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Abstract 

 

 Since the hospital financing is more and more based on a budget in function of the 

pathologies, it appears necessary to detect hospital stays presenting discrepancy between the 

resources they used and the medical characteristics they present.  We propose the use of 

deterministic nonparametric frontier models to rank hospital stays in function of their 

expenses taking into account the severity level of the patient.  In this case, the hospital stays 

with the lowest total expenses for a given level of severity are considered as efficient.  But, 

deterministic models are very sensitive to the extreme stays so that some efficient stays could 

be in fact ‘too’ efficient and considered as outliers.  We try to highlight these stays using the 

method of Simar (2001) which is based on the concept of order-m frontier.  The idea is to 

define a ‘benchmark’ frontier that doesn’t envelop all the data.  Indeed, for a given level of 

severity, a reasonable minimal value of the expenses is estimated.  The hospital stays with 

expenses lower than this reasonable value could be considered as ‘outlier’ and require further 

analysis.  We compare our results with these obtained in Beguin (2001) which relies on a 

method proposed by Wilson (1995).  As a conclusion, we recommend the use of both 

methods to detect the outlier and so to obtain a better ranking of the other hospital stays. 

 

 

 

 

Key-words: deterministic nonparametric frontier models, free disposal hull, outliers 

 



11-03-2002 3

1.  Introduction 

 

 Since 1995, the Belgian government introduced diagnosis-related groups (DRGs) to 

the hospital payment system (Fetter et al, 1980).  The hospitals are paid not only as a function 

of the days of hospitalisation and of the reimbursement of medical acts, but also in function of 

length of stay (LOS) by DRG.  Hospitals with mean LOS greater or less than the national 

mean are penalized or rewarded accordingly.  However, the distribution of LOS by DRG is 

not symmetrical (Marazzi et al, 1998), so that the estimation of the mean could be biased.  

Until now the Ministry of Health estimates the mean LOS after excluding of outliers defined 

by rules based on the quartiles and the interquartile range.  Each year, these outliers count for 

approximately 4% of the Belgian database and represent a non negligible number of hospital 

stays.  This method is being extended to medical fees or to total expenses.  Nevertheless, it 

does not take into account the characteristics of the patient and it does not explore other 

methods to point out abnormal stays. 

 

In Beguin (2001), the use of deterministic frontier models is proposed to highlight 

hospital stays showing discrepancies between the total expenses, LOS and/or medical fees 

and the severity score of the patient.  This application is somewhat different of that usually 

seen when frontier models are used in health care sector (Grosskopf et al 1987; Linna et al, 

1998; Chilingerian, 1995; Puig-Junoy, 1998 ).  In our application, the frontier model is used 

to rank hospital stays according to their total expenses by taking into account patient 

characteristics.  In our framework, the frontier will correspond to the minimal achievable 

expenses for a particular stay of a patient having a given level of severity score.  A stay on the 

frontier will be considered as ‘efficient’.  Deterministic frontier models are based on 

envelopment methods (DEA, FDH) so that the estimated frontier envelops all the data points.  
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Thus they are very sensitive to extreme points, which in our framework can be seen as 

‘efficient outlier’.  The method developed by Wilson (1995) for detecting outliers has been 

adapted in Beguin (2001): the ‘too efficient’ outliers are eliminated before definitive 

estimation of the efficiencies of the hospital stays.  It allows to point out the too efficient stays 

needing further scrutiny.  It can be viewed as an exploratory analysis of data.   

 

In this paper, we propose another method proposed by Simar (2001) to highlight the 

too efficient stays. This method is based on the concept of the minimum input function and 

the order-m frontier developed in Cazals-Florens-Simar (2002) (CFS).  The results obtained 

by both methods will be compared. 

 

In section 2, the frontier models and the FDH estimator are presented, we also 

summarize the two methods proposed to detect outliers in frontier models. The concept of the 

minimum input function and the order-m frontier is largely described.  Section 3 describes the 

data.  In a last section, results are presented and discussed. 

