Chapter 5

Joint Detection

5.1 Introduction

This chapter is dedicated to the derivation of practical joint detection struc-
tures. The matched filter receiver is firstly described in Section 5.2. In
Section 5.3, the effect of the selected modulation scheme on the multiuser
capacity region is investigated. The matched filter bound (MFB) is de-
rived as an alternative upper bound on the optimal performance that can
be expected from real detectors. Infinite linear and decision-feedback (DF)
minimum mean square error (MMSE) joint detectors are presented in Sec-
tion 5.4. Their performance is computed and compared to the multiuser
capacity. Their FIR counterparts are derived in Section 5.5, and the com-
putational complexity associated with the coefficient computation is ana-
lyzed in detail. The scenario of CAP-CDMA with long codes is analyzed
separately in Section 5.6, and reduced-complexity algorithms for the com-
putation of MMSE joint detectors suited to long-code CDMA are proposed.
Finally, cyclic-prefixed equalization structures are analyzed in Section 5.7
and performance is compared for different FBs.

5.2 The matched filter receiver

Let us consider a baseband FB-based multiple access system with K users
and N signature codes. The continuous-time signal received at the output
of the multiple access channel is
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where the h,(t)’s denote the equivalent channels including the p-th signa-
ture code sp(n), the pulse shaping filter p(t), the k-th user channel cy(t),
and the receiver filter f(t) (see Chapter 4).

A sufficient statistic of the received signal is obtained by the use of a
matched filter bank at the receiver. The outputs of the N matched fil-
ters hpi(—t) are sampled at the symbol rate 1/7', which provides the N
sequences :

i) = [ ) e ), (52)
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This operation can be done by first filtering the received signal with cj(—t)
in the analog domain and sampling the result at the chip rate 1/7, :

g(n) = [r(t) ©cx(=1)] (nT) (5:3)
K +oo

= Y > vw(n) gew((m —n)T.) + vi(n) (5.4)
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where g (t) = [ j;o e (T) e (T—t) dT are the user channel cross-correlation
functions and v (t) = n(t) ® cx(—t) are the filtered noises with covariance
Lo, (7) = % 9kk (7). The N polyphase components of the K filter out-
puts q,x(n) = qr(nN + p) are expressed, with z transforms, as :

91(2) QH(Z) T glK(Z) El(z) Hl(z)
L= TR N ES
Qk(2) ng(l/z*) o Grpe(?) Vk(2) Uk ()
(5.5)

The channel correlation polyphase matrices Qkk,(z) are Toeplitz of size

N x N with element (i,7) given by the z transtorm of g(nT + (i — j)T¢).
They are related to the channel polyphase matrices C, (z) as follows :

T H *
As ggr(t) are even and real autocorrelation functions, we have the property:
_ H *

The noise vector cross-spectra are -y (2) = % G, (2).
=V, Uy =
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The matched filter outputs y,(m) are finally computed by passing the K
sequences gi(n) through a bank of analysis filters matched to the synthesis
bank :

+oo
yp(m) = Z qr(n —mN) sp(n), p € Cy, (5.8)

n=—oo
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The N? sequences of interference coefficients Tpy (n) are given by

—+o00
2y (n) = / hor() oy (E=nT)dt,  peCup €Co.  (5.10)

The global IIR, observation model including the matched filters is given by

Xl(z) éll(z) éu{(z) 11(2) wl(z)
| = L S N
Yg(2) X7 (1/z7) o X () I (2) Wik (2)
(5.11)

or, more compactly,

Y(2) = X(2) I(z) + W(2). (5.12)

The size N x Ny interference matrices X, (z) are given by

X, (2) =87 (1/2")G,,.(2)8,,(2). (5.13)

The noise vector cross-spectrum is v (2) = % X(2).

—w,w -
Let us now derive a first bound on the joint detector performance, called
the matched filter bound. This bound is based on the principle that the
joint detector cannot do better than removing ISI, ICI and MAI without
enhancing the additive noise. These ideal symbol estimates are given by

A

Ip(n) = pp(0)Ip(n) + wp(n). (5.14)
The corresponding signal to noise ratio is

ac%p(())a? _ :L'ZP(O)O'% _ 2Epk
o, 2pp(0) No/2  No

Pp =

(5.15)
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5.3 Capacity of FB-based multiple access

In this Section, we compute the multiuser capacity of the FB-based mul-
tiple access system. This capacity region is smaller than the true capacity
region computed in Chapter 3, as additional constraints are introduced :
the signals x(t) produced by the transmitters are now the outputs of a
finite-size FB modulated by mutually independent sequences of informa-
tion symbols. The power spectral density of the transmitted signals is not
arbitrary any more, and the available degrees of freedom depend on both
the nature and the size of the selected FB.

5.3.1 Mutual information and capacity region

In order to derive a practical expression of the multiuser capacity region, we
firstly propose a slightly modified version of the FB-based multiple-access
observation model. The modifications are :

e All K users are assumed to transmit symbols on all N signatures

simultaneously. The symbol variance for the k-th user and the n-th
signature becomes /\ika%. The allocation of a given signature n to a
single user k translates into the constraint : A\, = 1 and Ay, = 0,

Vi £ k.

e A limited number of N symbols per signature are transmitted by the
users. This block transmission model actually converges to the initial
continuous transmission model for N, — oo.

e The information symbols I,;(n) are assumed to have a Gaussian dis-
tribution. This distribution is known to maximize the mutual infor-
mation between power-constrained transmitted and received signals
[52].

Let S be an arbitrary subset of K; users. We denote by S the comple-
mentary subset, including K9 = K — K users. The observation model is
now

o= D ML ) H L +n (5.16)
kes k'es
N, Ny 1N

= HIs" +H I +u™ (5.17)

= 1+ 1" + 0 (5.18)
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where Igb is the vector of NN symbols transmitted by user k, ™Mo and nfVe
are of size (N, + L)M, and ﬂivb is a size (N + L)M x NN block-Toeplitz
matrix. The continuous transmission model, obtained by letting N, go to
infinity, is given by

R(z) = Hy(2) Ls(2) + Ho(2) Is(2) + N(2) (5.19)

where H(2) and Hx(z) are the M x K1 N and M x K> N polyphase matrices
associated with the composite channels hpy(2).
For a fixed block size N and a fixed power allocation defined by the set of

coefficients {)\gk}, the set of achievable data rates is known to be :

1

Cn, (Apk) = {{Rk} 10< Y Ry < i (;Nb;lév”u;ﬁ) VS {1, ,K}}
keS

(5.20)

where 7 (K;X\Z) denotes the conditional mutual information between the
vectors x and y, for a given vector z. This region is a K-dimensional
polyhedron defined by 2% — 1 constraints, and including K! vertices in the
positive quadrant. The global capacity region is then obtained by

Np—o00

C = closure | lim U Cn, ()\ik) . (5.21)
22
pk

The union is taken over all admissible input-power distributions, i.e. all
admissible sets of coefficients >‘127k’

Let us firstly derive the expression of the mutual information Z (;N b lg” |1g")
from the observation model given by (5.16) :

T <§Nb§l§b ’1?1:) — h (ENbugb) —h (ENb|lfSvalgb) (5‘22)
= h (givb + ng) —h (™) (5.23)

where h (x) denotes the differential entropy of the continuous random vector
x and h (g\z) denotes the average conditional entropy of x given y. The

differential entropy of a size-N zero-mean Gaussian vector x ~ A <Q, Em>
is known to be

h (x) = log [(We)N det (Rm)] . (5.24)
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Introducing this result into (5.22), we get

det (R, +R,) (5.25)
det (Enr) |

2 2
= log |:det (EM( . + ﬂfHNb (ANb) (HNb)T>:|

7 (r;I5ls) = log

_ 9T ANy (2 Np\T 3Ny A N,
= log [det( NN T ool (") Hg A b)} (5.26)
where the diagonal matrix éN b is defined by

E{i @) =0 (a))". (5.27)

Using the asymptotic properties of Toeplitz matrices, it can be demon-
strated [57] that the average mutual information in (5.26) becomes

Zs = lim —I(;,I I5) (5.28)

Nbﬂoo Nb

1 (" o ) .
= 5[ log [det (E v T sAHY () H (e]Q)%ﬂdQ

—T

1 " I Q
= o log [det <EK1N + NO/ZASXS (e’ )é‘s)] d  (5.29)

—Tr

when the burst size goes to infinity. The demonstration is not given here,
but can be found in [55]. It is based on the observation that the determinant
of the matrix in (5.26) is equal to the product of the Ny K1 N eigenvalues

(1+ oF ,ol) of this matrix. When N, goes to infinity, the eigenvalues p;
converge to those of an equivalent circulant matrix.

The result in (5.28) can be further developed to underline the role of the
signature allocation coefficients A?)k

— 1 s 0_2 ' '
Is = 27T/Trlog [det (EM JES (em) éﬁEﬁ’ (éﬂ))] a0 (5.30)

1 (7 1
= 3 _Trlog [det( —% gk eJQ (eJQ) gk (e]Q)>
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where the polyphase spectrum 7  (z) associated with the chip-rate se-
—U Uk

quence vg(n) produced by user k is

1 () = oS(E%) A 8T ()

N
= o7 Z )‘gzyk S, (ejQ) Sf (ejQ) . (5.31)
=1

hS]

For a fixed signature allocation {)\Zk}, the capacity region is a polyhedron

defined by the 2% —1 constraints Zg. With K users and N signatures, there
are KN possible polyhedrons, corresponding to the KV distinct signature
allocations. Considering the restrictive two-user scenario, the polyhedron
is a pentagon defined by

0< Ry <ZIpy
Coo (Ap) = (R1,R2) : § 0< Ry <Tpyy (5.32)
O0<Ri+Re<TZy9

Figure 5.1 illustrates the 2* = 16 regions obtained with N = 4 Hadamard
signature codes of length 4. Only 14 of these regions are really pentagons.
The two remaining ones are degenerated to vertical or horizontal segments :
they correspond to the allocation of all signatures to the same user. As
given by equation (5.21), the global capacity region is obtained by taking
the convex closure of the union of the pentagons. The boundary of the
resulting capacity region is given by the dashed line in Figure 5.1. A given
rate pair (Ry, R2) of the boundary is generally achieved by timesharing
between two distinct signature allocations.

