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Context and goals of the thesis

A large part of the dynamic systems in physics, in chemical engineering and in life/social sci-
ences is modeled by systems of ordinary differential equations (ODEs). In pharmacokinetics,
concentration time curves can be modeled using kinetic models defined by systems of differ-
ential equations (Bonate, 2011). In biology, individual or population growth can be modeled
by differential equations (Verhulst equation in Verhulst (1838), Lotka-Voltera equations). In
chemical engineering, ordinary differential equations are used for determining reaction rates or
heat transfer operations.

In this thesis, we assume that changes in a state functions x (t) ∈ Rd are governed by a
set of differential equations:

dx

dt
(t) = f (x, t,θ) , t ∈ [0;T ]

where f is a known affine function of x and θ ∈ Rq a vector of unknown parameters. It is as-
sumed that only a subset J ⊂ {1, . . . , d} of the d state functions are measured at time point tjk,
j ∈ J, k = 1, . . . , nj with additive measurement error εjk. We denote by yjk = xj (tjk)+τ−1/2

j εjk

the corresponding measurement (j ∈ J). We further impose that E (εj) = 0 and V (εj) = 1 such
that xj (t) and τj are respectively the conditional mean and the inverse-variance of yj. Given
the set of observations {(tjk, yjk) , j ∈ J, k = 1, . . . , nj}, the objective is to jointly estimate the
ODE parameters θ, the state functions x (t), the precision of measurement τ = vec (τj; j ∈ J)
and possibly also the error distributions.

The most common methods for estimating parameters from ODE models rely on frequen-
tist or Bayesian nonlinear least squares (Lunn et al., 2002; Seber and Wild, 1989). Both of

1



Context and goals of the thesis

these approaches depend on a likelihood involving a numerical solution of the ODE model.
These traditional NLS methods can be computationally intensive and have stability and error-
propagation issues.

Alternatively, approaches based on the approximation of the unknown state functions involved
in the ODE model using a linear combination of B-splines with flexibility counter-balanced
by a penalty term related to the system of differential equations have been recently proposed
(Poyton et al., 2006; Ramsay and Silverman, 2005; Ramsay et al., 2007). These frequentist
ODE-penalized smoothing approaches can be viewed as a trade off between fitting the data
and solving the differential equation. They appear therefore robust to model misspecification
and to disturbance of the dynamical system. A large part of the existing limitations of the NLS
approaches are solved by these ODE-penalized smoothing approaches: they converge quickly,
give less biased and more precise estimates and allow to estimate unobserved state function.
But, two major drawbacks can be highlighted in these frequentist approaches. The first point is
the delicate choice of the ODE-adhesion parameters that control the relative emphasis between
goodness-of-fit and solving the differential equation. The second point is the approximation
needed for the uncertainty measures about the parameter estimates.

The considerable advances made by Ramsay et al. (2007) are considered as the starting point
of the thesis and the overall objective is to propose a fully Bayesian framework of this ODE-
penalized smoothing approach when the system of differential equations is affine. Considering
the ODE-penalized B-spline approach in a Bayesian framework solves the weaknesses of the
frequentist approach: the selection of the ODE-adhesion parameters is now automatic and un-
certainty measures about parameter estimates (or function of them) can simply be quantified
using MCMC. Furthermore, prior information can be injected in the model specification and
generalization from single to multi-subject study is naturally feasible.

The thesis is divided in four chapters:

• Chapter I details the background of the research and gives a review of the literature. The
datasets used in the thesis are also presented there.

• Chapter II presents a fully Bayesian approach to jointly estimate the ODE parameters,
the state functions and the precision of measurement when the system of differential
equations is affine and the error distributions are homogeneous Gaussian. It is shown
that the prior distribution elicitation for the spline coefficients has a major influence

2



Context and goals of the thesis

in the model specification. Extension from single-subject to multi-subject study is also
presented. This chapter is an extended version of the discussion paper DP2011/01 (Jaeger
and Lambert, 2011).

• Chapter III is an extension of Chapter II where the error distributions are modeled in a
flexible way by using penalized mixtures of Gaussian distributions or penalized mixtures
of Student distributions. This approach has two major advantages: it avoids restric-
tive parametric assumptions on the error distribution and conditionally on some latent
variables (in a Metropolis-within-Gibbs sampler), one is back to the Gaussian setting as-
sumed in Chapter II. Working with error distributions modeled by a penalized mixtures
of Student distributions allows to be at the same time flexible in the specification of the
error distribution and also robust to outliers. This chapter is an extended version of the
discussion paper DP2012/17 (Jaeger and Lambert, 2012a).

• Chapter IV proposes a methodology to validate an ODE model or to select competing
ODE models. The suitability of a proposed system of differential equations to model the
dynamics of a state function is assessed and quantified by the comparison of the posterior
distribution of the ODE-adhesion parameter to its prior. This comparison can be made
either by a visual inspection or using a divergence measures. To our best knowledge, it
is the first time that penalty parameters are used in model validation/selection. This
chapter is an extended version of the discussion paper DP2012/18 (Jaeger and Lambert,
2012b).

The thesis finishes with discussion about the current and further research directions.
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Chapter I

General introduction

Abstract

In this chapter, the problem of parameter estimation in model defined by systems of affine
differential equations is formulated. This parameter estimation problem is motivated by the
presentation of the three datasets used in this thesis. Disadvantages of the traditional ap-
proaches used to solve these dynamic systems are pointed out. Collocation approaches, and
especially the generalized profiling estimation procedure, are presented.
Keywords: Collocation approach; Dataset; Dynamic systems; Kalman filter; Multiple shoot-
ing approach; ODE parameter estimation; Single shooting approach.

I.1 Problem definition

Assume that changes in the states x (t) ∈ Rd of a dynamic system are governed by a set of
differential equations:

dx

dt
(t) = f (x, t,θ) , t ∈ [0;T ] , (I.1)

where f is a known affine function with respect to x and θ ∈ Rq an unknown vector of
parameters. The number d of state functions involved in the ODE model is generally lower
than 5.
It is assumed that only a subset J ⊂ {1, . . . , d} of the d state function x are measured at time
point tjk, j ∈ J, k = 1, . . . , nj with additive measurement error εjk. With this assumption,
possibly not all the state functions are observed and the number of observation points could
also differ between the observed state functions. We denote by

yjk = xj (tjk) + τ
−1/2
j εjk

5



Chapter I. General introduction

the corresponding measurement, where xj (t) and τj are respectively the conditional mean and
the precision (i.e. inverse-variance) of yj given the time.
Using the set of observations {(tjk, yjk) ; j ∈ J, k = 1, . . . , nj}, the objective is to estimate the
ODE parameter θ, the state function x (t), the precisions of measurement τ = vec (τj; j ∈ J)
and possibly also the standardized error distributions if these are not standardized Gaussians.

I.2 Datasets

In this section, we motivate the ODE parameter estimation by the presentation of the datasets
used for the applications in Chapters II, III and IV. One dataset is based on a recovery study
after a femoral artery occlusion and two datasets are based on pharmacokinetic studies.

I.2.1 Perfusion ratio modeling after a femoral artery occlusion

Arteriogenesis is important for the prevention and the recovery of tissue ischemia caused by
arterial occlusive disease. Several studies can be made to study this phenomenon. In one of them
(van Weel et al., 2007), ischemia on the left hind limb of mice was induced by electrocoagulation
of the left common femoral artery proximal to the bifurcation of superficial and deep femoral
artery. The blood flow was measured at baseline, directly after the femoral artery occlusion
and over the 28 next days on the two hind limbs. The perfusion ratio x (t) is expressed as the
ratio of the ischemic to the non-ischemic blood flow.
In the study of van Weel et al., 113 mice were enrolled. We focus on the specific C57BL/6
mice’s group to illustrate the hierarchical Bayesian ODE-penalized B-spline approach presented
in Chapter II. In this specific group, perfusion ratio was measured 6 times over a 28 day period
in 12 mice after a femoral artery occlusion (see Figure I.1). Originally, this dataset was analyzed
using a nonlinear model that assumes an exponential approach to an asymptote. The differential
equation that describes the evolution of the perfusion ratio x (t) is:


dx

dt
(t) = −βx (t) + αβ

x (0) = 0.

It is assumed that α and β are positive quantities. The parameter α corresponds to the
asymptotic value of the ischemic to the non-ischemic perfusion ratio and αβ corresponds to
the initial increase of the perfusion ratio. Under this differential equation model, the perfusion

6



I.2 Datasets

ratio x (t) at time t can be shown to be:

x (t) = α (1− exp (−βt)) .

Please note that working with this analytical solution for the state function forces the estimated
state function to be equal to zero immediately after surgery.
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Figure I.1 – Ischemic/non-ischemic perfution ratio.

This dataset was found interesting for several reasons. First, its hierarchical structure is a
challenge when it comes to inference in models specified using differential equations. It will
be used to illustrate the hierarchical version of the Bayesian ODE-penalized B-spline model
presented in Chapter II. A second difficulty comes from the initial conditions as the perfusion
ratios directly after ischemia are not exactly zero, but instead randomly vary across mice. The
possibility to set a prior distribution on the initial conditions will be found to be a major asset
of the Bayesian approach. Finally, it will illustrate the stability of the proposed approach.
Some convergence issues were indeed encountered in the original frequentist approach.
van Weel et al. (2007) are gratefully acknowledged for having provided this dataset.
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Chapter I. General introduction

I.2.2 Pharmacokinetic datasets

I.2.2.1 Pharmacokinetic studies and compartment models

The exposure of subjects to a new drug under investigation are needed in order to determine
the pharmacokinetic (PK) profiles, i.e. the evolution of the drug concentration in plasma over
time. In order to achieve this goal, blood samples are taken on several subjects in order to
estimate population PK parameters and also the variability around these population parame-
ters. With PK compartment models, the basic idea is that the body can be seen as a system
of compartments communicating with each other. Each compartment corresponds to a tissue
or a group of tissues with similar blood flow and uniform drug concentration (Bonate, 2011).

I.2.2.2 Indomethacin dataset

Kwan et al. (1976) studied the pharmacokinetics of a drug named Indomethicin. It is a non-
steroidal anti-inflammatory drug commonly used to reduce fever, pain and stiffness. In this
study, six subjects received a single dose of Indomethacin (25 mg) by bolus intravenous injec-
tion. Plasma concentrations of the drug (in µg/mL) were measured 11 times from 15 minutes
to 8 hours after injection. Figure I.2 shows the PK profiles. All the concentration curves have
a similar shape but seem to differ across individuals. Two PK compartment models can poten-
tially describe the dynamics of the observed concentrations.
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Figure I.2 – Pharmacokinetic profiles for the Indomethacin dataset.
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The 1-compartment intravenous bolus model describes the concentration x (t) of drug in blood
after an instantaneous injection of a dose D of a drug into the blood (see Figure I.3). The
entire body is here assimilated to one central compartment of volume V > 0 and the drug is
eliminated at a rate ke > 0.

 

𝑘𝑒  
Central 

compartment of 

volume 𝑉 

Drug in 

Figure I.3 – 1-compartment intravenous bolus model.

This 1-compartment intravenous bolus model can be mathematically translated in this differ-
ential equation model: 

dx

dt
(t) = −kex (t)

x (0) = D
V
.

The 2-compartment intravenous bolus model arises when a part of the drug in the central
compartment passes through a peripheral compartment. Let x1 (t) denote the concentration of
drug in the central compartment of volume V and x2 (t) the amount of drug in the peripheral
compartment at time t. A part of the drug is directly eliminated from the central compartment
with rate ke, another part goes to the peripheral compartment at rate kcp and comes back in the
central compartment at rate kpc (see Figure I.4). In this setting, only the concentration of drug
in the central compartment is observed and the amount of drug in the peripheral compartment
is unobserved.

 

𝑘𝑒  
Central 

compartment of 

volume 𝑉 

Drug in 

Peripheral 

compartment 
 

𝑘𝑝𝑐 𝑘𝑐𝑝 

Figure I.4 – 2-compartment intravenous bolus model.
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The corresponding system of differential equations with the initial conditions is:


dx1

dt
(t) = − (ke + kcp)x1 (t) + kpc

V
x2 (t)

dx2

dt
(t) = kcpV x1 (t)− kpcx2 (t)

x1 (0) = D
V

x2 (0) = 0.

For this model, it is supposed that ke, kcp, kpc and V are positive with kcp > kpc. An analytic
solution of this dynamic system exists and is available in Bonate (2011).
This dataset will be used in Chapter IV to illustrate the usefulness of the ODE-adhesion
parameters in the selection of an adequate system of differential equations for the modelling of
the dynamics of the concentration of Indomethacin in blood.

I.2.2.3 Theophylline dataset

Theophylline is a well-known anti-asthmatic agent, administrated orally. Twelve subjects are
given oral dose at time 0 with blood samples taken at 11 time points over the following 25
hours (Davidian and Giltinan, 1995). The blood samples are assayed for the theophylline con-
centration. Individual profiles are presented on Figure I.5.
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Figure I.5 – Pharmacokinetic profiles for the Theophylline dataset.

A common model for the kinetics of Theophylline after oral administration is the oral 2-

10



I.2 Datasets

compartment model with first order absorption and elimination. This compartment model
arises when drug at dose D is administrated orally in the 1-compartment intravenous bolus
model. Let x1 (t) denote the amount of drug into the stomach (first compartment) at time
t. This quantity goes to the plasma with an absorption rate ka. The drug has concentration
x2 (t) in this central compartment of volume V and is eliminated at rate ke. Figure I.6 shows
a diagram describing the evolution of drug in the body.

 

Drug in  
Stomach 

𝑘𝑒  
Central 

compartment of 

volume 𝑉 

𝑘𝑎 

Figure I.6 – Oral 2-compartment model.

The system of differential equations describing the evolution of the amount of drug in the
stomach and the concentration of drug in the blood is:



dx1

dt
(t) = −kax1 (t)

dx2

dt
(t) = ka

V
x1 (t)− kex2 (t)

x1 (0) = D

x2 (0) = 0.

For this model, it is supposed that ka, ke and V are positive and that ka > ke (the drug
cannot be eliminated more quickly than it is absorbed). Note that in this setting, only the
concentration of the drug in the central compartment is usually observed.
The analytic solution of this dynamic system is:


x1 (t) = D exp (−kat)

x2 (t) = D

V

ka
ka − ke

(exp (−ket)− exp (−kat)) .

This dataset will be used in Chapter III to illustrate the combination of the Bayesian ODE-
penalized B-spline approach for the estimation of the state functions and the penalized mixture
of Gaussian distributions for the estimation of the standardized error distribution.
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I.3 Literature review

In this section, a review of the literature for parameter estimation in systems defined by a
set of differential equations is presented. First, traditional parameter estimation procedures
are presented. They depend on a likelihood involving a numerical integration of the solution.
Then, ODE parameter estimation combined with Kalman filter is presented. Finally, collocation
approaches are presented. There, the state functions are approximated using a basis function
expansion. It is mostly combined with a penalty term that constrains the variation of the
approximated state function.

I.3.1 Traditional parameter estimation in ordinary differential equa-
tion models

In this section, we will review two widely used strategies in the estimation of parameters in
models defined using ODE: the single shooting approach and the multiple shooting approach.

I.3.1.1 Single shooting approach

The most commonly used estimation procedures rely on nonlinear least squares (NLS) proce-
dures (Biegler et al., 1986). It consists to minimize the sum of the squared deviations of the
model predictions from the measured state function:

n∑
k=1

(yk − x (tk))2, (I.2)

with dynamic of the state function given by Eq. (I.1). This approach depends on an analytical
solution when the ODE model is affine or relies on a numerical procedure when no explicit solu-
tion is available (as often in systems of nonlinear differential equations). As an initial condition
is needed for the numerical integration, this approach is also called single shooting method or
initial value problem.
The estimation procedure is iterative: first the ODE system is solved numerically given the
current estimate of the ODE parameter θ and the initial value x (0). Then the numerical
solution is compared with the measured responses, suggesting an update of the estimate for θ.
Iterations between computation of the numerical approximation of the solution and parameter
updating continue until some convergence criteria for the parameter estimate is met. If the ini-
tial condition of the state function is not known, it should be included in the set of parameters
to be estimated.
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The numerical approximation to the solution consists to iteratively reconstruct the state func-
tion on a (equidistant) grid of time by extrapolating the state function to the next time-step
using some already available information on the state function at previous time-steps. Sev-
eral approaches have been developed, but the fourth order Runge-Kutta algorithm (Griffiths
and Higham, 2010) is usually advocated. Given the state function x (t) at time t defined by
Eq. (I.1), the state function is approximated at time t+ h by:

x (t+ h) = x (t) + h

6 (K1 + 2K2 + 2K3 +K4) ,

where

K1 = f (x, t,θ)

K2 = f

(
x+ h

2K1, t+ h

2 ,θ
)

K3 = f

(
x+ h

2K2, t+ h

2 ,θ
)

K4 = f (x+ hK3, t+ h,θ) .

Each coefficient {Ki; i = 1, . . . , 4} has a simple graphical interpretation: for example, K1 is the
derivative of the state function at time t and K4 is the derivative of the state function at time
t+h using x (t) +hK3. Note that the fourth order Runge-Kutta algorithm provides significant
improvement over lower order Runge-Kutta algorithms.
This NLS procedure has many disadvantages. First of all, numerical approximation of the
state function has to be computed for each update of the parameter estimate which can be
time consuming. Furthermore, the accuracy of the parameter estimate is also highly dependent
on the numerical integration. Finally, an important problem arises in this NLS approach
when misspecification of the initial condition of the state function is propagated and amplified
by the numerical integration. This problem is illustrated on the oral 2-compartment model
presented in Section I.2.2.3. In this kind of pharmacokinetic studies, increasing oral dose can
be periodically administrated. As the rate of absorption is generally large, the amount of the
drug in the stomach can be considered to be equal to the new dose at the new administration
time. At the opposite, especially when the constant of elimination is small, the concentration
of the drug in blood at the end of a phase can be under the limit of quantification but should
not be considered to be equal to zero. This is illustrated on Figure I.7. In this setting, five
increasing oral administrations are considered (+50% every two hours). The true solution
and the numerical solution differ more and more at the beginning of each new phase with
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a decreasing error propagation of this difference within two consecutive administrations. It
highlights the necessity to be able to express some uncertainty with respect to initial conditions.
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Figure I.7 – Error propagation between the true concentration (solid grey curve) and numerical approxi-
mation (using four order Runge-Kutta algorithm, dashed black curve) in a oral 2-compartment model after
periodical administration (dotted light gray vertical lines).

Some stability issues can also be encountered for more complex ODE models, especially with
input function and/or when function f is nonlinear with respect to x.
Bayesian approaches of these NLS procedures have been proposed in Lunn et al. (2002). It
allows to include some prior information about the parameters involved in the model and can
therefore possibly stabilize the estimation procedure. Moreover, inference is directly based on
the desired model rather than on approximations as usually practiced in frequentist approaches
(approximation of the matrix of variance-covariance of the parameter estimate, confidence
intervals, ...). But the posterior distribution of ODE parameter θ has no explicit form due to
the numerical approximation of the solution to the ODE. The most troublesome disadvantage
of this Bayesian approach is that the solution of the system of differential equations must be
reevaluated numerically at each iteration of the MCMC algorithm.

I.3.1.2 Multiple shooting approach

The influence of the initial condition of the state function on the numerical integration is less
problematic in the multiple shooting approach (Baake et al., 1992). Its basic idea is to consider
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the system of differential equations not as an initial value problem but as a multipoint boundary-
value problem and to treat this as a nonlinear constraint in the optimization process. In this
approach, the interval of study [0;T ] is splitted into m multiple subintervals using shooting
nodes 0 = ζ1 < ζ2 < . . . < ζm < ζm+1 = T and the system of differential equations is considered
on each subinterval [ζl; ζl+1], l = 1, . . . ,m:


dx

dt
(t) = f (x, t,θ)

x (ζl) = x0,l,

where the local initial values x0,l = x (ζl), l = 1, . . . ,m, are introduced as additional parameters.
The ODE parameter θ and the additional local initial values are estimated by minimizing the
sum of all sum of squared deviations of the model predictions from the measured state function
on each sub-intervals (see Eq. (I.2)). Whereas the ODE parameter θ is optimized over the entire
interval [0;T ], the local initial values are optimized separately in each subinterval. Note that
standard numerical approximation or collocation-based approaches (presented in Section I.3.3)
can be used to approximate the ODE in each subinterval. This strategy leads to a discontinuous
approximation of the the state function that usually turns to be closer to the true solution
than when using a single shooting approach. However, that extra accuracy has an important
computational price as several extra initial conditions are added to the set of parameters to be
estimated.

I.3.2 Kalman filter

The Kalman filter is a iterative predictive filter, originally introduced for linear dynamic sys-
tems, that is based on a recursive algorithm. It estimates the trajectory of the state function
using a two steps procedure. For each new observation, the state function is first predicted
given the dynamic model and the last available estimate of the state function. This predicted
value is called a priori state estimate as it does not include observation information from the
current timestep. Then, the a priori state estimate is combined with the observation at current
time in order to refined it. This updated state estimate is called a posteriori state estimate.
Maximum likelihood estimation is used for parameter estimation (Durbin and Koopman, 2001).
Alternatively, the EM algorithm can be adapted for parameter estimation, but the convergence
rate of the EM algorithm compared with the Newton-based procedure procedure is slow.
Kalman filter has been generalized to the nonlinear case (extended Kalman filter) using lin-
earization but that approach needs time consuming calculations.
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Note that Kalman filters allow processes noise in the dynamic model and also time varying
model parameters.

I.3.3 Collocation based approaches

Alternatively, the estimation of the ODE parameter θ and of the state function x (t) can
be managed using collocation-based approaches. The basic idea consists to approximate the
state function using some basis decomposition (essentially orthogonal Legendre polynomials or
B-splines).

I.3.3.1 Orthogonal collocation

Orthogonal collocation applies a polynomial approximation to the system of differential equa-
tions and requires satisfaction of these equations at discrete collocation points, the zeros of
orthogonal polynomials (e.g. Legendre polynomials in Biegler (1984)). The state function is
approximated by:

x̃ (t) = x (0) +
m∑
l=1

alPl−1 (t),

where {al; l = 1, . . . ,m} are unknown coefficients and Pl−1 (t) are (l − 1)-order Legendre poly-
nomials. The coefficients al, l = 1, . . . ,m are determined by substituting the polynomial ap-
proximation in the initial value problem given in Eq. (I.1) evaluated at the zeros of the Legendre
polynomials. Therefore, the resolution of the system of differential equations and the parameter
estimation problem reduces to a constrained nonlinear optimization problem. Parameter and
state functions are simultaneously estimated by minimizing the parameter-estimation objective
function, subject to the discretized model equations. This approach is limited by the accuracy
of the collocation procedure, i.e. depends on the accuracy of the polynomial approximation.

