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ABSTRACT. The literature on time series of functional data has focused on pro-
cesses of which the probabilistic law is either constant over time or constant up to
its second-order structure. Especially for long stretches of data it is desirable to
be able to weaken this assumption. This paper introduces a framework that will
enable meaningful statistical inference of functional data of which the dynamics
change over time. We put forward the concept of local stationarity in the func-
tional setting and establish a class of processes that have a functional time-varying
spectral representation. Subsequently, we derive conditions that allow for funda-
mental results from nonstationary multivariate time series to carry over to the
function space. In particular, time-varying functional ARMA processes are inves-
tigated and shown to be functional locally stationary according to the proposed
definition. As a side-result, we establish a Cramér representation for an impor-
tant class of weakly stationary functional processes. Important in our context is
the notion of a time-varying spectral density operator of which the properties are
studied and uniqueness is derived. Finally, we provide a consistent nonparametric
estimator of this operator and show it is asymptotically Gaussian using a weaker
tightness criterion than what is usually deemed necessary.

Keywords: Functional data analysis, locally stationary processes, spectral analysis,
kernel estimator
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1. INTRODUCTION

In functional data analysis, the variables of interest take the form of smooth func-
tions that vary randomly between repeated observations or measurements. Thus
functional data are represented by random smooth functions X(7), 7 € D, defined
on a continuum D. Examples of functional data are concentration of fine dust as a
function of day time, the growth curve of children as functions of age, or the intensity
as a function of wavelength in spectroscopy. Because functional data analysis deals
with inherently infinite-dimensional data objects, dimension reduction techniques
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such as functional principal component analysis (FPCA) have been a focal point in
the literature. Fundamental for these methods is the existence of a Karhunen-Loeve
decomposition of the process (Karhunen, 1947; Loeve, 1948). Some noteworthy early
contributions are Kleffe (1973); Grenander (1981); Dauxois et al. (1982); Besse and
Ramsay (1986). For an introductory overview of the main functional data concepts
we refer to Ramsay and Silverman (2005) and Ferraty and Vieu (2006).

Most techniques to analyze functional data are developed under the assumption
of independent and identically distributed functional observations and focus on cap-
turing the first- and second-order structure of the process. A variety of functional
data is however collected sequentially over time. In such cases, the data can be
described by a functional time series {X;(7)}iez. Since such data mostly show serial
dependence, the assumption of i.i.d. repetitions is violated. Examples of functional
time series in finance are bond yield curves, where each function is the yield of the
bond as a function of time to maturity (e.g. Bowsher and Meeks, 2008; Hays et al.,
2012) or the implied volatility surface of a European call option as a function of mon-
eyness and time to maturity. In demography, mortality and fertility rates are given
as a function of age (e.g. Erbas et al., 2007; Hyndman and Ullah, 2007; Hyndman
and Booth, 2008), while in geophysical sciences, magnometers record the strength
and direction of the magnetic field every five seconds. Due to the wide range of
applications, functional time series and the development of techniques that allow to
relax the i.7.d. assumption have received an increased interest in recent years.

The literature on functional time series has mainly centered around stationary
linear models (Mas, 2000; Bosq, 2002; Dehling and Sharipov, 2005) and prediction
methods (Antoniadis et al., 2006; Bosq and Blanke, 2007; Aue et al., 2015). A
general framework to investigate the effect of temporal dependence among functional
observations on existing techniques has been provided by Hormann and Kokoszka
(2010), who introduce L, approximability as a moment-based notion of dependence.

Violation of the assumption of identically distributed observations has been ex-
amined in the setting of change—point detection (e.g. Berkes et al., 2009; Hormann
and Kokoszka, 2010; Aue et al., 2009; Horvath et al., 2010; Gabrys et al., 2010), in
the context of functional regression by Yao et al. (2005); Cardot and Sarda (2006)
and in the context of common principal component models by Benko et al. (2009).

Despite the growing literature on functional time series, the existing theory has so
far been limited to strongly or weakly stationary processes. With the possibility to
record, store and analyze functional time series of an increasing length, the common
assumption of (weak) stationarity becomes more and more implausible. For instance,
in meteorology the distribution of the daily records of temperature, precipitation and
cloud cover for a region, viewed as three related functional surfaces, may change over
time due to global climate changes. In the financial industry, implied volatility of
an option as a function of moneyness changes over time. While heuristic approaches
such as localized estimation are readily implemented and applied, a statistical theory
for inference from nonstationary functional time series is yet to be developed.

The objective of the current paper is to develop a framework for inference of
nonstationary functional time series that allows the derivation of large sample ap-
proximations for estimators and test statistics. For this, we extend the concept of
locally stationary processes (Dahlhaus, 1996a) to the functional time series setting.
We show that fundamental results for multivariate time series can be carried over to



LOCALLY STATIONARY FUNCTIONAL TIME SERIES 3

the function space, which is a nontrivial task. Our results, which generalize the work
by Panaretos and Tavakoli (2013b,a), provide a basis for frequency domain based
inference for nonstationary time series. For example, Aue and van Delft (2017)
use our framework to derive a test for stationarity of functional time series against
nonstationary alternatives with slowly changing dynamics.

The paper is structured as follows. In section 2, we first introduce some basic
notation and methodology for functional data and relate this in a heuristic manner
to the concept of locally stationary time series and introduce the definition of a
locally stationary functional time series. In section 3, we demonstrate that time-
varying functional ARMA models have a causal solution and are functionally locally
stationary according to the definition in section 2. This hinges on the existence of
stochastic integrals for operators that belong to a particular Bochner space. In
section 4, the time-varying spectral density operator is defined and its properties
are derived. In particular, we will show uniqueness of the time-varying spectral
density operator. In section 5, we derive the distributional properties of a local
nonparametric estimator of the time-varying spectral density operator and deduce
a central limit theorem. The results are illustrated by application to a simulated
functional autoregressive process in section 6. Technical details can be found in the
appendix and several auxiliary results that are of independent interest are proved
in the supplementary document van Delft and Eichler (2017¢), henceforth referred
to as the Online Supplement.

2. LOCALLY STATIONARY FUNCTIONAL TIME SERIES

Let X = {Xi};—1..r be a stochastic process taking values in the Hilbert space
H = L*([0,1]) of all real-valued functions that are square integrable with respect
to the Lebesgue measure. While current theory for such processes is limited to the
case where {X,} is either strictly or weakly stationary, we consider nonstationary
processes with dynamics that vary slowly over time and thus can be considered as
approximately stationary at a local level.

As an example, consider the functional autoregressive process X given by

Xi(7) = By(Xio1) (1) + eu(r), T€]0,1],

for t = 1,...,T, where the errors ¢, are independent and identically distributed
random elements in H and B, for t = 1,...,T are bounded operators on H. As-
suming that the autoregressive operators B; change only slowly over time, we can
still obtain estimates by treating the process as stationary over short time periods.
However, since this stationary approximation deteriorates over longer time periods,
standard asymptotics based on an increasing sample size 1" do not provide suitable
distributional approximations for the finite sample estimators. Instead we follow
the approach by Dahlhaus (1996a, 1993) and define local stationary processes in a
functional setting based on an infill asymptotics. The main idea of this approach is
that for increasing T' the operator B; is still ‘observed’ on the same interval but on a
finer grid, resulting in more and more observations in the time period over which the
process can be considered as approximately stationary. Thus we consider a family
of functional processes

Xy (1) = Byr (Xeo170) (1) + &(7), rel0,1], 1<t<T,
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indexed by T' € N that all depend on the common operators B, indexed by rescaled
time u = t/T. Consequently, we in fact examine a triangular array of random func-
tions that share common dynamics as provided by the continuous operator-valued
function B,, u € [0,1]. For each T, a different ‘level’ of the sequence is thus con-
sidered where the dynamics change more slowly for increasing values of 7. We will
establish a class of functional time series with a time-varying functional spectral rep-
resentation that includes interesting processes such as the above example and higher
order time-varying functional ARMA models. The framework as provided in this
paper will allow to investigate how nonstationarity affects existing methods, such
as (dynamic) functional principal component analysis (see Panaretos and Tavakoli,
2013a; Hormann et al., 2015), and how these methods should be adjusted in order
to be robust for changing characteristics. Similarly as Dahlhaus and Subba Rao
(2006) and Vogt (2012) in the case of ordinary time series, we call a functional time
series locally stationary if it can be locally approximated by a stationary functional
time series.

Definition 2.1 (Local stationarity). A sequence of stochastic processes {X; r}iez
indexed by T' € N and taking values in H is called locally stationary if for all rescaled
times u € [0, 1] there exists an H-valued strictly stationary process {Xt(u)}tez, such
that

Pr = XL, < (4] + D BY as

for all 1 <t < T, where Pt(f}) is a positive real-valued process such that for some

p > 0 and C < oo the process satisfies E(‘Pt(q}) p) < C for all ¢t and T" and uniformly
in ue|0,1].

The above definition will be further investigated in Aue and van Delft (2017). It
will allow the development of statistical inference procedures for nonstationary func-
tional time series and in particular will encompass nonlinear functional models. Non-
linear functional time series is a topic that is relatively unexplored. Possible relevant
models that are worth investigating are time-varying additive functional regression
(Miiller and Yao, 2008) and time-varying functional ARCH models (Hérmann et al.,
2013). For the remainder of the paper, we will however focus on frequency domain
based methods. For this we provide sufficient conditions for local stationarity in
terms of spectral representations. These will include the most popular used mod-
els in practice such as functional ARMA processes. Despite of being linear in the
function space, the filter operators act on a Hilbert space of which the elements can
still exhibit arbitrary degrees of nonlinearity and can therefore be seen to be highly
nonlinear in terms of scalar records. Due to its flexibility as well as its simplicity,
functional autoregressive processes have been found useful in numerous applications
(see section 3). We start by introducing the necessary terminology on operators and
spectral representations for stationary functional time series.

2.1. Functional spaces and operators: notation and terminology

First, we introduce some basic notation and definitions on functional spaces and
operators. Let (T, B) be a measurable space with o-finite measure u. Furthermore,
let E be a Banach space with norm || - |z and equipped with the Borel o-algebra.
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We then define L (T, 1) as the Banach space of all strongly measurable functions
f T — E with finite norm

= (| i dutr)".

for 1 < p < oo and with finite norm

flo = inf sup ||f(7

e = int | sup 170l
for p = c0. We note that two functions f and g are equal in LP, denoted as f z g,
if |f —gl, =0. If E is a Hilbert space with inner product (-, ), then Li,(T, u) is
also a Hilbert space with inner product

G- Dy = | HE 9 du(r).

For notational convenience, we simply write (f, ¢) if no ambiguity about the space
L%(T, ) is possible. Similarly, if T = R* and p is the Lebesgue measure on T, we
omit 1 and write L%(T), and if E = R we write LP(T, p).

Next, an operator A on Hilbert space H is a function A : H — H. An operator
A is said to be compact if the image of each bounded set under A is relatively
compact. If H is separable, there exist orthonormal bases {¢,} and {,} of H
and a monotonically decreasing sequence of non-negative numbers s,(A), n € N
converging to zero, such that

Af = 3 5,4 0, 2.1)

for all f € H. The values s,(A) are called the singular values of A and (2.1) is
the singular value decomposition of A. For operators on H, we denote the Schatten
p-class by S,(H) and its norm by ||-||,. More specifically, for p = oo, the space
Sw(H) indicates the space of bounded linear operators equipped with the standard
operator norm, while for 1 < p < oo the Schatten p-class is the subspace of all
compact operators A on H such that the sequence s(A) = (s,(A)) _ of singular
values of A belongs to ¢7; the corresponding norm is given by || A||, = |s(A)],. For
1 < p < g < 0, we have the inclusion S,(H) < S,(H). Two important classes are
the Trace-class (nuclear) and the Hilbert-Schmidt operators on H, which are given
by S1(H) and Sy(H), respectively. More properties of Schatten-class operators and
in particular of Hilbert-Schmidt operators are provided in Section S1 of the Online
Supplement. Finally, the adjoint of A is denoted by A" while the identity and zero
operator are given by Iy and Op, respectively. As usual, the complex conjugate of
z € C is denoted by z and the imaginary number by i.

The main object of this paper are functional time series {X;} that take values in
the Hilbert space H = L*([0,1]). More precisely, for some underlying probability
space (Q,.Z,P), let H = L%(Q,P) be the Hilbert space of all H-valued random
variables X with finite second moment E|X |3 < oo. Throughout the paper, we
assume that X; € H. For the spectral representation and Fourier analysis of func-
tional time series {X;}, we also require the corresponding spaces Hp = L(]0,1])
and Hg = L3 (2, ). We recall some basic properties of functional time series.
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First, a functional time series X = {X;} is called strictly stationary if, for all finite
sets of indices J < Z, the joint distribution of {X;y;|j € J} does not depend on
t € Z. Similarly, X is weakly stationary if its first- and second-order moments exist
and are invariant under translation in time. In that case, the mean function m of
X is defined as the unique element of H such that

(m,g) =E(Xy9), g€ H.
Furthermore, the h-th lag covariance operator C is given by

Chy1,92) = E[<91; Xo —my{X, —m, 92>]7 91,92 € H,

and belongs to Sy(H). Since Sy(H) is isomorphic to the tensor product, we call
Cy also autocovariance tensor. The covariance operator C, can alternatively be
described by its kernel function ¢; satisfying

1 1
(Cr g g = f f en(1.0) () go(F) dordr,  guygo € H.
0 0

In analogy to weakly stationary multivariate time series, where the covariance matrix
and spectral density matrix form a Fourier pair, the spectral density operator or
tensor F,, is given by the Fourier transform of Cp,

Fuo=5 > Cre ™" (2.2)

heZ

A sufficient condition for the existence of F,, in Sy(Hg) is X, [|Chll, < 0. Since
the setting of this paper allows for higher order dependence among the functional
observations, we also require the notion of higher order cumulant tensors. The nec-
essary derivations and definitions are given in Section S2 of the Online Supplement.
Throughout the remainder of this paper, time points in {1,...,7T} will be denoted
by t,s or r, while rescaled time points on the interval [0, 1] will be given by u and
v. Additionally, angular frequencies are indicated with A\, a, 5 or w and functional
arguments are denoted by 7,0 or pu.

