
Chapter 2

Channel model

2.1 Introduction

The design of communication systems, the choice of modulation and coding
schemes, and the evaluation of performance require the knowledge of the
end-to-end channel response in a wide range of frequencies.

In this chapter, a theoretical framework is proposed for the modeling of
underground powerline access networks. A very important feature of the
powerline cables is their multiconductor nature. In the light of multicon-
ductor transmission lines theory [30], it appears that specific propagation
eigenmodes may be defined for each type of cable. These correspond to
specific distributions of voltages and currents that propagate with their
own phase velocity and lineic attenuation, independently from each other.
This aspect is generally ignored in the current publications related to mea-
surement results [31].

A generic simulation tool was designed, that consists of several levels of
abstraction :

• At the first level, Maxwell’s equations are applied to the cable struc-
ture, leading to finding the distribution of the EM fields in the ca-
ble cross-section, together with charges and currents on the surface
of each conductor. Conductors usually have large sections and are
rather close to each other: this leads to the so-called ’proximity ef-
fect’ and an heterogeneous charge distribution along each conductor
surface. Considering an arbitrary cable geometry, the numerical res-
olution of the Laplace equation in the transverse plane provides the
relevant information.



20 Channel model

• At the second level, for a given class of metals and dielectrics, the
classical primary parameters R, L, C and G are computed. Consid-
ering multi-dimensional voltages and currents, these parameters are
not simple scalars but square matrices.

• At the third level, the multi-dimensional transmission line equations
are solved, providing the definition and secondary parameters of the
cable eigenmodes. This step implies the solution of an eigenvalue
problem. With these results, a given cable segment may be modeled
by a multi-dimensional scattering matrix providing transmission and
reflection coefficients for each propagation mode.

• At the last level, the whole powerline access network is considered. It
generally consists of a main distribution cable starting at the medium-
voltage low-voltage transformer, and lying below the streets with
derivation cables providing the final connection to the various sub-
scriber buildings. Broadband modems may be connected on these
termination points, just before the power meter, and transmit and/or
receive digital signals to/from the central office. Cascading different
cable segments, modeling the various network terminations with ad-
equate multi-dimensional loads, and managing the derivation points
finally provides the desired end-to-end channel responses.

In order to offer a better intuition on the obtained channel responses, a mul-
tipath channel model is also proposed. This model provides a very close
approximation of the exact channel responses, as soon as some simplifying
hypotheses are assumed. The impulse response of a cable segment, includ-
ing dielectric losses and conductor losses, is firstly analyzed as a function
of the segment length. The network topology is then considered, and the
respective effects of derivations and terminations are analyzed to provide
a multipath description of the channels. Finally, the cable losses are com-
bined with the multipath formulation to obtain the approximated global
channel responses.

2.2 Primary parameters

2.2.1 EM fields in a multiconductor structure

We consider the general case of a transmission line with Nc+1 conductors Cn

with n ∈ [0 · · ·Nc], where the first conductor C0 acts as a screen surround-
ing the others. The cross-section of the line is defined in the plane (~ux, ~uy)
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Figure 2.1: Multiconductor structure

whereas the longitudinal axis is aligned on ~uz. The dielectric medium
between the conductors is supposed to be homogeneous with a dielectric
constant κ. With perfect conductors, the solution of Maxwell’s equations
leads to the definition of TEM (Transverse Electro-Magnetic) waves prop-
agating along ~uz. We define Nc wire voltages Vn with n ∈ [1 · · ·Nc] with
the shield conductor as the common reference, and Nc + 1 wire currents In

with n ∈ [0 · · ·Nc] such that
∑Nc

n=1 In = −I0. The conductors Cn, voltages
Vn and currents In are illustrated in Figure 2.1.

In a so-called ’voltage-mode’, voltage Vi is put to 1 while the Vj ’s are let to 0
with j 6= i. To obtain the expression of the fields in this TEM configuration,
we have to solve the static EM problem corresponding to the 2-dimensional
Laplace equation:

∇2
t Φi(x, y) = 0 (2.1)

with the boundary conditions:

Φi(x, y) =

{
1 if (x, y) ∈ Ci, i 6= 0
0 if (x, y) ∈ Cj , j 6= i

(2.2)



22 Channel model

Once the potential function Φi(x, y) is known, the static transverse electric

and magnetic fields ~e
(i)
t (x, y) and ~h

(i)
t (x, y) in the dielectric medium can be

computed as follows:

~e
(i)
t (x, y) = −∇t Φi(x, y) (2.3)

~h
(i)
t (x, y) =

1

η
~uz × ~e

(i)
t (x, y), (2.4)

where η =
√

µ/ε = Z0/
√

κ denotes the dielectric intrinsic impedance, and
Z0 = 377 Ω. The field phasors along the transmission line are given by
~E

(i)
t (x, y, z) = ~e

(i)
t (x, y) e±γz and ~H

(i)
t (x, y, z) = ~h

(i)
t (x, y) e±γz.

The superficial charge and current densities ξ
(i)
k (x, y) and K

(i)
n (x, y) on the

surface of the n-th conductor are then given by:

ξ
(i)
n (x, y) = ε|~e(i)

t (x, y)| = −ε∂Φi(x,y)
∂nn

, (x, y) ∈ Cn

K
(i)
n (x, y) = |~nn × ~h

(i)
t (x, y)| = v ξ

(i)
n (x, y), (x, y) ∈ Cn

(2.5)

where v = 1/
√

ε µ = c/
√

κ is the light velocity in the dielectric and c =
3.108 m/s. As the cross-section of the conductors is generally not small as
compared with the distance between them, we have to be aware that the
distribution of these charges and currents at the surface of each conductor

may be largely non-uniform. The net charges q
(i)
n and currents I

(i)
n on a

given conductor are obtained by integration on the contour Cn:

q(i)
n =

∮

Cn

ξ(i)
n (x, y) dl I(i)

n =

∮

Cn

K(i)
n (x, y) dl (2.6)

Finally, the magnetic flux φ
(i)
n through an arbitrary line joining C0 and Cn

is:

φ(i)
n =

∫ (xn,yn)∈Cn

(x0,y0)∈C0

~n . µ~h
(i)
t (x, y) dl (2.7)

=
µ

η
[Φi(xn, yn) − Φi(x0, y0)] =

1

v
δin (2.8)

Figure 2.1 illustrates the superficial charge and current densities defined in
(2.5), as well as the magnetic flux given by (2.8).

The different quantities x(i) defined above are valid for a given voltage
mode i. More generally, the voltage distribution on the conductors will be
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arbitrary and given by the column vector V. By the superposition principle,
the corresponding quantities will be given by x =

∑N
i=1 Vi x(i).

The solution of the static EM problem (2.1)-(2.2) can be obtained numer-
ically for an arbitrary configuration of the line cross-section. The com-

putation of the charge density profile ξ
(i)
n (x, y) on each conductor contour

Cn and for each voltage mode i is actually sufficient to derive the primary
parameters of the multiconductor transmission line. In the method pro-
posed by [32], each conductor contour is approximated by a polygon with a
large number of sides carrying a uniform charge density, and the densities
on each side have to be found in order to recover the original boundary
conditions given by (2.2). Figure 2.2 displays the charge density profiles
ξn(x, y) obtained with this method, for three types of voltage configura-
tions. The multiconductor structure considered here includes 4 circular
inner conductors and 1 circular screen. The bold lines give the conductor
contours. The numbers inside each inner conductor give the wire voltage
Vn (in volts) with respect to the external conductor. The line segments
normal to the conductor contours give the local charge (and current) densi-
ties. Segments outside the conductors correspond to positive charges while
segments inside the conductors correspond to negative charges. The three
voltage configurations used here actually correspond to the eigenmodes of
the multiconductor cable, as will be explained in Section 2.3.

2.2.2 Capacitance and external inductance

The capacitance matrix C
w

gives the global relation between the net charges
qn on the Nc inner conductors and the wire voltages Vn :






q1
...

qNc




 =

[

C
w

]






V1
...

VNc




 (2.9)

From the definition of the voltage modes, it clearly appears that:

(

C
w

)

n,i
= q(i)

n = −ε

∮

Cn

∂Φi(x, y)

∂nn
(2.10)

From the relations above, it can easily be shown that the voltages and
currents are related by :

v C
w

V = I (2.11)

for any progressive wave (i.e. with a propagation factor e−γz).
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Figure 2.2: Distribution of local currents for a unit line voltage in the
different propagation modes : differential (up), phantom (middle) and
common mode (down)

The external inductance matrix L
w

gives the global relation between the
magnetic fluxes φn and the wire currents In :






Φ1
...