I.3.3.2 Local kernel smoothing-based approach

Liang and Wu (2008) proposed a parameter estimation method based on a local kernel smooth-
ing approach. There, the state function is estimated by minimizing a weighted least squares
criterion that involves a symmetric kernel function and a bandwidth. Then, the ODE parame-
ter θ is estimated through the minimization of the squared deviation from the ODE model (in
one dimension):

n∑
k=1

(
dx̃

dt
(tk)− f (x̃, tk,θ)

)2

,
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where x̃ (tk) is the smooth estimate of the state function evaluated at time point tk.
This approach suffers from several weaknesses. First, the state function is estimated without
taking the ODE model into account and depends on a bandwidth selection. Furthermore, the
ODE parameter is estimated based on a discrete criterion and not on a criterion based on the
ODE model discrepancy on the whole interval of observation. Finally, all the state functions
have to be observed in order to estimate the ODE parameter.

I.3.3.3 Spline least squares method

Varah (1982) introduces a spline based approach that does not require numerical integration
for estimating the parameters involved in the ODEs. The proposed spline smoothing approach
is a two-stage procedure. First, each state function is estimated by a standard spline smoothing
method. Then the ODE parameter θ is estimated through the minimization of the sum of all
the squared deviation from the ODE model, evaluated at selected time points

{
t̂l; l = 1, . . . ,m

}
:

d∑
j=1

m∑
l=1

(
dx̃j
dt

(
t̂l
)
− fj

(
x̃, t̂l,θ

))2

,

where x̃j (t) is the cubic B-spline basis function expansion used to approximate the jth state
function.
Varah’s approach is interesting when the ODE model is linear in the ODE parameters as the
second step consists to a linear least squares problem. But this approach suffers from several
weaknesses. First of all, the number and the position of the knots are adjusted adaptively
using visual inspection, until a good spline fit is obtained. The number and the position of
the set of points

{
t̂l; l = 1, . . . ,m

}
is also chosen arbitrary without any guideline. Finally, this

spline least squares approach is highly dependent on the spline fit: each state function has to
be observed in order to be approximated and a poor spline fit can lead to poorly estimated
ODE parameters.

I.3.3.4 Principal Differential Analysis

Ramsay (1996) proposes to approximate the state functions using a B-spline basis function
expansion using L-spline. In this two step procedure, called Principal Differential Analysis
(PDA), the spline coefficients are estimated by the minimization of a criterion involving a
penalty defined using a linear differential operator

L = w0I + w1D + . . .+ wm−1D
m−1 +Dm
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whereDl denotes the l-order differential operator. The weights parameter {wl; l = 0, . . . ,m− 1}
are then estimated by the minimization of the integrated squares of the errors in the predicted
derivative. This approach can be applied to the resolution of ODE when the dynamics of the
observed state function is defined by a linear differential equation.

I.3.3.5 ODE-penalized smoothing approaches

I.3.3.5.1 Iterative Principal Differential Analysis Poyton et al. (2006) proposed a
generalization of this PDA approach, called iPDA for iterative Principal Differential Analysis,
that jointly estimates the spline coefficients and the ODE parameter θ using (in 1 dimension)
the ODE-model based penalty in the fitting criterion:

n∑
k=1

(yk − x̃ (tk))2 + λPEN, (I.3)

where x̃ (t) is the B-spline approximation of the state function evaluated at time t. The penalty
term PEN corresponds to the integral of the squared deviations of the smoothed curves from
the ODE model. The penalty parameter λ enables to reach a balance between goodness-of-fit
and solving the ODE equations, large values of λ increasing the relative importance of the 2nd
component. In this iterative two step procedure, the first step of the PDA approach is replaced
by the estimation of the spline coefficients through the minimization of the penalized fitting
criterion using the last updated value of the ODE parameter. The ODE parameter θ is then
updated by minimizing the ODE-penalty term PEN .

I.3.3.5.2 Generalized profiling estimation procedure Ramsay et al. (2007) proposed
a variation of the iPDA approach. Instead of having an inner and outer optimization based
on the same ODE-penalized fitting criterion, the generalized smoothing approach (that will be
latter mostly called ODE-penalized B-spline approach in this thesis) consists first to estimate
the spline coefficients using the complete ODE-penalized fitting criterion given in Eq. (I.3).
Then the ODE parameter θ is updated by the minimization (outer optimization) of the sum
of the squared errors:

n∑
k=1

(yk − x̃ (tk))2.

With this outer optimization, the spline fit is assumed to be adequately described by the set
of differential equations. Iteration between the inner and the outer optimization continue until
some convergence criteria is met. This approach is considered as the starting point of the thesis,
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see Chapter II for more details.

I.3.3.5.3 Advantages and weaknesses of the frequentist approaches The use of an
ODE-penalized fitting criterion in Poyton et al. (2006) and Ramsay et al. (2007) is a trade
off between fitting the data and solving the ODE. These methods converge quickly. It can be
explained by the compactness of the support of each B-spline basic functions. They give also
less biased and more precise estimates than Varah’s approach. They are less sensitive to the
initial condition of the state function and they allow estimating unobserved state functions.
Furthermore, the approximation of the solution and the estimation of parameters involved in
the ODE model are not influenced anymore by the number of basis elements provided that this
number is large enough to describe the shape and the variations of the state function.
Nevertheless, in these approaches, two critical points have to be highlighted. The first point
is the delicate choice of the smoothing parameter that control the relative emphasis between
goodness-of-fit and solving the differential equation. Ramsay et al. (2007) proposed either to
adjust this parameter manually or to select it automatically using a model selection criterion.
In both cases, the adjusted/selected value of the smoothing parameter does not statistically val-
idate or discard the proposed ODE model. Secondly, the approximation made for the variance
of the ODE parameter estimate turns to have a strong influence on the coverage probability of
confidence intervals.

I.3.3.5.4 Bayesian generalized profiling estimation procedure Based on this frequen-
tist approach proposed by Ramsay et al. (2007), two Bayesian specifications of this ODE-
penalized B-spline approach were given by Campbell (2007).
The first proposal aims to generalize the frequentist ODE-penalized B-spline approach by using
the ODE-model based penalty to construct the prior distribution for the spline coefficients:

p (c|θ, λ) ∝ exp (−λPEN) ,

where c denotes the vector of spline coefficient used for the spline approximation of the state
functions. This approach was not successful to adapt the standard Bayesian P-spline approach
(Lang and Brezger, 2004) to the resolution of ODEs for at least three reasons. First of all, an
important normalizing constant was erroneously neglected in the derivation of the proposed
prior distribution for the spline coefficients, leading to an incorrect joint posterior distribution
for the spline coefficients, the ODE parameter and the smoothing parameters. Secondly, the
prior distribution for the smoothing parameter λ gave too much prior weight to small values,
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indicating no prior confidence on the proposed ODE model to describe the dynamic of the
state function. Finally the initial conditions of the state functions were not integrated in the
modelling process.
The second proposal made by Campbell combines the ODE penalty term with other prior
information on the ODE parameter to construct the prior distribution for the ODE parameters
and relies on a sequence of parallel MCMC chains corresponding to increasing values of ODE-
adhesion parameters. There, two sources of uncertainty are neglected. The first one is related
to the estimation of the spline coefficients as point estimates for these are plugged-in for given
values of the ODE-parameters and of the ODE-adhesion parameters. The second one is a
consequence of the selection of the ODE-adhesion parameters. Thus, that method is not fully
Bayesian, leading to under-estimation of standard errors and potentially misleading credible
intervals for the ODE parameters and for the state functions.

I.4 Discussion

The collocation approach has the advantage to capture the shape of the observed data in order
to estimate the trajectory of state functions. In contrast to the single shooting approach or the
multiple shooting approach, initial conditions of the state functions are not necessarily require
in order to approximate the trajectories of the state functions. In terms of computational time,
the ODE-penalized B-spline approach has the advantage of being less demanding.

Some negative points about the frequentist ODE-penalized B-spline approach (Ramsay et al.,
2007) and the actual Bayesian approaches (Campbell, 2007) have already been mentioned in
this chapter. The following requirements can easily be dealt in a fully Bayesian framework and
will be treated throughout this thesis:

• Some uncertainty will be included in the specification of the initial condition of the state
function, i.e. the initial condition of the state function will be questioned using a prior
distribution that will either describe the complete confidence about the initial conditions
or some doubt about them.

• Uncertainty measures about the model parameters will be quantified without any approx-
imation.

• The selection of the ODE-adhesion parameters will be automatic and will no more be
related to a selection criterion thanks to a prior distribution for these parameters.
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• Hierarchical structure will be easily managed by specifying interindividual variability of
the ODE parameters.

• Inference on the ODE parameters will be done without necessarily requiring the rebuild
of the state function at each iteration of the MCMC procedure.

• The ODE-adhesion parameters will to be used in order to quantify the suitability of a
proposed differential equations to model the dynamics of the observed state functions. Se-
lection of competing ODE models with uncertainty measure with respect to this selection
will also be introduced using ODE-adhesion parameters.
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Chapter II

Bayesian P-spline estimation in hierarchical
models specified by systems of affine differential

equations

Abstract

A full Bayesian approach based on ODE-penalized B-splines is proposed to jointly estimate
ODE-parameters and state function from affine systems of differential equations. Simulations
inspired by pharmacokinetic studies show that the proposed method provides comparable re-
sults to methods based on explicit solution of the ODEs and outperforms the frequentist ODE-
penalized smoothing approach. The basic model is extended to a hierarchical one in order to
study cases where several subjects are involved. This Bayesian hierarchical approach is illus-
trated on real data for the study of perfusion ratio after a femoral artery occlusion.

Keywords: Bayesian ODE-penalized B-spline; Dynamic systems; ODE-model selection; Or-
dinary differential equations; Parameter estimation.

II.1 Introduction

Assume that changes in the states x (t) ∈ Rd of a dynamic system are governed by a set of
differential equations:

dx

dt
(t) = f (x, t,θ) , t ∈ [0;T ] , (II.1)

where f is a known affine function and θ ∈ Rq an unknown vector of parameters.
It is assumed that only a subset J ⊂ {1, . . . , d} of the d state function x are measured at
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systems of affine differential equations

time point tjk, j ∈ J, k = 1, . . . , nj with additive measurement error εjk. We denote by
yjk = xj (tjk) + τ

−1/2
j εjk the corresponding measurement. This means, that in this setting not

all state functions are necessarily observed and that for each observed state function, the num-
ber of observation points could differ.
In this chapter, we propose a fully Bayesian approach to jointly estimate the ODE parameters
and the state functions involved in affine systems of differential equations when the error dis-
tributions are supposed to be Gaussians. We deliberately focus on the affine case to assess and
to highlight the important components in the model specification.
In Section II.2, we first give a brief overview of the generalized profiling estimation procedure
for ODE models (Ramsay et al., 2007). Then we aim at providing a Bayesian framework which
can be viewed as a generalization of Bayesian P-splines models (Lang and Brezger, 2004). Sec-
tion II.3 presents the strategies used to explore the joint posterior distribution with Markov
Chain Monte Carlo (MCMC). Section II.4 generalizes the Bayesian ODE-penalized B-spline
approach to multi-subject studies. Section II.5 gives the results of some simulations. It justifies
the specific choice for the prior distribution for the ODE-adhesion parameter and it compares
the performance of our approach with those of traditional methods. Application on real data
are explained and illustrated in Section II.6. Conclusions and generalizations of the proposed
method are discussed in Section II.7.

II.2 Bayesian ODE-penalized B-spline approach

In this section, we first remind the B-spline definition and give an overview of the generalized
profiling estimation procedure for ODE proposed in Ramsay et al. (2007). This methodology
may be viewed as a generalization of P-spline theory (Eilers and Marx, 1996). Then we explain
how to generalize this approach in a full Bayesian framework.

II.2.1 B-spline definition and generalized profiling estimation pro-
cedure

To obtain a joint estimation of the vector of parameters θ and of the state functions x (t)
governed by the system of differential equations, Cao and Zhao (2008); Poyton et al. (2006);
Ramsay et al. (2007) proposed to use a B-spline basis function expansion combined with a
penalty related to the system of differential equations.
Denote by Bj (t) the Kj-vector of B-spline basis functions of order p evaluated at time t defined
using mj inner knots ηj,1 ≤ . . . ≤ ηj,mj

and two p-multiple knots ηj,0 and ηj,mj+1 corresponding
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II.2 Bayesian ODE-penalized B-spline approach

respectively to the lower and the upper bound of the study interval. These mj + 2 knots are
typically placed equidistantly on the time interval of the study. Each basis function consists
at most of p polynomial pieces, each of degree (p− 1). These polynomial pieces joint at most
at (p− 1) inner knots with continuous derivatives up to order (p− 2). Figure II.1 presents a
B-spline basis of order 4 (solid grey curves), also called cubic B-splines, with knots at each
tenth between 0 and 1 (light grey vertical dotted lines).
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Figure II.1 – Cubic B-splines (solid curves) with inner knots (dotted grey vertical lines) at each tenth
between [0;T ].

This B-spline basis vector is used to approximate the jth component of the state function x (t).
The approximation x̃j (t) of xj (t) is expressed as a linear combination of these B-spline basis
functions:

x̃j (t) =
Kj∑
k=1

Bjk (t) cjk

= (Bj (t))T cj ,

where Kj = p+mj is the number of B-spline basis functions in vector Bj (t) that is chosen to
ensure enough flexibility to capture the variation in xj (t) (with the possibility to increase the
order p or the number mj of inner knots). Note that in most of the case, the same B-spline
basis is used for the approximation of each state function. That choice for the spline basis has
many advantages. First it permits to directly link the initial condition of the state function
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(i.e. xj (0)) to the first component of the basis function expansion (i.e. cj1). Note also that
tied knots (i.e. inner knots of order p) on (0, T ) could also be used to deal with discontinuities
in xj (t). More details on B-spline properties are available in de Boor (2001).
Let εj denote the vector of standardized errors associated to the observed variable yjT =(
yj1, . . . , yjnj

)
, j ∈ J. In practice, one usually assumes independent Gaussian errors with mean

0 and standard deviation equal to 1. Then, the data fitting criterion can be taken to be the
log-likelihood

H (c, τ |y) =
∑
j∈J

{
nj
2 log (τj)−

τj
2 ‖yj −Bjcj‖2

}
,

where Bj is the nj×Kj-matrix with (Bj (tjk))T on kth line (k = 1, . . . , nj). For such objective
criterion, the estimation of B-spline coefficients are highly dependent on the number of knots
and their location. If there are too few knots, the approximated functions x̃ (t) will be too
smooth and it will not capture all the available information on the ODE system. If the number
of knots is too large, the approximated functions will capture noisy variation in the data. These
two extreme cases are illustrated in Figure II.2. In this setting, observations are simulated using
the oral 2-compartment model (presented in Section I.2.2.3), with additive Gaussian noise.
On the left part of the figure, too few basis functions are considered, leading to an inefficient
approximation of the state function. On the right part of the figure, the B-spline approximation
just interpolates the data.
To avoid this problem, Ramsay and Silverman (2005) propose to consider a large set of knots
and to control the spline coefficients by adding a model-based-penalty. To do that, for each
equation of the system of differential equations, a differential equation operator is introduced:

Lj,θ (x (t)) = dxj
dt

(t)− fj (x, t,θ) , j = 1, . . . , d.

The proximity between the approximation of the state function, x̃j (t), and the solution xj (t)
of the corresponding jth equation over [0;T ] can be assessed by:

PEN j (x̃) =
∫
{Lj,θ (x̃ (t))}2 dt,

where the integration is over the interval [0, T ] interval which contains all times of measurement.
Note that for the affine system of differential equations that we consider here, this jth penalty
term is an homogeneous polynomial of degree 2 in the B-spline coefficients. The full fidelity-
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Figure II.2 – Influence of the number of functions in the B-spline basis. Left part: knots at each half-
integer are placed between 0 and 2. Right part: knots at each twentieth are placed between 0 and 2. Grey
dotdashed curve corresponds to the true curve, black solid curve corresponds to the B-spline approximation
and the dark grey solid curves correspond to the B-spline basis function times the corresponding spline
coefficient.

to-ODE measure is then given by:

PEN (x̃|γ) =
d∑
j=1

γjPEN j (x̃)

= cTR (θ,γ) c+ 2cTr (θ,γ) + l (θ,γ) , (II.2)

where c =
(
c1

T , . . . , cd
T
)T

is the vector of all spline coefficients of length K = ∑d
j=1 Kj,

R (θ,γ) is a K × K supermatrix that is constructed by placing the corresponding penalty
matrices involved in each PENj (x̃), r (θ,γ) is a penalty vector of length K and l (θ,γ) is a
penalty constant (see Appendix II.A for the automatic construction of these quantities).
The ODE-adhesion coefficients γj ≥ 0 permit to weight and to control the relative emphasis on
goodness-of-fit and solving the system of differential equations, i.e. to express the confidence
that one has in the system of differential equations to describe the dynamics in the system.
For a given vector γ, the spline coefficient estimates are implicitly defined using the current
estimate of θ and τ , i.e. as maximizers of the fitting criterion

J (c|θ, τ ,γ) =
∑
j∈J

{
nj
2 log (τj)−

τj
2 ‖yj −Bjcj‖2

}
− 1

2PEN (x̃|γ) . (II.3)
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Then, the data fitting criterion H is optimized with respect to (θ, τ ). As explained in more
details in Ramsay et al. (2007), the dependence of H on (θ, τ ) is twofold: directly by its
definition, but also implicitly through the spline parameter estimates. Note that, if large values
are taken for the γjs, one simply forces the state of the system, x (t), to be the exact solution
of the system of differential equations. At the opposite, if the γjs are small, the penalty term
PEN plays a small role and goodness of fit to the data becomes the leading principle in the
estimation of c. This is illustrated on Figure II.3 where the observations are simulated using
the oral 2-compartment model (presented in Section I.2.2.3), with additive Gaussian noise.
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Figure II.3 – Influence of the ODE-adhesion parameter on the B-spline approximation. Grey dotdashed
curve corresponds to the true curve, black solid curve corresponds to the B-spline approximation and the
dark grey solid curves correspond to the B-spline basis function times the corresponding spline coefficient.
Value of the ODE-adhesion parameter is given on the top right corner.

II.2.2 Bayesian ODE-penalized B-spline approach

In terms of likelihood, the penalty PEN (x̃|γ) appears as a term that is subtracted from the
log-likelihood H. The penalized function has the following form:

J = H − 1
2PEN (x̃|γ) .
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II.2 Bayesian ODE-penalized B-spline approach

The same log-posterior is obtained in a Bayesian framework with the following model specifi-
cation: yjk|cj , τj ∼ N

(
(Bj (tjk))T cj ; τ−1

j

)
∀j ∈ J,∀k ∈ {1, . . . , nj}

p (c|θ,γ) ∝ exp
(
−1

2

{
cTR (θ,γ) c+ 2cTr (θ,γ) + l (θ,γ)

})
.

The penalty from the frequentist penalized likelihood approach translates, in a Bayesian frame-
work, into a prior distribution for the spline coefficients c. Note that this model specification
does not express information about the initial condition of the state function. If these are
available, we propose to work with the following alternative model specification:
 yjk|cj , τj ∼ N

(
(Bj (tjk))T cj ; τ−1

j

)
∀j ∈ J,∀k ∈ {1, . . . , nj}

p (c|θ,γ) ∝ exp
(
−1

2PEN (x̃|γ)− 1
2 (c− µc)T Σc

−1 (c− µc)
)
,

(II.4)
The K-vector µc and the K ×K-matrix Σc

−1 are used to translate the information available
about the initial condition of the state function x in the model. Typically, the first component
in each µcj

, j ∈ {1, . . . , d} of the vector µc =
(
µc1

T , . . . ,µcd
T
)T

are fixed to the corresponding
initial value xj (0) of the state function. The corresponding precision in Σc

−1 allows to express
uncertainty with respect to this initial condition. In Section II.3, the corresponding prior dis-
tribution for c (including the normalizing constant ignored in (Campbell, 2007) but required in
the derivation of the joint posterior distribution) will be given and the case where the precision
tends to infinity will be considered in a simple case in Appendix II.B.
Further priors are required to have a full model specification, namely for the precision param-
eters τ = vec (τj; j ∈ J), for the vector γ = vec (γj; j = 1, . . . , d) of ODE-adhesion parameters
and for the vector of ODE-parameters θ. For each τj, j ∈ J, the conditional precision of the
vector of response yj , it is convenient to take a gamma prior distribution:

τj ∼ G
(
aτj

; bτj

)
,∀j ∈ J.

Note that this prior distribution is a conditional conjugate prior distribution. The prior for
each ODE-adhesion parameter γj, j = 1, . . . , d can also be chosen to be a gamma distribution:

γj ∼ G
(
aγj

; bγj

)
,∀j = 1, . . . , d,

where G (a; b) is the gamma distribution with mean a/b and variance a/b2. As recommended
in Lang and Brezger (2004) for standard P-splines model, we have two possibilities: either set
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a equal to 1 and b equal to a small quantity or set a = b equal to a small quantity. We will opt
for the first specification as the corresponding density is finite at 0 (see Jullion and Lambert
(2007) for alternatives). This choice for the prior distributions of the ODE-adhesion parameters
signals our prior confidence in the specification of the system of differential equations to describe
the dynamics in the system. Such a prior for γj is rather flat although it puts slightly more
weight on value of log10 (γj) around log10

(
b−1
γj

)
. Choice for the value of the rate is considered

in Section II.5.1 and full motivation for this prior distribution will be given in Section IV.2.2.
For the vector θ of differential equation parameters, the chosen prior will depend on the context.
Let us denote this prior distribution by p (θ).

II.3 Posterior distribution and parameter estimation

In this section, it will be clearly demonstrated that the key point of this approach is the
construction of the normalization constant for the prior distribution for the spline coefficients.
We will then explain how to explore the joint posterior distribution using MCMC techniques.