5.3.2 Optimal signature allocation

The computation of an optimal signature allocation scheme in terms of
achievable data rates belongs to the class of integer programming problems.
The problem can be considerably simplified by considering its continuous
relaxation. A similar strategy was adopted in Chapter 3 to compute the
FDMA capacity of frequency selective multiuser channels. The idea, here,
is to allow all users to use all signatures simultaneously. The constraint on
the power allocation coefficients )‘zk becomes

K
0< A2, <1 A =1 (5.33)
k=1
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TV

K :

Figure 5.1: Two-user capacity region for a size-4 FB-based transmitter
(Hadamard signature codes)

With the relaxed constraints, the new capacity region is generated by the
union of an infinite number of polyhedrons. Moreover, as every convex
combination of feasible signature allocations is also a feasible signature
allocation, the convex closure operation is not needed any more to generate
the global capacity region. This implies that every point of the global
capacity region can be achieved with a fixed signature allocation.

The constraints in (5.33) implicitly assume that the same total power is
transmitted on each signature code. The consequence for the polyphase
spectra vy  (z) is

—Vk Vg

VLV

K K
doa () = 0is() <2Ak> st (1/2%) (5.34)
k=1

< 078(2) §H 1/z*) = olE (5.35)
where the inequality of matrices in (5.34) means that the matrix difference
is non-negative definite. This is equivalent to the PSD-sum constraint intro-
duced in Chapter 3. Alternative constraints could be investigated like the
power sum constraint (obtained with o7 >, >~ )‘;%k < P) or the individual
power constraint (obtained with o2 > )‘;%k < Py Vk), but are beyond the
scope of this work.

Like for the true capacity region, the boundary of the FB-based capacity
region can be traced out by maximizing the aggregate rate R, = >, o Ry,
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for a given set of relative priorities {ay}. The maximum aggregate rate
is known to be obtained with successive decoding at the receiver, and a
decoding order in accordance with the user relative priorities. Assuming
that the users are ordered in ascending order of the relative priorities, the
individual data rates are given by

R, = f{k’...’]{}—f{]ﬁ_l’...’[{} Vk < K (536)
Rk = Ty (5.37)

The aggregate rate is thus

K

K
Ra = ZakRk = Z (Ozk - ak—l) T{k,,K} (538)
k=1 k=1

The quantities Zs in last equation are given by equation (5.30) and depend
on the signature allocation. The computation of the optimal signature
allocation scheme )‘122k is then formulated as follows :

{)\gk} = arg max [Ra ({)\gk})] . (5.39)

Aok

It can be demonstrated that the objective function (5.38) is a concave
function in the parameters )\Zk. This property, associated with the linear
constraints in (5.33), guarantees that the optimization problem in (5.39)
is a standard convex programming problem : a local maximum is also a
global maximum, and standard numerical search algorithms can be used to
find the solution efficiently.

5.3.3 Maximum balanced rates

One may be interested in a specific point of the capacity region, like the
balanced rate solution defined in Chapter 3. In that case, the optimization
problem in (5.39) has to be solved iteratively for different sets of relative

priorities {afj)}, until the solution satisfies the balanced rate constraint.

Actually, two major difficulties have to be taken into account in the compu-
tation of the maximum balanced rates associated with a FB-based system.

Firstly, there is no closed form solution to the problem of optimal signature
allocation for a given set of relative priorities. At each iteration i, a new
convex programming problem has to be solved.
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Figure 5.2: Generation of the true capacity region
constrained capacity region by the union of pentagons
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Secondly, the solution proposed in (5.36) is restricted to be a vertex of the
K-dimensional polyhedron corresponding to the selected signature alloca-
tion. The vertex is chosen in accordance with the ordering of the relative
priorities ap. The boundary of the true capacity region is effectively gener-
ated by the union of such vertices. In the case of a FB-constrained capacity
region, however, some parts of the boundary are not covered by the union
of these vertices. Figure 5.2 illustrates this difference in a two-user case.
The first graph gives the true capacity region (as considered in Chapter 3).
It is a convex region generated by the union of pentagons. Each pentagon
has a lower and an upper vertex. The boundary of the capacity region is the
curve ABC. The segment AB of the curve is generated by upper vertices,
which means that the decoding order is (1,2). All points of this segment
can be obtained by maximizing the aggregate rate R, with a; < ag. The
segment BC of the curve is generated by lower vertices, which means that
the decoding order is (2,1). All points of this segment can be obtained
by maximizing the aggregate rate R, with a7 > as. Finally, point B cor-
responds to the maximum sum rate : it is obtained by maximizing the
aggregate rate R, with a; = as. As the maximum sum rate solution is of
the FDMA type, the associated pentagon is degenerated into a rectangle.
Indeed, the power is allocated to the users in separate frequency bands, and
successive decoding is not needed any more. The second graph gives the
corresponding FB-based capacity region. It is also a convex region gener-
ated by the union of pentagons. But now the maximum sum rate solution
(a1 = aw) is also a pentagon, with distinct vertices B’ and B”. Indeed,
under the FB constraint, an FDMA power allocation is not feasible any
more (because of the spectral overlapping among the different signatures).
As a consequence, the whole segment BB’ belongs to the boundary of the
capacity region, but only points B’ and B” are pentagon vertices. The in-
termediate solutions are obtained by timesharing between the two possible
decoding orders, and the corresponding rate pairs (Rj, R2) are not given
by the general solution in (5.36). The third graph gives the weighted rate
imbalance R/ R% —Ry/ R% as a function of @1 = 1—ay. The dashed line cor-
responds to the true capacity region, while the continuous line corresponds
to the FB-based capacity region. The maximum balanced rates solution
corresponds to the root of this function. If the balanced rate solution is
located in one of the intervals AB’ or B”C, then the root can be found by
searching through the intervals a5, < a1 < 1/2 and 1/2 < a1 < amax,
respectively. This case corresponds to the displayed figure. It could hap-
pen, however, that the balanced rate solution be located in the interval
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B’B” : then the search algorithm would fail to find the root of the function.
This problem can be handled easily in the restrictive two-user case, but it
is not tractable in the general K-user scenario.

5.3.4 Influence of the FB

We firstly investigate the effect of the FB choice on the SU capacity. In
a SU scenario, all signatures can be fully allocated to the same user, i.e.
)\%p = 1 Vp. With a paraunitary FB, this implies that the transmitted
polyphase spectrum v (z) is

=v1v1

() = 078(2) A28" (2) =01 E,- (5.40)
—v1v1 = == =
The SU capacity is then given by
7 = L [T ogldet (B, + Ze (e9) o (¢9))] a0
e og |det :M+?%:1 () T (')
= /Oolo 140 C1 ()2 ) df (5.41)
- . g N0/2 1 9 .

irrespectively of the selected FB. In particular, the SU FB-based capacity
is identical to that of the single carrier modulation obtained by letting
S(z) = E,,. As a consequence, it is also independent of IV, as the SU single
carrier modulation can obviously be represented with a unit-matrix FB of
arbitrary size. The single-user FB-based capacity is thus independent of
the choice of signatures and of the number of signatures, provided that the
associated FB is paraunitary. The fundamental reason for this is that any
paraunitary FB of any size produces the same flat power spectral density at
its output when it is modulated by independent sequences of equal variance.

The boundary of the TDMA capacity region, i.e. the hyperplane joining
the SU rate solutions, is then also independent of the FB. Consequently, the
relative performance of different FBs can be compared adequately through
the multiuser gain defined in Chapter 3 as the ratio of the maximum bal-
anced rates to the TDMA balanced rates. The multiuser gain is different for
every FB. Actually, it depends on the ability of the FB to model the power
spectral density of the transmitted signals with as much flexibility as pos-
sible. This flexibility is limited by the N degrees of freedom corresponding
to the N different signatures.

An upper bound on the FB-constrained capacity region is the (PSD-sum
constrained) true capacity region presented in Chapter 3. In the two-user
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case, its boundary is represented by the line AEB in Figure 3.6. This upper
bound can be approached with a frequency-selective FB of size N > 1, i.e.
with a FB able to shape the transmission PSD of each user with an arbitrary
flexibility.

On the opposite, a lower bound on the FB-constrained capacity region is
obtained by forcing, for each user, the allocation of a uniform power to all
signatures :

K
A2 =A% Vp d =1 (5.42)
k=1

With this signature allocation, all users are forced to transmit a flat-PSD
signal. The corresponding capacity region is independent of the FB as
(5.30) becomes

1 s
2w

det ( z Z eJQ kH(e]Q)>
- 7’l S
- /OO log< N?;Q > AICk(f ) (5.43)

o k=€cS

This is also the capacity region corresponding to a degenerated FB with
N = 1 signature, i.e. a FB with the lowest flexibility as possible. In the
two-user case, the boundary of this region is represented by the line ADB
in Figure 3.6. The same capacity region can be expected from the long-
code multiple access system introduced in Section 4.5, as the variability of
the signature codes used by each user makes the PSD of the transmitted
signals almost uniform.

5.3.5 Capacity vs. MFB

In this section, we show how the SINR bound provided by the MFB can be
used to provide a simple upper bound on the multiuser capacity. Equation
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(5.28) can be rewritten as

_ 1 [ 2 )
Zs = — [ log [det <E +- 2L A X (/) A ﬂdQ
2 J_, =1

L[ o i iQ
< % x log [H <EK1N + NO/Qé‘S‘éS (ej )é‘S)“ dQ

1 N
_ )2
— l;gpzzl/ log[ N/2 p (Xk)pp:| dQ

N L
2

- %;bg[ N, /2)\][’]c /—w <X’“>PPdQ}

> Zlog [1 + 25?’“] (5.44)

keS p=1

The first inequality follows from the property that the determinant of a
symmetric positive definite matrix is always smaller than the product of
its diagonal values. For the second one, it is known that for any positive
function f(x),

1 4 1 (7

— log [f(z)] dz < log [ f(a:)d:v} (5.45)

2 J_, 27 J_,
with equality if and only if f(x) is constant. This result shows that, under
some very restrictive conditions, the multiuser capacity is simply the sum
of the single channel capacities associated with every signature p and every
user k, which only depend on the ratios £,;/Ny. Actually, the proposed
bound is really valuable if all the following conditions are satisfied :

e Every signature is allocated to a single user.

e The inter-signature orthogonality is not destroyed by the multiuser
channel selectivity. This should be valid for any multiuser channel.
This condition implies that all signatures should be located in sepa-
rate frequency bands. A frequency selective FB with non-overlapping
subbands should be used for that purpose.

e Each subchannel is sufficiently flat, so that the SINR in every sub-
channel is roughly equal to the channel SNR at the corresponding
frequency. As a consequence, the size N of the frequency-selective
FB must be very large.
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e The SNR gap I is equal to 1, i.e. perfect coding is assumed in every
separate subchannel.