2.2. Local stationarity in the frequency domain

We now give a characterization of locally stationary functional processes in the fre-
quency domain.The following proposition can be viewed a generalization of Dahlhaus
(1996a) to the functional setting. Proofs of this section are relegated to Appendix
Al

Proposition 2.2. Let {&;}cz be a weakly stationary process taking values in H with
spectral representation £, = S:r e wtdZ,. Furthermore, suppose that the functional
process Xy witht =1,...,T and T' € N is given by

(i) Xir = J elwt Ag:,) dZ, a.s. a.e.

with transfer operator Af;) € By. If there exists an S (He)-valued function A,
that is 2m-periodic with respect to w and continuous in u € [0,1] such that for all
TeN

(i) sup A5 - ALl = 0(F),

then { X, 1} is a locally stationary process in H.
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Here, B, denotes the Bochner space By, = quj(HC)([—ﬂ',ﬂ'], p) of all strongly
measurable functions U : [—7, 7] — S, (Hg) such that

Wi, = [ ) <o,

where y is a measure on the interval [—m, 7] given by p(A) = §, || Fo|1 dw for all
Borel sets A < [—m, w]. We note that the results in Panaretos and Tavakoli (2013a)

cover the existence of the stochastic integral in (i) only for transfer functions .Agj) in
B, for fixed ¢, T'; the more general important case of transfer functions in By, is proved
in Section S2.2 of the Online Supplement. A functional Cramér representation such
as in (i) can also be obtained when the spectral density operator is not well-defined.
We refer the reader to van Delft and Eichler (2017b) in which a functional version
of Herglotz Theorem is proved and frequency domain concepts for stationary time
series on the function space are further generalized.

As in the time series setting, we need the existence of a transfer operator A,
that is continuous in u € [0, 1] to guarantee locally an approximately stationary
behavior without sudden changes. In order to include interesting cases such as
autoregressive processes for which a time-varying functional spectral representation
with a common continuous transfer operator A, ,, does not exist, we require that such
a representation only holds approximately by condition (ii) of Proposition 2.2. We
remark that Proposition 2.2 coincides with the original characterization (Dahlhaus,
1996a) if the data are in fact finite-dimensional.

The previous result leads us to consider time-varying processes of the form

Xor =Y ADe, (2.3)
SEZL
where {£,} ez is a weakly stationary functional white noise process in H and {Ag?}sez
are sequences of linear operators for t = 1,...,7 and T € N. The following result
states the conditions under which such a process satisfies condition (i) in the above
proposition.

Proposition 2.3. Let {&,}icy be a H-valued random process with functional Cramér
representation £; = S:T e WtdZ, and, for p € {2,000}, let {Ag)}sez be a sequence of

operators in S,(H) satisfying ), H|A§?\Hp <o forallt=1,...,T and T € N. Then
the process
Xr = 5 A e (2.4)
SEZ

has a representation as given by Proposition 2.2(1) with Ag} € B,.

For p = 2, the proposition yields a time-varying version of the corresponding result
of Panaretos and Tavakoli (2013a). The more general case p = oo also includes linear
models introduced by Bosq (2000) and Hérmann and Kokoszka (2010) as well as the
important class of time-varying functional autoregressive processes, which we show
in the next section.

3. LOCALLY STATIONARY FUNCTIONAL AUTOREGRESSIVE PROCESSES

Autoregressive processes are of general interest as they have applications in a wide
range of disciplines such as economics and medicine and can especially be useful
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for prediction purposes. Early work on prediction based on the functional autore-
gressive mode can for example be found in Damon and Guillas (1982), Besse and
Ramsay (1986) and Antoniadis and Sapatinas (2003). Linear processes in Hilbert
and Banach spaces and in particular functional autoregressive processes have also
been thoroughly investigated in the monograph of Bosq (2000). Although the model
of Bosq (2000) assumes only that the errors of the causal solution in an appropri-
ate Hilbert space sense are uncorrelated, most estimation techniques are still based
on the assumption of i.i.d. functional errors. In Hérmann and Kokoszka (2010),
the properties of the functional AR(1) are investigated within the framework of LP-
m-approximability. Since the second-order structure is often found to have been
time-varying in applications such as economics, it is natural to consider functional
autoregressive processes that take this into account. In this section, we introduce
a class of time-varying functional autoregressive processes for which inference and
forecasting methods can be developed in a meaningful way. In particular, we demon-
strate that time-varying functional autoregressive processes are locally stationary in
the sense of Proposition 2.2 and that stationary functional AR(p) are a special case.
First, we will have to show that a causal solution exists for these type of processes.
This is done in the theorem stated below.

Theorem 3.1. Let {e;}1ez be a white noise process in H and let { X, 1} be a sequence
of time-varying functional AR (p) given by

p
Xir = ), B%,j(Xt—j,T) + & (3.1)
=1

with B, j = By ; foru <0 and B, j = By for uw> 1. Furthermore, suppose that
(7) the operators B, ; are continuous in w € [0,1] for all j =1,...,p;
(i) for all u € [0, 1], the operators satisfy >;7_, | Bullo < 1.

Then (3.1) has a unique causal solution of the form
S AT
Xor = 2 Ay (e) (3.2)
=0

for all t e N with sup, 7 32 [| AT, < 0.

In order to prove the theorem, note that we can represent the functional AR(p)
process in state space form

Xt,T B%,l B%,Q T B%,p thl,T &t
Xiar Iy Oy Xior On
. = . . R (3:3)
Xi—pr1,T Iy Og XipT On
ﬁ—J [\ ~ J %/_/
Xir B% X{ar i

T
Here, X {; is a p-dimensional vector of functions taking values in H?. Together with
the inner product {x,y) = >, {x;,y;) it forms a Hilbert space. The B} denotes a
matrix of operators and we can write the functional AR(p) therefore more compactly
as
tr = B*%( tar) e
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with e} € L2%,(Q2, P). Before proving the theorem, we state a lemma that is required
in the proof.

Lemma 3.2. For u € [0,1], the assumption 37, || Bujllo < 1 implies that the
operator B satisfies || B*™ || < 1 for some ko, = 1€ Z.

Proof of Lemma 3.2. We follow the lines of Bosq (2000)[Theorem 5.2, Corollary 5.1].
To ease notation, we shall write I and O for the identity and zero operator on H,

respectively while we denote the identity operator on H? by Iy». Consider the
bounded linear operator P,(\) on H

P,(\) = NI = XN7'B,; —...— AByy_1 — Bup, AeC.

It is straightforward to derive that, under the assumption >, || B, fl < 1, non-

invertibility of P,(\) implies that A\ has modulus strictly less than 1. Define the
invertible matrices U,(\) and M, (X) on the complex extension H? by

NIy if =,
i) {O e otherwise

fori,j=1,...,pand
_ OH(p—l)xl —IHp—l
M,(A) = ( Puo(\) Pu,l(A),...,pu,p_l(A)) =
where P,o(A\) = I and P, ;(\) = \yPyj—1(\) — By for j =1,...,p. Then

% o [H(pfl) OH(pfl)m
M, (\) (/\ Ti Bu> Uu(\) = ( ol ).

from which it follows that (A Iyz» — B?) is not invertible when P,()\) is not invertible.
In other words, the spectrum S, of B over the complex extension of HP?, which is
a closed set, satisfies

S, ={\e C: A y» — B not invertible} c {\ € C : P,(\) not invertible}
={ eC: |\ <1}
Hence, the assumption that >0, || Byl < 1 for all u, implies that the spectral
radius of B satisfies
£\ 1 k||| 1/k 1
r(By) = sup A = Jim || B2 < =

for some 0 > 0. The equality is a well-known result for the spectral radius of bounded
linear operators' and can for example be found in Dunford and Schwartz (1958).
From (3.4) it is now clear that there exists a kg € Z,a € (0,1) and a constant ¢
such that

(3.4)

1B oo < c10*, k = ko. (3.5)

Finally, it has been shown in Bosq (2000)[p.74] that this is equivalent to the condition
I B**||,, < 1 for some integer ko = 1. 0

LGelfand’s formula



10 ANNE VAN DELFT AND MICHAEL EICHLER

We note that this is a weaker assumption than || B*||, < 1. Although || BX* ||, <
1 is usually stated as the condition for a causal solution in the stationary case, the
condition »}7_, || Bulle < 1 is easier to check in practice. With this in place, we
can now show that a causal solution exists also in the locally stationary setting.

Proof of Theorem 3.1. First observe that by recursive substitution

P 1-1

¥ * *
T = Z ( Bﬁ)gtfl'
0 T

=0 =
From (3.3), this implies a solution is given by

-1

Xer = i [ I1 B’?;s]m(etz), (3.6)

s=0

where [-]1,1 refers to the upper left block element of the corresponding block matrix
of operators. In order to prove the theorem we shall proceed in a similar manner as
Kiinsch (1995) and derive that

-1
wlll]501, <o
s=0

t,T
for some constant ¢ and p < 1. The proof requires yet another lemma:

Lemma 3.3. Let B(H) be the algebra of bounded linear operators on a Hilbert space.
Then for each A € B(H) and each € > 0, there exists an invertible element M of
B(H) such that r(A) < |MAM | < r(A) +e.

Since B(H) forms a unital C*-algebra, this lemma is a direct consequence of a
result in Murphy (1990)[p.74]. From (3.4) and by lemma 3.3, we can specify for
fixed u a new operator M(u) € B(H) such that

1

M(u)B*M* < —F.
MBI W)l < 57
Because of the continuity of the autoregressive operators in u, we have that for all
u € [0, 1], there exists a neighborhood V(u) such that

|| M () B* M~ (w)].o0 < <1 for veV(u), wuelo,1].

1
1+6/3
Define now the finite union | J;*, V(u;) with V(u;) n V(w) = @ for i # I. Due to

compactness and the fact that B = B for u < 0 this union forms a cover of
(—o0,1]. The preceding then implies that there exists a constant ¢ such that

1B e < CIIM (u) BEM ™ (wi)l|leo i = 1,..,m.
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Now, fix t and T and define the set J;; = {s = 0: 22 € V(u;)} n {0,1,..,1 —1}.

Then specify p = = 5 T3 to obtain
-1 m
5.l < il
()|, <[0ss] <Ml s,
< T TT [[IM(u) BE. M7 (w)|
i=1seJ;;
<[]l = e,
i=1
which gives the result. 0

Theorem 3.1 will be used to show that time-varying functional ARMA models for
which a functional spectral representation exists, are covered by Proposition 2.2. In
order to do so, we first show that for time-varying functional autoregressive processes
there exists a common continuous transfer operator A, that satisfies condition (ii)
of Proposition 2.2. This is then extended to general time-varying functional ARMA
models.

Theorem 3.4. Let {et}ien be a white noise process in H and let { X, r} be a sequence
of functional autoregressive processes given by

Z B j(Xijr) = Cr (&) (3.7)

with B, ; = By, Cy, = Cy foru <0 and B, ; = By, C, = Cy for w> 1. If the
process satisfies, for all we [0,1] and [ =2 or | = o, the conditions

t
T

(i) C, is an invertible element of Se(H);
(i1) Buj € Si(H) forj =1,...,p with 3¥_, || Bu;lli <1 and By = Iu,

(#11) the mappings u— B, j forj =1,..,p and u— C,, are continuous in u € [0,1]
and differentiable on u € (0,1) with bounded derivatives,

then Proposition 2.2 holds in Schatten l-class norm with
P —1
D _ L (Sewip, ) o
ATW Ner: (jzoe T’-]) Cr. (3.8)

As shown in Theorem 3.1, a sufficient condition for the difference equation (3.7)
to have a causal solution is ;7 || Bullew < 1 or B ||, < 1 for some ko = 1

The moving average operators will then satisfy Y° \HAS) |l < 00 and Proposition
2.3 shows that X, r satisfies Proposition 2.2 with AE? € By. It can be derived from
(3.6) that time-varying functional AR( ) with causal solution of which the moving
average operators satisfy Y-, H|A§ |l2 < o0 do not exist. We would need at least
AE}O) to be an invertible element of Sy (H) and >7_, || B.;[l2 < 1. By Proposition
S1.6, this case is covered by Proposition 2.2 with A% € Sy(Hg). For stationary

functional AR(p) this is straightforward to verify using back-shift operator notation
and by solving for the inverse of the autoregressive lag operator. Under slightly more
restrictive assumptions, uniform convergence results can be obtained for processes

,w
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with transfer operators ) ¢ By. We will come back to this in Sections 4 and 5,
in which we consider capturlng the changing second-order dependence structure via
the time-varying spectral density operator.

Proof of Theorem 3.4. The moving average representation (3.2) and the difference
equation (3.7) together imply that the process can be represented as

XtT_ZA” O ZZBH (Xi 1 7).
=0

Using the linearity of the operators and applylng a change of variables I = [ + 7,
this can be written as

X = Z Z Ath;) C i Bivs [(Xirr),
=035=0

where Ag,)f ;= Op for I' < j. For a purely nondeterministic solution we require

Iy ifl'=0
e : ’ 3.9
A il {OH if I # 0. (3.9)

Because ¢; is White noise in L?([0, 1]), it has spectral representation

e = (2m) /2 J evtdz,,  tel. (3.10)

—T

u M"@

Since a solution of the form (3.2) exists, we also have
Xor = J et A dz,,

where A(T) = \lﬁ Yo g) e “!  Substituting the spectral representations of XtT

and &, into (3.7), we get together with the linearity of the operators B, ; and .A
J DB, AD dZ, = (2m)7 j et Ce dZ,,
77'(' —Tr T

Given the operator A ., Satisfies equation (3.8), the previous implies we can write

O leBt A

TJ W

I
-Mﬁ Sl

t
T

1
2T

7=0
P p
_ —iwj —iwj o )
_Z B%J.At w 26 B%,j(A%,w At—TJ7w)
j=0 Jj=0

From the last equation, it follows that

» p
DB (AT Aa) = BB (A= A
p— ‘7=
=C. ), (3.11)

where Q") = Oy, t < 0. We will show that this operator is of order O(7) in S)(Hg).
Throughout the rest of the proof, we focus on the case [ = 2. By Proposition S1.6,
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the smooth transfer operator satisfies A, ,, € So(Hg). Under the conditions of The-
orem 3.4, we have that for any element 1) € L2 ([0, 1]) and fixed w € II, the mapping
u— A, ,(1)(7) is continuous and, from the properties of the B, ;, is differentiable
and has bounded derivatives with respect to u. Therefore A, ., (¥)(7) = {ay., V),
which implies by continuity of the inner product that the kernels a,,, € L2,([0, 1]?)
are Lipschitz continuous with respect to u. Letting K denote the Lipschitz constant,
we have

J
— at%j,w||2 < K ‘T

, (3.12)

sup las .

,w

for all w e II, uniformly in u. Hence,

1
suplJ4;. — A, ~o(b)

T

= sup|[a, 10— a, 50|
Lo Uy~ 2

;W

i ull,

and it easily follows from (3.11) and Proposition S1.3 that [|C'« Q \Hg = O(3)
uniformly in ¢, w. From (3.9), we additionally have

t
ZAE,?) Q ZZ A” 2 t l+] Bi iy l 1w(t 2 [Agfg,w - A%,w]

=0 1=035=0
_iwt (T)
= e AL - A%,w]-

Since the moving average operators are either in Sy(H) or in Sy (H), the above
together with another application of Holder’s inequality for operators yields

t K
oup [LALD — A ol < sup ([ABIL 1900, + 5 AL 10 L) < o

for some constant K independent of 7.

