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Abstract

Two by-now folkloric results in the theory of risk sharing are that (i) any feasible allocation is
convex-order-dominated by a comonotonic allocation; and (ii) an allocation is Pareto optimal for the
convex order if and only if it is comonotonic. Here, comonotonicity corresponds to the no-sabotage
condition, which aligns the interests of all parties involved. Several proofs of these two results
have been provided in the literature, mostly based on the comonotonic improvement algorithm
of Landsberger and Meilijson (1994) and a limit argument based on the Martingale Convergence
Theorem. However, no proof of (i) is explicit enough to allow for an easy algorithmic implementation
in practice; and no proof of (ii) provides a closed-form characterization of Pareto optima. In this
paper, we provide novel proofs of these foundational results. Our proof of (i) is based on the theory
of majorization and an extension of a result of Lorentz and Shimogaki (1968), which allows us
to provide an explicit algorithmic construction that can be easily implemented. In addition, our
proof of (ii) leads to a crisp closed-form characterization of Pareto-optimal allocations in terms
of a-quantiles (mixed quantiles). An application to collaborative insurance, or decentralized risk
sharing, illustrates the relevance of these results.
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1 Introduction and Motivation

Risk-sharing mechanisms have been studied for decades in the actuarial literature. The pioneering
work of Borch (1960, 1962) considered equilibrium in a reinsurance market. Under appropriate
conditions, this author established that any Pareto-optimal allocation is equivalent to a pooling
arrangement, i.e., all the agents hand their individual losses over to a pool and agree on some rule
as to how the total pooled loss would be divided among agents. This corresponds to aggregate risk-
sharing rules, meaning that individual contributions only depend on the total losses of the pool.
Landsberger and Meilijson (1994) then showed that Pareto-optima are comonotonic (and are hence
pooling arrangements) if agents’ preferences agree with the convex order. These authors provided
an algorithm to construct a comonotonic convex-order improvement over any non-comonotonic
risk allocation in the discrete case, which has since been extended to more general cases. See,
e.g., Ludkovski and Riischendorf (2008) for continuous, unbounded risks, and Carlier et al. (2012)
for bounded risks, as well as the references therein. We provide a short overview of the relevant

literature at the beginning of Section 3.

The so-called no-sabotage condition, as referred to by Carlier and Dana (2003), or the comono-
tonicity property in Denuit et al. (2022) imposes that no individual contribution decreases when
total losses increase. Stated otherwise, this means that individual contributions are comonotonic
since each component of a comonotonic random vector is almost surely equal to a non-decreasing
function of the sum of all of its components. In the context of risk sharing, no-sabotage or comono-
tonicity seems to be a desirable property since it ensures that the interests of all participants are

aligned, in the sense that they all have an interest in keeping their losses as small as possible.

In this paper, we contribute to the literature on risk sharing under the convex order in two
directions. First, we revisit the classical result that Pareto optimality for the convex order and
comonotonicity are equivalent. Under the assumption that all random variables involved have
finite second moments!, we provide a novel proof, based on some basic properties of comonotonic
sums. Our proof of this equivalence is somewhat simpler than the proofs proposed so far in the
literature. In addition, our approach provides a crisp closed-form characterization of Pareto-optimal
allocations in terms of a-quantiles (mixed quantiles). Closed-form characterizations of Pareto

optima are typically lacking in the related literature, and our approach fills this gap.

Second, all extensions of the classical result that any feasible allocation is convex-order-dominated
by a comonotonic allocation rely, in one way or another, on the comonotonic improvement algorithm
of Landsberger and Meilijson (1994) and a limit argument based on the Martingale Convergence
Theorem. None of the existing proofs are explicit enough to allow for an easy algorithmic imple-
mentation in practice. In this paper, we suggest an alternative approach, based on the theory of
majorization and an extension of a result of Lorentz and Shimogaki (1968), which allows us to pro-

vide an explicit algorithmic construction that can be easily implemented. We provide a numerical

1 This assumption can be dropped if the aggregate risk is a continuous random variable.



illustration thereof.

As an application, we consider collaborative insurance, also referred to as Peer-to-Peer (P2P)
insurance, or crowdsurance. This corresponds to emerging, technology-based risk-sharing networks
where a group of individuals (e.g., friends, family members, affinity groups, or individuals with
similar interests, such as patients suffering some disease or farmers in the same geographical area)
pool their resources together in order to insure against a given peril. Rooted in the sharing economy,
collaborative insurance revives early forms of mutual insurance. Actuaries started to investigate
the mathematics supporting this new insurance paradigm quite recently. See, e.g., Denuit and
Dhaene (2012), Denuit (2019), and Abdikerimova and Feng (2022). To avoid counterparty risk and
to be able to deal with larger sums insured, Denuit (2020) replaced unlimited ez post contributions
characterizing pure risk-sharing solutions with a deposit paid in advance, combined with an ez post
bonus mechanism restoring fairness, with the guarantee that the final amount due never exceeds
this down payment. Part of the deposit feeds a common fund, while the remaining part is paid to
a partnering insurance company. If the common fund is insufficient to pay for the claims, then the
insurance carrier pays the excess amount. Conversely, if the pool has few claims then the surplus

is given back to the participants, or to a cause that the pool members care about.

The present paper adopts the opposite approach compared to Denuit (2020) and extends the
approach to any allocation rule satisfying the comonotonicity property. Specifically, we propose an
hybrid scheme where participants retain the lower layer through individual deductibles (depend-
ing on their own risk appetite), the community keeps the intermediate layer (which can be seen
as a pooled deductible), and the upper layer is ceded to an insurance company. Participants are
free to select their maximum contribution to pooled losses, and an excess-of-loss risk transfer to
a partnering insurance company operates beyond. The amount to be paid in advance by partic-
ipants is obtained by adding the price of the excess-of-loss protection and a deposit securing the
contribution to the coverage of the layer mutualized inside the P2P community. The system is thus
fully funded, and a cash-back or give-back mechanism operates ex post to restore fairness. Pro-
vided individual contributions are comonotonic, the excess-of-loss protection reduces to a stop-loss

protection limiting the community’s total payout under an appropriate choice of initial deposits

The remainder of this paper is organized as follows. Section 2 considers an insurance pool
where economic agents have convex-order preferences. The equivalence between comonotonicity
and Pareto optimality is then established therein using simple arguments, under the assumption
that risks have finite variances. The key argument is the representation of the components of a
comonotonic random vector as specific functions of their sum, which are characterized in closed
form. Section 3 provides an alternative approach to the convex-order improvement via comono-
tonic allocations, using the theory of majorization instead of the usual approach that relies on
the algorithm of Landsberger and Meilijson (1994) and a limit argument based on the Martingale
Convergence Theorem. The main result therein is our Theorem 3.1, the proof of which explicitly

provides the relevant convex-order improvement algorithm that can be implemented in practice.



Section 4 applies our results to collaborative insurance. New schemes are proposed, combining risk
retention at the individual level, risk transfer for losses that are too costly, and risk sharing for the
middle layer. Section 5 concludes. All proofs are given in the appendices, with the exception of
the proof of Theorem 3.1, which is in the main text, because it provides the different steps for the

implementation of our comonotonic allocation improvement algorithm.

2 Comonotonicity and Pareto Optimality for the Convex Order

2.1 Allocations

Consider a group of individuals exposed to some peril causing a random non-negative monetary
loss at the end of a given observation period, taken to be the time interval (0,1). These losses
are defined on a common nonatomic probability space (Q, F,P). Let X < Li (Q, F,P) denote an
ez-ante given collection of non-negative random variables with finite second moments. We interpret
X as the collection of potential risks under interest. We assume that X" is rich enough to contain
all the random variables mentioned throughout the text. In particular, we assume that X contains

unit uniform random variables.

In the remainder of the text, we consider n agents in a risk pool, each subject to an insurable risk
modeled as a random variable belonging to X’. The initial endowment Xo = (X¢1,...,X0n,) € X"
represents the risks faced by the n agents individually, before any risk sharing takes place. The
pool’s aggregate risk is the sum of all n individual risks comprised into the pool. Total losses are
henceforth denoted as S := > | Xo; and S also belongs to X. An allocation of the aggregate risk
S is a random vector X = (Xi,...,X,) € X" such that >}/ | X; = S. Let A denote the collection

of all allocations:
) o

i=1

A= {XEX”

Obviously, the initial endowment X is itself an allocation in A.

In insurance applications, individual allocations within insurance pools are generally obtained
by applying risk-sharing rules. Formally, a risk-sharing rule is a mapping which transforms any pool
X € A into another random vector Z € A. The results derived in this paper can be equivalently

stated in terms of risk-sharing rules or allocations.

2.2 Pareto Optimality for the Convex Order

Each agent ranks elements of X weakly according to the convex order <cvx, and strictly according

to the strict convex order <cyx, whose definition is recalled next.

Definition 2.1. For allY,Z € X,

Y <cvx Z — E[Y]=E[Z] and E[(Y—d)+] <E[(Z—d)+], vd e R*.



If, in addition, the inequality is strict for some d* € RT, we then write Y <cyx Z.

Hence, Y <cyx Z can be understood as Y having the same expectation as Z, but Y being “less
variable” than Z is some sense. In particular, Y <cyx Z = Var[Y] < Var[Z]. We refer the reader
to Denuit et al. (2005) or Shaked and Shanthikumar (2007) for an extensive presentation of the

convex order and its applications.

We are now ready to define the concept of Pareto optimality with respect to the convex order.
Definition 2.2. An allocation Y = (Y1,...,Y,,) € A is said to be:

1. A Pareto Improvement over an allocation Z = (Z1,...,Zy,) € A if

Y <covx Z;, forallie{l,...,n}; and

Hje{l,...,n},Yj <CVXZj~

2. Pareto Optimal (PO) if there is no allocation Z € A that is a Pareto Improvement overY .

3. Fair (or actuarially fair) if E[Y;] = E[Xo,], for allie {1,...,n}.

It is well-known that for the convex order, conditional expectations provide an improvement.

This is formally recalled below.

Proposition 2.3. For any fair allocation Y € A, the random vector (E[Y1]5],...,E[Y,|S]) € A is
a fair allocation that satisfies E[Y;|S] <cvx Yi, forie {1,...,n}.

