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Abstract

Production theory is based on an economic model where we define the production
set, i.e. the set of the combinations of inputs and outputs that are technically feasible.
The efficiency of a particular unit is measured by its distance to the efficient frontier of
the production set, based on a selected direction. Nonparametric models are particu-
larly appealing because they do not rely on restrictive assumptions about the shape of
the efficient frontier nor on the processes that may give rise to inefficiencies. Since these
quantities are typically unknown, they must be estimated from a sample of observed
units. The most widely used non-parametric approaches are based on envelopment
estimators such as Data Envelopment Analysis (DEA) or Free Disposal Hull (FDH),
making the derived measures of efficiency for a given unit dependent on these envel-
opment estimators. In recent decades, substantial results have been derived regarding
the statistical properties of these non-parametric estimators. These advancements fa-
cilitate statistical inference regarding the efficiency scores of individual units across
different contexts or efficiency comparison between groups of units, as well as testing
procedures concerning the shape of the attainable set (whether convex or non-convex),
or assumptions about returns to scale. It is shown how crucial the assumptions made
on the DGP are, incorrect assumptions may lead to inconsistent estimators and wrong
inference. These results have now been extended to dynamic settings, including infer-
ence on Malmquist Productivity Indices (and other well-known productivity indices)
and their components. In this paper, we provide a comprehensive up-to-date survey of
various approaches.
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1 Introduction

Benchmarking is an important topic in management and applied economics. The idea
is to compare firms, plants, banks, hospitals, universities, etc., to other units having similar
activities, but being more or less efficient in the way they combine their inputs (e.g., labor,
capital, energy, etc.) to produce their outputs (e.g., goods produced, services offered, etc.).
This benchmarking is useful for managers. It helps managers of less efficient units improve
their unit’s performance by learning from similar units that are more efficient. Benchmarking
may aid in detecting and understanding why some units appear to have very low performance,
or it may reveal that the researcher’s model is incomplete, perhaps neglecting some important
features such as heterogeneity factors.

Production theory based on the pioneering work of Koopmans (1951) and Debreu (1951)
provides the elements of an economic model allowing an analysis of production. The central
component of the model is the production set, i.e., the set of feasible combinations of input
and output quantities. Measures of the technical efficiency of a given producer correspond
to measures of distance from the point in input-output space where the producer operates to
the efficient boundary of the production set. Various assumptions on the production set are
commonly made, and various directions in which distance to the production set boundary
is measured have been proposed. See Shephard (1970), Fére et al. (1985) or Fére (1988) for
an overview.

The production set as well as other theoretical economic concepts such as the stochastic
process that generates inefficiency among producers is in general unobserved. With few
exceptions, the empirical researcher only observes quantities of inputs and outputs for a
sample of n producers. These observations must be used to estimate technical efficiency and
other features of interest. Farrell (1957) provides the first formal empirical study of technical
efficiency, but without any statistical theory and thus without statistical inference. Inference
is needed to quantify the uncertainty surrounding estimates, and inference requires a model
of the data-generating process (DGP). The most widely-used non-parametric estimators of
the production set are based on envelopment estimators, i.e., sets that envelop the observed
input-output quantities in input-output space. Then estimates of efficiency are obtained
as measures of distance from a particular observation (of a producer’s input and output
quantities) to the edge of the estimate of the production set.

Nonparametric estimators have the advantage (over parametric estimators) of being based
on a minimal set of assumptions (e.g., regularity of the boundary or qualitative assumptions

on the shape of the production set) and do not require, in general, specific assumptions



on the process that generates inefficiency which causes producers to operate in the interior
of the production set, some distance from its frontier. The price to pay for this flexibility
is (i) the curse of dimensionality—as is typical in non-parametric estimation, more data
are needed as dimensionality (i.e., the number of inputs and outputs) increases to avoid
increasing estimation error, and (ii) the use of bootstrap techniques for making inference.

Substantial results on statistical properties of non-parametric estimators of production
sets and efficiency measures have appeared in recent decades. These advances permit sta-
tistical inference on the efficiency scores of individual units as well as comparisons of ef-
ficiencies between groups of units. In addition, easily-implemented procedures for testing
assumptions on the shape of the production set have been developed. As shown below, the
assumptions made on the DGP, including the shape of the production set, are crucial for
obtaining valid, meaningful results in empirical research. Imposition of unfounded, incorrect
assumptions leads to statistically inconsistent estimates, invalid inference, and consequently,
to misleading conclusions. These statistical results results have recently been extended to
dynamic settings to make inferences on Malmquist Productivity Indices (MPIs) and their
components. This chapter provides a comprehensive, up-to-date survey of the tools that are
available to empirical researchers today.

A separate literature on parametric methods for efficiency estimation has also been de-
veloped in recent decades (e.g., see Kumbhakar and Lovell, 2000). These methods are based
on particular, restrictive assumptions on the shape of the frontier and typically involve spec-
ifying a parametric function that is assumed known up to a small number of parameters to
describe the frontier. In addition, almost all such models require a parametric assumption on
the distribution of efficiencies. The most common specifications are the translog functional
form for the frontier, and a half-normal distribution for efficiency combined with a normal
distribution for noise. The main problem with these approaches is that when the specific,
particular parametric assumptions are incorrect, all of the resulting inference is invalid.!

This chapter focuses on non-parametric methods for analysis of production performance
and is organized as follows. Section 2 introduces the economic model and specifies the DGP.

Section 3 presents the most popular non-parametric estimators and discusses their statistical

!The translog functional form is seldom tested in empirical studies of efficiency, but is often rejected
when it is tested. See, for example, McAllister and McManus (1993), Wheelock and Wilson (2001, 2012)
2018). Wheelock and Wilson (2018) note that rejection of the translog functional form is hardly surprising
since the translog function is merely a quadratic in log-space, which limits the variety of shapes that can be
taken by the function. Wheelock and Wilson (2018) also note that the translog function is derived from a
Taylor expansion of output, cost, etc. around the means of the data, and one should not expect it to fit well
data that are highly variable and highly skewed, which are common features of data from many industries.
See Wheelock and Wilson (2018, Section 4) for additional discussion.
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properties. Section 4 presents estimation approaches that are less sensitive to outliers and
extreme values than the full envelopment estimators. In Section 5 a natural way to introduce
environmental variables is presented. Testing issues are addressed in Section 6. Dynamic
models and MPIs are defined in Section 7, providing the tools for doing inference on gains
or losses of productivity of firm across time periods. Section 8 concludes, giving a short

summary of themes and extensions omitted from this chapter.

2 Nonparametric Models of Production

2.1 The Economic Model and Measures of Efficiency

The economic model for a production process where inputs X € R% are used to produce

outputs Y € R is based on the definition of the production or attainable set
U = {(z,y) € RE. x RY | z can produce y}. (2.1)
The technology, or the efficient boundary, is defined as

V0 = {(z,y) € U | (£ 'z, 8y) ¢ UV E> 1} (2:2)

The “minimal” set of conditions usually imposed on ¥ (e.g., see Shephard, 1970, Fare, 1988)

are included in the following assumption.

Assumption 2.1. Minimal Conditions

(i) U is closed; (ii) the inputs and outputs are freely (or strongly) disposable, i.e., for all
(x,y) € ¥, if ' > x and iy <y, then (2',y') € V; and (ii1) all production requires some
non-zero inputs i.e., if x =0, y >0 and y # 0, then (z,y) ¢ V. 2

Part (ii) of the assumption amounts to an assumption of weak monotonicity on the
frontier. Part (iii) rules out free lunches by implying that something cannot be produced
from nothing. Note that in this general representation, W is not assumed to be convex.
Similarly, there is no assumption on returns to scale. The technology exhibits constant
returns to scale (CRS) if (x,y) € ¥ implies (ax,ay) € ¥ for all @ > 0, but whether this
is the case is ultimately an empirical question. We will see below that if we add these
assumptions, when appropriates, to our models, we should adapt the estimators to obtain

better precision. We will also see that these hypothesis can be tested.

2Here and below, inequalities on vectors are understood to be component-wise.



Once the production set as been defined, the efficiency of a production plan (z,y) € ¥
can be measured by its distance to the efficient boundary ¥?. The most popular are the
Debreu-Farrell (Debreu, 1951, Farrell, 1957) radial distances, i.e., the radial input oriented
efficiency measure

O(z,y | V) =inf{0 | (fz,y) e ¥} <1 (2.3)

and the radial output oriented measure
A,y | ) =sup{A | (z,\y) € ¥} > L. (2.4)

Clearly, for a point (z,y) € ¥, 6(z,y | ¥) represents the maximum, feasible proportionate
reduction of input which is possible while producing output level y. Similarly, A(x,y | V)
represents the maximum, feasible proportionate increase of output quantities that is possible
while using x levels of inputs.

More recently, alternative non-radial measures have been proposed. Fére et al. (1985)

introduce the hyperbolic efficiency measure

Y(,y | ©) =inf{y | (yz,7'y) € ¥} <1, (2.5)

which measures the feasible, simultaneous reduction in input quantities and increase in
output quantities by the same proportion. Chambers et al. (1996, 1998) propose the additive,

directional distance function

B(x,y;dy, dy | V) =sup{B | (v — Bd,, y+ Bd,) € ¥} >0 (2.6)

where d, € R% and d, € RY are direction vectors with at least one element of d,, or d,, strictly
greater than zero. The directional distance function measures distance to the boundary of
the production set along the linear path given by by the direction vectors. It is easy to show
that O(z,y | ¥) = 1 — B(x,y;2,0, | ¥) and Nz,y | ¥) = 1+ B(x,y;0,,y | V), where 0
denotes a k-vector of zeros.

Directional distance functions permit efficiency to be measured while holding some inputs
or outputs constant. However, the additive nature of directional distance functions requires
careful specification of the direction vectors d, and d, to avoid dependence on units of
measurement. In particular, elements of the direction vectors should be defined in terms
of the same units used to measure corresponding input and output levels. Wilson (2025)
generalizes the hyperbolic measure in (2.5) to provide a proportional, multiplicative measure
of efficiency while allowing some inputs or outputs to be held fixed. As discussed by Wilson

(2025), empirical results obtained with the generalized hyperbolic distance function are easier
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to interpret than results based on the additive, directional measure in (2.6). See Wilson
(2025) for details and discussion.
The cone spanned by ¥ with vertex at the origin given by

CV)={(z,9) | T=ax, g=ay, Va e Ry and V (z,y) € ¥} (2.7)
is needed to define productivity indices. Similar to (2.2), the frontier of C(¥) is given by

Co(0) = {(z,y) | (z,9) € C(V), (§7'w,&y) ¢ C(V) V€ > 1} (2.8)

Input, output, hyperbolic and directional distances from (z,y) € RE™ to the boundary of
C(¥) are defined by replacing ¥ in (2.3)-(2.6) with C(V). Moreover,

O,y | (V)2 = Na,y | C()) 12 = y(z,y | C(¥)) (2.9)

by Kneip et al. (2021, Lemma 3.1) for the case where ¥ is convex and by Kneip et al. (2026,
Lemma 2.1) when VU is not convex. In order to simplify the notation below, 6(z,y | V)
and O(x,y | C(¥)) will be denoted by 0(x,y) and 0c(x,y) when doing so does not create
ambiguity.

It is important to note that since W is not necessarily convex, C(V) is not necessarily
convex. In addition, if CRS prevails, then C(V) = U regardless of whether ¥ is convex.
CRS does not require ¥ to be convex. In general, ¥ C C(V). Since ¥ is unknown, C(V) is
unknown, and hence both must be estimated from a sample &,, = {(X;,Y;)},_,. Convexity
and CRS are strong assumptions, and whether either of these hold is ultimately an empirical
question. Fortunately, today there are statistical results allowing researchers to test convexity
versus non-convexity of U as well as CRS versus non-CRS of the technology. The relevant

tests are discussed below.

