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Abstract

We derive an analytical solution to the optimal shrinkage of OLS regression coefficients toward a constant target, under any first
two moments of predictors. The estimator closely mimics the prediction performance of ridge penalty, which admits no general
analytical solution.
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1. Introduction

The ordinary least squares (OLS) estimator for linear regres-
sion offers notoriously poor prediction out of sample due to its
large estimation errors. The most popular technique to improve
upon OLS is to shrink OLS coefficients by adding penalties
to the objective function. Examples are ridge [3], lasso [13],
elastic net [14], and principal component (PC) lasso [12]. The
common challenge in these methods is the calibration of the
penalty coefficients, for which several approaches exist such as
cross-validation, error bounds, information criteria, and adap-
tive validation; see [6, Chapter 4] for an overview. However, no
analytical solution exists in general for the penalty coefficients
delivering the best out-of-sample prediction, and for this reason
they are deemed “difficult to calibrate in practice” [7].

We explore an alternative approach in this paper, which is an-
alytically solvable. Instead of adding penalties to the objective
function, we directly shrink OLS coefficients toward a constant
target. This target can be set arbitrarily or optimized; see part 2
of Proposition 3. We identify analytically the optimal shrinkage
intensity that minimizes the expected out-of-sample prediction
error, for which we provide a consistent estimator. This analyt-
ical solution is available in a general setting with any first two
moments of predictors, which we achieve by deriving a closed-
form expression for the covariance matrix of OLS coefficients
in this general setting. The generality of our analytical solu-
tion contrasts with the penalty approach, for which analytical
solutions exist only for restrictive distributional assumptions.
For example, the optimal ridge penalty is known when predic-
tors have zero mean and identity covariance matrix (i.e., are
orthonormal) [8], but not in general.

We provide simulation results that give credence to the ap-
peal of the proposed approach. We first compare our shrinkage
estimator to the analytical ridge solution when predictors are
orthonormal. Across different values of the sample size and
dimension, our approach can closely mimic the performance
of the ridge penalty. We then consider the general setting in
which predictors are correlated and non-standardized, which
our analytical approach can also accommodate. We find that

our shrinkage estimator delivers prediction errors close to those
in the orthonormal setting despite the increased level of estima-
tion errors coming from estimates of the mean and covariance
matrix of predictors.

Moreover, we show that optimizing the constant target de-
livers lower prediction error than arbitrarily shrinking toward a
zero vector as is implicit in the ridge penalty.

Other linear shrinkage estimators exist in the literature; see,
e.g., the textbook of [1] and, more recently, [10]. As an ex-
ample, in our simulations we compare our estimator with that
of [9] that combines OLS and PC regression using a Stein-rule
linear shrinkage estimator. We find that our approach offers
a competitive performance. Moreover, unlike [9], our theory
does not assume predictors are centered, and does not require
calibrating hyperparameters such as the number of PCs to keep.

Shrinking OLS coefficients directly resembles the methodol-
ogy introduced by [4] in the finance literature, which shrinks
estimated portfolio weights to optimize the expected out-of-
sample investment performance; see [5] for a review. There-
fore, the present paper points to potentially fruitful applications
of this literature to the linear regression problem.

For the sake of conciseness, we only give full proofs of theo-
retical results when they do not directly follow from previously
exposed material. We report these proofs in Section 6.

2. The analytical shrinkage estimator

We consider the classical linear regression problem where
the univariate response y is modeled as a linear function of p
random predictors x = (x1, . . . , xp)⊤,

y = α + β⊤x + ϵ, (1)

where α is the intercept, β = (β1, . . . , βp)⊤ are the regression
coefficients, the predictors x ∼ N(µ,Σ), the noise ϵ ∼ N(0, σ2),
and x ⊥ ϵ. We denote the centered response by

ỹ ≡ y − α, (2)
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which is the random variable we aim to predict. We also denote

θ2 ≡ µ⊤Σ−1µ. (3)

Given an i.i.d. sample of n × p predictors X and n × 1 noises
ϵ drawn from (1), the n × 1 responses y follow the model

y = α1n + Xβ + ϵ, (4)

where 1n is a vector of n ones, each column xi of X is i.i.d. with
xi ∼ N(µ,Σ), and ϵ ∼ N(0n, σ