A simple signature allocation algorithm can be implemented on the basis
of the MFB. The MFB-based aggregate rate R, can be written as

N K o
- 2 §e) G B A P
Ro=>_ Y My (awRpr), with Ry, £ C (No) (5.46)
=1 k=1
with a single )‘;29k = 1 and the others equal to 0, for every p. Let us define
the following continuous relaxation of the signature allocation constraint :

K
0< A2 <1, A =1 (5.47)
k=1

For equation (5.46) to remain valid, the coefficients )‘;%k must be re-interpreted
as time-sharing coefficients, and not as power allocation coefficients as in
the previous Sections. The maximization of the aggregate rate R, in (5.46)
under the relaxed constraints (5.47) is identical to the FDMA subchannel
allocation problem analyzed in Section 3.6.1. The solution is given by Al-
gorithm 3.5. The computation of maximum balanced rates, that requires
the iterative computation of adequate relative priorities «y, is obtained by
Algorithm 3.6. Linear optimization theory tells us that at least one so-
lution exists that comprises at most N + (K — 1) non-zero components
)\?Dk. This implies that a maximum of K — 1 signatures will be shared be-
tween couples of users, or alternatively a single signature could be shared
between all of the K users, all other signatures being allocated to a single
user. Assuming that N > K, we can see that time-sharing only concerns a
small fraction of the available signatures. If time-sharing is not allowed, we
have to approximate the continuous solution given by Algorithm 3.6 and
force the allocation of each signature to a single user. It results that the
balanced rates constraints are not exactly satisfied any more. A measure
of the deviation from these conditions is given through the 'user imbalance
index’ defined as follows, together with a practical upper bound :

Tk (%) K [1 1
Avysers = mk(é}:) < Mm (5.48)

where oy (.) and myg(.) stand for standard deviation and mean across the
users respectively. Equation (5.48) shows that the rounding effect asso-
ciated with a discrete signature allocation is negligible if the ratio N/K
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is large. With a large number of signatures, indeed, the boundary of the
capacity region can be covered with a better granularity.

The MFB-based signature allocation is suboptimal in the sense that the
inter-signature interference is ignored. However, it provides a useful initial
allocation for more advanced allocation algorithms as it ensures the best
matching as possible between the set of available signatures and the user
channel attenuations and noises. The method can be generalized to all
situations where a K-user channel can be modeled as a parallel transmission
of information in IV separate and independent subchannels.

5.4 IIR joint detectors

In the case of a frequency-selective channel, the symbol estimates obtained
at the output of the matched filter bank are severely corrupted by inter-
ference. A popular solution consists in the use of a MIMO equalizer that
intends to compute more reliable estimates of the symbols on the basis of
a minimum mean square error criterion (MMSE).

In this section we investigate the structure of IIR linear or decision-feedback
(DF) joint detectors designed for the MMSE criterion. These structures
are the best possible linear and DF joint detectors, and their correspond-
ing performance provides an upper bound of the performance which can be
achieved by their FIR counterparts. This is the main motivation to inves-
tigate these IIR detectors. Their FIR counterparts will be investigated in
the following section.

For all continuous transmission schemes presented in Chapter 4, a generic
IIR observation model was defined as follows (See (4.42), (4.67) and (4.79)) :

R(z) = H(2) I(z) + N(z). (5.49)

The ITR joint detectors derived in this Section rely on this generic observa-
tion model. The baseband FB transmission scheme is assumed in the next
derivations, but the application to CAP-FB transmission or CAP-CDMA
with long codes is straightforward.

5.4.1 MMSE linear joint detection

A fractionally spaced linear joint detector (JD) builds estimates of the N
transmitted symbol sequences I,(n) as follows :

I(2) = W(2)R(z) (5.50)
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where W(z) is a bank of N x M infinite length filters. The vector of z-
transformed estimation errors is defined by :

e(z) = 1(z) — (2). (5.51)

This IIR linear JD can be designed for an MMSE criterion : the coefficients
of the filters W(z) are then computed in order to minimize the variance of
the estimation errors. The orthogonality principle can be used to derive
the optimal estimator. It states that the error associated with the optimal
estimator is orthogonal to the data samples used to build the estimate.
This property can be written as follows :

li(z) = Ogxnr (5.52)

where o stands for the cross-spectrum between x(z) and y(z). Using the

orthogonality principle (5.52), the observation model (5.49), the estimation
model (5.50) and the error definition (5.51), we get

W) = 250 255 (5.53)

= o3H (1)) [2B, +oiHE Y1/ (559)

' H7(1/2%) 0,2 (5.55)

n

= |o}? E,+ 0,2 EH(l/z*)E(z)}
The last expression is obtained thanks to the matrix inversion lemma.’
Equation (5.55) shows that the first operation performed by the equalizer
is to apply a bank of matched filters whose outputs are down-sampled to
the symbol rate 1/T. This operation is achieved by H (1/2*). Then the
symbol MIMO (multi-input/multi-output) equalization is applied. It has a
MIMO transfer function given by the inverse of the key power spectrum:

S.(2) = [072E,, + 0, 2B (1/2")H(2)| (5.56)

Let A and B be square positive definite matrices of size n1 x ni, D be a square
positive definite matrix of size n2 x n2 and C, E be arbitrary rectangular matrices of size
n1 X na, with

A=B"+CDE".

The matrix inversion lemma states that

A =B-BC(D+E"BC)'E"B
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With the detector obtained in (5.55), the symbol estimates (5.50) become

i(2) = (Ey ~ 871 (=)07?) 1(2) + (S7'(2) 0 2B (1/2%) ) N(2).  (5.57)

For the estimation errors after optimal linear joint detection we have

1
a1y 2 _ H  *
1 (2) =871 = By~ W)y (IWHA (). (5.59)
The mean square estimation errors are provided by the diagonal elements
of the order 0 matrix in the expansion of 7 (z) as a z polynomial :

L (0 1/7r’y (') dQ. (5.59)

27 _ g €€

5.4.2 MMSE decision-feedback joint detection

The DF joint detector is made of a (N x M) bank of forward filters, denoted
by W(z), and of a causal feedback bank of N x N filters, denoted by

B(z) — E,, and builds an estimate I(z) in the following way:

i(z) = W() R(:) - [B(2) — Ey | 1(2). (5.60)

The feedback section processes previous decisions I(z) However we assume
that they are correct and hence use the original symbols I(z) in the next
derivations. The filter bank B(z) is stable, causal and monic. It means that

B(z)=> B(n)z " (5.61)

n>0

where B(0) — E,; is a lower triangular matrix with zeros on the main di-
agonal. The triangular nature of the order 0 feedback matrix means that
each time a new decision is available, it is used for the next estimate to be
computed.

If this IIR JD with a causal IIR feedback section is designed for an MMSE
criterion, we can again use the orthogonality principle (5.52). With the ob-
servation model (5.49), the estimation model (5.60) and the error definition
(5.51), it gives

W(z) = B(2)2p(*) 2gp®) (5.62)
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where the last equality comes from the matrix inversion lemma. The power
spectrum of the estimation error is now

v (2) =B(2)S]'(:) B (1/2"). (5.65)

—ce = ' =¢

Let us now compute the optimal feedback filters B(z). The key power
spectrum can be factored in the following way [58]:

S.(2) =D"(1/2*) AD(2), (5.66)

where matrix A is diagonal and D(2) is a causal, monic and stable matrix
transfer function with causal and stable inverse. Hence the power spectrum
of the estimation error (5.65) becomes

7 (2)=B(z)D'(z) A1 D H(1/29) B (1/27). (5.67)
The geometrical mean of the error variances is given by the product of
the diagonal elements of the estimation error covariance matrix given by
Equation (5.59). For the positive definite error covariance matrix, it is

known that
N

[1[r. ]

p=1

> det [gg (0)} (5.68)

where equality is only obtained if the error covariance matrix is diagonal.
Furthermore, we know from [59] that

log [det (gg(o))} S [det <7 (ejﬂ))] dQ  (5.69)

2 J_, —ee

= log(A) (5.70)

where the last equality results from the Szego formula [58]. If the feedback
section B(z) is chosen as the spectral factor D(z) defined in (5.66), the
power spectrum of the estimation error (5.67) and the associated covariance
matrix (5.59) reduce to

v (2)=LC_(0)= é_l. (5.71)

—e€e —€e€

As the error power spectrum -y (ej Q) does no longer depend on €2, (5.69) is
—€€

an equality and the determinant of the error covariance matrix is minimized.
Furthermore, as the error covariance matrix is a diagonal matrix, (5.68)
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is also an equality and the product of the estimation error variances is
minimized. The selected feedback matrix B(z) is thus optimal regarding
the MMSE criterion.

The optimal feedback and feedforward filters are finally :
B(z) = D(z)
W(z) = A7 [D7(1/z] T BT/ 0,2 (5.72)

==

The feedforward filter appears to be made first of a bank of matched filters.
Then it is cascaded with an anticausal bank.

The obtained estimation error is white as shown by (5.71). The product
of error variances can also be computed by using the Szego formula [58] as
follows :

log [det (41)] = 5 [

—T

™

log [det (01_2 Ey+ 0,2 EH(I/Z*)E(Z')> _1} dQ.

(5.73)
Regarding the symbol detection order, the product of the error variances
is constant.