Remark 2.1. Convex or Non-Convex?

The production set ¥ is often assumed to be convex in the literature on efficiency analysis
and in microeconomics textbooks. In some (perhaps many) situations, convexity may be a
reasonable and appropriate assumption. But in some other cases, as confirmed in a number of
empirical studies, the assumption is not supported by the data. See, for example, Apon et al.
(2015), Daraio et al. (2021), O’Loughlin and Wilson (2021), Wilson (2021), Wilson and
Zhao (2022) and Simar and Wilson (2024). Moreover, Koopmans (1951), Farrell (1957) and
Afriat (1972) question whether convezity is an appropriate assumption. Kneip et al. (2026,
Appendiz A) includes a detailed discussion, with references to the literature, indicating that

many authors have questioned the assumption of convezity based on economic theory but also
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based on empirical observation in various industries. in the end, as noted in Afriat (1972),
convexity or non-convexity of U is an empirical issue that should be tested. Section 6 below

discusses a procedure for testing convexity against non-convexity.

2.2 The DGP: A Statistical Model

2.2.1 Deterministic Frontiers

A model of the DGP is a set of assumptions specifying how data on inputs and outputs
are generated. Here, the observed input-output pairs (X;,Y;) are assumed to be technically
attainable and to be independently and identically distributed (iid). In other words, the
input-output pairs are drawn randomly from a population of units distributed over the
attainable set ¥, implying

Pr((X;,Y;) € ¥) =1. (2.10)

Models in the family of models incorporating this assumption are called deterministic frontier
models in the efficiency literature, although this name is unfortunate and misleading because
nothing is deterministic in (2.10).> By contrast, Stochastic Frontier Analysis (SFA) allows
for the possibility of some limited noise in the DGP so that

Pr((X;,Y;) € ¥) < 1. (2.11)

Most of the non-parametric approaches to efficiency estimation rely on so-called deterministic
models, since the SFA introduces additional identification issues. Models used with SFA
are almost always parametric models incorporating restrictive assumptions, but allowing
(large sample) identification. Recently, several non-parametric approaches for SFA have

been proposed as discussed later in Section 8.

2.2.2 Regularity Assumptions

Depending on the economic assumptions on the model (e.g., convexity or non-convexity
of ¥, CRS or non-CRS of the frontier, etc.) and depending on the particular estimator to
be used, the regularity assumptions are rather technical and may vary slightly depending
on the estimator used to estimate efficiency (see Park et al., 2000, Kneip et al., 1998, Kneip
et al., 2008, 2015b, 2021, 2026 and Park et al., 2010 for details). A summary is given in

3Wikipedia Contributors (2025) describes a “deterministic system” as a “system in which no randomness
is involved in the development of future states of the system” and notes that “a deterministic model will thus
always produce the same output from a given starting condition or initial state.” This does not describe the
assumption in (2.10).



Kneip et al. (2016, Appendix A.1). The main ideas are summarized below while avoiding
technical details in the articles cited above as far as possible.
As noted above, Assumption 2.1 gives the minimal conditions typically imposed on W.

In addition, the discussion above leading to (2.10) is formalized in the following assumption.

Assumption 2.2. Random Sample
The sample (X;,Y;), i =1,...,n are iid realizations of a random variable (X,Y) with prob-

. . . . +
ability density function f(x,y) which has support ¥ C RE™.

The joint density f(z,y) implies the distribution function
Hxy(z,y) =Pr(X <z,Y >y), (2.12)

which gives the probability for a production plan (z,y) to be dominated. As noted by
Cazals et al. (2002), under the free disposability assumption (Assumption 2.1(ii)) with ¥

either convex or non-convex, ¥ is the support of Hxy and so
U ={(z,y) € Rl xRY | Hxy(z,y) > 0}. (2.13)

Assumption 2.3. Positiveness
The density f(x,vy) is strictly positive on the boundary VO and is continuous in any direction

toward the interior of V.

This assumption is common in frontier models (even in parametric models), but it can
be relaxed as shown in Kneip et al. (1998) and Daouia et al. (2010, 2017) by allowing f(x,y)
to approach zero at the frontier, but at a cost of slower rates of convergence for efficiency
estimators.

Finally, in order to prove most of the consistency results of the non-parametric estimators,
sufficient smoothness of the production frontier is needed. Smoothness of the frontier can

be characterized in terms of the distances defined above, as in the following assumption.

Assumption 2.4. Smoothness
For all (z,y) in the interior of ¥, the functions 6(z,y|V), Az, y|¥), v(x,y|V) and 5(z, y|¥)

are sufficiently differentiable in both their arqguments.

The required order of differentiability depends on the chosen estimator, as described in

the references mentioned above.



3 Nonparametric Estimators

3.1 The Production Set

3.1.1 Basic Envelopment Estimators of ¥

Deprins et al. (1984) propose the Free Disposal Hull (FDH) estimator of W. This esti-
mator requires free disposability of inputs and outputs, but neither convexity of ¥ nor CRS
for the frontier. The estimator can be described in term of a non-parametric estimator of
Hxy, i.e.,

Urpu(X,) = {(z,y) | Hxy(z,y) > 0}, (3.1)

where H xy is the empirical version of Hxy given by

Hyy(z,y) =n"' ) 1(X; < 2,Y; > ). (3.2)
i=1
It is easy to see that an equivalent definition is

{I\]FDH(Xn) = {(w,y) € R‘Tq |10<y <Y, z> X, (X;,Y;) € Xn}7 (3.3)

which is simply the union of all the orthants in R‘fq lying southeast of the sample observa-
tions (X;,Y;),i=1, ..., n.

Farrell (1957) suggests estimating ¥ by the convex hull of \T/FDH, and Charnes et al.
(1978) described the corresponding input and output-oriented efficiency estimators in terms
of linear programs, and Rhodes (1978) called this approach “Data Envelopment Analysis”
(DEA). The DEA estimator of W, i.e., the convex hull of \T/FDH, can be written as

CI\IDEA(XTL) - {(xay) € Rerq ‘ ) S Zgzyjm x 2 Zng’u
=1 =1

i@-:l, &-ZOVizl,...,n}. (3.4)
=1

It is important to note that neither T Fpy NOT T pea impose CRS on the technology. Either
estimator can be used regardless of whether the technology is CRS, and the FDH estimator
can be used regardless of whether W is convex. But T pEA 1s appropriate only if U is convex.

Both U rpu(X,) and T peA(AX,) provide estimates of the boundary of the production set
V. However, the FDH estimator gives an estimate with a stair-step shape due to the union of
the orthants in (3.3). Jeong and Simar (2006) propose a linearized FDH (LFDH) estimator
\TILFDH(Xn) that avoids the stair-step feature of the ordinary FDH estimator. The idea
underlying the LEFDH estimator is to link the corners of the orthants in the FDH estimator
by linear interpolation. Consequently, \TIFDH(XR) C \TILFDH(XH).

8



3.1.2 Estimation of C(V)

As noted above, ¥ C C(V) with ¥ = C(¥) if and only if CRS prevails. Under the free

disposability assumption, the cone spanned by T FDH

IT’CFDH(Xn) = {(z,y) € RY | (z,y) = (aZ,ay) for some
a>0and (7,9) € Uppu(X,)}, (3.5)

serves an an estimator of C(W¥). If, in addition, CRS holds then then Weppy(X,) also
estimates U = C(V).
In cases where both free disposability and convexity hold for ¥, then the conical hull of

\T/DEA(Xn) given by

Veppa(X,) = {(:c,y) ERVIy <> &Y a>) X, &>0Vi=1, ..., n} (3.6)
i=1 i=1
is the natural estimator of C(¥). The estimator in (3.6) is similar to the one in (3.4), but the
equality constraint on the multipliers £ has been dropped in (3.6). Note also that under both
(i) free disposability and (ii) convexity of U one could also use Uerp u(AX,) as an estimator
of C(¥), but as seen below ignoring convexity when it holds results in a loss of precision in
the resulting estimates of the efficiency scores.

If the CRS assumption holds in addition to both free disposability and convexity of ¥,
then both \T/CFDH(Xn) and (I\/CDEA(XH) estimate W, but \T/CDEA(XR) results in estimates
with better precision. But, it is important to note that if CRS does not hold, then neither
\TICDEA(XH) (which also require that ¥ is convex) nor \TJCFDH(XH) (regardless of whether
U is convex) estimate C(V) # W. Nonetheless, the conical estimators \/I\ICFDH(XH) and

\TICDE 4(X,) are needed for estimating MPIs, even when CRS does not hold.

3.2 Efficiency Scores

Section 2 shows how the various efficiency scores are defined in terms of the unknown
V. Nonparametric estimators are obtained by “plugging in” an appropriate non-parametric
estimator for W, i.e., by replacing ¥ in (2.3)—(2.6) with an appropriate estimator of W. The
appropriateness of an estimator of ¥ depends on what assumptions about ¥ hold. Below, in
Section 3.2.1, a detailed presentation is given for the input-oriented case, and Section 3.2.2

summarizes the main expressions for other orientations.



3.2.1 Input-Oriented Case

For general technologies where only free disposability is assumed for ¥, the FDH estima-
tor of 8(z,y | ¥) is obtained by replacing W in (2.3) with Wppp(X,) to obtain

Orpu(z,y) = inf {9 | (B, y) € @FDH(Xn)} . (3.7)

Some simple algebra (see Deprins et al., 1984) leads to

Oppr(z,y) = min [ max (X’“)] : (3.8)

€D (z,y) | k=1,...,

where D(z,y) = {i | X; <z, Y; > y} is the set of data points dominating (x,y). Similarly,
the distance to the boundary of C(V) is estimated by

é\CFDH(a:,y) = inf {9 | (Ox,y) € \T!CFDH(Xn)} )

Kneip et al. (2026) show that this is equivalent to

max
~ . k=1,...p \ Tk
Ocrpr(z,y) = min | ———72-1 . (3.9)
Z:17 A n . }/1/].
“min | —
.7:17 e q yj

Of course, 50FDH($, y) estimates the efficiency of the production plan (z,y) under the CRS
assumption for ¥ without imposing convexity as discussed earlier.
When one is willing to assume V¥ is convex, DEA estimators can be used. The DEA

estimator of 0(z,y | V) is
/H\DEA(xay) = inf {9 | (Oz,y) € {I\[DEA(Xn>} ) (3.10)

which can be computed by solving the linear program

Oppa(e,y) = iengf{ﬁ |y < Z&‘Yi; Or > Zfz‘Xi, Z&‘ =1 &§>0Vi= 1,...,n}
’ =1 i=1 i=1
(3.11)
as suggested by Banker et al. (1984). The estimator in (3.10)—(3.11) is often referred to
in the literature as the variable-returns-to-scale (VRS) DEA (VRS-DEA) estimator since it

allows varying (i.e., increasing, followed by locally constant and then decreasing) returns to

scale for the frontier of W.
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Similarly, distance to the boundary of C(V) is estimated by
5CDEA(%Z/) = inf {9 | (O, y) € ‘T’CDEA(Xn)}

=inflf|y< Y 0 > X & >0Vi=1,..., 3.12
1££{|y_;£ v2) 6K 620V n} (3.12)

provided W is convex. If both convexity of ¥ and CRS hold, then 50 peA(z,y) estimates the
efficiency of the production plan (z,y). In such cases the estimator is often referred to as
the CRS-DEA estimator. Otherwise, the estimator in (3.12) remains useful for estimating
MPIs.

3.2.2 Other Orientations

Expressions similar to those in Section 3.2.1 are available for the output-oriented case.

