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ABSTRACT

The infrared divergences of QCD have always rendered computations
in perturbation theory difficult, making integrating the corresponding
regions of phase-space delicate. In the current efforts to bring the
state-of-the-art computations in QCD to N3LO, it is then crucial to
develop a subtraction scheme at that order. Such a project requires the
knowledge of the soft and collinear behaviour of QCD amplitudes, which
is made easier by the universal factorisations that happen in these limits.
For squared amplitudes in the collinear limit, the universal pieces are
known as splitting functions.

In this thesis, we compute the quadruple collinear splitting functions,
adding an essential piece to the effort of the community to build a
subtraction scheme at N3LO in QCD. We review how to compute such
functions, and detail their symmetries as well as their colour structure. In
addition, we check the soft and collinear limits of the splitting functions
as both a way to verify our results and to explore these specific regions
of phase-space.
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INTRODUCTION

Reductionism and the Standard Model

Throughout its History, the successes of science, and in particular physics,
have relied thoroughly on the concept of reductionism, the idea that any
process in nature should be explainable by more fundamental laws. The
very meaning of this concept is debatable, but for what concerns physics,
or any theory expressed in the language of mathematics, the goal is
to have as few and as simple equations as possible describing as many
processes as possible.

One of the earliest and yet gorgeous incarnation of reductionism was
the unification by Isaac Newton at the end of the XVII*! century of
the phenomena of weight and the motion of the planets under the
same law of universal gravitation. In a single strike, Newton swept the
overcomplicated Ptolemy’s geocentric model with its many spheres to
combine it with the everyday notion of weight. Later, James Clerk
Maxwell managed to brilliantly reveal electricity and magnetism as
the two faces of the same coin, yet again boiling down two seemingly
completely different phenomena of nature to a more encompassing one.
At the end of the XIX'™" century, matter was believed to be continuous
and all the properties of a certain material could be summarised by
some constants: conductivity, elasticity, permittivity, viscosity, and so
on. Time, and quantum mechanics, will prove that all these numbers are
mere consequences of the atomic and molecular structures of a particular



material, which can, in principle, explain these.

These few examples perfectly illustrate how important the role of
reductionism was in History, and surely its task is not done yet. Our
modern understanding of nature to this day states that our surrounding
is mostly made of atoms. Through different combinations and ways of
assembling, molecules, crystals, and others, these tiny building blocks
and their laws are responsible for all the phenomena we see in our
lives. However, to get a grasp on atomic laws requires to explore its
structure. Even though ancient greeks, who named atoms, thought they
were unbreakable and undividable, it was proved that atoms actually
are made up of negatively charged particles called electrons, orbiting a
nucleus, which itself is an arrangement of neutral and positively charged
particles, respectively called neutrons and protons. We could notice
once again the action of reductionism here, or use it once more to
probe the structure of protons and neutrons. Indeed, at the end of the
XX century, these two particles, as well as hundreds or others (which
are collectively named hadrons, protons and neutrons being hadrons
themselves), turned out to be made of smaller particles, called quarks.
In particular, protons and neutrons are made of two types of quarks: the
up and down quarks. Nowadays, electrons and quarks are suspected to
be undividable, but if lessons are to be learned from History, should we
hold so firmly to this belief 7

Although the description of the a priori most fundamental building
blocks of the Universe is very satisfying, it would be incomplete without
the addition of their interactions. Relativity imposing a finite speed to
the propagation of information, including for example the change of
position of the sources of any force, interactions are elegantly represented
in particle physics by the exchange of a mediating particle travelling
through space at finite speed. This paradigm adds a certain number of
new fundamental particles to the game, e.g. the photon which carries
the electromagnetic interaction or the gluon which allows quarks to
interact through the strong interaction. We can also mention the weak
interaction, which is mediated by the so-called W and Z bosons, and



which can be unified with electromagnetism to form the electroweak
interaction. To this already complex set of particles, we add the electron
neutrino, a massless neutral particle involved in radioactivity (note
that we now know that neutrinos actually have a really small mass,
even though this mass is not accounted for in the basic SM). Finally, a
last particle, the Higgs boson, is needed for mathematical consistency
and was thankfully discovered in 2012 at the Large Hadron Collider
(LHC). The icing on the cake is provided by making three copies, called
generations, of the set quarks-electron-neutrino, each one identical
in every point to its predecessor, except being heavier. This set of
particles and their interactions forms what is called the Standard Model
of particle physics (SM) and is the commonly accepted theory to this
day. In the end, it is made of twelve matter particles, called fermions,
three interactions, carried by bosons, whose strengths are fixed by
so-called coupling constants, and the Higgs boson. For a more detailed
introduction of the SM, see for example [1].

fermions bosons
U c t 0%
up quark charm quark top quark photon
d S b W+
down quark strange quark | bottom quark W boson
e I T Z
electron muon tau 7 boson
Ve vy Vr g
electron neutrino | muon neutrino | tau neutrino gluon
H
Higgs boson

Table 1: The particle content of the Standard Model

Despite the fact that the SM is performing extremely well when comparing
its predictions to experimental results, it is most probably not the ultimate
theory of nature. Some phenomena, like gravity, are still not included
in this theory. More worryingly, nobody has been able to provide a
mathematically consistent quantum theory of gravity, which should



reasonably be the first step before even thinking about describing it in
the same framework as the other fundamental interactions. In addition,
the SM seems to depend on too many free parameters to be a fundamental
theory: in such a theory, one would expect all parameters to be mere
epiphenomena of more fundamental processes described by a really small
set of fundamental parameters. In particular, the masses in the SM
seem all over the place and span many orders of magnitude without any
apparent pattern. One could also mention dark matter, this mysterious
missing mass needed to explain for example galactic rotation speeds, that
has no description in the SM despite representing most of the matter
in the Universe. To answer all those questions and solve these puzzles
requires of course the proposal of new ideas, but also and perhaps mainly
to test the SM and try to find where it fails. This requires in turn to
better understand the mathematical structure of the SM interactions as
well as improve our ability to explicitly make computations in the SM.

Scattering amplitudes and Feynman Diagrams

Particle interactions in the SM are encoded in so-called scattering
amplitudes (or just amplitudes). These mathematical functions only
depend on the kinematics and the quantum numbers, e.g. the electric
charge, of the ingoing and outgoing particles and encompass all the
information about the interaction. For example, the probability of a
certain event happening is obtained by taking the modulus square of the
amplitude associated with this event.

Consider a process during which m particles, with momenta p;, interact
to produce n particles, with momenta ¢;. We can associate to the initial
and final situations a quantum state, respectively |in) and |out). By
the laws of quantum mechanics, the probability is then obtained by
projecting the in state to the out state, and squaring the result. A
convenient way to compute this is to first consider that these states are
not interacting with each other: they are free states, which allows to
have explicit expressions for these external states, since the solutions
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Figure 1: Illustration of a generic scattering event (time goes from left
to right)

of the free equations are known. To ensure that the external states
are free, we consider these states as being asymptotic states, meaning
that the in state starts at time ¢ = —oo and the out state is at time
t = +00. The operation of mapping the initial state to the final state
is then represented by the action of an operator S, which is essentially
the exponential of the interaction terms of the Lagrangian density of
the theory, and the action of this operator on the asymptotic in state
projected on the asymptotic out state is known as the S-matriz.

Although this procedure for computing amplitudes is clearly defined, in
practice though, the problem of exponentiating the Lagrangian density
of the SM is not possible within our current knowledge. It is then
useful, when computing observables with these amplitudes, to simplify
this operation by doing an expansion of the exponential. This method
is called perturbative expansion and is justified when the subsequent
terms are smaller and smaller such that a finite number of terms in this
expansion is enough to have a good approximation of the desired result.
If such an expansion in the computation of an observable is performed,
we call the first non-zero term the leading order (LO), the next one next-
to-leading order (NLO), the third next-to-next-to-leading order (NNLO),
and so on (starting from the fourth order, we start to put exponents for
the N, so NNNLO will be noted N3LO). A nice feature of this technique is
that one can represent the expansion via the famous Feynman diagrams.



In these diagrams, each vertex and each line represent a mathematical
expression, depending on the theory of interest, and the problem of
computing a scattering amplitude is replaced by the graph-theoretical
problem of drawing all diagrams connecting the m + n external points.
Once this step is done, we replace by the corresponding mathematical
object each part of each diagram and we sum all of them. Since more
vertices correspond to higher orders in the expansion, we can truncate
the series by limiting the number of vertices allowed in the diagrams
that we draw. In the SM, each vertex comes with a power of some
coupling constant, meaning that higher powers of the coupling constants
correspond to higher power in the expansion. It is important to notice
that for a fixed process (hence a fixed number of external points), the
more vertices we have the more closed loops the diagram possesses. The
obvious conclusion from this remark is that the simplest diagrams have
no loops; this type of diagram is called a tree-level diagram (see figure
for examples), which is the type of diagrams we focus on in this thesis.

(a) tree-level diagram  (b) one-loop diagram (c) two-loop diagram
Figure 2: Some examples of diagrams

Precision physics and QCD infrared divergences

As we mentioned before, the SM is performing extremely well
when comparing its theoretical predictions to experimental results.
Nevertheless several theoretical hints suggest that the SM is not
complete. One way to move forward is to push the theory-experiment
comparison further and look for tiny deviations. For this reason a part of
the particle physics community has now entered a precision physics era,
whose challenges for experiments are as big as they are for computations.
Indeed, the current state of the art for these computations is two-loop
diagrams with two incoming and two outcoming particles and going



further than this involves very large expressions and requires some
cutting-edge mathematical tools.

For example, as the last discovered particle in the SM, the measurements
of the Higgs boson properties [2-5] have become a paradigm to the
precision program previously mentioned. One measurable observable is
cross-section which is basically the squared amplitude for the process
integrated over the whole phase-space. In hadron colliders, such as the
LHC, which make collisions of bound states of quarks, the largest Higgs
boson production channel is gluon fusion, where the Higgs boson and
the two colliding gluons couple via a heavy-quark loop. This process is
known up to NLO with full quark mass dependence [6}7], while it has
been computed up to N3LO in the limit where the mass of the quark
in the loop is infinite [8//9] (this effective theory is often called Higgs
Effective Field Theory or simply HEFT), which allows one to reach a 5%
level accuracy [10]. The second largest production mode for the Higgs
boson in hadron colliders is from vector-boson fusion, where two W
or Z bosons collide to produce a single Higgs boson [11] or two Higgs
boson [12], and is known at N3LO in the deep inelastic scattering limit
(DIS). Also the cross-section for the production of a Higgs boson in
bottom quark fusion in the five flavour scheme is known at N3LO in as [13].

To go beyond inclusive cross-sections with hadronic initial states requires
to measure and compute differential distributions. Only very few are
known at N3LO accuracy: the Higgs rapidity distribution, computed
in the HEFT [14,[15], the Higgs rapidity and transverse momentum
distributions in vector boson fusion in the DIS approximation [11],
and jet production in DIS [16]. More differential distributions, like
the Higgs transverse momentum distribution |17] or Higgs production
in association with a jet [18,/19], are known in the HEFT at NNLO
in as. They usually involve (two-loop) 2 — 2 scattering amplitudes,
and sector-decomposition [20,21], slicing [22-24] or subtraction [25H53]
methods at NNLO, to deal with the computation of the cross-section
where the phase-space integration of the (double and single) real
radiation is performed with generic acceptance cuts. With some abuse



of terminology, we shall generically refer to those methods as subtraction
methods.

Despite the recent progress in computing cross-sections and differential
distributions at N3LO in the strong coupling constant, extending these
results to more general observables and processes requires further
developments on the theory side, both for the computation of the
purely virtual three-loop corrections and for the development of
subtraction methods at N3LO. Indeed, on the one hand, so far there is no
complete 2-to-2 three-loop scattering amplitude known in QCD, only the
three-loop gluon-gluon scattering amplitude in N = 4 super-Yang-Mills
theory is known [54] (though the structure of the infrared singularities is
known for generic massless three-loop amplitudes [55,56]). On the other
hand, the tenet of the subtraction methods is the universal behaviour of
the QCD scattering amplitudes in the infrared, soft and/or collinear,
limits. Indeed, if we consider, as it is the case in this thesis, the theory of
Quantum ChromoDynamics (QCD), which is the part of the SM which
concerns only the strong interactions and its actors: gluons and quarks,
but with massless quarks, we encounter two type of infrared (IR), or low
energy, divergences. The first type occurs when one or more particles
have evanescent energy, meaning in the limit where its energy goes to
zero, and is called soft divergence. The second type concerns two or
more massless particles going, in the limit, in the same direction; these
divergences are dubbed collinear. In these limit, it becomes difficult to
resolve individual particles, as they their energy is so tiny in the soft
limit or they are basically just one cluster of particles in the collinear
limit. Understanding the behaviour of the amplitudes in these limits at
a given order is therefore a necessary ingredient to develop a subtraction
scheme at that order.

At NLO, the infrared behaviour of amplitudes is simply contained in
the tree-level currents, with two collinear partons or one soft parton.
At NNLO, this behaviour is embodied in the tree-level currents, with
three collinear partons or two soft partons [57-60]; and in the one-loop
currents, with two collinear partons or one soft gluon [61-65]. The



NNLO counterterms for unresolved double-parton and single-parton
configurations are then built out of those universal infrared currents.

The infrared behaviour of amplitudes at N3LO is embodied in the
tree-level currents, with four collinear partons [59,/66,67] or three soft
partons [68]; in the one-loop currents, with three collinear partons [69,
70Jor two soft partons; and in the two-loop currents, with two collinear
partons [71H73] or one soft gluon [74-76]. In this list, only the one-
loop current with two soft partons and the tree-level current with four
collinear partons are not known. In this thesis, we are interested in the
four collinear partons current.

Thesis Outline

This thesis aims at studying the quadruple collinear behaviour of squared
amplitudes in QCD at tree-level and exploring all possible limits of the
arising splitting functions. It is organised in five chapters as described
below.

In Chapter I} we describe the textbook notions this work uses thoroughly
as well as set up all our definitions. In particular, a clear presentation
of QCD from its central symmetry principle and the rules to compute
Feynman diagrams within QCD are given. A particular emphasis
is made on the notion of gauge invariance and how the choice of a
particular gauge is of importance.

Chapter [2| is mainly dedicated to the state of the art on splitting
functions. After some brief example, we start by parametrising the
collinear momenta, and explain how the limit is formally taken. A
detailed proof of the factorisation is then at the centre of this chapter,
and both possible cases (quark or gluon parent) are discussed. The
tensor structure of the splitting functions is made apparent and other
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general properties of these objects are presented.

Afterwards we enter the core of the thesis with Chapter [3, where the
quadruple collinear splitting functions are presented. Unfortunately,
due to the sheer size of the results, none are written in this thesis,
but they are rather available online [77]. Instead, for each splitting
function, we discuss the Feynman diagram that contribute as well as the
symmetries of the result. These symmetries and how they can help in
the computations are thoroughly explained.

In Chapter [4] we explore the properties of the splitting functions
obtained previously. More specifically, we look at a special limit, called
sub-collinear, where a subset of the set of collinear particles undergoes a
second collinear limit. In this limit, we find that the splitting functions
factorise in either two lower order splitting functions, or one lower
order splitting function and a new function that we call splitting tensor,
which is closely related to a splitting function. Once again, we show our
parametrisation of the limit as well as present a proof of the factorisation
and some further discussion, including a presentation of the splitting
tensors.

Finally, in Chapter [5] we consider another limit of the splitting functions:
the soft limit, where one or more gluons have evanescent energies. After
parametrising the limit, we study the behaviour of our results in the
cases of one or two partons going soft.

This work is base on the following publications [78,79]:

e V. Del Duca, C. Duhr, R. Haindl, A. Lazopoulos, M. Michel, Tree-
level splitting amplitudes for a quark into four collinear partons,
JHEP, vol. 02, p. 189, 2020;

e V. Del Duca, C. Duhr, R. Haindl, A. Lazopoulos, M. Michel, Tree-
level splitting amplitudes for a gluon into four collinear partons, 7
2020.



1 | NoTions or QCD

Quantum ChromoDynamics (QCD) is the currently established theory
of the strong interaction. This model provides a framework for the
interaction of quarks and gluons, which are the building blocks of
protons and neutrons. Protons and neutrons in turn are the building
blocks of atomic nuclei, through an interaction called strong nuclear
interaction, which is just a residual of the strong interaction. From this
point of view, the strong interaction, via the insights that QCD allow,
explains the structure of atoms and matter. But it is also central to the
understanding of high energy collisions that happened shortly after the
dawn of time or these days in large experimental setups, such as the LHC.

This chapter introduces all the useful QCD concepts for this thesis. We
start by reviewing the symmetry group underlying this theory: SU(3).
After some comment on the Dirac algebra and the conventions used in
this thesis, we move on to derive the QCD Lagrangian entirely from
symmetry principles. We then present a convenient way to actually make
computations in QCD, namely Feynman diagrams and the Feynman rules
for QCD. In particular, we emphasise on the specific class of diagrams we
are interested in for the scope of this thesis: tree-level diagrams. Finally,
we make some comments on gauge invariance and the specific gauge
choice used throughout this thesis, the axial gauge.

11



12 1. Notions of QCD

1.1.  The group SU(N)

Before exploring the ramifications of the theory of QCD, one needs
to further examine its main symmetry group: SU(8). We present in
this section in more generality the family of SU(N) groups. For a
given positive integer number N, the group SU(N), called the special
unitary group of degree IV, is the Lie group of N x N unitary matrices
of determinant 1. Its algebra consists on N x N Hermitian matrices,
meaning that the conjugate transpose of these matrices is the original
matrix (AT = A), with trace zero. This algebra has a dimension of N% —1
and the generators for its representations are noted t{., where the index
a which runs from 1 to N2 — 1 labels the different generators, while the
indices b and ¢ run from 1 to the dimension of the specific representation
and allows the matrix ¢7. to act on fields in this particular representation.
The generators also define the so-called structure constants of the group
£ as they need to satisfy the following commutation relation:

[t%, %) g = i f0°tS, (1.1)

where the square brackets denote the commutator, namely
[A, Blij = AiBij — Bir,Ag;. In this equation, the structure constants of
the group f®¢ are antisymmetric in all indices, and a summation over ¢
(from 1 to N2 — 1) is implied.