 

 

2.  Theoretical background 

 

2.1.  Definition of a frontier 

 

 The objective is to find the minimal achievable level of total expenses taking into 

account the characteristics of the patients such as age, number of dysfunctioning system, 

length of stay in intensive care unit (ICU) which can be considered as “proxy” for measuring 

the severity score of the patient, but also sex and emergency versus non-emergency 
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admission, other qualitative characteristics of the patient which could be of interest.  The 

minimal achievable level is considered as a “frontier” of a possibility set, which is the set of 

attainable combinations of total expenses with individual characteristics of the patient.  For a 

specific level of the patient’s characteristics, the minimal value of total expenses delimits the 

frontier enveloping all the possible values.  The efficiency of an hospital stay will then be 

defined as the distance between the observed value of total expenses and the frontier.  This 

type of problem appears in productivity analysis when looking for the minimal sets of inputs 

of a firm, which allow it to produce a given level of outputs.  However, the terminology used 

in the context of productivity is not well adapted to the problem here.  Our frontier model can 

be formalized as follows.   

 

The set Ψ  of possibilities is the set of attainable points (x, y).  It is defined by 

( ) ( ){ }Ψ = ∈ℜ +
+x y x y are attainablep q, ,  where x are the quantities relative to the total 

expenses of a stay and y are the individual severity scores of the patient.  For all possible values 

of y, the section of possible values of x is the set defined as ( ) ( ){ }X y x x yp= ∈ℜ ∈+ , Ψ  and 

its efficient boundary is the subset of ( )X y  defined by :  

( ) ( ) ( ){ }∂ θ θX y x x X y x X y= ∈ ∉ ∀ < <, , 0 1 .  A measure of the efficiency of a particular 

stay ( )x yk k,  can then be expressed by ( ){ }θ θ θk k kx X y= ∈min : .  It is the radial distance 

from xk  to the efficient boundary ( )∂X y k .  If θ k = 1, the stay ( )x yk k,  is considered as being 

‘efficient’ in the sense that it achieves the minimal attainable level of xk  given y k .  The 

efficiency score θ k < 1 represents the feasible proportionate reduction of xk  (total expenses) 

given the characteristics yk  of the patient in order to be considered as being efficient.  

Nonparametric estimators of frontiers have been proposed in the literature in the framework of 

productivity analysis.  These estimators rely on the idea that the attainable set is defined by the 
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set of minimal volume containing all the observations.  The DEA estimator (Data Envelopment 

Analysis) (Farrell, 1957) relies on convexity of the set Ψ  whereas the more recent FDH (Free 

Disposal Hull) (Deprins et al, 1984) does not impose such a restriction.  We will use this more 

flexible estimator in what follows.  Simar and Wilson (2000) propose a survey of the statistical 

properties of these envelopment estimators.  The FDH estimator of Ψ  based on a sample of n 

observations ( )x yi i,  is the free disposal closure of the reference set ( ){ }x y i ni i, ,....,= 1 .  It can 

be defined as follows: ( ){ }, , , ,....,ΨFDH i ix y x x y y i n= ≤ ≥ = 1 .  The efficiency score of a 

particular stay ( )x yk k,  is given by ( ) ( ){ }, min ,θ θx y x yk k
k

k k FDH= ∈Ψ .  By construction, 

( ),θ x yi i ≤ 1 for all observed stays ( )x yi i,  and a stay is efficient when ( ),θ x yk k = 1 . 

 

 

2.2. Detection of outliers with the method of Wilson 

 

The FDH estimator of the frontier is deterministic, as opposed to stochastic frontier 

models, in the sense that all observed stays are supposed to belong to Ψ .  Consequently, it is 

highly sensitive to extreme observed stays since the FDH envelops all the data points.  It is 

necessary to detect these extreme stays that pull the frontier away from the other observed 

stays so that the latter appear less efficient.  This problem has been analyzed by Wilson (1993, 

1995).  In summary, the method to detect outliers consists of removing all stays one by one 

and re-estimating a new frontier on the remaining data (Wilson, 1993, 1995; Andersen and 

Petersen, 1989; Lovell et al, 1993).  The efficiency ( )θ i  of the stay i when computed from a 

reference set which does not include the ith observation, may be greater than 1 .  When ( )θ i  is 

greater than 1, the hospital stay is suspected to be an outlier.  The second step is to estimate 
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the impact of the exclusion of the efficient stay j on the efficiencies of the other stays.  The 

efficient stay j is removed and also all other stays one by one.  So for each of the other stays, 

we have two measures of the efficiencies.  The impact of the efficient stay j is evaluated by 

computing the difference of the efficiency measures at step 1 when the reference set is the full 

set minus the stay i and the efficiency measures at step 2 when the reference set is the full set 

minus the stay i and the stay j.  The difference is summarized by 2 statistics: the number of 

changes and the mean of these changes.  The difficulty of this method is its non applicability 

to data sets with a great number of points.   

