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Abstract

Two by-now folkloric results in the theory of risk sharing are that (i) any feasible allocation is
convex-order-dominated by a comonotonic allocation; and (ii) an allocation is Pareto optimal for the
convex order if and only if it is comonotonic. Here, comonotonicity corresponds to the no-sabotage
condition, which aligns the interests of all parties involved. Several proofs of these two results
have been provided in the literature, mostly based on the comonotonic improvement algorithm
of Landsberger and Meilijson (1994) and a limit argument based on the Martingale Convergence
Theorem. However, no proof of (i) is explicit enough to allow for an easy algorithmic implementation
in practice; and no proof of (ii) provides a closed-form characterization of Pareto optima. In this
paper, we provide novel proofs of these foundational results. Our proof of (i) is based on the theory
of majorization and an extension of a result of Lorentz and Shimogaki (1968), which allows us
to provide an explicit algorithmic construction that can be easily implemented. In addition, our
proof of (ii) leads to a crisp closed-form characterization of Pareto-optimal allocations in terms
of α-quantiles (mixed quantiles). An application to collaborative insurance, or decentralized risk
sharing, illustrates the relevance of these results.
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provement, Peer-to-Peer Insurance.

JEL Classification: C02, D86, D89, G22.

2020 Mathematics Subject Classification: 62P05, 62P20, 91B08, 91B30, 91G99.

Acknowledgements

The authors are grateful to K.C. Cheung for comments on an earlier version of this paper, and
to Christopher Blier-Wong for his excellent research assistance in the numerical example. Michel
Denuit and Jan Dhaene gratefully acknowledge funding from the FWO and F.R.S.-FNRS under the
Excellence of Science (EOS) programme, project ASTeRISK (40007517). Jan Dhaene acknowledges
the financial support of BOF KU Leuven (project C14/21/089). Mario Ghossoub acknowledges
financial support from the Natural Sciences and Engineering Research Council of Canada (NSERC
Grant No. 2018-03961).

Electronic copy available at: https://ssrn.com/abstract=4337038



1 Introduction and Motivation

Risk-sharing mechanisms have been studied for decades in the actuarial literature. The pioneering

work of Borch (1960, 1962) considered equilibrium in a reinsurance market. Under appropriate

conditions, this author established that any Pareto-optimal allocation is equivalent to a pooling

arrangement, i.e., all the agents hand their individual losses over to a pool and agree on some rule

as to how the total pooled loss would be divided among agents. This corresponds to aggregate risk-

sharing rules, meaning that individual contributions only depend on the total losses of the pool.

Landsberger and Meilijson (1994) then showed that Pareto-optima are comonotonic (and are hence

pooling arrangements) if agents’ preferences agree with the convex order. These authors provided

an algorithm to construct a comonotonic convex-order improvement over any non-comonotonic

risk allocation in the discrete case, which has since been extended to more general cases. See,

e.g., Ludkovski and Rüschendorf (2008) for continuous, unbounded risks, and Carlier et al. (2012)

for bounded risks, as well as the references therein. We provide a short overview of the relevant

literature at the beginning of Section 3.

The so-called no-sabotage condition, as referred to by Carlier and Dana (2003), or the comono-

tonicity property in Denuit et al. (2022) imposes that no individual contribution decreases when

total losses increase. Stated otherwise, this means that individual contributions are comonotonic

since each component of a comonotonic random vector is almost surely equal to a non-decreasing

function of the sum of all of its components. In the context of risk sharing, no-sabotage or comono-

tonicity seems to be a desirable property since it ensures that the interests of all participants are

aligned, in the sense that they all have an interest in keeping their losses as small as possible.

In this paper, we contribute to the literature on risk sharing under the convex order in two

directions. First, we revisit the classical result that Pareto optimality for the convex order and

comonotonicity are equivalent. Under the assumption that all random variables involved have

finite second moments1, we provide a novel proof, based on some basic properties of comonotonic

sums. Our proof of this equivalence is somewhat simpler than the proofs proposed so far in the

literature. In addition, our approach provides a crisp closed-form characterization of Pareto-optimal

allocations in terms of α-quantiles (mixed quantiles). Closed-form characterizations of Pareto

optima are typically lacking in the related literature, and our approach fills this gap.

Second, all extensions of the classical result that any feasible allocation is convex-order-dominated

by a comonotonic allocation rely, in one way or another, on the comonotonic improvement algorithm

of Landsberger and Meilijson (1994) and a limit argument based on the Martingale Convergence

Theorem. None of the existing proofs are explicit enough to allow for an easy algorithmic imple-

mentation in practice. In this paper, we suggest an alternative approach, based on the theory of

majorization and an extension of a result of Lorentz and Shimogaki (1968), which allows us to pro-

vide an explicit algorithmic construction that can be easily implemented. We provide a numerical

1This assumption can be dropped if the aggregate risk is a continuous random variable.
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illustration thereof.

As an application, we consider collaborative insurance, also referred to as Peer-to-Peer (P2P)

insurance, or crowdsurance. This corresponds to emerging, technology-based risk-sharing networks

where a group of individuals (e.g., friends, family members, affinity groups, or individuals with

similar interests, such as patients suffering some disease or farmers in the same geographical area)

pool their resources together in order to insure against a given peril. Rooted in the sharing economy,

collaborative insurance revives early forms of mutual insurance. Actuaries started to investigate

the mathematics supporting this new insurance paradigm quite recently. See, e.g., Denuit and

Dhaene (2012), Denuit (2019), and Abdikerimova and Feng (2022). To avoid counterparty risk and

to be able to deal with larger sums insured, Denuit (2020) replaced unlimited ex post contributions

characterizing pure risk-sharing solutions with a deposit paid in advance, combined with an ex post

bonus mechanism restoring fairness, with the guarantee that the final amount due never exceeds

this down payment. Part of the deposit feeds a common fund, while the remaining part is paid to

a partnering insurance company. If the common fund is insufficient to pay for the claims, then the

insurance carrier pays the excess amount. Conversely, if the pool has few claims then the surplus

is given back to the participants, or to a cause that the pool members care about.

The present paper adopts the opposite approach compared to Denuit (2020) and extends the

approach to any allocation rule satisfying the comonotonicity property. Specifically, we propose an

hybrid scheme where participants retain the lower layer through individual deductibles (depend-

ing on their own risk appetite), the community keeps the intermediate layer (which can be seen

as a pooled deductible), and the upper layer is ceded to an insurance company. Participants are

free to select their maximum contribution to pooled losses, and an excess-of-loss risk transfer to

a partnering insurance company operates beyond. The amount to be paid in advance by partic-

ipants is obtained by adding the price of the excess-of-loss protection and a deposit securing the

contribution to the coverage of the layer mutualized inside the P2P community. The system is thus

fully funded, and a cash-back or give-back mechanism operates ex post to restore fairness. Pro-

vided individual contributions are comonotonic, the excess-of-loss protection reduces to a stop-loss

protection limiting the community’s total payout under an appropriate choice of initial deposits

The remainder of this paper is organized as follows. Section 2 considers an insurance pool

where economic agents have convex-order preferences. The equivalence between comonotonicity

and Pareto optimality is then established therein using simple arguments, under the assumption

that risks have finite variances. The key argument is the representation of the components of a

comonotonic random vector as specific functions of their sum, which are characterized in closed

form. Section 3 provides an alternative approach to the convex-order improvement via comono-

tonic allocations, using the theory of majorization instead of the usual approach that relies on

the algorithm of Landsberger and Meilijson (1994) and a limit argument based on the Martingale

Convergence Theorem. The main result therein is our Theorem 3.1, the proof of which explicitly

provides the relevant convex-order improvement algorithm that can be implemented in practice.

2

Electronic copy available at: https://ssrn.com/abstract=4337038



Section 4 applies our results to collaborative insurance. New schemes are proposed, combining risk

retention at the individual level, risk transfer for losses that are too costly, and risk sharing for the

middle layer. Section 5 concludes. All proofs are given in the appendices, with the exception of

the proof of Theorem 3.1, which is in the main text, because it provides the different steps for the

implementation of our comonotonic allocation improvement algorithm.

2 Comonotonicity and Pareto Optimality for the Convex Order

2.1 Allocations

Consider a group of individuals exposed to some peril causing a random non-negative monetary

loss at the end of a given observation period, taken to be the time interval p0, 1q. These losses

are defined on a common nonatomic probability space pΩ,F ,Pq. Let X Ă L2
` pΩ,F ,Pq denote an

ex-ante given collection of non-negative random variables with finite second moments. We interpret

X as the collection of potential risks under interest. We assume that X is rich enough to contain

all the random variables mentioned throughout the text. In particular, we assume that X contains

unit uniform random variables.

In the remainder of the text, we consider n agents in a risk pool, each subject to an insurable risk

modeled as a random variable belonging to X . The initial endowment X0 “ pX0,1, . . . , X0,nq P X n

represents the risks faced by the n agents individually, before any risk sharing takes place. The

pool’s aggregate risk is the sum of all n individual risks comprised into the pool. Total losses are

henceforth denoted as S :“
řn
i“1X0,i and S also belongs to X . An allocation of the aggregate risk

S is a random vector X “ pX1, . . . , Xnq P X n such that
řn
i“1Xi “ S. Let A denote the collection

of all allocations:

A :“

#

X P X n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

Xi “ S

+

. (2.1)

Obviously, the initial endowment X0 is itself an allocation in A.

In insurance applications, individual allocations within insurance pools are generally obtained

by applying risk-sharing rules. Formally, a risk-sharing rule is a mapping which transforms any pool

X P A into another random vector Z P A. The results derived in this paper can be equivalently

stated in terms of risk-sharing rules or allocations.

2.2 Pareto Optimality for the Convex Order

Each agent ranks elements of X weakly according to the convex order ďCVX, and strictly according

to the strict convex order ăCVX, whose definition is recalled next.

Definition 2.1. For all Y,Z P X ,

Y ďCVX Z ðñ ErY s “ ErZs and E
”

pY ´ dq`

ı

ď E
”

pZ ´ dq`

ı

, @d P R`.

3
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If, in addition, the inequality is strict for some d˚ P R`, we then write Y ăCVX Z.

Hence, Y ďCVX Z can be understood as Y having the same expectation as Z, but Y being “less

variable” than Z is some sense. In particular, Y ďCVX Z ñ VarrY s ď VarrZs. We refer the reader

to Denuit et al. (2005) or Shaked and Shanthikumar (2007) for an extensive presentation of the

convex order and its applications.

We are now ready to define the concept of Pareto optimality with respect to the convex order.

Definition 2.2. An allocation Y “ pY1, . . . , Ynq P A is said to be:

1. A Pareto Improvement over an allocation Z “ pZ1, . . . , Znq P A if

$

’

&

’

%

Yi ďCVX Zi, for all i P t1, . . . , nu; and

D j P t1, . . . , nu, Yj ăCVX Zj .

2. Pareto Optimal (PO) if there is no allocation Z P A that is a Pareto Improvement over Y .

3. Fair (or actuarially fair) if ErYis “ ErX0,is, for all i P t1, . . . , nu.

It is well-known that for the convex order, conditional expectations provide an improvement.

