
Chapter 6

Cartilage behaviour modelling

This chapter presents the results of a research activity performed in the Civil and Ar-
chitectural Engineering Department laboratory of the Technical University of Lisbon
under the guidance of Prof. F. Simões.

After having focused on flows in rigid porous media in the previous chapters, let us
turn our attention to flows indeformableporous media. Hence, this chapter is devoted
to the study of cartilage behaviour and the flowing fluids therein. We are interested
in developing the equations which govern both the solid and the fluid phases. More
precisely, the chemo-hyperelastic material behaviour, the law of mass transfer of ex-
changeable species between the phases, and the coupled diffusion equations that gen-
eralize Darcy’s law for seepage flow, Fick’s law for ion diffusion and Ohm’s law for
electrical current flow will be obtained under the continuummodel assumption. The
theoretical framework of this chapter is based on three articles (6; 57; 58).

An introduction to cartilage histology and the modelling motivations are firstly pre-
sented. The framework and hypotheses of the model are then deeper investigated and
the governing equations are developed. Electrochemical potentials are introduced and
it is shown how Darcy’s law can be deduced from basic thermodynamic principles.
The solution of the resulting system is explicited and numerical results are compared
with experimental measurements from the literature. Finally perspectives are drawn
in order to conclude the chapter.
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6.1 Introduction

A short introduction to cartilage histology is firstly givenin this section. The physio-
logical observations on which the investigated model is based are then presented.

6.1.1 Cartilage histology

In the body function map, the essential role played by articular cartilage is to minimize
the friction between the diarthroidal joints covering the long bones. The thickness of a
diarthroidal joint is typically 2-4mm. Cartilage is a soft tissue which, for adult animals
and humans, is avascular, aneural and alymphatic. The transport of nutrients toward
the cells occurs via the synovial fluid.

Cartilage is mainly made of a collagen fibril net bathed in proteoglycans (PG’s) and
electrolytes (Fig. 6.1). PG’s are large and highly negatively charged molecules. For
normal cartilage the negative fixed charge density is 0.1-0.2mol/l of water. The elec-
trolytes are mainly NaCl and CaCl2 which are dissolved in the water as Na+ and Ca++

cations and Cl− anions. Water is also present within the infrafibrillar (IF)collagen
space and can represent up to 20% to 30% of the cartilage mass.Extrafibrillar (EF)
water represents 40% to 60% of the total cartilage weight. Finally collagen represents
50% to 75% of the dry weight of cartilage while proteoglycansrepresent 15% to 30%
of this weight. It is also important to notice that the relative concentrations of these
species can vary with depth.

The highly negative charge of PG’s makes that they are surrounded by (i) the hydrogen
atoms of the water (which is in fact a dipole) and (ii) the ionsof the electrolytes which
ensure the solution electroneutrality. Absorption of water in the synovial joint results
in a swelling of the cartilage, which depends on the PG concentration and the collagen
stiffness. Besides, the net charge of the PG’s endows them with a repulsive force which
allows cartilage to undergo compressive loadings. The elastic Young modulus for
normal human cartilage from the femoral head varies from 4-8MPa in the interior to
1-2 MPa at the surface as the cartilage composition varies with its depth. This repulsive
force of the PG’s is (i) balanced by the collagen fibrils (and their loading) and (ii) can
be shielded by an increased cation concentration1. Therefore there is a strong link
between the collagen and the PG’s. The collagen fibril structure endows cartilage with
a differentiated behaviour in tension and compression and with anisotropic properties.

1Osteoarthritis (OA) is characterized by a disruption of collagen fibrils and/or weakening of the bonds
between collagen and proteoglycans. This makes that the swelling effect by water absorption is less limited.
Degradation of collagen stiffness by OA affects both the cartilage tensile and compressive properties.
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Figure 6.1: Cartilage composition scheme (6) .

Its elastic modulus is indeed higher in tension than in compression. It is also important
to note that most collagen fibrils are not electrically charged at the normal human pH
(about 7), but this is no longer the case at a pH lower than 5 or higher than 9.5.

Finally, the respective sizes of collagen intrafibrillar space and PG’s prevent the latter
from flowing inside the fibrils. Nevertheless, this steric effect does not play any pre-
venting role against the anions and cations, which are smaller than the holes between
the collagen molecules (Fig. 6.2). The collagen is then acting like a semi-permeable
membrane, allowing the small molecules (ions) to penetratethe structure while block-
ing the large ones (PG’s). This is typically the requirementfor allowing the osmostic
effect to play a role.

Figure 6.2: Characteristic dimensions of collagen fibers inside view (left) and cross-
section (right). Only small molecules, like water and Na+, can enter the space between
the collagen fibrils (6).

From the engineering viewpoint, cartilage is a porous medium bathed in electrolytes
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in which electro-chemo-mechanical couplings play a key role. Repulsive forces are
generated by the PG charge while collagens keep all the structure together. In addition,
the differing collagen and PG geometry is responsible for osmotic effects. Finally,
because of the concentration variations of the different molecules, all these properties
depend on the location within the cartilage.

6.1.2 Observations of Maroudas and coworkers. Motivationsof
the model

The intrafibrillar compartment (IFC) is defined as the volumecomprised inside the
collagen fibrils or more exactly between the collagen molecules. The intrafibrillar
compartment is in contact only with the extrafibrillar compartment (EFC), in opposi-
tion to the latter which is in contact both with the IFC and with the external water (or
synovial fluid). The IFC species can then only be transferredfrom or to EFC (Fig.
6.3). This separation was shown to be important by Maroudas and coworkers, who
indeed proved that the osmotic pressure is almost only influenced by the PG concen-
tration in the EFC. This is why our model must handle the wateras separated in two
phases, viz. the extrafibrillar and the intrafibrillar phases.

Besides, it is important to observe that there is always a minimum amount of intrafib-
rillar water, whatever the mechanical and chemical conditions are. Such a mechanism
could be due to the so-calledhydration forces, which act at short distances and are
postulated to be the main factor that limits the exchangeability of intrafibrillar water.

To conclude this introductory section, let us qualitatively explain some observations
about cartilage behaviour.

• Increasing the bath (or external water) salinity will generate a decrease of the
cartilage elastic modulus in compression, as a consequenceof the shielding ef-
fect of the cations on the PG’s.

• Mechanical loading will decrease the water content in the IFC. The loading ex-
pels water from EFC, increasing the PG and cation concentrations. This results
in a mass transfer of water from IFC to EFC by osmotic effects.

• Decreasing the bath salinity decreases the water content inthe IFC. An osmotic
pressure due to the presence of PG’s in the EFC will indeed be created. De-
creasing the salinity will decrease the cation concentration in IFC and EFC.
However, this decrease can be lower in the EFC since a minimumnumber of
cations must indeed stay in the EFC. This induces a water transfer from IFC to
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EFC. Nevertheless, this phenomenon is stopped when a minimum of IF water is
reached.

6.2 Framework and hypothesis of the modelling

This section firstly defines the phases present in the problem. Furthermore, the mod-
elling hypotheses and framework are specified before introducing some notations for
the medium geometrical properties and the species concentrations in the different
phases.

6.2.1 Definition of the phases

The definition of the phases is mechanically motivated. Therefore, cartilage will be
viewed as a three-phase and multi-species porous medium. For the sake of generality,
two dissociated salts are considered (NaCl and CaCl2). Three phases are distinguished
:

• The solid phase (S) contains the collagens fibers as denoted by the symbolc.