The most standard choice of generators for this algebra are the matrices
T, which form the fundamental representation. The commutation
relation for these generators is given by eq. . We usually normalise
this representation such that

Tr (T°T") = Tro™, (1.2)

where Tr is commonly chosen as %, and 67 is the Kronecker symbol.

Another common choice of representation for the SU(N) algebra is to
use the structure constants f2¢ themselves. Indeed, if we use iy, =1 fhac
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as a generator in eq. (|1.1f), we find

fdaCfbce o fdbCface — fabCfcde PN fdaCfbce + fdbCfaec + fabCfced -0
(1.3)
which is simply the Jacobi identity, a very well-known identity that
structure constants need to satisfy. This representation goes by the
name of adjoint representation.

Independently of any representation, we can find a Casimir operator,
which is an element of the algebra which commutes with all the generators.
The specific values that this operator takes on different representations
are simply called Casimir constants or just Casimirs. It is easy to
establish that ¢; Gk verifies that property since

[t°, 845 = [t°, t")inti; + L5 [t°, %]
= i [P + Rt
= ifbacfse, t}ij (1.4)
needs to be zero as fY¢ is antisymmetric but the anticommutator

{te, 1}y = it + tity, is symmetric. This implies that the Casimir
operator takes a constant value on each representation.

We can hence define a Casimir for the fundamental representation, Cr,
and one for the adjoint representation, C4:

T4TY, = Cr 6y, (1.5)
fadz:fcdb — CA 5ab‘ (1.6)
In SU(N), these two quantities are linked to N by means of the following
relations:
NZ -1
CF:TR N and CA:N. (17)

1.2. Dirac algebra

We keep introducing some basic tools with the Dirac Algebra. This
algebra is actually a Clifford Algebra and is generated by D matrices
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(in a D-dimensional space-time), called gamma-matrices v#, where the
index g runs from 0 to D — 1. These matrices obey the following anti-

commutation relation:
{47} =291, (1.8)

where the symbol 1 is the unity matrix in this algebra and n*” is the
Minkowski metric, which is defined throughout this thesis as

1 0 0 0
0 -1 0 0
w 1.9
n 0 0 -1 0 (1.9)
00 0 -1

Note that since this is the only metric we use in the thesis so that no
confusion can arise, we often note it generically ¢g"”. This definition
of the Minkowski metric is actually in 4 dimensions, but throughout
this thesis, we work in D dimensions. The definition of eq. is then
simply generalised by keeping a 1 for the time component, a (—1) for all
the space components, and zeros off the diagonal.

The gamma-matrices are more than often contracted with D-dimensional
vectors in expressions such as y*v, (with v, a generic vector), which
justifies the need for a more convenient notation, called Feynman slash
notation:

¥ =7"v,. (1.10)

Finally, note that eq. ([1.8)) together with the notation of eq. (1.10]) implies
that

{0} =2v-wl, (1.11)

where the dot - indicates the pseudo-scalar product of Minkowski space
(v-w = v,n*w,). In particular, we have

Py = v? 1, (1.12)

with v2 = v - v.
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1.3. Gauge invariance and the QCD Lagrangian

With all the information of the previous sections, one can at last turn to
QCD. The theory of QCD accounts for the strong interaction whose actors
are quarks and gluons. The whole theory is invariant under the group
SU(3), meaning that the Lagrangian density must show this property
too. More precisely, we build the QCD Lagrangian by starting from the
Dirac Lagrangian for a fermion (here, the quarks are fermions), which
simply describes a free fermion:

L pirac = V; (id — m;) U, (1.13)

0y is the derivative in space-time 8% and a summation over ¢ is

understood. In eq. , W, is the quark field of flavour ¢ and has
mass m;. The flavours of the quarks can, for the purpose of QCD only,
be viewed as six different families of quarks, which all share the same
properties, except their mass. In particular, one key element in this
thesis is that flavour is conserved. As it was defined in the previous
section, ¢ is simply ¥*0y, using Feynman slash notation.

We then introduce a SU(3) transformation of the quark fields:
Ui(z) = V(z)U;(z). (1.14)

In this equation, the transformation matrix V(z) is a unitary 3 x 3
matrix acting on colour space. Note that this transformation depends
on space-time, as reminded by the variable x. The behaviour of this
matrix for infinitesimal transformations is dictated by the generators of
the fundamental representation 7%:

V(z) =14 ia®(z)T* + O(a?). (1.15)

By unitarity of V(x), it is immediate to realise that the mass term in the
Dirac Lagrangian ¥;¥; is invariant under this transformation. However,
the term with a derivative is not invariant and requires the introduction
of a new field, called a connection, to be so. We hence introduce the
covariant derivative as

D, =9, — ig, A%T", (1.16)
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where g, is the coupling constant of QCD and the connection field AY,
transforms (infinitesimally) as

a a 1 a aoc Cc
Al Ayt Oua” 4 f beAbac. (1.17)

It is now possible to show that the covariant derivative transforms just
the same as the fields themselves transform, i.e.

D, U(x) = V(2)D, Uy (x). (1.18)

These definitions allow to introduce a gauge-invariant Dirac Lagrangian
as

To go one step further, one can now promote the connection field AZ to
a physical field (as it actually becomes the gluon field) and try to add
a kinetic term for this field in the Lagrangian. After some calculations,
one can figure that the correct term for the gluon field is the following
bosonic Lagrangian

1 a v
EGluon = _ZGW/Gg ; (120)
where G, is called the field-strength tensor of the gluon and is given by
GY, = 0 AL — 0,A% + g f* AL AS, (1.21)

where 2 are the structure constants of SU(3) as explained previously
and gs is again the (same) coupling constant of QCD. Note that in
the effort to make a gauge-invariant kinetic term for the gluon, we
introduced a triple and a quadruple coupling of the gluon field with
itself, called self-couplings.

Adding this bit to the gauge-invariant version of the Dirac Lagrangian,
we finally get the full classical QCD Lagrangian:

J. (; 1 a v
Locp =Y; (i) —m;) ¥; — ZGHVGI; . (1.22)

In this thesis, we work with massless quarks so that all m; are put to zero.
Note that to obtain this Lagrangian, we limited ourselves to operators of
dimension 4 which are C'P-invariant.
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1.4. Feynman rules

In Quantum Mechanics, perhaps the most central object is the so-called
scattering amplitude. Indeed, this mathematical function encodes all the
information about the process of interest. Let us consider any scattering
process where some particles interact with each other, perhaps creating
new particles or simply colliding. We can attribute a quantum state to
the system before the event, mathematically at negative infinity in time,
and another quantum state for after the event, at positive infinity in time.
We call these two states respectively |in) and |out). With these states at
hand, the scattering amplitude is given by the projection of initial state
to the final state, according to the laws of Quantum Mechanics. This
mapping is realised by the action of the operator S, also called scattering
matriz or more simply S-matriz, which is obtained by exponentiating
the interaction part of the Lagrangian density of the underlying theory.
Separating the trivial part where no interaction happens in this matrix,
S =1+ 1¢T, the amplitude M is defined as

(out|T|in) = 6@ (Zp, - Zqz> M, (1.23)

where the Dirac delta ensures momentum conservation (incoming
particles have momenta p; and outcoming ones have momenta ¢;).

Although this procedure of computing amplitudes is clearly defined, it is
in practice oftentimes impossible to have an analytic expression for the
exponential of the Lagrangian density (within the scope of our current
knowledge). Actually this is the case for most theories | To deal with
this problem, a convenient way around is to perform an expansion of
the scattering matrix in terms of the coupling constants of the theory.
The idea behind this procedure is to stop computing the infinitely many
terms of the expansion after a certain (finite) number, hence truncating
the series, and hoping that the remaining terms account only for a small
deviation from the exact result.
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Having performed the expansion of the scattering matrix, one then
needs to compute individually each consecutive term in the series (up
to a certain point). When doing that, we can observe some patterns
and reformulate the procedure of computing these terms in a graphical
way. This method introduced by Richard Feynman uses aptly named
Feynman diagrams and consists in placing dots for the initial and final
states and then drawing all possible diagrams linking these points
together. To each element in these diagrams we assign a mathematical
expression that can be directly computed form the Lagrangian density.
The lines in the diagrams are called propagators and their expressions
for (massless) QCD are given in figure unless the line connects with
an initial or a final state point in which case we use the expressions of
figure We usually draw spring-like lines for gluons and straight lines
with arrows for quarks. The intersections of the lines are called vertices
and are given for QCD in figure

S ! ° us (p)
b
S —mM 44— rl_)s (p)
p
. > s u*(p)
s >
. - S v (p)
M 99999999999999999999999999_ - et (p)
p
€ 2209.92999999999999999999~ 4 e,.(p)
p

Figure 1.1: Feynman rules for all external states in QCD (u® and v*
are solutions to the free Dirac equation, such that 3°, u®(p)u®(p) = p+m
and Y-, v*(p)v°(p) = p — m, with u = uty?)
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m,1 > n,J %57””
_— >
p
a, [l 9999999999999999999999~ b, V dﬂgg(p) Oab
p

Figure 1.2: Feynman rules for all propagators in (massless) QCD

Vertices come with some power of the coupling constants, so that we can
actually organise our diagrams as contributing to a certain order in the
series by the number of vertices. So, to compute an amplitude up to a
certain order, one must compute all diagrams with such a number and
types of vertices that it doesn’t exceed some given number. Then all
we have to do is simply add up all the diagrams, with their respective
mathematical expressions. Since increasing the order at which we are
computing the amplitude increases the number of vertices, for a given
process (and hence a given number of initial and final points), higher
orders correspond to a larger number of loops (by loop, we mean a
closed cycle, a set of propagators that one can follow and end on the
starting point). Hence another way of sorting Feynman diagrams is by
the number of loops they have. In this thesis, we are only interested in
the most basic family of Feynman diagrams, tree-level diagrams, which
simply have no loop. To summarise, in this thesis, we compute tree-level
amplitudes, which are approximation of the scattering amplitudes at the
lowest order, by drawing all allowed diagrams with no loops, replacing
with the expressions given by figures and and summing all
of it together.

Finally, if one wants to compute a squared amplitude, that we define as
the modulus squared of the amplitude summed over all external states,
one must for each ingoing or outgoing state multiply by the sum over
all possible polarisation states (more precisely, we average over ingoing
states and sum over all possible outgoing ones), which means a factor of
p for a quark (of momentum p) or of d*”(p) for a gluon (of momentum
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Figure 1.3: Feynman rules for all vertices in QCD

p). The last tensor is called the spin-polarisation tensor of the gluon and

more details about this tensor are given in the next section.
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1.5. Physical gauge choice and orthogonality

The QCD Lagrangian we described in eq. is actually not the most
general Lagrangian we could have presented. Indeed, one difficulty arises
form the polarisation of the gluons. These are usually described by the
polarisation vector e} (p), where h is the helicity of the gluon and p its
momentum. The helicity is closely related to the spin of the gluon, since
it is the projection of the spin along the direction of the momentum of the
gluon. As massless spin-1 particles, gluons have two possible helicities (in
4 dimensions, D — 2 in D dimensions). But the polarisation vector € (p)
seems to have D degrees of freedom as a vector in the D-dimensional
space-time, while the fact that they are massless particles forbids any
propagation in the longitudinal and temporal directions, meaning they
should only possess D — 2 degrees of freedom. The solution to this puzzle
is gauge invariance: these extra degrees of freedom are gauge-dependent
and will not change any physical observable. In practice, one often adds
a gauge-fixing term to the QCD Lagrangian, so that there is no gauge
degrees of freedom left. Amongst all possible gauges, one can consider
the physical gauges in which case, as their name imply, we work with
the physical degrees of freedom of the gluons only. These gauges all have
in common that the polarisation vectors of the gluons are transverse to
their momenta as well as to an auxiliary vector n, such that there is no
longitudinal nor temporal propagation of the gluons:

€

SRS
=

p) pu =0,
0.

(p) (1.24)

e

ISl

A special case of these physical gauges are azial gauges, where the tensor
d"”(p,n) in the gluon propagator (c.f. figure|1.2)) reads [80]
LoV oV
leJV(p’n) = —ﬁw + pn ’ (125)
n-p

and is called the spin-polarisation tensor of the gluon. Note that now
our spin-polarisation tensor in this gauge depends on the light-like
auxiliary vector n, which is also orthogonal to the spin-polarisation
tensor as d"(p,n) = d*”(n,p), but this dependence can of course not
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appear in any physical result. Since we always use n as the second vector
in the definition of the spin-polarisation tensor, we often write d"”(p)
instead of d*”(p,n).

The spin-polarisation tensor appears for any gauge. Indeed, in general,
for a gluon propagator of polarisation &/, (p), where the index h stands for
the different states of polarisation, called helicity, the spin-polarisation
tensor is defined as follows:

d*(p) = >_ ei(p) & (p); (1.26)

where we sum over all physical polarisations. If the gluon is a physical
one, as it is the case in our choice of gauge, this tensor must be
orthogonal to the momentum of the gluon: d"”(p)p, = 0 = d*’(p)py,
since the polarisation vectors are themselves orthogonal to the
momenta of their respective gluons (c.f. eq. ) Note that,
due to its orthogonality to p and n, the spin-polarisation tensor acts
as a projector on the sub-space of phase-space orthogonal to these vectors.

A important implication of our choice of gauge is that, in a physical gauge,
any amplitude with (at least) a gluon stripped of the gluon polarisation
vector can be chosen to be orthogonal to the momentum of this gluon.
For example, if we consider an amplitude Ay (p), which depends on an
external gluon of helicity & and momentum p, one can define an amplitude
with Lorentz indices A, (p) by stripping the polarisation vector:

An(p) = Au(p) ,(p). (1.27)

In our gauge choice, we can now project the polarisation vector &} (p)
unto the sub-space transverse to the momentum of the gluon p without
changing it, since it is already transverse to p and n:

en(p) = —d" (p,n) v (p). (1.28)

This allows to redefine our amplitude with Lorentz indices A*(p) by
projecting it unto this same physical subspace

An(p) = Au(p) ehi(p) = —Au(p) & (p,n) evn(p) = A" (D) cvn(p),
(1.29)
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which is then explicitly transverse to the momentum of the gluon:

A¥(p) p, = —A,(p) d*(p,n) p, = 0. (1.30)

Note however that this is not a new definition of the amplitude, it is
rather a different but equivalent form of the amplitude, that exists
because of gauge invariance.

These new tools allow to trade helicity indices (indicating in which
polarisation state a gluon is) to Lorentz indices when needed. Let us
consider for example, the contraction of two amplitudes, with one external
gluon (incoming or outcoming). When operating this contraction, one
must sum over all D — 2 helicity states of the gluon:

D—2
> Ay B (1.31)
h=1

However, we can factorise from any amplitude with an external gluon its
polarisation vector {:‘Z (p). This implies that we can rewrite our contraction
as

D—2 D—2
ST A Bu=3 A, B, i) eh(p) = Ay B, @ (pm),  (1.32)
h=1 h=1

which now depends on n.

It turns out that this is enough to cancel all but the first term in the
expression of the spin-polarisation tensor in axial gauge (cf. eq. ((1.25))
so that the contraction of the two amplitudes can finally be written as

(because of eq. ([1.30))

D-2
> A, B,=-4, B, ¢ = -4, B". (1.33)
h=1
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Obviously, this little trick can be extended to any number of gluons. We
then go through the same reasonings and get to

D—2
> Anyn, B,
hi,....,hr=1
D—2 R R
- Z Aul...ur Bul...ur 5%1 (Pl) 5}'?1 (Pl) .. EZ: (pr) 52: (pr)
hi,....hr=1
- A,ul...,u,« Byl...ur dulyl (pla TL) s dllrl/r (pra TL)
= (=1)"A,, ., Brrb (1.34)

This equation implies that we can effectively change from helicity
indices to Lorentz ones without too much of an afterthought, as long as
the tensors we are contracting are orthogonal to the momenta of the
corresponding gluons. In the rest of the thesis, we will always assume
that the amplitudes live on the physical sub-space where all gluons are
transverse to their momenta without putting a hat on the amplitudes.

1.6. Dimensional regularisation

We finish this section by giving some insights on dimensional
regularisation. As we mentioned in section higher orders in
perturbation theory are obtained by computing Feynman diagrams
that involve loops. These loops are translated as integrations over the
momenta of the particles flowing in the loops. Unfortunately, these
integrals are known to diverge. One solution that was found for this
problem is to change the dimension of space-time from 4 to D, with D a
complex number. Now, the divergent integrals in which we integrated
over 4-dimensional momenta in a 4-dimensional phase-space become
functions of the dimension of space-time as a complex number, allowing
us to use all the tools of complex analysis, including analytic continuation.
Dimensional regularisation computes the integrals in points of the
complex plane where it is not divergent and then analytically continues
them to D = 4 to obtain a finite result.
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We could simply not care about this problem as all the computations and
all the proofs in this thesis are at tree-level, hence no loops. However, since
we want our results to be used to build counter-terms to the singularities
that appear at higher orders, this problem affects us indirectly. The
consequences are mainly that all our vectors are now D-dimensional
as well as the Minkowski metric. Apart from that, we also have to
rescale the strong coupling constant. Indeed, we don’t want its physical
dimension (in units of energy) to depend on the dimension of space-time.
We thus make the substitution :

gs = 1 Y, (1.35)

where € is defined by D = 4 — 2¢ and p now carries all the dimensionality
of gs. In this thesis, we use the conventional dimensional regularisation
(CDR) scheme, for which the quarks and gluons have 2 and D — 2 helicity
states respectively.
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2 | SPLITTING FUNCTIONS

One of the many interesting properties of QCD amplitudes is their
behaviour in the infrared limits: the soft limit where one or more
partons have evanescent energies and the collinear one where two or
more partons tend to go in the same direction. It is this last limit that
we are mainly interested in. More specifically, it can be shown that any
QCD amplitude (or squared amplitude) factorises in the limit where
two or more partons approach a common direction at the same rate.
Perhaps more importantly, this factorisation involves a universal factor,
called splitting function, which encapsulates the entirety of the collinear
behaviour of the process; the other factor contains no more information
about the individual collinear partons.

In this section, we first detail how the collinear limit is defined by
parametrising the momenta of the collinear partons. After having
established the result we want to prove and defined all sorts of useful
quantities, we turn to the first ideas of the proof of the factorisation
at tree-level, which makes use of a particular gauge choice. Finally we
finish the proof by specialising to the two different cases where the
parent parton is either a quark or a gluon, as the tensor structure in the
two cases is widely different.

This section is based mainly on references [34,58,81].

