Chapter 6

Cartilage behaviour modelling

This chapter presents the results of a research activifpimeed in the Civil and Ar-
chitectural Engineering Department laboratory of the Téadl University of Lisbon
under the guidance of Prof. F. Sim&es.

After having focused on flows in rigid porous media in the jweg chapters, let us
turn our attention to flows ideformable porous media. Hence, this chapter is devoted
to the study of cartilage behaviour and the flowing fluids ¢frer We are interested
in developing the equations which govern both the solid d&edfiuid phases. More
precisely, the chemo-hyperelastic material behavioer)dlwv of mass transfer of ex-
changeable species between the phases, and the couplesiodiféquations that gen-
eralize Darcy’s law for seepage flow, Fick’s law for ion difan and Ohm’s law for
electrical current flow will be obtained under the continuomodel assumption. The
theoretical framework of this chapter is based on threelasti(6; 57; 58).

An introduction to cartilage histology and the modellingtmations are firstly pre-
sented. The framework and hypotheses of the model are tregredivestigated and
the governing equations are developed. Electrochemitahgials are introduced and
it is shown how Darcy’s law can be deduced from basic thermadhic principles.
The solution of the resulting system is explicited and nucaéresults are compared
with experimental measurements from the literature. Riraérspectives are drawn
in order to conclude the chapter.
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6.1 Introduction

A short introduction to cartilage histology is firstly givémthis section. The physio-
logical observations on which the investigated model ietase then presented.

6.1.1 Cartilage histology

In the body function map, the essential role played by adraartilage is to minimize
the friction between the diarthroidal joints covering thed bones. The thickness of a
diarthroidal joint is typically 2-4 mm. Cartilage is a safigue which, for adult animals
and humans, is avascular, aneural and alymphatic. Thepwansf nutrients toward
the cells occurs via the synovial fluid.

Cartilage is mainly made of a collagen fibril net bathed intpoglycans (PG’s) and
electrolytes (Fig. 6.1). PG's are large and highly negétieearged molecules. For
normal cartilage the negative fixed charge density 1s®2 mol/I of water. The elec-
trolytes are mainly NaCl and Caglhich are dissolved in the water asNand Ca ™+
cations and Cl anions. Water is also present within the infrafibrillar (Eellagen
space and can represent up to 20% to 30% of the cartilage reagsfibrillar (EF)
water represents 40% to 60% of the total cartilage weigmalRi collagen represents
50% to 75% of the dry weight of cartilage while proteoglycegresent 15% to 30%
of this weight. It is also important to notice that the relatconcentrations of these
species can vary with depth.

The highly negative charge of PG’s makes that they are sndedby (i) the hydrogen
atoms of the water (which is in fact a dipole) and (ii) the iofithe electrolytes which
ensure the solution electroneutrality. Absorption of watethe synovial joint results
in a swelling of the cartilage, which depends on the PG camnaton and the collagen
stiffness. Besides, the net charge of the PG’s endows thémawepulsive force which
allows cartilage to undergo compressive loadings. Thetielxsung modulus for
normal human cartilage from the femoral head varies fromMP& in the interior to
1-2 MPa at the surface as the cartilage composition varigsitsidepth. This repulsive
force of the PG’s is (i) balanced by the collagen fibrils (ameiitloading) and (ii) can
be shielded by an increased cation concentratioFherefore there is a strong link
between the collagen and the PG’s. The collagen fibril strectndows cartilage with
a differentiated behaviour in tension and compression dtidamisotropic properties.

1Osteoarthritis (OA) is characterized by a disruption ofamén fibrils and/or weakening of the bonds
between collagen and proteoglycans. This makes that théreyweffect by water absorption is less limited.
Degradation of collagen stiffness by OA affects both théilegie tensile and compressive properties.
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Figure 6.1: Cartilage composition scheme (6) .

Its elastic modulus is indeed higher in tension than in casgion. Itis also important
to note that most collagen fibrils are not electrically cleargt the normal human pH
(about 7), but this is no longer the case at a pH lower than Sgbreln than 9.5.

Finally, the respective sizes of collagen intrafibrillaasp and PG’s prevent the latter
from flowing inside the fibrils. Nevertheless, this steriteef does not play any pre-
venting role against the anions and cations, which are smihlhn the holes between
the collagen molecules (Fig. 6.2). The collagen is themgdike a semi-permeable
membrane, allowing the small molecules (ions) to penethetstructure while block-
ing the large ones (PG’s). This is typically the requirenfentallowing the osmostic
effect to play a role.
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Figure 6.2: Characteristic dimensions of collagen fiberside view (left) and cross-
section (right). Only small molecules, like water and\aan enter the space between
the collagen fibrils (6).

From the engineering viewpoint, cartilage is a porous maddathed in electrolytes
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in which electro-chemo-mechanical couplings play a keg.rdkepulsive forces are
generated by the PG charge while collagens keep all thetsteuogether. In addition,
the differing collagen and PG geometry is responsible fonatgc effects. Finally,
because of the concentration variations of the differerfemdes, all these properties
depend on the location within the cartilage.

6.1.2 Observations of Maroudas and coworkers. Motivation®f
the model

The intrafibrillar compartment (IFC) is defined as the volucoenprised inside the
collagen fibrils or more exactly between the collagen mdestu The intrafibrillar
compartment is in contact only with the extrafibrillar contpzent (EFC), in opposi-
tion to the latter which is in contact both with the IFC andtwiite external water (or
synovial fluid). The IFC species can then only be transfefrech or to EFC (Fig.
6.3). This separation was shown to be important by Marouddscaworkers, who
indeed proved that the osmotic pressure is almost only inflee by the PG concen-
tration in the EFC. This is why our model must handle the wateseparated in two
phases, viz. the extrafibrillar and the intrafibrillar prease

Besides, it is important to observe that there is always armim amount of intrafib-
rillar water, whatever the mechanical and chemical cood#tiare. Such a mechanism
could be due to the so-calldgydration forces, which act at short distances and are
postulated to be the main factor that limits the exchandjgabf intrafibrillar water.

To conclude this introductory section, let us qualitagvekplain some observations
about cartilage behaviour.