Remark 3.5 (Case [ = o). In case it is only assumed that the moving average
operators are summable in operator norm and >7_, B jllo <1 (or the weaker
assumption in (3.5)), condition (ii) of Proposition 2.2 does not hold in Hilbert-
Schmidt norm. Rather, the condition only holds in operator norm. In this case the
Mean Value Theorem yields

il e 1
o <50 ||| 7pAu], = 0();

and by the equality in (3.11), we find }HC’%QEQ‘HOO = O(%) uniformly in ¢, w.

sup H‘AL w =
t,w k.

O

It is now straightforward to establish that the time-varying functional ARMA
processes are locally stationary in the sense of Proposition 2.2. A time-varying
functional moving average process of order ¢ will have transfer operator

where ®/p; € S;(H) are the moving average filter operators. This follows from the

spectral representation of the ¢; as given in (3.10). Taking .A% = .Ag} gives the

,w
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result. Finally, we can combine this with the above theorem to obtain that Propo-
sition 2.2 holds for time-varying functional ARMA(p,q) with common continuous
transfer operator given by
1 . iwj S iwl
A%’WZEO% (JZ()& JB;J-) ;)q)%J@ . (313)

If the operators do not depend on t, this result proves the existence of a well-
defined functional Cramér representation for weakly stationary functional ARMA (p,q)
processes as discussed in Bosq (2000) or as in Hormann and Kokoszka (2010). The
latter is easily seen by means of an application of the dominated convergence theo-
rem and by defining the m-dependent coupling process by

(m) _ * ()
Xth = gt,T(éTt, s Cemt 1 E 1 - - .),

for measurable functions ¢;7 : H* — H with ¢ = 1,...,7T and T' € N and where
{ef} is an independent copy of {&;}.

4. TIME-VARYING SPECTRAL DENSITY OPERATOR

We will now introduce the time-varying spectral density operator and its properties.
In particular, we will show that the uniqueness property of the time-varying spectral
density established by Dahlhaus (1996a) also extends to the infinite dimension. Let

X be given as in Proposition 2.2 with Agi) = .qu;) for t <1 and .Ag}) = .A(TTLZ for
t > T. We define the local autocovariance operator as the cumulant tensor
Cfg;) = COV(X[uT—s/2J,T7 X[uT+s/2J,T)7 (4.1)

where |s| denotes the largest integer not greater than s. It is straightforward to
see that this operator belongs to Sa(H) and hence has a local autocovariance kernel

1) e L2([0,1]%) given by
<Cl(3;)gl, g2) = fjcgs) (1,0)91(0)go(T)dodT g1, 92 € H. (4.2)

Proposition 4.1. Under the conditions of Proposition 2.2, the local autocovariance
operator defined in (4.1) satisfies Y, ., H|C?(£) o < c0.

The proof can be found in Section A.2 of the Appendix. Proposition 4.1 implies
that the Fourier transform of (4.1) is a well-defined element of Sy(H¢) and is given
by

Fl

u

r_ 1 (T —iws
w =3 ;CW e s, (4.3)

For fixed T', this operator can be seen as a functional generalization of the Wigner-
Ville spectral density matrix (Martin and Flandrin, 1985) and we shall therefore

refer to it as the Wigner-Ville spectral density operator ]:7573 It is easily shown that
the Fourier transform of the autocovariance kernel cq(fs), for fixed ¢t and T, forms a

Fourier pair in L? with the kernel of ]:é,Tw), referred to as the Wigner-Ville spectral
density kernel

1 .
(T) _ (T) —iws
fudd (1,0) = 5 E Cud (1,0)e™%. (4.4)

SEZ,
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More specifically, given >, _, ||c$32 |, < oo for p =2 or p = oo, the spectral density
kernel is uniformly bounded and uniformly continuous in w with respect to | - |,.
Additionally, the inversion formula

Do) = | S0y do

holds in ||- |, for all s, u, T, 7, and o. This formula and its extension to higher order
cumulant kernels is direct from an application of the dominated convergence theo-
rem. In order for cg;) to be properly defined point-wise it is sufficient to additionally
assume that the functional white noise process {;}1ez is mean square continuous,
i.e., that its autocovariance kernel is continuous at lag A = 0, and that the sequence
of operators {Ag)}sez forallt =1,...,T and T € N is Hilbert-Schmidt with contin-
uous kernels. The process {X; 7} is then itself mean square continuous and a slight

adjustment in the proof of Proposition 4.1 demonstrates that >, Hc@ ‘OO < 0.
These extra assumptions will allow for certain results presented in this paper to hold
uniformly rather than in a mean square sense. This is also expected to be the case
for yet-to-be-developed concepts such as a time-dependent Cramér-Karhunen-Loeve
representation. Yet, it became clear in the previous section that a representation un-
der these stronger conditions excludes time-varying functional AR(p) models. We
will therefore not impose them but merely mention them where stronger results
could be obtained.

The pointwise-interpretation of the L2-kernels makes it easy to verify that the

Wigner-Ville spectral operator ]:1%) is 2m-periodic in w and self-adjoint. Namely,

cgzs(cr, T) = B (1,0) implies ngj(a, T) = £ (7,0), where fT the kernel function
of the adjoint operator F'. Moreover, F¢ is nuclear by Parseval’s identity and
therefore Proposition S1.3 implies that (4.3) is actually an element of S;(H¢). We
will show in the following that (4.3) converges in integrated mean square to the
time-varying spectral density operator defined as

Fu,w = Au,w -Ff; AL,W- (45)

The time-varying spectral density operator satisfies all of the above properties and
is additionally non-negative definite since for every 1 € L4([0, 1]),

<AU,¢U ‘FZ A’L,UJ w? w> = <\/ ‘Fci AL,W w’ V ‘FEJAL,W w> > 07

which is a consequence of the non-negative definiteness of F;,. For any two elements
¥, ¢ in LE([0,1]), one can interpret the mapping w — (¥, Fy @) = (Fuw, ¢y € C
to be the local cross-spectrum of the sequences {<”¢,Xt(“)>}tez and {<<p,Xt(“)>}teZ.
In particular, w — {1, F, ., ¥) = 0 can be interpreted as the local power spectrum
of {<@Z),Xt(u)>}tez for all w € [0,1]. In analogy to the spectral density matrix in
multivariate time series, we will show in the below that the local spectral density
operator completely characterizes the limiting second-order dynamics of the family
of functional processes {X;7 :t =1,...,T}ren.

Theorem 4.2. Let {X; 1} be a locally stationary process satisfying Proposition 2.2
and let the operator-valued function A, be Hélder continuous of order a > 1/2 in
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u and w. Then, for all ue (0,1),

r | FEL) — Fo|fs dw = o(1) (4.6)
as 'l — oo.

Proof. By definition of the Wigner-Ville operator and Lemma S2.4,

uw ZCOV J iAMuT —s/2] AE:T o/20A dZA7J 61 [uT+5/2] A(uT+s/2 dZB) —iws

—T

1)\3 € (T) f —iws
Z f A[uT s/2],A ‘F (A[uT-i-s/QJ,)\) dXe :
Using identity (S1.3), we have that
T) c T T) €
AEuT s/2],A F ("4(1L7)"+s/2j7 ) (A(UT s/2|,A ®“’4 [uT+s/2|,A ) ‘F
Similarly,

u,w Z f IAS u A ® A;/\) JT:i dA e—iws'

We can therefore write the left-hand side of (4.6) as
Consider the operator
(u,T) (T)
Gs,)\ = (A[UT s/2],A ® ‘A’ uT+s/2J A Auv)‘ ® A“’)‘) ‘Fi
and its continuous counterpart

Gron = (a2 @ Awi on = Aun ® Aun) T3

By Hoélder’s inequality for operators (Proposition S1.3), both are nuclear and hence
Hilbert-Schmidt. Another application of Holder’s inequality together with condition
(ii) of Proposition 2.2 yields

2
T 3
)H [uT+s/2J /\ [Afu%is/QJ,)\ B A“i%)‘])‘r)\ 9

1
< A e oga I A g = Al 12l = O(5)- @)
Minkowski’s inequality then implies
| D = sl = |16 gl + o),
It is therefore sufficient to derive a bound on

[ (43)

A similar argument as in (4.7) shows that

| (At ® (Aus e = Au) + (A = Aus) ® Ave ) Fo |,

2

dw.

2

1 T (4™ (1) e 1y —iws
o Z f € (‘A[qus/2J,>\ @ Apgygjon — Aur @ Auy) Fidre

<C\%
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for some constant C' > 0. The operator-valued function G, is therefore Holder
continuous of order & > 1/2 in u. Using the inversion formula (Theorem ??) con-
secutively, we can write (4.8) as

1 " —iw(s—s’ o isA i — —is' N
Wf D e ><L G, €™ d, 0 G e NdN) dw

He®Hg
1 N
=26

SEZ

I3

where (-, ) ;& x.. denotes the Hilbert-Schmidt inner product that acts on He ® He
and where G, can be viewed as the s-th Fourier coefficient operator of G S Because

of Hélder continuity, we have that these satisfy |G,z < |7 |Guoll2 5|7 =
O(s™®). Hence,

Concerning the partial sum Z;:& 19s(7, 0)|?, we proceed as in Dahlhaus (1996a) and

use summation by parts to obtain

n—1 R ) 21 p2rn—1 is()\i/\/) . I n log(n)
MGl = [ [T E e G a0, L, day = o)
s=0 s=0

0 2T H@@H@

which follow from the properties of G, and Lemma S3.1 of the the Online Sup-
plement. Tt is straightforward to see that >~ ||G_]|3 satisfies the same bound.
Hence,

2T
N nlog(n)
- 0( 1-20) 4 O —)
n'=*) + O( Ta
Choosing an appropriate value n « T' completes the proof. 0

| 1D = Fual e = |16 gl + o)

The above theorem provides a promising result. It is well-known from the time
series setting that a Cramér representation as given in Proposition 2.2 is in general
not unique (e.g. Priestley, 1981). However, Theorem 4.2 shows that the uniqueness
property as proved by Dahlhaus (1996a) generalizes to the functional setting. That
is, if the family of functional processes {X;7 : t = 1,...,T}ren taking values in H
has a representation with common transfer operator A, ,, that operates on this space
and that is continuous in u, then the time-varying spectral density operator will be
uniquely determined from the triangular array. This uniqueness of the time-varying
spectral density operator is expected to be extremely valuable in the development of
inference methods. For example, it would be of interest to determine whether this
result will allow to develop Quasi Likelihood methods to fit parametric models in the
functional setting. Such an extension is not direct and has to take into account the
compactness of the operator and the properties of Toeplitz operators in the infinite
dimension. This is however beyond the scope of this paper and the authors will
consider this in future work.
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Intuitively, the value of n such that nlog(n)T~% — 0 can be seen to determine
the length of the data-segment over which the observations are approximately sta-
tionary. Omnly those functional observations X;r from the triangular array with
t/T e [u + Zu— :%] will effectively contribute to the time-varying spectral density
operator at u. As T increases, the width of this interval shrinks and sampling be-
comes more dense. Because the array shares dynamics through the operator-valued
function A, ,, which is smooth in u, the observations belonging to this interval will
thus become close to stationary as 7" — oo. The theorem therefore implies that, if
would we have infinitely many observations with the same probabilistic structure
around some time point ¢, the local second-order dynamics of the family are com-
pletely characterized by F, .

Remark 4.3. Note that in case Proposition 2.2 holds with p = 2, we have by con-
tinuity of the inner product that the kernel a, , of A, is well-defined in LZ,([0, 1]?)
and hence is uniformly Hélder continuous of order o > 1/2 in both w and w. If we
thus additionally assume that the {e;},cz are mean square continuous and the oper-
ator A, is an element of By of which the Hilbert-Schmidt component has a kernel
that is continuous in its functional arguments, the error holds in uniform norm.

5. ESTIMATION

The time-varying spectral density operator as defined in section 4.2 allows to cap-
ture the complete second-order structure of a functional time series with possibly
changing dynamics. In order to consider inferential techniques such as dynamic
functional principal components for time-varying functional time series, functional
Whittle likelihood methods or other general testing procedures, we require a con-
sistent estimator for the time-varying spectral density operator. In this section,
we present a nonparametric estimator of the time-varying spectral density opera-
tor. First, we define a functional version of the segmented periodogram and derive
its mean and covariance structure. We then consider a smoothed version of this
operator and show its consistency. It should be noted that this requires a careful
consideration of certain concepts on the function space, details of which are relegated
to Section S2-S3 of the Online Supplement, and that there are some discrepancies
compared to existing results available in the Euclidean setting. Finally, we provide
a central limit theorem for the proposed estimator of the time-varying spectral den-
sity operator. Proofs of this section can be found in Appendix A.3. Throughout
this section we make the following assumptions on the stationary functional process

{et}.

Assumption 5.1. Let {&;}icz be a stationary stochastic process in H such that
E| Xo|5 < o0 and 37 ICty..ti i ll2 < 0 for all k€ N.

cylp_1=—

As shown in Section S2 of the Online Supplement, under these conditions the
functional orthogonal increment process given by

Er = J eiUJt dZw

—Tr

can be assumed to have a well-defined higher-order dependence structure given by
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Assumption 5.2. For fixed w, Z,, is a random element of L4 ([0, 1]) with E||Z,|3 =
§“_IF5]li dA, and the process w — Z,, satisfies

ELZy, — Ziyy Zisy — Zogyy =0 for wy > wy = w3 > wy,
w1 Wi
Cum(Zwl, ceey Zwk) = j e f 7](/\1 + ..+ /\k)]:il,..,)\k,ld)‘ld/\Q"'d/\k’

where E{f ,g1) = E{eo,91) = 0 for all g1 € Hg and for k& > 2, we have that
SUPL, ey 16,y ll2 < K2 < o0 for some & € L ([0, 1]%).

In the above, n(A) = 217 0(A + 27j) denotes the 2m-periodic extension of the
Dirac delta function.

5.1. The functional segmented periodogram tensor

The general idea underlying inference methods in the setting of locally stationary
processes is that the process X, can be considered to be close to some stationary

process, say Xt(uo), on a reasonably small data-segment around ug. If this segment is
described by {t : |5 —uo| < by/2} for some bandwidth b, classical estimation methods
from the stationary framework can be applied on this stretch. The estimated value
is subsequently assigned to be the value of the parameter curve at the midpoint wuy
of the segment. The entire parameter curve of interest in time-direction can then be
obtained by shifting the segment. We will also apply this technique in the functional
setting.