When applied to the initial endowment, conditional expectations given the sum define the Condi-
tional Mean Risk-Sharing (CMRS) rule, as referred to after Denuit and Dhaene (2012). Jiao et al.
(2022) provide an axiomatic characterization of the CMRS.

Note that conditional expectations E[Y;|S] are not always increasing in S, and so the CMRS
rule does not necessarily possess the comonotonicity property. An example of such a situation
is given in Section 3.2. When Y has independent components, this can be related to a problem
investigated by Efron (1965) who established that log-concavity is a sufficient condition for one
term to be stochastically increasing in a sum of independent random variables. This problem has
attracted a lot of attention in the literature. General conditions on Y ensuring that E[Y;|S] is
non-decreasing in S are difficult to establish. When n = 2, Saumard and Wellner (2018) extended
Efron’s monotonicity property to the case of general measures on R%. Denuit and Robert (2021)
adopted an asymptotic point of view and studied Efron’s monotonicity property for distributions
which are not log-concave but have density functions with bounded second derivatives and satisfy a
central-limit theorem. This approach is in contrast with sums comprising a limited number of terms

where restrictive conditions must be imposed on the distribution of each term, such as log-concavity



for instance. By letting the number of random variables in the sum increase, the distribution of the
sum will get closer and closer to the standard Gaussian distribution which is log-concave, thereby

linking the two approaches.

Remark 2.4. Note that Proposition 2.3 does not necessarily hold for heavy-tailed risks. Let

Y1,Ys, ..., Y, be independent risks with common distribution function
Fy(z)=1—2"% with0 < ¢ <1.

Recall that for a tail index £ less than, or equal to 1, the mean value is infinite so that these risks
do not belong to X. For any n =1, Chen et al. (2022) established that

1 n
IP’[Y1>t]<]P’[ZYi>t , for allt = 0.
g

Under the expected utility paradigm for choice under risk, this means that every economic agent
prefers the stand-alone loss Y1 over the allocation E[Y1]S] = 2 3" | Y;, whatever the number n of

risks.

2.3 A Characterization of Aggregate Risk Allocations

Some allocations depend on individual losses only through the aggregate loss S. This is the case
with the CMRS rule, for instance. The only relevant information that is not known at time 0 is
thus the outcome of S, while in general, the information not known at time 0 is the outcomes of
the individual losses. Aggregate risk allocations are elements of A such that each component is a

function of S. The next result usefully characterizes such allocations.

Property 2.5. For any allocation 'Y € A and any aggregate risk allocation
Z=(fi(S),. .. fn(S) €A, Y LZ if and only if Y = Z.

The proof of the above result is given in Appendix B. It follows from Property 2.5 that in order
to show that an allocation is an aggregate risk allocation, it suffices to show that it is distributed
as an aggregate risk allocation. Additionally, the following result shows that PO allocations are

aggregate risk allocations. The proof is provided in Appendix C.

Property 2.6. Any PO allocation is an aggregate risk allocation.

2.4 Pareto Optimality vs. Comotonicity

For each X € X, let Fx denote the distribution function of X. The left- and right-continuous

inverses of Fx are given by

F);l (p) := inf {x eR| Fx(z) = p} , Vpe[0,1], (2.2)



and
Fx'" (p) :=sup{z e R | Fx(z) <p}, Vpe[0,1], (2.3)

respectively, with the convention that inf ¢§ = oo and sup & = —o0.

Consider a random vector X = (Xi,...,X,) € X", with respective marginal distribution
functions F,, ..., Fx,, and let Sx := > | X;. The random vector X is said to be comonotonic
if

d -1 —1
x4 (FX1 (U),...,Fx! (U)) , (2.4)

for any random variable U that is uniformly distributed over the unit interval. Comonotonicity
is an important dependency structure, with many applications in insurance and finance. See, for
instance, Dhaene et al. (2002a, 2002b, 2006), or Deelstra et al. (2010). In order to indicate that X
is a comonotonic random vector, we will use the notation X°. We also introduce the notation S%

for the related comonotonic sum:

S5 = i x4 i Fx (). (2.5)
=1 i=1

As in Dhaene et al. (2002a), for any « € [0, 1], we define the a-quantile of X (or the a-inverse

of Fx) as the following convex combination of F)zl and F)}”:
Fe @ (p) = a Fl(p) + (1 - a) Fx ™ (p), Wpe (0,1). (2.6)
Moreover, for any « € [0,1],
F ' (0) := F'* (0) and FZ ' (1) := Fg' (1). (2.7)
For any z in (F)}H(O), Fgl(l)), there exists a (not necessary unique) « € [0, 1] such that
F') (Fy(x)) = a. (2.8)
Indeed, defining «, as

F);lJr (FX (x))fx

it Fx't (Fx(z)) # Fx! (Fx(z)),

oy =4 Fx T(Fx(@)-Fx' (Fx()) (2.9)
1 otherwise,
leads to eq. (2.8). By convention, we set
0, ifx<Fg't(0),
api={ o NTSIX ©0) (2.10)
1, ifz>Fg (1)



This implies that

—1(ag
F') (Fx(x)) = (2.11)
Based on the characterization of comonotonicity given in Denuit et al. (2022), we obtain the
following generalization of a result of Denneberg (1994). Notice that hereafter, equalities between
random vectors are to be understood as a.s. equalities. The proof of Theorem 2.7 is given in

Appendix D.

Theorem 2.7. A random vector X is comonotonic if and only if
X = (m(S),...,ha(9)),
where the functions h; are the non-decreasing and 1-Lipschitz functions given by
hi(s) = Fy () (Fsg{ (s)) L VseR, Yie{l,...,n}, (2.12)
with as as in eq. (2.8).

In Denneberg (1994, Proposition 4.5) it is shown that a random vector X with aggregate sum

Sx := Y, X; is comonotonic if and only if there exist non-decreasing and continuous functions
fi with 337", fi(s) = s, such that

X = (f1(5x),f2(Sx),---, fn(Sx)) . (2.13)

In fact, Denneberg (1994) gives a proof for the case n = 2, but the proof can easily be generalized
for any n > 2. In Denuit et al. (2022), it is stated without proof that the functions h; defined in
eq. (2.12) are continuous. This means that the explicit expressions for the functions f; in eq. (2.13)
are given by the functions h; defined in eq. (2.12). Theorem 2.7 proves the stronger result that the

functions h; are Lipschitz continuous (and hence, also continuous).

The following result is the well-known equivalence between comonotonicity of allocations and
Pareto-optimality for the convex order. We provide here a novel proof that, unlike the constructive
approaches in the vein of Landsberger and Meilijson (1994), provides a direct and crisp closed-
form characterization of Pareto optima. Namely, for convex order preferences, Pareto optima are

a-quantile risk-sharing rules, and vice versa.

Before stating the main result of this section, we need to introduce the following concepts.
Definition 2.8. Let X := (X1,...,X,) € A be a given allocation of the initial aggregate risk S.

1. A suballocation of X is any element'Y := (Y1,...,Y,,) € X™, for some m € {1,...,n}, such

that for each j € {1,...,m}, Y; = X;, for some unique i € {1,...,n}.



2.

For a given suballocation' Y := (Y1,...,Yy) of X, let
m m
Ay =22y, Zm) € X™ | > Z; = DY
j=1 j=1

denote the set of all possible reallocations of the aggregate risk Z;n=1 Y; of the suballocation
Y.

For a given suballocation' Y := (Y1,...,Yy) of X, an allocation (Z1,...,Zy) € Ay is said
to be Ay -PO if there is no other allocation (W1, ..., Wy,) € Ay such that

W; <cvx Zj, forall je{1,...,m}; and

Hj* € {1,...,m}, Wj* <covx Zj*.

. For a givenm € {1,...,n}, an m-reallocation of the aggregate risk S is a vector (Z1,...,Zm) €

X™ such that Y | Z, = S. Let A denote the collection of all m-reallocations of the initial

aggregate risk:

A = 32y, L) € X | D 2 =8
k=1

For a given m € {1,...,n}, an m-reallocation Z = (Z,...,Zy) of the aggregate risk S is
said to be A™-PO if there is no other allocation (Wy,...,Wp) € A™ such that

W; <cvx Zj, forall je{1,...,m}; and

Hj* € {1,...,m}, Wj* <covx Zj*.

The following result shows the equivalence between comonotonicity and Pareto optimality. Its

proof is given in Appendix E.

Theorem 2.9. For any allocation X := (X1,...,X,) € A, the following are equivalent:

1.

2.

X s PO.
For any i # j € {1,...,n}, the suballocation Y := (X;, X;) of X is Ay-PO.

For any i # j € {1,...,n}, the suballocation (Xi,Xj) of X is comonotonic.

. X 1is comonotonic.

X = (h(S),...,hn(S)), where the functions h; are the non-decreasing and 1-Lipschitz func-
tions given by (2.12) with as as in eq. (2.8).

Each suballocation Y of X is Ay -PO.



The following result shows that PO essentially reduces to pairwise PO, with pairs involving one

participant and merging all other ones. Its proof is given in Appendix F.

Proposition 2.10. Let X := (Xi,...,X,) € A be a given allocation, and consider the suballo-
cation Y = (Xo,...,X,) € X" 1. Then Y is Ay-PO and the 2-reallocation (leZ?:z Xi) =
(X1,S — X1) is A®-PO if and only if X is PO.

The reduction to 2-reallocations is central to operational anonymity as defined in Jiao et al.
(2022). Notice that operational anonymity is closely related to fair merging and is a special case
of fair bilateral redistribution as defined in Denuit et al. (2022).

Remark 2.11. Proposition 2.10 suggests an iterative for approach to Pareto optimality in the

n-agent case:
1. First find an A®-PO allocation (X§,S — X7), and let S@*) := § — X}.
2. Then find a PO allocation of S**) of dimension 2. Denote it by (X5, 2% X5).

3. Let SG*) .= §(2#) _ X5, and find a PO allocation of SG*) of dimension 2. Denote it by
(X3, 86 — x¥).

4. Continue this process and until X is determined. Then the resulting allocation (Xf‘, X5, ... ,X;l")
is PO, by Proposition 2.10.