ΦNc




 =

[

L
w

]






I1
...

INc




 (2.12)

From (2.8), it appears that φ = 1/v V. By (2.11), this implies the next
relation between the capacitance and inductance matrices:

L
w

C
w

=
1

v2
E

Nc
= C

w
L

w
(2.13)

where E
Nc

is the identity matrix of size Nc. The counterpart of equation
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(2.11) is :
v L

w
I = V (2.14)

for any progressive wave.

2.2.3 Dielectric losses

Non perfect dielectrics are characterized by a complex permittivity ε = ε′−
j ε′′. The imaginary part ε′′ encompasses both conduction and polarization
losses. A transverse conduction current flowing between the conductors
dissipates a part of the wave power. The conduction current density in the
medium is given by ~Jt(x, y) = ω ε′′ ~et(x, y). Integrating around each inner
conductor, we obtain the net transverse current per unit length :

Itn =

∮

Cn

~Jt(x, y).~n dl = ω ε′′
1

ε′
qn = δd ω qn (2.15)

where the dielectric loss angle δd is defined as tg(δd) ≈ δd = ε′′/ε′. Figure
2.1 illustrates the conduction current density around conductor Cj .

The conductance matrix G
w

gives the relation between the transverse con-
duction currents Itn and the wire voltages Vn :






It1
...

ItNc




 =

[

G
w

]






V1
...

VNc




 (2.16)

Inserting (2.15) into (2.9), it follows that the conductance matrix is given
by :

G
w

= δd ω C
w
. (2.17)

2.2.4 Conductor losses

In this section, we take into account the skin effect caused by the finite
conductivity of the conductors. Non perfect conductors have a finite con-
ductivity σn with n ∈ (0 · · ·Nc). It follows that a longitudinal electric field
appears at the surface of the conductors:

~e(i)
z,n(x, y) = ηn K(i)

n (x, y) (x, y) ∈ Cn (2.18)

with ηn the metal surface impedance:

ηn =

√
j ω µn

σn
= (1 + j) Rmn =

(1 + j)

σn δn
. (2.19)
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δn =
√

1
2ωµnσn

and Rmn =
√

ω µn

2 σn
are the skin depth and surface resistance

associated with the n-th conductor.

In a small perturbation approach, we assume that the transverse fields
and related quantities are unaffected by the skin effect. On the other hand,
longitudinal fields must be re-computed as they change from zero to a finite
value.

To define the resistance matrix R
w
, the direct use of the longitudinal voltage

drop induced along the line by the current flow is not a valid approach as
this voltage drop is not uniquely defined. Indeed, the longitudinal fields
~ez,n(x, y) and current densities Kn(x, y) are largely non-uniform on each
conductor contour. To keep a classical transmission line formalism, we
introduce a kind of ’mean longitudinal voltage drop’ per unit length U
such that:

U = R
wc

I (2.20)

where R
wc

is a complex matrix. The complex power dissipated in the
conductors per unit length is given by:

Pc =
1

2
I∗U =

1

2

[
I∗1 · · · I∗Nc

] [

R
wc

]






I1
...

INc




 (2.21)

To obtain a valid expression of the resistance matrix, the last quantity
has to be the same as the complex power corresponding to the transverse
component of the Poynting vector ~S(x, y). This can be computed as:

−~nn . ~S(x, y) =
1

2
~el(x, y) × ~h∗

t (x, y) (2.22)

=
1

2
ηn|Kn(x, y)|2 =

v2 ηn

2
|ξn(x, y)|2 (2.23)

The corresponding complex power is obtained by integrating on each con-
tour and summing the contributions of the Nc + 1 conductors:

Pc =
v2

2

Nc∑

n=0

ηn

∮

Cn

|ξn(x, y)|2 dl (2.24)

This quantity must be calculated for an arbitrary voltage configuration V.
Let us introduce a matrix A whose entry (i,j) is defined as:

(
A
)

i,j
= v4

Nc∑

n=0

ηn

∮

Cn

ξ(i)
n (x, y) ξ(j)

n (x, y) dl (2.25)
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The complex power is now:

Pc =
1

2v2
V∗A V =

1

2
I∗
[

L∗
w
A L

w

]

I (2.26)

where relation (2.14) was used. Comparing expressions (2.21) and (2.26),
we finally obtain the resistance matrix as:

R
wc

= L∗
w
A L

w
. (2.27)

From the expression of ηn, it appears that this matrix is complex with the
imaginary part equal to the real part. This matrix indeed encompasses both
the resistance matrix R

w
corresponding to conductor losses and the internal

inductance matrix which has to be added to the external inductance matrix
L

w
previously calculated:

R
wc

= (1 + j) R
w

(2.28)

It should be observed that each of the Nc + 1 conductors plays a role in
the computation of the lineic resistance matrix. Whatever the voltage con-
figuration, local currents are induced along the contour of each conductor,
which implies power dissipation, even if the mean current integrated along
the corresponding contour is zero. Consider for instance the distribution of
local currents given by the first scheme in Figure 2.2. The net currents In

are zero for conductors C1 and C3 (with wire voltages equal to 0), and for
the external conductor C0. Local currents are generated, however, in these
three conductors, which contributes to power dissipation.

2.3 Secondary parameters

2.3.1 Multiconductor line equations

Transmission line equations may be written in matrix form:

dI

dz
= −

[

y
]

V
dV

dz
= −

[
z
]

I (2.29)

where y and z are lineic admittance and impedance matrices. The solution

to these equations is given in [33]. After derivation and elimination, these
equations transform into:

d2I

dz2
=
[

y z
]

I
d2V

dz2
=
[

z y
]

V (2.30)
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As results from electromagnetic reciprocity, y and z are symmetric matrices,

and y z and z y are the transposed of each other. As a consequence, they

have the same eigenvalues. Let γ2
m, with m ∈ {1, · · · , M} be the M distinct

eigenvalues of y z and z y, with M ≤ Nc. Each eigenvalue γ2
m has an

algebraic multiplicity π(m) with
∑

m π(m) = Nc. Multiple eigenvalues
generally appear when the considered transmission line presents some kind
of symmetry, which is the case for many powerline cables.

Equations (2.30) have a set of Nc linearly independent solutions, the eigen-
modes, of the form:

I(z) = In exp(±γnz) V(z) = Vn exp(±γnz) (2.31)

where In, Vn and γn are solutions of the eigenvalue problems:
[

y z
]

In = γ2
nIn

[

z y
]

Vn = γ2
nVn (2.32)

Building a diagonal matrix Γ = Diag
[
γ2

n

]
with the Nc eigenvalues and two

modal matrices J and U, the columns of which are the eigenvectors In and
Vn, respectively, the eigenvalue problems may be written:

[

y z
]

J = J Γ
[

z y
]

U = U Γ (2.33)

2.3.2 Normalization

The modal matrices U and J may not be chosen independently. Actually,
using (2.29) and (2.31), they are linked by the following constraint :

J ΓU−1 = y U Γ J−1 = z (2.34)

On the other hand, the eigenvectors In or Vn are not fully defined by the
eigenvalues problems (2.33) : each eigenvector can be individually scaled,
and the definition of a given basis in the subspace corresponding to a mul-
tiple eigenvalue is arbitrary. Additional constraints are necessary to make
the solution unique.

Using (2.33) and (2.34), it can be shown that :

UT
(

y
)

U =
(
UT J

)
Γ = Γ

(
UT J

)
= JT

(
z
)

J (2.35)

As Γ is diagonal, (2.35) implies that the matrix product UT J is block-
diagonal :

UT J = Diag
[

X
m

]

(2.36)
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where each block X
m

is a symmetric matrix of size π(m). From matrix
theory, it is known (cf. [34], pp. 207) that for any symmetric matrix X

m
,

there exists a matrix Y
m

such that X
m

= YT
m

Y
m

. We define the normalized
modal matrices as follows :

U
0

= U Diag
[

Y−1
m

]

J
0

= J Diag
[

Y−1
m

]

(2.37)

The normalized eigenvectors I0n and V0n are mutually orthonormal :

UT
0
J
0

= E
N

(2.38)

Another form of this normalization condition is given by :

UT
0

y U
0

= Γ = JT
0

z J
0

(2.39)

2.3.3 Progressive and regressive waves

The general solution of the multiconductor line equations is finally given
by :

V(z) = U
0
[A(z) + B(z)] I(z) = J

0
[A(z) − B(z)] (2.40)

with

A(z) = Diag [exp (−γnz)] A B(z) = Diag [exp (+γnz)] B (2.41)

where A and B are two column vectors of arbitrary constants to be deter-
mined by the boundary conditions. This very compact form of the solutions
shows progressive and regressive eigenmodes with amplitudes A and B.