27
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2.1. First example

In order to properly introduce the subject of collinear limits of QCD
amplitudes, let us first consider a really simple example. In this example,
we have a certain number of partons involved in a QCD process and
two among them we call r and s. Of all the tree-level diagrams for this
amplitude, at least one has the two partons r and s connected to a same

vertex (see figure [2.3).

Pr

Ps

Figure 2.1: Generic diagram with partons r and s connected to the
same vertex, the blob encompasses all the rest of the diagram

The lines in this diagram can be quark or gluon lines, but that does
not really matter for what follows. All that matters is that this
vertex connecting the two partons is linked to the rest of the diagram
(represented by the blob) by the red propagator, which in both quark
and gluon cases features a factor of ]%, where p is the momentum carried
by the propagator: in this case, p = p, + ps. This means that this
diagram has a factor of

1 B 1 !
(pr +1s)>  DP24+2pr-ps+p2  2pr-ps

(2.1)

where we have used the fact that both partons have zero mass, and hence
p? = 0 = p? (in massless QCD). Using this fact, we can rewrite their
momenta as p, = E, (1,7,), where E, is the energy of parton r and ¥, is
a 3-dimensional vector of unit norm, and of course we do the same thing
with parton s. This leads to the following expression of the propagator
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in eq. (2.1):
(N 1 B 1
2p.-ps  2E.Es(1—19,-7s) 2E.Es(1—cos(fys))’

(2.2)

where the middle dot - here stands for the scalar product in 3-dimensional
Euclidian space, and 6, is thus the angle between the directions of
partons r and s. There are two instances in which the propagator in
eq. (2.2) diverges. The first one happens when either one of the partons
energy (E, or Ej) goes to zero and is called a soft divergence. The
second one materialises when the angle between the two partons 6,5 goes
to zero, or in other word when the two partons go in the same direction,
and is called a collinear divergence.

While this simple example might seem too simplistic, it is actually easy
to generalise. If the propagator is not just connecting two partons but
rather a propagator going to another subpart of the diagram (cf. fig ,
such that its carried momentum is the sum of m massless momenta p;
(t=1,...,m), then its expression would read

1 1 1
(X p)? 2X0piopg 20— EiEj (1 — cos(8i))”

Again this expression becomes divergent if either one of these is true: all

(2.3)

E; (but one) for i = 1,...,m are zero, or all §;; for i,j =1,...,m are
zero (note that these are only the conditions for this specific propagator
to be divergent, the conditions for the diagram to be divergent are less
demanding). However, these are not the only cases where the expression
in eq. (2.3)) is divergent; we could also have a mix of the two types of
divergences aptly called soft-collinear divergences. For example, if m = 3,
the propagator is divergent if parton 1 is soft, hence E; = 0, and partons
2 and 3 are collinear, hence 053 = 0.

2.2. Parametrisation of the collinear limit

Before proving the theorem underlying this whole thesis, one needs to
establish some conventions, and in particular properly define in which
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b1

D2

Pm—1

Pm

Figure 2.2: Generic diagram with partons 1 to m all connected to the
rest of the diagram by the same propagator (in red)

manner the collinear limit is approached. In this chapter, and all the
following ones, we consider a scattering process in massless QCD in which
n particles (gluons or massless quarks) interact. Among those n particles,
m are collinear. We first parametrise these m momenta p; as all being
proportional to some collinear direction p with the addition of a small
transverse momentum k;, explicitly,

pi = Tip+k; i=1,...,m. (2.4)

Note that by definition all transverse momenta are orthogonal to the
collinear direction: p - k; = 0. We also choose the collinear direction to
be a null-vector, so p? = 0.

However, this parametrisation is in contradiction with the fact that all
the momenta are on-shell and should square to zero since we are dealing
with massless particles. To circumvent this difficulty, we simply add a
third piece that ensures that all particles are massless:

k2 n

%

1=1,...,m.

(2.5)
In this last equation we introduced a new light-like vector n , called

pi=xiptki— o -

auxiliary vector. This vector is orthogonal to all transverse momenta
but can not be orthogonal to the collinear direction. The collinear
limit is then defined as the limit in which the transverse momenta all
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approach zero at the same rate. It is worth to note that this definition
of the collinear limit is frame-independent: it only depends on the
collinear direction p and the transverse momenta k;. In particular, it is
independent on the choice of n, which merely indicates how the collinear
direction is approached but does not interfere with the behaviour of the
amplitude in the limit. This parametrisation of the collinear limit is
often called a Sudakov decomposition.

The variables x; and k; in eq. are a priori totally unconstrained.
Nevertheless, a basic counting of the number of degrees of freedom seems
at odds with basic kinematics. Indeed, for m independent light-like
vectors in D-dimensional space-time, one expects m(D — 1) degrees of
freedom. However, our parametrisation seems to rely on m(D — 1) + 2
degrees of freedom: m for the variables x;, m(D — 2) for the transverse
momenta k;, and 2 for p and n. This apparent paradox is solved by
noticing that the collinear limit is not affected by longitudinal boosts
in the direction of the parent parton P = > ", p; (the parent parton is
the initial parton that splits into the m collinear ones). It is therefore
more convenient to replace the variables z; and k; by new ones which
are invariant under such boosts, respectively called z; and ;. Their
expression in terms of the former variables is the following;:

T
Zi = m71> (2'6)
Zj:l Ly
ifz’ = ki — Z; Z k‘j. (2.7)
7j=1

It is immediate to observe that this new set of variables satisfy
mizi=1land Y, k; = 0, reducing the number of degrees of freedom
to the expected amount.

With this parametrisation now complete, we can express any kinematic
quantity in terms of the set {z;, ki, p, n}. For example, for the sub-energy
si; = (pi +pj)?, we obtain

> = 2
ki k;
Sij == —ZiZj < - ]> y (28)

Z Zj
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and similarly for more complex sub-energies defined in general as
. 2
Siliz...it = szj . (29)
j=1

It is oftentimes useful to define

Zzsjk — stik Zi — Zj

z]k: =2 Sij- (210)

Zi—l-Zj zi-i-zj

Finally, one can rewrite eq. (2.5) in a way that explicitly uses boost-
invariant variables as

pi = 2P + ki + O(k?), (2.11)

where the last term is proportional to the auxiliary vector n. Indeed,
inserting the definitions of eq. (2.6 into eq. (2.11)), we get

pi =z P+ ];72 + O(k2)

:nu;wf:(z‘erkz)Jr( Zk)+(’)k2

j=1%i ;5 ]1]]1

=zip+ ki + O(k?), (2.12)

which gives back eq. (2.5]).

2.3. Definition of the splitting functions

We are now considering the amplitude for the process of n particles
interacting in massless QCD, in the limit where m (m < n — 3) among
those are collinear to the direction p. In order to take this limit, we
simply rescale k; — Ak; and look for the Laurent series in A at A = 0.
We note the n particles flavour, spin and colour indices respectively as
fi, si and ¢;. We then write the amplitude for the interaction of these n
particles as

MG (py L pn). (2.13)
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It is well known that in the collinear limit that we presented beforehand,
the leading term in the Laurent series of such an amplitude factorises
as [82-84]

G MG (D1, pn) =

Sp;,jll......cfz;s,a...smM;,’?::;i:.;cf;;s,sm+1‘..sn (Xp,pm+1 - ‘pn)7 (214)
where X = ", z;. Here the symbol %] ,, indicates that we keep
only the leading term in the Laurent series, so that this equality is
only valid up to terms that are power-suppressed in the collinear limit.
In this equation, f, ¢, and s denote respectively the flavour, colour,
and spin of the parent parton. Note that in QCD, with only quarks
and gluons, the flavour of the parent is unequivocally determined
by those of the other particles in the collinear set. We therefore
often suppress the dependence on f. The tensor Sp;’,i}l'_'_'.cf’;’::s’sl"'5’” is
called a splitting function and encapsulates the collinear behaviour
of the amplitude, as it carries only the information about the
collinear set, and most importantly no other function on the left hand

side of eq. (2.14]) depends on the collinear momenta or quantum numbers.

As the amplitude factorises in the collinear limit, so does the squared
amplitude. The squared amplitude is defined as the modulus squared of
the amplitude summed over all colour and spin indices:

C1...Cn;S81...8n 2
Mygaprcema)l = 3 METEE T pr )| (2115)
(81,--5n)
(c1,-.-5¢n)

The squared amplitude behaves in the collinear limit as

G My (D15 00))P =

m—1
) Psffm 7-fsf§m+l,,,fn(Xp7pm+17' '-7pn)7 (216)

where g is the strong coupling constant, u is the scale introduced in
dimensional regularisation, and e is the dimensional regulator (D = 4—2e,
with D the dimension of space-time). The tensor fsfr;ﬂ f, is defined in
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a pretty similar way to a squared amplitude (cf eq. (2.15)), only with no
summation over the spin indices of the parent parton:

Ui

. ol *
S _ § C,Cm+41---Cn;S;Sm+1---Sn C,Cm+41---Cn;S ;Sm+1---Sn
m41--fn )

ffm+1--~fn ffm+1~-~fn
(8m+17"'78n)
(C7Cm+17"'7c’ﬂ)

(2.17)
where for the sake of clarity we have suppressed the momenta on which
the amplitude depends. Due to colour conservation, there is no non-
trivial colour correlations in eq. and we thus sum over the colour
indices of the parent parton. On the contrary, spin correlations may
arise non trivially so that the tensor structure of ]5]‘?13, f,, Is necessary.
The tensor ]3;13, o 18 the (polarised) splitting functiE)n for the squared
amplitude and depends on the transverse momenta k;, the momentum
fractions z;, and the sub-energies s;; of the collinear particles as well as
the spin indices of the parent parton. As no confusion arises in general,
we refer to both Sp%%, """ and ]5;15/ 1, as splitting functions, and
they are related by

—1
2M2eg2 m .
( : Pt =

S1..m

1 €,C1...Cm;5,81...5m cCl.em;S  S1..8m | F
c; > SPiny SPf .t " (8
(Slr-wsm)
(e,e1sesCm)
where Cy is the number of colour degrees of freedom of the parent
parton with flavour f,ie. C; = N?—1 for a gluon and Cqy = N for a quark.

It is sometimes useful to define the unpolarised splitting amplitude by
averaging over the spins of the parent parton,

A 1 A
(Phy.fm) = Now dss' PiY 1 s (2.19)

where N, denotes the number of physical polarisation states for the
parent parton, i.e. Ny, = 2 for quarks and N, = D — 2 for gluons.
When the parent parton is a quark, Lorentz invariance implies that the
fermion number and the helicity must be conserved. Then it is easy to
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see that the tensorial structure of the splitting amplitude is trivial,
Psls./“’fm = 0% (P, 1) (2.20)

as we prove in the next section.

2.4. Proof of the factorisation of the splitting functions

We now focus the discussion on tree-level squared amplitudes and
investigate the properties of their corresponding splitting functions. We
aim in this section to prove eq. in the tree-level case, and at the
same time derive the general tensor structure of splitting functions. As
we explained in the previous section, the only structure that can be
non-trivial is spin, so we distinguish two cases, depending whether the
parent parton is a quark or a gluon. Before specialising to these two
cases, let us make a huge simplification valid in both cases.

We want to show that in the collinear limit, the squared amplitude at
tree-level factorises. The point we are about to prove here is that this
factorisation actually already happens at diagram level, when working in
a physical gauge, thus largely simplifying the computation of splitting
functions in said gauges. This proof is an adaptation of similar ideas
in [85]. In this thesis, we work in the (light-like) axial gauge, whose gluon
spin-polarisation is given by eq. . Notice that we chose to work with
d"¥(g,n) for a gluon of momentum ¢, that is that the auxiliary vector in
the spin-polarisation tensor is chosen to be the same vector as the one
appearing in the parametrisation of the collinear limit in eq. , for
simplicity. As this auxiliary vector is the same for all spin-polarisation
tensors, we often omit to reference it and write d*¥(q). The first step in
our proof consists in defining effective propagators and vertices in place
of the normal ones, which have the advantage of showing explicitly their
order in the collinear limit. We consider the partons with momenta g;
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which are sums of subsets .5; of the collinear momenta p;:

=Y pj

JES;
k2
= . k. — e
Zx]erZ J Z2:an-pn
JES; JES; JES;
= Bip + K; — aun, (2.21)

which we call collinear cluster partons. These include the collinear
momenta and, apart from them, the most important of these partons is
the parent parton, with S; = {1,...,m}, and its momentum P = >/, p;.
Notice that in eq. (2:2I)), o is of order O(A?) and K; of order O()). For
all the collinear cluster partons, we define an effective quark propagator
by changing ¢; to

S(ai) = nlp (—p + By — j,%) , (2.22)

as well as the following function:

Ulgi) = /laalyh + p. (2.23)

By acting on each side of the effective propagator with this new function
U(g;), we retrieve the numerator of the propagator introduced in fig

U(4i)S(4:)U(4:) = ¢, (2.24)

For the gluon propagator of a collinear cluster parton, we simply realise
that we can act on each side of it with a spin-polarisation tensor in the
collinear direction without changing anything at leading order:

d"?(p,n) dps(gi;n) A" (p,n) = d*(gi,n) + O(N), (2.25)

where the spin-polarisation tensors are those of axial gauge (c.f.
eq. ) These two changes to the quark and gluon propagators
imply that we can define effective vertices by attaching a U(g;) or
a d"”(p,n) for the collinear cluster partons, up to higher order corrections.
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For example, we consider the case of a process where a gluon produces a
pair of quarks and a gluon (¢ — ¢1G293), and the anti-quark is collinear to
the outgoing gluon. Amongst all diagrams contributing to the amplitude
of this process, there is the one of fig

p1

P2

Figure 2.3: Illustration of a simple example
This diagram has an expression which is, up to some irrelevant pre-factor,
1 _
5y LY (B P37 0(P)en (1 + 2+ Pa)en (pa): (2.26)

We change the initial states of the collinear partons in the amplitude as
well. Indeed, when squaring the amplitude and summing over all external
states, one encounters

eh(a) enlq) = d"(q), (2.27)
u(q) u(q) =¢ = v(q) v(q), (2.28)

en(q) = di(p) &(q); (2.29)
u(q) = U(q) a(q), (2.30)
v(g) = Ul(q) 9(q), (2.31)

where £}/(q), u(q), and ©(q) are effective external states. This means that
we can rewrite the expression in eq. (2.26)) as

L o (U2 + p3)S(p2 + p3)U (P2 + p3)] 7 (U (92)5(p2)]

523
(P14 p2 +p3)do(p)é,y(p3) + ...
= S;ﬂ(pl) (Y'U (p2 + p3)] S(p2 + p3) [U(p2 + p3)7"dl(p)U (p2)]

O(p2)en(pr +p2 + p3)ép(ps) + ..., (2.32)



38 2. Splitting Functions

where the dots stand for higher order terms in A. In this development,
we first grouped with squared parenthesis the newly defined propagator
for the collinear cluster parton carrying momentum ps + ps, as well as
the new initial states for the two collinear partons. Then, we gathered
the new effective vertices. As we now demonstrate, this allows us to keep
track of the order of the diagram quite easily.

In general, following this program, the v* in the gluon-quark-quark vertex
can become either

U(qi)"U(gj)dyu (p, 1) = =2 k%““p<_7%+¢m;2?y>

—(¢MJ+vﬂm)pW% (2.33)

if the three partons involved are collinear cluster partons,

oy P

2.34
I (2.34)

’Y“duu(pa n) =

if only the gluon is a collinear cluster parton, and

Ut = (e +p) 2" (2.35)

if only one quark is a collinear cluster parton. If two partons are collinear
cluster partons, then the third is too, by momentum conservation. The
important observation here is that the gluon-quark-quark vertex is of
order O()) if the three partons are collinear cluster partons, while this
vertex is of order O(\Y) in all other cases. For the three-gluon vertex,
we have the same type of result, since d,, (p,n)q!' = —K;,. Thus, if we
attach to the triple gluon vertex spin-polarisation tensors on all three
gluons, meaning we consider the case where all three gluons are collinear
cluster partons, the vertex is of order O()), while in all other cases the
order will be O(AY). Notice that this result is clearly linked to our choice
of gauge, since the action of the spin-polarisation tensor with momentum
in the collinear direction precisely cancels the order 0 which is in the
collinear direction. Finally, the four-gluon vertex will always be of order
O(X), irrespectively of the number of its gluons being collinear cluster
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partons. To conclude, with this redefinition of vertices and propagators,
we now see that the numerators of the effective propagators S(g;) as
well as d"(q;,n) are of order zero for collinear cluster partons as well
as all other partons (at leading order), while the only vertices to have
non-zero order in A are the triple vertices with three collinear cluster
partons, and they are all of order one. Of course, the denominator of the
propagators are of order O(\~2) for collinear cluster partons and zero
for the other ones.

In our simple example of eq. ([2.26)), the first factor é is of order O(A2),
since partons 2 and 3 are collinear. The first squared parenthesis is of
order 0, since this vertex involves only one collinear cluster parton, as
well as S(p2 + p3), which is always of that order. The second parenthesis,
on the other hand, is a gluon-quark-quark vertex where all three partons
are collinear cluster partons, so it is of order 1. Note that we are not
interested in the order in A of the external states (being effective or
not). Indeed, we are trying to find a hierarchy amongst diagrams for
the same process, and all diagrams of a process have the same external
states, which hence factor out. That being said, evaluating the order of
a diagram (with factored out external states) is now as easy as counting
the number of propagators carrying a collinear cluster momentum and
3-vertices connecting only collinear cluster partons.

Now that the order in A of our building blocks is established, we turn
to the actual proof. We start by reminding that for tree-level Feynman
diagrams, which are simply connected trees in the language of graph
theory, we have

p=v—1, (2.36)

where p is the number of propagators and v the number of vertices.
We add another equation by counting the number of particles entering
vertices, using either the number of propagators or vertices as input:
on the one hand, there is one particle entering a vertex on each end
of a propagator, to which we need to add all the external particles, of
which there is n; on the other hand, there are 3 particles entering each
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three-particle vertex and 4 entering each four-particle vertex. We note a
the number of four-particle vertices. Thus, we write

2p+n =3(v—a)+4a. (2.37)

From these two equations, we deduce that the number of propagators
and vertices in a n-parton QCD amplitude with a four-gluon vertices is

p=n—a-—3,
v=n—a-—2. (2.38)

For each of the Feynman diagrams contributing to the process of interest
in eq. , the next step is to cut some propagators. The propagators
we cut are the ones of collinear cluster partons which are connected to
vertices which are not connections of only collinear cluster partons. In
other words, we cut all collinear cluster parton propagators, except the
ones that link vertices that connect only collinear cluster partons (see

ﬁg.