II.3.1 Joint posterior distribution

In order to obtain the joint posterior distribution, it is mandatory to derive the normalization
constant for the prior distribution for the spline coefficients c given in Eq. (II.4). Note that

log (p (c|θ,γ)) .= −1
2
{
cT
(
R (θ,γ) + Σc

−1
)
c− 2cT

(
−r (θ,γ) + Σc

−1µc
)

+ l (θ,γ)
}
,

is composed of two parts. The first corresponds to the log-density of a multivariate normal
distribution with mean

(
R (θ,γ) + Σc

−1
)−1 (

Σc
−1µc − r (θ,γ)

)
and variance-covariance ma-

trix
(
R (θ,γ) + Σc

−1
)−1

. The second part is a constant term independent of c. Therefore, the
normalizing constant for the conditional prior density for the spline coefficients c is:

(det (V1))
1
2 exp

(1
2 l (θ,γ)

)
exp

(
−1

2v1
TV1

−1v1

)
,

where v1 = −r (θ,γ) + Σc
−1µc and V1 = R (θ,γ) + Σc

−1. That normalizing constant is
required in the derivation of the joint posterior of (c,γ, τ ,θ|y) and it has a major influence
on the posterior distribution. It was missing in Campbell’s proposal. It partly explains why a
more sophisticated approach based on parallel MCMC chains with a plugged-in point estimate
for the spline coefficients was advocated there. In contrast, our approach is simpler and fully
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Bayesian. The properties of our estimates are examined in simulation studies in Section II.5
(see also Appendix II.C for a plot of the determinant of the penalty matrix). It suggests that
the coverages of our credible regions are in agreement with their nominal value. It also reveals
the absolute necessity of the normalizing constant. Unfortunately, an analytic expression for
that constant is only available for affine systems of differential equations. Therefore, numerical
approximations to that constant will be required to handle nonlinear systems.
We remind that J represents the subset of {1, . . . , d} of all indices of observed state functions.
Using the model specification and the normalization constant in the conditional prior for c, one
obtains the log joint posterior density:

log (p (c,γ, τ ,θ|y)) .=
∑
j∈J

{
nj
2 log (τj)−

τj
2 ‖yj −Bjcj‖2

}

−1
2
{
cTV1c− 2cTv1 + v1

TV1
−1v1 − log (det (V1))

}
+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

+
d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+ log (p (θ))
.=

∑
j∈J

{
nj
2 log (τj)−

τj
2 yj

Tyj

}
− 1

2
{
v1

TV1
−1v1 − log (det (V1))

}
−1

2c
T (V1 + diag (Zj ; j = 1, . . . , d)) c+ cT (v1 + vec (zj ; j = 1, . . . , d))

+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

(II.5)

+
d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+ log (p (θ)) ,

where diag (Zj ; j = 1, . . . , d) corresponds to a block-diagonal matrix with matrix Zj that is
equal to τjBj

TBj if the jth state function is observed and the null Kj ×Kj-matrix otherwise.
The vector vec (zj ; j = 1, . . . , d) corresponds to the concatenation of vector zj that is equal to
τjBj

Tyj if the jth state function is observed and the null Kj-vector otherwise.
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II.3.2 Exploring the joint posterior distribution using MCMC

In this section, we explain how to use and how to implement Markov Chain Monte Carlo
(MCMC) technique in order to generate samples from posterior distributions in a Bayesian
framework. Appendix II.D gives an overview of Metropolis(-Hastings) and Gibbs algorithms.

II.3.2.1 Conditional posterior distributions

From Eq. (II.5), the log conditional posterior distribution for the vector spline coefficients is a
given by:

log (p (c|γ, τ ,θ,y)) .= −1
2c

T (V1 + diag (Zj ; j = 1, . . . , d)) c+ cT (v1 + vec (zj ; j = 1, . . . , d))

.= −1
2
{
cTV2c− 2cTv2

}
,

where
v2 = v2 (γ, τ ,θ, y) = v1 + vec (zj ; j = 1, . . . , d)

and
V2 = V2 (γ, τ ,θ) = V1 + diag (Zj ; j = 1, . . . , d) .

Therefore, the conditional posterior distribution for the vector spline coefficients is a multivari-
ate normal distribution :

c|γ, τ ,θ,y ∼ NK

(
V2
−1v2;V2

−1
)
.

For each precision τj, j ∈ J, the log conditional posterior is given by:

log (p (τj|c,y)) .=
(
nj
2 + aτj

− 1
)

log (τj)−
(
‖yj −Bjcj‖2

2 + bτj

)
τj.

This conditional posterior distribution is a Gamma distribution:

τj|c,y ∼ G

(
nj
2 + aτj

; ‖yj −Bjcj‖2

2 + bτj

)
.

Unfortunately, the conditional posterior distribution for each ODE-adhesion parameter γj,
j = 1, . . . , d is not of a familiar type. Therefore, a Metropolis-Hastings step was used to
generate a random sample of γj from the conditional posterior distribution. Whatever the
prior distribution for θ, the conditional posterior distribution for parameter θ does not corre-
spond to a common family due to V1 and v1. Therefore, a Metropolis-Hastings step was also
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used to generate a random sample of θ from the conditional posterior distribution.

II.3.2.2 Posterior correlation and marginal joint posterior distribution

Strong posterior correlation occurs between the spline coefficients chains and the differential
equation parameters chains. It could have an impact in the mixing of the MCMC chains. This
strong posterior correlation is illustrated on Figure II.4 using scatterplots of parameter samples
generated from the joint posterior using MCMC. The underlying data were simulated from the
oral 2-compartment model presented in Section I.2.2.3 with additive Gaussian noise. This figure
shows on the left side the posterior correlation between the second spline coefficient used for the
approximation of the amount of drug in the stomach and the constant of absorption. On the
right side, the figure shows the posterior correlation between the second spline coefficient used
for the approximation of the concentration of drug in the blood and the constant of absorption.
In order to avoid being forced to deal with this strong posterior conditional correlation, the
joint posterior distribution can be marginalized with respect to the spline coefficients. The log
of it is given by:

log (p (γ, τ ,θ|y)) .= log
(∫

p (c,γ, τ ,θ|y) dc
)

.=
∑
j∈J

{
nj
2 log (τj)−

τj
2 yj

Tyj

}

−1
2
{
v1

TV1
−1v1 − log (det (V1))− v2

TV2
−1v2 + log (det (V2))

}
+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

+
d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+ log (p (θ)) .

As V1 = V1 (γ,θ), v1 = v1 (γ,θ), V2 = V2 (γ, τ ,θ) and v2 = v2 (γ, τ ,θ,y) are function
of γ, τ and θ, the conditional distribution of these parameter cannot be identified. There-
fore, Metropolis-Hastings steps must be used to generate samples from p (γ, τ ,θ|y). When the
MCMC-chains for parameters γ, τ and θ have converged, one can generate a sample from the
conditional posterior of c if desired, i.e. from the multivariate normal distribution with condi-
tional mean V2

−1v2 and conditional variance-covariance V2
−1. Thanks to this marginalization,

inference on the ODE parameters, on the precisions of measurement and on the ODE-adhesion
parameters can be done without having to reconstruct the state function at each iteration of
the MCMC algorithm.
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Figure II.4 – Posterior correlation between spline and PK parameters in an oral 2-compartment model:
scatterplots of parameter samples generated from the joint posterior using MCMC.

II.3.2.3 Metropolis-Hastings algorithm with adaptive proposals

In order to reduce the rejection rate and to improve the mixing in the exploration of p (γ,θ, τ |y),
we use for each component in γ, τ and θ a Metropolis-Hasting step with adaptive proposals. We
use the strategy developed by Cai et al. (2008) which is based on parallel chains and proposal
densities built from part of the already available sample from the posterior distribution.
For the proposal densities, two possibilities are left to the user: either use a mixture of triangular
and exponential distributions or use a mixture of trapezoidal and exponential distributions. The
first solution has the advantage to be simple and fast, but is limited by the acceptance rate
(approximately 60%). The second one has an acceptance rate of about 80% but is slower due to
the fact that the weights for the mixture depend on the posterior distribution. In practice, we
use mixture of triangular and exponential distributions since it is less time consuming. More
details are available in Cai et al. (2008).

II.3.2.4 Re-parametrization using rotation and translation

Posterior correlations also arise among the components of the ODE parameter θ. This pos-
terior correlation is illustrated on Figure II.5. In this setting, data were simulated from the
oral 2-compartment model presented in Section I.2.2.3 with additive Gaussian noise. Negative
correlations are observed between the constant of absorption and the constant of elimination
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and between the constant of elimination and the volume, while positive correlation is observed
between the constant of absorption and the volume.
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Figure II.5 – Scatter plot between samples from the posterior distribution for the ODE parameters after
the analysis of a simulated dataset (oral 2-compartment model)

Therefore, in order to accelerate the inference procedure, we also used the strategy proposed
by Lambert (2007).
First run the Metropolis-Hastings algorithm with adaptive proposals for a few thousand it-
erations. Then, reparameterize the problem by applying a translation and a rotation to the
parameter vector θ.
More precisely, denote by S the empirical variance-covariance matrix of the parameter θ eval-
uated using the first iterations of the generated chains and θ̄ the corresponding empirical mean
vector. We reparameterize the posterior distribution using β such that:

θ = Lβ + θ̄, (II.6)

where L is the lower triangular matrix in the Cholesky decomposition of S with S = LLT .
Then we use a Metropolis-Hastings algorithm with adaptive proposals to generate a sample
from the posterior distribution for γ, τ and β. A sample from the posterior distribution for
θ is obtained by applying Eq. (II.6) on the β sample. As before, when the MCMC-chains
for these parameters have converged, we sample from the conditional posterior of c, i.e. from
the multivariate normal distribution with conditional mean V2

−1v2 and conditional variance-
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covariance V2
−1.

II.3.2.5 Implementation

The implementation was done by a combination of R code (R Core Team, 2012) and C code
(Kernighan and Ritchie, 1988). R was used for its simplicity and C for its execution speed.
For the C code, generic codes were programmed for each kind of model. There, all the instruc-
tions are given in order to update and then to store the samples of the joint posterior distribu-
tion. Several header files were called at the beginning of the C code. It is either some already
available routines (e.g. header files programmed for R functions) or programmed routines (e.g.
the log posterior distribution called in the Metropolis steps or the proposal distributions). The
arguments of the C code (that are also the outputs) are: the data, the design matrix based on
the B-spline basis functions, the elementary penalty matrices, the hyperparameters, the initial
condition of the state function with the precision that express our prior uncertainty, the initial
conditions for the MCMC algorithm, the number of iteration, the burn-in, the thinning rate
and some arrays in order to store the samples from the joint posterior distribution.
In R, all the elementary elements are setting up. Then the C code is called using .C function.
After execution of the C code, traditional checks are made on the samples from the joint pos-
terior distribution: visual checking using trace plots and convergence diagnostics (Gelman and
Rubin’s convergence diagnostic (Gelman and Rubin, 1992), Geweke’s convergence diagnostic,
...). If the MCMC has converged, then the results can be presented using summary statistics
(mean, median, variance, confidence intervals, highest posterior density intervals, ...) and tra-
ditional plots (plot of the posterior densities, visual predictive checks, ...).
Implementation and execution of the R code, combined with the C code was done on a Intel
Core i7-860 Processor (2.80GHz) computer.

II.4 Hierarchical Bayesian ODE-penalized B-spline ap-
proach for affine dynamic systems

In this section, we introduce the concept of hierarchical Bayesian ODE-penalized B-spline
approach for systems of affine differential equations. This hierarchical approach may be viewed
as a simple generalization of the standard approach where the variability of the individual
differential equation parameters is specified.
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II.4.1 Individual system of differential equations

Assume now that observations are collected on I subjects and that the changes in the state
xi (t) ∈ Rd, (i = 1, . . . , I) of each subject i is governed by an affine system of differential
equations:

dxi
dt

(t) = f (xi, t,θi) , t ∈ [0;Ti] ,

where θi ∈ Rq is the unknown individual vector of ODE-parameters and f a known function,
identical for each subject, that is supposed to be an affine transformation with respect to xi.
It is assumed, as in the standard case, that the same subset J ⊂ {1, . . . , d} of states in xi are
observed at time point tijk, i = 1, . . . , I, j ∈ J, k = 1, . . . , nij with standardized measurement
error εijk. We denote by yijk = xij (tijk) + τ

−1/2
j εijk the corresponding measurement. As in the

standard case, it is assumed that the measurement errors εijk are independent and distributed
according to a standardized Gaussian distribution.

II.4.2 B-spline basis functions expansion and ODE-penalty

The approximation x̃ij (t) of the jth state function for the ith subject is expressed as a linear
combination of B-spline basis functions:

x̃ij (t) = (Bij (t))T cij ,

where Bij (t) is the Kij-vector of B-spline basis functions evaluated at time t and cijT =
vec (cijk; k = 1, . . . , Kij) the Kij-vector of B-spline coefficients. Note that in most of the case,
the same B-spline basis is used for the approximation of each state function for each subject.
The total ODE-penalty term is constructed in a three steps procedure. First the jth penalty
term for the ith subject is constructed, then the total penalty term for the ith subject is
computed and finally, the overall penalty is obtained by summing all the individual penalties.
In the first step, the proximity between the approximation of the state function x̃ij (t) and the
solution xij (t) is given by:

PEN ij (x̃i) =
∫
{Li,j,θi

(x̃i)}2 dt,
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where Li,j,θi
(x̃i) = dx̃ij

dt
(t)− fj (x̃i, t,θi) is the differential equation operator for the jth state

function of the ith subject. Then the total penalty term for the ith subject is given by:

PEN i (x̃i|γ) =
d∑
j=1

γjPEN ij (x̃i)

= ci
TRi (θi,γ) ci + 2ciTri (θi,γ) + li (θi,γ) .

The vector ci corresponds to the concatenation of all spline coefficients for the ith subject. The
matrix Ri (θi,γ), the vector ri (θi,γ) and the constant li (θi,γ) are constructed in the same
way as the penalty terms presented in the standard case (see Appendix II.A). As the same
function f is common to all the systems of differential equations, the same ODE-adhesion
parameter γ is used for all the individual penalties. Finally, the overall penalty term is the
sum of all individual penalties:

PEN (x̃) =
d∑
i=1

PEN i (x̃i|γ)

= cTR (θ1, . . . ,θI ,γ) c+ 2cTr (θ1, . . . ,θI ,γ) + l (θ1, . . . ,θI ,γ) ,

where c is the vector of all spline coefficients and R (θ1, . . . ,θI ,γ) is a block diagonal matrix
with the individual penalty matrices Ri (θi,γ) on its diagonal, r (θ1, . . . ,θI ,γ) concatenates
the individual penalty vectors ri (θi,γ) and l (θ1, . . . ,θI ,γ) is the sum of all individual penalty
constants.

II.4.3 Bayesian hierarchical model

The Bayesian model is similar to the one used in the individual approach, but with an additional
specification: the inter-individual variability of the ODE parameters and the prior distributions
of the population parameters has to be specified.



yijk|cij , τj ∼ N
(
(Bij (tijk))T cij ; τ−1

j

)
p (c|θ1, . . . ,θI ,γ) ∝ exp

(
−1

2
{
PEN + cTΣc

−1c− 2cTΣc
−1µc

})
γj ∼ G

(
aγj

; bγj

)
τj ∼ G

(
aτj

; bτj

)
θi|θ,Pθ ∼ Nq

(
θ;Pθ−1

)
θ ∼ p (θ)
Pθ ∼ Wq

(
V −1; s

)
.
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The vector µc and the matrix Σc
−1 are used to express the possible uncertainty on the initial

condition of the state functions. As in the standard approach, we have to note that the prior
distribution for the spline coefficients is composed of two parts. The first corresponds to a
multivariate Gaussian distribution with mean V1

−1v1 and variance-covariance matrix V1
−1

where v1 = Σc
−1µc − r (θ1, . . . ,θI ,γ) and V1 = R (θ1, . . . ,θI ,γ) + Σc

−1 and the second part
corresponds to a term independent of c. Therefore, the normalizing constant

(det (V1))1/2 exp
(1

2 l (θ1, . . . ,θI ,γ)
)

exp
(
−1

2v1
TV1

−1v1

)
,

has to be used to obtain the joint posterior distribution.
The prior distributions for the ODE-adhesion parameter γ and for the precision of measure-
ment τ are the same as those used in the standard approach. The inter-individual variability
is expressed using a standard choice: it is supposed that each individual ODE-parameter θi is
distributed according to a multivariate Gaussian distribution with mean θ and precision matrix
Pθ. The prior distribution for the mean population parameter θ is here specified by p (θ). Note
that, if this prior distribution is a multivariate Gaussian distribution, then it corresponds to a
conditional conjugate prior distribution. The precision matrix Pθ characterizes the variability
of the individual ODE-parameters about the mean population ODE-parameter θ. The prior
distribution for this precision matrix Pθ is specified by a Wishart distribution. This distri-
bution is generalization to multiple dimensions of the gamma distribution and is traditionally
used in the estimation of precision matrix. In the proposed prior distribution, the matrix V
corresponds to the prior expected value for the variance-covariance matrix of the random effects
and s quantifies the confidence in that specific value, large values of s translating a large prior
confidence. Note that s has to be larger than q (dimension of the ODE parameter θ). This
Wishart distribution is a conditional conjugate prior distribution.
The strategy used to generate a sample from the joint posterior distribution is similar to the
one used in the standard approach, see Section II.3.2.
First, the conditional posterior distribution for the vector c is a multivariate Gaussian distri-
bution with mean V2

−1v2 and variance-covariance matrix V2
−1 where:

v2 = v1 + vec (vec (zij ; j = 1, . . . , d) ; i = 1, . . . , I)

and

V2 = V1 + diag (diag (Zij ; j = 1, . . . , d) ; i = 1, . . . , I) .
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The Kij-vector zij is equal to τjBij
Tyij if the state function xij (t) is observed and the null

vector otherwise. The Kij ×Kij-matrix Zij is equal to τjBij
TBij if the state function xij (t)

is observed and the null matrix otherwise. For each i = 1, . . . , I, j ∈ J, the matrix Bij is a
nij ×Kij-matrix with (Bij (tijk))T on its kth line (k = 1, . . . , nij).
Then, the joint posterior distribution is marginalized with respect to the spline coefficients c.
The aim is to get rid of the inconvenient posterior conditional correlation between the generated
spline coefficients and the individual differential equation parameters. The log of this marginal
joint posterior distribution is equal to:

log (p (τ ,γ,θ1, . . . ,θI ,θ,Pθ|y))
.= 1

2

I∑
i=1

∑
j∈J

{
nij log (τj)− τjyijTyij

}
−1

2
{
v1

TV1
−1v1 − log (det (V1))− v2

TV2
−1v2 + log (det (V2))

}
+

d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

+I2 log (det (Pθ))−
1
2

I∑
i=1

(θi − θ)T Pθ (θi − θ)

+ log (p (θ))

+s− q − 1
2 log (det (Pθ))−

1
2tr (V Pθ) .

In that marginal joint posterior distribution, only the conditional posterior for the precision
matrix Pθ is of a familiar type:

Pθ|θ1, . . . ,θI ,θ,y ∼Wq

(V +
I∑
i=1

(θi − θ) (θi − θ)T
)−1

; s+ I

 .
The other conditional posterior distributions cannot be identified: Metropolis-Hastings steps
with adaptive proposals have been used to generate samples from p (τ ,γ,θ1, . . . ,θI ,θ|Pθ,y).
If desired, when the MCMC-chains for parameters τ , γ, θ1, . . . ,θI , θ and Pθ have converged,
one can generate a sample from the conditional posterior distribution of c.
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II.5 Simulation study

In this part, we perform some simulations inspired by pharmacokinetic models presented in
Section I.2.2. The objective is twofold. The first simulation study aims to provide some
guidelines and motivation in the choice of the hyperparameters in the gamma prior for the ODE-
adhesion parameters. The last two simulation studies compare the performances of existing
estimation strategies with our proposal.

II.5.1 Rate of the gamma prior distribution for the ODE-adhesion
parameters

As mentioned in Section II.2.2, the prior distribution adopted for the ODE-adhesion parameters
is a gamma prior distribution G (aγ, bγ) with shape aγ equal to one and rate bγ set equal to
a small value. The aim of this simulation study is to propose a level of the rate under which
some summary statistics (average 95% HPD interval width, mean posterior variance) based on
samples from the posterior distribution for the ODE parameter θ and the vector of precision of
measurement τ are no more altered. The retained pharmacokinetic model is the 1-compartment
intravenous bolus model presented in Section I.2.2.2

II.5.1.1 Data

Each simulated dataset corresponds to n measurements made on a single subject at equidistant
time points between 0 and 1 (n = 10, 15, 20, 30, 50, 100, 200). The simulated observations are:

yk = x (tk) + τ−1/2εk.

The state function is given by:
x (t) = D

V
exp (−ket) ,

where D = 1mg, ke = 5h−1 and V = 1L. The precision of measurement τ is set to 100. The
distribution for the standardized error term εk is given by a standard Gaussian distribution.
For each simulation, 1000 datasets were generated.

II.5.1.2 Model

For the analysis of the simulated dataset, only the constant of elimination ke and the precision
of measurement are estimated. The volume is set to its simulation value, i.e. V = 1L. The state
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function x (t) of drug is approximated by x̃ (t) = (B (t))T c using a 5-order B-spline expansion
with inner knots at each tenth between 0 and 1. The following Bayesian model is considered
for the analysis of each simulated dataset:



yk|c, τ ∼ N
(
(B (tk))T c; τ−1

)
∀k ∈ {1, . . . , n}

p (c|γ, ke) ∝ exp
(
−1

2
(
cTV1c− 2cTv1

))
τ ∼ G (1; 10−6)
γ ∼ G (1; bγ)

p (ke) ∝ I {ke > 0} ,

where V1 = R (ke, γ) + Σc
−1 and v1 = Σc

−1µc (see Appendix II.A for the specification of
R (ke, γ)). The first component of µc is set equal to D = 1 and the corresponding precision
in Σc

−1 to 1010. The other components in µc and Σc
−1 are null. A grid of rate coefficients

(namely 9 equidistant values for − log10 (bγ) between 2 and 10) for the prior distribution for
the ODE-adhesion parameter are considered for the analysis of each simulated dataset.

II.5.1.3 Simulation results

Figure II.6 shows the mean posterior variance for ke and τ with respect to − log10 (bγ) and
Figure II.7 shows the average 95% HPD interval width for ke and τ . Whatever the sample size,
the mean posterior variances are decreasing to plateaus and are not influenced by the rate bγ of
the gamma prior distribution is − log10 (bγ) is larger than 6. This is confirmed on the average
95% HPD interval width for ke and τ that are reaching plateaus for value of − log10 (bγ) over
6. We therefore propose to work with rate bγ equal (or smaller) to 10−8. Note that with shape
equal to one and rate equal to 10−8 for the gamma prior distribution, the 2.5% quantile is equal
to 6.40 and the 97.5% quantile is equal to 8.57.
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Figure II.6 – 1-compartment intravenous bolus model - Mean posterior variance of ke (top figures) and
τ (bottom figures) with respect to − log10 (bγ) with sample size equal to 10, 15, 20, 50, 100 and 200.
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Figure II.7 – 1-compartment intravenous bolus model - Average 95% HPD interval width of ke (top
figures) and τ (bottom figures) with respect to − log10 (bγ) with sample size equal to 10, 15, 20, 50, 100
and 200.
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II.5.2 Performance of the Bayesian ODE-penalized B-spline approach
compared to traditional methods

The aim of the two next simulation studies is to compare the performance of the Bayesian
ODE-penalized B-spline (B-ODE-P-spline) approach with traditional approaches: the frequen-
tist general profiling estimation (FGPE) method (Ramsay et al., 2007), the Bayesian general
profiling estimation (BGPE) method proposed by Campbell (2007), the standard Bayesian
(BES) and frequentist (FES) methods using the explicit solution to the system of differential
equations.