3 Convex-Order Improvements: An Algorithmic Approach

A classical and foundational result in the literature on Pareto efficient allocations is that any
allocation is dominated in the convex order by a comonotonic allocation. Landsberger and Meilijson
(1994, Proposition 1) provides an explicit construction of the dominating allocation for the case
of two-dimensional allocations that are supported by a finite set. The extension beyond that case
is not entirely trivial. Dana and Meilijson (2003) provides such an extension to the case of more
general random variables, based on a limit argument applied to the construction of Landsberger
and Meilijson (1994). However, they assume that the extension of Landsberger and Meilijson’s
(1994) algorithm to n-dimensional discrete allocations holds, without providing a proof thereof for
n > 2. Filipovi¢ and Svindland (2008, Proposition 5.1) provides an extension of Landsberger and
Meilijson’s (1994) approach to general random variables but remains in the case of two-dimensional
allocations. Ludkovski and Riischendorf (2008, Theorem 1) uses the same approach as Landsberger
and Meilijson (1994) and provides an extension to the case of n-dimensional discrete allocations
(but the full details are only given for the case n = 2), while their Theorem 2 uses a limit argument
similar to Dana and Meilijson’s (2003) to extend their Theorem 1 to the case of general random
variables defined on a nonatomic space. Riischendorf (2013, Theorems 10.47 and 10.50) provides

a unifying proof of this result in the n-dimensional case and for general random variables, again



based on the algorithm of Landsberger and Meilijson (1994) and a limit argument, but details are

only given for the case n = 2.

The difficulty with the aforementioned approach is that it is hard to implement in practice,
because of the nature of the limit argument involved. Here, we provide a constructive proof of this
comonotonic convex-order-improvement result that suggests an algorithmic approach that can be
easily implemented in practice and is detailed for all n. Our approach is related to the literature
based on Landsberger and Meilijson’s (1994) construction, but it takes a different route and is based
instead on an extension of a result of Lorentz and Shimogaki (1968). Specifically, Proposition 2
of Lorentz and Shimogaki (1968), while stated in a different setting and framework than the risk
sharing problem we examine here, is of direct relevance. Appendix A provides some background
material related to the majorization order of Hardy, Littlewood, and Pdlya (1929, 1952).

3.1 Convex-Order Improvement

We are now ready to state the main result of this section.

Theorem 3.1. For each X = (X1,...,X,) € A, there exists Y := (Y1,...,Y,) € A such that Y
18 comonotonic and satisfies
Y <ovx Xi, Vie{l,...,n}.

Proof. Fix X := (X1,...,X,) € A, and let X" := (X?, .. ,Xg) where X := E [Xl- | S], for each
i € {l,...,n}. Then there are Borel-measurable functions g; : R — R such that X? = g;(5), for
each i € {1,...,n}. Moreover, by Proposition 2.3, X € A and for any i € {1,...,n} we have

9i(95) <cvx Xi.

Since the probability space (€2, F,P) is nonatomic, there exists a random variable U on (Q2, F,P)
with a uniform distribution on (0,1), such that S = Fg' (1 —U), a.s. (e.g., Féllmer and Schied
(2016 - Lemma A.32)). Therefore, Fg!(1—U) = 37, g; (Fgl (1- U)), a.s., or equivalently

f(u)= Z fi(u), fora.e.ue|0,1],

=1

where for all u € [0, 1],

f(u) = FS_1 (1—u) and f;(u):=g; (f(u)) .

Then f is a nonnegative and nonincreasing function on [0,1], and for each i € {1,...,n}, f;
is a nonnegative function on [0,1]. Moreover, S = f(U), a.s., and fi(U) = X?, as., for each
ie{l,...,n}.

We wish to find nonnegative and nonicreasing functions {ﬁ}?zl such that f =", ﬁ and, for

10



each i € {1,...,n},
£ (U) <cvx fi (U) (<cvx Xi),

since this would then imply that Y := < fi ),..., o (U )) is the desired allocation. It is therefore
enough to find functions {ﬁ}f;l such that >\ fi = >y fi=fand fi < fi, forallie {1,...,n},
where < is the majorization preorder relation and means that {; .]?l* (t) dt < §y fF(t) dt, for all
u € [0, 1] where fl* and f denote the decreasing rearrangements of jN’Z and f; (see also Definition
A.1), since then we have f; (U) <cvx fi (U), for all i € {1,...,n}, and 3", fi (U) = f (U), by
Lemma A.9. We do this in two steps:

(a) Assume first that f, f1,. .., f, are step functions with common intervals of constancy, (ax—1, ax),
for k =1,...,p, with a9 = 0 and a, = 1. Let f; (¢) = l,(:) on (ag_1,ax), for each i € {1,...,n}
and k € {1,...,p}. If all functions fi, ..., f, are nonincreasing on [0, 1], then the result follows
immediately. Assume, therefore, that not all of the functions fi,..., f, are nonincreasing on
[0,1].

Note that (as in Lorentz and Shimogaki (1968)) it is enough to show (by induction) that if,
for some 1 < m < p — 1, the functions { fi}?zl are nonincreasing on (ag, a,, ), then there exist

functions { ﬁ-}?:l that are nonincreasing on (ag, ap,+1) and satisfy
n - n -~
M=) fi=f and fi<fi, Vie{l,...,n}.
i=1 i=1

Assume, without loss of generality, that the functions fi,..., fi, for 1 < k < n — 1, have
larger values on (@, Gm+1) than on (am,—1, am), while the other functions are nonincreasing

on (ag, ami1). For each i € {1,...,k}, let p® be the smallest integer in [0,m) that satisfies

. 1 Am+1 i )
AD J fiyde =19, ==,

Um+1 — ap(’i) (i)

Then AV < l;?i) (unless pld) = 0) and PARIRS l,gi)+1. We may assume without loss of generality
that
D <p® <. <p® < m.

~\ N
We construct the functions { f,} as follows:

i=1

e Forie{l,... Kk}, let

AD i te <a ©,a )
r: ’ pli)s m+1 |5
fi(t) = (3.1)
fi (t), otherwise.
For i € {1,...,k}, the step function f; is nonincreasing on (ag, am1), nonnegative, and
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satisfies ﬁ < fi by averaging (Proposition A.2).

e Forve{k+1,...,n}, let .
{ ; 1 _

= m+1
= .
Z;L k+1 (l(]) B l%l—l)
Then the constants «; are nonnegative and sum to 1. For each j € {p(l), ...,m} and

each t € (aj, ajH), let .
=Y (A - ().
h=1

For j e {p(V),...,m — 1}, we have §,(t) > 0 for all t € (aj,a;j+1). Moreover, 0, (t) < 0
for all t € (aj, aj+1), and

Z 5j(t)(aj+1 — aj) = 0, Vite (aj, a,j+1) . (3.2)
j=pM)

Now, forie {k+1,...,n} and j e {p(I, ..., m}, let

- i (1) — 05 () ay, f 11 i ;
fi(t) = fit) =85 (0o, for all £ & (0. 541) (3.3)

fi (t), outside of the interval (ap<1),am+1).

First note that, for each j € {p(),... , m} and each t € (aj, aj+1), we have

2 -

n k n
NGRS FACED W (ACESAC) L EDWAC
i=1 i=k+1 h=1 i=1
Moreover, for each i € {k+1,...,n}, the function ﬁ is nonincreasing on (ap(l) , am> and
satisfies
fl <W> = lﬁrzz) - 6m*10‘i = lgi)+1 maz fz <am+2am+1> ,

. . . . oy > . . . rs +
since f is nonincreasing. Additionally, f; is nonnegative on (a (1>,am+1), since f; (‘1’”7;’"“)

is nonnegative. Furthermore, ", ., (l( D _ lﬁ:?ﬂ) > Zle (lg,?Jr1 l,(f;,)), implying that

fi is also nonincreasing on (@, Gm4+1)-

Hence, for each i € {1,...,n}, the function ﬁ constructed above satisfies

12



~ < fi on (ag,am);
fi

>fi on (amyam+1)'

However, by (3.1), (3.2), and (3.3),

rmﬂ fi () dt = Jamﬂ fi(t)dt, Vie{l,... n}.

0 0

Additionally, for each i € {1,...,n},
J ﬁ (t)dt < j fi(t)dt, Yz e (ap,am+1)-
0 0

Since all of these functions are nonincreasing on the intervals considered, it follows that

fi<fi Vie{l,...,n}.

(b) Suppose now that the functions f, fi,..., f, are any nonnegative functions on [0,1]. Then
+0
for each i € {1,...,n}, there exists a sequence { fl-(k)} of nonnegative simple functions on

[0,1] that converges pointwise and monotonically upward to f;, namely:

+o0
For each k € N, let f*) := > fi(k). Then { f(k)}k ) is a sequence of nonnegative simple
functions on [0, 1] that converges pointwise and monotonically upward to f.
Now, it follows from part (a) above that, for each k € N, there are functions { ffk)}n . such
1=
that >, ]?i(k) = D1 fi(k) = f® and f}k) < fi(k), for all i« € {1,...,n}. Then, letting
fi = klim fi(k), for each i € {1,...,n}, it follows that >’ , ﬁ = f. The rest follows from
—00

Proposition A.3.

O

3.2 An Example

Here we provide a simple example that illustrates the algorithmic approach suggested in the proof
of Theorem 3.1. Suppose, for the sake of illustration, that n = 3. Let X < L% (Q, F,P) denote an
ex-ante given collection of potential risks under interest, where (2, F,P) is a nonatomic probability
space. The initial random endowment is the vector Xg = (Xo,1, Xo2, X03) € X 3. representing the

risks faced by the 3 agents individually, before any risk sharing takes place. The pool’s aggregate
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risk is § := X1 + Xo2 + Xo,3, and the set of feasible allocations is

A= {X = (X1, X2, X3) € A3

X1+X2+X3=S}.

We assume, for the sake of illustration, that the components of Xy are independent. Xg1
and X2 follow a truncated exponential distribution with parameter 5 > 0 on the interval [0, M],
for some given M < +o0, with a probability density function f given by f(z) := %, for
x € [0, M]. For some given N < +00, X 3 follows on the interval [0, N] a truncated mixture of an
exponential distribution with parameter 8 > 0 and a gamma distribution with parameters o > 1
and 8 > 0, with equal mixing weights 0.5. The probability density function g of Xy 3 is then given
by g(z) := fév(éi%zﬁ://l;(&)));:iﬂ; - for x € [0, N]. For the numerical illustration, we take 8 = 1/2,
M =10, a = 8, and N = 30.