Let us assume for instance that the boundary conditions are such that
An 6= 0, all other elements of A and all elements of B being zero. Then the
voltages and currents are given by

V (z) = An V0n e−γnz I (z) = An I0n e−γnz. (2.42)

The normalized eigenvectors I0n and V0n give the distributions of voltages
and currents for the n-th eigenmode and An is an amplitude factor. A given
eigenmode is thus characterized by well defined distributions of voltages and
currents, with a common propagation factor e−γnz for these voltages and
currents. Thanks to the normalization condition (2.38), the scalars A2

n/2
and B2

n/2 give the complex power carried by the progressive and regressive
waves, respectively, by the n-th eigenmode.
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The concepts of characteristic impedance Zc and admittance Yc may be
extended to the multidimensional case. Defining (V+(z), I+(z)) as the pro-
gressive waves, we get :

V+(z) =
(
UUT

)
I+(z) = Z

C
I+(z)

I+(z) =
(
JJT

)
V+(z) = Y

C
V+(z)

(2.43)

2.3.4 Line voltages

In Section 2.2.1, voltages were arbitrarily defined as the wire voltages with
respect to the external screen, considered as a common reference. Cur-
rents were defined as the internal wire currents, whose sum gave rise to
an equivalent current flowing in the opposite direction inside the external
screen. These definitions correspond to a ’wire’ formulation. Actually, there
are alternative ways of defining voltages and currents in a multiconductor
structure. A ’line’ formulation may be more useful to describe the cable
behavior. For instance, for a two-wire transmission line under a screen, one
may prefer the use of the differential mode and common mode voltages and
currents, rather than the individual wire voltages and currents.

The changes of variables between the ’wire’ and the ’line’ formulations is
constrained to linear transformations of the type :

VL = N−1Vw IL = NT Iw (2.44)

so as to maintain the power as given by P = 1
2I∗LVL = 1

2I∗wVw. It follows
from (2.29) and (2.44) that the pair (VL, IL) also obeys transmission lines
equations. The corresponding change of variables for the lineic parameters
is given by:

z
L

= N−1z
w

(
NT
)−1

y
L

= NT y
w
N (2.45)

There is an infinite number of ways to define a ’line’ formulation, as this
amounts to selecting an arbitrary matrix N. A pertinent choice leads to
the diagonalization of the previously defined matrices. Let us select the
columns of N as a set of eigenvectors V0w:

N =
[

V
(1)
0w · · · V

(Nc)
0w

]

(2.46)

The amplitude of each eigenvector is here chosen to get a tractable expres-
sion of the resulting line voltages. Furthermore, as shown in last section, the
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eigenvectors corresponding to a multiple eigenvalue have to be chosen ad-
equately. The resulting modal matrices U

0L
= N−1 U

0w
and J

0L
= NT J

0w
are diagonal. This means that each line voltage and current propagates
along the cable with its own propagation factor γn. From (2.39) and (2.43),
it follows that the corresponding matrices y

L
, z

L
, Z

CL
and Y

CL
are also

diagonal. In particular:

U
0L

= Diag
(√

ZCn

)

J
0L

= Diag
(√

YCn

)

(2.47)

with ZCn = 1/YCn .

2.3.5 Application to powerline cables

In this section, the general results obtained in Sections 2.2 and 2.3 are ap-
plied to the case of low-voltage powerline cables used in the underground
power distribution network. Figure 2.3 illustrates the cross-section of typ-
ical PLC cables with 3 or 4 inner conductors. The external conductor C0

is a circle of radius b. The internal conductors Cn are constrained inside a
circle of radius a, and are surrounded by a dielectric sheath with a thickness
∆ = b − a.

Section 2.2 gives the expression of the lineic impedance and admittance
matrices in the ’wire’ formulation :

z
w
(f) = (1 + j) R

w
(f) +

jω

v2
C−1

w
(2.48)

y
w
(f) = (j + δd) ω C

w
(2.49)

where the lineic capacitance and resistance matrices are given by

C
w

= ε









c11 c12 · · · c1N

c12 c22
...

...
. . .

c1N · · · cNN









(2.50)

R
w

=

Nc∑

k=0

Rmk(f)

b









r11 r12 · · · r1N

r12 r22
...

...
. . .

r1N · · · rNN









k

(2.51)
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Figure 2.3: Cross-section of 4-conductor and 3-conductor symmetric
cables
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The computation of the adimensional entries cij and rij in the last expres-
sions requires the resolution of the Laplace equation in the cable cross-
section. For example, with the classical coax cable (Nc = 1) with dimen-
sions a and b, the solution is given by [35]

c11 =
2π

log (b/a)
r11 =

1

2π

(

1 +
b

a

)

(2.52)

For a fixed cable structure (as given by one of the schemes in Figure 2.3),
the parameters cij and rij only depend on the ratio ρ = a

b . The cable
size b has no effect on the capacitance matrix, while the entries of the
resistance matrix decrease as 1/b as suggested by equation (2.51). Taking
into account the symmetry of matrices C

w
and R

w
, i.e. cij = cji and

rij = rji, the solution of this geometrical problem finally provides N 2
c + Nc

distinct real coefficients {cij} and {rij}.
As explained in Section 2.3.4, the multiconductor transmission line analysis
can also be performed in a ’line’ formulation corresponding to the cable
eigenmodes. The associated resistance and capacitance matrices are known
to be diagonal. The diagonal entries can be written :

Cn = ε cn(ρ) Rn =

N∑

k=0

Rmk(f)

b
rnk(ρ) =

Rm(f)

b
rn(ρ) (2.53)

where the last equality is only valid if all conductors have the same surface
resistance Rm. The corresponding lineic inductances and admittances are

Ln =
µ

cn(ρ)
Gn = (2πf) δd ε cn(ρ) (2.54)

In addition to the 2Nc geometrical parameters cn and rn, N2
c − Nc pa-

rameters are actually needed to express the line voltages as a function of
the wire voltages, according to equation (2.46), and considering that each
eigenvector can be arbitrarily scaled. Both line and wire formulations of
the solution thus require the same amount of N 2

c + Nc real parameters. As
soon as there is some kind of geometrical symmetry in the cross-section,
the number of relevant parameters generally decreases (examples will be
given in Section 2.3.6).

Secondary parameters provide a meaningful description of the cable behav-
ior. They are the lineic attenuation αn(f), the phase velocity vn(f) and
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the complex characteristic impedance ZCn(f) for each eigenmode :

γn(f) ,
√

(Rn + jωLn) (Gn + jωCn) (2.55)

= αn(f) + j βn(f) = αn(f) +
jω

vn(f)
(2.56)

ZCn(f) ,
√

(Rn + jωLn) / (Gn + jωCn) (2.57)

Let us define the dielectric and conductor loss angles δd and δcn(f) as
follows:

δd =
Gn(f)

ωCn
δcn(f) =

Rn(f)

ωLn
(2.58)

The dielectric loss angle is a specific physical property depending on the
dielectric type, while the conductor loss angle for the n-th mode is computed
as follows:

δcn(f) =

∑Nc

k=0
Rmk(f)

b rnk

ωµ/cn
=

Rm(f)

ωµb
rn cn =

δcn1√
f

(2.59)

where the unit-frequency conductor loss angle δcn1 is defined as :

δcn1 ,
Rm(1)

2πµb
rncn. (2.60)

Using these definitions, the propagation factor γn(f) and the characteristic
impedance Zcn(f) can be expressed as :

γn(f) =
ω
√

κ

c

√

(j + δd) [(1 + j) δcn(f) + j] (2.61)

ZCn(f) =
Z0√
κ cn

√

(1 + j)δci(f) + j

j + δd
(2.62)

It can be shown that, when the losses are small, (δd, δcn(f)) � 1, the lineic
attenuation αn, the phase velocity vn and the characteristic impedance ZCn

associated with the n-th mode are approximated by :

αn(f) ≈ ω
√

κ

2c
[δd + δcn(f)] (2.63)

vn(f) ≈ c√
κ

[

1

1 + δcn (f)
2

]

(2.64)

ZCn(f) ≈ Z0√
κ cn

[(

1 +
δcn(f)

2

)

+ j

(
δd − δcn(f)

2

)]

(2.65)
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Figure 2.4: Lineic attenuation α (in dB/100m) vs. frequency

The phase velocity and characteristic impedance are approximately con-
stant in the useful frequency range. The lineic attenuation αn, however,
varies quickly with the frequency. Figure 2.4 illustrates the evolution
of αn(f) in dB per 100 meter of cable, in the frequency range of 1 to
30 MHz. The bold curves give the contribution of dielectric losses for
δd = {0.003, 0.01, 0.02}, while the thin curves correspond to the conductor
losses with δc1 = {25, 50, 75}. As pointed out by equation (2.63), both
contributions have to be added to obtain the global attenuation.