First, let the length of the stretch considered for estimation be denoted by Nr,
where Nr is even and Ny « T'. In the following, we will drop the explicit dependence
of N on T and simple write N = Np. Then the local version of the functional
Discrete Fourier Transform (fDFT) is defined as

N-1

DELTCE = Zo hs,N X[uTJ—N/2+s+1,T 67”8, (5.1)

P

where hy v is a data taper of length N. It is clear that Dq(JTJ is a 2m-periodic function
in w that takes values in Hg. The data-taper is used to improve the finite-sample
properties of the estimator (Dahlhaus, 1988): firstly, it mitigates spectral leakage,
which is the transfer of frequency content from large peaks to surrounding areas and
is also a problem in the stationary setting. Secondly, it reduces the bias that stems
from the degree of nonstationarity of the process on the given data-segment, that is,
the fact that we use the observations X, ; for estimation rather than the unknown

stationary process Xt(uO). We define the data-taper by a function h : [0,1] — R
and setting hs v = h(%); the taper function A should decay smoothly to zero at the
endpoints of the interval while being essentially equal to 1 in the central part of the
interval. Thus the taper gives more weight to data-points closer to the midpoint.
More particularly, we impose the following conditions of the taper function h.

Assumption 5.3 (Taper function). The taper function 4 : R — R is symmetric
with compact support on [0, 1] and is of bounded variation.

As a basis for estimation of the time-varying spectral density operator, we consider
the normalized tensor product of the local functional Discrete Fourier Transform.
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This leads to the concept of a segmented or localized periodogram tensor

I0) = (21 Hy v (0)) ' DT @ D, (5.2)
where
Hyn(w) = Z T (5.3)

is the finite Fourier transform of the k‘—th power of the data-taper. Given the mo-
ments are well-defined in LZ,([0, 1]?), the corresponding localized periodogram kernel
is given by

II(L:C)) (1,0) = (27THQJV(O))_1 D () Dq(hT_)w(a). (5.4)

U,w

Similar to the stationary case, sufficient conditions for the existence of the higher
order moments of the localized periodogram tensor are obtained from

I8 = (27 Ho e (0)) | DR, (5.5)

which implies that ]EHI(T |5 < oo if IEHDM,H < oo or, in terms of moments of X,

E|X.r|? < co.

To ease notation, we denote t,, = |uT| — N/2 + r + 1 to be the r-th element
of the data-segment with midpoint u. For u; = j/T" we also write t;, = t,,, and
abbreviate u;, = t;,/T. The following result is used throughout the rest of the

paper.

Proposition 5.4. Let the conditions of Proposition 2.2 be satisfied with Ag} € By
and sup,, e < 0. Then

cum(XtT1 T ,Xtrk,T) = J ) ettt AkTk) (Angl),,\l ® & AEZ;),AJ
I
SN FE . dheedh, (5.6)

where the equality holds in the tensor product space Hp ® - - &Q He. Moreover, for
fizedte{1,...,T} and T € N, the k-th order cumulant spectral tensor of the linear
functional process { X 1},

t, T T c
]:ﬁl,..?xk_l = (-A P ®Atrk 1 ®A( )—,\+) VIR

where A = )\1 —|— .o+ Ag_1, is well-defined in the tensor product space @le He
with kernel f/\ 77777 /\k_l(ﬁ, ...y Tk). For k =1 the corresponding operator FE1 s an
element of S1(He).

Note that under the stronger condition A € By, the tensor ]-" (* ) A, Will be
trace-class for all £ > 2. The above proposmon implies that the hlgher order
cumulant tensor of the local fDFT can be written as

cum (D(T) ., D) )

U,w1? UWE

[ () 0 A A)
11

X 77()\1 + ...+ )\k) Aot dX; - d\g. (57)

-----
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Here, the function Hy(G.,w) and similarly Hy v(G.,w) generalize the definitions of
Hpy and Hy n to

N—-1 .
Hipn(Go,w) = ] h’;N Gge s (5.8)
s=0

with Hy(G.,w) = Hy y(G.,w), where in our setting G5 € By, for all s € Ny. For
G. = Iy, we get back the original definitions of Hy and Hj y. The convolution
property of Hy straightforwardly generalizes to

f Hin(Ae a0 +7) @ Hin (Bo, B = 1) dy = 27 Hovin (A ® Buoa+ 8), (5.9)
11

where (A,),—o,. n—1 and (B;),—o,.. n—1 are vectors of tensors or operators.
From the taper function h, we derive the smoothing kernel K} in rescaled time u
by

K(x)—ih( +1)2 (5.10)
t = H2 x 9 .
for x € [—%, %] and zero elsewhere; furthermore, we define the bandwidth by r = N/T

that corresponds to segments of length N, and set K r(z) = ﬁ Kt(ﬁ). Finally,
we define the kernel-specific constants

Ky = f v? K () dx and K|35 = f K (x)*dx.
R R

The first order and second order properties of the segmented functional peri-
odogram can now be determined.

Theorem 5.5. Let {X; r} be a locally stationary process in H satisfying Proposition
2.2 with Aﬁf} € By and sup,, . I1F5, 0 ll2 < oo for k =24, Additionally,
let the operator-valued function A, be Hélder continuous of order a > 1/2 and
twice continuously differentiable in both u and w. Then the mean and covariance
structure of the local functional periodogram are given by

log(be 7 T') )

1 02
T 2 ;
EID g1, 920 = (Fuwgr, g2y + §bt,T Rt Wgruvwglv g2) + o(bir) + O( be,r T

and

cov (<I’S,I;J)1 91 g2>H@®H@’ <I75?227 93 & g4>H@®H@)

= Hyn (<}_WT’°7W193’ 91>, w1 — w2) Hy n (<‘7:“;°,7w194’ 92>,W2 - Wl)
+ HQVN (<ft7}.

+o(BW) Loy,

for all g1, 92, 93,94 € He.

0, 04, 91), w1 + ws) Hon ((Frue 0, 932 92), —w1 — w2)
T b

)

The proof exploits condition (ii) of Proposition 2.2 and is based on the theory
of L-functions (Dahlhaus, 1983), which allows to provide upper bound conditions
on the data-taper function. Details of the extension of the latter to the functional
setting can be found in Section S3 of the Online Supplement.
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5.2. Comnsistent estimation

Theorem 5.5 shows that the segmented periodogram tensor is not a consistent es-
timator. In order to obtain a consistent estimator we proceed by smoothing the
estimator over different frequencies. That is, we consider convolving the segmented
periodogram tensor with a window function in frequency direction

- 1
FT) = bfo Kf( > )Ifﬂ d), (5.11)

where b7 denotes the bandwidth in frequency direction. We make the following
assumption about the kernel function.

Assumption 5.6 (Kernel function). The frequency kernel function K; : R — R*
is symmetric, has bounded variation and compact support [—1, 1], and satisfies

anmm:u

(i) JRwa(w) dw — 0.

To ease notation, we also write Kir(w) = ﬁlﬁ(#) Additionally we use

subsequently

e — j P Ki(w)do  and K2 = J K2(w) duw
R R
as an abbreviation for kernel-specific constants.

Theorem 5.7 (Properties of the estimator F ) Assume the conditions of
Theorem 5.5 hold and let the smoothing kernel K¢ satisfy Assumption 5.6. Then the
estimator

F) = J Ker(w—X) I dA (5.12)
I
has mean

E(FD g1, go) = (Fuwgn, g2) + th/-ft ~ 2<J-"wgl 92) + = bfTFcfa 2<J-"W91 92)

log(be,r T') )

o0 r) +o(BRr) + O 0

(5.13)

and covariance structure

COV(< uw17gl ®g2>H @H ’< “w27g3®g4>H(®H¢)

21 | K,
_ 27l L J Kir(wr = M) Ker(ws = At) (Funi 93, 91) (Fu,-x1 945 G2) A
birT  Jn
o2 | K |2
+ %J\ Kf,T(wl - >\1) KﬁT(WQ + )\1) <}_u7>\1947 gl><]:u,—)\1,g37 92> d)\l
T I

log(bt,T T)

+O( bor T

b
) +0(=7) + O((bur ber T)7?)
(5.14)
for all g1, g2, 93,94 € He.
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The proof follows from a multivariate Taylor expansion and an application of
Lemma P4.1 of Brillinger (1981). We note that the covariance has greatest magni-
tude for wy + wy = 0(mod27), where the weight is concentrated in a band of width
O(bg,r) around w; and wy respectively. The above theorem demonstrates that, in
order for the error terms to disappear, we need the bandwidths to decay at an
appropriate rate.

Assumption 5.8 (bandwidths). As T tends to infinity, the bandwidths satisfy
ber — 0 and by r — 0 such that (i) bgr by r T — o0, (ii) bsr log(byr 1) — 0 and (iii)

We then have the following proposition.

Proposition 5.9. Assume the conditions of Theorem 5.7 hold and that the band-
widths by, by satisfy Assumption 5.8 as T — oo. Then

qlli%o by, be 7T cov (<]:75731 1 ® 92>H0®Hc’ <]:1S?32, 93® g4>Hc®Hc)

= 2 | K15 | e 5 (s — wo) (Fueon 935 91) < Fumn 91 92
+ 27 | K3 [ K13 m(wn + w2) Fuor 94 91) (Fums 93, 929, (5.15)

for all g1, g2, 93, 94 € He and for fixed wy,ws. If wi,ws depend on T then the conver-
gence holds provided that iminfr_,q [(w1 7 + wo ) mod 27| > € for some e > 0.

The proof follows straightforwardly from a change of variables and a functional
generalization of approximate identities (e.g., Edwards, 1967).

Corollary 5.10. Under the conditions of Theorem 5.7 and Assumption 5.8, we have

HQ - O(bﬂT blt;p T)

uniformly in wy,ws € [—m, 7| and u € [0, 1].

Jeov (7, 0

u,wi? Uu,w2

Proof. Since the frequency kernel satisfies | K¢ 7o = O(ﬁ) and |Krr|; =1, it is
easy to see that ’

sup M Ker(w + \) Krr(\) d)\m - O(i).

w 11 2 bf7T
This is a direct consequency from the fact that ||, |2 is uniformly bounded in u
and w and equation (A.6). O

Remark 5.11. Theorem 5.5, Theorem 5.7, Proposition 5.9, and Corollary 5.10 can
be shown to hold in uniform norm under additional assumptions. Namely, if the
transfer operator Ag?;) of the process belongs to the Bochner space By of which the
Hilbert-Schmidt component has integral kernel that is continuous in its functional
arguments and the white noise process {;} is additionally mean square continuous
and its the spectra for k = 2,4 satisfy | f5, . 5, [lo < 00

Theorem 5.12 (Convergence in integrated mean square). Under the con-
ditions of Theorem 5.7 and bandwidths that satisfy Assumption 5.8, the spectral
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density operator is consistent in integrated mean square. More precisely, we have
IMSE((D) = f E||ZD) — Fu| du
1

= O((byrbrrT) ) + o(bip + bip + (b T) ' log(ber T)).
Since it is uniform in w € Il, we have pointwise mean square convergence where the

error also satisfies ]EH|]:"1(L:CJ) — Fuulld = O(ﬁ) +o(b? + b7 + —loftl;ET).

The proof follows almost straightforwardly from decomposing the above in terms
of its variance and its squared bias and is relegated to the Online Supplement.

5.3. Weak convergence of the empirical process

The results of the previous section give rise to investigating the limiting distribution
of ]:ZSTJ, the local estimator of the spectral density operator. We will proceed by
showing that joint convergence of its kernel ﬁSTw) to complex Gaussian elements in
L2([0,1]?) can be established.

Consider the sequence of random elements (E&Q)TeN in LZ,(]0,1]%), where

B = Vb ber T (£~ B[F2])

for fixed w € [—m, 7] and w € [0, 1]. In order to establish convergence in LZ,([0,1]?),
it is more appropriate to consider the representation of E&Q with respect to some
orthonormal basis. For this, let {¢,,}men be an orthonormal basis of Hg. Then
{Vmn tmmen With ¥, = ¥, ® ¥, forms an orthonormal basis of L([0,1]?), and
E(LTM) equals
m,neN

Hence, the distribution of E&Q is fully characterized by the finite-dimensional distri-
bution of the coefficients of its basis representation. Furthermore, weak convergence

of ESL) will follow from the weak convergence of (<EA£13, V)
space (%,
Subsequently, we identify £%) with its dual (E&J )* € L3,([0,1]*)* and write

E)(¢) =(ED), ¢)

mnen 1 the sequence

for all ¢ € L2,([0, 1]?).

To show convergence to a Gaussian functional process, we make use of the follow-
ing result by Cremers and Kadelka (1986), which weakens the tightness condition
usually employed to prove weak convergence and generalizes earlier results by Grin-

blat (1976).
Lemma 5.13. Let (T, B, 1) be a measure space, let (E,|-|) be a Banach space, and
let (X)nen be a sequence of random elements in L4 (T, 1) such that

(i) the finite-dimensional distributions of X,, converge weakly to those of a random
element Xo in L%(T, ) and

(4i) limsup E[ X, [ < E[ Xol?.
n—aoo0

Then X,, converges weakly to Xy in L% (T, p).
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In our setting, the weak convergence of the process ES) in L2,([0,1]?) will follow

from the joint convergence of ES%) (Umymy)s - - , BT (Ymyn,) for all k € N and the
condition

BIED, = X BlEDWw) = ¥ FlEuw@m)| =E|E],  (5.16)

m,ne m,neN

as T' — co. In contrast, Panaretos and Tavakoli (2013b) employ the slightly stronger
condition

|ED () [ < b

for all T € N and m,n € N and some sequence (¢,,,) € /*. In fact, the condition
corresponds in our setting to the one given in Grinblat (1976). Finally, we note
that condition (5.16) is sufficient for our purposes, but recently it has been shown
(Bogachev and Miftakhov, 2015) that it can be further weakened to

sup ]EHE&TB H; < 0.
TeN

For the convergence of the finite-dimensional distributions, we show convergence
of the cumulants of all orders to that of the limiting process. For the first and second
order cumulants of £S-) (¥mn), this follows from Theorem 5.7. It therefore remains
to show that all cumulants of higher order vanish asymptotically.

Proposition 5.14. Under the conditions of Theorem 5.7, we have for all u € [0, 1]

and for all w; € [—7, 7| and m;,n; € Nfori =1,...,k, and for all k > 3
Cum(E’l.(LjBl (Vrmyn ) - - uwk (@ijknk)) = o(1) (5.17)
as ' — o0.

The distributional properties of the functional process are then given in the fol-
lowing theorem.