In particular, the output-oriented analogs of (3.8) and (3.9) are (respectively)

i\ x,y) = max min | —2 519
FoH(T,Y) i€D(z.y) |:j:l ..... q < Yj ﬂ ( |
and
. (Yz'j>
) LA
)\CFDH(QZ’ y) ~ max J=hea \ Y5 ) (3.14)
P et (sz:)
max
k=1,..p \ Tg

~ ~ -1
Note that Kneip et al. (2026) show that Aorpu(z,y) = |:QCFDH(1', y)} .
The output-oriented, DEA analogs of (3.10)—(3.11) are given by

/)\\DEA(xyy) :SUP{)\ | Ay < ZfiYQ; x> ZfiXi; Zfi =1, >0Vi=1, "'7;n}'
A€ i1 i1 i1
(3.15)

and
XCDEA(JL"?Z/) = sup {)\ | Ay < Z&Y;; x> ZfiXi; &>0Vi=1,... 7”} ; (3.16)
A8 i=1 i=1

respectively. The estimator in (3.16) can be used as an estimator of efficiency if both con-
vexity and CRS hold. If only convexity of W holds but CRS does not hold, then ;\\CD gA(T,Y)

remains useful for estimating MPIs.
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Wilson (2011) provides estimators of the hyperbolic efficiency measure defined in (2.5).
In particular, the FDH estimator of v(z,y | ¥) is given by

. . Xik  Yj
r,y) = min max , =1, 3.17
Seon(o) = apin | max (3 2) (3.17)
i=1..., q

which requires neither convexity of ¥ nor CRS. By Kneip et al. (2026, Lemma 3.1), (2.9),

) }1/2 . (3.18)

R ~ 1/2
Yerpu(T,Y) = [HOFDH(JU,?J)] = [ACFDH(xay)
The estimator Ycrpy(z,y) can be used to estimate efficiency when CRS holds, and is useful
for estimating MPIs regardless of whether CRS holds.
The DEA estimator of v(x,y | ¥) is given by

Yppal®,y) = 1711%? {7 |77y < Zfz’Yz‘§ v 2 Z@Xz‘; Zfi =L §=20vVi=1,...,n
’ i=1 i=1 i=1
(3.19)
and is appropriate for efficiency estimation when ¥ is convex. Computing (3.19) directly
is a formidable challenge, but Wilson (2011) provides a numerical algorithm allowing com-

putation of Yppa(x,y) to an arbitrary degree of accuracy. By Kneip et al. (2021, Lemma
3.2),
~ /2 - ~1/2

Yepea(w,y) = [HCDEA(ajay)} = [)\CDEA(mayﬂ - (3.20)
The estimator Yopra(x,y) can be used to estimate efficiency when W is convex and CRS
holds, and is useful for estimating MPIs regardless of whether CRS holds provided W is con-
vex. Wilson (2025) provides both FDH and DEA estimators for the generalized hyperbolic
distance function where some inputs or outputs are held constant.

Simar and Vanhems (2012), Simar et al. (2012), Daraio et al. (2020) and Daraio et al.
(2025) develop estimators for additive, directional efficiency measures. distances case. The
presentation here is limited to the case where d, > 0 and d,, > 0, i.e., where all the elements
of the distance vectors are strictly positive. The cases where some elements are equal to zero
complicate the notation and are described in detail in the references given above.

The FDH estimator of 5(z,y; d;, d, | ¥) defined in (2.6) is given by

Bron(w,y deydy) = max | min , {af = X5 Y5 -y} (3.21)
j=1 ..., q
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where X* = X 0d,, 2* =2 0d,, Y=Y 0d,, y* =y ©d,, and © denotes the Hadamard
component-wise division of vectors.
Computation of the directional distance to the boundary of the cone spanned by ¥ is

more complicated. In the general case, Daraio et al. (2025) show that

~ 1 .
Berpu(w,y;dy, dy) = sup { — max min  [ax} — X7, i~ ay]*-] ; (3.22)
a>0 a i=1,...n k=1,...,p
j = 17 EEREN’}

which involves a univariate optimization problem. Daraio et al. (2025) provide an easy
algorithm to solve this numerical problem and show how the computations simplify when
d, = v and dy, = y.

Simar et al. (2012) give the DEA estimator

EDEA(xvy;dxady) = Sﬁu.? {ﬁ | Yy + 5dy S ZSZY;’ T — Bd:c Z Z&Xz
) i=1 i=1

nfizl; &>0Ve=1,....n (3.23)
)3 }

for cases where V¥ is convex. Finally, the DEA, additive, directional estimator of distance
to the boundary of the cone spanned by W is denoted by ECDE alz,y;d,, dy) and is given by
the solution to (3.23) after dropping the constraint » ., & = 1 on the multipliers in (3.23).
Provided ¥ is convex and CRS holds, ECD ga(x,y;dy, d,) estimates the efficiency of a unit

(x,y) in the chosen direction.

3.3 Statistical Properties and Inference

Although Farrell (1957) and Deprins et al. (1984) make the first applications of DEA
and FDH estimators in empirical exercises, the first to view the results of FDH and DEA
methods as estimates are Simar (1992, 1996), Banker (1993) and Korostelev et al. (1995a,
1995b). The papers by Korostelev et al. are the first to derive, in a well-defined statistical
model, the rates of convergence of the FDH and DEA estimators and to demonstrate some
optimal properties within some larger classes of estimators. As shown below, these results
have been extended to various cases, providing the asymptotic properties needed to make
inference. The following discussion again focuses on the input, radial case to avoid excessive
notation and complication. All of the the properties discussed below extend to each of the

directions described above with appropriate adaptations of the regularity conditions.
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3.3.1 Individual Efficiencies

Under appropriate assumptions, all of the efficiency estimators discussed in Sections
3.2.1-3.2.2 provide statistically consistent estimates of efficiency for a producer operating at
a point (z,y) € W. In addition, the sampling distribution of each estimator discussed above
converges to a non-degenerate limiting distribution at rate n" as n — oo. The rate of conver-
gence gives an idea, in a probabilistic sense, of the order of estimation error. For the input
orientation, convergence rate n* and a fixed point (z, y), é\.(l‘, y)—0e(x,y) = O, (n™"), where
“e” represents either “FDH,” “CFDH,” “DEA” or “CDEA”. Similar statements hold for the
output, hyperbolic, generalized hyperbolic, and directional measures and their estimators.

Table 1 gives the values of k for each of the FDH, CFDH, DEA and CDEA estimators
depending on whether ¥ is convex and whether the frontier is CRS (free disposability is
required in each case). In most cases, the rates in Table 1 are slower than the usual rate of
n'/2 that obtains with parametric estimators in correctly-specified models. Also, in each case
in Table 1 the convergence rate becomes slower as dimensionality given by (p 4+ ¢) increases,

reflecting the well-known curse of dimensionality that is common among non-parametric

estimators.
Table 1: Values of & for the Various Efficiency Estimators
Assumptions Estimators

FD CONV CRS FDH CFDH DEA CDEA

Y N N 1/p+aq) 1/(p+q—05) — —

Y N Y 1p+q 1p+q-1) — —

Yy v N 1/p+q 1/(p+q—05) 2/(p+q+1) 2/(p+q+1)
Y oy Y 1/(p+q 1/p+q-1) 2/(p+q) 2/(p+q)

NOTE: “Y” indicates assumption is satisfied while “N” indicates assumption is not satis-
fied. “FD” and “CONV” indicate “free disposability” and “convexity” (respectively). FDH
and CFDH estimators are consistent in each case, but DEA and CDEA estimators are not
consistent when convexity is not satisfied.

Under the appropriate, mild regularity conditions,

w (0w y) = 0u(e,9)) = Qula.y) (3.24)

n — oo, where QQ,(n) is some regular non-degenerate distribution depending on a vector

(1))

n(x,y) of unknowns and the particular estimator, and where again “e” represents either

“FDH,” “CFDH,” “DEA” or “CDEA”. The values of x shown in Table 1 reveal that when
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CRS holds, CFDH, DEA and CDEA estimators have faster rates than when CRS does not
hold. The FDH and CFDH rates are unaffected by whether ¥ is convex. If ¥ is convex then
the DEA and CDEA estimators can be used, providing faster rates of convergence than the
FDH and CFDH estimators (respectively). The rate of the ordinary FDH estimator is not
affected by whether U is convex nor by whether CRS holds, and is slower than the rates
of the CFDH, DEA and CDEA estimators for the same number (p + ¢) of dimensions. At
the same time, the ordinary FDH estimator is consistent regardless of whether convexity or
CRS hold. Consequently, it is important to test whether convexity of ¥ holds and whether
CRS holds. Tests for both are discussed below in Section 6.

Under mild assumptions including free disposability assumption for ¥ (but not convexity
nor CRS), the limiting distribution Qe(n(z,y)) for the FDH and CFDH estimators is a
Weibull distribution. For example, for the FDH estimator,

n/ (+a) (gFDH@,y) _ H(x,y)) £ Weibull(n(z, y)) (3.25)

as n — oo, where 7(x,y) is a complicated function that depends on the DGP, p, ¢ and (z, y)
as proved by Park et al. (2000). Kneip et al. (2026) derive a similar result for the CFDH
estimator.

The LFDH (i.e., linearized FDH) estimator mentioned above can also be used under the
same assumptions required for the FDH estimator. Jeong and Simar (2006) show that both
estimators share similar asymptotic properties. However, the Monte Carlo results of Jeong
and Simar reveal that efficiency estimates obtained with the LEFDH estimator have better
bias and variance in finite samples than estimates obtained with the FDH estimator.

Gijbels et al. (1999) are the first to derive the asymptotic distribution of the basic DEA
estimator under appropriate mild conditions including both free disposability and convexity
of ¥, but only for the case where p = ¢ = 1. Jeong and Park (2006) extend the latter to
case of p = 1 and ¢ > 1 for the input oriented case. Kneip et al. (1998) and Kneip et al.
(2008, 2015b, 2021) show in the general multivariate case, that the limiting distribution
Qe(n) for the DEA efficiency estimator under non-CRS is a well-defined, non-degenerate
distribution, but no closed form representation exists. The CRS-convex case is also treated
by Park et al. (2010) establish asymptotic properties of the CDEA estimator under CRS,
and suggest a method for simulating the limiting distribution using smoothing techniques.
Kneip et al. (2016) develop the asymptotic properties of the DEA estimator under CRS, and
prove that the estimator attains the faster rate of the CDEA estimator under CRS, while
Kneip et al. (2021) establish that under non-CRS, the CDEA estimator has the slower rate
of the ordinary DEA estimator.
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The results above are presented in terms of the input-oriented estimators, but the results
extend obviously to the output-oriented case with changes in notation. The results are
extended to the hyperbolic measure by Wilson (2011) and to the generalized hyperbolic
measure by Wilson (2025), and to directional distances by Simar and Vanhems (2012) and
Simar et al. (2012). In all cases, the results are analogous to those discussed above, and the

convergence rates are as shown in Table 1.

Remark 3.1. Dimension reduction

Clearly, as the number (p + q) of dimensions increases, the order of the estimation error
increases for a given sample size n since the rates given by n" become much slower than
the usual parametric rate n*/?. Moreover, the ability to make accurate inference decreases as
dimensionality grows since inference depends on asymptotic approximations for finite-sample
distributions of the estimators. Table 2 shows the magnitudes of the five expressions for k for
(p+q) € {2, 3, ..., 15}. The results in Table 2 confirm that the FDH estimator achieves
the parametric, root-n rate only when (p 4+ q) = 2. None of the estimators that have been
discussed achieve the parametric rate when (p + q) > 4. When the number of dimensions is
12 or more, which can be found in the literature, the values of k (and rates of convergence)
are too small (slow) to give meaningful results even with hundreds of observations.

Wilson (2018) introduces the notion of effective parametric sample size as the sample
size m resulting in an estimation with the same order of error than one would achieve in a
parametric model. It is easy to see that m ~ n**, which can be very small if (p+ q) is large.
For example, if the FDH estimator is used with n = 1000 and p + g = 5, then m ~ 16, and
one should expect substantial estimation error and imprecise inference.