Figure 2.4: Representation of the cuts that factorise all the collinear
information (all the momenta starting from the top to p; are collinear
momenta)

By momentum conservation, each of the sub-diagrams that we cut that
way involves only collinear cluster partons for each of its vertices and
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propagators. Each of these sub-diagrams can then be seen as the Feynman
diagram of one parton splitting into x; collinear partons, hence a diagrams
with x; + 1 external particles. By virtue of eq. , it implies that we
have x; —a; —2 propagators and x; —a; — 1 vertices in this sub-diagram, a;
being the number of four-gluon vertices for this sub-diagram. Obviously,
it immediately implies that we have x; — 2a; — 1 three-parton vertices. A
small subtlety is that we add to this count the propagator of the collinear
cluster parton that we cut, for a total of x; — a; — 1 propagators, as we
keep this propagator in the sub-diagram. In each of these sub-diagrams,
every three-parton vertex connects only collinear cluster partons so is
of order 1 in A, and every propagator is the propagator of a collinear
cluster parton, hence is of order —2 in A. The total degree of divergence,
which we simply define as the number of negative power of A at leading
order, is then

Q(I‘i*aifl)*(ﬂfi*QCLi*l):ﬂ?ifl. (239)

We remind that the four-gluon vertices are of order zero, hence why we
did not count any degree of divergence for them. Let us now suppose that,
having cut all the pieces as we explained before, we end up with n, such
sub-diagrams, each splitting one parton into x; collinear partons, and xg
collinear partons which are not part of these sub-diagrams. These lonely
partons connect directly to vertices with non-collinear cluster partons.
Since we have m collinear partons, this means that

i:ci =m. (2.40)
=0

In other words, these cuts made a partition of the set of collinear partons
with n, sets of cardinality x; (for i = 1,...,n,) and x( sets of cardinality
1. Finally, we collect all the degrees of divergence: the separated sub-
diagrams that split one parton into x; collinear partons account for
(x; — 1) degrees of divergence each, while what remains of the diagram
after we removed these sub-diagrams is of order zero, since it has only
vertices with one or no collinear cluster parton (which are of order zero).
This means that the total degree of divergence for the whole diagram is
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the sum of the degrees of divergences of the sub-diagrams we cut:

N Na
d(wi—1) = (Z%) — T — Ny =M — T — Ny (2.41)
i=1 i=0

It is now trivial to conclude that the diagrams that maximises this degree
of divergence, hence those which are leading in the Laurent series in
A, are the ones with n, = 1 and g = 0. This means that amongst all
diagrams contributing to a n-parton QCD amplitude, we can discard, in
the limit where the m first partons are collinear, all the diagrams which
do not connect all the collinear partons (and only those) in a sub-diagram,
as they are sub-leading. In other words, we can keep only the diagrams
that have a propagator with momentum P. A simple diagrammatic
representation of the type of diagrams we are interested in is shown in
figure where the red propagator carries the parent parton momentum
P. Once again, we insist on the fact that this is only true when working
in a physical gauge.

b1
T
Pm+1

Pn

Figure 2.5: Representation of the type of diagrams that contributes to
the collinear limit

With the property we just proved, it is obvious to realise that the
amplitude, as well as the squared amplitude now factorises if we drop the
diagrams that do not contribute in the end anyway. We can hence write

Gl My o f(P1s e e3Py oo p0) |2 =
G (MY P i
1..m f,fm+1~~-fn( 7pm+1>"'7pn) 1,.‘fm(p1>"'7pm)

’ M?j}m-&-lfﬂ (P7 Pm+1,--- 7pn))7 (242)
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where the superscript (n) is there to remind that these functions
depend on the vector n. The function VJ(CT) n is simply the sum of the
interferences of all diagrams that split the parent parton into m particles
with corresponding flavours. Note that this function still includes two
propagators for the parent parton. The summation over colour and spin
indices is understood on the right hand of this equation.

The function VJ({L) f,, must be proportional to the unit matrix in the
colour indices of the parent parton by colour conservation, so that we
can sum over colour in eq. (2.42) and use the definition of eq. (2.17)) to

write

Cglm’M]ﬁfmfn (pla e Pmy - 7pn)‘2 =

2 2€ 2 m—1
(Iugs> Cglm (Vf(ln) fm (pla o 7pm>)7},fm+1...fn (Xp7 Pm+1y- .- 7pn)-

S.m v

(2.43)

In eq. (2.43), we took Ty, ... 1, out of the limit as the only dependence
this function exhibits is on the parent parton momentum P = >, p;,

which simply becomes >/, x; p in the collinear limit. In addition, we

2u2692 m—1 . .
extracted a factor of (ﬁ) to factorise the leading pole as well

as to get rid of the coufﬂing constant in the splitting function. The
function Vf(ln) f,, 1s obtained by factorising this quantity from VJ({L) f,, and
averaging over the parent parton colour indices. In the continuation of
this section, we consider separately the quark parent case from the gluon

one.

2.4.1. Quark parent splitting functions

It is easier in this discussion to directly include the factors P = P+t
p,, from the propagators of the parent parton in Vf(ln) i Its general

tensor structure is of the form

V(ﬁ?' o = Z (scalar factor) (string of gamma matrices) . (2.44)
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The strings of gamma matrices are composed of either p, or %m
Each of these building blocks can appear in a string only once, otherwise
this string can be reduced to a linear combination of smaller length
strings, since p; as well as n square to zero. Note that these gamma
matrices are homogeneous functions of n with vanishing homogeneity
degree. As the function Vf(ln) f,, must also be of homogeneity degree zero
(for the very simple reason that in all definitions n appears, eq.
and eq. , the definition is of homogeneity degree zero), so does the

scalar factors multiplying the Dirac strings. This in turn implies that

these factors only depend on the variables z; = 745 and s;;.

We now focus our attention on the type of string of gamma matrices that
can appear. Our function Vf(ln) o 18 composed of a sum of products of
two diagrams. In each of these diagrams, the string of gamma matrices
starting from the parent parton always has an even number of gamma
matrices; indeed, each propagator has one gamma matrix as well as each
vertex, and each propagator is followed by a vertex so that they come
by pairs. So the two diagrams whose product we are interested in have
an even number of gamma matrices, and an additional one that comes
from the summation over all spin states of the parton that links the two
strings together. This means that all the strings have an odd number
of gamma matrices. We can now exploit the hermiticity of Vf(ln) f0 88
the scalar factors are real, to show that the strings of gamma matrices

actually come in the form

a—1

< 1 )2 (7&117%"’_7%741)7 (2.45)

S1..m

a—1

where the normalisation factor (%) "2 has been introduced to make

the scalar factors in eq. (2.44) dimensionless. One could try to reduce
this form by anti-commuting the matrices in the second term until
we get a similar result as the first term in addition to terms of lesser
a(a—1)

length. A simple calculation shows that it takes permutations to
do so, meaning that we can reduce all terms of length a = 3,7,11, ...

to terms of length ¢ = 1,5,9,.... More generally, we can reduce terms
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of length such that a mod 4 = 3 to terms of length such that ¢ mod 4 = 1.

According to all the properties we just established, the most general form

for the function V(n) is
flfm

m) _ 4@ S1..m Py '?afﬁ/i + 7%71 Py
Vﬁjm—Af%+B@;iﬁ%% >, ¢ s :

a=5,9,13,... (n-P) 5120 m

(2.46)
where the coeflicients qu), B and CgQ) only depend on the variables

z; and s;;, and a summation over the index i is understood. It should

also be noted that the terms with coefficient Céq) only exist if a — 1 < m.

Since we can write (cf. eq. (2.11]))
pi = ziP+ ki + O(\?), (2.47)

we can just insert this relation in eq. , rescale k; — Ak; and take
the leading order. Note that since they are dimensionless, the coefficients
AZ(Q), B and C’L(lq) are invariant under this rescaling. As we have already
factorised the leading pole, the leading order in A is the order 0. The
terms with coefficient B(@ and C'((lq) scale like A2 and A\ respectively
and hence do not contribute to the leading term, while the terms with
coefficient qu)

then left with

scale like A\ and are the only surviving terms. We are

VY, = PzAY + O, (2.48)

From here, we take back the J? in eq. (2.42)) to reconstruct the squared

amplitude |My, . |%, and we get eq. (2.43) with an explicit expression
(@)

for the quark splitting function in terms of the coefficients A;":
Psff..,fm = %...me(ﬁ).fm = 555/ziAZ(-q). (2.49)

As expected, by spin conservation, the splitting function for quark parents
has trivial spin correlations. This means that these splitting functions
can be expressed in terms of their unpolarised counterparts:

p]fls,/“’fm — (555/<pf1...,fm>' (250)
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It is also worth noticing from the final result in eq. (2.49)) by comparison
to the tensor structure of Vf(ln) f., 0 eq. (2.46) that we can obtain the

quark splitting amplitude as
(n)
TI' Vflfm VL
dn - P
(n)

Since Vfl.“ m is simply defined as the sum of all interferences of diagrams

(Phroofu) = €1 (2.51)

that split the parent parton into the m collinear ones, this equation is a
direct and very convenient way of computing quark splitting functions.

2.4.2.  Gluon parent splitting functions

Unlike the quark case, we keep for the gluon case the spin-polarisation
tensors d"(P) apart and only after add them. Because of Lorentz
invariance and the vanishing degree of homogeneity of Vf(ln)ﬁi with
respect to m, it can be written as

P T (e o P Pno
(n).po _ A(g) po B(g) D; Dy gg)pin +n°p; D(g) S$1..mN°N
Vf1~~-fm g~ + By S1.m +G n-P T (n-P)2 "’
(2.52)
where once again the coefficients AW, BZ-(JQ), C’i(g), and D are

dimensionless functions of the variables z; and s;;, and a summation
(9)
ij
i <> j in order for the whole term to be symmetric in p <> o.

over the indices ¢ and j is understood. Note that B;;’ is symmetric in

We now take back the spin-polarisation tensors to obtain

di(P) VT du(P). (2.53)

The terms with coefficients Ci(g ) and D@ immediately drop as d¥(P)n” =
0. For the terms with coefficients BZ»(JQ ) we notice that

di(P)pY = —kl' + O(\?). (2.54)
Finally, for the term in g7, we have

dy(P)g” dg(P) = =d"(p) + O(N). (2.55)
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With these expressions at hand, we have shown eq. (2.43)) for the case of
a gluon parent as well as provided an explicit expression for the tensor
structure of the splitting function:

k; kY
= —A@ g (p) + Bi(jé?)u_ (2.56)

A
Pfl s
1..m

fm
Note that the definition of the splitting function in the gluon parent case
is arbitrary since we can add any additional quantity proportional to
either p or p¥, since T is transverse: 7*”p, = 0 and T*p, = 0. This
means that our expression in eq. is not the simplest possible and
could without loss of generality be written as

DUV (9) ,pv (9) kfkjy

1..m

as long as it is understood that this function is to be contracted with a
transverse quantity.
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3 | QUADRUPLE COLLINEAR LIMIT

In this chapter, we present the main results of this thesis, namely the
computation of the quadruple splitting functions, which encompass the
collinear behaviour of QCD squared amplitudes for 4 collinear partons.
Our method follows the same lines as ref |58,[81] and is presented in
Chapter [2l Using this technique we were able to reproduce all known
results for double and triple collinear splitting functions [58,86] as well
as extend this knowledge to the realm of quadruple collinear splitting
functions [78,/79]. Owur results being quite lengthy are not directly
available anywhere in printed form but rather in computer-readable
form [77].

In this chapter, we first review the list of all independent quadruple
collinear splitting functions we have to compute as well as their behaviour
under the exchange of collinear partons. Afterwards we detail case by
case the Feynman diagrams contributing to each splitting function. We
also look how these functions depend on the Casimirs of SU(N).

49
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3.1.  Quadruple splitting functions

In order to obtain all the possible quadruple splitting functions, we need
to consider any parton, either a quark or a gluon, producing any four
partons. However, we must do so and at the same time respect flavour
conservation. In other words, if the parent parton is a quark, then the
four final partons must be a quark of the same flavour as the initial
one and a combination of gluons and pairs of quarks of any flavour. If
the parent parton is a gluon, then the four final partons can only be a
combination of gluons and pairs of quarks. All other possibilities are
automatically zero. With that in mind, the set of splitting processes we
have to focus on is the following:

e ¢—~ddqy, e g—qdqq,

® ¢d—q4qqy, ® g—qqqq,

® ¢g—q999, ® g—>qqgy,
® g—999g.

In this table, ¢’ is simply a quark of a different flavour than the one
of g. It can be noted that we did not include splitting processes for
an anti-quark as a parent. This is because these splitting functions
can be obtained by charge-conjugation invariance, for example
qul Bdags = ]567/1 dhq3g4- Similarly, we can change all quarks to anti-quarks
and vice-versa in a splitting function with a gluon as a parent, for
example ]f’ql@,h% = Jf’qlqz%,h. In summary, we have seven independent

quadruple collinear splitting functions to compute.

In the rest of this chapter, we will not explicitly indicate the spin indices
of the splitting functions as we are interested in their symmetries and
their colour structure. This means that implicitly each quark-parent
splitting function has indices s and s’ (and is proportional to (555/), while
gluon-parent ones have Lorentz indices u and v.
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3.2.  Exchange symmetries

Symmetry is a very useful tool when it comes to simplify computations
or to make explicit some physical properties. In the case of splitting
functions, the symmetry we are looking for is exchange symmetry. Indeed,
whether they follow the laws of Bose-Einstein or Fermi-Dirac statistics,
the exchange of two indistinguishable partons will not change the result of
any squared amplitude, or for what matters of any splitting function. This
implies that if a splitting function has two identical partons (two quarks,
two anti-quarks or two gluons), it will be symmetric in the variables
that involve these two partons. To be more concrete, if parton ¢ and j
are identical, then the symmetry of interest involves these operations
(remember that splitting functions only depend on sub-energies sy,
momentum fractions z; and orthogonal momenta k;):

Sik < Sjk; Vk:L...,m (3.1)
Zp £ Zj,

lju‘i <~ ]~€j,
and such a splitting function will have the following form:

Ppyp Uz s Bi}) = PR (Lo si i) + (2 §), (3.2)

where the second term is a notation for the previous term with the
exchange of variables described in eq. . Obviously, this fully
generalises to more than just two identical partons. If there are «
identical partons, then the splitting amplitude is invariant under any
permutation of the a identical partons, which are just combinations of
simpler permutations of two partons (as described in eq. ) In this
case, we can rearrange the splitting function into ! terms as

Ppyo oLz sis kad) = PR ({2, 510, k) + (@l — 1) perm), (3.3)

where the second term stands for the other a! — 1 possible permutations
of ]5(1Sy mﬁ )({zk, Sk, l;:l}) The a priori knowledge of this structure comes
in handy in two ways. First, it means that we only really have to
compute the function p}fym;i )({zk,skl,l;:l}) in order to have the full
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splitting function basically for free, which could be a more efficient way
of computing these functions: using their symmetries to make them
faster to compute. Second, if we manage to compute this function
P(Symm ({21, Sk, k1 }), this structure makes the symmetry of the function
exphclt

The only question left unanswered to conclude this section is how to
compute the part that once symmetrised provides the whole splitting
function, the function Pfsymm ({zk, ski, k:l})) in eq. . To tackle it,
let us focus on an example. Suppose the splitting function we want to
compute depends on three Feynman diagrams, that we call di, do and
ds, and that under the exchange of partons 1 and 2, diagram d; becomes
dy (and vice-versa), while diagram ds stays the same. The quantity we
want to compute is the limit of the modulus square of the sum of these
diagrams, so

\dy + dy 4 d3|? = |d1|? + |do|* + |d3|* + (d}dy + dids + dd3 + cc), (3.4)

where cc is the complex conjugate of all that is inside the parenthesis.
The next thing we need to know is how each of these terms will transform

under the symmetry 1 < 2, for example, d; becomes ds while ds stays
|2 as a term in the function
2

the same, which implies that if we put |d;
P(Symm ({zk, S, k1 }) for this splitting function it will produce |do|? after
symmetry, which is what we want, but |d3|?> on the other hand will
produce a second |d3|? so that we have to multiply it by 1/2 in the

playm)

function P, ({zk, Sk, k;}). In the end, we could have for example

(bear in mlnd that the choice of P}fymﬁln)({zk, Ski, ki })) is not unique):

P (g, s, k) = d12+2|d3|2+(2d1d2+d1d3+cc>. (3.5)

We need to emphasise on the symmetry factors that we added. Here,
there is only factors of 1/2 but for more than two identical partons, one
could have different factors. These factors allow us to keep terms that
are invariant under (at least) some permutations of the identical partons
without having to keep them separate.
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In this simple example, it does not seem like we gained so much
simplification. After all, we only lost a third of the terms to compute.
However, this mitigation becomes more and more important with the
number of diagrams and the number of identical partons. The most
extreme example in this thesis come from the splitting functions of one
gluon to four gluons pgggg. We have in that case 25 Feynman diagrams
contributing, which is the highest number of Feynman diagrams for
quadruple splitting functions, and of course all partons are identical,
allowing 4! = 24 possible permutations. The 25 diagrams would normally
lead to the computation of 325 terms for the splitting functions (and
their complex conjugate), but the use of the symmetries makes it
possible to compute the whole splitting function having computed only
27 of these terms, i.e. less than a tenth of the total.