This is formally recalled below.

Proposition 2.3. For any fair allocation Y P A, the random vector
`

ErY1|Ss, . . . ,ErYn|Ss
˘

P A is

a fair allocation that satisfies ErYi|Ss ďCVX Yi, for i P t1, . . . , nu.

When applied to the initial endowment, conditional expectations given the sum define the Condi-

tional Mean Risk-Sharing (CMRS) rule, as referred to after Denuit and Dhaene (2012). Jiao et al.

(2022) provide an axiomatic characterization of the CMRS.

Note that conditional expectations ErYi|Ss are not always increasing in S, and so the CMRS

rule does not necessarily possess the comonotonicity property. An example of such a situation

is given in Section 3.2. When Y has independent components, this can be related to a problem

investigated by Efron (1965) who established that log-concavity is a sufficient condition for one

term to be stochastically increasing in a sum of independent random variables. This problem has

attracted a lot of attention in the literature. General conditions on Y ensuring that ErYi|Ss is

non-decreasing in S are difficult to establish. When n “ 2, Saumard and Wellner (2018) extended

Efron’s monotonicity property to the case of general measures on R2. Denuit and Robert (2021)

adopted an asymptotic point of view and studied Efron’s monotonicity property for distributions

which are not log-concave but have density functions with bounded second derivatives and satisfy a

central-limit theorem. This approach is in contrast with sums comprising a limited number of terms

where restrictive conditions must be imposed on the distribution of each term, such as log-concavity

4
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for instance. By letting the number of random variables in the sum increase, the distribution of the

sum will get closer and closer to the standard Gaussian distribution which is log-concave, thereby

linking the two approaches.

Remark 2.4. Note that Proposition 2.3 does not necessarily hold for heavy-tailed risks. Let

Y1, Y2, . . . , Yn be independent risks with common distribution function

FY pxq “ 1´ x´ξ, with 0 ă ξ ď 1.

Recall that for a tail index ξ less than, or equal to 1, the mean value is infinite so that these risks

do not belong to X . For any n ě 1, Chen et al. (2022) established that

PrY1 ą ts ď P

«

1

n

n
ÿ

i“1

Yi ą t

ff

, for all t ě 0.

Under the expected utility paradigm for choice under risk, this means that every economic agent

prefers the stand-alone loss Y1 over the allocation ErY1|Ss “
1
n

řn
i“1 Yi, whatever the number n of

risks.

2.3 A Characterization of Aggregate Risk Allocations

Some allocations depend on individual losses only through the aggregate loss S. This is the case

with the CMRS rule, for instance. The only relevant information that is not known at time 0 is

thus the outcome of S, while in general, the information not known at time 0 is the outcomes of

the individual losses. Aggregate risk allocations are elements of A such that each component is a

function of S. The next result usefully characterizes such allocations.

Property 2.5. For any allocation Y P A and any aggregate risk allocation

Z “
`

f1 pSq , . . . , fn pSq
˘

P A, Y
d
“ Z if and only if Y “ Z.

The proof of the above result is given in Appendix B. It follows from Property 2.5 that in order

to show that an allocation is an aggregate risk allocation, it suffices to show that it is distributed

as an aggregate risk allocation. Additionally, the following result shows that PO allocations are

aggregate risk allocations. The proof is provided in Appendix C.

Property 2.6. Any PO allocation is an aggregate risk allocation.

2.4 Pareto Optimality vs. Comotonicity

For each X P X , let FX denote the distribution function of X. The left- and right-continuous

inverses of FX are given by

F´1
X ppq :“ inf

 

x P R | FXpxq ě p
(

, @p P r0, 1s , (2.2)

5
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and

F´1`
X ppq :“ sup

 

x P R | FXpxq ď p
(

, @p P r0, 1s , (2.3)

respectively, with the convention that infH “ 8 and supH “ ´8.

Consider a random vector X “ pX1, . . . , Xnq P X n, with respective marginal distribution

functions FX1 , . . . , FXn , and let SX :“
řn
i“1Xi. The random vector X is said to be comonotonic

if

X
d
“

´

F´1
X1
pUq , . . . , F´1

Xn
pUq

¯

, (2.4)

for any random variable U that is uniformly distributed over the unit interval. Comonotonicity

is an important dependency structure, with many applications in insurance and finance. See, for

instance, Dhaene et al. (2002a, 2002b, 2006), or Deelstra et al. (2010). In order to indicate that X

is a comonotonic random vector, we will use the notation Xc. We also introduce the notation ScX
for the related comonotonic sum:

ScX :“
n
ÿ

i“1

Xc
i

d
“

n
ÿ

i“1

F´1
Xi
pUq . (2.5)

As in Dhaene et al. (2002a), for any α P r0, 1s, we define the α-quantile of X (or the α-inverse

of FX) as the following convex combination of F´1
X and F´1`

X :

F
´1pαq
X ppq :“ αF´1

X ppq ` p1´ αqF´1`
X ppq, @p P p0, 1q . (2.6)

Moreover, for any α P r0, 1s,

F
´1pαq
X p0q :“ F´1`

X p0q and F
´1pαq
X p1q :“ F´1

X p1q . (2.7)

For any x in
´

F´1`
X p0q, F´1

X p1q
¯

, there exists a (not necessary unique) αx P r0, 1s such that

F
´1pαxq
X

`

FXpxq
˘

“ x. (2.8)

Indeed, defining αx as

αx :“

$

’

&

’

%

F´1`
X pFXpxqq´x

F´1`
X pFXpxqq´F

´1
X pFXpxqq

if F´1`
X

`

FXpxq
˘

‰ F´1
X

`

FXpxq
˘

,

1 otherwise,
(2.9)

leads to eq. (2.8). By convention, we set

αx :“

$

&

%

0, if x ď F´1`
X p0q ,

1, if x ě F´1
X p1q .

(2.10)

6
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This implies that

F
´1pαxq
X

`

FXpxq
˘

“

$

&

%

F´1`
X p0q , if x ď F´1`

X p0q ,

F´1
X p1q , if x ě F´1

X p1q .
(2.11)

Based on the characterization of comonotonicity given in Denuit et al. (2022), we obtain the

following generalization of a result of Denneberg (1994). Notice that hereafter, equalities between

random vectors are to be understood as a.s. equalities. The proof of Theorem 2.7 is given in

Appendix D.

Theorem 2.7. A random vector X is comonotonic if and only if

X “
`

h1pSq, . . . , hnpSq
˘

,

where the functions hi are the non-decreasing and 1-Lipschitz functions given by

hipsq :“ F
´1pαsq
Xi

´

FScX psq
¯

, @s P R, @i P t1, . . . , nu, (2.12)

with αs as in eq. (2.8).

In Denneberg (1994, Proposition 4.5) it is shown that a random vector X with aggregate sum

SX :“
řn
i“1Xi is comonotonic if and only if there exist non-decreasing and continuous functions

fi with
řn
i“1 fipsq “ s, such that

X “
`

f1 pSXq , f2 pSXq , . . . , fn pSXq
˘

. (2.13)

In fact, Denneberg (1994) gives a proof for the case n “ 2, but the proof can easily be generalized

for any n ą 2. In Denuit et al. (2022), it is stated without proof that the functions hi defined in

eq. (2.12) are continuous. This means that the explicit expressions for the functions fi in eq. (2.13)

are given by the functions hi defined in eq. (2.12). Theorem 2.7 proves the stronger result that the

functions hi are Lipschitz continuous (and hence, also continuous).

The following result is the well-known equivalence between comonotonicity of allocations and

Pareto-optimality for the convex order. We provide here a novel proof that, unlike the constructive

approaches in the vein of Landsberger and Meilijson (1994), provides a direct and crisp closed-

form characterization of Pareto optima. Namely, for convex order preferences, Pareto optima are

α-quantile risk-sharing rules, and vice versa.

Before stating the main result of this section, we need to introduce the following concepts.

Definition 2.8. Let X :“ pX1, . . . , Xnq P A be a given allocation of the initial aggregate risk S.

1. A suballocation of X is any element Y :“ pY1, . . . , Ymq P Xm, for some m P t1, . . . , nu, such

that for each j P t1, . . . ,mu, Yj “ Xi, for some unique i P t1, . . . , nu.

7
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2. For a given suballocation Y :“ pY1, . . . , Ymq of X, let

AY :“

$

&

%

pZ1, . . . , Zmq P Xm

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

j“1

Zj “
m
ÿ

j“1

Yj

,

.

-

denote the set of all possible reallocations of the aggregate risk
řm
j“1 Yj of the suballocation

Y .

3. For a given suballocation Y :“ pY1, . . . , Ymq of X, an allocation pZ1, . . . , Zmq P AY is said

to be AY -PO if there is no other allocation pW1, . . . ,Wmq P AY such that

$

’

&

’

%

Wj ďCVX Zj , for all j P t1, . . . ,mu; and

D j˚ P t1, . . . ,mu, Wj˚ ăCVX Zj˚ .

4. For a given m P t1, . . . , nu, an m-reallocation of the aggregate risk S is a vector pZ1, . . . , Zmq P

Xm such that
řm
k“1 Zk “ S. Let Apmq denote the collection of all m-reallocations of the initial

aggregate risk:

Apmq :“

$

&

%

pZ1, . . . , Zmq P Xm

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

Zk “ S

,

.

-

.

5. For a given m P t1, . . . , nu, an m-reallocation Z :“ pZ1, . . . , Zmq of the aggregate risk S is

said to be Apmq-PO if there is no other allocation pW1, . . . ,Wmq P Apmq such that

$

’

&

’

%

Wj ďCVX Zj , for all j P t1, . . . ,mu; and

D j˚ P t1, . . . ,mu, Wj˚ ăCVX Zj˚ .

The following result shows the equivalence between comonotonicity and Pareto optimality. Its

proof is given in Appendix E.

Theorem 2.9. For any allocation X :“ pX1, . . . , Xnq P A, the following are equivalent:

1. X is PO.

2. For any i ‰ j P t1, . . . , nu, the suballocation Y :“
`

Xi, Xj

˘

of X is AY -PO.

3. For any i ‰ j P t1, . . . , nu, the suballocation
`

Xi, Xj

˘

of X is comonotonic.

4. X is comonotonic.

5. X “
`

h1pSq, . . . , hnpSq
˘

, where the functions hi are the non-decreasing and 1-Lipschitz func-

tions given by (2.12) with αs as in eq. (2.8).

6. Each suballocation Y of X is AY -PO.

8
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The following result shows that PO essentially reduces to pairwise PO, with pairs involving one

participant and merging all other ones. Its proof is given in Appendix F.

Proposition 2.10. Let X :“ pX1, . . . , Xnq P A be a given allocation, and consider the suballo-

cation Y :“ pX2, . . . , Xnq P X n´1. Then Y is AY -PO and the 2-reallocation
`

X1,
řn
i“2Xi

˘

“

pX1, S ´X1q is Ap2q-PO if and only if X is PO.