II.5.2.1 Preliminary remarks

In order to compare all the considered approaches, it is necessary to explain how the initial
conditions of the state functions were specified in each case.
For the FGPE method, the first component of each vector of splines coefficients cj , j = 1, . . . , d
is fixed to the initial condition of the corresponding state function. The other spline parameters
are estimated using criterion J , see Eq. (II.3), modified in order to take into account that the
first component is fixed. A search grid is done for each ODE-adhesion parameter γ, starting
from small values and gradually increasing. The selected ODE-adhesion parameters correspond
to the minimizer of the BIC criterion:

BIC = −2H (c, τ |y) + npar log (n) ,

where npar is the number of effective parameters and n the sample size. Note that the method
proposed in Ye (1998) was used to compute the number of effective parameters at each grid
point.
For the BGPE method, the first component of each vector of splines coefficients cj , j = 1, . . . , d
is also fixed to the initial condition of the corresponding state function. The model description
given in Campbell (2007) is modified in order to take into account that the first component of
each vector of splines coefficients is fixed.
Concerning our B-ODE-P-spline method, the model specification in Section II.2.2 is used (and,
thus, includes µc and Σc

−1). The precision parameters in Σc
−1 corresponding to the initial

condition of the state function in µc is set to infinity in order to force equality of the approxi-
mation of the state function to the initial condition at t = 0.

For the B-ODE-P-spline, BGPE and BES methods, the posterior mean, 80% and 95% highest
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posterior density intervals and the posterior empirical variance-covariance matrix of PK pa-
rameters are estimated from the generated chains.
For the FGPE method, the variance-covariance matrix of the estimated parameter is calculated
using the approximation given in Ramsay et al. (2007). Confidence intervals at 80% and 95%
levels are computed using Gaussian quantiles. For the FES method, the variance-covariance
matrix of the parameter estimates is based on the hessian matrix and confidence intervals at
80% and 95% levels are computed using Gaussian quantiles.

Finally, 95% credibility interval for the estimated coverage probabilities that contain the nom-
inal values (80% or 95%) are considered compatible with their nominal values (see results in
Sections II.5.2.2.3 and II.5.2.3.3).

II.5.2.2 1-compartment intravenous bolus model

The 1-compartment intravenous bolus model was presented in Section I.2.2.2. For this simula-
tion, we consider that the concentration is only observed on a single subject.

II.5.2.2.1 Data Each sample corresponds to 21 measurements made on a single subject
at equidistant time points between 0h and 1h. At each time point tk, the concentration yk is
generated using the explicit solution x (t) of the 1-compartment intravenous bolus model and
some measurement error:

yk = x (tk) + εk,

where D = 20mg, ke = 5h−1, V = 5L and ε ∼ N (0;σ2). We consider three different values for
the standard deviation σ: σ = 0.1, 0.3 and 0.5. These three levels correspond to a low, medium
and large level of noise in the data measurement. For each configuration, 1000 datasets were
generated.

II.5.2.2.2 Models For the FGPE, BGPE and the B-ODE-P-spline methods, the concen-
tration x (t) of drug is approximated by x̃ (t) = 1

V
(B (t))T c using a 5-order B-spline expansion

with inner knots at each tenth between 0 and 1. Therefore, the number of B-spline basis func-
tions is equal to K = 14.
For the FGPE method, the first spline coefficient c1 is fixed to the dose D. PK-parameters ke
and V , the spline coefficients c2:K and precision τ of measurements are estimated by minimiz-
ing the criterion presented in Eq. (II.3). For the BGPE method, the first spline coefficient c1

is fixed to the dose D. The Bayesian model is an adaptation of the one proposed in Campbell
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(2007) with the following non-informative prior distributions: γ ∼ G (1; 10−8), τ ∼ G (1; 10−8)
and p (ke, V ) ∝ I {ke > 0, V > 0}.
For the B-ODE-P-spline approach, the following Bayesian model is considered:



yk|c, τ, V ∼ N
(
V −1 (B (tk))T c; τ−1

)
∀k ∈ {1, . . . , n}

p (c|γ, ke, V ) ∝ exp
(
−1

2
(
cTV1c− 2cTv1

))
γ, τ ∼ G (1; 10−8)

p (ke, V ) ∝ I {ke > 0, V > 0} ,

where V1 = R (ke, V, γ) + Σc
−1 and v1 = Σc

−1µc (see Appendix II.A for the specification of
R (ke, V, γ)). The first component of µc is set equal to D and the corresponding precision in
Σc
−1 to 1010. The other components in µc and Σc

−1 are null.
For the FES and BES methods, the concentration of drug has an explicit expression: x (t) =
D
V

exp (−ket). For the FES method, PK-parameters ke and V and precision τ of measurements
are estimated by maximizing the likelihood. For the BES approach, we consider the following
Bayesian model: 

yk|τ, ke, V ∼ N (x (tk) ; τ−1) ∀k ∈ {1, . . . , n}
τ ∼ G (1; 10−8)

p (ke, V ) ∝ I {ke > 0, V > 0} .

For each Bayesian approach, the Metropolis-Hastings algorithm with adaptive proposals has
been implemented with 40 parallel chains (10 parallel chains is the minimum recommended
in Cai et al. (2008) in the case of mixture of triangular and exponential distributions for
the adaptive proposals). 300 MCMC iterations (with the first 100 discarded) were used to
reparameterize the problem by applying a translation and a rotation to the ODE-parameters
(see Section II.3.2.4). Then, for each parallel chain, 1000 MCMC iterations were generated
(with the first 500 discarded). For information only, the analysis of one simulated dataset takes
up to 5 seconds for BGPE and B-ODE-P-spline approaches on an Intel Core i7-860 Processor
(2.80GHz).

II.5.2.2.3 Simulation results Table II.1, Table II.2 and Table II.3 summarize the results
of the simulation study. It gives estimation for the relative bias (in percent), the coverage
probabilities at level 80% and 95% and the root mean squared error for the volume V and the
constant of elimination ke for the three different values of σ when the FGPE, FES, BGPE,
B-ODE-P-spline and BES methods are used.
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For volume V , the relative bias seems to be the same for all methods except for the BGPE
approach. For medium and large value of σ, B-ODE-P-spline and BES methods slightly over-
estimated it. For the B-ODE-P-spline and the BES approaches, root mean squared error for V
are similar but slightly larger than the one observed in the FES approach. This is due to the
choice of the posterior mean as a point estimate in the Bayesian approaches while the marginal
posteriors are slightly skewed. For the FGPE method, the number of outliers for the relative
error is large, especially when σ = 0.5. The estimated coverage probabilities for FGPE are
well below nominal values, whereas for the FES, B-ODE-P-spline and BES approaches, the
nominal levels are almost reached: this may be due to the approximation of the variance of the
parameter estimate that is made in the FGPE approach.
Whatever σ, the relative bias for the constant of elimination ke is small for the FGPE, FES, B-
ODE-P-spline and BES methods. For the BGPE approach, the bias explodes when σ is larger
than 0.1. RMSE for BES and B-ODE-P-spline approaches are similar and slightly smaller
than with FES, suggesting a smaller dispersion of the fully Bayesian estimates. The root mean
squared error in the FGPE approach is markedly larger than in other approaches essentially
due to a large number of outliers. Only the coverage probabilities for FES, B-ODE-P-spline
and BES credible regions are in agreement with their nominal values.
Table II.4 summarizes the average 80% and 95% HPD interval width and average posterior
variance for volume V and constant of elimination ke for the B-ODE-P-splines and BES ap-
proaches. It simply appears that all quantities are indistinguishable.
The first learning point of this simulation study concerns the absolute necessity to use the
complete constant of normalization in the prior distribution of the spline coefficients for the
derivation of the joint posterior: it was partly missing in Campbell’s (BGPE) proposal. Fur-
thermore, BES and B-ODE-P-spline approaches appear to give similar results.
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Table II.1 – 1-compartment intravenous bolus model - σ = 0.1 - Relative bias in percent (RB), estimated
coverage probability (CP) at level 80% (CP80%), 95% (CP95%) and root mean squared error (RMSE)
for FGPE, FES, BGPE, B-ODE-P-spline and BES methods. Estimated coverage probabilities in bold
characters are compatible with their nominal values.

σ = 0.1 (τ = 100)

RB CP80% CP95% RMSE

V
=

5L

FGPE -0.0 43.3 58.4 0.11
FES -0.0 77.0 93.8 0.10
BGPE -0.9 76.3 93.0 0.16

B-ODE-P-spline 0.3 77.5 94.7 0.16
BES 0.3 77.1 94.2 0.16

k
e =

5h
−

1

FGPE -0.2 94.6 99.2 0.30
FES 0.2 77.6 93.4 0.16
BGPE 1.1 73.8 92.7 0.12

B-ODE-P-spline 0.1 77.5 94.9 0.10
BES 0.1 77.8 94.8 0.10

Table II.2 – 1-compartment intravenous bolus model - σ = 0.3 - Relative bias in percent (RB), estimated
coverage probability (CP) at level 80% (CP80%), 95% (CP95%) and root mean squared error (RMSE)
for FGPE, FES, BGPE, B-ODE-P-spline and BES methods. Estimated coverage probabilities in bold
characters are compatible with their nominal values.

σ = 0.3 (τ ≈ 11.11)

RB CP80% CP95% RMSE

V
=

5L

FGPE 0.1 42.1 60.3 0.33
FES 0.1 79.1 92.6 0.30
BGPE -54.2 6.4 97.7 2.81

B-ODE-P-spline 1.5 78.4 94.0 0.50
BES 1.5 78.7 93.8 0.49

k
e =

5h
−

1

FGPE -0.8 93.7 98.9 0.61
FES 0.4 78.1 93.1 0.49
BGPE 26270 9.3 13.9 1556

B-ODE-P-spline 0.8 79.1 93.6 0.30
BES 0.8 78.9 93.8 0.30
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Table II.3 – 1-compartment intravenous bolus model - σ = 0.5 - Relative bias in percent (RB), estimated
coverage probability (CP) at level 80% (CP80%), 95% (CP95%) and root mean squared error (RMSE)
for FGPE, FES, BGPE, B-ODE-P-spline and BES methods. Estimated coverage probabilities in bold
characters are compatible with their nominal values.

σ = 0.5 (τ = 4)

RB CP80% CP95% RMSE

V
=

5L

FGPE 1.0 44.0 58.5 0.56
FES 0.5 79.0 92.8 0.50
BGPE -58.7 0.0 100.0 2.94

B-ODE-P-spline 5.0 77.4 93.5 0.90
BES 5.0 77.7 93.8 0.90

k
e =

5h
−

1

FGPE -2.4 90.1 97.4 1.02
FES 1.7 78.4 92.8 0.83
BGPE 53875 0.0 0.1 2761

B-ODE-P-spline 2.6 79.1 93.8 0.55
BES 2.7 79.5 93.8 0.55
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II.5.2.3 Oral 2-compartment model

The oral 2-compartment model was presented in Section I.2.2.3. For this simulation, we suppose
that the concentration is observed on a single subject. Note that in this setting, one unobserved
state function (the amount of drug in the stomach) is involved in the ODE model.

II.5.2.3.1 Data Each sample corresponds to 81 measurements made on a single subject
at equidistant time points between 0h and 2h. At each time point tk, the concentration yk is
generated using the explicit solution of the oral 2-compartment model and some measurement
error:

yk = x2 (tk) + εk,

where D = 20mg, ka = 8h−1, ke = 2h−1, V = 1L and ε ∼ N (0;σ2). We consider three different
cases for the standard deviation σ: σ = 0.3, 0.6 and 0.9. These three levels correspond to low,
medium and large levels of noise in the data measurement. In each configuration, 1000 datasets
were generated.

II.5.2.3.2 Models First of all, the BGPE approach is not considered here for two main
reasons. Firstly, the preceding simulation study has clearly shown that the Bayesian approach
proposed by Campbell (2007) is not efficient. Secondly, there is no proposed extension in Camp-
bell (2007) of BGPE that permits to consider ODE models with several differential equations.
For the FGPE and the B-ODE-P-spline methods, we approximate the amount x1 (t) of drug in
the stomach by x̃1 (t) = (B1 (t))T c1 and the concentration x2 (t) of drug in the central com-
partment by x̃2 (t) = (B2 (t))T c2 using a 5-order B-spline expansion with inner knots at each
tenth between 0 and 2. Therefore, the dimension of vectors c1 and c2 is equal to K1 = K2 = 24.
For the FGPE method, the first spline coefficient c1,1 is fixed to the dose D and c2,1 is fixed to
0. PK-parameters ka, ke and V , the spline coefficients c1,2:K1 and c2,2:K2 and precision τ of
measurements are estimated by minimizing the criterion J presented in Eq. (II.3).
The Bayesian model of the B-ODE-P-spline approach is:



yk|c2, τ ∼ N
(
(B2 (tk))T c2; τ−1

)
∀k ∈ {1, . . . , n}

p (c|γ1, γ2, ka, ke, V ) ∝ exp
(
−1

2
(
cTV1c− 2cTv1

))
γ1, γ2, τ ∼ G (1; 10−8)

p (ka, ke, V ) ∝ I {ka > ke > 0, V > 0} ,
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where V1 = R (ka, ke, V, γ1, γ2) + Σc
−1 and v1 = Σc

−1µc (see Appendix II.A for the automatic
construction ofR (ka, ke, V, γ1, γ2)). The first component of µc is set equal to D, the (K1 + 1)th
component of µc to 0 and the corresponding precision in Σc

−1 to 1010. The other components
in µc and Σc

−1 are set to zero.
For the FES and BES methods, the concentration of drug in the central compartment has
an explicit expression: x2 (t) = D

V
ka

ka−ke
(exp (−ket)− exp (−kat)). For the FES method, PK-

parameters ka, ke and V and precision τ of measurements are estimated by maximizing the
likelihood. For the BES approach, we consider the following Bayesian model:

yk|τ, ka, ke, V ∼ N (x2 (tk) ; τ−1) ∀k ∈ {1, . . . , n}
τ ∼ G (1; 10−8)

p (ka, ke, V ) ∝ I {ka > ke > 0, V > 0} ,

For each Bayesian approach, the Metropolis-Hastings algorithm with adaptive proposals has
been implemented with 40 parallel chains. 300 MCMC iterations (with the first 100 discarded)
were used to reparameterize the problem by applying a translation and a rotation to the ODE-
parameters. Then, for each parallel chain, 1000 MCMC iterations were generated (with the
first 500 discarded). The analysis of one simulated dataset takes up to 50 seconds for the
B-ODE-P-spline approach on an Intel Core i7-860 Processor (2.80GHz).

II.5.2.3.3 Simulation results Table II.5, Table II.6 and Table II.7 summarize results of
the simulation study. It gives the relative bias, the coverage probabilities at level 80% and
95% and the root mean squared error for the estimation of the constant of absorption ka, the
constant of elimination ke and the volume V for three values of σ for the FGPE, FES, B-ODE-
P-spline and BES methods.
For the constant of absorption ka, in term of relative bias, all methods perform equally well
when the level of noise is low. For large levels of noise, FGPE approach performs poorly:
the relative bias is slightly positive with dispersion greater than for other methods. Coverage
probabilities of the estimators are in agreement with the nominal values, except for the FGPE
approach where it tends to be smaller than the targeted value: this could be due to a bad
approximation of the variance of the estimate, a poor choice for the estimator distribution and
possible adverse selection of the ODE-adhesion parameters.
For the constant of elimination ke, performances are similar for the four methods in term of
RMSE. Like in the first simulation study, some bias is introduced by the Bayesian methods
due to the choice of the posterior mean as a point estimate for the parameter (with a skewed
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posterior distribution). It is compensated by a smaller dispersion of the estimators. Coverage
probabilities for FES, B-ODE-P-spline and BES approaches are similar and in agreement with
their nominal values. For the FGPE approach, the estimated coverage probabilities are below
the nominal value.
For the volume V of the central compartment, all methods perform equally in term of RMSE. B-
ODE-P-spline and BES approaches under-estimate a little the volume. This result was expected
due to the fact that the volume and the constant of elimination are negatively correlated. For
the FGPE approach, estimated coverage probabilities are again below nominal levels. Again,
for FES, B-ODE-P-spline and BES approaches, estimated coverage probabilities are almost in
agreement with their nominal values.
Table II.8 reports the average 80% and 95% HPD interval width and average posterior variance
for the constant of absorption ka, the constant of elimination ke and the volume V for the B-
ODE-P-splines and BES approaches. As in 1-compartment intravenous bolus model, nothing
can differentiate clearly the two Bayesian approaches.
This simulation study confirms the results previously obtained: FES, B-ODE-P-spline and BES
approaches perform equally and outperform the FGPE approach, especially in term of coverage
probabilities.
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Table II.5 – Oral 2-compartment model - σ = 0.3 - Relative bias in percent (RB), estimated coverage
probability (CP) at level 80% (CP80%), 95% (CP95%) and root mean squared error (RMSE) for F-ODE-
P-spline, FES, B-ODE-P-spline and BES methods. Estimated coverage probabilities in bold characters are
compatible with their nominal values.

σ = 0.3 (τ ≈ 11.11)

RB CP80% CP95% RMSE

k
a =

8h
−

1

FGPE 0.5 74.7 90.4 0.43
FES 0.2 80.3 93.8 0.36

B-ODE-P-spline 0.2 79.9 93.7 0.36
BES 0.2 79.4 93.8 0.36

k
e =

2h
−

1

FGPE -0.0 73.2 90.4 0.07
FES 0.0 79.1 93.7 0.06

B-ODE-P-spline 0.2 78.8 94.3 0.06
BES 0.2 78.7 94.2 0.06

V
=

8h
−

1

FGPE 0.1 73.7 90.1 0.03
FES 0.0 79.4 93.4 0.02

B-ODE-P-spline -0.0 79.0 93.7 0.02
BES -0.1 78.7 94.0 0.02
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Table II.6 – Oral 2-compartment model - σ = 0.6 - Relative bias in percent (RB), estimated coverage
probability (CP) at level 80% (CP80%), 95% (CP95%) and root mean squared error (RMSE) for F-ODE-
P-spline, FES, B-ODE-P-spline and BES methods. Estimated coverage probabilities in bold characters are
compatible with their nominal values.

σ = 0.6 (τ ≈ 2.78)

RB CP80% CP95% RMSE

k
a =

8h
−

1

FGPE 2.0 73.0 92.9 0.95
FES 0.6 80.0 94.4 0.72

B-ODE-P-spline 0.4 79.1 94.1 0.74
BES 0.4 79.9 94.6 0.74

k
e =

2h
−

1

FGPE -0.2 71.1 91.6 0.14
FES 0.2 78.8 94.7 0.11

B-ODE-P-spline 0.9 79.1 95.5 0.12
BES 0.9 79.0 95.6 0.12

V
=

8h
−

1

FGPE 0.4 71.9 91.8 0.05
FES 0.1 80.2 94.6 0.04

B-ODE-P-spline -0.2 80.0 94.9 0.05
BES -0.2 80.1 94.9 0.05
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Table II.7 – Oral 2-compartment model - σ = 0.9 - Relative bias in percent (RB), estimated coverage
probability (CP) at level 80% (CP80%), 95% (CP95%) and root mean squared error (RMSE) for F-ODE-
P-spline, FES, B-ODE-P-spline and BES methods. Estimated coverage probabilities in bold characters are
compatible with their nominal values.

σ = 0.9 (τ ≈ 1.23)

RB CP80% CP95% RMSE

k
a =

8h
−

1

FGPE 4.4 77.9 94.1 1.53
FES 0.4 80.3 94.8 1.08

B-ODE-P-spline -0.2 79.4 93.8 1.15
BES -0.2 79.2 93.7 1.15

k
e =

2h
−

1

FGPE -0.1 76.9 92.1 0.21
FES 1.1 82.3 95.2 0.17

B-ODE-P-spline 3.4 78.5 95.4 0.21
BES 3.4 79.2 95.3 0.21

V
=

8h
−

1

FGPE 0.6 77.1 92.7 0.08
FES -0.5 80.3 96.0 0.07

B-ODE-P-spline -1.5 80.8 95.1 0.07
BES -1.5 80.7 94.7 0.07
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II.6 Application

In this section, we propose one application of the B-ODE-P-spline approach that focuses on
the modeling of perfusion ratio after an ischemia on mice.

II.6.1 Data and differential equation model

The perfusion ratio dataset (van Weel et al., 2007) was presented in Section I.2.1. We recall
that we focus on the ischemic to the non-ischemic perfusion ratio x (t) of I = 12 mice from a
specific group called C57BL/6. This perfusion ratio was measured n = 6 times over a 28 day
period (see Figure I.1).
The dynamics of the perfusion ratio can be described by this differential equation:

dx

dt
(t) = −βx (t) + αβ

x (0) = 0.

As explained in Chapter I, some convergence issues can be encountered by using the explicit
solution in a frequentist framework. Note also that the occlusion was certainly not perfect at
the surgery time. Therefore, some doubt should be taken into account in the specification of
the initial condition of the perfusion ratio.

II.6.2 Model

The perfusion ratio xi (t) for subject i is approximated by x̃i (t) = (B (t))T ci, a linear combi-
nation of 5-order B-splines from a basis corresponding to 57 equidistant knots between 0 and
28 days. Note that the same B-spline basis is used for all subjects and that only the spline
coefficients are subject-specific. The ODE parameters α and β are considered in the log scale:
lα and lβ denote the logarithm of α and β. The Bayesian model used to analyze these data is:



yik|ci, τ ∼ N
(
(B (tik))T ci; τ−1

)
∀i ∈ {1, . . . , I} ∀k ∈ {1, . . . , n}

p (ci|γ, α, βi) ∝ exp
(
−1

2
(
ci
TVi1ci − 2ciTvi1

))
γ, τ ∼ G (1; 10−8)

lα, lβ ∼ N (0; 108)
lβi|lβ, τlβ ∼ N

(
lβ; τ−1

lβ

)
∀i ∈ {1, . . . , I}

τlβ ∼ G (1; 10−8) ,
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where Vi1 = R (α, βi, γ) + Σci

−1 and vi1 = −r (α, βi, γ) + Σci

−1µci
(see Appendix II.A for the

expression of matrix R (α, βi, γ) and vector r (α, βi, γ)). We fix the first component of each µci

to 0.25, i.e. to the empirical mean of the ischemic/non-ischemic perfusion ratio measured just
after the surgery on all mice except those from group C57BL/6 and the corresponding precision
in Σci

−1 to 64, i.e. to the inverse of the empirical variance of the same measured perfusion
ratios. The other components in µci

and Σci

−1 are set to zero. This choice allows us to express
the fact that the artery was probably not completely occluded just after the surgery.
The model was selected out of four possible models considering parameters lα and lβ either as
a fixed parameter or as a random effect using the deviance information criterion (Spiegelhalter
et al., 2002). In this selected model, lα and lβ are the mean mean population parameters
and τlβ is the precision are random effect for parameter lβ that describes the interindividual
variability.