2In). We assume that n > p + 1.
Our objective is to estimate β to minimize the expected out-

of-sample prediction error. The classical OLS estimator of β is
instead designed to minimize the in-sample prediction error:

β̂ols ≡ arg min
β
ϵ⊤ϵ =

(
X⊤X

)−1X⊤(y − α1n)

= β +
(
X⊤X

)−1X⊤ϵ. (5)

Although β̂ols is an unbiased estimator of the true β, it is no-
toriously deficient due to its large variance. Specifically, in the
next proposition we derive a novel analytical expression for the
covariance matrix of β̂ols in our general setting in which no as-
sumption is made about the true and sample moments of x.

Proposition 1 The covariance matrix of β̂ols in (5) is

Var[β̂ols] = σ2E
[(

X⊤X
)−1]
=

σ2

n − p − 1

(
Σ−1 − aΣ−1µµ⊤Σ−1

)
,

(6)

where

a = 1F1

(
1;

n + 2
2

;−
n
2
θ2

)
, (7)

1F1 is the confluent hypergeometric function and θ2 is defined
in (3). Moreover, a→ 1/(1 + θ2) as n→ ∞.

We observe indeed that the elements in Var[β̂ols] are large
if p is close to n − 1, i.e., in high dimension. Note that a ≈
1/(1 + θ2) with very good accuracy even for reasonable values
of n, which can be used to simplify some expressions below.

To improve upon OLS, we search for an estimate β̂ of β hav-
ing minimum expected out-of-sample prediction error,

L(β̂) ≡ E
[
(ỹ − β̂⊤x)2], (8)

where the expectation is taken under the true model distribu-
tion (1). It can be shown that the prediction error L(β̂) depends
on the mean and covariance matrix of β̂ as follows:

L(β̂) = σ2 +
(
E[(β − β̂)⊤µ]

)2
+ E

[
(β − β̂)⊤Σ(β − β̂)

]
+ Var[β̂⊤µ]

= σ2 +
(
(β − E[β̂]⊤µ

)2
+ (β − E[β̂])⊤Σ(β − E[β̂])

+ Trace(ΣVar[β̂]) + µ⊤Var[β̂]µ. (9)

Plugging E[β̂ols] = β and Var[β̂ols] in (6) into (9), we obtain
the prediction error of β̂ols in the next proposition.

Proposition 2 The expected out-of-sample prediction error of
β̂ols is

L(β̂ols) =
σ2

n − p − 1

(
n − 1 + θ2(1 − a(1 + θ2))

)
≈ σ2 n − 1

n − p − 1
.

(10)

Notice that the OLS prediction error diverges as p ap-
proaches n − 1. To improve upon OLS, we consider the fol-
lowing family of linear shrinkage estimators of β:

β̂(c, δ) ≡ (1 − δ)β̂ols + δc1p, (11)

where δ ∈ [0, 1] is the shrinkage intensity and c ∈ R is the
shrinkage target. This estimator shrinks OLS coefficients to-
ward a constant target, and choosing c = 0 mimics the effect of
the ridge penalty. We now use (9)–(11) to derive the prediction
error of β̂(c, δ), the resulting oracle estimators of c and δ, and
the prediction error reduction relative to OLS.

Proposition 3 The following holds concerning the shrinkage
estimator β̂(c, δ) in (11):

1. The expected out-of-sample prediction error of β̂(c, δ) is

L(β̂(c, δ)) = σ2 + δ2
(
(β − c1p)⊤µ

)2
+ δ2(β − c1p)⊤Σ(β − c1p)

+ (1 − δ)2 σ2

n − p − 1
(
p + θ2(1 − a(1 + θ2))

)
.

(12)

2. For any δ, the oracle shrinkage target c⋆ minimizing
L(β̂(c, δ)) is

c⋆ =
1⊤pΣβ + (1⊤pµ)(β⊤µ)

1⊤pΣ1p + (1⊤pµ)2 . (13)

3. Given c, the oracle shrinkage intensity δ⋆ minimizing
L(β̂(c, δ)) is

δ⋆ =
σ2 p+θ2(1−a(1+θ2))

n−p−1

σ2 p+θ2(1−a(1+θ2))
n−p−1 +

(
(β − c1p)⊤µ

)2
+ (β − c1p)⊤Σ(β − c1p)

(14)

≈
σ2 p

n−p−1

σ2 p
n−p−1 +

(
(β − c1p)⊤µ

)2
+ (β − c1p)⊤Σ(β − c1p)

.