¢ Increasing the bath (or external water) salinity will geatera decrease of the
cartilage elastic modulus in compression, as a consequéice shielding ef-
fect of the cations on the PG’s.

e Mechanical loading will decrease the water content in th@ [Fhe loading ex-
pels water from EFC, increasing the PG and cation concématThis results
in a mass transfer of water from IFC to EFC by osmotic effects.

e Decreasing the bath salinity decreases the water contém iifrC. An osmotic
pressure due to the presence of PG’s in the EFC will indeeddsger]. De-
creasing the salinity will decrease the cation concemtnaith IFC and EFC.
However, this decrease can be lower in the EFC since a minimumber of
cations must indeed stay in the EFC. This induces a watesferafrom IFC to
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EFC. Nevertheless, this phenomenon is stopped when a mimwfilF water is
reached.

6.2 Framework and hypothesis of the modelling

This section firstly defines the phases present in the probfemhermore, the mod-
elling hypotheses and framework are specified before intimg) some notations for
the medium geometrical properties and the species comtiams in the different
phases.

6.2.1 Definition of the phases

The definition of the phases is mechanically motivated. &fwee, cartilage will be
viewed as a three-phase and multi-species porous mediurthé-eake of generality,
two dissociated salts are considered (NaCl and €aCThree phases are distinguished

e The solid phaseS) contains the collagens fibers as denoted by the symbol

e The intrafibrillar phasel § contains four species : intrafibrillar watev); sodium
ions (noted Na& or Na), calcium ions (noted Ca" or Ca) and chloride ions
(noted CI” orCl).

e The extrafibrillar phaseH) contains five species : proteoglycafs), water,
sodium, calcium and chloride ions.

In this model, the IFC species can only be exchanged with B@ $pecies. The PG’s
are only present in the EF phase and the exterior medium onfyraunicates with the
extrafibrillar phase (Fig. 6.3).

Let us note that this choice of phases is not unambiguous siat of other models
exist. Nevertheless, the presented model is devoted taexactly reproduce the carti-
lage behaviour and moreover, it is principally based on theeovations of Maroudas.

Furthermore attention should be payed to the fact that gahteocations in the EFC
is not exchangeable because of the presence of proteoglydamertheless, although
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Figure 6.3: Cartilage species partition and exchange seb€6) .

the specified phases do not consider mobile and non-molidesis belonging to dif-
ferent phases, the effect of electroneutrality and diffagiquations will take this phe-
nomenon into account.

We can thus define the following sets :

e E={w PG,Na,Ca,Cl}: set of all species in the extrafibrillar phase
e E™ = {w,Na,Ca,Cl}: subset of mobile species in EFC.

e E°— {Na,Ca,Cl}: subset of ionic species in EFC.

e | ={w Na,Ca,Cl}: set of all species in the intrafibrillar phase.

e I’ ={w,Na,Ca}: subset of independent specied ifbecause of electroneutral-
ity, as it will be further explicited).

6.2.2 Modelling hypotheses

The equations are obtained in a thermodynamical framewalbwing Biot's view-

point, where the solid is taken as reference. This methodiders all the phases and
species as a whole. On the contrary, the mixing method cerssilery phase sepa-
rately and establishes the complete set of equations forgzecies in each phase. In
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this latter approach a single species is present at any tpeation, in opposition to
the approach of Biot, who considers that there are seveegiepat a given location
and is based on a field continuity assumption. After the finalaging required by
the mixing method, both approaches lead to a very similanfsefuations.

In fact, Biot's approach directly works with the previouseaged variables (the aver-
aging process is included in the continuity assumption efrttodel). Hence, all the
variables are in fact intrinsic phase averages.

The modelling assumptions are the following ones :

(H1) Mass balance is required for each species. The massdediar each phase is
further obtained from the mass balances of the species tacmn

(H2) Momentum balance is required for the mixture as a whHdtmvever, water and
ions in the extrafibrillar phase are endowed with their owlogities .

(H3) The velocity of any species in the IF phase is the vejafithe solid phase, i.e.
of the collagenys). Let us note that this assumption does not hinder exchange
of water and ions between the two fluid phases, this exchagigg iewed as
a mass transfer.

(H4) In the IF phase, the pressure in the water and the iomigspire are assumed to
be the samep) while in the EF phase the water and the different ionic sggeci
are endowed, through specific constitutive equations, thigir own intrinsic
pressure.

(H5) Although they are in the EF phase, the proteoglycansnapthe same velocity
as the solid phasgs.

(H6) Electroneutrality is required both for the EF phasenalcand for the solid and
IF fluid phases together.

(H7) All the species are considered as incompressible.
(H8) The problem is isothermal.
(H9) Gravity effects are negligible.

(H10) The analysis of the solid part is restricted to smahbiss and linear isotropic
elasticity.
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6.2.3 Notations for geometrical properties and concentrabns

Before developing the model, some notations must be intedand different ways
to quantify the species concentrations have to be definetll¥;i some preliminary
relations have to be investigated in order to reduce to wwknumber.

In the following list, Vp is the initial volume whileV is the current volume. Capital
subscripts refer to the phase and non-capital subscriggdoies, respectively. Fur-
thermoremk andMyk represent the molar mass and the mass of spkéeghaseK,
respectively. We can then define :

My = Sk Mk : the mass of specieslkg],

Nk = Mk /T : the number of moles of speciksn phaseK [#mol,

mw = My /Vo : the mass content of species phaseK [kg/m?3],

Pk = Mk /V @ the apparent specific mass of specié kg/m?].

Hence, we can infer the following definitions :

o Nk = Skek Nik : the total number of moles in phake[#mol],
e px = My/V : the intrinsic specific mass of speciegkg/m?,
e N = Mk /Mg : the mass fraction of speciksn phaseK [],

e Vik = VM /M : the volume of the specidsin the phasé [mq].

From these definitions, we define :

Xk = Nkk /Nk : the molar fraction of specidsin phaseK [],

Vi = Skek Vi © the volume of the phagé [m?)],

Vkk = Mk / Pk : the volume content of speci&sn phaseK [],

¥ = M/ px : the molar volume of specigs[m?®],

and finally :
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e i = Nk /Vk : the molar concentration of the specieis phaseK [#mol/m?],

e Uk = Vi /Nk : the molar volume of phas¢ [m3/mol].

These quantities are linked together by numerous relatioreng which :

zkéK Xk = lv

YkVik =V,

o Uk = S kX Vi,

® Pk = M /i

® Ok = Nk Prks

o N = Vi /V,

® Vik = Vik/Vo = NV /Vo,
® M = PrViK,

o Nk /Vo = My /M,

—Ne _ Ne _ Me _ me _ WMo _ MeVo _ XE
hd CkE - V&g NEVE - VkVE - \7knE - \7knEV - ﬁ'knEV - \7E 7k€ E

All these relations will be useful for the next developmenBarticularly, the last
relations show that molar fractions can be expressed instefrmass contents. The
latter will indeed be taken as primary variables in our folation.

