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Abstract

Consider two random variables subject to random right censoring, like the sur-

vival times of twins or two recurrence times of a certain disease recorded on the

same individual. Of interest is the estimation of a multivariate M -functional of

these two random variables.

Asymptotic results for the proposed estimator are established under general con-

ditions on the criterion function of the M -estimator. The obtained results include

the asymptotic normality of the estimator, its local power and the construction of

a confidence region. Our primary example of interest is the bivariate L1 median.

We compare the small sample behavior of this estimator with that of the vector of

marginal medians by means of a simulation study. Finally, we consider a data set

on kidney dialysis patients and estimate the median time to two different infections

for these individuals.

KEY WORDS: Asymptotic normality; Bootstrap; Confidence region; L1 median; M-

estimation; Right censoring.
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1 Introduction

In this paper we consider the concept of multivariate M-estimators when the data

consist of pairs of possibly right censored observations. These kind of data arise naturally

in e.g. twins studies, studies of the eyes, studies where two recurrence times of a certain

disease are recorded, or where the onset of a disease and death are of interest. Since for

censored observations, one will never have complete data in the tail of the distribution, it

is impossible to estimate the bivariate mean in this context. This motivates the study of

M-estimators, since they include, among others, alternative location estimators, like e.g.

the L1 median which will be our primary example.

Before defining M-estimators for censored data, let us consider the case where the

data are completely observed. The d-dimensional vector θ is defined implicitly by
∫ ∫

ψ(y, θ) dF (y) = 0, (1.1)

where F (y) is a bivariate distribution function. It is assumed that ψ(y, θ) ∈ IRd satisfies

the regularity conditions given by Huber (1981) in Case B on pages 130-132. These

conditions imply the consistency and asymptotic normality of the estimator defined next.

The corresponding M-estimator θ̂ is the solution of
∫ ∫

ψ(y, θ) dF̂ (y) = 0, (1.2)

where F̂ (y) is the bivariate empirical distribution function. Our primary example and

application is based on

ψ(y, θ) =
y − θ

‖y − θ‖
.

The resulting parameter is the L1 median described in detail by Small (1990) in a survey

of multivariate medians. Hence, for uncensored data, θ̂ solves

n∑

i=1

yi − θ

‖yi − θ‖
= 0

and minimizes the average distance from the data points to θ, i.e. θ̂ minimizes
∑ ‖yi−θ‖.

The L1 median is equivariant under orthogonal transformations of the data but not under

affine transformations. For uncensored data, a number of affine equivariant estimators of

the multivariate median have been proposed. However, we prefer here to work with the
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L1 median, since in the present context of censored data, the variables of interest do have

some physical interpretation (e.g. survival times of twins) and hence one is not interested

in transforming these variables by some affine transformation. In addition, the L1 median

has the attractive property that it identifies an easy to interpret location vector even for

asymmetric distributions, and in both the uncensored and the censored data cases, if the

components are rescaled by the same factor, the L1 median is unchanged. If we consider

more general M-estimators then, similar to the univariate case, we must have a supple-

mentary estimate of scale or assume the scale is known. See Maronna (1976) and Hampel

et al. (1986) for a detailed development of multivariate M-estimators in the uncensored

case. The L1 median has 50 percent breakdown and bounded influence; see Lopuhaä and

Rousseeuw (1991) and Kemperman (1987). It is unique in dimensions greater than 1.

Huber (1981) developed the asymptotic normality in Example 3.1 in Section 6.3. Brown

(1983) showed that for spherical normal models, the efficiency increases as the dimension

increases beginning with a bivariate efficiency of .785 already larger than the univariate

normal efficiency of .687. Chaudhuri (1992) provided a Bahadur representation. Möttönen

and Oja (1995) developed multivariate spatial sign and rank methods based on the L1

criterion function, and Choi and Marden (1997) developed multivariate rank tests for

analysis of variance.

It is the purpose of this paper to extend M-estimators to the case of censored data.

Let T be a bivariate lifetime vector with bivariate distribution function F (y) = P (T1 ≤
y1, T2 ≤ y2) and let C be a bivariate censoring vector with distribution G(y). Assume

that T and C are independent. Let (T i, Ci) (i = 1, . . . , n) be independent copies of

(T , C). We observe (T̃ i,∆i) (i = 1, . . . , n) where T̃ij = Tij ∧ Cij , ∆ij = I(Tij ≤ Cij)

(j = 1, 2) and T̃ i has bivariate distribution function H(y). Note that the observations

can be doubly uncensored, singly censored in either component, or doubly censored.

We extend the estimating equation (1.2) of θ to the case of censored data, by replacing

the bivariate empirical distribution function by a suitable estimator of the bivariate distri-

bution when both components are subject to right censoring. Nonparametric estimators

F̂ (y) have been proposed by (among others) Dabrowska (1988), Pruitt (1991), Prentice

and Cai (1992), van der Laan (1996) and Akritas and Van Keilegom (2000), while e.g.

Oakes (1989) and Wang and Wells (1999) proposed semiparametric estimators for F (y).