(15)

4. Given c, the optimal expected out-of-sample prediction er-
ror is

L(β̂(c, δ⋆)) = L(β̂ols) − δ⋆σ2 p + θ2(1 − a(1 + θ2))
n − p − 1

, (16)

which is smaller than L(β̂ols) in (10).

Several comments are in order. First, Proposition 3 shows
that it is always optimal to shrink OLS coefficients to reduce
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out-of-sample prediction error: δ⋆ is greater than zero and con-
verges to zero as n→ ∞. Second, the optimal δ⋆ hits a tradeoff
between estimation error, σ2 p/(n − p − 1), and misspecifica-
tion error that arises from bias,

(
(β − c1p)⊤µ

)2, and variance,
(β − c1p)⊤Σ(β − c1p). Third, c⋆ has natural properties: it is
equal to k when the true β = k1p, and it is equal to the average
of β in the orthonormal setting, i.e., µ = 0p and Σ = Ip.

3. Consistent estimator of the shrinkage intensity

We now propose a feasible consistent estimator of the oracle
shrinkage intensity δ⋆ in (14), which depends on four unob-
servable quantities: σ2, (β− c1p)⊤µ, (β− c1p)⊤Σ(β− c1p), and
θ2. The estimates of these quantities we propose also allow us
to estimate the optimal target c⋆ in (13) consistently. We derive
these estimators under the same assumptions as in Section 2,
i.e., the sample data are i.i.d. draws from x ∼ N(µ,Σ) and
ϵ ∼ N(0, σ2), which are independent of each other.

First, we estimate the noise standard deviation as σ̂2 ≡
1
nϵ
⊤ϵ ∼ 1

nσ
2χ2

n, which is unbiased.
Second, we estimate (β − c1p)⊤µ via its plug-in estimator

(β̂ols − c1p)⊤µ̂, where µ̂ ≡ 1
n X⊤1n ∼ N(µ, 1

nΣ) is the sample es-
timator of µ. This estimator of (β− c1p)⊤µ is unbiased because
µ̂ is unbiased and because β̂⊤olsµ̂ is unbiased too since

β̂⊤olsµ̂ = β
⊤µ̂ +

1
n
ϵ⊤H1n, (17)

where H ≡ X
(
X⊤X

)−1X⊤ is the hat matrix, and E[ϵ⊤H1n] = 0.
Third, the quantity (β − c1p)⊤Σ(β − c1p) requires estimating

three terms:

(β − c1p)⊤Σ(β − c1p) = β⊤Σβ − 2cβ⊤Σ1p + c21⊤pΣ1p. (18)

Let Σ̂ ≡ 1
n−1

(
X − 1nµ̂

⊤
)⊤(X − 1nµ̂

⊤
)
∼ 1

n−1 Wp(n − 1,Σ) be the
sample covariance matrix, where Wp is a Wishart distribution of
dimension p. We rely on the plug-in estimators of 1⊤pΣ1p and
β⊤Σ1p, 1⊤p Σ̂1p and β̂⊤olsΣ̂1p, because one can easily show that
they are unbiased. In contrast, we show in the next proposition
that the plug-in estimator of β⊤Σβ, β̂⊤olsΣ̂β̂ols, is biased.

Proposition 4 Consider the plug-in estimator of β⊤Σβ,

β̂⊤olsΣ̂β̂ols = β
⊤Σ̂β +

2
n − 1

ϵ⊤Xβ −
2
n

(β⊤µ̂)(ϵ⊤H1n)

+
1

n − 1
ϵ⊤Hϵ −

1
n2 (ϵ⊤H1n)2, (19)

where H is the hat matrix. The bias of β̂⊤olsΣ̂β̂ols is

Bias
[
β̂⊤olsΣ̂β̂ols

]
≡ E

[
β̂⊤olsΣ̂β̂ols

]
− β⊤Σβ

=
σ2

n
(p − 1 + 1/(n − 1) + a(1 − p/n)), (20)

where a is defined in (7).