Theorem 5.15 (Weak convergence). Let {X; r} be a locally stationary functional
process satisfying Proposition 2.2 with Ag} € By andsupy, ., IFS, o 2 <00
for all k. Additionally, let the operator-valued function A, be Hélder continuous
of order a > 1/2 in both u and w and twice continuously differentiable in v and w.
Then for bandwidths that satisfy Assumption 5.8

- >
(Eévw)j)jzl ..... g (Euv“’j)jzl ..... J? (5.18)
where Ey,,., j =1,...,J, are jointly Gaussian elements in Lg.([0,1]%) with means

E(Eyw (Ymn)) = 0 and covariances
0¥ ( Buss (Yrnn)s By (b))
= 2 K3 el [mr = 05) (P Yo o CFa s s (5.19)
(@i + 07) Faa Ut ) (Faa s V) |

foralli,jel,...,J and m,m’',n,n" € N.
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Proof of Theorem 5.15. For condition 5.16, we note that

E|ED

2 f[ ver(E o)) drdo = b e T D))

and it therefore is satisfied by Theorem 5.7. Together with the convergence of the
finite-dimensional distributions this proves the asserted weak convergence. O

6. NUMERICAL SIMULATIONS

To illustrate the performance of the estimator in finite samples, we consider a time-
varying functional time series with representation

X = Bry(Xi—1r) + 2, (6.1)

where B, ; € By is continuous in u € [0, 1] and where {¢;} is a collection of inde-
pendent innovation functions. In order to generate the process, let {1;}ien be an
orthonormal basis of H and denote the vector of the first k£ Fourier coefficients of
Xr by X\ = ((Xyp, 1), - (Xyp, ¥) . Similar to Hormann et al. (2015), we
exploit that the linearity of the autoregressive operator implies the first & Fourier
coefficients, for k large, approximately satisfy a VAR(1) equation. That is,

XV~ X +e VT, (6.2)

where &, = ((e,91), .+, (er, i) and Bry = ((Br 1 (¥4),4;),1 <4,j < k). Corre-
spondingly, the local spectral density kernel will satisfy

k
T o 1 (T)
fed(r o)~ Jim 3 Fuli st () (0),

1,j=1

where §i7) is the spectral density matrix of the Fourier coefficients in (6.2). Im-
plementation was done in R together with the fda package. For the simulations,
we chose the Fourier basis functions on [0,1]. The construction of the estimator
in (5.11) requires specification of smoothing kernels and corresponding bandwidths
in time— as well as frequency direction. Although the choice of the smoothing ker-
nels usually does not affect the performance significantly, bandwidth selection is a
well-known problem in nonparametric statistics. As seen from Theorem 5.7, both
bandwidths influence the bias—variance relation. Depending on the persistence of
the autoregressive process a smaller bandwidth in frequency direction is desirable
around the peak (at A = 0 for the above process), while slow changes in time di-
rection allow for tapering (i.e., smoothing in time direction) over more functional
observations. It would therefore be of interest to develop an adaptive procedure as
proposed in van Delft and Eichler (2015) to select the bandwidth parameters. Inves-
tigation of this is however beyond the scope of the present paper. In the examples
below, the bandwidths were set fixed to by 7 = T-16 and ber = 2T 15 — ber. We
chose as smoothing kernels

Ki(e) = Kila) =6(; %) w53

which have been shown to be optimal in the time series setting (Dahlhaus, 1996b).
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In order to construct the matrix ’,B%J, we first generate a matrix A, with entries
that are mutually independent Gaussian where the (7, j)-th entry has variance

wi™* + (1 —u)e ",
The entries will tend to zero as 7,7 — oo , because the operator B%’l is required

to be bounded. The matrix 9B, ; is consequently obtained as B,1 = nA./|| Au/ -
The value of n thus determines the persistence of the process. Additionally, the
collection of innovation functions {e;} is specified as a linear combination of the
Fourier basis functions with independent zero-mean Gaussian coefficients such that
the I-th coefficient (g, /) has variance 1/[(I — 1.5)x]*. The parameters were set to
c =3 and n = 0.4. To visualize the variability of the estimator, table 6.1 depicts
the amplitude of the true spectral density kernel of the process for various values of
u and A with 20 replications of the corresponding estimator superposed for different
sample sizes T'. For each row, the same level curves were used where each level curve
has the same color-coding within that row. The first two rows of Table 6.1 give the
different levels for the estimator around the peak in frequency direction, while the
last row provides contour plots further away from the peak. Increasing the sample
size leads to less variability, as can be seen from the better aligned contour lines.
It can also be observed that the estimates become more stable as we move further
away from the peak. Nevertheless, the peaks and valleys are generally reasonably
well captured even for the contour plots in the area around the peak.

As a second example, we consider a FAR(2) with the location of the peak varying
with time. More specifically, the Fourier coefficients are now obtained by means of
a VAR(2)

XV =8, X[+ B ,X 4 e,
where B,1 = Mui14u1/||Auillo and Buo = Mu2Aus/||Ausl|. The entries of
the matrices A,; and A,, are mutually independent and are generated such that
[Aual;; = N(0,e97079) and [A,,], ; = N(0, (i*” + 72%)7Y), respectively. The
norms are specified as

M1 = 0.4.c0s(1.5 — cos(ru)) and 7,5 = —0.5.

This will result in the peak to be located at A = arccos(0.3 cos[1.5 — cos(mu)]). The
collection of innovation functions {¢;} is chosen such that the I-th coefficient {e;, ¥;)
has variance 1/[(I — 2.65)x]>. Table 6.2 provides the contour plots for different local
time values where the frequency was set to A = 1.5 — cos(mu), i.e., the direction in
which most change in time-direction is visible in terms of amplitude. We observe
good results in terms of identifying the peaks and valleys overall where again the
variability clearly reduces for T' > 512. For the value u = 0.5, one is really close to
the location of a peak and observe wrongful detection of a small peak in the middle
of the contour plot. This is an indication some over-smoothing occurs which, to
some extent, is difficult to prevent for autoregressive models, even in the stationary
time series case.
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u = 0.25

u=0.5

u = 0.25

TABLE 6.1. Contour plots of the true and estimated spectral density of the
FAR(1) at different time points at frequencies A = 0, A = %w and \ = %ﬂ'.
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u = 0.25 u=0.1

u = 0.375

u=0.5

u = 0.625

u=0.75

u=20.9

TABLE 6.2. Contour plots of the true and estimated spectral density of the

FAR(2) at different time points for A = 1.5 — cos(wu).
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7. CONCLUDING REMARKS

This paper forms a basis for the development of statistical techniques and methods
for the analysis of nonstationary functional time series. We have provided a theo-
retical framework for meaningful statistical inference of functional time series with
dynamics that change slowly over time. For this, the notion of local stationarity was
introduced for time series on the function space. We focused on a class of functional
locally stationary processes for which a time-varying functional Cramér representa-
tion exists. The second-order characteristics of processes belonging to this class are
completely captured by the time-varying spectral density operator. We moreover
introduced time-varying functional ARMA processes and showed that these belong
to the class of locally stationary functional processes. In the last section, we consid-
ered the nonparametric estimation of the time-varying spectral density operator. To
derive the asymptotic distribution, a weaker tightness criterion is used than what is
common in the existing literature. The results derived in this paper give rise to con-
sider Quasi-likelihood methods on the function space as well as the development of
prediction and appropriate dimension reduction techniques for nonstationary time
series on the function space. This is left for future work.

APPENDIX A. PROOFS

In this appendix, we prove the main theoretical results of the paper. Auxiliary
results and background material are deferred to the Supplementary material (van
Delft and Eichler, 2017c).

A.1. Proofs of Section 2

Proof of Proposition 2.2. For u € [0,1], we define the approximating stationary
functional process { X" },ez by

X = f et Ay dZ,,.

—T

Then we have

HXt,T B Xt(U) H2 _ HJ it (AEZJ) _ A%w) dz,, ) < CP,;(?)
with
¢ = sup [ AL — v,
< sup [ AL = Ayrall,, +sup Ay = Ausl,, = O + [ = u)
and
=t e - Az
-7 2

Since

u 1 s ™
EIRYE < 5 | 42 - Al 17l do < [ 17, de

the process satisfies the conditions of Definition 2.1 with p = 2. 0
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Proof of Proposition 2.3. For fixedt € {1,...,T} and T € N, let U, , = e“(=) Ag).
We have i
T(Us,-) = f (=) Azg,,j;) dz, = AE,Y;) Et—s

where 7 is the mapping defined by linear extension of 7 (U 1p.5)) = U(Zs — Z,)
(See Section S2. 2 of the Online Supplement). By definition of the operator Us.,

1Us. |z, < \HA 12, " _IFsll dw < oo and thus Us. € By. Similarly, Y, 7 (Us,.) €
By, from which it follows that

lim Z eiw(t—s) Agz;) _ eith e—iws Ag?;) — elwt Ag?;) € B..
N [s|<N SEZ

The continuity of the mapping 7 then implies
Xer=2T(Us.) =T, Us,.) = J et Aﬁfj dz, a.s. a.e. O

A.2. Proofs of Section 4
Proof of Proposition 4.1. For fixed t and T', we have by Minkowski’s inequality
Z H|CU.H1 |uT—s/2|,T X[uT+s/2 )‘HQ

(1) JONE
=legfn (Ald—gpopnn @ ALt sopag ) Fr €A |2

= > ez + > lles

s{(I<|uT—s/2|<T)u s{(1<|uT—s/2|<T)u
(I<[uT+s/2|<T)} (1<|uT+s/2|<T)}°

where {-}' denotes the complement event. Now since Agu) = Ay, for t < 1 and
.A,Ez Ao, for t > T, we can write

(T) (T) iArs
- Z [P o’r J [uT—s/2|,\1 ®’A[uT+s/2J,f/\1) fle P2

£ 2 U5 | (on @A) F N (A1)

s:BC

where B = {(1 < |uT —s/2| <T)u (1 < |uT + s/2| < T)}. Because the first sum
is finite, an application of proposition S1.3 implies it can be bounded by

K sup A %1722 < oo,

for some constant K. For the Second term, we note that
1 .
P f (Ao, ® Ar oy, ) 75, e dA = com (X, X)),
1

It thus corresponds to the cross-covariance operator of the two stationary processes
Xt(o) and Xt(l) at lag s, which we can alternatively express as

Cum(X§0)7 XO(I)) = Z(AO,I ® Al,k)cum(gt-i-s—l; 8t—k)'
I,k
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Using then that ; is functional white noise, we find for the second term in (A.1)

D lE < 1Y (Ao ® A g)eum(eo, o) 2

s:BC 1,keZ
< Ao alloo D A1 kllo [l cim(zo, £0) 2 < oo
€7 keZ
The result now follows. O

A.3. Proofs of Section 5
Proof of Proposition 5.4. We have by Theorem S2.2 and by Proposition S2.1,

cum(J ei’\mAngl)AleAl, ce J ei’\’“”’“Agk)M\de,\k)

II

II
= f RN f cum (6iA1T1A§:),)\1 dZ)\l, . 6i>\k7‘k Agz;),)\deAk)
II II
- f - L (™Al @ @™ A Yeum(dZy,,. ., dZ),)
_ jnk ei()\1r1+...+>\krk) (‘Agz),h ® - ®A§Z;)7/\k)n(>\l 4o+ /\k) §1 .... Akqd/\l . -d)\k,

where the equality holds in the tensor product space Ho ® - - - ® He. Note that the
last line corresponds to the inversion formula of the cumulant tensor of order k. For
fixed t € {1,...,T} and T € N, the k-th order cumulant spectral tensor of the linear
functional process {X;r} can thus be given by
t,T T
]:)(\1,~~?,)\k—1 = ('A A1 ®- ®At7‘k 1/%k—1 ®A( )f)\.;_) §1 ..... Ak—1? <A2>

and is well-defined in the tensor product space ®f:1 Hg. In particular, Proposition
S1.3 implies the corresponding operator is Hilbert-Schmidt for k£ > 2

.....

= (sup AL, )

TN

.....

2k
\HF§1

-----

We therefore have that the kernel function f)\1 ..... x (T1s -+, Ti) is a properly defined
element in L2,([0,1]?). In case k = 2, we moreover have that Fy, € S;(Hg). This fol-
lows by the fact that the e, are white noise and thus || F5 |1 < 2, [lcum(eq, €0)1 =

IC5 12 = Elleoll3 < . [

Proof of Theorem 5.5. Under Proposition 2.2 we have for allt =1,..,7 and T € N
that X, r are random elements in H and hence by Proposition 5.4 and (5.7),

(1) y _ 1 T D)
]E(Iuj,w) = mCum(Du w,DuJ _w)
_ v T (1) B ) .
_2wH2,N(0)L(HN(A aw = A) @ Hy (A [ 3 A —w) ) FrdX.
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In order to replace the transfer function kernels with their continuous approxima-
tions, we write

AT @D A, oA
(A(T) - -A’ltj,r,w) ® AE;Z:5)7_A + ‘A'Uzj,’r‘vw ® ('ASJI:S)v_A - Auj"s’iw).

tirA

(A.3)

We focus on finding a bound on the first term as the second term can be bounded
similarly. Since Hy(-,-) is linear in its first argument, we have by the triangle
inequality

[l (A 5 = A0 = W) |
< [ (AL = Ay = Ml + THN (Ao = A0 = N |

For the first term of this expression, condition (ii) of Proposition 2.2 and Lemma
S3.3 imply

N-1 . N
T R P R S
r=0 ’ @

for some generic constant C' independent of T. Next, we consider the second term.
Similarly as in the proof of Lemma S3.3, we have

HN (Auj-’.,)\ - A’ll.‘7'7.,w7 W — /\)
= HN(w —A) (.Auj \— Auﬁw) + Hy(w — A) (Auj’N_l,,\ — Auj’N_l,w)

- Z [( Uj A T Auj,r—ly)\) - <~Au]-,r,w - Auj,r—l,w):l HS(W - )‘)'

Since the transfer function operator is twice continuously differentiable in u and w,
we find by two applications of the mean value theorem

P Ay A= w|
| (Ao = Ai) = (= )| < e[|
Hence we obtain the upper bound
N
| Hy (Auyor — Au;esw — A, < C Ly(w — )|w—)\|+C’?LN(w—)\) lw — Al

Moreover, Lemma S3.3 implies
[l (A o = M)y < O Liv(w = ).
With these bounds and Proposition S1.3 and Lemma S3.1, we now obtain

JHH‘ (HN (Ausor = Auj 0w = A) @ Hy (A(_T) W= A)) I

d\
2
< f [ (A = Auior0 = N [ (AT 0 = M) [ 175 a0
< CJ Ly(w—A)?dX\ < C log(N).