The reduction to 2-reallocations is central to operational anonymity as defined in Jiao et al.

(2022). Notice that operational anonymity is closely related to fair merging and is a special case

of fair bilateral redistribution as defined in Denuit et al. (2022).

Remark 2.11. Proposition 2.10 suggests an iterative for approach to Pareto optimality in the

n-agent case:

1. First find an Ap2q-PO allocation pX˚1 , S ´X
˚
1 q, and let Sp2,˚q :“ S ´X˚1 .

2. Then find a PO allocation of Sp2,˚q of dimension 2. Denote it by pX˚2 , S
p2,˚q ´X˚2 q.

3. Let Sp3,˚q :“ Sp2,˚q ´ X˚2 , and find a PO allocation of Sp3,˚q of dimension 2. Denote it by

pX˚3 , S
p3,˚q ´X˚3 q.

4. Continue this process and until X˚n is determined. Then the resulting allocation
`

X˚1 , X
˚
2 , . . . , X

˚
n

˘

is PO, by Proposition 2.10.

3 Convex-Order Improvements: An Algorithmic Approach

A classical and foundational result in the literature on Pareto efficient allocations is that any

allocation is dominated in the convex order by a comonotonic allocation. Landsberger and Meilijson

(1994, Proposition 1) provides an explicit construction of the dominating allocation for the case

of two-dimensional allocations that are supported by a finite set. The extension beyond that case

is not entirely trivial. Dana and Meilijson (2003) provides such an extension to the case of more

general random variables, based on a limit argument applied to the construction of Landsberger

and Meilijson (1994). However, they assume that the extension of Landsberger and Meilijson’s

(1994) algorithm to n-dimensional discrete allocations holds, without providing a proof thereof for

n ą 2. Filipović and Svindland (2008, Proposition 5.1) provides an extension of Landsberger and

Meilijson’s (1994) approach to general random variables but remains in the case of two-dimensional

allocations. Ludkovski and Rüschendorf (2008, Theorem 1) uses the same approach as Landsberger

and Meilijson (1994) and provides an extension to the case of n-dimensional discrete allocations

(but the full details are only given for the case n “ 2), while their Theorem 2 uses a limit argument

similar to Dana and Meilijson’s (2003) to extend their Theorem 1 to the case of general random

variables defined on a nonatomic space. Rüschendorf (2013, Theorems 10.47 and 10.50) provides

a unifying proof of this result in the n-dimensional case and for general random variables, again

9

Electronic copy available at: https://ssrn.com/abstract=4337038



based on the algorithm of Landsberger and Meilijson (1994) and a limit argument, but details are

only given for the case n “ 2.

The difficulty with the aforementioned approach is that it is hard to implement in practice,

because of the nature of the limit argument involved. Here, we provide a constructive proof of this

comonotonic convex-order-improvement result that suggests an algorithmic approach that can be

easily implemented in practice and is detailed for all n. Our approach is related to the literature

based on Landsberger and Meilijson’s (1994) construction, but it takes a different route and is based

instead on an extension of a result of Lorentz and Shimogaki (1968). Specifically, Proposition 2

of Lorentz and Shimogaki (1968), while stated in a different setting and framework than the risk

sharing problem we examine here, is of direct relevance. Appendix A provides some background

material related to the majorization order of Hardy, Littlewood, and Pólya (1929, 1952).

3.1 Convex-Order Improvement

We are now ready to state the main result of this section.

Theorem 3.1. For each X :“ pX1, . . . , Xnq P A, there exists Y :“ pY1, . . . , Ynq P A such that Y

is comonotonic and satisfies

Yi ďCVX Xi, @ i P t1, . . . , nu .

Proof. Fix X :“ pX1, . . . , Xnq P A, and let X0 :“
`

X0
1 , . . . , X

0
n

˘

where X0
i :“ E

“

Xi | S
‰

, for each

i P t1, . . . , nu. Then there are Borel-measurable functions gi : R Ñ R such that X0
i “ gipSq, for

each i P t1, . . . , nu. Moreover, by Proposition 2.3, X0 P A and for any i P t1, . . . , nu we have

gipSq ďCVX Xi.

Since the probability space pΩ,F ,Pq is nonatomic, there exists a random variable U on pΩ,F ,Pq
with a uniform distribution on p0, 1q, such that S “ F´1

S p1´ Uq, a.s. (e.g., Föllmer and Schied

(2016 – Lemma A.32)). Therefore, F´1
S p1´ Uq “

řn
i“1 gi

´

F´1
S p1´ Uq

¯

, a.s., or equivalently

f puq “
n
ÿ

i“1

fi puq , for a.e. u P r0, 1s,

where for all u P r0, 1s,

f puq :“ F´1
S p1´ uq and fi puq :“ gi

`

fpuq
˘

.

Then f is a nonnegative and nonincreasing function on r0, 1s, and for each i P t1, . . . , nu, fi

is a nonnegative function on r0, 1s. Moreover, S “ fpUq, a.s., and fipUq “ X0
i , a.s., for each

i P t1, . . . , nu.

We wish to find nonnegative and nonicreasing functions t rfiu
n
i“1 such that f “

řn
i“1

rfi and, for
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each i P t1, . . . , nu,
rfi pUq ďCVX fi pUq pďCVX Xiq ,

since this would then imply that Y :“
´

rf1 pUq , . . . , rfn pUq
¯

is the desired allocation. It is therefore

enough to find functions t rfiu
n
i“1 such that

řn
i“1

rfi “
řn
i“1 fi “ f and rfi ă fi, for all i P t1, . . . , nu,

where ă is the majorization preorder relation and means that
şu
0
rf˚i ptq dt ď

şu
0 f

˚
i ptq dt, for all

u P r0, 1s where rf˚i and f˚i denote the decreasing rearrangements of rfi and fi (see also Definition

A.1), since then we have rfi pUq ďCVX fi pUq, for all i P t1, . . . , nu, and
řn
i“1

rfi pUq “ f pUq, by

Lemma A.9. We do this in two steps:

(a) Assume first that f, f1, . . . , fn are step functions with common intervals of constancy, pak´1, akq,

for k “ 1, ..., p, with a0 “ 0 and ap “ 1. Let fi ptq “ l
piq
k on pak´1, akq, for each i P t1, . . . , nu

and k P t1, . . . , pu. If all functions f1, . . . , fn are nonincreasing on r0, 1s, then the result follows

immediately. Assume, therefore, that not all of the functions f1, . . . , fn are nonincreasing on

r0, 1s.

Note that (as in Lorentz and Shimogaki (1968)) it is enough to show (by induction) that if,

for some 1 ď m ď p´ 1, the functions tfiu
n
i“1 are nonincreasing on pa0, amq, then there exist

functions t rfiu
n
i“1 that are nonincreasing on pa0, am`1q and satisfy

n
ÿ

i“1

rfi “
n
ÿ

i“1

fi “ f and rfi ă fi, @i P t1, . . . , nu.

Assume, without loss of generality, that the functions f1, . . . , fk, for 1 ď k ď n ´ 1, have

larger values on pam, am`1q than on pam´1, amq, while the other functions are nonincreasing

on pa0, am`1q. For each i P t1, . . . , ku, let ppiq be the smallest integer in r0,mq that satisfies

λpiq :“
1

am`1 ´ appiq

ż am`1

a
ppiq

fiptq dt ě l
piq

ppiq`1
ě . . . ě lpiqm .

Then λpiq ă l
piq

ppiq
(unless ppiq “ 0) and λpiq ď l

piq
m`1. We may assume without loss of generality

that

pp1q ď pp2q ď . . . ď ppkq ă m.

We construct the functions
!

rfi

)n

i“1
as follows:

• For i P t1, . . . , ku, let

rfi ptq :“

$

’

&

’

%

λpiq, if t P
´

appiq , am`1

¯

;

fi ptq , otherwise.
(3.1)

For i P t1, . . . , ku, the step function rfi is nonincreasing on pa0, am`1q, nonnegative, and
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satisfies rfi ă fi by averaging (Proposition A.2).

• For i P tk ` 1, . . . , nu, let

αi :“
l
piq
m ´ l

piq
m`1

řn
j“k`1

´

l
pjq
m ´ l

pjq
m`1

¯ .

Then the constants αi are nonnegative and sum to 1. For each j P tpp1q, . . . ,mu and

each t P
`

aj , aj`1

˘

, let

δjptq :“
k
ÿ

h“1

´

rfh ptq ´ fh ptq
¯

.

For j P tpp1q, . . . ,m ´ 1u, we have δjptq ą 0 for all t P
`

aj , aj`1

˘

. Moreover, δmptq ă 0

for all t P
`

aj , aj`1

˘

, and

m
ÿ

j“pp1q

δjptqpaj`1 ´ ajq “ 0, @ t P
`

aj , aj`1

˘

. (3.2)

Now, for i P tk ` 1, . . . , nu and j P tpp1q, . . . ,mu, let

rfi ptq :“

$

’

&

’

%

fi ptq ´ δj ptqαi, for all t P
`

aj , aj`1

˘

;

fi ptq , outside of the interval
´

app1q , am`1

¯

.
(3.3)

First note that, for each j P tpp1q, . . . ,mu and each t P
`

aj , aj`1

˘

, we have

n
ÿ

i“1

rfi ptq “
k
ÿ

i“1

rfi ptq `
n
ÿ

i“k`1

rfi ptq

“

k
ÿ

i“1

rfi ptq `
n
ÿ

i“k`1

¨

˝fi ptq ´
k
ÿ

h“1

´

rfh ptq ´ fh ptq
¯

αi

˛

‚“

n
ÿ

i“1

fi ptq .

Moreover, for each i P tk` 1, . . . , nu, the function rfi is nonincreasing on
´

app1q , am

¯

and

satisfies

rfi

ˆ

am´1 ` am
2

˙

“ lpiqm ´ δm´1αi ě l
piq
m`1 ´ δmαi “

rfi

ˆ

am ` am`1

2

˙

,

since f is nonincreasing. Additionally, rfi is nonnegative on
´

app1q , am`1

¯

, since rfi

´

am`am`1

2

¯

is nonnegative. Furthermore,
řn
i“k`1

´

l
piq
m ´ l

piq
m`1

¯

ě
řk
i“1

´

l
piq
m`1 ´ l

piq
m

¯

, implying that

rfi is also nonincreasing on pam, am`1q.

Hence, for each i P t1, . . . , nu, the function rfi constructed above satisfies
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rfi

$

’

&

’

%

ď fi on pa0, amq;

ě fi on pam, am`1q.

However, by (3.1), (3.2), and (3.3),

ż am`1

0

rfi ptq dt “

ż am`1

0
fi ptq dt, @ i P t1, . . . , nu.

Additionally, for each i P t1, . . . , nu,

ż x

0

rfi ptq dt ď

ż x

0
fi ptq dt, @x P pa0, am`1q .

Since all of these functions are nonincreasing on the intervals considered, it follows that

rfi ă fi, @ i P t1, . . . , nu.

