato Vizuete, Charles Monnoyer de Galland, Julien M. Hen-
drickx, Paolo Frasca, Elena Panteley, “Resource allocation in open multi-
agent systems: an online optimization analysis”, in Proceedings of the 61st
IEEE Conference on Decision and Control (CDC 2022), to be held in Cancun
(Mexico), December 2022 (to be published).

Part Ill: Conclusions

Finally, we give some conclusions and perspectives in Chapter 9.

Preliminaries Introduction
(Chapter 1)

Designing OMAS

Mathematical background: Graph and Markov theories
OMAS: Arrivals and departures, stochastic evolution and problem definition
(Chapter 2)

N :

Part I: Consensus

cmmmmmEm e

‘ General challenges

‘ Algorithm analysis

\Litcraturc review

Decentralized optimization:
(Chapter 6)

Literature review

Consensus:
(Chapter 3)

Variable size Resource allocation /

RCD algorithm:
— Instantaneous error
(Chapter 7)

Representation:
— Descriptors
(Chapter 4)

Variable
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Variable
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Performance limitations:
— Knowledge sets
(Chapter 5)

Y
Online approach:

— Accumulated error
(Chapter 8)

Conclusion
(Chapter 9)

Fig. 1.4 Outline of this thesis.



2.1

On the modelling of OMAS

HIS chapter introduces general concepts related to the study of open

multi-agent systems, and is organized as follows. We provide back-

ground on graph theory in Section 2.1, and present in Section 2.2
the graph-based model we use throughout the thesis to represent OMAS,
in particular regarding arrivals and departures. In Section 2.3, we give
some elements of probability theory and on Markov chains, as those will
be used to model the event-based (stochastic) evolution of OMAS, intro-
duced in Section 2.4. Finally, in Section 2.5, we present the different types
of problems that can be defined over OMAS, and the corresponding chal-
lenges they imply. Sections 2.1 and 2.3 thus aim at giving some mathemat-
ical background for the concepts we will use throughout this thesis, while
Sections 2.2, 2.4 and 2.5) introduce design choices we make all along the
thesis in order to model OMAS, and thus already amount as contributions.

Elements of graph theory for modelling MAS

The interactions between the agents constituting a multi-agent system are
commonly characterized with a graph. Graphs can be graphically repre-
sented as circles linked with each other. In the context of MAS, these cir-
cles correspond to the different agents, possibly interacting with each other
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though the links, depending on the physics of the system. For instance,
Fig. 2.1 represents the underlying graph corresponding to the examples of
MAS from Fig. 1.1 in Chapter 1. In the case of e.g., a social network, each
circle corresponds to a user and a link between two users to a connection
between them, meaning that they are able to communicate with each other.

2 4

Fig. 2.1 Graph constituted of 5 interconnected nodes. This graph corresponds
to the examples presented in Fig. 1.1, where each node is an agent, and each edge
translates the possibility for the two connected agents to interact with each other.

In this section, we provide basic definitions and properties issued from
classical graph theory, which are commonly used to represent multi-agent
systems. Most of this material is taken and adapted from the book “Lectures
on Network Systems" of Francesco Bullo [Bul22].

Basic definitions and concepts

Definition 2.1 (Graph). A graphisapair G = (V, E), where V denotes the set
of nodes of the graph, and £ C V x V denotes the set of edges. The existence of
an edge (i,j) € € means that the nodes i,j € V are connected.

As an example, the graph represented in Fig. 2.1 is constituted of 5
nodes V = {1,2,3,4,5} C IN, and the edges are given by

£={(1,2),(23),(24),(34),(45)}.

Throughout this thesis we will equivalently use V to denote the set of agents
constituting a MAS defined over a graph G = (V, E).

The graph from the example above is undirected. This means that the
edges have no orientation, so that two connected nodes interact in both
directions. In opposition, edges in directed graphs are oriented, and only
allow for interactions to take place from one specific agent to the other one.
Directed edges are commonly represented with an arrow. In this thesis,
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we will however only focus on undirected graphs. We give below a few
examples of basic graphs that will be of use throughout this thesis.

Example 2.2. We give several basic graphs of n nodes, illustrated in Fig. 2.2:

(a) Complete graph: every pair of nodes is connected by an edge;

(b) Ring graph: every node has two neighbours, so that the nodes and edges
can be arranged as those of a regular polygon;

(c) Star graph: all edges are connected to a specific node, called center;

(d) Line graph: the nodes can be ordered as a sequence so that the n — 1 edges
connect the subsequent nodes of the sequence;

(e) Complete bipartite graph: the nodes are divided into two groups, and
each node is connected to and only to all those of the other group.

& o

a) Complete graph b) Ring graph c) Star graph
plete grap & grap grap
(d) Line graph (e) Complete bipartite graph

Fig. 2.2 Examples of the specific graphs defined in Example 2.2 with 6 nodes.

Twonodes i,j € V are called neighbours if there exists an edge between
them, i.e., if (i,j) € £. We denote the set of neighbours of i € V by

Ni={jeV:(ij &}, 2.1)

and call degree of i € V the number of its neighbours: §; = |N;|.

A path is an ordered sequence of nodes, where each pair of consecutive
nodes of the sequence are connected by an edge. A graph is said to be
connected if there exists a path between any two nodes i,j € V.
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2.1.2 The Laplacian of a graph and its properties

One of the most classical ways to algebraically represent graphs is the so-
called Laplacian matrix, defined below.

Definition 2.3 (Laplacian matrix). For a (undirected) graph G = (V, £) with
V = {1,...,n}, the Laplacian matrix of G is the matrix L € R™*" such that

6 ifi=j;
[L]i,j =q-1 if(i,j)€&;. (2.2)
0 otherwise

More general definitions for the Laplacian matrix can be found in the
literature, e.g., for directed graphs with possibly weighted edges. These are
omitted here as they are not considered in this thesis. Observe that in the
case of undirected graphs, the Laplacian matrix is always symmetric. An
example of Laplacian matrix for the graph of Fig. 2.1 is given in Fig. 2.3.

Fig. 2.3 Laplacian matrix (on the right) corresponding to the given graph (on the
left): Each diagonal element is the degree of the corresponding node, and each off-
diagonal element is either —1 or 0 depending on whether an edge exists between
the corresponding nodes.

Observe the rows and columns of the Laplacian matrix sum up to zero
by definition. This means that 1, is an eigenvector of any Laplacian matrix
L with corresponding eigenvalue 0, as stated in the following property.

Property 2.4. ([Bul22, Lemmas 6.2 and 6.4]) Let L be the Laplacian matrix of an
undirected graph, then
L1, =0, and 1,L=0,. (2.3)

More generally, any (symmetric) matrix L with nonnegative diagonal
elements and nonpositive off-diagonal elements which satisfies the prop-
erty above is called Laplacian. One can then show that all the eigenvalues
of such matrices are all nonnegative, resulting in the following property.

16 |



Elements of graph theory for modelling MAS | 2.1

Property 2.5. ([Bul22, Lemmas 6.2 and 6.5]) Let L be the Laplacian matrix of an
undirected graph, then

(a) all eigenvalues of L are real and nonnegative;

(b) at least one eigenvalue of L is zero.

Therefore, the eigenvalues of L are commonly written as
0=XA <A <. <A (2.4)

The second smallest eigenvalue A, of L is called algebraic connectivity
of the corresponding graph G, and satisfies several useful properties. We
present some of them in the following proposition.

Proposition 2.6. ([Bul22, Corollary 6.8 and Lemma 6.9]) Let L be the Laplacian
matrix of an undirected graph G, then

(a) G is connected if and only if A, > 0;

(b) the algebraic multiplicity of the eigenvalue 0 of L corresponds to the number
of connected components of G, i.e., of connected subgraphs of G;
(c) Ay satisfies
-
z Lz
= i —. 2.5
27 eRmzl, 12|12 25)
Finally, we introduce the following definitions building on Laplacian
matrices, and which are used in Chapter 7.

Definition 2.7 (Pseudoinverse Laplacian). ([Bul22, Lemma 6.12]) Let L be a
Laplacian matrix with decomposition L = U diag(0, A, ..., Ay)U " where U is
orthogonal, then the Moore-penrose pseudoinverse of L is

o 0 ... 0
0 1/Ay ... 0
the=u|. . o lu’, (2.6)
0 0 ... 1/A
and satisfies
tr=ahH" =0, L'1,=LN"1,=0, LL'=LTL=1,— %]1,111,"{.
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Definition 2.8 (Effective resistance). ([Bul22, Example 6.13]) Let L be the
Laplacian matrix of an undirected graph G, then the effective resistance between
two nodes i,j € V is defined as

rfj-f = (e; — e]-)TL*(ei — ej). 2.7)

Modelling arrivals and departures

By definition, OMAS are subject to arrivals and departures of agents, and
therefore, the way we model them is crucial to properly define and ana-
lyze problems. Typically, the way agents are added and removed from the
system, their knowledge about it and how they are (dis)connected play an
important role in most of the problems that can be studied. In this section,
we discuss two models for arrivals and departures whose main difference
lies in the ability of agents to potentially come back in the system after
leaving. In the same time, we properly define the model we will consider
in this thesis, and highlight some of the main challenges and advantages
coming alongside.

Finite superset of agents

In this first model, we consider that the agents leaving the system eventu-
ally come back, in such way that joining agents all end up having already
been part of the system at least once in the past. This can equivalently be
formulated as the existence of a time-invariant finite “superset” V contain-
ing all the agents that are or will be part of the system at some time. In this
case, only a portion of the agents is active at a given time instant f (denote it
Va(t) C V), which constitutes the system at that time. The dimension of the
superset thus remains constant, and interactions are only possible between
two connected active agents. See for instance Fig. 2.4 which shows the un-
derlying graph of a superset of 15 agents, and two instances of activations
of agents in that superset.

Let n be the (constant) size of the superset in such modelling. In this
formulation, one typically defines a vector a(t) € {0,1}", which character-
izes the activation state of the agents. This allows directly applying stan-
dard tools from classical (closed) multi-agent systems to perform analyses,
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(a) Superset: |V| = 15. (b) Va(t)] = 10. (c) Vu(H)]=09.

Fig. 2.4 Superset formulation in a system of potentially 15 agents. The pre-
existing fixed topology of the superset is shown in (a), and (b)-(c) present two pos-
sible subsystems (in blue) generated by different activation vectors.

where the topology of the network and the behavior of the agents are dy-
namical and depend on a(t).

This approach thus allows relying on standard tools applied over a fi-
nite time-invariant network with pre-existing fixed topology and on the
stochastic properties of the interactions in the network to derive results. It
was used e.g., in [VMH18, VEP21] for consensus problems with this type
of open systems, and relates with existing analyses in the context of decen-
tralized optimization with time-varying topologies [NO13, OPS18].

It typically makes sense for applications where a fixed set of agents is
frequently subject to (de)activations, such as smart grids [VFP21] or sensor
networks [PKP06] which might be subject to disconnections of devices. It
also appears in the context of federated learning, where clients may be un-
available at some times, or join the network asynchronously due to their in-
creasing number which prevents them to be active all at once [CNDP*21].

Yet, this also means this model requires working on (potentially huge)
graph topologies. Moreover, it is limited by the fixed size of the super-
set, as it does not allow for new agents to permanently join the system
nor efficiently handles permanent departures of agents; These tend to be-
come common with the emergence of e.g., mobile clients in the context of
federated learning that may permanently leave of join a network during
the model training [ITW22]. In the same idea, such model requires tak-
ing into account the preliminary information than an agent that reconnects
might hold about the system before it left.

In general, this formulation does not fit with the way we define open
systems in Chapter 1, and in that sense, we will prefer the second formu-
lation presented below.
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2.2.2° Dynamic composition

In this second model, we consider that every joining agent is new, i.e., they
were never in the system before, and that every departure is permanent,
so that leaving agents never come back. This means that the information
held by a leaving agent is poised to never come back and might be lost or
irrelevant forever, and that an agent joining the system supposedly has no
information about it at its arrival. Moreover, each joining agent must be
connected to the network through the creation of new edges in the graph,
and the edges connecting a leaving agent disappear as it leaves. An illus-
tration is given in Fig. 2.5.

Disappears

New agent
-~

\ /
N

Fig. 2.5 OMAS representation in the sense of Section 2.2.2: Each joining agent
(in green) is completely new, i.e., it was never in the system before and must be
connected to the network; each leaving agent (in red) disappears forever, and the
edges connecting it disappear as well.

This model thus significantly differs from the previous one, and more
generally from time-varying networks with fixed agents, as it is not re-
stricted to a finite pool of agents. Rather, it potentially allows infinitely
many agents to go through the system, and forbids agents from coming
back once they left. Observe that this model can be interpreted as assum-
ing that agents coming back in the system have been away during enough
time to behave as if they were never there before. In that sense, this for-
mulation is more suited for settings such as those described in Chapter 1
in the context of federated learning, social networks or autonomous cars,
where agents permanently join and leave, or reconnect as if they were new.

This approach is thus the one we consider all along this thesis. In par-
allel, it was also used e.g., in [FF21, DFG20] for consensus, where the au-
thors distinguished three subgroups of agents at each time step: those leav-
ing the system, those joining, and those remaining. It was also applied in
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[HR20] to study the decentralized gradient descent algorithm in open sys-
tems of this type subject to replacements of agents.

However, this model also has some limitations, as it prevents the use of
standard tools from classical multi-agent systems, and requires the defini-
tion of new ones to handle the variable size and information in the system
(more details about this e.g., in Section 3.3). Moreover, it requires defining
how arriving agents connect to the network. One can do it by properly
defining some connection rule at arrivals, e.g., to maintain connectivity. In
this thesis, we will often use “all-to-all" pairwise interactions, meaning that
the graph is complete and that interactions happen asynchronously upon
activation of an edge with a given probability. This has two advantages:
(i) complete graphs are easy to model and analyze, e.g., at each arrival the
joining agent simply connects with everyone; (ii) by properly defining the
activation probabilities on each edge, one can virtually define any specific
graph topology. Another approach used e.g., in Chapter 7 consists in fixing
the topology in advance and considering replacements which maintain it.

Remark 2.1. A third model, which extends the first one, consists in the defini-
tion of an infinite superset, such that the time-varying system is always “in-
cluded” in that superset. Interestingly, this approach would theoretically compen-
sate the drawbacks of both approaches presented above, as it allows at the same
time agents to come back and infinitely many agents to go through the network.
It however requires the use of different tools such as infinite graphs and networks
[PMS93, Soa94, HMQS16] to represent the superset. One could also rely on the
concept of graphons, which correspond to the limits of convergent sequences of
dense graphs and can be used to study families of networks with common patterns
[Lov12, VFG20]. Such tools are however out of the scope of this thesis.

More generally, one could consider “hybrid” models, where new agents might
be added to the network, and departures would amount to (temporary) disconnec-
tions from the network. This approach has however not been explored so far to the
best of our knowledge.

Markov chains and counting processes

We present some elements taken from probability and Markov chains theo-
ries, as those will be used to characterize the stochastic evolution of OMAS.
For the sake of concision, we will only cover the material that will be di-
rectly used in this thesis, without detailing proofs or intermediate results.
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2.3.1 Elements of probability theory

The content of this section is taken and adapted from the book “Understand-
ing Markov Chains: Examples and Applications" of Nicolas Privault [Pri18].

Basic notions

Probability theory builds on the notion of Probability space (), F,P), which
is constituted of three components:

1. A set of outcomes (), containing the possible outcomes of a given ex-
periment;

2. A set of events F, constituted of subsets of () called events;

3. A probability measure P : F — [0, 1] that assigns a probability IP [A] to
any event A € F.

The components described above satisfy several properties, which we do
not detail exhaustively here, and we refer to [Pril8, Chap. 1] for details.
In particular, F defines a o-algebra of (), and hence must contain & and ()
itself, such that P [()] = 1.

Example 2.9 (Rolling a die). Let us consider a simple six-sided die. The set
of outcomes for making it roll once is QO = {1,2,3,4,5,6}. One could then ar-
bitrarily define the (valid) set of events F = {0,0,{1,3,5},{2,4,6}}, which
corresponds to the information relative to the parity of the result from rolling the
die. The event A = {2,4,6} thus corresponds to “the result of rolling the die is

an even number”, and if the die is regular there holds P [A] = 1.

For an event A € F, we use A to denote its complementary event such
that P [A] = 1 — P [A] (by definition one has A € F). In Example 2.9,
A thus corresponds to the event “the result of rolling the die is an odd
number". For two events A, B € F, we define the conditional probability as

IP[AN B

PIAJB] =~

, 2.8)

called “probability of A given B", and which stands for the probability of
the event A given the knowledge that the event B happened. This defini-
tion allows defining the notion of independence.

Definition 2.10 (Independence). Two events A and B are said independent if

P[A|B] = P[A], 2.9)
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or equivalently if
P[ANB] =TP[A]|P[B]. (2.10)
Random variables

Definition 2.11 and those that follow stand for real-valued random vari-
ables, i.e., where the value they take is drawn from the state space R. One
could nevertheless define random variables on a more general state space,
and adapt the definitions that follow accordingly.

Definition 2.11. A real-valued random variable X is a random quantity that
depends on the outcome of an experiment, and is defined as the mapping

X:0-R:w— X(w). (2.11)

Random variables are generally simply written as X, by dropping the
dependency to w. In the remainder of this section, we focus on continuous
random variables.

Definition 2.12 (CDF and PDF). Let X be a continuous random variable, then
the Cumulative Distribution Function (CDF) of X is the function Fx satisfying

Fx(x) =P[X < x]. (2.12)

If X is absolutely continuous (i.e., if Fx is absolutely continuous), then the Prob-
ability Density Function (PDF) of X is the function fx(x) = %Fx(x), and in
particular

Fy(x) =P[X < x] = /_x Fx(x)dx. (2.13)

By definition, one has limy_, Fx(x) = 1. The CDF and PDF of a ran-
dom variable allow defining its expected value as follows.

Definition 2.13 (Expectation). Let X be a real-valued continuous random vari-
able, then the expected value X is defined as

E[X] = /IR xfx (x)dx. (2.14)

More generally, let ¢ : R — R be a measurable function of X, then

E[p(X)] = [ ¢(x)fx(x)dx. @15)
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The expected value E [¢(X)] thus characterizes the “averaged" behav-
ior of a given function ¢ of the random variable X. For two random vari-
ables X and Y, we also define the conditional expectation IE [X|Y] as the ex-
pected value of X evaluated given the knowledge of the variable Y, and in
particular one has

EEXY]= [ EXY =yl fr(dy=EX]. (16

Continuous-time Markov chains

The content of this section is taken and adapted from “Understanding Mar-
kov Chains: Examples and Applications" of Nicolas Privault [Pri18, Chapter 9],
“Applied Stochastic Processes” of of Grigorios A. Pavliotis [Pav09, Chapter 4],
and “Markov Processes" of Andreas Eberle and [Ebe20, Chapter 5].

Basic definitions

Extending the concepts previously introduced, we now focus on stochastic
processes, which can be interpreted as time-varying random variables.

Definition 2.14 (Stochastic process). A continuous-time stochastic process
is a collection of random variables (X;)icr , indexed by R .

A stochastic process is said to be a Markov process if it satisfies the Markov
property, which essentially means that the evolution of the process given
its past is entirely characterized by its most recent state.

Definition 2.15 (CTMC). A continuous-time stochastic process (X;)er, with
state space S is said to be a continuous-time Markov chain (CTMC) if for all
je€Sandall0 <s1 <sp <...<sy < tthere holds

P[X; = j|Xs,, Xeyr - -, Xs,] = P[Xe = j|Xs,] . 2.17)

The processes defined above are also called continuous-time Markov pro-
cesses or Markov jump processes, as their state only evolves with instanta-
neous jumps at random times, and remains constant in between. We focus
in particular on time-homogeneous CTMC, namely where transitions do not
depend on the time: Forallt € Ry, T > 0and 7,j € S there holds

P [Xir = j|Xe = i] = P [Xe = |Xo = i]. 218)
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In that setting, one can define transition rates between the different states of
Sasthe A;; € Ry such thatforallf € Ry andi,j € 5:

P [Xt+~[ = ]|Xt = l] = /\i,jT+ O(T). (2.19)

There is an extremely dense theory existing around CTMC and Markov
chains in general, and we refer to [Pril8, Ebe20, Pav09] for additional de-
tails. In this thesis, we will represent CTMC using the so-called Infinitesimal
generator of (X;)er .» which determines the infinitesimal transitions of X;
between the states of S.

Transition rate matrix

When the state space S of the process is countable, then the infinitesimal
generator reduces to the so-called Transition rate matrix Q defined below.

Definition 2.16 (Transition rate matrix). Let (X;);cr, be a CTMC with state
space S = {1,...,N}, and let Aij be the transition rates from (2.19), then the
Transition rate matrix is the matrix Q € RN*N satisfying

Aij ifi# ]
[Qlij =1 " FiE (2.20)
—YysiAig  otherwise

The matrix Q has several uses when analysing CTMC. In particular, let
7t(t) € RN be the vector such that 77;(t) = IP [X; = i], then one shows that

d AT
a71'(1?) =Q'm(0), (2.21)

so that
n(t) = Q" 7(0). (2.22)

The definition of Q above is limited to countable state spaces. It is
thus not sufficient to handle state spaces involving real values for instance,
which typically arise with OMAS and lead to the next definitions.

Infinitesimal generator operator

A more general formulation than the transition rate matrix applicable for
more elaborate CTMC is the so-called Infinitesimal generator operator. We
first define the related notions of transition kernel and instantaneous jump
rate, which generalize the transition probabilities and rates of CTMC.
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Definition 2.17 (Transition kernel). Let (S,S) be a measurable space (i.e.,
where S is a set of subsets of S), and let X; be a homogeneous Markov process
with state space S, then the transition kernel of X; is the probability measure
Kkt 1S x S — [0,1] which satisfies forall x € S, B € S and all t

k7(x,B) = P [X4r € B|X; = x]. (2.23)

Definition 2.18 (Instantaneous jump rate). Let (S, S) be a measurable space,
and let X; be a homogeneous CTMC with state space S, then the instantaneous
jump rate of X; is the nonnegative measure q : S x S — R which satisfies for
allx €S,B € Sandall t

kr(x,B) = q(x,B)T +o(7). (2.24)

The instantaneous jump rate g thus generalizes the transition rates of
(2.19), as it measures the rate at which X; jumps from a given state x € S
to one of those contained in B. We now give the following definition of the
infinitesimal generator operator.

Definition 2.19 (Infinitesimal generator operator). ([Pav09, Def. 4.4.2]) Let
(S, S) be a measurable space, and let X; be a homogeneous CTMC with state space
S. Let Fy(S) be the set of bounded measurable functions f : S — RY, then the
infinitesimal generator operator of X; is the operator L : Fy,(S) — F(S) such
that for all f € Fy(S) there holds

uupﬂmEVMWM&:ﬂ_ﬂ”. (2.25)

T—0 T

One shows that there holds
LF) = [ (Fv) = FGx)alx,dy), 2.26)

where the measure g from Definition 2.18 is used with the infinitesimal
element dy as an argument to define the integral. We refer to the example
Pure jump process of [Ebe20, Section 5.1] for a similar example.

Examples of CTMC of interest

We now give examples of CTMC which will appear in this manuscript, and
their corresponding representations.

Example 2.20 (Poisson process). The Poisson process is a continuous-time
counting process, i.e., where each jump increases Ny by 1. The occurrence of jumps
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is governed by a Poisson clock, denoted Po(A). This means that the time T
separating two consecutive jumps is a random variable drawn from an exponential
distribution of fixed rate A, i.e., T ~ Exp(A) and

P[T<t=1-e¢" (2.27)

See Fig. 2.6 for an illustration of a realization of a Poisson process.

Time

Fig. 2.6 Single realization of a Poisson process N; with rate A = 2.

Poisson processes as counting processes satisfy several properties. Clearly
N; € N for all t, and there holds Ny = 0. Moreover

P[N; = n] = (): !)”e—“ ; E [N{] = At. (2.28)

We present in Fig. 2.7 an illustration of the CTMC defined by N and the shape of
the corresponding Transition rate matrix Q.

a a A - /\A A
010 ORI BE

Fig. 2.7 Representation of a Poisson process (left) and corresponding Transition
rate matrix Q (right).
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Finally, observe that the instantaneous jump rate of the process is given by
q(n,B) = Axg(n+1), (2.29)

where xp is the indicator function such that xg(n) = 1ifn € B, and xg(n) =0
otherwise. Consider the function f(N;) = N, then (2.26) becomes

Lf(n) = ZN (fy) = fm) Axy(n+1) =A(n+1—-n) =4,  (2.30)
ye

which corresponds to the transition rate of the process when Ny = n.

Example 2.21 (Birth-death process). The Birth-death process is a CTMC sub-
ject to two types of jumps: “births”, which increase Ny by 1, and “deaths”, which
decrease it by 1. These jumps follow Poisson clocks with rates that depend on the
state of Ny, so that if Ny = j, then births happen with rate B; > 0 and deaths with
rate 6; > 0. An illustration of the behavior of that process is given in Fig. 2.8. We
illustrate in Fig. 2.9 the CTMC defined by Ny for the birth-death process.

6 T

[ Nt

® Births
5 X Deaths|
= 4t
3 | . |
2 Il Il Il Il Il Il L Il Il
0 2 4 6 8 10 12 14 16 18 20

Time
Fig. 2.8 Single realization of a Birth-death process N; with rates ; = ¢; = %.

The Transition rate matrix Q of that process is given by

—pBo Bo
o0 —(B1+é1) B1
0= N L (2.31)
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Bo B

B1 B2 ‘
" "
01 52 53

3/ 1
0; 0j+1

Fig. 2.9 Representation of a Birth-death process: When N; = j, then births hap-
pen with rate ; and deaths with rate J;.

Remember that mj(t) = P [Ny = j|, then (2.31) combined with (2.21) yields
%ﬂo(t) = 517‘[1(t) — ﬁoﬂ'o(t) and

() = Bamaa() + Gam () — B+ )m()  @32)

forall j > 1. In particular, if Ny is ergodic, then there exists ¥ = limy_soo 7T]-(t)
forall j € IN, and solving the equations above yields

1 L Bia
ng = —; i =m5]] : (2.33)
L+ T B =

forall j > 1. Finally, the instantaneous jump rate of the process is given by

q(n,B) = Buxp(n+1) + Snxp(n —1). (2.34)

and considering the function f(N;) = Ny, then (2.26) becomes

Lf(n)= Zﬂ:\I (f(y) = f(n)) (Buxy(n+1) + duxy(n — 1))
ye
=m+1-—n)Bu+(n—1—n)dy = Pu— 0y, (2.35)

which corresponds to the transition rate of the process when Ny = n.

Event-based evolution of open systems

The OMAS we consider in this thesis are assumed to evolve solely through
instantaneous modifications triggered e.g., by arrivals, departures, or in-
teractions in the network, each of these happening punctually at random
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times. The system thus remains constant in between.

Consider as an example the specific case of only-growing systems, i.e.,
where only arrivals of single agents happen at random times determined
with a Poisson clock of fixed rate A. No departure nor any other type of
interaction happens in that system. Its evolution is solely defined by the
activation at specific random time-instants f; of the clock characterizing the
arrivals, which we denote Arr (see Fig. 2.10 for an illustration). This system
is thus a CTMC (see Section 2.3.2) whose jumps are triggered by arrivals,
which are themselves characterized by a Poisson process of parameter A.

Arr Arr Alrr Arr Arr

>
T T T T >

U™ ToEwp() 2 i3 ty ts

Fig. 2.10 Timeline presenting the time-instants at which modifications happen
in the specific only-growing system described above. The time T between any two
consecutive arrivals is randomly drawn from an exponential distribution with pa-
rameter A, consistently with the Poisson clock determining their occurrence.

In general settings, several different processes can be involved in par-
allel in the evolution of an OMAS (typically arrivals, departures, replace-
ments or interactions in the system). Each process is defined with its own
clock, which can potentially depend on other clocks or on the system state.
In that sense, the state of the system is a CTMC whose jumps are triggered
by the activation of these different clocks.

Given a time-varying quantity y being modified upon activation of a
given clock € at some time ¢, we denote by

e yory(t): the value of y immediately before the activation of €;
e yT ory(t"): the value of y immediately after the activation of €.

Hence, for instance, E [y |y, €] stands for the expected value of y immedi-
ately after the activation of the clock € given its state immediately before
(independently of the time at which it happens). For the simplicity of the
interpretation, and with a slight abuse of language, we will refer to the acti-
vation of a given clock € as an “event of €". This terminology can actually be
assimilated to the notion of “probabilistic event" from probability theory, as
€ defines the type of modification experienced by the system when a clock
ticks, which can be seen as the outcome of an experiment. To avoid ambi-
guity, we will sometimes define the (probabilistic) event ¢; that € activates
at time ¢, so that the expression above is equivalent to E [y(t1)|y(t ), &].
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With this event-based formulation, we can define the event set & of the
OMAS, as the set of all the existing clocks triggering modifications of the
system. From this definition, we can also build the history of the process
up to some time ¢ as the sequence of all the events that happened in the
system and the time-instant at which they happened until that time:

H(t) = {(t1,61), - (b 80}, (2.36)

wheret; <tand ¢; € Eforalli =1,...,k. See Fig. 2.11 for an illustration.

&1 &2 S &4 &

1 1 1 1 1 >
T T T T T >

i1 ta t3 ty ts

Fig. 2.11 Timeline presenting the time-instants at which a modification of an
OMAS happens. Each t; corresponds to the (random) time-instant at which an
event of §; € & happens, triggering a modification of the system state.

Observe that the formulation above typically allows discretizing the
time at the time instants where events take place (up to the assumption
that two distinct events never happen simultaneously). In that case, one
can then alternatively define the history of the process up to the k-th time
step as

H = {(1,&),.... (k&) (2.37)

where ¢; € Eforalli =1,...,k Under the additional assumption that the
different processes (and hence the clocks) are independent of each other
and of the system states (past or present), one can also define the proba-
bilities of each clock to tick at a given time step, so that the effects of the
different clocks can be decoupled in the subsequent analyses. Such ap-
proaches will be used e.g., in Chapters 7 and 8.

Intrinsic and external objectives

We distinguish two main types of problems in OMAS, both illustrated in
Fig. 2.12, depending on the nature of the objective pursued by the agents
in the system: intrinsic and external. In the former case, the agents aim at
solving a problem which directly depends on the composition of the sys-
tem, and whose solution thus varies as agents join and leave the system. In
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the latter, this solution is defined outside and independently of the system;
the initial state of the agents joining the system then typically depends on
this solution and is used to solve the corresponding problem.

y(t) Fint ({1, 22,23, 24,0, 6 })

(a) Intrinsic case

(b) External case

Fig. 2.12 Representation of an intrinsic (left) and external (right) problem in
OMAS: The objective y(t) changes as agents join and leave in the intrinsic case,
whereas it does not in the external case and rather influences the value taken by
agents joining the system.

More formally, let y(t) be the (potentially time-varying) objective that
the system aims at reaching at time ¢, and let V(¢) denote the set of agents
in the system at time t. Let moreover x;( denote the initial value held by
an agent i at its arrival in the system. In intrinsic problems, the objective is
built upon V(t), and for some function F" there holds

y(t) = FM ({xioli € V(1)}). (2.38)

By contrast, in external problems, the objective y(t) exists independently of
the system and contributes to define the initial state of any agent, such that
for some function FE** and for t; o the arrival time of agent i there holds

xip = FE (y(tip)) . (2.39)

We illustrate this distinction in the following example for the max con-
sensus problem: Each agent i € V holds a real value x; € R, and their
objective is to collaboratively estimate the maximal value in the system,
ie., max {x;|i € V}. A simple algorithm, called Flooding, consists in defin-
ing pairwise interactions of the type x;" = x;r = max {x;,xj}. In closed
system, one can then show that this algorithm solves the problem if the

underlying graph is connected, as it floods the system with the maximal
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value (more details about all this in Section 3.2).

Example 2.22. Let us consider two variations of an open version of the max con-
sensus problem defined above, one intrinsic and one external. Let us assume that
each agent i € V(t) holds a nonnegative bounded real quantity x; < M € R,
forall t. The initial value x; held by agent i at its arrival in the system is randomly
drawn from some distribution while guaranteeing x; < M.

1. Intrinsic max consensus: In this problem, the agents aim at computing
the maximal value among those held by the agents present in the system:

y(t) = max{x;|i € V(t)}. (2.40)

The objective y(t) thus changes as agents get in and out, and agents must
adapt consequently: (i) if the agent holding the largest value leaves, then the
other agents must potentially “forget” its value, as the current maximum
has changed; (ii) if a joining agent holds the new largest value, then the
other agents must learn it. See Fig. 2.13 for an illustration.

Fig. 2.13 Intrinsic max consensus: effect on the objective y(t) of the departure at
time t; (left) and arrival at time ¢, (right) of the agent holding the largest value.

2. External max estimation: In this version of the problem, the objective of
the agents is to estimate M, the maximal value that agents potentially hold
at their arrivals:

y(t) = M. (2.41)

In that case the objective y(t) is not impacted by the agents in the system.
Actually, it contributes to defining their initial values, and to estimate it the
agents aim at collecting as many information about each other as possible
during the process. See Fig. 2.14 for an illustration.

In this setting agents will typically try to estimate an approximation of M,
given by
7(t) = max {x;|i € V(s), Vs < t}. (2.42)
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. i ---Jult) =M =10

y(t) = M =10

Fig. 2.14  External max estimation: effect on the system of the departure at time
(left) and arrival at time t; (right) of the agent holding the largest value.

An illustration of the behavior of the Flooding algorithm described above (and de-
tailed in Section 3.2) with respect to all the variations of the objective described
above is shown in Fig. 2.15. It shows that in the considered setting the Flooding
algorithm is not efficient for handling the intrinsic objective (2.40), as it is not
designed to forget outdated information. In opposition, it behaves rather good for
approximating the external objective (i.e., for computing §j(t) from (2.42)), for the
exact same reason. This highlights how the design of algorithms can fundamen-
tally change depending on the nature of the objective.

100 © © © © © © —d © © ©

* SEEEEEESEEEEEEN
8 - '/ ol .-..-..-..-....-..-..-..-..0"' i

——
ST ) e == max{z;(s) : i € V(s),Vs < t}
J sensemmax{z;(t) 1 i € V(¢)}
0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time

Fig. 2.15 Behavior of the Flooding algorithm for solving the different variations
of the open max consensus problem defined in Example 2.22 in a system of 5 agents
subject to replacements once every 5 interactions on average. Each plain line is the
estimate held by an agent, and the black thick lines are the different objectives.

The intrinsic and external formulations show some sort of interpreta-
tion trough the scope of the superset model presented in Section 2.2.1. Let
us consider the superset V, and the (time-varying) set of active nodes V,(t),
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then one can see intrinsic objectives as defined over V,(t), i.e.,

y(t) = F" ({xili € Va(D)}).

In that case, external objectives can be approximately seen as the same
function defined over the entire superset V:

y(t) = F" ({xili € V}).

This interpretation can then be pushed further to hybrid models (i.e., sub-
ject to activations and deactivations, and where new agents join the sys-
tem): External objectives are then evaluated over the entire past of the pro-
cess, which actually amounts to () defined in (2.42) from Example 2.22.

More generally, the distinction between intrinsic and external problems
already exists in the context of closed systems, but its implication is then
rather limited. By contrast, in open settings it has a significant impact on
the challenges that must be handled both in analyses and algorithm design.

In particular, since the objective of intrinsic problems depends on the
composition of the system, the information related to agents having left
the system is most of the time irrelevant and must consequently be elimi-
nated. This can be a serious challenge for algorithm design, as it somehow
requires keeping track of the origin and validity of the information held by
the agents. This is rather clear from Example 2.22, and strategies for this
problem can be found e.g., in [AHH17] where the max consensus in open
systems is studied, and where information is given a life span and must be
eliminated once it is exceeded.

By contrast, in external problems the objective does not depend on the
agents in the system. Instead, the states of the agents are related to the
objective, so that any information corresponding to any agent having been
in the system at any time is potentially relevant, and must be remembered.
The challenge is then for algorithms to gather all the information without
losing any, and for analyses to somehow quantify the information having
been in the system at any time. The design of algorithm solving external
consensus problems of this type in open systems was explored in a master
thesis that was conducted in parallel of this thesis [Col20].
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3.1

The consensus problem

HE first part of this thesis is dedicated to the study of consensus

problems. Through the scope of this basic problem, we highlight

and analyze some general properties of OMAS. Therefore, in this
chapter we properly define this problem as it is commonly formulated,
and review some standard results about it in closed systems as well as
their possible extension to open systems.

General definition

Consensus is probably one of the most basic and yet essential problems
arising from multi-agent systems, as it plays a major role in many pro-
tocols designed for advanced applications. It consists in making all the
agents constituting a MAS agree on a given state or quantity based on lo-
cal interactions, as stated in the following definition.

Definition 3.1. Consider a multi-agent system whose set of agents is V, and
where each agent i holds a time-varying quantity x;(t) € R?. We say that con-
sensus is reached on some constant state x* € RY if forall i € V

Lim [|x;(t) — *7[| = 0. (3.1)
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The value x* to which the state of the agents converge is called the agree-
ment state. It sometimes consists in a specific function of the initial states of
the agents such as the average, maximal, minimal or median value (typi-
cally if those values are real numbers). Such problems play a crucial role
in applications such as decentralized optimization (defined in Chapter 6)
[NOR18] where consensus and optimization steps typically alternate, or in
vehicle coordination [OSEM07, MR19, RBA05] where e.g., consensus must
be reached on the distance separating the vehicles to achieve some forma-
tion. It also appears in sociology, such as in [DeG74, TIY "13]. Consensus
was more generally used as a case study in a wide range of analyses, in-
cluding [HOT11, MLB20].

Remark 3.1. A more general formulation for Definition 3.1 is to require the state
of the agents to satisfy foralli,j € V

lim [|x; () — x;(8)[| = 0, (32)
or equivalently lim—,co max; ey ||%i(t) — x;(t)|| = 0. This formulation ac-

tually allows agents to agree on some time-varying trajectory instead of simply
a fixed point. This generalization, called synchronization, will however not be
covered in this thesis, and we will restrict to the particular case of consensus.

Consensus in closed systems

From now on, and in the scope of this thesis, we will restrict to consensus
problems where the states of the agents are real numbers. Moreover, we
consider a discrete evolution of the time, and use x(k) € R" to denote the
vector containing the states of all # agents in the system at the time step k.
Most consensus algorithms can be written under the compact form

x(k+1) = Pex(k), (3.3)

where the update matrix Py is a row-stochastic matrix (namely, such that
each row sums up to one: P1, = 1,). The matrix Py encapsulates the
properties of the interactions happening in the system, and is thus strongly
related to the underlying graph G of the system. Moreover, depending on
the consensus protocol, it potentially depends on the time step k as well.
Observe we omit here a possible dependency of Py on the system state x.
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3.2.1 Synchronous and asynchronous algorithms

We distinguish two types of algorithms: synchronous algorithms where
all agents communicate and update their state simultaneously, and asyn-
chronous algorithms where only a portion of the agents perform the com-
munication and update.

Synchronous algorithms are however not suited to study OMAS in gen-
eral, as the arrivals and departures of agents make the definition of up-
date rules relying on the whole system difficult to design and exploit (even
though some studies relying on synchronous update rules can be found in
specific settings [HR20]). More generally, synchronous algorithms may be
very expensive or even impossible to use in practice with large systems.
Therefore, we will consider asynchronous algorithms in this thesis. In par-
ticular, we will restrict to a specific type of asynchronous updates, called
symmetric pairwise updates, where only pairs of agents exchanging informa-
tion in both directions are involved.

Nevertheless, because they represent a significant amount of results in
the field of consensus, we give a few insights on synchronous consensus
algorithms below (and we refer e.g., to [Bul22] for additional details).
Synchronous consensus algorithms When interactions are synchronous,
a standard choice for an agent i € V is to aggregate the information it
received form its neighbours ;. One of the most popular protocols of this
type is provided in [OSM04] and reads

xf=xit+e ) (xj—xp), (3.4)
JEN;

for some parameter € € IR. The update rule (3.4) can then be extended to
the whole system using the Laplacian matrix L of the underlying graph G
of the system, so that it can be written under the form (3.3) as

xt = (I, —eL)x. (3.5)

The update rule (3.5) thus relies on the properties of the network, and
convergence conditions can then be derived for achieving consensus in that
setting [Bul22, Theorem 5.1].

Many variations of the protocol given in (3.4) and (3.5) have been con-
sidered for several applications, including vehicle coordination [FM04b,
JLMO3], flocking behaviors [VCB] 95, VZ12] or decentralized optimiza-
tion [TBA86, NOP10].
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3.2.2 The average consensus problem

The so-called average consensus problem is a specific version of the con-

sensus problem where the agreement state to which the agents are ex-
pected to agree is the average of the values they initially hold.
Definition 3.2 (Average consensus). Consider a multi-agent system whose set
of agents is V, where each agent i holds a time-varying quantity x;(t), and let
x;(0) denote the value held by agent i at the initialization of the process. We say
that average consensus is reached if for all i € V we have

. 1
tli)n;o xi(t) = v Y xi(0). (3.6)

We present below two well-known asynchronous algorithms solving
the average consensus problem in closed system.

Pairwise gossip interactions The so-called (pairwise) Gossip algorithm in-
troduced in [BGPS06] is one of the simplest yet efficient algorithms for
solving the average consensus problem. It is defined over pairwise interac-
tions called gossip interactions: Whenever two agents 7,j € V interact, then
x; = xy forall £ # i,j, and agents i and j update their states as
X+ Xj
+ ot T
Xp =X = (3.7)
Observe that the update rule (3.7) can be written under the form of
(3.3), where Py is the identity matrix except for the entries corresponding
to iy and ji, the interacting agents at time step k:

ik Jk
o 3
3 3 i
1
P, = . . (3.8)
3 3 Jk
1




Consensus in closed systems | 3.2

When the composition of the system does not change with time (in
closed system), it is known that pairwise gossip interactions achieve con-
sensus as long as the graph defining the system is connected, i.e., that there
is no pair of agents isolated from each other in the system [BGPS06, FZ07].