3.3. Presentation of the results

In this section, we present each one of the quadruple QCD splitting
functions in turn, going from the Feynman diagrams that contribute to
the splitting function of interest to the symmetries that they might have
and the different colour structures of the result. By colour structure, we
mean that these functions will appear as polynomials of Tg, Cr, and
Ca, the Casimirs of SU(N) (or more specifically SU(3) in the case of
QCD) as defined in Chapter [1] and we sort the different terms according
to which powers of which Casimir they have. Usually, we call terms
abelian when they do not have any power of C4. Indeed, C4 comes from
the self-couplings of gluons which do not appear in abelian theory such
as QED (for Quantum Electrodynamics) which is a U(1) gauge theory.
Conversely, we call terms with any power of C4 non-abelian. Note that
certain terms come with a coefficient of C4 — 2 Cr which is equal to
%. This means that if one considers the limit where N goes to infinity
(called 1/N-expansion), such terms are sub-leading.
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331. ¢g—q¢ddqg

A

The first quadruple splitting function we focus on is Py y4e. The function

Vq_(,Z?qg from eq. for this case depends on 5 Feynman diagrams
displayed in figure Being the simplest of the seven quadruple splitting
functions unfortunately comes with a price: it has no identical partons,
and hence no symmetries we can exploit. Going through all the steps
described in Chapter [2] we find that the result can be decomposed into

an abelian and a non-abelian part:

]35/1‘1/2‘1394 =Tr C% Pli(;;’g)%% +TrCaCF P!Y(;%}jl)sgax' (3'6)
The indices carried by the partons label refer to the indices of their
momenta.
P P P2
P2 2 1
1 P2 »
P 3 3
P P
P2 P2
b3 b3
D1 P

Figure 3.1: Diagrams contributing to the splitting function ¢ —
014929394

3.32. ¢q—qqqqg

The next splitting function we are interested in is quqg, which is
essentially the same as the previous one, except that now the quarks all
have identical flavour. The diagrams are the exact same as the ones for
the previous case (see again figure , with the addition of an extra
copy of those diagrams with quarks 2 and 3 exchanged. This implies that
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we can write this splitting function as the one with different flavours of
quarks, with the addition of an extra copy of the different flavours of
quarks splitting function where quarks 2 and 3 have been exchanged,
and finally the interference term coming from the products of diagrams
from figure [3.1] and those with quarks 2 and 3 exchanged:

3 _ (id)
Phig2a391 = (Pq’lq’ g+ (2 3)) Pqiq2q3g4v (3.7)
(id) . : .
where Pq L g2q3g4 18 the interference term. Again, using the method exposed

in Chapter [2] this new additional part can be computed and found to be
decomposable into an abelian and a non-abelian part:

PO €2 (Ca — 20r) PIVE L, cp(Ca - 20p) BIDU (35

41929394 419249394 q1929394

3.33. ¢q—qggg

We now turn to the last quark-initiated quadruple splitting function,
]nggg, which depends on the 16 diagrams whose different possible
topologies are depicted in figure [3.2] Unlike the two previous cases, this
function has a lot of Symmetrles we can use. Indeed, all three gluons
are fully interchangeable, which makes up for a total of 3! = 6 possible
permutations. According to eq. , we can then write this splitting
function as

A

Py1929391 = Péfg;}g& + 5 perm. (3.9)

We are again emphasising on the improvement in the efficiency of the
calculation this little trick of using symmetries allows. In this case, the
number of terms to compute went down from 136 to only 31.

In a similar fashion than previously, we can decompose the ”seed” of this
splitting function into its different colour structures:

b (s mm)(nab) (symm)(nab),,
Pq(lsZzH;;;L CF Pq(lsz;g;)fa ) +Ca CF ‘1127’29394 t+ CA Cr PQ1Z]I29394 -

(3.10)
Note that here we have two different non-abelian structures.
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b1 p1 p1
p2 p2 P2
b3 p3 p3
2 P4 yZ

p1 p1

P2 p2

p3 p3

P4 P4

Figure 3.2: Diagrams contributing to the splitting function ¢ —
41929394 (note that you must add all the possible permutations of the
gluons as well, which add 5 diagrams to the first topology, none to the
second, and two to each of the third, fourth and fifth ones)

334. g—7dqq

We then turn to the first of the gluon-initiated splitting functions, Pq/q/qq,
which depends on the 5 diagrams depicted in figure [3.3] This function is
a little bit special as the symmetry it exhibits is not under the exchange
of two partons but under the exchange of two pairs of partons. Indeed,
we can switch the pair of partons 1 and 2 with the pair 3 and 4 without
changing the expression of the splitting function. This can be understood
by the fact that the different flavours all behave exactly the same way in
(massless) QCD; the only consequence of having different flavours here is
that we can not interchange them, they are not indistinguishable. As a
result, we can change the name (or label) of the flavours, by calling ¢
as ¢’ and vice-versa, without changing anything. The only information
the naming of the two different flavours carries is that they are different.
Hence, we can write

7 _ plsymm)
P(?'IQ'1¢?3Q4 = P(jfqulq3q4 + ((%) NS (2)) . (3.11)
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Finally, as we did for the cases beforehand, we can explore the colour
structure of PY™™) and find

41414344

A 5 b) 2 A (symm)(nab)
plevmm) _ 2 o pleymm)(ab) | 2 o plsym . 3.12
74,3304 ROF Fggigsq,  THRCAL G g gsq (3.12)
Y4t Jat p3
p3 p3 P1
2 D4 D2
b2 D2 D4

p3 P1

D1 D2

P2 p3

y2 P4

Figure 3.3: Diagrams contributing to the splitting function g —
71953394

3.35. 9g—=>qqqq

The next splitting function is qugq and the diagrams for this one are
the same as the previous one (see figure 3.3) with the addition of a copy
where the two quarks are exchanged. As it was the case for pqqqg, it
means we can write this splitting function as

5 5 A (id
Paigdzan = (Pq’lqéng4 +(1 e 3)> + Pci(;qgéaqu (3.13)

. a(id)
where once again Py 2z 0.

for non-identical flavours and the ones with the quarks exchanged. It

contains all interferences between the diagram

turns out that this interference term has three symmetries: one can
either exchange the two quarks, or the two anti-quarks, or the pairs of a
quark and an anti-quark without changing the expression of this term.
Consequently, it admits the following expression:

A (id A (id) (symm
pld) =PI g e H () e (). (314)
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A(id) (symm)

Finally, we can specify the colour structure of Py o0 = as
p(id)(symm) _ p(id)(symm)(ab)
P@le@Z}ZM =TrCr (Ca—2CF) Pliu]zl?ss);M :
+TRCa (Ca — 2Ck) PLDSymm)mab) (3 15)

3.36. g—qqgg

We now turn to the splitting function qugg, which depends on the 16
diagrams whose topologies are depicted in figure [3.4, There is two
symmetries that we can exploit here: the exchange of the two gluons
and the exchange of the quark and the anti-quark (indeed, due to charge
conjugation invariance, the exchange of the quark pair is a symmetry).
Having these symmetries at hand, we go down from 136 terms to compute
to only 76. Following eq. as before, we write this splitting function
as

Prgssann = Ppmgon + (10 2)+B o)+ (D e (). (3.16)
S (symm) .
For what concerns the colour structure of Py, g3g40 WE can write

A(symm) 2 p(symm)(ab) 75(symm)(nab)
P§1q29394 =TrCp P§1Q293g4 +TrCACF P§1q293g4 '

+ TrC3 PITI0eb): (3 17)

3.37. 9g—999g

Finally we focus on the last of the quadruple splitting function, nggg.
This splitting function is by far the most complex of all the quadruple
splitting functions for at least two reasons. First of all, it contains only
gluon couplings which have more than one term each as opposed to the
quark-gluon coupling (see figure , so that the number of terms to
compute for each diagrams is bigger than in any of the previous cases.
In addition, the number of diagrams involved in the computation of
this splitting function is 25, which is more than the number of diagrams
for any other quadruple splitting function. The different topologies for
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P
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P
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Y4\
p3
y2

P2

J41
p3
P4

P2

J41
p3
P2
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Figure 3.4: Diagrams contributing to the splitting function g —

41929394 (note that, except for the four first ones, one must add to

each diagram the same one with gluons exchanged)

these diagrams are represented in figure Since we are computing all

possible products of these diagrams, the number of products of diagrams

grows like the square of the number of diagrams, which makes this last

fact even worse. Despite these two factors against us, we can still have

some hope because this is the place where symmetries are the most

powerful for quadruple splitting functions. Indeed, our result has to

be invariant under any of the 24 permutations of the 4 gluons. As a
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consequence, we are able to compute only 27 terms instead of 325 and
we write

A

Py1929591 = Péfg%ﬁ + (23 perm). (3.18)

Being a purely non-abelian process, in the sense that it would simply be

zero if there was no gluon self-coupling, this splitting function has only
one colour structure proportional C3:

D (symm 3 P(symm)(nab
P(Sy ) :CA 9(1§2939)4( ¢ )‘ (3'19)

91929394

p2

p3

P4

Figure 3.5: Diagrams contributing to the splitting function g —
91929394 (note that one must add to these diagrams all the possible
permutations of gluons, which gives 11 additional diagrams of the first
topology, 2 of the second, 3 of the third and 5 of the fourth, for a total
of 25 diagrams)
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3.4.  Summary

We presented in this chapter the quadruple collinear splitting functions.
There is seven independent of these:

e ¢—qdqy, e g—d4dqq,

® ¢—4q499, ® g—>qqqgq,

® ¢g—qg99y, ® g—>qqgy,
® g—999g.

We presented our results by showcasing the symmetries they exhibit, as
well as their colour structure. These functions were computed for the
very first time in our papers [78,79] and can be found online [77].
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4 | SUB-COLLINEAR LIMIT

After the computation of the splitting functions presented in the previous
chapter, we now explore the mathematical properties of these functions.
In this chapter, we look at the sub-collinear limit, meaning that amongst
the collinear partons we choose a subset of these to undergo a second
collinear limit. Since collinear splitting functions are built as some limit
of a squared amplitude (more precisely it is built as the collinear limit of
the amplitude squared of the parent parton splitting into the collinear
partons, keeping the spin indices of the parent parton open), it is not
unreasonable to expect the splitting functions themselves to factorise in
this new sub-collinear limit.

The reasons to look at such a limit are twofold. First, confirming that
the splitting functions presented in Chapter [3| do have the correct limits
is a strong sanity check of our results. Secondly, the knowledge of these
limits is an important ingredient when it comes to building counter-terms
to subtract infrared divergences in higher-order computations.

This chapter first makes a clear distinction between two different ways
to look at this limit before concluding that the two points of view are
the same. Afterwards, we prove the factorisation formula for the sub-
collinear limit. Then, we discuss the tensor structure of the splitting
tensor and distinguish between two cases: the sub-parent parton, which
is the parton whose momenta is the sum of all the partons going into the
sub-collinear limit, can either be a quark or a gluon. If the sub-parent
is a quark, then the splitting function factorises as the product of two

63
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splitting functions. However, if the sub-parent parton is a gluon, the
splitting function factorises as the tensor product of a splitting function
and a new object that we call a splitting tensor. A second distinction
can then be made according to whether the parent parton is a quark or
a gluon. Finally, we move to the parametrisation of the sub-collinear
limit and most importantly we show how one can relate the two different
collinear limits at play: the one that defines the splitting function and
the sub-collinear one.
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4.1. Strongly-ordered versus iterated collinear limits

In this chapter, we consider a QCD process involving n partons amongst
which partons 1 to m are collinear. But this time we add a twist as
the first m’ partons (with m’ < m) amongst the m collinear ones will
undergo another collinear limit. Note that we do not lose any generality
by considering the sub-collinear partons to be the firsts in the collinear
set. The problem we are facing right now is that there is two ways to
approach this kinematic region, depending on which order the limits are
taken. The two scenarios are the following, supposing that the m partons
go in the direction p and the m’ sub-collinear in the direction p:

1. The parent parton (with momentum P) splits into m partons
collinear to p first, and then the m’ sub-collinear partons become
collinear to the sub-collinear direction p. We call this limit the
iterated collinear limit and we define it by (see figure

G G| My, (D1, pn) [ (4.1)

P
p1 ‘..
Py
Pm

Pn Pm+1

Pn

Figure 4.1: Diagrammatic representation of iterated collinear limit:
the collinear partons first go all collinear, then the sub-collinear set goes
through a second collinear limit.

2. The sub-collinear partons first become collinear to the direction p,
then the sub-parent parton, with momentum P = Z;Zl pi, and the
rest of the collinear partons (hence those with indices from m’ + 1
to m) become collinear to the direction p. We call this limit the
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strongly-ordered collinear limit and we define it as

Gty m Gt My (D1, - 0] (4.2)

where in the first ¥ symbol, the parenthesis stands for the sub-
parent parton (see figure 4.2)).

Pn

Figure 4.2: Diagrammatic representation of strongly-ordered collinear
limit: the sub-collinear partons first go collinear, then the sub-collinear
parent parton and the rest of the collinear partons become collinear.

It is clear that these two limits describe the same region of phase space. It
is even trivial to prove at tree-level, since at that order squared amplitudes
are simply rational functions of the Mandelstam invariants. Thus, the
Laurent series obtained in the two limits must be the same. Consequently,
the behaviour of the squared amplitudes in the two limits must agree
as the value of the amplitude in any given point of phase space cannot
depend on how this point was approached. This directly implies that
the strongly-ordered collinear limit and the iterated collinear one are the
same:

(gl...m’cgl...m|Mf1...fn (p17 R 7pn)|2
= Cg(lm’)mcglm/’-/\/lﬁfn (pla cee 7pn)|2 (43)

From now on we will not distinguish further between the two limits.
However, this commutativity property is used in section to prove that
splitting functions factorise in this limit.
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4.2. Factorisation in the sub-collinear limit

In order to prove the factorisation of splitting functions in the sub-
collinear limit, we start from the equivalence of its two possible approaches
in eq. . The left hand side of this equation can be developed
quite simply using the factorisation formula for squared amplitudes in

ca. (ZT0):

GG m| My, g |

2u2e 2\ ™1
_ SS
—Cgl---m’( > Py TiR st

S1..m

m—1
2”265]3 Aol ’
= _— (g /PSS ot 44

<5(1...m N)..m ( L..m fl”'fm> 7}fm+1"'f”’ ( )

where the dependences on momenta have not been indicated for more
clarity. In this last equation, (1. ). ., 18 simply $1._m in the sub-
collinear limit. N otice that to go from the second to the third line we
use the fact that 77 f .f, does not depend on any of the collinear nor
sub-collinear variables anymore. If we now look at the right hand side of
eq. (4.3)), we can write:

Cg(l.,.m’)...mcgl...m’ ‘Mflfn ’2
m'—1

¢ 2/‘26 2 ph' - hi
- (1m’)m 1"'fm’ ffm/+1"‘f”

S1..m/

m'—1
2u2€ 92 Shi/ hh'
- ( ; P 1St ((g(l“'m')mm’r'fm’+1~~~fn)

S1..m/
m—m’
’ 2M26 2 .
pDhh hhsss
P f/ ((3(1771/)771 Hf/fm’+1-~-fm7}fm+1 Jn

2:“’26 2
( S1..m/ )
m/—1 m—m/
2M2€ g‘g ﬁ phh/ Hhh :ss’ Tss
S1..m/ 3(1...m’)...m 1, f/f SRR fm ffm+1 fno

(4.5)

m/—1

where f’ is the flavour of the sub-parent parton and once again we
removed the dependence on momenta for the sake of clarity. Note
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that between the third and the fourth lines we factorised the tensor
H}l,]};sil_“ o which becomes a squared amplitude if we sum over all
possible states of the sub-parent parton. We call this tensor the splitting

tensor and give more information about it in section

PN
\pm%@

Pm

/

s s

Figure 4.3: Diagrammatic representation of the splitting tensor (the
dotted line indicates that we sum over all states

Putting together the developments of both sides of eq. (4.3)), we finally
get

/

m'—1
NP S ’ ALl lcal
Cgl,,,m’P‘?ls_nfm _ < (1..m )m) Phlhf Hhh ;Ss (46)

S1..m/ m/! flfm’+1---fm'

This formula directly gives the collinear limit of a collinear splitting
function, hence what we called the sub-collinear limit.

4.3. Splitting tensor

In this section, we give some more details on the new function appearing
. . . hh/SS/ . .

in eq. (4.6)), the splitting tensor H Fior st We hence aim at proving
the following identity:

2 2¢ 2 m—m/
hh' o uwg hh';ss’ /
cg(l"'ml)"'m,].—flfm/+1--~fn - (8 : > Hf/fm/+1~-~fm Tfsfsm+1"~fn’
(1..m")..m
(4.7)

as well as providing more context for the splitting tensor. Note that once
again, we removed the dependence on the momenta of the partons in
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order to not overload the notations. Actually, we will rather prove a
more general version of eq. (4.7)):

m—1
' 2
hh' uwg hh';ss’
GmTp g, = ( m8> Hy o T o (4.8)

giving the collinear limit (for partons 1 to m being collinear) of the helicity
tensor 7}?” oo which is just the squared amplitude on an n-parton QCD
process with the spin indices of parton 1, h and A/, open. The indices
s and s’ are then the spin indices of the parent parton. Since we can
obtain a squared amplitude from the tensor 771”1/ f, Just by summing over
the indices of parton 1, we get from eq. and eq. that the
splitting tensor is simply a splitting function with one extra open leg
(the one of parton 1):

M H = PR (4.9)
We start the proof in the same fashion as the proof of the factorisation
of squared amplitudes (see section [2.4]). For the same reason as in that
case, in a physical gauge, only diagrams with a propagator carrying the
momentum of the parent parton will contribute at leading order. Indeed,
the non-contraction of the spin indices of parton 1 does not invalidate
any of the arguments used in the proof. This immediately leads to the
following result:

T,
-1
2N2693 " (n)s (n)hh 188" (n)s’
= (glml ( S1.m |:Mffm+1f :| H Mffm+1fn
-1
2p2eg2\ ™ (n hh ;55
- ( Stom (G B0 ) T,
1
2#26 2\ hh';ss’
( — > Hy o Ti st (4.10)
where the function Hj(P )hfh 5 s simply the sum of the interferences of

all diagrams that split the parent parton into the m collinear ones, while
keeping the spin indices of both parton 1 and the parent parton open
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(their respective spin indices being (h,h') and (s,s’)). Equation (4.10)
shows that 7}’1}1/ f factorises in the collinear limit but does not give any

information about H ](c?)h;z;ssf '

We now separate different cases according to the nature of parton 1 and
the parent parton:

1. both the parent parton and parton 1 are quarks,
2. the parent parton is a gluon and parton 1 is a quark,
3. the parent parton is a quark and parton 1 is a gluon,

4. both the parent parton and parton 1 are gluons.

