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Abstract

Probabilistic forecasts comprehensively describe the uncertainty in the unknown future
outcome, making them.esséntial for decision making and risk management. While several
methods have been introduced to evaluate probabilistic forecasts, existing evaluation
techniques are illssuited:to the evaluation of tail properties of such forecasts. However, these
tail properties are often of particular interest to forecast users due to the severe impacts
caused by extreme,outcomes. In this work, we introduce a general notion of tail calibration
for probabilistic forecasts, which allows forecasters to assess the reliability of their
predictions for extreme outcomes. We study the relationships between tail calibration and
standard notions of forecast calibration, and discuss connections to peaks-over-threshold
models in extreme value theory. Diagnostic tools are introduced and applied in a case study
on European precipitation forecasts.
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1 Introduction

Forecasts for future events should be reliable, or calibrated. For example, if an event is
predicted to occur with a certain probability, this forecast will only be useful for decision
making and risk assessment if the event does indeed transpire with the predicted probability.
Since extreme events often have the largest impacts on forecast users, calibrated forecasts for
these outcomes are particularly valuable. It is therefore essential that methods are available to
assess the performance of probabilistic forecasts for extreme events. However, the evaluation
of forecasts with regards to extreme events is difficult and prone to methodological pitfalls
(Lerch et al., 2017; Bellier et al., 2017).

Proper scoring rules quantify the accuracy of probabilistic forecasts, thereby allowing
forecasters to be ranked and compared objectively (see e.g. Gneiting and Raftery, 2007).
However, despite their widespread use, no proper scoring rule can distinguishthe'true
distribution of the observations from a forecast distribution with incorrect tail behavior
(Brehmer and Strokorb, 2019). Weighted scoring rules, which are commonly émployed to
emphasize particular outcomes during forecast evaluation (Diks et al4 2011;"Gneiting and
Ranjan, 2011; Holzmann and Klar, 2017; Lerch et al., 2017; Allen‘t al., 2023; Olafsdottir et
al., 2024), also suffer from these limitations. We extend the negative result of Brehmer and
Strokorb (2019) by demonstrating that it cannot be circumvented by*employing a class of
scoring rules to assess forecast performance; see Appendix Biin the supplement. Alternative
tools are therefore required to evaluate forecasts for extreme events.

In this paper, we focus on probabilistic forecasts'for real-valued outcomes. A probabilistic
forecast takes the form of a probability distribution /" over all possible values of the outcome
Y eR, and is typically stated as a cumulative distribution function (cdf). While scoring rules
assess relative forecast performance, it is'also important to determine whether probabilistic
forecasts are calibrated. Forecast calibration«s often assessed in practice using histograms or
pp-plots of probability integral transform (PIT) values (Diebold et al., 1998; Gneiting et al.,
2007). Such diagnostic tools additionally allow practitioners to ascertain what systematic
biases manifest in the forecasts, thereby helping to improve future predictions.

While several definitions of calibration have been proposed (see Gneiting and Resin, 2023,
for a recent review), all focus on overall forecast performance, and do not allow practitioners
to evaluate forecasts made for extreme outcomes. In this paper, we introduce a general notion
of forecast#ail calibration that quantifies the reliability of predictions when forecasting
extreme events. We derive theoretical implications of tail calibration, study the connection
with peaks-over-threshold models in extreme value theory, and provide examples where
standard calibration does and does not imply tail calibration. In general, tail calibration is not
implied by classical definitions of calibration, highlighting that it provides additional
information that is not available from existing forecast evaluation methods.

In some fields, forecast calibration refers to re-calibration methods that adapt forecasts so
that they are calibrated. This paper does not concern re-calibration, though it facilitates the
introduction of tail re-calibration methods. Tail re-calibration methods currently do not exist,
largely due to a lack of tools to evaluate the resulting forecasts. Our definitions of tail
calibration remedy this by allowing forecasters to assess whether their forecasts for extreme



outcomes are reliable, and if not, to understand how the forecasts are miscalibrated, for
example, if the tails of the predictive distribution are too light or too heavy.

In Section 2, we revisit notions of calibration for probabilistic forecasts, and introduce
concepts that are suitable when evaluating forecasts for extreme events. Connections between
tail calibration and well-known results in extreme value theory are explored in Section 3.
Section 4 presents several examples and introduces diagnostic tools to assess tail calibration
in practice, and these diagnostic tools are then applied to a canonical weather forecasting data
set in Section 5. Section 6 summarizes our findings. The appendices in the supplement
contain sections about the following topics: additional proofs and calculations; a result about
the evaluation of tail behavior using multiple scoring rules; a definition of, and results on,
marginal tail calibration; additional simulation results evaluating well-known forecasts in the
literature with respect to their probabilistic tail calibration; and explanations on the
construction of confidence intervals in our diagnostic tools. An R package and R code.to
reproduce the results herein are available at github.com/sallen12/TailCalibration and
github.com/sallen12/TailCalibration_rep respectively.

2 Tail calibration

Let (O, A,P) be a probability space supporting a random pair (F,Y), where’F is a random

probabilistic forecast for the outcome variable Y. We restrict attention te.real-valued
outcomes and treat F’ as a random cumulative distribution function (cdf). We assume that F'is
almost surely continuous, as this case is most relevant with regards to extremes and leads to a
simpler presentation. However, generalizations are possible; see Remark 1.

2.1 Classical notions of calibration

Tsyplakov (2011) refers to a probabilistic forecast K as auto-calibrated if, for all y eR,
F(y)=P(Y < y| F) almost surely. That i§, given that the distribution /" has been issued as

the forecast, the observation will arisesaecording to this distribution. This provides an
intuitive requirement that a forecast must satisfy in order to be considered reliable. More
generally, for some o -algebra B cwA ,a forecast is called (probabilistically) B -calibrated if

P(Z., <u|B)=u almostsurely;for all u €[0,1], (1)

where Z, = F(Y) is the probability integral transform (PIT) of Y with respect to F. In other
words, Z,. is required to have a standard uniform distribution, Z, ~ Unif(0,1), and to be
independent of B.. Modeste (2023, Proposition 3.4) shows that if o(F) < B, then B-
calibration of /' is equivalent to F(y)=P(Y < y|B) almost surely, for all y eR. The case
B = o(F) yields auto-calibration. Tsyplakov (2014, Definition 3) refers to (1) as conditional
probabilistic calibration, and for o(F) c B, B -calibration is equivalent to the forecast F’
being ideal with respect to B (Gneiting and Ranjan, 2013).