We illustrate the behavior of the pairwise Gossip algorithm in Fig. 3.1
for a system of 4 agents subject to all-to-all pairwise gossip interactions
happening at random times. The figure shows that in this particular con-
nected closed system, convergence to the average of the values initially
held by the agents is achieved in finite time.
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Fig. 3.1 Realization of the Gossip algorithm in a fully connected network con-
stituted of four agents. The corresponding graph is represented on the left, and the
evolution of the values held by the agents on the right. Consensus on the average
of the values initially held by the agents is achieved in finite time.

Gossip pairwise interactions will be used in the two following chapters
as the main case study to illustrate our results. The analyses we propose in
this part nonetheless intend to be general, and their application to different
algorithms can be considered in the future, such as the Push-sum algorithm
which we present below.

Push-sum algorithm The push-sum algorithm, introduced in [KDGO03], is
more elaborate than the Gossip algorithm: Each agent holds two variables,
x;(t) and w;(t), such that x;(0) is its initial value and w;(0) = 1. Whenever
agent i sends information to agent j, there holds

+_ X, 4Nt

X =2 X = (3.9)
+ _ Wi, +_ Wit

w;” = 5 W = B (3.10)
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xi(t)
w;(t)”
which thus amounts to a linear combination of the initial values of the
agents weighted by its importance at the system level. The push-sum im-
proves on the Gossip algorithm, notably as it allows asymmetric interac-
tions (which make gossip interactions fail). It was shown in [KDGO03] that
exponential convergence to the average is guaranteed with probability 1 in
closed systems. Moreover, [GH18] showed that convergence is still guar-
anteed under message losses, yet not to the exact average.

Agent i then builds its estimate of the average at time f as y;(t) =

The push-sum algorithm will not be directly analyzed in this thesis.
Nevertheless, as it improves on the Gossip algorithm, it represents an in-
teresting extension for the analyses that will be conducted on it, and will
be discussed as perspectives for future work.

The max consensus problem

Another well-known consensus problem is the so-called max consensus,
where agents aim at agreeing on the maximal value in the system.
Definition 3.3 (Max consensus). Consider a multi-agent system whose set of
agents is V, where each agent i holds a time-varying quantity x;(t), and let x;(0)
denote the value held by agent i at the initialization of the process. We say that
max consensus is reached if for all i € V we have

lim x;(t) = max{x;(0) |i € V}. (3.11)
t—o0
Problems of this type appear e.g., in the context of leader election or
self-organization, typically where the slowest entity of a group defines its
speed, or in the context of maximum likelihood estimation, for instance
for estimating the maximal cardinality of a network [LVDH15]. They can
also typically appear as an intermediate step for more advanced tasks, see
e.g., [DFG20], where max consensus is used to estimate the system size. A
simple algorithm for solving it is the Flooding algorithm.

Flooding As its name indicates, the Flooding algorithm simply consists in
flooding the system with the maximal initial value. This can be achieved
with pairwise interactions by applying the following update rule when
two agents i,j € V interact:

Xt = xj+ = max {x;, xj } . (3.12)
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One can show that as long as the system is connected, the Flooding algo-
rithm makes the agents eventually converge to the maximal value in the
system (see Fig. 3.2 for an illustration).

0 Il Il Il Il Il Il Il Il Il
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Time

Fig. 3.2 Realization of the Flooding algorithm to solve the max consensus prob-
lem with 5 agents: Each plain line is the estimate x;() of an agent.

Whereas the max consensus problem and the Flooding algorithm will
not be directly analyzed in the context of open systems, they allow high-
lighting typical challenges arising in open systems (see e.g., Section 2.5).

Consensus in open systems

Systems subject to varying topologies have already been studied in the
context of consensus, e.g., in [OSM04, NAR10] for average and max con-
sensus respectively, or more recently in [WBH'21] for opinion dynamics.
However, in these studies the topology of the graph defining the interac-
tions is assumed to be time-varying, but the set of nodes remains the same
during the whole process, so that tools from closed system can be applied.
By contrast, actually allowing agents to join and leave the system has a sig-
nificant impact on the way consensus problems are solved, analyzed, and
even formulated.

In open settings, both the system size and state are regularly subject
to instantaneous variations. As a consequence, tracking the system state
becomes challenging, and so does the analysis of consensus algorithms.
Moreover, in such permanently disturbed setting, the notions of stability
and even of consensus as in Definition 3.1 do not make sense anymore, as
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each arrival or departure potentially drives the system away from agree-
ment, even if it was almost achieved. This last observation is illustrated in
Fig. 3.3, which depicts the same setting as in Fig. 3.1 (i.e., in closed system),
but where on average one replacement happens every ten gossip interac-
tions. The figure shows that even if sometimes intermediate consensus is
reached between replacements, they prevent it from being maintained, and
potentially drive the system state far away when they happen.

~ L L ; L L L L L L |
0 0.5 1 15 2 25 3 35 4 4.5 5
Time

Fig. 3.3 Realization of the Gossip algorithm in a fully connected network con-
stituted of four agents subject to replacements of agents (on average one every ten
gossip interactions). The corresponding graph is represented on the left, and the
evolution of the values held by the agents on the right (where red crosses and green
circles highlight replacements, by denoting the value of the replaced agent respec-
tively before and after its replacement). Consensus cannot be achieved anymore.

Consensus in OMAS started receiving attention in the recent years. We
list below several works considering consensus in OMAS and relying dif-
ferent approaches and models that were conducted in parallel of this thesis.

Alternative criterion for consensus with the finite superset model: Since
the usual notion of consensus cannot be applied in open systems, the au-
thors in [VMN18] propose to study an alternative criterion instead, called
Majority action preservation. Their analysis stands for systems where the
states of the agents are binary under the finite superset model described in
Section 2.2.1. In that setting, they provide conditions under which a large
fraction of the agents that are active in the system maintain a common state
almost surely, which can be seen as a weaker formulation of consensus for
such binary states. Relying on the same model to define openness, the
authors in [VFP21] study the sensitivity of consensus algorithms to noise
by characterizing the deviation of the states of the agents it induces with
respect to the consensus point. The methodologies used in these analyses
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might however be difficult to adapt to our settings as they strongly depend
on the model they rely on to define the openness, which differs from ours.

Dynamic consensus: Consensus has also been considered under the con-
trol theory perspective, e.g., with dynamical average consensus [KVC'19],
where consensus is achieved over a set of (potentially time-varying) ref-
erence signals spread over the agents. Such formulation was considered
in the context of OMAS in [FF18, FF21] where the notion of stability was
extended to that of open stability: This requires the trajectory of the system
state to remain close to a trajectory of interest, which generalizes the notion
of equilibrium. The authors then apply this criterion to analyze the stabil-
ity of algorithms for the Proportional Dynamic Consensus in open system.
Dynamic consensus was also applied in a similar way for tracking the me-
dian of the values held by the agents in open systems in [SSF19], and for
the max/min consensus problems as well as size estimation in [DFG20],
which was recently summarized in a thesis [Dep21].

Appropriate representation: In the preliminary studies [HM16, HM17],
the authors propose an appropriate representation of open multi-agent
systems which allows performing analyses while handling their variable
size through the use of size-independent quantities. Using a finite size
dynamical system to characterize their evolution, they analyze the behav-
ior of gossip interactions and the evolution of the agreement between the
agents for specific open systems. In Chapter 4, we formalize and general-
ize these ideas using tools taken from Markov theory, and we extend their
application to general systems of varying size. Those results are presented
in [MMH20]. A complementary analysis which also extends ideas from
[HM16, HM17] to incomplete graph topologies can be found in [Oli18].

Algorithms:  Algorithms solving the max consensus problem in open sys-
tems have been studied e.g., in [AHH17], where the use of additional vari-
ables provides guarantees on the probability for the system to converge to
the correct value if arrivals and departures were to stop. More generally,
variations of algorithms, and in particular gossip interactions, were con-
sidered in a master thesis [Bral8] under the perspective of asymptotic per-
formance if the arrivals and departures stop. It typically allowed to show
that (naive) correcting mechanisms guaranteeing asymptotic correctness if
the system were to close tend to make transient performance even worse
than if no mechanism were used at all (see e.g., [Bral8, Chap. 3] for details).
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Performance measure: In the absence of usual convergence of consen-
sus algorithms, measuring performance is a challenge as well. This ques-
tion was investigated in my master thesis [Mon18], and then formalized in
[MH19, MH20], which constitute the content of Chapter 5. The objective is
then to derive lower bounds on the expected performance of average con-
sensus algorithms, which thus constitute an alternative quality criterion
for them.

External consensus: As discussed in Section 2.5, the challenges to be han-
dled by algorithms solving a consensus problem in open systems strongly
depend on its formulation. Typically, average consensus in open system is
usually defined based solely on the agents present in the system at that time,
thus requiring the elimination of the information about agent that left. By
contrast, consensus on a quantity defined outside of the system requires
aggregating as much information as possible, and hence remembering in-
formation about agents having left the system. The development of algo-
rithms solving this version of consensus in open system was investigated
in a recent master thesis [Col20].



Representing open systems:
the case of gossiping

The results of this chapter were submitted to IEEE Transactions on Auto-
matic Control (TAC) in [MMH20]; They build on some preliminary research
initiated by .M. Hendrickx and S. Martin in [HM16, HM17], whose results
are formalized in a new framework and extended to different settings.

N this chapter, we focus on the question of the representation of OMAS.

By nature, the size of such systems potentially varies with time, and the

state of the agents they are constituted of may suffer abrupt instanta-
neous changes. These features make OMAS challenging to analyze and
algorithms difficult to develop. A methodology suited for handling these
challenges proposed in [HM16, HM17] consists in analyzing specific quan-
tities, called descriptors, which do not depend on the size of the system but
still characterize its state. In this chapter, we formalize and generalize this
approach by putting it in the framework of Markov processes, and apply
it to extend the results of [HIM16, HM17] to a wider range of settings.

For that purpose, we consider the specific problem of consensus. In
particular we analyze the behavior of all-to-all pairwise gossip interactions
in a system subject to arrivals and departures of agents. We show in that
situation that even though arrivals and departures induce non-negligible
variations in the size and composition of the system, and hence prevent

| 49



4.1

4 | Representing open systems: the case of gossiping

convergence, the two first moments of the system (i.e., the descriptors)
evolve following a fixed-size affine dynamical system. We can thus de-
rive convergence results for these specific quantities. Moreover, they allow
monitoring the variance of the system, which characterizes the disagree-
ment between the agents.

We formulate the problem in Section 4.1, where we properly describe
our system and introduce the descriptors we will use to study its evolution.
Our approach is based on the analysis of the instantaneous effect on the
descriptors of arrivals, departures, replacements and interactions, which
are the asynchronous events driving the evolution of the system (in the
sense of Section 2.4). We show in Section 4.2 that our system is actually a
particular case of a more general formulation, so that our approach can be
generalized to any set of events and descriptors, resulting in a general ex-
pression for their evolution in expectation as an ordinary differential equa-
tion. Our approach can thus be generalized to other problems by defining
the corresponding events and their effect accordingly. Finally, we apply
our general result from Section 4.2 to analyze the specific system of Sec-
tion 4.1 in Section 4.3, where we consider systems of fixed-size under two
different types of replacements and systems of variable size.

Problem formulation: a descriptor-based approach

In this chapter, we consider an all-to-all version of the Gossip algorithm
(3.7) defined in Section 3.2 [BGPS06], where the states x; of the agents are
real values. This means that the interaction graph is complete, so that any
pair of agents i, j € V can potentially interact, resulting in

xi—l—x]-
xF=xf = ——.

S =x > 4.1)

In closed system, it is known that (4.1) solves the consensus problem as de-
fined in (3.1) for that setting, so that lim; .« ||x; () — x*|| = 0 for some x*.
This is however not the case in open systems, as discussed in Section 3.3
and illustrated in Fig. 4.1, where it appears that consensus cannot be main-
tained because of the everlasting replacements.

More generally, consensus as defined in (3.1) simply cannot be achieved
in open system, as the permanent changes in the system composition keep
perturbing the system. Instead, the general behavior of the system is ex-
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Fig. 4.1 Realization of the Gossip algorithm in a fully connected system of four
agents subject to replacements (one every ten gossip steps on average). Each line
is the value held by an agent, while the red crosses and green circles highlight
replacements, denoting the value of a replaced agent respectively before and after
being replaced.

pected to reach some form of steady-state, which can be described and an-
alyzed with relevant quantities. Of course, the choice of these quantities is
not neutral, and different quantities might behave in very different ways.
This section focuses of the selection of relevant quantities, which we call
descriptors of the system, in order to analyze the behavior in expectation of
all-to-all pairwise gossip interactions (4.1) in open systems.

System description

We consider a multi-agent system whose composition changes with time.
We use integers to label the agents, and denote the set of agents in the
system at time t by V(t) C IN. As a consequence, the dimension of the
system, which is denoted by n(t) = |V(t)|, changes with time as well. Each
agent i holds a value x;(t) € R; We assume that the value initially held by
the agents at the beginning of the process (at time t = 0) is a bounded value
randomly and independently drawn from some distribution D with mean
0 and variance ¢?. Our results can immediately be adapted to distributions
D with arbitrary constant mean y. Finally, we define the state of the system
at time ¢ as the vector x(t) € R"(") containing the values x;(t) of all the
agents i € V(t) present in the system at that time.

The evolution of the system is event-based in the sense of Section 2.4,
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meaning it is characterized by instantaneous modifications triggered by
events, which correspond to the activation of several clocks. We consider
four types of events that modify both the system size n(t) and state x(f):
gossip interactions, arrivals, departures and replacements. Each of these events
is associated with a Poisson clock with respective size-dependent rates
AGos,s AArr,s ADep, and Agep . We detail below the effect of each type of
event, using the notations of Section 2.4. Moreover, we represent the sys-
tem described above and the different types of events in Fig. 4.2.

1. A gossip interaction among n agents, denoted Gos,;, consists in select-
ing uniformly randomly and independently 7,j € V (with possibly
i = j) to update their values x; and x; by performing a pairwise aver-

xi+x;
agex; = x;“ = =5~ Hence wehave V" = Vand n" = n.

2. Anarrival among n agents, denoted Arr,,, consists in one “new" agent
i ¢ V(s), Vs < tjoining the system, so that V* = V U {i}, and thus
n™ = n+ 1. The initial value of the arriving agent is then indepen-
dently and randomly drawn from the distribution D used to initialize
the system.

3. A departure among n > 0 agents, denoted Dep,, consists in selecting
an agent i € V to leave the system, so that V* = V \ {i}, and thus
+ —
nt=n-—1

4. A replacement among n > 0 agents, denoted Rep,, consists in the
simultaneous occurrence of both a departure and an arrival. There
thus holds nt = n (but V* # V).

Observe that we did not specify how the agent leaving the system is
selected at departures. In this chapter, we will consider two possible ways
of making that choice:

1. Random departures, denoted Dep,,, where the leaving agent is uni-
formly randomly selected among those in the system;

2. Adversarial departures, denoted Dep,, where no assumption can be
made on that choice (e.g., as if some opponent was doing that choice
based on its own criterion).

These two types of choice also apply for replacements, and we will re-
fer later to random replacements and adversarial replacements accordingly (re-
spectively Rep, and Rep;). Other types of departures and replacements
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Fig. 4.2 Representation of the OMAS of this chapter subject to four types of
events for |V(t)| = n: (in orange), arrivals Arr;, (in green),
departures Dep,, (in red) and replacements Rep, (in purple).

could of course be considered the same way. Moreover, as it will be dis-
cussed later, different clocks, i.e., other types of events, could be considered
to characterize the evolution of the system, e.g., if other algorithms relying
on different types of interactions were to be analyzed.

Choice of the descriptors: scale-independent quantities

In the setting of the previous section the system size changes with time,
and as a consequence tracking the system state x(t) is a challenging task.
Instead, in this chapter, we show that we can study the evolution of some
specific size-independent quantities, i.e., that do not scale with the system
size, with a finite-dimensional affine dynamical system. A possible choice
for such quantity is the mean of the system state defined as

()= —= Y x(t). 4.2)

() iy

This quantity was considered e.g., in [HM16]. Its analysis is however
omitted here, since as we will see it is not crucial to study the behavior
of the system under the scope of the consensus problem. Rather, we will
consider the empirical squared mean #2(t) and mean of squares x2(t) as
descriptors of the system. These correspond to the two first moments of the
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system state respectively defined as

2
2(t) = n(lt) IR xz(t)::n(lt)

ieV(t)

Yo oxE(t). 43)

ieV(t)

Using these specific quantities, we can also track the variance of the system
Var(x(t)), defined as

Var(x(t) == —~ Y (xi(t) — %(£))* = x2(t) — #2(t). (4.4)

The variance measures the average distance between the states of the
agents and the average of their values %(t). Since the Gossip algorithm
is sum-preserving (that is, it maintains ) ;cy, x;(t) constant through inter-
actions), consensus is expected to be achieved on %(t), which is thus its
agreement state [BGPS06, FZ07]. In that sense, the variance measures the
level of disagreement between the agents, i.e., “how far" the system is from
consensus. It is thus a valid criterion to study consensus, and the criterion
(3.1) can be equivalently defined as

lim Var(x(t)) = 0. 4.5)

t—o0

We illustrate in Fig. 4.3 the evolution of these quantities (namely 2(t),

x2(t), and Var(x(t))) for the specific realization of Fig. 4.1.
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Fig. 4.3 Evolution of the mean of squares x2(t), the squared mean 2(t), and the

variance Var(x(t)) = x2(t) — x2(t)? corresponding to the realization of the system
presented in Fig. 4.1.
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As discussed previously, it is known that in closed system gossip inter-
actions allow achieving consensus [FZ07], and hence guarantee (4.5). This
is no more the case in open system as the value held by any joining agent
will be different from the value of the agents already present in the system
with high probability (see e.g., Fig. 4.1). Hence, by studying the evolution
of the descriptors, we can analyze the variance as well, and therefore the
level of disagreement between the agents, as shown in Fig. 4.3. In partic-
ular, we will be interested in the evolution of [EVar(x(t)), which will thus
require monitoring IE%2(t) and Ex2(t).

Evolution of the descriptors in expectation

We now show that the evolution in expectation of the descriptors with
respect to any of the events we consider is governed by a 2-dimensional
affine dynamical system. Let us define the descriptor vector as

X(t) = (xz(t) ?(t))T, (4.6)

so that there holds
Var(x(t)) = (=1 1) X(¢). 4.7)
In the following lemmas, whose proofs are in Appendix 4.A, we give

the evolution of IEX with respect to the different types of events using the
notations of Section 2.4, from which we derive that of EVar(x).

Lemma 4.1 (Gossip step). At an event of Gos,, there holds

E [X"|X,Gos,| = (} 0 1) X. (4.8)
a 1—a

:AGosn

Since Var(x(t)) = (=1 1) X(t), one then has

E [Var(x")|Var(x),Gos,| = (1 - ;11) Var(x). (4.9)
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Lemma 4.2 (Arrival). At an event of Arry, there holds

n_ _1
E [X"|X,Arr,] = — : ("61 ?) X+ <("+11>2> o2 (4.10)
n—+ o
N——
:AArrn :bArrn

Remember that we consider two different types of departures: random
and adversarial, both introduced in Section 4.1.1. They differ in how the
leaving agent is chosen at departures, and consequently their impact on
the evolution of the descriptors in expectation differs as well. Hence, we
study their respective evolution separately. This of course also holds true
for replacements, which we remind consist in the occurrence of a departure
immediately followed by an arrival, the latter applied to a system of size
n — 1joined by a n'* agent.

Random departures and replacements

As a quick reminder, random departures consist in the uniform random
choice of the leaving agents among those in the system, resulting in the
following lemmas.

Lemma 4.3 (Random departure). At an event of Dep,, there holds

1 1 1
E [X"|X,Dep,] = ( %HV <"11>2) X. (4.11)

:ADepn
Since Var(x(t)) = (—1 1) X(t), one then has

E [Var(x™)|Var(x), Dep,] = <1 - (;1_11)2) Var(x). 412)

Lemma 4.4 (Random replacement). At an event of Rep,, there holds

n=2 1 1
E [X*|X,Rep,] = < ; nn—21> X+ <nf> 2. (4.13)
n n
:ARePn :bRepn
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Adversarial departures and replacements

As a quick reminder, adversarial departures amount to letting the choice
of the leaving agent to an opponent, so that no assumption can be made
on how that choice is done. Hence, obtaining the exact evolution of the
descriptors in expectation is not achievable, and instead we obtain upper
bounds on that of the expected variance. In this case the expectation on the
choice of the leaving agent thus corresponds to some sort of “worst case"
on that choice. This results in the following lemmas.

Lemma 4.5 (Adversarial departure). At an event of Dep;, there holds

n

E [Var(x")|Var(x), Dep};] < ] Var(x). (4.14)

Lemma 4.6 (Adversarial replacement). At an event of Rep;,, and under the
conditions of Lemma 4.14, there holds

E [Var(x")|Var(x),Rep};| < Var(x) + %2 (4.15)

Remark 4.1. Lemmas 4.1 to 4.6 already give insights on the behavior of the sys-
tem with respect to each type of event. Typically, one can observe that the eigenval-
ues of the matrix A describing the evolution of X with respect to any event of €
are all upper bounded by 1, so that the system defining the evolution of the descrip-
tors is marginally stable (a similar conclusion can be obtained for the variance).
In the particular case of arrivals (and thus replacements), which involve an addi-
tive term, it can be noted that the additive term scales with % or nl—z, so that its
effect becomes negligible as the system size increases.

Generalization of the descriptor approach

The system we described in the previous section is actually a particular
case of a more general formulation, which we describe and analyze in this
section. We show that with that formulation the descriptors can be mod-
elled as a function of the state of a specific Markov jump process, and de-
rive a general expression for their evolution in expectation as a flow equa-
tion, which is related to Kolmogorov equations. This generalization is one
important contribution of this chapter with respect to [HM16, HM17].
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4.2.1 Generalization of the system description

The system described in Section 4.1.1 is a particular case of the following
general formulation. Let us define the state of the system (in the sense of
stochastic processes) as

S(t) = (n(t), x(1)), (4.16)

which is constituted of the system size n(t) € IN and of the vector contain-

ing the values held by the agents x(t) € R"(*) at that time. The evolution
of the system is event-based in the sense of Section 2.4, so that S(t) evolves
following a Markov jump process (see Definition 2.15). For each value of
n(t) we associate a finite set of independent Poisson clocks which corre-
spond to the events driving the evolution of the system. The activation of
a clock €, called event of €, happens with fixed rate A and therefore triggers
the jump of S(t) that modifies both n(t) and x(t) as follows.

* The modification of n(t) is deterministic, so that for an event € we
can define s(¢) € IN and a(e) € N in such way that it changes n(t)
from s(e) to a(e).

* The modification of x(t) is stochastic, so that an event of € modifies
it according to some distribution which depends on both x(t) and on
the nature of € (the latter thus implies that n(t) = s(¢)).

The transition of the system upon the activation of a clock € is illustrated
in Fig. 4.4. We use E to denote the set of all the clocks of the system (i.e., for
all values of n), which we call event set.

Ae

S(t) -

Fig. 4.4 Tllustration of the transition of the system state S(t) = (n, x) through the
activation of the clock €. The clock € activates with A, triggering the modification
of §(t). It modifies n = s(€) in a deterministic way into n* = a(€), and randomly
modifies x according to a given distribution written ¢, which depends on both the
nature of € and on x. By definition, this transition does not happen if n # s(e).
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Example 4.7. Let us now apply this formulation for the specific system described
in Section 4.1.1. For the given system size n, the clocks driving the evolution of
the systems correspond to the gossip interactions, arrivals, departures and replace-
ments (we omit adversarial departures and replacements for simplicity, but they
could be included exactly the same way). Hence, in that case, we have

E= J {Gosy, Arry,Dep,,Rep,, } . (4.17)
nelN

For instance, an event of Arr; happens with rate Ar; when the system size is
n(t) = s(Arr;) = j, triggering a jump in the process, that modifies the system
size into a(Arr;) = j+ 1 and the system state x(t) by adding a new value X
randomly drawn from the distribution D, as illustrated in Fig. 4.5.

)\AI'I‘j

S(t) :

Fig. 4.5 Effect of an event of Arrj, ie., of an arrival among j agents, on the state
S(t) in the system described in Section 4.1.1. The clock activates with rate A Ar; if
n(t) = s(Arrj) = j: It modifies n into a(Arr;) = j+ 1 and x by adding to it a new
random value X drawn from D, following the specifications of arrivals.

Remark 4.2. The formulation for the evolution of the system presented in this
section relies on the definition of a set of clocks for each values of n(t), so that, for
instance, a replacement among 3 and 4 agents are characterized by two different
clocks, namely Rep, and Rep, respectively.

An alternative formulation illustrated in Fig. 4.6 consists in defining the clocks
at the scale of the whole system (e.g., Rep for replacements at the system level).
In that case, the activation of a given clock is not conditioned by the system size
anymore. Instead, the rate at which a clock € ticks becomes size-dependent: Ae(n).
The modification of the system size n(t) is then characterized by some determin-
istic size-dependent function fe(n), and the distribution defining the evolution of
x becomes size-dependent as well (i.e., (e n(x)). One can show that both repre-
sentations allow representing the evolution of the same system, yet the first one is
preferred in this chapter, as it is easier to exploit in order to formulate our results.

| 59



422

4 | Representing open systems: the case of gossiping

Ae(n)

S(t) :

Fig. 4.6 Alternative modelling for the evolution of the state S(t): Each clock €
ticks with a size-dependent rate A (1), resulting in the deterministic modification
of n according to some function f¢ (1), and the random modification of x according
to some distribution ¢, (x).

Evolution of the general descriptors as an ODE

Let E denote the state space over which the system state S(t) is defined,
namely, the set of objects (1(t), x(t)) where n(t) € N and x(t) € R*"®).
In the same line as the reformulation of the system, the descriptors can be
more generally defined as the result of a function f : E — R? of the system
state. For instance, the descriptors #2(t) and x2(t) from Section 4.1.2 can
be formulated with the function f : E — IR? defined as follows, where we
omit the dependence to the time to lighten the notations:

1.7
nX X

2 )

£(S) = (htix) | = tﬁz] ~X. (4.18)
Hence, our goal is more generally to analyze the evolution in expecta-
tion of a given bounded function f : E — R?. For that purpose, we provide
variations of standard results on Markov processes in the following propo-
sitions, which are connected with Kolmogorov equations [Ebe20, Pav09].
These results, whose proofs are given in Appendix 4.C, will serve as a ba-
sis for establishing the evolution in expectation of the descriptors of our

system conditioned by its size.

Proposition 4.8. Let (E, P(E)) be a measurable space, and S(t) = (n(t), x(¢))
a Markov jump process as defined in Section 4.2.1 with state-space E. Moreover,
let f : E — R for some d € N be a measurable bounded function. Finally, for
j €N, let Fi(t) = E[f(S(t)) | n(t) = j] and 7t;(t) = Pln(t) = j]. If for all
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€ € B there exist Ac € R and b, € R? such that
E[f(ST) ] f(S) €] = Acf(S) +be, (4.19)

where we use the notations of Section 2.4, then there holds

d
GETG = L Ao (Ack +be) = L AemE, 420
ea(e)=j e:s(e)=j

where we omit the dependence to the time to lighten the notations.

The following proposition is then a variation of Proposition 4.8 from
above, where the inequality (4.21) holds instead of the equality (4.19).

Proposition 4.9. In the same setting as that of Proposition 4.8, if
E [f(ST) | £(S),€] < Acf(S)+be, 4.21)

holds instead of (4.19) for all € € &, then there holds

d
G S L Ay (AGFs(e) + be> - Y AemiF, (4.22)
eua(e)=j e:s(e)=j

where we omit the dependence to the time to lighten the notations.

Interpretation and illustrations

Proposition 4.8 describes, as a flow equation, how the evolution of a given
state of n(t) contributes to that of E [f(S(t))] = Ljen Fj(#)7(t). Consider
for instance the simple case where f(S(t)) = 1. In that case (4.20) reduces

to
Imw= ¥ amg®)~ L Aml), (@23)

eu(e)=j e:s(e)=j

which corresponds to the simple Markov transitions between the different
values of n(t), driven by the different clocks ¢ € E. Hence, f(S(t)) can
be seen as some weight distribution on the different values of n(t), and
whose evolution is conditioned by that of n(t). In the following example,
we propose to emphasize this interpretation by applying the result to sim-
ple functions f in a simple setting, where the evolution of n(t) is conducted
by a birth-death process.
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Example 4.10. Let us consider two functions fi and f, of the system state S(t),
respectively defined as

f1(8(t)) =1 and fz(S(t)) = n(t). (4.24)

Neither f1 nor f, depends on x(t), and hence we only need to characterize the
evolution of n(t) to apply Proposition 4.8. For simplicity, we assume that n(t)
evolves according to a birth-death process, as presented in Example 2.21 from Sec-
tion 2.3, and represented in Fig. 4.7.

n(t) | Bo B1 B2 f_*_@éﬂ\* )
61 82 03 0j 0j+1

Fig. 4.7 Usual representation of a birth-death process, where births happen with
rate B; and deaths with rate J; for n(t) = i.

The birth-death process above is a well-known continuous-time Markov chain
subject to two types of transitions: “births” which increase n(t) by 1, and “deaths”
which decrease it by 1. In particular, for a given system size n(t) = j, births
happen with rate B; and deaths with rate 6;. Observe that this formulation for the
evolution of n(t) can be assimilated to that of the system described in Section 4.1.1,
with AGos, = ARep, = 0, Aarr, = Bn, and Apep = p.

In order to apply Proposition 4.8, we focus on the transitions for a specific
system size n(t), represented in Fig. 4.8.

Fig. 4.8 Transitions related to a specific system size j for the birth-death process.
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1. First consider f1(S(t)) = 1. Forall j € IN, there holds

Fi(t) = E[fi(S()[n(t) = j] =1

and

E [f(STIAS), 8] =E [(ST)IAi(S), 9] =1.

Then, focusing on the transitions corresponding to n(t) = j presented in
Fig. 4.8, (4.20) becomes

() = Boamia () + Spamia () — (B +5)m (1), (429)

which exactly corresponds to the Markov transitions between the different
values of n(t) in standard birth-death processes of (2.32), and which is con-
sistent with (4.23) in that specific setting.

2. Second, consider f,(S(t)) = n(t). For all j € N, there holds
Fi(t) = E[f2(S(t)|n(t) = j] = n(t)
and
E [2(ST)A(S)B]=j+1L  E[f(S)I(S)6] =j-1.

Then, focusing on the transitions corresponding to n(t) = j presented in
Fig. 4.8, (4.20) becomes

d. . . .
g7/ () = Bj-1imti-a (8) + Sjajmjsa(t) — (B + 6))jm;(t).  (4:26)
The result above then yields
d d.
G ER(SM)] = Y /) = Y (B —6))mi(h). (4.27)
jeEN jeEN

Hence, in general f(S(t)) can be seen as some weight distribution over the
different values of n(t). In particular, in (4.27), this weight distribution
happens to be the system size itself, so that %IE [f2(S(t))] represents the
expected transition rate of the birth-death process.
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Case studies: gossiping in open systems

We now apply the general methodology proposed in Section 4.2 to the set-
ting described in Section 4.1, i.e., subject to gossip interactions, arrivals,
departures and replacements. We will restrict to two particular character-
izations of that setting: (i) a fixed-size system where n(t) = n, which is
thus only subject to gossip interactions and replacements, and (ii) a more
general setting where arrivals and departures are independent processes.
This latter characterization typically allows the analysis of specific settings,
such as only growing systems. By default, we will consider random depar-
tures and replacements (see Section 4.1.1), so that

2:= | J {Gosy, Arry, Dep,,Rep, } . (4.28)
nelN

However, we will also sometimes consider adversarial departures and re-
placements instead, then resulting in

5" := | J {Gosy, Arr,, Dep}, Rep } . (4.29)
nelN

Fixed-size systems with random replacements

We first consider the simple setting where only gossip interactions and
replacements take place, so that the number of agents remains constant:
n(t) = n. In a first time, we will consider the case of random replacements,
and hence work with Z as defined in (4.28). Gossip interactions and re-
placements take place with rates Ages, = nAg and ARep, = MAr respec-
tively for some Ag, A, > 0, and as no arrival nor departure ever happens,
AAm, = /\Depn = 0. This means that on average nA, gossip interactions
and nA, replacements happen in the whole system per unit of time, and
thus the rate of any event for a given individual agent is independent of
n. Moreover, the expected number of gossip interactions taking place be-
tween two replacements defined as

A
pg = f’ (4.30)
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and the probability of a random event being a replacement

=N+ A

(4.31)

both remain constant as n grows (observe that p = 1&—‘0?).

Evolution of the descriptors

We can apply Proposition 4.8 combined with Lemmas 4.1 and 4.4 to derive
the expected evolution of the descriptors for the system described above,
i.e., subject to gossips and random replacements.

Theorem 4.11. In the system of Section 4.1 with the setting described above, i.e.,
subject to gossip interactions and random replacements, there holds

d (-2, A N,
L EX() = ( e~ +Ag)> EX(t) + A, (1) 2. (4.32)

Proof. We consider the function f(S(#)) = X(t) defined in (4.18), which
computes the descriptors. Since the system size is fixed n(t) = n, there
holds for any ¢:

m(t) =P n(t)=n]=1;
E.(t) = E[X(t)|n(t) = n] = EX(t).

Hence, reminding that Ages, = 1Ay and Agep = 1A+, applying Proposi-
tion 4.8 combined with Lemmas 4.1 and 4.4 yields

d
SEX(t) =nA, ((Anep, EX(E) + biep, ) + 1Ag Acos, EX (1)

dt
—n (Ar + Ag) EX(t),

where Agep and bRepn come from Lemma 4.6 and Agos, from Lemma 4.1.
A few algebraic steps then conclude the proof. O

Fixed points
We now analyze the fixed point of (4.32) given by

27’1+Pg 2

2 + pg 5
——=° -, (433
2n(1+pg) — pg (433)

Ex?|eg = s
Fleq 2n(1+pg)—pga

; ]E;W =
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leading to the asymptotic variance

1—-1 o2
EVar(x)|e; = —_— g ~ (4.34)
1+pg(1—%) 0 P+ 1
where we remind pg = A¢/A; is the ratio between gossip and replacement
rates. These asymptotic values show some interpretation, detailed below.

Infinitely many replacements: As gossips become less frequent (o; — 0)
the system eventually consists of 7 agents holding i.i.d. values with mean
0 and variance 02, so that Ex?|,; — ‘%2 and EVar(x)|e; — 1-1g2. This
actually corresponds to the fixed point of (4.13) from Lemma 4.4.

Vanishingly few replacements: As replacements become less frequent
(0g — o0) the system achieves consensus between any two replacements,
so that Ex?|¢; — 0% and EVar(x)|s; — 0. The latter corresponds to the
behavior of a closed system, which asymptotically achieves convergence.
By contrast, the former results from the weighted average of the values of
all the agents that have been part of the system at some past or present

time (more details about this phenomenon are given in Appendix 4.D).

Large system: As the system size grows, one shows that E%?| eg — 0and
EVar(x)|eq — % = po? (where p was defined in (4.31)). This last expres-
sion is consistent with [HM17], where an equivalent result was derived in
discrete time. More generally, increasing A, makes the expected asymp-
totic variance decay, as the system gets closer to consensus; conversely,
increasing A, makes it increase.

Convergence rate

Theorem 4.11 also allows studying the rate at which the expected descrip-

tors will converge to the fixed points of (4.33) and (4.34). In particular, one

. . —Ag—3A,£VA
shows that the eigenvalues of the matrix in (4.32) are r1, = #,

where A = (Ag — A,)% + 4%. Hence, VA = [Ag — Ar| +0 (%), and

r = —(/\g +/\r) +o0 <:l> and rp=—=2A++o0 <:l> : (435)
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These values actually correspond to the diagonal elements of the matrix in

T
(p371)2+4p78 1)

1+
(4.32). The eigenvectors are then given by v1 , = (pg 70s

yielding the pairs (r1,v1) and (r3,v;), and using the same reasoning as for
the eigenvalues one gets

o= (0o(1) 1) and o= (% +o(1) 1)T. (4.36)

Observe that the convergence of the expected descriptors towards their
respective fixed points is guaranteed, as both eigenvalues are always non-
positive (since Ag,A, > 0 by definition). We provide below some addi-
tional interpretation of the convergence rates.

Replacements in majority:  When Ay < A;, then the impact of v, vanishes
faster than that of v1, so that convergence is driven by v; = (0(1),1)7,
whose component [E%? is vanishingly small. Hence, as [Ex? quickly decays
to 0, EVar(x) becomes equivalent to [Ex2, and their convergence rate is then
characterized by r; ~ —(Ag + A;).

Gossips in majority:  When Ag > A,, then [r{| > |r2|. Hence, as the effect
of v; vanishes quickly as compared to that of v, the convergence is con-
ducted by v; =~ (1,1) T, so that both [Ex2 and [Ex2 converge at the same rate
characterized by r, =~ —2A,. In particular, it means that the expected vari-
ance quickly gets closer to 0 (as in that case almost-consensus is achieved
between each replacement), and the convergence of the descriptors them-
selves is driven by the replacements which bring in new information.

Remark 4.3. For the specific case where A, — 0, i.e., when the system behaves
as a closed system, then r» — 0 and no external contribution is brought to the
system anymore. Hence, Ex* remains unchanged, and Ex2 ends up converging
towards Ex2. As a consequence EVar(x) = Ex2 — Ex2 asymptotically decays to
0, following the convergence rate of Ex2, which is conditioned by the gossip steps.

Illustration

To illustrate Theorem 4.11 and the interpretation that followed, we con-
sider a system of 50 agents subject to random replacements and gossips
in such a way that on average one event in twenty is a replacement (i.e.,
pg = 19). The initial values of the agents are randomly drawn from a
normal distribution with zero mean and constant variance 0> = 1. The
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simulated evolution of the system, and in particular of its descriptors, is
displayed and compared with the theoretical results in Fig. 4.9.

Fig. 4.9(a) shows a single realization of the system, and in particular
how convergence is prevented by replacements even if the agents occa-
sionally get close to consensus. Figures 4.9(b)-(d) compare the evolution
of the descriptors in expectation with the theoretical expectations of Theo-
rem 4.11 and the fixed-points computed in (4.33) and (4.34), and show that
they accurately match each other.

We can also explicitly compute the eigenvalues from (4.35) and eigen-
vectors from (4.36) in this configuration, yielding the pairs

r ~ —20; v~ (0001 1) ;
ry Re =2 v~ (095 1) .

These values, consistently with Fig. 4.9 and with the convergence rate anal-
ysis performed above, suggest a faster convergence of Ex2 as compared to
that of Ex?, and the convergence of the variance ends up being driven by
that of Ex2. Nevertheless, since in that case Ex2 significantly dominates
[Ex? in magnitude, EVar(x) gets very close to its fixed-point as fast as Ex2
converges.

Fixed-size systems with adversarial replacements

Let us now consider a variation of the setting of the previous section: We
assume that departures and replacements are adversarial instead of random,
and hence we work with &* as defined in (4.29). As a quick reminder,
whereas with random departures the leaving agent is uniformly randomly
chosen, with adversarial departures no assumption can be made on that
choice, so that only upper bounds can be derived. Observe that this formu-
lation of departures and replacements actually encapsulates the random
one, and can thus be seen as a generalization.

Therefore, in this section, we consider a system of fixed size just as
previously, but where departures and replacements are adversarial, i.e.,
the considered clocks are Dep; and Rep; with equivalent rates, namely
AGos, = MAg, Aar, = Apep: = 0 and Ageyr = nA,. We can then apply
Proposition 4.9, combined with Lemmas 4.1 and 4.6 to derive the following
upper bound on the evolution of the variance in expectation for fixed-size
systems subject to adversarial replacements.
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(a) Single realization

(b) Mean of Squares: z2 (c) Squared Mean: 7>
1 0.02
m— Simulated m— Simulated
== = Theoretical == = Theoretical
Fixed Point Fixed Point
0.5 0.015

0.0601 0.0106
0 1 2 3 0 1 2 3
Time __ Time
(d) Variance: Var(z) = 22 — 22
1 T T T T T
m— Simulated
== =Theoretical
Fixed Point
0.5

0.0495 |

0 0.5 1 1.5 2 2.5 3
Time

Fig. 4.9 Expected behavior of a system of 50 agents subject to random replace-
ments and gossips with rates A, = 1 and Ag =19, s0 that A, + Ag = 20: (a) shows
the simulated evolution of one realization of the process, where each line is the es-
timate of an agent; (b)-(d) respectively show the evolutions of the expected mean of
squares x2, squared mean %> and variance Var(x) simulated over 10000 realizations
(in plain blue line), and compare them with the theoretical results of Theorem 4.11
where the variance is deduced from Var(x) = x2 — %2 (in dashed red line), and with
the theoretical fixed-points computed in (4.33) and (4.34) (in yellow dotted line).
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Theorem 4.12. In the system of Section 4.1 with the setting described above, i.e.,
subject to gossip interactions and adversarial replacements, there holds

%]EVar(x((t)) < “AEVar(x((£)) + Ao (4.37)
Proof. We consider the function f(S(t)) = Var(x((t)), which computes the
variance. Since the system size is fixed n(t) = n, there holds for any t:

m(t) =P n(t)=n] =1,
Fu(t) = E [Var(x((t))|n(t) = n] = EVar(x((t)).