Before developing conservation equations, let us firststigate some consequences
of electroneutrality and incompressibility and show hoe thumber of unknowns of
the problem can be reduced. Some previous developmentthudlbe detailed. The
partition of the extrafibrillar compartment will also be coranted.

Link between ion masses : electroneutrality

The electroneutrality (H6) fulfillment means that the tatigctric density in any given
phase is constrained to vanish. Let us denote the electrisitgeof phaseK by
le« [C/m3]. Only the ions and proteoglycans can generate a non-vagistensity



130 Cartilage behaviour modelling

charge, while the latter can be expressed as a function abthealences i) and
mole numbersNy ). Electric density is then written as :

F Vo Mk
lek =5 Y &Nk =F = > dk——
Vk;( v k;( My

whereF is the Faraday constantThe electroneutrality fulfillment implies thigk =
0, or equivalently that

Mk MNak Mcak Mok

ZZkA—Z 25— =+ e

Ex Mk MNa Mca me MpG

Let us here note thapg = O as the proteoglycans are only present in the EFC. The
anion chloride mass contents is thus directly function ef¢ation mass contents and,

for the EF phase, of the proteoglycan mass content, whickiges :
Mok MNak +2”ba|<

(6.2.1)

=0 K=I1,E. (6.2.2)

)

MpGK
S +{pc—
Mey MNa Mca MpG

The electroneutrality principle is obviously respectedhia beginning but also dur-
ing the remaining of the process. Mole changes are thendiitkasuch a way that
electroneutrality remains verified, which is written as :

—ONcik + ONNak +20Ncak =0 K =1,E. (6.2.4)

Let us remark that, since the PG mole number is fixed, it doehane any influence
in these variation equations. The chloride content vamistiare then only determined
by the cation content variations :

K=I,E. (6.2.3)

oMk OMnak OMcak
SNk = SNNak + 25 — 27Uk _ OTNaK , 50T =k | E.
Neik NaK Ncak | N "

(6.2.5)

Because of the presence of the PG’s a minimum amount of caigadways required
inthe EFC :

m
> N = N+ 2N + oo =0 = gEzk”‘EE—o. (6.2.6)
ke ke

%
The superscriptmmeans that these ions are "no-mobile" in the sense that amini
number of cations should always be present in the extrdfibphase. Even if the
number of PG moles is quite low and negligible, its produdhwhe PG valence

cannot be neglected. The presence of the proteoglycansdimsgrains some cations
to be fixed.

In every case, it appears that the anion masses are linkbé tation masses by Eq.
(6.2.3) and determined by it. Hence these relations wilhseiited in the following de-
velopments. The anion mass contents are then taken intaioeeen if not explicitly
appearing in the equations.

2F is the charge per electron mole (96368I).
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Link between relative volume changes of the solid and the fldi phases : fluid
incompressibility

When all the species are incompressible, thadgg = 0, Vk, the relative volume
change of the solid part, i.e. &r must be the same as the relative volume change
of the fluid. For phasg, the latter is equal to :

o om o o o om o
Sk = Mk 4 Nak I McaK 4 Mok _ OMak 4 INaK i n“t:aK7 (6.2.7)
PnNa Pca P Pw Ps1 Ps2
where the salt specific masses are defined as :
i:i_._@i and i:i—i—zgi (6.2.8)
Pst Pna MiNa POcl P2 Pca  Mcafc
The incompressibility condition is then finally expressed a
tre =0V + OVe. (6.2.9)

6.3 Balance equations

In this section, the mass and momentum balance equatiodeeetoped.

6.3.1 Mass balance

As expressed by hypothesis (H1), verifying mass balancevery species is required.
The species concentration change at a given spatial painbesgoverned by two

mechanisms : a phase transformation or simple transpoeséltwo mechanisms will

be calledtransfer andtransport3.

In order to establish a rule describing the mass contentigual with respect to the
solid phase, we consider that matter motion is relativeeastilid phase, which moves
at the velocityvs. Since the intrafibrillar phase moves together with thedsphase,
there is no transport phenomenon in this compartment, fpspacies. Accordingly,
the IF species mass content can only be modified by phasddraraions. On the
contrary, in the EF phase each species experiences its dagityeMatter can then be
transferred to or from the outside of this phase or transgadrtside this phase. Then,

3In (6), the "transport” mechanism is called "diffusion".
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noting the time derivative with respect to the solid phas%flasthe rate of transfer of
the considered species a4 [kg/m3s| and the outgoing mass flux Mg [kg/m?s,
previous considerations provide :

D:D”tkl - pM
. (6.3.10)
"ot = PE-0Me,
whereMyg is defined as :
Mie/pk = Jke = Nk (Ve — Vs) (6.3.11)

where the superscripho refers to the mobile’ ions, which are not constrained to
remain around the proteoglycans. Furthermore, the mattated in one phase must
disappear in the other phase, which is written as :

P4+ pE=0. (6.3.12)
Introducing Eq. (6.3.12) into Eq. (6.3.10) provides :

D DSvg
e M Qg VKEE, (6.3.13)

In order to illustrate the effects of these laws, let us arehe consequences of the
incompressibility constraint. The rate of relative voluetgange of the solid part
(d-vs) is the opposite of the volumic outgoing flux from the extrefiér part. In-
deed, there is no transfer phenomenon between bath and EFtatransfers be-
tween EFC and IFC are equilibrated. Defining the extraféariutgoing volume flux
asJe = Skee Mke/ 0k = Ykek Jke, these considerations then provide the relation :

0-vs+0-Je =0, (6.3.14)

6.3.2 Momentum balance

Considering hypothesis (H2), momentum balance has to besetpto the mixture as
a whole. Under quasi-static loading and with gravity as thle body force, momen-
tum balance writes as :

0-g+pg=0, (6.3.15)

wherep is the density of the porous medium, i@= ¥k Pk = Yk k Mk /V.
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6.4 Clausius-Duhem inequality and constitutive equa-
tions. Problem closure

In this section, the Clausius-Duhem inequality is first preed in the framework of
our specific study. It is important to remind that this indifyglays a key role in
Thermodynamics since it is used to develop thermodynalyicalrect constitutive
equations. This is illustrated in this section in order tograte (i) chemo-hyperelastic
constitutive equations, (ii) a transfer law of exchangeaplecies between the IF and
EF phases and (iii) coupled diffusion equations to geregdliarcy’s law of seepage
flow through the porous medium, Fick’s law of ion diffusiortime extrafibrillar phase,
and Ohm'’s law of electrical current flow. It is further showat these additional equa-
tions close up the equation set by completing the unknowdstenrelated equations.
Finally some model improvements are suggested.