A simplified adaptation of this method is proposed in Beguin (2001).  In the latter, a 

frontier is estimated with all data.  Then each efficient stay is removed one by one and the 

frontier is estimated once again on the N-1 remaining stays.  It allows to detect hospital with 

an efficiency greater than 1.  For the other hospital stays, the mean and the number of changes 

in efficiencies are calculated by comparison of the frontier estimated with all stays and the 

frontier estimated on N-1 stays.  Nevertheless, the limit to be used to determine a stay as ‘too 

efficient’ remains arbitrary. 

 

 

2.3. Robust non parametric estimators of the frontier and outliers 

 

 In the framework of deterministic models, Cazals, Florens and Simar (2002) propose a 

non parametric estimator of the frontier, robust to these extreme stays.  It is based on the 

concept of the expected minimum input function of order-m.   

The efficient frontier of Ψ , described above, can be expressed in another way using 

the distribution functions and the survival functions of ( )x y, .  Consider first the simplest 

univariate case, the lower boundary of X, the total expenses, can be defined by 
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( ){ }ϕ = >inf x F xX 0  where ( )F xX  is the distribution function of X.  Equivalently, it can be 

rewritten by the survivor function so that ( ){ }ϕ = <inf x S xX 1 .   

If we take into account the severity level y, it will be the lower level of the total 

expenses for the patients with at least a given level of severity.  So, we have to introduce the 

concept of the conditional survivor ( ) ( ) ( )
( )

S x y P X x Y y
S x y

S y
C

Y

= ≥ ≥ =
,

.  In this case, the 

lower boundary of the expenses given Y y≥  is now defined as ( ) ( ){ }ϕ y x S x yC= <inf 1 .  

This defines a minimum expenses function as a function of y.  CFS have proven that ( )ϕ y  is 

monotone non decreasing in y and that ( )ϕ y  is the largest monotone function which is 

smaller or equal to the efficient frontier ( )∂ X y .  In case of free disposability, the two 

functions coincide.  Then, a nonparametric estimator of the frontier is given by the empirical 

counterpart of ( ) ( ) ( ){ }S x y y x S x yC n C n: inf ,ϕ = < 1  where ( )
( )

( )
,

,S x y
S x y

S y
C n

Y

=  is the 

empirical conditional survival function of x conditionally to y.  As pointed in CFS, this 

estimator ( )ϕn y  is the FDH estimator, the boundary of the free disposal hull of the observed 

data points. 

 

Now in place of using a full frontier concept as above to determine the benchmark (the 

‘efficient frontier’) to which we can compare each hospital stay, CFS propose a more flexible 

concept of frontier, the order-m frontier, which by construction does not have to envelop all 

the observed points and so will be more robust to extreme points.  This benchmark will also 

be easy to estimate in a nonparametric way. 
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Consider X X X m1 2, ,......,  as the total expenses drawn from a sample of size m of 

hospital stays for patients having a severity score Y y≥  .  The order-m frontier is defined as 

( ) ( )[ ]ϕm

my E X X X Y y= ≥min , ,...., .1 2   It represents the expected minimal value of the total 

expenses among a fixed number of m stays drawn from the population of stays with at least 

this level y of severity.  CFS show that this frontier can be calculated as follows: 

( ) ( )[ ]ϕm C

my S x y dx=
∞

0

 and they show that for all possible values of y, 

( ) ( )if m y ym→ ∞ →, ϕ ϕ , the full frontier.  As in the case of the full frontier, a nonparametric 

estimator of ( )ϕm y  is given by plugging the empirical conditional survival function of X in 

the last formula: ( ) ( )[ ], ,ϕm n C n

m

y S x y dx=

∞

0

.  An algorithm is proposed in CFS to compute it in 

practice.  We note also that ( ) ( ),ϕ ϕm n ny y as m→ → ∞ . 