5.4.3 Influence of the FB

Invariance properties relative to the choice of the paraunitary FB can be
put forward in the single-user configuration (KX = 1). In that configuration,
the global channel matrix can be written as H(z) = C (2) S(z) where 5(z)
is the full N x N FB polyphase matrix.

With a paraunitary FB, the key matrix S (z) defined in (5.56) can be
written as

S.(2) r E

Il
)
~
)
3!
+
w2
T
—~
—_
~
N
*
SN—
)
A
—
—
N
SN—
[l2
—
N
N—

(5.74)
= $7(1/2)8, (2)8() (5.75)

where §CO (2) = UI_QEN + Nlo G,,(#) and the paraunitary property was used.

We first investigate the performance of the linear MMSE JD. From (5.58)
and (5.74), the arithmetic mean of the error variances is given by :

N
i 2 _L " H/_jQ\ q—1/,79Q iQ
szlgep ~ 27N /,rtr [§ (™) S (e”) S(e™)| d (5.76)
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An important conclusion may be drawn from the last expression: at the out-
put of a paraunitary FB transmission scheme with linear MMSE receiver,
the arithmetic mean of the error variances does not depend on the filter
bank. In particular, the size of the FB has no impact on this arithmetic
mean, which is equal to the unique error variance obtained with a single
carrier system. The proof relies on the following matrix properties :

1. Two matrices A and B are similar (i.e. they have the same eigenval-
ues) if there exists an invertible matrix C such that A = C™'BC.

2. The trace of a matrix is equal to the eigenvalue sum.

The first property can be applied to (5.76) thanks to the paraunitary prop-
erty of the FB polyphase matrix S(z).

The arithmetic mean of the error variances is not preserved in the case of
a DF-JD, because of the (non-paraunitary) feedback matrix in (5.65). It
can be shown, however, that the geometrical mean of the error variances is
independent of the selected FB :

(5.77)

The determinant in (5.77) can be evaluated by means of Equation (5.73)
as follows :

1 7 -1
log [det (A™1)] = 2/ log [det <§H(1/z*)§00(z) ﬁ(z)) ] dQ. (5.78)
e ). L L L
The result does not depend on the FB as long as it satisfies the paraunitary
property.

These invariance properties are no longer satisfied in a multiuser configura-

tion. The distribution of error variances depends on the selected signature
allocation.

5.4.4 Multiuser capacity and DF joint detection

Decisions about the transmitted symbols can be taken separately in the IV
subchannels, on the basis of the MMSE estimates I,,(n) obtained at the
output of the DF-JD. In every subchannel, the MMSE estimate can be
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written, according to (4.51), as

Ip(n) = app(0) Lp(n) + Jy(n) + vp(n) (5.79)
= Ly(n) + (2(0) = 1) L(n) + Jy(n) + v(m)  (5.80)
= L(n) — &(n) (5.81)

where J,(n) represents the total interference (ISI-ICI-MAI). The fundamen-
tal role of the IIR DF joint detector is to transform the initial frequency-
selective multiuser (and multi-signature) channel into a set of N parallel
and independent AWGN subchannels. The capacity associated with every
subchannel, assuming Gaussian-distributed symbols, is given by

z2 (0)o?

R, =log(1+ pp) with p, = —2%

Ay (5.82)
O'%p + Jgp

Error-free transmission is possible at a rate R, in every subchannel, as-
suming the use of an ideal AWGN decoder in each separate receiver. The
MMSE estimator is known to be biased, i.e. pp(0) < 1. From the MMSE
criterion, it can be shown that

o7 (1= app(0)) = 02, (5.83)

for any type of MMSE estimator. The bias of the MMSE estimator is
directly proportional to the estimation error variance. As a consequence,
the SINR associated with an MMSE estimate can be shown to be

pp=— — L. (5.84)

Combining the MMSE-SINR definition (5.84) with the Szeg6 formula (5.73),
the error covariance definition (5.71) and the mutual information definition
(5.28), we get

Tq..xy = log[det (o7 A)] (5.85)
N 0_2

= log H( ;) (5.86)
p=1 \%é

N

N
= > log(l4py) =Y Ry (5.87)
p=1

p=1
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The very important conclusion of last equation is that the sum-capacity of
the frequency-selective multiuser channel can be achieved by means of an

IIR DF-JD followed by ideal AWGN decoders.

All points of the FB-constrained multiuser capacity region cannot be achieved
with the IIR DF-JD, however. Indeed, the boundary of the capacity region
is generated by the union of polyhedron vertices as given by Equation (5.36)
and illustrated in Figure 5.2. Successive decoding is needed to obtain the
set of rates Ry associated with these vertices. With the IIR DF-JD, the
only degrees of freedom are the ordering of the decisions for the current
block of symbols. The best we can do for a given user with the highest pri-
ority «y is to suppress the causal interference from the K — 1 other users,
including the contribution of the symbols in the current block. But the
anticausal interference cannot be suppressed. Figure 5.3 illustrates this in
a two-user scenario. The capacity region for a given signature allocation
is a pentagon, with useful vertices A and D. All points of the segment AD
are not achievable with the IIR, DF-JD. Point B represents the rate pair
(R1, R2) obtained by ordering the decisions as follows : firstly all subchan-
nels allocated to user 1 (in any order), secondly all subchannels allocated
to user 2 (in any order). Point C represents the rate pair obtained with
the opposite ordering. A few intermediate points between B and C can
be obtained by interleaving the subchannels of both users in the decision
ordering. Finally, the whole segment BC is covered by using time-sharing
between two or more decision orderings. Even though the available sum
rate Ry + Ry is the same as for the initial pentagon, the useful vertices
are now B and C rather than A and D. As a consequence, the multiuser
FB-constrained capacity region associated with the IIR DF-JD is strictly
smaller than the general FB-constrained capacity region defined in Section
5.2. Only the maximum sum-rate and the single-user rates are equivalent.

While the computation of the sum-capacity in (5.85) is made easy by the
Szego formula (5.73), the derivation of individual data rates Ry, requires the
computation of the diagonal matrix A, which requires in turn the effective
spectral factorization of (5.66). B

5.5 FIR joint detectors

In the previous section we have obtained the structure and the associated
MMSE performance of IIR joint detectors. With continuous transmission,
the number of coefficients associated with these optimal detectors is gener-
ally infinite. Practically, a finite-length JD is implemented in the receiver.
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O

Figure 5.3: Reduced pentagon associated with the IIR DF-JD

The received signal is observed within a finite-length window and an es-
timation of the transmitted symbols is built on the basis of the observed
segment. The size and the position of the observation window must be
chosen carefully. A feedback section of appropriate length can also be im-
plemented to subtract the causal interference. Both the linear and DF FIR
JDs can be designed with an MMSE criterion.

The following parameters are defined :

e L+ 1 is the length of the composite channel impulse responses hpyy(t)
expressed as a multiple of the symbol duration T'. It depends on the
length of both the channel impulse responses ci(t) and the signature
codes sp(n), as given by (4.44).

e Ny > 1is the length of the observation window, expressed as a multi-
ple of the symbol duration T". This parameter determines the perfor-
mance of the FIR JD. It should be chosen large enough to provide a
performance comparable to that of the optimal (IIR) JD, but not too
large in order to limit the computational complexity to a reasonable
level.

e A isthe decision delay, expressed as a multiple of the symbol duration
T. This parameter determines the position of the observation window,
which corresponds to the time interval [(n — Ny + A)T, (n + A)T1] for
the estimation of the n-th block of symbols. For a given Ny, there is
an optimal decision delay that can be found by an exhaustive search.
For causal impulse responses of length L + 1, the decision delay is
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restricted to the interval : 0 < A < Ny + L — 1. Outside this in-
terval, the received segment would contain no contribution from the
symbols that have to be estimated. For short observation windows,
the optimal decision delay is generally the one that allows the capture
of the maximum energy from the useful symbols. When a decision-
feedback section is implemented, the interference from past symbols
is assumed to be perfectly removed : in that case, the decision delay
A is restricted to the (shorter) interval Ny —1 <A < Ny + L — 1.

e N, is the length of the feedback section. It gives the number of past
blocks of symbols whose contribution is subtracted from the output of
the feedforward section to build the DF estimates, in addition to the
decisions already taken in the current block. For a given pair (N, A),
the number of past blocks affecting the output of the feedforward
section is N, = N ¢+ L —1~— A. The feedback parameter should be
selected in the interval 0 < Ny < Np. In the sequel, a maximum-
length feedback section is assumed, i.e. Ny = Nj,.

The following generic FIR observation model is used for the derivation of
the MMSE FIR JD coefficients :

y-p () = [Hy, | 1§, () + 0,1 (n). (5.88)

This model combines the initial FIR observation model (4.49), developed
in the context of baseband FB transmission, with the newly defined param-
eters Ny, A and V. The extension to CAP-FB transmission is immediate.
The case of CAP-CDMA with long codes deserves a specific treatment and
is discussed in detail in Section 5.5.