2.3.6 Examples

2.3.6.1 Symmetric 4-conductor cables

The first 2 schemes in Figure 2.3 give two kinds of highly symmetric cables
with Nc = 4 internal conductors. Thanks to that symmetry, the derivation
of the capacitance and resistance matrices (through the Laplace equation)
involves 6 parameters {c1, c2, c3} and {r1, r2, r3} rather than N2

c +Nc = 20
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parameters as in the general case :

C
w
∝







c1 −c2 −c3 −c2

−c2 c1 −c2 −c3

−c3 −c2 c1 −c2

−c2 −c3 −c2 c1







R
w
∝







r1 r2 r3 r2

r2 r1 r2 r3

r3 r2 r1 r2

r2 r3 r2 r1







(2.66)

The eigenmodes are the same for both cable types (4 disks or 4 sectors as
inner conductors). The line voltages are defined as follows:

Vw =







1/2 0 1/2 1
0 1/2 −1/2 1

−1/2 0 1/2 1
0 −1/2 −1/2 1







VL (2.67)

VL =







1 0 −1 0
0 1 0 −1

1/2 −1/2 1/2 −1/2
1/4 1/4 1/4 1/4







Vw (2.68)

The first two eigenmodes are the differential modes between opposite con-
ductors, the third one is the phantom mode and the last one is the common
mode. These eigenmodes are valid as long as the internal conductors are
identical. Otherwise, the symmetry would be lost. The screen conductor,
however, can be made from a different metal without modifying the defi-
nition of the eigenmodes. For the line voltages defined in equation (2.67),
the capacitance and resistance coefficients are given by

c̄1 =
1

2
(c1 + c3) = c̄2 r̄1 = 2(r1 + r3) = r̄2 (2.69)

c̄3 = c1 − c3 + 2c2 r̄3 = r1 − r3 + 2r2 (2.70)

c̄4 = 4(c1 − c3 − 2c2) r̄4 =
1

4
(r1 − r3 − 2r2) (2.71)

In Figure 2.2, the selected voltage configurations actually correspond to the
3 line voltages defined here. The figures illustrate the distribution of local
currents/charges for a unit line voltage : by comparison, it can be observed
that c̄1 < c̄3 < c̄4.

2.3.6.2 Symmetric 3-conductor cables

The third and fourth schemes in Figure 2.3 give two kinds of highly sym-
metric cables with Nc = 3 internal conductors. Here, 4 parameters {c1, c2}
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and {r1, r2} are required to obtain the resistance and capacitance matrices,
rather than N2

c + Nc = 12 as in the general case :

C
w
∝





c1 −c2 −c2

−c2 c1 −c2

−c2 −c2 c1



 R
w
∝





r1 r2 r2

r2 r1 r2

r2 r2 r1



 (2.72)

The line voltages corresponding to the eigenmodes can be defined as follows:

Vw =





1/2 1/3 1
0 −2/3 1

−1/2 1/3 1



VL VL =





1 0 −1
1/2 −1 1/2
1/3 1/3 1/3



Vw (2.73)

The first two eigenmodes correspond to the same eigenvalue. The first one is
defined as a ’phase-to-phase’ mode between conductors 1 and 3, conductor
2 being hold at zero. The second one is defined as a ’symmetric mode’ with
equal voltages for conductors 1 and 3, conductor 2 getting the opposite
polarity. The last one is the common mode. For the line voltages defined
in equation (2.73), the capacitance and resistance coefficients are given by

c̄1 =
1

2
(c1 + c2) r̄1 = 2(r1 − r2) (2.74)

c̄2 =
2

3
(c1 + c2) r̄2 =

3

2
(r1 − r2) (2.75)

c̄3 = 3(c1 − 2c2) r̄3 =
1

3
(r1 + 2r2) (2.76)

The coefficients associated with the first two eigenmodes are not indepen-
dent.

2.3.6.3 Asymmetric 3-conductor cable

The last scheme of Figure 2.3 corresponds to a partly asymmetric cable.
The external conductor is obtained by the concatenation of the circular
screen and the neutral conductor in galvanic contact with the screen. The
three internal conductors are no longer interchangeable. Here, the reso-
lution of the Laplace equation finally provides 8 parameters {c1, c2, c3, c4}
and {r1, r2, r3, r4} :

C
w
∝





c1 −c2 −c3

−c2 c4 −c2

−c3 −c2 c1



 R
w
∝





r1 r2 r3

r2 r4 r2

r3 r2 r1



 (2.77)
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For this asymmetric configuration, the definition of the line voltages asso-
ciated with the eigenmodes actually varies with the cable geometry. They
can be expressed as follows :

Vw =





1/2 v̄2
3 1

0 −1−v̄2
3 v̄3

−1/2 v̄2
3 1



VL (2.78)

VL =






1 0 −1
v̄3

2v̄23

−1
v̄23

v̄3
2v̄23

1−v̄2/3
2v̄23

v̄2/3
v̄23

1−v̄2/3
2v̄23




Vw (2.79)

with v̄23 , 1 + v̄2
3 (v̄3 − 1). In the ’line voltage’ formulation, the solu-

tion is then fully defined by the 8 parameters {c̄1, c̄2, c̄3}, {r̄1, r̄2, r̄3} and
{v̄2, v̄3}. For a given geometrical setup (as the last scheme of Figure 2.3
for instance), those 8 parameters only depend on the ratio a/b. The first
mode is the phase-to-phase mode, the second one is a ’modified’ symmetric
mode parametrized by v̄2, and the last one is a ’modified’ common mode
parametrized by v̄3. The last two eigenmodes are the same as in the sym-
metric case for v̄2 = 1 and v̄3 = 1, respectively.

2.3.6.4 Computational results

Figures 2.5 and 2.6 give the evolution of the computed geometrical pa-
rameters with the ratio a/b, for each of the 5 types of cables proposed in
Figure 2.3 and for each line voltage as given by equations (2.67), (2.73)
and (2.79). The left part of the figures gives the product c̄nr̄n for each
eigenmode, which determines the conductor loss angle δcn(f) as given by
(2.59). The right part of the figures gives the ratio Z0/c̄n for each eigen-
mode, which determines the characteristic impedance ZCn(f) as given by
(2.62).

For the purpose of comparison, equivalent parameters are also represented
for a standard coax cable with dimensions a and b. The geometrical pa-
rameters c̄n and r̄n are given by (2.52) for the coax cable (’line’ voltages
are equivalent to ’wire’ voltages as Nc = 1).

Finally, Figure 2.7 gives the parameters v̄2 and v̄3, which determine the
definition of the line voltages for the asymmetric cable as given by (2.79).
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2.3.7 Practical PLC cables

Table 2.1 gives the main characteristics of 5 PLC cables which are repre-
sentative of the cables used in the underground power distribution network.
The cable dimensions b and a/b are given in the table, and comparative
drawings of the cable cross-sections are displayed above the table. Cop-
per (σ = 56.106m−1Ω−1) or aluminium (σ = 35.106m−1Ω−1) is used for
the conductors. In the case of the asymmetric cable, the composite ex-
ternal conductor is made of steel (screen) and lead (neutral conductor).
Two types of dielectric material are currently used in the PLC cables :
polyvinylchloride (PVC) with κ ≈ 3.3 and δd ≈ 0.03, and polyethylene
(PE) with κ ≈ 2.3 and δd ≈ 0.003. The unit-frequency conductor loss
angle δcn1 and the impedance characteristic Zcn ≈ Z0√

κc̄n
is given for each

eigenmode. The first 3 types cables will be used in Section 2.5 for the
simulation of a realistic PLC access network.

2.4 Impulse response associated with a cable seg-
ment

The object of this section is to analyze the channel impulse response h(t, L)
associated with a simple cable segment of length L.