Dimension reduction can be helpful. In particular, in production data, inputs as well as
outputs are often highly correlated, and hence can be summarized by an appropriate linear
combination. Daraio and Simar (2007a) suggest using eigenvalue decompositions of the sec-
ond moment matrices of the inputs (or outputs) to derive these linear combinations. Wilson
(2018) provides a number of diagnostic tools to check the appropriateness of dimension reduc-
tion, as well as illustrate in several famous examples from the efficiency literature. Wilson
(2018) shows results from a comprehensive set of Monte Carlo experiments indicating when
dimension-reduction is likely to be useful as well as how much is likely to be gained in terms

of reduced estimation error when dimension-reduction is employed.

Remark 3.2. Parametric rate versus non-parametric rate
Comparisons of convergence rates in non-parametric problems with the parametric root-n

rate is often specious. Although non-parametric rates are often slower than the parametric
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rate, the parametric rate is only relevant when the statistical model is correctly specified.
Otherwise, estimates in a wrongly-specified parametric model converge rapidly to some feature
that is irrelevant to the DGP that produced the researcher’s data. Robinson (1988) calls such
estimators “root-n inconsistent” as opposed to root-n consistent.” If one views the space of
possible DGPs as continuous, and hence uncountable, then it is hard to escape the conclusion
that a parametric model chosen for its ease of estimation (e.g., a translog production function)
18 almost surely a mis-specified model. Of course, in some cases a parametric model may
provide a useful approximation to the underlying DGP, but this can only be known after

careful testing, which is often not done.

Table 2: Values of k for Various Numbers of Dimensions and Efficiency Estimators

(p+q) 1/p+q 1/(p+q—-05) 1/(p+q—1) 2/(p+q+1) 2/(p+q)

2 0.5000 0.6667 1.0000 0.6667 1.0000
3 0.3333 0.4000 0.5000 0.5000 0.6667
4 0.2500 0.2857 0.3333 0.4000 0.5000
5 0.2000 0.2222 0.2500 0.3333 0.4000
6 0.1667 0.1818 0.2000 0.2857 0.3333
7 0.1429 0.1538 0.1667 0.2500 0.2857
8 0.1250 0.1333 0.1429 0.2222 0.2500
9 0.1111 0.1176 0.1250 0.2000 0.2222
10 0.1000 0.1053 0.1111 0.1818 0.2000
11 0.0909 0.0952 0.1000 0.1667 0.1818
12 0.0833 0.0870 0.0909 0.1538 0.1667
13 0.0769 0.0800 0.0833 0.1429 0.1538
14 0.0714 0.0741 0.0769 0.1333 0.1429
15 0.0667 0.0690 0.0714 0.1250 0.1333

3.3.2 The Bootstrap

The results on existence of non-degenerate limiting distributions, rates of convergence,
etc. discussed above are necessary for statistical inference. However, the theoretical results,
while needed, are not enough to be able to make inference in empirical applications due

to the fact that either the form of the limiting distribution is unknown, or if it is known
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it involves unknown parameters that are difficult to estimate. In many cases, bootstrap
methods, when correctly applied, can be used to make inferences.

The first suggestion of using the bootstrap for making inference in productivity and
efficiency analysis appears in Simar (1992) for a panel-data setting, but no theoretical justi-
fication is given. Simar and Wilson (1998) is the first study suggesting bootstrap techniques
for approximating the limiting distribution in the case of the basic DEA estimator. The
idea seems rather simple: a random bootstrap sample X" is generated from the original
sample &), in a way to mimic the DGP that generates the original sample &),. This leads
to an estimator (I\JDEA(X;) which may be viewed as an estimator of T pEA(X,), which in

turn leads to bootstrap estimates (/9\}‘) pa(z,y) of the original efficiency estimates Opr alz,y)

obtained using the original sample. If the bootstrap is consistent, then

p?/(Prat) (g’lk)EA(x, y) — é\DEA(x7 y)) PR ¥ (ptatD) (é\DEA('Ta y) — 6(%9)) 5 (3.26)

with the approximation improving as n — oo. Moreover, the distribution on the left-hand
side of (3.26) can be approximated by Monte-Carlo replications, thereby providing a useful
approximation to the unknown distribution on the right-hand side.

The main problem is to generate X in a way that ensures (3.26) holds. It is well-
known that the naive bootstrap (i.e., resampling with replacement from the data in X))
is not consistent due to the unknown boundary of ¥. Simar and Wilson (1998) propose
using a smooth bootstrap, under the simplest model where the inefficiencies have the same
distribution along the chosen direction (e.g., input rays) in the input-output space. Simar
and Wilson (2000) extend the idea to more general settings to allow for heterogeneity in
the distribution of efficiency. Simar and Wilson (1998, 2000) provide simulation evidence
suggesting that the proposed methods work well in applied settings, but do not formally
prove consistency of their bootstrap methods. Kneip et al. (2008) develop the full theory
on the asymptotic properties of the DEA estimator and provide two consistent bootstrap
algorithms. The first bootstrap requires smoothing not only the distribution of efficiency,
but also the initial frontier estimate. This involves formidable computational challenges. A
simplified version of this method is given by Kneip et al. (2011).

The second bootstrap of Kneip et al. (2008) involves sub-sampling, where a bootstrap
sample X of size m = n? for some § € (0,1) is drawn from the empirical distribution of
the original sample A&, (Jeong and Simar, 2006 also prove that the sub-sampling bootstrap
provides consistent inference when FDH estimators are used). But, the simulation results
of Kneip et al. (2008) indicate that the choice of 0, which determines the size m of the sub-

samples; is critical for reliable inference in finite samples. Simar and Wilson (2011a) provide
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a data-based algorithm based on work by Politis et al. (2001) for selecting an appropriate
value of m in practice, for both FDH and DEA cases. Monte Carlo evidence provided by
Simar and Wilson (2011a) shows that the method works well, even for moderate sample
sizes. The optimal value of m is often well less than n/2, enhancing the computational speed

of the procedure.

3.3.3 Central Limit Theorems

The bootstrap methods described above in Section 3.3.2 are useful for estimating con-
fidence intervals for the efficiency of individual producers, evaluating the bias and variance
of efficiency estimators, etc. Testing hypotheses about the structure of the underlying DGP
(e.g., convexity versus non-convexity of W, CRS versus non-CRS, whether the frontier is the
same across different groups of producers, etc.) requires more work. In testing problems,
one tests a null hypothesis denoted by H, against an alternative denoted by H;. The null
hypothesis is an assumption that may or may not hold; the goal is to determine whether the
assumption is supported by the observed data. By construction, a statistical tests either (i)
rejects Hy (in which case H; is accepted, since the data provide evidence against Hy), or (ii)
fails to reject Hy. Failure to reject the null does not imply that the null hypothesis is true,
however. There are many reasons why a test might fail to reject the null even when it is
false. For example, one may have too few data. Or, the null might be false, but not grossly
so, and the available data are too few to indicate with a reasonable degree of confidence that
the null is false.

In the usual framework, one defines a statistic T'(X,,) which behaves differently according
to whether the null hypothesis holds, thereby allowing the researcher to discriminate between
the two assumptions. In the context of efficiency analysis, some early studies including
Simar and Wilson (2001, 2002, 2011a) and Simar and Zelenyuk (2006, 2007) attempt to
adapt the bootstrap methods described above to various testing problems. In each case, the
test statistics involve FDH, DEA or CDEA estimators, depending on the hypothesis to be
tested. These studies provide Monte Carlo evidence that seems to suggest that the proposed
procedures achieve reasonable size and power in moderate sample sizes. However, the studies
listed above lack theoretical results and give no convincing theoretical justification. This
deficiency is remedied by Kneip et al. (2015b).

For illustration purposes, let g(x, y | &X,) denote the appropriate chosen estimator (FDH,
DEA, CFDH or, CDEA) of the unknown efficiency 6(z,y) at a fixed point (z,y), where the

notation in the estimator makes explicit that the sample X,, for estimation. In most cases,
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a test statistic T'(X,,) will be a continuous function of the sample mean

o =01 0(X;, Y | &) (3.27)

i=1
of the efficiency estimator evaluated at the random points (X;,Y;) € &,,. Clearly, this is an
estimator of population mean puy = E(6(X,Y)). If the true values of 8(X,Y") were known,

one could use

0, =n""> 0(X;Y)) (3.28)
=1

for making inference about s because under mild regularity conditions /n(6, —
L) AN (0,03) by the Lindeberg-Levy CLT or Lindeberg-Feller CLT, where o =
V(0(X,Y)) is the population variance of the efficiency scores. But of course 6, is not ob-
servable, and one must use i, which is observable. Kneip et al. (2015b, Theorems 4.1-4.4)
provide CLTs for pg using ji,,. The CLT results are based on properties of the moments of
the FDH and DEA efficiency estimators and the CDEA estimator under CRS established by
Kneip et al. (2015b, Theorems 3.1-3.3). These results are extended to the CDEA estimator
under non-CRS by Kneip et al. (2021) and to the CFDH estimator by Kneip et al. (2026).

The various results on moments of the estimators are summarized by the following.

Theorem 3.1. Under appropriate reqularity assumptions, as n — o0

where Ry, = o0(n™"),

E ((5()(,-, Y| X)) — 0(X, 1@-))2) —o(n™), (3.30)

and

-~ ~

]cov(e(xi, Yi | &) — 0(X,,Y:), (XY | &) — 00X, Y)) | =o(n) (3.31)

g Xj
foralli,je{l, ..., n}, i#j.

The values of the constant C, the rate x, and the remainder term R, , depend on which
estimator is used. The values of k are given in Table 1 above for each estimator. Of course,
the results outlined here depend on the corresponding relevant assumptions for individual
efficiency scores as discussed above. See Kneip et al., 2015b, 2021, 2026 for details and
discussion.

As shown by Kneip et al. (2015b, 2021 and 2026), the results in Theorem 3.1 lead to
CLTs for g along the lines of the following theorem.
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Theorem 3.2. Under appropriate reqularity conditions, as n — oo,

(i) fp=n"13"0 (XZ, Y; | X,) converges in probability to pg with bias of order O(n™*);
(11) /n(fn —po —Cn™" — R, ;) N N(0,03) for some C >0, and R, .. = o(n™"); and
(iii) 52 =n 'S (0(X;,Y; | X,) — fin)? is a consistent estimator of o3.

Clearly, the bias term Cn™"+ R,, ,, vanishes when multiplied by v/n if and only if K > 1/2.
The bias is constant when x = 1/2, and the bias explodes to infinity whenever x < 1/2
(Table 2 shows that this happens when p + ¢ > 2, 3 or 4 depending on the particular case).
Kneip et al. (2015b, 2016, 2021 and 2026) solve this problem by providing an estimator of
the leading term Cn~" of the bias, which is enough if k > 1/2. But, more is needed for
eliminating the remainder R, , = o(n™") when x < 1/2. This is achieved by using sample
means of random sub-samples of the estimated efficiencies. The main ideas are summarized
below.

The leading term C'n™" of the bias can be estimated using a generalized jackknife estima-
tor. The sample A&, is split randomly into two independent, mutually exclusive, collectively
exhaustive parts Xé /)2, j € {1, 2} of size n/2 (here, n is assumed even to simplify notation,
but whether n is even or odd makes no difference asymptotically). Sample means of the

efficiency estimates using only the sample X (]/)2 are computed, leading to the means

Ay =27 Y B Y | X)) (3:32)

i(Xi,Y)exd),

for j € {1, 2}. The sample means ,u /2 and [1 pn /o given by (3.32) each provide consistent
estimates of pp based on n/2 observations, so that the leading bias term is now C(n/2)~"
Kneip et al. (2015b) show that

B = (2= 1) (80 +75%,) /2 = 7o (3.33)

® with an error of the same

is a consistent estimator of the leading term of the bias, C'n~
order as R, ., i.e., o(n™"). Kneip et al. (2016) suggest randomly splitting the sample a large
number of times, computing the bias estimate for each random split, and then averaging
these estimates to obtain a bias estimate with less variance than an estimate based on only
one sample-split.