(b) Suppose now that the functions f, f1, . . . , fn are any nonnegative functions on r0, 1s. Then

for each i P t1, . . . , nu, there exists a sequence
!

f
pkq
i

)`8

k“1
of nonnegative simple functions on

r0, 1s that converges pointwise and monotonically upward to fi, namely:

f
pkq
i :“

k 2k
ÿ

j“1

ˆ

j ´ 1

2k

˙

1!
x P r0,1s: j´1

2k
ď fipxqă

j

2k

) ` k 1tx P r0,1s: fipxqě ku, @ k P N.

For each k P N, let f pkq :“
řn
i“1 f

pkq
i . Then

!

f pkq
)`8

k“1
is a sequence of nonnegative simple

functions on r0, 1s that converges pointwise and monotonically upward to f .

Now, it follows from part paq above that, for each k P N, there are functions
!

rf
pkq
i

)n

i“1
such

that
řn
i“1

rf
pkq
i “

řn
i“1 f

pkq
i “ f pkq and rf

pkq
i ă f

pkq
i , for all i P t1, . . . , nu. Then, letting

rfi :“ lim
kÑ8

rf
pkq
i , for each i P t1, . . . , nu, it follows that

řn
i“1

rfi “ f . The rest follows from

Proposition A.3.

3.2 An Example

Here we provide a simple example that illustrates the algorithmic approach suggested in the proof

of Theorem 3.1. Suppose, for the sake of illustration, that n “ 3. Let X Ă L2
` pΩ,F ,Pq denote an

ex-ante given collection of potential risks under interest, where pΩ,F ,Pq is a nonatomic probability

space. The initial random endowment is the vector X0 “ pX0,1, X0,2, X0,3q P X 3, representing the

risks faced by the 3 agents individually, before any risk sharing takes place. The pool’s aggregate
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risk is S :“ X0,1 `X0,2 `X0,3, and the set of feasible allocations is

A “

#

X “ pX1, X2, X3q P X 3

ˇ

ˇ

ˇ

ˇ

ˇ

X1 `X2 `X3 “ S

+

.

We assume, for the sake of illustration, that the components of X0 are independent. X0,1

and X0,2 follow a truncated exponential distribution with parameter β ą 0 on the interval r0,M s,

for some given M ă `8, with a probability density function f given by fpxq :“ βe´βx

1´e´βM
, for

x P r0,M s. For some given N ă `8, X0,3 follows on the interval r0, N s a truncated mixture of an

exponential distribution with parameter β ą 0 and a gamma distribution with parameters α ą 1

and β ą 0, with equal mixing weights 0.5. The probability density function g of X0,3 is then given

by gpxq :“ pβ`βαxα´1{Γpαqqe´βx

∫N0 pβ`βαxα´1{Γpαqqe´βxdx
, for x P r0, N s. For the numerical illustration, we take β “ 1{2,

M “ 10, α “ 8, and N “ 30.

Figure 1 provides the probability density function of the aggregate risk S, as well as a plot of

the agents’ allocations. The initial allocations considered at the beginning of the algorithm are the

CMRS allocations X0 characterized by the functions s ÞÑ ErX0,i|S “ ss, for agent i P t1, 2, 3u (black

lines). We note that the allocation functions of agents 1 and 2 are not increasing in s, and so the

CMRS allocations are not comonotonic, and a fortiori not Pareto optimal. We therefore implement

the algorithm presented in the previous section in order to obtain a comonotonic improvement.

The final allocation functions (red lines) become non-decreasing functions in s, thereby leading to

a comonotonic and hence Pareto-optimal allocation vector. The algorithm replaced, on an interval

including the decreasing parts of agents 1 and 2, the initial functions by constant functions, while

preserving the expectations of the allocations and guaranteeing the component-wise convex-order

improvement of the allocation vector. Figure 2 provides plots of the initial and final functions fi,

for i P t1, 2, 3u, used in the algorithm.

4 An Application to Collaborative Insurance

4.1 Risk Retention, Risk Sharing, and Risk Transfer

Under pure P2P insurance, the participants’ contributions are theoretically unlimited. This requires

confidence among the participants since the level of the actual contributions to be paid ex post

remains unknown until the end of the period, and some participants may be unwilling or unable to

pay their contributions at that time. These thoughts lead to the need of an adapted approach where

pure risk sharing is combined with classical insurance. By partnering with an established insurance

company, the community can benefit not only from the risk-bearing capacity of the insurer, but

also from its experience in claim settlement and the related administration. An effective solution

can be obtained by combining self-insurance or risk retention by the individual participants, risk

pooling at the level of the community, and risk transfer to an insurance company.

As above, we denote the loss of individual i P t1, . . . , nu by X0,i P X before any risk sharing

14

Electronic copy available at: https://ssrn.com/abstract=4337038



0 10 20 30 40

0.
00

0.
02

0.
04

0.
06

Probability density function of S

s

0 10 20 30 40

1
2

3
4

Agent 1's allocations as a function of S=s

s

CMRS allocation

PO allocation

0 10 20 30 40

1
2

3
4

Agent 2's allocations as a function of S=s

s

CMRS allocation

PO allocation

0 10 20 30 40

0
5

10
15

20
25

30

Agent 3's allocations as a function of S=s

s

CMRS allocation

PO allocation

Figure 1: Plots of the probability density function of S and of the agents’ allocations.
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Figure 2: Plots of the functions fi, for i P t1, 2, 3u.
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operates. Some participants may consider retaining some risk in order to reduce their contribution.

In practice, this is often achieved by applying a deductible or a quota-share arrangement. In the

former case, participant i retains mintX0,i, liu for some positive deductible li, while in the latter

case, participant i retains p1´ αiqX0,i for some percentage αi P r0, 1s.

In liability insurance for instance, some large losses may happen which challenge or even exceed

the risk-sharing capacities of the P2P insurance community. Considering that X0,i is typically a

compound sum of the form

X0,i “

Ni
ÿ

k“1

Ci,k,

where Ci,k is the loss from event k, and Ni is a given counting process, an excess-of-loss cover may

be needed to cap losses caused by a given event to some maximum ui. In this case, the amount
řNi
k“1pCi,k ´ uiq` is transferred to the insurer and does not enter risk pooling. The corresponding

premium must be paid by participant i at time 0.

Henceforth, we only consider the part of the loss that is neither retained by participant i through

deductible or quota share, nor transferred to the insurer through an excess-of-loss cover. Let Xi be

the corresponding random variable. For instance, we may have

Xi “

Ni
ÿ

k“1

´

`

Ci,k ´ li
˘

`
´
`

Ci,k ´ ui
˘

`

¯

,

when participant i retains an amount up to li for each per-event loss Ci,k, while the upper layer

pui,8q of each Ci,k is transferred to the partnering insurer through an individual excess-of-loss

cover. Clearly X :“ pX1, X2, . . . , Xnq P A.

4.2 Aggregate Risk Allocations

In this section, we will only consider comonotonic risk allocations of which the ex post contributions

of the participants can be expressed as non-decreasing functions of the aggregate loss S of the pool

(see (2.13)). In other words, we examine Pareto optimal allocations, and we will propose some P2P

insurance schemes that will operate on these Pareto optima. Note that, in light of the convex-order

improvement result of Theorem 3.1, this is not a limiting assumption.

Then, suppose that at time 0 the individual random losses in the pool X are re-allocated by

transforming X into a contribution vector Z of the following form:

Z “
`

f1 pSq , f2 pSq , . . . , fn pSq
˘

, (4.1)

where the functions fi : R` Ñ R` are non-decreasing and such that the full allocation property is

satisfied:
n
ÿ

i“1

fi pSq “ S. (4.2)
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Note that Theorem 3.1 and its proof explain how the transformation from X to Z can be performed.

Theorem 2.7 allows us to represent Z with functions fi given by (2.12). Moreover, we know from

Theorem 2.9 that PO allocations are of this form.

The aim of this section is to propose an effective P2P insurance scheme applying to any PO al-

location. Precisely, we extend the approach proposed in Denuit (2020) under the CMRS rule to any

aggregate risk-sharing rule satisfying the comonotonicity property, that is, leading to comonotonic

individual contributions. Theorem 2.7 allows us to represent the resulting individual contributions.

The approach presented here is in some sense the opposite of the the approach presented in

Denuit (2020). In the latter paper, one starts from a stop-loss protection and notices that it reduces

to a set of individual excess-of-loss covers when the CMRS rule satisfies the comonotonicity property.

This result can then be applied to split the price of the stop-loss cover among participants, each

one contributing in function of the risk he or she brought to the pool. In the current paper, we

start from individual excess-of-loss covers, which offers more flexibility, in that participants remain

free to select their maximum contribution to the pooled losses individually. With an appropriate

choice of these maxima, we are able to generalize the results obtained in Denuit (2020) for the

CMRS rule to any risk-sharing rule satisfying the comonotonicity property.

4.3 Excess-of-Loss Risk Transfer under General Deductibles for the Contribu-

tions

4.3.1 Limiting each participant’s contribution

Suppose that at the individual level, the contribution of each participant i P t1, . . . , nu in the pool

is limited to the lower layer r0, dis of fipSq, for some deductible di ě 0, whereas the upper layer

pdi,8q of fipSq is transferred to an insurer. In other words, the contribution to be made by each

participant i is restricted via an excess-of-loss cover. The full contribution fipSq to be paid to the

pool is split as follows:

fipSq “ min
 

fipSq, di
(

`
`

fipSq ´ di
˘

`
, (4.3)

where the contribution of participant i is given by min
 

fipSq, di
(

, whereas the excess-of-loss pay-

ment to be made by the insurer to the pool equals
`

fipSq ´ di
˘

`
.

Taking into account the full-allocation condition (4.2), the aggregate loss S of the pool X can

be expressed as the sum of the comonotonic contributions fipSq. We then find from (4.3) that

S “
n
ÿ

i“1

min
 

fipSq, di
(

`

n
ÿ

i“1

`

fipSq ´ di
˘

`
. (4.4)

Identity (4.4) decomposes the aggregate loss S covered by the pool into a first part corresponding

to the participant’s limited contributions and a second part consisting of the losses covered by

insurer’s excess-of-loss protection.
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4.3.2 Initial deposit and cash-back mechanism

In order to guarantee that each participant i contributes as promised, the pool may require each

of them to pay the deposit e´r di ex ante (where r is a deterministic discount rate), with the

guarantee that the final amount to be paid by participant i at time 1 will never exceed the time-1

value di of this up-front payment. The surplusses
`

di ´ fipSq
˘

`
, which will be observed at time

1, are then returned ex post to the respective members of the pool. The community can decide

to distribute these cash-back amounts among participants or donate them to charity (through a

give-back mechanism). Taking into account this cash-back operation, we can rewrite (4.3) as

fipSq “ di ´
`

di ´ fipSq
˘

`
`
`

fipSq ´ di
˘

`
, (4.5)

which decomposes the contribution fipSq to the pool into three parts: the time-1 value of the

deposit paid by participant i to the pool at time 0, the time-1 cash-back value paid by the pool

to participant i, and the time-1 excess-of-loss claim payment made by the insurer to the pool,

respectively. In this way, the pool will have the amount
řn
i“1 fipSq available at time 1, which due

to the full allocation condition (4.2), exactly matches the aggregate claims S covered by the pool.