• The intrafibrillar phase (I) contains four species : intrafibrillar water (w), sodium
ions (noted Na+ or Na), calcium ions (noted Ca++ or Ca) and chloride ions
(noted Cl− orCl).

• The extrafibrillar phase (E) contains five species : proteoglycans (PG), water,
sodium, calcium and chloride ions.

In this model, the IFC species can only be exchanged with the EFC species. The PG’s
are only present in the EF phase and the exterior medium only communicates with the
extrafibrillar phase (Fig. 6.3).

Let us note that this choice of phases is not unambiguous since a lot of other models
exist. Nevertheless, the presented model is devoted to veryexactly reproduce the carti-
lage behaviour and moreover, it is principally based on the observations of Maroudas.

Furthermore attention should be payed to the fact that part of the cations in the EFC
is not exchangeable because of the presence of proteoglycans. Nevertheless, although
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Figure 6.3: Cartilage species partition and exchange schemes (6) .

the specified phases do not consider mobile and non-mobile ions as belonging to dif-
ferent phases, the effect of electroneutrality and diffusion equations will take this phe-
nomenon into account.

We can thus define the following sets :

• E = {w,PG,Na,Ca,Cl}: set of all species in the extrafibrillar phase

• Emo = {w,Na,Ca,Cl}: subset of mobile species in EFC.

• E ions = {Na,Ca,Cl}: subset of ionic species in EFC.

• I = {w,Na,Ca,Cl}: set of all species in the intrafibrillar phase.

• I′ = {w,Na,Ca}: subset of independent species inI (because of electroneutral-
ity, as it will be further explicited).

6.2.2 Modelling hypotheses

The equations are obtained in a thermodynamical framework following Biot’s view-
point, where the solid is taken as reference. This method considers all the phases and
species as a whole. On the contrary, the mixing method considers every phase sepa-
rately and establishes the complete set of equations for each species in each phase. In
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this latter approach a single species is present at any givenlocation, in opposition to
the approach of Biot, who considers that there are several species at a given location
and is based on a field continuity assumption. After the final averaging required by
the mixing method, both approaches lead to a very similar setof equations.

In fact, Biot’s approach directly works with the previous averaged variables (the aver-
aging process is included in the continuity assumption of the model). Hence, all the
variables are in fact intrinsic phase averages.

The modelling assumptions are the following ones :

(H1) Mass balance is required for each species. The mass balance for each phase is
further obtained from the mass balances of the species it contains.

(H2) Momentum balance is required for the mixture as a whole.However, water and
ions in the extrafibrillar phase are endowed with their own velocities .

(H3) The velocity of any species in the IF phase is the velocity of the solid phase, i.e.
of the collagen (

¯
vs). Let us note that this assumption does not hinder exchange

of water and ions between the two fluid phases, this exchange being viewed as
a mass transfer.

(H4) In the IF phase, the pressure in the water and the ionic pressure are assumed to
be the same (pI) while in the EF phase the water and the different ionic species
are endowed, through specific constitutive equations, withtheir own intrinsic
pressure.

(H5) Although they are in the EF phase, the proteoglycans move at the same velocity
as the solid phase,

¯
vs.

(H6) Electroneutrality is required both for the EF phase alone, and for the solid and
IF fluid phases together.

(H7) All the species are considered as incompressible.

(H8) The problem is isothermal.

(H9) Gravity effects are negligible.

(H10) The analysis of the solid part is restricted to small strains and linear isotropic
elasticity.
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6.2.3 Notations for geometrical properties and concentrations

Before developing the model, some notations must be introduced and different ways
to quantify the species concentrations have to be defined. Finally, some preliminary
relations have to be investigated in order to reduce to unknown number.

In the following list,V0 is the initial volume whileV is the current volume. Capital
subscripts refer to the phase and non-capital subscripts tospecies, respectively. Fur-
thermore, ˆmk andMkK represent the molar mass and the mass of speciesk in phaseK,
respectively. We can then define :

• Mk = ∑K MkK : the mass of species k[kg],

• NkK = MkK/m̂k : the number of moles of speciesk in phaseK [#mol],

• mkK = MkK/V0 : the mass content of speciesk in phaseK [kg/m3],

• ρkK = MkK/V : the apparent specific mass of species kK [kg/m3].

Hence, we can infer the following definitions :

• NK = ∑k∈K NkK : the total number of moles in phaseK [#mol],

• ρk = Mk/V : the intrinsic specific mass of speciesk [kg/m3],

• nkK = MkK/Mk : the mass fraction of speciesk in phaseK [ ],

• VkK = VMkK/Mk : the volume of the speciesk in the phaseK [m3].

From these definitions, we define :

• xkK = NkK/NK : the molar fraction of speciesk in phaseK [ ],

• VK = ∑k∈K VkK : the volume of the phaseK [m3],

• vkK = mkK/ρk : the volume content of speciesk in phaseK [ ],

• v̂k = m̂k/ρk : the molar volume of speciesk [m3],

and finally :
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• ckK = NkK/VK : the molar concentration of the speciesk in phaseK [#mol/m3],

• v̂K = VK/NK : the molar volume of phaseK [m3/mol].

These quantities are linked together by numerous relationsamong which :

• ∑k∈K xkK = 1,

• ∑K VkK = V ,

• v̂K = ∑k xkK v̂k,

• ρk = MkK/VkK ,

• ρkK = nkKρk,

• nkK = VkK/V ,

• vkK = VkK/V0 = nkKV/V0,

• mkK = ρkvkK ,

• NkK/V0 = mkK/m̂k,

• ckE = NkE
VE

= NkE
NE v̂E

= VkE
v̂kVE

= nkE
v̂knE

= vkEV0
v̂knEV = mkEV0

m̂knEV = xkE
v̂E

,k ∈ E.

All these relations will be useful for the next developments. Particularly, the last
relations show that molar fractions can be expressed in terms of mass contents. The
latter will indeed be taken as primary variables in our formulation.

Before developing conservation equations, let us first investigate some consequences
of electroneutrality and incompressibility and show how the number of unknowns of
the problem can be reduced. Some previous developments willthus be detailed. The
partition of the extrafibrillar compartment will also be commented.

Link between ion masses : electroneutrality

The electroneutrality (H6) fulfillment means that the totalelectric density in any given
phase is constrained to vanish. Let us denote the electric density of phaseK by
IeK [C/m3]. Only the ions and proteoglycans can generate a non-vanishing density
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charge, while the latter can be expressed as a function of theion valences (ζk) and
mole numbers (NkK). Electric density is then written as :

IeK =
F
V ∑

k∈K

ζkNkK = F
V0

V ∑
k∈K

ζk
mkK

m̂k
, (6.2.1)

whereF is the Faraday constant2. The electroneutrality fulfillment implies thatIeK =
0, or equivalently that

∑
k∈K

ζk
mkK

m̂k
=

mNaK

m̂Na
+ 2

mCaK

m̂Ca
−

mClK

m̂Cl
+ ζPG

mPGK

m̂PG
= 0 K = I,E. (6.2.2)

Let us here note thatmPGI = 0 as the proteoglycans are only present in the EFC. The
anion chloride mass contents is thus directly function of the cation mass contents and,
for the EF phase, of the proteoglycan mass content, which provides :

mClK

m̂Cl
=

mNaK

m̂Na
+ 2

mCaK

m̂Ca
+ ζPG

mPGK

m̂PG
K = I,E. (6.2.3)

The electroneutrality principle is obviously respected inthe beginning but also dur-
ing the remaining of the process. Mole changes are then linked in such a way that
electroneutrality remains verified, which is written as :

−δNClK + δNNaK +2δNCaK = 0 K = I,E. (6.2.4)

Let us remark that, since the PG mole number is fixed, it does not have any influence
in these variation equations. The chloride content variations are then only determined
by the cation content variations :

δNClK = δNNaK + 2δNCaK ⇐⇒
δmClK

m̂Cl
=

δmNaK

m̂Na
+ 2

δmCaK

m̂Ca
, K = I,E.