Because β̂⊤olsΣ̂β̂ols is biased, we estimate β⊤Σβ as

max
(
β̂⊤olsΣ̂β̂ols − B̂ias

[
β̂⊤olsΣ̂β̂ols

]
, 0

)
,

where the estimated bias is obtained by plugging σ̂2 and the
estimate of θ2 below into (20).

Fourth, we estimate θ2 in (3) via the adjusted estimator pro-
posed by [4], which adjusts the unbiased estimate to avoid neg-
ative values. Provided n > p + 2, it is defined as

θ̂2a ≡
(n − p − 2)θ̂2 − p

n
+

2(θ̂2)p/2(1 + θ̂2)−(n−2)/2

n × Bθ̂2/(1+θ̂2)(p/2, (n − p)/2)
, (21)

where θ̂2 ≡ n
n−1 µ̂

⊤Σ̂−1µ̂ and Bx(a, b) ≡
∫ x

0 ya−1(1 − y)b−1dy is
the incomplete beta function.

4. Simulation results

We now test the prediction accuracy of our shrinkage estima-
tor using simulated data with p = 10, 25, 50, 100, and 200. The
sample size is either n = 2p or n = 5p. We consider a noise
standard deviation of σ = 2, and thus the minimum achievable
expected out-of-sample prediction error is σ2 = 4. Concerning
the true moments of the random predictors x, we consider two
different settings. First, the orthonormal setting with µ = 0p

and Σ = Ip, in which case the optimal ridge penalty coefficient
is known analytically. Second, a more general case in which
predictors are correlated and non-standardized as in our theory.

4.1. Orthonormal predictors
We begin by comparing our shrinkage estimator β̂(c, δ)

in (11) with the classical ridge estimator:

β̂R ≡
(
X⊤X + λIp

)−1X⊤y. (22)

In general, the λ minimizing the expected out-of-sample pre-
diction error is not known, which does not allow for a com-
mon ground comparison with our analytical shrinkage estima-
tor. Therefore, we consider the special case in which predictors
are orthonormal, i.e., µ = 0p and Σ = Ip, because [8, Lemma 2]
show that the optimal λ in this case is known analytically:

λ⋆ = pσ2/(β⊤β). (23)

The optimal λ⋆ is unfeasible because it depends on σ2 and β.
We estimate σ2 by σ̂2 defined in Section 3. Concerning β⊤β,
we derive the bias of the plug-in estimator β̂⊤ols β̂ols in the next
proposition, which is easily found because β̂ols is unbiased and
its covariance matrix in (6) is σ2

n−p−1 Ip when µ = 0p and Σ = Ip.

Proposition 5 When µ = 0p and Σ = Ip, the bias of β̂⊤ols β̂ols is
σ2 p/(n − p − 1).

Therefore, we estimate λ⋆ in (23) by

λ̂⋆ =
pσ̂2

max
(
β̂⊤ols β̂ols −

σ̂2 p
n−p−1 , 0

) . (24)
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We compare this analytical ridge estimator with our shrink-
age estimator β̂(c, δ) in (11). We set c = 0, which is in line with
the ridge estimator that implicitly shrinks OLS coefficients to-
ward zero. When µ = 0p, Σ = Ip, and c = 0, δ⋆ in (14) is

δ⋆ =

σ2 p
n−p−1

σ2 p
n−p−1 + β

⊤β
=

λ⋆

λ⋆ + n − p − 1
, (25)

which we estimate using λ̂⋆ in (24). The higher the ridge
penalty coefficient λ⋆, the higher the shrinkage intensity δ⋆.

Regarding the true regression coefficients β that we aim to
estimate, we consider a sparse vector, i.e., only a limited num-
ber of predictors help predict the response. Specifically, 80%
of the entries of β are zero and the 20% remaining entries are
drawn uniformly between −1 and 1.