Figure 1 provides the probability density function of the aggregate risk S, as well as a plot of
the agents’ allocations. The initial allocations considered at the beginning of the algorithm are the
CMRS allocations X characterized by the functions s — E[X( ;]S = s], for agent i € {1,2, 3} (black
lines). We note that the allocation functions of agents 1 and 2 are not increasing in s, and so the
CMRS allocations are not comonotonic, and a fortiori not Pareto optimal. We therefore implement
the algorithm presented in the previous section in order to obtain a comonotonic improvement.
The final allocation functions (red lines) become non-decreasing functions in s, thereby leading to
a comonotonic and hence Pareto-optimal allocation vector. The algorithm replaced, on an interval
including the decreasing parts of agents 1 and 2, the initial functions by constant functions, while
preserving the expectations of the allocations and guaranteeing the component-wise convex-order
improvement of the allocation vector. Figure 2 provides plots of the initial and final functions f;,
for i € {1,2,3}, used in the algorithm.

4 An Application to Collaborative Insurance

4.1 Risk Retention, Risk Sharing, and Risk Transfer

Under pure P2P insurance, the participants’ contributions are theoretically unlimited. This requires
confidence among the participants since the level of the actual contributions to be paid ex post
remains unknown until the end of the period, and some participants may be unwilling or unable to
pay their contributions at that time. These thoughts lead to the need of an adapted approach where
pure risk sharing is combined with classical insurance. By partnering with an established insurance
company, the community can benefit not only from the risk-bearing capacity of the insurer, but
also from its experience in claim settlement and the related administration. An effective solution
can be obtained by combining self-insurance or risk retention by the individual participants, risk

pooling at the level of the community, and risk transfer to an insurance company.

As above, we denote the loss of individual i € {1,...,n} by Xo; € & before any risk sharing
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Figure 1: Plots of the probability density function of S and of the agents’ allocations.

15



35

30

25

20

15

10

Function f;

— Input function
—— Output function
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
u
Function f,
— Input function
—— Output function
T T T T T T
0.0 0.2 0.4 0.6 0.8 10
u
Function f3

— Input function

—— Output function

0.0

0.2

0.4 0.6 0.8 1.0

Figure 2: Plots of the functions f;, for i € {1,2,3}.

16




operates. Some participants may consider retaining some risk in order to reduce their contribution.
In practice, this is often achieved by applying a deductible or a quota-share arrangement. In the
former case, participant ¢ retains min{Xy;,[;} for some positive deductible l;, while in the latter

case, participant ¢ retains (1 — a;)Xo,; for some percentage o € [0, 1].

In liability insurance for instance, some large losses may happen which challenge or even exceed
the risk-sharing capacities of the P2P insurance community. Considering that Xo; is typically a

compound sum of the form
N;
Xoi = Y, Cin,
k=1

where C; ;. is the loss from event k, and IV; is a given counting process, an excess-of-loss cover may
be needed to cap losses caused by a given event to some maximum wu;. In this case, the amount
Zgi1(ci,k — u;)4 is transferred to the insurer and does not enter risk pooling. The corresponding

premium must be paid by participant ¢ at time 0.

Henceforth, we only consider the part of the loss that is neither retained by participant ¢ through
deductible or quota share, nor transferred to the insurer through an excess-of-loss cover. Let X; be

the corresponding random variable. For instance, we may have

when participant ¢ retains an amount up to /; for each per-event loss C; 1, while the upper layer
(ui,0) of each C;j is transferred to the partnering insurer through an individual excess-of-loss
cover. Clearly X := (X1, Xo,...,X,,) € A.

4.2 Aggregate Risk Allocations

In this section, we will only consider comonotonic risk allocations of which the ex post contributions
of the participants can be expressed as non-decreasing functions of the aggregate loss S of the pool
(see (2.13)). In other words, we examine Pareto optimal allocations, and we will propose some P2P
insurance schemes that will operate on these Pareto optima. Note that, in light of the convex-order

improvement result of Theorem 3.1, this is not a limiting assumption.

Then, suppose that at time 0 the individual random losses in the pool X are re-allocated by

transforming X into a contribution vector Z of the following form:

Z:(fl(S)af2(S)7afn(S))v (4'1)

where the functions f; : R™ — R™ are non-decreasing and such that the full allocation property is
satisfied:

D fi(S) = 5. (4.2)
i=1
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Note that Theorem 3.1 and its proof explain how the transformation from X to Z can be performed.
Theorem 2.7 allows us to represent Z with functions f; given by (2.12). Moreover, we know from

Theorem 2.9 that PO allocations are of this form.

The aim of this section is to propose an effective P2P insurance scheme applying to any PO al-
location. Precisely, we extend the approach proposed in Denuit (2020) under the CMRS rule to any
aggregate risk-sharing rule satisfying the comonotonicity property, that is, leading to comonotonic

individual contributions. Theorem 2.7 allows us to represent the resulting individual contributions.

The approach presented here is in some sense the opposite of the the approach presented in
Denuit (2020). In the latter paper, one starts from a stop-loss protection and notices that it reduces
to a set of individual excess-of-loss covers when the CMRS rule satisfies the comonotonicity property.
This result can then be applied to split the price of the stop-loss cover among participants, each
one contributing in function of the risk he or she brought to the pool. In the current paper, we
start from individual excess-of-loss covers, which offers more flexibility, in that participants remain
free to select their maximum contribution to the pooled losses individually. With an appropriate
choice of these maxima, we are able to generalize the results obtained in Denuit (2020) for the

CMRS rule to any risk-sharing rule satisfying the comonotonicity property.

4.3 Excess-of-Loss Risk Transfer under General Deductibles for the Contribu-
tions

4.3.1 Limiting each participant’s contribution

Suppose that at the individual level, the contribution of each participant i € {1,...,n} in the pool
is limited to the lower layer [0,d;]| of f;(S), for some deductible d; > 0, whereas the upper layer
(di,0) of f;(S) is transferred to an insurer. In other words, the contribution to be made by each
participant ¢ is restricted via an excess-of-loss cover. The full contribution f;(S) to be paid to the

pool is split as follows:

fZ(S) = mln{f,(S’),dZ} + (fZ(S) - di)+ , (43)

where the contribution of participant 7 is given by min { 1i(9), di}, whereas the excess-of-loss pay-

ment to be made by the insurer to the pool equals (f;(S) — di)+.

Taking into account the full-allocation condition (4.2), the aggregate loss S of the pool X can
be expressed as the sum of the comonotonic contributions f;(S). We then find from (4.3) that

n

S = gmin{fi(S),di} + > (fi(S) —di), - (4.4)

=1

Identity (4.4) decomposes the aggregate loss S covered by the pool into a first part corresponding
to the participant’s limited contributions and a second part consisting of the losses covered by

insurer’s excess-of-loss protection.
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4.3.2 Initial deposit and cash-back mechanism

In order to guarantee that each participant ¢ contributes as promised, the pool may require each
of them to pay the deposit e "d; ex ante (where r is a deterministic discount rate), with the
guarantee that the final amount to be paid by participant ¢ at time 1 will never exceed the time-1
value d; of this up-front payment. The surplusses (di — fl(S)) 4 which will be observed at time
1, are then returned ex post to the respective members of the pool. The community can decide
to distribute these cash-back amounts among participants or donate them to charity (through a

give-back mechanism). Taking into account this cash-back operation, we can rewrite (4.3) as

fi(8) = di — (di = fi(S)) . + (fi(S) —di) ., (4.5)

which decomposes the contribution f;(S) to the pool into three parts: the time-1 value of the
deposit paid by participant 7 to the pool at time 0, the time-1 cash-back value paid by the pool
to participant 7, and the time-1 excess-of-loss claim payment made by the insurer to the pool,
respectively. In this way, the pool will have the amount " ; fi(S) available at time 1, which due
to the full allocation condition (4.2), exactly matches the aggregate claims S covered by the pool.

Considering (4.2), equation (4.5) leads to

3

S = di_z (di = fi(9)) , +Z (fi(S) —di) . - (4.6)

% =1

This expression decomposes the aggregate loss covered by the pool into a first part which constitute
the deposits paid by the participants, a second part which describes the cash-backs paid to the

respective participants, and a final part consisting of the insurer’s excess-of-loss claim payments.

4.3.3 Pricing the excess-of-loss covers

Mean value premium calculation principle The total amount to be paid ex ante by partic-
ipant ¢ is given by

e "d; + m;,
where e™" d; is the deposit for the cover of the lower layer (0;,d;) of f;(S), while 7; is the insurance
premium for the excess-of-loss protection for the upper layer (d;, ) of f;(S). In exchange, the
pool pays for the loss X; and offers a non-guaranteed cash-back (d; — f;(S))+ in case of favorable

experience.

When the individual excess-of-loss insurance premia 7; are determined according to the mean-

value premium calculation principle, we have that

—_— ) ]E[(fi(S) —d,;)+], (4.7)

for some non-negative loading parameter 6. The total premium collected by the insurer is then
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given by i
W_Zm_e (1+0)E [Z ] (4.8)

If the insurer charges a positive loading # in addition to the pure premium for the excess-of-loss
covers, the system cannot be fair as a whole in the sense that the expected total payments made by
participant ¢ will be strictly larger than the corresponding expected claim E [X;]. However, in case
the allocation satisfies the actuarial fairness property (Definition 2.2), that is E[f;(S)] = E [X],
and if we set the loading parameter 6 equal to 0, we find that the system is fair. Indeed, taking
into account (4.5) and (4.7), we find that

di+ ¢ m—F [(di - fi(S))J —E[X].

This means that the time-1 value of the expected payments of participant ¢ (that is the time-1 value

of the deposit and the premium minus the expected cash-back payment) is equal to the expected
loss E[X;].