In Section 4, we will consider a subset of these estimators in more detail. Many of these
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estimators F̂ (y) are restricted to the case where the survival and censoring times are

non-negative. If T and C are transformed survival and censoring times not necessarily

on [0,∞) × [0,∞) (e.g. a log transformation of the raw times), then

F (y) = P (T1 ≤ y1, T2 ≤ y2) = P (V1 ≤ v(y1), V2 ≤ v(y2)),

where Vj = v(Tj) (j = 1, 2) are the raw survival times (starting at zero) for some mono-

tone, increasing transformation v. We define F̂ (y) in this case as the estimator for the

bivariate distribution of (V1, V2) and evaluated at v(y1) and v(y2). The results we will

develop can be viewed as a generalization of James (1986) and Wang (1999), where M-

estimation with univariate censored data is considered.

In Section 2, we state our main results on the limit distributions of the bivariate

M-estimators. In Section 3, we discuss a bootstrap approach to the estimation of the

asymptotic covariance structure of the M-estimators. Section 4 discusses a number of

estimators of the bivariate distribution that can be used in the construction of the M-

estimator. Simulation results are established in Section 5, while an example is analyzed

in Section 6. Proofs and derivations are given in the Appendix.

2 Main results

Because the asymptotic theory for θ̂ will be based on an i.i.d. representation for an

estimator F̂ (y) of F (y) which will turn out to be valid for any y = (y1, y2) in a certain

region Ω (where Ω depends on the choice of the estimator F̂ (y) and will be discussed

later), we need to work with a slightly modified version of (1.1) and (1.2) :

S(θ) = n
∫

Ω

ψ(y, θ) dF (y) (2.1)

Sn(θ) = n
∫

Ω̂

ψ(y, θ) dF̂ (y), (2.2)

where Ω̂ is an estimator for the region Ω. The true M-functional is denoted by θ0 ∈ IRd

and is the value of θ for which S(θ) = 0.

The main results require a number of regularity conditions which we mention below

for convenient reference.
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(A1) (i) The functions f(y) and ψ(y, θ0) are uniformly bounded for y ∈ IR2.

(ii) The function ψ(y, θ) is differentiable with respect to the components of θ, for

θ in a neighborhood of θ0.

(iii) For 1 ≤ i, j ≤ d,

sup
‖ − 0‖≤δn

∫

Ω

∣∣∣∣∣
∂

∂θj
ψi(y, θ) − ∂

∂θj
ψi(y, θ0)

∣∣∣∣∣ dF (y) = oP (1)

for any sequence δn → 0 as n → ∞.

(A2) (i) The matrix A, defined in Theorem 2.1, is positive definite.

(ii) The matrix B, defined in Theorem 2.2, is positive definite.

(iii) The matrix of derivatives of Sn(θ) is negative definite.

Further, the estimators F̂ (y) and Ω̂ and the function ψ(y, θ0) need to satisfy the following

conditions :

(A3) (i) The estimator F̂ (y) admits the following representation :

F̂ (y) − F (y) = n−1
n∑

i=1

g(T̃ i,∆i, y) + Rn(y), (2.3)

for a certain function g : IR2 × {0, 1}2 × IR2 → IR and where

∫

Ω
ψ(y, θ0) dRn(y) = oP (n−1/2) (2.4)

(ii) The region Ω̂ satisfies

∫

Ω̂
ψ(y, θ0) dF (y) −

∫

Ω
ψ(y, θ0) dF (y)

= n−1
n∑

i=1

k(T̃ i,∆i, θ0) + oP (n−1/2) (2.5)

for a certain function k : IR2 × {0, 1}2 × IRd → IR2.

(iii)

∫

Ω̂
ψ(y, θ0) d(F̂ (y) − F (y))

−
∫

Ω
ψ(y, θ0) d(F̂ (y) − F (y)) = oP (n−1/2), (2.6)
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and

∫

Ω̂
[ψ(y, θ0 + bn−1/2) − ψ(y, θ0)] dF̂ (y)

−
∫

Ω
[ψ(y, θ0 + bn−1/2) − ψ(y, θ0)] dF (y) = oP (n−1/2) (2.7)

for any vector b ∈ IRd.

In the appendix we will verify condition (A3) for a number of choices for F̂ (y), ψ(y, θ0)

and Ω̂. Assumption (A3)(i) is a key-condition for proving the asymptotics of the proposed

M-estimators. Using this condition, we will be able to linearize the estimating equation

Sn(θ̂) = 0. This linearization can then be carried over to θ̂, from which the main results

will follow.

We start with the asymptotic normality of Sn(θ0). This result is useful for testing

hypotheses concerning θ0.

Theorem 2.1 Assume (A1)(i), (A2)(i), (A3). Then,

n−1/2Sn(θ0)
d→ Nd(0, A),

where

A = Var
[∫

Ω
ψ(y, θ0) dg(T̃ ,∆, y) + k(T̃ ,∆, θ0)

]
.

The next result is the asymptotic normality of the estimator θ̂.

Theorem 2.2 Assume (A1) − (A3). Then,

n1/2(θ̂ − θ0)
d→ Nd(0, B−1A(Bt)−1),

where B = (Bij) (i, j = 1, . . . , d) and

Bij = −
∫

Ω

∂

∂θj
ψi(y, θ0) dF (y).