For cases 1 and 2, the sub-parent parton is a quark, i.e. f' = ¢, and we
know that the splitting function has trivial spin correlations. Hence, we

can further simplify eq. (4.6):

m —1
~ S ’ A~ logo!
ss’ o (1..m')..m hh' hh';ss
G P = <81 > PRy Hyt

m’'—1

81 m qu/+1"-fm

m'—1
S(1..m)... A Aol
— <<m>m> Prrg) Patsorge (411

S1..m/

This proves that quark-initiated splitting functions factorise as two
splitting functions in the sub-collinear limit and we do not need any new
function to describe that limit. For case 1, as the parent parton is a
quark (with trivial spin correlations), eq. (4.6 can be written to involve
only scalar quantities:

m'—1
A~ S(1...m")... A A
G (P f) = <(m)m> Prr oo tr) Pafiryfim)s (412)

S1..m/
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whereas in case 2, with a gluon as the parent parton, the factorisation
involves a scalar quantity multiplying a rank two Lorentz tensor:

m'—1
) <Pf1fm/> P;’/fin/_;'_lfm. (4..13)

S(1..m/)..m

DUV _

S1..m/

In cases 3 and 4, where parton 1 is a gluon, spin correlations are not
so simple and the factorisation necessarily involves a tensor product.
For case 3, as the parent parton is a quark (and there is as such no
spin correlations), the splitting tensor is of rank 2 and its indices are
contracted with those of the splitting function:

m’'—1
5 S(1.m’)...
G (Pry 1) = <(m>m> pr oy Hof s (414)

S1..m/!

"y ) uv;ss’
where Hyf . s defined by Hyp™* . = 8"'Hyl

in case 4, with both the parent and parton 1 being gluons, the splitting

. Finally,

tensor is of rank 4:

m’'—1
S 1 / o T2
E1 f1 ( (1..m") m> PP ,Hgf:fil‘_'fm. (4.15)

S1..m/

Hence, the only cases that involve new objects are cases 3 and 4, and we

HpO' 274

. l,l/l/
are left to detail the tensor structure of H 9ot 1o b and AR

To describe the tensor structure of the splitting tensors, we go
back to eq. (4.10) and start by showing the structure of Hg(fQ)hh 388",

The first thing to notice for both case 3 and 4 is that, because
splitting functions have no dimension (in units of energy), eq. -
immediately show that neither do splitting tensors (and thus neither

do the function H(f)hf} i ).

pre-factor, and the fact that splitting functions are of order zero in

H(n)hh ;88"
gfa...

In addition, due to the factorised

the scaling parameter A, must be of order zero in both A and \.

Hence, in a very similar way to the way we computed splitting functions,
we will square the sum of all diagrams splitting the parent parton into m
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partons, with the difference that we do not sum over all possible states
for parton 1. In case 3, the generic expression for the tensor Hé fQ)hh i
has two Lorentz indices and can only depend on the momenta of the

collinear partons:

H oV
H%W =Ag" + By AL R— (4.16)
S1..m

where n-terms stand for terms that are proportional either to n* or
n” and the p; stand for the collinear momenta. As for the splitting
functions, we add some sub-energies in the denominator such that the
scalar factors A and Bij are scaleless and so, by the same argument, they
are of order zero in the limit. Note that we also used the fact that this
tensor must be symmetric under the exchange p <> v (which means that
Bz-j is symmetric under i <> j). We now add a spin-polarisation tensor
on each side to project the tensor to the transverse space:

dyp(p1,m) Héfz f dov(p1,m0). (4.17)

Because n is orthogonal to the spin-polarisation tensor, all n-terms
disappear, while the other tensor structures become

d**(p1,n)gped’” (p1,n) = —d“”(p, n) + O\,

dyup(pr,m)pip = —k!' + k“ +0(\?). (4.18)
With that at hand, we know that, in tNheNIimit, b5 fard 9faofon COIL be build from
two tensor structures: d*(p,n) and kj'kY, with i and j in {1,...,m}. In
the end, the general structure of the splitting tensor for a quark parent
(case 3) is o
k! kY
Hgf2 o =Ad"(p,n) + Bjj _ (4.19)

The exact same argument can be repeated for case 4 (gluon parent) only
with 4 Lorentz indices. We then get the most general tensor structure

before the limit is taken:
Mo v

/ _ P e _
H(”)PUMV A po ,uu+B fp ng+Cij plp] gw/‘i‘Dijkl

Py pip]
gfa..

2
1..m S1..m 1..m

W, p Iz
9" pip7 + 9" p; P} T By 9P v v} + 9" vy}

S1..m S1..m
+ F1 g"* ¢"7 + Fy g"° g"° 4+ n-terms, (4.20)

+E1ij
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where we used the fact that this tensor needs to be symmetric if we
exchange at the same time the indices of the parent parton and parton 1
(i.e. u > v and p <> o). By the same argument as before, the coefficients
A through F; in eq. are dimensionless and of order zero in the
collinear limit. In addition, we have the following symmetries, which
follow directly from the symmetry of the tensor:

Bij = Dy,
Ci; = Cj;,
Dijii = Djur. (4.21)

As for the previous case, since only the transverse part of this
tensor carries physical information, we now multiply this tensor by
spin-polarisation tensors for parton 1, as well as spin-polarisation tensors
for the parent parton (as we did for splitting functions):

dui(P,n) dyi(P,n) dys(p1,n) dos(pr,n) H P70, (4.22)

In addition to the previous identities, we note the following results:
dMV(P’ n)Pl/ = O()‘2)7
1 -
d" (p1,n)P, = —— ki' + O(\?),
z1

d“(P,n)p! = =K' + O(\?). (4.23)

Furthermore, we can take into account that in eq. (4.10)) the splitting
tensor is contracted with the symmetric tensor 7}*}’7’”“ o which allows us
to discard terms in H 5}72“ .”m that are anti-symmetric under the exchange

<> v. This leads to the following expression for the splitting tensor:

pos v
HQf?---fm
o P Er RV EP ke
= —Ad”d" + By ——Ld" — Cyy ——Ld" + Dy ————-
S1..m S1..m 1..m
g PR UKD 4+ d7P KRS + dro kYRS
J S1..m

+F (d"Pd"7 4+ dPd") | (4.24)
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where we have suppressed the dependence of the spin-polarisation tensor
on the vectors p and n. The scalar coefficients appearing in eq.
are linear combinations of the coeflicients in eq. . To keep the
symmetry of this expression, the coefficients now satisfy

sz = Bg'w
ézj = éjl?
Dijki = Djirt = Dijix = Djap. (4.25)

The tensor structure given in eq. involves only polarisation tensors,
which makes the splitting tensor explicitly transverse. However, similar
to the case of the splitting amplitude discussed in Chapter [2, some of
the gauge-dependent terms drop out in the contraction in eq. . In
particular, we can perform the following replacements:

d*P(p,n) & =%, (. B) € {(1.v), (1, p), (1, 0), (v, p), (v, 0)}.
(4.26)

For («, 8) = (i, v), the equivalence between the polarisation tensor and
the metric tensor follows directly from the contraction with the transverse
tensor 7}‘}:“ I while the other cases follow from relations like

HPo HPO v

PE g o0y duo (0, 0) Trp = Prl p Gup Guo Tip g

PJE:-- d“p( n) kiokj, 7}fm+1 n T ijla---fm/ 9"’ kiokju 77;0:1+1---fn'
(4.27)

Finally, we end up with the most general tensor structure for the splitting
tensor in case 4:

PV

gf2-fm _ o
o kfk - f;’ 5 kf‘k}’k,ﬁk;’
— A d” g™ + Bj &’ + Cj; 9" + Dyjpy ——3EL
S1..m l..m 51..m
9" kYRS + g7 KRS + g7 RURS + g RURS

+ Eij
S1..m

FF (g9 9" ") . (4.29)
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4.4. Parametrisation of the sub-collinear limit

In the sub-collinear limit, each of the collinear momenta still follows the
parametrisation of eq. (2.11)), namely:

pi = 2z P + ki + O(k?) i=1,...,m. (4.29)

Note that we use this parametrisation instead of eq. as it uses directly
the variables that appear in the splitting functions, and remember that
the last term is proportional to n. As we now consider the first m/
partons to undergo a second collinear limit, their momenta obey another
parametrisation,

pi = 5P + ki + O(R?) i=1,...,m. (4.30)

In eq. , the new variables are defined in a similar fashion as for
the parametrisation of the collinear limit, only for this new limit with
P = Z;-"le pi, the momentum of the sub-parent parton. Omne could
worry that we need to introduce a new vector n (which appear in the
last term that we did not mention here) for the sub-collinear limit,
but it is not the case. Indeed, the only specification for this light-like
vector was that it should not be orthogonal to p, the collinear direction,
n - p # 0. However, since n is orthogonal to k; and itself, this inequality
implies that any p; is also not orthogonal to n (n - p; = x; n-p). Hence,
n is not orthogonal to P and can be used in the sub-collinear limit as well.

In eq. (4.30), the only unknowns left are z; and &;. To find an explicit
expression for these variables, one simply writes &; as a linear combination
of the generating set {P, k;, n}:

Ri = i P + Bijkj + vin, (4.31)

where we sum over j = m’ +1,...,m. Immediately, from the fact that
%; should be orthogonal to n, one deduces that «; is zero. Then, one
can insert eq. into eq. , and identify the factors to those in
eq. (4.29). To do so, the only missing information is the expression of P
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in term of P:

P=> pi
j=1

=P- > 1

j=m/+1
m ~ ~

=P- 3 (5P+k+00)
j=m/+1

= (1— > zj)P— > ki + O(k). (4.32)
Jj=m’/+1 Jj=m’+1

Following the procedure we just described, we find

pi = %P + R + O(R?)

:zi((l— i Zj)P— i /%j)+6ijl%j+7m+0(/%2)

j=m/+1 j=m/+1
= 2P + k; + O(K?), (4.33)

from which we deduce

Zi = , (4.34)
’ 1 Z;‘n:m’+1 Zj
as well as
~ ~ m ~
Bijkj =ki+z > kj. (4.35)
j=m'+1

In principle, all we have do to now is to find the value of ;. Although it
is actually quite feasible, for example by imposing &; to be orthogonal
to the sub-collinear direction, we will not even do it since, as it will be
shown later on, it is not useful and the exact value of +; will never be of
any relevance.

We now go back to eq. (4.6) and analyse both sides. On the left hand
side, we have the sub-collinear limit of a m-parton splitting functions,
which depends on variables z;, s;;, and k; for i and j from 1 to m. Once
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we use the parametrisation we just established, the z; for i =1,...,m’

will transform according to eq. (4.34]) to become

m
Z; = 21' 1-— Z Zi ], (4.36)
i=m/+1
while the other z; (for i = m/ +1,...,m) remain as such. In a similar

fashion, following eq. (4.35)), we replace k; by

m
l;/‘i =K — 21' ]%j — Yin, (437)
j=m’'+1

for i =1,...,m' and we leave it as such for i = m’ +1,...,m. For the
sub-energies s;;, there are three cases to consider. First, if both ¢ and j
are not in the sub-collinear set {1,...,m'}, we use the expression given

by eq. (2.8): ,

BT

Sij = —zizi | —— — | . 4.38
4= %% ( ) (4389)
If both ¢ and j are in the sub-collinear set {1,...,m'}, the expression is

simply the mirror of the last case with sub-collinear variables:

— j.
Zj

- -\ 2 _ _

_ Kq K5 Z5 . _ _ Zi .

Sij = —ZiZj | — — fj = —TJKJ? + 2:‘% c Ry — jFLQ (439)
Zi Z]' Z3 1
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Finally, if ¢ is in the sub-collinear set but j is not, the result is less trivial.
We start from eq. (2.8]) and use the transformation rules for z; and x;

(eq. ([£.34) and eq. (@.35)):

~ ~ 2
ki ok
Sij = —ZZ'Zj ; - Z
? J

m

i R
-z 11= )
. 2, Al (Zz' (1= 1 2)

l=m/+1
m - -
211 K ki %’n>

(1 - Zl@m’—&-l Zl) Zj %
2(1—27; /1Zl)~ o~ m ~
:—l z‘m-i- /6]2—22’1']?]'- Z kl
J I=m/+1
m 2
— ki |+ 2R -k
(1 - Zﬁm’—i—l Zl) lzg_;,_l Y

21'2’]'

m
2 > Zj
+2 ¢ R | D k| —< J 72,
(1 - Z?Lm’—l—l Zl) ' I=m/+1 Zi (1 - Z}Zm’—l—l Zl) '

(4.40)

Note that this expression does not depend on +y;, since n is orthogonal to
all the vectors involved in the square.

Taking the sub-collinear limit of the splitting function as in the left hand
side of eq. (4.6) is now only a matter of making these replacements,
rescaling #; as A\i; and keeping only the leading term in \.

4.5. Summary and results

In this chapter, we introduced the sub-collinear limit which allowed us
to consider collinear limits of splitting functions. Our results show that
splitting functions factorise in this limit in a way that is highly reminiscent
of the factorisation of squared amplitudes in the collinear limit. This
should not come as a surprise since we showed in Chapter [2| that one can
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compute splitting functions as the limit of a squared amplitude, with
open spin indices for the parent parton. In addition, we encountered new
building blocks in these factorisations, that we called splitting tensors,
and described their possible tensor structure, according to the nature
of the parent and sub-parent partons. For this thesis, we computed
all the triple collinear splitting tensors and then checked every possible
sub-collinear limit for the quadruple collinear splitting functions and
found all of them to match the expected results.



80

4. Sub-Collinear Limit



5 | SOFT-COLLINEAR LIMIT

After exploring the collinear limits of splitting functions, that we called
sub-collinear limits, we now turn our attention to the soft collinear
limits of splitting functions, dubbed soft-collinear limits. We remind
that the soft limit is simply the limit in which one or more partons have
vanishing energies. In the same stream of ideas as the sub-collinear
limit, we expect the splitting functions to behave similarly to squared
amplitudes in this limit.

Our interest in such a limit is exactly the same as it was for the
sub-collinear limit too: to provide another sanity check of our results on
the quadruple collinear splitting functions, as well as explore this corner
of phase-space to allow the building of counter-terms to subtract the
infrared divergences in higher-order computations.

This chapter first introduces formally the concept of soft limit, and
especially the soft limit of squared amplitudes. In particular, we focus on
the single and double soft limits, which are the only non trivial limits for
quadruple splitting functions. Afterwards, we prove and formulate how
splitting functions factorise in the single and double soft limits. Finally,
we apply these formula to our specific results.

81
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5.1.  Colour algebra

In this chapter, we use a slightly different notation than what we
introduced in Chapter [I, which is more convenient for the colour
correlations that appear in soft limits. We introduce the colour
charge of parton i with colour ¢, T¢, which is the SU(N) generator
in the representation of the parton ¢. This means that we have
(T)ab = T4, = Ty p, if parton i is a quark, (T§)w = —Tj,. if parton
i is an anti-quark, and (T¢). =1 feicbi if parton i is a gluon. In these
notations, we define a product of colour charges as

T;-T; =) Ti- T, (5.1)
(&

where the index ¢ runs up to the number of colour degrees of freedom
in the representation of partons ¢ and j. This product of colour charges
satisfy the following algebra:

T, - T, =T, -T; ifi#j T; - T; = T? =C;, (5.2)

where C; is the Casimir of representation 7. With full indices, these
relations read

C (& C
(5.3)

5.2.  Soft limit of amplitudes and squared amplitudes

Before turning to the main subject of this chapter, the soft-collinear
limit, we first review the soft limit. We consider here a QCD process
with n particles, amongst which m are soft (m < n — 2), meaning they
have vanishing energy. This limit is simply evaluated by rescaling all the
soft momenta as

Di = Ap; i=1,...,m, (5.4)

and taking A to zero, such that all soft momenta approach zero at the
same rate. In these conditions, the amplitude for such a process is
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divergent and behaves in the soft limit as

S MG (P, pn) =

JC1mcm;81--~SmMCm+1--~Cn;5m+1-~8n

f’m+1-~~fn (pm+17 e >pn) ) (55)

where .7, denotes the operation of keeping only the leading pole in

the Laurent series in A, in a very similar way as %1..,, works for the
Cm+1.--Cn;Sm+1---Sn
fm+1---fn

is simply the same as the one the left hand side but stripped of all

collinear limit. The amplitude on the right hand side M

the soft partons and is called the hard amplitude. The soft current
Jet--misi--Sm iy an operator in colour space that maps the colour space
of the hard partons to the total colour space of both the soft and hard
partons (note that we refer here to all the partons which are not soft
as hard partons). This current is also depending on the spin of the
soft partons, the momenta of both the soft and hard partons, and the
flavours of the soft partons (though we do not show that dependence
explicitly). The soft current has been computed at tree level for the
emission of up to three soft partons [58}/68,87,88].

We can also consider the soft current with all the polarisation vectors of
the external gluons removed, i.e.

Joroemissm = 5l (py m) L e (P, m) JO O (5.6)

It is then expected that the soft current J¢i--¢m¥1-¥m ig gauge invariant,
in the sense that it is transverse to any soft gluon momentum, up to
colour conservation in the hard amplitude:

ppEJGChtm =0 mod  »  T{=0. (5.7)

V]..Vk...Um
i=m-+1

Equation ((5.7]) is known to hold for m = 2 58] and for m = 3 [6§], and
conjectured to hold for any m [68§].

The soft current for the emission of a single soft gluon is

n v
J(p1) = pgsey(pr,n) Y TG ——,
i—2 Pi D1



84 5. Soft-Collinear Limit

where the sum runs over the n—1 hard partons. Eq. ([5.8) essentially is the
emission of the soft gluon from any hard leg. This current is manifestly

gauge invariant, up to colour conservation in the hard amplitude:

n
pY IS =g Y T =0. (5.9)
i=2
Since the soft current is transverse, we can drop all gauge-dependent
terms when squaring the amplitude. Hence, we obtain for a single soft
gluon in a squared amplitude (without loss of generality, the soft gluon
is parton 1):

yl‘Mglfszn’Q =

*
co.. c ..Cl..Cn}82...5n
N gs Z Sjk(p1) {Mfg fn
J,k=2

TG, T, Mo C’v ezt (5.10)

c ¢ Crey,
where we introduced the so-called eikonal factor,

28jk

Sik(p1) = — (5.11)

S15S81k
Eq. shows that in the single soft gluon limit, each of the two
amplitudes emits a soft gluon from an hard leg (the hard legs being
respectively labeled j and k) and the two soft gluons are colour-correlated
to each other. Then, one needs to sum over all possible pair {j,k} of
hard partons.