Risk-based premium calculation principle In (4.7), we assumed that the premia of individual
excess-of-loss covers are determined via the mean-value premium calculation principle. Suppose now

that the individual insurance premia are determined by

—p (e (1U8) i), ) (4.9)

for a given risk measure p, which is assumed to be additive for comonotonic risks, such as a distortion
risk measure (e.g., Denuit et al. (2005) or Dhaene et al. (2006)). In this case, the total premium

collected by the insurer is given by

= if) ((fi(s) - di)+) =p <i (fi(S) - di)+> : (4.10)

=1

where the last equality holds because (( FUS) = di) s (fo(Sn) = d2) s (fu(Sn) — dn)+) is a

comonotonic random vector, while p is assumed to be additive for comonotonic risks.

Example 4.1. Suppose that p is the Value-at-Risk at probability level g € (0,1). Hence, p[X] =
F)}l(q) for any random wvariable X. Taking into account that the quantile of a non-decreasing and
left-continuous function of a random variable is equal to that function evaluated at the same quantile
of the random variable (e.g., Theorem 1 in Dhaene et al. (2002a)), we find that

n Fe_r(ﬁ( i) i(f (F( —di>+, (4.11)

=1

where we assumed that the functions f;, which are non-decreasing, are also left-continuous.
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4.4 The Case of Uniform Quantile Deductibles for the Participant’s Excess-of-

Loss Covers

The preceding subsection provides actuaries with a flexible P2P insurance solution, where the d;
are freely selected by participants using an excess-of-loss cover. The next example illustrates a case
where the collection of the participant’s individual excess-of-loss covers turns out to be equivalent

to a stop-loss cover for the pool.

Example 4.2. Consider a group of participants in a pool X of exchangeable losses (that is, the
random variables {X;}"_; are exchangeable, whizh means that their joint distribution function is
invariant by permutation). Suppose that the aggregate loss S is allocated according to the uniform
risk-sharing rule, meaning that the contributions are given by f;(S) = S/n. Further assume that
each participant i restricts his or her contribution by an excess-of-loss cover with deductible d; = d/n.

FEach participant then contributes ex post the amount min{S/n,d/n}. The whole community retains

n
Z min{S/n,d/n} = min{S, d},
i=1
which corresponds to a stop-loss treaty protecting the pool: The total losses that the pool faces is

capped at the priority d and the excess (S — d), is transferred to the partnering insurer.

Let us now demonstrate that the equivalence between the collection of individual excess-of-loss
covers and the aggregate stop-loss cover illustrated in Example 4.2 in fact holds in general when d;
are quantiles at the same probability level of f;(.S), that is, the deductibles d; are determined by

d; = Fﬁ(ls) (p) (4.12)

for a given probability level p € (0,1). Taking into account the additivity property for the quantiles

of a comonotonic sum, we find from (4.12) that
Zldi = ;Fg(ls) (p) = F5' (p), (4.13)

which means that the sum of all deposits paid ex ante by the participants is equal to the quantile

at probability level p of the aggregate claims S of the pool.

The following result shows that, under mild condition imposed to the allocation, the choice
(4.12) ensures a form of solidarity among participants, in that either everyone or no one receives

cash-back or give-back at the end of the period.

Property 4.3. Suppose that all f; are non-decreasing. In this case, all participants receive a positive
cash back if and only if S < Fg L(p). Similarly, the insurance payments are positive for every

participant if and only if S > F§1 (p).
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The proof of Property 4.3 is given in Appendix G. Under (4.12), Property 4.3 shows that all
participants have the same probability of receiving some cash-back, and if some surplus emerges, a
cash-back is distributed to each participant. This is in contrast with the system where participants
freely select their deductible level d;. In that case, some participants may be granted cash back,
but not all.

A similar conclusion holds for the insurance payments. Under (4.12), all participants have
the same probability of receiving a positive insurance payment, and if such an insurance payment

occurs, the insurance payments are distributed to each participant.

Proposition 4.4. The sum of all retained contributions min {fi(S),FJZ(IS) (p)} paid by the indi-
vidual participants is equal to the aggregate losses observed in the lower layer (O,F§1 (p)) of S,

1.€.,

i min { fi(S). Fy ks, (p)} — min {5, Pyt (p)} . (4.14)
=1

The proof of Proposition 4.4 is given in Appendix H. Proposition 4.4 immediately gives rise to

a simple expression for the aggregate claim payments made by the insurer.

Corollary 4.5. The sum of all claim payments made by the insurer is equal to the part of the

aggregate claims S situated in the upper layer (FST1 (p),00), i.e.,
> (H(9) = Frls) @) = (5= F5" 0))s- (4.15)
=1

The proof of Corollary 4.5 is given in Appendix I. Corollary 4.5 states that the excess-of-loss
insurance contract underwritten by the pool for covering the upper layer (FJZ(IS) (p) ,oo) of f;(S)
for any of its participants can be interpreted as a stop-loss insurance with retention Fg ! (p) on the

aggregate claims S of the pool.

From (4.8) it follows that when the mean-value premium calculation principle is used, the
total premium 7 to be paid to the insurer for covering all the upper layers (FJZ(IS) (p) ,oo) of the

respective contributions f;(.5) is given by
7= e (14 0) B[(S - Fy' (1)), (4.16)

On the other hand, when the insurance cover is determined with a risk measure p which is additive

for comonotonic risks, we find from (4.10) that

= p((S—Fsl (p))+) .

The next result follows immediately from Proposition 4.4 and the fact that (z —y), = = —

min{z, y} holds for any real z and y.
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Corollary 4.6. The sum of all ex post cash-back payments from the pool to the participants is given
by
2 (Fris) @) = £:(5)) | = (F5" () = S).- (4.17)

Taking into account the results obtained above, we can conclude that the pool’s decomposition
equation (4.4) with d; = FJZ(ls) (p),i=1,2,...,n, becomes

Szmin{S,Fs_l(p)}—i-<S—Fs_l(p))+. (4.18)

This equation shows that the aggregate losses S of the pool can be split in two parts. The first part

is equal to the sum of the constrained contributions min { fi(9), F;(ls) (p)} paid by the participants,

which can be expressed as min {S, Fq ! (p)} The second part is equal to the sum of all excess-of-

loss payments, which can be expressed as (S —Fg ! (p)> . We can conclude that the collection of
+
individual excess-of-loss insurance contracts can equivalently be interpreted as a single aggregate

stop-loss insurance contract limiting the community’s aggregate loss.

In a similar way, we find that the pool’s decomposition equation (4.6) can be written as

S=F5'0) - (F5' ) =) +(S-F' ) . (4.19)
where Fg L (p) is the time-1 value of the total amount of the ex-ante deposits paid by the partici-
pants, while (F S Lp) - S) is the total amount of ex post cash-back payments to the participants,

+

and (5’ - Fg ! (p)) represents the sum of the individual excess-of-loss claims paid by the insurer
+

to the different participants.

5 Conclusion

Two important results in the theory of n-person risk sharing with convex-order preferences are that
any feasible allocation is convex-order-dominated by a comonotonic allocation, and an allocation is
Pareto optimal for the convex order if and only if it is comonotonic. While several proofs of these
results have been provided in the literature, none gives a closed-form characterization of Pareto
optima, and none provides an algorithm for the convex-order improvement result that can be easily
implemented in practice. Indeed, existing proofs rely, in one way or another, on the comonotonic
improvement algorithm of Landsberger and Meilijson (1994), which is only provided for the case of
2-agent risk sharing, and a limit argument based on the Martingale Convergence Theorem. This
leads to neither closed-form expressions for Pareto optima, nor an easy algorithmic implementation

of the convex-order improvement mechanism in the general n-person case.

In this paper, we provide novel proofs of these foundational results that alleviate the concerns
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raised above. Our proof of the equivalence between convex-order Pareto optimality and comono-
tonicity uses simple arguments and leads to a crisp closed-form characterization of Pareto-optimal
allocations in terms of a-quantiles (mixed quantiles). Our proof of the convex-order improvement
result via comonotonic allocation is based on the theory of majorization and an extension of a
classic result of Lorentz and Shimogaki (1968), which allows us to provide an explicit algorithmic
construction in the general n-person case that can be easily implemented in practice. To illustrate

this implementation, we provide a numerical illustration.

Finally, we consider an application to collaborative (peer-to-peer) insurance, or decentralized
risk sharing, to illustrate the relevance of these results. Specifically, we propose new risk sharing
schemes, combining risk retention at the individual level, risk transfer for losses that are too costly,
and risk sharing for the middle layer. Participants are free to select their maximum contribution
to pooled losses, and an excess-of-loss risk transfer to a partnering insurance company operates
beyond. The amount to be paid in advance by participants is obtained by adding the price of
the excess-of-loss protection and a deposit securing the contribution to the coverage of the layer
mutualized inside the P2P community. The system is thus fully funded, and a cash-back or give-back
mechanism operates ex post to restore fairness. Provided individual contributions are comonotonic,
the excess-of-loss protection reduces to a stop-loss protection limiting the community’s total payout

under an appropriate choice of initial deposits.

References

Abdikerimova, S., Feng, R. (2022). Peer-to-Peer multi-risk insurance and mutual aid. European Journal of
Operational Research 299, 735-749.

Aliprantis, C.D., Border, K.C. (2006). Infinite Dimensional Analysis - 3"¢ edition. Springer-Verlag Berlin
Heidelberg.

Bennett, C., Sharpley, R. (1988). Interpolation of Operators. Academic Press.

Bogachev, V.I. (2007). Measure Theory. Volume II. Springer-Verlag Berlin Heidelberg.

Borch, K. (1960). The safety loading of reinsurance premia. Scandinavian Actuarial Journal, 163-184.

Borch, K. (1962). Equilibrium in a reinsurance market. Econometrica 3, 424-444.

Carlier, G., Dana, R. A. (2003). Pareto efficient insurance contracts when the insurer’s cost function is
discontinuous. Economic Theory 21, 871-893.

Carlier, G., Dana, R.A., Galichon, A. (2010). Pareto efficiency for the concave order and multivariate
comonotonicity. mimeo (2010)

Carlier, G., Dana, R.A., Galichon, A. (2012). Pareto efficiency for the concave order and multivariate
comonotonicity. Journal of Economic Theory 147, 207-229.

Chen, Y., Embrechts, P., Wang, R. (2022). An unexpected stochastic dominance: Pareto distributions,
catastrophes, and risk exchange. arXiv preprint arXiv:2208.08471.