In Section 3, we discuss the estimation of A and B. These estimates are needed to

estimate the covariance matrix of θ̂ and, hence, estimate the standard errors. In addition,

the results in Theorem 2.2 can be used to calculate the estimation efficiency of θ̂.
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The following result holds for the special case of a location functional (i.e. ψ(y, θ) =

ψ0(y−θ) for some function ψ0) and will be stated separately for location and scale mod-

els. Location models are appropriate when modelling logarithm of survival time and scale

models for raw survival time. It should be noted that there is no simple transformation

that allows one to switch between the location estimator of the log and the raw survival

times.

Location model : F (y) = F0(y1−θ1, y2−θ2) for some prototype distribution F0(y1, y2).

Scale model : F (y) = F1(
y1

σ1
, y2

σ2
) for σ1, σ2 > 0 and for some prototype distribution

F1(y1, y2) satisfying F1(y) = 0 for y1 < 0 or y2 < 0.

Theorem 2.3 Assume (A1) − (A3) and let ψ(y, θ) = ψ0(y − θ) for some function ψ0

(i.e. θ0 is a location functional).

1. Location model : Let H0 : θ = θ0 and H1 : θ = θ0 + γn−1/2 for some fixed vector

γ. Then, under H1,

n−1St
n(θ0)A

−1Sn(θ0)
d→ χ2(d, γtBtA−1Bγ),

where χ2(a, b) is a non-central chi-square distribution with a degrees of freedom and

non-centrality parameter b.

2. Scale model : Let H0 : θ = θ0 and H1 : θ = θ0eγn−1/2
for some fixed value γ, and

assume that ψ0(ay) = ψ0(y) for all y and all a > 0. Then, under H1,

n−1St
n(θ0)A

−1Sn(θ0)
d→ χ2(d, γ2θt

0B
tA−1Bθ0).

Theorem 2.3 can be used to estimate the local power of the test based on Sn(θ0). The

test efficiency of two tests concerning θ, is defined as the limiting ratio of the samples

sizes needed for the same asymptotic level and same asymptotic power along the same

sequence of alternatives, or equivalently as the ratio of the noncentrality parameters of the

limiting χ2-distributions of the respective test statistics under the alternative hypothesis

(see Bickel (1965), Hettmansperger and McKean (1998)). Hence, the above result enables

us to calculate the test efficiency of Sn relative to another test. The calculations, however,

are computationally intensive, so in Section 5 we report on a finite sample simulation study

comparing different estimates of location.

We end this section with the construction of a confidence region for θ0.
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Theorem 2.4 Assume (A1)−(A3). Further, let Â and B̂ be weakly consistent estimators

of respectively A and B. Then, a (1 − α)100% confidence region for θ0 is given by the

values of θ0 that satisfy

n(θ̂ − θ0)
tB̂

t
Â

−1
B̂(θ̂ − θ0) ≤ χ2

α(d),

where χ2
α(d) satisfies P (X ≥ χ2

α(d)) = α if X ∼ χ2(d).

The proof is a straightforward application of Lemma A.1 and Theorem 2.2 and is

therefore omitted.

The calculation of standard errors, local power and the construction of a confidence

region for θ0 require the estimation of the matrices A and B. The estimation of the

matrix B is straightforward (simply replace F (y), Ω and θ0 by consistent estimators

F̂ (y), Ω̂ and θ̂ respectively). More attention needs to be paid to the estimation of

A. An estimator for A could be obtained by replacing the functions g(T̃ ,∆, y) and

k(T̃ ,∆, θ0) by appropriate estimators. However, the estimation of these functions is

often complicated. For this reason we define in the next section a bootstrap procedure

which can be used to obtain a bootstrap estimate for A.

3 Bootstrap for two dimensional censored data

The purpose of this section is to define an appropriate bootstrap scheme that will

allow us to estimate the matrix A in a consistent way.

We start with extending the so-called ‘obvious’ bootstrap (see Efron (1981)) from one

to two dimensions. Conditioning on the responses T i and censoring times Ci (i = 1, . . . , n)

we define the random variables T ∗
i and C∗

i (independently) as follows :

T ∗
1, . . . , T

∗
n are independent; T ∗

i ∼ F̂

C∗
1, . . . , C

∗
n are independent; C∗

i ∼ Ĝ,

where Ĝ(y) is obtained by interchanging the role of the survival and censoring times in

the definition of F̂ (y). Then define, for i = 1, . . . , n and j = 1, 2,

T̃ ∗
ij = min(T ∗

ij, C
∗
ij) and ∆∗

ij = I(T ∗
ij ≤ C∗

ij).
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The natural extension of the ‘simple’ bootstrap for one dimensional data to two dimen-

sions consists in drawing pairs (T̃
∗
i ,∆

∗
i ) with replacement from (T̃ 1,∆1), . . . , (T̃ n,∆n).

Unlike the one-dimensional case, we now show that, regardless of the choice of the esti-

mator F̂ , these two bootstrap procedures cannot be equivalent in two dimensions. Indeed,

it is easily seen that two necessary conditions for equivalence are that (1) F̂ c(y)Ĝc(y) =

Ĥc(y) (where F̂ c(y) = 1 − F̂ (y1,∞) − F̂ (∞, y2) + F̂ (y) is the estimator for P (T1 >

y1, T2 > y2) and similarly for Ĝc and Ĥc (replace Tj (j = 1, 2) respectively by Cj and T̃j))

and (2) the support points of F̂ (respectively Ĝ) are the doubly uncensored (respectively

doubly censored) observations. But, if condition (2) is satisfied, (1) cannot hold, since

F̂ c(y)Ĝc(y) would then jump at the doubly uncensored and doubly censored observations,

while Ĥc(y) in addition jumps at the singly censored observations.