(6.2.5)
Because of the presence of the PG’s a minimum amount of cations is always required
in the EFC :

∑
k∈E

ζkNnm
kE = Nnm

NaE +2Nnm
CaE + ζPGNPG = 0 ⇐⇒ ∑

k∈E

ζk
mnm

kE

m̂k
= 0. (6.2.6)

The superscriptnm means that these ions are "no-mobile" in the sense that a minimum
number of cations should always be present in the extrafibrillar phase. Even if the
number of PG moles is quite low and negligible, its product with the PG valence
cannot be neglected. The presence of the proteoglycans thusconstrains some cations
to be fixed.

In every case, it appears that the anion masses are linked to the cation masses by Eq.
(6.2.3) and determined by it. Hence these relations will be inserted in the following de-
velopments. The anion mass contents are then taken into account even if not explicitly
appearing in the equations.

2F is the charge per electron mole (96368C/mol).
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Link between relative volume changes of the solid and the fluid phases : fluid
incompressibility

When all the species are incompressible, that isδρk = 0, ∀k, the relative volume
change of the solid part, i.e. tr

¯̄
ε , must be the same as the relative volume change

of the fluid. For phaseK, the latter is equal to :

δvK =
δmwK

ρw
+

δmNaK

ρNa
+

δmCaK

ρCa
+

δmClK

ρCl
=

δmwK

ρw
+

δmNaK

ρs1
+

δmCaK

ρs2
, (6.2.7)

where the salt specific masses are defined as :

1
ρs1

=
1

ρNa
+

m̂Cl

m̂Na

1
ρCl

and
1

ρs2
=

1
ρCa

+2
m̂Cl

m̂Ca

1
ρCl

. (6.2.8)

The incompressibility condition is then finally expressed as :

tr
¯̄
ε = δvI + δvE . (6.2.9)

6.3 Balance equations

In this section, the mass and momentum balance equations aredeveloped.

6.3.1 Mass balance

As expressed by hypothesis (H1), verifying mass balance forevery species is required.
The species concentration change at a given spatial point can be governed by two
mechanisms : a phase transformation or simple transport. These two mechanisms will
be calledtransfer andtransport3.

In order to establish a rule describing the mass content evolution with respect to the
solid phase, we consider that matter motion is relative to the solid phase, which moves
at the velocity

¯
vs. Since the intrafibrillar phase moves together with the solid phase,

there is no transport phenomenon in this compartment, for any species. Accordingly,
the IF species mass content can only be modified by phase transformations. On the
contrary, in the EF phase each species experiences its own velocity. Matter can then be
transferred to or from the outside of this phase or transported inside this phase. Then,

3In (6), the "transport" mechanism is called "diffusion".
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noting the time derivative with respect to the solid phase asDs·
Dt , the rate of transfer of

the considered species asρ̇kK [kg/m3s] and the outgoing mass flux as
¯

MkE [kg/m2s],
previous considerations provide :

DsmkI
Dt = ρ̇kI

DsmkE
Dt = ρ̇kE −

¯
∇ ·

¯
MkE ,

(6.3.10)

where
¯

MkE is defined as :

¯
MkE/ρk =

¯
JkE = nmo

kK (
¯
vkE −

¯
vS) , (6.3.11)

where the superscriptmo refers to the ’mobile’ ions, which are not constrained to
remain around the proteoglycans. Furthermore, the matter created in one phase must
disappear in the other phase, which is written as :

ρ̇kI + ρ̇kE = 0 . (6.3.12)

Introducing Eq. (6.3.12) into Eq. (6.3.10) provides :

DsvkE

Dt
= −

DsvkI

Dt
−

¯
∇ ·

¯
JkE , ∀k ∈ E . (6.3.13)

In order to illustrate the effects of these laws, let us analyze the consequences of the
incompressibility constraint. The rate of relative volumechange of the solid part
(
¯
∇ ·

¯
vs) is the opposite of the volumic outgoing flux from the extrafibrillar part. In-

deed, there is no transfer phenomenon between bath and EFC and the transfers be-
tween EFC and IFC are equilibrated. Defining the extrafibrillar outgoing volume flux
as

¯
JE = ∑k∈E ¯

MkE/ρk = ∑k∈E ¯
JkE , these considerations then provide the relation :

¯
∇ ·

¯
vs +

¯
∇ ·

¯
JE = 0, (6.3.14)

6.3.2 Momentum balance

Considering hypothesis (H2), momentum balance has to be imposed to the mixture as
a whole. Under quasi-static loading and with gravity as the sole body force, momen-
tum balance writes as :

¯
∇ ·

¯̄
σ + ρ

¯
g = 0, (6.3.15)

whereρ is the density of the porous medium, i.e.ρ = ∑k,K ρkK = ∑k,K MkK/V .
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6.4 Clausius-Duhem inequality and constitutive equa-
tions. Problem closure

In this section, the Clausius-Duhem inequality is first presented in the framework of
our specific study. It is important to remind that this inequality plays a key role in
Thermodynamics since it is used to develop thermodynamically correct constitutive
equations. This is illustrated in this section in order to generate (i) chemo-hyperelastic
constitutive equations, (ii) a transfer law of exchangeable species between the IF and
EF phases and (iii) coupled diffusion equations to generalize Darcy’s law of seepage
flow through the porous medium, Fick’s law of ion diffusion inthe extrafibrillar phase,
and Ohm’s law of electrical current flow. It is further shown that these additional equa-
tions close up the equation set by completing the unknowns and the related equations.
Finally some model improvements are suggested.

Let us first recall that the Clausius-Duhem inequality takesinto account the total dis-
sipation occurring in the observed medium. It can be shown that for porous media
saturated with reactive fluids in the isothermal case, the Clausius Duhem inequality
writes as (59):

−
Dsψ
Dt

+
¯̄
σ :

Ds

¯̄
ε

Dt
−∑

k,K ¯
∇ · (µec

kK ¯
MkK) ≥ 0, (6.4.16)

whereψ is the volumic Helmotz free energy[J/m3],
¯

MkK is the relative mass flux
[kg/m2s] and µec

kK is the electro-chemical potential[J/kg] of speciesk in phaseK.
This potential is classically defined as the electro-chemical Gibbs potential and takes
into account electrical (φK), chemical (xkK) and general pressure (pkK) effects. Its
definition is therefore composed of three terms :

µec
kK =

pkK

ρk
+

RT
m̂k

lnxkK +
ζkF
m̂k

φK , (6.4.17)

whereφK is the electrical potential in phaseK, ζk is thek-species valence andR is
the universal gas constant (8.3145 J/mol̊K). The chemical activities have been taken
equal to one and the species are assumed to be incompressible.