Using the cable model developed in section 2.3.5, the cable impulse response
can be expressed as the convolution of three components :

h(t, L) ≈ δ(t − ∆) ⊗ hc(t, L) ⊗ hd(t, L) (2.80)

where ∆ , L/v is the propagation time corresponding to a cable length L
and a wave velocity v. These components reflect specific physical mecha-
nisms :

• δ(t − ∆) represents a simple propagation delay, it gives the channel
impulse response that would be associated with a perfect (lossless)
cable

• hc(t, L) = F−1 {Hc(ω, L)} with Hc(ω, L) , e−
√

jω
√

π δc1∆ represents
the effect of conductor losses

• hd(t, L) = F−1 {Hd(ω, L)} with Hd(ω, L) , e−ω δd∆/2 represents the
effect of dielectric losses
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Figure 2.8: Normalized pulses Kchc(t, L) and πKdhd(t, L)

Applying the inverse Fourier transform F−1 (.) to the partial frequency
responses given above, explicit expressions of hc(t, L) and hd(t, L) can be
obtained as follows [35][36] :

hc(t, L) =

(
1

Kc

)
e

−1
τc

√

πτ3
c

(2.81)

hd(t, L) =

(
1

πKd

)
1

τ2
d + 1

(2.82)

with the constant parameters Kc , π
4 (δc1∆)2 and Kd ,

δd∆
2 , and the

normalized time variables τc = t/Kc and τd = t/Kd.

Figure 2.8 illustrates the normalized impulse responses Kchc(t, L) and
πKdhd(t, L) in the ranges τc ∈ [0, 5] and τd ∈ [−5, 5], respectively. From
the definitions given in (2.81)-(2.82), it appears that the length (resp. the
maximum) of the partial impulse responses are proportional (resp. inversely
proportional) to the squared product (δc1∆)2 for the conductor losses, and
to the product (δd∆) for the dielectric losses. This gives an indication about
how the shape of the cable impulse response varies with the cable length
L = ∆v.

An important remark should be made here concerning the validity of our
dielectric model. The impulse response hd(t, L) derived above is obviously
non-causal : it can not correspond to a physical process. The reason of this
lies in the extreme simplicity of the dielectric model :

ε(ω) = ε′ − jε” ∀ω. (2.83)
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Figure 2.9: Impulse responses for different cable lengths (δc1 = 48,
δd = 0.01, κ = 2.3) around 100 m (up) and around 500 m (down)

This is in contradiction with the Kronig and Kramers property [37] speci-
fying that ”a dissipative material (ε” 6= 0) must be dispersive (ε varies with
ω), and inversely”. A valid dielectric model should include the variability
of the dielectric properties in the useful frequency range, which is not the
case here. However, the simple dielectric model proposed above offers a
good approximation, even if the causality constraint is not satisfied. In
particular, we have that hd(−∆)/hd(0) ≈ δ2

d/2 � 1, which guarantees that
the non-causal part of the impulse response is negligible if the propagation
delay ∆ is taken into account.

Figure 2.9 gives the (non-normalized) impulse responses hc(t−∆, L) (thin
solid lines), hd(t − ∆, L) (dashed lines) and (hc ⊗ hd)(t − ∆, L) (bold solid
lines) corresponding to various cable lengths around 100 meter (upper fig-
ure) and around 500 meter (lower figure). This allows the comparison of
the respective influences of conductor and dielectric losses on the shape of
the composite impulse response, as well as the evolution of this shape with
the cable length.

The surface under the impulses hc(t, L) and hd(t, L) is independent of the
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cable length as

∫ +∞

−∞
hc(t, L) dt =

∫ +∞

−∞
hd(t, L) dt = 1 ∀L. (2.84)

This unit value actually corresponds to the channel gain at a zero frequency
Hc(0) or Hd(0). It should be reminded, however, that the propagation
model derived here is only valid at high frequency (i.e. when the skin
depth is small with respect to the conductor dimensions). The property
considered here is then just a consequence of the propagation model extrap-
olation to the zero-frequency, and does not reflect a physical reality. But
this approximation is acceptable in our context as the impulse responses
studied here are going to be used in relation with passband signals only.

The energy of these impulses can be computed as :

∫ +∞

−∞
h2

c(t, L) dt =
1

4πKc
(2.85)

∫ +∞

−∞
h2

d(t, L) dt =
1

2πKd
(2.86)

These relations show that full-band signals transmitted on the cable would
lose their energy proportionally to the cable length L (as far as the dielectric
losses are concerned) or proportionally to the square of the cable length L2

(as far as the conductor losses are concerned). The effective combined loss
would be intermediate. Actually these conclusions are only valid asymp-
totically for large values of L as the real signals that will be transmitted
on the cable have a limited bandwidth.

The effect of a cable segment of length L on a unit-energy band-limited
pulse p(t, T ) of bandwidth B = 0.5

T would be more informative. That is
what we propose to analyze now. Let r(t, T, L) be the signal received after
propagation over the cable segment, i.e. :

r(t, T, L) = p(t − ∆, T ) ⊗ hc(t, L) ⊗ hd(t, L) (2.87)

The energy of the received signal is given by

Ecd (T, L) , 2T

∫ 0.5
T

0
|Hc(f) .Hd(f)|2df (2.88)
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Analytical results can be easily obtained by studying separately the dielec-
tric and conductor effects :

Ec (T, L) , 2T

∫ 0.5
T

0
|Hc(f)|2df =

2

ρ2
c

(
1 − e−ρc

)
− 2

ρc
e−ρc (2.89)

Ed (T, L) , 2T

∫ 0.5
T

0
|Hd(f)|2df =

1

ρd

(
1 − e−ρd

)
(2.90)

with ρc , πδc1∆√
T/2

and ρd ,
πδd∆

T .

Figure 2.10 (left part) gives the logarithmic energy losses (in dB) for cable
lengths in the range of 0 to 2000 meter and a baseband pulse of 10 MHz
bandwidth. The solid curves represent the dielectric losses, the conductor
losses and the combined losses as given by equations (2.90), (2.89) and
(2.88), respectively. The dashed curves (straight lines) correspond to the
asymptotic behavior for very short cables. Both types of losses are then
cumulative :

Ecd(T, L) ≈ Ec(T, L).Ed(T, L) ≈ 1 − 2

3
ρa −

1

2
ρb, (2.91)

which corresponds to a global loss of

−10

log(10)

π

v

(

2

3

δc1
√

T/2
+

1

2

δd

T

)

[dB/m]

This approximation is valid for short distances (up to a few tens of meter).
The dashed-dotted curves correspond to the asymptotic behavior for long
cables. The respective losses increase then by 10 dB/decade (Ed) and 20
dB/decade (Ec), and the global loss is dominated by the contribution of
conductor losses.

Finally, the effect of a cable segment on a passband pulse should be taken
into consideration, as the lower part of the frequency spectrum is not
available for the transmission of PLC signals. Assuming a unit-energy
passband pulse

√
2 p(t, T ) cos(ωct) with a useful bandwidth [B1, B2] =

[0.5/T1, 0.5/T2], the energy of the received signal can be obtained by

Ēcd (T1, T2, L) =
T1

T1 − T2
Ecd (T2, L) − T2

T1 − T2
Ecd (T1, L) . (2.92)

The right part of Figure 2.10 gives the logarithmic energy losses (in dB) for
a passband pulse in the 1 Mhz - 10 MHz band and different combinations
of cable properties (δd = 0.003, 0.01 and 0.02, δc1 = 25, 50 and 75).
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and conductor losses (δc1 = 50, δd = 0.01), and asymptotic behavior,
with a baseband pulse. Right: energy loss for different combinations of
δc1 and δd, with a passband pulse.
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Figure 2.11: Wireline multiaccess network

2.5 Powerline access networks

Underground powerline access networks generally consist of a main distri-
bution cable starting at the medium-voltage low-voltage transformer, and
lying below the streets with derivation cables providing the final connec-
tion to the various subscriber buildings. Broadband modems (Network
Terminations or NTs) may be connected on these termination points, just
before the power meter, and tranmit and/or receive digital signals to/from
the central office (Line Termination or LT). Evaluation of the communi-
cation link performance requires the knowledge of the end-to-end channel
response. This global channel is the concatenation of several cable seg-
ments, and must take into account the presence of cable derivations and
the various loads connected to the termination points.

Figure 2.11 illustrates the general access network topology, where dk and
d′k denote the length of the different cable segments.
Many variations of the general prototype presented in Figure 2.11 could be
investigated and analyzed, leading to different classes of powerline channel
models. Many items have to be taken into consideration in the derivation
of the channel model :

• The total number of derivations K̄.

• The position of the K ≤ K̄ user modems along the distribution cable.
The K̄−K remaining derivations correspond to simple power delivery
points, without PLC access.

• The length of the different cable segments (dk and d′k).

• The nature of the different cables : number of conductors, definition of
the eigenmodes, propagation parameters (v, δc1, δd) and characteristic
impedance Zc for each mode.



2.5 Powerline access networks 49

• The structure of the derivation points (conductors interconnections).

• The nature of termination points (matched, open, other).

Our objective is not to give an exhaustive set of different PLC channel
models, but rather to develop a detailed analysis of a representative example
and to analyze the influence of some key parameters on the resulting channel
responses.