Remark 1 (Discontinuous forecasts).

We assume that the forecast cdf F'is continuous almost surely, but the notions of calibration
that rely on Z,. can also be defined for possibly discontinuous F. In this case, let /' be a



standard uniform random variable that is independent of (F,Y) and define
Z.=FXY-)+V[F(Y)-F(-)], where F(y—) is the left-hand limit of F at y (Gneiting and
Ranjan, 2013, Definition 2.5). The result of Modeste (2023, Proposition 3.4) continues to
hold with this definition of Z,. .

Auto-calibration is a strong and intuitive notion of calibration, and several statistical tests for
auto-calibration have been proposed; see for example Strahl and Ziegel (2017), Modeste
(2023), and related literature on testing forecast encompassing (Harvey et al., 1998).
However, it is typically difficult to assess auto-calibration in practice using diagnostic tools.
Instead, it is common to identify relevant deficiencies of forecasts by employing powerful
diagnostics that assess necessary criteria for auto-calibration.

Following Gneiting et al. (2007), the forecast distribution F'is said to be marginally
calibrated if E[F(y)]=P(Y <y) forall y eR, and probabilistically calibrated if

P(Z, <u)=u forall u €[0,1], i.e. if Z, ~ Unif(0,1). Marginal calibration implies that.the
average probability assigned to Y exceeding a threshold is equal to the true un¢onditional
probability, for any threshold. Probabilistic calibration corresponds to (1) when, B is the
trivial o -algebra, {J,Q}, and implies that all central prediction intervals of /fhave the
correct coverage.

Marginal and probabilistic calibration are unconditional notions of calibration, whereas auto-
calibration conditions on the forecast distribution (Gneiting.and Resin, 2023). Intermediate
notions of forecast calibration exist, including quantile and threshold calibration, which
condition on functionals of the forecast distribution; see Appendix C in the supplement.
Gneiting et al. (2007) show that marginal and probabilistie.€alibration are neither necessary
nor sufficient conditions for each other. Howeveryif a forecast is auto-calibrated, then it is
both marginally and probabilistically calibrated, whereas the converse is not true. More
generally, for B < o(F), B -calibration is,generally weaker than auto-calibration, whereas it

is generally stronger if o(F) < B.

Example 2 (Unfocused forecaster).

To see that probabilistic calibration is strictly weaker than auto-calibration when F is not
deterministic, consider the unfocused forecaster of Gneiting et al. (2007, Example 3).
Suppose Y ~ N(u,1) follows a normal distribution with mean g and variance 1 conditionally
on u,where u~ N(0,1),and let F=(1/2)N(w,1)+(1/2)N(u+ 7,1) with 7 equal to 1 and
—1 with probability 0¢5, independently of x. Figure 1 shows an example of this forecast for
a fixed u. Thisforecaster is either positively or negatively biased, with equal probability. As

a result, this forecaster is not auto-calibrated (and also not marginally calibrated). However,
perhaps unintuitively, the biases cancel out such that the forecast is probabilistically
calibrated.

2.2 Notions of tail calibration

To assess the calibration of forecasts for extreme events, we adopt the standard approach of
extreme value theory and decompose P(Y > x+¢)=P(Y >¢)P(Y >x+¢|Y >¢), for x>0 and



large ¢, i.e., P(Y > ¢) positive but close to zero. Then, we separately consider calibration with
respect to both factors on the right-hand side. Under auto-calibration,

PY>x+t|F)

PO > x| F) =PI >t F) =5

=(1=FO)(1-F(x)

with the conditional forecast excess distribution F, defined as

_F(x+0)—-F(t)

£ (%) _F Q)

, x20, (2)

if F(1)<1,and F,(x)=1, otherwise. To evaluate the calibration of the forecast’s tails, we

propose checking two things for large #: first, whether the forecast survival function is ¢lose
to the conditional survival function of the outcome variable, that is, whether 1— F(#) is.close

to P(Y >¢| F); and second, whether the conditional forecast excess distributiontis close to
the conditional excess distribution of Y, that is, whether 1—F,(x) is close to

PY >x+t|F)/P(Y >t|F) forall x>0.We will call these two aspects the accurrence and
the severity of excesses, respectively.

In order to come up with non-trivial notions of calibration for large ¢, it is important to keep
the following remark in mind.

Remark 3 (Scaling issue).

A direct comparison of the true and forecast conditionaliexcess distributions
P(Y-t<x|Y>¢) and F/(x), for x>0 and large 7, would potentially yield uninformative

results because of a scaling issue. To see this, suppose Y and F both have unbounded support.
For fixed x >0, if both Y and F are heavy-tailed, then both probabilities tend to 0 as ¢ — oo,
whereas if both have a tail that is lighter than“exponential, then both probabilities tend to 1

almost surely. In the two cases, the difference between P(Y —¢# < x|Y >¢) and F,(x) tends to
zero as ¢t — oo, even though the tails of Y and F' could be very different.

To avoid this scaling issue ,.we define the excess probability integral transform (PIT) as
Zy' = F,(Y=1), 3)

and propose thefollowing definitions of tail calibration.

Definition 4 .

Let x, =sup{x e R:P(¥Y <x) <1} be the upper endpoint of Y and let B < A be a o -algebra.
Assume that the upper endpoint of the conditional distribution of Y given B is equal to x,,
i.e., for all ¢ <x,, we have, almost surely, both P(Y >¢|B)>0 and P(Y > x, | B)=0.

(a) The forecast F'is tail B-calibrated for Y if E[1—-F(¢)| B]> 0 almost surely for all ¢ < x,
and if, for all u €[0,1], we have



P(z <u,Y >1|B)
E[1- F(1)| B]

—>u, almost surely as  — x,. (4)

(b) The forecast F'is tail auto-calibrated for Y if it is tail o(F)-calibrated, that s,
1- F(¢) > 0 almost surely for all # < x,, and

P(z <u,Y>t|F)
1-F(t)

—u, almost surely as t — x, .