II

The second term of (A.3) is similar and thus the error from replacing .A )\ and
AEJT)_ » by Ay, and A, | _., respectively, is of order O(logjglN)) in L.
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The expectation of the periodogram tensor can therefore be written as

my_ 1 ( T Ty ) .
]E([uj,w) 27TH27N(0) J;_[ HN(A )\,w ) ®HN(AtJ-,.,—)\7)\ u_)) f)\ d\
1 €
- T L (F (A0 = X) @ Hx (A A = ) ) FdA + By
1
= ——H. Au w Au funO F£+R
Hon (0) o (Auj 0 ® Au, o, ) T
1
= — Hon(Fu, o0, 0) + R
Hon (0) Q,N( o ) T
where the remainder term Ry is of order O(%). Correspondingly, the local
periodogram kernel is given by
log(N)
(T) _ g )
E(l,, ,(1,0) H2N Z h? o N Sujew(T0) + O( N )

Since by the conditions of the theorem, the operator-valued function A4, is twice
continuously differentiable with respect to u, Theorem S1.8 implies that the spec-
tral density tensor F, (7, 0) is also twice continuously differentiable in u € (0,1).
Hence, by a Taylor approximation of F,, . about u;j, we find for the mean of the
periodogram tensor

62.7:%“,
ou?

o)

where we have used the definition in (5.10) of the smoothing kernel K in time
direction. As by the assumption on the taper function this kernel is symmetric
about zero, the first order term in the Taylor approximation is zero.

This proves the first part of from Theorem 5.5. For the covariance, we note that
the product theorem for cumulants (See Section S2 of the Online Supplement) and
the fact that the means are zero imply

cov (I(T) It )

Uj,w1? " U w2

! T |cam(D(D),,, D, DD, DD,

_47T2H2N 2 Uj,w1? T UG, w1 T U, w2 g, we
b

+ Sha23 (cum(D(T) Du wz) ® cum(Dl(LT e D" ))

Uj,w1? Uj,—w2

+ S1324 (cum (D(T.) D ) ® cum (fo_) D) )) ] 7

]E(I(T%u) = Fujw +

Uj,

2thl‘€t

(A.5)

Uj,w1? Uj,—w2 Gy W1 Uj,w2

where S;jx denotes the permutation operator on ®;_; LZ([0,1]) that permutes the
components of a tensor according to the permutation (1,2,3,4) — (i,7,k, 1), that
is, Siju(T1® - Qxy) =, Q- Quy.

We first show that the first term of this expression is of lower order than the other
two. By (5.7), the cumulant is equal to

—W2 — /\3)

37

JHN(A W1 — /\1)®HN(~A( gy —W1 — /\2)®HN(-A( gy
G

®HN(,A( )/\47602 /\4) N+ ...+ A\y) ‘F§1,>\z,>\3 d\y - d)y
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and hence, by Lemma S3.3, is bounded in L?*-norm by

C LN(w1 - /\1) LN(—w1 - /\2) LN(—CUQ — )\3) LN()\l + /\2 + /\3 + LUQ) dXl d)\g d)\3

H3

< C log(N)QJ LN(UJQ + )\3)2 d)\g < CN 10g(N)2

113
Next we consider the second term of (A.5). A similar derivation as for the expec-
tation of the periodogram tensor shows that the term equals

JHQHN ('Al(fj:-),h’wl - )‘1) ® Hy (AET) Wz + )\1) ® Hy (“AEJT) Aoy "W T >\2)

de— A o5
® HN (AEZ.),—)Q’ )\2 - w?) fil ® Fiz d)\l d>\2
— f ] HN(Auj,-,)\17w1 — )\1) 029 HN(AUJ".,_)\“CL)Q + /\1) ® HN(-Au]-,.,AQ, —wy — )\2)
II

Q@ Hn (Au;o 2o, A2 — w2) Fy, ® Fy, dA1 dXs + Ry
= H2,N (Aujy.,wl ® Auj,.,fo.u , W1 — w2) ® H2,N (Auj’hwl ® Auj,.,fo.u y Wy — Cdl)
X ‘qu ® ‘Fiwl

= Ho N (Fuyaons w1 — wa) ® Ha n (Fuuy o muy s — wi)

Proceeding in an analogous matter for the third term of (A.5), we obtain the stated

result.
OJ

Proof of Theorem 5.7. Due to space constraints, the proof is relegated to Section S4
of the Supplementary material. O

Proof of Proposition 5.9. A change of variables shows that (5.14) can be written as
bor b T cov((FEE) g1 ® 92) 1ot (F,,95® g4>H@®H@)

=21 by | Ko J K p(wr —wa — A) Kep(A) {Fuws—r 93, 91) {Fu—wp—r G4, G2 AA
H

+ 27 by | K f3 J Kip(wi +we — A) K r(A) (Fu—wtr 945 910 {Fuwn—» g3, G2, dA
I

+ @] (bf,T log(bt,T T)) + O(biT bfj) + @) ((me bf7T T)il) . (AG)

The error terms will tend to zero under Assumption 5.8. Since the product of the
two kernels in the first integral is exactly zero whenever |\ — (w; — wa)| > b or
A > b, the first integral vanishes for large enough 7" unless w; = wy. For w; = ws,
the integral in the first term becomes

| Ko (0) Kiir ) P 0.0 P 0. 90> N
i
and further by symmetry of the kernel

= J Kf,T()\)2 <~Fu,w1+)\ g3, gl> <-Fu,fw1f)\> g4>92 d.
I

We note that |K¢l|3% Krr()\)? satisfies the properties of an approximate identity
(e.g., Edwards, 1967). Hence application of Lemma F.15 of Panaretos and Tavakoli
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(2013b), which covers approximate identities in a functional setting, yields that the
integral converges to

1Kt 3 { Fur G35 91 {Fu—r G, G

with respect to | - 2. Since the integral in the second term in (A.6) vanishes unless
wy; = —ws, we can apply a similar argument, which proves the proposition. O

Proof of Proposition 5.14. We have

(bt be TT)k/2 f k

AN el A, K P
o (O)F o L Fer (=4

xcum(L%axme s (W) DD, () DU, () ) dda -
(A7)

where Dqug(gb) = <D£TUE, ¢y for ¢ € LE([0,1]). Application of the product theorem
for cumulants (e.g. Brillinger 1981, Theorem 2.3.2) yields for the cumulant

cum (D'(MTozl (¢m1) u *wl (@Z)n ) Dﬂk (¢mk) D’l(LT) Wi (¢nk))

A8
- eme e, O

where the summation extends over all indecomposable partitions P = {Py, ..., Py}
of the table
(1,0) (1,1)

(k,0) (k1)
and, for p = (i,5), v = vi; = (=1 Ny as well as 7, = ri; = m; ‘nl fori=1,....k

7

and j € {0, 1}. For the next steps, we further denote the elements of P, with |P| = d|
by pi, ..., o, Then, by (5.7) we obtain further for the above cumulant

A <
Zl 1fd J 4 L s= 1 tu07as7,7pls _Oés)FOél ..... Qd;—1 (T17"‘7le)
4= 0,1]%

X 1_[ Vry, (Ts) dTi -+ drg n(cn + ..+ ag) day - - - dag,.
s=1

(A.9)

Noting that the inner integral is a inner product in the tensor product space, we get

< d;
‘< tu . 0137,}/pls C]55)‘F.O£1 ..... adl_17®s=l¢rpls>‘

€
(Atu ae’,ypls - Oés) ‘Fal g —1 9

-----

()
17 \\\2 erp,s

(Atu ;O ) ,Ypls Oés)
Noting that by Lemma S3.3

‘HH "415u aga’yplg as)

<K Ly(p, — )
o
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for some constant K, we get together with ||F. < K’ as an upper bound

Q] yeeny Oldl,1 H|2
for (A.9)

KZH] HLN%LS— Dnon+ o+ o) day - dag

dp 5=

and further by repeated use of Lemma S3.1(v)
M M
< K T In() log(N)* ' < K log(N)* M T La (%)
— =1 — =

Substituting the upper bound for the cumulant in (A.7) and noting that %HQJV(O) —
|h]5 as N — oo,we find

‘Cum u w1 (wmlru) sy E&Qk (wmk"k))‘

C b2 log(N)2—M K M
< —r [T Kir(wj —A) TTLn(n) dAs -+ - dAy.
NFk/ i JIIk j=1 =1

(A.10)

It is sufficient to show that for each indecomposable partition {P,..., Py} the

corresponding term in the above sum tends to zero. First, suppose that M = k.

Bounding the factors Kt r(w; — ;) by |K|w/bsr for ¢ = 2,... k and integrating
over As, ..., Ag, we obtain by Lemma S3.2(i) as an upper bound

C log(N)2k—M 9

—_— Kir(wr — A\) Ly(A1 + Xo)7dA dA

bl;/;_lNk/Q . tr(w1 1) Lv (AL £ X9)" dAy dXs

C log(N)%+—2
< ClogN) 7~ f Ly (w1 = A)? Ly + Ag)? dAg dAy
e O

bk/Q_QNk/Z
C log(N)?+—2 C log(N)%*—2
< —k/2 2 N2 NLb_ L(wr = A)?dA < (be N)F2=1"

where we have KfvT( ) < ber Lb;%(w) and repeatedly Lemma S3.1(iv). Next, if
M < k we select variables A ’ Ai,_, according to Lemma S3.2(ii) and bound
all corresponding factors Kir(w;; — Ay;) for j = 1,...,k =2 by |Kt[lo/brr. Then
integration over the k — 2 selected variables yields the upper bound
C log(N)SkafQ
bf/ﬁ_2 Nk2-1 2
- C bg 7 log(IN)3k—M—2
bﬁ/ﬁfl Nk/2-1

i17“‘7

X,

Kf,T(wik—l - Aik—l) Kf,T(wik - )‘ )d)‘

Tk—1

since || K¢ |1 = 1. Since by N = bgr by T — o0 and k/2—1 > 0, the upper bounds
tend to zero as T" — oo, which completes the proof. (]
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lations of the form a(vy,ve) ~ (avy,ve) ~ (v1,avy) where a € K and vy € Vi, v € V5,
which induce a quotient space. These relationships uniquely identify the points in
the product space Vi x ... x Vj that yield multi-linear relationships. In a way, the
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and hence it will often be sufficient to restrict attention to k = 2.

The algebraic tensor product of two Hilbert spaces H; and H, is itself not a
Hilbert space. We can however construct a Hilbert space by considering the inner
product acting on H; @ Hs given by

<$ oy Y, :I:, & yl>H1®H2 = <I7 $I><y7 y,>a xz, $, € H17 Y, y/ € H2
and then taking the completion with respect to the induced norm | - ||g,gm,- The
completed space, denoted by Hi®Hs, is identifiable with the Hilbert-Schmidt op-
erators and is referred to as the Hilbert Schmidt tensor product. Throughout this
work, when reference is made to the tensor product space of Hilbert spaces we mean

the latter space. When no confusion can arise, we shall moreover abuse notation
slightly and denote H1®H, simply by H; ® Ho.

Definition S1.2. The tensor product (A® B) € Sp(H) ® S,(H) = S,(S,(H))
between two operators A, B € S,(H) is defined as

(A® B)(z ®y) = Az ® By, (S1.1)
for x,y € H. It follows straightforwardly from the property
(x®uy)z ={z,yyxr, z€H, (S1.2)
that for any C' € S,(H), we have the identity
(A® B)C = ACB, (S1.3)

where BT denote the adjoint operator of B.

Proposition S1.3 (Hélder’s Inequality for operators). Let H be a separable
Hilbert space and A, B € Sw(H). Then the composite operator AB also defines a
bounded linear operator over H, i.e., AB € Sy (H). This operation satisfies the
associative law. Moreover, let 1 < p,q,r < o, such that % = %1 + ]l?. If Ae S,(H)

and B € Sy(H) then AB € S,(H) and
IABI» < [ Allqll Bll-

Proposition S1.4. Let H = LL(T, i) be a separable Hilbert space, where (T, ) is
a measure space. The functions a,b,c € L3,(T x T, u® p) induce operators A, B, C
on H such that for all x € H

As(r) = | alr.o)s(o)dito), s1
D
and the composition operator AB has kernel
[AB](r,0) = J a(T, pa)b(pr, 0)dpy (S1.5)
D

for all 7,0 € T p-almost everywhere. The tensor product operator (A ® B) €
So(Sa2(H)) in composition with C has kernel

[(A® B)C(r.0) = L jDa<r, i) B ), p)dpndps. (SL6)

Because (A® B)C' has a well defined kernel in LL(T x T, u® p), it can moreover
be viewed as an operator on H. Using identity (S1.3), this is the operator AC BT,

where BY has kernel b (p2,0) = b(o, ji2).
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Corollary S1.5. Let A;,i =1,--- ,k for k finite belong to S,(H) and let
Y= (1 ® - @)
be an element of ®f:1 H. Then we have that the linear mapping
A=(4Q...0A)
satisfies 1) || Ao < 00 and ii) || A, < 0.
Proof of Corollary S1.5. For i), we have by proposition S1.3,
[AY]2 = [(A1® .. @ Al = [ (A1 ® ... ® Ak) o192

< (A2 ® - @ Ak) oIl A o 202
k

k
< [ TIAllolbls < T TIAl %] < co.
i=1

=1

In case p = 2, the latter equals Hle |ai|2|ltp|2 by proposition S1.7. Property
i1) holds since for any A;, Ay € S,(H), we have |41 ® Az, = [|A1ll,]|Az]|,- To
illustrate the second property, observe that if p = 2 we obtain

||A||g = ||A1 R...Q Ak”g = J |(1,1(7'1, ul)..ak(Tk, [Lk)|2d7'1d7'kd,u1d#k

[0}1]21@

= J ar (71, pa)ar (11, pr) ..k (i, pi) @k (i, pi ) AT .. dTedp .. dpy,
[071]210

=J al(ﬁ,m)al(ﬁ,m)dﬁ,dul-.J ar(Th, o) Ok ( Ty for ) ATy,
[0,1]2 [0,1]2

=[]z Jax]z < 0.
O

Proposition S1.6 (Neumann series). Let A be a bounded linear operator on H
and Iy be the identity operator. If ||Al|o < 1, the operator Iy — A has a unique
bounded inverse on H given by

(Ig —A)' = i AR, (S1.7)

If Ae Sy(H) with || Al < 1, then this equality holds in Hilbert-Schmidt norm.