Hence, reminding that Ages, = 1Ay and Agep, = nA;, applying Proposi-
tion 4.9 combined with Lemmas 4.1 and 4.6 yields

n— 2
%IEVar(x((t)) Sn)\nglEVar(x(t)) +nA, (IEVar(x(t)) + (;)

— (nAg + nA,)EVar(x(t)),

and a few algebraic steps then conclude the proof. O

By definition adversarial replacements allow arbitrarily choosing the
leaving agent at replacements, including the “worst case" with respect to
the evolution of the variance. Therefore, they do not allow deriving its
exact evolution but only an upper bound. Observe we can determine the
fixed-point from (4.37), yielding

lim EVar(x(t)) < ﬁ02 =—. (4.38)
t—o00 Ag Og
Consistently with the interpretation above, this expression actually corre-
sponds to an overapproximation of (4.34), the fixed-point for the expected
variance with random replacements, especially for n — oo where it be-
comes equivalent up to a constant 1.

We show in Fig. 4.10 the evolution of the expected variance simulated
over a system of 4 agents where one every ten events on average is an
adversarial replacement. Adversarial replacements are here arbitrarily de-
fined as choosing the agent j with minimal |x;| at the time of the replace-
ment to leave the system. The figure compares the evolution of the vari-
ance in this setting with the upper bound of Theorem 4.12 and with the
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Fig. 4.10 Evolution (in logarithmic scale) of the expected variance of an open
system of fixed size with 4 agents subject to gossip steps (with rate A = 9) and
to replacements (with A, = 1): The blue dotted line corresponds to the simulated
variance subject to adversarial replacements as defined in Section 4.3.2, the orange
plain line to the simulated variance subject to random replacements, and the yellow
dashed line to the bound (4.37) from Theorem 4.12.

evolution of the variance under random replacements. Whereas the arbi-
trary definition of adversarial replacements we consider might not be the
“worst case” with respect to the variance, it appears that it induces a larger
variance than with random replacements. More generally, the bound we
present in the figure is valid for any way of defining the choice of the leav-
ing agent at replacements, including the worst ones with respect to any
criterion.

Variable-size systems

We now consider a more general case where arrivals and (random) depar-
tures are decoupled, so that the system size changes with time. We con-
sider that the rate of arrivals is independent of the system size, whereas
both the gossip and departure rates scale with it, so that when the sys-
tem size is 1, one has Aary, = Aa, Apep, = 1Ay, and Ages, = nAg for
some Ag, A4, A > 0. We also assume that no replacement happens, so that
/\Repn = 0. This characterization of the different rates is arbitrary, and one
could have defined them in many different ways. Nevertheless, this choice
is rather natural, as it means that (i) the rate at which a single agent expe-
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riences gossip interactions and departures does not depend on the system
size; (ii) the arrival rate is defined at the system level, independently of the
number of agents in the system, so that the probability for an agent to join
the system is always the same.

Evolution of the descriptors
We can now follow the same approach as in Section 4.3.1 to characterize the

exact evolution of the descriptors in expectation. Applying Proposition 4.8
combined with Lemmas 4.1 to 4.3 thus yields the following result.

Theorem 4.13. Consider the system of Section 4.1, and let 7tj(t) := P [n(t) = j]
and X;(t) := E [X(t)|n(t) = j]. With the setting of Section 4.3.3, i.e., subject to
gossip interactions, arrivals and random departures, there holds

2]+l 1 ]
g1EX 2 i < it T M e ) X; ()
Ag —Ag — 1A
1
+ Z Aa7ti(t) <(1+11)2> 0% — Ao ()Xo (t). (4.39)
j=0 jH

Proof. We consider the function f(S(t)) = X(t) defined in (4.18), which
computes the descriptors. There holds by definition for all j € IN:

mij(t) = P [n(t) = j]
Fi(t) = E[X(8)[n(t) = j] = X;(t)

Hence, reminding that AGOS]. = jAg, /\Depj = nA, and /\Arrj = A, for all
j € IN, applying Proposition 4.8 combined with Lemmas 4.1 to 4.3 yields

d .
37 (DX(t) =jAg Aces; (1) X;(1)
+ g (AArr/-,lxjfl(t) + bArr/,l) i1 (t)

+(j + D AaApep,, , i1 (£) X1
= (jAg + Ao+ jAa) mi(£) X (1),

where AGOS]., ADep]_+ v A Arrj and bArr].f1 come from Lemmas 4.1 to 4.3.
Summing over all values of j then concludes the proof. O

By using (4.39), one can track the exact evolution of the descriptors, and
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hence of the variance as well. Yet, obtaining an exact description happens
to be far more complex in that case than for the fixed-size setting, it is thus
omitted in this thesis. Instead, in the remainder of this section, we obtain
an upper bound on the evolution of the expected variance starting from
(4.39) by bounding some intermediate terms.

Upper bound for the variance

In order to obtain the next theorem, we first give the following lemma
which shows that the descriptors are bounded in expectation given the
system size, and which is proved in Appendix 4.B.

Lemma 4.14. In the setting described in Section 4.1.1, and for any fixed time
t > 0, there holds

E [2(t)|n(t) = j] <

~.| =

o2 E [ﬁ(t)m(t) = ]} <2, (4.40)

where we remind n(t) is the system size at time t.

Observe that from the initialization of the system, there holds

E [#(0)[n(0) = j| = }02 and E [x2(0)[n(0) = j| = 0% (@41)

Hence, Lemma 4.14 actually states if the values held by the agents are ran-
domly initialized as in Section 4.1.1, then the expected values of the de-
scriptors obtained from a sequence of arrivals, departures, gossips and re-
placements at any time ¢ (conditioned by the system size at that time) never
exceed their initial conditional expected values. We now give the following
theorem.

Theorem 4.15. In the system of Section 4.1 with the setting described above, i.e.,
subject to gossip interactions, arrivals and random departures, there holds

%]EVar(x(t)) < —AEVar(x(t)) + E [n(:)\a+ J 2 (442)

Proof. Remember that EVar(x(t)) = (—1 1) EX(t). Hence, starting from

| 73



4 | Representing open systems: the case of gossiping

(4.39), one finds that

d
dt

Let Vi(t) := E [Var(x(t))[n(t) = j]. Since Vj(t) = (=1 1) X;(t) we have

1 1
() (Ag+ A ],HAQ) vi(t)

i _ Iy
1) G [P0 = ]

2|
s
§
I
\
agk

-
I
—

-
Il
-

+
.Mg
A

j(t>(].+j1)zwz CAemo(B)Va(t).

_|_
™o
3

-
Il
o

Observe that the first term of the expression above satisfies

- i 7 (t) (A T (]_11) Aa— ]'_il_l)‘ﬂ) Vj(t) < —AgEVar(x(t)).

Moreover, from Lemma 4.14, we have E [22(t)|n(t) = j] < ‘772 Finally,

observe that —A, 7o (£) Vo (t) < 0, so that

d = 1 i
a]EVar(x(t)) < — AgEVar(x(t)) +];) mi(t) ((] ) + (]_:1)2> A,02.

The conclusion then follows from 352 ; A, 7;35? =F {n(i\)aﬂ} ) O

The result of Theorem 4.15 gives an upper bound on the evolution of the
expected variance. In that sense, it is parallel to (4.37) obtained for systems
of fixed size with adversarial replacements. Interestingly, it overestimates
the effect of arrivals on the variance, while neglecting the slight favourable
impact of departures, thus introducing conservatism in the bound.
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Remark 4.4. The same approach as that used in Theorem 4.15 can be applied for
the fixed-size case starting from Theorem 4.11, yielding the following upper bound
on the evolution of the variance in expectation:

4 Evar(x()) < — (/\g + ”T“Ar) EVar(x(t)) + ol 2 @)

dt n2
This result is however weaker than that we obtain by directly tracking the descrip-
tors using Theorem 4.11, as it allows the exact characterization of %]EVar(x(t))
using the fact that EVar(x(t)) = (=1 1)EX(t). This highlights how our
descriptor-based approach allows for a more detailed analysis of the evolution of
the variance, even if one were not interested in the descriptors themselves but only
in the variance.

Upper bound for the asymptotic variance

Observe that the system size n(t) evolves following a birth-death process
as depicted in Figure 4.11 where birth and death rates respectively follow
the arrival and departure rates.

)\ a A a A a A a >‘ a

~— v
3\

)\d 2)\d j)\d (] +1 )\d

Fig. 4.11 Birth-death process governing the evolution of the system size n(t) in
the setting of this section, i.e., where arrivals correspond to births and departures
to deaths.

Hence, we have the following lemma.

Lemma 4.16. Let 7;(t) := P [n(t) =] forall i € N. Assume it := ;‘—Z < oo,
then for all i € N there holds

—1 ~
7t = lim m(f) = e . (444)

t—o0 7!

Moreover, 7i is the characteristic size of the system, i.e.,

lim En(t) = . (4.45)

t—o0

Proof. Standard results on birth-death processes given in (2.33) show that
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if n(t) is ergodic, then 7t} = lim; . 77;(t) exists for all i and satisfies

¥ _ 7.[8 l ')Li”
j=1 ]Ad
with

1 1 .

= k Ao oo ik
T+ Iy 1 +55 &

o

yielding 77} = ’?—;e’ﬁ. The fact that n(t) is ergodic if A, /A; < oo then yields
(4.44). Finally, there holds

lim En(t Z]n —Z] = fie ﬁii‘:ﬁe*ﬁenzﬁ,

t—o0

which yields (4.45). O

Using Lemma 4.16, we derive the following result from Theorem 4.15,
which bounds the asymptotic expected variance.

Theorem 4.17. Let i = Aq/Agand v = Ag/ Ay, then in the same setting as that
of Theorem 4.15 there holds

lim EVar(x(t)) < 1-e™ o?
t—c0 x - 0% ’

(4.46)

Proof. Let us define h(t) := E { ?H)UH] = A X0 ?T(?Uz~ Then, using

Lemma 4.16, for A; # 0 there holds

_ X il —e
lim h(t ”Z . Z_Aal ° o2

t—oo n

Gronwall’s lemma [Pac98] then gives

EVar(x(t)) < e s'EVar(x —I—/ e M9 ds,
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Standard results from dynamical systems then yield

t _ o
lim [ h(s)e " =)ds = lim ht) _Aal hd o2,
t—o0 JQ t—oo Ag Ag 7

which concludes the proof. O

Theorem 4.17 allows interpreting the behavior of the variance in expec-
tation in our setting. As soon as 7 is not very small, namely, if arrivals
are not too infrequent with respect to departures, (4.46) is approximately
‘772, and hence the expected variance decays to zero when < becomes large
(for gossip steps more frequent than departures). Interestingly, this bound
is inversely proportional to the expected number of gossip interactions in-
volving a given agent before it leaves the system <, similarly to (4.43) ob-
tained in Section 4.3.1 for the fixed-size case (up to a constant 1). More
generally, when A; — 0, then (4.46) becomes lim;_,o EVar(x(t)) — 0.

Remark 4.5. In the specific case where Ay = 0 (i.e., for an only growing system),
one can actually show that

lim EVar(x(t)) =0 (4.47)

t—o0

The proof of that result uses arquments very similar to those used to prove Theo-
rem 4.17. In particular, in ever growing systems, there holds

)
lim h(t) = lim Aze ™Y ———0? =0,
t—oc0 oo ];) (] + 1)'
so that Gronwall’s lemma gives lim;_,co fot h(s)e’Ag(t*s)ds = lim; o0 % =0

which yields the result.

Refining the asymptotic bound

Let us define V;(t) := E [Var(x(t))[n(t) = j]. Following the same reasoning
as in the proof of Theorem 4.15 with V;(t) = (=1 1) X(t), and using the
fact that E [%2(t)[n(t) = j] < ‘772 from lemma 4.40, we obtain

YOO <G+ DA (1= 3) Via (00 + a2 a0 0)

— (Ao + Ag + jAa) Vi) 75 (8) + Aartj 1 ()5

2, (4.48)
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where we remind 77;(t) := P [n(t) = j]. We now show that, starting from
this expression instead of the result of Theorem 4.15, we can refine the up-
per bound on the asymptotic expected variance obtained in Theorem 4.17.
We first provide the following intermediate result.

Proposition 4.18. Let (z;)jeN be a sequence of positive numbers with zg = 0
and satisfying

1 il
(7’[ +] + r)/) > ]Z]+1 + (1 (] — 1)2) 17[2]'71 + ],Te n (449)

forall j > 1, then there holds

i <Y zio? :
tlgg EVar(x(t)) < ];) zjo (4.50)

Proof. Let V" := lim; o0 Fj(t), and let 717 = lim; 0 IP [1(t) = j] = W=
from Lemma 4.16, such that lim . EVar(x(t)) = Z2, TV,
First, observe that asymptotically, (4.48) becomes

. >kn] o
(Aa +jAg +Aa)V; ].—!e "

ji—1 (72> A=t ( 1) At o
< AR I L A .
( A ] 2) G

Reminding that 7 = A,/A; and v = A¢/ Ay, and dividing both sides of the
inequality above by A4, one then has

1
A+j+7)Vi < (Jl)V*1+< ])nV+1+U (4.51)

Now observe that the last term of (4.49) corresponds to 71;‘, and hence

[ee)
lim [EVar(x iV
t—00 ]X%) ]

[e)

. 1 _ «
Z<”+]+’Y (]—1)‘/j—1—(1—])”1+1)zy

j=0
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where the last equality follows from reordering the different terms. The
factor multiplying z; in the last expression actually corresponds to (4.51),
and in particular

— . * . * 1 = *
((n itV =(G-1DVi, - (1 ]-2> i j+1) zj < 0%z,

hold for all j € N, which concludes the proof. O

Based on the result above, we provide in the following theorem an im-
proved upper bound on the asymptotic expected variance.

Theorem 4.19. Let i = Ay /Agand v = Ag/ Ay, then in the same setting as that
of Theorem 4.15 there holds

1—e ™ ,

oe. 4.52

1+ (4:52)

lim EVar(x(t)) <
t—r0c0

Proof. One can verify that the sequence (z;)jen such that zg = 0 and z; =

il

e~ for j > 1 satisfies (4.49). Hence, it follows from Proposition 4.18

(1+7);!
that
o2 & oz
: < —1 _ —fif 0
tlgg EVar(x(t)) < T ,Ye ]; T ,Ye (e" —1),
which concludes the proof. O

The bound of the above theorem reinforces the interpretation of the
previous one, as it is inversely proportional to v + 1. In that sense, it is
extremely similar to (4.34) obtained in Section 4.3.1 for the fixed-size case:
This bound was inversely proportional to p, + 1, where p, characterizes
the expected number of interactions experienced by an agent before leav-
ing the system, exactly like 7y in our varying-size setting.

The result of Theorem 4.19 was obtained by choosing an appropriate
sequence (z;) in the sense of Proposition 4.18. More generally, any such
sequence (z;) satisfying these conditions yields a valid bound. In particular
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one could compute or numerically approximate

. ad 2
min Z:0 (4.53)
(zj)jenzj€ER+ Jg !
. . 1 _ Al
s.t. (7’1 +] + ')/)Z] Z ]Z]'+1 + 1-— (]_71)2 TlZ]'fl + ],Te V],

which can be interpreted as the “best possible bound" that can be obtained
in the sense of Proposition 4.18. In fact, this result strongly relates with the
concept of duality in optimization. Indeed, the proof of Proposition 4.18,
and in particular expression (4.51) gives conditions on the quantities V;(t),
so that an upper bound for the asymptotic variance can be obtained by
solving

max tix; (4.54)
(xj)jen X ER ];) 7
L . 1Y .
st (A+j+7)x%<(—-1Dxj_1+ (1 - ]2) X +0% VY,
where the constraint exactly corresponds to (4.51). Any feasible sequence
(zj) in the sense of Proposition 4.49 thus corresponds to a feasible dual

solution for (4.54), and in particular the solution of (4.53) corresponds, up
to the duality gap, to that of (4.54).

Summary

We briefly summarize the different bounds that were obtained for the asymp-
totic expected variance in the following table.

Reference Bound
Simple bound Theorem 4.17 % o?
Refined bound Theorem 4.19 11’ Jf;" o2

Dual solution | Expression (4.53) min(zj) Z}io zjaz s.t. (4.49)

Primal solution | Expression (4.54) maXx(y)) Z]?"’:O nj’-kx]- s.t. (4.51)

Table 4.1 Summary of the different upper bounds obtained throughout this sec-
tion for lim;_, EVar(x(t)).
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Illustration

We illustrate the different results previously obtained in Fig. 4.12. The fig-
ure shows the asymptotic expected variance of a system of variable size of
initially 5 agents for different values of v = Ag/A,;, namely the expected
number of interactions involving an agent before its departure. It com-
pares it with the bounds respectively obtained in Theorems 4.17 and 4.19
for the asymptotic variance, and with the bound obtained from solving an
finite-dimensional approximation the dual optimization problem (4.53).

10t ‘ ‘
....... Simulation
~ Bound: =<2
= , -
5 Refined bound: ll_fv o’
= .
5 o) —-— Dual solution: Y 7, zjo” |+
X
3
I
5
LY FY T _.—.—- ?
| | | ‘ B L L L TP rT el LT

0 1 2 3 4 5 6 7 8 9 10

Fig. 4.12 Asymptotic expected variance of an open system of initially 5 agents
subject to arrivals, departures and gossip interactions, with A, = A; = 1, for sev-
eral values of Ag, with respect to the expected number of gossip interactions expe-
rienced by an agent before leaving the system v = A¢/A;. The blue dotted line
shows simulated results, whereas the red plain line shows the bound (4.46) from
Theorem 4.17, the yellow dashed line shows the bound (4.52) from Theorem 4.19,
and the purple dash-dotted line shows the bound obtained from solving a finite-
dimensional approximation of the dual optimization problem (4.53).

The figure shows that the different bounds are rather conservative for
small values of 7y (especially (4.46) which diverges as v — 0). This is how-
ever consistent with the very chaotic setting it describes, as agents are then
expected to perform very few interactions before leaving the system. More
generally, some conservatism is due to Lemma 4.2, from which only an up-
per bound on the impact of arrivals on the variance can be obtained. This
conservatism is thus expected to be eliminated by considering the descrip-
tors directly, similarly to what was done in Section 4.3.1, as an equality is
then available. Observe that it is particularly strong when the system size
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n(t) is small.

Moreover, since (4.52), the result of Theorem 4.19, follows from using a
sequence (z;) which is suboptimal in the sense of the optimization problem
(4.53), it also inherently generates additional conservatism with respect to
the optimal sequence, numerically approximated in the figure. Nonethe-
less, it remains close to the “optimal bound" in that sense, especially as
soon as y ~ 5, and they both accurately approximate the actual asymptotic
variance as soon as y ~ 10. Finally, the bound (4.46) from Theorem 4.17
also adds conservatism with respect to the other ones, essentially following
from the fact that its derivation is rather straightforward. Yet, its deriva-
tion builds on Theorem 4.15, which gives intuition on the behavior of the
bound in transient regime as well.

Discussion and conclusions

In this chapter, we analyzed how arrivals and departures impact the repre-
sentation of open multi-agent systems, and thus makes their analysis chal-
lenging. In particular, such systems are subject to permanent variations of
their dimension, and are poised to never converge. We have shown that
despite these challenges, such systems can be studied in terms of specific
scale-independent quantities — the descriptors of the system — whose evo-
lution is governed by a fixed-size dynamical system. We have then applied
this methodology to analyze the behavior of all-to-all pairwise gossip in-
teractions in open systems of both fixed and variable sizes. In particular,
we have shown that the expected evolution of the two first moments of the
system can be characterized exactly, thus allowing monitoring the variance
as well. The application of our methodology to directly track the variance
was also exposed as an alternative, typically for more complex settings,
resulting in the derivation of upper bounds on its evolution

Our main contribution relies on the use of continuous-time tools taken
from Markov theory to formalize the descriptor-based approach initially
introduced in [HM16, HM17]. To the best of our knowledge, their use was
never considered so far to handle open systems, yet they appear to be par-
ticularly appropriate regarding the challenges related to the varying size of
open systems. In fact, the methodology we present in this chapter seems
to strongly relate with the notion of JETS [Son08], and a natural extension
might be to transpose it to that framework as well.

82 |



Discussion and conclusions | 4.4

Moreover, our methodology can be adapted to more general settings,
with different definitions of arrivals and departures, or different types of
interactions between the agents. In that sense, it aims at being a useful tool
to represent and analyze open multi-agent systems in general, provided
that it is adapted accordingly to suit the problem formulation.

Typically, a natural continuity of this work is its application to inter-
actions restricted to a graph. The challenge is then to find an appropriate
set of descriptors to exploit the graph topology. As an example, the case
of complete bipartite graphs illustrated in Fig. 4.13 has been considered in
[Oli18]: The set of agents V is divided into two disjoint partitions A and B,
such that V = A U B with AN B = @. In that case, it was shown that an
appropriate choice of descriptors for monitoring the variance consists in
the two first moments of each partition and the covariance between them:

X=[m20) w20 A0 B wwmb)] . @)

In that specific setting, following only the two first moments of the whole
system, such as in this chapter, cannot be expected to yield tight results.
This observation more generally applies to general network topologies cor-
responding to a specific Laplacian matrix L (see Definition 2.3); One possi-
ble choice for the descriptors could directly involve it by considering, e.g.,
x " Lx. Hence, a shift in the choice of the descriptors is necessary, and conse-
quently the effect of each type of transition must be redefined accordingly.
Still, the global methodology remains the same starting from the appropri-
ate definition of the descriptors and their respective evolution.

Similarly, another natural extension of the results of this chapter is to
consider other interaction rules, such as the Push-Sum algorithm intro-
duced in Section 3.2. As a reminder, this algorithm relies on two state vari-
ables for each agent i, x; and w;, whose dynamics is defined over directed
exchanges such that when i sends information to j there holds

. x+:xi+x/'.
i 27 j 2
! 27 ] 2 '

In that case, one would probably need to follow all x; and w; as a state
vector. Moreover, one would need to redefine the events to model directed
exchanges. Those change would then also imply redefining proper de-
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Fig. 4.13 Complete bipartite graphs of 8 agents, where A = {1,2,3,4,5} and
B = {6,7,8} constitute the partitions of the system. The agents of A only interact
with those of B and conversely.

scriptors in terms of the new state, and their evolution with respect to the
events. The methodology would then remain conceptually the same, yet
the adaptation might be rather challenging to perform in practice.

The observations above more generally apply to a wide variety of vari-
ations of the problem studied in this chapter, and even to a larger range of
problems. In that sense, the methodology proposed here constitutes a first
step towards the efficient representation of open multi-agent systems in
general. Its extension to complex problems or settings might however not
be easy in practice. Typically, more complex settings require the addition
of relevant descriptors, and hence of complexity, to obtain tight results, as
illustrated throughout this chapter. Nevertheless, as we saw with the anal-
ysis of the expected variance for systems of varying size in Section 4.3.3,
upper bounds can always be obtained in general. Finally, some additional
challenges are left untackled in this chapter, and deserve further inves-
tigation in the future, such as establishing the probability distribution of
our descriptors instead of only their expected value, or the introduction of
noise and delay in the analysis



Appendix of Chapter 4

4.A Proofs of Lemmas 4.1 to 4.6 (Effect of events)

We now provide the proofs of Lemmas 4.1 to 4.6 which characterize the
evolution of the descriptors in expectation with each type of event. We
provide the proof of each lemma after reminding its statement.

4.A.1 Proof of Lemma 4.1 (Gossip step)

The results of Lemma 4.1 read:

E [X"|X,Gos,| = <} 1 _0 1) X; (4.56)
E [Var(x")|Var(x), Gos,| = <1 — 711) Var(x). (4.57)

Proof. Let us first fix the nodes 7, j involved in the gossip step. Firstly, ob-
serve that

Xi + xj
+ + i TN ,
X; —i—xj =2 > = x; +xj,

and that xk+ = xi for all k # i,j. Hence ¥™ = %, which establishes the fist
line of (4.56). Secondly, since x; = x;” for every k # i, j, there holds

1 — 1 i\ 2
x2 = (x,j)zzxz—l—n(Z(x;x’) —xl-z—x2>

]

—241 (xixj — 12— %x;) . (4.58)
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Observe that
2] — 2] — 32 Ir] — 72
E {xi |x} = [xj \x} =x and E [x;xj|x] = %
Taking the expectation with respect to i and j in (4.58) thus yields
E {ﬁﬂx} = (1 - %) x2+ 152

from which the second line of (4.56) follows. The result on the variance
follows from computing

E [Var(x")|X,Gos,| = (-1 1) E [XT|X,Gosy]

— (1 . i) (-1 )X = (1 - i) Var(x),

which yields (4.57), and concludes the proof. O

Proof of Lemma 4.2 (Arrival)

The result of Lemma 4.2 reads:

n n_ 0 —L_
E [X "X, Arr,] = —— (HH >X+ <(”+11> ) o2 (4.59)
n+1 0 1 1

Proof. We label n + 1 the arriving agent for simplicity, so that x;” = x; for
all k < n. We begin by computing the new average :

1 L n 1
s+ + _ = +
X = m (xn+1 + k=Zl .Xk> = mx + mxn+1. (460)

. +
Since Ex, ; =0, we have

n
E [x"[x] = T
1x] = s
By exactly the same reasoning but using [E [(xLl)Z] = 02 we also obtain
2 x| = 2 L2
E |x? |x| = Aqx2 + 3707, (4.61)

from which the second line of (4.59) follows. Turning to the first line, we
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obtain from (4.60)
£ [1°4) = 4o, - 7]
__n? 2
=i ® +O0F G
O
4.A.3 Proof of Lemma 4.3 (Random departure)
The results of Lemma 4.3 read
1—- 1 1
E [X"|X,Dep, ]| = ( ((;1_1)2 <"—11>2> X; (4.62)
1
E [Var(x")|Var(x), Dep,| = (1 — (n—l)z) Var(x). (4.63)

Proof. Let j be the randomly selected agent that leaves the system. It fol-
lows

ﬁ_n_l((Zxk>—x>:nil(mz—xj). (4.64)

By exactly the same reasoning, there holds

T 2 _ 2) '
X T (nx x]

Since j is randomly selected, E(x?|x) = x2. Hence

2] = 1 2 _Ex2) = Ex2
IE{x |x}—n_1(nlEx ]Ex) Ex2,
which implies the second line of (4.62). For the first line, taking into ac-
count IE [xj|x] = %, it follows from (4.64) that

E(()" 1) = g (4" - 2078 [52] + B []1x])
= BT+ i
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The result on the variance follows from computing
E [Var(x")|X,Dep,] = (-1 1) E [X"|X,Dep,]
= (1-5tm) (-1 DX = (1- i) Var(),

which yields (4.63), and concludes the proof. O

4.A.4 Proof of Lemma 4.4 (Random replacement)

The result of Lemma 4.4 reads:

n—2 1
E [X"|X,Rep,] = ( 0 >X+ <

:\»—l:,\,»—-

n

) a2, (4.65)

Proof. The result follows from a combination of Lemmas 4.3 and 4.2, the
latter applied to a system of size n — 1 joined by an n'"* agent. O

4.A.5 Proof of Lemma 4.5 (Adversarial departure)

The result of Lemma 4.5 reads:

E [Var(x")|Var(x), Dep}] < ilVar(x). (4.66)

Proof. For nvalues x; € R, let us define the function g(y) := 27:1 (xj—y).
One can then show that

argming(y) = % =
y j=1
14 1 o 5
Var(x E 2 -g(X) = —min )_(x;—y)*.

Without loss of generality, and for the sake of simplicity, let us assume that
the agents in the system are labelled from 1 to 1, and that the agent labelled
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n is the one leaving at a departure. Then there holds after the departure

1 n—1 5 1 n—1 5
Var(x") = -5 min 2(9(]‘_3%) < 2(9‘]‘_97)
= =
1 n 2 n
< 52 = ,
S — ];(x] %) — 1Var(x)

The last inequality follows from the nonnegativity of (x, — %)2, and taking
the expectation of the above result concludes the proof. O

Proof of Lemma 4.6 (Adversarial replacement)

The result of Lemma 4.6 reads:

E [Var(x")|Var(x),Rep}] < Var(x) + %2. (4.67)

Proof. An adversarial replacement Rep;, consists in the occurrence of an
adversarial departure Dep; immediately followed by an arrival Arry, the
latter applied on a system of n — 1 agents. Let ¥ denote the state of the
system after the adversarial departure. By applying Lemma 4.2 on ¥ (of
dimension n — 1), which is obtained using 4.5, we have

n—1
n

2
E [Var(x")|Var(x),Rep;] <E Var(¥) + %|Var(x),Dep:;

2

n-1_n Var(x) +%,

- n n-1

which concludes the proof. O

Proof of Lemma 4.14 (Upper bound on the descriptors)

We now provide the proof of Lemma 4.14, which we remind states:

E{x2<t>|n<t>—j]s}a% E[20)hnt) =] < @69)

Proof. Let S denote the set of agents in the system at time t. We first prove
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that I [es xi(f) | S < 1|02 and E [Ties %i(0)? | [S]] < [[o? condi-
tional to a particular sequence of events w, which is equivalent to consid-
ering a fixed sequence. We then obtain the final result by taking its expec-
tation over all possible sequences w.

Let us fix some time ¢ > 0 and some sequence of events w starting at
time 0 such that the set of agents at time t is V(t) = S, and let 7 be the
set of the labels of all the agents that have been in the system at some time
between times 0 and ¢ (hence S C 7). Those are determined by w.

Moreover, let t{ and t;’l respectively denote the arrival and departure
times of agent i in the system, and we define the vector &(s) € RI7! for
0 <s<tsuchthatforalli € T:

xi(t7) ifs < tf
Gi(s) =< x(s) iftf <s<t?.
xi(t) ift <s

Arrivals and departures have no direct effect on &(s), whereas gossip inter-
actions result in its multiplication by a doubly-stochastic matrix. Let A be
the product of all those matrices since time 0, then A is doubly-stochastic,
and there holds ¢(t) = Ag(0). Let w; := };cs[A];, then one has

Y xi(t)= ). [A];j¢;(0) = }_ w;&;(0)

i€S i€S,jeT jeT

Since A is doubly-stochastic, and since S C 7T, one has w; € [0,1], and
thus w]2 < w;. Moreover, there holds

Z[A]zz,j = w]2 - Y [Alij[Al; < w?,
ics i k€S ik

and hence

E {Zies xi(t)r =E {ZJET “’f@'(o)r
S +2]k§7w]wklE [27(0)(0)]

_ 2 2 _ 2 }
=0") e Wi <c jeT Wir (4.69)
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E [Ties 507] =B | Dics (Ser 41650
= Yo7 LiesAE 50| <2 Y rwp. @470)

where the absence of correlation between the initial values £;(0) were used
to nullify the crossed products. Finally, since

Yowi=), ) [Alij=1Sl,

jeT ieSjeT
(4.69) and (4.70) become
2
E (Zm(ﬂ) < |S|o; E (in(t)z) < |S|o”. (4.71)
i€S i€S

Assume now that w is a stochastic sequence of events such that n(t) = |S],

then
(le-u)z) ]msﬂ < |S]o?
€S

E {(i;sxi(t)f

hold from (4.71). Since w is independent of the agents initial values, taking
the expectation over all possible w yields

E {(Eiesxi(t))z ’ |5|] < ]E[|S|(72 | |5|] = [S|o%;
E {(Ziesxi(ty) ’ |S|] < IE[|S|0'2 | |5|] — |S|0'2,

w,|5|] < |S|o'2;

and it directly follows that

IE[Xz\n(t) } ]E[(élzl )’5|_]} 1]'02;

7
E[@n(t) = j] =B [} Los !lS\—J}< ~jo?,

which concludes the proof. O
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Proofs of Propositions 4.8 and 4.9 (Generalization)

We provide the proof of Proposition 4.8, which we remind reads that if
E[f(ST)[f(5) €] = Acf(S) +Pe, (4.72)

then

d
GEW = L Aemgo (Acke) +be) = ¥ A, (473)

eua(e)=j e:s(e)=j

with Fy(t) = E[f(S() | n(t) = j] and () = Pln(t) = .

Before stating the proof, we briefly remind that the instantaneous jump
rate of a CTMC S(t) defined on the state space E (Definition 2.18) is the
nonnegative measure g : E x & — [0, +00) which satisfies

P[S(t+ 7)€ B|S(t) =2z] =q(z, B)T+o(7). (4.74)

Moreover, we remind that the Infinitesimal Generator Operator of S(t) (Def-
inition 2.19) is the operator £ defined for any bounded measurable f as

LF8) — tim EUSEH T SO =2 = f() 0

T—0 T

Finally, we remind from Definition 2.19 that

LF(x) = [(F) — F(2)atx,dy). (4.76)

Proof of Proposition 4.8. Let x, be the indicator function such that x,(n) =1
if n = aand x,(n) = 0 otherwise, and let f;(S(t)) = f(S(t))x;(n(t)) for
some fixed j € N, so that

E[fi(S(t)] = Y E[fi(S(t)In(t) = k] me(t) = Fi()m;(t).

kelN
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Hence, $ (F(t)7j(t)) = $E [£;(S(t))], and we compute

E [fj(S(t+7)] —E [f;(S(®))]

T~>0 T
i E [E [fj(S(t+ 1)IS(t)]] —E [f;(S(t))]
T—0 T
g i ELGSE+D)SO)] - £(S(1))
T—0 T
=E[Lf(S(1)],

where the two last equalities respectively follow from linearity and from
(4.75), with L the infinitesimal generator operator associated with S(t). Let
8z¢(y) denote the probability density function related to the state taken by
S(t) after an event of € given that its state right before was z € E, where
z = (ng, x;) with n, € N and x, € R"=. There holds

2)\6)(5 (n; /gz€ )dy, (4.77)

eck

where we remind s(e€) is the state of 1(t) before the event of €. In the sequel
we omit the dependence to the time to lighten the notation. Using (4.76)
with (4.77) yields

LF(S) = ¥ Aexse () [ () = (5)) gse(w)dy

ecE

= E /\eXs(e) (1’1) (]E [f](SJr) | 8'€] _f](S)) .

€EE

By taking the expectation over S, and after some algebraic manipulations
omitted here, we obtain

E [Lfi(S 2 AeTty(ey (n f](S*) le,n=s(e),n" =a(e)]
= L ATt (E[£(S) [ n = s(e)]

Finally, using the definition of f;(S) and (4.72), one has that

Fs(e) 1fS(€) 2]
0 otherwise ’

E [£,(S >|n-s<e>]={
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and

A€Fs(e) + be 1fa(e) :]
0 otherwise ~

E [f{(S7) | e,n* =a(e),n =s(e)] = {

which yields the conclusion. O

We can then prove Proposition 4.9, which reads that if
E [f(ST) | f(S),€] < Acf(S) +be, (4.78)

then

d
GEG S T A (AR +be) = L A, @79)
eua(e)=j e:s(e)=j

Proof of Proposition 4.9. The proof follows the exact same development as
that of Proposition 4.8, where the inequality (4.78) is used instead of (4.72)
in the last step of the proof. O

Fixed points in fixed-size systems: interpretation

In this section, we provide additional details on the interpretation behind
the behavior of the fixed point reached by the expected squared mean &2
in open systems of fixed-size described in Section 4.3.1. In particular, we
highlight the intuition behind the difference between the cases where ex-
tremely many and extremely few replacements take place in the system.

As a reminder, let p, = A¢/A, denote the expected number of gossip
interactions happening between two replacements, then there respectively
holds with infinitely many replacements (i.e., pg — 0) and vanishingly few
replacements (i.e., pg — o0):

1
pg —0: Ex?|oq — EJZ;
I

. =2
pgﬁoo. Ex|qumU'
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Infinitely many replacements (p, — 0): In this setting, interactions be-
tween the agents are so infrequent that the information about the agents
that left the system disappears forever. Consequently, the system is essen-
tially the same as if n i.i.d. values were chosen with zero mean and variance
02, and it directly follows that

n 2 n n 2 2
i1 X 1 no o
Ex?|,; = E (l—“) =SE|Y 2+ Y xxj| = — = —
q 2 i iXj > ’
n s ij=1 n n
i#j

where we nullify Ex;x; by using the absence of correlation between the
agents. Hence, this situation exactly corresponds to a system where no
interaction ever happens.

Infinitesimally few replacements (o, — o0): This case is slightly more
elaborate. Let us start with a small example: Consider a system of n = 5
agents, and let X be the average of the values of the agents in the system at
the initialization of the process. Since infinitely many interactions are ex-
pected to happen between two replacements, it is expected that all agents
have converged to the value %; before the first replacement occurs. Hence,
when the first replacement occurs, one agent leaves the system, and a new
agent with value x’ gets in, so that the new average is

— _ 1 /
X1 = gxo + gx .
Once more, since infinitely many interactions happen, all agents are ex-
pected to converge to the value X; = %x’ + %20 before the second replace-
ment (which introduces the new value x” in the system), and the new av-
erage to which all agents will converge before the third replacement is

P +1x”—1x”+il 1x’+éaz —lx”—i—ix’—i—Ef
275175 T 5 5\5° "5 75 25" 2570

One can then keep going as long as desired, yielding

1(/4\° 4\! 4\2 4\3
T, = — = (k) = (k=1) = (k=2) = (k—3)
X 5<<5> x +(5> x +<5> X +<5) X +...],

where x(¥) is the k-th value that joined the system after its initialization.
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We now consider the general case of a system of # agents. Let us denote
by %; the initial value of the s agent that entered the system, f, its arrival
time, and ws(t) its weight in the time-varying average at time ¢ denoted
%(t), and there holds

7(t) = Y we(t)
k=1

At time f;, the weight of £, is exactly %, since it did not impact nor was
impacted by any other agent yet. However, since a perfect averaging is ex-
pected to happen between two replacements, the weight of £,_; is smaller:
%s_1 was evenly distributed among the n agents presently in the system
between the arrivals of the (s — 1) and s agents, and one of these left

the system, so that one computes that ws_1(ts) = 1 (1 - %) Similarly,

1
n

entered the system since t = 0. One can then compute

k
one verifies that w,_(f5) = % (1 - for any k such that at least k agents

S—r00

s k
lim %(t;) = lim Y & (1-1) 24
k=0

and using the fact that Ef, = 0 and E£? = ¢? for all k, and using the
absence of correlation between the different %y, it follows that

Bl = ) (111 (1- ;)k>2£§‘k - Zé i (( . }1)]{)2

k=0
B o2 1 o

_1121_(1_,11>2:2n—1'

This means that in that specific case, information about the agents hav-
ing left the system remains even after their departure, yet with decreasing
importance. As a consequence, the asymptotic expected squared mean is
built upon more values than if no interaction ever happens, and hence is
smaller.

This development explains the difference between both cases, which
follows from the information that is either lost forever with infinitely many
replacements, or that remains in the system with a decreasing importance
with vanishingly few replacements.
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Performance limitations for
average consensus in OMAS

The results and analyses of this chapter take their origin in my Master thesis
[Mon18]; They were accepted and will appear in IEEE Transactions on Au-
tomatic Control (TAC) [MH20], and a preliminary version was presented at
the IEEE Conference on Decision and Control (CDC) 2019 [MH19].

ECAUSE of the ever-changing nature of OMAS, especially in terms

of composition and size, algorithms in open systems are poised to

never converge. This is even more clear when considering intrinsic
objectives (see Section 2.5 for details), as they rely on, and thus vary with,
the composition of the system. This has two main implications: On the
one hand it means that there always remains some error that algorithms
cannot get rid of, and on the other hand it means that convergence is not
a suited criterion for evaluating the performance of algorithms. This chap-
ter focuses on these two issues by defining fundamental performance limita-
tions for given problems in OMAS. Those take the form of lower bounds on
some arbitrarily chosen performance metric, which correspond to the “best
possible performance” that can be achieved by any algorithm for a given
problem. These bounds thus constitute a relevant quality criterion to mea-
sure the performance of algorithms solving that problem, and highlight at
the same time the main bottlenecks arising from their analysis.
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To this end, we consider the specific intrinsic average consensus problem
in OMAS of fixed size, i.e., where no arrival nor departure takes place, but
only replacements. We then derive lower bounds on the Mean Squared
Error (MSE) achievable by any averaging algorithm in that setting. More
specifically, we obtain a general lower bound that depends on the proper-
ties of the model defining the interactions happening in the system. This
bound can then be instantiated for a specific model of interactions, which
thus yields a valid performance criterion for any algorithm that can be im-
plemented with that model.

We formulate the problem in Section 5.1, where we describe the system
and introduce several relaxations that will make the derivation of lower
bounds possible. It also requires the introduction in Section 5.2 of the con-
cept of knowledge sets, which quantify the information agents may have ac-
cess to at some time given some model defining the interactions in the sys-
tem. From these, we can define a conceptual algorithm whose performance
is provably optimal in that model; it thus constitutes a general lower bound
on that of any algorithm in that model, which we obtain in Section 5.3. We
finally particularize it for two specific interaction models which allow the
implementation of the Gossip algorithm in Section 5.4, where we compare
the obtained bounds with its actual expected performance.

Problem formulation: performance limitations

The average consensus problem was defined in Section 3.2 (Definition 3.2)
for closed systems where the set of agents V remains the same all along the
process. In that case, the average of the initial values x; held by the agents
is constant and defined as X := |17‘ Y icy Xi, and consensus to the average is
achieved if foralli € V

lim {|x;(£) — x[| = 0. (5.1)

This problem can be extended to open systems, i.e., where the set of agents
V(t) is time-varying. In its intrinsic version, it amounts for the agents
i € V(t) to collaboratively estimate the time-varying average of the val-
ues initially held by the agents presently in the system at that time, namely
x(t) = Wlﬂ Yicy(r) Xi- As already mentioned, convergence cannot be
achieved for such problem, and hence (5.1) does not make sense anymore
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Fig. 5.1.1 Realization of the Gossip algorithm in a system of 5 agents subject to
random replacements, once every 5 gossip steps: (top) shows the evolution of the
estimates of the agents (plain line) and of the objective X(f) (dotted line); (bottom)
shows the evolution of the MSE, where each purple star highlights a replacement.

to define intrinsic average consensus in open system. In particular, since
each arrival and departure of agents changes the system composition and
the objective, and since the corresponding information takes time to prop-
agate in the system, and error always remains.