Let us first recall that the Clausius-Duhem inequality takés account the total dis-
sipation occurring in the observed medium. It can be showbftin porous media
saturated with reactive fluids in the isothermal casethe Clausius Duhem inequality
writes as (59):

D¢ D%

= . (& > 4.
ot T2 o gg (MM ) > 0, (6.4.16)

where  is the volumic Helmotz free energy/m®], My is the relative mass flux
[kg/m?s| and p% is the electro-chemical potentifl/kg] of speciesk in phaseK.
This potential is classically defined as the electro-chah@ibbs potential and takes
into account electricalgf€), chemical ) and general pressur@y) effects. Its
definition is therefore composed of three terms :

e Pkk RT ZkF K
=—+—Inxk + = , 6.4.17
ik o e Mt g () ( )

where¢X is the electrical potential in phasg, { is thek-species valence arf@is
the universal gas constant 8845 YmofK). The chemical activities have been taken
equal to one and the species are assumed to be incompressible

Developing the divergence term of Eq. (6.4.16), and intobnlyithe mass conservation
law (6.3.10) this relation transforms into :

D® D® D®
by g: D& MK
Dt Dt & Dt

H& — %b“‘u.ﬁ% - %uu.?f( ‘Mg >0. (6.4.18)
K, K,

DSDy DSD, DSD3
ot ot ot
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This inequality can be viewed as composed of three trais. from left to right :

¢ the intrinsic dissipation, so-called because of its depand upon the state vari-
ables ;

o the dissipation associated to the mass transfer betwegihtses ;

e and the dissipation associated to the fluid mass transport.

As previously written, the sum of these terms is the totadigetion, also called the
electro-chemo-mechanicatlissipation.

To verify inequality (6.4.18) we will impose sufficient condition, in the sense that
each of the three terms will be imposed as non-negative :

DSD DS . DS DS

ot = —ot+ @ BE Sk MR e 20
DSD DS

o = kel (HE — HE) ot >0 (6.4.19)
DSD

Dt3 =~ Dkegm QHI?E ‘Mg > 0.

In the latter formulation, the summation setsdp andD3 have been changed, con-
sidering that the mass transfers are equilibrated (6.&d@)that the mass fluxes of
intrafibrillar ions with respect to the solid phase are eqoaero.

The first term will exactly vanish and lead to the chemo-hgtsestic constitutive equa-
tions. From the second term, we will obtain the transfer lAex@hangeable species
between the IF and EF phases, while the last term will geeeratipled diffusion
equations that generalize Darcy’s law of seepage flow thrdhg porous medium,
Fick’s law of diffusion of ions in the extrafibrillar phase@@hm’s law of electrical
current flow.

Finally, defining the chemical potentials of the dissodaalts as :

MNalNak + Mol Sk and ok = MeatiSxk + 2o Sk

, (6.4.20)
MNa Mca

Usik =

and using the electroneutrality conditions of the extrdféarphase alone and of the
solid and intrafibrillar phase together Eq. (6.2.5), the finequality of Eq. (6.4.19)

4In a thermal problem, there will be one additional term, #ie conduction dissipation term.
5In the non-isothermal case, the total dissipation is comgadé heat conduction and of electro-chemo-
mechanical dissipation effects.
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provides the incremental free energy :

O = &+ Lhwi OMt + Hs1i OMNal + Usi OMcal + e OMe + Usie OMNag + UsoE OMCaE -

(6.4.21)
and hence it is also possible to rewrite the second ineguali6.4.19) as :
DD D my DSm DS
D 2 — — (Lt — Hog) TI — (Msu — Hsie) % — (Ms21 — Ms2E) gtbal > 0.
(6.4.22

6.4.1 Helmotz free energy : chemical potential, stress andomo-
geneous problem closure

In this section, a firstillustration of the power of the sed@ninciple inequality will be
provided. The constitutive equations will indeed be datias resulting from formu-
lation (6.4.19). Furthermore, it will be shown that, in th@mogeneous equilibrium
case, the equation set is complete and that the elastiogonadan therefore be solved.

To introduce this section, let us first recall the local sfadstulate (59). It stipulates
that any state of a homogeneous sy$temdergoing any possible evolution can be
characterized by the same constitutive variables as alileguin, and is independent
of the evolution rate. Characterizing a system means détargnits internal energy
state, not including its kinetic energy.

Hence, considering the previous postulate, the system éielfnee energy () is
expressed as a function of deformatimand mass contenis only, which writes as

Y=uv(em) - (6.4.23)

This free energy can be viewed as composed of a purely chkmaigaechanico-
chemical and a configurational part (6). We will ensure that first inequality of
(6.4.19) is respected by imposing that the left expressi@yual to zero, which pro-

vides the equality : . . .
DSy Dsg. ec DMy
=g — ) 6.4.24
5t =< Bt +kZKukK Dt ( )

In order to verify this equation, postulate (6.4.23) implie/o (the two first) constitu-
tive equations, viz. :
Iy e

9 =g and M = K - (6.4.25)

6A homogeneous system can be a subsystem of a continua megtems
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After some developments (60), the latter equations pravide the constitutive equa-
tions

o for the stress tensor :
a=-p""3+E:¢, (6.4.26)

wherek is the fourth order elasticity tensorAs it can be observed, the elastic
moduli vary with the bath salinity (Fig. 6.4). The Lamé pasiers ofE are
determined in thdypertonic state which is defined as the state of maximum
salinity of the extrafibrillar compartment. In this case #adt shielding effect
is maximum and the proteoglycans have a very small mechasffeat. In the
hypertonic configuration, the stress is then equal to thke pegssure, and by
convention, the strain is equal to zero.