(c) The forecast F is probabilistically tail calibrated for Y if it is tail {J,Q} -calibrated, that
is, E[1-F(#)]>0 forall t<x,, and

P(z <u,Y>1)
E[1-F(1)]

—>u, ast—Xx,.

Remark 5 (Marginal tail calibration).

Marginal and probabilistic calibration are two unconditional notions of forecast calibration.
Due to its greater relevance in practice, we opt for probabilistic calibration as a starting point
for defining notions of tail calibration. In Appendix C in the supplement, we explore an
option based on marginal calibration.

The definition of B3 -calibration at (1) motivates the definition of tail calibration with respect
to an arbitrary information set 5. The o -algebra 5 eneodes the information with respect to
which we would like to assess the forecaster’s calibration; tail auto-calibration and
probabilistic tail calibration emerge as speeial cases: Probabilistic tail calibration is similar in
essence to the standard notion of probabilisticicalibration, except that it relies on the excess
PIT associated with the conditional forecast excess distribution and outcomes above a large
threshold. Allen et al. (2023) and Mitchellland Weale (2023) consider a similar framework to
assess forecast calibration when interestis in exceedances of a fixed threshold. By taking the
limit as ¢ tends to the upper endpoint, we provide a theoretically attractive framework with
which to evaluate forecasts.amade for extreme events, addressing the lack of existing methods
to achieve this.

The left-hand side.of Eq. (4) can be written as a combined ratio via

P(z <u¥XSulB) P(Y>t|B) Pz <u,Y>1|B)
E[ll-F@®)|B]  E[-F(@®|B] P(Y>t|B)

The single condition at (4) is equivalent to two conditions together: For all u €[0,1],

PY >t|B)

—1, almost surely as  — x,; (5)
E[1-F(@)|B]



P(z <u,Y>1|B)
P >t|B)

—u, almost surely as # — x,. (6)

That (5) and (6) imply (4) is easy to see. For the converse, set # =1 in (4) to conclude (5),
and then combine (4) with (5) to obtain (6). Condition (5) concerns the occurrence of
excesses over a high threshold: Conditionally on B, we would like the exceedance
probabilities over ¢ to be forecast correctly, at least asymptotically. In other words, we would
like the tails of Y and F to be equivalent, given B . Condition (6) concerns the severity of
excesses over ¢ once they occur, and arguably needs more justification. Condition (6) is
related to the characterization of B -calibration in (1). Asymptotically, under tail B -

calibration, the conditional probability P(Z}’) <u,Y>t| B) factorizes as P(Y > ¢| B)u , and
hence the excess PIT is (approximately) uniformly distributed and independent of B ; when
B = {,Q}, condition (6) can be simplified to P(Z}’) <ulY> t) — u almost surely as

t — x, . The single condition at (4) in Definition 4 has the following persuasive
interpretation: Given the information B, the conditional probability of {¥ > &} {Z"< u}
factorizes asymptotically as (1— F(¢))u .

When assessing the quality of forecasts in the tail, it is not sufficient tosfocus only on
condition (6), the severity ratio, and forget about condition (5), the oeciirrence ratio. Suppose
F is a deterministic forecast such that there exists 7, <x, andse>0,such that

1-F(t)=cP(Y >t) forall £ >¢,. Then F and Y have the same conditional excess
distributions for thresholds above #, and thus F satisfies ¢ondition (6), even though the tail

probability ratio P(Y > ¢)/ (1— F(t)) can be arbitrarily small or large. Conversely, only

considering the occurrence ratio (5) without the severity ratio (6) is also insufficient, as the
following example shows.

Example 6 (Misinformed forecaster).

For >0, let A, and A, be two independent I'(1/ »,1/y) random variables, with T'(a,b)
the gamma distribution with shapeia >0 and scale 5> 0. Conditionally on (A, A,), let the
outcome Y be an Exp(A, ) tandom variable, P(Y <x|A,A,))=1-¢*" for x>0, and
consider the misinformed forecaster F =Exp(A,), i.e., F(x)=1—e ™" for x>0.For t>0,
we have

P(Y <0)=E[F®]=E[1-e *']=1-(+y0)"" =GPD, (1),

the generalized Pareto distribution with scale parameter 1 and shape parameter y (see also
Section 3 below). For B = {,Q}, condition (5) is trivially satisfied: by construction, the
marginal occurrence ratio P(Y >¢) is forecast correctly on average by E[1— F(¢)]. However,
condition (6) is violated, since the excess PIT is calculated with respect to the conditional
excess distribution £, = Exp(A,), while the conditional distribution of Y —¢ is Exp(A)).

Intuitively, Y is large when the rate parameter A, is close to zero, but then the scale 1/ A, of



the excess Y —¢ is (under-)estimated by 1/ A, instead. As a consequence, the limit in (6) is 0
instead of u €(0,1). Details are provided in Appendix A in the supplement.

For non-random probabilistic forecasts F, the situation simplifies considerably, as it is
sufficient to evaluate the occurrence ratio in order to assess tail B -calibration.

Proposition 7 .

If the continuous probabilistic forecast F is non-random, then F is tail B -calibrated if and
only if

P >t|B)

1, almost surely as t — x,,. (7
1-F () y v (7)

The proof of Proposition 7 is given in Appendix A in the supplement. It makes use/of'the
following lemma on the upper endpoint of the outcome Y, which is also useful for further
results. Its proof'is also given in Appendix A.

Lemma 8.

On the probability space (QQ, A,P), let F be a random probabilistie forecast, let Y be a real-
valued outcome variable with upper endpoint x, e R\ {+o}, and let B A be a o -

algebra. Assume F'is continuous a.s. and assume the upperendpoint of the conditional
distribution of Y given B is x,. If (6) holds, and in partieéularif F is tail B -calibrated for Y,

then P(Y =x,)=0.

Remark 9 (Endpoint).

In Definition 4, it is assumed that the uppér endpoint of the conditional distribution of ¥
given B is not random and is equal tos, . In some scenarios, this assumption could be

restrictive. For example, if the information in B determines whether an insurance-policy
holder has a positive probability,of filing a large claim Y or not, then the upper endpoint of
the conditional distribution isstandom. One possible extension of the definition of tail B -
calibration would be to assume that there exists a 5 -measurable random variable x, such
that the upper endpointof ¥.given B is x, . Details for this added generality would have to

be worked out.