For most existing estimators F̂ , we prefer to work with the simple bootstrap, since

the estimators F̂ and Ĝ needed for the obvious bootstrap are in many cases non-efficient.

Only for van der Laan’s (1996) estimator (see next section), we recommend the obvious

bootstrap, since it is known that this estimator is efficient and since the obvious bootstrap

provides us with the bootstrapped censoring times, which are needed for the calculation

of the bootstrapped van der Laan estimator.

We are now able to construct a bootstrap estimate for the matrix A, which is the

(asymptotic) covariance matrix of n−1/2Sn(θ0). Define

n−1/2S∗
n(θ̂) = n1/2

∫

Ω̂∗

ψ(y, θ̂) dF̂ ∗(y),

where F̂ ∗(y) and Ω̂∗ are obtained from the bootstrap sample. Calculate this expression

for B bootstrap samples, where B is a prespecified number, and let Â be the variance-

covariance matrix of these B vectors.

4 Estimation of F (y)

In this section we discuss a number of estimators F̂ (y), studied in the literature, that

could be used in the proposed procedure. The verification of condition (A3) for these

estimators is postponed to the appendix.

• van der Laan (1996). Since the nonparametric maximum likelihood estimator

(NPMLE) for bivariate censored data is inconsistent, the idea of van der Laan
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(1996) is to slightly modify the data, and apply the NPMLE on the new data. More

precisely, redefine the bivariate right censored data as the bivariate right censored

data one would have seen if the observed vector of censoring times is pulled back

to the left lower grid point of the grid rectangle it is in. Next, interval censor the

observed failure times of the singly censored observations. Finally, compute the

nonparametric maximum likelihood estimator for this reduced data structure by

iterating the self-consistency equation

F̂ (y) = n−1
n∑

i=1

PF̂ (T1 ≤ y1, T2 ≤ y2|T ∈ Bi),

where Bi is a point, horizontal strip, vertical strip or an upper quadrant, depending

on whether ∆i = (1, 1), (0, 1), (1, 0) or (0,0) respectively. Note that this method

requires the censoring times to be known. If not, they need to be simulated.

• Akritas and Van Keilegom (2000). The idea in this paper is based on the relationship

F (y) = w(y)
∫ y2

−∞
F1|2(y1|z2) dF2(z2) + (1 − w(y))

∫ y1

−∞
F2|1(y2|z1) dF1(z1), (4.1)

where w(y) is any real number, F1 and F2 are the marginal distributions of respec-

tively T1 and T2, F1|2 is the conditional distribution of T1 given T2 and similarly for

F2|1. In order to estimate F (y), we first of all replace Fj (j = 1, 2) by the usual

Kaplan-Meier (1958) estimator. An estimator for F1|2(y1|y2) is obtained by a Beran

(1981)-type estimator, except that the averaging is done only over the uncensored

observations in a window around y2, since for a censored value of T2, it is not clear

whether or not it belongs to the window.

Finally, we like to note that if the data set of interest is quite small, it might be preferable

to use a semiparametric estimator, instead of one of the two nonparametric estimators

described above. See e.g. Wang and Wells (1999), where the bivariate distribution is

estimated by choosing an appropriate copula function and estimating the marginals by

the Kaplan-Meier estimator.

5 Simulations

To illustrate the finite sample performance of the proposed M-estimators, we carry

out a small simulation study, in which we compare the performance of the vector of
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Table 1: Bias, variance and mean squared error of the L1 median based on the van der

Laan-estimator (θ̂V DL) and the Akritas-Van Keilegom estimator (θ̂AV K), and the vector

of marginal medians (θ̂MAR). The first line shows the results for the first component of

θ̂, the second line for the second component.