Considering (4.2), equation (4.5) leads to

S “
n
ÿ

i“1

di ´
n
ÿ

i“1

`

di ´ fipSq
˘

`
`

n
ÿ

i“1

`

fipSq ´ di
˘

`
. (4.6)

This expression decomposes the aggregate loss covered by the pool into a first part which constitute

the deposits paid by the participants, a second part which describes the cash-backs paid to the

respective participants, and a final part consisting of the insurer’s excess-of-loss claim payments.

4.3.3 Pricing the excess-of-loss covers

Mean value premium calculation principle The total amount to be paid ex ante by partic-

ipant i is given by

e´rdi ` πi,

where e´r di is the deposit for the cover of the lower layer p0i, diq of fipSq, while πi is the insurance

premium for the excess-of-loss protection for the upper layer pdi,8q of fipSq. In exchange, the

pool pays for the loss Xi and offers a non-guaranteed cash-back pdi ´ fipSqq` in case of favorable

experience.

When the individual excess-of-loss insurance premia πi are determined according to the mean-

value premium calculation principle, we have that

πi “ e´r p1` θq E
”

`

fipSq ´ di
˘

`

ı

, (4.7)

for some non-negative loading parameter θ. The total premium collected by the insurer is then
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given by

π “
n
ÿ

i“1

πi “ e´r p1` θq E

«

n
ÿ

i“1

`

fipSq ´ di
˘

`

ff

. (4.8)

If the insurer charges a positive loading θ in addition to the pure premium for the excess-of-loss

covers, the system cannot be fair as a whole in the sense that the expected total payments made by

participant i will be strictly larger than the corresponding expected claim E rXis. However, in case

the allocation satisfies the actuarial fairness property (Definition 2.2), that is E
“

fipSq
‰

“ E rXis,

and if we set the loading parameter θ equal to 0, we find that the system is fair. Indeed, taking

into account (4.5) and (4.7), we find that

di ` e
r πi ´ E

”

`

di ´ fipSq
˘

`

ı

“ E rXis .

This means that the time-1 value of the expected payments of participant i (that is the time-1 value

of the deposit and the premium minus the expected cash-back payment) is equal to the expected

loss ErXis.

Risk-based premium calculation principle In (4.7), we assumed that the premia of individual

excess-of-loss covers are determined via the mean-value premium calculation principle. Suppose now

that the individual insurance premia are determined by

πi “ ρ
´

e´r
`

fipSq ´ di
˘

`

¯

, (4.9)

for a given risk measure ρ, which is assumed to be additive for comonotonic risks, such as a distortion

risk measure (e.g., Denuit et al. (2005) or Dhaene et al. (2006)). In this case, the total premium

collected by the insurer is given by

π “
n
ÿ

i“1

ρ
´

`

fipSq ´ di
˘

`

¯

“ ρ

˜

n
ÿ

i“1

`

fipSq ´ di
˘

`

¸

, (4.10)

where the last equality holds because
´

`

f1pSq ´ d1

˘

`
,
`

f2pSnq ´ d2

˘

`
, . . . ,

`

fnpSnq ´ dn
˘

`

¯

is a

comonotonic random vector, while ρ is assumed to be additive for comonotonic risks.

Example 4.1. Suppose that ρ is the Value-at-Risk at probability level q P p0, 1q . Hence, ρ rXs “

F´1
X pqq for any random variable X. Taking into account that the quantile of a non-decreasing and

left-continuous function of a random variable is equal to that function evaluated at the same quantile

of the random variable (e.g., Theorem 1 in Dhaene et al. (2002a)), we find that

π “
n
ÿ

i“1

F´1

e´rpfipSq´diq
`

pqq “ e´r
n
ÿ

i“1

´

fipF
´1
S pqqq ´ di

¯

`
, (4.11)

where we assumed that the functions fi, which are non-decreasing, are also left-continuous.
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4.4 The Case of Uniform Quantile Deductibles for the Participant’s Excess-of-

Loss Covers

The preceding subsection provides actuaries with a flexible P2P insurance solution, where the di

are freely selected by participants using an excess-of-loss cover. The next example illustrates a case

where the collection of the participant’s individual excess-of-loss covers turns out to be equivalent

to a stop-loss cover for the pool.

Example 4.2. Consider a group of participants in a pool X of exchangeable losses (that is, the

random variables tXiu
n
i“1 are exchangeable, whixh means that their joint distribution function is

invariant by permutation). Suppose that the aggregate loss S is allocated according to the uniform

risk-sharing rule, meaning that the contributions are given by fipSq “ S{n. Further assume that

each participant i restricts his or her contribution by an excess-of-loss cover with deductible di “ d{n.

Each participant then contributes ex post the amount mintS{n, d{nu. The whole community retains

n
ÿ

i“1

mintS{n, d{nu “ mintS, du,

which corresponds to a stop-loss treaty protecting the pool: The total losses that the pool faces is

capped at the priority d and the excess pS ´ dq` is transferred to the partnering insurer.

Let us now demonstrate that the equivalence between the collection of individual excess-of-loss

covers and the aggregate stop-loss cover illustrated in Example 4.2 in fact holds in general when di

are quantiles at the same probability level of fipSq, that is, the deductibles di are determined by

di “ F´1
fipSq

ppq , (4.12)

for a given probability level p P p0, 1q. Taking into account the additivity property for the quantiles

of a comonotonic sum, we find from (4.12) that

n
ÿ

i“1

di “
n
ÿ

i“1

F´1
fipSq

ppq “ F´1
S ppq , (4.13)

which means that the sum of all deposits paid ex ante by the participants is equal to the quantile

at probability level p of the aggregate claims S of the pool.

The following result shows that, under mild condition imposed to the allocation, the choice

(4.12) ensures a form of solidarity among participants, in that either everyone or no one receives

cash-back or give-back at the end of the period.

Property 4.3. Suppose that all fi are non-decreasing. In this case, all participants receive a positive

cash back if and only if S ă F´1
S ppq. Similarly, the insurance payments are positive for every

participant if and only if S ą F´1
S ppq.
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The proof of Property 4.3 is given in Appendix G. Under (4.12), Property 4.3 shows that all

participants have the same probability of receiving some cash-back, and if some surplus emerges, a

cash-back is distributed to each participant. This is in contrast with the system where participants

freely select their deductible level di. In that case, some participants may be granted cash back,

but not all.

A similar conclusion holds for the insurance payments. Under (4.12), all participants have

the same probability of receiving a positive insurance payment, and if such an insurance payment

occurs, the insurance payments are distributed to each participant.

Proposition 4.4. The sum of all retained contributions min
!

fipSq, F
´1
fipSq

ppq
)

paid by the indi-

vidual participants is equal to the aggregate losses observed in the lower layer p0, F´1
S ppqq of S,

i.e.,
n
ÿ

i“1

min
!

fipSq, F
´1
fipSq

ppq
)

“ min
!

S, F´1
S ppq

)

. (4.14)

The proof of Proposition 4.4 is given in Appendix H. Proposition 4.4 immediately gives rise to

a simple expression for the aggregate claim payments made by the insurer.

Corollary 4.5. The sum of all claim payments made by the insurer is equal to the part of the

aggregate claims S situated in the upper layer pF´1
S ppq ,8q, i.e.,

n
ÿ

i“1

´

fipSq ´ F
´1
fipSq

ppq
¯

`
“ pS ´ F´1

S ppqq`. (4.15)

The proof of Corollary 4.5 is given in Appendix I. Corollary 4.5 states that the excess-of-loss

insurance contract underwritten by the pool for covering the upper layer
´

F´1
fipSq

ppq ,8
¯

of fipSq

for any of its participants can be interpreted as a stop-loss insurance with retention F´1
S ppq on the

aggregate claims S of the pool.

From (4.8) it follows that when the mean-value premium calculation principle is used, the

total premium π to be paid to the insurer for covering all the upper layers
´

F´1
fipSq

ppq ,8
¯

of the

respective contributions fipSq is given by

π “ e´rp1` θq ErpS ´ F´1
S ppqq`s. (4.16)

On the other hand, when the insurance cover is determined with a risk measure ρ which is additive

for comonotonic risks, we find from (4.10) that

π “ ρ

ˆ

´

S ´ F´1
S ppq

¯

`

˙

.

The next result follows immediately from Proposition 4.4 and the fact that px´ yq` “ x ´

mintx, yu holds for any real x and y.
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Corollary 4.6. The sum of all ex post cash-back payments from the pool to the participants is given

by
n
ÿ

i“1

´

F´1
fipSq

ppq ´ fipSq
¯

`
“ pF´1

S ppq ´ Sq`. (4.17)

Taking into account the results obtained above, we can conclude that the pool’s decomposition

equation (4.4) with di “ F´1
fipSq

ppq , i “ 1, 2, . . . , n, becomes

S “ min
!

S, F´1
S ppq

)

`

´

S ´ F´1
S ppq

¯

`
. (4.18)

This equation shows that the aggregate losses S of the pool can be split in two parts. The first part

is equal to the sum of the constrained contributions min
!

fipSq, F
´1
fipSq

ppq
)

paid by the participants,

which can be expressed as min
!

S, F´1
S ppq

)

. The second part is equal to the sum of all excess-of-

loss payments, which can be expressed as
´

S ´ F´1
S ppq

¯

`
. We can conclude that the collection of

individual excess-of-loss insurance contracts can equivalently be interpreted as a single aggregate

stop-loss insurance contract limiting the community’s aggregate loss.

In a similar way, we find that the pool’s decomposition equation (4.6) can be written as

S “ F´1
S ppq ´

´

F´1
S ppq ´ S

¯

`
`

´

S ´ F´1
S ppq

¯

`
, (4.19)

where F´1
S ppq is the time-1 value of the total amount of the ex-ante deposits paid by the partici-

pants, while
´

F´1
S ppq ´ S

¯

`
is the total amount of ex post cash-back payments to the participants,

and
´

S ´ F´1
S ppq

¯

`
represents the sum of the individual excess-of-loss claims paid by the insurer

to the different participants.

5 Conclusion

Two important results in the theory of n-person risk sharing with convex-order preferences are that

any feasible allocation is convex-order-dominated by a comonotonic allocation, and an allocation is

Pareto optimal for the convex order if and only if it is comonotonic. While several proofs of these

results have been provided in the literature, none gives a closed-form characterization of Pareto

optima, and none provides an algorithm for the convex-order improvement result that can be easily

implemented in practice. Indeed, existing proofs rely, in one way or another, on the comonotonic

improvement algorithm of Landsberger and Meilijson (1994), which is only provided for the case of

2-agent risk sharing, and a limit argument based on the Martingale Convergence Theorem. This

leads to neither closed-form expressions for Pareto optima, nor an easy algorithmic implementation

of the convex-order improvement mechanism in the general n-person case.