Proof. We only show the case A € Sy(H). Note that the space So(H) is a Hilbert
space. Then for m < n,

£ 4~ & v, < 5wt < LA
k=0 k=0 2 k=m 2 1= lAfle

—m+1

which shows that the partial sum forms a Cauchy sequence and hence has a limit
A* in Sy(H). Furthermore, we have

n—o0 n—0o0

k=0

in Sy(H), which shows that A* is the inverse of Iy — A. O
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Proposition S1.7 (Hilbert-Schmidt operators as kernel operator). Let H =
L4(T, 1) be a separable Hilbert space, where (T, i) is a measure space, and let A be
an operator on H. Then A € So(H) if and only if it is an integral operator, that is,
there exists a function a € L4(T x T, u® u) such that

Az(r) = fa(T, o) 2(0) da(o)

for all T € T p-almost everywhere. Moreover, we have || A||2 = |als.

Proof. First, suppose A is an integral operator on H with kernel a € LA(T x T, u®u).
Because H is separable, it has a countable orthonormal basis {{,,}nen. For fixed
7 € M, the function a, (o) = a(7, o) defines a measurable function on LZ(T, i). We
can therefore write

A (r) = f a(7,0Yba(0)u(0) = (v, T,

Observe that {1, },>1 also forms a orthonormal basis of H. An application of the
Cauchy-Schwarz Inequality gives [(a,, ¥n)|* < |a,|?*|¢n]* < oo and therefore

D Kar du)l? < Zl<an"¢in>|2 Jar 3 < oo,
n=1

by Parseval’s Identity. Hence, as a corollary of the Monotone and Dominated Con-
vergence Theorem we find

VAL = 3] 4w =t 3% o TP = [ im, 33 a5,

JHGT dr — me r.0)Pdodr  |af2 < o,

showing A is Hilbert Schmidt and || A||2 = ||a|2. Now suppose A is Hilbert Schmidt.
In this case, we have by definition Y, [A¢,|? < oo and consequently the series
Yoo Aty converges in Lg,(T, u). Therefore the function

o) = Z At (7)1 (0)

will be well-defined on L4 (T x T, n ® ). Hence, for any element x € LZ,(T, 1), the
Dominated Convergence Theorem yields

Ax(r) = A( Tim 3@, )v ) (7) = lim 3o, ) A (7)

:Héo?i(f £(0)0n(0)de) Aty () = lim (Jx(a)nild)n(a)fhbn(ﬂda)

J (o) ;%(U)A%(T)da — Jx(a)a(T, o)do.
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Theorem S1.8 (Product Rule on Banach spaces). Let E, Fy, Fy5, G be Banach
spaces and let U < E be open. Suppose that f : U — Fy, and G : U € F, are Fréchet
differentiable of order k. Let Z(-,-) : Fi x Fy — G be a continuous bilinear map.
Then, Z(f,q) : U — G is Fréchet differentiable of order k and

2 (.o = 22 o) + 205, 220, (S18)

For the proof, see for example Nelson (1969).

APPENDIX S2. MOMENT AND CUMULANT TENSORS

Let X be a random element on a probability space (2, o7, P) that takes values in a
separable Hilbert space H. More precisely, we endow H with the topology induced
by the norm on H and assume that X : 2 — H is Borel-measurable. Then the
mean E(X) of X in H exists and is given by

]E(X) = lg\]]E«X, ¢z>) (I

where (1;);en is an orthonormal basis of H, provided that E(|X|3) < 0.

For higher moments, it is appropriate to consider these as tensors in a tensor
product space H®---® H of appropriate dimension. More precisely, let Xy, ..., X,
be random elements in H. Then we define the moment tensor E(X; ® - --® Xj) by

EX1® - ®X) = Z E( li[l<Xjﬂ/fij>) Vi, @ @Yy,

21 5eeey €N
Similarly, we define the cumulant tensor cum(Xj, ..., X%) by
CUIH(XI,,,.7X]§) = Z Cum(<X1’¢i1>7'--7<Xka¢ik>) ¢z1®®¢zk (821>
1] 4eees ir€N

The cumulants on the right hand side are as usual given by
p
Cum(<X17wi1>>"'7<Xk7wik>) = Z (_1)])71 (p_ 1)‘ HE( H <Xj7wij>)7
v=(V1,...,Vp) r=1 JEVr

where the summation extends over all unordered partitions v of {1,..., k}.

More generally, we also require the case where the X; are themselves tensors, that
is, X; = ®§¢=1 Xij, t=1,...,k, for random elements X;; in H with j =1,...,[; and
i=1,..., k. In this case, the joint cumulant tensor cum(Xj, ..., Xj) is given by an
appropriate generalization of the product theorem for cumulants (Brillinger, 1981,
Theorem 2.3.2) to the tensor case,

cum(Xy, ..., Xg) = Z Z 12[1 cum((Xl-j, wnj>|(i,j) € l/n) Uy, R -®wmk,

where the summation extends over all indecomposable partitions v = (v4, ..., 1) of

the table
(1,1 - (Lh)

(61) - (bb).
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Formally, we also abbreviate this by
cum(Xy, ..., Xy) = Z SV< élcum(Xini,j) € Vn)), (52.2)
v=(V1,...,Vp) "=

where S, is the permutation that maps the components of the tensor back into the
original order, that is, SV( F_, ®(i,j)eerij) =X1® - ® Xy,

Next, let Aq,..., Ay linear bounded operators on H. As in Appendix S1, let
A1 ® - ® Ay be the operator on H ® ---® H given by

(AR @A) ® - Qui) = (A171) ® - ® (A x1)

for all xq,...,xr € H. The next proposition states that moment tensors—and hence
also cumulant tensors by the above definitions—transform linearly.

Proposition S2.1. Let Ay, ..., A be bounded linear operators on H and X1, ..., Xy
be random elements in H. Then

(A®  @A)EX;® - ®X;) =E(A4X)® - ® (4 X)) (52.3)

Proof. Let {1;}ien be an orthonormal basis of H. Using the definition of a moment
tensor, we get

(A® - ® AV B(X, 8 @ X))
- % E(I150)) (i) @ ® ()

and further, by representing A;1);, with respect to the chosen orthonormal basis,

— Z Z E(f[l<Xj,¢ij>> ﬁ“ﬂiw%ﬁ(%®---®¢nk)

Tl yeeey iL€ENny,..., npeN

3 E[}i <Aj(i§N<Xj,wij>),¢nj>] (¢n, ® - @i,

ni,...,nEEN
k
-y ]E[jnl A X, 00| (Y @+ @ 0,)
ni,...,nEN =

=E((A X)) Q- ® (Ay X)),

where we have used linearity of the operators, of the inner product, and of the
ordinary mean. 0

As a direct consequence of the above proposition, we also have linearity of cumu-

lant tensors. More precisely, for ¢ = 1,...,k, let X; be a random tensor in @?:1 H
and let A; be a linear bounded operator on the same tensor product space. Then
(A1 ®- - @A) cum (X4, ..., Xy) = cum (A Xy, ..., Ap Xi). (S2.4)

S2.1. Higher order dependence under functional stationarity

For stationary processes, we follow convention and write the cumulant tensor (52.1)
as a function of k£ — 1 elements, i.e., we denote it by Ct, . 4 _,. Under regularity
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conditions this operator is in Sa(H) and we can define the corresponding k-th order
cumulant kernel ¢;, 4, _, of the process X by

k
Corpootimr = Z f X Ctrtis (T1 - Te) [T 003 () dmy - - - drytly, @ -+ @y,

01,0yt EN

(52.5)

A sufficient condition that is often imposed for this to hold is E|| X, |5 < co. Similar
to the second-order case, the tensor (S2.1) will form a Fourier pair with a k-th order
cumulant spectral operator given summability with respect to [|-||, is satisfied. The
k-th order cumulant spectral tensor is specified as

k—1
Farin s = CO Y Coy exp (—1 D wity), (S2.6)
j=1

t1,.,tg—1€Z

where the convergence is in ||-||,. Properties on the kernels that are relevant in the
time-dependent framework are discussed in section 4 of the main paper.

Theorem S2.2. Let { X}z be a stationary stochastic process in L*([0,1]) such
that B|| Xo|5 < o for all k € N and 3" ICt...tn_s l2 < 0. Furthermore
let

colpg_1=—00
1 v
ZWMN — — X, f e AN,
2 _
t=—N m
Then there exists a 2m-periodic stochastic process {Z,,}er taking values in L([0,1])

with Z,, = Z_,, such that limy_, ]E||Z£N) — Z,||3 = 0. Furthermore, {Z,} almost
surely and almost everywhere equals the functional orthogonal increment process of
the Cramer representation of {X,}, that is,

X, = J evtdz, a.s and a.e.

—T

Finally, we have for k >

2
w1 Wk k
cum(Zy,, ..., Zu,) = f = J 77< '21 )\j)}—al,...,ak,l day -« - dayg, (52.7)
-7 -7 J=

which holds almost everywhere and in L2.

The final statement of the above theorem suggests the use of the differential
notation

Cum(dZw1 (11),...,dZ,, (Tk)) =n(wr + ... 4+ Wk) forwny (T2, o, Tr) dwy - - - dwy.

Proof of Theorem S2.2. The theorem generalizes Theorem 4.6.1 of Brillinger (1981).
Let p be the measure on the interval [—7, 7| given by

u(A) = f I1Ful deo,

for all Borel sets A € [—m,7]. Similar to the time series setting, it has been shown
(Panaretos and Tavakoli, 2013a) that there is a unique isomorphism 7T of Sp{ X }sez
onto L% ([—m, 7], i) such that

T X = e’
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for all ¢t € Z. The process defined by Z, = T (1(_r.)(-)) is then a functional
orthogonal increment process of which the second order properties are completely
determined by the spectral density operator F. We have

T(Z, — 7)) = 1(V’w](-), —T<v<w<T,
and for b; e C, j=1,...,N

]ZV]bX — %b- it; (-)
T T €
J=1 Jj=1

For the first part of the proof, we shall use that the function 1(_..(-) can be
approximated by the N-th order Fourier series approximation
bv(A\) = 3 bue™,
[t|<N
where the Fourier coefficients are given by
]. g —j
o Lcrw(A) e dA. (S2.8)

The approximation satisfies the properties listed in the following proposition (Brock-
well and Davis, 1991, Proposition 4.11.2).

Proposition S2.3. Let {by}n=1 be the sequence of functions defined in (S2.8).
Then for —m <v <w < T,

bw,t =

(4) [sup]\ lbx(A) = Lww)(N)| = 0 as N — oo, where € is an open subset of
Ae[—m,m\E
|—m, 7| containing both v and w;

(ii) sup |by(N)| < C < oo forall N =1
Ae[—7,7]

Note then that we can Write
ZM = Z th Lerw)(N) € dA = > by X,
|t\<N [t|<N

where {Bw,t}te]N are the Fourier coefficients of the indicator function 1(_, .. There-
fore,

cum(Z(N) ...,Z(N))

wi Wi

= Z bwl,tl tee Bwkﬂfk Cum(th Ce ,th)

|t1‘ 77777 \tkKN

and by stationarity of the process X;

= Z Bm,tl .. 'Bwk7tk f ) ei(a1t1+...+aktk)n( Z Oéj) Fon. o doy - - - day
II

[t1]ye |t | <N j=1
k | |
= J 77( Z Oéj) 10— H Z (J 1( _— ()\i)e—ltz?\id)\i> elaitidal . d(lfk
= i=1 |t;|<N

|
=
3
—~
=
o

) Fareca s b (1) b v () dovy - davy.
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To show convergence, recall that the kernel function F, is bounded and uni-

1.-Qg—1
formly continuous in the manifold Z?:l a; =0 mod (27) with respect to || - [|2. An

application of Holder’s inequality yields

H o¢1 o1 [bw1,N(a1) T bwk,N(ak) - 1(771',0.11](0-/1) s 1(77r,wk] (ak)]dal e dakH
Hk j:1 2

< s [ Foror, s f
Hk

b 9 (1) b 3 (O8) = 1 ran (1) -+ L gy ()| da - - g

A standard telescoping argument together with Proposition S2.3 gives

KJkZH‘bwlNal ‘ H ‘1 —7 w1 ] al wa] 1( w;] 04] ‘dOél dek
Ik Sy i=1
< Kk ( sup sup |bwj,]\/(oz)|)k_1 supf b v (@) = 1y (@) |da — 0

1<k o w JII

as N — oo. Hence, the dominated convergence theorem implies
lim cum(Z(N) . ZU(JN))
N—o k

1
- 1( le](al) 1( W] (ak)‘Fal ..ak._177< Z )dal - day,

27T J J;ﬂ g)\ Foroap 181 - - d A,
= cum(Zy,, - - -, Zuy) (52.9)

which establishes the L2 convergence in (S2.7). The almost everywhere convergence
is proved similarly by replacing F by f(71,...,7%). In order to show that X; =
S:r e“tdZ,, with probability 1, it remains to show that

Q . 2
]EHXt —f e“tdz,| = o. (52.10)
2

—T

We refer to Panaretos and Tavakoli (2013a) for a proof.
O

S2.2. Existence of the stochastic integral

In order to provide sufficient conditions for local stationarity of functional pro-
cesses in terms of spectral representations, we turn to investigating the conditions
under which stochastic integrals S:T U, dZ, for Sy(Hg)-valued functions U, are
well-defined. For this, let 41 be a measure on the interval [—m, 7] given by

- | 1R, (5211)

for all Borel sets A < [—, 7] and let By, = LY ey ([T, 7], 1) be the corresponding
Bochner space of all strongly measurable functions U : [—, 7] — Sy (Hg) such that

U3, = f 0L du(w) < oo. (52.12)
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Panaretos and Tavakoli (2013a) showed that the stochastic integral is well defined in
Hg: for operators that belong to the Bochner space By = LQSQ(HC)([—W, 7], ), which
is a subspace of By. In particular, it contains all functions U : [—m, 7| — S2(H)
of the form

U, =g(w) I+ Ay,

where g and A are, respectively, C and So( H)-valued functions that are both cadlag
with a finite number of jumps and A additionally satisfies §" [ Ay[l3 || Fully dw <
o. Here, continuity in Sy(H¢) is meant with respect to the operator norm |- c.
Because the space Bs is too restrictive to include interesting processes such as general
functional autoregressive processes, we first show that the integral is properly defined
in Hg for all elements of B,. To do so, consider the subspace Qy < By of step
functions spanned by elements U 1y, gy for U € Sy(He) and o < f§ € [—m, 7).
Additionally, denote its closure by Q = Q,. Define then the mapping 7 : Qy — H:
by linear extension of

T(U o)) = UZs — Za). (52.13)
The following lemma shows that the image of T is in Hg.

Lemma S2.4. Let X; be a functional process with spectral representation X; =
" _e“tdZ,, for some functional orthogonal increment process Z,, that satisfies B[ Z,,[3

S:r | Fallid\. Then for Uy, Us € So(He) and o, B € [—m, 7]

anf ;
(4) Uy Zo, Us Zs i, = tr (Ulu F. dw] UQ)
and
(i) m%a§|w&f|Ahw.