p ρT n Bias Variance MSE

θ̂V DL θ̂AV K θ̂MAR θ̂V DL θ̂AV K θ̂MAR θ̂V DL θ̂AV K θ̂MAR

0.2 0 25 -.0129 -.0112 -.0039 .0580 .0553 .0658 .0582 .0554 .0658

-.0107 -.0107 .0054 .0534 .0547 .0714 .0535 .0548 .0714

50 -.0109 .0035 .0096 .0304 .0288 .0391 .0305 .0288 .0392

-.0212 -.0084 -.0073 .0274 .0261 .0349 .0278 .0262 .0350

100 -.0166 -.0050 -.0049 .0130 .0126 .0147 .0133 .0126 .0147

-.0123 -.0042 -.0033 .0133 .0134 .0171 .0135 .0134 .0171

0.2 0.3 25 -.0009 -.0435 -.0039 .0601 .0559 .0658 .0601 .0578 .0658

-.0065 -.0457 .0049 .0585 .0541 .0714 .0585 .0562 .0714

50 -.0071 -.0361 .0096 .0312 .0284 .0391 .0313 .0297 .0392

-.0156 -.0446 -.0021 .0280 .0267 .0368 .0282 .0287 .0368

100 -.0075 -.0412 -.0049 .0135 .0126 .0147 .0136 .0143 .0147

-.0074 -.0414 -.0033 .0138 .0135 .0160 .0139 .0152 .0160

0.3 0 25 -.0220 -.0192 -.0016 .0662 .0622 .0791 .0667 .0626 .0791

-.0181 -.0124 -.0034 .0621 .0639 .0764 .0624 .0641 .0764

50 -.0242 -.0030 .0158 .0332 .0307 .0417 .0338 .0307 .0419

-.0222 -.0082 .0023 .0299 .0297 .0396 .0304 .0298 .0396

100 -.0206 -.0038 -.0039 .0154 .0142 .0162 .0158 .0142 .0162

-.0165 -.0055 -.0058 .0160 .0148 .0183 .0163 .0148 .0183

0.3 0.3 25 -.0097 -.0654 -.0016 .0689 .0586 .0791 .0690 .0629 .0791

-.0133 -.0539 .0040 .0608 .0657 .0770 .0610 .0686 .0770

50 .0000 -.0546 .0158 .0346 .0299 .0417 .0346 .0329 .0419

-.0050 -.0608 .0011 .0316 .0293 .0390 .0316 .0330 .0390

100 -.0063 -.0554 -.0039 .0161 .0142 .0162 .0161 .0173 .0162

-.0039 -.0564 -.0012 .0162 .0145 .0176 .0162 .0177 .0176
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marginal medians with the L1 median for two estimators of the bivariate distribution :

the estimator of van der Laan (1996) and the one of Akritas and Van Keilegom (2000).

The data are generated in the following way. The vector of (transformed) survival times

follows a bivariate normal distribution with mean vector zero and variances equal to one.

The values of the correlation (denoted by ρT ) considered in the simulation are 0 and

0.3. This means that the true vector of marginal medians, as well as the L1 median,

equals (0, 0). The vector of (transformed) censoring times also follows a bivariate normal

distribution, with variance-covariance matrix equal to the identity matrix and with mean

given by the vector (m, m)′, where m is specified in such a way that the probability of

censoring in each of the marginals (denoted by p) is given by 0.2 for the first simulation and

0.3 for the second one. For the situation where ρT = 0, this means that 36%, respectively

51% of the data have at least one censored component. The sample sizes considered are

25, 50 and 100. The results are based on 500 simulation runs and are shown in Table 1.

To select the bandwidth required for the calculation of both F̂V DL and F̂AV K we adopted

the approach of selecting the one for which the sum of the mean squared error of the two

components of θ̂ is minimal. The results in Table 1 show that in most situations the MSE

of the L1 median based on the estimator of Akritas and Van Keilegom is the smallest,

closely followed by the one of van der Laan. The marginal median has considerably larger

MSE. Note also that both estimators of the L1 median tend to underestimate the true L1

median and that for all three estimators the bias has only little effect on the MSE.

6 Data analysis

We will illustrate the calculations of the multivariate L1 median and an estimate of its

covariance matrix on data provided in an example discussed by McGilchrist and Aisbett

(1991). The data, given in the reference, consist in the recurrence times to infection at

point of insertion of the catheter for 38 kidney patients using portable dialysis equipment.

For each patient two such times are recorded and censoring has taken place in the data.

Of the 38 patients, 23 are doubly uncensored, 12 are singly censored, and 3 are doubly

censored. The data values range from under 10 to over 500 days in each component and

are shown in Figure 1.

We will calculate the L1 median by using both the van der Laan (1996) estimator
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Figure 1: Recurrence times to infection (in days) of 38 kidney patients. Uncensored

observations are indicated by ×, observations censored in the first component by +, ob-

servations censored in the second component by + and doubly censored observations by •.
θ̂V DL is indicated by ◦, θ̂AV K by ! and θ̂MAR by -.

(θ̂V DL) and the estimator proposed by Akritas and Van Keilegom (2000) (θ̂AV K) (see

Section 4 for a discussion on these estimators). We start with computing the van der

Laan estimator. Since the censoring times corresponding to uncensored observations are

not observed in this example, we follow the suggestion of van der Laan and simulate

them using a Kaplan-Meier estimator for the conditional censoring distribution. The last

observation is changed to a censored observation so the Kaplan-Meier estimate is a proper

distribution. The simulated censoring times are given in Table 2. The size of the grid

rectangles is determined such that the average number of uncensored observations in each

cell is some fixed number k. To select k, we estimate the mean squared error (MSE) of

θ̂V DL,j (j = 1, 2) by means of the obvious bootstrap procedure described in Section 3 and

for a grid of k values and select the value of k for which the sum of the MSE of θ̂V DL,1 and
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θ̂V DL,2 is minimal. Table 3 shows the sum of the MSE’s for a number of values of k. The

value k = 0.5 yields the lowest MSE and is therefore selected. This leads to a grid size of

6.37. (To calculate the MSE of θ̂j , note that n1/2(θ̂−θ0) = n−1/2B−1Sn(θ0)+ oP (1) (see

proof of Theorem 2.2) and hence AMSE(θ̂j) = n−2[B−1Var{Sn(θ0)}B−1]jj + n−2[B−1

Bias{Sn(θ0)}]2j , which can be estimated by means of the bootstrap procedure of Section

3).