In this paper, we provide novel proofs of these foundational results that alleviate the concerns
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raised above. Our proof of the equivalence between convex-order Pareto optimality and comono-

tonicity uses simple arguments and leads to a crisp closed-form characterization of Pareto-optimal

allocations in terms of α-quantiles (mixed quantiles). Our proof of the convex-order improvement

result via comonotonic allocation is based on the theory of majorization and an extension of a

classic result of Lorentz and Shimogaki (1968), which allows us to provide an explicit algorithmic

construction in the general n-person case that can be easily implemented in practice. To illustrate

this implementation, we provide a numerical illustration.

Finally, we consider an application to collaborative (peer-to-peer) insurance, or decentralized

risk sharing, to illustrate the relevance of these results. Specifically, we propose new risk sharing

schemes, combining risk retention at the individual level, risk transfer for losses that are too costly,

and risk sharing for the middle layer. Participants are free to select their maximum contribution

to pooled losses, and an excess-of-loss risk transfer to a partnering insurance company operates

beyond. The amount to be paid in advance by participants is obtained by adding the price of

the excess-of-loss protection and a deposit securing the contribution to the coverage of the layer

mutualized inside the P2P community. The system is thus fully funded, and a cash-back or give-back

mechanism operates ex post to restore fairness. Provided individual contributions are comonotonic,

the excess-of-loss protection reduces to a stop-loss protection limiting the community’s total payout

under an appropriate choice of initial deposits.
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Föllmer, H., Schied, A. (2016). Stochastic Finance. de Gruyter.

Ghossoub, M. (2015). Equimeasurable rearrangements with capacities. Mathematics of Operations Research

40(2), 429-445.
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Appendix

A Nonincreasing Rearrangements and Majorization

We first provide some background on the majorization order of Hardy, Littlewood, and Pólya (1929,

1952). We refer to Luxemburg (1967), Chong and Rice (1971), or Bennett and Sharpley (1988) for

a detailed treatment, as well as Ghossoub (2015) for additional references.

A.1 Rearrangements and a Preorder Relation for L1

Let M and ĂM denote the set of extended real-valued measurable functions on given probability

spaces pΩ,F ,Pq and prΩ, rF , rPq, respectively. Two random variables pX,Y q PMˆ ĂM are said to be

equimeasurable (and we write X „ Y ) if they have the same law, that is,

P
´

 

ω P Ω : X pωq ą t
(

¯

“ rP
ˆ

!

rω P rΩ : Y prωq ą t
)

˙

, @ t P R.

For each X P M there exists a unique right-continuous, nonincreasing, and Borel-measurable

function δX on
´

r0, 1s,B
`

r0, 1s
˘

,L
¯

, where L denotes Lebesgue measure, such that X „ δX . The

random variable δX is called the nonincreasing rearrangement of X, and it is given by

δX ptq : “ inf

"

s P R : P
´

 

ω P Ω : X pωq ą s
(

¯

ď t

*

“ sup

"

s P R : P
´

 

ω P Ω : X pωq ą s
(

¯

ą t

*

, @ t P r0, 1s.

(A.1)

Note that if F´1
X,P denotes the quantile function of X PM w.r.t. P, i.e., the left-continuous inverse

of the cumulative distribution function FX,P of X, then

δX ptq “ F´1
X,P p1´ tq , @ t P r0, 1s.

Definition A.1. For pX,Y q P L1 pΩ,F ,PqˆL1prΩ, rF , rPq, we say that Y majorizes X, and we write

X ă Y whenever

ż 1

0
δX ptq dt “

ż 1

0
δY ptq dt and

ż u

0
δX ptq dt ď

ż u

0
δY ptq dt, @u P r0, 1s. (A.2)

Equivalently, X ă Y if and only if

ż 1

0
F´1
X,P ptq dt “

ż 1

0
F´1

Y,rP
ptq dt and

ż 1

u
F´1
X,P psq ds ď

ż 1

u
F´1

Y,rP
psq ds, @u P r0, 1s.

Hence, in particular, for X,Y P L1 pΩ,F ,Pq, it follows that (e.g., Chong (1974) or Shaked and
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Shanthikumar (2007 – Theorem 3.A.5))

X ă Y ðñ X ďCVX Y.

The following result (e.g., Luxemburg (1967) or Chong (1974)) will be useful.

Proposition A.2. Let X P L1 pΩ,F ,Pq. Then for each E P F ,

„

1

P pEq

ż

E
X dP



1E ă X1E .

Finally, majorization is preserved under dominated convergence:

Proposition A.3 (Chong and Rice (1971, Proposition 10.2)). Consider two probability spaces

pΩ,F ,Pq and prΩ, rF , rPq. If:

1. X,Xn P L
1
` pΩ,F ,Pq and Y, Yn P L

1
`p

rΩ, rF , rPq, for each n P N;

2. There exists pZ, rZq P L1
` pΩ,F ,Pq ˆ L1

`p
rΩ, rF , rPq such that Xn ď Z and Yn ď rZ, for each

n P N;

3. Xn ă Yn, for each n P N; and,

4. Xn Ñ X, P-a.s., and Yn Ñ Y , rP-a.s.,

Then X ă Y .

A.2 Measure-Preserving Transformations

Definition A.4. Given two finite measure spaces pS1,Σ1, µ1q and pS2,Σ2, µ2q, a mapping τ : S1 Ñ

S2 is said to be a measure-preserving transformation if it is measurable and satisfies µ1 ˝ τ
´1 pEq “

µ2 pEq, for all E P Σ2.

In particular, a mapping τ : Ω Ñ r0, 1s is said to be a measure-preserving transformation if

τ P M and P ˝ τ´1 pEq “ L pEq, for all E P B
`

r0, 1s
˘

. For example, if U P M has a uniform

distribution over r0, 1s, then it is a measure-preserving transformation.

Proposition A.5 (Chong and Rice (1971, Theorem 5.6)). Let pS,Σ, µq be a finite measure space.

Then the following are equivalent:

(a) The space pS,Σ, µq is nonatomic.

(b) There exists a measure-preserving transformation τ : S Ñ r0, µ pSqs.

(c) Every right-continuous and nonincreasing function on r0, µ pSqs is the nonincreasing rear-

rangement of some Σ-measurable real-valued function on S.
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Remark A.6. Chong and Rice (1971) provide a constructive proof of the fact that paq ùñ pbq.

Bogachev (2007, Proposition 9.1.11) provides a more succinct proof, based on the same ideas. We

present here the main ideas behind this constructive approach, in the special case where pS,Σ, µq is

a nonatomic probability space pΩ,F ,Pq. Since the space pΩ,F ,Pq is nonatomic, it follows from the

Lyapunov Convexity Theorem (e.g., Aliprantis and Border (2006, Theorem 13.33)) that the range

of P is convex. In particular, for each α P r0, 1s, there exists some A P F such that P pAq “ α
2 .

Thus, by induction, for each dyadic rational r “ k
2n P Q, with k, n P N, there exists Ar P F

such that P pArq “ r, and Ar Ă As for r ă s and s P Qd, the set of all dyadic rationals. Let

τ pωq :“ inf ts P Qd : ω P Asu, for each ω P Ω. Then since Ar Ă
 

ω P Ω : τ pωq ď r
(

, for all r P Qr,

it follows easily that

P
´

 

ω P Ω : τ pωq ď r
(

¯

“ r, @r P Qd.

The rest follows from the denseness of Qd in r0, 1s.

Proposition A.7 (Bennett and Sharpley (1988, Proposition 7.4), Ryff (1965)). If pS,Σ, µq is

a nonatomic finite measure space with µ pSq “ b, then for each a P R, there exists a measure-

preserving transformation τ of S onto the interval ra, a` bs.

Proof. By Proposition A.5, there exists a measure-preserving transformation τ1 of S onto r0, bs.

Define the map g : r0, bs Ñ ra, a ` bs by g pxq “ x ` a, and let τ :“ τ1 ˝ g. Then τ is the desired

measure-preserving transformation of S onto ra, a` bs.

Proposition A.8 (Chong and Rice (1971, Theorem 6.2), Ryff (1965)). If pΩ,F ,Pq is nonatomic,

then for any X P M there exists a measure-preserving transformation τX : Ω Ñ r0, 1s such that

X “ δX ˝ τX , a.s.

Proof. Chong and Rice (1971, Theorem 6.2) provide a constructive proof that explicitly character-

izes the map τX , by extending the ideas of Ryff (1965, Lemma 2). Bennett and Sharpley (1988,

Theorem 7.5) provides a more direct proof using similar ideas. We outline this construction below.

Fix X PM, and let

It :“
 

s P r0, 1s : δX psq “ t
(

and At :“
 

ω P Ω : X pωq “ t
(

, @ t P R.

Then P pAtq “ L pItq, for each t P R, where L denotes Lebesgue measure. Now, since X „ δX , we

may assume without loss of generality2 that X has the same range as δX , which we denote by B.

Since δX is right-continuous and nonincreasing, it follows that for each t P R, the interval It takes

the form rat, bts or rat, btq, for some at, bt P R. Therefore,

P pAtq “ L pItq “ bt ´ at, @ t P B,

2Indeed, since X „ δX , there exists some rX P M such that rX “ X, P-a.s., and rX has the same range as δX ,
which we denote by B. By a slight abuse of notation, we can simply write X instead of rX.
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and Proposition A.7 yields the existence of a measure-preserving transformation τt : At Ñ It. Then

define τX : Ω Ñ r0, 1s by τX pωq “ τt pωq if ω P At and t P B. It follows clearly that X “ δX ˝ τX ,

a.s.

It remains to show that τX is measure-preserving. First, note that since the measure space is

finite (being a probability space), there are at most countably many t P B such that L pItq ą 0.

Let C :“ tt P B : L pItq ą 0u and I :“
Ť

tPC

It P B
`

r0, 1s
˘

. Then δX is 1-1 on the complement of I,

namely Ic :“ r0, 1szI. Fix F P B
`

r0, 1s
˘

. We can then write F as the disjoint union

F “
ď

tPC

pF X Itq Y pF X I
cq .

Then τ´1 pF q is the disjoint union

τ´1
X pF q “

»

–

ď

tPC

τ´1
X pF X Itq

fi

fl

ď

τ´1
X pF X Icq ,

and so

P ˝ τ´1
X pF q “

ÿ

tPC

P
´

τ´1
X pF X Itq

¯

` P
´

τ´1
X pF X Icq

¯

.

However, for each t P C, the mapping τt : At Ñ It is measure-preserving and τ´1
X pF X Itq “

τ´1
t pF X Itq. Therefore,

P
´

τ´1
X pF X Itq

¯

“ P
´

τ´1
t pF X Itq

¯

“ L pF X Itq , @ t P C.

Moreover, since δX is 1-1 on F X Ic, we have X “ δX ˝ τX ùñ δ´1
X ˝X “ τX , and so

P
´

τ´1
X pF X Icq

¯

“ P ˝X´1
`

δX pF X I
cq
˘

“ L ˝ δ´1
X

`

δX pF X I
cq
˘

“ L pF X Icq .