2.3 Implicatiensof tail calibration

The unfocused forecaster in Example 2 shows that probabilistic calibration is a strictly
weaker requirement than auto-calibration if the forecast distribution F is not deterministic.
Similarly, the following example introduces a tail unfocused forecaster, which is
probabilistically tail calibration but not tail auto-calibrated; see also Example 18 in Section 4.

Example 10 (Tail unfocused forecaster).

Let & 7 be independent random variables, £~ Exp(1) unit-exponential and
P(z=+1)=P(r=-1)=1/2. Define a, = log((2+ r)/2) .Let Y =¢& and, given 7, let F' be



the cdf of £+ a,. The random variable Y is unit-exponential, while £ is the conditional cdf of
Y with a random location shift of a, or a_. The tail unfocused forecaster F is
probabilistically tail calibrated but not tail auto-calibrated for Y.

In concert with the following proposition, it follows that tail auto-calibration is a strictly
stronger requirement than probabilistic tail calibration.

Proposition 11 .

Let Cc Bc A be o-algebras. Suppose that F is tail B -calibrated for Y, and that the
convergence in Definition 4 is in L”. Then F is also tail C -calibrated for Y.

Proof.

We have

P(ZY <u,Y >¢|C) _u:E{P(zp <u,Y >t|B) |C}_”
E[1-F()|C] E[1-F(®)|C]

:E{P(Zg” su,Y>t|B).E[1—F(t)|B]|C}_uE{E[I—F(t)|B]|C}
E[l-F(1)|B]  E[l-F()|C] E[1-F(1)|C]

_E P(Z(F‘)Su,Y>t|B)_u _E[l—F(t)|B]|C
- Ell-F(t)|B] E[l-F@)|Cl |

Since the term in curly braces tends to zero in«”, F'is tail C -calibrated for Y. =

Corollary 12..

If the convergence in Definition 4 is inL™ for.B = o(F), tail auto-calibration implies
probabilistic tail calibration. The.converse is false.

Proof.

This is a consequence of Proposition 11 with B = o(F) and C = {J,Q} . For the converse,
see Examples 10 and 18. =

Proposition,l 1 shows that the larger the conditioning set B, the stronger the notion of tail
calibration. Since,proper scoring rules are not available as an evaluation tool for tails of
forecast distributions, one could alternatively rank forecasts for extreme events by the size of
the o -algebra B with respect to which they are tail calibrated. Stréhl and Ziegel (2017)
formalize a similar concept for classical notions of calibration: a forecast is cross-calibrated
if it is calibrated with respect to the information of all other relevant forecasters. This
approach could equivalently be employed using notions of tail calibration, see Section 4.2.

We can also identify relationships between standard notions of calibration and their tail
counterparts. These relationships are summarized in Figure 2.

Proposition 13 .



(@) If o(F) < B, then B -calibration implies tail B -calibration. In particular, auto-
calibration implies tail auto-calibration but the converse is false.

(b) Probabilistic calibration does not imply probabilistic tail calibration or vice versa.

Proof.

Suppose that F'is B -calibrated with o(F) < B. For B €B, u €[0,1], and ¢ < x,, we obtain

E[{F(Y —0)<u,Y > 111, ]=E[E[1{Y < F ' (u(l- F(t))+ F(O)){Y > £} | Bl ;]
=E[u(1-F@®)+ F@) - F())1 ,]=uE[(1- F ()1 ],

since the conditional distribution of ¥ given B is F, and F'is assumed to be continuous: This
implies E[1{Z\ <u,Y >t} —u(1-F(t))| B]=0 and thus

P(Z}’) <uY >t B) =uE[1- F(¢)| B], showing the sufficiency in part (a). For the converse,

see Example 15.
Part (b) is shown by Examples 15 and 16. =

While auto-calibration implies tail auto-calibration, probabilistie,calibration does not imply
probabilistic tail calibration. Marginal calibration also does notimply its tail counterpart, see
Appendix C in the supplement. This highlights a shortcoming of classical definitions of
calibration when interest is in the tails—in this sense, we extend the negative result of
Brehmer and Strokorb (2019) regarding scoring rulesiand extremes to notions of calibration.
The proposed notions of tail calibration therefore,provide information that is not available
from existing forecast verification tools.

3 Probabilistic tail calibration and peaks-over-threshold models

We argue that probabilistic tail calibration should routinely be checked to evaluate
probabilistic forecasts with regards to.their tails. Therefore, it is interesting to understand how
stringent the requirement of prebabilistic tail calibration is. In this section, we provide
sufficient conditions. Consider. the following assumption on the outcome variable Y:

(A1) The distribution of Yis in the max-domain of attraction of a nondegenerate distribution.

Assumptiofi'(Al)is standard in extreme value theory, and by Balkema and de Haan (1974), it
is equivalent to the existence of & € R and a scaling function &, (-) > 0 such that

mP(Y >7+0,()x|Y >t)=1-GPD, .(x) = (1+&x)."¢, forallx>0, (8)

t—>xy

where (y), = max(y,0) and where (1+&x)."*

is to be understood as exp(—x) when £=0.
The parametric family in (8) specifies the generalized Pareto distribution (GPD) with shape
parameter £ € R and unit scale. For a general scale parameter o> 0, we define

GPD, .(x)=GPD, .(x/0), x20. The GPD is the basis of the peaks-over-threshold method



in Davison and Smith (1990) used to approximate the tails of distributions satisfying 1. The
shape parameter determines the rate of tail decay, with power-law decay for £> 0,

exponential decay for £= 0, and polynomial decay towards a finite upper bound for £< 0.

Next, consider a similar assumption on the random forecast distribution F, formulated in
terms of the conditional forecast excess distribution F, in (2):

(A2) The upper endpoint x, =sup{x eR: F(x) <1} e RuU{+oo} of Fis deterministic and
satisfies x, = x, , and there exist 7 €R and a deterministic scaling function o,.(-) >0 so that

lim P(\l — F (0, (0x) = (14 1%)7""| > &Y >1) =0, forall x>0,£>0. (9)

In words, conditionally on Y > ¢, the rescaled conditional forecast excess distribution
F (o.(t)) converges in probability to a fixed GPD.