Proof of Lemma S2.4. Firstly, we note that by Cauchy-Schwarz inequality

1
EJ U1 Za(T) U2 Z3(7)|dr < E|UrZa[2[U2Z5]2 < | U]l | U2l Bl Za 2] Z5 ]2
0

anf
< |U1|oo||U2||oof IIF A < co. (52.14)
Secondly, U1 Z, and UyZs are elements in H¢ and therefore the (complete) tensor
product U, Z, ® UyZs belongs to So(H). By Proposition S1.7, it is thus a kernel
operator with kernel [U1Z, ® UsZg|(7,0) = Uy Z,(7)UsZs(c). An application of
Fubini’s Theorem yields
1

1
B f Us 2 (AT Z5 () — J E(U\Z. ® UsZ;) (v, 7)dr
0 0
1 anf

— Jl (U1 @ U2)E(Zy ® Zg) (1, 7T)dT = f (U, ®@U,) Fo dw(r,7)dr

0 —T

1 anp
= f U, Foodw(T,T) U; dr,
0

—T
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where the second equality follows because the expectation commutes with bounded
operators for integrable random functions (Proposition S2.1) and the last equality
follows from the identity (S1.3) of definition S1.2. This shows the first result of
Lemma S52.4. The second result follows straightforwardly from (52.14). O

It is easily seen from the previous lemma that for Ay > Ay = A3 > M4
<U1(Z/\1 - Z>\2)7 UQ(Z>\3 - Z)\4)>H® =0,

demonstrating orthogonality of the increments is preserved. Since every element

U,, € Qp can be written as le Uijls,.0,,,) the lemma moreover implies

HT ”]HI@ Z <U Z>\J+1 - Z/\j)’ Uk(ZAkH Z>\k >H<L Z ”U ZAJH - ZAj)”]%‘]I@

7,k=1

N ) [V 2
< DU [ 1Fallda = U1,

j=1 Aj

The mapping T : Qg — Hg is therefore continuous. Together with the completeness
of the space H¢ this establishes that, for every sequence {U,},>1 € Qp converging
to some element U € Q, the sequence {7 (U,)}n>1 forms a Cauchy sequence in Hg
with limit 7(U) = lim, ,, 7 (U,). By linearity and continuity of the mapping T,
the limit is independent of the choice of the sequence. Furthermore, since Qg is
the subspace spanned by step functions that are square integrable on [—m, 7] with
respect to the finite measure p and hence is dense in L?gm( ey ([T, 7], 1), we have

By < Q. Since |[T(U)|u, < |U|s,, the above extension is well-defined for all
U e By.

APPENDIX S3. DATA TAPER

In order to show convergence of the higher order cumulants of the estimator in
(5.11), we will make use of two lemmas from Dahlhaus (1993) (Lemma A.4 and A.5
resp.). Both rely on the function Ly : R - R, 7 € R*, which is the 27-periodic

extension of
T if [\ < 1/T,
Lr(\) = S3.1
) {1/|)\| if YT < |\ < (53.1)

The function L satisfies some nice properties. The following lemma lists those
required in the current paper:

Lemma S3.1. Let k,I,T € N\ a,w,pu,v € R and 11 : (=7, xw]|. The following
inequalities then hold with a constant C independent of T.

(i) Lr(X) is monotone increasing in T and decreasing in A € [0, 7];
(i) [A[Lp(N) < C for all |\ <

(i) f Lr(\d\ < C log T
11

(iv) J Lr(\N)Fdx < CT! for k> 1;
II

(v) J Lo — A) Lr(A+ ) d\ < C Ly + +) log T.
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In addition, we also make use of Lemma 2 from Eichler (2007).

Lemma S3.2. Let {Pi, ..., P,} be an indecomposable partition of the table

a1 —Oq

Qp  —0p

with n = 3. For Py = {vj1,..., a4}, let 35 = vj1 + ... + %, -

(i) If m = n then for any n — 2 variables oy, ..., «;, , we have

H LT(WJ) dah T dain72 <C LN(OZin71 + ain)2 1Og(T)n_2'
k=2 j=1
(i) If m < n then there exists n — 2 variables oy, ..., q;,_, such that
[ T1eaGdan, - do, . < 0T 10g(ry
k-2 j=1

The usefulness of the Ly function stems from the fact that it gives an upperbound

for the function Hj y which was defined in Section 5. Namely, we have
[HX | < Ly(\),Vk e N, (S3.2)

We also require an adjusted version of Lemma A.5 of Dahlhaus (1993):

Lemma S3.3. Let N,T € N. Suppose h is a data-taper of bounded variation and
let the operator-valued function G, : [0,1] — S,(H) be continuously differentiable in
u such that ‘H%mp < oo uniformly in u. Then we have for 0 <t < N,

N

Hy(G3.w) = Hy(@)Gy +0(su ﬁLNw))

N

:o( sup ||Ga Hlp—LN( Gull, 7

usN/T

where Hy(G.,w) is as in (5.8) The same holds if G% on the left hand side is replaced
by operators GN) for which sup, ||GS" — Gall, = O(F)-

LN(w)> . (S3.3)

Proof. Summation by parts gives

N-1
HN(G%,w) — HN(W)G% = [G% — G%]h& e “*
s=0
N-1
= — [Gi — Gsfl]H (h. N,w) + [GN—l — G;]HN(OJ)

O

It has been shown in Dahlhaus (1988) that [Hg(he y,w)| < KLs(w) < KLy(w). The
result in S3.3 then follows since

Gy = Gallp < Sup

a<<

0
Jaedp-d o
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by the Mean Value Theorem. The lemma holds additionally for operators G\ that
satisfy sup, ||G{") — Gsll, = O(3). This is a consequence of Minkowski’s inequality
since

[ Hn (G — Gy w) + Hy(Gyw)|
= H\HN (G =Gy 0], + \HHN( 30 @)l

= 0( + Ly(N) = O(Ln(N). (S3.4)
Hence, the replacement error is negligible compared to the error of S3.3. U

If p = 2, the above implies that the kernel function g, € HZ of G, satisfies

||HN(9%7W) - HN(W)9%||2 = R N,
IHn(gs,w)| = Ron + Rin,

where
0 N
= u L )7
IRl = O(sup |50l - Lv(w)

N
Ryl = O sup [lgully - L) ($3.5)
us<N/T
Similarly if g. on the left hand side is replaced by the kernel function gST) € HZ of

G\, If the kernels are bounded uniformly in their functional arguments, Lemma
A5 of Dahlhaus (1993) is pointwise applicable.

APPENDIX S4. AUXILIARY PROOFS AND RESULTS

Proposition S4.1. Let {&;}iez be a functional i.i.d. process in H with E|eo|5 < o,
ke N and let {Af; }sez be a sequence of operators in Sy, ( ) satisfying . \HA M| <

o forallt =1,...,T and T € N. Then the process XtT Z‘ <N ,Es €5 has the
following pmpertzes

(7) Xt(p converges to a process Xy in L% (Q,P);
(1) com(Xyy 7y, X)) = (2 AN @@ X AT Yeum(ey g,y es)s

S1€%Z SKEL
where the convergence is with respect to | - ||z.

Proof of Proposition S4.1. For the first equality, we need to show that

: N
]\1[1_1)20 ]E||X£T) — Xizf5 = 0.

We will do this by demonstrating that the the tail series X;T(N) = Zi\i N1 Ag)st,s

converges. Since HA 5t||2 H|A§? lso|let] 2, an application of the generalized Holder’s
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Inequality yields

M
N T
BIX, S5 < D AT e A, Moo B et —sy 2 - let,—s, 2]
81,408 =N+1
T T 1/k
< D AT oo AR, o [Eller,—salf - Bllew s, 5]
‘51| ..... ‘Sk|>N
k
T
< (X 1421x) Bleolh < o,
|s|>N

uniformly in M. Hence, limy_, (E| X, (N)|| )l/k
We now prove (ii). By Proposition S2.1 and (i), we have

cum(A( )

t1,81

T) T)
Ety 51y - Agk o Etp—si) = (A,E1 6 ® - ® Atk Sk)cum(gtl,sl, ey Elmsy)-
It is therefore sufficient to show that

(T) (1) _ (T)
Cum( Z Athslgtl—Sn cr Z Atk,skgtk_sk) - Z Cum(Atl,sleh—Su ce 7A5k7tk7T€tk_5k)’

S1€Z SKEZ $1,00,SKEZ

Let {¢1}ien be an orthonormal basis of H. Then {i;, ® -+ ® ¥y, };, . 1,>1 forms an
orthonormal basis ®§:1 H. For the partial sums

we obtain by virtue of the triangle inequality, the Cauchy-Schwarz Inequality and
generalized Holder Inequality

k

T T
Bl X AR e, < [TE] X AT o, o,

j=1s;= j=1 s;=1

< (sup 2 142 1w)* ol < 0.

The result now follows by the dominated convergence theorem. 0

S4.1. Estimation

Proof of Theorem 5.7. Recall that by Theorem 5.5, the expectation of the peri-
odogram tensor can be written as

E(I"),) = Hyn(Fu,:0) + Ry =

Uj,w

Z h Fujpw + O(log(N)).

_H2N N

where the remainder term Ry is of order O(logNN)). Because the operator-valued
function A, is twice differentiable with respect to both v and w, it follows from
Theorem S1.8 that the tensor F,,, is twice continuously differentiable in both wu,
and w. We can therefore apply a Taylor expansion of F,; . about to the point
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x = (uj,w,) to obtain

r—N/2\ 0 0
Fujpw = Fuw <—)_~Fw _)‘_]:uw
e e * T ou (u,w)=z * (W )é‘w "l (uw)=2
1/r— N/2\2 ¢? 1 02
=3 w - Y U,w
2 ( T ) ou? (u,w)=x * 2 (W ) Ow? F (u,w)=x
62

(PN

where the remainder can generally be bounded by

 Fi ) Ryr,, (S4.1
(u,w)=x+ owou (u,w)=z T ATy ( )

bilp|w — a2 oltiz
RT,p = 2 : : sup ; : fu,w
il,i2€ﬂ\%1:+i2>p (21)!(Z2)! U,w 5ull ow 2
= ]NZ o(bifT|w — al?) p=2. (54.2)
i1,12€N:i1 +ig=p
In order to derive the mean of the estimator, we set vb, 7 = # and recall that

the taper function relates to a smoothing kernel K in time direction by

K, (v) = E (s 1) (54.3)

for v € [—3, 5] with bandwidth b, = N/T. It then follows from (S4.1) that a Taylor
expansion about to the point x = (u;,w,) yields

. ) o
E(FD Y= F, w bJZK dJK do=—Fuw
(]:uj’wo o —i—Z v Ky(v)dv : i(a) a&uz}_’

2 .
i i o
+ ; Ebfﬂ“ fn o' Ki(a)da J Kt(v)de}"w

(u,w)=z

(u,w)=z
+1bbe()dJK(>d(azf v )+ n

— v v)av (0 (0 u,w .
) t,TV1,T t I e ouo (u,w)=z owou (u,w)=z o

Because the smoothing kernels are symmetric around 0, we obtain

o » P "

E('Fqsfj’?ﬂo) = FuJ Wo + bt Tﬁtta 2 uw)—l’ + bf TK/fZ 16 QF UW):I
log(by 7T
+o(b2;) + o(b? ;) + o(M), (54.4)
) ' by T

where the error terms follow from (S4.2) and Theorem 5.5, respectively. This estab-
lishes Result ¢) of Theorem 5.7.

For the proof of the covariance structure, we note that

cov(FD FDY = | Ker(wr — M) Ker(ws — o) cov (I8 180 ) day d)a.

uw1? Y u,wa U1 T U2
112
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where by Theorem 5.5
COV([(T) I(T))

UA1? T U, A2

1
= T Hn 0 [51423 (Hz,N (Fueris M= A2) @ Ho (Fuy iy Ao — /\1)>
+ Sz <H2,N (‘Fu.)\u A1+ )‘2> ® HQ,N(‘F“"*)‘“ —A1— )\2))] + O(loglng))'

We treat the two terms of the covariance tensor separately. Starting with the first
term, we have

Kir(wr — A1) [Kf,T(W2 — o) [How (Fuunys M — A2) @ Ho v (Fuumrgs A2 — M) ]

"
— Kez(ws — M) [ HawOn = A2)[* (Funs ®]—"u,_h)] D dxs)
< ‘ Kl = ) Kir(er = %) [HIN(F%,\I, A = X2) ® Hon (Fuenp Ao — A1)
— |Haw O = )| (Fur, ® }“w_h)} D s
) [ o =0 Ko = do) = Ko = 2)

x [Ho (M = A9)[* (Funy ® Fuay) A ds

2
Since F, is uniformly Lipschitz continuous in u, we have [|F,, x» — Funlls < C &
and hence the first term on the right hand side is bounded by
N2
ber T

C b%,T L%(wl - )\1)2 Li

1
2 £,7 bf T

(s — Ao)? Ly (A — Ag)’ % A\ drs < C

For the second term, we exploit uniform Lipschitz continuity of the kernel function
K¢ to get the upper bound

C | Koo =202 83 = Dol L — M)y s < 0 28N

2
112 bf,T

In total we obtain

leov(F2H2), = 0(5E53) + O () +0 (5

uniformly in wy,w2 € [—m, 7] and u € [0, 1]. O

Proof of Theorem 5.12. We decompose the difference in terms of its variance and
its squared bias. That is,

| BNAD - BAD + BAD - Al o
II

- j E|£D -~ EZD|2dw + f EIEED - Fuolidw.  (S45)
11 II
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The cross term cancels which is easily seen by noting that ]E(]:](fa) —E(ﬁg})) = Opg

and hence

for all v € [0,1] and w € [—m, w]. Consider the first term of (S4.5). Self-adjointness
of F&) and E|X: 1|3 < o 1mp1y that

tr (cov(FCL), LIy Z (EBUFE) - B(FDN)(FEL) — E(FED)) b, Yy
nm=1
=E Z E(FD)) Yum; = E|lFL — EFD|2 <
n,m=1

for some orthonormal basis {t,,,,,} of L,([0,1]?). By Fubini’s theorem and Corollary
5.10, we thus find

| BIED -BED B = | | (D opdrdsdo = 0(5r).
11 “ [0,1]2 btbfT
Theorem 5.7 then yields for the second term of (S4.5)

J [ Foueo — Eﬁi(;;)mgdw = f J ‘fu,w(Ta o) — ]Eﬁ%)(ﬂ U)‘Qdeadw
I ’ 1 J[0,1]2 ’

log by T 2
:o(b§+b§+ Oijt ) .
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