Although the bias problem is solved by the generalized jackknife estimate of the bias, the

remainder term R, , = o(n™ ") still creates problems when £ < 1/2. Kneip et al. (2015b)
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address this problem by randomly drawing a sub-sample &; C A&, of size n, = In?*] < n

when x < 1/2 and computing *

[in, = n;l Z Q(vaYj | X). (3.34)
(X5, Y5)eXs, )

~

The notation makes clear that each individual 6(X;,Y; | &,) is computed using the full
sample X,,, while the summation is over the observations in the subset of efficiency estimates
of size n,..

Combining ideas, Kneip et al. (2015b) prove the following CLT.

Theorem 3.3. Under appropriate reqularity conditions given by Kneip et al. (2015b, 2026),
for

(i) p+q < 3 if the FDH estimator (and the CFDH estimator for estimating C(V)) is used,
(i) p+q <4 if U exhibits CRS and the CFDH estimator is used,

(i) p+q < 4 and if ¥ is convex and the DEA estimator (and the CDEA estimator for
estimating C(V)) is used, or

(v) p+q <5 and if ¥ is convexr and exhibits CRS and the DEA or the CDEA estimator

18 used,
Vi (7in = o = Bur) 5 N(0,02) (3.35)
asn — oo. When k < 1/2,
N (ﬁnﬁ g — éw) £y N(0,02) (3.36)

as n — Q.

As discussed in Kneip et al. (2015b, 2016, 2021, 2026), either (3.35) or (3.36) can be
used in some cases. For example, when FDH estimators are used and (p + ¢) = 3, or when
DEA estimators are used, CRS does not hold and (p+¢) = 4, & is close to 1/2, but k < 1/2.
Kneip et al. (2015b) note that (3.36) is likely to provide a better approximation than (3.35)
due to the order of the remainder term R, , that is omitted in both cases. Using the fact
that part (iii) of Theorem 3.2 provides a consistent estimator of the variance o3, the results

in Theorem 3.3 can be used to build asymptotic confidence intervals for uy by using the

4For a € R, |a| denotes the largest integer that is less than or equal to a.
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quantiles of the standard normal distribution. For example, if k < 1/2, (3.36) can be used

to obtain the asymptotically correct 1 — a confidence interval for py given by

fin, = Bu £ 21_a260/ v/ (3.37)
where z1_q/2 = ®71(1 — @/2) and ®!(-) is the standard normal quantile function.

Remark 3.3. Data sharpening

It is well-known that estimation of the distribution of efficiency using the empirical distri-
bution of DEA or FDH efficiency estimates is adversely affected in finite samples by the
spurious mass of estimates equal to one (or zero in when directional efficiency estimates are
used). However, in models appearing in the literature that develops statistical properties of
non-parametric efficiency estimators, the DGP typically contains no mass at one. Smooth-
ing the efficiency estimates near one may therefore help to improve results obtained with the
CLTs described above. The idea is to sharpen the estimates g(Xi,Y;) that fall in a small
neighborhood of one by perturbing the estimates by some “small,” continuous noise. The
idea is used by Simar and Zelenyuk (2006) and Kneip et al. (2011) in bootstrap contexts.
The adaptation to CLTs is proposed in Nguyen et al. (2022) and Simar et al. (2023), where
Monte-Carlo results indicate substantial improvements of coverages for confidence intervals
i small and moderate sample-size situations. By construction, the effects of sharpening

disappear n — 00.

Remark 3.4. Aggregate efficiency

The means analyzed so far are unweighted. In some applications, one might prefer to ana-
lyze weighted means where, for example, the weights may take into account the size or the
economic importance of each producer. Simar and Zelenyuk (2018) and Simar et al. (2024)

provide versions of the CLTs for these “aggregate efficiencies.”

4 Robust Frontiers

By construction, FDH and DEA estimators involve estimates of ¥ that envelop all the
data points in X,,. Consequently, FDH and DEA estimators are sensitive to outliers that
might incorporate errors in the data. Several methods have been proposed for detecting such
points (e.g., see Wilson, 1993, 1995 and Simar, 2003), but another approach is to rely on
a benchmark that is less sensitive to outliers than estimates of the support of (X,Y’). To
date, two such benchmarks, each with its own economic interpretation, exist in the literature,

namely the order-m partial frontier (Cazals et al., 2002) and the order-alpha quantile frontier
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(Aragon et al., 2005, and for the multivariate case, Daouia and Simar, 2007). The basic ideas
are presented here while using the input orientation, but as with the discussion of FDH and
DEA estimators, the ideas extend trivially to the output orientation. In addition, extensions
to hyperbolic measures are developed by Wheelock and Wilson (2008) and Wilson (2011),
and to directional distances by Simar and Vanhems (2012).

Recall that in (2.13) ¥ is described in terms of the support of Hxy (z,y), the probability
for a unit (x,y) to be dominated. Hence the input-oriented efficiency measure can be written

as

0(z,y) = inf{0 | Hxy(0x,y) > 0}. (4.1)

The main idea from Cazals et al. (2002) is that (for the input-oriented case) Hxy can be

decomposed as

Hxy(z,y) = Fx)y (z]y)Sy (y), (4.2)

)
where Fxy(z | y) = Pr(X < 2 | Y > y) and Sy(y) = Pr(Y > y) (note the unusual
inequality condition for Y in Fxy(x | y)). Then for all y such that Sy (y) > 0,

O(x,y) = inf{0 | Fx)y(6z | y) > 0}. (4.3)

Therefore, the FDH estimator defined in (3.7) can be written as

Orpu(,y) = nf{0 | Fxjyn(6x | y) >0} = min { max (X)} (4.4)

ilYi>y [J=1,...,p \ T

where ﬁx|y’n(9$ | y) is the empirical analog of Fxy(0x | y), i.e.,

SrI(X <2, Y > y)
Z?:l ]l(Yi > y)

It is easy to verify that (4.4) is equivalent to (3.8). This probabilistic formulation of the

Fxpyn(6z | y) = (4.5)

efficiency scores and their natural (FDH) non-parametric estimators, due to Cazals et al.
(2002), is useful for describing robust frontiers that can serve as benchmarks for efficiency

estimation, and also for describing conditional frontiers in Section 5.

4.1 Order-m Partial Frontiers

The economic idea behind the order-m frontier can be illustrated by first focusing on the
case of one input for the input orientation. In this case, the full frontier (i.e., ¥?, the frontier

of U) can be represented by the function

p(y) = inf{z | Fxpy(zly) > 0}. (4.6)
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Then, for any integer m > 1, the order-m cost frontier is defined by

Om(y) = Emin(Xy, ..., X;,)Y >y

o0

= /000[1 — Fxpy(z,9)]" dz = o(y) +/ (1= Fyy(e,y)]™ de.  (47)

()

From the first line of (4.7) it is apparent that ¢,,(y) provides a less extreme benchmark
than the full frontier, because the unit operating at level (z,y) is benchmarked against the
expectation of the minimum input among m randomly drawn firms producing more output
than y. The equivalences in (4.7) are rather straightforward and show clearly that if m — oo,
©m(y) — ©(y), where ¢(y) is the full frontier. Note also that an order-m efficiency score is
given here by 0,,(z,y) = vm(y)/z, which is not bounded above by one unless m — oco.

Cazals et al. (2002) extend the concept to the multivariate input case. Consider again m

random draws X;, i = 1,...,m from the conditional distribution Fxy(-|y), and define the
random set .
Woy) = i) |u > X, 0> ) (45)
i=1
Then for any z, define
~ . . Xij
O (z,y) =1inf{0 | (0z,y) € ¥,,(y) = min max —- .. (4.9)
=1, ...,m | j=1,..,p [L‘j

Since the set W,,(y) being random, 6,,(z,y) is random. Cazals et al. (2002) define the

order-m efficiency score, in the general multidimensional case as

Om(:v,y) = E(§m<x>y) | Y > y)> (410)
i.e., as the expectation of 5m(x, y). They prove also that

o0

Om(z,y) = /000 [1— Fxpy(uz | y)]™ du=0(z,y) +/9 [1— Fxp(uz | y)]™ du.  (4.11)

(z,y)

The integrals in (4.11) are univariate in u and again, 6,,(z,y) — 0(x,y) as m — co. These
expressions suggest a natural, non-parametric estimator of 6,,(z,y) obtained by replacing

the integrals with the empirical version of Fixy to obtain

~

z7y

o~

where 0(z,y) is the FDH estimator of the efficiency score. Cazals et al. (2002) propose

using the Monte-Carlo method to compute these integrals. However, the methods of Daraio
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et al. (2020) for estimation of directional distances extend trivially to the input or output
orientation, providing an analytical approach to determine the exact value of the integrals in
(4.11) by using the fact that F X|vn (- | y) is discrete and jumps only at the observations X
where Y; > y. Moreover, the method of Daraio et al. (2020) is faster than the Monte Carlo
method suggested by Cazals et al. (2002). Order-m efficiency estimators are extended to
hyperbolic directions by Wilson (2011), and to the additive, directional case by Simar and
Vanhems (2012).

Asymptotic Properties

Cazals et al. (2002) derive asymptotic properties of the estimator in (4.12). For fixed,
finite m, gm(x,y) achieves a parametric y/n rate of convergence with a limiting normal
distribution, i.e.,

vn <9m(:v,y) — Hm(:lr,y)> ELN (O,afn(x,y)) , (4.13)

2

2 (z,y) is given by Cazals et al.. This result enables inference

where an expression for o
on 0,,(z,y) using standard bootstrap methods. In addition, if m = m(n) — oo at rate

nlognSy(y) as n — oo, then
nt/(P+a) (é\m(n) (ZL‘, y) - Q(x, y)) i> Weibu“(n(% y)) (4'14)

In this case, the order-m estimator behaves exactly as does the ordinary FDH estimator;
e.g., see (3.25). As m increases the \/n rate of convergence is lost, and the curse of the
dimensionality re-appears. However, in finite samples, the order-m estimator is more robust
than the FDH estimator provided m is not too large, since the corresponding frontier estimate
does not envelop all the data points.

The last suggests a strategy for choosing m in practice. If we do not want to fix m
at a some predetermined values fixed by the practitioner, the usual strategy is to compute
the estimator for several values of m (e.g., 25, 50, 100, ...) and compute for each value
of m the percentage of data points lying outside the order-m frontier. These points are
identified by values @\m (X;,Y;) > 1. This percentage decreases to zero when m increases. So
we might choose m by fixing a desired fixed percentage of points outside the frontier (e.g., 5
percent), or by looking where the plot of these percentages versus the corresponding values
of m present an elbow effect. From that value of m, the percentage of points outside the
order-m frontier begins to decrease less quickly, indicating that the remaining points outside
the frontier are extreme and potentially outliers (see Simar, 2003 and Daouia and Gijbels,

2011). Daouia et al. (2012) show how the order-m frontier can be viewed as a regularized
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estimator of the full frontier, if m increases to co but at the slower rate, reflecting the bias
in the estimator of the full frontier. This bias can be consistently estimated under mild

regularity conditions.