II.6.3 Results

For the Metropolis-Hastings algorithms with adaptive proposals, we generate 10 parallel chains
with 1000 MCMC iterations and discard the first 300 realizations. We use this first sample to
reparameterize the problem by applying a translation and a rotation to the parameter vector
θ = (lα, lβ)T . Then 7500 MCMC iterations were generated and 5000 were discarded. Fig-
ure II.8 (resp. Figure II.9) shows traces and histograms of σ = 1/

√
τ , log10 (γ) and τlβ (resp.

lα and lβ). For each parameter chains, the Gelman-Rubin statistic was computed and was less
than the reference value 1.05 (Gelman and Rubin, 1992), suggesting convergence of the MCMC
algorithm.
Table II.9 reports the posterior mean, 2.5%, 50% and 97.5% quantiles of the ODE parameters,
precision of measurement and ODE-adhesion parameter. The posterior 2.5% quantile for pa-
rameter lα suggests that the perfusion ratio will tend to a value above 1 after surgery. The
posterior probability that lα is greater than 0 is virtually equal to 1 : arteriogenesis seems to
have occurred. The increase of the perfusion ratio is quantified on the log scale, by lα+lβ. This
increase is subject-specific due to the individual parameters lβi. The precision τlβ of random
effect suggests a high variability of the recovery of the ischemia.
Figure II.10 shows the fitted individual perfusion ratio with 80% and 95% credibility sets.
To obtain this figure, the conditional mean x̃i (t) of the perfusion ratio for the mouse i is re-
constructed on a grid of times for each realization of the posterior distribution for the spline
coefficients for this mouse. Then, at each point of the grid of times, 2.5%, 10%, 50%, 90%
and 97.5% quantiles are computed. Figure II.11 shows the credibility interval for the posterior
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predictive distribution of the perfusion ratio for each mouse. Three observed perfusion ratio
are outside the 95% predictive credibility interval and 10 observed perfusion ratio are outside
the 80% credibility interval which is compatible with the expected coverages.
For each mouse, the posterior probability that the individual mean perfusion ratio is greater
than 1 is larger than 0.95, except for subject 12 where this probability is around 0.8. At the end
of the study, i.e. at day 28, the posterior probability that the mean population perfusion ratio is
above 1 is larger than 0.95. The 95% credibility interval of the posterior predictive distribution
is (0.82; 1.49) and the posterior predictive probability that a perfusion ratio is larger than 1
after day 28 is equal to 0.8: this suggests recovery of a large majority of mice by the end of the
study.
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Figure II.8 – Traces and histograms for σ, log10 (γ) and log10 (τlβ)
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Figure II.10 – Pointwise 80% (dark grey region) and 95% (light grey region) credibility intervals for the
fitted perfusion ratio with pointwise median (black solid curve) and observed perfusion ratio (solid circles)
versus time for the twelve mice.
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Figure II.11 – Pointwise 80% (dark grey region) and 95% (light grey region) posterior predictive cred-
ibility intervals for the perfusion ratio with pointwise posterior predictive median (black solid curve) and
observed perfusion ratio (solid circles) versus time for the twelve mice.
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Table II.9 – Estimated parameters with credibility sets

Parameters Mean 2.5% quantile 50% quantile 97.5% quantile
log10 (γ) 7.740 6.388 7.834 8.565

τ 38.50 25.515 38.043 54.545
lα 0.179 0.104 0.177 0.260
lβ -2.122 -2.467 -2.122 -1.782
τlβ 13.806 2.347 9.330 53.041
lβ1 -2.033 -2.603 -2.034 -1.465
lβ2 -2.372 -2.798 -2.371 -1.943
lβ3 -2.401 -2.888 -2.400 -1.922
lβ4 -2.081 -2.541 -2.084 -1.617
lβ5 -1.934 -2.498 -1.949 -1.282
lβ6 -1.978 -2.482 -1.979 -1.468
lβ7 -1.826 -2.370 -1.831 -1.253
lβ8 -2.083 -2.582 -2.089 -1.556
lβ9 -1.988 -2.391 -1.991 -1.568
lβ10 -2.053 -2.503 -2.055 -1.575
lβ11 -2.096 -2.586 -2.097 -1.612
lβ12 -2.611 -3.148 -2.611 -2.083
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II.7 Discussion

In this chapter, we have presented a fully Bayesian model based on ODE-penalized B-spline
approach to jointly estimate the state functions and parameters of systems of affine differential
equations in a hierarchical setting when the error distribution is Gaussian.
This approach involves a linear combination of B-splines for the approximation of the state func-
tions with flexibility counter-balanced by a penalty term related to the system of differential
equations. There, we underlined the absolute necessity to include the constant of normaliza-
tion in the prior distribution for the spline coefficients for the derivation of the joint posterior
distribution. It keeps also the advantage of linearity whereas approaches that used the explicit
solution of the affine ODE have to manage its nonlinearity.
Simulations suggest that the proposed Bayesian ODE-penalized B-spline approach is superior
to the frequentist one in term of estimation of the ODE parameters, coverage probabilities
and prediction. When an explicit nonlinear solution to the ODE system is available and when
frequentist (FES method) or Bayesian (BES method) estimation can be handled (cf. nonlinear-
ity), the simulation study suggests that the B-ODE-P-spline approach is equally performing.
We have also seen that the basic Bayesian ODE-penalized B-spline approach can be extended
to a hierarchical setting by specifying the inter-individual variability of the ODE parameters.
This hierarchical model offers the advantage to fit individual state functions for each subject.
This was not available in Ramsay et al. (2007)
The possible use of prior information on the ODE parameters and on the precision of measure-
ment is a definite advantage. The proposed model also enables to include prior uncertainty
with respect to the initial condition of the state functions. This was not the case in the corre-
sponding frequentist approach where the initial condition must either be fixed or estimated.
The selection of the ODE-adhesion parameter is now automatic and does not depend on the
choice of a specific criterion (e.g. BIC) or on the strategy used to compute the number of
effective parameters: the selection of the ODE-adhesion parameter is intrinsically included in
the model. We have also shown that the posterior distribution for the ODE parameter and
for the precisions of measurement are not altered by the choice of the rate of the gamma prior
distribution of the ODE-adhesion parameters if this rate is small (e.g. smaller than 10−6).
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Appendix

II.A Penalty matrix in a general system of affine differ-
ential equations

In this appendix, we give an automatic procedure for constructing of the penalty matrix
R (θ,γ), the penalty vector r (θ,γ) and the penalty constant l (θ,γ).
As we work in the case where the function f is an affine transformation with respect to x, the
system of differential equations can be written as:



dx1

dt
(t) =

d∑
k=1

a1kxk (t) + b1

...
dxd
dt

(t) =
d∑

k=1
adkxk (t) + bd,

where ajk is the kth coefficient used in the jth differential equation. If the state function xk (t)
is not involved in the jth differential equation, then ajk = 0. Otherwise, it is a given fixed
constant or a quantity to be estimated. The term bj is constant or a quantity to be estimated
for the jth differential equation of the system.
The penalty term for the jth differential equation is:

PEN j =
∫
{Lj,θ (x̃ (t))}2 dt

=
∫ (

dx̃j
dt

(t)−
d∑

k=1
ajkx̃k (t)− bj

)2

dt

=
∫ (

cj
TBj

(1) (t)−
d∑

k=1
ajkck

TBk (t)− bj
)2

dt,

where the integration is over an interval of length L. Denote by P ab
jk the matrix and paj the

vector defined for all j, k ∈ {1, . . . , d} and a, b ∈ {0, 1} by:

P ab
jk =

∫
Bj

(a) (t)
(
Bk

(b) (t)
)T
dt
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and

paj =
∫
Bj

(a) (t) dt.

Then the penalty term for the jth differential equation is equal to:

PEN j = cj
TP 11

jj cj − cj
T
(
aj1P

10
j1 , aj2P

10
j2 , . . . , ajdP

10
jd

)
c

−cT


aj1P

01
1j

aj2P
01
2j

...
ajdP

01
dj

 cj + cT


aj1aj1P

00
11 aj1aj2P

00
12 . . . aj1ajdP

00
1d

aj2aj1P
00
21 aj2aj2P

00
22 . . . aj2ajdP

00
2d

... ... ... ...
ajdaj1P

00
d1 ajdaj2P

00
d2 . . . ajdajdP

00
dd

 c

+2bjcT


aj1p

0
1

aj2p
0
2

...
ajdp

0
d

− 2bj
(
p1
j

)T
cj + b2

jL.

The overall penalty term PEN = ∑d
j=1 γjPEN j is therefore equal to:

PEN = cTR (θ,γ) c+ 2cTr (θ,γ) + l (θ,γ) .

The matrix R (θ,γ) is a symmetric block matrix of dimension K × K with (k, l)th block of
dimension Kk ×Kl defined by:

δklγkP
11
kk − γkaklP

10
kl − γlalkP

01
lk +

d∑
i=1

γiaikailP
00
kl ,

where k, l ∈ {1, . . . , d} and δkl = 1 if k = l and 0 otherwise. The vector r (θ,γ) is a vector
of length K that corresponds to the concatenation of vectors

(∑d
j=1 γjbjajkp

0
k − γkbkp1

k

)
k=1,...,d

.
The penalty constant l (θ,γ) is equal to L

∑d
j=1 γjb

2
j .
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II.B Prior distribution for the spline parameters

In order to understand the limit case in the prior distribution for the spline parameter, we will
consider the simplest dynamic system, namely the exponential decay problem:

dx

dt
(t) = −θx (t)

x (0) = x0.

In this case, the penalty matrix R (θ, γ) has a simple expression:

R (θ, γ) = γ
(
P 11 + θ

(
P 10 + P 01

)
+ θ2P 00

)
,

where P ij =
∫
B(i) (t)

(
B(j) (t)

)T
dt, i, j = 0, 1.

The additional elements in the prior distribution for the spline parameters are:

µc
T = (x0, 0, . . . , 0)

and

Σc
−1 =


τx0 0 . . . 0
0 0 . . . 0
... ... . . . ...
0 0 . . . 0

 .

As explained in Section II.3, the prior distribution for the spline parameters is here a mul-
tivariate normal distribution with mean µc,prior =

(
R (θ, γ) + Σc

−1
)−1

Σ−1
c µc and variance-

covariance matrix Vc,prior =
(
R (θ, γ) + Σc

−1
)−1

.
For the variance-covariance, a block matrix decomposition is useful to study the limiting case:

Vc,prior =
 R1

1 + τx0 R2:K
1

R1
2:K R2:K

2:K

−1

=

 s−1
D −s−1

D R
2:K
1

(
R2:K

2:K

)−1

−
(
R2:K

2:K

)−1
R1

2:Ks
−1
D

(
R2:K

2:K

)−1
+
(
R2:K

2:K

)−1
R1

2:Ks
−1
D R

2:K
1

(
R2:K

2:K

)−1

 ,

where sD = R1
1 + τx0 −R2:K

1

(
R2:K

2:K

)−1
R1

2:K .

Note that, when τx0 tends to infinity then Vc,prior tends to
 0 0

0
(
R2:K

2:K

)−1

.
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The precision τx0 has therefore influences on each block of the variance covariance matrix.
Furthermore, when τx0 tends to infinity, the limit of the variance-covariance matrix proves
that the first component c1 of the spline parameters is fixed (variance is equal to zero and the
correlation with the other spline parameters c2:K is null).
Using the same block matrix decomposition, the expression of the mean of the prior distribution
of the spline parameters is:

µc,prior =
 s−1

D τx0x0

−
(
R2:K

2:K

)−1
R1

2:Ks
−1
D τx0x0

 .

Note that, when τx0 tends to infinity then µc,prior tends to
 x0

−
(
R2:K

2:K

)−1
R1

2:Kx0

.
The first component of the mean of the prior distribution tends to x0 (main objective) when
τx0 tends to infinity. It is also important to note that the other component of this prior mean
depend on the initial condition x0 and on the differential equation.

II.C Impact of the normalizing constant for the prior
distribution of the spline coefficients

The aim of this appendix is to confirm the major role of the normalizing constant for the prior
distribution of the spline coefficients. To this end, we consider the study case of Section 4.1.1
of Campbell’s thesis. It consists on a simple linear ODE model for unbounded exponential
growth:

dx

dt
(t) = θx (t)

with initial condition x (0) = 1. The value of θ is set to 1.2 and n = 50 spaced observations are
simulated between t = 1 and t = 3 with an additive Gaussian noise with standard deviation
σ = 0.75.
The solution of the differential equation is approximated by x̃ (t) = (B (t))T c where B (t) is
the vector of B-spline basis evaluated at time t and c ∈ RK is the vector of spline coefficients.
Note that no prior information about the initial condition of the state function is used in the
model specification.
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The model proposed by Campbell is as followed:


yk|c, τ ∼ N
(
(B (tk))T c; τ−1

)
∀k ∈ {1, . . . , n}

p (c|γ, θ) ∝ γK/2 exp
(
−γ2PEN

)
γ ∼ G (aγ; bγ)
τ ∼ G (aτ ; bτ )
θ ∝ N

(
µθ, p

−1
θ

)
,

where PEN = cT (P 11 + θ (P 10 + P 01) + θ2P 00) c = cTS (θ) c is the penalty term with P ij =∫
B (t) (B (t))T dt. In this proposal, γK/2 is the normalizing constant of the prior distribution for

the spline coefficients retained by Campbell. With this model specification, all the conditional
posterior distribution are from familiar type:


c|τ, γ, θ,y ∼ N

((
τBTB + γS (θ)

)−1
τBTy;

(
τBTB + γS (θ)

)−1
)

γ|c, θ ∼ G

(
K

2 + aγ;
cTS (θ) c

2 + bγ

)

τ |c,y ∼ G

(
n

2 + aτ ;
‖y −Bc‖2

2 + bτ

)
θ|c, γ, τ,y ∼ N

((
γcTP 00c+ pθ

)−1
(
γ

2c
T
(
P 10 + P 01

)
c+ pθµθ

)
;
(
γcTP 00c+ pθ

)−1
)
,

where y is the vector of observations and B the n ×K-matrix with kth line equal to B (tk).
Gibbs sampling can be used to obtain a sample from the joint posterior distribution.
It appears that a part of the normalizing constant has been forgotten in this model specification.
In order to adequately specify the model, one has to note that the prior distribution for the
spline coefficients, p (c|γ, θ) ∝ exp

(
−γ

2PEN
)
, is proportional to the density of a multivariate

Gaussian density with mean 0 and variance-covariance matrix (γS (θ))−1. The revised model
is as followed:

yk|c, τ ∼ N
(
(B (tk))T c; τ−1

)
∀k ∈ {1, . . . , n}

p (c|γ, θ) ∝ γK/2 (det (S (θ)))1/2 exp
(
−γ2PEN

)
γ ∼ G (aγ; bγ)
τ ∼ G (aτ ; bτ )
θ ∝ N

(
µθ, p

−1
θ

)
.
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Now, only the conditional posterior distribution for the spline coefficients, the ODE-adhesion
parameter and the precision of measurement are from familiar type:



c|τ, γ, θ,y ∼ N

((
τBTB + γS (θ)

)−1
τBTy;

(
τBTB + γS (θ)

)−1
)

γ|c, θ ∼ G

(
K

2 + aγ;
cTS (θ) c

2 + bγ

)

τ |c,y ∼ G

(
n

2 + aτ ;
‖y −Bc‖2

2 + bτ

)
p (θ|c, γ, τ,y) ∝ (det (S (θ)))1/2 exp

(
−γ2PEN

)
exp

(
−pθ2 (θ − µθ)2

)
.

Therefore, a Metropolis-within-Gibbs algorithm has to be used in order to obtain a sample
from the joint posterior distribution.
Figure II.12 shows the evolution of the determinant of the penalty matrix S (θ) versus θ (in
the log and original scale). It is clear that the conditional posterior distribution is influenced
by the complete normalizing constant: one should not consider this determinant as a constant
independent of θ.
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Figure II.12 – Square root of the determinant of the penalty matrix versus the ODE parameter θ (log
and original scale).
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II.D Markov chains Monte Carlo methods

In Bayesian Analysis, Markov chain Monte Carlo (MCMC) methods are widely used in order
to generate sample from the joint posterior distribution p (ψ|y) where ψ is the vector of pa-
rameters. From a given starting value ψ0, MCMC methods built a sequence

{
ψt; t = 1, . . .

}
where the parameter ψt at time t is generated only based on the parameter ψt−1 at time t− 1.
After a sufficiently long time (called burn-in period), the distribution of the generated sample
coincides with the posterior distribution.
In this appendix, we will focus on the Metropolis algorithm (Metropolis et al., 1953), the
Metropolis-Hastings algorithm (Hastings, 1970) and the Gibbs algorithm (Geman and Geman,
1984) that are used in this thesis.

II.D.1 Metropolis algorithm

The Metropolis algorithm is one of the most popular and simple algorithm. From the arbitrary
initial value ψ0, the sequence

{
ψt; t = 1, . . .

}
is obtained iteratively. Knowing ψt−1 at time

t− 1, ψt at time t is obtained by:

1. propose ψprop using a symmetric distribution q
(
·|ψt−1

)
,

2. calculate the acceptance probability

π
(
ψprop,ψt−1

)
= min

1; p (ψprop|y)
p
(
ψt−1|y

)
,

3. accept ψprop with probability π
(
ψprop,ψt−1

)
, i.e. set ψt = ψprop with probability

π
(
ψprop,ψt−1

)
and ψt = ψt−1 otherwise.

The most frequent symmetric proposal distributions are the (multivariate) Gaussian distribu-
tion and Student distribution. The proposal is computed by: ψprop = ψt−1 + σpropU where U
is distributed according a Gaussian distribution and Student distribution.
An acceptance rate of 40% is targeted when the component in ψ are updated one at time or
20% when all component are updated at the same time. The tuning parameter σprop can be
automatically updated to achieve these level of acceptance (Haario et al., 2001; Lambert and
Eilers, 2009).
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II.D.2 Metropolis-Hastings algorithm

The Metropolis-Hasting algorithm is a generalization of the Metropolis algorithm where the
proposal distribution is no more symmetric. The procedure used to generate a sample from the
joint posterior distribution p (ψ|y) is similar to the one used in Section II.D.1. Knowing ψt−1

at time t− 1, ψt at time t is obtained by:

1. propose ψprop using a proposal distribution q
(
·|ψt−1

)
,

2. calculate the acceptance probability

π
(
ψprop,ψt−1

)
= min

1;
p (ψprop|y) q

(
ψt−1|ψprop

)
p
(
ψt−1|y

)
q
(
ψprop|ψt−1

)
,

3. set ψt = ψprop with probability π
(
ψprop,ψt−1

)
and ψt = ψt−1 otherwise.

II.D.3 Gibbs algorithm

The Gibbs sampler is used when the conditional posterior distributions can be identified. This
algorithm is a special case of the Metropolis algorithm where the acceptance probability is
always equal to one.
Let ψ =

(
ψT

1 , . . . ,ψ
T
K

)T
be the subdivision of ψ into K subvector (with ψk that can be

either a scalar or a vector). Each component ψk is updated conditionally to the last other
updated component. At iteration t, for k = 1, . . . , K, the kth subvector ψt

k is sampled from
the conditional posterior distribution p

(
ψt
k|ψt

1, . . . ,ψ
t
k−1,ψ

t−1
k+1, . . . ,ψ

t−1
K

)
.
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Chapter III

Bayesian penalized smoothing approaches in
models specified using affine differential

equations with unknown error distributions

Abstract

A full Bayesian approach based on ODE-penalized B-spline approach and penalized mixture
of Gaussian or Student distributions is proposed to jointly estimate ODE-parameters, state
functions and error distributions from the observation of some state functions involved in sys-
tems of affine differential equations. Simulations inspired by pharmacokinetic studies show
that the proposed method provides comparable results to the method based on the standard
ODE-penalized B-spline approach (i.e. with the Gaussian error distribution assumption) when
the distribution is Gaussian and outperforms the standard ODE-penalized B-spline approach
when the distribution is not Gaussian. The practical utility of a flexible form for the error
distribution is illustrated by the analysis of a pharmacokinetic study, while the robustness of
the proposed approach is illustrated on a simulated dataset.

Keywords: ODE-Penalized-B-spline, Ordinary differential equations, Penalized Gaussian mix-
ture, Penalized Student mixture.

III.1 Introduction

Chapter II has adapted the ODE-penalized B-spline approach proposed by Ramsay et al.
(2007) to a full Bayesian setting when the ODEs are affine and the conditional distribution
of the response is assumed Gaussian. The two major drawbacks of the frequentist ODE-
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penalized smoothing approach are overcome in the Bayesian framework: the selection of the
ODE-adhesion parameters is now automatic and uncertainty measures about parameters can
simply be quantified using MCMC. In addition, the Gaussian error density assumption enables
to marginalize the joint posterior distribution with respect to the spline coefficients and there-
fore to get rid of the inconvenient posterior correlation between the spline coefficients and the
ODE parameters.
The assumption of a Gaussian distribution for the response is often inappropriate in practice.
Lindsey et al. (2000) has shown in the simultaneous modelling of flosequinan concentration
and its metabolite concentration that the choice of a parametric error distribution is at least
as important as the choice of the pharmacokinetic (PK) compartment model. However, these
parametric distributions are restrictive by their definition.
In this chapter, we assume that changes in state functions x (t) ∈ Rd are governed by a set of
differential equations:

dx

dt
(t) = f (x, t,θ) , t ∈ [0;T ] (III.1)

where f is a known affine function with respect to x and θ ∈ Rq a vector of unknown param-
eters. It is assumed that only a subset J ⊂ {1, . . . , d} of the d state functions are measured at
time point tjk, j ∈ J, k = 1, . . . , nj with additive measurement error εjk. We denote by

yjk = xj (tjk) + τ
−1/2
j εjk

the corresponding measurement (j ∈ J). One further imposes that E (εj) = 0 and V (εj) = 1
such that xj (t) and τj are respectively the conditional mean and the inverse-variance of yj.
The goal of this chapter is to generalize the standard Bayesian ODE-penalized B-spline ap-
proach by assuming penalized Gaussian mixtures or penalized Student mixtures for the error
distributions. This corresponds to jointly estimate the ODE parameters θ, the state functions
x (t), the vector of precision τ = vec (τj; j ∈ J) and the standardized error distributions from
{(tjk, yjk) , j ∈ J, k = 1, . . . , nj}.
The plan of the chapter is as follows. Section III.2 describes how this standard Bayesian ODE-
penalized B-spline model can be extended to a non Gaussian setting using penalized mixture of
Gaussian distributions. Section III.3 proposes to extend the B-ODE-P-spline approach using
mixture of Student distributions in order to be at the same time flexible in the specification of
the error distribution and robust to outliers. Both extensions only focus on the single-subject
modelling but hierarchical modelling can easily adapted (see Section II.4). Section III.4 studies
the robustness of the mixture of Student distributions compared to the mixture of Gaussian
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distributions on a simulated dataset. The results of a simulation study are also presented in
this section in order to asses and to compare the performances of the proposed approach with
those of the traditional method. After an application on a pharmacokinetic dataset in Section
III.5, we conclude the chapter by a discussion in Section III.6.