Defining theeffective stressas@ = g+ dp°'f highlights the contribution of

the effective pressure. Indeed, with the help of this dédinjtthe linear elastic
stress law is recover@dince Eq. (6.4.26) then provides the relation :
g=E:e. (6.4.28)

The effective pressure term takes into account the shigkefiiect in the stifness
of the cartilage and the following form was suggested () :

freN eff
— E) Po (MNag)+ P8,

(6.4.29)
wherepgff represents the PG effect when a zero displacement is impdse

the bath salinity can be changed (Fig. 6.4). The expresiip@fé is one of the
lacking constitutive equations. Loret et al. (6) neverisslsuggest an interpo-
lation formulation ofpgff, considering two extreme cases, viz. the cartilage is
either in the hypertonic state or bathed in distilled walég. 6.4 highlights the
PG influence. Indeed typically, at a constant strain, are@mee of the bath salin-

ity will reduce the stress, this effect being attributed toigcreased shielding

P (Mg, tr & pe) = A(Miag) ((tre! —tre) + patre! = (1

"The collagen fibers endow the cartilage with a differentitidviour in tension and compression. Such
a behaviour is known as conewise strain-based. The modedhgarthis effect into account by means of
the parameters defining the elasticity tensor, viz. the Leoafficients § and ). It can be shown that the
continuity stress requirement implies then that only thet finmé coefficient can vary across the hyperplane
tr £ = 0 (with ® andX denoting appropriate tensorial operators) :

E =2 0®d0+2udKg, if tre<o0 (6.4.27)
Ef=AT0®d+2udXg, if tre>0 o

8In the same way as in soil mechanics, this principle derit@s the well-knowriTer zaghi’s assumption,
which states that for an incompressible matrix phase andaropic saturated porous medium, the linear
elastic stress law is recovered when the included pore fhaéigiqore is in the stress term.

9The function is here given for a single salt. An appropriateriulation ofp'f for two salts can be
found in (57).
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of the charged proteoglycans by the dissolved salts. Nestes,pe'f is still
positive in order to take into account the repulsive effddhe proteoglycans.
Finally in Eq. (6.4.29)' is defined as the fictitious intersection point of the
lines for different salinities in a strain-stress diagram.

min. salinity

compression

fixed salinity
o «=> My fixed

A+ 2u+h| pﬁ"—n (€7~ 8,)
max. salinity

contraction
0 -E

. <° | =0 2x-E" )

Figure 6.4: Definition of; . Definition and meaning gf*' as function of the salinity.

o for the electro-chemical potentials in extrafibrillar anttafibrillar phases :

cf

e = Bl e bw = _p';th'+%lnxw|
Pt F {

B = St R + SEE B = Rl inxna +4eE2
F

W = p0a+ BT |nxcee + SaF % HE = Elinxa + e
ec Pu RT loFgF uE = |nXC|+ZCIF(P.

Hoe = + g INXcE + 25— cil

(6.4.30)

The role of pressure in the (electro-)chemical potential tsabe commented.
The observations of Maroudas and coworkers indeed hightlgh different
roles of the extrafibrillar and intrafibrillar compartmenits particular, these au-
thors show the key role of the PG’s and the extrafibrillar comgnts. Hence, in
order to take into account the cartilage history, a confitiomal energy terrt
is introduced in the extrafibrillar potentia;bﬁ(f /Pk)-

10This term can be determined by solving equilibrium laws & ¢hse of a single salt (6). If several salts
are present, the determinationmil’ depends on the initial salt repartition.
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In order to assure that there is always a minimum amount oémiatthe IF
space, as the experimental results seem to indicate, atatimstfunction (")
was introduced in the electro-chemical potential of the Btex This function
depends on the IF water mass content and was modeled in (B)ibteapolating
function between the two limit cases: cartilage in the hyg@c state or bathed
in distilled water.

A last remark about the form of the electro-chemical potdsatis required

in order to highlight the respective roles of mechanical ahdmical effects.
The molar fraction of a salt is usually by far smaller thantyrfknax < 1,
Xcak < 1 andxcik < 1). The logarithmic term is therefore dominant in ex-
pressions (6.4.31) and (6.4.30) and in a first approximatienpressure term
due to mechanical effect in the salt potential has then begleated in front of
the chemical term. In the case of water as a species, thesiedfiect is how-
ever observed. Sincgx = 1, the mechanical term is indeed higher than the
chemical term.

Using the definitions (6.4.20), the potentials of dissagiatalts are rewritten as

cf
Hae = ,‘;—21 + EL In(Xnae XciE) o = %In(mm xcin)
_ &_i_ RT |y( 2 ) Hs2 = W'”(XCal Xéll)v
Hsoe = 55 T e, NXcaE Xgig) a
(6.4.31)
where the salt configurational pressure are defined as :
cf cf S cf cf cf o cf
Pa _Prna Mo Po gng Pe _Pea oMo lPa (g4
Pst  PNa  MNa Pci P2 Pca Mca Lcl

Finally, the model (6.4.26) and (6.4.30) illustrates thesence of mechano-chemical
coupling. On the one hand, the chemical influence on the nmécdlabehaviour is
mainly embodied in the effective pressure tepff{). On the other side, the mechan-
ical influence on the chemical behaviour is represented bythssure terms in the
chemical potentials.

Steady state problem closure

The steady state problem is totally described when the latbitons are specified,
viz. when the bath pressure and mass contents are given terdeither the displace-
ment or the stress vector is imposed on the boundaries. Tmichl potentials of the
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bath for the water and for the salts are written as :

HwB = % + % Inxuws

Hsie = 42+ % In (XnaB XciB) (6.4.33)
_ RT 2

HsoB = g—fz-ir@'n(XCaB XC|B) .

As the extrafibrillar compartment communicates with theafibrillar compartment
and the bath, the equilibrium implies the following equatio

Hwe = Hwi
Hsie = Msui (6.4.34)
HsoE = Hs2l
and
HwE = HwB
{ HsiE = Hs1B (6.4.35)
Hs2E = Hs2B -

These six last equations close up the elastic model at bguii. In the dynamic
case, the problem will be closed by other equations as itbeilllustrated in the next
paragraphs.

6.4.2 Transfer in intrafibrillar compartment

The mass transfer law in the intrafibrillar compartment imgao be determined. This
law is again provided by the consequences of the secondperaf Thermodynam-
ics. We focus on the second inequality of Eq. (6.4.19) rémits Eq. (6.4.40), which
is here recalled as :

S S S S
DD[t)Z = — (Hw — Hwe) D[r)rt\,w — (Hsu — Hsie) P g:\lal — (Ms21 — PsoE) & glcm >0
(6.4.36)
A simple way to satisfy the inequality is to define the massdfer law as :
Ds | Mw Hwi — Hwe
Or | Ma | = —[T] | Hsu— Hsie |, (6.4.37)
Mcal Hs21 — Hs2e

where[T] is a 3x 3 (semi-)positive definite symmetric matrix, which is isledlthe
transfer matrix . In a first attempt, an uncoupling between the mass transfers-
sumed and the transfer matrix is therefore diagonal. TYlgidhis property implies
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that the sole chemical non-equilibrium of water does natatly result in salt trans-
fer. The transfer parameters [df] involve the characteristic transfer timgsof each
species. By means of non-dimensionalization, the follgwiglations are indeed ob-
tained : .