Proposition 14 (Sufficient condition for probabilistic tail calibration).
Suppose that Assumptions (A1) and (A2) are fulfilled and that TimP@ >£)/E[1-F(t)]=1.
t—>xy

The following conditions are equivalent:

(@) $=1n and limo.(t)/ o, (1) =1 ;

(b) F is probabilistically tail calibrated for Y .

For the proof of Proposition 14, see the meore genetal Proposition C.9 in Appendix C in the
supplement. If the scale parameter o.(¢) an(9) is allowed to be random, then /" can be
probabilistically tail calibrated for ¥ even when the GPD shape parameters £ and 7 in (8)
and (9) differ. For instance, if A&I"(1/7,1/y) for some y >0 and if, conditionally on A,
the distribution of Yis F = Exp(A), e., P(Y <x|A)=1—e ™ = F(x) for x>0, then the
unconditional distribution of ¥is GPD, , so that (8) holds with =y, while F, is Exp(A)

Ly~
too, and thus F(x/A)=1-+e "1, which is (9) with random scale parameter o,.(#)=1/A and
with 7=0.

Assumptionsi(A 1)5(A2), and property (a) of Proposition 14 are sufficient but not necessary
conditions forprobabilistic tail calibration. Indeed, according to Proposition 7, for non-
random probabilistic forecasts, it suffices that P(Y >7)/(1-F(t)) >1 as t > x, .

4 Examples and diagnostic tools

In practice, we observe forecast-observation pairs (£,,),...,(£,,y,) that are realizations of
(F,Y), and evaluation must be performed using this finite sample. Let
Z ={i €{l,...,n}:y, >t} be the set of indices corresponding to observations that exceed ¢,



put n,=|Z, |, and let F;, denote the conditional excess distribution of forecast F; at threshold
L.

4.1 Probabilistic tail calibration

The convergence relations (4) and (6) hold uniformly in u €(0,1]; a precise statement is

given in Lemma A.1 in Appendix A in the supplement. Hence, for F to be tail B -calibrated,
the graph of

P(z¥ <u.Y>1|B)
E[1-F(@)|B]

should be close to the diagonal in the supremum distance. This motivates the following
diagnostic plots.

First, consider the simplest case, B = {J, 2}, corresponding to probabilistic (tail) ealibration.
Probabilistic calibration is easy to assess in practice by checking whetherthe PIT values
FE(,),....F,(y,) resemble a sample from a standard uniform distribytion.‘To/assess

probabilistic tail calibration using a finite sample, consider, for some large threshold ¢, the n,
excess PIT values

_EG)-E

2D =F (y, —t
i t,t(yt ) I—F;(t)

for i € Z,, which correspond to realizations of the,random variable Z{.

We can then calculate the combined ratio

> 1z <uy
R (u)=""———, (10)
2 (1-FE®)

and plot this quantity as afunction of u €[0,1]. If the curve lies close to the diagonal, there is
evidence to.suggest that the forecasts are probabilistically tail calibrated. Results in Allen et
al. (2023) suggest that this diagnostic plot is also valid for non-extreme choices of ¢, and we
recover a pp-plot of the PIT values z, = F,(y,) when ¢ = —oo, from which we can assess

standard probabilistic calibration.

If the graph of the combined ratio u IAQ, (#) does not lie along the diagonal, then it may be

beneficial to consider additional diagnostics derived from (5) and (6) instead of (4). For
example, if the graph is consistently below the diagonal, this could either be because the
numerator is too small, suggesting a bias in the conditional distribution, or because the
denominator is too large, suggesting a bias in the forecast exceedance probabilities.



The first condition, (5), requires that the forecasts issue reliable threshold exceedance
probabilities. This can be assessed empirically by checking whether the occurrence ratio

S 1y, >0
—i:rll , (11)
S (1-E @)

i=1

tends towards one as the threshold # increases. A ratio larger (smaller) than one suggests that
the forecasts under-estimate (over-estimate) threshold exceedance probabilities. Previously,
other works have evaluated the performance of probabilistic forecasts with regards to tails by
considering threshold exceedance probabilities (see e.g. Williams et al., 2014; Taillardat et
al., 2019; Allen et al., 2023). Assessing these forecasts using reliability diagrams is closely
related to our assessment of the occurrence ratio using (11).

The second condition, (6), considers the conditional excess distribution given that the
threshold has been exceeded, allowing us to evaluate forecasts for the severity of an-extreme

event. Under probabilistic tail calibration, the excess PIT values z{ for i € Z ¢should

resemble a sample from a standard uniform distribution. This can again be examined using a
histogram or a pp-plot, and the shape of the diagnostic plot can be used to/identify whether
the conditional distribution is heavy- or light-tailed (Allen et al.;12023),

While (10) and (11) are defined in terms of a fixed threshold¢, the threshold could also be
chosen adaptively. For example, we may wish to assess foreeasts made at different points in
time or space, for which the notion of an extreme event varies. In this case, the diagnostic
tools described above could be employed with‘@athreshold that depends on the forecast index
i, corresponding to high conditional quantiles of the outcome, for example. Choosing the
threshold ¢ in practice is often a compromise,between ¢ being large enough to represent the
tail regime of the data, whilst also permitting sufficient data from which robust results can be
obtained. Formal tests for tail calibrationi.could be derived, for example based on the
uniformity of the excess PIT valdes (e:g. Mitchell and Weale, 2023), though these are not
considered in depth here; this is.discussed further in Section 5.

Example 15 (Tail auto-calibration deés not imply auto-calibration).

Let F be a deterministic forecast for which there exists a threshold #, such that P(Y >¢#,)>0
and F(y)=P(Y £y) forall y>¢,. Trivially, F is tail auto-calibrated, and hence
probabilistically tail calibrated. However, F(y) and P(Y < y) can be very different for

v <t,, in which case F is not probabilistically calibrated. For example, consider the outcome
Y ~GPD, , together with the forecast distribution F(x)=GPD,,,(x—1) for x<35 and
F(x)=GPD,,(x) for x>5. Figure 3 shows the diagnostic plots for probabilistic tail
calibration in this case.

Example 16 (Probabilistic calibration does not imply probabilistic tail calibration).