5.5.1 MMSE linear joint detection

The FIR linear JD computes estimates of the transmitted symbols as fol-
lows :

I(n)=W.r%,_.(n) (5.89)

where W is a matrix of size N x NyM. The estimation error is given by
e(n) = 1(n) —1(n) = (E, ~WH, ) .If,(n) = W.nf,_;(n)  (5.90)

where the extraction matrix F N defined by

EA = ( QNXAN ‘ EN ‘ QNbeN ) . (5.91)
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The orthogonality principle states that the error variance is minimal when
the error is orthogonal to each data sample. Hence the cross-correlation
between the error and received vectors is

R, =0y, v (5.92)

The expression of the MMSE linear JD becomes

_ —1
W = R, R

=Ir

-1
_ 24T 2 2 T
- EA 1 ﬂNf (Un ngM +tor ﬂNf ﬂ]\[f) (5'93)

-1
— -2 —24,T T -2
= B, (077 By, Font Y Hy ) HE 0n? (5.99)
where the last equality results from the matrix inversion lemma. The first
stage g%f o2 of the FIR MMSE linear JD is equivalent to a bank of N

n
matched filters, each one providing Ny + L outputs corresponding to the
Ny + L symbols contributing to the received signal segment. Some of these
filters are truncated, due to the limited size of the observation window.
The second stage is a square matrix of size (Ny + L)N whose purpose is to
minimize the interference. It is given by the inverse of the key matrix

R, = (o072 24T
ENf o (UI E(Nf-l-L)N t+o, ENJ, ﬂNf) . (595)

The last stage I A selects the appropriate block of IV symbols according to
the chosen decision delay. A modification of the decision delay A for a fixed
detector length Ny just requires the modification of the extraction matrix
F, in the JD expression (5.94). The symbol estimates (5.89) are

i) = By [(Eqn, 1w — B 072) 18,00) + (B 015, ) n ()
(5.96)

and the corresponding error covariance matrix becomes

_p ROiET
Eei - EA ENf EA' (5-97)

5.5.2 MMSE decision-feedback joint detection

The FIR DF-JD also uses a number of previous decisions to build improved
symbol estimates. As in the case of the IIR DF-JD, it is assumed that each
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time a new symbol is detected, it is used for the next estimation to be
performed. Hence, the estimation is computed as follows :

i(n) = W.1§,_p(n) - (B~ E,) Iy, () (5.98)

where the causal feedback matrix B has the following structure :

EZ(QNAN\ o | B ENb). (5.99)

The first block B is constrained to be a N x N upper triangular matrix
with ’1’s on the 1 maln diagonal. In the next derivations, the decisions are
assumed to be correct.

We can use again the orthogonality principle. It comes

W = Elr E;r
-1
— ofBHT (agE +oiH, ML ) (5.100)
—1 _
= BR, M 0. (5.101)
The error covariance matrix becomes
_RR 'RpT
R = EENf B. (5.102)

Let us now derive the optimal feedback matrix B. First of all, we note
that the Cholesky factorization can be applied on the symmetric positive
definite matrix ENf defined in (5.95) :

n _ T
R, =L, D, LL (5.103)

where ng is a lower triangular matrix and QNf is diagonal. Using (5.103),

the error covariance matrix in (5.102) can be written as follows :

R, = (BL) Dy (BL) . (5.104)

The product Eé&f has the same structure as the feedback matrix B it-

self, i.e. the structure given by Equation (5.99). As a consequence, the
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estimation error variances are lower bounded as follows :

aig () = ding ([E,+ (BT -2,)] Dy [£,+ (L7 -] )

T
— diag <F D*lFT+[BL*T—F }D’l [BL’T—F } )

> diag (E, Dy FY) (5.105)

with equality if and only if Egj_va = Eﬁ The optimal feedback matrix and

the associated error covariance matrix are

— T o 1 =T
B=E,L,, R =E,Dy E,. (5.106)

The estimation error is white, and the error variances are given by a subset
of the inverse eigenvalues of the key matrix R Ny The subset depends on the

selected decision delay A. The optimal feedforward matrix (5.101) becomes

_ “17-14T _—2
E_EAQN]C éNf ﬂNf o, (5.107)
Finally, it can be demonstrated that, as in the IIR scenario, the product
of error variances does not depend on the decision ordering. Let Q be
the permutation matrix associated with an arbitrary permutation of the

decision order. This matrix, obtained by permuting the columns of the

size-N unit matrix, is unitary, i.e. Q QT = E . The key matrix E(q)

X N
associated with the new decision order is given by
=@ _ A% Ean
Ry =QR, 9"  with Q= Q (5.108)
=Ny — =Ny = = ==
EN;,N

Let QS\?J); be the diagonal eigenvalue matrix associated with Eg\cg The prod-

uct of estimation error variances obtained with the permuted decision order
is given by

[T(R2) = aet(r, (D) 1) (5.109)

det (Q [E, Dy F1] Q") (5.110)

= det (FADNjCFi):ﬁ[l(REE)pp. (5.111)
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The second equality can be demonstrated by using the nesting property of

the Cholesky factorization. This property states that the lower triangular
(9)

and diagonal Cholesky factors of the k£ x k submatrix of E formed from
its first k& rows and columns are equal to the first £ rows and columns of

() (@) ;
L ]\Cff and Qﬁf, respectively.

5.5.3 Complexity analysis

In this Section, we analyze in more details the complexity associated with
the computation of the filter coefficients.

The FIR linear JD is given by Equations (5.93) and (5.94). Both the direct
and indirect expressions can be used to compute the filter coefficients. The
best choice depends on the respective size parameters IV, M, L, Ny and A.
As the indirect method (5.94) must be implemented for the derivation of
the DF-JD filters, we propose here the analysis of the direct method (5.93)
for the computation of the linear JD.

Algorithm 5.1 Computation of the FIR linear JD coefficients :

(HNf’U%’U’%) -

with the direct method. The algorithm proceeds in three steps:

1. Computation of the channel output correlation matriz:

2 2 T
R = U”ENfM +O-]§Nf ﬂNf‘

The result is a Hermitian block banded matriz with Ny blocks of size
M x M and a bandwidth of L blocks.

2. Cholesky factorization of the channel output correlation matriz:

R =1L
=rr

The Cholesky factor ér 1s lower triangular and has the same size,
block-size and bandwidth as R

=rr’

3. Resolution of the Wiener-Hopf equation:

(L) W' =Ry,

This implies N resolutions of two banded triangular systems.
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Figure 5.4: Matriz manipulations for the FIR linear JD computation
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Figure 5.4 illustrates the matrix manipulations associated with the three
steps of Algorithm 5.1.

The FIR DF-JD is given by Equations (5.106) and (5.107). The compu-
tation of the feedworward and feedback filters requires the factorization of
the key matrix ENf.

Algorithm 5.2 Computation of the FIR DF-JD coefficients -

(Hy, ot 0t) = (W.B)

The algorithm is made up of three steps:
1. Computation of the MMSE matriz:

R. = (01_2E

—29,T
=Ny =(Ns+L)N +0n H H ) . (5112)

The result is a Hermitian block banded matriz with Ny + L blocks of
size N X N and a bandwidth of L blocks. The computation may be
restricted to the first N(A + 1) columns.

2. Cholesky factorization of the MMSE matria:

= = =T

ENf B éNféNf'
The Cholesky factor énz 15 lower triangular and has the same size,
block-size and bandwidth as ENf. The feedback filters are then imme-

diately obtained with elementary matriz manipulations:

/2 _ g (T
Dy? = diag(Ly ) (5.113)
B = F. DL (5.114)

3. Computation of the feedforward filters:

T T _ —249,/T
Ly W, =0, Hy . (5.115)

Only the first (A + 1)N rows of ENJ» need to be computed. This
equation represents Ny times M triangular systems of decreasing size
from (A +1)N down to (A 42— N¢)N. The feedforward filters are
then obtained by:

W= EAQJ_v;ﬂENf' (5.116)
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Figure 5.5: Matriz manipulations for the FIR DF-JD computation
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Table 5.1: Approzimate complexity (in scalar operations) associated
with the full computation of FIR-JD coefficients

Full Linear JD Full DF-JD
1 NM? IN;L? N2M  INgL?
2 || M3 (§NyL?—1L3) | N3(3NfL? — 1L3)

3| NM? 2(NyL—3L%) | N°M 4N7L

Figure 5.5 illustrates the matrix manipulations associated with the three
steps of Algorithm 5.2.

Table 5.1 gives a rough order-of-magnitude estimate of the computational
complexity associated with each of the three steps of the presented algo-
rithms, assuming Ny > L > 1. The values given here correspond to the
approximate number of scalar operations required for each matrix manip-
ulation, taking the banded structure of the matrices into account [60].

Faster algorithms can be investigated when the channel matrix H ; has a

periodic structure :

e Concerning the FIR linear JD computation with the direct method,
the channel output correlation matrix R is then block-Toeplitz. Its
computation (Step 1 in Algorithm 5.1) requires only O (N M? %LQ)
scalar operations. The resolution of the Wiener-Hopf equation (Steps
2 and 3 in Algorithm 5.1) can be performed by N successive appli-
cations of the Levinson algorithm [60], which requires O (NM? NyL)
scalar operations.

e Concerning the FIR DF-JD computation, the key matrix ENf is then

also block-Toeplitz. The computation of the key Cholesky factor L
(Steps 1 and 2 in Algorithm 5.2) can be performed very efficiently
by using the so-called generalized Schur algorithm. This method is
based on the observation by [61] that the block-symmetric matrix

2
UHEN M 2]\/
My 21 ™ g ! (5.117)
=N I =(Ny+L)N
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admits a triangular factorization of the following form :

E T
w8 [ ]2 ]
= L, L “Evn)n L, L

(5.118)
where the lower triangular matrix é3 satisfies the relation
7 _ T
ENf =L, L, (5.119)

so that the desired Cholesky factor LNf is given by

ng = ég. (5.120)
The triangular factorization (5.118) can be performed with simple
operations (Givens rotations and hyperbolic rotations) on the matrix
M Ny which requires O (N 2(Ny+ L)2) scalar operations.

5.6 Joint detection for CAP-CDMA with long codes

The linear and DF IIR MMSE JDs designed for a CAP-CDMA transmis-
sion system with long codes are also given by Equations (5.55) and (5.72),
respectively, where the channel matrix H(z) is now of size MP x 2KP,
and corresponds to the observation model proposed in Equation (4.79).
Their interpretation deserves some comments. The matched filter receiver
H(1/2*) is made here of a bank of 2K P branches, each one matched to
a particular code segment of a particular user. In fact, the 2P parallel
matched filters associated with a particular user are nothing but a parallel
description (with P time invariant branches) of two periodically time vary-
ing matched filters. The outputs of these matched filters are downsampled
to the symbol rate (1/PT”). Then a MIMO equalizer §;1(z) takes care of
both multiple access interference and the possible interference between the
different code segments of the different users. In this MIMO filter, 2P out-
puts are associated with each user. Each one of these outputs is obtained
by processing the 2K P matched filter outputs by means of a specific set of
2K P filters. This again appears to be a parallel version of a time varying
process. For a given user the P sets of 2K P time invariant filters are in
fact equivalent to a single set of 2K P time varying filters, with period P.
Finally, the feedback section B(z) — E is also a parallel representation

. . . T =2KP
of a period P time varying feedback process.
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It turns out that, in principle, the detector should account for the possible
interference between any pair of segments of any pair of users. This strategy
which corresponds to the optimum setup is however very demanding. It is
well-known that the complexity of the MMSE JD coeflicient computation is
roughly proportional to the third power of the spreading factor (see Table
5.1). With the multirate description described above, the spreading factor is
virtually multiplied by P, which dramatically increases the computational
complexity. The purpose of this section is to investigate FIR solutions
of reduced complexity. The idea of reducing the complexity is to explore
what happens when a few segments only interfere with each other. In such
a situation, it seems logical to use only a limited number of received signal
segments rather than all of them.