 

The parameter m can be interpreted as a trimming parameter.  Indeed for a fixed m, 

the estimator will not envelop all the data points and so will be less sensible to the extreme 

values than ( )ϕn y  was.  If we look for a benchmark level of x to see if the total expenses xi  of 

a stay ( )x yi i,  are too high, it is reasonable to compare this value xi  to the value of 

( ),x yi m n i= ϕ .  The choice of m remains arbitrary but, for example, if m = 100, ( ),ϕm n iy  could 

be a reasonable benchmark value since it is the estimated expectation of the minimum 

achievable expenses x among 100 random hospital stays of patients having at least the level y 

of severity score.  The basic idea of Simar (2001) is to analyze the sensitivity of the frontier 

when varying the value of m.  If m increases and if the stay ( )x yi i,  is such that ( )x yi m n i< ,ϕ , 
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even for large values of m, this stay is a potential outlier.  In the next section, we describe 

how to apply this idea in practice. 

 

 

2.4.  Practical detection of outliers with the order-m frontier 

 

 The basic idea is that any point ( )x y R Rq

0 0, ∈ ⊂ ×+ +Ψ  is outlying the cloud of points 

( ){ }x y i ni i, ,.....,= 1  in the direction of the total expenses if ( ),,θm n x y0 0 1>  even if m 

increases, where here, since x0 is univariate ( )
( )

,,

,
θ

ϕ
m n

m n
x y

y

x
0 0

0

0

= .  In practice, for several 

reasonable values of m, ( ),,θm n i ix y  is estimated for each data point.  Of course, for finite m, 

( ) ( ), ,, ,θ θm n i i FDH n i ix y x y≥ .  So for every ‘FDH-efficient’ point, ( ),,θm n i ix y ≥ 1.  So a value 

( ),,θm n x y0 0 1>  does not automatically indicate a potential outlier, this depends on the value of 

m and on the extent to which ( ),,θm n x y0 0  is larger than one.  For the latter, some reasonable 

threshold value has to be fixed to alert the existence of a potential outlier and for selecting m, 

a sensitivity analysis is proposed.   

This is achieved in Simar (2001) through a semi-automatic procedure.  The values of 

( ),,θm n i ix y  are computed for each data point with several values of m, say, 10, 25, 50, 75, 100, 

150 (any other set of values could be chosen).  Let ( )N x yinput i i,  represent the number of stays 

in the sample analyzed with a severity level greater than yi .  Looking carefully at the results 

of ( ),,θm n i ix y , along with  ( )N x yinput i i,  will help to detect potential outliers. 

It is also necessary to choose several reasonable threshold values distant from 1 such 

as 1+ δ  where δ = 0 025 0 05 0 075 010. , . , . , . .  It is then helpful to produce a figure displaying 
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the percentage of stays with ( ),,θ δm n i ix y ≥ +1  as a function of m, for the different values of 

δ .  These curves indicate the percentage of points outside the order-m frontier, as a function 

of m and δ .  If there is no outlier, the curves should decrease (approximately) linearly to 0 

when m increases.  Any strong deviation from linearity should indicate the existence of 

potential outliers.  If the curves present an elbow, the points remaining outside the order-m 

frontier, for large values of m and for the chosen threshold 1+ δ , are potential outliers.  Then 

a careful analysis of these points should confirm if they are outlier or not.  The procedure so 

helps to ‘alert’ the analyst of the presence of potential outlier but full-automatic data-driven 

method are never available in this kind of framework.  In the application below, to simplify 

the presentation, we will choose δ = 0 , which can be viewed as a conservative approach. 

 

 

3.  Data and method 

 

 The objective is to work with data routinely collected in hospitals.  At each patient 

discharge a minimal basic medical data set is collected.  This set contains information such as 

age, sex, emergency versus non-emergency admission, destination of the patient after the 

hospital stay, length of stay in intensive care unit (ICU), diagnoses and procedures performed.  