Chong, K-M. (1974). Some extensions of a theorem of Hardy, Littlewood and Polya and their applications.
Canadian Journal of Mathematics 26(6), 1321-1340.

Chong, K-M., Rice, N.M. (1971). Equimeasurable rearrangements of functions. Queens Papers in Pure and
Applied Mathematics, 28

24



Dana, R.-A., Meilijson, I. (2003). Modelling agents’ preferences in complete markets by second order stochas-
tic dominance. Working Paper 03-33, CEREMADE, Université Paris-Dauphine, France.

Deelstra, G., Dhaene, J., Vanmaele, M. (2010). An overview of comonotonicity and its applications in finance
and insurance. Advanced Mathematical Methods for Finance (editors: @ksendal, B. and Nunno, G.).
Springer, Germany (Heidelberg).

Denneberg, D. (1994). Non-Additive Measure and Integral. Kluwer Academic Publishers, Boston.

Denuit, M. (2019). Size-biased transform and conditional mean risk sharing, with application to P2P insur-
ance and tontines. ASTIN Bulletin 49, 591-617.

Denuit, M. (2020). Investing in your own and peers’ risks: The simple analytics of P2P insurance. European
Actuarial Journal 10, 335-359.

Denuit, M., Dhaene, J. (2003). Simple characterizations of comonotonicity and countermonotonicity by
extremal correlations. Belgian Actuarial Bulletin 3, 22-27.

Denuit, M., Dhaene, J. (2012). Convex order and comonotonic conditional mean risk sharing. Insurance:
Mathematics and Economics 51, 265-270.

Denuit, M., Dhaene, J., Goovaerts, M.J., Kaas, R. (2005). Actuarial Theory for Dependent Risk: Measures,
Orders and Models, Wiley, New York.

Denuit, M., Dhaene, J., Robert, C. (2022). Risk-sharing rules and their properties, with applications to
peer-to-peer insurance. Journal of Risk and Insurance 89, 615-667.

Denuit, M., Robert, C.Y. (2021). Efron’s asymptotic monotonicity property in the Gaussian stable domain
of attraction. Journal of Multivariate Analysis 186, Article 104803.

Dhaene, J., Denuit, M., Goovaerts, M.J., Kaas, R., Vyncke, D. (2002a). The concept of comonotonicity in
actuarial science and finance: Theory. Insurance : Mathematics and Economics 31, 3-33.

Dhaene, J., Denuit, M., Goovaerts, M.J., Kaas, R., Vyncke, D. (2002b). The concept of comonotonicity in
actuarial science and finance: Applications. Insurance : Mathematics and Economics 31, 133-161.

Dhaene, J., Goovaerts, M.J. (1996). Dependency of risks and stop-loss order. ASTIN Bulletin 26, 201-212.

Dhaene, J., Vanduffel, S., Tang, Q., Goovaerts, M., Kaas, R., Vyncke, D. (2006). Risk measures and
comonotonicity: A review. Stochastic Models 22, 573-606.

Efron, B. (1965). Increasing properties of Pélya frequency function. The Annals of Mathematical Statistics
36, 272-279.

Filipovié, D., Svindland, G. (2008). Optimal capital and risk allocations for law-and cash-invariant convex
functions. Finance and Stochastics 12(3), 423-439.

Follmer, H., Schied, A. (2016). Stochastic Finance. de Gruyter.

Ghossoub, M. (2015). Equimeasurable rearrangements with capacities. Mathematics of Operations Research
40(2), 429-445.

Hardy, G.H., Littlewood, J.E., Pdlya, G. (1929). Some simple inequalities satisfied by convex functions.
Messenger of Mathematics 58, 145-152.

Hardy, G.H., Littlewood, J.E., Pdlya, G. (1952). Inequalities. Cambridge University Press.

Jiao, Z., Kou, S., Liu, Y., Wang, R. (2022). An axiomatic theory for anonymized risk sharing. arXiv preprint
arXiv:2208.07533.

Landsberger, M., Meilijson, I. (1994). Comonotone allocations, Bickel-Lehmann dispersion and the Arrow-
Pratt measure of risk aversion. Annals of Operations Research 52, 97-106.

Lorentz, G.G., Shimogaki, T. (1968). Interpolation theorems for operators in function spaces. Journal of
Functional Analysis 2, 31-51.

Ludkovski, M., Rischendorf, L. (2008). On comonotonicity of Pareto optimal risk sharing. Statistics and
Probability Letters 78, 1181-1188.

25



Luxemburg, W.A.J. (1967). Rearrangement-invariant Banach function spaces. Queens Papers in Pure and
Applied Mathematics, vol. 10: Proceeding of the Symposium in Analysis, 83-144.

Rischendorf, L. (2013). Mathematical Risk Analysis: Dependence, Risk Bounds, Optimal Allocations and
Portfolios. Springer-Verlag Berlin Heidelberg.

Ryff, J.V. (1965). Orbits of L!-functions under doubly stochastic transformation. Transactions of the
American Mathematical Society 117, 92-100.

Saumard, A., Wellner, J.A. (2018). Efron’s monotonicity property for measures on R2. Journal of Multi-
variate Analysis 166, 212-224.

Shaked, M., Shanthikumar, J.G. (2007). Stochastic Orders. Springer, New York.

26



Appendix

A Nonincreasing Rearrangements and Majorization

We first provide some background on the majorization order of Hardy, Littlewood, and Pélya (1929,
1952). We refer to Luxemburg (1967), Chong and Rice (1971), or Bennett and Sharpley (1988) for

a detailed treatment, as well as Ghossoub (2015) for additional references.

A.1 Rearrangements and a Preorder Relation for L!

Let M and M denote the set of extended real-valued measurable functions on given probability
spaces (Q, F,P) and (€, F,P), respectively. Two random variables (X,Y) € M x M are said to be

equimeasurable (and we write X ~ Y') if they have the same law, that is,
}P’({weQ:X(w)>t}) =@<{weﬁzy(a)>t}>, VteR.

For each X € M there exists a unique right-continuous, nonincreasing, and Borel-measurable
function dx on ([O, 1], B ([O, 1]) ,L), where £ denotes Lebesgue measure, such that X ~ dx. The

random variable dx is called the nonincreasing rearrangement of X, and it is given by

5X(t):=inf{se]R: P({weQ:X(w)>s}><t}
(A.1)
:sup{seR:P<{weQ:X(w)>s}>>t}, Vtel0,1].

Note that if F'y %P; denotes the quantile function of X € M w.r.t. P, i.e., the left-continuous inverse

of the cumulative distribution function Fx p of X, then
6x (t) = Fxp(1—t), Vte[0,1].

Definition A.1. For (X,Y) e L' (Q, F,P) x Ll(ﬁ7 ]T", ]?’), we say that Y majorizes X, and we write
X <Y whenever

1 1 U U
f dx (t) dt = J dy (t) dt and J Ox (t) dt < J dy (t) dt, Yu e [0,1]. (A.2)
0 0 0 0
Equivalently, X <Y if and only if

1 1 1 1
f Fyb(t) dt = J FL@#)dt and f FyL(s)ds < f FL1(s)ds, Vuel0,1].
0 ’ Y.p . VP

0 u ’ )
Hence, in particular, for X,Y e L' (Q,F,P), it follows that (e.g., Chong (1974) or Shaked and
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Shanthikumar (2007 — Theorem 3.A.5))

X <Y = X xcvxVY

The following result (e.g., Luxemburg (1967) or Chong (1974)) will be useful.

Proposition A.2. Let X € L' (Q, F,P). Then for each E € F,

[]P’(lE) JEXdIP’} 1p < X1g.

Finally, majorization is preserved under dominated convergence:

Proposition A.3 (Chong and Rice (1971, Proposition 10.2)). Consider two probability spaces
(Q, F,P) and (Q, F,P). If:

1. X, X, e Lt (Q,F,P) andY,YneLi(fwl,J’-N",IF’), for each n e N;
L

2. There exists (Z,7) € LY (Q, F,P) x i((wl,]?, P) such that X,, < Z and Y, < Z, for each

n € N;
3. Xn <Yy, for each n € N; and,
4. X, —> X, P-as., and Y, > Y, P-a.s.,

Then X <Y.

A.2 Measure-Preserving Transformations

Definition A.4. Given two finite measure spaces (S1, %1, pu1) and (Sa, X, u2), a mapping 7 : S1 —
Sy is said to be a measure-preserving transformation if it is measurable and satisfies o (E) =
w2 (E), for all E € 3.

In particular, a mapping 7 : @ — [0,1] is said to be a measure-preserving transformation if
7€ Mand Por ' (E) = L(E), for all E € B([0,1]). For example, if U € M has a uniform

distribution over [0, 1], then it is a measure-preserving transformation.

Proposition A.5 (Chong and Rice (1971, Theorem 5.6)). Let (S, X%, 1) be a finite measure space.

Then the following are equivalent:
(a) The space (S, %, p) is nonatomic.
(b) There exists a measure-preserving transformation T : S — [0, u (S)].

(¢) Every right-continuous and nonincreasing function on [0, u (S)] is the nonincreasing rear-

rangement of some X-measurable real-valued function on S.
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Remark A.6. Chong and Rice (1971) provide a constructive proof of the fact that (a) = (b).
Bogachev (2007, Proposition 9.1.11) provides a more succinct proof, based on the same ideas. We
present here the main ideas behind this constructive approach, in the special case where (S, %, ) is
a nonatomic probability space (0, F,P). Since the space (Q, F,P) is nonatomic, it follows from the
Lyapunov Convexity Theorem (e.g., Aliprantis and Border (2006, Theorem 15.33)) that the range

of P is conver. In particular, for each o € [0,1], there exists some A € F such that P(A) = §.

Thus, by induction, for each dyadic rational r = 2% € Q, with k,n € N, there exists A, € F
such that P(A,) = r, and A, < Ag forr < s and s € Qq, the set of all dyadic rationals. Let
T (w) :=inf {s € Qq: w € As}, for each w € Q. Then since A, {w €eQ:7(w) < r}, for allr € Q,,
it follows easily that

P({weQ:T(w)<T}>=r, Vr e Qq.

The rest follows from the denseness of Qg in [0, 1].