4.2 Order-a Quantile Frontiers

Aragon et al. (2005) introduce the order-a quantile frontier for a univariate response
variable (e.g., for a univariate input for the input orientation). The extension to the fully
multivariate case is developed by Daouia and Simar (2007). The idea is rather simple, and
involves replacing the benchmark given by the full minimal support of X given Y > y, as in
(4.3), with the benchmark given by the input level not exceeded by (1 — «) x 100-percent of
firms in the population of units producing at least the output level y. This leads to defining

the order-a (input) efficiency measure as
Oa(z,y) =inf {0 | Fxy(0z |y) > 1 —a}. (4.15)

If 6,(z,y) = 1, the unit (z,y) is input efficient at level a x 100% because it is dominated by
other units (less input than x and more output than y) with a probability 1 — a. Clearly, if
a — 1, then 0,(x,y) — 0(z,y).

A natural non-parametric estimator of 6,(x,y) is provided by plugging the empirical

version of Fy into (4.15), yielding

~

0.(z,y) = inf {e | Fxpya(0z | y) > 1— a} . (4.16)

Daouia and Simar (2007) provide a simple algorithm for practical computation. The output
orientation precedes along similar lines. Wheelock and Wilson (2008)) extend the concept to
hyperbolic measures, and Simar and Vanhems (2012) extend the idea to directional distances.
See also Daraio et al. (2020).

Asymptotic Properties

Asymptotic properties of ,(z,y) are similar to the those of the order-m efficiency esti-

mator. For example, in the input orientation

Vit (Ba(w,y) = ba(w,)) == N(0.02(.y). (4.17)

with an explicit expression for o2 (z,y) given in Daouia and Simar (2007). This result allows

allows one to make inference on 6,(x,y) by standard bootstrap methods. In addition, if
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a = a(n) — 1 fast enough as n — oo, then

~

nl/(Pt+a) (%m)(%y) —0(x, y)) £y Weibull(n(z, y)) (4.18)

(see details in Daouia and Simar, 2007). As with the order-m estimator, in this case the

root-n convergence is lost and the curse-of-dimensionality arises.

5 Heterogeneity and Environmental Factors

The economic and statistical models discussed so far focus on inputs X € RE and outputs
Y € RY. However, in some situations, external factors such as ownership type, weather
conditions, geographical considerations, etc. may significantly impact the production process.
Failing to incorporate these variables into the model can lead to misleading and invalid results
on producers’ performances.

Let Z € R denote a random vector of “environmental” variables that may affect how

units convert inputs X into outputs Y. Let

fxvz(,y,2) = fxviz(e,y | 2)f2(2). (5.1)

be the joint density of (X, Y, Z) with support P C R} xR? xR¢. Denote the support of f7(z)
by Z, and denote the support of fxy|z by ¥*. Then ¥# is the set of feasible combinations

of inputs and outputs for a firm facing the environmental conditions Z = z, i.e.,
U* = {(z,y) | x can produce y when Z = z}. (5.2)

Necessarily, Z can affect the production process either (i) only through W# the support
of (X,Y) when Z = z, or (ii) only through the density fxyz(x,y | 2), thereby affecting
the probability for a firm to be near its optimal boundary, or (iii) through both ¥* and

fxviz(z,y | z). By construction,

U= v (5.3)

Therefore, in general, ¥ C UV z € Z and ¥ C RY™. Whether ¥ is a feature of the
underlying DGP, or whether W is useful for benchmarking the performance of units, depends
on the “separability” condition described by Simar and Wilson (2007) that is discussed below

in Section 5.2.
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5.1 General Cases: Conditional Frontier Models

In general, the relevant benchmark when facing environmental factors Z = z is given by

the efficient boundary of W* i.e.,

\Ilza = {(x7y) | (‘Tay> S \I[Zu (fyxvfyily) ¢ U* for any vy € (0, 1)} . (54)

The corresponding conditional measure of efficiency (in the input orientation) is
O(z,y|z) =inf {0 | (6z,y) € U*}. (5.5)

Note that U* can be viewed as the support of Hxy|z(z,y | 2) =Pr(X <z, Y >y | Z = 2).
Consequently,

O(z,y|z) =inf {0 | Hxyz(0z,y | 2) >0} . (5.6)
In the input orientation, for any y where Syz(y | 2) =Pr(Y >y | Z = 2z) > 0, (5.6) can be
written as

O(z,y | z) = inf {9 | Fxyyz(0x |y, 2) > O}, (5.7)
where Fxyz(0z | y,2) =Pr(X <z |Y >y, Z = z), noting the inequality for the condition
on Y but the equality for Z.

Given a sample S, = {(X;,Y;, Z;)}_,, a natural, non-parametric estimator of Fy|yz is

the kernel estimator

i=1

LY > yK (B2

where h = (hy,...,hg) is a vector of d bandwidths and K(-) d-variate kernel function.

SLLX <a, Y > y)K (£2)

F\X\YZ,n(x | y,z) = (5-8)

As noted by Daraio and Simar (2007b), kernels with bounded support (e.g., the Epanech-
nikov, Quartic, Triweight, or other kernels) must be used. Bandwidths can be optimized by
least-squares cross-validation (LSCV), which provides bandwidths with the optimal order
O (n=/@+1) " See Silverman (1986) or Li et al. (2013) for details and discussion.
Regardless of the choice of kernel function, the conditional FDH estimator is obtained

by replacing Fxyz(0x | y, 2) in (5.6) with the estimator in (5.8) to obtain

~ ~ X/
Orpu(z,y | z) = inf {9 | Fxiyzan(0x |y, 2) > O} = min max <$—J’> , (5.9)

{ilY;>y, ||Zi—=|I<h} =1, ...p

where ||a|| denotes the Euclidean norm of a vector a. For continuous Z, the estimator in
(5.9) is a localized version of the ordinary FDH estimator, localized for data such that Z; is

in a neighborhood of z.
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Daraio and Simar (2007b) provide a conditional DEA estimator, similar to the conditional
FDH estimator in (5.9), but based on a convex version of the local set of reference points.

The conditional DEA estimator can be computed as

Opra(r,y] 2) :inf{e ly< D &Y 02> 66X, Y G=1§ zovzezz}, (5.10)

1€L, 1€L, 1€L,

where Z, = {i | ||Z; — z|| < h}.

Remark 5.1. The case where 7 is discrete

When Z is discrete or qualitative, the situation becomes simpler. The localization described
earlier reduces to treating each possible value of Z independently, with each value defining
the set of local observations (X;,Y;). In other words, Z serves to divide the data into groups
corresponding to each observed value of Z, and with each group treated independently. How-
ever, the number of observations in each local problem may be too small to obtain meaningful

estimates. In such cases, some groups should be merged.

The asymptotic properties for the individual estimators of conditional efficiencies are
derived by Jeong et al. (2010). To summarize, these properties are analogous to those for
the unconditional case with n replaced by n;, = nh?, which is the order of the number of data
points in the neighborhood of z. When using LSCV- optimal bandwidths, the number of
such data points reduces to an order of n*(4t%_ This reduces the rate of the unconditional
envelopment estimator when d increases. For instance, for an estimator that has a rate

4%/(4+d) for the conditional case. Cazals

n” in the unconditional case, the rate decreases to n
et al. (2025) propose a tentative solution to this disappointing fact by employing single index
models for Z that reduces the effect of Z to one dimension.

Central limit theorems for means of conditional efficiency measures, analogous to Theo-
rems 3.2-3.3 presented above, have been derived by Daraio et al. (2018). Their presentation
requires some technical details, but the procedure for correcting the bias of the conditional
estimators is based on a jackknife method similar to the method described above for the

unconditional case (see details in Daraio et al. 2018, Theorems 4.1-4.4).

Remark 5.2. Robust conditional frontiers

The order-m and order-a quantile robust frontiers can be adapted to the conditional setup.
For radial distances, see Cazals et al. (2002) and Daouia and Simar (2007), and for direc-
tional distances, see Simar and Vanhems (2012). Daraio et al. (2020) provide methods for

practical computation in the later case. In summary, these robust versions retain the same
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properties as their unconditional counterparts, such as robustness to extreme values and out-
liers and improved asymptotic properties. Moreover, they achieve asymptotic normality at

a rate not affected by the dimension of p + q, but only by the dimension of Z, i.e., at rate
4/(4+d)
n )

5.2 Separability Condition and Two-Stage Models

A large number of papers in the literature use two-stage procedures to analyze the ef-
fect of environmental variables Z on the production process. These analyses involve first
estimating unconditional efficiency using FDH or DEA estimators, and then regressing the
efficiency estimates on Z in a limited dependent variable model or sometimes in a simple
linear regression.

These approaches are problematic for several reasons. First, it is clear that the first-
stage efficiency estimates provide meaningful measures if and only if the support of U# is not
affected by z. Simar and Wilson (2007) call this the “separability condition,” and note that

this is a restrictive assumption that should be tested. Formally, this condition assumes that
UV =UVzeZ, (5.11)

allowing the joint support of (X,Y, Z) to be factorized as
P=Vx2Z. (5.12)

The assumption implies that, in the input orientation for example, 6(z,y | z) = 0(z,y)
for all z € Z. As discussed by Simar and Wilson (2007, 2011b), if this is not true, then
0(z,y) and the unconditional, first-stage efficiency estimates have no particular economic
nor statistical meaning since the unit (z,y) is benchmarked against a frontier that is not
in general attainable given the environmental condition described by z. If the separability
does not hold, it is better in the first stage to use the conditional measures of efficiency and
analyze how these are affected by Z in some appropriate model (e.g., see Badin et al. (2012,
2014 and Daraio and Simar, 2014).

Second, even if the separability condition (5.11) holds, the second stage estimation is
complicated by the fact that one does not have the true efficiencies on the left-hand side of
whatever regression model is used, but instead only estimates of the true efficiencies. More-
over, these estimates are biased and typically have slow convergence rates. Consequently,
standard methods of interest (which are invariably used in two-stage models in the efficiency

literature) cannot provide valid inference as discussed by Simar and Wilson (2007) and in
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Kneip et al. (2015b, Section 5). For cases where the separability condition holds, Feve et al.
(2023) suggest an alternative to the second stage regression that avoids the failure of the
standard regression methods. But again, the separability assumption in (5.11) is a strong
assumption, and it is often rejected when tested. Daraio et al. (2018) provide a test of the

separability condition as discussed below in Section 6.4.

6 Testing Issues

Kneip et al. (2016) show have shown how the various CLTs developed by Kneip et al.
(2015b) enable the construction of test statistics, with simple, known asymptotic distribu-
tions under the relevant null hypothesis, that can be used to test various hypotheses on the
structure of the underlying DGP. Simulation results provided by Kneip et al. (2016) indicate
that the tests have good size and power properties in finite-sample situations.

The simplest case involves testing equivalent versus different expected efficiencies across
two independent groups of firms. The other tests described below require splitting the orig-
inal sample into two independent sub-samples in order to derive the asymptotic distribution
of the test statistic under the null hypothesis. Below, the simplest case is presented first.
However, as explained below, the empirical researcher must first verify assumptions about
the shape of the attainable sets (i.e., convex or non-convex, CRS or non-CRS) to ensure that

appropriate estimators are used.

6.1 Testing the Equality of Means of Efficiencies

Suppose there are two groups G and G4 of firms defined by some criterion. In addition,
suppose the researcher has two independent samples, one from each group, of sizes n; and ns,
respectively. A natural research question is whether the two groups have the same expected
or mean efficiencies, i.e., whether p;9 = u2 where o = E(0(X,Y) | (X,Y) € G,) for
¢ € {1, 2}. In other words, it is desired to test the null hypothesis

Ho: png = pop (6.1)
versus the alternative, one-sided hypothesis
Hi: K19 > 2.0 (62)

Note that the labels on the two groups are arbitrary and can be reversed. In addition, use

of a two-sided alternative H;: ;9 # po, follows reasoning similar to that below. Note also
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that here, no assumption on whether the two groups face the same frontier is imposed. Kneip
et al. (2016, Section 3.1.2) show how the test discussed here can be adapted to incorporate
the assumption of a common frontier for the two groups.