Diagnoses and procedures are coded with the ICD-9-CM classification system allowing 

hospital stays to be grouped in Diagnosis Related Groups (DRG) (Fetter, 1980).  As hospitals 

are not financed by global budgets but partly by a fixed day-price and partly by payment for 

each medical act, it is possible to establish a summary of the bill for each hospital stay.  So 

the basic minimum medical data set of a hospital stay can be linked with the financial 

summary of the bill. 
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 The database used in this study contains data from 34 hospitals collected during the 

second semester of 1988.  DRG 122 (Acute myocardial infarction, discharged alive, with 

complicated cardiovascular diagnosis) was retained for further analysis.  As there is no 

deceased patient on discharge in this DRG, censoring difficulties need not be taken into 

account in the statistical models.  For this pathology, the variables analyzed are the total 

expenses and the characteristics of the patient: age, sex, admission in emergency, number of 

dysfunctioning systems and length of stay in ICU.   

 

 In order to define the efficient frontier, the variable to minimize is the total expenses 

taking into account age, the number of dysfunctioning systems and length of stay in ICU.  

One frontier is estimated for each level of the dichotomic variables: sex and emergency 

admission.  The efficiency of each hospital stay is estimated by reference to the frontier of the 

corresponding level of the dichotomic variables.  

 

 We will estimate the full FDH frontier and the order-m frontier as described above.  

First, the frontier is estimated on the complete sample using the FDH estimator and 

minimizing x, the total expenses.  As we are interested in outlying the too efficient stays, we 

continue the analysis on the efficient stays.  So, for each efficient stay, the hospital stays with 

at least the same severity level (Y y≥ ) are selected.  For these stays, we intend to estimate 

( ) ( )[ ] ( )[ ],...,, ,ϕm n m C n

m

y E Min X X Y y S x y dx= ≥ =
∞

1

0

.  CFS gives a formula to compute 

( ),ϕm n y , but as shown in Simar (2001), the integral can be much more easily approximated as 

follows.  B random samples with replacement of m stays are drawn among the selected stays 

having Y y≥ .  For each of the B samples, the minimum of the total expenses is retained 
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(
~

)Xb .  By the law of the large number, we know that ( )1

1

1 2B
X E X X X Y yb

b

B

B

~
, ,.....,

=

≈ ≥  as 

B → ∞  so that we approximate ( ),ϕm n y  by 1

1
B Xb

b

B
~

=

.  Finally, ( )
( )

,

,
θ

ϕ
m n i

m n i

i

x
y

x
= .  If this 

efficiency is greater than 1 even for large values of m, the stay will be considered as being a 

potential outlier.  In the analysis, B is fixed at 200 and m takes the values 10, 15, 20, 25, 30. 

 

We will also detect the outliers with the same approach as in Beguin (2001) who used 

and adapted the method of Wilson (1995).  This last method is called method B-W in the next 

paragraphs.  After, we compare the results obtained with the order-m frontier to these of the 

method B-W. 

 

 

4. Results 

 

 The sample contains 1643 hospital stays, among which 74.7% of males and 74.9% 

emergency admissions.  The median age is 62 year (first quartile (q1) = 54, third quartile (q3) 

= 69).  86.5% of the patients have 1 dysfunctioning system and 1.7% have 3 or more 

dysfunctioning system.  44.7% of the patients were treated in ICU.  The median total 

expenses is 92921BEF (q1 = 61729BEF and q3 = 144294 BEF).  The length of stay in ICU is 

positively and significantly correlated with total expenses (Spearman r = 0.43, p = 0.0001).  

The same positive correlation is found for the number of dysfunctioning systems (Spearman r 

= 0.19, p = 0.0001).  This shows that these proxy can be taken as a proxy of the severity 

score. 
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 For the whole sample, the mean of efficiencies provided by the FDH model is 0.341 

for total expenses and the proportion of efficient stays is 7.8% of all stays.  For women, not 

admitted in emergency (n = 107), the mean of efficiencies is 0.479 and 20.6 % of the stays are 

efficient. For men, not admitted in emergency (n = 306), these values are respectively 0.279 

and 9.2%.  For women admitted in emergency (n = 311), the mean of the efficiencies is 0.460 

and 9.3 % of the stays are efficient.  For men admitted in emergency (n = 919), these values 

are respectively 0.306 and 5.4%.  These figures for efficiency scores of hospital stays may be 

viewed as being too low, but this might be due to the presence of the too efficient stays. So it 

is certainly helpful to detect these potential outliers. 