Developing the divergence term of Eq. (6.4.16), and introducing the mass conservation
law (6.3.10) this relation transforms into :

−
Dsψ
Dt

+
¯̄
σ :

Ds

¯̄
ε

Dt
−∑

k,K

DsmkK

Dt
µec

kK

︸ ︷︷ ︸

DsD1
Dt

−∑
k,K

ρ̇kKµec
kK

︸ ︷︷ ︸

DsD2
Dt

−∑
k,K ¯

∇µec
kK ·

¯
MkK

︸ ︷︷ ︸

DsD3
Dt

≥ 0. (6.4.18)
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This inequality can be viewed as composed of three terms4, viz. from left to right :

• the intrinsic dissipation, so-called because of its dependence upon the state vari-
ables ;

• the dissipation associated to the mass transfer between thephases ;

• and the dissipation associated to the fluid mass transport.

As previously written, the sum of these terms is the total dissipation, also called the
electro-chemo-mechanicaldissipation5.

To verify inequality (6.4.18) we will impose asufficient condition, in the sense that
each of the three terms will be imposed as non-negative :







DsD1
Dt = −Dsψ

Dt +
¯̄
σ : Ds

¯̄
ε

Dt + ∑k,K µec
kK

DsmkK
Dt ≥ 0

DsD2
Dt = −∑k∈I

(
µec

kI − µec
kE

) DsmkI
Dt ≥ 0

DsD3
Dt = −∑k∈Emo

¯
∇µec

kE ·
¯

MkE ≥ 0 .

(6.4.19)

In the latter formulation, the summation sets inD2 andD3 have been changed, con-
sidering that the mass transfers are equilibrated (6.3.12)and that the mass fluxes of
intrafibrillar ions with respect to the solid phase are equalto zero.

The first term will exactly vanish and lead to the chemo-hyperelastic constitutive equa-
tions. From the second term, we will obtain the transfer law of exchangeable species
between the IF and EF phases, while the last term will generate coupled diffusion
equations that generalize Darcy’s law of seepage flow through the porous medium,
Fick’s law of diffusion of ions in the extrafibrillar phase and Ohm’s law of electrical
current flow.

Finally, defining the chemical potentials of the dissociated salts as :

µs1K =
m̂Naµec

NaK + m̂Clµec
ClK

m̂Na
and µs2K =

m̂Caµec
CaK +2m̂Clµec

ClK

m̂Ca
, (6.4.20)

and using the electroneutrality conditions of the extrafibrillar phase alone and of the
solid and intrafibrillar phase together Eq. (6.2.5), the first inequality of Eq. (6.4.19)

4In a thermal problem, there will be one additional term, viz.the conduction dissipation term.
5In the non-isothermal case, the total dissipation is composed of heat conduction and of electro-chemo-

mechanical dissipation effects.
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provides the incremental free energy :

δψ =
¯̄
σ : δ

¯̄
ε +µwIδmwI +µs1IδmNaI +µs2IδmCaI +µwEδmwE +µs1EδmNaE +µs2EδmCaE .

(6.4.21)
and hence it is also possible to rewrite the second inequality of (6.4.19) as :

DsD2

Dt
= −(µwI − µwE)

DsmwI

Dt
− (µs1I − µs1E)

DsmNaI

Dt
− (µs2I − µs2E)

DsmCaI

Dt
≥ 0.

(6.4.22)

6.4.1 Helmotz free energy : chemical potential, stress and homo-
geneous problem closure

In this section, a first illustration of the power of the second principle inequality will be
provided. The constitutive equations will indeed be derived as resulting from formu-
lation (6.4.19). Furthermore, it will be shown that, in thehomogeneous equilibrium
case, the equation set is complete and that the elastic problem can therefore be solved.

To introduce this section, let us first recall the local statepostulate (59). It stipulates
that any state of a homogeneous system6 undergoing any possible evolution can be
characterized by the same constitutive variables as at equilibrium, and is independent
of the evolution rate. Characterizing a system means determining its internal energy
state, not including its kinetic energy.

Hence, considering the previous postulate, the system Helmotz free energy (ψ) is
expressed as a function of deformation

¯̄
ε and mass contentsmkK only, which writes as

ψ = ψ (
¯̄
ε ,mkK) . (6.4.23)

This free energy can be viewed as composed of a purely chemical, a mechanico-
chemical and a configurational part (6). We will ensure that the first inequality of
(6.4.19) is respected by imposing that the left expression is equal to zero, which pro-
vides the equality :

Dsψ
Dt

=
¯̄
σ :

Ds

¯̄
ε

Dt
+ ∑

k,K

µec
kK

DsmkK

Dt
. (6.4.24)

In order to verify this equation, postulate (6.4.23) implies two (the two first) constitu-
tive equations, viz. :

∂ψ
∂

¯̄
ε

=
¯̄
σ and

∂ψ
∂mkK

= µec
kK . (6.4.25)

6A homogeneous system can be a subsystem of a continua medium system.
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After some developments (60), the latter equations providethen the constitutive equa-
tions

• for the stress tensor :

¯̄
σ = −pe f f

¯̄
δ +

¯̄̄̄
E :

¯̄
ε , (6.4.26)

where
¯̄̄̄
E is the fourth order elasticity tensor7. As it can be observed, the elastic

moduli vary with the bath salinity (Fig. 6.4). The Lamé parameters of
¯̄̄̄
E are

determined in thehypertonic state, which is defined as the state of maximum
salinity of the extrafibrillar compartment. In this case thesalt shielding effect
is maximum and the proteoglycans have a very small mechanical effect. In the
hypertonic configuration, the stress is then equal to the bath pressure, and by
convention, the strain is equal to zero.

Defining theeffective stressas ˜
¯̄
σ =

¯̄
σ +

¯̄
δ pe f f highlights the contribution of

the effective pressure. Indeed, with the help of this definition, the linear elastic
stress law is recovered8 since Eq. (6.4.26) then provides the relation :

˜
¯̄
σ =

¯̄̄̄
E :

¯̄
ε . (6.4.28)

The effective pressure term takes into account the shielding effect in the stifness
of the cartilage and the following form was suggested in9 (6) :

pe f f (mNaE , tr
¯̄
ε, pB)= Λ(mNaE)

(
(tr

¯̄
ε I − tr

¯̄
ε
)
+ pBtr

¯̄
ε I =

(

1−
tr

¯̄
ε

tr
¯̄
ε I

)

pe f f
0 (mNaE)+ pB ,

(6.4.29)
wherepe f f

0 represents the PG effect when a zero displacement is imposedwhile

the bath salinity can be changed (Fig. 6.4). The expression of pe f f
0 is one of the

lacking constitutive equations. Loret et al. (6) nevertheless suggest an interpo-
lation formulation ofpe f f

0 , considering two extreme cases, viz. the cartilage is
either in the hypertonic state or bathed in distilled water.Fig. 6.4 highlights the
PG influence. Indeed typically, at a constant strain, an increase of the bath salin-
ity will reduce the stress, this effect being attributed to an increased shielding

7The collagen fibers endow the cartilage with a differential behaviour in tension and compression. Such
a behaviour is known as conewise strain-based. The model cantake this effect into account by means of
the parameters defining the elasticity tensor, viz. the Lamécoefficients (λ andµ). It can be shown that the
continuity stress requirement implies then that only the first Lamé coefficient can vary across the hyperplane
tr

¯̄
ε = 0 (with ⊗ and⊠ denoting appropriate tensorial operators) :

¯̄̄̄
E− = λ−

¯̄
δ ⊗

¯̄
δ +2µ

¯̄
δ ⊠

¯̄
δ , if tr

¯̄
ε ≤ 0

¯̄̄̄
E+ = λ+

¯̄
δ ⊗

¯̄
δ +2µ

¯̄
δ ⊠

¯̄
δ , if tr

¯̄
ε ≥ 0

(6.4.27)

8In the same way as in soil mechanics, this principle derives from the well-knownTerzaghi’s assumption,
which states that for an incompressible matrix phase and an isotropic saturated porous medium, the linear
elastic stress law is recovered when the included pore fluid pressure is in the stress term.