We illustrate this fact in Fig. 5.1.1 for a realization of the Gossip algo-
rithm defined in Section 3.2 in a system subject to replacements. Clearly,
convergence is prevented, as each replacement generates a perturbation.
This actually goes even further, as even when consensus is temporarily
reached, it is generally not on the desired value x(t). This is due to the in-
trinsic nature of the problem, which requires outdated information about
agents that left the system to be eliminated. This is not supported by the
Gossip algorithm, and thus introduces some bias in the agreement state,
generating additional error, and thus a bias on the MSE.

Since an error always remains, one can theoretically compute the “best
possible error" that could potentially be achieved by an algorithm for that
problem. In this section, we detail the intrinsic average consensus problem in
OMAS of fixed size we consider, and define a criterion (the MSE) to study
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the performance of algorithms solving it. We then describe the methodol-
ogy that will allow us to evaluate the performance of a provably optimal al-
gorithm in our setting, defining the fundamental performance limitations
for that problem.

System description

We consider a multi-agent system subject to arrivals and departures of
agents. The system is initialized at time ¢t = 0 with n agents labelled from 1
to n. This composition evolves with arrivals and departures so that the set
of agents in the system at time ¢, denoted V(t), is time-varying and satisfies
V(0) ={1,...,n}. In particular,

(i) for an arrival happening at time ¢, there holds V(t7) = V(t7) U {i'},
with i’ ¢ V(s) foralls < t;

(ii) for a departure happening at time ¢, then V(t*) = V(¢7) \ {i} for
somei € V(t7).

Each agent i receives an i.i.d. constant random value x; when it joins the
system (either at an arrival or at initialization). This value is randomly
drawn from some distribution whose mean is assumed to be a known con-
stant, set to zero without loss of generality, and with variance Ex? = ¢2.

We consider that the evolution of the system is event-based in the sense
of Section 2.4, i.e., that it is characterized only by instantaneous modifi-
cations triggered by so-called events, whose nature defines the occurrence
and effect on the system. In this chapter we consider two types of events:
replacements and information exchanges between any pair of agents, as defined
below.

1. A replacement of an agent i, denoted R; (for any i € V(t)), consists in
the simultaneous occurrence of the departure of agent i and the ar-
rival of a new agent i’ that replaces it, so that the system size remains
constant. The joining agent i’ receives a new value x} drawn from the
same distribution as that of agent i.

2. An information exchange denoted 7, ; (for i,j € V(t), with i # j)
consists in agent i sending information to agent j; there is no limit to
what agent i can send, and it can possibly send everything it knows.
More complex exchanges, e.g., pairwise or all-to-one, can be defined
based on Z; ;, depending of the model defining their occurrence.
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Since the system solely evolves with the events described above, its size n
remains constant all along the process. The goal of the agents in the system
is to collaboratively estimate the average of the values held by the agents
presently in the system at time t, namely

y xi:% Y ox (52)

ieV(t) ieV(t)

B 1
0= )

5.1.2 Problem reformulation

The system description from the previous section can actually be simplified
by introducing a relaxation, building on the fixed-size property of the sys-
tem. We assume that an agent joining the system at a replacement knows
the label of the one it replaces, or equivalently that it inherits it. With this
new assumption, the replacement of an agent i can equivalently be refor-
mulated as both:

(i) the attribution of a new (random) value x/ to that agent;

(ii) the erasure of all other variables it holds.

The system reformulated with that relaxation is illustrated in Fig. 5.1.2.

\
@ 3@ Label ™~ >

Fig. 5.1.2 Representation of the OMAS we consider in this chapter, subject to
two types of events: (in orange) and replacements R;
(in purple), where the joining agent inherits the label of the replaced one (in blue).
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This reformulation means that the labels of the agents in the system
always remain V = {1,...,n}, and the value held by an agent i can be seen
as a piecewise constant time-varying quantity x;(t), that remains constant
between replacements. Moreover, the objective (5.2) then becomes

£(t) = % i x(8). (53)

The results we derive in the remainder of this chapter, which rely on this
relaxation, are also valid for any algorithm that would not make use of it.
In that sense, this relaxation somehow slightly widens the scope of algo-
rithms for which our results apply.

Remark 5.1. Observe that there is a major difference between this formulation
and (closed) systems where each agent would “simply” hold a time-varying sig-
nal x;(t): from (ii) above, each variation of x;(t) is coupled with the erasure of
the memory of agent i. This means that each time the value of agent i changes,
it cannot rely on any preliminary knowledge it might have gathered previously
(consistently with a replacement). An equivalent comparison can be conducted
with open systems defined over a fixed superset of agents (see Section 2.2.1 for a
description). This difference will have a major impact in the subsequent analy-
sis. More generally, observe that the reformulation we propose here is not directly
feasible for systems of variable size

Objective and methodology

Let us use y;(t) to denote the estimate of x(f) held by an agent i € V(t)
at time f. As previously illustrated, the usual convergence of y;(t) to %(t)
cannot be achieved because of the time-varying nature of x(¢) and of the
time it takes for the agents to react to perturbations. Hence, in order to
measure the performance of algorithms computing such estimate in our
setting, we make the arbitrary but natural choice to study the MSE in the
system as a quality criterion, defined as

n

M) = Y (5(6) — yilh)?. 54

i=1

Our goal is to derive lower bounds on the expected value of the criterion
above, which are valid for any algorithm implementable in our setting.
For that purpose, we consider a setting more favorable than what is
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typically allowed for such problems, in the sense that agents have access
to more information they usually do. In particular, we assume that agents
know:

* the system size n and the labels of the agents V = {1,...,n};
¢ the distribution defining the values x; held by the agents;

* the dynamics of the system, i.e., the stochastic properties of the re-
placements and information exchanges taking place in the system.

Moreover, we assume the agents have access to a universal time, and that
they have unlimited memory, so that there is no limit to both what agents
can send and receive during information exchanges.

We analyze the MSE, denoted M*(t), achieved by an estimate which
is provably optimal in the setting described above, i.e., such that the MSE
M(t) achieved by any other estimate that can be computed in the same
setting satisfies

E[M(1)] > E[M(1)]. (5.5)

With a slight abuse of language, we call “optimal algorithm" the conceptual
(and possibly unrealistic) algorithm which produces this specific optimal
estimate. The performance achieved by this optimal algorithm is thus by
definition a lower bound on that of any other algorithm that can be imple-
mented in the improved setting, including all (more realistic) algorithms
that may not make use of the additional assumptions of Sections 5.1.2 and
5.1.3. More generally, the bounds we derive that way are also valid for any
setting allowing less information to be accessible to the agents or subject to
more constraints, as illustrated in Fig. 5.1.3.

Knowledge sets

Let us define

R = UiGV Ri and I = Ul’ljijv Iiﬁj/ (56)

whose definition builds on that of R; and Z;_,; from Section 5.1.1: They
respectively correspond to the event of a replacement and an informa-
tion exchange at the whole system level, independently of the involved
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Optimal algorithm

Improved O
Algorithms

! Realistic
+ Algorithms

\
1
|
1

1

Gossip algorithm

Fig. 5.1.3 Abstract representation of the set of “realistic" algorithms (in blue)
solving the problem as described in Section 5.1.1, such as the Gossip algorithm.
This set is included into that of the “improved" algorithms (in orange), which rely
on the additional relaxations and assumptions of Sections 5.1.2 and 5.1.3. The per-
formance of the optimal algorithm in that setting is a lower bound with respect to
those in that set, thus including the algorithms in the blue set as well.

agent(s). One can then define the event set of the system described above
as & = RUZ. From this, one can define an event sequence constituted of
replacements and information exchanges as follows:

H = {<tl/‘:l)' (t2/§2)/"'}1 (57)

with t; < t; < ..., and with §; € E for all k (it is actually related to the
history of the process in the sense of (2.36) from Section 2.4). We provide in
this section a general representation for the information an agent may have
access to at some time ¢ given some event sequence as defined above and
we call it knowledge set.

Definitions

We first provide definitions and properties of knowledge sets for deter-
ministic event sequences H. A knowledge set can be seen as the result of
a function that maps an event sequence to a set containing all the informa-
tion about the system a given agent i might have access to at some given
time t based on that sequence. In our setting, the information contained of
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that set can be of two natures:

(i) related to the value x held by an agent j € V at some time s, denoted
(x,],5);
(ii) related to the occurrence of an information exchange Z; ,; at some

time s for j, k € V, denoted (IHk,s).

For the sake of simplicity, we define the notion of knowledge set by con-
struction over the events constituting an event sequence as follows. It
could however be equivalently defined by characterizing the function map-
ping the event sequence to the knowledge set instead.

Definition 5.1 (Knowledge set). Let ‘H be an event sequence in the sense of
(5.7). The knowledge set of agent i at time t is the set w!*(t) initialized as
w!t(0) = {(x;(0),1,0)}, and which is updated when events occur as follows:

* In the event of a replacement R; at time tg, then
Wl (th) = {(xi(tr), i tr)} (5.8)
* In the event of an information exchange Z; ,; at time t| for j € V, then

Wl () = W) V() U {(xi(t), i, )} U{(Zjmis t1) } - (B.9)

The dependence of w(t) to the values held by the agents during the
process is omitted to lighten the notations. The knowledge set as defined
above thus represents the information that could be made available to an
agent i throughout the different events that happened according to H.
Namely, at its arrival in the system, and each time it is replaced, agent i
only knows itself. Then, each time it receives information from an agent j
through an event Z; ,;, its knowledge set records everything j knows at that
time (i.e., it assimilates j’s knowledge set), and keeps track of its value and
of the occurrence of Z; .; at that time (those respectively correspond to the
last two terms of the union in (5.9)). Observe that information exchanges
could be given a label to be recorded during information exchanges as well;
this is however omitted since it is not used in the derivation of our results.

Standard results in computer science guarantee that the result of any
deterministic algorithm can be obtained based solely on knowledge sets
as defined above [YK96a, YK96b, Hen14], and can thus be defined as the
result of a deterministic function ® applied on w!t(t): y;(t) = ®(w]t(t)).

1
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We illustrate the way knowledge sets evolve and behave through events in
the following example.

Example 5.2. Let us consider a simple system constituted of three agents V =
{1,2,3}, initialized at time t = 0 with x1(0) = «, x2(0) = B and x3(0) = 7.
Up to time t, the system is subject to 3 events: an information exchange I _,, at
time t1, then another information exchange Ip_,3 at time ty > ty, and ﬁnally a
replacement of agent 2 at time t3 > t,, where it receives a new value x;(t5) = 6.
The knowledge sets of the agents evolve through those events as follows.

Time t(: initialization: @
3

Wy (ta_) {(“r 1, tO)}}
Wl (t5) = {(B,2,t0)};
wg-[(ta_):{(')//?’/t(])}' @ 2@
Time f1: information exchange 7;_,;:
@

wit(th) = {(x, L)}

Wi () = {(B, 2, to), (e, 1, t0), (e, 1, 11), (10, 11) } 5 ( > ;
+
1 1

¥
Wi (1) = {(7,3,t0)} -

Time f,: information exchange 7, .3:

wit(t5) = {(a,1,10)};

wft(t5) = {(B,2,to), (w1, fo) (0,1, 11), (Taso, 1)}

wg{ t5) = {(7,3,t0), (B, 2,t0), (&, 1,t0), (,1,11),
(Z152,t1), (/, t), (Iﬂﬂ),fv)}.

Time t3: replacement Rep,

Rep,

(')/ 3, tO) (‘3,2, tO)/ (0‘/ 1, tO)/ (“l 1/ tl)/ @
(Tis2, 1), (B2, 12), (Tas, 12) }-

106 |



Knowledge sets | 5.2

The following lemma directly follows Definition 5.1, and states an im-
portant and rather intuitive property of knowledge sets. It means that, at
any time ¢, the information contained in the knowledge set obtained from
a given event sequence would be also gathered if more information ex-
changes happened. As a consequence, any deterministic function that can
be computed based on the information gathered from an event sequence
can also be computed if more information exchanges happen.

Lemma 5.3. Let H and H' be two event sequences in the sense of (5.7) such that
they exactly share the same replacement events and satisfy H C H' (i.e., H' is H
improved with information exchanges), then for all i € V and all time t one has
wl (1) € Wl (1) (5.10)
Consequently, the result of any deterministic function ® applied on wl*(t) can
also be computed based on w?{, (1).
Proof. The proof directly follows the definition by construction of w (t):
e Atinitialization and replacements, then w(t) = w?‘" (t);
e Since all information exchanges in H are also in H’, then by construc-
tion at each exchange of ' there holds w*(t) C a)z"l (1),

which concludes the proof. O

Using the definition of knowledge sets, we can now define the age of the
most recent information about an agent j potentially available to agent i at time ¢,
denoted Tfil(t) for a given sequence H. This quantity will be crucial later
to quantitatively asses the relevance of an information in wl?" (1).
Definition 5.4 (Age of the most recent information). Given a knowledge set
(), the age of the most recent information about agent j potentially

w!
1

available to agent 7 at time ¢ is defined (if it exists) as follows:

TH () := min{S'(x(t—s) it —s) ew?"(t)} (5.11)

] . : ] /] 1 . .

Observe that Tfi) ;(t) as defined above corresponds to the elapsed time

since the time instant corresponding to the most recent information about

the value held by j available to i at time t. This means that it exists only if

there is such information in wiH (t), which might not be the case, e.g., when
agent i gets replaced.
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5.2.2  Properties for stochastic event sequences

From now on, we will consider stochastic event sequences H*, satisfying
the following assumption.

Assumption 5.5. Let H* be a stochastic event sequence constituted of replace-
ments and information exchanges. Then

1. the individual replacements of a given agent follow a Poisson clock of rate
Ay; they are independent of each other, of information exchanges and of the
values held by the agents;

2. information exchanges happen according to a stochastic interaction model
denoted x; they are independent of replacements and of the values held by
the agents (but not necessarily of each other).

Assumption 5.5 defines the stochastic evolution of the system. It im-
plies that each agent is replaced A, times on average per unit of time, so
that nA, replacements on average are expected to take place in the whole
system per unit of time. We use Poisson clocks because they are standard
for modelling memoryless events such as replacements, or more generally
arrivals and departures. Moreover, we will see later that this choice implies
that the relevance of an information held by an agent i about another agent
j (i.e., the probability that j is still present in the system based on agent
i’s knowledge) is then entirely determined by the age of the most recent
information it holds about it.

The two following lemmas state useful properties of knowledge sets for
stochastic event sequences satisfying Assumption 5.5, that we will use to
derive or results.

Lemma 5.6. Consider a stochastic event sequence H* satisfying Assumption 5.5.
Let Rjls, ] denote the (probabilistic) event that agent j was replaced at least once
between times s and t. For any time s such that (x;(s), j,s) € ! (t), then

, 1 if Ri[s,t — T, (1)]
P |Ri[s, f]|w! (t)| = . PR (5.12)
[ ! l } 1 —eiA’TJHﬁ"(t) otherwise

Lemma 5.6 means that the probability that an agent j was replaced since
the time instant corresponding to an information held by agent i about it
is entirely determined by the age of the most recent information held by
i about j (which might not be the same information). Let us give some
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interpretation for (5.12): Let (x, j,s) be some information about the value
held by agent j at time s, lying in w!* (), i.e., known by agent i at time ¢.
We distinguish two cases.

1. If s corresponds to the most recent information held by agent i about
j, as illustrated in Fig. 5.2.5, then agent i has no information about
whether j was replaced since then. This corresponds to the second
case of (5.12), and the probability of R;[s, t] given the knowledge of
agent i thus directly depends on T;fl(t) following (2.27) from the
properties of the Poisson process governing replacements.

(zi(s),4,) € Wl (1)

TH, (1)

Fig. 5.2.5 Timeline corresponding to the case 1.

2. If s is not the most recent information about agent j held by agent
i, then there exists some time instant s > s corresponding to that
information, and we distinguish again two cases:

(a) If there was no replacement of j between s and s; as illustrated
in Fig. 5.2.6, then agent i knows it, but does not know anything
about after time s,; we are once more in the second case of (5.12),
and the probability directly depends on T]?fi (t) (which is not the
time spent since s but since s5).

(@i(s),4,5) € Wl (t) (@j(s2). 4, 52) € W} (1)

e 3

52
T')/ (/)

J—i

Fig. 5.2.6 Timeline corresponding to the case 2(a).

(b) If there was a replacement of j between s and sy, as illustrated in
Fig.5.2.7, then agent i knows it happened for sure because of the
information it holds from time sp; this corresponds to the first
case of (5.12), and the probability of R;[s, t] given the knowledge
of agent i is thus 1.

The probability in (5.12) measures the relevance of the information held by
agent i about agent j at time s that is considered. Lemma 5.6 shows that this
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(2;(5),5.5) € Wl (1) R; (x5(s2), 4, 52) € Wl (1)
} } R O Ear t--->
S tr 52

T)/ (/)

J—i\YJ

Fig. 5.2.7 Timeline corresponding to the case 2(b).

relevance is entirely characterized by Tj?fi(t), and does not depend on the
labels of the agents nor the values they hold. It thus prevents situations
where the replacement probability can be assessed from something else
than the age (e.g., if agents were to inform everyone at their arrival), or
where information can be neglected or deleted because of the value or label
of the agents. Moreover, it provides a proper expression for the probability
that an agent was replaced according to the knowledge of another agent,
which will reveal very useful later.

Lemma 5.7. Let ty be an arrival time of agent i in the system (at initialization or
through a replacement), then for all times s < to, and for any agent j, x;(ty') and

w?t' (s) are independent.

)

Lemma 5.7 means that at the moment agent i is replaced, its new value

is independent of any prior information held by any agent in the system.

It is thus impossible for other agents to estimate that value better than if

they had no information at all as long as they do not learn it afterwards. In

particular, no information about that value can be deduced from previous
values, interaction times, or even from the absence of such information.

Remark 5.2. Lemmas 5.6 and 5.7 are direct consequences of Assumption 5.5 and
of the system description in Section 5.1. Hence, we can define alternative situa-
tions where some of the assumptions do not hold, and then so do the lemmas. We
propose below two examples of such situations, but many more could be defined.

1. Assume the time separating the replacements of an agent corresponds to its
value. This setting violates Assumption 5.5-1, which states that the values
of the agents are independent of their replacement times. In that case, agents
can learn each other’s replacement time based on their respective values for
sure whenever they interact, which contradicts Lemma 5.6.

2. Assume the value held by an agent depends on how often it interacted before
being replaced. Such setting violates Assumption 5.5-2, which states that
the values of the agents are independent of the model defining their interac-
tions. In that case, agents can infer on each other’s value based on how often
they interacted in the past, which contradicts Lemma 5.7.
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5.2.3 Generalization to knowledge set functions

We mentioned in the beginning of this section that knowledge sets can be
interpreted as the result of a function that maps a (potentially stochastic)
event sequence H* to a set of information w?’l* (). In that sense, an alterna-
tive definition consists in directly defining that function and its properties
rather than its result. This alternative definition, which we give below,
generalizes Definition 5.1, and depends on an event sequence that can be

constituted of other types of events than those considered in this work.

Definition 5.8. Let H* be a (stochastic) event sequence in the sense of (5.7)
constituted of events drawn from an event set Z according to a stochastic model
denoted x. A knowledge set function is a function QO that maps H* to a set
of information aJ;’L‘* (t) for a given agent i € V and a given time t € Ry. The
way the mapping is performed depends on the model . Moreover, the set a)iH* (t)
contains information either of the type (x,j,s) for the value x held by agent j at
time s or (§,s) with & € E for the occurrence of the event  a time s, and satisfies
both Lemmas 5.6 and 5.7.

This generalization allows generating the knowledge set as in Defini-
tion 5.1, but also other types of similar alternative definitions for that set
corresponding to other types of events or other definitions of replacements.
We will nevertheless not directly use it in this thesis, as the formulation of
Definition 5.1 is sufficient to derive our results and easier to interpret. Still,
it is worth describing it since it contributes to generalize our analysis to
different settings, and at some extent to different problems, as the analysis
itself then remains mostly the same. We describe possible extensions and
variations below.

In the remainder of this chapter, we will consider different interaction
models defining random interactions as the simultaneous occurrence of
specific information exchanges Z; ,;. As an example, one could consider a
broadcast model, where agents send their information to all the other agents
at the same time. This can be modelled as the simultaneous occurrence of
the effect of Z; ,; described in Definition 5.1 in (5.9) for all j € V. Alterna-
tively, one could define a broadcast event as

Broad; := U Tij, (5.13)
jey

and build a new knowledge set by properly defining the corresponding
knowledge set function, e.g., QPBroad 4 handle its effect.
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Similarly, we could consider different types of replacement models, e.g.,
by considering some memory inheritance. This would result in the effect
of replacements of agent i at time tg, previously defined in (5.8) from Defi-
nition 5.1, becoming

wl(t}) = Wl (tg) U {(xi(t]) i tr) } - (5.14)

This actually amounts to differently defining the way replacement events
are taken into account when building to the knowledge set. Equivalently,
it consists in defining differently the underlying knowledge set function.
Alternatively, one can also define new types of events (e.g., “replacements
with memory inheritance") to be handled by a new knowledge set function.

At the end of the day, the notion of knowledge set function amounts to
defining a mapping rule based on the different types of events happening
in the system, which depend themselves on some stochastic model. In
that sense, the knowledge set function conceptually allows defining any
model with any type of events. Observe however that in order to obtain
our results it needs to satisfy the properties of Lemmas 5.6 and 5.7.

Derivation of a general lower bound

Using the notion of knowledge set as described in Definition 5.1, we can
now derive a generic lower bound on the expected MSE given by E [M(t)]
(where we remind M (t) is defined in (5.4)). The lower bound we derive
here is valid for any algorithm that can be implemented with a given in-
teraction model, denoted *, that governs the way information exchanges
take place in the system. For that purpose, we still need to introduce one
last concept regarding the stochastic properties of knowledge sets a)?’l* (1)
obtained from a given model *.

Pseudo-CDF and pseudo-PDF

Consider a stochastic event sequence H* satisfying Assumption 5.5, where
the information exchanges in H* are obtained using the model *. Then
the knowledge set of agent i at time t obtained from that sequence, namely
M7 (1), is stochastic as well. Consequently, the age of the most recent in-

w!
1
formation about an agent j held by agent i at time t from Definition 5.4, i.e.,
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T]-?ﬁi(t), is a random variable. Furthermore, from Definition 5.4, T?i*l-(t) is
well-defined only if there exists some information about the value held by
agent j in w’'" (t), and so is its CDF (see Definition 2.12).

i

Hence, we generalize the notion of CDF and we call “pseudo-CDF" of
T;i:i(t) the function

Fix

j—i

(s):=P [T.H* (t) < s} . (5.15)

j—i
This function differs from the usual CDF in the sense that it allows

: t,*
slgglo Fjﬁi(s) <1 (5.16)
This situation indeed happens in our case if there exists no information
about the value held by agent j in w*' (t). Subsequently, we similarly call
“pseudo-PDF" of T (t) the function f].tjl.(s) satisfying

j—i

* d *
f].t'_)i(s) = aF].t;i(s). (5.17)

The definition of the pseudo-PDF is actually linked with that of conditional
probability distributions [Par18]. We provide below some interpretation in
that sense, which allows discussing the existence of f]tj :(s) as well.

Let N]?'(t) denote the (probabilistic) event that there is no information

about the value held by agent j in w!*" (t), and let N]? (t) denote its comple-
mentary event. We can then define the following conditional CDEF:

— H* i
Fre i) 8) =P [T]Ai(t) < s|N;(t)} . (5.18)
This function corresponds to the probability that Tﬁ;(t) < s given N}(t),
ie., given that ngz(t) is well-defined. It is thus a usual CDF satisfying
the corresponding properties. Moreover, by definition of the conditional
probability in (2.8), we have

Fl%i(s) =P [N]l (t)} Frne oymic) () (5.19)

i
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Therefore, the pseudo-PDF of T;ﬁl(t) satisfies

t,% d Fox B i d
f]%z(s) @F]*n( ) =P [N](t):| &F'I}?ﬁfl(f)‘]v;(t) (S)
=P [N;(t)] fT;ﬁi(t)W]i(t) (s), (5.20)

where fro ) 510 (s) = &F; “(OINI() (s) is the PDF corresponding to the
] ] ] ]

conditional CDF FT,H*,( BN (8) (s). Following the properties of PDFs, the ex-
] ]
istence of fryx ;) iy (5) 1s guaranteed if Frox ;) i) (s) 1s absolutely con-
]t ] ]t ]
t,
"
existence is guaranteed following the same condition (or equivalently if

F ].tj ;(s) is absolutely continuous), which we assume to be the case.

tinuous. Hence, since (s) can be defined based on fy+« (OIND) (s), its
=it

Remark 5.3. An alternative to deal with the issue discussed above would be to
assume that there exists a “default” information about each agent in wlﬂ* (t), each
aged of +o0. Then a variation of the usual CDF of Tfﬁl(t) can be defined with a
jump at +oo. If this definition solves the problem related to the asymptotic value
of the CDE, it also requires dealing with partially infinite variables and properly
defining that “default” information with respect to our model. Hence, the defini-

tion of pseudo-PDFs is preferred for its simplicity of use.

Remark 5.4. The notion of pseudo-PDF actually captures the way information
travels in the system. It thus takes into account any type of restriction on the
communications, including the effect of some specific network topology. In fact,
in our analysis, the topology exclusively interferes with the interaction model,
and is thus completely characterized by the pseudo-PDF. Hence, even though the
system description in Section 5.1 technically allows for information exchanges
between any pair of agents, the results we obtain in the remainder of this chapter
hold for any type of network topology by defining the corresponding probabilities
accordingly.

General lower bounds

We can now provide the generic lower bound on E [M(t)], i.e., that is valid
for any interaction model *, and which is the main result of this chapter. It
is stated in the following theorem, whose proof is in Section 5.3.3.

Theorem 5.9. Let wiH* (t) be the stochastic knowledge set of agent i at time t,
obtained from an interaction model * under Assumption 5.5. Then, foralli € V),
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and for any deterministic function ®; such that the estimate of agent i at time t is
yi(t) = @;(w]*" (t)) there holds

i i ( / Yo~ 2Ars ds) a2, (5.21)

where we remind M(t) is the MSE defined in (5.4), and where f]t_*> ;(s) denotes
the pseudo-PDF defined in (5.17) corresponding to T;fi(t) with the model *.

This theorem means that (5.21) holds for any deterministic algorithm
that can be implemented by any agent i at time ¢ based on the information
contained in its knowledge set a)lH* (t). Observe moreover that the result
above is obtained under the assumptions of Sections 5.1.2 and 5.1.3. This
means that it holds even if the agents know the system size n, the replace-
ment rate A,, the distribution defining the values of the agents, and fjt j i(s)
as well as all the parameters it relies on.

By instantiating fjtf)i(s) according to the considered model, one then
obtains a specific lower bound valid for any algorithm implementable with
that model. In fact, for a given model *, the instantiation of the result above
with any other pseudo-PDF f(s) that bounds f]tj) ;(s) (i.e., corresponding to

a random variable smaller than T7%(t) in the usual stochastic order [MS02])
also yields a valid bound for *. This actually amounts to considering a
more favorable probability distribution for the age of the most recent in-
formation, and thus essentially consists in an additional relaxation that can
be added in the derivation of the bound. See e.g., [MH19] for an example
of application of this property.

The following corollary particularizes (5.21) for specific time-invariant
interaction models that do not make any distinction between the agents. It
moreover specifies that result for settings where we assume the system has
been running for a long time.

. . * t,* _ *
Corollary 5.10. If there exists a function f* such that f; ~i(8) = f*(s) for all
§ >0, forany i, j € V and for any time t, then (5.21) becomes

L [ iy —20s ) 2
(1 /Of (s) e=2M5ds ) o2, (5.22)

In addition, when t — oo, there holds

E[M(t)] >~

t—ro0 712

lim inf I [M(t)] > ! (1 - /Ooo *(s) e“rSds> o2, (5.23)
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Observe that M(t) directly depends on the algorithm that is consid-
ered. For instance, for a given model *, one could arbitrarily define an al-
gorithm whose expected performance E [M (t)] is oscillating. In that case
lim; ;00 E [M(t)] does not exist, even if a valid lower bound whose limit as
I — oo exists can be obtained with that model. Because of such situations
we use liminf in Corollary 5.10, and in the results we obtain based on it
thereafter.

Proof of Theorem 5.9

The remainder of this section is dedicated to proving Theorem 5.9. To this
end, we first provide several intermediate results below, whose proofs are
given in Appendix 5.A to facilitate their presentation. These results will
then allow us to build the proof of Theorem 5.9 step by step.

Optimal estimate description: The derivation of our bounds builds on
the analysis of a provably optimal estimate, whose performance is a lower
bound on that of any other estimate that can be computed with the same
information. We first show in the next proposition that this optimal esti-
mate for an agent is obtained by choosing the expected value of %(t) based
on the information into its knowledge set. An algorithm computing this
estimate would thus achieve optimal performance (with respect to the in-
formation accessible to the agents), but might not be implementable with
reasonable resources.

Proposition 5.11. Let aJ;’L‘* (t) be the knowledge set of agent i at time t obtained
from an interaction model *, and let us define the estimate

vi () = E [2(5)]w] ()] . (5.24)

For any deterministic function ®; such that the estimate of agent i at time t is
yi(t) = @;(w!t (1)) forall i € V, there holds

BN

M) > ) B[ -y ()], (5.25)
i=1

We therefore refer to y; (t) as the optimal estimate of agent i.

Proof. The proof is given in Appendix 5.A.1. O
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Decomposing the MSE into independent terms: The next proposition
builds on the description of the optimal estimate from Proposition 5.11 to
highlight a convenient property of the system. It shows that, from the defi-
nition of y; (t), the analysis of IE [M*(t)] reduces to that of the MSE related
to the estimation of a single agent’s value.

Proposition 5.12. Let cuiH* (t) e the knowledge set of agent i obtained from an
interaction model . Let M*(t) = Ly (x(t) - y:f(if))2 denote the MSE
achieved by the optimal estimate (5.24), then there holds

B 0] = 5 D1 E | (50 -E [0l 0])]. 620

i=1j

Proof. The proof is given in Appendix 5.A.2. O

Single error analysis: Proposition 5.12 means that we only need to an-
alyze the MSE related to the estimation of a single agent’s value to char-
acterize E [M*(t)], and thus to obtain a lower bound on E [M(t)]. Let
us define the following intermediate criterion, corresponding to the error
made by agent i when estimating the value of agent j with the optimal
estimate:

M0 = (500 B [0l (10]), (527)

where the dependence of M; i ,i(t) to x;(t) is once more omitted to lighten

the notations. We can now state the following proposition, which gives an
expression for E {M* (t )}

]*)l

Proposition 5.13. Let w!* (t) be the knowledge set of agent i obtained from an
interaction model *, then there holds

E | M;i(1)] = ( / (s 2“ds) o, (5.28)
where we remind f].tii(s) is the pseudo-PDF of T;i*l( ) defined in (5.17).
Proof. The proof is given in Appendix 5.A.3. O

Proof of Theorem 5.9: We now have all the necessary intermediate re-
sults to build the proof of Theorem 5.9, which we give below.
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Proof of Theorem 5.9. Firstly, Proposition 5.11 shows that the performance
M((t) achieved by any algorithm implementable with an interaction model
* is lower bounded in expectation by that achieved by the optimal estimate

yi(t)=E {X(t)|wl7'[* (t)] , so that there holds
E[M(t)] > E[M =

Second, from Proposition 5.12, we have

E (M e Ly D‘E {( [x;-(t)lw?“(t)})Z] . (530

i=1j=1

Third, Proposition 5.13 shows that

E [(xj(t) —E {xj(t)]wz'l*(t)DZ} = <1— /O ” ﬁgi(s)e%sas) o2, (5.31)

Finally, injecting (5.3.3) into (5.30), and combining it with (5.29) concludes
the proof. O

Remark 5.5. Even though the proof of Theorem 5.9 builds on the analysis of a
specific algorithm (defined in Proposition 5.24), its result is actually valid for any
algorithm that can be implemented based on the same interaction model and under
the same assumptions, including unstable or inefficient ones.

Instantiations for the Gossip algorithm

In this section we instantiate the lower bounds on [E [M(t)] obtained in
Theorem 5.9 and Corollary 5.10 for two interaction models. The first one
serves illustrative purposes, and supposes that the agents receive informa-
tion from the whole system at once and do not suffer from memory era-
sures. The second one consists in all-to-all pairwise interactions. We then
show that both models allow implementing the Gossip algorithm defined
in Section 3.2, so that they provide valid bounds for its performance. We
finally give comparisons of these to illustrate how our results can be used.
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5.4.1 Ping updates

We first consider the following interaction model, which defines the way
information exchanges 7, ,; take place.

Definition 5.14 (Ping model). The Ping interaction model is defined as follows:

(1) Each agent i € V receives information about all the other agents in the
system at random times, defined by an individual Poisson clock of rate Ap.
This corresponds to the simultaneous occurrence of Z; ,; for all j # i, and
is called a “Ping update” of agent i, denoted Ping;;

(2) During a replacement, the joining agent inherits all the information held by
the agent being replaced.

We use wfing(t) to denote the knowledge set held by an agent i at time t, corre-
sponding to a stochastic event sequence H "8 obtained with the Ping model.

We illustrate in Fig. 5.4.1 a possible evolution upon Ping updates and
replacements of the knowledge sets obtained with the Ping model for a
system of three agents.

’ wp"B(t)) = w0y "Bty ); @ "B () = wy B (e )

1 p p

Pi Pi _
@ @ wg () = w3 (1)
1 2

(a) Ping update of agent

3attimetp.
3:
Rep, Pi Ping (4
w (1) = wp "B(tR);
Pi Pi _
®
( )
2B () = wy B (k)

(b) Replacement of agent 2 at
time tg.

Fig. 5.4.1 Evolution of the knowledge sets held by the agents subject to (a) a
Ping update and (b) a replacement in a system of three agents with the Ping model.
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Note that the Ping model requires a slight adaptation of Definition 5.1
to allow memory inheritance during replacements. For a replacement of
agent i taking place at time ¢, such modification would read

wl (tg) = @l (tg) U {xiltr), i, te)} - (5.32)
One can verify that our results and arguments from Section 5.3 still hold
in that case. More generally, this adaptation amounts to the use of an-
other knowledge set function (in the sense of Section 5.2.3) which handles
memory inheritance and Ping updates as events, and which satisfies the
necessary properties for our results to hold.

Observe moreover that no assumption is made on the dependence or
independence of the Poisson clocks driving the Ping updates of the differ-
ent agents; the results happen to be independent of such assumptions (in
that sense it is actually a class of models rather than a model). Introducing
dependencies will reveal useful, as e.g., having pairs of agents performing
simultaneous Ping updates provides a relaxation for pairwise interactions,
and allows for instance implementing the Gossip algorithm.

Pseudo-PDF

In order to apply Theorem 5.9 and obtain a valid bound for the Ping model,
we first need to properly characterize the pseudo-PDF ft Ping (s)

j i , in the
sense of (5.17), corresponding to that model.

Proposition 5.15. With the Ping model, the random variable T}?fllng(t) admits
the following pseudo-PDF for any i # j:
FIPIE(5) = Aje s, (5.33)

j—i

Proof. Remember that Tj?f;ng (t) corresponds to the age of the most recent
information about the value of agent j held by agent i at time . With the
Ping model, since information is never lost, even at replacements, this age
corresponds to the elapsed time since the last Ping update performed by
agent i. Since these are governed by a Poisson clock of rate A, one finds

Ft,Ping(s) _p [T?{Ping(t) < S} —1_ M

j—i j—i

t,Pi t,Pi
E(s) = LFIE (). =

The conclusion thus follows from f] "
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Main bounds for the Ping model

Since the pseudo-PDF fjtij;ng(s) obtained in Proposition 5.15 does not de-
pend on the involved agents i and j nor on the time t, the lower bound
on [E [M(t)] for that model can be obtained by directly applying Corol-
lary 5.10. This results in the following theorem, which means that the per-
formance of any algorithm that can be implemented based on the Ping

interaction model satisfies (5.34).

Theorem 5.16. Foralli € V, let y;(t) = CDl-(wlPing(t)) be the result of a deter-
ministic function ®; with the Ping model, then there holds

n—1 1 o~ (Apt2An)t
E[M(t)] > —; ( Iy o>, (5.34)
1+ 22, + W
In particular, we have
-1 1
liminfE [M(£)] > T~ | —— | &~ (5.35)
t—r00 n l+li
2 A
Proof. The instantiation of f*(s) from Corollary 5.10 with f;iing (s) from
Proposition 5.15 yields
n—1 b Aps,—20 2
EM()] = (1— / ApeMvse™ ’Sds) 2. (5.36)
0

The first result thus follows from some algebraic manipulations after in-
tegrating the expression above. Equation (5.35) then follows either from
taking the limit as  — oo of (5.34), or by directly applying the second re-

sult of Corollary 5.10 with fjti)iing (s). O

llustration and interpretation of the result

Let us define the rate ratio A
p

= -, 5.37
Pp Ay ( )
which corresponds to the average number of Ping updates performed by
a given agent before leaving the system at a replacement. Fig. 5.4.2 shows
the evolution of the bound (5.34) for 10 agents with respect to p,, at different
time instants from the initialization of the system until its convergence to
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the time-independent bound (5.35) as t — co.

=
S
=
- =1 =0 .
1021 |——t = 00 o
L L : : R | \
10t 10° 10t

Pp

Fig. 5.4.2 Time-dependent lower bound (5.34) on E [M(t)] for the Ping model
with respect to pj, for a system of n = 10 agents with 02 = 1: The dashed blue line
is the initial MSE (at t = 0) and the plain red line is the asymptotic MSE for t — oo
from (5.35); the dotted black lines are bounds obtained at some times in between.

At the initialization of the system (i.e., when t = 0), the only informa-
tion agents have access to is their own value, and the MSE is then exactly
”7_21(72 no matter py,, consistently with a system constituted of n i.i.d. val-
ues. As time starts passing, the expected MSE starts decaying more or
less depending on p,, until it eventually converges a the time-independent
bound as t — co. When communications are rare (i.e., o, — 0), then the
MSE remains close to ”7_21(72 as the amount of information available to the
agents remains mostly the same all along the process. By contrast, the
expected MSE tends to decay as the number of communications increases,
and in particular when p, — oo (i.e., when replacements become extremely
rare), then the system progressively behaves as a closed system, so that the
expected MSE eventually converges to 0.

Interestingly, the only dependency of the bound (5.34) in n appears in
the factor "771(72, which corresponds to the initial MSE achieved at the ini-
tialization of the system (and for p, = 0). This means that the effects of the
system size and the different rates are decoupled, and the decrease of the
expected MSE is characterized solely by the Ping update and replacement

rates. In particular, as t — oo, it is characterized only by p, = A,/ A,.
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Extension: memory erasures

The model considered here is very simple, and mostly serves illustrative
purposes. This simplicity partially follows from the fact that memory era-
sures are neglected in this model from condition (2) of Definition 5.14.
Hence, a rather straightforward extension of it amounts to remove this
condition, and thus to consider memory erasures at replacements, while
keeping the same interaction scheme with the same parameters. Let us call
Ping’ this variation of the Ping model.

The model Ping’ is less permissive than the standard Ping model, and

requires recomputing the corresponding the pseudo-PDF f;ﬂng/ (s). The

proof of the following proposition is given in Appendix 5.B.

Proposition 5.17. With the Ping’ model, the random variable T]?f;ng, (t) admits
the following pseudo-PDF for any i # j:

f.t,Ping,(S) _ /\pe—(/\p"!‘/\r)s. (538)

j—i
This new pseudo-PDF thus yields the following result, whose proof is
omitted because it is almost identical to that of Theorem 5.16.

Theorem 5.18. Foralli € V, let y;(t) = Cbi(w?ng,(t)) be the result of a deter-
ministic function ®; with the Ping’ model, then there holds

_ —(Ap+3A0)t
E[M(1)] > * ! ! — 4+ 2. (5.39)
n 1445 1+3%
In particular, we have
liminfE [M(£)] > "ot LI P} (5.40)

2 A
t—o0 n 12p
I+37%

We compare the (asymptotic) bounds (5.35) and (5.40) respectively ob-
tained with the Ping and Ping’ models in Fig. 5.4.3. At initialization, both
bounds are the same, but with the time passing it appears that the bound
obtained with the Ping model is more conservative than that obtained with
the Ping’ model. This follows the fact that the Ping’ model is more restric-
tive than the Ping one, as information can be lost during replacements in
the former but not in the latter. In fact, the Ping model can be seen as a re-

. P
laxation of the Ping’ one, so that thing(s) bounds F].tiling (s) (as described
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in Section 5.3.2). Interestingly, the asymptotic bound obtained for the Ping’
model with Ping rate )t;j exactly corresponds to that one would obtain by
applying the Ping model with Ping rate A, = %A;, The impact of memory
erasures at replacements thus amount to a scaling of the rate at which Ping
updates happen in that perspective.

At the end of the day, both bounds are extremely similar, up to that
factor, and they thus share most of their interpretation. For that reason, the
Ping’ bound will not be considered in the upcoming comparisons, but is
still presented here for the sake of completeness.

2
= ——"
——Ping: t > ©
.l Ping’: t — o0 )

Py

Fig. 5.4.3 Comparison between the asymptotic bounds (5.35) in plain red line
and (5.40) in dotted yellow line, respectively obtained with the Ping and Ping’ mod-
els in a system of n = 10 agents with 0> = 1, with respect to p,.

Pairwise interactions

We now consider a second interaction model to characterize the way infor-
mation exchanges 7;_,; take place, defined as follows.

Definition 5.19 (Gossip model). The Gossip interaction model consists in the
system being subject to pairwise interactions: Each pair of agents (i,j) € V?
(with i # j) interacts at random times defined by a Poisson clock of rate -5\,
resulting in the simultaneous occurrence of Z;_,; and T; ;. We use wiGOSSIP(t) to
denote the knowledge set held by an agent i at time t, corresponding to a stochastic

event sequence HCOP obtained with the Gossip model.