Proposition A.7 (Bennett and Sharpley (1988, Proposition 7.4), Ryff (1965)). If (S,%, i) is
a nonatomic finite measure space with p(S) = b, then for each a € R, there exists a measure-

preserving transformation T of S onto the interval [a,a + b].

Proof. By Proposition A.5, there exists a measure-preserving transformation 73 of S onto [0, b].
Define the map g : [0,b] — [a,a + b] by g(z) = x + a, and let 7 := 71 0 g. Then 7 is the desired

measure-preserving transformation of S onto [a,a + b]. O

Proposition A.8 (Chong and Rice (1971, Theorem 6.2), Ryff (1965)). If (Q, F,P) is nonatomic,
then for any X € M there exists a measure-preserving transformation tx : Q — [0,1] such that

X =6x oTx, a.s.

Proof. Chong and Rice (1971, Theorem 6.2) provide a constructive proof that explicitly character-
izes the map 7x, by extending the ideas of Ryff (1965, Lemma 2). Bennett and Sharpley (1988,
Theorem 7.5) provides a more direct proof using similar ideas. We outline this construction below.
Fix X € M, and let

I :={s€e[0,1]:6x (s) =t} and A;:={weQ:X (w)=1t}, VteR.

Then P (A;) = L (I;), for each t € R, where £ denotes Lebesgue measure. Now, since X ~ dx, we
may assume without loss of generality? that X has the same range as dx, which we denote by B.
Since dx is right-continuous and nonincreasing, it follows that for each t € R, the interval I; takes

the form [a¢, by] or [a, bt), for some ay, by € R. Therefore,

P(At> = £(It) = bt—at, vtEB,

?Indeed, since X ~ dx, there exists some X € M such that X = X, P-a.s., and X has the same range as dx,
which we denote by B. By a slight abuse of notation, we can simply write X instead of X.
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and Proposition A.7 yields the existence of a measure-preserving transformation 7 : A; — I;. Then
define 7x : © — [0,1] by 7x (w) = 7 (w) if w € A; and ¢ € B. It follows clearly that X = dx o 7x,

a.s.

It remains to show that 7x is measure-preserving. First, note that since the measure space is
finite (being a probability space), there are at most countably many ¢ € B such that £ (I;) > 0.
Let C:={te B: L(I;) > 0} and I := (JI; € B([0,1]). Then dx is 1-1 on the complement of I,

teC

namely I¢:= [0,1]\I. Fix F € B([0,1]). We can then write F' as the disjoint union

F=JFaL)u(FnI.
teC

Then 71 (F) is the disjoint union

" E) = |Ux"Fal) || (FnI,
teC

and so

Porg' (F) = Y P (7);1 (F A It)> +P (T; (F A IC)> .
teC

However, for each t € C, the mapping 7+ : Ay — I; is measure-preserving and T);l (Fnl) =
771 (F n I). Therefore,

P (T);l (F It)) —P (T;l (F It)> —L(FAL), VteC.
Moreover, since dx is 1-1 on F' n I¢, we have X = dx o7y — (5)_(1 o X = 7x, and so
P (T);l (F r IC)> —PoX ! (0x (FnI%) =Loby! (x (FI)) =L(FAIY).
Consequently, IP o T)}l (F) = L(F), and hence Tx is measure-preserving. ]

Note that if f e L! ([O, 1], B([0,1]) ,E) and 7 is a measure-preserving transformation on
(Q, F,P), then f o7 ~ f. Hence, for all f,g e L' ([0, 11,8 ([0, 1]) ,L),

f<g = for<gor.
Consequently, we obtain the following result.

Lemma A.9. If U e M is uniformly distributed on [0,1], then for all f, g € L ([O, 1], B ([0, 1]) ,E) ,

f<g9g = fU)<gU) < [fU)=<cvxyg(U).
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A.3 A Closed-Form Characterization of Measure-Preserving Transformations

Summing up the arguments in the proofs of the above results, we can provide a closed-form char-
acterization of the measure-preserving transformation 7x appearing in Proposition A.8, for a given
X € M when the probability space (2, F,P) is nonatomic. From the proof of Proposition A.8,
X =0x oTx, a.s., and 7x : Q — [0,1] is given by

Tx (W) =7 (W) =a+ 714 (W), we A, tebB,

where B is the range of X, A; = {w €N X (w) = t}, and 71, is the measure-preserving trans-
formation of A; onto [0,b; — a;] constructed using a slight extension of the methodology used in
Remark A.6.

B Proof of Property 2.5

First note that the implication Y = Z — YL2Zis straightforward. Suppose now that viz.
This then implies that

=1

Yi—h (iﬁ) SHS) - h <ifi(5)> :
-1

Since S = X" Y = >, fi(S), we can rewrite the equality in distribution as Y7 — fi (S) i0,
which is equivalent to P[Y; = Z;] = 1. Hence, Y1 = Z;. A similar argument can be used to show

the a.s. equalities between any Y; and the corresponding Z;, for i € {2,...,n}.

C Proof of Property 2.6

Suppose that X := (Xq,...,X,) is PO, and let

X = (E[x1]S],....E[Xn|5]).
Then X is an agregate risk allocation. Moreover, by Proposition 2.3, X e A and for any i €
{1,...,n} we have E[X,- | S] <cvx X;. Since X is PO, there is no j € {1,...,n} such that

E [Xj | S] <cvx Xj. Thus, X; ) [Xi | S], for all i € {1,...,n}. In particular, it follows that for
all ie {1,...,n}, Var[X;] = Var [E [ X | S]], and therefore E [Var [X | S]] = 0. Consequently,

Var [E[X; | 8] - X;] :Var<E[E[Xi|S]—Xi\S]> +E(Var[E[Xi|S]—X,-\S]> — 0.
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Hence, since E[X,] = E [E[X; | ]|, it follows that
E [(E [X: | 5]~ XZ»>2] ~var [E[X;] 5] - %] = 0.

2
Since (E [Xi | S] — Xi> > 0, it then follows that ]E[Xi | S] = X;, as., for all i € {1,...,n}.
Consequently, X = %, a.s.

D Proof of Theorem 2.7

By Denuit et al. (2022, Proposition 5.9), X is comonotonic if and only if
X = (hl(SX)aahn(SX))a (Dl)

with the non-decreasing functions h;,i = 1,2,...,n, given by (2.12) where ay is defined in eq. (2.8).
We provide a self-contained proof hereafter, for the sake of completeness. First, suppose that X is

comonotonic. We define the connected support of X as follows:

{ (F);j<a> (1),..., Fx® (p)) | pe[0,1] and a € [0,1] } (D.2)

as in Dhaene et al. (2002). The connected support of X is indeed a connected curve. Moreover,
this curve is a comonotonic set, meaning that it is is simultaneously nondecreasing in each com-
ponent. Let @ := (z1,...,2,) be an element of this connected support, and let s := " | ;.
Following a reasoning similar to the one of the proof of Dhaene et al. (2002, Theorem 7), we
find that x is the unique point of the intersection of the connected support and the hyperplane
{(yl, cenUn) | 2y = s}. The point (hl(s), e ,hn(s)), with the non-decreasing functions h;
defined in eq. (2.12), is an element of the connected support of X. Note that for any « in [0, 1],

(Frl @) FHO) 2 (P @), @ ), (D.3)

and

E S;(a) () = Y. F (p), vpe[0,1]. (D.4)
=1

Moreover, taking into account eq. (2.8) and eq. (D.4), we find that
Z hi(s) = s, (D.5)
i=1

meaning that (h1 C) hn(s)) is also a point of the hyperplane considered above. From these

observations, we find that
T = (hl(s), o 7hn(s)) . (D.6)
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As this expression holds for any point @ of the connected support of X, we can conclude that eq.
(D.1) holds.

Conversely, assume that X is given by eq. (D.1), with the functions h; defined in eq. (2.12). As
the functions h; are all non-decreasing, it follows immediately that X is comonotonic (e.g., Dhaene
et al. (2002a, Theorem 3).

It remains to show that the the functions h; are 1-Lipschitz. First, note that for the functions
h; defined in eq. (2.12), we have:

e FM(0)  if s< Fg't(0),
hils) = Py (Feg (5)) =4 X >

Fgl(1)  ifs F§1 (1). (D-7)

c
X

Indeed, taking into account our previous conventions eq. (2.7), we immediately find the following
expressions for the functions h; defined in eq. (2.12):

hi(s) = F!T(0) if s < FS—§+ (0),

and

Moreover,
Fse, (F§§+ (0)) —P [ng = Fglt (0)] —P [Xl = F(0), .. Xy = F (0)] <F (F);i” (0)) .
Combining this inequality with the the fact that the following holds for any « € [0, 1]:

0<p<Fy (F);H (0)) — F{' (p) = F (0), (D.8)

P [X < Fx <F)}1 (1))} <p<l — F'@ @)= F (1),
we find that
hi (F§§+ (0)) = FgT(0) i s = Fglt (0).
Indeed, apply eq. (D.8) for X = X; and p = Fgg, (F§§+ (0))

We now show that the functions h; defined in eq. (2.12) are 1-Lipschitz continuous on R. First,
we prove that the functions h; defined in eq. (2.12) are Lipschitz continuous on [F S;JF(O), F 57; (1)]
From the first part of this proof, we find that the connected support of X can be expressed as

follows:

{((m(s),- - hu(s)) ) s € R}, (D.9)
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Consider s; and sg in [F§§i+(0)7 F ggi (1)] Without loss of generality, we assume that s; < so. For
any j, the functions h; are non-decreasing, implying that h; (s1) < hj (s2). In particular, for the
function h;, we find that

|hi (52) — hi (s1)| = hi (52) — hi (s1) < Z (hj (s2) — hj (s1)) -
j=1

Taking into account the additivity property eq. (D.5), this inequality leads to

|hi (s2) — hi (s1)] < |s2 — s1],

which means that the function h; is 1-Lipschitz continuous on | Fg.! T(0), Fo.l (1) .
SX SX

The conventions eq. (2.7) allow for a continuous extension of h; outside the interval [F §§+ (0), F S_S’i (1)]
(see eq. (D.7)). It is easy to verify that this extended function, defined on R, is 1-Lipschitz con-
tinuous on R. Indeed, consider e.g., the case where 51 < F_.;Jr(()) and sg > F‘i(l). Then we find
that

i (s2) = hi(s1)| = F; 1 (1) = F; 1 (0) < [so — s1] -

)

The other cases follow in a similar way.