Let Ay, = {(X;,Y:)}, denote the iid samples of firms in groups ¢ € {1, 2}, and let

feo=n;" > 0(X:,Yi|X,,) (6.3)

(Xiayi)eXZ,né

be the sample means of estimated efficiencies for each group. Here, depending on the un-
derlying economic assumptions on the attainable sets W, the estimators 5() can be either
the FDH, DEA, CFDH or CDEA estimators with corresponding convergence rate n” with
values of k given in Table 1.

Theorem 3.3 applies for each of the two groups. For each group ¢ € {1, 2} the bias of the
corresponding sample mean in (6.3) is estimated by E&,ﬁm as described in Section 3.3.3. A
test statistics can then be derived easily due to the independence between the two samples.
This independence plays a crucial role, and avoids complications due to covariances.

The results of Theorem 3.3 make clear that one must carefully account for the value of

(p+ ¢). In situations where (3.35) applies, it follows that

(//Il,nl - //I2,n2) - (él,n,nl - /B\Z,n,ng) - (,UI,G - HQ,G) r
— N(0,1), (6.4)

Tl,nl,nz - =2 =2
o o
1,0,n1 2,0,n9
ni n2

provided n;/ny — ¢ > 0 as ny,ny — 00, where ¢ is a constant and where the 6\29,”2 =
n, S [5(Xg7i,n7i | Xom,) —ﬁgmz}2 are consistent estimators of o7, = V(§(X,Y) |
(X,Y) € Gy) for £ € {1, 2}. In the more frequent case where p + ¢ is large and £ < 1/2,
(3.36) applies, requiring the means

-~

Home, = Mo > 0(X0i,Yoi) | Xin,) s (6.5)

(X0,i,Ye,:)EX)

Z,ng“A€

to be computed over random sub-samples X7, of size ng, = |n2%] for each of the two
groups ({1, 2}. The notation in (6.5) makes clear that each individual efficiency estimator is
computed with the full samples Xy ,,,, but the summation is only over the elements of XZW,K.
Then it follows that

(,l//\/l,nLH - ﬁQ,ngy,ﬁ) - (Bl,n,nl - BQ,n,nz) - (,UI,H - ,u2,9) r
Ty pin e = =5 N(0,1)  (6.6)




provided ny/ng — ¢ > 0 as ny, ng — 00,

Under the null hypothesis, j1 9 — pi2.0 = 0. Therefore, depending on the chosen estimator
and on the value of p + ¢, one of the two statistics in (6.4) or (6.6) can be computed
and compared with the appropriate quantile of the standard normal distribution to obtain
an asymptotically correct p-value for Hy. Alternatively, (6.4) or (6.6) can be used with
quantiles of the standard normal distribution to derive confidence intervals for 19 — p20

with asymptotically correct coverage.

6.2 Testing Convexity versus non-Convexity of ¥

As discussed earlier, FDH estimators do not require convexity of ¥ and are consistent
under only the free disposability assumption and other mild regularity conditions, but DEA
estimators require both convexity and free disposability. In the empirical literature, DEA
estimators are used much more frequently than FDH estimators, with apparently little regard
to whether convexity of WU holds. Of course, one should test the null hypothesis Hy: W is
convex versus the alternative hypothesis H;: ¥ is not convex. Kneip et al. (2016) provide a
test that is easy to implement.

Working in the input orientation (for illustrative purposes), by construction N (X, Y |
X,) < gFDH(Xi, Y; | X,). Therefore, fippan < HFpm.n, Where flo, =n 1> ", 5.(Xi, Y| X,)
with e denoting either the FDH or the DEA case. Under the null hypothesis of convexity,
both means estimate consistently the same quantity, but if W is not convex we expect large
difference in the two sample means. Consequently, Hy should be rejected if the difference
is “large”. But, some complication arises as explained by Kneip et al. (2016). Due to the
covariances between é\DEA(Xi, Y; | &,) and é\FDH(XZ-, Y | &), " (lrpu,n — HDEAR) CONVErgeS
under the null to a degenerate distribution for any v < 1/2. Therefore the two sample means
must be computed over two independent samples.

One way to accomplish this is to first randomly split &}, into two independent sub-samples
X,, and &, with n; + ne = n and then use DEA estimators for observations in &;,,, with
rate of convergence n", k1 = 2/(p+ ¢ + 1), and use FDH estimators for observations in
Xy, with rate involving ko = 1/(p + ¢). Kneip et al. (2016) suggest balancing the values
of ny and ny so that the rates are similar in both sub-samples, i.e., so that nj* ~ nj? with
ni + ng = n. Then the means to be compared are computed separately and independently
using the sub-samples &, and X,,,, yielding fipga », and frpnn, (respectively). Due to the
independence between the two sub-samples, the remainder of the procedure is analogous to

the one described above for testing the equality of mean efficiencies across two groups of
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producers.

Kneip et al. (2016) show that under the null hypothesis of convexity, provided ko > 1/2,
T . //IFDH,TLQ - ﬁDEA,nl - (BFDH,TLQ,/{Q - BDEA,TL1,I€1>
3n —

a. (ox
\/ DEA,n; FDH,no

ni n2

£, N(0,1) (6.7)

as n — 0o, where the bias and variance estimators for both cases are obtained using the
procedure described in Section 3.3.3.
Alternatively, if ko > 1/2 then

_ MFDH,ns,., — HDEAni,.x — (BFDH,nQ,@ - BDEA,nl,m)

Ty -5 N(0,1), (6.8)

b
~2 ~2
9DEA,ny + 9FDH,no
ni,k N2k

as n — 0o, where K = Ko, ng, = [n3"] for £ € {1, 2} and, as in Theorem 3.3, the means are

computed over the random sub-sample of sizes n,,, ¢ € {1, 2}.

The null hypothesis of convexity of W is rejected whenever 1 — ®(75,,), or 1 — ®(7},,)
(depending on the value of p + q) is less than « (e.g., « = .1, .05 or .01).

The procedure as described by Kneip et al. (2016) is based on a single random split of
the original X},, and this may introduce some ambiguity and arbitrariness. Different splits
could provide different decision. To remove this ambiguity, Simar and Wilson (2020, 2026)
suggest methods for combining results from multiple sample-splits that lead to consistent,

valid tests as described below in Section 6.5.

6.3 Testing CRS versus Non-CRS

Regardless of the outcome of the test of CRS versus non-CRS, one must decide whether
to use the FDH or CFDH estimators, or the DEA or CDEA estimators to estimate efficiency.
Thus it is useful to test CRS versus non-CRS, i.e., to test the null hypothesis Hy: ¥ = C(V)
against the alternative hypothesis Hy: ¥ C C(V). If convexity holds, then under the null
hypothesis of CRS, both the DEA and the CDEA are consistent estimators of 6(X,Y),
but under the alternative, only the DEA estimator is consistent. Kneip et al. (2016) give an
appropriate test for cases where ¥ is convex. If convexity does not hold, then under Hy, both
the FDH and the CFDH are consistent estimators of §(X,Y'), but under the alternative, only
the FDH estimator is consistent. For this case, a test of CRS versus non-CRS is provided
by Kneip et al. (2026).

For purposes of illustration, assume that ¥ is convex. The test statistics provided by
Kneip et al. (2016) can be used, and these are based on the fact that (for the input orienta-
tion) §CDEA(X7;, Y| X,) < gDEA(XZ-, Y; | X,) and hence the sample means of the DEA and
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CDEA estimates computed over the entire sample X, are such that their arithmetic means
computed over the full sample &, are such that lipga, — ficpea ., > 0. Under the null, this
difference is expected to be “small,” and under the alternative, it is expected to be “large”.
Unfortunately, for reasons similar to those involving covariances between the estimators in
the test of convexity, nY(lirpu., — [iDEAR) converges under the null to a degenerate distri-
bution for any v < 1/2. The solution here is again to first randomly split the full sample
X, into two independent sub-samples &,,, and &, of sizes n; and nq, then use the DEA
estimator to estimate efficiency among the observations in X,,,, and the CDEA estimator
for the observations in A,,,, and then finally compute the corresponding means within each
sub-sample. Kneip et al. (2016) prove that under the null hypothesis of CRS, both the
DEA and CDEA estimators share the same rate with k = 2/(p + ¢), so the splitting can be
balanced with nq = ns, ny + ny = n.

Here, as in the test of equivalent mean efficiencies, Kneip et al. (2016) show that the
appropriate test statistic depends on the value of p + ¢. If p 4+ ¢ < 5, then under the null
hypothesis of CRS,

(,aDEA,nl - ﬂCDEA,ng) - <§DEA,H,TL1 - ECDEA,H,ng) r
Ty, = £y N(0,1), (6.9)

3 =2 =2
\/UDEA,nl + 9CDEA,ny

ni ng

as n — 0o, where the bias and variance estimators for both the DEA and CDEA cases are
obtained by the procedure described in Section 3.3.3. Alternatively, if p+ ¢ > 5, the sample
means must be computed over random sub-samples of X, of size ng, = |n3*|, £ € {1, 2}.
Then under the null,

(ﬁVRS,nLN - ﬁCRS,n21K> - <§VRS,H,TL1 - ECRS,H,HQ) r
Ty = £y N@©O,1) (6.10)

b
=2 =2
IVRS,nq + ICRS,ny
nik n2 x

as n — 0o, The null hypothesis of CRS whenever 1 — ®(75,,), or 1 — ®(T5,,) (depending on

the value of p+ q) is less than the nominal test size . The ambiguity resulting from a single
random sample-split can be removed as described below.

A similar procedure for testing CRS for general technologies, without imposing convexity,
is provided by Kneip et al. (2026). The procedure works along the same lines as the test
described here while FDH and CFDH estimators instead of DEA and CDEA estimators. An
important difference, however, is established by Kneip et al. (2026). Even under the null,

the FDH and CFDH estimators do not share the same convergence rate, as shown in Table
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1 where k1 = 1/(p + ¢) when using the FDH estimator and X,,,, while ko = 1/(p + ¢ — 1)
when using the CFDH estimator and &,,,. See Kneip et al. (2026) for details and discussion.

6.4 Testing the Separability Condition

Daraio et al. (2018) provide a method for testing the separability condition (5.11), i.e., to
test the null hypothesis Hy: U* = W V 2 € Z against the alternative hypothesis H;: U C ¥
for some z € Z. The main idea is to build a test statistic comparing the expectation of the
unconditional efficiencies = E(0(X,Y")) with the expectation of the conditional efficiencies
e =E(0(X,Y | Z). By construction (for the input orientation, chosen here for illustration),
pe—p > 0, with equality holding if and only if the separability condition in Hy holds. So here
again, as with the tests of convexity and CRS, a one-sided test can be built. The test rejects
Hj if the difference between two independent estimators of u. and p is “large”. The CLTs
developed by Daraio et al. (2018) for conditional efficiency estimators allow construction of
the appropriate test statistics, including bias corrections for each estimator.

The separability test also requires splitting the original sample X, into two independent
sub-samples &), and &, with n; + ny = n as in the tests described in Sections 6.2-6.3.
Note that here, the rates of convergence for the conditional and unconditional estimators are
different. Daraio et al. (2018) develop theory for both the DEA estimators (under convexity
of W) and FDH estimators (without imposing convexity). The details require some technical
notations but the main idea follows the lines described above in Sections 6.2-6.3. See Daraio
et al. (2018) for details and discussion.

6.5 Handling Multiple Sample-Splits

The tests described in Sections 6.2—6.4 require splitting the original sample &, into two
independent sub-samples &,,, and X,,, with n; +ns = n. This introduces some ambiguity and
uncertainty due to the particular sample-split, which is typically determined by the choice
of the seed for a particular random number generator. Different results (i.e., rejection or
failure to reject the null) may result from different splits, and researchers may have difficulty
replicating results if they do not have the same random number generator and seed value
used to produce the original results. The uncertainty can be largely removed by “integrating
out” the randomness of the sample-split by repeatedly splitting the sample a large number
of times and appropriately combining information from tests on each of the sample-splits.