We illustrate in Fig. 5.4.4 a possible evolution of the knowledge sets
held by the agents upon a pairwise interaction with the Gossip model for
a system of three agents.
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O oy s
3 WS 0551p(t+) = W) OSSIP(tC )

Cc 7

szossip (t+) _ szossip (i‘;)

©© . ;

Gossi Gossip /,—
. w3 P (1) = WP (1)
(a) Gossip between

agents 2 and 3 at time t.

Fig. 5.4.4 Evolution of the knowledge sets held by the agents subject to a pair-
wise interaction in a system of three agents with the Gossip interaction model.

The Gossip model amounts to defining pairwise undirected exchanges
of interactions, called gossips. The description of the Poisson clocks char-
acterizing the occurrences of gossips means that each agent interacts on
average A, times per unit of time.

This model actually raises more challenges than the Ping model pre-
viously described does. Additionally to the possibly outdated informa-
tion from unknown replacements already considered with the Ping model,
memory erasures as well as the time it takes for information to propagate
in the system must be taken into account with the Gossip model.

Pseudo-PDF

In order to apply Theorem 5.16, we once more need to properly character-
ize the pseudo-PDF fjtfiosap (s) corresponding to the Gossip model. This is
done in the following proposition, proved in Appendix 5.C.

Proposition 5.20. With the Gossip model, the random variable T]»?ﬁ«omp(t) ad-
mits the following pseudo-PDF for any i # j:

FSTP(s) = w' Aetey, (541)

where w € R" with wy = %,
ek k(n—k

(Al = = (20 + (= DA, [Algss = Ry and [Alggax = 00

n— n

and where A € R™™" is a tridiagonal matrix with

Proof. The proof is given in Appendix 5.C. O

Interestingly, the result of Proposition 5.20 exactly corresponds to the
behavior of an SIS infection process (Susceptible-Infected-Susceptible), see
e.g., [BCCO1]. Namely, the information about the value held by an agent
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can be seen as a disease spreading in the system: New infections occur
when agents holding that information interact with agents that do not, and
healing corresponds to replacements of such agents, whose memory is then
erased. In that sense, F]?E?SSIP(S) actually corresponds to the probability
that an agent i is infected at time t by a disease emitted by agent j since

time t —s.
Main bounds for the pairwise interactions model

Since the pseudo-PDF fjtffss'lp(s) does not depend on the agents i and |
nor on the time ¢, the lower bound on E [M(t)] for the Gossip model can
directly be obtained by applying Corollary 5.10. This results in the follow-
ing theorem, which means that the performance of any algorithm that can

be implemented based on the Gossip interaction model satisfies (5.42).

Theorem 5.21. Forall i € V, let y;(t) = CDZ-(wGOSSiP(t)) be the result of a

i
deterministic function ®; with the Gossip model, then there holds

n—1
)

E [M(t)] > (1 —wTA(A—2A,)7" (e(A_Z)")t - 1) el) 0%, (542)

where w and A are defined in Proposition 5.20. In particular, there holds

.. n— I a1 2
iminfE[M(H)] > (1 wT A2\, — A) e1> 2. (5.43)
Proof. The instantiation of f*(s) from Corollary 5.10 with f]-t’_G)iOSSip(s) from
Proposition 5.20 yields
n—1 T AAS e 2N 2
E [M(t)] > p” 1—/ w' Ae”Ceje“Mds ) 0. (5.44)
0

Using the commutativity between A and 2A,, the integral in the expression
above becomes

t t
/ w' Ae®ere M ds =w' A / e(A=2M)sqge,.
0 0
One then shows that A — 2A, is invertible as long as A, # 0, so that
t
w4 [ el 2V dse; = (A—24,)7" (472 ).
JO

Injecting this result into (5.44) then yields (5.42). Equation (5.43) then fol-

126 |



Instantiations for the Gossip algorithm | 5.4

lows from either taking the limit as t — oo of (5.42), or by applying the

second result of Corollary 5.10 with f ! Gossip (s). O

j—i

Similarly as for the Ping model, let us define the rate ratio

pe= 55 (5.45)
corresponding to the number of pairwise interactions involving a given
agent that are expected to happen on average before it gets replaced. In
the following corollary, proved in Appendix 5.D, we give an analytic ap-
proximation for (5.43) which gets more accurate as p. grows and as the
system size n decreases. Eventually, it becomes a lower bound on (5.43),
and thus a valid lower bound for E [M(t)].

Corollary 5.22. In the same setting as that of Theorem 5.21, there holds

LiminfE [M(t)] > n-1

t—oc0 7’12

(3 +1log (%32) + ) p 0% + O () %, (5.46)

n

0Z

where hy, is some known polynomial in O(n=1).

Proof. The proof in given in Appendix 5.D. O

In what follows, we arbitrarily refer to (5.46) as the “XYZ approxima-
tion", based on the proof of Corollary 5.22 which relies on the use of three
matrices X, Y and Z to approximate (5.43) and eventually bound it by be-
low.

lllustration and interpretation of the result

In Fig. 5.4.5 we show the evolution of the bound (5.42) with respect to p.
in the same setting as in Fig. 5.4.2 (for the Ping model), but for the Gossip
model. The figure also shows the result of Corollary 5.22.

The same preliminary observations as for the Ping model can be made
regarding the initial MSE being nn;zl(le which either remains close to that
value as time passes for p. — 0 (very few interactions), or decays to zero
as p. — oo (towards a close system). Nevertheless, the bound obtained
with the Gossip model differs from the Ping one as the system size n has
here an impact on the decay of the expected MSE as p. grows. This can
be due to the time it takes for information to propagate in the system with
the Gossip model (as opposed to the Ping model where the propagation
is instantaneous at Ping updates), or at some extent to the memory losses
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Fig. 5.4.5 Time-dependentlower bound (5.42) on E [M(t)] for the Gossip model
with respect to p. for a system of n = 10 agents with 0> = 1: The dashed blue line
is the initial MSE (at t = 0) and the plain red line is the asymptotic MSE for ¢ — oo
from (5.43); the dotted black lines are bounds obtained at some times in between;
the yellow dash-dotted line is the XYZ approximation (5.46) from Corollary 5.22.

happening at replacements with the Gossip model only. The latter differ-
ence is however likely to be less impactful, regarding the analysis of the
Ping’ model in the previous section where it was considered alone.

Finally, the XYZ approximation from Corollary 5.22 appears to rather
accurately approximate the asymptotic bound on (5.43) as p. gets large. In
particular, it gets satisfyingly accurate starting from p. ~ 50.

Relaxation: no memory erasure

As previously observed while proving Proposition 5.20, the propagation
of information in the system with the Gossip model can be assimilated to
the propagation of a disease following an SIS infection model, where new
infections follow interactions and healing follow replacements. A straight-
forward variation of this model consists in, similarly to the Ping model,
assume that no memory erasure happens at replacements. With the dis-
ease analogy, this is directly adapted by assuming it propagates following
an Sl infection model (Susceptible-Infected) rather than an SIS one. With
that alternative model, which we arbitrarily call the “SI" model following
its interpretation, both Proposition 5.20 and Theorem 5.21 can be directly
adapted by defining the matrix A according to an SI infection, yielding the
following lower bound.
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Theorem 5.23. Foralli € V, let y;(t) = ®;(w?(t)) be the result of a determin-
istic function ®; with the SI model, then there holds

n—1

E [M(t)] > (1 —w A(A-27,)"" (eVHW - 1) e1> 72, (5.47)

n2

where w € R" satisfies wy = %, and where A € R™" is a bidiagonal matrix

satisfying [Alx = —k(nnjlk) Ac and [Algy1f = @/\C. In particular, there
holds

n—1 o

liminfIE [M(£)] > (1-w A —A) " er) e (548)

t—oco 7’12

We omit the proof because it is essentially the same as that of Theo-
rem 5.21 with the alternative matrix A related to an SI infection process.
We compare the (asymptotic) bounds (5.43) and (5.48) in Fig. 5.4.6. The
conclusions are similar to those drawn from comparing the Ping and Ping’
models in the previous section, as their difference is the same. Typically,
the Gossip model is actually included into the SI model, so that it yields
a tighter bound as it is more restrictive. Once more, as they both share a
similar interpretation, we will focus on the Gossip bound in the upcoming
analysis, but show the SI model here for the sake of completeness.

0.09
0.08
0.07

0.06

=
T 0.05

E‘ 0.04
= S——(
003 |——Gossip: t — oo
SI: t - o0
10 10° 10t

Pe

Fig. 5.4.6 Comparison between the asymptotic bounds (5.43) in plain red line
and (5.48) in dotted yellow line, respectively obtained with the Gossip and SI mod-
els in a system of n = 10 agents with 0> = 1, with respect to p..
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5.4.3 Performance analysis of the Gossip algorithm

We finally use the bounds obtained so far to analyze the performance of
the Gossip algorithm defined in Section 3.2, and which we remind consists
in the following;:

¢ when it joins the system, an agent i chooses its own value x; as initial
estimate y;(f);

e when two agents 7 and j interact, they update their respective esti-
Ty
mates as y; =y = %

The Gossip algorithm is thus defined over pairwise interactions, and can
therefore be implemented on wiGOSSIP(t) (and on w?l(t) as well). Actually,
since no assumption is made on the dependency between the clocks trig-
gering Ping updates in the Ping model, one could arbitrarily decide that
two agents perform a Ping update whenever they interact. This is allowed

by Definition 5.14, and hence the Gossip algorithm can be implemented on

wfmg(t) (and on wfmg, (t) since it does not consider memory inheritance at
replacements). The Ping update rate of an agent would thus correspond to
the rate at which it is involved in pairwise interactions: )\p = A¢ (this can
be shown using Lemma 5.3). Hence, the same way as previously, we define
the common interaction-to-replacement rate ratio as o = Ac /Ay = Ap /Ay
This means that the bounds obtained with each of these models are
valid lower bounds for the performance of the Gossip algorithm. More
generally, the Gossip algorithm is directly defined over the Gossip model.
Therefore, since all other models are relaxations of the Gossip one, they are
all valid for the Gossip algorithm. This is equivalently formulated as ob-
serving the any algorithm that can be implemented over the Gossip model
can also be implemented over all the other ones, as presented in Fig. 5.4.7.
In what follows, we will refer to the bound obtained with the Gos-
sip model as the “SIS bound" to avoid confusion with the performance of
the Gossip algorithm. In Fig. 5.4.8, we compare both the asymptotic Ping
bound (5.35) from Theorem 5.16 and the asymptotic SIS bound (5.43) from
Theorem 5.21 with the expected performance of the Gossip algorithm, re-
spectively with 5, 10 and 20 agents. The figure confirms that both results
are valid lower bounds for the Gossip algorithm, and that the SIS bound is
tighter than the Ping one (as the Gossip model is more restrictive). Conse-
quently, it is closer to the performance achieved by the Gossip algorithm.
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Fig. 5.4.7 Sets of algorithms that can be implemented with a given model. The
Ping model considers memory inheritance and all-to-one interactions, and thus
includes the Ping' model that lifts the memory inheritance assumption, and the
SI model that restricts to pairwise interactions. Those contain the Gossip model,
which does both at the same time, and in with the Gossip algorithm is defined.

Nevertheless, there is still an important quantitative gap between our
bounds and the actual performance observed for the simulated Gossip al-
gorithm. Interestingly, the size of the system has barely no impact on the
performance of the Gossip algorithm, especially small values of p. In op-
position, the bounds tend to decrease as the system size increases. This
behavior is shown by Fig. 5.4.9, where the bounds are compared with the
performance of the Gossip algorithm with respect to the system size n for
several values of p. This gives insight on how knowing the size of the sys-
tem (which is assumed to be the case for the bounds, but is not for the
Gossip algorithm) can influence the performance of algorithms. Typically,
the MSE corresponding to our bounds is scaled based on 1, whereas it has
no influence on the MSE of the Gossip algorithm.

Nonetheless, the behavior of the performance of the Gossip algorithm
with respect to the rate ratio p is qualitatively well captured by both bounds.
This is surprising, especially because the Gossip algorithm is a particularly
naive algorithm: It only relies on one variable, and does not make use of
any identifier nor any of the information related to the openness of the sys-
tem or to the distribution of the intrinsic values of the agents, by contrast
with our bounds. This thus questions the interest of such parameters in
the design of efficient algorithms, and the exact impact they have on their
performance.
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Fig. 5.4.8 Expected MSE achieved by the Gossip algorithm (in yellow dotted
line) as compared to the asymptotic Ping bound (5.35), in plain blue line, and the
asymptotic SIS bound (5.43), in red dashed line, with respect to p for several system
sizes n (5, 10 and 20); the simulation is performed over 200 events and 500 realiza-
tions.
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Fig. 5.4.9 Expected MSE achieved by the Gossip algorithm (in yellow dotted
line) as compared to the asymptotic Ping bound (5.35), in plain blue line, and the
asymptotic SIS bound (5.43), in red dashed line, with respect to 1 for several values
of p; the simulation is performed over 500 events and 500 realizations.

Discussion and conclusions

In this chapter, we studied the notion of performance of algorithms in open
multi-agent systems, which are poised to never converge due to the ever-
changing nature of such systems in terms of size, composition and ob-
jective. In particular, since convergence cannot be achieved, we investi-
gated the fundamental performance limitations of specific problems in open
systems, which characterize the “best possible performance” that can be
achieved by any algorithm trying to solving them. We focused on the av-
erage consensus problem in open systems, and derived lower bounds on
the expected MSE that can be achieved by averaging algorithms in open
systems of fixed size. We first obtained a general bound that depends on
the model defining the interactions in the system, from which we derived
specific bounds for all-to-all and all-to-one interactions models. Finally,
we compared our bounds with the performance of the Gossip algorithm,
which can be implemented on the specific models we considered, and for
which our bounds are thus valid.

Along this chapter, different tools were introduced in order to define
a general methodology. In particular, the derivation of our bounds relied
on the analysis of some (virtual) provably optimal estimate with respect
to the MSE. This required the introduction of knowledge sets to quantify
the information made potentially available to an agent at some time for
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some interaction model. Because the system size was fixed in our analy-
sis, the main challenge that was considered in this work was precisely to
handle this information, which takes time to propagate and potentially be-
comes outdated as agents get replaced. This aspect was captured by the
notion of pseudo-PDF, which allowed the characterization of the validity
of information. Hence, another important challenge left untackled here
is to handle the potentially variable size of systems subject to decoupled
arrivals and departures. This was actually envisioned in Chapter 4, which
focused on the representation of open systems, and constitutes an important
and natural follow-up for the work presented in this chapter.

More generally, this chapter aimed at setting up tools and a method-
ology for studying open systems in general, and which can be applied to
other types of problems. Typically, problems building on average consen-
sus, such as decentralized optimization [CDAJW10] or formation control
[MR19], could be considered to directly extend the results presented here.
Alternatively, variations of this problem, e.g., relying on more structured or
constrained interaction models, or other problems for which our method-
ology can be applied are also a natural continuation for this work.

As an example, a similar analysis was conducted in my Master thesis
[Mon18] for external averaging, where a (fixed) quantity defined outside
of the system must be estimated based on noisy measurements held by
the agents. In that problem, the objective of the agents was to estimate the
mean of all the values that have been in the system since the very beginning of the
process. The challenge was thus exactly the opposite of that of this chapter,
where outdated information had to be eliminated. This question was also
(re)considered in this thesis, but left unfinished and is thus not presented
here, we however give a few insights of it below.

Let us use g;(t) to denote the quantity of information held by agent i at time
t. In that setting, it would correspond to the number of agents that are or have
been in the system agent i knows the value of. Namely, let Q(t) be the set of all
the agents that have been in the system since the beginning of the process
(where each agent has a unique label), and let Q;(t) C Q(t) denote the
subset of Q corresponding the agents whose values are known by agent
i, then g;(t) = |Q;(f)|. Let us also use §(t) to denote the total amount of
information that has been in the system since the beginning of the process, i.e.,
G(t) = |Q(t)|. Then, using M (t) to denote the MSE it was shown that

EMN] = E [qlm} e T O G
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These bounds are empirically illustrated in Fig. 5.5.1.

100

MSE

Fig. 5.5.1 Asymptotic MSE of the (implemented) optimal algorithm after 200
events (in plain blue line) for 10 agents with respect to A/ A;, corresponding to the
expected number of interactions involving an agent before it gets replaced. The
other curves represent each of the approximations in (5.49) numerically evaluated
over the simulation.

The derivation of closed-form expressions for E [ﬁ} and E [g;(¢)] still
remains a challenge today, as it relies on complex analyses of the impact of
arrivals and departures. Moreover, the approximations from above tend
to introduce a non-negligible amount of conservatism, as shows Fig. 5.5.1.
An approach for upper bounding E [g;(f)] was proposed nevertheless in
[Col20], but it also adds conservatism to the result, and efficiently handling
this problem still remains an interesting open question.

Another particularly relevant continuation of this chapter is the inves-
tigation of the effect of the different parameters that are assumed to be
known by our bounds on the actual performance of algorithms. Typically,
whereas our analysis strongly relied on the identifiers held by the agents,
their actual impact on algorithms is questionable. This issue is in particu-
lar supported by the analysis of the performance of the Gossip algorithm,
that does not make use of identifiers, and still had decent performance as
compared to our bounds, which do have access to identifiers. Finally, a last
interesting follow-up for this chapter is its extension to continuous-time al-
gorithms (as our derivation relies on essentially discrete-time ideas), and
which might be particularly challenging.
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5.A.1

Appendix of Chapter 5

Proofs of Propositions 5.11 to 5.13 (Main result)

We detail here the proofs of the intermediate results used to build the proof
of Theorem 5.9.

Proof of Proposition 5.11

Proof. Our goal is to show that the estimate that achieves the minimal ex-
pected MSE (for agent i based on its information) is given by

vi(t) = E [2(0)|w]" (1)] -

First remember that any estimate y; computed by agent i is deterministic
conditional to its knowledge set w!! (t), so that

—E [(2(0) =i lw]” ()] = E [29; = 22(1) ] (1] = 0

if and only if y; = y;(t) = E {f(t)\w;r‘*(t)} Hence, since (%(t) — y;)? is
convex with respect to y;, it follows that

() = i (1) —y)? |wl
i (1) = argmin {E |(x(1) —y)" |} (1)] }.
Consequently, the result y; of any other algorithm that can be imple-
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mented by agent i based on w!*" (t) satisfies by definition
E [(2(6) — )’ [0l (0] = B [(2(0) = () 1] (8)]

The relation above is true for any realization of wiH* (t) obtained with the
model *, and therefore there holds for any estimate y;

E[(2(6) ~90)°] = B [E [(=(5) - y0)” [0} ()] ]
> E [E |(x() — i (1)) o] (0] ] = B [(x(0) -7 ()]

Hence, for any estimates y; computed by the agents i in the system, there

holds
EMO)= 3 Y E [0 -] 2 3 E [0 -5 )],
which concludes the proof. O

5.A.2 Proof of Proposition 5.12

Proof. Our goal is to study the MSE achieved with v (t) from (5.24):

E[M*(

1 i 2
" .
First observe that the optimal estimate from (5.24) can be written as

vi(0) = E[s0left (0] = LY E [0l 0]

Hence, since E [M*(t)] = 1 ¥ | E {(f(t) -y (t))z} , it follows that

n 1=
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Let us use 92]@ (t)=E [xj(t) lwh (t)} to denote the estimation of agent

j’s value based on the information held by agent i. Then, because of the
absence of correlation between the values of the agents, one has for j # k:

E [(x]-(t) — 2! (t)) (xk(t) - y?l(f)(t)ﬂ = 0.

As a consequence there holds for all i € V:

E [(Z (xj(t) - x}”(t)))z] —E

j=1

n

Y- (x(0) - ﬁ](i)(t))ﬂ .

j=1

Injecting that result into the expression of [E [M*(t)] then yields
. 1 X e 2
EM ()] =) Y F {(x]-(t) -2 ] ,

which concludes the proof. O

5.A.3 Proof of Proposition 5.13

In order to prove Proposition 5.13, we first provide the following lemma.

Lemma 5.24. Let Y, Z be two i.i.d. zero mean random variables with variance
02, and let X be another random variable defined as follows:

X o= {Z with probability p (5.50)

Y with probability 1 — p

such that the event related to the probability p is independent of Z and Y. The
estimator X that minimizes E {(X — X)z} given the value of Z is then given by

X = argmin {]E [(X —x)? |Z] } =7, (5.51)
and the corresponding error is given by
E[(X-%)"] = (1-pA)o? (5.52)
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Proof. By definition of X, the MSE of an estimator X of X given Z is
) a2 &\ 2
E[(x-%)12]| =B [(2-%)*|1Z] p+ E[(Y = 2)*|2] (1 - p)
AND ~
=p(Z=X)"+(1-pX+(1-p)’
=pZ* —2pZX + X*+ (1 - p)o*.
The random variable Y is eliminated in the development above by using

the fact that it is independent of Z, and that E [Y] = 0 and E [Y?| = 02 by
definition. That estimator is thus optimal if

dC;(JE [(X—X)z |Z} = d(;{ (pZZ 2pZK 4+ R (1— p)az)

= 2pZ+2X =0,

which is the case if and only if X = pZ. This establishes (5.51). The MSE
for that estimator X conditional to Z is then given by

E [(x - %) |z} = pZ2 —2p27% + p*Z% + (1 — p)o?
=p(1—=p)Z* + (1 - p)o*.
This finally yields
o 2
E [(X ~X) ] =p(1-p)E [zﬂ +(1-p)o?
=(1-p)A+p)e? = (1-p))?,

which establishes (5.52), and concludes the proof. O

Proof of Proposition 5.13. We aim at characterizing
. 2
E|[ML(H] = {(xj(t) —E [x(t)[wf (1)) ] .
Let N ]l (t) denote the (probabilistic) event that no information about the

value of agent j lies in w!*' (t) (i.e.,, the event that (xj(s),j,5) ¢ w¢ (t) for
all s < t), and let N]?(t) denote its complementary event. By definition,
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T (t) is well-defined only in the event N]? (t), so that there holds

j—i
E [ M7i(0] =P[Nj0] B [M;;xt)w;'(t)}
/ ]—” ]—)z( IT —>i(t) = 5} ds, (5.53)

where we remind fjt' (s) is the pseudo-PDF of T ; 7.(t) as defined in (5.17).
We analyze both terms of the above sum separately below.

In the event N ;( t):  Lemma 5.7 guarantees that in the absence of informa-
tion about an agent’s value, then the best possible estimate is the mean of

the distribution that defines it. Hence E [x]-(t) lwh (HN N]’(t)} = 0 holds,
and it follows that

E [M;;i(t)yN}(t)} —E {(xj(t) - 0)2} =02, (5.54)

In the event N]’f(t): The value of x;(t) given the information in wlt (1) is

H*
x.(t>_{xf( T(1) wp.e VTR
(1) =

X otherwise

where

* X s the (unknown) current random value of agent j if it was replaced,

independent of x; ( Tfil( )) but following the same distribution;

A TR (1) - .
o ¢ M50 is the probability that no replacement of agent j occurred

since time  — 1}7'1)1( ) given w!t" (t), obtained from Lemma 5.6.

We can then apply Lemma 5.24, and in particular (5.52), to obtain
* i —20,T;
E {Mﬁi(t)w}(t)} = (1 - Pt )> o (5.55)

Moreover, from the definition of T7%(t), we have

]—)l

/ f()ds =P [T () < 1] =P [Ni(n] =1-P [Ni()] . (556)

| 141



5.B

5 | Performance limitations for average consensus in OMAS
Back to (5.53): Injecting (5.54) to (5.56) into (5.53) finally yields
. t
E M (0] =P [Ni(n] * + /0 F465) (1= 7% s
. . t
= (]P [N;(t)] +1-P [N;(t)} - /0 f;j,l.(s)e-%Sds> o2

t
= <1 —/0 f].tf)i(s)em’sds> o?,

which concludes the proof. O

Proof of Proposition 5.17 (Ping’ model)

We remind the statement of Proposition 5.17 reads

With the Ping' model, the random variable T;f;ng, (t) admits the following
pseudo-PDF for any i # j:

f't,Ping’(S> _ /\pef()\er/\r)S. (5.57)

j—i

Proof. Let Tgep, (t) and Tping, (f) respectively denote the elapsed time since

the last replacement of agent i and the last time agent i performed a Ping
update. Then, by definition of the Ping’ model, T]ﬂl’:ﬂg (t) = Tping (t) if
Tping, (t) < Trep,(t) (i.e., if the last Ping update of agent i is more recent
than its last replacement), and is not defined otherwise. Hence, we have

j—i j—i

FIPng’(5) = p [T?f"“‘g' (t) < s}
= [Tpmg,-(f) < 5| Tping, (f) < TRep]-(t):| P |:TPing]-(t) < TRep,-(t)} :

Since Ping updates and replacements are characterized by Poisson pro-
cesses of respective rates A, and A,, we have P [Tpingi(t) < TRepi(t)} =

Ap . . .
pmvt Moreover, using the properties of Poisson processes, there holds

1 if Trep, (1) < s

—Aps

otherwise

P [TPingi(t) < S|TPing,v(t) < TRepi(t)} = {e
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Hence, since P [TRepi(t) < s} =1—e M, wehave

P {TPingi(f) < 5| Tping, (t) < TRepi(f)} =1—e M e (1 — 67)‘”5) ,

and it follows that

- A
t,Ping _ p _ = (AptAy)s
F]Hl (s) oy (1 e\ ) .

The conclusion finally comes from f {Ping’ (s) = c(lis F;iing (s). O

Proof of Proposition 5.20 (Gossip model)

We now prove Proposition 5.20, which characterizes the pseudo-PDF cor-
responding to the Gossip interaction model as:

]‘];G;)SSIP(S) w' Aeey, (5.58)
where w € R" with wy, = ﬁ—l and A € R"*" is a tridiagonal matrix with

17
[Alkk =~ (k(:f P Ae+ (k—1)A ) [Alki1 = kAr and [Alg;1p = S50

Proof. By definition, THG(MP( t) < s corresponds to the existence of some

information of the type (x,, T) in wGOSSIP (t), with T € [t — s, t], so that

Ja Gosmp(s) P [THGO»IP () < S}

i j—i
=P [HT €lt—st]:(x(1),j,7) € wiGOSSip(t)} .

Let us use 77(t,t') € IN to denote the number of agents having access to at
least one information about the value held by j more recent than t' in their
knowledge set at time f. This number is random for some stochastic event
sequence HGSIP. Because no distinction is made between the agents at
replacements and information exchanges, for any k € {1,...,n} we have

k—1
n—1

P [HT €[t—st]:(x(1),j,7) € wiGOSSip(t) ‘ ni(tt—s) = k} =

7
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so that there holds

G k-1
BT = L bttt =9 =4 (559)
k=1

Observe that 7;(,t — s) is a Markov jump process in the sense of Defini-
tion 2.15 (defined in Section 2.3.2). Namely, it remains constant between
events and is instantaneously modified at replacements and information
exchanges. More specifically, if (¢, t —s) = k, then

( )

* 7j(t,t —s) increases by one with rate A¢ through interactions;

* 7j(t,t —s) decreases by one with rate (k — 1) A, through replacements.
It thus evolves according to the birth-death process represented in Fig. 5.C.1
(see Example 2.21 for details about such processes).

B3 /3);7 1

Fig. 5.C.1 Birth-death process characterizing 17]'(1',1' —s): forj=1,...,n, we
have g = DA and 6; = (j — 1)A,.

Let 7t(s) € R" be the vector such that r(s) = IP [;(t,t —s) = k|
(where the dependence on t is omitted). Then, using standard properties
of Markov jump processes and of Birth-death processes, respectively given
in (2.21) and (2.31), we have

—r(s) = Am(s),
for the matrix A € R"*" defined above. It thus follows that
7t(s) = e (0) with (0) = ey.

Injecting that result into (5.59) then yields

tG0551p "k — _ T As
]az Z n— —w e
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with wy = % Finally, one finds that

ft,GOSSip( ) o d Ft,GOSSip(S) — wTAeAse]/

j—i " ds it

which concludes the proof. O

Proof of Corollary 5.22 (XYZ approximation)

We now prove Corollary 5.22, whose result reads for the Gossip model:

n—1

h{gg\f]E [M(t)] > "

(5 +10g (232) +ha) pi'o? + O (%) 02, (5.60)
for some known polynomial h, in O (n™1)
We first prove a few preliminary results that will allow us to build the

“on

proof. Note that for this proof, we use the notation “:" to refer to a whole
row or column of a matrix, e.g. for some matrix A, [A];. stands for the
whole i-th row of A and [A].; for the whole i-th column of A.

Let us first define the quantity

E:=1—-w AQ2A —A) ey, (5.61)
such that (5.43) is equivalent to 5 Eo?.
n

Lemma 5.25. Let § := nlj% and let C € R"*" and R € R™ " be two matrices

such that A%A = Cp + R. Moreover, let v € R" be such that vy, = k(}f%lk) The
expression (5.61) is equivalent to

E=1-w' (v - wp—l)T (p—1(21 —R) - C) e 662

Proof. Let us define A= A%A, then one has

E=1-w' AQ2I—A4) e

Moreover, by definition of A, there holds
A=Cp+R,
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where C and R are bidiagonal matrices defined as

[Clik = —[Clir1x = —(N —k) (1<k<N-1);
[Rlik = —[Rlg—1x = —(k—=1) (2<k<N).

Hence, one has
E=1-w' (Ch+R)(2I-Ci—R) ‘e
-1
—1-w' (C+Rp™Y) (121 -R)~C) e,

k(n—k)
n—1

Let v be the vector such that v, = , then there holds

(w' C)x = w" [Cl.x = 0k [Clkk + Vkr1[Clis 1
k-1 k k(n — k)

:n_l(—k(n—k))—f—m(k(n—k)): T~ %

Moreover, observe that

(W R)x =w' [R].x = v [Rxx + vk _1[Rlx_14

k—1 k—2 k—1
__7N—1(k_1)+7N—1<k_1)__7N—1 = wWy.

Injecting these two results in the previous one then yields

E=1-(w'Ct+w Rp™") (57121 - R) - c)_1 el

—1- (vT - prfl) (5*1(21 ~R) - c) ey,

which concludes the proof. O

The following proposition then shows that the second factor of (5.62)
can be expressed as a polynomial in p.

Proposition 5.26. Considering expression (5.62) from Lemma 5.25, there holds
~—1 -1 ~ ~—1 ~—2
(f'I-R)—C) =Xp+Y+25'+0(572), (5.63)

for some matrices X,Y,Z € R"™".
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Proof. Letusdefinen := p~!and M := (2] — R) — C, as well as the matrix

Then —[M~1];; = —ejTMei is the Schur complement of M in S;;. Hence,
from the properties of the Schur complement, there holds

det (51])
 det(M)

[M_l]j,i = det (e]TMei) =

Observe det(M) and det(S;j) can be written as polynomials such that

det(M) = n7p(17) with p(0) # 0; (5.64)
det(S;;) = n"pij(1) with p;;(0) #0 Vi, j. (5.65)

Hence, for some coefficients cg, ¢y, . . ., we have
(M5 = con® % 4 oyt Tt oot 9t 4,
and thus for some matrices X, Y and Z
M = Xyt~ 4 Yyt~ 8itt 4z 02
with 7;; := min; ; {g;; }.

Let Mj denote the k x k upper-left sub-matrix of M. By definition of M,
and from the properties of tridiagonal matrices, there holds

det(My) = [k(n — k) + (k+1)y] det(M;_1)
— (k=1)*(n — k+ 1)y det(My_2),

with det(My) = 1 and det(M_1) = 0. Hence, by induction, one shows that
fork <mn

det(My) = pr(n)

for some polynomial py such that p;(0) # 0. As a consequence, we have
det(M) = (1 +1)npu—1(n) — (n = 1)*ypu—2(n) = np(y),
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for some polynomial p such that p(0) # 0, and it follows that the exponent
of 77 in (5.64) is g = 1. Moreover, it appears from the structure of M that the
determinant of any cofactor of M is a polynomial of #, and for all i, j, one
thus has gij > 0. Hence,

M1=Xp 14y +2Zy+...
=Xp+Y+Zp '+ 0,

which concludes the proof. O

Starting from the previous proposition, we investigate the structure of
the matrices X, Y and Z in the following proposition, which is the last
intermediate result of the proof of Corollary 5.22.

Proposition 5.27. Expression (5.61) reduces to

E= nﬁjl lniz (k(nn— k)) + ?;\rfl:ll

k=2

+0 (p*z) . (5.66)

Proof. Let us assume that g¢ ~ 0 for all k < —2. Then, reminding that

('e1-R)-C) " =xp+v+2p7+0 (57?)
from Proposition 5.26 for some matrices X, Y and Z, we have
1= (Xp+Y+2p7") (521 - R)—C)
(o0~ (ve ).

This yields six equations that X, Y and Z must satisfy for the expression
above to hold, allowing their identification. For concision matters, we do
not detail the whole algebra in what follows.

(i) €X = 0and XC = 0: the identification yields

X =wenl" (5.67)

for some « € R.
(ii) (2I — R)X — I = CY: the identification yields « = }, so that

X =lent'. (5.68)
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Moreover, it gives

- nijle fork<n—1
Y], = 00 (5.69)
= 1)11 g, fork=n-—1.

(iii) (2I — R)X — I = YC: the identification shows that for some € R:

k—1
1
Y]k =B+ ]; =) (5.70)
(iv) (2I — R)Y — CZ = 0: the identification yields p = —1 — 27;11 j(n{j),
that
so tha 1 o .
[Y]n,k = 37 ]:k ](1’1 _]) (571)
Moreover, for 1 < k < n — 1, the identification gives
1 k
(Z]k. = K=k k[Y]kr1, — Z{[Y]j,: . (5.72)
]:

(v) Y(2I — R) — ZC = 0: the identification yields the first column of the
matrix Z, which we will see later is sufficient to entirely characterize
the wanted expression:

k
k(nlfk) E(k+1)(£ k—1) ZZ] 1]”1 ])>, k<n-—2

B —2)(n41)
[Z]k,l = z(nl_z) (nz(n) ”1 _ZZ] 1 j(n—j ) k=mn-
_ 1 (nt1l =N -
(0D Gy) k=N 1(573)

We can now compute E. Using Proposition 5.26, (5.62) reduces to
E=1- vTXelﬁ - vTYel — UTZelﬁfl + wTXel + wTYelﬁ*l
+0(p72).

We can then identify each term of the sum above using the identified ma-
trices X, Y and Z from (5.67) to (5.73). Once more, for the sake of concision
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we do not detail the algebra of what follows:

v'Xe; =v'[X].; = Jo,=0;

7

v' Ye; =0'[Y].; =3/2;
o7 — 1 (= k 33n-1
_ _ + -1 .
Zey=v' Z = (k(nnfk)) —31 |
w'Xe; =w' [X].1 =1/2;

n n—1
T _ k— _ 1 1 1
Yo, =w' 2 1K1 =~ <2+Zk>'
k=1 k=1

Injecting these expressions into that of E from above finally gives

E=1-3+3-0p+ (wlver—o'Ze ) 51+ 0 (5?)

~—1 n—2 n—1
-2 (S () + 133 - 1-E 1) v (o)
k=2 k=1
~—1 n—2
= np_ 1 <k2 (k(nn—k)> +30 nll> +0 (ﬁ_z)
-1 n—2
= np_ 1 (Z (k(nn_k)) + 3,;1_11> +0 (ﬁ_z) ’
which concludes the proof. O

We can now finally give the proof of Corollary 5.22, which builds on
the preliminary results given above.

Proof of Corollary 5.22. We start from the result of Proposition 5.27, which
we bound from below. The composite trapezoid rule for integrating convex
functions allows writing

/;”2x<n—xdx<z( <k+1><3—k—1>)'

where the inequality is guaranteed by the convexity of the function ﬁ
Hence, it follows that

n—2 n=2 1 q 1
— >
kgfzk(n—k) —/2 =0 T 22y
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where the last term compensates those lacking from the trapezoid rule.
Moreover, one can compute the integral as follows, using partial fractions
decomposition

n—2 n—2 1
/ x—/ —d + ——dx
J2 n—x n(n—x)
n-2 2 n—2
—E[log(x)—log(n—x)}2 —nlog< 7 )

Injecting the above inequality into (5.66) from Proposition 5.27 then gives
0 3n—1 n — o
>
En—l(N—1+2( 2)+21°g< ))*O(p )

> b (Z”log (nf) * (n—nZ)—(:—l)) +0(p?).

The conclusion then follows from injecting this expression into (5.43). [
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6.1

Decentralized optimization

O far we only focused on consensus problems in OMAS: Thanks to

their rather basic nature, they allowed investigating quite in depths

some specific mechanisms related to OMAS in general. In this part,
we take some distance from consensus and consider the more advanced
problem of decentralized optimization. The more complex structure and na-
ture of the interactions related to these problems make their analysis even
more challenging in OMAS. In this chapter, we properly define some stan-
dard decentralized optimization problems and review corresponding re-
sults in closed systems. We also give insights on existing results related to
open systems, or to similar settings.

General definition

In decentralized optimization each agent i in the system holds an estimate
x; € R? and a local cost function fi: R? — R. Let x € R"™ denote
the vector concatenating all estimates x;; the objective of the agents is to
collaboratively minimize some function f(x), which depends on the local
costs f;, given some constraints. A common definition for f, which we will
use throughout this thesis, requires it to be separable and defined as the
sum of all local cost functions, leading to the following problem definition.
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Definition 6.1 (Decentralized optimization). Consider a multi-agent system
whose agent set is V), and where each agent i € V holds a local cost function
fi : RY — R. Let us define some set X C R"™, the decentralized optimization
problem consists in solving

min f(x) =) fi(x;) subject to xeX. (6.1)

d !
xeR" icy

Problems of this type typically appear in the context of machine learn-
ing [XKK20, Tia21, CNS17b], where a loss function must be minimized
with respect to some large dataset spread over several individual comput-
ing entities. It also appears in cooperative control [RTB04], and in more
general multi-vehicle systems [CYRC12], where agents aim at minimizing
some measure of the total deviation based on local interactions. Consen-
sus is sometimes formulated as a decentralized optimization problem as
well, e.g., for signal processing [CS12] or sensor networks [RNO4]. Simi-
lar problems can be found for topics related to social networks [BMG14]
and wireless networks in general [CNS17a]. More generally, decentral-
ized optimization can become crucial for optimization over large datasets
[CDAJW10], or using private information [YSVNVQ10].

Decentralized optimization problems have received a lot of attention in
the last decade, and have been declined in several variations. First-order
methods, which rely on exploiting the gradient of each local cost func-
tion, have been largely explored in particular, see e.g., [PN18, SBB"17], or
[XPNK20] for a survey. More complex techniques have also been consid-
ered, such as in [NOR18] which uses tools inspired from integral control.

Decentralized optimization in closed systems

The challenges and solutions related to problems of the type of Defini-
tion 6.1 strongly depend on the constraint x € X. Several definitions of
X can be found in the literature, depending on the nature of the applica-
tion that is considered. We present below two variations of Definition 6.1
corresponding to two different characterizations of X.
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6.2.1 Consensus constraint

One well-known particularization of decentralized optimization consists
in requiring the agents to reach consensus at the same time as minimiz-
ing a cost function (for instance in the context of decentralized estimation
[RNO4]). The corresponding optimization problem then reads

min f(x) = Z fi(xi) subject to xp=x; Vi#]. (6.2)

d b
xeR” ey

The problem above is sometimes introduced as a reformulation of

min £(x) = Y fi(x), (63)

xCRR4 i=1

where the agents each have their own copy of the common state x and
aim at agreeing on the minimizer of f. Methods for solving this problem
often consist in alternating optimization and consensus steps. One of the
simplest and most standard (first-order) methods of this type is the well-
known Decentralized Gradient Descent (DGD) algorithm [NO09], defined as
follows.

Decentralized Gradient Descent (DGD): The DGD algorithm consists in
successively performing a consensus step and a local gradient descent step.
For some sequence of nonnegative step sizes (77;)xen and some symmetric
doubly stochastic matrix W encapsulating the network topology, it can be
summarized as the following update rule for agent i at iteration k:

xi(k+1) = ;}[W]i,jxj(k) — 1V fi(xi (k). (6.4)
j€

The first term of the expression above corresponds to the consensus com-
ponent of the iteration, and the second one is a gradient descent step with
step size #;. The update rule (6.4) thus aims at achieving a trade-off be-
tween the consensus and the optimization processes. More generally, for
closed systems, one can show that by choosing an appropriate decreasing
sequence of step sizes (#x)renN, then one solves (6.2) exactly [SLWY14].
The DGD algorithm is one of the most basic algorithms in the context
of decentralized optimization, and has consequently received a lot of at-
tention from various angles of attack, see e.g., [TBA86]. It was typically
considered in several of the applications previously mentioned, and stud-
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ied for instance in [YLY13] in terms of convergence, or more recently in
[CH22], where the authors use it as a case study for an automated worst-
case performance analysis. As we will see later, it is also one of the few
algorithms for which open systems have been considered.

Budget constraint: resource allocation

Another variation of Definition 6.1, which is the focus of this part, is
the so-called Resource allocation problem, where a fixed amount of budget
must be distributed in an optimal way among a set of agents [IK88, Pat08].
This formulation yields the following optimization problem definition.
Definition 6.2 (Resource allocation). A Resource Allocation (RA) problem is
a decentralized optimization problem in the sense of Definition 6.1 subject to an
equality constraint on the weighted sum of the states of the agents with respect to
some budget b € R? and some positive weight distribution a € R (ie., with
a; > 0 for all i), which reads

min f(x) =) fi(x;) subject to Y aix; =b. (6.5)

xeRM icy icy

Problems of this type can be encountered in various fields of applica-
tion, including distributed computer systems [KS89], smart grids [DYC21],
power systems [YHL16], actuator networks [TAS]J13], games [LYH17], or
energy distribution [DGCH12]. Consequently, several variations of the
formulation above can be found for this problem depending on the con-
sidered application. For instance, the budget b can sometimes be defined
by the agents in the system, i.e., b = }_;cy d; for some quantities d;, such as
in [YHL16, TASJ13].