The selected example is depicted in Figure 2.12. The proposed access net-
work includes a 300 m distribution cable and K̄ = 20 derivations. A cen-
tral office modem (LT) is located at the medium-voltage low-voltage trans-
former, and 5 user modems (NTs) are located at selected customer premises,
as suggested on the figure. The distribution cable is supposed to be of alu-
minium with 4×95 mm2 sectors, and the derivation cables are supposed to
be of copper with 4×25 mm2 or 4×10 mm2 disks in the cross-section. The
cable segments have a length in the set {5, 10, 15, 20, 25, 30, 35} meter (the
different values can be determined unambiguously from the figure). The
main information relative to the position of the 5 NTs is summarized in
the following table :

NT Position k
∑k−1

l=0 dl [m] d′k [m] Total distance [m]

1 2 15 10 25
2 5 60 15 75
3 10 140 35 175
4 15 220 5 225
5 20 290 20 310

Table 2.2: Position of the 5 NTs, and distance from the LT

The three types of cables used here have identical eigenmodes (differential,
phantom and common), but specific propagation parameters and character-
istic impedances. Ideal connections between the respective cable conductors
are assumed at the derivation points, which guarantees that the signals as-
sociated to each eigenmode do not mix to each other at these points. The
termination points at modem locations (LT and 5 NTs) are assumed to
be perfectly matched, simultaneously in the different eigenmodes. Finally
the 16 remaining termination points are assumed to have an intermediate
impedance, between open and matched.
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2.6 Network analysis based on the scattering ma-
trix

2.6.1 The scattering matrix

The different elements constituting the low voltage access network may be
modeled as 2N-port modules characterized by their multidimensional scat-
tering matrix S, that links the outgoing waves (B1, A2) to the incoming
waves (A1, B2). Grouping together adjacent elements of the network leads
to the cascading of the corresponding scattering matrices. A specific alge-
bra for the combination of multidimensional scattering matrices has to be
developed, taking into account the joint presence of cables with a different
number of conductors. Assuming a given scattering matrix S

x
with N1-fold

inputs and N2-fold outputs, to be cascaded with a given scattering matrix
S

y
with N2-fold inputs and N3-fold outputs. The building blocks of the

resulting scattering matrix S are given by :

S
11

= ST
11

= S
x,11

+ S
x,12

(

E
N2

− S
y,11

S
x,22

)−1
S

y,11
S

x,21

S
12

= ST
21

= S
x,12

(

E
N2

− S
y,11

S
x,22

)−1
S

y,12

S
22

= ST
22

= S
y,22

+ S
y,21

(

E
N2

− S
x,22

S
y,11

)−1
S

x,22
S

y,12

(2.93)

On the other hand, the transfer of a size-N2 reflection matrix Kout through
a scattering matrix S with N1-fold inputs and N2-fold outputs provides a
size-N1 reflection matrix Kin as follows :

Kin = S
11

+ S
12

(

E
N2

− Kout S
22

)−1
Kout S

21
. (2.94)

Figure 2.13 illustrates the various waves and submatrices involved in equa-
tions (2.93) and (2.94).

2.6.2 Reference basis and matrix base change

A given scattering matrix S depends on the definition of the waves A and B
as a function of the line voltages and currents V and I. Actually, any change
of variables, from the pair (V, I) to the pair (A, B) may be investigated :

V(z) = U [A(z) + B(z)] I(z) = J [A(z) − B(z)] (2.95)

where U has the dimensions of the square root of an impedance, and the

normalization condition UT J = E
N

is satisfied. With these conditions, the
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Figure 2.13: Cascading scattering matrices
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dimension of the waves A and B in (2.95) is the square root of a power. The
choice of modal matrices as in equation (2.40) results in the definition of
eigenmodes, where the waves propagate with their own exponential propa-
gation factor, but other choices are possible. A reference basis (U

R
, J

R
) may

be defined and used throughout the network. Different reference bases need
to be defined for different parts of the network if the number of conductors
varies from ones cable segment to another. It is then useful to develop equa-
tions for a base change, i.e. the relations between waves (Ax, Bx) defined in
a base (U

x
, J

x
), and waves (Ay, By) defined in another base (U

y
, J

y
). The

solution is expressed with a scattering matrix formalism as :

[

B
x

A
y

]

=

[

(Σ
xy

)11 (Σ
xy

)12

(Σ
xy

)T
12 (Σ

xy
)22

][

A
x

B
y

]

(2.96)

with the following submatrices :

(Σ
xy

)11 = (z
yx

+ E)−1(z
yx

− E) = (Σ
yx

)22

(Σ
xy

)22 = (z
xy

+ E)−1(z
xy

− E) = (Σ
yx

)11

(Σ
xy

)12 = 2(z
yx

+ E)−1JT
x
U

y
= (Σ

yx
)21 (2.97)

and z
yx

= JT
x
U

y
UT

y
J

x
= zT

yx
, z

xy
= JT

y
U

x
UT

x
J

y
= zT

xy
.

2.6.3 Cable segments

In the eigenbase (U
0
, J

0
) of the cable, the scattering matrix representing a

cable segment of length L is:

S
0

=

[
0

N
T

T 0
N

]

(2.98)

with T = Diag [exp(−γnL)].

It is useful to express the scattering matrix S
R

of the cable segment in
accordance with the chosen reference basis U

R
, J

R
. This is obtained by left-

and right- cascading the initial matrix S
0

with the matrix base changes Σ
R0

and Σ
0R

, respectively. The result is :

(S
R
)11 = (S

R
)22 = (Σ

R0
)11 + (Σ

R0
)12 T

[

E
N
− (Σ

R0
)22 T (Σ

R0
)22 T

]−1
(Σ

R0
)22 T(Σ

R0
)21 (2.99)
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(S
R
)12 = (S

R
)T
21 = (Σ

R0
)12 T
[

E
N
− (Σ

R0
)22 T(Σ

R0
)22 T

]−1
(Σ

R0
)21 (2.100)

2.6.4 Cable derivations

Assume a main distribution cable with N wires, a reference basis (U
c
, J

c
),

and line voltages defined by N
c
. At a given point, a derivation cable with

n wires, a reference basis (U
d
, J

d
), and line voltages defined by N

d
, is con-

nected to it. Let us define a n × N connection matrix C giving the wire
connections between the main cable and the derivation cable :

Vw,d = CVw,c (2.101)

where the entries of C are 0’s and 1’s. Figure 2.14 gives an example of a
matrix connection with N = 4 and n = 2. By its definition, the matrix
connection satisfies the relation C CT = E

n
. We also define a modified

connection matrix D as follows :

D = JT
d

N−1
d

CN
c
U

c
(2.102)

The derivation point actually corresponds to a 3-port network. We need to
compute the scattering matrix obtained when one of the ports is connected
to a known charge.
In figure 2.15, the charge is supposed to be connected on the derivation
side. The transmission along the main cable is given by :

S
11

= S
22

= T

S
12

= S
21

= E
N

+ T
(2.103)
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T = DT
(

K
d
− E

n

) [

D DT
(

E − K
d

)

+ 2
(

E
n

+ K
d

)]−1
D (2.104)

In figure 2.16, the charge is supposed to be connected on the main cable
right side. The transmission from the main cable to the derivation cable is
then given by :

S
11

= ST
11

= K
c
−
(

E
N

+ K
c

)

DT

[

D
(

E
N

+ K
c

)

DT + 2 E
n

]−1
D
(

E
N

+ K
c

)

(2.105)

S
12

= ST
21

= 2
(

E
N

+ K
c

)

DT
[

D
(

E
N

+ K
c

)

DT + 2 E
n

]−1
(2.106)
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S
22

= ST
22

=
[

D
(

E
N

+ K
c

)

DT + 2 E
n

]−1

[

D
(

E
N

+ K
c

)

DT − 2 E
n

]

(2.107)

2.6.5 Line terminations

Active and passive terminations are characterized by their multidimen-
sional impedance and e.m.f. sources. The sources can be described by the
equivalent Thevenin dipole representation:

V = E − Z
G
I (2.108)

where Z
G

is a diagonal matrix of the source impedances and E is a column
vector giving the e.m.f. of the sources. An equivalent representation for
the waves in the reference basis (U

R
, J

R
) writes:

A = G − K
G
B (2.109)

where

K
G

=
(

z
G

+ E
N

)−1 (

z
G
− E

N

)

(2.110)

G =
(

z
G

+ E
N

)−1
U

R
E =

1

2

(

E
N
− K

G

)

U
R
E (2.111)

and z
G

= JT
R
Z

G
J

R
can be seen as a reduced source impedance.