T — Mk P«

= k=w,Na,Ca. 6.4.38
k RT Tk b el ) ( )

6.4.3 Fluxes and transfer in extrafibrillar compartment

This section again illustrates how the second principleteap in determining ther-
modynamically correct constitutive equations. The tramsfaws will be developed
and Darcy'’s, Fick’s and Ohm'’s laws will be recovered.

The third inequality of Eq. (6.4.19) is written as :

DD3
Dt

— Zvuukeg ‘Mg > 0. (6.4.39)
keE

A sufficient condition to satisfy this latter inequality @ postulate the existence of a
symmetric positive definite matrij] of appropriate size such that :

My

R Jw mﬂuvegc

ova | = | Wa | | Pralig 6.4.40
|| w| 23 eem
RS I P OKE

Pci

The k] components can be determined by developing the summat{@¥r89). The
matrix detail can be found in Annexe E. Considering indeedldacomposition of
the potentialyg (6.4.17) into (i) a mechanical part, (i) a chemical partd &) an
electrical part, the following inequalities are satisfied :

o — Skeem pke - ke = —Opwe - Jwe > 0, which means that the flux of water is
opposite and proportional to the pressure gradient, tlyepedviding Darcy’s
law.

o — Skeem G-0INxe - I > 0, (wherelg: is the diffusive flux of the iork) which
means that the diffusive flux of the ion is opposite and prtipoal to the con-
centration variation, thereby providing Fick’s law.

1n 1D, thek matrix size is 4< 4, whereas in 3D 12 12.
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e —l - 0gF > 0, which means that the electrical current is opposite andqur
tional to the electrical potential gradient, thereby pdivg Ohm’s law.

The interested reader will find the developments relatelddse expressions and above
all the details of the transport matrixin (57).

6.4.4 Closure of the non-equilibrium problem

This section is devoted to show that the closure of the eguagt is achieved. In the
two last paragraphs, several new unknowns and equatioesitideed been added to
the global picture.

Table 6.1: Total problem unknowns for two salts and in 3D.

Unknowns Number
Mass contentsmy, k€ E™, K € {I,E}
Electrochemical potentialsyE, k € E™
Chemical potentials i , Us11 , M2l
Volumic flux Jyek € E™

Stress tensor components;;

Strain tensor components;;
Displacement componentsi;

Pressure termsp®'f, py

Hydration term :p"

Electrical potential field pF

Total

I—‘I—‘I\JOO@CDK‘)OO-P@

N
o

Tables 6.1 and 6.2 represent a sketch of the complete prolasmnumber of inde-
pendent equations is equal to the number of unknowns. Honevibis stage, several
remarks remain needed :

e The extrafibrillarelectrochemicalpotentials are used in the flux law. In the
transfer law, only the intrafibrillachemicalpotentials are necessary. This shows
that the intrafibrillar electrical potential field is not tgced in order to obtain
the global solution and is thus not determined.

e Knowing the mass contents, the molar fractions can be deldugcthe relations
shown in Section 6.2.3.
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Table 6.2: Total problem equations for two salts and in 3D

Equations Number
Mass conservation (6.3.14)

Momentum balance (6.3.15)

Phase transfer (6.3.13)

Transfer law (6.4.37)

Flux law (6.4.40)

Definition of the deformation tensor

Stress tensor constitutive law (6.4.26)
Electrochemical potential constitutive law (6.4.17)
Chemical intrafibrillar potential (6.4.39xnd (6.4.3134
Hydration pressuren") (6)

Effective pressur@®’f (6.4.29)

Electroneutrality condition (6.2.3)

Total

l\)r—w—\whmm}:’\whmn—\

IN
o

e The present problem differs from the previous problem bseaaf its non-
stationary and non-homogeneous aspects. The unknownsacgnvith posi-
tion and time. The model is an EDP set and appropriate boyratat initial
conditions must be added to complete it. This point will berads at a later
stage.

e To analyse this problem we used the finite element method.

6.4.5 Possible improvements of the model

Several effects observed in cartilage behaviour were roatuatted for. Most of all the
model should consider (i) the anisotropy effects and (&)rtraterial non-homogeneity.

The elasticity anisotropy is partly taken into account by #fastic cone-behaviour.
Nevertheless the collagen fibril behaviour could betterdpeasented by a more elab-
orate non-isotropic model (typically a transversely isptc model).

The solid phase (collagen fibril) and the PG contents bdgicaty with the cartilage
depth. This induces that elastic (such as the Young and assibility moduli) and
chemical properties can vary with the location and are ttmmhomogeneous. Be-
sides, the variation of these properties is dependent otdniage origin (animal,
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human, ...) and the considered individual.

Finally, as it appears in (6; 57), this model requires sdysrgsical parameters which
must be determined by means of appropriate experimentadtsesnfortunately, this
issue remains a very hard task.

6.5 Solution

This section is devoted to present a numerical solution ¢optieviously developed
problem (Table 6.2). For the sake of generality, the problalhbe considered as
tridimensional and with two salts.

A reduced equation set will firstly be presented and justifidte problem discretiza-
tion will be investigated and a global algorithm will be detd. Finally, numerical
results will be compared with experimental measurements fsedometrical tests.

6.5.1 Areduced equation set

As shown in the previous section, the problem has a very highber of unknowns
(46 1) and corresponding equations. Nevertheless as it é&s proved by Simdes et
al. (58), itis possible to isolate a set of primary unknowdenoted byX) and a related
equation set. The other unknowns (or secondary unknownshea be determined by
a linearization process which includes variations of thred€tderivative of the) primary
unknowns as based on the remaining equations. The prim&nows are selected in
such a way that each species of each phase is representedpnirtiary set.

Typically in (58), the primary unknowns are :

(i) forthe solid phase : the displacemeny,(

(i) for the extrafibrillar phase : the electro-chemical gtial of the extrafibrillar
species (I, k € E)*?,

(i) forthe intrafibrillar phase : the mass contents of thigafibrillar speciesry , k €
I/)13,

12The PG influence is taken into account by means of the elemitaality condition.
13The chloride influence is taken into account by means of taetreineutrality condition.
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while the equation set is composed of the momentum balan8el 8, the total mass
conservation equation (6.3.14), the extrafibrillar speaass conservation equation
(6.3.13) and the intrafibrillar transfer law (6.4.37).