5.6.1 MMSE linear joint detection

From the IIR linear joint detector described above (see (5.50)), the following
FIR version can be obtained :

o iy H(n+1)
Ly =W, W, W, D) | (5.121)
g H(n—1)

Complexity can be further reduced by using only N, segments of the re-
ceived signal to build the estimate of the current symbol. Assuming a
decision delay of A symbol periods, the estimation is now :

zA—1(7,L_|_ 1)
I ') =W z%*l(n) (5.122)

P—
zP*}szFL(n -1)

where matrix W has non-zero entries at the positions given by the shaded
area of Figure 5.6.

The number of filter taps associated with this simplified detection scheme is
much lower. In fact, the span of the time-varying detector made of modules
of size 2K x M may now be chosen with a better granularity: the number
of modules does not need to be a multiple of P or, equivalently, the span
of the detector does not have to be a multiple of P. A drawback, however,
lies in the need for these filters to be computed separately for each of the
P segments.

The 2K estimates at phase p are now given by:

T A
lp(n) = ﬂpﬁngb_‘_L(n) (5123)
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5.6 Joint detection for CAP-CDMA with long codes 193

ﬂNf 2+l

2}\" 1D

Ny M

=T

| Hyu
2

(L+1)M

H,,1

4>
(Ny+ L)2K

Figure 5.7: Two successive channel matrices

with
+A A
Kg Nb+L( ) = ﬂprlgi—N ( ) + n Nb-I—L(n) (5124)
The segment-dependent channel matrix H o is illustrated in Figure 4.7.

The MMSE feedforward estimator for the Symbols corresponding to seg-
ment p is now (see (5.93) and (5.94)) :

—1
_ T T

ﬂp - FA HN D (U”EN M +UIHNf pﬂvaP) (5.125)
_ -2 —24,T T -
N G T Hprﬂpr) HY, o245.126)

where the new extraction matrix E A IS

EA - ( g2K><A2K ‘ Eﬂ( ‘ QQKbeQK ) . (5.127)

In the case of long CIRs and detectors (i.e. (N, L) > 1), it is crucial to
design a fast update algorithm for the computation of W W ., on the basis
of Ep. This is possible thanks to the specific structure of the successive
channel matrices ENf’p (see Figure 5.7) :

=

_ Ny-17g H
ﬂNf,p - 11 (i'? h )
- p

(5.128)

—
T
I
=Ny ,p+1 Ny—1¢ 0 H .
= P
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where H (p+1) = H, (p). Using this property, the three steps of Algorithm
5.1 can be replaced by the following updating process.

Algorithm 5.3 Update of the FIR linear JD coefficients :

1. Update the channel output correlation matrix:

Nf—l 1

= “—>

(p) — folﬁ E !1
=rr 11 r EO »

(5.129)

1 Ng—1

— 4

11 (5 ff
B+ = ] <7"1 i >p+1'

Using (5.128), we get (B)p+1 = (B)p-
computation of:

(2),.- (%)
4 p+1 =

The update reduces to the

h, h" hr
2 =0 =1 =0
(5 E) (E)
=0 /Jpt1 \ =1 Jph1
2. Update the Cholesky factor érpﬂ:
N<f:;1 (l}
Np—1 L 0
L, = " (ﬂQ z)
P ¢ 4
P
(5.131)
(l) Néc:;].
L 1] (lo 0> ‘
=rp+l Ne-1g \ L L, pt1

Part of the new Cholesky factor has first to be computed from scratch:

:<T0
h

(7) @

(5.132)

>p+1
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The remaining part, L, of the Cholesky factor fulfils:

(L,Lh +glle)p+1 = (%ég)p. (5.133)

The updated submatriz may be computed by M successive applications
of the Cholesky rank-1 update algorithm [60].2

3. Solve the new Wiener-Hopf equation with the updated ﬁw and the
new R
=Ir
T T T
<ép+1£p+l) LVp-i—l er(p-l- 1)'

A detailed complexity analysis will be given and discussed in Section 5.6.3.

5.6.2 MMSE decision-feedback joint detection

The FIR version of the full complexity DF joint detector (see (5.60)) is
given by:

. ry (n 4 1)
I0 (n) = [ H71 ﬁo ﬁl } r(}lzign) )
Iy n—1

a { <§0_E2KP) B, } [ilz 12 )_ 1) } . (5.134)

The reduced complexity decision-feedback estimation becomes:

oy [T B I (n+1)
I, n)=W ré’ '(n) -B-F) | I, '(n) (5.135)
rp N (n—1) Iy, (n—=1)

where E and E have non-zero entries at the positions given by the shaded
area of Figure 5.6.

2The Cholesky rank-1 update/downdate algorithm is an efficient method of computing

a lower triangular matrix L of size N1 and a rectangular matrix ﬂ2 of size Na X N;

satisfying the relation (LT LT) LT + (xT x)T'xT = (L L ) L where x; and x, are
vector columns. The algonthm apphes N, appropriate leens rot?xtlons on an augmented
version of matrix (LT LT) Its complexity is O(NT 4+ 2N1N2). If x, and x, are matrices
and not vectors, then the result is n consecutive updates using the n columns of x; and
X, 21 obviously appears as an updated Cholesky factor.
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The 2K estimates at phase p are now given by:

L) =W 20 () = (B, —F, )8 (). (5.136)

The optimal feedback and feedforward matrices are now (see (5.106) and
(5.107)):

— T
B, = E\Ly,, (5.137)
_ -1 —1 T )
ﬂp = E, QNf,péNf’p ﬂNﬁp Tn (5.138)
with
R. = (o072 —2,T _ T
ENf’p a (O-I E(Nf—i_L)ZK + Un ﬂNf’p Evap) - é]vap QNfzp évap'
(5.139)
The updating algorithm for the computation of (ﬂp+17§p+l>’ on the ba-

sis of (Ep’gp) is based on the following decomposition of the successive

channel matrices:

& & 4

_  Ny13% H H 0

Bvw = 0 (h}Q bf n
- o - p

(5.140)

Loaon

T T

T A
Bt = werg \ 0 ) H )
- - p

where ( H H )p+1 = ( H H )p. In its updating version, the filter

coefficient computation algorithm (Algorithm 5.2) becomes:
Algorithm 5.4 Update of the FIR DF-JD coefficients :

1. Compute the first 2K columns of the new MMSE matriz R

2N 1’
T
EO _9 EQK L Llo
T = o0} 0 |+ B (hy),,, (5.141)
T 0 h,

=27 pt1
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with
Loa
(oL
— B R R . (5.142)
ﬁNf,])—‘rl B Al L g 4
Nt \r, B R, 1
2. Update the Cholesky factor LNf It
& & 4
ay (Ly 00
Ny § L L, 0
NS = =y Z
" o\ T
L2 07 p
(5.143)
Loan
- 1 20
Ly = 204 L 0
Nt \ L Ly L p+1
The first 2K columns have to be computed from scratch:
l r
=0 T =0
:ﬁl (:lo)p+1 —| =, . (5.144)
2/ prl =2 7 p+l

The A2K next columns satisfy the update relation:

(2),,@r.-(2) w),-(1), 0.,

() O () 0 e

=2

This problem is solved by 3X2K successive applications of the Cholesky
rank-1 update/downdate algorithm.
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3. Update the feedforward matriz W

:Nf7p+1:
N<f:;1 (l)
Af l;Q 0
Wy,p = U U
No 3 l/ W, p
(5.146)
1 Nf—l
= s
1y (w0
T L e
Mg\ w, W, 1

There is a triangular system for the first 2K columns:

[0 h
( i > ( Lo > =52 < D > . (5.147)
G 20 /p N pp =1 7 p+l

The last (Nt — 1)2K columns satisfy the update equation:

<E§£§)p o= (ﬂgég)p (5.148)

which can be incorporated into (5.145).

5.6.3 Computational complexity

In this section, we evaluate the number of operations required by the com-
putation of the optimal filter coefficients for each code segment. Table 5.2
gives a rough order-of-magnitude estimate of the computational complexity
associated with each of the three steps of the presented algorithms, assum-
ing Ny > L > 1. The values given here correspond to the approximate
number of complex scalar operations required for each matrix manipula-
tion, taking the banded structure of the matrices into account [60].

Figures 5.8 and 5.9 give the exact number of real instructions required
for the full computation of a new set of JD coefficients, and Figure 5.10
compares the number of instructions required for the full computation to
that required for the updating procedure proposed above. To obtain these
curves, a specific number of instructions was associated with each type
of operation: 2 instructions for a multiply-and-add (which represents the
majority of the operations required by the algorithms), and 1 instruction
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Table 5.2: Approzimate complexity (in scalar operations) associated
with the fast update of FIR-JD coefficients

Update Linear JD Update DF-JD
1 (2K)M?* L? (2K)’M L
M3 5(NyL—1L?% (2K)® 14(NyL — $L?)
3 || @K)M? 2(N;L—3L?) | (2K)*M  (N;L — $L? +7N?)