Most of the strategies for solving the resource allocation problem are
gradient-based, such as in [XB06], where a weighted version of the gra-
dient descent is proposed to maintain the constraint valid. Nevertheless,
as for many decentralized optimization problems, the computation of the
whole gradient at each iteration requires significant computational capa-
bilities. Hence, alternatives relying only on local interactions have been
proposed, such as the Coordinate Descent introduced in [Nes12] where each
optimization step is performed only along one direction. In the context
of multi-agent systems, this amounts to performing the optimization step
over one pair of connected agents, and thus only requires the computation
of two local gradients per iteration.
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In such solution, the choice of the sequence of pairs of agents is crucial
for the algorithm to correctly perform. While deterministic versions of this
choice can be found in the literature, it is well-known that randomization
typically yields convergence guarantees. Hence, the Random Coordinate
Descent (RCD) algorithm was proposed in [Nec13] where this sequence is
chosen randomly, and which is defined as follows.

Random Coordinate Descent (RCD): The RCD algorithm consists in
randomly choosing two connected agents i,j € V to follow each other’s
gradient in such way that the constraint is preserved. For some nonnega-
tive step size h > 0, this can be summarized as the following iteration rule,
where i,j € V are the interacting agents, and with xZ =uxyforl #1i,j:

aj

x;r =X; — hm (a]Vfl(xl) - ﬂlVf](x])) ; (66)
X =3~ o (Vi) — 4V fi(x) 67)

! ]

The iteration rule (6.6)-(6.7) essentially amounts for agents i and j to per-
form a gradient step over the function f;(x;) + f;(x;) under the constraint
that a;x; + ajx; does not change. Since the other agents keep their esti-
mate constant, this rule ensures the preservation of the constraint during
the entire process: It must thus be satisfied at its initialization for the DGD
algorithm to converge to the solution of (6.5). This also means that there
is no need for the step size h to decay over the iterations here, by contrast
with the DGD algorithm previously introduced where a consensus process
was coupled with the optimization one, which thus required a decreasing
importance. In the specific case where the agents are homogeneous, i.e.,
if a = 1, then (6.6) reduces to x; = x; — % (Vfi(x;) — Vf;(x))), which
exactly amounts to following both gradients with equal importance.

Remark 6.1. The update rule (6.6)-(6.7) can be formally obtained under the as-
sumption that the local cost functions are B-smooth by computing

)= e () D) -2

Solving (6.8) then yields the iteration x; = x; + v; and x;r = x; + vj that mini-
mizes an upper bound on f;(x;) + f;(x;) under the assumption that the constraint

2
(6.8)
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does not change, consistently with the interpretation given above. We refer to
[Nec13] for details about this. Moreover, following the approach used in [Nec13],
one can show by solving (6.8) that the optimal step size h for the iteration rule
with respect to the function value is given by h* = %

The RCD algorithm allows reducing the computational complexity by
using only pairwise interactions. Moreover, [Nec13] shows that randomly
choosing the pair of interacting agents guarantees convergence in terms of
the function value for smooth cost functions, as illustrated in Fig. 6.2.1. In
particular, let f* be the solution of (6.5), then [Nec13, Theorem 4.1] shows
that the RCD algorithm applied with h = ﬁ yields

E[f(x)] = f* < C4(f(x0) — ), (6.9)

where C < 1is a constant parameter which depends on the properties of
the network, of the local cost functions, and on the probability distribution
related to the selection of the interacting edge during an RCD step.

Estimates - m(h)

*

0 5 10 15 20 25
Iterations

Function value
10 T T T

f(z(t))

............. min, f(z) s.t. 17z =0

0 I I 1 |
0 5 10 15 20 25

Iterations

Fig. 6.2.1 Realization of the RCD algorithm in a fully connected system of 4
agents holding 1-dimensional cost functions with b = 0. Each color in the top
plot corresponds to the estimate held by an agent (plain line) and the minimizer it
converges to (dotted line). The bottom plot shows the function value.
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The RCD algorithm is thus a simple and efficient algorithm solving the
resource allocation problem and its variations. Several extensions of it can
be found in the literature, such as in [RT14] which studies block coordinate
descent strategies, namely where several pairs are considered at once.

Decentralized optimization in open systems

Decentralized optimization has been considered in settings subject to time-
varying topologies, i.e., where the connections between the agents change
over time [SL19, NO13]. Similarly, harsh network models characterized by
asynchronous updates with directed communications subject to message
delays or losses are considered in [OPS18]: Network-independent results
are then derived, and could be applied to time-varying topologies.

However, if these analyses allow for connections between agents to
evolve with time, they do not consider the possibility for the agents them-
selves to change during the process. Yet, as previously discussed, the
study of decentralized optimization in open systems as we define them
in this thesis, i.e., by considering actual arrivals and departures of agents
and aiming at understanding their impact on the system, is becoming cru-
cial regarding several applications nowadays. This is typically the case
for federated learning where clients come and go to collaboratively train a
model, or can undergo variations in their availability, especially with the
ever growing size of such systems [[TW22]. It similarly follows the emer-
gence of elastic algorithms for large scale machine learning models, where
servers involved in the computations may fail, join or leave [MSWS13].

The possibility for agents to actually join and leave the system in the
context of decentralized optimization has started receiving attention very
recently. In [HR20] the authors study the stability of the DGD algorithm
adapted for systems subject to replacements of agents (and thus of some of
the cost functions and estimates), yielding

xt=p Y Wixi —nVfi(xi), (6.10)
jev

where p and 7 are the parameters defining the trade-off between optimiza-
tion in consensus. Observe that in that case no decreasing sequence for
the step size 7 is considered for the optimization steps: As replacements
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permanently perturb the system, convergence can never be achieved and
reducing the effect of the optimization process would ultimately result in
aiming at achieving a consensus process in open system. Arrivals and de-
partures were also considered in [HIMM21], but they were modelled as the
activation and deactivation of some of the nodes at each time instant. Fi-
nally, [DRFL21] proposes self-healing first-order methods, robust to arrivals
and departures of agents using tools inspired from control theory. As far as
we know, no similar research was conducted for resource allocation prob-
lems in open systems, which typically relate to machine learning activities
[MMRB20], or to energy distribution problems where a fixed amount of
energy must be supplied by devices who might suffer failures or change
their operating points due to the environmental conditions. Chapter 7 is
thus dedicated to an analysis of the RCD algorithm for solving resource
allocation problems in systems subject to replacements of agents. These re-
sults are presented in a conference paper [MVH " 21] whose extension as a
journal paper is currently under review [MVH " 22], following an approach
similar to that used in [HR20].

Online optimization

Another interesting line of work related to optimization in open systems
is the so-called online optimization [Haz16, Bub11]. This framework was
first defined in the context of machine learning [Haz06, SS12], and relies
on tools borrowed from game theory (in particular the metric). It deals
with optimization processes in complex environments which cannot be ef-
ficiently modelled, encouraging the use of algorithms learning and adapt-
ing as the problem is observed.

More specifically, in online optimization, an online player iteratively
makes decisions while the outcomes of these choices are unknown. After
each decision, the player suffers an unknown loss, which can be adversar-
ial or depend on the decision of the player. It can thus be seen as a struc-
tured repeated game where the player aims at minimizing a time-varying
convex function f! by making decisions x; without knowing f* over a finite
number T of iterations of the game. Observe that the function and decision
set must satisfy some conditions, typically in terms of boundedness, in or-
der for the game to be make sense (i.e., to be “fair").

Following the game-theoretic inspiration of online optimization, an ap-
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propriate metric for analyzing algorithms in that setting is found in game
theory: The (static) regret is defined as the difference between the total cost
paid by the player and that one would get by choosing the best possible
fixed decision in hindsight, that is, by knowing the functions f. Typically,
for a sequence of estimates {x'} t—1, - the static regret after T iterations is
given by

T T
Regi:= Y f'(x') —min ) f'(x). (6.11)
=1 *eX i3

This definition is directly adapted from game theory, typically in the con-
text of stochastic games which involve a repeated game with probabilis-
tic transitions, and where performance is usually measured with respect
to the difference between the total payoff of the player and the optimal
cost that could have been paid given the knowledge of the game after-
wards. For an algorithm generating the sequence x’, the static regret cor-
responds to the accumulated error it achieves with respect to some fixed
estimate x* := min,cx Y.I_; f!(x) over a finite horizon T. Such algorithm
performs well if its regret grows sublinearly with T, i.e., Regy = o(T) so

S

that lim7_, ReTgT = 0, which implies that on average the algorithm ends
up performing as well as the best fixed estimate x* [Haz16].

E[Regy] E[Reg7|/T

35 ‘ 8 ‘

30 7

25 6

20 5
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T T

Fig. 6.4.1 Evolution of the static regret (left) and the averaged static regret
(right) with T achieved by the online gradient descent over T = 20 iterations under
the constraint that x € B((,0),1) with x € R% and f*(x) = Y2, fH(x;), where the
f} are random quadratic functions satisfying some conditions. The simulation is
averaged over 500 realizations.

As an illustration, we show in Fig. 6.4.1 the evolution of the regret for
the online gradient descent detailed in [Haz16, Section 3.1, Algorithm 6]
in a specific setting where the constraint is given by x € B(0,1). The fig-
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ure indeed highlights the expected sublinear growth of the static regret,
resulting in the decaying averaged regret over T.

Ideas from online optimization were used e.g., in [MHP21] in the con-
text of federated learning, or in [HMK"21] where the regret is put in per-
spective with the notion of dynamic coverage. In [S]16], the mirror descent
algorithm is analyzed under the scope of online optimization. The authors
of [S]16] actually study an alternative to the usual static regret called dy-
namic regret, denoted Reg‘%, which evaluates the accumulated error with
respect to an optimal trajectory rather than an optimal fixed estimate:

T
Regf := ) (ft(xt) - minft(x)> . (6.12)
= xeX

The dynamic regret (6.12) thus differs from the static one (6.11) in the
definition of the estimate with which that of the algorithm we consider is
compared. In both cases it is defined in hindsight, with the knowledge of
the function f!, yet whereas the former is fixed over T, the latter is time-
varying, and thus corresponds to the instantaneous optimal estimate for
f!. By definition, the static regret (6.11) is thus more restrictive than the
dynamic one (6.12). Hence, one has Reg? < Reg”%, and results obtained on
the dynamic regret are therefore stronger. This is illustrated in Fig. 6.4.2,
where we compare the static and dynamic regrets in the same setting as for
Fig. 6.4.1. Observe that in that case the sublinear growth is not achieved
for the dynamic regret: This follows its definition, which leaves less room
for the algorithm to improve it throughout iterations.

E[Regy] E[Regr]/T
150 : — : 8 — : :
— — E[Regf] s
100 P 4 6
7 5
’
50 7 - 4
7 3
‘//_/-
2
0 ‘ ‘ ‘
0 5 10 15 20 0
T

Fig. 6.4.2 Comparison of the static (plain blue) and dynamic (dashed red) re-
grets for the same setting as in Fig. 6.4.1 with respect to T.
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The regret (static or dynamic) is a rather natural way to measure the
performance of an algorithm in an ever-changing environment, as asymp-
totic convergence cannot be achieved anyway. Its analysis typically differs
from e.g., [HR20], where the focus is on instantaneous performance rather
than accumulated errors. More generally, the tools used in online optimiza-
tion can be exploited and adapted for analyzing optimization problems in
open systems, in particular regarding the way it handles time-varying ob-
jective functions. In Chapter 8, we use performance metrics related to those
used in online optimization to analyze algorithms solving the resource al-
location problem with time-varying budget in open systems, and in partic-
ular the RCD algorithm. These results appear in [VMH"22].

Online optimization is thus an interesting perspective when it comes to
analyzing optimization in open systems, as both aim at dealing with the
minimization of a time-varying function, i.e., minycx f!(x). Nevertheless,
two important aspect should be taken into account regarding online opti-
mization, which make it differ from optimization in open settings: (i) only
disruptions in terms of the objective function are considered, and not in
terms of the agents themselves; and (ii) very few assumptions are made
on the way the objective function can change between iterations (those
changes can actually be adversarial), whereas in open systems the changes
are characterized by the arrivals and departures of agents, and are thus
more structured and “stable”. In that sense, online optimization provides
interesting tools, but is not sufficient alone to handle all the challenges in-
herently arising from open settings.
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Random Coordinate Descent
in OMAS

The results of this chapter were obtained in collaboration with Renato
Vizuete; They were submitted to IEEE Transactions on Automatic Con-
trol (TAC) [MVH"22]; Moreover a preliminary version was presented at
the IEEE Conference on Decision and Control (CDC) 2021 [MVH*21],
which will receive the 2022 Outstanding Student Paper Prize awarded by
the Networks and Communication Systems TC during CDC2022.

OR the same reasons as for consensus, decentralized optimization al-
gorithms are poised to never converge in open systems to the (time-
varying) optimal solution of the corresponding problem. Instead,
the analysis of algorithms in that setting typically aims at showing sta-
bility results, such as in [HR20], or the convergence of the error towards
some steady-state. In fact, the derivation of such results requires the intro-
duction of assumptions on the cost functions held by the agents in order
to condition the impact of replacements on the error. These results then al-
low characterizing the trade-off between the performance and robustness
of algorithms.
In this chapter we focus on the Resource Allocation problem (RA) in
OMAS, where we restrict to fixed-size systems with strongly convex and
smooth functions whose local minimizer is located in a given ball. We ana-
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lyze the convergence of the Random Coordinate Descent algorithm in that
setting, and show that the expected distance between the estimate and the
minimizer reaches some steady-state in expectation. From this we charac-
terize the trade-off between convergence speed for the error and robust-
ness, based on the parameters defining the problem.

We first formulate the problem in Section 7.1, where we properly de-
scribe the system and its evolution through replacements and with the
RCD algorithm. This section also introduce the assumptions that will be
necessary to derive our results. In particular, they require the replace-
ment and optimization processes to be independent, allowing the decou-
pled analysis of their respective effects on the error. On the one hand, we
study the impact of a single replacement on the location on the minimizer,
and consequently on the error in Section 7.2. On the other hand, we char-
acterize the linear convergence of each RCD step in Section 7.3. This will
require the introduction of an alternative norm that depends on the prop-
erties of the underlying network of the system. From these components,
we can then obtain stability conditions and characterize the evolution of
the error in expectation in Section 7.4.

Problem formulation: open RA with fixed budget

The resource allocation problem was introduced in Definition 6.2. It con-
sists in minimizing a cost function f separable into local costs f; : RY — R
held by the agents, while guaranteeing a budget constraint on the states
x; for some budget b € R and some nonnegative weight distribution
a € R, It is formulated as follows:

min f(x) = Zfi(xi) subject to Z a;x; = b. (7.1)

xeR™ =Y ey

This means that each agent aims at minimizing its cost while meeting the
budget constraint, thus requiring some collaboration between them.

In open systems, the agents constituting the system, and hence the lo-
cal cost functions composing f, change with time. As a consequence, the
solution of (7.1) is a time-varying vector denoted x*(t) € R", which the
agents aim at tracking. In the context of distributed energy resources, such
changes of the local cost functions can be assimilated to the instantaneous
failures experienced by the devices supplying energy, or to the variation in
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their operating point because of e.g., environmental conditions. Our goal
is to analyze the behavior of the RCD algorithm defined in Section 6.2 for
solving (7.1) in systems of fixed size, and whose convergence is prevented
by replacements of agents. This is illustrated in Fig. 7.1.1, which shows that
agents efficiently track the optimal values with the RCD, but are hindered
by replacements.

Estimates z;(t) and x;(¢)

15 T T T

I I
——— Estimate x;(t)
------------- Optimal solution z}(t)

0.5 N LT
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1 | | | | | | | | |
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Iterations
Error ||z(t) — z*(t)||?
25 T T T T T
Error
2r Replacements | |
15F & -
s il
05l /\-_\ i
0 | N—— | 3 ‘ 7 ! !
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Fig. 7.1.1 Realization of the RCD algorithm for solving (7.1) in a system of 5
agents subject to replacements (once every 20 RCD steps on average) as described
in Section 7.1: Each color of the top plot represents the estimate held by a given
agent (plain line) and the optimal solution it tracks (dotted line); the bottom plot
shows the evolution of the distance between the estimates and the minimizer,
where each purple star highlights a replacement.

Methods such as the RCD algorithm build on pairwise interactions,
which are conditioned by the topology of the underlying network of the
system. This feature actually plays an important role in the present anal-
ysis. Typically, sparse and dense graphs have drastically different perfor-
mance [CLRS09]. Moreover, specific graph topologies tend to naturally
arise in the design of real systems, such as ring or star topologies which
are common in many Ethernet systems [WA11] or some networks whose
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design is based on expander graphs [HLWO06]. Furthermore, problems of
the type of (7.1) are often considered with the assumption that the agents
are homogeneous (i.e., that the constraint vector is a = 1,). This conve-
nient property where each agent has the same importance is however not
always true, for instance for energy supply problems where priority can be
given e.g., to renewable energy sources [BML13].

The features described above will have a significant impact on both the
definition of the RCD algorithm and on the way we obtain our results.
Hence, in the remainder of this section, we properly define the properties
of the problem and of the system, as well as the assumptions that will be
needed to derive our results.

Resource allocation problem

We consider the resource allocation problem defined in (7.1), where a bud-
get b € RY must be distributed among 7 agents in an optimal way with
respect to a separable cost function f and according to a positive weight
distribution a € RY, (i.e.,, with a; > 0 for all i). For the sake of simplic-
ity, we first describe the problem in closed system, and later extend this
formulation to open systems of fixed size.

First observe that the constraint Y/ ; a;x; = b from (7.1) can equiv-
alently be written as (a' ® I;) x = b, where the symbol ® denotes the
Kronecker product. Then the feasible set of (7.1) is defined as

Sap = {x cR™ - (aT ® Id) x= b}. (72)

We make the following standard assumption on the local cost functions.
Assumption 7.1. Each local cost function f; is continuously differentiable and

e w-strongly convex, i.e., for all x,y € RY:
fW) 2 i@+ VA g -0 +5 vy @3
e B-smooth, i.c., for all x,y € R%:
IVfilx) = Vi)l < Bllx -yl (74)

More generally, the set of d-dimensional functions f; : R? — R satisfying these
conditions is denoted F I‘X’I,ﬁ.
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Assumption 7.1 actually provides an upper and a lower bound on the
curvature of any function f € F ﬁ’ as illustrated in Fig. 7.1.2. In particular,

for f twice differentiable, then f € F g, 8 if and only if for all x € R4

aly; < V2f(x) < Bl (7.5)
We also define the value
K= g, (7.6)

called condition number of any function f € F¢
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Fig. 7.1.2 Function f € .7:;,/3, with « = 3 and p = 12: At any point (in purple),
the curvature of f is bounded by two parabolas of respective curvatures & and f.

We already give the following proposition which shows that under As-
sumption 7.1, then the total cost function in (7.1) satisfies f € F /5

Proposition 7.2. If f;,..., fy € ]—"d holds in (7.1), then f € F”d
Proof. Since the function f is separable, we have for all x,y € R":
n
IVF) = VFWI® = LIV Silxi) = Vilw) I
i=1
2y 2 _ p2 2
<B Y llxi -yl =B lx -yl
i=1
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which establishes the B-smoothness of f. Similarly, for all x,y € R™:

n

fx)—fly) = (Vf(x),y—x) =Y (filxi) — fily;) = (Vfi(xi), y; — x:))

i=1

n
o 2 18 2
> — Ny, — x;||” = = —
_12:1,2 ly; = xill” = 5 lly — [,

which establishes the a-strong convexity of f, and concludes the proof. [

It follows from Proposition 7.2 (and thus from Assumption 7.1) that the
solution of (7.1), denoted x*, is unique. Therefore, for some A* € RY, a
necessary and sufficient condition for the optimality of x* is the following:

Vi(x*) = (aT ® Id)T A =a®A" (7.7)

Remark 7.1. For the specific case of one-dimensional local cost functions, i.e.,
where f; : R — R for all i, then b € R, and the feasible set can be more simply
written as S, p := {x € R" : (a,x) = b}. Similarly, the optimality condition
(7.7) can also be written as V f (x*) = aA*, for some A* € R.

System description

In addjition to problem (7.1), we define an undirected and connected graph
G = (V, &), where the set of nodes V = {1,...,n} corresponds to the
agents, and where the set of edges is £ C V x V. Each agenti € V has
access to a local cost function f; : R? — R and to a local variable x; € RY.
We assume the evolution of the system is event-based in the sense of
Section 2.4, meaning that its evolution is characterized by instantaneous
modifications triggered by events, and remains unchanged in between. In
particular, the system is subject to two types of events, described below.

1. A , denoted //, consists in the selection of (i,j) € &
with some fixed probability p;; (such that } ; yce pij = 1), resulting
ini and j exchanging information in an undirected manner to update
their respective estimates x; and x;. The specific pairwise update be-
tween agents i and j is denoted [/, ;, and there holds U = U; jjce Ui ;.

2. A replacement of agent i, denoted R;, consists in agent i leaving the
system and being immediately replaced by a new joining agent hold-
ing a new local cost function f/, resulting in a change of the global
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minimizer x*. The joining agent retrieves the label i and estimate x;
of the leaving agent, so that the constraint in (7.1) remains valid.

The description of replacements above actually corresponds to the attribu-
tion of a new local cost function f to the replaced agent, whereas it keeps
its label and estimate unchanged. In the context of energy distribution, this
choice actually corresponds to the possible instantaneous variations of cost
functions that energy sources can suffer from, due to e.g., environmental
conditions, even though the amount of energy they produce remains the
same. The system described above is illustrated in Fig. 7.1.3.

-3 7" Re

_Label
N Estimate

Fig. 7.1.3 Representation of the OMAS considered in this chapter, subject to

(in orange) and to replacements R; (in purple), where the
joining agent receives a new local cost function f/, and inherits the label i and the
estimate x; of the leaving agent.

Discretization of the time and reformulation

Based on the system description above, one can define the event set of the
system containing all the events that can take place in the system as

E:=UUR, (7.8)

where R = [J;cy R, is the event that any agent gets replaced. We assume
that two distinct events never happen simultaneously. Hence, following
the event-based evolution of the system, we consider a discrete evolution
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of the time introduced in Section 2.4, such that each time step k corresponds
to the time-instant f; at which an event { € E takes place. This allows
defining the history of the process up to iteration k as

HE = {(t, &), (b )} (7.9)

where ¢; € E foralli = 1,...,k. Moreover, we consider the following
assumption, which guarantees that replacements and pairwise updates are
independent processes.

Assumption 7.3. The events &; constituting the history of the process H* are
independent of each other, and of any information in the system prior to time t;,
such as the estimates or cost functions held by the agents.

Assumption 7.3 thus guarantees that the events occurring in the system
are completely independent of its history and of each other. As a conse-
quence, for any time step k, the event Gy is

* a pairwise update (i.e., {; € U) with fixed probability py;
¢ areplacement (i.e., {; € R) with fixed probability pr =1 — py.

Using the discrete-time evolution of the system described above, and
using fl-k to denote the local cost function held by agent i at iteration k, one
can then reformulate (7.1) as

min f*(x) = ifik(xi). (7.10)

xeSa,b i—1

The solution of (7.10) thus potentially differs from an iteration to another,
and we denote the instantaneous solution of (7.10) at time step k by

*k .= argmin f*(x). (7.11)

xGSa,b

X

We finally introduce the following assumption, which particularizes
Assumption 7.1 following the approach used in [HR20]. It imposes a cer-
tain level of uniformity among the local cost functions fl.k held by the agents
at any time step k: This prevents arbitrary changes of those functions dur-
ing replacements, which otherwise could induce arbitrarily large varia-
tions in the instantaneous solution x*K of (7.11).
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Assumption 7.4. For all i € V, the local cost function flk held by agent i at

any time step k satisfies f¥ € Fg,ﬁ. Moreover, its minimizer denoted X :=

arg min, _pq flk(x) (where we omit the dependency to k) satisfies

x; € B(0y¢) (7.12)
for some ¢ > 0. Moreover, without loss of generality, we assume that

fi(x) =0 (7.13)

More generally, we use to F¢ g to denote the set of all functions satisfying the
conditions listed above.

The objective of the agents is therefore to track x*¥ from (7.11), and our
goal is to characterize the evolution of the distance between the estimates
of the agents x* and x**. One possible choice to measure that is distance is

eg.,
appropriate when considering general graph topologies for the system).

2
xk — xk ’ (however we will see later that this specific metric is not

Random Coordinate Descent (RCD) algorithm

In order to compute the solution of (7.10), we consider that when they
perform pairwise updates, the agents implement the RCD algorithm de-
scribed in Section 6.2. Namely, when agents i and j interact at an event l{; ,
they perform a RCD iteration, resulting in the following update rule for
some nonnegative step size h > 0:

xt = x—hQIVf(x), (7.14)

where QY € R"*" js the matrix obtained from Q7 ® I;, with Q¥ € R"*"
the matrix filled with zeroes except for the entries:

2
— J. s B
[Qlf]i,i - alz +Ll2’ [Ql]]l,] - LZZ +ﬂ2-,
] ! ]
2
. {11‘11]‘ . . B as
[Ql]]j,i = —m/ [Ql]]j,]' - m'

We also introduce the matrices Ly and L, which will be used later as fol-
lows, and where we remind p;; is the probability that (i,j) € & are the
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interaction agents during a pairwise update:

L, = Z PijQij = Z PijQij QI =L, ® I, (7.15)
(ij)e€ (i,j)e€

Observe that by definition there holds
Lya=Q'a=0, (7.16)

meaning that 0 is an eigenvalue of both Q¥ (for all i, /) and Ly, with the
corresponding eigenvector a. We respectively denote by A, and A, the
second smallest and largest eigenvalues of L,. Using the fact that the graph
G is connected, one can show that A, > 0 (we refer to [Nec13, Lemma3.3]
for a detailed proof). Observe that L, encapsulates both the properties of
the network and the probabilities p;; to select an edge (i, j) € £ during an
event U, and hence so do A, and A, which both depend on these.

Remark 7.2. For homogeneous agents (i.e., a = 1) and uniformly distributed
probabilities pj;, one can show that L, = ﬁL, where we remind L is the Lapla-
cian matrix of the graph G as in Definition 2.3. Hence, we refer to the matrix Ly, as
the “scaled Laplacian” of the graph, since it enjoys similar properties, in particular

in terms of eigenvalues.

In the subsequent sections, we characterize the evolution in expecta-
tion of the distance between the sequence of estimate x* obtained using
the RCD algorithm during pairwise updates and the optimal solution x**.
From Assumption 7.3, we can perform this analysis by studying their re-
spective effects on the distance separately, thus allowing the characteriza-
tion of the evolution of the distance in expectation over a single time step.

Effect of replacements

We first study the effect of replacements on our performance metric. This
requires bounding the distance by which the minimizer x*¥ can change af-
ter a single replacement, which we remind amounts to the modification of
one local cost function f¥. Hence, we first provide the following prelimi-
nary lemmas that will allow deriving our result, and whose proofs are in
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Appendix 7.A: Lemma 7.5 studies the locatlon of the whole minimizer x*,

and Lemma 7.6 that of the minimizer x" ¥ held by a given agent i.

Lemma 7.5. Let x* := argminxesuhf(x) =Y.' 4 fi(x;), where all functions
fi € 13 . (in the sense of Assumption 7.4), then x* € B(0,4, Rp ) with
[b] )
Ry = /K <c +— (7.17)

" Vi ulla]
where ¢ was defined in Assumption 7.4.
Proof. The proof is given in Appendix 7.A.1. O
Lemma 7.6. Let x* := argminxesabf(x) = Y1y fi(x;), where all functions
fi € /3 . (in the sense of Assumption 7.4), then for A* defined in (7.7) there
holds P

1A% < TalP (]l +cllally); (7.18)

and therefore

7

“a ‘ (ol +cllall) +c. (7.19)

Proof. The proof is given in Appendix 7.A.2. O

We can now use these two lemmas to characterize the evolution of the
distance between the estimate x* and the minimizer x** upon a replace-
ment event. Without loss of generality, we assume that agent n is being

replaced, so that for the n + 1 functions fi,..., f,—1, fnz) € ]—" d w0 (in

the sense of Assumption 7.4) we can define x(1) and x(z) the minimizers
respectively before and after the replacement as

xD) := argmin (Zl | filx —l—fn (xn));

xGSub

x?) := argmin (27;11 fi(x) —|—f,§2> (xn)) . (7.20)

XESﬂ’h
Then we have the following result, proved in Appendix 7.B.

Proposition 7.7. Let ay and a_ respectively denote the largest and smallest val-
2

ues in a and let pg 1= , where we remind a is defined in (7.2), then for

lalP—a%
| 177



7.2.1

7 | Random Coordinate Descent in OMAS

xW) and x@ gs defined in (7.20) there holds:

2 _
Hx(l) - X(2> H < M%,K = min {wnﬂc/ Xnxs 971,;(} ’ (7.21)
with

c bl \?

P = 4nx <C +—+ ; (7.22)
e Vi Vnlall
2
a
Xnx =8 <||a+”21<(||b|| +cllall;) +C> ; (7.23)
(x+1)? a 2

9n,;<=4<1+ 1 pa) ( +2K(||b||+c|u||1)+c> . (7.24)

K all
Proof. The proof is given in Appendix 7.B. O

Interpretation and illustration

The bound M2, from Proposition 7.7 is obtained by taking the minimum
between three quantities: 1y, «, Xnx and 0, «. The first one is the largest pos-
sible distance existing between two minimizers, which follows from the re-
gion in which they can be located (defined by Lemma 7.5). The second and
third ones are based on the largest possible distance separating the local
minimizer of the replaced agent before and after its replacement (obtained
using Lemma 7.6). While the derivation of ¢, and X« rely on the use of
inequalities related to a-strongly convex functions, that of 8, x also involves
the use of additional properties corresponding to f-smooth functions and
the determination of the maximum value of a concave function. As a con-
sequence, 8, shows a strong dependency on the weights of the agents
through the coefficient p,, which is not present in the other two bounds.

2
Interestingly, the bounds X, x and 8, coincide when (Kz{l ) pa =1

We illustrate the result of Proposition 7.7 in Fig. 7.2.1. Let 4 = % Y ai

and a2 = % Y uiz respectively stand for the average value and average of
the squared values of a. One can more generally highlight the dependen-
cies of the three quantities with the parameters using standard algebraic
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<104 Homogeneous: x = 50 Heterogeneous: k = 2
51 5000
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Fig. 7.2.1 Bound obtained with Proposition 7.7 with respect to 1 for b = 1 and
¢ = 1, where we distinguish ¢, x, xnx and 0,,. The left plot corresponds to a
system with homogeneous agents (i.e., a = 1) for x = 50, and the right plot to a
system with heterogeneous agents (i.e., 41 = 10 and a; = 1 forall j > 1) for x = 2.

manipulations, yielding

2
Y < 4nx (20+ Hb“) = O(nx);

na

5 2

ag (bl 2.
Xn,K<8<az <na_ +2c |k —O(K ),

2 2 (o] ’ 2,
e < 4 (az (0 *2)> (z (% +2) ") =0 (" * n> '

Observe that 1, scales linearly in both n and «. By contrast, x, x and 0, «
both scale only in x with a higher order. This suggests that ¢, . is tighter
for small values of n and large values of x, whereas 6, x and x « are tighter
otherwise.

The main difference between ), x and 6, « lies in a multiplicative factor,
constant for the former, and depending of the parameters and the values

2
in a for the latter. Hence, xux < 84, only when (KZ} ) pa > 1, ie., for

large values of k¥ and small values of n. This is however significant only for
heterogeneous agents; In the homogeneous case under the same condition,
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2
which then becomes % > n — 1, it seems there always holds

1 1ol 2 K 2
Y = 4nx (C (1 + \f) + 8 ( Hb” + C(K + 1)) Xnx

This last inequality was however only empirically observed so far, and a
theoretical proof remains to be obtained.

Remark 7.3. The interpretation of the quantities Yy x, Xnx and Oy from Propo-
sition 7.7 actually strongly depends on the implicit assumption that ||b|| is fixed
and ||a||; scales with n (i.e., a is fixed). This particular modelling choice is arbi-
trary, and implies that the solution held by an agent x;k'k becomes smaller for large
values of n. Other choices might have different implications on the interpretation,
and in particular on the scaling of these quantities. For instance one could choose
to either fix ||b|| and | al|,, or that both ||b|| and ||a||; scale with n, so that the
x;"k remain mostly the same no matter n (observe that the latter yields the same
scalings than those presented above).

PEP analysis using the PESTO toolbox

The result of Proposition 7.7 can also be analyzed with respect to empir-
ical results obtained in the PEP framework (“Performance Estimation Prob-
lems"), and more specifically with the PESTO toolbox [THG17], which al-
lows the computation of exact empirical bounds for questions related to
convex functions. Using PESTO, we can obtain a numerical upper bound
for a generalization of Hx(l) —x@ H Details can be found in Appendix 7.C.

For the sake of simplicity, we only present here the PESTO results for
homogeneous agents, and compare them with the theoretical bounds of
Proposition 7.7. As a consequence, the latter do not involve x; «, which
happens to be more significant e.g., for heterogeneous agents. Similar con-
clusions could nevertheless be drawn the same way for such settings.

We can observe in Fig. 7.2.2 that even though there is some quantitative
gap between the theoretical result and that obtained using PESTO, the scal-
ing of the bounds with respect to n and « is well captured. In particular,
the top-right plot shows that M2, = 6, « when n becomes large, resulting
in the convergence of M%,K towards a constant, consistently with the re-
sult obtained with PESTO. In parallel, the bottom-left plot shows that the
bounds from PESTO end up scaling linearly with x as it gets large, consis-
tently with M, ., which becomes ¥,  in that case.
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PESTO Upper bound
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Fig. 7.2.2 Evolution of the upper bound on Hx(l) —x(? H2 for homogeneous
agents, respectively with respect to n for several values of x (top) and with re-
spect to x for several values of n (bottom). For each plot, the results of Proposi-
tion 7.7 (right, plain line) are compared with the empirical results obtained using
the PESTO toolbox (left, dashed line). The top-right plot also depicts in dotted line
the asymptotic value that 8, x should reach according to (7.24).
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Effect of RCD steps

We can now study the effect of the second type of event occurring in the
system, namely pairwise updates resulting in an RCD iteration. This actu-
ally amounts to analyze the convergence of the RCD algorithm in closed
system over one iteration.

The L;g—seminorm

Let us introduce the following standard definitions [ORO0O].

Definition 7.8 (Linear Convergence). Let {x} be a sequence of points con-
verging to some fixed point x* € R?. We say the convergence is linear if there
exists r € (0,1), called convergence rate, such that for all k

ka+1 e . (7.25)

ngxk—x*

Definition 7.9 (Exponential Convergence). Let {x*} be the sequence of points
converging to some fixed point x* € R?. We say the convergence is exponential
if there exists r € (0,1) and some positive constant C such that for all k

k

—x*|| < crt. (7.26)

|+

In optimization, exponential convergence is also known as R-linear con-
vergence. Linear convergence differs from exponential convergence (and is
actually stronger) in the sense that it is characterized over an individual it-
eration of the sequence rather than over its entirety [NW06]. In that sense,
it is more suited to our analysis, which requires the characterization of the
convergence over one iteration of the RCD algorithm.

In [Necl3], the authors prove linear convergence for the RCD algo-
rithm in closed system with respect to the function value, i.e., for the met-
ric f(x¥) — f(x*). Therefore, using the properties of strongly convex and
smooth functions [Nes18, Bub15], exponential convergence with respect
to the distance between the estimate and the minimizer can directly be
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proved starting from [Nec13, Theorem 4.1], resulting in

[l

M k
} <x (1 - ﬁ)”) g — x*]|, (7.27)

where %)\2 < 1is guaranteed in the proof of [Nec13, Theorem 4.1]. How-
ever, as explained above, this cannot be directly used in our analysis. Lin-
ear convergence for the metric above can be obtained for the Euclidean
norm under the assumption that the graph is complete with uniform prob-
abilities p;; and homogeneous agents, as established in [MVH"21]. Nev-
ertheless, this is not the case anymore without this assumption, as the fol-
lowing example shows.

Example 7.10. Consider a line graph with 3 agents holding one-dimensional local
cost functions f; : R — R, and satisfying the constraint (13,x) = —3. Consider
moreover that the probabilities p;; of activation of the different edges under an
update event are given by p1p = 0.9, pa3 = 0.1 (and hence p13 = 0). Finally, let
the local cost functions and estimates at iteration k be given by

I fi(xi) N
1]50(x;—2)%] 2 | 10
21 20(x+2)2 | 2| 7
3] (x3+3)?2 | -3]-20

Then, starting from x*, the expected result of an iteration of the RCD algorithm
with step sizeh = 1/p = 0.01 is

2
E [ka“ e , (7.28)

2
] — 437.204 > 434 — ka e

meaning that linear convergence cannot be achieved in that case.

For this reason, we consider a different norm to study the convergence
of the RCD algorithm, which allows achieving linear convergence. Since
the RCD algorithm is performed along a specific interaction network, a
natural choice is to consider a norm induced by matrices related to that
network, as in [WZGO21]. We thus consider the following seminorm.

Definition 7.11 (L;—seminorm). Let L;f, be the Moore-penrose pseudoinverse
(from Definition 2.7) of the matrix L), defined in (7.15). The L;f,-seminorm of a

| 183



7.3.2

7 | Random Coordinate Descent in OMAS

vector x € R™ is defined as

Hx||L; = /*"Lix. (7.29)

In the next proposition, we show that the L;;-seminorm is actually a
norm on S, 9, which we remind is defined in (7.2), and corresponds to the
kernel of a” ® I;. In the specific case where d = 1, S, thus corresponds
to the orthogonal complement of a.

Proposition 7.12. The L*—seminorm “|ly+ is a norm on Sa 0-
p 14 L /
P

Proof. First, from Definition 7.11 and since LJ{, is symmetric there holds
lles =0 iif  x € Ker(Lp) i= {x ER"|x = a®w,w e nzd} .
Second, from (7.2), there holds
x € Sag iif (aT ® Id> x=0,,
Therefore, x € Ker(L;r,) N Sy if and only if

(" ) x=(a" © 1) (a®w) = |alfw = 0,,

which happens only if w = 04, and thus for x = 0,;. Hence, for x € S, 0,
one has ||x\|L; = 0if and only if x = 0,5, which concludes the proof. =~ [

Proposition 7.12 implies that the L;Q-seminorm has all the properties of
a norm for any z € S,p. In particular, for any x,y € S, (for any b),
then z = x — y satisfies z € S, 9. Therefore, the L;—seminorm is a suitable
criterion for measuring the distance between any two feasible points.

Contraction rate for the RCD algorithm in closed system

Let us remind the update rule of the RCD algorithm (7.14) defined in Sec-
tion 7.1.4 for some positive step size h as

xT = x - hQUVf(x). (7.30)

In the following proposition, proved in Appendix 7.D, we analyze the con-
vergence of (7.30) with respect to the L;Q-seminorm from Definition 7.11,
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and which we remind is a norm when applied to e.g., x* — x* as stated in
Proposition 7.12.

Proposition 7.13. Consider the function f(x) = Y1, fi(x;), and let us define
X" = argmin, s  f (x). Consider moreover the update rule (7.30) defined in

Section 7.1.4. Then, under Assumption 7.1, for any positive step size
Ay 2

h<—= ,
T Aa+p

(7.31)

the update rule (7.30) applied on any initial point x € S, 3, and on the randomly
selected pair of agents (i, ]) € € satisfies

E [[|lx* —x"|[f;] < (128020 + 12022, ) Jlx =21y - (7.32)

Proof. The proof is given in Appendix 7.D. O

Observe that the rate of convergence in (7.32) is less than one for step

sizes satisfying h < % This condition is thus satisfied on all its range of

validity, since (7.31) implies I < Q—Zﬁ < % This additional restriction
n n

on the step size actually follows the approach used in the proof, and is nec-

essary to obtain (7.32); In Remark 7.5 we discuss the alternative contraction

rate for a different range of step sizes, and which thus relies on a different

development.

Convergence rate: r <1

1 T

0.99 - i
)
2
Cﬁ s
Ao 0.98 [ 1

Rate
097F N~ Validity limit
. ) ‘ ‘ Optimal rate
0 0.1 0.2 0.3 0.4 05 06 0.7

Step size h
Fig. 7.3.1 Convergence rate (7.32) witha = 1,8 =5,A; = 0.1 and A, = 0.3

with respect to the step size h such that the rate is less than 1: The dotted red line
limits the validity range of h according to (7.31).

Hence, as illustrated in Fig. 7.3.1, one can directly determine the opti-
mal step size h* in the range defined by (7.31) that minimizes the conver-
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gence rate in (7.32), presented in the following corollary.

Corollary 7.14. The convergence rate in (7.32) is minimal under (7.31) for the

step size

« 20

which yields

.2 A1 .
E [Her_x ||L;} < (1—/\72”() [|x —x Hi;. (7.34)

Remark 7.4 (Complete graph). For the particular case of a complete graph with
1-dimensional homogeneous agents and uniform probabilities, the eigenvalues of
Lyare Ay = Ay = n%l and the L;—seminorm then coincides with the Euclidean
norm for all z = x —y, whith x,y € S, . Then, the (7.32) becomes

E[[lx -] < ( _hl(Zoch)) e — 2|2

In particular, since in that case by definition h < Lﬁ % it follows that

B[l =] < (1= 325 ) e =1,

which coincides with [MVH" 21, Eq. (13)].
Remark 7.5 (Alternative rate). Starting from (7.83) in the proof of Proposi-

tion 7.13, one can use a similar argument to derive the following alternative con-

Yhrp Ay ; _ M.
<h<Ek T A2p with kp, = e

vergence rate, valid for 2 + 3

E |||« -l < (1—2K+KL,BA I+ 2 ) v =3 7.35)

This result could be used in the rest of this work in the same way as that of Propo-
sition 7.13 for the corresponding range of step size. This development is however
omitted in this work as it is parallel to that we propose and yields similar results.