 

 For the efficient stays defined by the FDH frontier model, we computed the order-m 

efficiency for m= 10, 15, 20, 25, 30.  Table I shows for men not admitted in emergency the 

efficiency estimated using the order-m frontier when m takes the values 10, 20, 30.  The 

second column displays ( )N x yinput i i, , the number of stays with a severity level greater or 

equal to the severity of the stay analyzed.  The last column shows the efficiency of the stay 

when the frontier is estimated without this stay as described in the B-W method. 

 

 Some stays, as stays 4 and 12, have an efficiency greater than 1, whatever the value of 

m in the order-m frontier and whatever the method used.  These 2 stays have a high 

probability to be outliers.  A careful analysis of the data shows they have very low value of 

the total expenses compared to the other stays with the same severity level, particularly for 

stay 12.   

Other stays like stays 6, 8, 10, have an efficiency greater than 1 with the B-W method 

but not with the order-m frontier.  For these stays, ( )N x yinput i i,  is low which shows these 

points are really extreme compared to the observed cloud of points.  For these points, very 
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few stays have a greater severity level.  With the B-W method, they have an efficiency greater 

than 1 confirming how extreme they are.   

Inversely, some stays like stays 15, 16, 17, 18, have an order-m efficiency greater than 

1 but their efficiency measured by the B-W method is equal to 1.  A high number of stays 

have a severity level greater than the severity of these stays but with higher level of the total 

expenses.  The B-W method fails to detect these points as being outlying. 

Finally, a last group concerns the stays with an efficiency equal to 1 in both methods.  

One possibility is that these points are extreme but no similar points in their area allows to 

estimate their outlying character.  Another possibility is that they could be just efficient point. 

Note that the B-W method sometimes provides useful complementary information.  

For instance if we compare stay 14 and stay 26, both with ( )N x yinput i i,  = 1, the B-W method 

indicates that stay 14 is a potential outlier but that no such clear conclusion can be drawn for 

stay 26. 

 

 Figure 1 displays the proportion of too efficient stays in function of the value of m.  If 

m increases, the proportion of the too efficient stays diminishes.  This decreasing is more 

important in subgroups with less stays (women, not admitted in emergency).  More stability is 

observed for the values of m equal to 25 and 30, so we chose m = 30 for a reasonable 

benchmark frontier. 

 

Table II shows the frequency of the too efficient stays detected by one or two of both 

methods.  Globally (bottom row of Table II), 14 stays are too efficient in both methods, 27 

stays are too efficient in the order-m frontier method but not in the B-W method, 37 stays are 

not too efficient in the order-m frontier method but well in the B-W method and 51 are not too 

efficient in both methods. 
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 When removing the order-m outliers, m fixed at 30, the mean efficiency becomes 

0.508 for women not admitted in emergency, 0.319 for men not admitted in emergency, 0.523 

for women admitted in emergency and 0.411 for men admitted in emergency.  The increase of 

the efficiencies is higher in the 2 groups of patients admitted in emergency.  The proportion of 

efficient stays were respectively 20.2%, 8.0%, 9.9% and 4.8%.  For the whole sample, the 

mean efficiency is 0.421 (standard deviation 0.270) and the proportion of efficient stays is 

7.4%.  In comparison, when removing all the stays highlighted as too efficient with the B-W 

method, the mean efficiency is 0.390 (standard deviation 0.310).  In this case, the proportion 

of efficient stays is 10.9%.  Table III shows the percentiles of the distribution of the 

efficiencies after the exclusion of the too efficient stays.  With the order-m frontier, all the 

distribution shifts to the right.  In the B-W method, the proportion of efficient stays is higher 

with an increase of the median and the mean but with less impact on the lower percentiles of 

the distribution. 

 

 

5.  Discussion 

 

 The increase in efficiencies after the exclusion of the too efficient stays is not 

surprising since the deterministic models are very sensitive to outliers.  Therefore, the hospital 

stays considered too efficient must be detected.  The order-m frontier is an interesting tool 

because it offers the possibility to compare an efficient stay to the stays with at least the same 

severity level.  It is a kind of measure of the plausibility of the minimal value of the total 

expenses of this efficient stay.  An efficiency score larger than 1 indicates a too low level of 

expenses and if we are too far from 1 (> 1), this low value seems not plausible.  Nevertheless, 
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the limit of the application concerns efficient stay with non other stay having at least the same 

severity level (very low ( )N x yinput i i, ).  In this case, no measure of the plausibility can be 

realized.  For these stays, the B-W method provides a useful complementary information.   