Consequently, P ˝ τ´1
X pF q “ L pF q, and hence τX is measure-preserving.

Note that if f P L1
´

r0, 1s,B
`

r0, 1s
˘

,L
¯

and τ is a measure-preserving transformation on

pΩ,F ,Pq, then f ˝ τ „ f . Hence, for all f, g P L1
´

r0, 1s,B
`

r0, 1s
˘

,L
¯

,

f ă g ùñ f ˝ τ ă g ˝ τ.

Consequently, we obtain the following result.

Lemma A.9. If U PM is uniformly distributed on r0, 1s, then for all f, g P L1
´

r0, 1s,B
`

r0, 1s
˘

,L
¯

,

f ă g ùñ f pUq ă g pUq ðñ f pUq ďCVX g pUq .

30

Electronic copy available at: https://ssrn.com/abstract=4337038



A.3 A Closed-Form Characterization of Measure-Preserving Transformations

Summing up the arguments in the proofs of the above results, we can provide a closed-form char-

acterization of the measure-preserving transformation τX appearing in Proposition A.8, for a given

X P M when the probability space pΩ,F ,Pq is nonatomic. From the proof of Proposition A.8,

X “ δX ˝ τX , a.s., and τX : Ω Ñ r0, 1s is given by

τX pωq “ τt pωq “ at ` τ1,t pωq , ω P At, t P B,

where B is the range of X, At “
 

ω P Ω : X pωq “ t
(

, and τ1,t is the measure-preserving trans-

formation of At onto r0, bt ´ ats constructed using a slight extension of the methodology used in

Remark A.6.

B Proof of Property 2.5

First note that the implication Y “ Z ùñ Y
d
“Z is straightforward. Suppose now that Y

d
“Z.

This then implies that

Y1 ´ f1

˜

n
ÿ

i“1

Yi

¸

d
“ f1 pSq ´ f1

˜

n
ÿ

i“1

fi pSq

¸

.

Since S “
řn
i“1 Yi “

řn
i“1 fi pSq, we can rewrite the equality in distribution as Y1 ´ f1 pSq

d
“ 0,

which is equivalent to P rY1 “ Z1s “ 1. Hence, Y1 “ Z1. A similar argument can be used to show

the a.s. equalities between any Yi and the corresponding Zi, for i P t2, . . . , nu.

C Proof of Property 2.6

Suppose that X :“ pX1, . . . , Xnq is PO, and let

ĂX :“
´

E
“

X1 | S
‰

, . . . ,E
“

Xn | S
‰

¯

.

Then ĂX is an agregate risk allocation. Moreover, by Proposition 2.3, ĂX P A and for any i P

t1, . . . , nu we have E
“

Xi | S
‰

ďCVX Xi. Since X is PO, there is no j P t1, . . . , nu such that

E
“

Xj | S
‰

ăCVX Xj . Thus, Xi
d
“ E

“

Xi | S
‰

, for all i P t1, . . . , nu. In particular, it follows that for

all i P t1, . . . , nu, Var rXis “ Var
”

E
“

Xi | S
‰

ı

, and therefore E
”

Var
“

Xi | S
‰

ı

“ 0. Consequently,

Var
”

E
“

Xi | S
‰

´Xi

ı

“ Var

ˆ

E
”

E
“

Xi | S
‰

´Xi | S
ı

˙

` E
ˆ

Var
”

E
“

Xi | S
‰

´Xi | S
ı

˙

“ 0.
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Hence, since E rXis “ E
”

E
“

Xi | S
‰

ı

, it follows that

E
„

´

E
“

Xi | S
‰

´Xi

¯2


“ Var
”

E
“

Xi | S
‰

´Xi

ı

“ 0.

Since
´

E
“

Xi | S
‰

´Xi

¯2
ě 0, it then follows that E

“

Xi | S
‰

“ Xi, a.s., for all i P t1, . . . , nu.

Consequently, X “ĂX, a.s.

D Proof of Theorem 2.7

By Denuit et al. (2022, Proposition 5.9), X is comonotonic if and only if

X “
`

h1pSXq, . . . , hnpSXq
˘

, (D.1)

with the non-decreasing functions hi, i “ 1, 2, . . . , n, given by (2.12) where αs is defined in eq. (2.8).

We provide a self-contained proof hereafter, for the sake of completeness. First, suppose that X is

comonotonic. We define the connected support of X as follows:

!´

F
´1pαq
X1

ppq , . . . , F
´1pαq
Xn

ppq
¯

ˇ

ˇ p P r0, 1s and α P r0, 1s
)

, (D.2)

as in Dhaene et al. (2002). The connected support of X is indeed a connected curve. Moreover,

this curve is a comonotonic set, meaning that it is is simultaneously nondecreasing in each com-

ponent. Let x :“ px1, . . . , xnq be an element of this connected support, and let s :“
řn
i“1 xi.

Following a reasoning similar to the one of the proof of Dhaene et al. (2002, Theorem 7), we

find that x is the unique point of the intersection of the connected support and the hyperplane
 

py1, . . . , ynq |
řn
i“1 yi “ s

(

. The point
`

h1psq, . . . , hnpsq
˘

, with the non-decreasing functions hi

defined in eq. (2.12), is an element of the connected support of X. Note that for any α in r0, 1s,

´

F´1
X1
pUq , . . . , F´1

Xn
pUq

¯

d
“

´

F
´1pαq
X1

pUq , . . . , F
´1pαq
Xn

pUq
¯

, (D.3)

and

F
´1pαq
ScX

ppq “
n
ÿ

i“1

F
´1pαq
Xi

ppq , @p P r0, 1s . (D.4)

Moreover, taking into account eq. (2.8) and eq. (D.4), we find that

n
ÿ

i“1

hipsq “ s, (D.5)

meaning that
`

h1psq, . . . , hnpsq
˘

is also a point of the hyperplane considered above. From these

observations, we find that

x “
`

h1psq, . . . , hnpsq
˘

. (D.6)
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As this expression holds for any point x of the connected support of X, we can conclude that eq.

(D.1) holds.

Conversely, assume that X is given by eq. (D.1), with the functions hi defined in eq. (2.12). As

the functions hi are all non-decreasing, it follows immediately that X is comonotonic (e.g., Dhaene

et al. (2002a, Theorem 3).

It remains to show that the the functions hi are 1-Lipschitz. First, note that for the functions

hi defined in eq. (2.12), we have:

hipsq “ F
´1pαsq
Xi

´

FScX psq
¯

“

$

&

%

F´1`
Xi

p0q if s ď F´1`
ScX

p0q ,

F´1
Xi
p1q if s ě F´1

ScX
p1q .

(D.7)

Indeed, taking into account our previous conventions eq. (2.7), we immediately find the following

expressions for the functions hi defined in eq. (2.12):

hipsq “ F´1`
Xi

p0q if s ă F´1`
ScX

p0q ,

and

hipsq “ F´1
Xi
p1q if s ě F´1

ScX
p1q .

Moreover,

FScX

´

F´1`
ScX

p0q
¯

“ P
”

ScX “ F´1`
ScX

p0q
ı

“ P
”

X1 “ F´1`
X1

p0q , . . . , Xn “ F´1`
Xn

p0q
ı

ď Fi

´

F´1`
Xi

p0q
¯

.

Combining this inequality with the the fact that the following holds for any α P r0, 1s:

0 ď p ď FX

´

F´1`
X p0q

¯

ùñ F
´1pαq
X ppq “ F´1`

X p0q , (D.8)

P
„

X ă FX

´

F´1
X p1q

¯



ď p ď 1 ùñ F
´1pαq
X ppq “ F´1

X p1q ,

we find that

hi

´

F´1`
ScX

p0q
¯

“ F´1`
Xi

p0q if s “ F´1`
ScX

p0q .

Indeed, apply eq. (D.8) for X “ Xi and p “ FScX

´

F´1`
ScX

p0q
¯

.

We now show that the functions hi defined in eq. (2.12) are 1-Lipschitz continuous on R. First,

we prove that the functions hi defined in eq. (2.12) are Lipschitz continuous on
”

F´1`
ScX

p0q, F´1
ScX
p1q

ı

.

From the first part of this proof, we find that the connected support of X can be expressed as

follows:

!´

`

h1psq, . . . , hnpsq
˘

¯

ˇ

ˇs P R
)

. (D.9)
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Consider s1 and s2 in
”

F´1`
ScX

p0q, F´1
ScX
p1q

ı

. Without loss of generality, we assume that s1 ď s2. For

any j, the functions hj are non-decreasing, implying that hj ps1q ď hj ps2q. In particular, for the

function hi, we find that

ˇ

ˇhi ps2q ´ hi ps1q
ˇ

ˇ “ hi ps2q ´ hi ps1q ď

n
ÿ

j“1

`

hj ps2q ´ hj ps1q
˘

.

Taking into account the additivity property eq. (D.5), this inequality leads to

ˇ

ˇhi ps2q ´ hi ps1q
ˇ

ˇ ď |s2 ´ s1| ,

which means that the function hi is 1-Lipschitz continuous on
”

F´1`
ScX

p0q, F´1
ScX
p1q

ı

.

The conventions eq. (2.7) allow for a continuous extension of hi outside the interval
”

F´1`
ScX

p0q, F´1
ScX
p1q

ı

(see eq. (D.7)). It is easy to verify that this extended function, defined on R, is 1-Lipschitz con-

tinuous on R. Indeed, consider e.g., the case where s1 ă F´1`
ScX

p0q and s2 ą F´1
ScX
p1q. Then we find

that
ˇ

ˇhi ps2q ´ hi ps1q
ˇ

ˇ “ F´1
i p1q ´ F´1`

i p0q ď |s2 ´ s1| .

The other cases follow in a similar way.

E Proof of Theorem 2.9

We first state some preliminary results.

E.1 Preliminary Results

Proposition E.1. If X :“ pX1, . . . , Xnq is comonotonic and Y :“ pY1, . . . , Ynq is such that

$

’

&

’

%

Yi ďCVX Xi, for all i P t1, . . . , nu; and

D j P t1, . . . , nu, Yj ăCVX Xj ,

then
n
ÿ

i“1

Yi ăCVX

n
ÿ

i“1

Xi.

Proof. First note that it follows in particular that for all i P t1, . . . , nu, E
”

pYi ´ dq`

ı

ď E
”

pXi ´ dq`

ı

,

for all d P R. Moreover, the inequality is strict for some j P t1, . . . , nu. Suppose, without loss of

generality, that j “ 1. Then there exists d˚1 P
´

F´1`
X1

p0q, F´1
X1
p1q

¯

such that

E
”

`

Y1 ´ d
˚
1

˘

`

ı

ă E
”

`

X1 ´ d
˚
1

˘

`

ı

.
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The connected support of the comonotonic random vector X can be characterized as follows:

!´

F
´1pαsq
X1

`

FSpsq
˘

, . . . , F
´1pαsq
Xn

`

FSpsq
˘

¯ ˇ

ˇ

ˇ
s P

”

F´1`
S p0q, F´1

S p1q
ı )

.