In order to apply the finite element method the weak formatatf the problem is
developed. After multiplying the equations by the relatstfunctions, the equations
are integrated on the studied volunv® @nd can be transformed by means of integra-
tions by parts. Denoting the test-functions @y u*, andm®*, respectively, and the
integration volume and its boundary WyanddV, the weak formulation rewrites as :

N Qu:gdv =[5 u-g-ndS

N Qevs—Uu* - Jg aV — Jov Mg -ndS,

fv u* (D;\{m + DSI:\)/tkE) ~Op* e AV 7fdv prle -ndS, ke Eions7

fV m* (% =Tk (Nk’E — Hin )) av = 0, (ka k/) = (\N7W)a (Na7 Sl)? (Ca732)
(6.5.41)
The left-hand side is here called timternal force (F'™) while the right-hand side is
called theexternal force (F®*). The previous equation set is then summarized as :

Ft = (6.5.42)

To complete this equation set, boundary and initial coadg&imust be added. The
cartilage is bathed in a solution with an electrolyte withededmined molarity, un-

der a determined electrical potential field and with a deteeoh stress/deformation,
which means that the electro-chemical potential and thesstileformation are im-
posed along the boundaries. The boundary conditions ane the

o force per unit aread - n) or displacementy) imposed ordV ;

o electro-chemical potential of extrafibrillar speciggd) or fluxes imposed on
ov .

Finally, if the problem starts from an equilibrium stateg thitial state is determined by
solving the homogeneous-equilibrium problem with spedifigtial conditions (bath
composition, bath pressure and stress or strain).
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6.5.2 Solution method

The Newton Raphson method will be applied to problem (6)5.4his technique
consists in finding successive approximations approactiiagsolution. Typically,
considering internal forces depending &n the final problem (6.5.42) is rewritten
asF'™(X) = F®. If X; denotes the approximation at ti&-iteration, theX; incre-
ment (denoted bAX;) is calculated in such a way that™ (X;) +A]F§”t =T, where
AIF}”‘ = KAX;, with K = %(Xi). Finally the next approximation is defined by the
relationXj,; = X + AX;.

This method is here applied in an appropriate way to the seqahtions (6.5.41).
Notingu, (4E, k € E),(mg,k € I\{Cl}) by X, it can easily be observed that, on the
one hand the internal forces dependXoandX where a dot denotes material deriva-
tive with respect to the solid phase and, on the other haredexternal forces vector
F®¢ depends oX and on the surface loadings (denoteds)y58). Equations (6.5.41)
are then summarized as follows :

F'(X,X) = F*(X,S). (6.5.43)

This equation system is strongly non-linear and couplechddehe previous method

is applied with appropriate adaptations that take into astthe dependence of the
internal forces uporX and its time derivativeX. This latter is chosen as the real
primary variable and is integrated versus time to fihdlime integration is performed

by means of the implicit Euler meth&t

At theiM-iteration at timet,, the integration scheme fot (which providesX) is then
given by :

Xin=Xi_1n+AXj_ 1 )

Xi,n = anl + Aty XLn = Xi—l,n +Axifl,nAtn = Xifl,n + AXifl,n;
(6.5.44)

Xn_1 being the converged solution at time 1, while the initialization at time;, is

given by :

fori>1 :{

Xon=Xn_1
’ - - 6.5.45
{ Xo_’n = anl + Atn XOJ] = Xn71 + Atn anl, ( )

Xn_1 being the converged solution at tirpe 1.

The variation of internal forces during a small time intémessults from the variations

14As the small displacement hypothesis is applied, the nadterrivative is the same as the partial time
derivative.
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of X and ofX. Defining

K=—— and C= —, (6.5.46)

this internal force variation hence writes as :
AF™ = C AX + K AX. (6.5.47)

The variation ofX is calculated in such a way that the internal force is closdradoser
to the external force. At th#'-iteration associated with ting, the previous consid-
erations provide the way to determine the approp#&fe ; , increment. Indeed, the
following relations are successively found :

]F%rltl,n + A]F:mn . =
]F;rlth+Ci717nAXi,n+Kifl,n AXifl’n - (6.5.48)
F:Tlm + (Cifl,n + Kifl,n Atn) AXifl,n = F?_qlm

The secondary variables are updated at each iteration ksjrtipe linearization pro-
cess described in (57) and (58), in order to take into acciwentinconsidered equa-
tions.

6.5.3 FEM method

In order to determiné\Xi_Ln at every iteration of each time step, the adaptation of
the formulation (6.5.48) shows that the following lineastgm must be solved :

(Cicin+Kiogn Mp)AXi 0 =F  —F™ | (6.5.49)

Let us recall that the primary variable3§ as representing the time derivative of the
displacement (1), of the electro-chemical potentials Ay of the intrafibrillar mass
contents (3). For a 1D problem, there are 8 unknowns per nofigst is usual in
elasticity, quadratic polynomial functions are choseniideo to interpolate the dis-
placement while linear polynomials are selected for theotariables. In conclusion,
it appears that the system (6.5.49) essentially results fhe linearization process and
from algebraic manipulations on the weak formulation #15.

6.5.4 Numerical results on oedometrical test

The oedometrical test consists in imposing a confined cossfme on a material sam-
ple (Fig. 6.5).
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{}Water and salt

Figure 6.5: Oedometrical test with variation of the batlingl

In the present case, the material is cartilage and is in comtigth a bath whose salt
concentration can be changed. Eisenberg and Grodzinskglate oedometrical ex-
periments performed on cartilage. The related measurenaeatcarried out while
changing the bath salinity (NaCl) and can be summarized inainsstress diagram
Fig. 6.6 , which is drawn when equilibrium is reached at edep sf the process.

We here show numerical results from a 4-operation cycle etetpowith our program.
Beginning with a stress-free 1M bathed sample, the caditzgnple successively un-
dergoes four sollications, viz. :

1. a NaCl bath molarity change from 1M ta0QM while the displacement of the
sample extremities is imposed to be zero ;

2. an imposed displacement of the extremities-8t25 10-*m while the NaCl
bath molarity is maintained at@LM ;

3. a NaCl bath molarity change from01M to 0.1M under constant strain ;

4. an imposed displacement of the extremities-8t75 10-*m while the NaCl
bath molarity is maintained at M.