Next, we proceed by Monte Carlo simulations to compare the
expected out-of-sample prediction error of several estimators
of β. Specifically, given p, we draw M = 10, 000 times n data
from model (4). Then, for each draw m = 1, . . . ,M, we obtain
the estimated regression coefficients β̂m and approximate the
expected out-of-sample prediction error as

L(β̂)≈
1
M

M∑
m=1

σ2 + ((β − β̂m)⊤µ)2 + (β − β̂m)⊤Σ(β − β̂m) (26)

= σ2 +
1
M

M∑
m=1

(β − β̂m)⊤(β − β̂m) (27)

because µ = 0p and Σ = Ip. We can evaluate L(β̂) because we
know the true value of the parameters in our simulation setting.
Note that σ2, β, µ, and Σ remain constant for each simulation.

We consider the following estimators β̂. First, the unfeasible
true β, which yields a prediction error of σ2 = 4. Second, the
OLS estimator β̂ols, which, from Proposition 2, has a prediction
error of σ2 n−1

n−p−1 . Third and fourth, our proposed shrinkage es-
timator (11) with c = 0 and using either the true (but unfeasible)
shrinkage intensity δ⋆ in (25) or its estimated feasible version,
which allows us to assess the impact of estimation errors in the
shrinkage intensity. The true intensity δ⋆ yields the prediction
error in (16) with θ2 = 0 since µ = 0p. Fifth and sixth, the ridge
estimator β̂R in (22) using the true (but unfeasible) penalty co-
efficient λ⋆ in (23) or its estimated feasible version in (24).

The results are in Table 1. Ignoring estimation errors in the
optimal δ⋆ and λ⋆, we find that shrinking OLS coefficients to
zero as we propose yields a larger prediction error than ridge,
but only slightly so. The only non-negligible losses are when
p is large and n is small. Then, the loss incurred from estima-
tion errors in δ⋆ and λ⋆ depends essentially on n rather than p,
because these are univariate quantities. Therefore, this loss is
small when n = 5p for all p considered, but can get more sub-
stantial when p is not large and n = 2p. Finally, our method
substantially improves upon OLS. For example, when p = 25
and n = 2p, OLS yields a prediction error of 8.17, while our
method yields 5.29 optimally and 5.56 when δ⋆ is estimated,
which is much closer to the minimum error of 4.

Overall, therefore, our shrinkage methodology significantly
improves upon OLS and delivers nearly the same performance

Table 1: Comparison of out-of-sample prediction error with
analytical ridge when predictors are orthonormal.
This table reports the expected out-of-sample prediction error of several esti-
mators of linear regression coefficients following the methodology described
in Section 4.1. We consider a setting with orthonormal predictors (µ = 0p,
Σ = Ip), in which case the optimal ridge penalty coefficient is known analyti-
cally in (23). p is the number of predictors and n is the sample size. Min error is
the variance of the noise term. OLS is ordinary least squares. Analytical ridge
is either with the optimal penalty coefficient λ⋆ in (23) or the feasible estimated
one in (24). Shrink OLS to c = 0 is our analytical shrinkage estimator in (11)
that shrinks OLS coefficients to a constant zero vector, either with the optimal
shrinkage intensity δ⋆ in (14) or the feasible estimated one in Section 3.

Min OLS Analytical ridge Shrink OLS to c = 0
error Optimal Feasible Optimal Feasible

p = 10 n = 2p 4 8.44 4.20 4.41 4.21 4.66
n = 5p 4 5.03 4.18 4.24 4.18 4.26

p = 25 n = 2p 4 8.17 5.08 5.28 5.29 5.56
n = 5p 4 5.01 4.62 4.65 4.66 4.70

p = 50 n = 2p 4 8.08 5.45 5.53 5.76 5.89
n = 5p 4 5.00 4.72 4.74 4.76 4.77

p = 100 n = 2p 4 8.04 6.02 6.04 6.43 6.48
n = 5p 4 5.00 4.84 4.84 4.86 4.87

p = 200 n = 2p 4 8.02 6.76 6.77 7.17 7.18
n = 5p 4 5.00 4.93 4.93 4.94 4.94

as that of the ridge penalty, but with the added benefit that, un-
like ridge, our shrinkage estimator is known analytically for any
moments of predictors µ and Σ.