Similarly, a passive load at the end of the line will be described by:

V = Z
L
I (2.112)

The relation between the corresponding waves is given by a reflection matrix
K

L
:

B = K
L
A (2.113)

where

K
L

=
(

z
L

+ E
N

)−1 (

z
L
− E

N

)

=
(

z
L
− E

N

)(

z
L

+ E
N

)−1
(2.114)

and z
L

= JT
R
Z

L
J

R
is again a reduced impedance matrix.
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2.6.6 Network analysis

A generic multidimensional network analysis tool has been developed, that
is able to handle an arbitrary network topology, with any type of cable in
the different network segments. The eigenmodes associated with each type
of cable present in the network are first computed, as well as their funda-
mental parameters (eigenbase (U

0
, J

0
), propagation factors {γn}). Simple

reference bases (U
R
, J

R
) are defined for each number of conductors. The

multidimensional scattering matrices associated with each cable segment
are then generated and converted in the appropriate reference basis. Using
the scattering matrix algebra developed in the previous sections, and con-
sidering the exact nature of the various derivation and termination points,
K transfer matrices T

k
are finally obtained, that relate the incoming wave

vector on the k-th NT Ak to the source G generated at the LT :

Ak = T
k

G. (2.115)

The size of each transfer matrix actually depends on the number of conduc-
tors at the LT and at the different NTs. The network analysis is performed
sequentially for all frequencies in the useful frequency range from 1 to 10
MHz.

2.7 Multipath channel model

The global network analysis method proposed in the previous section is
extremely powerful as it is able to predict the channel responses associated
with very elaborate networks including various types of cables with any
number of conductors, any type of interconnection at the derivation points,
and any type of termination load. In particular, the problem of mode mix-
ture can be put forward : signals produced at the transmitter on a given
eigenmode can be transferred to the other eigenmodes at some points of
the network (unbalanced derivations or terminations). However, the phys-
ical interpretation of the obtained end-to-end channel frequency responses
Hk(ω) is not straightforward. The channel impulse responses hk(ω) can
only be obtained by application of the inverse Fourier transform, which is
also rather restrictive.

In order to obtain a better intuition about the end-to-end channel responses
and the respective effects due to cable losses, derivations and terminations,
we propose to set up a simple multipath model.

Four fundamental assumptions are necessary to validate this simple model :
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1. Cables with identical eigenmodes are used throughout the network.
The derivation and termination points are perfectly balanced, which
ensures that the different modes do not mix to each other. In this
scenario, the multiconductor network analysis can be reduced to the
parallel analysis of independent scalar-waves networks.

2. Derivation points act independently of the frequency : the 3×3 scat-
tering matrices associated with each eigenmode do not vary with fre-
quency. This assumption is valid if the ratio of the respective char-
acteristic impedances remains constant in the useful frequency range.
It is also valid, of course, if the derivation cables are identical to the
distribution cable.

3. Termination points also act independently of the frequency : they
are modeled by a simple reflection coefficient in the whole frequency
range and for each eigenmode. Ideal matched or open terminations
satisfy this hypothesis.

4. Finally, the propagation parameters αi(f) and vi(f) associated with
a given eigenmode are the same for all cable segments. With this as-
sumption, the channel response corresponding to a given path through
the network only depends on the total path distance, irrespectively
of the specific cable segments that belong to the considered path.

The multipath model expresses the end-to-end channel frequency response

from the LT to the kth NT as the sum :

H
(i)
k (ω) =

Np∑

l=1

a
(i)
lk e−γi(ω) Llk (2.116)

where

•
{

a
(i)
lk , Llk

}

with l ∈ [1, Np] are the path weights and lengths. They

only depend on the reflection and transmission coefficients related to

the derivation and termination points. A given weight a
(i)
lk generally

results from the superposition of many distinct physical paths from
the source to the destination, but all with the same total distance
Llk. The total number of paths Np depends on the desired accuracy
of the model. Mathematically, there is an infinite number of paths,
but practically the number of significant paths is finite. The deter-
mination of Np is a key parameter of the proposed multipath model.
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• γi(ω) = f(κ, δd, δ
(i)
c1 ) only depends on the propagation characteristics

of the cables.

The resulting end-to-end channel impulse responses can be obtained as

h
(i)
k (t) =

Np∑

l=1

a
(i)
lk h

(i)
cd (t, Llk) (2.117)

where the impulse response associated with a cable segment of length Llk

has been established in Section 2.4.

The computation of the path weights {alk} and lengths {Llk} requires the
analysis of a complex network including three types of elements ·

1. Two-acces ports representing the cable segments of length dk or d′k
(see Figure 2.11). We assume that all cable segments have a length
that is an integer multiple of a fundamental length L0, i.e. dk =
nkL0 and d′k = n′

kL0 where nk and n′
k are positive integers. In the

example presented in Section 2.5, L0 = 5 meter. The scattering
matrix associated with a cable segment of length dk is then given by

S
c
(D) =

(
0 Dnk

Dnk 0

)

(2.118)

where the symbolic variable D represents the propagation through a
basic cable segment of length L0.

2. Three-access ports representing the derivation points. Balanced and
lossless derivations result in a scattering matrix given by

S
d

=





rc tc td
tc rc td
td td rd



 (2.119)

with r2
d + 2t2d = 1 and r2

c + t2c + t2d = 1. The parameters rc and
rd represent the reflection coefficients on the side of the distribution
cable and on the side of the derivation cable, respectively. tc gives
the transmission coefficient along the distribution cable, and td gives
the derivation coefficient. These parameters depend on the relative
characteristic impedances of the cables. Let ρZc = Zc2/Zc1 be the
ratio of the derivation cable impedance (Zc2) and the distribution
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cable impedance (Zc1). The different reflection and transmission co-
efficients in (2.119) are then given by

rc =
−1

2ρZc + 1
rd = −

(
2ρZc − 1

2ρZc + 1

)

(2.120)

tc =
2ρZc

2ρZc + 1
td =

2
√

ρZc

2ρZc + 1
(2.121)

In the special case where identical cables are used for the distribution
and the derivation (ρZc = 1), these coefficients are tc = td = 2

3 and
rc = rd = −1

3 . This means that, on each derivation point, 1
9 of the

incoming energy is reflected, 4
9 is derived and 4

9 is transmitted along
the distribution cable. A better transmission along the distribution
cable (higher tc, lower td, |rd| and |rc|) is ensured for ρZc > 1.

3. Terminations that can be represented by a single reflection coefficient
rt.

The complex network is obtained by the interconnection of the elements
depicted in the above list. By solving the network equations, the end-to-end
transfer functions Tk(D) can be obtained explicitly. They accept a Taylor
expansion as follows :

Tk(D) =
∞∑

j=0

αjk Dj ≈
Np∑

l=1

alk D
Llk
L0 . (2.122)

The path weights {alk} can be obtained by identification with the Np first
non-zero terms of the Taylor expansion.

Let us now analyze the network corresponding to the example given in
Figure 2.12. All cable segments have a length that is an integer multiple
of L0 = 5 meter. The first path weight and length are given by (see also
Table 2.2)

a1k = tk−1
c td L1k =

k−1∑

j=0

dj + d′k. (2.123)

For the type of cables used here (ρZc = 1.8, see Table 2.1), the transmission
and derivation coefficients are tc = 0.78 and td = 0.58 for the differential
mode. Two successive paths are separated by a length of 2L0 = 10 meter.
Figure 2.17 gives the normalized path weights obtained when all termi-
nations are matched (rt(k) = 0 ∀ k). The normalization is done with
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respect to the first path weight a1k. In this scenario, the multipath effect
can be exclusively attributed to the reflections on the derivation points.
For example, the direct path from the LT to user 15 is 225 meter long and
its weight is a1,15 = t14c td = 0.019. The second path is 235 meter long
and corresponds to successive reflections on derivations {2, 1} and {11, 10}.
The corresponding weight is a2,15 = 2r2

ca1,15 = 0.09a1,15. The third path
is 245 meter long and corresponds to successive reflections on derivations
{2, 1, 2, 1}, {2, 1, 11, 10}, {11, 10, 11, 10}, {5, 4}, {6, 5} and {12, 11}. The
corresponding weight is then a3,15 = (3r2

c + 3r4
c )a1,15 = 0.15a1,15. The next

paths can be generated in the same way. Obviously, the relative weight of
secondary paths increases with the user position k along the distribution
cable.