Consider a generalization of the unfocused forecaster in Gneiting et al. (2007), see Example
2. Let G be a distribution function supported on a compact interval with continuous positive
density. Let Y ~ G, let 7 be independent of ¥ and equal to +1 or —1 with probability 1/2



and, given 7, let F(y)= %{G( y)+G(y+71)} for y eR. Then F is probabilistically

calibrated but not necessarily probabilistically tail calibrated; see Appendix A for details.
Figure 4 illustrates the example for G = Unif(0,1): the curves for #=—1 confirm

probabilistic calibration but those for 7 > —1 indicate the lack of probabilistic tail calibration.

Example 17 (Ideal, climatological and extremist forecasters).

The following example was introduced by Taillardat et al. (2023) for studying methods to
evaluate forecast tails. Let A~T'(1/y,1/y), where y >0 and I'(a,b) is the gamma

distribution with shape @ >0 and scale > 0. Conditionally on A, let ¥ ~ Exp(A) follow an
exponential distribution with rate A . The unconditional distribution of Y is the heavy-tailed
GPD,, . As in Taillardat et al. (2023), results are presented for y =1/4.

Consider three different forecasters: the ideal forecaster, F;; = Exp(A); the climatological
forecaster, F; = GPD, , ; and the extremist forecaster, £, , = Exp(A/v) for v»>0. The
variable A represents a source of information that may or may not be availableito the
forecasters. The ideal forecaster correctly represents the conditional distribution of Y given A
and is auto-calibrated, hence also probabilistically (tail) calibrated. The climatological
forecaster does not use the information A, instead issuing the unconditional distribution of ¥
as a forecast, but is nevertheless also auto-calibrated. The extremist forecaster correctly
predicts that, conditionally on A, the outcome Y follows an €xpoenential distribution, but with
a multiplicative bias on the rate (here, v=1.4), and is not.probabilistically (tail) calibrated.
Given the information A, the climatological forecaster'belongs to a different tail regime than

the outcome (heavy-tailed rather than light-tailed), whereas‘the extremist forecaster belongs
to the correct tail regime (light-tailed).

Figure 5 displays the diagnostic plots for theitail calibration of the three forecasters using
n=10° independent realizations of A and Y, see also Figure D.2 in the supplement. The
extremist forecast clearly has a heaviér tail than the true distribution of the outcomes, and the
nature of this miscalibration does not change as the threshold is increased.

In Appendix D, we examine the unfocused forecaster of Example 2 with regards to
probabilistic (tail) calibration.

4.2 Tail B-calibration

While it is most.common in practice to assess probabilistic calibration, it is also useful to
assess calibration with respect to larger information sets. The same is true when interest is in
extremes. For example, the climatological forecaster in Example 17 is probabilistically tail
calibrated because it exhibits the same tail behavior as the unconditional distribution of the
outcome. However, it does not exhibit the correct tail behavior conditional on A , and is
therefore not o(A)-tail calibrated. In this section, we propose tools to assess tail 1 -

calibration for non-trivial o -algebras B.

To assess tail B -calibration, the forecast-observation pairs (£, ,),...,(F,,»,) can be

stratified into J €N mutually disjoint bins, B,,...,B,, depending on variables representing



the information contained in B . The diagnostic plots for probabilistic tail calibration can then
be applied separately to each bin of the forecasts and observations; if the forecasts appear
probabilistically calibrated for all bins, then there is evidence to suggest that they are tail B -
calibrated. For example, the combined ratio in (10) can be calculated per bin,

Z 1z <u}
R (u)="220 , (12
iejj

where J; = {i e{l,...,n}:(F,y) ij} for j=1,...,J, and this ratio can be displayed as a

function of u €[0,1] for each of the J bins. Similarly, the excess PIT values z” and the
occurrence ratio (11) can be assessed for each bin separately.

Displaying the diagnostic plots for each forecast method and each bin leads to‘a large number
of plots to analyze. To simplify visualization, (tail) miscalibration can be summarizedin a
single value. This aligns with the general framework to assess conditional ealibration
proposed by Tsyplakov (2011) based on moment conditions and test functions, which is akin
to how forecasts are compared in Giacomini and White (2006) and Nolde.and Ziegel (2017).
As a measure of tail calibration, consider the supremum distance sup | IA{, (u)—u|, which
ue0,1]
quantifies the maximum absolute difference between the combined'ratio and the diagonal line
in the diagnostic plot proposed above. Under probabilistic tail calibration, this difference

should be close to zero for large . To assess tail B#calibration, 1§, can be replaced by I%,, I”

and this distance can be calculated for j=1,..4./ .

In Example 17, the random variable A controls thetinformation governing the observations,
and to assess o(A)-calibration, we can stfatify the forecast-observation pairs depending on
the realized A . In practice, where wedomot.know the true data generating process, A could
be replaced by covariate information available to the forecasters, for example. The supremum
distances

sup | R, (w)—ul,  j=12,J5(13)
ud0,1]

for the ideal, climatological and extremist forecasters in Example 17 are shown as a function
of the threshold in Figure 6, for J =3 bins for A . For the ideal forecaster, the difference
between 1%,, () and u is essentially zero for all bins, confirming that it is tail o(A)-
calibrated. The climatological forecaster, on the other hand, is clearly not calibrated
conditionally on A, despite being probabilistically tail and tail auto-calibrated. These plots
for conditional calibration are shown for the empirical analogue (12) of the combined ratio in
(4), though an analogous approach can serve to evaluate the occurrence ratio (5) or severity
ratio (6).

While the climatological forecaster in Example 17 is not tail o(A)-calibrated, it is tail auto-

calibrated. However, the following example demonstrates that a forecast can be
probabilistically tail calibrated but not tail auto-calibrated.



Example 18 (Probabilistic tail calibration does not imply tail auto-calibration).

Suppose that A~T°(1/y,1/ y) for some y >0 and, conditionally on A, let X ~ Exp(A). Let
the random variable L ~GPD, ,, be independent of (A, X). Define Y as the second largest

of (X,2X,L).Given A, the optimistic forecaster issues the random probabilistic forecast
F = Exp(A), the conditional distribution of X. This forecast is probabilistically tail

calibrated, but not tail auto-calibrated; see Figure 7 for the diagnostic plots and see Appendix
A for a formal analysis of a more general construction. An intuitive explanation is as follows:
the marginal distribution of X'is GPD(l, ), which is heavier than the marginal distribution of

L; it follows that P(Y = X'|Y >¢) —1 as ¢t = co and the marginal tails of X and Y are

equivalent, yielding probabilistic tail calibration. However, conditionally on A, the tail of ¥
is lighter than that of L, so that F'is optimistic, i.e., it predicts that less severe outcomes will
occur than reality, violating tail auto-calibration.