4.2. Correlated and non-standardized predictors

We now perform a similar analysis to that in Section 4.1
but in the more realistic setting in which predictors are not or-
thonormal, which our theory can also accommodate. Specifi-
cally, for each considered value of p, we draw each entry of µ
uniformly between −1 and 1. For the covariance matrix Σ, each
standard deviation is drawn uniformly between 0.1 and 1.9 and
thus is equal to half the noise standard deviation σ on average.
We then set the correlation matrix randomly following [11].

We apply our shrinkage method that shrinks OLS coefficients
toward a constant target. We consider two choices of shrinkage
target c. First, c = 0, which is a natural choice absent any partic-
ular information. Second, the optimal value c⋆ in (13) that min-
imizes the expected out-of-sample prediction error. For both
choices of c, we consider the feasible estimator and the optimal
one that assumes the true δ⋆ and c⋆ are known. This allows us
to assess whether the optimal c⋆, which delivers smaller out-
of-sample prediction error than c = 0 when it is known, also
outperforms when it is estimated.

Concerning the true β, we study two cases. First, the sparse
specification in Section 4.1, which may favor setting c = 0 be-
cause 80% of the entries of β are zero and the remaining ones
are zero on average. Therefore, we consider a second specifica-
tion in which c = 0 is wrong because the entries of β are drawn
uniformly between 0 and 2, and thus, are one on average.

We compare our linear shrinkage estimator with that of [9],
which is a Stein-rule estimator that linearly combines OLS and
PC regression (PCR) to minimize the expected out-of-sample
prediction error. Specifically, let Vk be the p × k matrix that
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contains the first k eigenvectors of X⊤X. Define the OLS re-
gression coefficients on the first k PCs as γk = (W⊤

k Wk)−1Wk y
where Wk = XVk. Then, the PCR estimator of β is β̂k = Vkγk.
[9] derive a Stein-rule combination of β̂k and β̂ols that achieves
a lower prediction error than OLS for any k < p − 2:

β̂S = (1 − δS )β̂ols + δS β̂k, (28)

where

δS =
(p − k − 2)σ̃2

||Xβ̂ols − Xβ̂k ||
2

(29)

and σ̃2 = (n − p + 1)−1||y − Xβ̂ols||
2. We cap δS between zero

and one and select k so that 80% of the variance is retained.
Finally, we approximate the expected out-of-sample predic-

tion error of the different estimators of β by (26).

Table 2: Out-of-sample prediction error for correlated and non-
standardized predictors.
This table reports the expected out-of-sample prediction error of several esti-
mators of linear regression coefficients following the methodology described in
Section 4.2. We consider a setting with correlated and non-standardized pre-
dictors. p is the number of predictors and n is the sample size. Min error is
the variance of the noise term. OLS is ordinary least squares. Oman is the
shrinkage estimator of [9] in (28)–(29). Shrink OLS to c = 0 and c = c⋆ is
our analytical shrinkage estimator in (11) that shrinks OLS coefficients either
to c = 0 or to c = c⋆ in (13), using the optimal shrinkage intensity δ⋆ in (14)
and target c⋆ or the feasible estimated ones in Section 3. Panel A considers
the sparse β specification from Section 4.1 and panel B the specification from
Section 4.2 in which each βi = 1 on average.

Min OLS Oman Shrink OLS to c = 0 Shrink OLS to c⋆

error Optimal Feasible Optimal Feasible

A) Sparse β
p = 10 n = 2p 4 8.44 5.77 4.11 4.18 4.11 4.36

n = 5p 4 5.03 4.48 4.10 4.15 4.10 4.22
p = 25 n = 2p 4 8.17 5.63 5.82 5.87 5.44 5.59

n = 5p 4 5.01 4.67 4.77 4.79 4.69 4.74
p = 50 n = 2p 4 8.08 6.04 6.44 6.47 6.22 6.30

n = 5p 4 5.01 4.78 4.86 4.87 4.83 4.85
p = 100 n = 2p 4 8.04 6.81 7.14 7.15 7.14 7.17

n = 5p 4 5.00 4.89 4.94 4.94 4.94 4.94
p = 200 n = 2p 4 8.02 6.96 7.53 7.53 7.48 7.49

n = 5p 4 5.00 4.91 4.97 4.97 4.96 4.97

B) βi = 1 on average
p = 10 n = 2p 4 8.44 7.22 7.43 7.54 4.74 5.06

n = 5p 4 5.03 4.93 4.96 4.98 4.48 4.63
p = 25 n = 2p 4 8.17 7.78 7.99 8.00 7.08 7.19