Next, we examine the double soft parton cases: a soft pair of quarks
or two soft gluons. We first consider the case of a soft pair of a quark
of momentum p; and an antiquark of momentum ps. In this limit, the
squared amplitude factorises as [5§]

q 2
quQq‘Mmfbfs fn’ =

*
03...0 <eiCleC3S3...Sp,

(n*g2) Z F(p1,p2) {Mfs fn
7,k=3

C3...Cj...Ch...Cp;83...8
T2 TC”,M ’ ke " (5.12)
chJ crey,
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where c19 labels the colour of the gluon which splits into the gg pair, and

ATR s1jSok + S1kS25 — SjkS12

8{117 pl,pz) — , 5.13
o st $j(12)Sk(12) o1

with
Si(12) = Sil + S;2. (5.14)

We note that the colour correlation is the same as in the single soft gluon
case, since the pair of quark is ultimately linked to the rest of the diagram

by a single gluon. Due to this fact, eq. (5.12)) is highly similar to eq. ([5.10)).

For the case of two gluons of momenta p; and p2, we separate the
formula into an abelian piece and a non-abelian piece. The abelian piece
corresponds to the two soft gluons being emitted from different hard
partons, while the non-abelian piece adds the possibility that the two
gluons come from the same gluon of momentum p; + ps. The resulting
factorisation is [34,[58]

,(ab ,(nab)
yf729|M9192f3~~fn‘2 = (ylgiq( ) + ,5”1 ) |M9192f3 fn‘ . (5‘15)

As we described before, the abelian part takes into account the emission
of the two soft gluons from two different hard legs and hence has two
copies of the eikonal factor, but with colour correlations involving up to
four hard partons:

b)
ygg (o) ’Mg1g2f3 fn|2

...... c...Cl...Cp...C1;83...5n, *
= (n*g3)? 2 Z Sik(p1)Sji(p2) {Mfg Fn o ]

4,5,k 1=3

chey ckc c]c] () cc] czc ccl Cka

|:T01 TC1 TC2 TCQ , + TC2 TC2 TCl TC1 :|
MC3...01...CJ ck...cél..cn,s‘o, .Sn (5 16)
On the other hand, the non-abelian part features the same colour

correlation as the single soft gluon and the soft pair of quarks cases, since
it all come down to the colour correlation of the gluon with momentum
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p1 + p2 from which the two soft gluons or quarks come in this case.
However, the kinematic part is much more complex:

n
,(nab
FETD | Mgygutysal? = —(12g2)%Ca Y SY(p1,p2)
J,k=3

€3naClrocChCn3S3. 5 | C3...Cj...Ch ...Cn;83...5n
My, 7, ] ngsz,fc;Mfg..fn 4 , (5.17)
where
8s ik
S%9(p1,p2) = S (py, py) — ———2
i ) =S ) 5125;(12)5k(12)
: : l—e 1
4 42915k T %525k ( 3 ‘- SJ(Z'O')(pl,pz)) , (5.18)
$j(12)Sk(12) s;2 8
and
S5 (p1,p2) = Sin(p2) (Sja(p1) + Sia(p1) = Sj(p1)) — (5.19)

is the approximation of S;;(p1,p2) in the strongly-ordered limit.

5.3.  Soft limit of splitting functions

Having reviewed the behaviour of amplitudes and squared amplitudes
in the single and double soft limits, we now focus on the behaviour of
splitting functions under the same limits. As splitting functions are
basically just limits of squared amplitudes, it is justified to expect them
to display a similar behaviour. In this section, we consider n-parton
processes, with the first m ones being collinear and the first or first two
partons to be soft (respectively for the single soft or double soft cases).
The single soft limit of the splitting function is then parametrised as
follows:

21 = Az, S15 — A\S1i , l;:’f — )\/;:’f, 1<i<m, (5.20)
while the double soft limit is parametrised as
21— Az, ze = Aze , kY = MR EE — AEY
s19 = M9, s1p— Asy , S2; — Asg;, 2<i<m. (5.21)

As for the collinear limit, we then simply expand the splitting function
in the parameter A and keep only the leading term in the Laurent series.
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5.3.1.  Single soft gluon

We start by the simplest case: one soft gluon. To obtain the behaviour
of the splitting function in the soft limit, we exploit the fact that the
soft and the collinear limits commute (as for the commutation of two
collinear limits, this fact is easy to prove at tree-level):

AC .M, fo.. 1> = CLomT1 | Mgy gy, P (5.22)

The left hand side of eq. (5.22) is quite simply derived using the
factorisation of squared amplitude in the collinear limit (c.f. eq. (2.16)):

) 212€ g2 meto
AC. .m| Mg po. 5,1 =T ( . S) P s

7}9}97,/1+1...fn (pa Pm+1y--- 7pn)> (523)

where 7}9}5:”““.]0” (Py Pm+1, - - - s Pn) 18 not acted on by .77 since it does not
depend on the soft parton. The right hand side on the other hand is more
complex as we have to take the collinear limit of the squared amplitude
in the soft limit, described in eq. . We can split the sum into four
contributions:

e m < j,k < n: in this case, neither j nor k are in the collinear set;
hence, these terms do not contribute because the eikonal factor is
not singular in the collinear limit;

e 2<j5<m<k<mn: jisin the collinear set while k£ is not; the
eikonal factor has a simple pole and reduces in the collinear limit
to

2Zj .

C1..mT i (P1) = (5.24)

21815
e 2 <k <m < j<n: similar to the previous case with j and k
exchanged;

e 2 <4,k <m: both j and k are in the collinear set and the eikonal
factor has a simple pole, as all three sub-energies involved have the
same rescaling in the collinear limit.
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Gathering all the pieces, we can write the right hand side of eq. ((5.22)) as

C1..mN |Mg1f2 fn ‘2

¢,C2...Cl...Chu O3S

2€ 2
= G TF e Z Sjr(p1) {Spffz fn ]
F k=2

Tcl c1 S C,C2...Cj .. Ck -Cm;S

¢ e; L e SPf .. fon
Z Z {|: CCm+1~--Cg-~~Cn;S/]* [SpC,CQ...Ck...Cm;SI}*
= m+121 S1k flmt1fn ff2efm
c1 c/ica.ClCmis  CCmg1.e.CaeCniS C,Cmg1.--CjonCn | ¥
TC C] Ckcks ff2---fm ffm+1---fn + [Mffm+1---f7L :|
c,co.. Ck .Cm;s’ c1 c1 € \CoeCh e aCrn c’,cm+1...c;...cn;s
[S Prsfm ] T e TSP ™ M pin.ts b, (5.25)
where, for readability, we keep the spin dependence of all quantities
implicit, except for the spin indices of the parent parton, in order to keep
track of spin correlations. To further simplify this equation and factorise
fsf;ﬂm f, asin the left hand side, we use colour conservation for the
hard amplitude, which asserts that

n m

d>OTP = TP (5.26)

i=m+1 i=2
Applying this relation to eq. (5.25)), we get

Cgl.--myﬂMsth fn|2 =

ccz...c]...ck .Cm;S

2e 2
_N gs ffm+1 fn Z S]k pl |:Spff2 fm :|
],k: 2

Tcl Tcl S €,C2...Cj .. ck .Cm;S

chej T ecy, Prfofm
n 2,u 7}f ; 1 i Zk {{Spc,c;..cj...ck“.cm;s’] T _Tcl ,
ml--Jn Cf iz A1 81k Ffzeefm ciej T ekey,
€,C2...Cj..C) o Cm;

..Cm3S €,C2...Cj..Cl o Cn3S c c !
Sp ff2 fm + [Spffz---fm :| Tclcch;c;.Spffz...on

*
2€ 2 ccz...c....c;C .Cm;S
= u=gs T ffm+1 I, Z Ujk:1 [Spffz S }
]k’ 2

C,C2...Cj...Ch ...Cm ;8
TS, T, SRy (5.27)
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where we defined

Ujk;152<— k4 FkoL F ) (5.28)

SISkl ZISKlL Z1Sjl

We notice that fsﬁ;ﬂ_._ 1, completely factorises and that the soft parton
is only colour-correlated to the other collinear partons. This is a
manifestation of colour-coherence: the cluster of collinear partons acts
coherently as one single coloured object, and the hard partons cannot
resolve its individual collinear constituents. Finally, we can put together

the two sides of eq. ((5.22)) to find

—1
2/L2592 m .,
# ( -

S1..m

1 & €,09...C"..ClpeCmss’ | ™ o .

2 2 ) ,C2 k---Cm; c c C,C2...Cj...Cp...Cm ;S

=i ;2 Ujk;1 [Spffz...fin T3, Toly SPyp ph -
j7 =

(5.29)

This universal behaviour of splitting functions in the single soft limit
is very reminiscent of the behaviour of squared amplitudes in the same
limit (c.f. eq. (5.10))). Just like it was the case for squared amplitudes,
we have to keep track of the colour correlations due to the soft gluon
which happens at the amplitude level, the main difference being that
the eikonal factor is replaced by the quantity Ujj,;. The factorisation in
eq.. is valid for an arbitrary number of collinear partons, and up to
the colour correlations it is independent of the specific type or functional
form of collinear amplitude.

5.3.2.  Soft pair of quarks

We now turn to the case of a soft pair of quarks. Since the colour
correlations for the soft pair of quark limit of a squared amplitude (c.f.
eq. ) feature two-parton colour correlations as for the single soft
gluon case (c.f. eq. (5.10)), the development of their respective soft limits
of splitting functions is similar. More precisely, we split the double sum
of eq. into four contributions (according to whether or not the
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two indices of the double sum are in the collinear subset) and use colour

conservation for the hard amplitude:
n m
doTpE = TR (5.30)
i=m+1 i=3

Using the commutativity of the soft and collinear limits, we arrive at an
expression which is formally similar to eq. (5.29):

2,2\ M1
yqq 2” 9s pss’
12 S1 m 01923 fm
c,c3.. c CheeCmis’ |

1 m
(1°g2) ? ; itz [Spffs e

C,C3...Cj .. c;...cm;

TS2 T2, Sp ° (5.31)

c. e ckc ff3

where

{79 (pl p2) _ 4TR <81j32k + S1kS25 — SjkS12 21524 + 22815 — 2812
jk;12\P1,P2) = —5
S

12 $5(12)Sk(12) (21 + 22)8j(12)
2189k + 2251k — ZkS12 2212 2>' (5.32)
(21 + 22)sk(12) (21 + 22)

Note that, unlike the soft gluon case, here the first two terms in the
kinematic factor in eq. (5.13]) contribute in the collinear limit even when
neither j nor k are in the collinear set.

5.3.3. Two soft gluons

The case of two soft gluons in a splitting function is more involved, since
the two soft gluon current features also four parton colour correlations.
Hence, we start from the simpler case, which is the non-abelian part (see
eq. ), which has only two parton correlations. Like for the two
previous cases, we split the double sum into four contributions and repeat
the same analysis. Similarly to the case of a soft pair of quarks, we still
have contributions even when both j and k are not in the collinear set.
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We find an expression which is yet again similar to eq. (5.29):

m—1
spagtoan) <2M2€93>

$1 m 9292f3---fm

/ LK
CyC3-0:Cj e eChove-CmiS

1 m

N 2¢ 212 (nab)

= —(u*g?) c Ca Ek :3 Ui [Spffz..-fm
]7 =

c c C,C3...Cj...Ch ...Cm ;8
T TE, Spy i (5.38)

where

gg(nab) __ 2212’2 1—¢

e =S (p1,p2) — S (p1,p2) — S (p1,p2) +4 (

21+ 22)? sy
(5.34)
with
S (p1,p2) =
o. 1+ 2182 (1—€ 1 _(s0)
_ Sleo) 42250 i ( _ oS!
i PP (21 +22)8i012) \ 87, 87" (p1,2)
4 2z;
2B (5.35)
s12 (21 + 22)85(12)
and
2z; 2s; 2 2z;
S5 (pr,py) = —— (— fz 2B, oA ) (5.36)
zosi2 \ Si1S12 21512 Z1Sil

As regards the abelian part of the two soft gluon current, which involves
simply two copies of the eikonal factor but up to four parton colour
correlations, the quadruple sum in eq. may be split into six types
of contributions:

e m < 1,5, k, £ <n: none of 7, j, k, £ are in the collinear set, and so
these terms do not contribute in the collinear limit, because the
eikonal factors are not singular in the limit;

e 3 < i< m< jkt < n, and likewise the other three cases
where only one index runs in the collinear set: these terms do not
contribute in the collinear limit, because one eikonal factor is not
singular in the limit;
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e 3< i,k <m<j¥l<n,and likewise the other case where only

the pair (7,¢) runs through the collinear set: these terms do not
contribute in the collinear limit, because one eikonal factor is not
singular in the limit;

3<1,7 <m <k, f<n,and likewise the other three cases where
one index from the pair (i,k) and one index from the pair (j,¢)
run through the collinear set: each eikonal factor has a simple pole
in the collinear limit, for example, for 3 <i,j < m < k,{ < n, the
eikonal factors reduce to

2Zi 2Z]'

C1..mSik(p1)Sje(p2) = (5.37)

)
21 81 22 825
and likewise for the other three cases;

3<14,5,k <m < ¥{<n, and likewise the other three cases where
one index is outside of the collinear set: for 3 < 14,5,k <m < ¢ < n,

we obtain
22z;

J_ Q.
SSu). (Y

C1..mSik(p1)Sje(p2) = —

and likewise for the other three cases;

3 <1i,j,k, £ < m: each eikonal factor has a single pole like in the
analogous case for the single soft limit.
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Gathering once again the contributions outlined above, and using colour
conservation for the hard amplitude as in eq. , the coefficient of
the abelian part in eq. of the double soft gluon limit becomes, as
expected, the product of two single gluon coefficients U}y, defined in
eq. (5.28)):

(ab) | (2079
y1929 ¢ (31 m ) 9192f3
c,c3.. c

1 1 m C ..
= (1222 Cfi Z zklUﬂ?[Spfﬁs .

c c c2 c2 > co c c1 €,C3..CenCj o nCl v ClpenCm3S
[TlTlT T T;T , T} T }Spff3 o

che; 7 egc ccj CECZ c cec ciei T epey

The sum of egs (5.33)) and (5.39)),

m—1
09 2M26 2 ~ o _
12 P 9192f3---fm
2€ 2

m—1
J(ab ,(nab 2p Js Dss’
= (yl%g( ) + yIQQQ( )> |:< ) 91892f3~~fm] , (5.40)

S1..m

yields the double-soft gluon limit of an m-parton collinear splitting
function.

5.4. Applications of soft limit of splitting functions

After having detailed how a generic splitting function behaves in the
soft limit, we specialise these formulas to up to four partons. We focus
mainly on the cases where all but two of the collinear partons are soft.
In that case, the remaining functions Sp are splitting the parent parton
into only two partons and have only one colour structure. This means
that we are able to recombine the functions Sp into splitting functions,
thus giving us relations between splitting functions only. We will start
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by the simplest cases and, step by step, end up with soft limit of our
quadruple collinear splitting functions.

5.4.1. Single soft limit of double collinear splitting function

We start with an almost too simple case. We consider a splitting function
Pgl f»» Where the gluon g; is soft. By virtue of eq. (5.29)), we have

55

2N26‘g‘3 pss’ 2e 2 1 AT — c1 €,Cy38
(5.41)

as both indices in the double sum can only take the value 2. Here we
can solve the colour correlations immediately, using eq. ([5.3)),

T, T, = (T3) , |, = Coduyey, (5.42)
272

/
chea T cach

where Cs is the Casimir of the parton 2. The Kronecker symbol that
appears allows us to sum over the colour of parton 2 in eq. ((5.41)) to
make the splitting function appear, according to eq. (2.18)):

1 c,ch;s'1* c,cllis Bss’
C—f{Spffj | sp} oue = P3. (5.43)

The splitting function that appear in the right hand side of the last
equation is the splitting of one parton to one parton, which is trivial:

P =6, (5.44)
Putting everything together in eq. (5.41)), we finally have

Dss’ 22 ss’
S|P, ] = 2 2C0° (5.45)

5.4.2. Single soft limit of triple collinear splitting function

We now apply the same idea as before to the first example of non-trivial
of soft-collinear limit: the soft limit of triple collinear splitting functions.
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We one again start from eq. (5.29)), but this time the indices in the double

sum can take the values 2 or 3:

2
2H2592 .
5% 5| P
1 [( $123 g1fafs3

. K gs Cycl203§5l * c1
=g {U22;1 Spi] T

et Spc,cgcg;s
/!

che2 ~ cacy T E ffaf3

¢ ches;s’1* me c c,coch;s
+ Uas [Spffjf:’, } TCéCQTC;CQSpfhfz

c,cach;s' 1 e c c,ches;s
+Unsa [SPYE"| To., Toay SPYEY,

¢, c2ch;8' 1 e c c,cocllss
+Uss;1 [Spffog’ ] Tc{i%Tc;chpfofg }, (5.46)

where we used the fact that Uj.; is symmetric under j <+ k. The first
and last term in this equation have colour structure which can be directly
evaluated as

Tci Tc1 o — C25C /1y (5.47)

CyC2 T Ccacy 2C5
and the same thing with 2 replaced by 3. On the other hand, the second
and third term in eq. will give rise to Ty - T3 and T3 - T9, which
are equal as colour charges of different partons commute. These colour
correlations can still be evaluated using colour conservation:

T% — T3 — T3
2 )
where T p is the colour charge of the parent parton. We can thus simplify

cq. (E19):

2
2u2692 .
7! [( 81238 Pgsfofs

2 2 2,u2€g§ Hss’
= pu=g; [U221C2 + Ua31(Cp — Ca — C3) + Us3,1Cs] Ty ) Rt

Tp+Te4+T3=0=Ty T3 = (5.48)

(5.49)

To obtain the factorisation of a specific splitting function, one simply
needs to replace in this equation the coefficients Ujz.; by their value given
in eq. and the Casimirs C; by Cp if parton ¢ is a quark and Cy if
parton 7 is a gluon. The result we found are in agreement with ref [34].
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5.4.3. Soft qq pair limit of quadruple collinear splitting function

The first non-trivial example of a soft pair of quark limit is for quadruple
collinear splitting functions. We are hence looking for the limit of splitting
functions of the form f’;lsé Fafa: Looking at eq. , we realise that it
involves the same kind of colour correlations as eq. , two-parton
colour correlations, so that the factorisation of the splitting function
in the soft limit in the case of two soft partons or a single gluon are
identical up to replacing the factors Uj,, from eq. with U;‘]g;u from
eq. (5.32) and changing the span of the indices j and k£ from running
{2,3} to {3,4}. This gives us the following formula:

3
quzq 2M2€g§ pss’
$1234 q1G2f3f4

= (1*g2)° [U§§12C3 + Ugg;m(CP —C3—Cq) + Ufg;12c4}

20797\ pos
P, . (5.50
< S34 fafa ( )

Once again, this formula is then easily applied to any quadruple collinear
splitting function, as it only requires to input the values of the coefficients
U]ggﬂz (which are always the same irregardless of the flavours of the
partons) and the Casimirs of the parent parton and partons 3 and 4.