Homogeneous agents with uniform probabilities

As previously mentioned in Remark 7.2, in the particular case where the
agents are homogeneous (i.e., when a = 1) and where the probabilities
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pij are uniform (i.e., forall (i, j) € £, p;; = p for some p), then the matrix L,
such that L, = L, ® I; can be expressed as L, = £L, where L is the usual
Laplacian matrix associated to the graph. Moreover, in that case L, can
also be associated with an electrical circuit [DSPB18], so that the notion of
effective resistance from Definition 2.8 can be used to define an alternative
range of validity for the step size , independently of A,.

Hence, the following proposition provides an alternative bound for the
convergence of the RCD algorithm in the specific case described above.
It can thus be used the same way as Proposition 7.13 in the subsequent
results for that case. However, for the sake of generality, we express the
main result in the next section only in terms of Proposition 7.13.

Proposition 7.15. In the same setting as that of Proposition 7.13, where we as-
sume a = L and p;; = p = ﬁfor all (i,]) € &, then for any positive step size

2p 2
< - .
h_)\na+ﬁ’ (7.36)

the update rule (7.30) applied on any initial point x € S, , and on the randomly
selected pair of agents (i, j) € & satisfies

(7.37)

2,2
E {||x+ _x*Hiﬂ < <1 —2haAy + W) Hx—x*”i;-

2p
Proof. The proof is given in Appendix 7.E. O

In the same way as for Proposition 7.13, the convergence rate in (7.37)

is less than one for h < ;TF;/ which is satisfied on all its range since & <
4p

W S ;‘Tﬁ, from (7.36). Hence, we can similarly obtain the optimal step
size and convergence rate, in the following corollary.

Corollary 7.16. The convergence rate in (7.37) is minimal under (7.36) for the
step size

4p
W= —L— 7.38
(CEapy 79
which yields
w2 2pAsr 1 w12
E [Hx+_x HL;} < ( —MK) Il = 2l - (7.39)

The result obtained in Proposition 7.15 is more suited for graphs with
small algebraic connectivity Ay, i.e., which get easily disconnected [JVMO08].
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In particular, as soon as Ay < 2p, then (i) the validity range of the step
size h becomes more favorable in (7.36) as %’ﬁ > %ﬁ, and (ii) the
contraction rate in (7.37) gets better as /\i—;‘” < Ay

In fact, since in the setting of this section one has L, = gL, there holds
Ay = g;\z, where A, is the second smallest eigenvalue of L. This means
that Ay < 2p is equivalent to Ay < 4, which corresponds to sparse graphs,
i.e., with small algebraic connectivity. We give a few examples for differ-
ent graph topologies in Table 7.3.1 for n = 5 agents: Whereas the sparse
topologies such as the ring, star and line graphs satisfy the condition, it is
not the case of the complete graph (and more general denser graphs), for
which we will prefer Proposition 7.13 to Proposition 7.15. As the system
size increases then this distinction becomes even more clear.

Complete | Star | Ring | Line
A2 0.25 0.125 | 0.1382 | 0.0477
2p 0.2 0.5 0.4 0.5
Ay 5 1 ] 1382 | 0382

Table 7.3.1 Values of the parameters A», 2p and A, for several types of network
topologies (i.e., complete, star, ring and line graphs, see Example 2.2 for definitions)
constituted of 5 agents, where the agents are homogeneous and the probabilities
associated to each edge is uniform, i.e., p = R

Convergence of the error in open system

Using the results of the two previous sections, we now give the follow-
ing theorem, which is the main result of this chapter and characterizes the
convergence of the error in expectation for the RCD algorithm in our open
system. Thanks to Assumption 7.3, its derivation relies on the separate
analysis of the effects of replacements and RCD iterations, from which we
characterize the evolution of the error in expectation.

Theorem 7.17. Let My, = /\%MH,K, with My defined in (7.21). In the setting
of Section 7.1, the iteration rule (7.14) with step size h < %ﬁ generates a
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sequence of estimates x* which satisfies for any 1 > 0:

2

k k
L}J I, <Ay (IE [Hx —x*

2
E |||xf*! — x*k+1 ~T,), (740
L} 1

with
Mn,K
Ay =1—pyah(2A; — aAyh) + (1 - py) v ; (7.41)
(1 — pu) M (17 + M)y
r,:= : . . 742
T punah(2Ay — adnh) — (1= pu) Mg 742
2

Proof. Let us define Ck := ka — x*k ‘L*' Moreover, let % and R respec-

tively denote the occurrence of a pairwise update and of a replacement at
the time step k. From Assumption 7.3, there holds

E [ck“} = pyE [ck+1|u’<} +(1-pu)E [ck“mk} . (7.43)
Forh < /A\—i ﬁ, Proposition 7.13 yields
E [ck“ |uk} < (1 ~2hoah + Anath) E [ck} . (7.44)

For the replacement case, one has ¥**1 = x*, and Proposition 7.7 yields

[ 2
E [Ck+1|Rk} —E ka+1 _ x*,k + x*,k _ x*,kJrl L+:|
L p

i 2
<E (ka o x*,k . + ‘ x*,k _ x*,k+1 +>
i Ly Ly
[ 2
—E (\/ck+Mn,K) } . (7.45)

Injecting (7.44) and (7.45) into (7.43) then yields the following nonlinear
recurrence in CK:

E [ck“] < (1 - pyah(2As — Apah)) E [ck}
+(1-pu) (ZMM]E [\/@} + M%/K) . (746)

Since 2x <7 + %Zholdsforallx > 0and 5 > 0, one has VCk < %—i— %for
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any 77 > 0, and hence

E [ck“} < (1 — puth(2As — Apaht) + (1 — pu)Nf;“‘> E [ck]
+ (1 = pu) Mk (17 + M)
Solving the linear recurrence then yields the conclusion. O

Let us define the rate ratio

]_ —
o= — P4 (7.47)
Pu

which characterizes the expected number of replacements happening in
the system between two RCD updates. We give the following corollary.

Corollary 7.18. Let 7] := pRm. For any 1 > 1] one has Ay < 1.
Moreover,
5 _
lim sup E {ka — xtk +] <T, = w (7.48)
koo Ly 1=17/y

Proof. The result directly follows from observing that A, < 1if and only if
puah(2Az — Ayah) + (1 — pu) My <0,

and from rewriting I', as

|4 Mn,x
oo PRMux(Mux )y i) Mo 1)
N = — — - |4 Mn,x ’
ah(2A2 = Analt)) = prMuye 1 M

which yields the conclusion. O

From Corollary 7.18, one can always choose a value for # such that
the contraction rate in (7.40) satisfies A;, < 1 (as long as RCD iterations
take place, i.e., if pr < c0). Hence, the asymptotic error is guaranteed to
be bounded by I'; as defined in (7.42). We illustrate these quantities in
Fig. 7.4.1, which captures their evolution with 7.

When 71 — oo, then the contraction rate A; becomes minimal but T
becomes extremely large, ie., Ay — 1 — pyah(2A; — Ayah) and Ty — oo.
Observe moreover that I'; is convex for 77 > 77, meaning that one can de-
termine the specific value of 7 that minimizes the upper bound on the
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Ay (n>17) Ly (n>n)
1 108
. Pu = 0.5
0.99 i} = =py =0.75
\ py =0.9
\ S
0.98 \ ~
= \ = 4 ~ P -
= ~ ~ 107¢ S S - -
0.97 ™ - - -
0.96
0.95 - - . - 102 . .
0 100 200 300 400 500 10° 10t 102 103
n—=1 n—10

Fig. 7.4.1 Evolution of A; (left) and T, (right) as defined in Theorem 7.17 for
values of 7 > 77 (with 7 defined in Corollary 7.18) and for several probabilities py;:
We consider k =5, A, = A, = nlj and some arbitrary value of My, x.

asymptotic error I';. This is presented in the following corollary, proved
in Appendix 7.F.

Corollary 7.19. When n = n* = 7 (1 +4/1+ Mg“
the error achieved in expectation by the RCD algorithm in open system is guaran-
teed with minimal upper bound on the asymptotic error T'y+, and there holds:

), then the convergence of

M}’l K
e
Ay =1~ pyuah(2A; — /\nrxh)—M; (7.49)
1+4/1+ =~
U
v 2
Ty = (") =17 (1 +4/1+ 17) , (7.50)
where we remind 7] := M(gzi% from Corollary 7.18.
Proof. The proof is given in Appendix 7.F. O

Remark 7.6. The methodology we used in this section can easily be extended
to other algorithms than the RCD algorithm. In particular the results of Theo-
rem 7.17, and hence of Corollaries 7.18 and 7.19, can be adapted to any algorithm
with linear convergence in closed system, that is, such that

=y < Kl 1Ry, 751
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with some positive K < 1. In that case, the same convergence rate as that presented
in Theorem 7.17 is obtained with
Mn,K
Api= 1= pul=K) 4 (L= pu) =5 (7.52)
ro— (1= pu) M (17 + M)
T pun (1= K) — (1~ pu)Mux

Hence, using a similar argument as that from Corollary 7.18, one shows that con-
vergence (i.e., Ay < 1) can always be guaranteed if K < 1. This analysis can be
applied e.g., to the results presented in Proposition 7.15 or in Remark 7.5.

(7.53)

Interpretation

We provide pieces of interpretation for Theorem 7.17 and its subsequent
corollaries, and in particular regarding the expected asymptotic error I';.

When replacements become rare (i.e., for pg — 0), then the system be-
haves as a closed system. Hence, convergence of the error is achieved with
the asymptotic error decaying to I'; — 0, and the contraction rate reduces
to that of the RCD algorithm in closed system i.e., A; — 1 — ah(2A; —
Anah) for all 4 > 0, consistently with Proposition 7.13. By contrast, with
replacements becoming more frequent (i.e., for pr > 0), then both A, and
['; increase, as the noxious effect of replacements becomes more important
(observe A, < 1 remains true for all 7 > 7 as long as pr < o). In the
particular case where pr — oo, then A;» — 1, and I';» — 47] — oo.

Clearly, some conservatism is observed in the results, especially as pr
grows. It mostly follows from Proposition 7.7, which bounds the additive
effect of a single replacement on the error. Those thus add up along the
iterations; Directly bounding the total sum of those perturbations instead
might yield tighter bounds. This is thus one limitation of our model.

Interestingly, within the range of values for & allowed by Theorem 7.17,
Iy« decays as h increases so that choosing h as large as possible yields the
smallest upper bound on the expected asymptotic error. This means that
the choice of the step size h is only limited by the analysis of the RCD algo-
rithm in closed system (in Proposition 7.13), and no particular precaution
should be taken regarding the open character of the system.
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[llustration of the results

To illustrate the results of Theorem 7.17, we consider the local cost func-
tions held by the agents are piecewise quadratic. Namely, for y; € [-1,1]

and ¢;1, ¢in € {%, g} , then the local cost of agent i is defined as

Fi(x) = 4 91 (xi — )%, ifx < p 754
i\Xi) = . . .
en(xi—w)?, ifx >

Such functions clearly satisfy Assumptions 7.1 and 7.4 with ¢ = 1. Observe
that no assumption on the way we choose the local cost function f; of a
joining agent at replacements is required in the derivation of our results.
Hence, we arbitrarily consider two cases for a replacement at time step k:

(1) random, where ¢;; and @;; are uniformly randomly chosen in [%, g] ;

(2) adversarial, where they are chosen among 100 realizations of the ran-
2
dom choice as the one that maximizes ka+1 — xktl ‘

.
Ly

Observe that those only concern the choice of the function at replacements;
the choice of the agent i that is replaced remains uniformly random.

5 n=5kKk=25 n=230,k=12
10 f
. 102 -
o - a N
g N 3
T —_— = -~ 8
"J Q‘ S~ -
= a8 Random case
10° — = Adversarial case
Upper bound
10t 1021
0 20 40 60 80 100 0 20 40 60 80 100
Iterations Iterations

Fig. 7.4.2 Performance of the RCD algorithm in the setting of Section 7.1 for
a complete graph with with homogeneous agents and uniform probabilities p;;,
where the local cost functions are as defined in (7.54), py; = 0.95, b = 1, and respec-
tively with (left) n = 5 agents and x = 5 and (right) n = 30 agents and ¥ = 1.2.
The plain blue line and red dashed line correspond to the actual simulated perfor-
mance of the algorithm averaged over 500 realizations, respectively in the random
and adversarial replacements cases. The yellow dotted line corresponds to the up-
per bound (7.40) obtained with A+ and I'y+ from Corollary 7.19.
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In Fig. 7.4.2 we illustrate the convergence of the RCD algorithm in open
systems with respect to our metric for a specific setting with a complete
graph, homogeneous agents and uniform probabilities p;;. We consider
two parametrizations for x and n, and compare the simulated results with
(7.40) using Ay~ and 'y« from Corollary 7.19. The figure shows the conver-
gence of the error, consistently with Corollary 7.18, but also some conser-
vatism inherited from Proposition 7.7, as previously discussed. Moreover,
consistently with its interpretation in Section 7.2.1, both parametrizations
use different characterizations of M%/K: O forn = 30,k = 1.2, and ¢,  for
n = 5, k = 5. This highlights the impact of those parameters in the tight-
ness of the bound M%/K, used to derive our main results. Finally, observe
that the bound is tighter for the adversarial case, which is less favorable
than the random case, but still encapsulated by our bound. In fact, other
cases less favorable than the specific definition of the adversarial one we
consider could be defined, for which the bound would be less conserva-
tive.

Ring - homogeneous . Complete - heterogeneous

2
L,

|lz* — 2|

Random case

= == Adversarial case \
Upper bound

0 20 40 60 80 100 0 20 40 60 80 100
Iterations Iterations

Fig. 7.4.3 Performance of the RCD algorithm in the setting of Section 7.1, where
the local cost functions are as defined in (7.54), with n = 5, x = 1.2, py; = 0.95, and
b = 1, respectively in (left) a ring graph with homogeneous agents, and (right) a
complete graph with heterogeneous agents (witha; = 10 and a; = 1 fori > 1). The
plain blue line and red dashed line correspond to the actual simulated performance
of the algorithm averaged over 500 realizations, respectively in the random and
adversarial replacements cases. The yellow dotted line corresponds to the upper
bound (7.40) obtained with Ay« and I'y+ from Corollary 7.19.

In Fig. 7.4.3 we perform a similar comparison as in Fig. 7.4.2, but for a
ring graph with homogeneous agents and a complete graph with hetero-
geneous agents. Contrasting with the previous illustrations, the ring graph
setting implies a different, sparse, topology. This reduces the range of va-
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lidity for the step size i due to the small value of A, which does not scale
with 7. Similarly, the heterogeneous setting impacts A, and consequently
reduces the range of 1, due to the imbalance in L,. Those moreover affect
the behavior of the norm ||- ”i;; , whose definition relies on L,,. Furthermore,

the heterogeneous setting influences M,, , which depends on the values in
a. For all of these reasons, our bound tends to be more conservative in such
settings. Nevertheless, even though they differ quantitatively, the results
of Fig. 7.4.3 are qualitatively similar to the case of the complete graph with
homogeneous agents presented in Fig. 7.4.2.

Discussion and conclusions

In this chapter, we took distance from consensus problems to investigate
decentralized optimization problems in open systems. In particular, we
focused on the analysis of resource allocation problems subject to replace-
ments of agents, resulting in variations of the local cost functions held by
the agents in the system. We studied the performance of the Random Co-
ordinate Descent (RCD) algorithm in such setting, whose convergence is
prevented because of the replacements. Rather, we showed that the RCD
algorithm is stable in that context, and that the expected distance between
the estimate it generates and the instantaneous solution of the problem
converges to some steady state. We then derived an upper bound for the
evolution of that error in expectation, valid for general graph topologies
and possibly heterogeneous agents.

The derivation of our results was made possible by the assumption that
the RCD algorithm and the replacements in the system are independent
processes, allowing their separate analysis. Hence, we studied on the one
hand the effect of replacements, resulting in some additive term on the
error, and on the other hand that of RCD iterations, which bring the esti-
mate closer to the optimum. These then allow the characterization of the
evolution of the error in expectation.

Interestingly, the consensus problem we studied in Part I can be formu-
lated as a resource allocation problem, as

n
min xl2 s.t. Z x; =b. (7.55)
i=1
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By imposing b = Y_I' ; x;(0), the solution of (7.55) is x* = %ﬂlx(O), and
consensus to the average is then achieved. Hence, the consensus problem
can be studied through the scope of the resource allocation problem with
fi(x;) = x7, and a = 1,,. This characterization implies that x = § = 2, and
an iteration of the RCD algorithm for agents i and j then reads

x;r =(1-h)x;+ hx]',‘ JC]-+ =(1- h)x] + hx;, (7.56)

which exactly corresponds to the Gossip algorithm (3.7) if h = % Proposi-
tion 7.13, which characterizes the convergence of the RCD algorithm, can
thus be used to study the consensus problem with that specific formula-
tion. It actually requires h < f\%% in that setting: Whereas this allows
considering the Gossip algorithm with complete graphs, it reduces the va-
lidity range of h for different topologies, which could potentially induce
additional conservatism with respect to dedicated analyses. More gener-
ally, one could extend this analysis to open systems using Theorem 7.17;
The problem however slightly differs from that studied in e.g., Chapter 5,
as the time-varying intrinsic values held by the agents should then be mod-
elled as variations in the budget b in the constraint during replacements.
This constitutes an interesting line of work to extend and exploit the analy-
ses of this chapter. In fact, such comparisons might allow highlighting the
possible room for improvement in our results for specific classes of func-
tions or settings.

Aside from considering time-varying constraints, several other exten-
sions of the results presented in this chapter could be considered. Typically,
a natural continuation is the adaptation of our analyses to systems subject
to decoupled arrivals and departures: This would however require prop-
erly defining how these events impact the estimates held by the agents and
the constraint itself, as it could then get violated. Other classes of functions
might also be considered, e.g., by considering probability distributions for
the local minimizer of each function, or by lifting the strong convexity and
smoothness assumptions; These are however at the basis of our analysis,
and lifting them would require a consequent adaptation. Finally, another
step that can be taken for the future is to consider other types of interac-
tions, e.g., by considering updates over more than one edge per iteration,
or simply different algorithms. This is typically encouraged by Remark 7.6,
which paves the way towards the generalization of Theorem 7.17 for other
algorithms sharing properties with the RCD. More generally, one could
also consider algorithms which do not require the constraint to remain
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valid all along the process, such as the Dual Ascent algorithm [BPC'11],
and which might help considering arrivals and departures instead of only
replacements.

Finally, a last question to be addressed in this chapter is that of the con-
servatism in our bounds, which can be observed in the numerical results of
Section 7.4.2. This limitation becomes even more clear with sparse graphs,
as illustrated in Fig. 7.5.1 where we consider the particularly limiting star
graph with x = 5.

Star graph: n =5, k=5
10* F T T T T T

10° ¢ -

P
1
\
1
1
1
|
1
|
1
|
1
|
1
|

—— Simulation (Random)

102 £ o7 — = Simulation (Adversarial)
Bound (M, )

—==Bound (PESTO)

~~__
e O

ol

le* — 212,

10° I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Iterations

Fig. 7.5.1 Performance of the RCD algorithm in a similar setting as in Fig. 7.4.3,
for a star graph of n = 5 homogeneous agents with x = 5 and py; = 0.95. The plain
blue and red dashed lines correspond to the simulated performance, respectively in
the random and adversarial replacements cases. The are compared with the upper
bound (7.40) obtained using My« from Proposition 7.21 (in dashed red line) and
using the exact numerical result from PESTO (in dash-dotted purple line), where
we used Ay- and I'y+ from Corollary 7.19.

This conservatism actually mostly follows from that introduced when
bounding the effect of a replacement in proposition 7.7. On the one hand,
as the PEP analysis of Section 7.2.2 suggests, there is still some room for
improvement regarding the tightness of this bound. This is illustrated in
the figure, where we also plot the corresponding upper bound one would
obtain with the result of the PESTO computations, which clearly improves
its tightness. On the other hand, the figure shows it is not the only source
of conservatism into play, which lies in our methodology itself.
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Our approach amounts to bounding the effect of every single replace-
ment on the error metric; As a consequence, the upper bound we obtain
over several iterations potentially considers the accumulation of the worst
possible effect of each individual replacement on the error. This is how-
ever very unlikely to happen, as the importance of the effect of a replace-
ment strongly depends on the state of the system when it happens, so that
consecutive replacements are expected to counteract each other regarding
their effect on the error. This highlights one important limitation of our
approach, and in particular of the metric we used throughout this chap-
ter. A potential alternative to address this issue is to e.g., consider another
metric which would directly encapsulate the accumulated effect of all re-
placements at once.
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Appendix of Chapter 7

Proofs of Lemmas 7.5 and 7.6 (Minimizer’s variation)

This section aims at proving the intermediate results from which we bound
the effect of replacements on our error metric. The following results thus
study the effect of replacements of a single function on the location of the
minimizer, and for all the results that follow, there holds

n

x* :=argmin f(x) = ) fi(x;). (7.57)

xESa,h i=1

Proof of Lemma 7.5

We remind Lemma 7.5 reads that x* € B(0,,4, Ry, ), with

_ L
Rb/K—\/%<c+ﬁ+ﬁ”a|). 7:58)

Proof of Lemma 7.5. Let us consider x € S, j, such that x ¢ B(0,,4, Ry ), and
let x* = argmin, . f(x) denote the global minimizer without constraint.
By definition, we have ||x|| > R} .. Moreover, since * € B(04,¢)", we have
||x*|| < y/nc. Hence, it follows that

= %" > Ry — Ve
Since f is a-strongly convex, and reminding that f(%*) = 0 from Assump-
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tion 7.4, there holds

o e 3 (e ) 8 (G )

Let us now define x;, := ——(a ® I;)b, which is a feasible point with norm

" a H
||| = H‘ H Since f is B-smooth, and since f(%*) = 0 from Assumption 7.4,

there holds

e < B w17 < & (Ve LY 7.60)

Finally, since x, € S, there holds f(x*) < f(x;) by definition, and com-
bining this with (7.59) and (7.60) then yields

vl *
fx) > (f + 1 H) > f(x) > F(x"),

which implies that x cannot be the minimizer of the problem, and thus
concludes the proof. O

Proof of Lemma 7.6

We remind Lemma 7.6 reads that

1A% < ||ﬁ|| (b1l + ¢ lally) 7.61)

and

“la ” (ol +cllall) +c. (7.62)

Proof of Lemma 7.6. Let us denote X; the minimizer of f; without constraint
which satisfies f;(%) = 0 (from Assumption 7.4 and V f;(X]) = 04. Since
all functions f; are B-smooth from Assumption 7.1, we have for all i

IV£i(x)|P < B(Vfilx)), xf — x7).

Then, using the optimality condition (7.7), there holds

2 * * <%
af |1 < B (AT ai(xf — %))
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By summing the inequality above over all i, we then get
2 11952 -
lall =A< B (A" Y ai (xf = %) ),
i=1
and from the Cauchy-Schwarz inequality it becomes

2 2 =
lall = 1A% —x)

Hence, using the triangle inequality and the fact that )" ; a;x] = b,

AT < Hﬁ” (|b|+ ) < Hﬁ” (6] + c [lally),

which corresponds to (7.61). Now, since all functions f; are a-strongly con-
vex from Assumption 7.1, we have for all i and all x;:

i -

i=1

allx = x| < IV (x)]-
The reverse triangle inequality and the optimality condition (7.7) then yield
i1l < - IIa?\ I+ 1% < 2 S A+ e

and (7.62) finally follows from combining the inequality above with (7.61),
which concludes the proof. O

Proof of Proposition 7.7 (Effect of replacement)

We now provide the proof of Proposition 7.7, which we remind character-
izes the effect of a replacement on the location of the minimizer. For x(!)
and x(? denoting the minimizers before and after the replacement, Propo-
sition 7.7 then reads the following for specific quantities 1y, x, Xnx and 6y, x:

Hx(l) — x@ HZ < M%/K = min { P, Xnx, Ot (7.63)

Proof. We prove the inequality for each of the three quantities.
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Proof of ¢, ,: We first prove that

qu) _ x(2)H2 < Py = 4nx <c+ NG + f|b|:| a )2 (7.64)

Observe that x(, x2) ¢ B (0,4, Rp ) from Lemma 7.5, so that there holds

s <2 (o < o) <
which yields (7.64).
Proof of x,,: Second, we prove that
2
Hx(l) _ x(Z)Hz < Xnx =38 (HHK(HbH +clally) + ) . (7.65)

Remember from the optimality condition (7.7) thatfori =1,...,n —1,and

for g = 1,2, there holds V fi(qu)) = uiA(") for some vectors A7, Hence,
since the functions f; are a-strongly convex, we have foralli =1,...,n—1:

a; <A(1) — A(Z),xl(l) — x§2>> > Hxlm — xfz) HZ

Let us define y(”n € R¥"1) the vector such that yfq) = xl(q) forg = 1,2

and for i = 1,...,n — 1. Summing up the above inequalities over i =
1,...,n —1, and using the fact that " ; a; x(q) =b—a x,(ﬂ) we get

(1) .

Using Cauchy-Schwarz inequality and triangle inequality we then obtain

o =< S (R A=) (] )

and using (7.18) and (7.19) from Lemma 7.6 yields

[y @ <4 (n 2 (IBl-+cllaly) + ) (7.66)
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By definition of y(7), we have

[0 = 2@ = ly® 5@ + ) — 22

2
v ‘

(7.67)

We apply the triangle inequality and (7.19) from Lemma 7.5 to obtain

" )
)

2 a
< y(l)_y(Z) +4<|a'|’|2;<(||b||+c|a|1)+c>. (7.68)

-

A
<
=
|
<
S

+|

x,(ql) ‘2 + ’

Finally, (7.65) follows from combining (7.66) and (7.68) and using the fact
that a, < ay by definition.

2
Proof of 0, ,: Finally, we prove that Hx(l) —x® H < B with

2
+1)2
en,K—4<1+ (x 4K) pa> <||L:|F|ZK(||b||+c”a||1)+c> )

Since the functions f; are a-strongly convex and B-smooth, there holds that
foralli=1,...,n—1:

ai(1+x) (A0 - A0 21 @) > p1g 20 _A<2>H2+,X xV <2>H2_

_xi

Let m := Z?;ll a?, and remember the definition of y(@ from above. By
summing up the above inequalities overalli =1,...,n — 1, we get

s (80 g a0
Cauchy-Schwarz inequality then yields:

an(1+x1) Hm @ H ‘ NCSEY

> mp A 2@ H2 tafy® —y@) 2

7
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which can be equivalently written as

N Hym _ y<z>H2 < "’(HA(U _ 2@, (7.70)
where
¢(z) = —mp 122 +a,(1+x1) ‘ 2P — 1V ‘z.

Since ¢ is a concave parabola, there exists ¢* = max; ¢(z) < oo such that
¢(z) < ¢* for all z, and which is given by

a2(1+x1)? Hx,(f) — x,(ql)

4mp-1

‘ 2

¢" =
Hence, it follows by using (7.70) that

1 _ .2

2
Xn o —Xp ‘

A1+ |
af1 4m

_ 1\ A o @2
B (\/ﬂﬁ) 4(||a||2+—a%r> [ =71

Finally, (7.69) follows from (7.67) combined with the inequality above, and
xﬁll) ’ and ‘ x&z) ’ This also

IN

s

from using (7.62) from Lemma 7.6 to bound ’

finally concludes the proof.

PESTO computations for the effect of replacements

In this section, we provide additional details on the way PESTO was used
to obtain the numerical results presented in Section 7.2.2. The PESTO tool-
box was initially developed to numerically compute exact worst-case per-
formance of first-order convex optimization algorithms, and more gener-
ally allows deriving exact empirical bounds for questions related to convex
functions.

To obtain the numerical results of Section 7.C, we considered a general
setting with functions f; : R? — R satisfying Assumptions 7.1 and 7.4, i.e.,
that are a-strongly convex and B-smooth, and with arg min, . fi(x) = 04
and min s fi(x) = 0. Let us remind that x() and x(? correspond to the
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2 - 2|
400 T T

Fig. 7.C.1 Result of the PESTO simulation solving (7.71) for several values of
both n and «x, with respect to n and with ||b|| = 1 (plain line). The results are
compared with the conjecture (7.73) with c; = c; = 1 (dotted line).

minimizers before and after a replacement, as defined in (7.20). PESTO is
then used to evaluate

max Hx(z) —xM Hz (7.71)

under the resource allocation constraint, where we restrict to the case of

homogeneous agents (i.e., with a = 1,,). Yet, PESTO does not allow directly
(1)

implementing this constraintas ) , xfl) =Y, = b, butratheras
n n
YW=yl =g, (7.72)
i=1 i=1

for any vector v}, such that ||v,|| = ||b||. This means that the problem

solved by PESTO is more general than that we consider, and consequently
the upper bound it generates remains valid, though it is less tight. Observe
however that when d = 1, this constraint is actually exactly the same.

It is important to notice that the variables over which the optimization
problem (7.71) is solved by PESTO are the functions f;, the vector v, and the
decision variables x;. Hence, the result is the worst case over all the instances
of the specific problem (7.71).

We show in Fig. 7.C.1 the results obtained with PESTO for our specific
problem with ||b|| = 1. Additional numerical exploration actually sug-
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gests the following conjecture for an analytic expression for the result of
the PESTO simulation:

me _x(2>H2 = (k+1)2 - n:;’icz (7.73)

for some constants c1,c € R, which is also presented in the figure.

Proof of Proposition 7.13 (Effect of an RCD iteration)

We prove here Proposition 7.13, which establishes the convergence rate of
the RCD algorithm in closed system, yielding for i1 < Az 2

An at+pB°
.2 *
E [[|lx* —x"|[f;] < (128020 + 1222, ) Jlx =21y - (7.74)
Proof of Proposition 7.13. From (7.30), there holds
2 )
E|[lx' x| = ¥ py|x-nQiVFE) >,
(ij)e€ 4
. 2
=l =a'llgy +12 Y pi || QIVIW)||
(i)€€
—on Y pi]-<Qiij(x),L;2(x—x*)>. (7.75)
(ij)e€

Since Ly = ¥ j)ee pijQij, it follows that

E (| %3] = k= +7* ¥ i |QTvf(x)
(ij)c€

=2 (L, Vf(x), Lh(x = x)). (7.76)

We first treat the second term of the right-hand side of (7.76). Remember
from (7.16) that QYa = 0,, and from (7.7) that Vf(x*) = a ® A* for some
A* € RY. Hence, since QY = Ql® I; by definition, there holds

QIVf(x") = (QT® 1) (a®A*) = (QUa) @ A* = 0,. (7.77)
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It thus follows that

v, = |@ivse - vre]f,

<+ ivsw - v

(7.78)

where the inequality follows from the fact that the eigenvalues of L, are
exactly those of L, repeated d times (by Theorem 13.12 of [Lau04]), so that
the smallest and largest nonzero eigenvalues of LJ{, are respectively 1/A,

and 1/A,, yielding for all z € R™.

2 1 2
212 < 2 el 779

Therefore, since QY = (Q¥)T = (Q%)?, and since HzH%p < A ||z|]* holds
for all z € R™, there holds from (7.78):

Y il

(ij)e€

2

Q) < 5 IV - VAR,

< LIV - VI 780)

We now analyze the third term of the right-hand side of (7.76). From (7.77)
there holds

LVf(x") = Y piQIVF(x*) =0, (7.81)
(ij)e€
yielding

V@) - VAP afx x|

<Vf(x)—Vf(x*),x—x*> = 1+ x-1 14 k1

Hence, using the result above and (7.79), it follows that
— 2k <L,,Vf(x), Li(x — x*>>

1 B ) (|12 ady ||x — x*||%
14«1 1+4x-1
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Injecting (7.80) and (7.82) into (7.75) yields

A
E [[|lx* — |15 < (1—2h1j_K2_1> e =" (7.83)

-1
T (wﬁ; _ZhliKﬂ) IVF(x) — VfG)]2

-1
Observe thatif 1 < % n i 3 then hzj\\—z — ZhPﬁr? < 0, and hence we can use

the definition of a-strongly convex functions to find that

3\ 12 2
IVf(x) = VA > a2z flx — 27|l ,
where we used the fact that ||x — x*||* > A, ||x — x* Hi; It follows that
%12 * *
E [y|x+ —x |}L;} < v = x|y + (26220 — 2hads) x = x|

which concludes the proof. O

Proof of Proposition 7.15 (Complete homogeneous case)

We prove here Proposition 7.15, which establishes the convergence rate of
the RCD algorithm in closed system for homogeneous agents and uniform

probabilities p;;, yielding for h < i—f ﬁ:

2 h2a?Ap A
E {||x+ —x*HL;] < (1 — 2hars + 2;") ||x—x*||i;. (7.84)

Proof of Proposition 7.15. The proof is the same as that of Proposition 7.13
up to (7.76). Since the matrices QY are idempotent, the summation term of
the second element in (7.76) can be expressed as:

|QVf(x)

o = (@), QILIQIQIVS () ).
Then we can use an upper bound for the quadratic form to obtain

Qv f(x) éHQZ’J’Vf(x)HZAmax@ifL;Qij)_

2
.
Ly
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Now, the matrix Q' L;Q’j is given by
QILQ" = (QILIQ") @ 1,

which implies that /\max(Qif L;Qij ) = /\maX(Qi/ L; Qi ). Then, we have

g | y
QiLtQl = 5 ([L;r;]i,i +[Lh; - Z[L;r]]i,],) Qi = efol]
where reﬁf is the effective resistance between the agents i and j from (2.7) in
Definition 2.8. Since there is an edge between i and j, we have reﬁf < ;.
Then one obtains that
Amax(QVLYQY) < le forall (i,j) € &, (7.85)
and it follows
* 12
Z Pij Q]Vf( ) L* =5 ||Vf(x) —Vf(x )HL;;
()€€ 2P
< @ IVf(x) = V)P (786)

The remainder of the proof then follows the exact same steps as in that of
Proposition 7.13, where we use (7.86) instead of (7.80). O

Proof of Corollary 7.19 (Minimal upper bound)

We prove here Corollary 7.19, which we reminds establishes the minimal
upper bound on the asymptotic error achieved by the RCD algorithm in

open systems when 7 = y* =7 (1 +4/ M;;"‘), and yielding
(1 + Mil K
Ay = 1—puah(2Ay — Ayah) —————= (7.87)

1 + Mn;c

(7.88)

—
=
*
Il
—
=
*
N—
(]
Il
el
N
7N
—_
+
—_
_I_
|
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Proof of Corollary 7.19. Observe that I’y is convex for 7 > 7, and there holds
d%l"|,7:,7* = 0 with #* = argmin,~; I';. Hence we compute

d 7 2 o _
r,= — — 271 — My «7j) =0, (7.89)
dy i (i —17)2 (n nmm )

which is satisfied for

=0 Mus 5 g5 =0\ Mg,

Since 75 < 7], it must be rejected, and it follows that

M
77*:77+\/77]2+Mn,;<77:77<1+ 1+ 17”"{>.

We can then compute

(1 — pu) M

714+ /14 My /7))’

and a few algebraic manipulations yield (7.87). Observe now that I'; = 7>
if and only if

Aﬂ* =1- puDCh(Z/\z — /\nlxh) +

1> — 205 — Myf] = 0,

which is equivalent to (7.89) for > 7], so that the solution is #*. Hence,
T = (%)%, which yields (7.88). O
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An Online Approach for

Resource Allocation in
OMAS

The results of this chapter were obtained in collaboration with Renato Vizuete;
They were accepted and will be presented at the IEEE Conference on Deci-
sion and Control (CDC) 2022 [VMH ™' 22].

HIS last chapter lies in the continuity of the previous one, as we
consider a variation of the same problem where the budget to be
allocated varies with the replacements. Motivated by problems in
the context of e.g., power systems or task distribution, such settings usu-
ally assume that the cost to minimize must be paid regularly. This typically
induces a shift in the metrics that are used to analyze the performance of
algorithms to directly consider the total cost accumulated over several it-
erations. Studying problems of this type with such metrics thus allows
considering the total effect of arrivals and departures of agents over all the
iterations at once, yielding a different characterization of the performance
of algorithms as that conducted in Chapter 7.
In this chapter we focus on resource allocation problems subject to re-
placements of agents, where the budget to be allocated is defined by the
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agents in the system and thus varies with replacements as well. This vari-
ation in the problem definition actually requires defining a way to han-
dle the possible violations of the resource allocation constraint, especially
during replacements. We analyze the performance of algorithms, and in
particular of the RCD algorithm, by studying the error accumulated over
the iterations with respect to some prescribed strategies. Such metrics hap-
pen to be strongly connected with usual metrics from online optimization,
from which we thus retrieve tools.

In Section 8.1, we first establish the problem formulation, and in partic-
ular we properly describe the system and define the different assumptions
that we will consider. Then, in Section 8.2 we introduce the metrics we will
use to analyze the performance of algorithms, and which are based on the
definition of reference strategies. Finally, taking advantage of these metrics
to directly study the accumulated impact of replacements on the error, we
derive upper bounds for them in Section 8.3, from which we characterize
the performance of the RCD algorithm.

Problem formulation: open RA with varying budget

We consider the alternative formulation of the resource allocation problem
from Definition 6.2 where each agent holds some quantity d; € R, called
demand of agent i, from which we build the budget b in the constraint. With
homogeneous agents, the problem then reads

n

min f(x) = Zfl(xl) subject to ixi = Z d;. (8.1)

n
xcRnd - — —
i=1 i=1 i=1

It thus amounts for the agents to minimize the total cost f while ensuring
that the total demand b = Y ; d; is met. Formulations of this type typi-
cally arise in the context of actuator networks [TAS]13] or power systems
[YHL16]: The quantity d; then typically corresponds to the local resource
available to agent i, so that b = Y/ ; d; corresponds to the total network
resource which must be allocated. Similar settings include for instance task
distribution problems in e.g., processor networks, where each processor is
assigned an amount of tasks d; to fulfill and holds some cost function f;
defining its individual performance; Their goal is then to share the total
workload }!' ; d; in order to optimize their global performance.
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In open systems, not only do the local cost functions f; in (8.1) change
with time, but also the demands d;, and as a consequence the total bud-
get b. Problems involving time-varying budgets were explored e.g., in
[BSFH18, WSR22], but usually with only quadratic functions, and not in
the context of open systems where these variations follow those of the
system composition. Analyses inspired from online optimization using
metrics measuring the level of violation of time-varying optimization con-
straints can also be found e.g., in [YLY " 21].

In the remainder of this section, we properly define the properties of the
problem and system we consider, as well as the nature of the interactions
happening in the system in order to solve the problem.

General formulation

We consider the variation of the resource allocation problem in (8.1) where
we restrict to nonnegative states x; € ]R’jr. Moreover, we consider the fol-
lowing assumption, which particularizes Assumption 7.1 from Chapter 7.

Assumption 8.1. The local cost functions f; in (8.1) satisfy f; : ]Ri — R and
fi € ff 8 (in the sense of Assumption 7.1, i.e., they are continuously differen-

tiable, a-strongly convex and B-smooth over RE.). Moreover, they satisfy

argmin f;(x) = 0, and fi(0,) = 0. (8.2)
xeRF

More generally, we use Z 5 g o denote the set of all functions satisfying the condi-
tions above.

Assumption 8.1 implies that the cost paid by the agents is always non-
negative. Moreover it is zero, and thus minimal, only if they do not con-
tribute at all to satisfy the demand (i.e., when x; = 0,). In the same way
as in the previous chapter, we use ¥ = f/« to denote the condition num-
ber of the functions f;. Furthermore, following the same argument as in
Proposition 7.2, one has that f =} ; f; € ZZ’;

To this problem we associate a graph G = (V,€) with V = {1,...,n},
and £ C V x V by which the agents in the system interact. At random
times a pair of agents (i,j) € £ is uniformly randomly chosen (with prob-
ability ﬁ) to exchange information and update their respective estimates.

Moreover, we assume that the system is subject to:

| 213



8.1.2

8 | An Online Approach for Resource Allocation in OMAS

e arrivals, resulting in a new agent in joining the system with a new
cost function f;;, and demand d;,;

* departures, where an agent out leaves the system to never come back,
with the possibility to send a last message to its neighbours.

Consequently, since the composition of the system varies, so does the opti-
mal solution of (8.1), which is thus denoted x**.

Simplifying assumptions and reformulation

In this chapter, we consider a simplified version of the general problem
described above, and derive preliminary results to pave the way for future
research. Hence, we introduce the following simplifying assumptions.

Assumption 8.2. The local cost functions f; are one-dimensional: f; € Z! B
Assumption 8.3. The demand d; associated with the agents is always d; = 1.
Assumption 8.4. The graph G = (V, £) is complete.

From Assumptions 8.2 and 8.3, one can write the budget constraint as
Y. 1 x; = n, and then define the feasible set of the problem as

Sy = {xéer_f_:ll,;r :n}. (8.3)

Assumption 8.4 implies that at the occurrence of a pairwise update, then
2

any pair of agents (i, j) with 7,j € V interacts with probability T
Moreover, we restrict our analysis to the specific case where the open-
ness of the system is based solely on replacements (i.e., the simultaneous
occurrence of arrivals and replacements). As a consequence the system
size n is constant, and the replacement of an agent i can be seen as the
attribution of a new function, demand and estimate to that agent. Further-
more, the evolution of the system is event-based in the sense of Section 2.4,
so that it is characterized by instantaneous modifications triggered by two

types of events:

. , denoted , where two
connected agents (i,j) € £ exchange information and update their
respective estimates x; and x;;
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e A replacement of agent i, /2;, which consists in the simultaneous de-
parture of agent i and arrival of a new agent holding a new local func-
tion f/ and demand d;; the leaving agent has the possibility to send
a last message to its neighbours, and the joining agent then takes its
place and retrieves its label (but not necessarily its estimate).

The system described above is illustrated in Fig. 8.1.1. Observe that, by
contrast with the previous chapter, at replacements the joining agent does
not retrieve the estimate of the agent it replaces. This is due to the demand d;
which might change as well in general, so that keeping the same estimate
would result in violating the budget constraint most of the time. Rather,
we will define later some correction mechanism to ensure it remains valid.