III.2 Bayesian ODE-penalized B-spline approach and pe-
nalized mixture of Gaussian distributions

III.2.1 Model

In this section, we give the model specification, i.e. the distributional assumption for the error
distribution using Bayesian penalized Gaussian mixture (Komárek and Lesaffre, 2008) and all
the prior distributions necessary for the Bayesian ODE-penalized B-spline approach.

III.2.1.1 Assumption on the error distribution

In order to have a flexible distributional assumption, we model the error density using a pe-
nalized Gaussian mixture. The density of the error term associated to the jth state function is
modeled using a weighted sum of Gaussian densities with respective means taken on a fixed pre-
defined grid µj = vec (µjl; l = −Lj, . . . , Lj) centered around µj0 = 0, and a common variance
σ2
j . Therefore,

εjk|πj ∼
Lj∑

l=−Lj

πjlN
(
µjl;σ2

j

)
, (III.2)

with unknown positive weights πjl summing to one for all j ∈ J. In order to be able to identify
the state functions and the precisions of measurements, we suppose that for all j ∈ J and
k = 1, . . . , nj, :

E (εjk|πj) = 0

and
V (εjk|πj) = 1.

Komárek and Lesaffre (2008) propose to work with µj,−Lj
= −5 and µjLj

= 5 and place the
other µjl at equidistant positions between −5 and 5 (with Lj ≥ 10). In practice, we experi-
enced robustness issues with density estimates sensitive to extreme values (see Section III.4.1
for motivation on a simulated dataset). Therefore, we recommend to work with a wider range
of value (e.g µj,−Lj

= −10 and µjLj
= 10 with Lj ≥ 20). For σ2

j , the value should be less than
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one (see Section III.2.1.4 for details): in practice, one can take σj = 2
3δj where δj is the distance

between two adjacent means. With this choice, at most five means are within the 0.5% and
99.5% quantile of each Gaussian component.
In traditional approaches in Gaussian mixture models (i.e. when estimating means and vari-
ances of the Gaussian components), invariance of the likelihood under relabeling of the mixture
components induces label switching (Stephens, 2000). Working with means of the Gaussian
components fixed on a grid of equidistant means allows not having to manage this label switch-
ing.
Note that the sum to one constraint, ∑Lj

l=−Lj
πjl = 1 and πjl > 0 (∀j ∈ J, ∀l ∈ {−Lj, . . . , Lj})

is automatically checked with the generalized logit transformation:

πjl = exp (ajl)∑Lj

k=−Lj
exp (ajk)

, j ∈ J, l = −Lj, . . . , Lj

where constraints ajLj
= 0 for all j ∈ J have to be used for identifiability.

III.2.1.2 Complete likelihood function

We introduce the group label variable hjk for the kth observation of the jth state function
(Diebolt and Robert, 1994; Komárek et al., 2007; Richardson and Green, 1997; Tanner and
Wong, 1987). The hjk are supposed independently drawn from the distribution:

P (hjk = l|πj) = πjl

with j ∈ J, l ∈ {−Lj, . . . , Lj} and k = 1, . . . , nj. Given the group label variable hjk, one has:

εjk|hjk,πj ∼ N
(
µjhjk

;σ2
j

)
.

Latent variable hjk corresponds to the label of the group from which each random error variable
εjk is drawn. Working with this data augmentation allows to come back to the Gaussian case
considered in Chapter II. The complete likelihood function is therefore equal to

L (y,h|c,π, τ ) =
∏
j∈J

{ nj∏
k=1

τ
1/2
j φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjhjk

, σ2
j

)
πjhjk

}

=
∏
j∈J

τnj/2
j

Lj∏
l=−Lj

πrjl

jl

∏
k:hjk=l

φ
(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjl, σ2

j

),

78



III.2 Bayesian ODE-penalized B-spline approach and penalized mixture of
Gaussian distributions

where φ
(
·;µjl, σ2

j

)
is the density function of a Gaussian distribution with mean µjl and variance

σ2
j and rjl is the number of indices k ∈ {1, . . . , nj} for which hjk = l; l = −Lj, . . . , Lj.

III.2.1.3 Prior for the transformed mixture weights

In order to allow flexibility in the specification of the error distribution, Komárek and Lesaffre
(2008) propose to consider a large number of components in the Gaussian mixture. The over-
fitting of the data is then prevented by constraining the transformed mixture weights using a
s-order difference penalty:

Qj (aj|λj) = −λj2

Lj∑
l=−Lj+s

(∆sajl)2

= −λj2 aj
TDa,j

TDa,jaj ,

for all j ∈ J, where ∆s denotes the difference operator of order s. We suggest, as in Komárek
and Lesaffre (2008), to set s equal to 3. The vector of roughness penalty parameters λ =
vec (λj; j ∈ J) controls the smoothness of each density and has to be selected. Small values
indicate a large flexibility in the specification of the error distribution and large values for the
roughness penalty parameter just forces the error distribution to be the standard Gaussian
distribution. Note also that the effective number of parameters in the estimation of the error
distribution (for a given state function) is smaller than 2L due to the finite third-order difference
penalization on the transformed mixture weights. In Bayesian terms, these penalties can be
translated into a prior distribution for each aj :

p (aj|λj) ∝ exp
(
−λj2 aj

TDa,j
TDa,jaj

)
.

As ajLj
is set to 0 for identifiability constraints, the prior distribution p (aj|λj) is translated

into a prior distribution for dj = vec (ajk; k = −Lj, . . . , Lj − 1) such that

p (dj|λj) ∝ λ
2Lj +1−s

2
j exp

(
−λj2 dj

TPd,jdj

)
,

where Pd,j corresponds to the penalty matrix Da,j
TDa,j without its last line and its last

column. Thus, the prior distribution for dj corresponds to a multivariate Gaussian distribution
with mean 0 and covariance matrix (λjPd,j)−1.
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III.2.1.4 Identification penalty

To force a zero mean and an unit variance for the error term, we introduce correction terms to
the mean and to the variance of the Gaussian components of the mixture:

εjk|dj ∼
Lj∑

l=−Lj

πjl (dj)N
(
µjl + αj;

σ2
j

β2
j

)
(III.3)

where

αj = −
Lj∑

l=−Lj

πjlµjl

and
β2
j =

σ2
j

1−∑Lj

l=−Lj
πjlµ2

jl +
(∑Lj

l=−Lj
πjlµjl

)2 .

It appears that the conditional posterior distributions for the transformed weights are not
affected by these changes. In order to force the mean correction term αj to be closed to zero
and the variance correction term βj to be closed to one, we adapt the suggestion in Lambert
(2011) by adding a frequentist identification penalty in the model specification:

penid,j = −κ
(
α2
j +

(
β2
j − 1

)2
)
. (III.4)

It forces the mean to be 0 and the variance to be equal to 1 when κ tends to infinity.

III.2.1.5 Other prior distributions

The frequentist ODE-penalty term PEN (x̃|γ) (given in Eq. (II.2)) is translated, in a Bayesian
framework, into a prior distribution for the spline coefficients:

p (c|θ,γ) ∝ exp
(
−1

2PEN (x̃|γ)− 1
2 (c− µc)T Σc

−1 (c− µc)
)
.

The vector µc and the matrix Σc
−1 are used to translate the information available about the

initial condition of the state function x in the model. The prior density corresponds to a
multivariate normal distribution with mean vector V1

−1v1 and covariance matrix V1
−1 where

v1 = −r (θ,γ) + Σc
−1µc and V1 = R (θ,γ) + Σc

−1. Therefore, the normalizing constant for
the conditional prior density of the spline coefficients c is:

(det (V1))
1
2 exp

(1
2 l (θ,γ)

)
exp

(
−1

2v1
TV1

−1v1

)
.
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For the conditional precision τj (j ∈ J) of the vector of response yj, each roughness penalty
parameter λj (j ∈ J), as well as each ODE-adhesion parameter γj (j ∈ {1, . . . , d}), gamma
prior distributions are convenient choices:

τj ∼ G
(
aτj

; bτj

)
, λj ∼ G

(
aλj

; bλj

)
, γj ∼ G

(
aγj

; bγj

)
,

where G (a; b) denotes the gamma distribution with mean a/b and variance a/b2. As explained
in Chapter II, for the ODE-adhesion parameters, we will opt for a shape aγj

= 1 and a rate
bγj

smaller than 10−6. This choice for the prior distributions of the ODE-adhesion parameters
translates our prior confidence in the specification of the system of differential equations as
descriptor of the dynamics of the state function. For the roughness penalty parameters λ, we
suggested to consider a gamma prior distribution with shape aλj

= 1 and a rate bλj
smaller than

10−6. This prior distribution indicates our slight prior preference for the Gaussian distribution
for the error distribution in the absence of counter-indications in the data.
For the vector θ of differential equation parameters, the chosen prior will depends on the
context. Let us denote this prior distribution by p (θ).

III.2.2 Posterior distribution and parameter estimation

In this section, we explain how to obtain and to generate samples from the joint posterior
distribution.

III.2.2.1 Joint posterior distribution

Using the complete likelihood function and all the prior distributions, one obtains the log joint
posterior density:

log (p (c,γ, τ ,d,λ,θ|y,h))

=
∑
j∈J

nj2 log (τj) +
Lj∑

l=−Lj

rjl log (πjl)−
β2
j

2σ2
j

(
τj

nj∑
k=1

y2
jk − 2τ 1/2

j

nj∑
k=l

(
µjhjk

+ αj
)
yjk

)
−1

2c
Tdiag (Zj ; j = 1, . . . , d) c+ cTvec (zj ; j = 1, . . . , d)

+
∑
j∈J

{
2Lj + 1− s

2 log (λj)−
λj
2 dj

TPd,jdj

}

−
∑
j∈J

κ
(
α2
j +

(
β2
j − 1

)2
)
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+
∑
j∈J

{(
aλj
− 1

)
log (λj)− bλj

λj
}

+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

−1
2
{
cTV1c− 2cTv1 + v1

TV1
−1v1 − log (det (V1))

}
+

d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+ log (p (θ))

where diag (Zj ; j = 1, . . . , d) corresponds to a block-diagonal matrix where Zj that is equal to

τj
β2
j

σ2
j

Bj
TBj

if the jth state function is observed and the null Kj × Kj-matrix otherwise. The vector
vec (zj ; j = 1, . . . , d) corresponds to the concatenation of vector zj that is equal to

τj
β2
j

σ2
j

Bj
Tyj − τ 1/2

j

β2
j

σ2
j

nj∑
k=1

(
µhjk

+ αj
)
Bj (tjk)

if the jth state function is observed and the null Kj-vector otherwise.

III.2.2.2 Conditional posterior distributions

The conditional posterior distribution for each roughness penalty parameter λj corresponds to
a gamma distribution:

λj|dj ,y ∼ G

(
2Lj + 1− s

2 + aλj
; dj

TPd,jdj
2 + bλj

)
.

The conditional posterior distribution for the spline coefficients is a multivariate Gaussian
distribution with mean V2

−1v2 and variance-covariance matrix V2
−1 where:

v2 = v1 + vec (zj ; j = 1, . . . , d)

and
V2 = V1 + diag (Zj ; j = 1, . . . , d) .
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The other conditional posteriors are unfortunately not of a familiar type. Therefore, the
Metropolis-within-Gibbs algorithm can be used to sample from the joint posterior. As in
Chapter II, the joint posterior distribution can be marginalized with respect to the spline coef-
ficients in order to avoid being forced to deal with the strong posterior conditional correlation
between the spline coefficients and the differential equation parameters. This is feasible as we
are working with mixture of Gaussian distributions. The joint posterior distribution can also
be marginalized with respect to λ. Finally, the conditional posterior probability for the group
label variable is proportional to:

P (hjk = l|yjk, cj , τj,πj) ∝ φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjl + αj,

σ2
j

β2
j

)
P (hjk = l|πj)

∝ φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjl + αj,

σ2
j

β2
j

)
πjl.

Therefore, the conditional posterior distribution for the group label variable hjk is a multinomial
distribution with cells probabilities equal to:

P (hjk = l|yjk, cj , τj,πj) =
φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjl + αj,

σ2
j

β2
j

)
πjl

Lj∑
m=−Lj

φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjm + αj,

σ2
j

β2
j

)
πjm

.

III.2.2.3 MCMC algorithm

We use Markov Chain Monte Carlo (MCMC) techniques to generate samples from posterior
distributions.

III.2.2.3.1 MCMC algorithm We use a Metropolis-within-Gibbs algorithm. Each com-
ponent of the transformed weights dj , j ∈ J is updated using univariate Metropolis steps with
a Gaussian proposal distribution. Gibbs steps are used to update the group label variables h,
the penalty parameters λ and the spline coefficients c. Last of all, univariate Metropolis steps
are used for all the component of the precision parameters τ , the ODE-adhesion parameters γ
and the ODE parameters θ. The standard deviation of each Gaussian proposal distribution is
tuned during the burn-in phase to ensure a 40% acceptance rate (Haario et al., 2001; Lambert
and Eilers, 2009).
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III.2.2.3.2 Starting value The starting value for the ODE parameters, the spline coeffi-
cients and the precision parameters are obtained using a standard approach (with a Gaussian
distribution for the error term distribution). All components of the transformed weights dj ,
j ∈ J can either be set to zero (inefficient starting values) or set to the transformed mixture
weights corresponding to a standard Gaussian density.

III.2.2.3.3 Re-parameterization using rotation and translation To accelerate the
inference procedure, we also used the strategy proposed by Lambert (2007).
First run the Metropolis-within-Gibbs algorithm for a few thousand iterations. Then, reparam-
eterize the problem by applying a translation and a rotation to the parameter vector θ and for
all vector dj , j ∈ J.
More precisely, denote by Sθ (resp. Sdj

) the empirical variance-covariance matrix of the param-
eter θ (resp. dj) evaluated using a first set of iterations of the generated chains and θ̄ (resp. d̄j)
the corresponding empirical mean vector. We reparameterize the posterior distribution using
βθ (resp. βdj

),

θ = Lθβθ + θ̄
dj = Ldj

βdj
+ d̄j

where Lθ (resp. Ldj
) is the lower triangular matrix in the Cholesky decomposition, i.e., the

matrix Lθ (resp. Ldj
) such that Sθ = LθLθ

T (resp. Sdj
= Ldj

Ldj

T ). The Metropolis-Hastings
algorithm described above is then used to sample from the so reparameterized joint posterior
distribution. A sample of posterior distribution for θ and all dj , j ∈ J are obtained using the
previous formulas.

III.3 Bayesian ODE-penalized B-spline approach and pe-
nalized mixture of Student distributions

We will now consider that the distribution of error terms is defined by a penalized mixture of
Student distributions. With that specification, the error distribution will be at the same time
flexible and robust. Note that the Student distribution case is considered in Appendix III.A.
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III.3.1 Model

In this section, we assume that the standardized error distribution is given by a mixture of
Student distributions. Similarly to Section III.2.1, data augmentation will be introduced in the
modelling to reduce the mixture of Student distributions to a conditional Gaussian case.

III.3.1.1 Assumption on the error distribution

We recall that only a subset J ⊂ {1, . . . , d} of the d state functions are measured at time point
tjk, j ∈ J, k = 1, . . . , nj with additive measurement error:

yjk = xj (tjk) + τ
−1/2
j εjk,

where the dynamic model of the state function is given by Eq. (III.1). The distribution of the
error terms associated to the jth state function is modeled by

εjk|πj ∼
Lj∑

l=−Lj

πjlt
(
νj, µjl, σ

2
j

)
. (III.5)

If Tj ∼ t
(
νj, µjl, σ

2
j

)
then Tj = σjUj + µjl where Uj is distributed according a standardized

Student distribution with νj degrees of freedom. For small value of the degree of freedom νj,
these standardized Student distributions are more picked than the standard Gaussian distri-
bution but have heavier tails. When the degree of freedom is large (e.g. νj larger than 30),
this mixture of Student distributions is similar to the mixture of Gaussian distributions pre-
sented in Section III.2.1.1. Note that the means are again selected on fixed pre-defined grid
µj = vec (µjl; l = −Lj, . . . , Lj) centered around µj0 = 0.

III.3.1.2 Data augmentation

In order to manage this mixture of Student distributions, we introduce two latent variables:
the group label variable hjk and the latent variable ωjk for the kth observation of the jth state
function. The group label variables are supposed independently drawn from distribution:

P (hjk = l|πj) = πjl,

and latent variables ωjk are supposed drawn from distribution:

ωjk ∼ G

(
νj
2 ; νj − 2

2

)
.
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Given these latent variables hjk and ωjk, one has:

εjk|hjk, ωjk ∼ N

(
µjhjk

;
σ2
j

ωjk

)
.

Latent variable hjk corresponds to the label of the group from which each random error variable
εjk is drawn. Latent variable ωjk allows to view the Student distribution as a conditional
Gaussian distribution.

III.3.1.3 Bayesian model

The Bayesian model is a adaptation of the model used in Section III.2.1:


yjk = x̃j (tjk) + τ
1/2
j εjk

εjk|hjk, ωjk ∼ N

(
µjhjk

+ αj;
σ2
j

β2
jωjk

)
P (hjk = l|πj) = πjl

ωjk ∼ G

(
νj
2 ; νj − 2

2

)
p (c|θ,γ) ∝ (det (V1))1/2 exp

(
−1

2
{
cTV1c− 2cTv1 + v1

TV1
−1v1

})
γj ∼ G

(
aγj

; bγj

)
τj ∼ G

(
aτj

; bτj

)
p (dj|λj) ∝ λ

Lj−1
j exp

(
−λj2 dj

TPd,jdj

)
λj ∼ G

(
aλj

; bλj

)
θ ∼ p (θ) .

where the vector v1 and the matrix V1 is defined in Section III.2.1.5. The vector dj , j ∈ J is the
vector of transformed mixture weights and the matrix Pd,j is the finite third order difference
penalty matrix (defined in Section III.2.1.3). Similarly to Section III.2.1.4, we introduce cor-
rection term αj to the mean and correction term βj to the variance of the mixture components
to ensure the zero mean and unit variance for the error term.

III.3.2 Posterior distribution and parameter estimation

In this section, we give the conditional posterior distribution and we explain how to to generate
sample from the joint posterior distribution using MCMC.
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III.3 Bayesian ODE-penalized B-spline approach and penalized mixture of
Student distributions

III.3.2.1 Posterior distribution

The conditional posterior distribution for each roughness penalty parameter λj can be shown
to be:

λj|dj ,y ∼ G

(
Lj − 1 + aλj

; dj
TPd,jdj

2 + bλj

)
.

The conditional posterior distribution for the spline coefficients is a multivariate Gaussian
distribution with mean V2

−1v2 and variance-covariance matrix V2
−1 where:

v2 = v1 + vec (zj ; j = 1, . . . , d)

and
V2 = V1 + diag (Zj ; j = 1, . . . , d) ,

where diag (Zj ; j = 1, . . . , d) corresponds to a block-diagonal matrix where Zj is equal to

τj
β2
j

σ2
j

Bj
TΩjBj

if the jth state function is observed and the null Kj × Kj-matrix otherwise. The vector
vec (zj ; j = 1, . . . , d) corresponds to the concatenation of vector zj that is equal to

τj
β2
j

σ2
j

Bj
TΩjyj − τ 1/2

j

β2
j

σ2
j

Bj
TΩjvec

(
µjhjk

+ αj; k = 1, . . . , nj
)

if the jth state function is observed and the null Kj-vector otherwise. The matrix Ωj is the
diagonal matrix with ωjk on the (k, k)th entry (j ∈ J, k = 1, . . . , nj).
The conditional posterior distribution for the latent variable ωjk is a gamma distribution:

ωjk|yjk, hjk, cj , τj ∼ G

νj + 1
2 ;

β2
j

(
τ

1/2
j (yjk −Bj (tjk) cj)−

(
µjhjk

+ αj
))2

2σ2
j

+ νj − 2
2

 .
The conditional posterior distribution for the group label variable hjk is a multinomial distri-
bution with cells probabilities equal to:

P (hjk = l|yjk, ωjk, cj , τj,πj) =
φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjl + αj,

σ2
j

β2
jωjk

)
πjl

Lj∑
m=−Lj

φ

(
τ

1/2
j

(
yjk − (Bj (tjk))T cj

)
;µjm + αj,

σ2
j

β2
jωjk

)
πjm

.
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Finally, the joint posterior distribution is marginalized with respect to the spline coefficients.
The log of it can be shown to be:

log (p (γ, τ ,θ,d, |y,ω,h))
.=

∑
j∈J

{
nj
2 log (τj)−

β2
j

2σ2
j

(
τjyj

TΩjyj − 2τ 1/2
j yj

TΩjvec
(
µjhjk

+ αj; j = 1, . . . , nj
))}

+
Lj∑

l=−Lj

rjl log (πjl)

−1
2
{
v1

TV1
−1v1 − log (det (V1))− v2

TV2
−1v2 + log (det (V2))

}
+
∑
j∈J

{
(Lj − 1) log (λj)−

λj
2 dj

TPd,jdj

}

−
∑
j∈J

κ
(
α2
j +

(
β2
j − 1

)2
)

+
∑
j∈J

{(
aλj
− 1

)
log (λj)− bλj

λj
}

+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

+
d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+ log (p (θ)) .

The conditional posterior distribution cannot be identified. Therefore, Metropolis-Hastings
steps are used to generate sample from p (γ, τ ,θ,d, |y,ω,h). Again, the marginalization of the
joint posterior distribution with respect to the spline coefficients was feasible due to the use of
the latent variables ω and h.

III.3.2.2 MCMC algorithm

We use a similar strategy to the one presented in Section III.2.2.3. Each component of the
transformed weights dj , j ∈ J is updated using univariate Metropolis steps with a Gaussian
proposal distribution. Gibbs steps are used to update the group label variables h, the latent
variables ω, the penalty parameters λ and the spline coefficients c. Last of all, univariate
Metropolis steps are used for all the component of the precision parameters τ , the ODE-
adhesion parameters γ and the ODE parameters θ. The standard deviation of each Gaussian
proposal distribution is tuned during the burn-in phase to ensure a 40% acceptance rate.
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III.4 Simulation

In this section, we first point the advantages and the limitations of the penalized mixture
of Student distributions on a simulated dataset. Then, we perform a simulation study in
order to validate and to compare the performances of the proposed Bayesian ODE-penalized
B-spline approach (assuming a penalized Gaussian mixture as error distribution) with the
existing one (assuming a Gaussian distribution as error distribution) in the estimation of the
ODE parameters and of the error precision.

III.4.1 Robustness of the mixture of Student distributions

The aim of this section is to show the influence of the chosen sequence of means in the mixture
of Gaussian distributions and the robustness of the mixture of Student distributions.