n = 5p 4 5.01 4.98 5.00 5.00 4.93 4.95
p = 50 n = 2p 4 8.08 7.81 7.95 7.96 7.54 7.57

n = 5p 4 5.01 4.98 5.00 4.99 4.97 4.97
p = 100 n = 2p 4 8.04 7.84 7.96 7.96 7.78 7.78

n = 5p 4 5.00 4.99 5.00 5.00 4.99 4.99
p = 200 n = 2p 4 8.02 7.96 7.99 8.00 7.87 7.89

n = 5p 4 5.00 5.00 5.00 5.00 4.99 4.99

The results are in Table 2. We make four main observations.
First, our proposed methodology continues to substantially im-
prove upon OLS.

Second, for both specifications of β, the optimal shrinkage
target c⋆ delivers a smaller prediction error than c = 0, even if
c⋆ is estimated. The gain is particularly large when the entries
of β are one on average, and thus setting c = 0 is wrong.

Third, the prediction errors obtained with our estimator in
panel A of Table 2 are comparable to those in the orthonormal

setting in Table 1, which means that our approach also performs
well in a more complicated setting where predictors are corre-
lated and heterogeneous. To understand this, consider the case
in which c and δ⋆ are known without error. Then, the expected
out-of-sample prediction error with our approach in (16) is, un-
der the very accurate approximation a ≈ 1/(1 + θ2),

L(β̂(c, δ⋆)) = σ2 n − δ⋆p − 1
n − p − 1

. (30)

Only δ⋆ changes across datasets with different µ and Σ, and the
δ⋆ we obtain in the setting of Table 1 and of panel A in Table 2
are not substantially different.

Fourth, our approach offers a competitive prediction perfor-
mance relative to the Oman estimator of [9]. In panel B where
βi = 1 on average, our proposed estimator consistently outper-
forms. In panel A where β is sparse, the two estimators perform
similarly when n = 5p because they both find it optimal not to
shrink OLS intensively. When n = 2p, our proposed estimator
outperforms when p is rather small (p = 10 and 25), and the
Oman estimator outperforms otherwise. Finally, Table 2 shows
that in general the difference between the two approaches is not
large, which points to a general robustness of linear shrinkage.

5. Conclusion

We introduce a shrinkage methodology for linear regres-
sion designed to minimize the expected out-of-sample predic-
tion error and solvable analytically for any moments of predic-
tors. The regression method we propose directly and optimally
shrinks OLS coefficients to a constant target. This formulation
is an alternative to the standard approach that penalizes different
norms of regression coefficients, for which the optimal penalty
coefficient is not available in closed form in general. Simulation
results show that, in the setting with orthonormal predictors in
which the optimal ridge penalty coefficient is known in closed
form, our approach often delivers nearly the same performance.
Moreover, in the more general setting with correlated and non-
standardized predictors, which our analytical approach can also
accommodate, we obtain a competitive performance relative to
the linear shrinkage estimator of [9].

6. Proofs of results

6.1. Proof of Proposition 1
Let µ̂ ≡ 1

n X⊤1n ∼ N(µ, 1
nΣ) be the sample mean of x and Σ̂ ≡

1
n
(
X−1nµ̂

⊤
)⊤(X−1nµ̂

⊤
)
∼ 1

n Wp(n−1,Σ) the sample covariance
matrix, where Wp is a Wishart distribution of dimension p. Note
that for Σ̂ we use a 1/n coefficient instead of the 1/(n − 1) we
use in the main text. Then, from the first equality in (6),

Var[β̂ols] =
σ2

n
E
[(
Σ̂ + µ̂µ̂⊤

)−1]
. (31)