For a unit energy wideband pulse transmitted at the LT, the received energy
at each network termination is given by

E2
k =

Np∑

l=1

a2
lk < 1. (2.124)

Considering both ends of the distribution cable as users 0 and K + 1, the
global power budget gives

∑K+1
l=0 E2

k = 1. The set of parameters
{
E2

k

}

reflects the distribution of the transmitted energy from the network head-
end towards the different users. The first part of Figure 2.18 gives the
distribution of E2

k in dB vs. the user index k for different values of the
transmission factor tc. The energy loss increases dramatically with the
user position, especially for low values of tc. The straight lines give the
contribution of the first path weight, as given by (2.123). As expected, the
relative strength of the secondary paths increases with k and with tc (as
can be observed by the divergence of the curves). The circles give the total
received energy for a transmitted passband pulse in the range of 1 MHz to
10 MHz. The second part of Figure 2.18 gives the evolution of the received
energy vs. the transmission factor tc in the range of 2

3 to 0.95, for users
2, 5, 10, 15 and 20. It can be observed that the inequality of the energy
distribution can be moderated by increasing the transmission coefficient tc.
For lower values of tc, the existence of the secondary paths also moderates
the effect of energy dilution for remote users, but this gain is lost as soon
as the passband pulse is taken into account in the power budget.

The observation made here is a crucial feature of the powerline access net-
works : the total energy transmitted by the LT is delivered in very unequal
parts to the various users. The PLC network was not initially designed to
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Figure 2.17: Weights with matched terminations (normalized w.r.t.
the first path weight)
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convey high-frequency signals to the subscribers. At very low frequency
(e.g. the power frequency), what really matters is the sum of the path
weights, which can be shown to be

Hk(f ≈ 0) =

Np∑

l=1

alk =
2

K + 2
∀ k ∈ (1, · · · , K) (2.125)

for identical loads at all network terminations. A balanced power distribu-
tion network can thus become very unbalanced at high frequency.

Figure 2.19 gives the normalized path weights obtained when all unused
terminations are left open (rt(k) = 1 ∀ k /∈ {2, 5, 10, 15, 20}). In that
scenario, a high number of additional physical paths have to be taken into
account as the waves are also reflected on the open terminations. The
relative importance of the secondary paths is considerably increased, espe-
cially for the remote users : for some of them, the first path is not even the
strongest one any more. The energy distribution is less unbalanced than
in the previous scenario : one reason for this is that the total energy deliv-
ered by the LT is now dissipated in 5 termination loads instead of K + 1
as before. The last part of Figure 2.18 gives the evolution of the received
energy vs. the reflection factor rt at unused terminations in the range of 0
(matched) to 1 (open), for users 2, 5, 10 and 20.

2.8 PLC channel responses

This section is devoted to the derivation of the final end-to-end channel re-
sponses Hk(ω) = F {hk(t)} associated with the network example of Figure
2.12.

The channel impulse responses hk(t) actually result from the combined
effect of :

• The multiple paths from the LT to the NTs through the multiple
reflections on cable derivations and network terminations. The path
weight distribution was analyzed in Section 2.7 in relation with the
network topology.

• The conductor and dielectric losses, which increase with the distance.
The impulse response associated with a cable segment was presented
in Section 2.4.



2.8 PLC channel responses 65

0

0.5

1

U
se

r 2

0

0.5

1

U
se

r 5

−0.5

0

0.5

1

U
se

r 1
0

−1

0

1

2

U
se

r 1
5

0 200 400 600 800 1000 1200 1400 1600 1800 2000

0

5

10

v * t [m]

U
se

r 2
0

Figure 2.19: Weights with open terminations (normalized w.r.t. the
first path weight)



66 Channel model

−10 −5 0 5 10
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

t / T
c

−10 −5 0 5 10
t / T

c

0 10 20 30 40 50
t / T

c

Figure 2.20: Passband pulses : cosine modulated half-root Nyquist
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• The analog front end of the modems. One of their functions is to
restrict the spectrum of the transmitted signals to the frequency band
authorized for the high-speed PLC application, i.e. 1 MHz to 10
MHz. It is equivalent to consider the transmission of a passband
pulse. Figure 2.20 gives three types of passband pulses (with 0.5/Tc =
10 MHz).

Figure 2.21 illustrates the combination of the path weights (vertical seg-
ments) with a baseband half-root Nyquist pulse, for users 2 and 20. The
delay difference between two successive paths is here approximately 50 ns
(for 10 meter difference and a phase velocity close to 2.108 m/s), which
corresponds to the baseband pulse period : Tc = 50 ns. For the network
topology chosen here, the successive paths are then only just resolvable.
The bold curves include the additional effect of cable losses. The number
of significant paths is then decreased as longer paths are more affected by
the cable attenuation.
Figure 2.22 gives the final impulse responses hk(t) for users 2, 5, 10, 15 and
20, with a passband pulse. The thin curves include a cosine-modulated half-
root Nyquist pulse while the bold curves include analog bandpass filters
(elliptic filters). The passband pulses are illustrated in Figure 2.20.

Finally, the amplitude of the end-to-end channel frequency responses |Hk(ω)|2
(in dB) is given in Figure 2.23, in the frequency range of 0 to 25 MHz :

• The upper figure displays the 20 channel responses obtained with
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Figure 2.21: Combination of path weights and a baseband pulse

all-matched terminations, using the multipath model proposed in
(2.116). Only the differential propagation mode is represented. The
vertical ordering of the curves is in accordance with the channel index
k : the higher curve corresponds to H1(ω) , the lower one corresponds
to H20(ω). Bold curves are used to highlight channels 2, 5, 10, 15 and
20. For these channels, the exact channel responses, as obtained by
the scattering matrix formalism, are also given (dashed lines). Obvi-
ously, the multipath approximation is extremely accurate.

• The lower figure displays the 5 channel responses obtained when the
unused terminations are left open. The scattering matrix formalism
was used to derive exact channel responses. Here, the 3 modes of
propagation (differential, phantom and common) are represented and
can be compared.

2.9 Conclusion

It has been demonstrated that the channel transfer functions corresponding
to practical outdoor PLC networks could be modeled analytically with the
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help of the multiconductor transmission line theory. The complete analysis
combines two steps : the analysis of the multiconductor cables, and the
analysis of the full network topology.

In the first step, the fundamental characteristics of the different types of
multiconductor cables are derived. This analysis requires the resolution
of an eigenvalue problem for each cable type, which leads to the defini-
tion of propagation eigenmodes, i.e. specific distributions of voltages and
currents in the different conductors, that propagate with a unique propaga-
tion factor (including phase velocity and specific attenuation), and that are
characterized by a well-defined characteristic impedance. Practical PLC
cables have been analyzed, and the propagation eigenmodes (differential
mode, common mode, phantom mode) have been derived as a function of
the cable geometry and the used materials (conductors and dielectrics). A
characteristic impedance of a few ohms (common mode) up to a few tens
of ohms (differential mode) was found. The conductor losses (skin effect)
were shown to be dependent on the propagation mode, due to the prox-
imity effect. However, the difference was found to be rather small from
one mode to another. The fundamental impulse response corresponding to
the propagation over a given cable segment of a given length was analyzed
in details. Three specific contributions were put forward : a propagation
delay, an impulse due to conductor losses, and an impulse due to dielectric
losses.

The second step combines the various cable segments (characterized by a
given length and a given set of propagation modes with their own parame-
ters) with the network discontinuities: derivations (cable interconnections)
and terminations. Progressive and regressive multi-dimensional waves (one
wave for each eigenmode) propagate along each cable segment. Multi-
dimensional transmission and reflection happen on each network transi-
tion. This can be modeled accurately with the help of multi-dimensional
scattering matrices.

The end-to-end channel transfer functions in the range of 1 to 50 MHz
were derived for a practical PLC network including a main cable of 300
m, 20 derivations, and three types of 4-conductor cables. The channel
responses associated with each eigenmode were found to be very close to
each other. In the selected example, the 4 different propagations modes are
well separated, which corresponds to 4 parallel and independent channels.
In a more complex scenario, however, the different eigenmodes could be
combined, depending on the cable interconnections and the diversity of the
cables used in the network.
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The channel losses were found to increase dramatically with the position of
the user along the main cable. The fundamental reason for this is not the
increased distance with respect to the cable headend, but rather the high
number of derivations along the main cable, with important power losses at
each derivation. The respective impacts of open and matched terminations
were also compared.

Finally, the end-to-end channel impulse responses were derived. They were
found to be a combination of a multipath channel (with a distribution of
weights and distances that depends on the network topology and cable
impedances) and the impulse responses resulting from conductor and di-
electric losses. Between 50 and 100 significant paths were found for the
selected example.

The PLC channel frequency responses derived in this Chapter will be used
in Chapter 3 to obtain the capacity region of the powerline channel.
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