9The function is here given for a single salt. An appropriate formulation ofpe f f for two salts can be
found in (57).



Clausius-Duhem inequality and constitutive equations. Problem closure 137

of the charged proteoglycans by the dissolved salts. Nevertheless,pe f f is still
positive in order to take into account the repulsive effect of the proteoglycans.
Finally in Eq. (6.4.29)

¯̄
ε I is defined as the fictitious intersection point of the

lines for different salinities in a strain-stress diagram.

Figure 6.4: Definition ofεI . Definition and meaning ofpe f f as function of the salinity.

• for the electro-chemical potentials in extrafibrillar and intrafibrillar phases :







µwE = pI+pc f
w

ρw
+ RT

m̂w
lnxwE

µec
NaE =

pc f
Na

ρNa
+ RT

m̂Na
lnxNaE + ζNaFφ E

m̂Na

µec
CaE =

pc f
Ca

ρCa
+ RT

m̂Ca
lnxCaE + ζCaFφ E

m̂Ca

µec
ClE =

pc f
Cl

ρCl
+ RT

m̂Cl
lnxClE + ζClFφ E

m̂Cl
,







µwI = pI+ph

ρw
+ RT

m̂w
lnxwI

µec
NaI = RT

m̂Na
lnxNaI + ζNaFφ I

m̂Na

µec
CaI = RT

m̂Ca
lnxCaI + ζCaFφ I

m̂Ca

µec
ClI = RT

m̂Cl
lnxClI + ζCl Fφ I

m̂Cl
.

(6.4.30)

The role of pressure in the (electro-)chemical potential has to be commented.
The observations of Maroudas and coworkers indeed highlight the different
roles of the extrafibrillar and intrafibrillar compartments. In particular, these au-
thors show the key role of the PG’s and the extrafibrillar components. Hence, in
order to take into account the cartilage history, a configurational energy term10

is introduced in the extrafibrillar potential (pc f
k /ρk).

10This term can be determined by solving equilibrium laws in the case of a single salt (6). If several salts
are present, the determination ofpc f

k depends on the initial salt repartition.
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In order to assure that there is always a minimum amount of water in the IF
space, as the experimental results seem to indicate, a constitutive function (ph)
was introduced in the electro-chemical potential of the IF water. This function
depends on the IF water mass content and was modeled in (6) by an interpolating
function between the two limit cases: cartilage in the hypertonic state or bathed
in distilled water.

A last remark about the form of the electro-chemical potentials is required
in order to highlight the respective roles of mechanical andchemical effects.
The molar fraction of a salt is usually by far smaller than unity (xNaK ≪ 1,
xCaK ≪ 1 andxClK ≪ 1). The logarithmic term is therefore dominant in ex-
pressions (6.4.31) and (6.4.30) and in a first approximationthe pressure term
due to mechanical effect in the salt potential has then been neglected in front of
the chemical term. In the case of water as a species, the inverse effect is how-
ever observed. SincexwK ≈ 1, the mechanical term is indeed higher than the
chemical term.

Using the definitions (6.4.20), the potentials of dissociated salts are rewritten as
:







µs1E =
pc f

s1
ρs1

+ RT
m̂Na

ln(xNaE xClE)

µs2E =
pc f

s2
ρs2

+ RT
m̂Ca

ln(xCaE x2
ClE) ,

{

µs1I = RT
m̂Na

ln(xNaI xClI)

µs2I = RT
m̂Ca

ln(xCaI x2
ClI) ,

(6.4.31)
where the salt configurational pressure are defined as :

pc f
s1

ρs1
=

pc f
Na

ρNa
+

m̂Cl

m̂Na

pc f
Cl

ρCl
and

pc f
s2

ρs2
=

pc f
Ca

ρCa
+2

m̂Cl

m̂Ca

pc f
Cl

ρCl
. (6.4.32)

Finally, the model (6.4.26) and (6.4.30) illustrates the presence of mechano-chemical
coupling. On the one hand, the chemical influence on the mechanical behaviour is
mainly embodied in the effective pressure term (pe f f ). On the other side, the mechan-
ical influence on the chemical behaviour is represented by the pressure terms in the
chemical potentials.

Steady state problem closure

The steady state problem is totally described when the bath conditions are specified,
viz. when the bath pressure and mass contents are given, and when either the displace-
ment or the stress vector is imposed on the boundaries. The chemical potentials of the
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bath for the water and for the salts are written as :

µwB = pB
ρw

+ RT
m̂w

lnxwB

µs1B = pB
ρs1

+ RT
m̂Na

ln(xNaB xClB)

µs2B = pB
ρs2

+ RT
m̂Ca

ln
(
xCaB x2

ClB

)
.

(6.4.33)

As the extrafibrillar compartment communicates with the intrafibrillar compartment
and the bath, the equilibrium implies the following equations :







µwE = µwI

µs1E = µs1I

µs2E = µs2I ,
(6.4.34)

and 





µwE = µwB

µs1E = µs1B

µs2E = µs2B .
(6.4.35)

These six last equations close up the elastic model at equilibrium. In the dynamic
case, the problem will be closed by other equations as it willbe illustrated in the next
paragraphs.

6.4.2 Transfer in intrafibrillar compartment

The mass transfer law in the intrafibrillar compartment is going to be determined. This
law is again provided by the consequences of the second principle of Thermodynam-
ics. We focus on the second inequality of Eq. (6.4.19) rewritten as Eq. (6.4.40), which
is here recalled as :

DsD2

Dt
= −(µwI − µwE)

DsmwI

Dt
− (µs1I − µs1E)

DsmNaI

Dt
− (µs2I − µs2E)

DsmCaI

Dt
≥ 0

(6.4.36)
A simple way to satisfy the inequality is to define the mass transfer law as :

Ds

Dt





mwI

mNaI

mCaI



 = −[T ]





µwI − µwE

µs1I − µs1E

µs2I − µs2E



 , (6.4.37)

where[T ] is a 3×3 (semi-)positive definite symmetric matrix, which is is called the
transfer matrix . In a first attempt, an uncoupling between the mass transfersis as-
sumed and the transfer matrix is therefore diagonal. Typically, this property implies
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that the sole chemical non-equilibrium of water does not directly result in salt trans-
fer. The transfer parameters of[T ] involve the characteristic transfer timesτk of each
species. By means of non-dimensionalization, the following relations are indeed ob-
tained :

Tk =
m̂k

RT
ρk

τk
, k = w,Na,Ca. (6.4.38)

6.4.3 Fluxes and transfer in extrafibrillar compartment

This section again illustrates how the second principle canhelp in determining ther-
modynamically correct constitutive equations. The transport laws will be developed
and Darcy’s, Fick’s and Ohm’s laws will be recovered.