5.4.4. Two soft gluon limit of quadruple collinear splitting function

Finally, we turn to the limit where two gluons are going soft in a quadruple
collinear splitting function. This case is more involved than the previous
ones as it features up to four parton colour correlations. We start
by considering the non-abelian part which has only two parton colour
correlations. This time again, as it was the case for the soft pair of
quark limit, we have the same colour correlations as the single soft limit.

Indeed, eq. (5.33) is the same as eq. (5.31]), with U; jglg;(lr;ab) from eq. (5.34))
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instead of U;’,’in from eq. (5.32). Hence, we can immediately write

3
2#2692 Pss’
$1934 9192 f3fa
b b b
= —(1*92)* Ca |UB5" Co+ UES" (Cp — Gy — o) + Uf5"CA]

2M2693 .,
P, . (5.51
< S34 fafa ( )

nab
y1929( )

For the abelian part, we expand the quadruple sum in eq. (5.39)) with
3<14,4,k, £ <4, and after using colour conservation,

Tp+ T3+ Ty=0 (5.52)

we obtain

2 2\ 3
gg(abd) 2” g Hss’
5/12 |:< 8123:) Pgsfngsf4]

= (1*¢%)? [U33.1C3 + U1 (Cp — C3 — Cy) + Uss1C4]

2p* g3
534

[U33;2C3 + U34;2(Cp —C3 — C4) + U44;2C4] ( ) P;;}M (5.53)

with the coefficients Uy, defined in eq. ((5.28]).

The double soft gluon limit of a quadruple collinear function is then given

by the sum of eqs (5.51) and (5.53):

S | Bavaars] = (FE + A5 [ Bosvatara] - (5.54)

As it was the case in the previous limits, this formula can be directly
applied to any quadruple collinear splitting function.
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5.5.  Summary and results

In this chapter, we presented the soft-collinear limit, which allows us to
explore the soft limit of splitting functions. We showed how the splitting
functions behave almost identically to squared amplitudes (with of course
different kinematic coefficients), with one change due to colour-coherence.
Indeed, this property makes the non-collinear partons unable to resolve
the individual collinear partons, and the colour correlations then only
happen between the hard collinear partons. In addition to this result,
we checked the soft limits of quark-parent splitting functions, and these
have been found to behave exactly as expected.



CONCLUSIONS AND OUTLOOK

In this thesis, we presented our work on the quadruple collinear splitting
functions, where we computed those for the first time, and explored
some of their properties.

In Chapter [3, we exposed our most central result: the splitting functions
themselves. We detailed the symmetries of these functions and their
colour structure. Indeed, the computation of the quadruple collinear
splitting functions required a deep understanding of their composition,
but, above all, this process was made simpler by our gauge choice. As
we insisted in Chapter [2] the choice of a physical gauge was crucial since
it allowed us to directly extract the splitting functions from subgraphs
that factorise from the main process in the collinear limit. This trick left
us to compute the square of 5-point processes (1 splitting to 4) and take
the limit. Our results are an important addition to the effort to build
a subtraction scheme at N3LO, since it was the penultimate missing
piece, the last missing piece being the double soft limit at one loop. Due
to their sheer size, this thesis does not include the quadruple collinear
splitting functions but they can instead be found online [77].

In Chapter [4], we started our study of the properties of splitting functions
by looking at the sub-collinear limit. The purpose of that study was
twofold. One the one hand, it consolidated our trust in our results as it
provided a strong sanity check. Indeed, our results having the expected
behaviour for all possible collinear limits leaves close to no room for
mistakes to happen. In the context of this thesis, we checked all the
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collinear limits of the quadruple collinear splitting functions and they
were all found to match the expected value. On the other hand, this
study of the sub-collinear limit allowed us to explore this particular
corner of phase-space and to better understand the mathematical
properties of these functions. This lead us to the introduction of the
splitting tensors, which are new functions that appear in the factorisation
of the splitting functions in the collinear limit, and to the computation of
the triple collinear splitting tensors, which were never computed before.
Since the splitting tensors are essentially just splitting functions with
one open leg and splitting functions are limits of squared amplitudes
with one open leg, we should not be surprised by the results of this
chapter as they basically indicate that splitting functions behave like
squared amplitudes.

In Chapter we explored another interesting limit of the splitting
functions: the soft limit. The reasons to do so are exactly the same as
for the sub-collinear limits: to provide more strength to the trust in our
results and to explore the mathematics of the soft-collinear limits. In
the context of this thesis, we checked the soft limits of the quark-parent
splitting functions and found them to match the expected results. This
limit added a new ingredient to the mix: colour correlations. For the soft
limit that we considered, the colour correlations were mostly two-parton
colour correlations but they could go as high as four-parton. Once
again, due to the nature of the splitting functions, it was no surprise
that their behaviour in the soft limit is highly reminiscent of the one
of squared amplitudes. The biggest twist to that analogy is probably
colour-coherence: the fact that in the soft-collinear limit, the soft partons
only colour-correlate the hard collinear partons.

Looking forward, there is still plenty of work to be done related to this
thesis. First, as we mentioned before, the knowledge of the quadruple
collinear limit was only the penultimate missing block to the building of
a subtraction scheme at N3LO. The next logical step would then be to
look for the double soft limit at one loop, as it would achieve this goal
of fully understanding the structure of IR divergences at N3LO in QCD.
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Next, as it was suggested in [58], one could extend these results to a
supersymmetric version of QCD, .4 = 1 Super-QCD, to further reinforce
our trust in our results. Indeed, something intriguing happens then: the
splitting functions in this theory could be obtained from the QCD ones
by putting C4 = Cr = 2Tr and symmetrising over the quark states to
have the gluino states (the gluino being the leptonic super-partner of
the gluon); then, in D = 4, the splitting of a gluon into all possible final
states should be the same as the splitting of a gluino into all final states,
providing an identity involving all splitting functions at once. Since
it involves functions that are computed from QCD splitting functions,
verifying this identity would provide another strong check of our results.
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A | LOwWER ORDER
SPLITTING FUNCTIONS

In this appendix, we give the expressions of the splitting functions
for m = 2 and m = 3 (c.f. for example [58,89]). We recall the
parametrisation of the collinear limit (cf. eq. (2.5))):

2 n

L2
4k — " A1l
Di = Tip + K 2xin-p’ ( )

as well as the boost-invariant variables (cf. eq. (2.6])):

Ty

2= Sm (A.2)
Zj:l Ly
];ZZ‘ = k’i — Z; Z k’j. (A3)
j=1

For m = 2 the corresponding splitting amplitudes read

22
<EQ=CF<TEZ—41—a)7

p/“,_T ) 42(1 ];‘“/%V
q¢ = 1R| 9 +Z( *Z)]%Q )

pUv _ gt z 1—z>_ _ _ @ A4
P QCA<g <1_Z+ )20 -0:01- 2" ), (A4)

where z = 21 =1 — 29 and k = ky = —ks.
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For m = 3, there is five independent splitting functions. The simplest of

the quark-initiated ones is

A

1
(Prgq) = S TrCF

5123 ( B t12.3 423+ (21 — 22)?

S12 5125123 zZ1 + 22

+(1—26) <21 +zg— 812) ), (A5)

5123

with
ZiSjk — %jSik Zi — &4 ]

. A6
2 + zj Zi+zj5” (8.6)

tij,k =2

We also have a case with quarks all of the same flavour:

A A ~ (id
(Pagq) = ((Pyga) + (2 3)) + (PG, (A7)
with
NG 1 s s 1422
o110 o2 ) 22 122
Waa') = Cr (Cr 2CA -9 s - s12 \1— 22
279 (1 — 23)? 279 5 )
— — 1 — — (1 -
2 e( T +142 = e“( 23)

2 2
5123 Z]_ ]. + Zl ( ]. - 22 2>
= — —€e(1+2 —€
512813 2 <(1 — 29)(1 — z3) 1— 23
+ (24 3). (Ag)

For the last of the quark-parent splitting functions with m = 3, we get

<pggq> = C%<Pg(gg)> + CACF<P§;‘§b)>, (A.9)
with
A i 1+23 22+ 23
plab)y _ | _5123 3_ A1LTA g
{Poga ! [281382323 1 € o, €(1—¢)

s123 (23(1— 21) + (1 — 2)° ks
| 5123 < 3( 1)+ ( 2) + (14 23) — e(2 + 2120 + 22) 2)
513 7172 o

+(1—¢ <€—(1—6523) +(1¢2), (A.10)

513
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and
~ t2 1 e 57 1—23)%(1 —¢€) 422
<Pg(;anb)> — (1 _ 6) 12273 S 123 (( 3) ( ) 3
4812 4 2 2812813 22
21— 2(1 — 2 1—23)%(1 - 2
GUEDES (Len N (RS SR
1-— z3 4813823 Z1%9
n 5123 <(1—6) Z1(2 —2z1 + Z%) — Z2(6 — 629 + Z%) +2€Z3(21 — 22’2) — ZQ)
2312 22(1 — 23) 2'2(1 — 23)
5123 (1 — 22)3 + Z?Q) — 22 (2(1 — ZQ)(ZQ — 2’3) )
+—| (1€ —€ — 21+ 22
2513 <( ) z2(1 — 23) z2(1 — 23)
1— 1— 3 2 2
sl —2)+ (11— 29) el 2) <21 + 25 _€> )] Lo
2122 2122
(A.ll)
Then, for the gluon-parent splitting functions, we have first
_ uv (ab) pv (nab)
P;Z:] TRCFquq + TrCa quq , (A12)

with

phvlab) _ T 25123523 + (1 — €) (5123 — S23)*
944 512513

4 o o o
i 5123 (kigklgl + ké‘k’gj _ (1 — E)ki‘kf) , (A.13)
512513

and

Puu(nab) } 5123 wjt%i’),l — 16 Z%Z% @ o @ @ o @ :
999 4 533 g 5123 21(1 — 2’1) Z9 z3 zZ9 z3

{Qslggguy —4 (l?:g‘l;:g + iﬂgl‘;‘g — (1 — 6)];#];311/ }

512513
S123 1 — 23 S1o3 1 — 21 + 22’%

s12 21(1 — 21) sz 21(1—21)

— g [—(1 —2€)+2

z9(1 — 227) 23

5123
16k“k —_—
21(1—21) 32’1(1 —2’1)

+ l — 2s1239"" +8(1 — €)kh kS
512523

STy 0Ty 22’2 zZ3 — 21

) + (24 3). (A.14)
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Finally, for the last triple splitting function, we have

R o e A A

999 812513 z3(1 — 23) (1 — 29)
_§(1_6)gﬂl/+slﬁgm/i 2(1_23)+423 _ 1—22’3 1—23
4 s oz | 1-z al-2)
(1-¢ pv 42 7223 ka ki)
— t 168799 ———= | = — — e M
+ 157, 9"t 3 + 812323(1 oyl el
2(1—¢) (1—22)(1— 23) 2923

23(1 — 23

- (RAR + RS (2Z2(1 ) D
(A1

+ (5 permutations). 5)



B | SPLITTING TENSORS

In this appendix, we give the expressions of the splitting tensors for
m = 2 and m = 3. Note that, due to its size, the three-gluon splitting
tensor H/Z:!" is too lengthy to be presented on paper, but we make it
available in computer-readable form [77]. For m = 2, we have

(B.1)

- 1 - 2 kPkC
ng:CF lQ(l_Z)dp (p7n)_2 ]7

1—2 k2

. 1—2z
ngg”“’ - [ 2z

(9""g"7 + g"Pg"7)

d W BRT e RR] L
+ 19" T 1= 2)d ) -] (B2)

where z = 21 =1 — 29 and k = ky = —ks.

For m = 3, we first present the splitting tensor H, where we

12)9394°
consider that it comes from a quadruple splitting funct(ior>1 where the two
first partons are collinear. We therefore added a subscript (12) to denote
the on-shell momentum of the gluon sub-parent. We separate the colour
structure of the splitting tensor as follows

Hggy = Ch Hggq(ab) +CaCr Hggq(nab)’ (B.3)

and give the expression of the abelian and non-abelian parts in term
of the coefficients introduced in eq. (4.19)). Furthermore, we define the
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shorthand
zlmj:zl—i—...—kzj, Zi::[—zi, ];1,_.j:];31+...+];3j. (B4)

In what follows, we have eliminated z12 and 1512 using the constraints.

The coefficients of the abelian piece of H, read

(12)9394

A(ab) 1{ 3?12)3(2(54 +23) — (D —2)23)24 . 534(32 — 22)

223 25345(12)4 5(12)4

324724 — (1 + 23)2 224 (14 23 —224)z
+532)3 121 — 3) 3 423 ( 3 14)24
534 $(12)4

1/ 1 1
+ (2 — 23)24 — 322 + 53 + 8(12)32354(19 — 2)* ( + )

2\ s34 S(12)
_ saalzs(l + 234) — 224%)
834 ’
(B.5)
g _ Sl [ (D =Dz + H)z + 4
33 s3423(1 — 234)2 5(12)4
" 24834(453 + (D — 2)2%) }
5%12)4
(B.6)
plab) _ Sh2)34% s34(423 + (D — 2)23) 73
B snazg(1 — 23)? 24
B 23(D — 2) (234 — 2) — 4z4) (B.7)
5(12)4 ’
plab) — plab) _ Sti2)a4 25347324(473 + (D — 2)23)
TR 2s3423(1 — 234)? %124

N (D —2) (3 — 2324 (223 + 224 — 5) — 23) 23 + 424 (23 + 24)
5(12)4
(B.8)
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On the other hand, the coefficients of the non-abelian part of the splitting
tensor Hy, g9, can be written (following eq. (4.19)) as

2 _ _
mab) _ 2024 ( 3 2374 — 27} — z%) _ 5345012)4 223 (1 — 234)

= = 2
Z15(12)3 \ Z45(12)3 4s3.4 5(12)3

2 _
N 83,4 (1 — z34) <(23 + Z4) N 1 ) 834 (1 — z34) (zd (z24+7)
Z45(12)3 d235(12)4  Z45(12)3 45(12)3 Z3

&7
B 3& _ 4) 534 (1 — 234) ((D —9) 4 2(z3 + 24) (23 + 324 — 2))
85(12)4 2324

z3 Z4

520 9 >
+ 128 <Z4(D —-2)— zalzs £ 24)) _ 20 ((D —2) (23 — 224)

88345(12)4 23 88(12)4
2z3(1 — 2 4—-3 -1
pony 4 22 220) | gz (4 32) ) St ((D —2) (23 — 2)
24 23 8534
B 22’3(177 224) i 254(324 — 23)) n S(12)4 (2 _ 2(2’4 B 23) 222 T Zg
Z4 23 83,4 2324
4 —Z 272
— (D - 2)23) +a (23( ko -2 )+ 9) + 24)
5(12)3 7 23

1 1 324 23 (1 + 24) (1 — 234)

2(D-2)(1 S@u 1) (124 -
+8( )( +Z4)+4(z4 )( 23) 222

(B.9)
ploab) _ 5%12)34 274(4z4 + (D — 2)73) a2z — 274)
83 2(1 — z34)? 8%12)3 $345(12)3%4
_ 2,’4(423 + EZ(D — 2)(24 + 23) + 4(1 — 224)24) _ 42’2
5(12)35(12)4%4 5345(12)4%3
z D -2 -2 1
N ( Zi oz ) ( )(24(234 —2) +1) , (B.10)
5(12)3 5(12)4 534

B(nab) _ 5%12)34 {22%(424 + (D - 2)22) _ Z3(4z4 + (D —2)(2 — 234)23)

T 21— 23y)2 ${12)3 %4 5345(12)4%3
Z3 (4 (23 (223 — 3) + 24) _(D- 2)(24 n 2’3)2’3)
5(12)35(12)4 z3
b_ (4+423 (‘? 2) +(D2)(2z34)z§> } (B.11)
8345(12)3 24

2 _
pab) _ plan) _ S0z [ 423(31(D — 2) +42)
34 — 743 4(1 _ 234)2 8%12)3
B 4z4(z4 + 23) + 23(D — 2)(24(225 — 1)(2 — 234) + Z3)
235345(12)4
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1

— 4722 — Z4z(4+ (D — 2)22 4+ 202
23248(12)38(12)4< * 3 ( )% 4

+222(24(6 — 824 — (D — 2)23) + 4))

 23(8 4 23(D — 2)(224 — 3) — 4z4) — 42, (1 + 224)
Z45345(12)3
 2(s34 — s02)4) (Za(D — 2)(224 — 1) + 4)
Z45345(12)35(12)4 ’

(B.12)

In the remainder of this section, we provide explicit results for the

splitting tensor H 5%“ Y. We can write it in terms of an abelian and
non-abelian part:
HPTHY — T O FPOHY (aD) 4+ TrCa HPOM (nab) (B.13)
93¢ — TRYF Hgqq RtAgqq : :

The coefficients in eq. (4.28) belonging to the abelian piece of H 55;2’;;3(1 .

are given by

2
4 [zt su2) (B.14)
25(12)35(12)4

2

BB(;b) = B351ab) = B4(3ab) = B4(4ab) = s ) (B.15)
5(12)35(12)4

(ab) 25(12)34 (245(12)3 - 548(12)4) 2

CB3 = - 2 2 2 5 (Blﬁ)
5(12)35(12)4(1 — 234)

2s 238 — Z38 2

C4glab) _ (12)24( 32(12)4 3 (122)3) ’ (BA7)
5(12)35(12)4(1 — 234)
(ab) _ ~ (ab) _ 25(12)34 (238(12)4 - 538(12)3) (248(12)3 - 548(12)4)
Cyy " =04 " = 3 5 5 , (B.18)
5(12)33(12)4(1 — 234)
8242
p.tab) _ _ , B.19
3333 3?12)4(1 )2 ( )
; 8232
pab) _ 3 7 B.20
4444 5%12)3(1 ~ 231)? ( )
82423
D) —plab) . T*% B.21
3334 3343 3312)4(1 ~ 231)? ( )
ab ab 82424
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