We now derive a formula for E
[(
Σ̂ + µ̂µ̂⊤

)−1]. Let P = [ν, P1]
be a p × p orthonormal matrix with ν = Σ−

1
2µ/θ. Define

z =
√

nP⊤Σ−
1
2 µ̂ ∼ N

([√
nθ, 0⊤p−1

]⊤
, Ip

)
, (32)
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W = nP⊤Σ−
1
2 Σ̂Σ−

1
2 P ∼ Wp(n − 1, Ip), (33)

which are independent of each other. Using z and W, we have

Σ̂ + µ̂µ̂⊤ =
1
n
Σ

1
2 PW P⊤Σ

1
2 +

1
n
Σ

1
2 Pzz⊤P⊤Σ

1
2

=
1
n
Σ

1
2 P(W + zz⊤)P⊤Σ

1
2 . (34)

It follows that

(Σ̂ + µ̂µ̂⊤)−1 = nΣ−
1
2 P(W + zz⊤)−1 P⊤Σ−

1
2 , (35)

so we can focus on obtaining E[(W + zz⊤)−1]. Note that

W̃ ≡W + zz⊤ ∼ Wp(n, Ip,Λ) (36)

has a noncentral Wishart distribution with n degrees of freedom,
a covariance matrix Ip, and a noncentrality matrix Λ, where Λ
is a diagonal matrix with diagonal elements [θ2, 0⊤p−1].

Using [2, Theorem 1], E[W̃−1] is a diagonal matrix whose
diagonal elements are equal to 1/(n − p − 1) except for its (1,1)
element that is equal to

E[W̃11] =
1

n − p − 1

∞∑
k=0

(
− nθ2

2

)k(
n
2

)
k

=
1

n − p − 1 1F1

(
1;

n
2

;−
nθ2

2

)
,

(37)
where (x)k = x(x+ 1) · · · (x+ k− 1) is the Pochhammer symbol.
Putting all the terms together, we obtain

E
[(
Σ̂ + µ̂µ̂⊤

)−1]
=

n
n − p − 1

(
Σ−1 − aΣ−1µµ⊤Σ−1

)
, (38)

where a is defined in (7), and plugging this identity into (31)
yields the desired result. Finally, as n→ ∞, we have that

E
[(
Σ̂ + µ̂µ̂⊤

)−1]
→

(
Σ + µµ⊤

)−1
= Σ−1 −

Σ−1µµ⊤Σ−1

1 + θ2
, (39)

which means that a→ 1/(1 + θ2) as n→ ∞.

6.2. Proof of Proposition 4
Using the formula for β̂ols in (5) and Σ̂ = 1

n−1 X⊤X − µ̂µ̂⊤,
β̂⊤olsΣ̂β̂ols simplifies to (19), which is composed of five terms.
The expectation of the first term is β⊤Σβ because Σ̂ is unbiased.
The expectation of the second and third terms is zero because ϵ
has zero mean and is independent of X. The expectation of the
fourth term is σ2 p/(n − 1) because Trace(H) = p. Finally, the
expectation of the fifth term is equal to the variance of 1

nϵ
⊤H1n,

Var[n−1ϵ⊤H1n] = n−2E
[
Var[ϵ⊤H1n|H]

]
= σ2n−2E[1⊤n H1n]

= σ2E[µ̂⊤(X⊤X)−1µ̂]. (40)

Now, using the random variables z and W with distributions
given by (32) and (33), respectively, we have that

E[µ̂⊤(X⊤X)−1µ̂] =
1
n
E[z⊤(W + zz⊤)−1 z], (41)

where

z⊤(W + zz⊤)−1 z = z⊤
(
W−1 −

W−1 zz⊤W−1 z
1 + z⊤W−1 z

)
z =

z⊤W−1 z
1 + z⊤W−1 z

.

(42)
Since

z⊤W−1 z d
=

u
v
, (43)

where u ∼ χ2
p(nθ2) ⊥ v ∼ χ2

n−p, we have

z⊤(W + zz⊤)−1 z =
u

u + v
, (44)

which has a noncentral beta distribution with degrees of free-
dom p/2, (n − p)/2, and a noncentrality parameter nθ2. It fol-
lows that

E[z⊤(W+zz⊤)−1 z] = 1−
n − p

n 1F1

(
1;

n + 2
2

;−
nθ2

2

)
= 1−a

n − p
n
.

(45)
This means that the expectation of the fifth term in (19) is

E[n−2(ϵ⊤H1n)2] =
σ2

n
(1 − a(1 − p/n)). (46)

Putting all the results together yields the bias formula in (20).
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