The third inequality of Eq. (6.4.19) is written as :

DsD3

Dt
= − ∑

k∈Emo ¯
∇µec

kE ·
¯

MkE ≥ 0. (6.4.39)

A sufficient condition to satisfy this latter inequality is to postulate the existence of a
symmetric positive definite matrix[κ ] of appropriate size11 such that :









¯
Mw
ρw

¯
MNa
ρNa

¯
MCa
ρCa

¯
MCl
ρCl









=







¯
Jw

¯
JNa

¯
JCa

¯
JCl







= −[κ ]







ρw
¯
∇µec

w
ρNa

¯
∇µec

Na
ρCa

¯
∇µec

Ca
ρCl

¯
∇µec

Cl







, (6.4.40)

The[κ ] components can be determined by developing the summation in(6.4.39). The
matrix detail can be found in Annexe E. Considering indeed the decomposition of
the potentialµec

kK (6.4.17) into (i) a mechanical part, (ii) a chemical part, and (iii) an
electrical part, the following inequalities are satisfied :

• −∑k∈Emo
¯
∇pkE ·

¯
JkE ≈ −

¯
∇pwE ·

¯
JwE ≥ 0, which means that the flux of water is

opposite and proportional to the pressure gradient, thereby providing Darcy’s
law.

• −∑k∈Emo
RT
v̂k ¯

∇ lnxkE ·
¯
Jd

kE ≥ 0, (whereJd
kE is the diffusive flux of the ionk) which

means that the diffusive flux of the ion is opposite and proportional to the con-
centration variation, thereby providing Fick’s law.

11In 1D, theκ matrix size is 4×4, whereas in 3D 12×12.
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• −
¯
IeE ·

¯
∇φE ≥ 0, which means that the electrical current is opposite and propor-

tional to the electrical potential gradient, thereby providing Ohm’s law.

The interested reader will find the developments related to these expressions and above
all the details of the transport matrixκ in (57).

6.4.4 Closure of the non-equilibrium problem

This section is devoted to show that the closure of the equation set is achieved. In the
two last paragraphs, several new unknowns and equations have indeed been added to
the global picture.

Table 6.1: Total problem unknowns for two salts and in 3D.

Unknowns Number
Mass contents :mkK , k ∈ Emo, K ∈ {I,E} 8
Electrochemical potentials :µec

kE , k ∈ Emo 4
Chemical potentials :µwI ,µs1I,µs2I 3
Volumic flux

¯
JkEk ∈ Emo 12

Stress tensor components :σi j 6
Strain tensor components :εi j 6
Displacement components :ui 3
Pressure terms :pe f f , pI 2
Hydration term :ph 1
Electrical potential field :φE 1
Total 46

Tables 6.1 and 6.2 represent a sketch of the complete problem. The number of inde-
pendent equations is equal to the number of unknowns. However, at this stage, several
remarks remain needed :

• The extrafibrillarelectrochemicalpotentials are used in the flux law. In the
transfer law, only the intrafibrillarchemicalpotentials are necessary. This shows
that the intrafibrillar electrical potential field is not required in order to obtain
the global solution and is thus not determined.

• Knowing the mass contents, the molar fractions can be deduced by the relations
shown in Section 6.2.3.
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Table 6.2: Total problem equations for two salts and in 3D

Equations Number
Mass conservation (6.3.14) 1
Momentum balance (6.3.15) 3
Phase transfer (6.3.13) 4
Transfer law (6.4.37) 3
Flux law (6.4.40) 12
Definition of the deformation tensor 6
Stress tensor constitutive law (6.4.26) 6
Electrochemical potential constitutive law (6.4.17) 4
Chemical intrafibrillar potential (6.4.30)5 and (6.4.31)3,4 3
Hydration pressure (ph) (6) 1
Effective pressurepe f f (6.4.29) 1
Electroneutrality condition (6.2.3) 2
Total 46

• The present problem differs from the previous problem because of its non-
stationary and non-homogeneous aspects. The unknowns can vary with posi-
tion and time. The model is an EDP set and appropriate boundary and initial
conditions must be added to complete it. This point will be address at a later
stage.

• To analyse this problem we used the finite element method.

6.4.5 Possible improvements of the model

Several effects observed in cartilage behaviour were not accounted for. Most of all the
model should consider (i) the anisotropy effects and (ii) the material non-homogeneity.

The elasticity anisotropy is partly taken into account by the elastic cone-behaviour.
Nevertheless the collagen fibril behaviour could better be represented by a more elab-
orate non-isotropic model (typically a transversely isotropic model).

The solid phase (collagen fibril) and the PG contents basically vary with the cartilage
depth. This induces that elastic (such as the Young and compressibility moduli) and
chemical properties can vary with the location and are then non-homogeneous. Be-
sides, the variation of these properties is dependent of thecartilage origin (animal,
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human, ...) and the considered individual.

Finally, as it appears in (6; 57), this model requires several physical parameters which
must be determined by means of appropriate experimental results. Unfortunately, this
issue remains a very hard task.

6.5 Solution

This section is devoted to present a numerical solution to the previously developed
problem (Table 6.2). For the sake of generality, the problemwill be considered as
tridimensional and with two salts.

A reduced equation set will firstly be presented and justified. The problem discretiza-
tion will be investigated and a global algorithm will be detailed. Finally, numerical
results will be compared with experimental measurements from oedometrical tests.

6.5.1 A reduced equation set

As shown in the previous section, the problem has a very high number of unknowns
(46 !) and corresponding equations. Nevertheless as it has been proved by Simões et
al. (58), it is possible to isolate a set of primary unknowns (denoted byX) and a related
equation set. The other unknowns (or secondary unknowns) can then be determined by
a linearization process which includes variations of the (time derivative of the) primary
unknowns as based on the remaining equations. The primary unknows are selected in
such a way that each species of each phase is represented in this primary set.

Typically in (58), the primary unknowns are :

(i) for the solid phase : the displacement (
¯
u),

(ii) for the extrafibrillar phase : the electro-chemical potential of the extrafibrillar
species (µec

kE , k ∈ E)12,

(iii) for the intrafibrillar phase : the mass contents of the intrafibrillar species (mkI,k ∈
I′)13,

12The PG influence is taken into account by means of the electroneutrality condition.
13The chloride influence is taken into account by means of the electroneutrality condition.
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while the equation set is composed of the momentum balance (6.3.15), the total mass
conservation equation (6.3.14), the extrafibrillar species mass conservation equation
(6.3.13) and the intrafibrillar transfer law (6.4.37).

In order to apply the finite element method the weak formulation of the problem is
developed. After multiplying the equations by the related test-functions, the equations
are integrated on the studied volume (V ) and can be transformed by means of integra-
tions by parts. Denoting the test-functions by

¯
u∗, µ∗, andm∗, respectively, and the

integration volume and its boundary byV and∂V , the weak formulation rewrites as :

∫

V ¯
∇

¯
u∗ :

¯̄
σ dV =

∫

∂V ¯
u∗ ·

¯̄
σ ·

¯
ndS,

∫

V µ∗

¯
∇ ·

¯
vs −

¯
∇µ∗ ·

¯
JE dV = −

∫

∂V µ∗

¯
JE ·

¯
ndS,

∫

V µ∗
(

DsvkI
Dt + DsvkE

Dt

)

−
¯
∇µ∗ ·

¯
JkE dV = −

∫

∂V µ∗

¯
JkE ·

¯
ndS, k ∈ E ions,

∫

V m∗
(

DsmkI
Dt −Tk (µk′E − µk′I)

)

dV = 0, (k,k′) = (w,w),(Na,s1),(Ca,s2).