DF N, -L=4
_ _ DFN,=L=8
16l —— DFN=L=12
4 LINN=L=4
| LINN-L=8

b 4

_ LIN Nb=L=12

Instruction count (x 106)

Figure 5.8: Instruction count for computing the JD coefficients vs. Ny
and Ny = L, with M = K = 10.
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Figure 5.9: Instruction
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Figure 5.10: Instruction count for computing the JD
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for the other operations. The displayed curves thus give approximately 2
times the number of scalar operations.
From these results, we can draw some general conclusions:

e When M = K, the computational complexity is higher for the DF-
JD (roughly proportional to NJ?) than for the linear JD (roughly
proportional to Ny). This appears in Figure 5.8. The impact of the
channel impulse response length L is comparable in the two cases.

e In the case of a long detector with Ny > L, the complexity associ-
ated with the computation of the feedforward section of the DF-JD
(proportional to N]%) becomes prohibitive (Figure 5.8). The direct
Equation (5.100) should be used instead.

e In some scenarios, it may be that M > K, especially for non-
saturated systems (K < N) operating at a fractional rate (N < M).
In that case, the complexity of the linear-JD algorithm is dramat-
ically higher than its DF counterpart. This effect is illustrated in
Figure 5.9. Equation (5.126) should be implemented instead of the
direct Equation (5.125) to reduce the complexity. It should be noted
that the fractional receiver oversampling factor can be chosen such
that M > N(1 + «) and hence the classical value of 2NV is not really
necessary. In any case, considering that M is generally proportional
to N, the resulting complexity increases with the third power of the
spreading factor.

e The proposed update algorithms are effective for long channels only
(L > 1). This is illustrated in Figure 5.10. This is a direct con-
sequence of the Cholesky rank-1 update/downdate algorithm: the
number of operations is O (n2) instead of O (n3) but the number of
instructions associated with each of these operations is higher.

5.7 ZF equalization for Cyclic-Prefixed transmis-
sion

The cyclic-prefixed block transmission system presented in Section 4.6 is
well-suited to low-complexity detection techniques exploiting the circulant
channel structure induced by the cyclic prefix extension.

Let us consider a single-user system. The received signal, after removal of
the CP, is given by
r=HI+n=C [SI]+n (5.149)
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where S is the signature matrix and C is a circulant channel matrix. The
channel matrix can be factorized as follows

T
C=WIAW, (5.150)

where ﬂN is the DFT matrix of size N.

In a zero-forcing context, the effect of the frequency-selective channel can be
easily suppressed by equalizing the received signal in the frequency domain :

=Wyr=AW, [SI]+ W, n. (5.151)

This equalization only requires the application of a diagonal matrix on the
frequency-domain samples y :

y=A"ly. (5.152)

P WLy =SI+ (WA W, | n (5.153)

The symbols are finally recovered by correlating the equalized signal with
the N signature codes s,(n) :

[=g"i=1+8" [ﬁﬁé_lﬂ,v] n=I+e (5.154)
The error covariance matrix is
R, =08 [ﬂ% é_QﬂN} S. (5.155)

The arithmetic mean of the error variances

— Z 02 = —tr { } (5.156)

is constant for all orthogonal signature sets S with §T S= E.

What really matters, as far as the bit rate computation is concerned, is the
geometrical mean of the error variances. This geometrical mean is actually
different for every set of orthogonal signatures. Two extreme cases can be
put forward :
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e The geometrical mean of the error variances is minimum when the
error covariance matrix is diagonal. Indeed, it is known that

N
11 (B,) =>dei(R,) (5.157)

with equality if and only if E@e is diagonal, and the right-hand side
of (5.157) does not depend on the selected signature set. A diago-
nal error covariance matrix is obtained by letting S = W, i.e. by
implementing a DMT system®. Among all CP transmission systems,
DMT is then the one that minimizes the geometrical mean of error

variances at the output of the linear zero-forcing receiver.

e The sum of error variances being constant, the maximum product
of error variances is achieved when all variances are equal. In other
words, the geometrical mean of the error variances is maximum when
the error covariance matrix has a constant diagonal. This is obtained
by letting S = E,, ie by implementing a single-carrier system.
Among all CP transmission systems, single-carrier is then the one
that maximizes the geometrical mean of error variances at the output
of the linear zero-forcing receiver. It also has the interesting property
that all N symbols in the block have an identical SNR at the receiver
output.

The other CP-based transmission schemes (like Hadamard transmission for
instance) have an intermediate score.

To conclude this section, we propose to show that the fundamental rea-
son for the difference of performance among the various CP transmission
schemes is neither related to the CP technique nor to the choice of a zero-
forcing equalizer, but is only due to the use of a linear receiver, which is
not the optimal structure. Let us consider a zero-forcing decision-feedback
(ZF-DF) receiver. In this structure, the feedforward part of the equalizer
is no longer made of one tap per subchannel in the frequency domain, but
is a full matrix described in the time domain. It is again assumed that
the receiver first removes the cyclic prefix, so that it works with the same
received vector r. The symbol estimates are now

[=Fr-|B-E,|I (5.158)

3 Actually, baseband DMT can be described by means of real signature codes s,(n).
See a discussion about this in Section 4.2.3.
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where B is the causal feedback section, i.e. an upper triangular matrix with
ones on the main diagonal. The derivation of the optimal matrices F and
B under a ZF constraint [62] requires the following Cholesky factorization :

o,”H"H=LDL". (5.159)

The optimal matrices are then given by
— 0,7:2 271 Lfl ET
= L. (5.160)

= 11

From (5.158) and (5.160

~—

, the symbol estimates are

| e >

=I+0,°D 'L 'H" n. (5.161)

The error covariance matrix is R = D~!. The geometrical average of the
error variances becomes

N
1 1 .
NH(Eee)pp = ~det(D) (5.162)
p=1
- %det (LDL")™ (5.163)
1

~1
-2 QT T A2
— ~det (028" WL A? W 8) (5.164)

N 2 -1
1 A

At the output of a DF-ZF receiver, the geometrical mean of the error vari-
ances is thus independent of the signature set. Furthermore, it can be easily
verified that the DF-ZF receiver is identical to the linear-ZF receiver in the
case of DMT transmission. The same level of performance (as measured
by the geometrical mean of error variances) is then accessible to all types
of CP transmission schemes as soon as ZF decision-feedback equalization is
performed in the receiver. This receiver, however, is rather complex, except
for the case of DMT transmission, where it is identical to the simple ZF
linear receiver.

5.8 Applications to the powerline channel

In this Section, the performance of a complete PLC system is analyzed,
combining the multiple access techniques proposed in Chapter 4, the chan-
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nel model introduced in Chapter 2, and the MMSE Joint Detector derived
in Chapter 5.

The frequency band available for powerline communications is supposed
to be in the range of 1 MHz to 10 MHz. Passband transmission is thus
required. A maximum power spectral density of J(f) = —60 dBm/Hz is
imposed for the transmitted signals in the whole frequency band.

A CAP-FB transmission system with a central frequency of f. = 5.5 MHz,
a chip rate of 1/T) = 9 MHz, and an average transmission power of P = 9
mW, is compatible with the proposed transmission constraints. The use of a
paraunitary FB with symbols of equal variance on all signatures guarantees
a flat power spectral density for the transmitted signal sum. The chip
shaping filters are sine- and cosine-modulated half-root Nyquist filters with
a roll-off factor of o = 0.22. Taking into account the roll-off effect, the
effective bandwidth of the transmitted signals is roughly 0 to 11 MHz. The
chip duration is 7/ = 111 ns.

The powerline network considered in the next computations is given in
Figure 2.12. The K = 5 users in positions 2, 5, 10, 15 and 20 are si-
multaneously active, and the differential propagation mode is considered.
Unused terminations are assumed to be left open. The computed end-to-
end channel responses are illustrated in the time domain in Figure 2.22
and in the frequency domain (0-50 MHz) in the lower part of Figure 2.23.
The top of Figure 3.15 also gives the channel frequency responses in the
range of 0 to 10 MHz. The minimum delay between two successive paths is
approximately 50 ns. Combining the significant channel paths with the ca-
ble responses and the modulated shaping filters, the global channel impulse
responses have an extension of approximately 9 us, i.e. L. = 81 chips.

In the next computations, the AWGN level is chosen as Ny = —140 dBm/Hz,
which is a rather optimistic noise scenario.

The receiver operates at a fractional rate M /T with M = 3. A finite-length
MMSE DF-JD provides noisy estimates I,(n) of the transmitted symbols.
The SINR'’s p, at the N detector outputs are computed assuming perfect
past decisions, and the user bit rates are finally obtained according to (4.56).
The SNR gap used in these computations is I' = 1 (which corresponds to

ideal transmission).
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5.8.1 CAP-FB systems : OFDMA, CDMA and TDMA

Three types of FBs of length N = 128 are firstly compared (see Section
4.2.3) : DFT filters (CAP-OFDMA), Hadamard codes (CAP-CDMA) and
single-carrier signatures (CAP-TDMA). For this choice of N, the symbol
duration is T'= NT! = 14us. The global channel impulse responses have
thus an extension of less than one symbol (L = 1). For this configuration,
an observation window of Ny = 3 successive symbols, combined with a
decision delay of A = 2 symbols and a feedback section of length N, = 1,
is sufficient to approach the optimal performance.