 

 The masking effect mentioned by Wilson seems less important in the order-m frontier.  

By masking effect, we mean the fact that if 2 outliers present close values of the variables 

analyzed and if only one stay is removed, the remaining stay shadows the outlier 

characteristic of the removed stay.  The B-W method is more sensible to this aspect.  The 

order-m frontier method is more robust to this aspect because the efficiency is a conditional 

mean of a minimum among a random sample of the stays with at least the same characteristics 

then the stay analyzed.  

 

 When using the nonparametric frontier model, we recommend the use of both methods 

for detecting outliers before a definitive estimation of the efficiencies.  A good way of work 

would be using first the order-m frontier and second the B-W method when there is no stay 

with at least the same characteristics.  This is a good method to highlight the too efficient 

stays and consequently it allows a better ranking of hospital stays according to their total 

expenses taking into account patient characteristics. 
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Table I. Too efficient stays among men not admitted in emergency with FDH = 1 

 

 

Stays ( )N x yinput i i,  M = 10 M = 20 M = 30 B-W Method 

1 7 1.0007 1.0050 1 1.0339 

2 4 1 1 1 1.0970 

3 1 1 1 1 1.0131 

4 16 1.1569 1.0438 1.0209 1.0139 

5 5 1.5618 1 1 1.4077 

6 2 1 1 1 1.7629 

7 2 1 1 1 1.0311 

8 5 1 1 1 1.3873 

9 4 1.0406 1 1 1.0728 

10 3 1 1 1 2.0955 

11 7 1.0189 1.0379 1 1.1462 

12 40 13.863 7.0451 8.1082 2.0787 

13 12 1.4009 1.1420 1 1.2686 

14 1 1 1 1 1.3080 

15 60 3.4898 2.9444 2.9187 1 

16 9 1.2265 1.0185 1.0440 1 

17 41 1.3413 1.2970 1.2185 1 

18 10 1.1397 1.0324 1.0324 1 

19 19 1.0128 1.0230 1 1 

20 10 1.0973 1.0312 1 1 

21 5 1.0113 1 1 1 

22 8 1.0138 1 1.0018 1 

23 2 1 1 1 1 

24 2 1 1 1 1 

25 1 1 1 1 1 

26 1 1 1 1 1 

27 1 1 1 1 1 

28 1 1 1 1 1 
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Legend of table I 

( )N x yinput i i, = the number of stays with a severity level greater or equal to the efficient stay analyzed. 

M = 10, 15, 20, 25, 30: value of m chosen for the order-m frontier. 

Method B-W = adaptation by Beguin of the Wilson’s method. 
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Table II.  Distribution of the too efficient stays in both methods 

 

 N > 1 order-m 

> 1 method B-W 

= 1 order-m 

> 1 method B-W 

> 1 order-m 

= 1 method B-W

= 1 order-m 

= 1 method B-W 

Women, 

No emergency 

22 1 7 3 11 

Men, 

No emergency 

28 2 12 5 9 

Women, 

Emergency 

29 5 8 4 12 

Men, 

Emergency 

50 6 10 15 19 

Total 129 14 37 27 51 

 

 

Legend of table II 

 

N = the number of efficient stays with the FDH estimator is applied to all the data 

> 1 order-m = efficiency greater than 1 when using the order-m frontier with m = 30 

> 1 method B-W = efficiency greater than 1 when using the method B-W 
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Table III Distribution of the efficiencies after exclusion of the too efficient stays 

 

 All stays Order-m frontier * B-W Method 

Min 0.0029 0.0167 0.0029 

P1 0.0056 0.0374 0.0054 

P5 0.0109 0.0768 0.0109 

P10 0.0150 0.1042 0.0150 

P25 0.0964 0.2295 0.1278 

P50 0.255 0.3547 0.3237 

P75 0.4959 0.5657 0.5627 

P90 0.871 0.8966 1 

P95 1 1 1 

P99 1 1 1 

Max 1 1 1 

 

 

 

* when m = 30 
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Legend of figure 1 

 

W, noE = women, not admitted in emergency (n = 107) 

M, noE = men, not admitted in emergency (n = 306) 

W, E = women admitted in emergency (n = 311) 

M, E = men admitted in emergency (n = 919). 
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