(6.5.41)
The left-hand side is here called theinternal force (Fint) while the right-hand side is
called theexternal force (Fext ). The previous equation set is then summarized as :

F
int = F

ext . (6.5.42)

To complete this equation set, boundary and initial conditions must be added. The
cartilage is bathed in a solution with an electrolyte with a determined molarity, un-
der a determined electrical potential field and with a determined stress/deformation,
which means that the electro-chemical potential and the stress/deformation are im-
posed along the boundaries. The boundary conditions are then :

• force per unit area (
¯̄
σ ·

¯
n) or displacement (

¯
u) imposed on∂V ;

• electro-chemical potential of extrafibrillar species (µec
kE ) or fluxes imposed on

∂V .

Finally, if the problem starts from an equilibrium state, the initial state is determined by
solving the homogeneous-equilibrium problem with specified initial conditions (bath
composition, bath pressure and stress or strain).



Solution 145

6.5.2 Solution method

The Newton Raphson method will be applied to problem (6.5.41). This technique
consists in finding successive approximations approachingthe solution. Typically,
considering internal forces depending onX, the final problem (6.5.42) is rewritten
asF

int(X) = F
ext . If Xi denotes the approximation at theith-iteration, theXi incre-

ment (denoted by∆Xi) is calculated in such a way thatFint(Xi)+ ∆Fint
i = Fext , where

∆Fint
i = K∆Xi, with K = dFint

dX
(Xi). Finally the next approximation is defined by the

relationXi+1 = Xi + ∆Xi.

This method is here applied in an appropriate way to the set ofequations (6.5.41).
Noting

¯
u,(µec

kE , k ∈ E),(mkI ,k ∈ I\{Cl}) by X, it can easily be observed that, on the
one hand the internal forces depends onX andẊ where a dot denotes material deriva-
tive with respect to the solid phase and, on the other hand, the external forces vector
Fext depends onX and on the surface loadings (denoted byS) (58). Equations (6.5.41)
are then summarized as follows :

F
int(Ẋ,X) = F

ext(X,S). (6.5.43)

This equation system is strongly non-linear and coupled. Hence the previous method
is applied with appropriate adaptations that take into account the dependence of the
internal forces uponX and its time derivativėX. This latter is chosen as the real
primary variable and is integrated versus time to findX. Time integration is performed
by means of the implicit Euler method14.

At the ith-iteration at timetn, the integration scheme foṙX (which providesX) is then
given by :

for i ≥ 1 :

{
Ẋi,n = Ẋi−1,n + ∆Ẋi−1,n

Xi,n = Xn−1 + ∆tn Ẋi,n = Xi−1,n + ∆Ẋi−1,n∆tn = Xi−1,n + ∆Xi−1,n,
(6.5.44)

Xn−1 being the converged solution at timetn−1, while the initialization at timetn is
given by :

{
Ẋ0,n = Ẋn−1

X0,n = Xn−1 + ∆tn Ẋ0,n = Xn−1 + ∆tn Ẋn−1,
(6.5.45)

Ẋn−1 being the converged solution at timetn−1.

The variation of internal forces during a small time interval results from the variations

14As the small displacement hypothesis is applied, the material derivative is the same as the partial time
derivative.
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of Ẋ and ofX. Defining

K =
∂Fint

∂X
and C =

∂Fint

∂ Ẋ
, (6.5.46)

this internal force variation hence writes as :

∆F
int = C ∆Ẋ+K ∆X. (6.5.47)

The variation ofẊ is calculated in such a way that the internal force is closer and closer
to the external force. At theith-iteration associated with timetn, the previous consid-
erations provide the way to determine the appropriate∆Ẋi−1,n increment. Indeed, the
following relations are successively found :

Fint
i−1,n + ∆Fint

i,n =

Fint
i−1,n +Ci−1,n∆Ẋi,n +Ki−1,n ∆Xi−1,n =

Fint
i−1,n +(Ci−1,n +Ki−1,n ∆tn) ∆Ẋi−1,n = Fext

i−1,n

(6.5.48)

The secondary variables are updated at each iteration by thesimple linearization pro-
cess described in (57) and (58), in order to take into accountthe unconsidered equa-
tions.

6.5.3 FEM method

In order to determine∆Ẋi−1,n at every iterationi of each time step, the adaptation of
the formulation (6.5.48) shows that the following linear system must be solved :

(Ci−1,n +Ki−1,n ∆tn)∆Ẋi−1,n = F
ext
i−1,n −F

int
i−1,n (6.5.49)

Let us recall that the primary variable iṡX, as representing the time derivative of the
displacement (1), of the electro-chemical potentials (4),and of the intrafibrillar mass
contents (3). For a 1D problem, there are 8 unknowns per nodes. As it is usual in
elasticity, quadratic polynomial functions are chosen in order to interpolate the dis-
placement while linear polynomials are selected for the other variables. In conclusion,
it appears that the system (6.5.49) essentially results from the linearization process and
from algebraic manipulations on the weak formulation (6.5.41).

6.5.4 Numerical results on oedometrical test

The oedometrical test consists in imposing a confined compression on a material sam-
ple (Fig. 6.5).
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Figure 6.5: Oedometrical test with variation of the bath salinity.

In the present case, the material is cartilage and is in contact with a bath whose salt
concentration can be changed. Eisenberg and Grodzinsky (7)relate oedometrical ex-
periments performed on cartilage. The related measurements are carried out while
changing the bath salinity (NaCl) and can be summarized in a strain-stress diagram
Fig. 6.6 , which is drawn when equilibrium is reached at each step of the process.

We here show numerical results from a 4-operation cycle computed with our program.
Beginning with a stress-free 1M bathed sample, the cartilage sample successively un-
dergoes four sollications, viz. :

1. a NaCl bath molarity change from 1M to 0.01M while the displacement of the
sample extremities is imposed to be zero ;

2. an imposed displacement of the extremities at−5.25 10−4m while the NaCl
bath molarity is maintained at 0.01M ;

3. a NaCl bath molarity change from 0.01M to 0.1M under constant strain ;

4. an imposed displacement of the extremities at−3.75 10−4m while the NaCl
bath molarity is maintained at 0.1M.

The changes are performed during a 120s period before waiting during 3h for reaching
stabilization. Fig. 6.6 give experimental results performed on a 0.6mm depth cartilage
sample, showing the evolution of the total stress as a function of the deformation
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Figure 6.6: Experimental measurements at equilibrium fromoedometrical tests (7) .

at equilibrium. These measurements can be compared to the numerical results of
Fig. 6.7 whose parameter values can be found in the Annexe F. Good agreement is
observed between the measurements and the model at equilibrium and this leads us to
plot different fields and to compare the effect of some physical parameters.