Since the calculation of the estimator of van der Laan requires the data to live on a

rectangle [0, τ1] × [0, τ2] such that F (τ1, τ2) = 1 and S(τ1−, τ2−) > 0, we project all data

points outside [0, 200]× [0, 300] (5 data points in total) onto this rectangle, since it seems

reasonable to believe that the distribution of the projected data approximately satisfies

the above conditions. Once the van der Laan estimator is calculated, the L1 median is

found by using a bivariate Newton-Raphson algorithm. The values of the L1 median and

the marginal median (obtained from the marginal Kaplan Meier estimators) can be found

in Table 4.

Next, we calculate

B̂ =



 0.0045 −0.0005

−0.0005 0.0058





and using the obvious bootstrap as described in Section 3, we find, based on B=1000

bootstrap samples,

Â =



 0.5890 0.1003

0.1003 0.6049





C1 562 13 562 562 562 562 13 562 113 562 113 562 113

C2 511 149 511 511 511 511 511 511 511 22 511 8 511

C1 70 562 4 562 159 159 108 562 24 70 562 159 113

C2 149 25 511 511 511 22 511 511 511 511 46 511 511

C1 562 70 562 159 562 5 562 562 562 54 6 8

C2 511 511 511 149 511 511 511 5 511 16 511 511

Table 2: Simulated censoring times
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k MSE h MSE

0.3 1482.1 10 2588.6

0.4 1682.9 15 2263.4

0.5 1451.2 20 1664.8

0.6 1716.4 25 1765.9

1 3033.8 30 2120.4

Table 3: Sum of the MSE of θ̂1 and θ̂2 for different values of k (for van der Laan estimator)

and different values of the bandwidth h (for Akritas-Van Keilegom estimator).

θ̂V DL θ̂AV K θ̂MAR

T1 88.34 69.89 114

T2 80.05 78.03 63

Table 4: L1 median based on the van der Laan estimator (θ̂V DL), L1 median based on the

Akritas-Van Keilegom estimator (θ̂AV K) and the vector of marginal medians (θ̂MAR).

and, the estimated asymptotic covariance matrix of n1/2(θ̂V DL − θ0) is

B̂
−1

ÂB̂
−1

=



 30915.9 8169.5

8169.5 19022.2



 .

Hence, the estimated standard error of θ̂V DL,1 is
√

30915.9/38 = 28.52 and similarly the

estimated standard error of θ̂V DL,2 is 22.37. A simple comparison of the components of

the L1 median, taking into account the estimated standard errors, suggests that there is

no statistical evidence that they differ.

Next, we calculate the L1 median by means of the estimator of Akritas and Van

Keilegom (2000). We select the bandwidth hn (which is required for the calculations of

this estimator) in the same way as for the grid size of the van der Laan estimator (i.e.

by minimizing the sum of the MSE of θ̂AV K,1 and θ̂AV K,2). Table 3 shows that hn = 20

minimizes the sum of the MSE’s and is therefore selected. The weights w(y) in relation

(4.1) are chosen to be 1/2, since there is no a priori reason not to assign the same weights

to the two integrals in (4.1). The L1 median θ̂AV K is shown in Table 4. In a similar way

as before, we calculate the variance covariance matrix of θ̂AV K (except that we now use

the simple bootstrap instead of the obvious bootstrap, as was explained in Section 3) and
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find

B̂
−1

ÂB̂
−1

=



 23402.5 15021.0

15021.0 28933.7



 .

Hence, the standard error of θ̂AV K,1 is 24.82 and for θ̂AV K,2 we have 27.52. So, also for

this estimator, the standard errors indicate that the two components of the L1 median do

not differ significantly.

Appendix : Proof of main results

Proof of Theorem 2.1. Consider

n−1/2[Sn(θ0) − S(θ0)] = n1/2
∫

Ω̂
ψ(y, θ0) d(F̂ (y) − F (y))

+
[
n1/2

∫

Ω̂
ψ(y, θ0) dF (y) − n1/2

∫

Ω
ψ(y, θ0) dF (y)

]

=
2∑

j=1

Tj .

From condition (A3) we have that

T1 = n1/2
∫

Ω
ψ(y, θ0) d(F̂ (y) − F (y)) + oP (1)

= n−1/2
n∑

i=1

∫

Ω
ψ(y, θ0) dg(T̃ i,∆i, y) + oP (1).

The term T2 can be written as n−1/2 ∑n
i=1 k(T̃ i,∆i, θ0) + oP (1), again by condition (A3).

The result now follows from the central limit theorem.

The following is a technical lemma, which will be needed in the proofs of Theorems

2.2 and 2.3.