The changes are performed during a 120s period before waltiring 3 h for reaching
stabilization. Fig. 6.6 give experimental results perfedon a 06 mm depth cartilage
sample, showing the evolution of the total stress as a fonaf the deformation
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Figure 6.6: Experimental measurements at equilibrium foemlometrical tests (7) .

at equilibrium. These measurements can be compared to therioal results of
Fig. 6.7 whose parameter values can be found in the Annexeobd G@greement is
observed between the measurements and the model at eiquiliénd this leads us to
plot different fields and to compare the effect of some plalparameters.

First of all, let us show numerical results relating the atioh of mass contents, ex-
trafibrillar electrical potential and pressyseas a function of time and position during
the different steps of the experiments (Figs. 6.8-6.13)c&in the study of clays it

is observed that the sodium characteristic transfer tinmeuish higher than the water
characteristic transfer time (Eq. (6.4.38)) (61), we hasadl§i investigated the cases
wheretya = 155 10*s andr, = 7.4s. Numerical results were performed by means
of a 30 element mesh where only half of the sample was corsidezcause of the
problem symmetry.

Typically, it is observed that when the salinity is decrebdiest step), there is a deple-
tion of intrafibrillar water (Fig. 6.9) whereas the extrafilar mass content increases
(Fig. 6.8). In compression (second step), both compartsnexpel water (Fig. 6.8
and 6.9).

For the sodium mass content, we notice during the first siemdm-mobile ions are
present in the extrafibrillar phase (Fig. 6.10). Indeedne¥ehe salt molarity is

nearly close to zero, because of the PG presence combinedheitlectroneutrality
condition, there is a non-negligible sodium amount in ojtpmsto what is observed
in the intrafibrillar compartment (Fig. 6.11).
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Figure 6.7: Numerical results from oedometrical tests. midrstress versus longitu-
dinal deformation in the 4-step cycle.

Secondly, as this model is the first model with two compartisieit is important
to quantify the mass transfer between these compartmemtsrder to address this
issue, we analyse the effect of the most significant paremoet¢his phenomenum,
viz. the characteristic transfer time. We have thus contpthe solution for other
characteristic times, viz.lya = 155 1(Ps andt, = 7.4s in order to compare the
transient results with future experimental results. Sfestdte values are unaffected
by transfer times, since the material behaviour is not pieghendent. Nevertheless as
shown on figures 6.14 and 6.15 , steady state requires moeetdirget established
with these new parameters.

Let us consider the stage 1 where the chemistry is refregtwmhatant strain. For the
smaller transfer time, intrafibrillar sodium ions are egteal more quickly (Fig. 6.15
(a) and (b)), and therefore the amount of extrafibrillar satlions is larger at any time
(Fig. 6.14 (a) and (b)). These extrafibrillar ions leave thecimen by diffusion. At

time 30s, the information has reached the bottom of the ntesie 1ot shown). Their
spatial profile is monotonous, as is the profile of the intrédfdy sodium ions whose
changes depend much on the transfer time.

For larger transfer time of Na the amount of extrafibrillar Nais smaller (time 480
s on Fig. 6.14 (a) and (b)), because the*Naitially in the EFC can diffuse, and
diffusion is almost complete when the intrafibrillar iong able to penetrate the EFC,
from where they are expelled by diffusion (Figs. 6.14 and§.1
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For the water mass content evolution, the transient phenamae very strong, as it is
shown by the time and space evolutions (Fig. 6.14). It candseiwed that there is
a competition between diffusion (that dominates initipnd electro-mechanics (that
dominates in later times) that dictates contradictorydsen

Indeed, initially, diffusion dominates the extrafibrillaompartment, and it tends to
expel water according to the osmotic effect, since ionsdehe cartilage as the bath
is refreshed. Nevertheless, since the height of the spadsrieposed, water cannot
really leave the sample, and it enters the IFC. At subsediraes, there is a com-
petition betwen diffusion that dominates longer in the lowart of the mesh, and
electro-mechanics that tends to get established init&liyre top of the mesh, where
the displacement is controlled. So, with time, electro-naeics penetrates the spec-
imen downward. Electro-mechanics manifests itself by #w, fthat, since cations
leave the EFC, the repulsion between the PG’s is larger, atdrvihas to enter this
compartment. This water comes in fact from the IFC where & pashed in a first
time by diffusion (Fig. 6.14).

If the transfer time of ions is increased, then the diffugiti@nomenon is increased
for the water mass contents, because there are less ions BRG, and thus need
less water according to the osmotic phenomenon. Thus, treake in EF water and
increase in IF water is larger, and the time to reach steatg &inger as well, be-
cause electro-mechanics will have a more adverse situ@ti@verse than in previous
case(Fig. 6.14).

6.6 Conclusions

This model is the first model with two fluid compartments andwege able to numer-
ically analyze the effect of the characteristic time on thesatranfer between the two
concerned compartments.

Even if the last results are satisfactory, our model and migalesolution should be
improved.

First of all, the calibration of the model parameters is fialift task. These parameters
are indeed numerous since the nature of the physiologssaidiinvolves a lot of phys-

ical and chemical phenomena which are usually complicatedddel. Nevertheless,

we want to keep the model as complete as possible and thersfoeral parameters
must be adjusted.
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Figure 6.8: Numerical results from oedometrical tests. |@wen in time and space
of the extrafibrillar water mass content during the 4 stepthefcycle withiya =
15510*s, 1y = 7.4 s.

Moreover, even if experimental measurements are desciib# literature, these
data are usually not complete to determine all the systemnpeters and to entirely
build the model.

Finally, the model induces some numerical difficulties. Emample, reaching pure
water state (as in distilled water) is easily performed i@ &xperiments. However,
as a logarithmic term appears in the model equations, thie & more difficult to
approach numerically. Other difficulties of the same typg&lsas the presence of
hyperbolic functions in the interpolation form pf') must also be taken into account
in order to model the missing constitutive equatiop$, (08”). Moreover, both the

linearization process and the primary variable set are niojue.
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Figure 6.9: Numerical results from oedometrical tests. |&van in time and space
of the intrafibrillar water mass content during the 4 stepshef cycle withtyg =
15510%s, 1y = 7.4 s.
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Figure 6.10: Numerical results from oedometrical testsol&on in time and space
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Figure 6.15: Numerical results from oedometrical testsn@arison of the evolution
in space and time of the IFC sodium mass content, of the pegsuand of the

electrical potential during the first step of the cycle witffetent characteristic time
scales : (aJna = 155 10%s, T = 7.4s and (b)ina = 155 1Fs, 1y = 7.45s.