First of all, let us show numerical results relating the evolution of mass contents, ex-
trafibrillar electrical potential and pressurepI as a function of time and position during
the different steps of the experiments (Figs. 6.8-6.13). Since in the study of clays it
is observed that the sodium characteristic transfer time ismuch higher than the water
characteristic transfer time (Eq. (6.4.38)) (61), we have firstly investigated the cases
whereτNa = 15.5 104s andτw = 7.4s. Numerical results were performed by means
of a 30 element mesh where only half of the sample was considered because of the
problem symmetry.

Typically, it is observed that when the salinity is decreased (first step), there is a deple-
tion of intrafibrillar water (Fig. 6.9) whereas the extrafibrillar mass content increases
(Fig. 6.8). In compression (second step), both compartments expel water (Fig. 6.8
and 6.9 ).

For the sodium mass content, we notice during the first step the non-mobile ions are
present in the extrafibrillar phase (Fig. 6.10). Indeed, even if the salt molarity is
nearly close to zero, because of the PG presence combined with the electroneutrality
condition, there is a non-negligible sodium amount in opposition to what is observed
in the intrafibrillar compartment (Fig. 6.11).
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Figure 6.7: Numerical results from oedometrical tests. Normal stress versus longitu-
dinal deformation in the 4-step cycle.

Secondly, as this model is the first model with two compartments, it is important
to quantify the mass transfer between these compartments. In order to address this
issue, we analyse the effect of the most significant paremeter on this phenomenum,
viz. the characteristic transfer time. We have thus computed the solution for other
characteristic times, viz.τNa = 15.5 106s andτw = 7.4s in order to compare the
transient results with future experimental results. Steady state values are unaffected
by transfer times, since the material behaviour is not path-dependent. Nevertheless as
shown on figures 6.14 and 6.15 , steady state requires more time to get established
with these new parameters.

Let us consider the stage 1 where the chemistry is refreshed at constant strain. For the
smaller transfer time, intrafibrillar sodium ions are extracted more quickly (Fig. 6.15
(a) and (b)), and therefore the amount of extrafibrillar sodium ions is larger at any time
(Fig. 6.14 (a) and (b)). These extrafibrillar ions leave the specimen by diffusion. At
time 30s, the information has reached the bottom of the mesh (here not shown). Their
spatial profile is monotonous, as is the profile of the intrafibrillar sodium ions whose
changes depend much on the transfer time.

For larger transfer time of Na+, the amount of extrafibrillar Na+ is smaller (time 480
s on Fig. 6.14 (a) and (b)), because the Na+ initially in the EFC can diffuse, and
diffusion is almost complete when the intrafibrillar ions are able to penetrate the EFC,
from where they are expelled by diffusion (Figs. 6.14 and 6.15).
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For the water mass content evolution, the transient phenomena are very strong, as it is
shown by the time and space evolutions (Fig. 6.14). It can be observed that there is
a competition between diffusion (that dominates initially) and electro-mechanics (that
dominates in later times) that dictates contradictory trends.

Indeed, initially, diffusion dominates the extrafibrillarcompartment, and it tends to
expel water according to the osmotic effect, since ions leave the cartilage as the bath
is refreshed. Nevertheless, since the height of the specimen is imposed, water cannot
really leave the sample, and it enters the IFC. At subsequenttimes, there is a com-
petition betwen diffusion that dominates longer in the lower part of the mesh, and
electro-mechanics that tends to get established initiallyat the top of the mesh, where
the displacement is controlled. So, with time, electro-mechanics penetrates the spec-
imen downward. Electro-mechanics manifests itself by the fact, that, since cations
leave the EFC, the repulsion between the PG’s is larger, and water has to enter this
compartment. This water comes in fact from the IFC where it was pushed in a first
time by diffusion (Fig. 6.14).

If the transfer time of ions is increased, then the diffusionphenomenon is increased
for the water mass contents, because there are less ions in the EFC, and thus need
less water according to the osmotic phenomenon. Thus, the decrease in EF water and
increase in IF water is larger, and the time to reach steady state longer as well, be-
cause electro-mechanics will have a more adverse situationto reverse than in previous
case(Fig. 6.14).

6.6 Conclusions

This model is the first model with two fluid compartments and wewere able to numer-
ically analyze the effect of the characteristic time on the mass tranfer between the two
concerned compartments.

Even if the last results are satisfactory, our model and numerical solution should be
improved.

First of all, the calibration of the model parameters is a difficult task. These parameters
are indeed numerous since the nature of the physiological tissue involves a lot of phys-
ical and chemical phenomena which are usually complicated to model. Nevertheless,
we want to keep the model as complete as possible and therefore several parameters
must be adjusted.
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Step 1 Step 2

Step 3 Step 4

Figure 6.8: Numerical results from oedometrical tests. Evolution in time and space
of the extrafibrillar water mass content during the 4 steps ofthe cycle withτNa =
15.5 104 s,τw = 7.4 s.

Moreover, even if experimental measurements are describedin the literature, these
data are usually not complete to determine all the system parameters and to entirely
build the model.

Finally, the model induces some numerical difficulties. Forexample, reaching pure
water state (as in distilled water) is easily performed in the experiments. However,
as a logarithmic term appears in the model equations, this state is more difficult to
approach numerically. Other difficulties of the same type (such as the presence of
hyperbolic functions in the interpolation form ofph) must also be taken into account
in order to model the missing constitutive equations (ph, pe f f

0 ). Moreover, both the
linearization process and the primary variable set are not unique.
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Step 1 Step 2

Step 3 Step 4

Figure 6.9: Numerical results from oedometrical tests. Evolution in time and space
of the intrafibrillar water mass content during the 4 steps ofthe cycle withτNa =
15.5 104 s,τw = 7.4 s.
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Step 1 Step 2

Step 3 Step 4

Figure 6.10: Numerical results from oedometrical tests. Evolution in time and space
of the extrafibrillar sodium mass content during the 4 steps of the cycle withτNa =
15.5 104 s,τw = 7.4 s.
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Step 1 Step 2

Step 3 Step 4

Figure 6.11: Numerical results from oedometrical tests. Evolution in time and space
of the intrafibrillar sodium mass content during the 4 steps of the cycle withτNa =
15.5 104 s,τw = 7.4 s.
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Step 1 Step 2

Step 3 Step 4

Figure 6.12: Numerical results from oedometrical tests. Evolution in time and space
of the pressurepI during the 4 steps of the cycle withτNa = 15.5 104 s,τw = 7.4 s.
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Step 1 Step 2

Step 3 Step 4

Figure 6.13: Numerical results from oedometrical tests. Evolution in time and space
of the electrical potential field during the 4 steps of the cycle with τNa = 15.5 104 s,
τw = 7.4 s.
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(a) (b)

(a) (b)

(a) (b)

Figure 6.14: Numerical results from oedometrical tests. Comparison of the evolution
in space and time of the water and EFC sodium mass contents during the first step of
the cycle with different characteristic time scales : (a)τNa = 15.5 104 s, τw = 7.4 s
and (b)τNa = 15.5 106 s,τw = 7.4 s.
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(a) (b)

(a) (b)

(a) (b)

Figure 6.15: Numerical results from oedometrical tests. Comparison of the evolution
in space and time of the IFC sodium mass content, of the pressure pI and of the
electrical potential during the first step of the cycle with different characteristic time
scales : (a)τNa = 15.5 104s,τw = 7.4s and (b)τNa = 15.5 106s,τw = 7.4s.