5 Application

Reliable forecasts for extreme precipitation are highly valuable for mitigating the impacts of
heavy rain and snowfall. We consider precipitation data from the European Meteorological
Network’s (EUMETNET) post-processing benchmark dataset (EUPPBenchyDemaeyer et al.,
2023), which contains ensemble forecasts issued by the European €entre for Medium-range
Weather Forecasts’ (ECMWF) Integrated Forecast System (IFS). Forecasts are available
daily for 2017 and 2018, at 112 stations across central Europe."W e restrict attention to
forecasts issued one day in advance, for which 81548 forecast-observation pairs are available.
The forecasts are evaluated using precipitation measureiments at the stations.

Three forecasting methods are compared. Firstly;,we consider the 51-member ensemble
forecasts generated by the ECMWEF’s IFS ensemble. Ensemble forecasts are collections of
point forecasts, forming an empirical predictive distribution function. An empirical
distribution comprised of 51 sample values is unlikely to be useful when predicting extremes;
in particular, the resulting forecast will"assert.that high thresholds will be exceeded with
probability zero. We therefore also,asséss the performance of a smoothed version of the
discrete ensemble forecast, which converts the IFS ensemble to a continuous forecast
distribution by assuming that¢precipitation observations follow a censored logistic
distribution, with locationsand seale parameters that are equal, respectively, to the mean and
standard deviation of the cotresponding IFS ensemble members. Finally, we present results
for a statistical post-processing model that aims to remove systematic biases in the IFS
ensemble to yield€alibrated forecasts.

The post-processing method assumes that precipitation follows a certain parametric
distribution, with location and scale parameters that are affine functions of the IFS ensemble
mean and standard deviation, respectively. This simple approach is generally referred to as
ensemble model output statistics in the post-processing literature (Gneiting et al., 2005). We
implement this post-processing model with two choices of parametric distribution: a logistic
distribution, which is commonly employed in studies of precipitation forecasts (see e.g.
Messner et al., 2014); and a generalized extreme value (GEV) distribution, which has been
proposed as a means to better forecast extreme outcomes (Lerch and Thorarinsdottir, 2013;
Scheuerer, 2014). Both distributions are censored below at zero. The parameters of the post-
processing models are estimated by minimizing the continuous ranked probability score



(CRPS) over 20 years of twice-weekly reforecasts at the corresponding station and lead time;
further details regarding the data can be found in Demaeyer et al. (2023).

Figure 8 displays the probabilistic (tail) calibration diagnostic plots for the four forecast
methods. For the discrete ensemble forecasts, the diagnostics for tail calibration are adapted
as described in Remark 1. Results are shown at thresholds of 5, 10, and 15 mm, roughly
corresponding to the 97 ™, 99" and 99.5™ percentiles of the previously observed
precipitation measurements (across all stations). Similar conclusions are drawn when separate
thresholds are employed at each station, corresponding to high quantiles of the local
climatology, see Appendix E in the supplement. The raw IFS ensemble forecasts are under-
dispersed and positively biased, whereas both post-processing methods yield considerably
more reliable forecasts. The IFS forecasts are additionally strongly miscalibrated in the tails.
This becomes more severe as the threshold of interest increases, suggesting that the forecasts
are not probabilistically tail calibrated. Smoothing the IFS ensemble unsurprisingly improves
tail calibration, but appears to worsen the overall calibration of the forecasts in this example.
While the censored logistic post-processing method improves upon the calibration of the raw
ensembles, the resulting forecasts are still acutely miscalibrated when predicting extreme
outcomes. Post-processing with a censored GEV distribution, on the other hand, yields
forecasts that are both probabilistically calibrated and tail calibrated. Despite exhibiting
contrasting tail behavior, the two distributions yield forecasts with verysimilar average
CRPS; the logistic forecasts are roughly 1% more accurate than the GEV forecasts.

The poor tail calibration of the logistic post-processed forecasts,is a.deficiency of the chosen
distribution. This is irrespective of the number of ensemble members: Even if we had no
covariate information, we could still issue the climatological distribution of the outcome,
which is auto-calibrated and therefore tail auto-calibrated. However, when employing
existing forecast evaluation techniques, practitioners would generally conclude that this post-
processing method generates reliable forecasts, which is misleading. In contrast, our
diagnostic tools for tail calibration inform us that the forecast tails are too light, resulting in
unreliable forecasts for extreme events. This information can be used to improve forecasts,
for example by encouraging practitioners, to.experiment with alternative post-processing
methods, based on different distributional ‘assumptions.

It is not trivial to derive a unified test for tail calibration based on the combined ratio at (10),
and this becomes yet more-difficult considering the limit as # — x,, . When assessing

calibration with respect.to.a finite threshold, Mitchell and Weale (2023) propose separately
testing whether the predicted threshold exceedance is correct, and whether the excess PIT
values resemble a sample from a standard uniform distribution. Here, we implement a
binomial test for the occurrence ratio, and a Kolmogorov—Smirnov test for uniformity of the
excess PIT valuesyassuming the forecast-observation pairs are independent and identically
distributed. For thresholds 10 mm and 15 mm, all methods other than the GEV post-
processing approach return a p-value of zero (up to numerical precision) on both tests,
providing evidence against these forecasts being tail calibrated. The p-values for the GEV
forecasts are 0.00, 0.01, and 0.83 when testing the severity ratio using a Kolmogorov—
Smirnov test, and 0.59, 0.13, and 0.04 when testing the occurrence ratio using a binomial test,
at thresholds 5, 10, and 15 mm, respectively. Both a nonparametric bootstrap that resamples
forecast-observation pairs or the central limit theorem in combination with the delta method
can be used to obtain pointwise confidence intervals for the occurrence, severity, and
combined ratios; the latter method is discussed in detail in Appendix F in the Supplement.