Lemma A.1 Assume (A1) − (A3). Then, for all B > 0,

sup
‖b‖≤B

|n−1/2Sn(θ0 + bn−1/2) − n−1/2Sn(θ0) + Bb| P→ 0. (A.1)

and

n1/2(θ̂ − θ0) = OP (1). (A.2)
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Proof. To prove this result, we will make use of Theorem 2 in Brown (1985) (applied

to −Sn(θ0) instead of Sn(θ0) however), which states that the two above results follow

from the conditions (2), (3), (10) and (11) in his paper. The verification of conditions

(2), (3) and (11) is straightforward, since they require (respectively) that n−1/2Sn(θ0)

is asymptotically normal (see Theorem 2.1), that B is positive definite (see condition

(A2)(ii)) and that the matrix of derivatives of Sn(θ) is negative definite (see condition

(A2)(iii)). It remains to verify his condition (10), which states that the expression within

absolute values in (A.1) is oP (1) for every b such that ‖b‖ ≤ B. From condition (A3), we

have that n−1/2[Sn(θ0 + bn−1/2) − S(θ0 + bn−1/2) − Sn(θ0) + S(θ0)] = oP (1) and hence

it remains to show that for each ‖b‖ ≤ B, n−1/2[S(θ0 +bn−1/2)−S(θ0)]+Bb
P→ 0. This

follows from the mean value theorem together with condition (A1)(iii).

We are now ready to prove the remaining results of Section 2.

Proof of Theorem 2.2. Since n1/2(θ̂ − θ0) = OP (1), we can apply (A.1) on b =

n1/2(θ̂ − θ0) yielding

n−1/2Sn(θ̂) − n−1/2Sn(θ0) + n1/2B(θ̂ − θ0) = oP (1).

Because Sn(θ̂) = 0, it follows that

n1/2(θ̂ − θ0) = n−1/2B−1Sn(θ0) + oP (1),

which tends to a normal distribution with zero mean and covariance matrix B−1A(Bt)−1

(see Theorem 2.1).

Proof of Theorem 2.3. For the location model, the asymptotic distribution of

n−1/2Sn(θ0) = n1/2
∫

Ω̂
ψ0(y − θ0) dF̂ (y)

under H1 equals the asymptotic distribution under H0 of

n1/2
∫

Ω̂!

ψ0(y − θ0) dF̂ (y − n−1/2γ)

= n1/2
∫

Ω̂
ψ0(y − θ0 + n−1/2γ) dF̂ (y)

= n−1/2Sn(θ0 − n−1/2γ)

= n−1/2Sn(θ0) + Bγ + oP (1)
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by (A.1), where Ω̂% = {y : (y1 − γ1n−1/2, y2 − γ2n−1/2) ∈ Ω̂}. Since the latter converges to

a d-variate normal distribution with mean Bγ and variance matrix A, the result follows.

For the scale model the proof is similar : the asymptotic distribution of n−1/2Sn(θ0) under

H1 equals the asymptotic distribution under H0 of

n1/2
∫

Ω̂s

ψ0(y − θ0) dF̂ (ye−γn−1/2
)

= n1/2
∫

Ω̂
ψ0(yeγn−1/2 − θ0) dF̂ (y)

= n1/2
∫

Ω̂
ψ0(y − θ0e

−γn−1/2
) dF̂ (y)

= n−1/2Sn(θ0e
−γn−1/2

)

= n−1/2Sn(θ0 − γθ0n
−1/2) + oP (1)

= n−1/2Sn(θ0) + γBθ0 + oP (1),

where Ω̂s = {y : (y1e−γn−1/2
, y2e−γn−1/2

) ∈ Ω̂}, from which the result follows.

Verification of (A3) for van der Laan (1996)-estimator. In his Theorem 5.1 he

proves an asymptotic representation for his estimator. One of the conditions in this result

requires that Ω equals (−∞, τ1]× (−∞, τ2], where τ1 and τ2 satisfy SF (τ1−, τ2−) > 0 and

SG(τ1, τ2) > 0, and where SF (y) = P (T1 > y1, T2 > y2) is the survival distribution of T

and similarly for SG. Choosing τj = H−1
j (1 − ε) (where Hj is the marginal distribution

of T̃j and ε > 0), it is easily seen that the required condition is satisfied provided that

SF (F−1
1 (1−ε)−, F−1

2 (1−ε)−) > 0 and SG(G−1
1 (1−ε), G−1

2 (1−ε)) > 0. Natural estimators

for τj (j = 1, 2) are τ̂j = Ĥ−1
j (1 − ε) (where Ĥj(y) = n−1 ∑n

i=1 I(T̃ij ≤ y)). Since the

remainder term in his Theorem 5.1 satisfies supy∈Ω |Rn(y)| = oP (n−1/2), condition (2.4) is

satisfied e.g. for ψ’s that are continuously differentiable and that are defined on a compact

region of IR2. Next, we need to show (2.5). Write

∫

Ω̂
ψ(y, θ0) dF (y) −

∫

Ω
ψ(y, θ0) dF (y) (A.3)

=
∫ τ̂1

τ1

∫ τ̂2

−∞
ψ(y, θ0) dF (y) +

∫ τ1

−∞

∫ τ̂2

τ2
ψ(y, θ0) dF (y).

If we use the notation

L1, (z) =
∫ z

−∞

∫ τ2

−∞
ψ(y, θ) dF (y),
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the first term of this sum equals
∫ τ̂1

τ1

∫ τ2

−∞
ψ(y, θ0) dF (y) + oP (n−1/2)

= L1, 0(τ̂1) − L1, 0(τ1) + oP (n−1/2)

= L′
1, 0

(τ1)(τ̂1 − τ1) + oP (n−1/2)

= −
L′

1, 0
(τ1)

h1(τ1)

[

n−1
n∑

i=1

I(T̃i1 ≤ τ1) − (1 − ε)

]

+ oP (n−1/2),

provided H1 is differentiable in τ1 and h1(τ1) > 0 (h1 being the density of H1). The deriva-

tion for the second term of (A.3) is similar. This shows that (2.5) is satisfied. Finally,

conditions (2.6) and (2.7) hold (among others) for the ψ functions described above. If in

addition the conditions in van der Laan (1996) are satisfied, the results of Section 2 can

be applied.