E Proof of Theorem 2.9

We first state some preliminary results.

E.1 Preliminary Results

Proposition E.1. If X := (Xy,...,X,) is comonotonic and Y := (Y1,...,Y,) is such that

Y: <covx Xi, forallie{l,...,n}; and
E|_] € {1,...,71}, }/] <CVXXj7
then

n n
D Yi<eovx )| Xe.
-1 i=1

Proof. First note that it follows in particular that for alli € {1,...,n}, E [(YZ - d)+] <E [(XZ - d)+],
for all d € R. Moreover, the inequality is strict for some j € {1,...,n}. Suppose, without loss of

generality, that j = 1. Then there exists d} € <F§11+(0),F§11(1)> such that

E|(vi-db), | <E[(xX1-af),].
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The connected support of the comonotonic random vector X can be characterized as follows:
—1(as —1(as _ _
{ (P (Ps(9) oo P (Fs(s)) [ s € [P (0), P () | ).
This implies that for df, there exists some d* € [FgH(O), Fgl(l)] such that
*1(06 *)
4t = Py, ) (Po(d@))

Now, for i € {2,...,n}, let dF := F);l(ad*) (Fs(d*)). Since X is comonotonic and Y1 | df = d*, it
follows that

(gYi—d*>+ <§E[Y ) ] 2 [ X; —d) ] (ZX—d*)

It remains to show that for any d € R,

<Zn:Yi—d) <E (anXi—d> ,
=1 + =1 +

but this follows from an argument similar to Corollary 1 in Dhaene et al. (2002a). O]
Proposition E.2. IfY € A is comonotonic then it is PO.

Proof. Suppose that Y is comonotonic but not PO. Then there exists an allocation Z € A such that
Z; <cvx Y; for all i € {1,...,n}, with at least one strict improvement. Therefore, by Proposition
E.1,

n n
> Zi <evx DY,
i=1 i=1
which contradicts the fact that Y | Z; = > ; ¥; = S. Hence, a comonotonic allocation is PO. O

Proposition E.3. Consider the random vectors (X1, X2) and (Y1,Y2) with equal marginal distri-
butions, i.e., Y; 4 Xi, fori=1,2. If (X1, X2) is comontonic and (Y1, Y2) is not comonotonic, then
X1 —Xg <cvx Y1 —Ya.

Proof. Since (X1,—X2) and (Y1, —Y32) have equal marginal distributions, while the first couple is

countermonotonic, it follows from Theorem 3 in Dhaene and Goovaerts (1996) that
X1 —Xo <cvx Y1 —Ya.
Suppose, by way of contradiction, that the above convex order inequality is not strict. Then

X - XLy, — v,
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Taking into account the equality in distribution of the respective marginal distributions, this implies
that
COV[Xl, Xz] = COV[Yl, }/2]

It then follows from Proposition 2.3 in Denuit and Dhaene (2003) that (Y7,Y2) is comonotonic, a
contradiction. Hence, X| — Xo <cvx Y1 — Ya. O

We first show Pareto optimality and comonotonicity are equivalent in the bivariate case.

Theorem E.4. A 2-reallocation (X1, X2) € A of the aggregate risk S is comonotonic if and only
if it is AZ)-PO.

Proof. Suppose first that (X, X3) € A is comonotonic. Assume, by way of contradiction, that
(X1, X2) is not A@_PO. Then there exists a 2-reallocation (Y1,Y3) € A such that Y; <cyx X;, for
i € {1,2}, with at at least one strict inequality. Then, by Proposition E.1,

Y1 +Ys <covx Xi + Xo,

contradicting the fact that Y7 + Yo = X7 + X5. Hence, a bivariate comonotonic allocation is Pareto

optimal.

Now, suppose that (X, X2) is A@_PO. Assume, by way of contradiction, that (X1, X2) is not
comonotonic. By Lemma 2.6, (X1, X2) is an aggregate risk allocation. That is, there exist functions
fi 'R —> R, for i = 1,2, such that

(X1, X2) = (f1 (X1 + X2), f2 (X1 + X2)). (E.1)

Since (X7, X9) is not comonotonic, at least one of the functions f; is not a nondecrasing function
of X7 + Xo. Without loss of generality, assume that f; is not a nondecreasing function. Since
the probability space (2, F,P) is nonatomic, there exists a random variable U on (2, F,P) with a
uniform distribution on (0, 1), such that X; + X = F)}11+X2 (U), a.s. (e.g., Lemma A.32 in Follmer
and Schied (2016). Consider the random couple (Y7, Ys) = (F);ll(U), F);11+X2(U) - F);ll(U)) Then

(Y1,Y2) € A, and Y3 4 X In particular,
Y1 <cvx Xi. (E.2)

Moreover, the random couples <F§11+X2 U), F;f(U)) and (X + Xo, fi (X1 + X2)) have equal
marginal distributions, with the first couple being comonotonic and the second not comontonic.
Therefore, by Proposition E.3 and eq. (E.1), it follows that

Yy = Fyl ,(U) = FxL(U) <ovx X1+ Xo — fi (X1 + X5) = Xo. (E.3)
Hence, eq. (E.2) and eq. (E.3) imply that (Y1, Y>2) is a Pareto improvement over (X1, X2), contra-
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dicting the Pareto optimality of the latter. Consequently, (X1, X2) is comonotonic. O
E.2 Proof of Theorem 2.9
We are now ready to provide a proof of Theorem 2.9.

o (1) = (2): Let X be PO. Assume, by way of contradiction, that there exists i # j €
{1,...,n} such that the suballocation Y := (X;, X;) of X is not Ay-PO. Without loss of
generality, assume that ¢ = 1 and j = 2. Then there exists (Y1, Y2) € Ay such that

Y; <cvx Xi, i€ {1,2},
where at least one of the convex order inequalities is strict. Consider now the random vector

Y = (Yl,YQ,X37X4, e 7Xn) .

Then Y € A, and Y; <cvx X;, for i € {1,2,...,n}, where at least one of the convex order
inequalities is strict, thereby contradicting the Pareto optimality of X. Hence, Y is Ay -PO.

e (2) < (3): This follows from Theorem E.4.

(3) = (4): This follows from the fact that comonotonicity is equivalent to pairwise comono-
tonicity (e.g., Theorem 4 in Dhaene et al. (2002a)).

(4) = (1): The proof of this implication is a straightforward multivariate generalization of

the bivariate case. See the first part of the proof of Theorem E.4.

The equivalence between (4) and (5) has been established in Theorem 2.7. O

F Proof of Proposition 2.10

First, suppose that X is PO. Then by Theorem 2.9 it is comonotonic, and hence by Theorem 2.7,
XZ' = hz(S), Vi e {1,...,7},},

for non-decreasing Lipschitz functions h; given by (2.12) where «y is defined in eq. (2.8). In
particular, the functions = — h;(z) and = — = — h;(x) are both nondecreasing. Therefore, the
2-reallocation (X1,S5 — X1) = (Xl, I Xi) is comonotonic, and hence A®)-PO, by Theorem 2.9.
Moreover, the suballocation Y := (Xs,...,X,) € X" is comonotonic. Therefore, it is Ay-PO,
by Theorem 2.9.

Conversely, suppose that Y = (Xs,...,X,,) is Ay-PO and the 2-reallocation (X;,S — X3) is
A@_PO. Then it follows from Theorem 2.9 that both ¥ = (Xo2,...,Xy) and (X;,5 — X;) are

comonotonic vectors. Hence, there are nondecreasing functions fi, fo summing to the identity,
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such that X; = fl(Xl + 5 — X1) = fl(S), and S — X; = 2?22 X; = fz(Xl + 5 - Xl) = fQ(S)
Moreover, there are nondecreasing functions gs, ..., g, summing to the identity, such that X; =
Ji (ZZ 2X) = gi(S — X1) = gi o f2(S), for all i € {2,...,n}. Therefore, X; and S — X; are
comonotonic, and X; and S — X; are comonotonic for each i € {2,...,n}. Consequently, the
allocation X := (Xy,...,X,,) € A is comonotonic, and hence PO, by Theorem 2.9. O

G Proof of Property 4.3

Consider the following support of the comonotonic contribution vector Y = (1 (S), f2 (S),..., fn (5)) :

§ ={(Fils) @, Fris) @ Frts) @)la e 0.1) }

Consider two elements y = (y1,92,...,yn) and z = (21,22, ..., 2,) of S. One has that either y < z
or y = z must hold, where the inequality is meant componentwise. This observation implies that

for any i, one has
n

n
yi>Zi<:>Zyj>ZZ]

=1 j=1

Now, chosing z = (F_

(s (P) 7FJ;25) (®),- - ,Fﬁll(s) (p) ), one finds for any ¢ that

vi > Fpg) Z Z (s) (

Taking into account the additivity property of the quantiles of a comonotonic sum, one finds for
any ¢ that
n
—1 -1
Yi > Ffi(S) (p) = Zyj >Fs (p).
j=1
These equivalence relations hold for any element y of the support S of Y. Hence, for any 4, one

has

fi () > Fi g, Z 5" ().

Taking into account the full allocation condition, we can rewrite these equivalence relations as
follows:
fi (S)>F7( )( )®S>F§1(p)v

which corresponds with the stated result. ]
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H Proof of Proposition 4.4

From Property 4.3, we know that for any ¢ we have that:

fi(S) > F];(IS) (p) = S > FS_1 (p).

In case S < Fg' (p), these equivalence relations lead to
;min {#(8). iy )} = 2 £i(9) = 5,
while in case S > Fg' (p), one has

> min {fi(S), Fils) (p)} = > Frly) (0) = F5' (p).-
i=1 '

We can conclude that (4.14) holds. O]

I Proof of Corollary 4.5

Taking into account the fact that (r —y), = x — min{z,y} holds for any real = and y, the full

+
allocation condition, as well as (4.14), we find that

> (105) - Fly @) = 85— X min {£(5). Ly )
=1 =1
= S —min {S,F5' ()} = (S = F5" (0)+,

which completes the proof. ]
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