Tables 5.3, 5.4 and 5.5 give the bit rates (in Mbits/s) obtained with the
three CAP-FB systems. The first rows correspond to the single-user con-
figurations, obtained when all of the N signatures are allocated to a single
user. As expected, the SU rates are identical for the three filter banks. In a
multiuser configuration, a balanced signature allocation should be derived,
that would provide each user with a bit rate in proportion with its own
potential :

e Using TDM(A), the channel can be dedicated to each user in turn,
which corresponds to K successive SU configurations, with time in-
tervals of equal duration for each user. In that scenario, each user
gets 20 % of its SU bit rate. The obtained rates are given in the
second rows. A better performance can be expected by using a smart
signature allocation algorithm.

e In the downlink, the partial bit rates Ry, obtained with the MMSE
DF-JD by allocating signature p to user k, can be computed once
for all. Algorithm 3.6 introduced in Chapter 3 can then be used to
solve the problem of optimal subchannel assignment with balanced
rate constraints. The obtained maximum balanced rates are given in
the third rows.

e In the uplink, the subchannel assignment problem is much more diffi-
cult to solve. Indeed, by using the MMSE DF-JD, the partial bit rates
Ry, for a given subchannel p actually depend on the allocation of the
N — 1 other subchannels. The following method was used to obtain a
good (if not optimal) signature allocation. Starting from the optimal
signature allocation for the downlink (which is easily obtained with
Algorithm 3.6), some signatures are successively transferred from one
user to another, until the balanced rate constraints are almost satis-
fied. Five quasi-balanced signature allocations can then be obtained,



5.8 Applications to the powerline channel

207

Table 5.3: CAP-OFDMA: mazimum balanced rates (in Mbits/s)

Configuration H User 2 User 5 User 10 User 15 User 20 H %
SU-OFDM || 218.13 195.90 156.94  123.04 92.98 || 100.0
TDMA-OFDM 43.63  39.18 31.39 24.61 18.60 20.0
downlink-OFDM 51.42  46.18 37.00 29.00 21.92 || 23.6
uplink-OFDMA 52.39  47.05 37.69 29.55 2233 || 24.0
Allocation 1 52.57  47.08 38.54 26.99 24.05
Allocation 2 53.12  48.33 36.94 28.90 22.26
Allocation 3 51.02  46.75 39.99 28.88 22.00
Allocation 4 51.56  50.02 38.48 27.36 22.01
Allocation 5 52.75  46.51 36.80 30.61 22.26
Table 5.4: CAP-CDMA: mazimum balanced rates (in Mbits/s)
Configuration H User 2 User 5 User 10 User 15 User 20 H %
SU-CDMA || 218.13 195.90 156.94  123.04 92.98 || 100.0
TDMA-CDMA || 43.63  39.18 31.39 24.61 18.60 || 20.0
downlink-CDMA || 49.92  44.83 35.92 28.16 21.28 || 22.9
uplink-CDMA 50.81  45.64 36.56 28.66 21.66 || 23.3
Allocation 1 51.55  44.33 36.00 30.19 21.52
Allocation 2 51.23  45.47 37.21 28.28 21.58
Allocation 3 51.27  47.85 35.40 28.11 21.55
Allocation 4 50.53  44.33 37.07 29.97 20.94
Allocation 5 50.48  44.49 37.18 27.96 22.65
Table 5.5: CAP-TDMA: mazimum balanced rates (in Mbits/s)
Configuration H User 2 User 5 User 10 User 15 User 20 H %
SU-SC || 218.13 195.90 156.94  123.04 92.98 || 100.0
TDMA-SC 43.63  39.18 31.39 24.61 18.60 20.0
downlink-TDMA || 43.63  39.18 31.39 24.61 18.60 || 20.0
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Figure 5.13: SINR at the output of the MMSE DF-JD vs. tone index,
CAP-OFDMA with N = 128 tones.
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Figure 5.14: SINR at the output of the MMSE DF-JD vs. code index,
CAP-CDMA with N = 128 codes.
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Table 5.6: CAP-CDMA with long codes: mazimum balanced rates (in
Mbits/s)

Configuration H User 2 User 5 User 10 User 15 User 20 H %

SU-CDMA 218.13 195.90 156.94 123.05 92.99 || 100

TDMA-CDMA 43.63 39.18 31.39 24.61 18.60 20

uplink-CDMA 44.29 40.10 32.02 25.90 20.85
20.31 % 2047 % 20.40 % 21.05% 2243 %

that differ from each other by only one subchannel. Perfectly balanced
rates are finally obtained by time-sharing between the 5 proposed al-
locations, with appropriate sharing coefficients. The uplink balanced
rates obtained with this method are given in the fourth rows, while
the last rows give the user rates corresponding to the 5 discrete sig-
nature allocations.

In a multiuser configuration, the performance of the MMSE DF-JD now
depends on the selected filter bank. No gain can be expected from the
CAP-TDMA system (single-carrier signatures), as all signatures have an
identical spectrum. A rate gain is achieved with the two other systems as
they are able to shape the spectrum of the transmitted signals in accordance
with the physical channels.

Figures 5.11 and 5.12 give the power spectral density (in dBm/Hz) of the
transmitted signals in uplink, for the selected signature allocations in CAP-
OFDMA and CAP-CDMA. These Figures also illustrate how different filter
banks are able to shape the spectrum of the transmitted signals with specific
degrees of freedom.

Figures 5.13 and 5.14 show the distribution of the SINRs at the output of
the MMSE DF-JD vs. the signature index, for both the single-user CAP-
OFDMA and CAP-CDMA systems. The continuous lines give the matched
filter bound. Circles are used to denote the signatures selected for users 2
and 10 by the allocation algorithm in the downlink.

5.8.2 CAP-CDMA with long codes

For the purpose of comparison, a long-code CAP-CDMA system is consid-
ered, with short Hadamard codes of length NV = 20, and a long-code with a
periodicity of P = 64 segments obtained by truncating a Gold code of length
1023. For this choice of N, the symbol duration is T'= NT = 2.22us. The
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Figure 5.15: Power spectral density of the transmitted signals, CAP-
CDMA with long codes (short spreading codes: Hadamard codes of
length N = 20, long code periodicity: P = 64 symbols).
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global channel impulse responses have thus an extension of L = 5 symbols.
For this configuration, an observation window of Ny = 12 successive sym-
bols, combined with a decision delay of A = 11 symbols and a feedback
section of length Ny = 5, is sufficient to approach the optimal performance.

Table 5.6 gives the computed user rates (in Mbits/s). The first row gives the
single-user rates, obtained by allocating the N = 20 spreading codes to the
same user. These rates are almost identical to the SU rates obtained with
a paraunitary FB (and no long code). The second row gives the balanced
rates obtained by time-sharing between single-user configurations. The
third row gives the user rates obtained by allocating arbitrarily 4 spreading
codes to each of the 5 users. These rates are not exactly balanced : a
slight power control could be investigated to obtained perfectly balanced
rates. Actually the rate gain with respect to the time-sharing solution is
negligible.

Figure 5.15 illustrates the power spectral density of the transmitted signals,
which are approximately flat in the whole frequency band. The global PSD
of a given user is obtained by combining the PSDs of the 4 subchannels
(4 spreading codes). The PSD of a given subchannel is then obtained by
combining the PSDs associated with each of the 64 code segments.

Finally, Figure 5.16 gives the distribution of the SINR at the output of the
MMSE DF-JD as a function of the code segment, for each of the 4 spreading
codes of users 2, 5, 10 and 20. The horizontal dashed lines give the average
SINR associated with each spreading code (obtained by considering the 64
code segments). It turns out that the different symbols associated with a
given spreading code may have quite different SINRs.

5.9 Conclusion

In this Chapter, fundamental limits have been derived on the performance
of the FB-based multiple access scheme presented in Chapter 4. The
matched filter bound, on one hand, provides a useful information on the
maximum signal to noise ratio that can be expected by allocating a given
signature to a given user. This bound can be a starting point for a signature
allocation algorithm. This bound, however, is not achievable in a practi-
cal system. In particular, it does not account for the mutual interference
between signatures.

A more useful bound is the capacity region of the FB-based multiple access
system. It differs from the general capacity region defined in Chapter 3
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Figure 5.16: SINR at the output of the MMSE DF-JD vs. code seg-
ment, CAP-CDMA with N = 20 spreading codes, and a long code
periodicity of P = 64.

by the fact that the power spectral density of the transmitted signals is
now restricted by the selected FB. In other words, the signature allocation
algorithm allows the shaping of the transmitted PSDs, but with a limited
flexibility that is closely related to the nature of the FB and the number
of available subchannels. For a paraunitary FB, the FB-based single-user
capacity has been shown to be independent of the FB, and identical to the
true (PSD-constrained) single-user capacity. The boundary of the capacity
region, however, differs from one FB to another, as it depends on the flex-
ibility with which a given FB is able to shape the PSD of the individual
transmitted signals. For a given FB, the computation of the balanced ca-
pacity was shown to be extremely difficult. Lower and upper bounds have
been proposed, which are easier to compute.

Linear and decision-feedback MMSE joint detectors suited to the FB-based
system have been proposed as a practical and efficient solution. Infinite de-
tectors were firstly introduced. Their performance provide an upper bound
on that of the practical finite-length detectors. The arithmetic mean of the
estimation error variances (for the linear JD) and the geometrical mean
of the estimation error variances (for the DF-JD) were shown to be inde-
pendent of the FB if the paraunitary property is satisfied. Moreover, it
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was shown that the single-user capacities and the sum-capacity of the mul-
tiuser channel could be achieved by means of an infinite DF-JD followed
by AWGN decoders. This proves that the MMSE DF-JD is an efficient
solution to transform the initial FB-based frequency-selective system into
a set of parallel and independent subchannels. All points of the capacity
region are not achievable with the DF-JD, however, as successive decoding
among the users is generally required, which is not feasible with a causal
DF-JD.

The practical computation of joint detector coefficients has been analyzed
in detail as a function of the system parameters. Complex matrix ma-
nipulations are required (e.g. Cholesky factorizations), but the effective
complexity of these manipulations is reduced if the banded structure of the
matrices is taken into account. Anyway, the resulting complexity is still
proportional to the third power of the spreading factor N (which is also
the number of signatures), which restricts the feasability of the proposed
system to moderate values of N. The number of subchannels should be
sufficient, however, to allow the spectral shaping of the transmitted signals
with a good flexibility. The final choice for the number of subchannels is
thus a trade-off between performance and complexity issues.

The MMSE JD was shown to be also compatible with the long-code CAP-
CDMA system. The price to pay is the need for a systematic update of
the detector coefficients for every new symbol, which dramatically increases
the computational complexity of the receiver. Fast update algorithms have
been proposed to reduce that complexity, but the complexity reduction is
rather low. For this reason, long-code CAP-CDMA is not a good candidate,
and short-code CAP-CDMA with an efficient code allocation algorithm
should be preferred.

Finally, the linear zero-forcing receiver has been shown to be a powerful
low-complexity solution suited to the cyclic-prefixed FB-based downlink
transmission scheme. In each receiver, the signal just needs to be equalized
by a single coefficient in the frequency domain. Back to the time domain,
the symbols are finally recovered by a simple correlation with the adequate
signature code. This solution has a low complexity, even with large values
of N. It represents an attractive alternative to the MMSE-JD for the
downlink. In order to limit the rate loss induced by the cyclic prefix,
however, the number of subchannels N should be very large.
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