III.4.1.1 Data and model specification

We simulate 50 measurements at equidistant time points between 0 and 1. The observations
are given by:

yk = x (tk) + τ−1/2εk,

where the state function is:
x (t) = D

V
exp (−ket) ,

with D = 1mg, ke = 5h−1 and V = 1L. The precision of measurement is set to 100. For
the error terms {εk; k = 1, . . . , 50}, we generate realization of a standard Gaussian distribution.
The generated error terms with an absolute value larger than 2 have been arbitrarily multiplied
by 2 to simulate outliers. The simulated data are shown in Figure III.1.
For the analysis of this simulated dataset, the constant of elimination ke, the precision of
measurement τ , the spline coefficients and the error distribution are estimated. The state
function is approximated by x̃ (t) = (B (t))T c using a 5-order B-spline expansion with inner
knots at each tenth between 0 and 1. The error density is modeled either by a mixture of
Gaussian distributions (Eq. (III.2)) or by a mixture of Student distributions (Eq. (III.5)).
For each distributional assumption, 41 components are considered with means selected on an
equidistant grid between -4 and 4, centered around 0. Note that four of the generated error
terms (corresponding to the four observations represented by a star in Figure III.1) are not
within the bounds of this grid of means.
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III.4.1.2 Results

Figure III.1 shows the fitted error density using the mixture of Gaussian distributions (bottom
left) and the fitted error density using the mixture of Student distributions (bottom right).
The fitted error density in the Gaussian mixture case is trimodal: one major mode centered on
zero and two minor modes on −4 and 4. These minor modes are due to the grid of means that
is not wide enough to capture the simulated outliers and also to the fast decay in the tails of
the Gaussian components in the mixture. At the opposite, the fitted error density using the
mixture of Student distributions is unimodal, almost centered on 0 with the target Gaussian
distribution within its pointwise 95% credibility interval. The influence of the extreme values
is reduced thanks to the heavy tails of the Student components in the mixture.
For the analysis of this dataset, 231 seconds were necessary in the Gaussian mixture case
and 285 seconds in the Student one (+20%, average time for 10 runs on an Intel Core i7-860
Processor (2.80GHz)). But the computational time increases faster with sample size with a
mixture of Student distributions: in the same configuration but with 200 observations, 549
seconds are needed in the Gaussian mixture case whereas 963 seconds (+75%) are necessary in
the Student mixture case. This can be explained by the additional computational steps (matrix
products, second latent variable) in the Student mixture case.
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Figure III.1 – Top: Simulated data from an exponential decay model (stars correspond to outliers).
Bottom left : fitted error density using the mixture of Gaussian distributions. Bottom right: fitted error
density using the mixture of Student distribution. On bottom figures, solid curves are pointwise posterior
median for the fitted error density, grey regions delimit pointwise 80% and 95% credibility intervals and
the dashed curve corresponds to the target standard normal distribution.
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III.4.2 Simulation study

In this simulation study, we compare the performances of the Bayesian ODE-penalized B-
spline approach combined with a penalized mixture of Gaussian distributions and the standard
Bayesian ODE-penalized B-spline approach in the estimation of the ODE parameters and of
the error precision.

III.4.2.1 Scenario

Let us consider the oral 2-compartment model presented in Section I.2.2.3. For this model, we
are interested by the estimation of (ka, ke, V, τ) from a set of observations {(tk, yk) : k = 1, . . . , n}
where yk = x2 (tk) + τ−1/2εk. The sampling times correspond to n equidistant time points be-
tween 0 and 2 with four sample sizes: n = 50, 100, 200, 500. The error terms were generated
from four distributions: a standard Gaussian, a Student t6, a standardized extreme value and
a Gaussian mixture 0.4N (−1.5; 0.92) + 0.6N (1; 0.62). Each distribution is standardized to
have zero mean and unit variance. For this simulation study, only the state function x2 (t)
is observed. For each configuration, 100 datasets were generated with (ka, ke, V, τ) equal to
(8, 2, 1, 5). For the analysis, we impose ka to be larger than ke.

III.4.2.2 Results

Tables III.1, III.2, III.3 and III.4 summarize the results of the simulation study. It gives
estimation based on MCMC for the relative bias (in percent, based on the estimated posterior
mean), the coverage probabilities at level 80% and 95% (based on 80% and 95%-HPD intervals),
the root mean squared error and the mean posterior standard deviation for parameter ka, ke,
V and τ for the Bayesian ODE-penalized B-spline approach with penalized Gaussian mixtures
as error distributions (PGM) and Bayesian ODE-penalized B-spline approach with Gaussian
error distribution (G). Figure III.2 shows, for each simulation, the estimated density function
for each of the 100 generated datasets (in light grey solid curve) together with the density
function used for the data generation (in black solid curve).
When the generated error is Gaussian, the relative bias, estimated coverage probabilities, root
mean squared error and mean posterior standard deviation for ka, ke, V and τ for G and PGM
approaches are similar, meaning that the unnecessary flexibility in the error distribution with
PGM is not an handicap (see the first column of Figure III.2 for the estimated error density).
When the generated error term has a Student distribution, the relative bias is small for ka, ke
and V . All the estimated coverage probabilities are in agreement with their nominal values
(see Section II.5.2.1 for details). The RMSE for the ODE parameters is smaller in the PGM
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approach than in the G approach when the sample size is larger than 100. For the precision
of measurement τ , the relative bias is positive and quite large when n = 50, but decreases
with sample size. The estimated coverage probabilities for the precision parameter are not in
agreement with their nominal value when n ≤ 100 (except CP80 for the PGM approach). For
n larger than 200, only the coverage probabilities for the PGM approach are in agreement with
their nominal values. The RMSE for τ is similar in the G and PGM approaches for each sample
size. The mean posterior standard deviation of τ is larger in the PGM approach: this could
partly explain why the estimated coverage probabilities for that parameter are larger than those
estimated in the G approach. Note that the estimated error densities are getting closer to the
target error density when the sample size increases.
When the generated error term has an extreme value distribution, the relative bias is small for
all the ODE parameters. Their coverage probabilities are almost all in agreement with their
nominal value in the PGM approach (except for sample size n = 50). The RMSE and the
MPSD are smaller in the PGM approach for the ODE parameters and decrease as expected
with sample size. The bias of the precision of measurement τ is slightly positive, especially
for the PGM approach but decrease with the sample size. Estimated coverage probabilities at
level 80% and 95% are larger in the PGM approach than in the G approach. But they are not
in agreement with their nominal value, except for the PGM approach when the sample size is
equal to 200 (CP95) and when the sample size is equal to 500 (CP80 and CP95). The estimated
error densities are again getting closer to the target error density when increasing the sample
size (see the third column of Figure III.2).
When the sample size is at least 100, the relative bias for the precision of measurement τ is
small but positive when the true error distribution is a mixture of two Gaussian distributions.
The RMSE for that precision parameter is almost the same in the PGM and G approaches and
decrease with sample size. The MPSD is smaller in the PGM approach for the precision: this
could explain why the estimated coverage probabilities for τ in the PGM approach are almost
in agreement with their nominal values whereas the estimated coverage probabilities for τ in
the G approach are almost all superior to the corresponding nominal value for small sample
sizes (n ≤ 100). For the ODE parameters, the relative bias is small with the two approaches.
The coverage probabilities are all in agreement with their nominal value in the PGM approach.
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Table III.1 – Simulation - n = 50 - Relative bias in percent (RB), estimated coverage probability at
level 80% (CP80), 95% (CP95), root mean squared error (RMSE) and mean posterior standard deviation
(MPSD) for ka, ke, V and τ with four standardized error distribution (Gaussian, Student, extreme value
and mixture of two Gaussians) using B-ODE-P-spline-PGM approach (PGM) (and B-ODE-P-spline-G
approach (G) for the Gaussian error distribution case). Estimated coverage probabilities in bold are not in
agreement with their nominal values.

Gaussian Student Extreme Value Gaussian mixture

G PGM G PGM G PGM G PGM

RB 0.2 0.2 0.9 0.9 0.5 0.5 0.6 0.7
CP80 78 78 79 81 72 74 74 75

ka CP95 95 94 91 92 94 93 91 92
RMSE 4.76e-1 4.76e-1 5.18e-1 5.16e-1 5.35e-1 5.29e-1 5.11e-1 5.13e-1
MPSD 4.90e-1 5.04e-1 4.89e-1 5.02e-1 4.91e-1 4.88e-1 4.80e-1 4.89e-1

RB 0.7 0.7 0.4 0.4 0.4 0.5 0.5 0.4
CP80 78 78 81 83 72 71 72 73

ke CP95 92 93 95 96 92 91 92 91
RMSE 3.45e-2 3.45e-2 3.42e-2 3.39e-2 3.52e-2 3.10e-2 3.84e-2 3.62e-2
MPSD 3.40e-2 3.44e-2 3.39e-2 3.39e-2 3.37e-2 3.15e-2 3.37e-2 3.30e-2

RB -0.3 -0.3 0.1 0.1 -0.2 -0.3 -0.2 -0.2
CP80 77 77 80 81 76 76 72 73

V CP95 92 92 92 92 90 90 92 93
RMSE 2.97e-2 2.97e-2 3.14e-2 3.12e-2 3.11e-2 3.11e-2 3.25e-2 3.27e-2
MPSD 3.00e-2 3.07e-2 2.97e-2 3.03e-2 2.94e-2 2.95e-2 2.94e-2 2.98e-2

RB 4.6 4.5 11.6 9.4 12.2 12.1 6.8 6.5
CP80 76 75 67 66 62 64 90 89

τ CP95 92 93 86 88 80 88 99 98
RMSE 1.23 1.24 1.73 1.66 1.71 1.61 1.01 9.39e-1
MPSD 1.11 1.13 1.18 1.25 1.18 1.23 1.12 1.11
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Table III.2 – Simulation - n = 100 - Relative bias in percent (RB), estimated coverage probability at
level 80% (CP80), 95% (CP95), root mean squared error (RMSE) and mean posterior standard deviation
(MPSD) for ka, ke, V and τ with four standardized error distribution (Gaussian, Student, extreme value
and mixture of two Gaussians) using B-ODE-P-spline-PGM approach (PGM) (and B-ODE-P-spline-G
approach (G) for the Gaussian error distribution case). Estimated coverage probabilities in bold are not in
agreement with their nominal values.

Gaussian Student Extreme Value Gaussian mixture

G PGM G PGM G PGM G PGM

RB 0.9 0.9 -0.5 -0.5 0.2 0.2 -0.9 -0.7
CP80 80 78 80 77 73 75 73 74

ka CP95 95 95 94 94 97 96 90 93
RMSE 3.45e-1 3.45e-1 3.42e-1 3.39e-1 3.52e-1 3.10e-1 3.84e-1 3.62e-1
MPSD 3.40e-1 3.44e-1 3.39e-1 3.39e-1 3.37e-1 3.15e-1 3.37e-1 3.30e-1

RB -0.3 -0.3 0.7 0.7 0.2 0.2 0.6 0.5
CP80 77 77 83 83 74 75 77 80

ke CP95 93 93 91 91 96 96 97 97
RMSE 5.72e-2 5.72e-2 5.79e-2 5.73e-2 5.36e-2 4.91e-2 5.92e-2 5.39e-2
MPSD 5.27e-2 5.30e-2 5.44e-2 5.42e-2 5.27e-2 4.95e-2 5.41e-2 5.33e-2

RB 0.3 0.3 -0.4 -0.4 -0.0 0.0 -0.5 -0.4
CP80 77 77 77 78 77 79 77 82

V CP95 92 93 92 93 94 96 96 96
RMSE 2.15e-2 2.15e-2 2.18e-2 2.17e-2 2.11e-2 1.90e-2 2.27e-2 2.07e-2
MPSD 2.06e-2 2.08e-2 2.10e-2 2.09e-2 2.06e-2 1.92e-2 2.09e-2 2.05e-2

RB 3.7 2.4 4.3 4.3 8.1 13.6 3.0 2.7
CP80 80 78 69 73 60 65 88 87

τ CP95 97 97 86 90 80 88 99 98
RMSE 7.59e-1 7.41e-1 9.75e-1 9.36e-1 1.19 1.26 6.17e-1 6.05e-1
MPSD 7.45e-1 7.45e-1 7.53e-1 7.91e-1 7.84e-1 9.22e-1 7.38e-1 7.35e-1
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Table III.3 – Simulation - n = 200 - Relative bias in percent (RB), estimated coverage probability at
level 80% (CP80), 95% (CP95), root mean squared error (RMSE) and mean posterior standard deviation
(MPSD) for ka, ke, V and τ with four standardized error distribution (Gaussian, Student, extreme value
and mixture of two Gaussians) using B-ODE-P-spline-PGM approach (PGM) (and B-ODE-P-spline-G
approach (G) for the Gaussian error distribution case). Estimated coverage probabilities in bold are not in
agreement with their nominal values.

Gaussian Student Extreme Value Gaussian mixture

G PGM G PGM G PGM G PGM

RB 0.4 0.4 0.2 0.3 -0.1 -0.3 0.1 0.2
CP80 78 79 77 78 74 76 74 83

ka CP95 94 95 96 96 93 94 93 95
RMSE 2.45e-1 2.45e-1 2.40e-1 2.35e-1 2.38e-1 2.08e-1 2.18e-1 1.98e-1
MPSD 2.41e-1 2.41e-1 2.36e-1 2.34e-1 2.36e-1 2.03e-1 2.37e-1 2.06e-1

RB -0.2 -0.2 0.1 0.1 0.1 0.3 -0.0 -0.2
CP80 80 79 82 83 76 83 84 82

ke CP95 96 95 96 96 95 95 98 95
RMSE 3.70e-2 3.70e-2 3.35e-2 3.29e-2 3.52e-2 3.20e-2 3.21e-2 3.00e-2
MPSD 3.75e-2 3.74e-2 3.70e-2 3.66e-2 3.69e-2 3.26e-2 3.70e-2 3.31e-2

RB 0.0 0.0 -0.0 -0.0 -0.1 -0.2 0.1 0.2
CP80 79 78 78 80 80 80 86 82

V CP95 96 96 94 95 95 96 99 94
RMSE 1.42e-2 1.41e-2 1.39e-2 1.37e-2 1.41e-2 1.21e-2 1.20e-2 1.14e-2
MPSD 1.47e-2 1.46e-2 1.45e-2 1.43e-2 1.44e-2 1.24e-2 1.45e-2 1.26e-2

RB 2.1 2.3 4.3 4.9 5.0 10.2 2.2 3.5
CP80 80 80 66 76 66 72 91 85

τ CP95 94 94 87 92 83 92 99 95
RMSE 5.14e-1 5.11e-1 6.93e-1 6.96e-1 8.51e-1 9.68e-1 4.26e-1 4.43e-1
MPSD 5.04e-1 5.06e-1 5.27e-1 5.61e-1 5.33e-1 6.95e-1 5.14e-1 4.63e-1
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Table III.4 – Simulation - n = 500 - Relative bias in percent (RB), estimated coverage probability at
level 80% (CP80), 95% (CP95), root mean squared error (RMSE) and mean posterior standard deviation
(MPSD) for ka, ke, V and τ with four standardized error distribution (Gaussian, Student, extreme value
and mixture of two Gaussians) using B-ODE-P-spline-PGM approach (PGM) (and B-ODE-P-spline-G
approach (G) for the Gaussian error distribution case). Estimated coverage probabilities in bold are not in
agreement with their nominal values.

Gaussian Student Extreme Value Gaussian mixture

G PGM G PGM G PGM G PGM

RB -0.0 -0.0 0.1 0.1 0.2 0.1 0.3 0.3
CP80 83 83 82 78 72 78 75 79

ka CP95 97 97 94 94 93 96 94 94
RMSE 1.34e-1 1.34e-1 1.63e-1 1.53e-1 1.66e-1 1.42e-1 1.63e-1 1.20e-1
MPSD 1.50e-1 1.50e-1 1.50e-1 1.43e-1 1.50e-1 1.26e-1 1.49e-1 1.16e-1

RB -0.0 -0.0 0.0 -0.0 -0.1 -0.1 -0.2 -0.2
CP80 81 82 78 78 77 79 79 79

ke CP95 95 96 95 95 95 96 93 94
RMSE 2.29e-2 2.27e-2 2.45e-2 2.33e-2 2.47e-2 2.11e-2 2.41e-2 1.97e-2
MPSD 2.35e-2 2.34e-2 2.35e-2 2.25e-2 2.33e-2 2.03e-2 2.31e-2 1.90e-2

RB 0.0 0.0 -0.0 0.1 0.1 0.1 0.1 0.0
CP80 82 83 76 79 80 77 87 83

V CP95 97 97 95 94 94 95 99 97
RMSE 7.91e-3 7.84e-3 9.39e-3 8.85e-3 9.76e-3 7.88e-3 8.06e-3 6.42e-3
MPSD 9.20e-3 9.18e-3 9.20e-3 8.75e-3 9.13e-3 7.67e-3 9.07e-3 6.99e-3

RB 0.6 0.3 2.9 2.6 2.0 4.9 2.2 2.7
CP80 82 81 68 79 67 76 87 83

τ CP95 98 98 89 93 88 94 97 97
RMSE 2.79e-1 2.75e-1 4.17e-1 4.02e-1 4.60e-1 5.05e-1 3.14e-1 3.22e-1
MPSD 3.19e-1 3.12e-1 3.20e-1 3.98e-1 3.24e-1 4.37e-1 3.24e-1 2.65e-1
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III.5 Application

We propose one application of the B-ODE-P-spline approach combined with penalized mixture
distributions for the modelling of the pharmacokinetics after an oral administration of the drug
Theophylline.

III.5.1 Data, objective and model specification

The Theophylline dataset was presented in Section I.2.2.3. The evolution of the concentration
x2 (t) of theophylline in blood on 12 subjects is presented on Figure I.5. Using the whole set of
observations, the objective is to determine the evolution of the drug in the stomach and in the
blood. A common model for the kinetic of theophylline the two compartment model with first
order absorption and elimination presented in Section I.2.2.3.
The modelling strategy described in Section III.2.1 was used. For the ith subject, we approxi-
mate the amount of drug in the stomach by x1i (t) = (B1 (t))T c1i and the concentration of the
drug in the central compartment by x2i (t) = (B2 (t))T c2i. We parameterize the constant of
absorption ka, the constant of elimination ke and the volume V of the central compartment in
the log-scale with Gaussian random effects at the subject level. The prior information available
for the study of this dataset concerns the PK parameters and the initial condition of the state
functions. For the PK parameters, one has to force the constant of absorption to be larger than
the constant of elimination. We have also a total confidence in the initial condition of the state
functions: the initial amount of drug in the stomach is equal to the oral dose and the initial
concentration of the drug in the blood is null.
MCMC chains of length 10000 (including a 1000 burn-in) were generated using Metropolis-
within-Gibbs algorithm described in Section III.2.2. We use this sample to reparameterize the
problem by applying a translation and a rotation to the parameter vector θ = (ka, ke, V )T and
for all the transformed mixture weights dj . A final chain of length 25000 (including an extra
burn-in of 5000) is generated for the inference. Convergence for each variable was confirmed
by the Geweke’s convergence diagnostic.

III.5.2 Results

Figure III.3 shows (in solid black line) the pointwise posterior median of the error density
function with the 80% and 95% pointwise credibility intervals (in gray). It suggests that the
error density is symmetric and highly peacked. Note that the standard Gaussian distribution
(in dotted line) is not within the pointwise credibility intervals, clearly suggesting that the
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fitted error density is not Gaussian.
Figure III.4 shows the estimated individual amount of drug in the stomach with pointwise 80%
and 95% credibility sets. Figure III.5 shows the fitted individual concentration of Theophylline
in blood with pointwise 80% and 95% credibility sets. These figures are obtained by estimating
at each MCMC generation of the spline coefficients, the amount of drug in the stomach and
the concentration of drug in the central compartment over a detailed grid of times. Then the
2.5%, 10%, 50%, 90% and 97.5% quantiles of the MCMC chain of the estimated curves are
taken at each time point. Figure III.6 shows the pointwise credibility interval for the posterior
predictive distribution of the concentration of theophylline in blood. It corresponds to a 80%
and 95% credibility set of the predictive distribution of the concentration of the theophylline
drug. Six observed concentration (subject 2, 5, 8, 9 and 9) are outside the 95% posterior
credibility interval which is compatible with the expected coverage.
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Figure III.4 – Pointwise 80% (dark grey region) and 95% (light grey region) credibility intervals for the
fitted amount of Theophylline in stomach with pointwise median (black solid curve) versus time for the
twelve subjects.
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Figure III.5 – Pointwise 80% (dark grey region) and 95% (light grey region) credibility intervals for the
fitted concentration of Theophylline with pointwise median (black solid curve) and observed concentration
of Theophylline (solid circles) versus time for the twelve subjects.
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Figure III.6 – Pointwise 80% (dark grey region) and 95% (light grey region) posterior predictive cred-
ibility intervals for the concentration of Theophylline with pointwise posterior predictive median (black
solid curve) versus time for the twelve subjects.
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III.6 Discussion

A full Bayesian approach based on penalized smoothing methods was presented for the esti-
mation of ODE parameters, the approximation of the state function involved in an affine ODE
model and the estimation of error densities. The estimation of the ODE parameters and of the
state functions was based on a Bayesian ODE-penalized B-spline approach with error densities
estimated in a flexible way using Bayesian penalized Gaussian mixture or Bayesian penalized
Student mixture.
The penalized mixture approaches avoid restrictive parametric assumptions on the error dis-
tribution. The Gaussian mixture assumption is convenient as, conditionally on the mixture
component (i.e. on the group label variable), one is back to the standard B-ODE-P-spline
setting assumed in Chapter II. The Student mixture assumption requires the use of one extra
latent variable to go back to the standard B-ODE-P-spline setting. Furthermore, label switch-
ing that traditionally occurs is Gaussian/Student mixture model is here avoided by using a
fixed grid of means and penalizing the transformed mixture weights.
Simulations suggest that the B-ODE-P-spline approach combined with penalized mixture of
Gaussian distributions is as efficient as the standard B-ODE-P-spline approach in terms of
relative bias, coverage probabilities, root mean squared errors and mean posterior standard
deviation when the distribution of the error terms are Gaussian and outperforms the standard
approach for small and medium sample sizes when the error distribution is homogeneous non-
Gaussian.
The influence of the grid of means on the mixture of Gaussian distributions and the robust-
ness of the mixture of Student distributions in the modelling of the error distribution was also
presented. It was shown that working with the mixture of Gaussian distributions requires a
sufficient wide grid of means (i.e. that includes all the standardized errors within its bounds).
The mixture of Student distributions is less sensitive to the grid of means and more robust to
outliers but is computationally more intensive.
The Bayesian ODE-penalized B-spline approach combined with penalized mixture of Gaussian
distribution was used for the analysis of the Theophylline dataset (see Section III.5). Working
with a penalized mixture of Gaussian distribution enabled to highlight the non-gaussianity of
the standardized error distribution.
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Appendix

III.A Bayesian ODE-penalized B-splines with Student
error distribution

We assume that the dynamics of a state function x (t) ∈ Rd is driven by the system of differential
equations (III.1). Only the subset J ⊂ {1, . . . , d} of the d state functions involved in the ODE
model are measured at time tjk, k = 1, . . . , nj with an additive measurement error εjk. We
denote by yjk = xj (tjk) + τ

−1/2
j εjk the corresponding measurement. For the observed jth state

function (j ∈ J), the error distribution is modeled using a standardized Student distribution
with νj degrees of freedom. This ensure the zero mean and the unit variance of the error terms.
The jth component of the state function x (t) is approximated using a B-spline basis function
expansion:

x̃j (t) = (Bj (t))T cj .

where Bj (t) is the Kj-vector of B-spline basis functions of order p evaluated at time t and cj
the corresponding Kj-vector of B-spline coefficients.