Verification of (A3) for Akritas and Van Keilegom (2000)-estimator. The repre-

sentation in (2.3) is given by Theorem 3.4 of Akritas and Van Keilegom (2000). Condition

(2.4) holds for the same functions ψ as the ones that can be used for van der Laan. The

verification of equation (2.5) requires more work. First note that

Ω =
{
y : y1 ≤ inf

y≤y2

τ1(y) and y2 ≤ inf
y≤y1

τ2(y)
}

,

where we choose τ1(y) = H−1
1|2u(1 − ε|y) for some ε > 0, where H1|2u(y1|y2) = P (T̃1 ≤

y1|T̃2 = y2,∆2 = 1), and similarly for τ2(y). We estimate this region by replacing τ1(y)

by τ̂1(y) = Ĥ−1
1|2u(1 − ε|y) (and similarly for τ2(y)), where

Ĥ1|2u(y1|y2) =
n∑

i=1

Wn2i(y2, hn)I(T̃i1 ≤ y1),

Wn2i(y, hn) =






K(y−Ti2
hn )

∑
∆j2=1

K
(

y−Tj2
hn

) if ∆i2 = 1

0 if ∆i2 = 0,

K is a known density function (kernel) and {hn} a sequence of positive constants tending

to zero as n tends to infinity (bandwidth sequence). It is easy to show that
∫

Ω̂
ψ(y, θ0) dF (y) −

∫

Ω
ψ(y, θ0) dF (y)
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=
∫ e1

−∞

∫ infy≤y1
τ̂2(y)

infy≤y1
τ2(y)

ψ(y, θ0) dF (y)

+
∫ e2

−∞

∫ infy≤y2
τ̂1(y)

infy≤y2
τ1(y)

ψ(y, θ0) dF (y) + oP (n−1/2), (A.4)

where e = (e1, e2) is the point in the plane where the curves τ1(y2) and τ2(y1) intersect

(we assume for simplicity that this point is unique). Using the notation

N1, (y2, z) =
∫ z

−∞
ψ(y, θ) dF1|2(y1|y2),

we can write the second term of (A.4) as
∫ e2

−∞

[
N1, 0

(
y2, inf

y≤y2

τ̂1(y)
)
− N1, 0

(
y2, inf

y≤y2

τ1(y)
)]

dF2(y2)

=
∫ e2

−∞
N ′

1, 0

(
y2, inf

y≤y2

τ1(y)
) [

inf
y≤y2

τ̂1(y) − inf
y≤y2

τ1(y)
]
dF2(y2)

+oP

(∣∣∣∣ inf
y≤y2

τ̂1(y) − inf
y≤y2

τ1(y)
∣∣∣∣

)
.

Hence, it suffices to construct an asymptotic representation for infy≤y2 τ̂1(y)− infy≤y2 τ1(y)

(and similarly for τ2(y)). Let z = argminy≤y2
τ1(y) and write

inf
y≤y2

τ̂1(y) − τ1(z) =

[

inf
y≤y2,τ̂1(y)≤τ̂1(z)

τ̂1(y) − τ̂1(z)

]

+ [τ̂1(z) − τ1(z)]

= T1 + T2.

The term T2 equals

T2 = −[Ĥ1|2u(τ1(z)|z) − (1 − ε)]/h1|2u(τ1(z)|z) + oP (n−1/2).

We will show that T1 = oP (n−1/2). Fix ε > 0.

P (n1/2|T1| > ε)

= P

(

n1/2|T1| > ε

∣∣∣∣∣ sup
y

|τ̂1(y) − τ1(y)| ≤ an

2

)

P

(

sup
y

|τ̂1(y) − τ1(y)| ≤ an

2

)

+P

(

n1/2|T1| > ε

∣∣∣∣∣ sup
y

|τ̂1(y) − τ1(y)| >
an

2

)

P

(

sup
y

|τ̂1(y) − τ1(y)| >
an

2

)

,

where an = Kn−1/4 for some K > 0. Since supy |τ̂1(y) − τ1(y)| = OP (n−1/2), the second

term above is o(1). The first one is bounded by

P

(

n1/2 inf
y≤y2,τ1(y)≤τ1(z)+an

|τ̂1(y) − τ̂1(z)| > ε

)
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= P

(

n1/2 sup
y≤y2,τ1(y)≤τ1(z)+an

|τ̂1(y) − τ̂1(z) − τ1(y) + τ1(z)| >
ε

2

)

+P

(

n1/2 inf
y≤y2,τ1(y)≤τ1(z)+an

|τ1(y) − τ1(z)| >
ε

2

)

.

The second term of this sum is o(1), as well as the first one, using the modulus of conti-

nuity of the estimator Ĥ1|2u(y1|y2). This shows that T1 = oP (n−1/2), and hence we have

proved condition (2.5). Finally, conditions (2.6) and (2.7) are satisfied for the same ψ

functions as the ones that can be used for van der Laan (1996).
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