To illustrate ideas, suppose that the original sample is split S times. On each split, a

test statistic 7}, s and a corresponding p-value p, are computed, with s =1, ..., S. Simar
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and Wilson (2020) explain that it is not easy to exploit the information provided by these S
values of test statistic and p-values due to the fact that these quantities are not independent
across the different sample-splits. Simar and Wilson (2020) provide a bootstrap algorithm
to deal with the dependence across multiple splits, resulting in two tests. The first test is
based on the average of the T,, 5, and the second is based on a Kolmogorov-Smirnov statistic
comparing the distribution of the p-values from the S splits to the uniform distribution.
Bootstrap methods are used to obtain “global” p-values for the two tests. Unfortunately,
the computational burden of the bootstrap method is burdensome and limits the number of
splits that can be made in most situations. Nonetheless, Monte Carlo results reported by
Simar and Wilson (2020) suggest that the method works well with moderate sample sizes.

Simar and Wilson (2026) provide an improved, fast and easy method for combining
results from the multiple sample splits, avoiding the bootstrap. The method is adapted from
the multiple testing literature for controlling the false discover rate (e.g., see Benjamini and
Yekutieli, 2001). Simar and Wilson (2026, Proposition 4.1) provide a rejection rule that has
a rate of type-I error less or equal to the predefined size . The rule uses only the set of
p-value p,, s =1, ..., S. For a test of nominal size a and with 5 defined as the proportion
of splits where p, < a2, Hy is rejected if 3 > a.

Monte Carlo evidence provided by Simar and Wilson (2026) indicates the method yields
tests with good size and power. In some cases, the results are even better than results ob-
tained with a single sample-split or with multiple splits using bootstrap methods. Compared
with the bootstrap method of Simar and Wilson (2020) using B bootstrap replications, tests
based on the newer method of Simar and Wilson (2026) require computational time equal
to approximately B~! times the amount of time consumed by the bootstrap method. Simar
and Wilson (2026) provide additional Monte-Carlo evidence suggesting that the number S
of sample splits should be 1,000 or more to remove much of the uncertainty arising from the
random splitting. Using the new method, one can often use 1,000 or even 10,000 splits with

a desktop computer.

7 Dynamic Models

7.1 Malmquist Productivity Indices

Malmquist Productivity Indices (MPIs) based on the work of Malmquist (1953) and Caves
et al. (1982) are widely used to measure changes in productivity in dynamic settings (e.g.,

see Kneip et al., 2021, Appendix A for a discussion of the literature). Unfortunately, many
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empirical studies present only point estimates of MPIs and geometric means of estimates,
with no inference. Until recently, there were no theoretical results allowing empiricists to
make inference about MPIs, but this has been remedied by Simar and Wilson (2019) and
Kneip et al. (2021, 2026).

In dynamic settings, the attainable set at time ¢ is described by
V' = {(x,) | x can produce y at time ¢}, (7.1)

and its efficient boundary is given by

V= {(z,y) | (z,y) € ¥, (nz,n~'y) ¢ W'V e (0,1)}. (7:2)

As discussed by Kneip et al. (2021, 2026), it is advantageous to define the MPI in terms
of hyperbolic distances due to the fact that components of some decompositions of the MPI
may not be well-defined when the input or output direction is used (see Simar and Wilson,
2023a for an illustration of this problem). Using hyperbolic distance measures, and replacing
U with C(V) in (2.5), the (hyperbolic) MPI measuring the change in productivity for a firm
operating at (z!,y') € U at time 1, and at (2%, y?) € U? at time 2, is defined by
Mo (v(va,yQ [C¥Y) | Al | cmﬂ»)w_
V(zhyt [ C(Y) Ayt yt [ C(V?))
It is easy to verify that productivity increases (remains constant, decreases) when M is

(7.3)

greater than (equal to, less than) one.

It is important to note that the distances in (7.3) are measured to from (z',y') and
(22, %) to the boundaries of C(¥?!) and C(¥?) instead of to ¥ and ¥??. These distances
are well-defined, but they do not measure efficiency unless W' = C(¥) for t € {1, 2}, i.e.,
unless CRS holds at times 1 and 2. The measure in (7.3) consists of two ratios. The first
measures productivity change for the firm operating at (x!,4!) and then (22, y?) using the
boundary of C(¥!) as a benchmark. The second ratio measures productivity change for the
same firm using the boundary of C(¥?) as a benchmark. In addition, it is important to realize
that the MPI in (7.3) measures productivity change regardless of whether the production
set at times 1 and 2 is convex or whether the frontiers of the production sets exhibit CRS.

These are, however, issues for estimation and inference.

7.2 Estimation and Statistical Properties

The MPI defined in (7.3) is unobserved, and hence must be estimated. Suppose n firms
are observed at two different times ¢ € {1, 2} so that n iid pairs {(W}, W?)}\_, of observa-

7

tions are available, where W} = (X, Y;"). Then the MPI for a single firm observed operating
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at w' = (2%, y") t =1, 2 is estimated by

w,w = = (7.4)
Yozt yt [C(PY)  yelat, yt [ C(W2))

where “o” denotes either CFDH or CDEA. CFDH estimators can be used regardless of

whether the production sets in the two periods are convex, but use of CDEA estimators

i u?) (v.w,yﬂc@l» Xm(a:?,y?c@m)“

requires convexity of the production sets.

Properties of this estimator are based on mild regularity conditions described by Kneip
et al. (2021) for the convex case, and by Kneip et al. (2026) for the general case (i.e., where
production sets are not necessarily convex). Kneip et al. (2021, 2026) establish that

n” (ﬂ(wl,w2) - M(wl,w2)> Ly Py (7.5)

as n — 00, where [,1,2 is a non-degenerate distribution depending on the particular es-
timators used (i.e., CFDH or CDEA) and various features of the DGP (i.e., whether the
production sets are convex, smoothness and curvature of the frontier, etc.). Details and
discussion are given by Kneip et al. (2021, 2026) The rate x depends on features of ¥! and
U2 as indicated in Table 1. For example, if CRS does not hold, then x = 1/(p+¢—0.5) when
CFDH estimators are used, and k = 2/(p 4+ ¢ + 1) if convexity holds and CDEA estimators
are used. The theoretical results provided by Kneip et al. (2021, 2026) allow inferences on
M(w!, w?) for individual firms to be made using sub-sampling techniques described in Simar
and Wilson (2011a).

Empirical studies often report geometric means of MPI estimates for a group of n pro-

ducers. The geometric mean

n 1/n
i=1
can be estimated by
n 1/n
M, = [H M(w!, w3>] . (77)
i=1

Kneip et al. (2021, 2026) provide CLTs for both the convex and non-convex cases (respec-
tively) allowing researchers to make inference about average or overall changes in produc-

tivity.

Remark 7.1. Unbalanced panels

It is common in empirical studies to discard observations on firms that are only observed in
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one of the two periods under consideration in order to work with balanced panels of data.
Kneip et al. (2021, 2026) note that this is not necessary. In general, one should never through
away data unless it 1s corrupted by errors that cannot be repaired. While it is true that the
estimator M\(wl,w2) in (7.4) can be computed only for firms observed in both periods, the
four distance estimates on the right-hand side of (7.4) can (and should) be computed using
all of the data available in each period. Whenever consistent estimators are used, thawing

away data is likely to increase estimation error.

A number of decompositions of productivity have been considered in the literature. These
amount to decomposing (7.3) into sub-indices measuring changes in efficiency, technology,
etc. Similar to the MPI defined in (7.3), the various sub-indices resulting from decomposi-
tions of (7.3) involve ratios of distances. These sub-indices are typically estimated using the
plug-in method, i.e., by replacing unobserved distances with consistent estimators, just as
the MPI is estimated by the estimator in (7.4). Statistical properties of estimators of these
sub-indices are analogous to properties of estimators of M discussed above. The relevant

theory as well as details and discussion are provided by Simar and Wilson (2019).

Remark 7.2. Other indices

The results of Kneip et al. (2021, 2026) generalize in straightforward ways to Luenberger
Productivity Indices using directional distances (see Daraio et al., 2025 for details and dis-
cussion). Simar et al. (2025) extend the results to Hicks-Moorsteen Productivity Indices,
and Pham et al. (2024) adapt the theory to the case of aggregation of MPIs, where weighted
geometric means are constructed while weighting individual MPIs to reflect the economic

importance or influence of individual producers.

8 Conclusions and Extensions

For many years, efficiency estimation existed in a vacuum without statistical tools to
quantify the uncertainty surrounding estimates of efficiency, productivity, and other items of
interest. Today, a rich toolbox of theoretical results and computational methods are available
enabling empirical researchers to make practical inference using non-parametric models of
production using popular envelopment estimators such as DEA, FDH and their variants.
The discussion in this chapter show how crucial the assumptions made on the DGP are—
incorrect, unsupported assumptions often lead to inconsistent estimators and futile, invalid
inference. Tools now exist with which to test key assumptions within this framework. Many

of the techniques described in this chapter can be implemented using a single command in
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the FEAR package for the R programming language (see Wilson (2008, 2026 for details).
Tasks described above for which there is not single command in FEAR can be implemented
by writing a few lines of code using the commands in FEAR.

Due to space limitations, discussion of some recent and promising extensions has been
omitted. the following lines summarize three useful results that should be further developed
in the coming years.

First, it is clear that envelopment estimators do not provide useful estimates of marginal
products and other features of economic interest. Daraio and Simar (2024) extend previous
results from Florens and Simar (2005) by approximating the estimated frontier by smooth
estimates, thereby providing local estimates of the partial derivatives of economic interest.
These estimates complement exiting methods based on non-parametric envelopment estima-
tors without requiring additional parametric assumptions.

Second, the discussion in Sections 5 and 6.4 shows that conditional frontier models are
very useful for incorporating environmental variables in production model. However, these
methods require specifying bandwidths to estimate conditional distribution function. Typ-
ically, standard LSCV are used to provide these bandwidths. Badin et al., 2019 observe
that LSCV yields bandwidths that may not be optimal for estimating the boundary of
the conditional distribution, and data are sparse near this boundary. Florens et al. (2014)
and Mastromarco et al. (2025) provide a solution to this problem by proposing an indirect
method to estimate the conditional efficiencies by cleaning the inputs and the outputs from
the effects of the environmental variables in a first step. Florens et al. (2014) suggest using
non-parametric location-scale models for the cleaning step, while Mastromarco et al. (2025)
extend the idea to a more general framework by using non-parametric, non-separable models.
Monte-Carlo experiments indicates improved performances of the latter method. So far, the
method is limited to cases with a one-dimensional response case (e.g., only one input in the
input-oriented case).

Finally, the preceding discussion is limited to so-called deterministic frontier models.
However, several recent papers introduce stochastic noise in attempts to develop non-
parametric stochastic frontier models. Among those that provide theoretical results, Kumb-
hakar et al. (2007) use a local likelihood method (see also Simar and Zelenyuk, 2011). Kneip
et al. (2015a) address identification issues and use pseudo-likelihood techniques and his-
togram density estimators to approximate the distribution of the efficiencies, while Florens
et al. (2020) use Laguerre polynomials to approximate the distribution of efficiencies. Simar

et al. (2017) show how a minimal set of local assumptions allows least-squares methods to
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be used in a non-parametric framework. These approaches are (so far) limited to univariate
response variables (e.g., a univariate output in the output orientation). Simar and Wil-
son (2023b) extend these techniques to fully multivariate settings to provide estimators for
almost fully non-parametric stochastic frontier models with multiple inputs and multiple

outputs.
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