Fig. 8.1.1 Representation of the OMAS considered in this chapter, subject to
either (in orange) or replacements R; (in purple), where the
joining agent receives a new cost function f; and demand d!, and retrieves the label
of the leaving agent (in blue), but not its estimate.

Observe that the evolution of the system described above actually cor-
responds to that of Section 7.1.2 in the previous section (up to an alternative
definition for the effect of replacements). Hence, the same discretization of
the time can be performed, where each time step is chosen at the time in-
stant at which an event takes place (see Section 7.1.3 for details). In partic-
ular, we consider the following assumption, which guarantees that at any
time step k, the event §j taking place is either a pairwise update with fixed
probability py, or a replacement with fixed probability 1 — py;.

| 215



8.1.3

8 | An Online Approach for Resource Allocation in OMAS

Assumption 8.5. The event & taking place at time step k is independent of any
other event ¢; with j # k, and of any information prior to the time step k, such as
estimates, demands or cost functions.

Hence, by denoting f! the local cost function held by agent i at the time
step t, one can finally reformulate (8.1) in our simplified setting as

n
in fi(x) = Y fl(x;), 8.4
min f'(x) ;f (x7) (8.4)
where we remind S, := {x e R : 1)x = n} from (8.3), and where the

following assumption holds.

Assumption 8.6. The local cost function f! held by any agent i € V at any time
step t satisfies f! € Z;,/i in the sense of Assumption 8.1.

Update rules and well-posedness

Pairwise updates: In order to solve (8.4), we consider the RCD algorithm
described in Section 6.2. We consider the optimal step size in our setting
with respect to the function value discussed in Remark 6.1, given by %
Under the simplified assumptions described in Section 8.1.2, whenever to
agents i and j interact, their respective estimates thus become

xr—xi—;(f,-%xi)—ﬁ(xj)); xf—x;»—é(ﬁ(xj)—f;(xi)), (8.5)

where f/ denotes the derivative of f; as it is one-dimensional.

Replacements: Since the agents are allowed to send a last message to
their neighbours (i.e., to all the agents in our case from Assumption 8.4)
upon departure, we will consider the following update rule for the agents
remaining the system when they receive a last message from a leaving

agent out:

_x 1 1
e (e P 86)
n n n

When an agent joins the system it only knows itself. Hence, since by de-
fault agents aim at satisfying their own demand, we consider that any
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agent in joining the system satisfies
xi=df =1, (8.7)

where the last equality follows from Assumption 8.3. Replacements thus
consist in the simultaneous occurrence of both rules (8.6) and (8.7).

Well-posedness: In the next proposition, proved in Appendix 8.A, we
show that the problem is well-posed with the rules described above, namely
that they never break the budget constraint nor have negative states.

Proposition 8.7 (Well-posedness). For a system as described in Section 8.1.2
with the rules (8.5) to (8.7), if xX° € Sy, then x* € Sy, for all t.

Proof. The proof is given in Appendix 8.A. O

Our goal is to analyze the performance of the RCD algorithm in the
open system described above using suited metrics, which we characterize
in the next section.

Performance metrics

In the settings described in Section 8.1, i.e., corresponding to problems
where the cost function must be paid on a regular basis, it is natural to aim
at minimizing the total cost accumulated over the iterations rather than the
instantaneous one at a given specific time step. In that sense, one typically
aims at measuring the performance evaluated over some time horizon T
instead on focusing on instantaneous performance. This is for instance ob-
served in online learning [LXL22], or power grids where the performance
of prediction-correction algorithms is evaluated in terms of the so-called
mean cumulative tracking error defined as + YL, ||t — x*t|| [SDP*20].

In the same line, a natural index for measuring the performance of algo-
rithms solving (8.4) is given by Y-/, (f*(x*) — f*(x*!)), which corresponds
to the accumulated error in terms of the function value over a time horizon
T. In Fig. 8.2.1, we compare the evolution of this metric with its analogous
instantaneous metric for a specific realization of the RCD algorithm in a
system subject to replacements as described in Section 8.1. In this setting,
the figure shows that the instantaneous metric suffers from more abrupt
variations than the accumulated one at replacements.
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Instantaneous error: f(x') — min, f'(x)
6 T T T T T T T T
= Error
Replacements
~ 4 ]
: N[
2 ket R
V \J\; AV \/g\l
O 1 1 1 1 H 1 1 1 1
0 10 20 3 40 50 60 70 8 90 100
Iterations
Accumulated error: >, (f*(z") — min, f*(z))
150 F ‘Error I 1 T T T T T T ’0/7
Replacements P 3
., 100 7 .
Q
£ e v
50 - 1" 4
Ll
— =
0O 10 20 30 40 50 60 70 80 90 100

Iterations

Fig. 8.2.1 Evolution of the instantaneous (top) and accumulated (bottom) errors
with respect to the function value for a realization of the RCD algorithm in the
setting of Section 8.1, where replacements (purple stars) take place on average once
every four RCD iterations.

The accumulated error of the figure above exactly corresponds to the
dynamic regret (6.12) used in online optimization and introduced in Sec-
tion 6.4: It corresponds to the sum of the differences between the estimate
x! and the instantaneous solution of (8.4) x**, which we call “best estimate".
One can actually generalize this idea to other similar indexes comparing an
estimate x’ with any other strategy of interest in order to highlight the ac-
cumulated gain or loss it induces with respect to it. In particular, for this
chapter we define the following reference strategies:

1. Optimal strategy: at any time ¢, the agents know the instantaneous
*,t.

solution of (8.4), so that the estimate with that strategy is x™*;

2. Selfish strategy: the agents do not collaborate and only operate at
their own demand, so that the estimate is x5! := 1,, at all +.

Regarding the definition of these strategies, a well-designed algorithm is
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expected to generate a sequence of estimates x’ which satisfies for all #:
flla) < fiaf) < f1(). (8.8)

The behavior of the reference strategies is illustrated and compared
with that of the RCD algorithm in Fig. 8.2.2, showing that (8.8) is satisfied
for that realization.

20 z!: RCD
18 |= = z*!: Optimal 1
x%t: Selfish G
iﬂ'} 16 Replacements ’
]
C 4 }U 1
g v
£ 1 JL/\ \\/
=t
= \
& 10 /\ ’ \u IR PR B | |\'\
8 -V d - —:
6 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Iterations

Fig. 8.2.2 Evolution of the estimate obtained with the RCD algorithm (plain
blue line) and of the optimal (red dashed line) and selfish (yellow dotted line)
strategies for the same realization as in Fig. 8.2.1. Each purple star corresponds
to a replacement.

We can now define the following performance metrics, based on the
different strategies of interest defined above (in our case x! is generated by
the RCD algorithm). To avoid conflicts in the notations, and since we will
only consider the dynamic regret and not the static one, in this chapter we
refer to the dynamic regret (denoted Reg? in Section 6.4) as Reg:

T
Dynamic regret: Regr:= ) (f/(x') — f1(x™)); (8.9)
=1
Benefit: Benr := i (ff (") = f1(xh) 5 (8.10)
=1
Potential benefit: Potr := i (ff(x%h) = fH (™)) . (8.11)
=1
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The “dynamic regret" and “benefit" respectively measure the accumulated
error from using a given algorithm with respect to the optimal solution
x*! and the accumulated gain from using it instead of the selfish strategy
x5t. The “potential benefit" is independent of the algorithm; it represents the
accumulated advantage of the optimal strategy with respect to the selfish
one, and satisfies Potr = Bent + Reg;. They are illustrated in Fig. 8.2.3.

400
—— RegT

300 |=—6—Benr |
POtT

200

100

0 10 20 30 40 50 60 70 80 90 100
Iterations

Fig. 8.2.3 Evolution of the dynamic regret (8.9) in blue, the benefit (8.10) in red
and the potential benefit (8.11) in yellow for the same realization as in Fig. 8.2.2.

Remember from Section 6.4 that the dynamic regret differs from the
usual static regret which is more common in standard online optimization:
Whereas the former compares x! with the time-varying instantaneous solu-
tion x*, the latter is more restrictive and compares it with some fixed esti-
mate x* = argmin, g YL, f*(x) which is optimal over the entire horizon.
Hence, the conclusions which are usually desired in online optimization
using the static regret should not be expected with the dynamic one.

In the remainder of this chapter, we derive upper bounds on the metrics
above in expectation in order to characterize their evolution.

Remark 8.1. An implicit assumption made in this section is that the cost f* is
paid at the time instants at which replacements and interactions happen. Hence,
the metrics are defined over these specific time instants as well. One could more
generally define a specific timescale for the time instants at which the cost is paid,
and evaluate the evolution of the metrics with respect to all the events potentially
happening in between. This however requires the use of more complex tools to
handle different timescales at the same time, and is thus left for future research.
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Upper bounds on the metrics

In this section, we derive upper bounds on the evolution of the potential
benefit (8.11) and dynamical regret (8.9) in expectation, in the setting de-
scribed in Section 8.1. We first provide the following lemma.

Lemma 8.8. Let x € S,,, then there holds
n < |x|* < n? (8.12)
Moreover, for f(x) := Y1 1 fi(x;) with all f; satisfy Assumptions 8.1 and 8.2,
a

1< fx) < gnz. (8.13)

Proof. The first result is a direct consequence of the equivalence of the
norms. Recall that f(0,) = 0 and Vf(0,) = 0, from Assumptions 8.1
and 8.2. Hence, since f is B-smooth and using (8.12) there holds

f) < Bz < B2

which establishes the upper bound in (8.13). Similarly, since f is a-strongly
convex and using (8.12) there holds

o X
> >
f(x) - 2 ||x|| — Zn’

which establishes the lower bound and concludes the proof. O

Lemma 8.8 provides a global upper bound on the difference between
any two solutions x,y € S;:

(%) = ff(y)| < 5 (np—a). (8.14)

N3

This bound is thus valid for any of the metrics defined in Section 8.2, and
onehase.g.,

Beny < g(nﬁ — )T, (8.15)

It is however very conservative, especially for the metrics involving x/, as
it does not make use of the algorithm at all.
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Upper bound for the potential benefit

In the following theorem, we obtain an upper bound for the potential ben-
efit, which we remind quantifies the accumulated advantage of the optimal
strategy with respect to the selfish one. This quantity thus grows indepen-
dently of the algorithm that is used by definition.

Theorem 8.9. In the setting of Section 8.1, there holds

Potr < gtx (xk—=1)T, (8.16)
and in particular
. Potr
T < Pk —1). .
Ilgrf}o T —2 a(k—1) ®.17)

Proof. Recall that x> = 1,, by definition and f!(0,) = 0 and V£(0,) = 0,
for all  from Assumption 8.6. Hence, since f' is f-smooth there holds

Fe) < 97 00T + i = &= 8

Similarly, since f' is a-strongly convex, we have

31| = 5

ft(x*,t) Z Vft(on)T(x*,t) + E 5 || *t” Z

2,
2"

where the last inequality follows from Lemma 8.8. Hence

IR R T

holds. Injecting it into (8.11) then yields (8.16), and (8.17) finally follows
from dividing (8.16) by T. O

Since the upper bound above is independent of the algorithm, it pos-
itively grows the same way at every iteration. Moreover, as we will see
later it is rather conservative regarding simulations of the system: Since
the proof is rather simple, this suggests that there remains room for im-
provement in that sense.

Upper bound for the dynamic regret

Second, we obtain an upper bound on the dynamic regret (8.9) in expec-
tation, which we remind measures the accumulated error achieved from
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using the RCD algorithm x' with respect to the optimal solution x*!. To
that end, we first introduce the following quantity:

Ci:i= ft(xt) —ft(x*'t), (8.18)

which corresponds to the instantaneous error achieved by the RCD al-
gorithm with respect to the instantaneous optimal solution at iteration ¢.
Moreover, we define

Afp = fHETD) = f1(+); (8.19)
Aft* — ft+1 (x*,t+1> _ ft(x*'t). (8.20)
These quantities stand for the instantaneous variation over one time step

of the total estimated cost from the RCD algorithm and of the optimal cost
respectively. Hence, it follows that for any time step t:

Cit1 =Ce + Afr — Aff. (8.21)

By studying the evolution of Af; and Af/, and thus of C; in expectation,
we can characterize that of Regy := Y.I_; C;. The following proposition
proved in Appendix 8.B characterizes the behavior of Af;.

Proposition 8.10. Let v :=1— ﬁ and 0,5 := %ﬁ - %a. In the setting of

Section 8.1, there holds for any time step t:
E [Aft|C] < pu(y = 1)Ct + (1 = pu)ap- (8.22)

Using this result we now give the following theorem which studies the
evolution of the dynamic regret in expectation.

Theorem 8.11. Let Cy = fO(x0) — fO(x*0) be the initial error at the initial-
Pu

ization of the system. Moreover, let 1 := 1 — Ty My := 5(pn —w) and
Ou,p := % B— %oc. In the setting of Section 8.1 there holds for any time step t:
T T-1
EReg] <Co Y n'+ Y ' (Mp+ (T=H(1—pu)ous). (829
t=1 t=0

Proof. First recall that from (8.21) one has for any t:
E [Cr1] = E[C+ Afe — Aff]. (8.24)
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Then, from Proposition 8.10 there holds
E[Afi] < pu(y = DE[C] + (1 = pu)Oap, (8.25)

where we remind vy =1 — %_1) Injecting (8.25) in (8.24) then yields

(n
E [Cry1] S HE[C] + (1 - pu)baps — E[Af]],

withy = 14+py(y—1) =1-— % This describes the evolution of
a discrete-time dynamical system of the form vk + 1] < Av[k] 4+ Bu[k]
where A = 7, and Bu[k] = (1 — py)0sp — E [Af;]. Standard results in
that framework yield v[k] < AFv[0] + Z;:& AK=i=1Bu[j], so that we obtain

t—1
E(C]<7'ElC)+ L r 7 (A= pus—E[af7]).  626)
f=

Injecting (8.26) into the definition of Reg in (8.9) then gives

T T t—1 .
E [Reg;] < Co 21 nt+ Z% (Z(:)n”l ((1 —pu)bap—E [Afﬂ )) :
t= t=1 \j=

After some term re-organization, it becomes

T T_1 T—1 [Tt
E [Regy] < Co Z%nt +(1—pu) Z())(T — )17 005 — Z(;) ' (ZE)]E [Aff*D '
= t= t= j=

Finally, using Lemma 8.8, one has that

S (S 1ot dy _ fT—t1( o, T—t41
Eefag] [ Eag] [ - eer)
j=0 j=0
< n =
Injecting this in the previous result concludes the proof. O
Let us define the rate ratio pg := % which corresponds to the ex-

pected number of replacements taking place in the system between two
RCD updates. We analyze below the asymptotic behavior of the averaged
dynamic regret based on Theorem 8.11.
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Corollary 8.12. In the same setting as in Theorem 8.11, there holds

. E [Regq] 1-pu
Jim =28 < o= 1 = — P = 1)

5k — 3

(8.27)

Proof. Starting from (8.23) we have

EE [Regy] Lot &0 AW
— ol <« £ L — — — .
. _cot:ZlTJrZO My + (A =pu) (1= ) 16up

t=

Recall thaty =1 — % < 1 by definition. Hence Y-I; #* < T for all T,
7

and it follows that lim7_,« 1+ = 0. As a consequence we have

_E[Reg;| _ Tz‘l EN
— 2K — — .
fm, < Jim (1= pu) = V=7 ) 1 0up

Moreover, since 77 < 1 one has }°, vl 1ﬁ and )22 = # The

latter implies that limr_,« % Z;tT:_Ol tn' = 0, and therefore

. E[Reg;] 1 1—-pu
i T S (s = 0 Dl
and the conclusion follows from 6, g = 58— 3a. O

Remark 8.2. The proofs of Theorem 8.11 and Corollary 8.12 can directly be
adapted to any algorithm achieving linear convergence in closed system with some
contraction rate y < 1. In that case, the factor y = 1+ p(y — 1) in Theorem 8.11
remains smaller than 1, and one can then generalize the result of Corollary 8.12
for any such algorithm as

0
lim ERegr] Oup

Toe T —IR1—4 (8.28)

It is however not clear whether other algorithms might yield tighter bounds.
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lllustrations and interpretation

The results obtained above show some interpretation, which we give be-
low. At the same time we provide some numerical results to compare them.

Setting for the simulations

To illustrate Theorems 8.9 and 8.11, we consider a system of 5 agents with
o« = 1and B = 10 (so that x = 10) and pr = 0.0125 (i.e., such that re-
placements happen once every 80 time steps on average). Observe that the
derivation of these results is independent of the way we select the func-
tions held by the agents that join the system at replacements, as long as
they satisfy Assumption 8.6. Therefore, in the numerical results that fol-
lows, we consider two different ways to make that choice: random and
disadvantageous:

* Random choice (RC): The local cost f; is a piecewise quadratic function
such that f;(x) = ¢1x? for x < 0 and f;(x) = ¢x? for x > 0, with

¢1, ¢2 uniformly randomly chosen in {%, g} ;

* Disadvantageous choice (DC): The local cost is a quadratic function
fi(x) = ¢x* with ¢ € {%, g}, in such way that there is (roughly)
as many functions with ¢ = 5 and ¢ = g at all times in the system.

Our results thus hold for both choices, but also for many others. This
typically includes the worst possible case that would maximize the impact
of replacements on our metrics. It is however not clear what this worst case
is, and instead we have designed the disadvantageous case in an attempt
to approach it. Still, other less favorable choices can probably be made,
resulting in worse performance.

We compare our bounds with numerical results in that setting in the
remainder of this section. The figures below show that although they are
rather conservative, our bounds capture well the qualitative behavior of
the metrics. Moreover, because the DC case is less favorable than the RC
one, our bounds are tighter for the former. This suggests our bounds might
be tight for some specific choices for the joining functions, in particular
regarding the potential benefit.
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Potential benefit

As illustrated in Fig. 8.4.1 the upper bound (8.16) linearly scales with T, so
that there remains an asymptotic error in (8.17). This behavior is actually
natural as Potr is independent of the algorithm by definition: It is thus not
expected to decay with the interactions in the network, rather it positively
grows (constantly) at every time step. The asymptotic error (8.17) then
scales with n and &, consistently with the setting described in Section 8.1.
Finally, notice that because the dynamical regret Reg (8.9) is nonnegative
by definition, the bounds obtained in Theorem 8.9 are also valid for the
benefit, since Bent = Potr — Reg;. Hence we have

n
Bent < E(ﬁ — )T, (8.29)
which improves on (8.15).
Potential benefit E[Poty] Averaged potential benefit %
6000 ‘ : : w \ : : ‘ ‘
e Upper bound
5000 | |= = Simulation (RC)
Simulation (DC)
10t
4000
3000
i
~ - —
2000 e 1 | T 0= ======
e Upper bound
1000 = == Simulation (RC)
Simulation (DC)
0 10° - ' ' '
0 50 100 150 200 250

T

Fig. 8.4.1 Evolution of E [Poty]| and w for the system described in Sec-
tion 8.4.1, ie.,, witha = 1, B = 10 and pg = 0.0125. Both replacement cases are
considered: the random choice RC (in dashed red line) and the disadvantageous
choice DC (in yellow dash-dotted line). These are compared with the upper bounds
from (8.16) on the left and (8.17) on the right (in plain blue line).

Dynamic regret

As illustrated in Fig. 8.4.2 and similarly to the the potential benefit, the up-
per bound (8.23) on the expected dynamic regret linearly scales with T, so
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that there remains an asymptotic error in (8.27). This behavior contrasts
with usual results expected in the context of online optimization discussed
in Section 6.4, where the objective is to show that the regret grows sublin-
early with T in such way that the averaged regret asymptotically decays to
zero with T [Haz16, Ch. 1.1]. In fact, this expected behavior usually holds
true when considering the static regret, where the estimate x! is compared
with a fixed solution x* optimal with respect to the whole horizon T. Yet,
our analysis builds on the dynamic regret, where it is compared with the
instantaneous solution x*f. This metric is more restrictive, and does not
allow the usual sublinear growth in general [LXL22]. More specifically,
in our case, each replacement introduces a perturbation of non-decaying
magnitude on both the cost functions and the estimates. Hence, it is very
likely that no algorithm can instantaneously compensate these perturba-
tions, so that the linear growth in T is most probably unavoidable.

. Dynamical regret E[Regy] Averaged dynamical regret —E[RTegT]
10 ; ‘ ‘ ‘ 102 ‘ ‘ ‘ ‘
10°
10
= Upper bound
102 | = == Simulation (RC)
\ Simulation (DC)
R \ PR(TL — 1)0"7“3
{ - 0%
10! = Upper bound ] ~
= = Simulation (RC) S S -
Simulation (DC) S~ — -
10° ‘ : : : 10* ‘ ‘ : :
0 50 100 150 200 250 0 50 100 150 200 250
T T

Fig. 8.4.2 Evolution of E [Regy] and % for the system described in Sec-
tion 8.4.1, i.e.,, with « = 1, B = 10 and pg = 0.0125. Both replacement cases are
considered: the random choice RC (in dashed red line) and the disadvantageous
choice DC (in dash-dotted yellow line). These are compared with the bounds from

(8.23) on the left and (8.27) on the right (in plain blue line); the dotted blue line is to

the upper bound on limr_, % from (8.27).

Observe that the asymptotic upper bound (8.27) linearly grows with
n — 1 and «a, consistently with the setting described in Section 8.1. In par-
ticular, the dependency in n — 1 directly follows from the contraction rate 7y
of the RCD algorithm. Moreover, (8.27) is proportional to pg, which guar-
antees that the asymptotic averaged regret remains reasonable bounded
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for small values of pr (i.e., for rare replacements). In particular it decays to
zero when pr — 0, namely for closed systems.

Interestingly, it scales with pr(n — 1) = (1 — py) "p;ul, so that the bound
can be seen as the ratio between the impact of replacements, which happen
at the system level with probability 1 — p; (independently of #), and the
probability of a given agent getting involved in a RCD update ;". This
is actually consistent with Proposition 8.10, which shows that the effect of
replacements on Af; is independent of n. By contrast, one could consider
alternative situations e.g., where all agents would be reset during replace-
ments, whose impact would then be expected to grow with . Notice how-
ever that this observation strongly depends on the way the scaling of the
different quantities are defined, similarly to the discussion of Remark 7.3.

Finally, observe that the asymptotic upper bound (8.27) is proportional
to 5"2_ 3, implying that a larger possible interval for the curvature of the
functions in the system generates a larger expected error. This factor is
thus consistent with our setting, but is nevertheless a potential source of
conservatism, especially regarding the potential benefit from (8.17) where
the scaling is in %(K —1). Typically, tighter bounds can be obtained by spec-
ifying e.g., the shape of the functions, such as in Appendix 8.C where we re-
fine the result of Theorem 8.11 for quadratic functions, achieving a depen-
dency in %(K —1). Observe moreover that this conservatism solely comes
from Proposition 8.10, namely from the impact of replacements on the
function values. Interestingly, the coefficient My in Theorem 8.11, which
encapsulates their impact on the optimal function value, does not appear
in the asymptotic result (8.27). This was not the case in the previous chap-
ter, where it yielded additional conservatism, and directly follows from the
use of accumulated metrics instead of instantaneous ones.

Discussion and conclusions

In this chapter we considered a variation of the resource allocation problem
from the previous chapter where replacements also influence the budget
to be allocated. Inspired by tools taken from online optimization, we used
different metrics based on the accumulated error achieved by the RCD al-
gorithm with respect to reference strategies, and applied them on a simple
preliminary setting. We showed in particular that convergence to the op-
timal solution most probably cannot be achieved with these metrics, but
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that the asymptotic error then remains reasonably bounded in expectation.

The metrics we consider here allow handling the noxious effect of re-
placements in an efficient way, by directly considering their total effect
over a period of time rather than by accumulating the instantaneous ones.
In that sense, one could carry over the analysis of the previous chapter us-
ing the tools introduced in this one with the aim of deriving tighter results,
easier to interpret.

More generally, improving the tightness of some of our bounds is a nat-
ural follow-up for this chapter, especially regarding the benefit. Moreover,
our results suggest that our averaged metrics never completely decay to
zero asymptotically, as replacements introduce an error which cannot be
fully compensated. This interpretation is supported e.g., by Fig. 8.5.1, and
the next step would be to obtain lower bounds also scaling linearly with T.

6 T T T
—— E[P;?gT]
5
g E[B;HT]
4 E[POtT]

Fig. 8.5.1 Evolution of the averaged metrics (i.e., the dynamical regret in blue
line, the benefit in red line, and the potential benefit in yellow line) for the system
described in Section 8.4.1, i.e., with &« = 1, B = 10 and pg = 0.0125, in expectation
over 1000 realizations.

So far this chapter only gives preliminary results for our approach, and
extensions to make it more general are to be envisioned. In particular, our
approach could be extended to handle variable-size systems (i.e., where
arrivals and departures are decoupled) with general graph topologies and
heterogeneous demands. This would however require properly defining
the arrival and departure rules to keep the resource allocation constraint
valid, which can introduce additional conservatism. It would also require
adapting the metrics, e.g., by normalizing them with respect to the (time-
varying) system size.
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Appendix of Chapter 8

Proof of Proposition 8.7 (Well-posedness)

We provide here the proof of Proposition 8.7, which shows that if x* € S,,,
then the estimates x' remain feasible when subject to the update rules from
Section 8.1.3 (i.e., for RCD updates, arrivals and departures).

Proof of Proposition 8.7. We analyze the effect of arrivals, departures and
RCD updates separately, and show that they all preserve the constraints,
ie,thatx; > 0and Y /' ; x; = n at all times.

Arrival: Let in be the label of the joining agent so that V* = V U {in}
with |V| = n, then x;, = 1 > 01is a direct consequence of (8.7), and

Yoxi=) xi+xm=n+1
ieyt i€y

guarantees that the resource allocation constraint is met.

Departure: Let out € V be the label of the leaving agent with |V| = n, so
that V' =V \ {out}, then (8.6) yields

1 1
xi+:<1_>xi+xout20
n n

foralli € V*. The resource allocation constraint is thus met since

1 n—1
Z x;r: (1_) (n_xout)‘f‘ixout:n_l-
n n

ieyt
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RCD update: By definition, an RCD iteration keeps the resource alloca-
tion constraint valid (see e.g., (6.8)). Observe moreover that from Assump-
tions 8.1 and 8.2, if x; > 0 we have

xifl (x;) > alx;> >0,

so that f/(x;) > 0. Since f; is f-smooth, one has f;(x;) < Bx;, and therefore
at each update of the RCD algorithm between agents i and j there holds

1 1 X
wf = xi=5g () = f() 2 3= 55(bx) = 5 20
The same analysis can be conducted on x]*, concluding the proof. O

Proof of Proposition 8.10 (Function variation)

We prove the result of Proposition 8.10, which we remind reads:

E[Aft|Ct] < p(y —1)C + (1= p)bap (8.30)

with’yzl—ﬁandemﬁ =3B 3u.

Proof of Proposition 8.10. Let R; and U respectively denote the (probabilis-
tic) events that a replacement and a RCD update happen at time step ¢.
Then, from assumption 8.5, there holds

E [Aft|Ci] = pulE [Afi|Cr, Ui 4 (1 — pu)E [Afi|Ct, Ry] . (8.31)

Let us analyze the effect of RCD updates and replacements separately.

RCD update: In that case x*'*! = x*f, so that Af} = 0 and hence Af; =
Ci41 — C;. Moreover, the convergence rate of the RCD algorithm in [Nec13]
yields E [C;11|Ct, U] < vCi. Hence we have

E [Aft|Ct,L{t] =E [Ct+1 — Ct|Ct,th] S (’y — 1)Ct. (832)

Replacement: A replacement R; consists in an arrival and a departure
happening simultaneously at time step t, which we also analyze separately.
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® Arrival: Let f,e, denote the local cost function of the agent joining
the system, then from (8.7) we have

(8.33)

N ™

Afr = f1(x") + faew(1) = (") = faew(1) <

where the last inequality is a consequence of the B-smoothness of
frew from Assumption 8.1.

® Departure: Let ¢ denote the label of the leaving agent, such that

FEUY) = Loy fi(xth). From (8.6), we have x{! = xf + x/ iy
Moreover, by definition of departures, the agent ¢ is unlformly ran-
domly chosen, thus with probability % Let D; denote the occurrence
of a departure at time step ¢, there thus holds

E [Aft|ct,Dt] = i% (Zfzt (xf + x;;xl> _ff(xt)>
(=1 i#l

I
S|
1=

Il
S|
Y
=t
/N

2
=
—_
R\‘h
+
3 &R
=
=
N———
~_
=
=+
—_
~
—
SN—

Since f! is B-smooth from Assumption 8.1, we have

-1 xt
f (rlnxt + ngﬂn> fi) + = <Vf ), Lpxp — x')

2

7

x|

B ¢
+ 212 Hﬂnxf -
and it thus follows that

[Aft|Ct,Dt iz i <Vft ]l XZ — xt>

(=1
%ZHM@%H SR Y

Recall that & [|x||* < (Vf!(x),x) < B|x|* for any x from Assump-
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tion 8.1. Hence, since }_j_; x; = n from Assumption 8.3, we have

Y V), Lt — xf) = n (VA 1y — 2) < n(n—a || |).

=1

Moreover, one finds

1 2
Y [Ty — |
=

|
™=
™=

()2 = 2}t + (x)?)

o~

—_
Il
—_

|
1=

() = 2] + [[]") = 20 (|||* = ).

N
X

Injecting those two results in (8.34) then yields

Loy,

E[AfIC, D] < & (B — o [«) + %5 ([}~ n) - X

From Lemma 8.8, we have ||x|| r < n? and f!(x') > 4n, so that
3
E [Afi|Ct, D] < 2B — S (8.35)
Combining (8.33) and (8.35) then yields

5 3
E[AfilCL R < 56— 58, (8.36)

and injecting (8.32) and (8.36) into (8.31) concludes the proof. O

Dynamical regret: the case of quadratic functions

We show here that the results of Theorem 8.11 and Corollary 8.12 can be
refined by using additional assumptions on the shape of the local cost func-
tions. In particular we consider the following assumption.

Assumption 8.13. The local cost function of any agent i at time t is of the form

fi(xi) = ¢ix, @e[%ﬂ, (8.37)

With this assumption, one refines Proposition 8.10 as follows.
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Proposition 8.14. Let v := 1 — ( 1 and Gaﬁ = 3”2;% (B—w). In the
setting of Section 8.1 and under Assumption 8.13, there holds for any time step t:

E[AfiC] < pu(y —1)C + (1= p)fp. (8.38)

Proof. The proof follows the same steps as that of Proposition 8.10 in Ap-
pendix 8.B. Only the departure case is modified as follows, where the first
steps are the same with f;(x) = ¢;x?, and where we omit the dependence
of the functions and estimates to the time to lighten the notations, yielding

ElAflCu R = ) 1 (m (35 x‘)z—ﬂx))

=1 \iZe

I
S|
o~
=
_
<
pN g
=
/N
N
Red
+
=
o~
~
\/
-S
~
=
~N

Using the fact that Yj_; Yz ¢ix? = (n—1)f(x) and that ¢; < 5 for all 7,
we obtain

E[AfIC, R < (B8 (—1) - 1) f( ﬁzi;(zxix/g;wﬁ).

Observe that ) j_; Y xixp = n? — ||x\|2 and Y5_q Xz x2=(n-1) Hx||2,
so that a few algebraic manipulations yield

3n? —3n+1 n—1/. , )
E[Afi|C, Ri) €~ f(x) + B (207 — [2]]%) .

From Lemma 8.8, we have ||x||*> > nand f(x) > 5n, and it follows that

3n2 —3n+1 212 —3n+1
E [Af|Cr, R < — .
[Afi|Cr Ry < o At B T 3

The conclusion is then obtained the same way as for Proposition 8.10 using
the expression above. O

We then obtain the following alternative theorem, which particularizes
Theorem 8.11 and Corollary 8.12 for quadratic functions.
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Theorem 8.15. Let Cy = fO(x0) — fO(x*?) be the initial error at the initial-
ization of the system. Moreover, let 1 := 1 — —P4s Mg := 2(pn — &) and

x(n—1)
éa,ﬁ = 3”2;% (B—a). In the setting of Section 8.1 and under Assump-

tion 8.13 there holds for any time step t:

EReg] <CoY n'+ Y ' (Mp+ (T=0(1—pu)lug). (839
t

In particular,

E [R ] .
lim @ < pr(n—1)8p = SP9(n — 1)pEEF (x — 1), (8.40)

T—o0 ru

Proof. The proof is equivalent to those of Theorem 8.11 and Corollary 8.12
using Proposition 8.14 instead of Proposition 8.10. O

We compare the results obtained here with those of Section 8.3.2 in
Fig. 8.C.1 in the setting described in Section 8.4.1 with only quadratic func-
tions. As their derivation relies on additional information on the local cost
functions, the upper bounds obtained here are slightly tighter than the gen-
eral ones for that case. In particular, the asymptotic bound here scales with
%(K — 1) instead of 5K2_ 3. This thus illustrates the potential improvement
of the bounds that can be achieved by specifying additional information
regarding the functions in the system.

Dynamical regret F[Regy] Averaged dynamical regret %

10*
102

= Upper bound
— = Upper bound (quad)
Simulation

=
-—
-—

10t

, e pp(n = 1)0q8

10

10°
50 100 150 200 250 0 50 100 150 200 250
T T

Fig. 8.C.1 Evolution of E [Regy] and % for the system described in Sec-
tion 8.4.1 for random replacement (dash-dotted yellow) compared with the bounds

obtained in Section 8.3.2 (plain blue) and in Appendix 8.C (dashed red); the dotted

lines are the corresponding upper bounds on limy_, %.
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Conclusions and
perspectives

N this thesis we considered the possibility for agents to join and leave

in the analysis of multi-agent systems, resulting in the so-called “open”

multi-agent systems (OMAS). Motivated by the ever growing size of
systems nowadays, making even small individual rates of arrivals and de-
partures significant at the system level, and because of the emergence of
systems naturally showing such property, the study of OMAS has started
receiving a significant attention recently. Nevertheless, very few dedicated
analyses can be found in the literature yet, and most of the studies initially
tailored for closed systems do not easily extend to open ones.

An important consequence of the challenges arising from analysing
OMAS is the impossibility for algorithms to achieve usual convergence.
In particular, two major challenges are the variable size of the system, and
the ever-changing nature of the information in the system. By studying the
specific problems of consensus and decentralized optimization in OMAS,
we investigated these challenges and highlighted some of their properties
and consequences on algorithm design, paving the way towards future
analyses in more complex settings or for more complex problems.

In what follows, we give a quick overview of the contributions of this
thesis, and some insights on possible further researches.
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What did we achieve?

In Chapter 2, we set up the scene for deriving our main results: We in-
troduced the needed mathematical tools and the different choices we made
all along the thesis to model open multi-agent systems. In particular, we
properly characterized the type of arrivals and departures we considered and
the stochastic properties of these processes defining the evolution of our sys-
tems. Moreover, we identified the properties of the problems we consid-
ered throughout this thesis, as these strongly influence the challenges to be
faced in their analysis. This chapter more generally highlights the variety
of design choices and problems that can be defined when studying OMAS,
and their potential implication on the corresponding analyses.

Part I was dedicated to the analysis of consensus problems in OMAS,
which we defined and discussed in Chapter 3. By investigating how to
deal with both the variable size of OMAS and the ever-changing nature
of the information they are subject to for that specific problem, we high-
lighted some general properties of OMAS related to these challenges.

We tackled the first one in Chapter 4, where we investigated the ques-
tion of the representation of OMAS in the context of consensus. In partic-
ular, we showed that their behavior can be studied via scale-independent
quantities called descriptors whose evolution is characterized by a finite-
dimensional dynamical system. We proposed a general methodology in
Section 4.2 relying on tools taken from Markov theory to handle the possi-
bly variable size of systems. We then applied it in Section 4.3 to study the
behavior of gossip interactions in both systems of fixed and variable sizes,
and showed that the evolution in expectation of the variance, and hence of
the level of disagreement, is bounded for such systems.

Then, in Chapter 5, we derived lower bounds on the performance that
can be achieved by any algorithm for solving the average consensus prob-
lem in OMAS of fixed size for some given model defining the interactions
in the system. The obtained lower bounds, called fundamental performance
limitations, then constitute a suited performance criterion for algorithms,
as convergence is not appropriate in OMAS. Their derivation required the
definition in Section 5.2 of the so-called knowledge sets to model the infor-
mation made potentially available to an agent at some time for a given
model, thus handling the second challenge previously mentioned. We then
applied the general bound obtained in Section 5.3 to study the Gossip al-
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gorithm in Section 5.4, by defining appropriate interaction models.

In Part II, we focused on the analysis of decentralized optimization al-
gorithms in OMAS. More specifically we considered the resource allocation
problem introduced in Chapter 6 subject to replacements, resulting in vari-
ations of the objective functions, and at some extent of the budget to be
allocated.

We first studied the convergence of the error achieved by the Random
Coordinate Descent (RCD) algorithm in Chapter 7, in terms of the dis-
tance between the estimate and the minimizer. By analysing separately
the effects of the algorithm and of replacements on the instantaneous er-
ror, we showed that it converges in expectation to some steady state which
strongly depends on the properties of the system. The methodology we
used required (i) the definition of a new norm in Section 7.3 in order to
have linear convergence for the RCD algorithm in closed system, and (ii)
the analysis of the effect of replacements on the instantaneous error in Sec-
tion 7.2, from which a significant part of the conservatism of the result is
originated.

In Chapter 8 we considered a slight variation of the same problem
where the budget varies with replacements. By contrast with the previ-
ous chapter, we used performance metrics based on the error accumulated
over the iteration with respect to a given reference strategy. This approach
is strongly related to online optimization, and in particular to the notion
of regret, from which we defined our metrics in Section 8.2. Using this
approach, we obtained upper bounds in Section 8.3 for the accumulated
error achieved by the RCD algorithm with respect to two reference strate-
gies: the optimal collaboration and the non-collaborating strategy. These
bounds happen to be less conservative than those of the previous chapter
regarding the effect of replacements, which is directly evaluated over all
the iterations at once with the approach of this chapter.

Is this all over?

The framework of open multi-agent systems is extremely rich and dense:
The present thesis intended at paving the way regarding basic questions in
that rather young domain, which remains largely unexplored nonetheless.

As discussed in Chapter 2, different design choices result in different
types of systems and problems, with different challenges. The analyses
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of this thesis thus hold for some specific relevant system descriptions and
problem formulations. Yet, many other settings which we do not detail
here could be considered, leading to extensions or variations of our results.

We detail below some perspectives for the specific scope of this thesis.

Part I investigates general challenges related to OMAS in the specific
context of consensus problems. In particular, Chapters 4 and 5 present
general methodologies, respectively for representing OMAS and evaluat-
ing the performance of algorithms, applied to consensus. Hence, perspec-
tives for this part are mostly centered on their application to more general
and advanced settings and problems. This typically includes their general-
ization to more restrictive or structured types of interactions through e.g.,
the use of specific graph topologies. This might require slight adaptations,
e.g., with relevant choices of descriptors for Chapter 4 or by properly adapt-
ing the concepts of optimal algorithm and knowledge sets for Chapter 5. The
methodologies would nonetheless remain fundamentally the same. In the
same line, the analyses could be extended to different algorithms or ad-
vanced problems building on consensus and which could directly exploit
the results obtained in this part, such as decentralized optimization or for-
mation control.

As far as Part II is concerned, conceivable perspectives are twofold.
First, one might seek for tighter results, as the bounds derived in both
Chapters 7 and 8 show conservatism. Yet, the improvement margin ap-
pears to be limited, and we strongly suspect the noxious effect of replace-
ments cannot be fully compensated. In that sense, the derivation of lower
bounds e.g., in the context of Chapter 8, is a relevant follow-up to validate
this suspicion (this actually relates with the fundamental performance lim-
itations of Chapter 5). Second, the analyses conducted in this part can be
extended to more general settings, both regarding the properties of the sys-
tem or of the problem itself, or to other algorithms, as the general method-
ology mostly remains the same under consistent assumptions. Finally, the
generalization of the analysis to different metrics might lead to significant
improvements or variations of the results. This is clear regarding the gain
from using the metrics of Chapter 8 with respect to Chapter 7.

Overall, except in Chapter 4, we always considered open systems of
fixed-size. A natural extension is thus to consider decoupled arrivals and
departures, which is a particularly complex aspect of OMAS. One might
actually exploit the tools introduced in Chapter 4 to handle systems of
variable size in the other chapters. This however requires adapting many
aspects of these analyses, in particular regarding the metrics that are used.
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Interestingly, Chapter 8 already sets the scene for extending the analysis to
variable size systems, up to a slight adaptation of the arrivals and depar-
ture rules and to the normalization of the metrics by the system size.
Finally, the natural next step for the analyses presented in this thesis is
the design of algorithms tailored for open systems that would exploit them.
Typically, designing algorithms that would efficiently react to variations in
the system size and whose performance meets the lower bounds derived
in Chapter 5 remains an open question that deserves attention, and we
believe the work presented in this thesis will help in that direction.

Final word

We are eventually reaching the end of this manuscript. I like consider-
ing this thesis as an exploration of the extremely rich and mostly unknown
world of open multi-agent systems. It is always astonishing how the “sim-
ple" addition of a feature — in our case the openness — to a well-known
domain can lead to significant changes up to its core.

At the end of the day, the results we present here mostly aim at open-
ing doors for future researches. By answering questions related to basic
problems, we investigated the intrinsic properties of open systems and
highlighted the underlying mechanisms that have to be taken into account
when working with them. In that sense, we hope the research presented
in this thesis does not only yield relevant results for standard problems in
open systems, but also constitutes a solid baseline for future advances in
that field, both in general and regarding high level applications.

There remains a lot of unanswered questions in the context of OMAS,
and we hope we contributed to clear the way towards the deep under-
standing of these evermore realistic and accurate systems.
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