This implies that for d˚1 , there exists some d˚ P
”

F´1`
S p0q, F´1

S p1q
ı

such that

d˚1 “ F
´1pαd˚ q
X1

`

FSpd
˚q
˘

.

Now, for i P t2, . . . , nu, let d˚i :“ F
´1pαd˚ q
Xi

`

FSpd
˚q
˘

. Since X is comonotonic and
řn
i“1 d

˚
i “ d˚, it

follows that

E

»

–

˜

n
ÿ

i“1

Yi ´ d
˚

¸

`

fi

fl ď

n
ÿ

i“1

E
”

`

Yi ´ d
˚
i

˘

`

ı

ă

n
ÿ

i“1

E
”

`

Xi ´ d
˚
i

˘

`

ı

“ E

»

–

˜

n
ÿ

i“1

Xi ´ d
˚

¸

`

fi

fl .

It remains to show that for any d P R,

E

»

–

˜

n
ÿ

i“1

Yi ´ d

¸

`

fi

fl ď E

»

–

˜

n
ÿ

i“1

Xi ´ d

¸

`

fi

fl ,

but this follows from an argument similar to Corollary 1 in Dhaene et al. (2002a).

Proposition E.2. If Y P A is comonotonic then it is PO.

Proof. Suppose that Y is comonotonic but not PO. Then there exists an allocation Z P A such that

Zi ďCVX Yi for all i P t1, . . . , nu, with at least one strict improvement. Therefore, by Proposition

E.1,
n
ÿ

i“1

Zi ăCVX

n
ÿ

i“1

Yi,

which contradicts the fact that
řn
i“1 Zi “

řn
i“1 Yi “ S. Hence, a comonotonic allocation is PO.

Proposition E.3. Consider the random vectors pX1, X2q and pY1, Y2q with equal marginal distri-

butions, i.e., Yi
d
“ Xi, for i “ 1, 2. If pX1, X2q is comontonic and pY1, Y2q is not comonotonic, then

X1 ´X2 ăCVX Y1 ´ Y2.

Proof. Since pX1,´X2q and pY1,´Y2q have equal marginal distributions, while the first couple is

countermonotonic, it follows from Theorem 3 in Dhaene and Goovaerts (1996) that

X1 ´X2 ďCVX Y1 ´ Y2.

Suppose, by way of contradiction, that the above convex order inequality is not strict. Then

X1 ´X2
d
“ Y1 ´ Y2.
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Taking into account the equality in distribution of the respective marginal distributions, this implies

that

CovrX1, X2s “ CovrY1, Y2s.

It then follows from Proposition 2.3 in Denuit and Dhaene (2003) that pY1, Y2q is comonotonic, a

contradiction. Hence, X1 ´X2 ăCVX Y1 ´ Y2.

We first show Pareto optimality and comonotonicity are equivalent in the bivariate case.

Theorem E.4. A 2-reallocation pX1, X2q P A of the aggregate risk S is comonotonic if and only

if it is Ap2q-PO.

Proof. Suppose first that pX1, X2q P A is comonotonic. Assume, by way of contradiction, that

pX1, X2q is not Ap2q-PO. Then there exists a 2-reallocation pY1, Y2q P A such that Yi ďCVX Xi, for

i P t1, 2u, with at at least one strict inequality. Then, by Proposition E.1,

Y1 ` Y2 ăCVX X1 `X2,

contradicting the fact that Y1`Y2 “ X1`X2. Hence, a bivariate comonotonic allocation is Pareto

optimal.

Now, suppose that pX1, X2q is Ap2q-PO. Assume, by way of contradiction, that pX1, X2q is not

comonotonic. By Lemma 2.6, pX1, X2q is an aggregate risk allocation. That is, there exist functions

fi : RÑ R, for i “ 1, 2, such that

pX1, X2q “
`

f1 pX1 `X2q , f2 pX1 `X2q
˘

. (E.1)

Since pX1, X2q is not comonotonic, at least one of the functions fi is not a nondecrasing function

of X1 ` X2. Without loss of generality, assume that f1 is not a nondecreasing function. Since

the probability space pΩ,F ,Pq is nonatomic, there exists a random variable U on pΩ,F ,Pq with a

uniform distribution on p0, 1q, such that X1`X2 “ F´1
X1`X2

pUq, a.s. (e.g., Lemma A.32 in Föllmer

and Schied (2016). Consider the random couple pY1, Y2q “

´

F´1
X1
pUq, F´1

X1`X2
pUq ´ F´1

X1
pUq

¯

. Then

pY1, Y2q P A, and Y1
d
“ X1. In particular,

Y1 ďCVX X1. (E.2)

Moreover, the random couples
´

F´1
X1`X2

pUq, F´1
X1
pUq

¯

and
`

X1 `X2, f1 pX1 `X2q
˘

have equal

marginal distributions, with the first couple being comonotonic and the second not comontonic.

Therefore, by Proposition E.3 and eq. (E.1), it follows that

Y2 “ F´1
X1`X2

pUq ´ F´1
X1
pUq ăCVX X1 `X2 ´ f1 pX1 `X2q “ X2. (E.3)

Hence, eq. (E.2) and eq. (E.3) imply that pY1, Y2q is a Pareto improvement over pX1, X2q, contra-
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dicting the Pareto optimality of the latter. Consequently, pX1, X2q is comonotonic.

E.2 Proof of Theorem 2.9

We are now ready to provide a proof of Theorem 2.9.

• p1q ùñ p2q: Let X be PO. Assume, by way of contradiction, that there exists i ‰ j P

t1, . . . , nu such that the suballocation Y :“
`

Xi, Xj

˘

of X is not AY -PO. Without loss of

generality, assume that i “ 1 and j “ 2. Then there exists pY1, Y2q P AY such that

Yi ďCVX Xi, i P t1, 2u,

where at least one of the convex order inequalities is strict. Consider now the random vector

Y :“ pY1, Y2, X3, X4, . . . , Xnq .

Then Y P A, and Yi ďCVX Xi, for i P t1, 2, . . . , nu, where at least one of the convex order

inequalities is strict, thereby contradicting the Pareto optimality of X. Hence, Y is AY -PO.

• p2q ðñ p3q: This follows from Theorem E.4.

• p3q ùñ p4q: This follows from the fact that comonotonicity is equivalent to pairwise comono-

tonicity (e.g., Theorem 4 in Dhaene et al. (2002a)).

• p4q ùñ p1q: The proof of this implication is a straightforward multivariate generalization of

the bivariate case. See the first part of the proof of Theorem E.4.

• The equivalence between (4) and (5) has been established in Theorem 2.7. l

F Proof of Proposition 2.10

First, suppose that X is PO. Then by Theorem 2.9 it is comonotonic, and hence by Theorem 2.7,

Xi “ hi pSq , @i P t1, . . . , nu,

for non-decreasing Lipschitz functions hi given by (2.12) where αs is defined in eq. (2.8). In

particular, the functions x ÞÑ hipxq and x ÞÑ x ´ hipxq are both nondecreasing. Therefore, the

2-reallocation pX1, S ´X1q “
`

X1,
řn
i“2Xi

˘

is comonotonic, and hence Ap2q-PO, by Theorem 2.9.

Moreover, the suballocation Y :“ pX2, . . . , Xnq P X n´1 is comonotonic. Therefore, it is AY -PO,

by Theorem 2.9.

Conversely, suppose that Y “ pX2, . . . , Xnq is AY -PO and the 2-reallocation pX1, S ´X1q is

Ap2q-PO. Then it follows from Theorem 2.9 that both Y “ pX2, . . . , Xnq and pX1, S ´X1q are

comonotonic vectors. Hence, there are nondecreasing functions f1, f2 summing to the identity,
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such that X1 “ f1pX1 ` S ´ X1q “ f1pSq, and S ´ X1 “
řn
i“2Xi “ f2pX1 ` S ´ X1q “ f2pSq.

Moreover, there are nondecreasing functions g2, . . . , gn summing to the identity, such that Xi “

gi
`
řn
i“2Xi

˘

“ gipS ´ X1q “ gi ˝ f2pSq, for all i P t2, . . . , nu. Therefore, X1 and S ´ X1 are

comonotonic, and Xi and S ´ X1 are comonotonic for each i P t2, . . . , nu. Consequently, the

allocation X :“ pX1, . . . , Xnq P A is comonotonic, and hence PO, by Theorem 2.9. l

G Proof of Property 4.3

Consider the following support of the comonotonic contribution vector Y “
`

f1 pSq , f2 pSq , . . . , fn pSq
˘

:

S “
!

`

F´1
f1pSq

pqq , F´1
f2pSq

pqq , . . . , F´1
fnpSq

pqq
˘ˇ

ˇq P p0, 1q
)

.

Consider two elements y “py1, y2, . . . , ynq and z “pz1, z2, . . . , znq of S. One has that either y ď z

or y ě z must hold, where the inequality is meant componentwise. This observation implies that

for any i, one has

yi ą zi ô
n
ÿ

j“1

yj ą
n
ÿ

j“1

zj .

Now, chosing z “
`

F´1
f1pSq

ppq , F´1
f2pSq

ppq , . . . , F´1
fnpSq

ppq
˘

, one finds for any i that

yi ą F´1
fipSq

ppq ô
n
ÿ

j“1

yj ą
n
ÿ

j“1

F´1
fjpSq

ppq .

Taking into account the additivity property of the quantiles of a comonotonic sum, one finds for

any i that

yi ą F´1
fipSq

ppq ô
n
ÿ

j“1

yj ą F´1
S ppq .

These equivalence relations hold for any element y of the support S of Y. Hence, for any i, one

has

fi pSq ą F´1
fipSq

ppq ô
n
ÿ

j“1

fj pSq ą F´1
S ppq .

Taking into account the full allocation condition, we can rewrite these equivalence relations as

follows:

fi pSq ą F´1
fipSq

ppq ô S ą F´1
S ppq ,

which corresponds with the stated result. l
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H Proof of Proposition 4.4

From Property 4.3, we know that for any i we have that:

fipSq ą F´1
fipSq

ppq ô S ą F´1
S ppq .

In case S ď F´1
S ppq, these equivalence relations lead to

n
ÿ

i“1

min
!

fipSq, F
´1
fipSq

ppq
)

“

n
ÿ

i“1

fipSq “ S,

while in case S ą F´1
S ppq, one has

n
ÿ

i“1

min
!

fipSq, F
´1
fipSq

ppq
)

“

n
ÿ

i“1

F´1
fipSq

ppq “ F´1
S ppq .

We can conclude that (4.14) holds. l

I Proof of Corollary 4.5

Taking into account the fact that px´ yq` “ x ´ mintx, yu holds for any real x and y, the full

allocation condition, as well as (4.14), we find that

n
ÿ

i“1

´

fipSq ´ F
´1
fipSq

ppq
¯

`
“ S ´

n
ÿ

i“1

min
!

fipSq, F
´1
fipSq

ppq
)

“ S ´min
!

S, F´1
S ppq

)

“ pS ´ F´1
S ppqq`,

which completes the proof. l
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