6 Discussion

Brehmer and Strokorb (2019) prove that for any proper scoring rule, it is possible to find a
forecast distribution that exhibits incorrect tail behavior, but receives an expected score that is
arbitrarily close to that of the true distribution. We demonstrate that this negative result
cannot be circumvented by evaluating forecasts using multiple scoring rules. As an
alternative, we introduce a general framework of forecast tail calibration that allows the
reliability of probabilistic forecasts to be assessed when interest is in extreme outcomes.

Tail calibration is generally not implied by standard calibration, and therefore provides
additional information that is not available from existing checks for forecast calibration. This
is illustrated in a case study on European precipitation forecasts, whereby statistical post-
processing methods are found to produce calibrated forecasts despite issuing unreliable
predictions for extreme outcomes. By introducing a method to evaluate forecasts for extreme
outcomes, it becomes straightforward to identify deficiencies in predictions of thesesevents;
thereby facilitating the development of forecasting methods that can more reliably predict
extreme outcomes. While we do not consider forecast re-calibration methods.in this paper,
tail re-calibration methods could be designed that modify forecast distributiensiso that they
exhibit calibrated tails. For example, conformal prediction allows us to generate probabilistic
forecasts with calibration guarantees (see e.g. Vovk et al., 2022), andithere may be potential
for such methods to be applied to extreme observations to construct,forecasts with tail
calibration guarantees.

Tail calibration can be assessed with respect to different information sets, though we imagine
the unconditional case will be of most interest in practicalapplications. To assess
probabilistic tail calibration, we introduce graphical diagnostic tools that not only
demonstrate whether or not a forecast is tail calibrated, but also elucidate what types of biases
occur in the tail; for example, whether the predictive distributions are too heavy- or light-
tailed. Formal testing procedures for tail calibration are an interesting avenue for future work,
where the crux will be to choose a data-dependent threshold that is representative of the
asymptotic regime. Such tests could either beclassical tests for fixed pre-specified sample
sizes, or monitoring procedures asdintroduced by Arnold et al. (2023), who propose a
sequential procedure for testingprobabilistic calibration based on e-processes, recognizing
that forecasting is often an inherently sequential task.

Tail calibration may partially address the open question how best to compare probabilistic
forecasts for extreme outcomes. While calibration is principally an absolute facet of
probabilistic forecast performance, tail 5 -calibration can be used for forecast comparison by
finding thedargestinformation set 3 on which forecasts are tail calibrated, with larger sets
being better, Tailealibration with respect to a larger information set corresponds to a more
informed forecast for extremes, which aligns with the idea that forecasts should be as sharp,
or informative, as possible, subject to being calibrated (Gneiting et al., 2007). Zamo et al.
(2021) similarly suggest using this calibration-sharpness principle to select the most
informative forecast among a set of reliable candidates when aggregating probabilistic
forecasts, and such an approach could also be applied when forecasting extreme events.
However, for miscalibrated forecasts and non-nested maximal information sets, this
framework still does not allow for comparison between different forecasts.

When the unconditional distribution of the outcome variable is in the max-domain of
attraction of a non-degenerate distribution (Assumption (A1)), probabilistic tail calibration is



equivalent to correctly forecasting the shape and scale parameters of the GPD. Checks for
probabilistic tail calibration therefore serve as a more general framework with which to
validate tail models, since they are also applicable to distributions not satisfying Assumption
(A1). Future work may investigate whether notions of tail calibration can conversely be used
to estimate quantities relevant for extreme value analysis, such as tail indices.

Finally, while we focus here on univariate extremes, future work could consider an extension
to the multivariate case. In recent reviews of probabilistic forecasting, Gneiting and Katzfuss
(2014), Kneib et al. (2023), and Petropoulos et al. (2022) all remark that developing more
theoretically-principled techniques to generate and evaluate probabilistic forecasts for
multivariate outcomes is one of the most pressing issues in the field. General notions of
multivariate probabilistic calibration have been proposed (e.g. Gneiting et al., 2008; Allen et
al., 2024), but these typically project the multivariate forecasts and observations onto the
univariate domain, and extremes in the transformed space may not be of practical interest.
Instead, a more relevant definition of multivariate tail calibration may be obtained by
leveraging results in multivariate extreme value theory.
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Figure 1: The unfocused forecaster in Example 2 issues each of the dashed densities with
probability one half, while the true outcome distribution is the solid density:

Proposition 13(a)

AC = JAC

;I_ngﬂé;kov U U Corollary 12
PC B~ PTC
Preposition 13(b)

Figure 2: Hierarchies of the notions of calibration and tail calibration. Auto-calibration (AC)
implies probabilistic ealibration (PC), as well as tail auto-calibration (TAC), which in turn
implies probabilistie-tail calibration (PTC) (under technical conditions).
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Figure 4: Probabilistic tail calibration diagnostic plots for the unfocused forecaster in
Example 16 with G the uniform distribution'en /0, 1/. The different colors correspond to

different thresholds . Left: combined ratio,(10); middle: pp-plot of z for i e Z,; right:
occurrence ratio (11) as a function of ¢,
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Figure 5: Combined probabilistic tail calibration diagnostic plots (10) for the ideal,
climatological, and extremist forecasters in Example 17. Results are shown for five

thresholds #, expressed in terms of quantiles of the 10° observations.
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Figure 6: Maximal distance (13) of fit,j from the diagonal as a function of ¢ for the

climatological (red), ideal (blue), and extremist (green) forecasters in Example 17 for JJ =3
bins (left to right) of A . The threshold 7 is expressed as a quantile of the 10° obseryations.
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Figure 7: First plot: Combined probabilistic tail calibration-diagnostic plot in (10) for the
random forecast in Example 18, for five thresholds,z.'Second, third, and fourth plots: Distance

(13) of I%t,j , j=1,2,3, from the diagonal as a function of ¢ for J =3 bins of A . In all plots,

thresholds are expressed in terms of quantiles'of 10° observations.
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forecast distributions in Section 5. Left: combined ratio (10); middle: pp-plot of z; for i €Z,;
right: occurrence ratio (11) as a function of ¢. Results are shown for thresholds 5, 10, and 15

mm, roughly corresponding to the 97", 99" and 99.5" percentiles of the observed
precipitation measurements. The symbol ‘S’ denotes the standard notion of probabilistic
calibration (¢ = —).
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