III.A.1 The Bayesian model

We recall that the distribution of the error terms for the observation of the jth state function
(j ∈ J) is a standardized Student distribution with νj degrees of freedom. In order to man-
age the strong (posterior) correlation between the ODE parameter and the spline coefficients,
we introduce the latent variable ωjk for the kth observation of the jth state function. The
latent variables ωjk, j ∈ J, k = 1, . . . , nj are supposed independently drawn form a gamma
distribution:

ωjk ∼ G

(
νj
2 ; νj − 2

2

)
.

Given this latent variable ωjk, one has:

εjk|ωjk ∼ N
(
0;ω−1

jk

)
.

This means, that conditionally on the latent variable ωjk, one is back to the standard B-ODE-
P-spline setting considered in Chapter II. The Bayesian model is similar to the one used in the
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standard approach, but with an additional specification:


yjk|ωjk, cj , τj ∼ N
(
(Bj (tjk))T cj ; (ωjkτj)−1

)
ωjk ∼ G

(
νj
2 ; νj − 2

2

)
p (c|θ,γ) ∝ (det (V1))1/2 exp

(
−1

2
{
cTV1c− 2cTv1 + v1

TV1
−1v1

})
γj ∼ G

(
aγj

; bγj

)
τj ∼ G

(
aτj

; bτj

)
θ ∼ p (θ) .

where the vector v1 and the matrix V1 are defined in Section III.2.1.5.
The strategy used to generate a sample form the joint posterior distribution is similar to the
one presented in Sections III.2.2.3 and III.3.2.2. First, one can show that the conditional
posterior distribution for the spline coefficients c =

(
c1

T , . . . , cd
T
)T

is a multivariate Gaussian
distribution with mean V2

−1v2 and covariance matrix V2
−1 where:

v2 = v1 + vec (zj ; j = 1, . . . , d) .

and
V2 = V1 + diag (Zj ; j = 1, . . . , d) .

The vector zj is either equal to τjBj
TΩjyj (if the jth state function is observed) or to the null

vector and the matrix Zj is either equal to τjBj
TΩjBj (if the jth state function is observed) or

to the null matrix. The matrix Ωj is a diagonal with ωjk on the (k, k)th entry. Let also ω denote
the concatenation of all the latent variables (i.e. ω = vec (vec (ωjk; k = 1, . . . , nj) ; j ∈ J)).
The conditional posterior distribution for the latent variable ωjk can be show to be:

ωjk|yjk, cj , τj ∼ G

(
νj + 1

2 ; τj (yjk − x̃j (tjk))2

2 + νj − 2
2

)
.
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Then the joint posterior distribution is marginalized with respect to the spline coefficients. The
log of it is:

log (p (γ, τ ,θ|y,ω)) .=
∑
j∈J

{
nj
2 log (τj)−

τj
2 yj

TΩjyj

}

−1
2
{
v1

TV1
−1v1 − log (det (V1))− v2

TV2
−1v2 + log (det (V2))

}
+
∑
j∈J

{(
aτj
− 1

)
log (τj)− bτj

τj
}

+
d∑
j=1

{(
aγj
− 1

)
log (γj)− bγj

γj
}

+ log (p (θ)) .

The conditional posterior distribution cannot be identified. Therefore, Metropolis-Hastings
steps are used to generate sample from p (γ, τ ,θ|y,ω). Note that the use of the latent variables
ω was crucial to enable the marginalization of the joint posterior distribution with respect to
the spline coefficients.

III.A.2 Simulation study

Let us consider the simple exponential decay model:
dx

dt
(t) = −θx (t) ,

x (0) = 1,

We are interested by the estimation of (θ, τ) from a set of observations {(tk, yk) : k = 1, . . . , n}
where yk = x (tk)+τ−1/2εk. The sampling times correspond to n equidistant time points between
0 and 1 (with n = 20, 50, 100, 200, 500). We consider a standardized Student error distribution
with 6 degrees of freedom for the distribution of the error terms. For each configuration, 1000
datasets were generated with (θ, τ) equal to (5, 100).
Table III.5 gives the estimation based on MCMC for the relative bias (in percent, based on the
estimated posterior mean), the coverage probabilities at level 80% and 95% (based on 80% and
95%-HPD intervals), the root mean squared error and the mean posterior standard deviation for
parameter θ and τ . All the coverage probabilities are in agreement with their nominal values.
The bias is small for ODE-parameter θ. For small sample sizes (n = 20 and n = 50), the bias
for the precision of measurement is slightly positive. As expected, RMSE and MPSD decrease
with sample size. Based on the results obtained on this very simple exponential decay example,
we can consider that the proposed approach is able to manage the Student distribution case.
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Table III.5 – Simulation - Student distribution with 6 degrees of freedom - Relative bias in percent (RB),
estimated coverage probability at level 80% (CP80), 95% (CP95), root mean squared error (RMSE) and
mean posterior standard deviation (MPSD) for θ and τ for five sample sizes (n = 20, 50, 100, 200, 500) using
B-ODE-P-spline approach with Student distribution for the error term. Estimated coverage probabilities
in bold are in agreement with their nominal values.

n = 20 n = 50 n = 100 n = 200 n = 500

RB 3.3 1.0 0.4 0.1 0.2
CP80 80.2 81.6 80.4 81.1 78.2

θ CP95 95.2 95.2 94.7 95.1 94.0
RMSE 5.55e-1 3.08e-1 2.12e-1 1.46e-1 9.67e-2
MPSD 5.80e-1 3.16e-1 2.13e-1 1.49e-1 9.32e-2

RB 17.4 5.6 3.8 1.3 1.1
CP80 78.7 81.1 80.7 78.5 82.4

τ CP95 94.8 95.2 96.0 94.4 95.5
RMSE 5.49e+1 2.81e+1 1.84e+1 1.30e+1 7.69
MPSD 5.17e+1 2.71e+1 1.84e+1 1.25e+1 7.87
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Chapter IV

On the use of adhesion parameters to validate
models specified using systems of affine

differential equations

Abstract

A strategy for the selection of systems of differential equations is proposed based on Bayesian
ODE-penalized B-spline approach. It estimates the ODE parameters, approximates the so-
lution of the ODE model and quantifies the suitability of the proposed differential equations
to model the dynamics of the observed state functions. Simulation study confirms that these
ODE-adhesion parameters are able to question a system of differential equations as a descriptor
of the dynamics in the state functions. This methodology is illustrated on a pharmacokinetic
study.

Keywords: Bayesian ODE-Penalized-B-spline; ODE-adhesion parameter; ODE-model selec-
tion.

IV.1 Introduction

The frequentist ODE-penalized B-spline approach proposed by Ramsay et al. (2007) was trans-
lated into a full Bayesian ODE-penalized B-spline setting when the ODEs are affine and the
conditional distribution of the response is either Gaussian (Chapter II) or suitable described by
a mixture of Gaussian/Student distributions (Chapter III). In these ODE-penalized B-spline
approaches, the unknown state functions involved in the system of differential equations is
approximated using linear combinations of a large number of B-splines with flexibility counter-
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balanced by a penalty term related to the set of differential equations. This ODE-penalized
smoothing approach is a trade off between fitting the data and solving the ODE. Therefore it
appears to be robust to model misspecification and to disturbances of the dynamical system.
Compared to the frequentist ODE-penalized B-spline approach, the Bayesian one automati-
cally selects the ODE-adhesion parameters with uncertainty measures about model parameters
quantified using MCMC.
Model selection is an unavoidable topic. In some cases, several competing models can be
proposed for the modeling of a state function. In pharmacokinetics, different models can be
suggested to describe the dynamics of a drug concentration (Lindsey et al., 2000). In other
cases, even if the dynamical system is perfectly known, it may be too difficult to collect enough
data to reliably estimate all the parameters involved in the system of differential equations.
Then, one needs either to determine which parameters can be estimated and which should
remain to their reference value (Woloszyn and McAuley, 2011), or to select a simplified model
(Wu et al., 2011) that gives better predictions and/or more accurate parameter estimates.
Generally, in traditional frequentist approach, either F tests are used to select among nested
models or information criterion (AIC, BIC and all the sub-criteria that depend on them, Mal-
lows Cp, ...) when the competing models are non-nested. With the frequentist ODE-penalized
B-spline approach, ODE-adhesion parameters can be used to select competing ODE models
but the value of the ODE-adhesion parameter does not statistically confirm that the dynamics
of the state function is driven by the selected ODE model. Moreover, as the ODE-adhesion
parameters are selected, uncertainty measure about the selection of a specific ODE model in
comparison to a competitor is unavailable.
The goal of this chapter is to propose a Bayesian model selection strategy based on the study of
ODE-adhesion parameters. Section IV.2 reminds the key points of the Bayesian ODE-penalized
B-spline approach and proposes to use the posterior distribution for the ODE-adhesion param-
eters for the ODE-model selection. An intensive simulation study is presented in Section IV.3
to confirm the relevance of the strategy. An application to pharmacokinetics is presented in
Section IV.4 to illustrate the usefulness of the ODE-adhesion parameter in the selection of two
competing models. We conclude the chapter by a discussion in Section IV.5.
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IV.2 Bayesian ODE-penalized B-spline approach and ODE-
model selection

In this section, we first recall some key points of the ODE-penalized B-spline approach. Then
we explain how to use the ODE-adhesion parameters in order to question a proposed system
of differential equations as descriptor of the dynamics in the state function or how to use these
ODE-adhesion parameters for the selection of competing ODE models.

IV.2.1 The Bayesian ODE-penalized B-spline approach

For simplicity, we consider a single subject study with a standard Gaussian for the error distri-
bution. We refer to Chapter II for a hierarchical setting and Chapter III for flexible distributions
of the error terms. It is assumed that only a subset J ⊂ {1, . . . , d} of the d state functions
x (t) = (x1 (t) , . . . , xd (t))T are measured at time point tjk, j ∈ J, k = 1, . . . , nj with additive
standardized measurement error εjk:

yjk = xj (tjk) + τ
−1/2
j εjk

where the dynamic of the state function is given by a set of affine differential equations:

dx

dt
(t) = f (x, t,θ) , t ∈ [0;T ] (IV.1)

where f is a known affine function with respect to x and θ ∈ Rq a vector of unknown parameters.
The objective is fourfold: estimate the ODE parameters θ, the state function x (t), the precision
of measurement τ = vec (τj; j ∈ J) and confirm the suitability of the system of differential
equations given in Eq. (IV.1) to describe the dynamic of the observed state functions using the
set of observations {(tjk, yjk) , j ∈ J, k = 1, . . . , nj}.
The Bayesian ODE-penalized B-spline approach rests on three pillars. First of all, each state
function xj (t) , j ∈ {1, . . . , d} involved in the system of differential equations is approximated
using a B-spline basis function expansion:

x̃j (t) = (Bj (t))T cj ,

where Bj (t) is the Kj-vector of B-spline basis function evaluated at time t and cj the Kj-
vector of spline coefficients. Then, a penalty term that is related to the ODE model is used
to constrain the variation of the spline coefficients. This penalty term involves some ODE-
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adhesion parameters. Finally, this ODE-model based penalty term is combined to other prior
informations to construct the full Bayesian model:



yjk|cj , τj ∼ N
(
(Bj (tjk))T cj ; τ−1

j

)
p (c|θ,γ) ∝ exp

(
−1

2
{
PEN + cTΣc

−1c− 2cTΣc
−1µc

})
γj ∼ G

(
aγj

; bγj

)
τj ∼ G

(
aτj

; bτj

)
θ ∼ p (θ) .

The full fidelity-to-ODE measure PEN used in the prior distribution for the spline coefficients
c is given by:

PEN (x̃|γ) =
d∑
j=1

γjPEN j (x̃) (IV.2)

where PEN j (x̃) assessed the proximity on [0;T ] between the approximation to the state func-
tion, x̃j (t), and the jth component of the solution x (t) to the set of differential equations in
(IV.1):

PEN j (x̃) =
∫ {

dx̃j
dt

(t)− fj (x̃, t,θ)
}2

dt.

For the conditional precision τj (j ∈ J) of the vector of response yj and each ODE-adhesion
parameter γj (j ∈ {1, . . . , d}), gamma prior distributions are convenient choices:

τj ∼ G
(
aτj

; bτj

)
, γj ∼ G

(
aγj

; bγj

)
,

where G (a, b) denotes the gamma distribution with mean a/b and variance a/b2. As explained
in simulation study given in Section II.5.1, for each ODE-adhesion parameters γj, we opt for a
gamma prior distribution with shape aγj

equal to 1 and the rate bγj
equal to a small value (e.g.

bγj
smaller than 10−6). This choice for the prior distributions of the ODE-adhesion parameters

translates our prior confidence in the specification of the system of differential equations as
descriptor of the dynamics of the state function. Indeed, such a prior for γj puts slightly more
weight on value of log10 (γj) around − log10

(
bγj

)
.
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IV.2.2 Study of the posterior distribution for the ODE-adhesion
parameter

For convenience, assume that all the ODE-adhesion parameters γj (j ∈ J) are identical to a
common value γ and that no prior information is available for the initial condition of the state
function (implying that matrix Σc

−1 and vector µc are null). Therefore, in the ODE-model
based penalty, the penalty vector and the penalty matrix can be rewritten as r (θ, γ) = γs (θ)
and R (θ, γ) = γS (θ). Note that the ODE-adhesion parameter γ appears as a multiplicative
factor in the precision matrix of the multivariate Gaussian distribution that defines the prior
distribution for the spline coefficients. Therefore, working with a gamma prior distribution
forces the positiveness of the ODE-adhesion parameters. Note also that this prior is in this
setting a conditional conjugate prior distribution.
From Section II.3.1, the log conditional posterior density for the ODE-adhesion parameter
(marginalized with respect to the spline coefficients) is equal to:

log (p (γ|θ, τ ,y)) .= K

2 log (γ)− γ

2s
T (θ)S−1 (θ) s (θ)

− 1
2 log (det (V2)) + 1

2v2
TV2

−1v2 (IV.3)
+ log (p (γ)) ,

where K = ∑d
i=1 Kj, V2 = γS (θ) + diag (Zj ; j = 1, . . . , d) with matrix Zj that is equal to

τjBj
TBj if the jth state function is observed and the null Kj × Kj-matrix otherwise, and

vector v2 = −γs (θ) + vec (zj ; j = 1, . . . , d) with zj equal to τjBj
Tyj if the jth state function

is observed and to the null Kj-vector otherwise. Note that matrix Bj is the nj × Kj-matrix
with (Bj (tjk))T on kth line (k = 1, . . . , nj).

IV.2.2.1 Asymptotics of the marginalized posterior distribution for ODE-adhesion
parameter

We will show that the difference between the conditional posterior distribution for the ODE-
adhesion parameter and its prior tends to a constant independent of γ when γ is large. Large
values of γ are supported by the data when the differential equations adequately describe the
dynamics of the system. In the log posterior density given in Eq. (IV.3), two terms are of
particular interest: log (det (V2)) and v2

TV2
−1v2. One can show that:

V2 = γ

(
S (θ) + diag

(
1
γ
Zj ; j = 1, . . . , d

))
,
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with 1
γ
Zj tending to the null matrix when γ tends to infinity (it is always equal to the null

matrix when the jth state function is unobserved) and

v2 = γ

(
−s (θ) + vec

(
1
γ
zj ; j = 1, . . . , d

))
,

with 1
γ
zj tending to the null vector when γ tends to infinity (it is always equal to the null vector

when the jth state function is unobserved). Thus,

lim
γ→∞

(log (det (V2))) .= K log (γ) ,

and
lim
γ→∞

(
v2

TV2
−1v2

) .= γsT (θ)S−1 (θ) s (θ) .

Therefore, the difference between the log posterior density and the log prior density for the
ODE-adhesion parameter tends to a constant independent of γ when γ tends to infinity:

lim
γ→∞

(log (p (γ|θ, τ ,y))− log (p (γ))) .= 0.

This result confirms our choice of the gamma distribution with shape equal to 1 and rate equal
to small value for the prior distribution for the ODE-adhesion parameter. Indeed, the posterior
distribution for this parameter will be substantially identical to its prior if this distribution
underlines our (prior) confidence in the proposed ODE system to model the dynamics of the
observed state functions. Note that such a prior expresses our prior belief that the proposed
system of ODEs correctly describes the dynamics of the observed system. However, if the
ODE model does not correctly describes the dynamics of state functions and if the number of
observations is larger enough, then the posterior distribution for the ODE-adhesion parameter
will shift the probability from the prior distribution towards smaller values of the ODE-adhesion
parameter and question the model specification.

IV.2.2.2 Divergence measure and ODE-model selection

Asymptotic results from Section IV.2.2.1 confirm the statement of Jaeger and Lambert (2011),
namely that the posterior distribution for the ODE-adhesion parameter is similar to its prior
if the proposed system of differential equations adequately models the dynamics of the state
function.
Let us recall that a sample from the posterior distribution for the ODE-adhesion parameter
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IV.2 Bayesian ODE-penalized B-spline approach and ODE-model selection

can be obtained using a Metropolis-within-Gibbs algorithm (Sections II.3.2 and III.2.2.3). We
denote by

{
γ(m);m = 1, . . . ,M

}
the ordered sample from the posterior distribution for the

ODE-adhesion parameter. The goal is now to measure the divergence between the prior and
the posterior distribution for the ODE-adhesion parameter using the MCMC sample of the
posterior distribution for the ODE-adhesion parameter.
To this end, we propose to consider several goodness of fit statistics. Let denote FM (·) the
empirical cumulative distribution function based on the sample of the posterior distribution
for the ODE-adhesion parameter and F (·) the gamma prior distribution function. The first
class of divergence measures are related to the empirical cumulative distribution function. The
Kolmogorov-Smirnov (KS) statistic

KS = sup
γ
|FM (γ)− F (γ)|

quantifies the maximal distance between the empirical distribution function FM and the refer-
ence distribution function F . This statistics tends to be more sensitive near the center of the
distribution than at tails.
The Cramér-von Mises (CVM) statistic integrates the whole squared difference between the
empirical cumulative distribution function FM and the corresponding (target) prior cumulative
distribution function F :

CVM = M
∫ ∞
−∞

(FM (γ)− F (γ))2 dF (γ).

Note that this statistic can be rewritten as:

CVM =
M∑
m

(2m− 1
2 − F

(
γ(m)

))2
+ 1

12M ,

and can be therefore simply computed using the sample of the posterior distribution for the
ODE-adhesion parameter. The Anderson-Darling (AD) statistic also integrates the whole
squared difference but with a weighting function:

AD = M
∫ ∞
−∞

(FM (γ)− F (γ))2

F (γ) (1− F (γ)) dF (γ).
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Compared to the CVM statistic, the AD statistic puts more weight on observations in the tails
of the target prior distribution. Again, the inconvenient integral can be replaced by a sum:

AD = − 1
M

M∑
m

(2m− 1)
(
log

(
F
(
γ(m)

))
− log

(
F
(
γ(M+1−m)

)))
−M.

The second class of divergence measure is the Kullback-Leibler (KL) divergence (Kullback and
Leibler, 1951):

KL (p (·|y) |p (·)) =
∫
p (γ|y) log

(
p (γ|y)
p (γ)

)
dγ.

As the normalizing constant of the posterior density function for the ODE-adhesion parameter
is unknown, this KL divergence is estimated by:

KL (p (·|y) |p (·)) ≈ 1
M

M∑
m=1

log (q̃ (γm))− 1
M

M∑
m=1

log (p (γm))

where {γm;m = 1, . . . ,M} is a sample of the posterior distribution for the ODE-adhesion pa-
rameter and q̃ (·) denotes a kernel density estimate of the posterior distribution for the ODE-
adhesion parameter based on that sample. Note that in order to stabilize the kernel density
estimate, we recommend considering the ODE-adhesion parameter on the log10 scale.

IV.3 Simulation

Intensive simulations were put in place to confirm the ability of the ODE-adhesion parameter
to select or validate ODE models.
All the scenarios are based either on the exponential decay case

dx

dt
(t) = −kex (t)

x (0) = 1,
(IV.4)

or on the bi-exponential decay case


dx1

dt
(t) = − (kcp + ke)x1 (t) + kpcx2 (t)

dx2

dt
(t) = kcpx1 (t)− kpcx2 (t)

x1 (0) = 1
x2 (0) = 0.

(IV.5)
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If Eq. (IV.4) (resp. Eq. (IV.5)) is considered, then the simulated observations are given by
yk = x (tk) + τ−1/2εk (resp. yk = x1 (tk) + τ−1/2εk) where {tk; k = 1, . . . , n} is a set of n
equidistant time points between 0 and 1. Unless it is specified, we consider the standardized
Gaussian distribution for the error term εk. For each simulation, 1000 datasets were generated.
The prior distribution of the ODE-adhesion parameter supposed for the complete simulation
is a gamma distribution G (1; 10−8). The results provided in the following subsections describe
the simulation results.

IV.3.1 Sensitivity to the sample size

The aim of this simulation is to see if the posterior distribution for the ODE-adhesion parameter
is sensitive to the sample size. To do that, we generate data using Eq. (IV.4) with seven sample
sizes (namely n = 10, 20, 50, 100, 200, 500 and 1000) and (ke, τ) = (5, 100). All the datasets
were analyzed with the Bayesian model specified in Section IV.2.1 with ODE parameter ke and
precision of measurement set to their simulation values. Figure IV.1 shows the that posterior
median of log (γ) is not impacted by the sample size.
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Figure IV.1 – Sensitivity to the sample size - Boxplot of posterior empirical median of log10 (γ) for the
seven sample size with prior median (horizontal dashed line).

This is also visually confirmed for all the divergence measure (e.g. the Kullback-Leibler diver-
gence in Figure IV.2).
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Figure IV.2 – Sensitivity to the sample size - Boxplot of estimated Kullback-Leibler divergence (on the
log10 scale) for the seven sample size.

IV.3.2 Sensitivity to a wrong specification of the ODE parameter
or of the precision of measurement

Wrong specification of the ODE parameter

We consider Eq. (IV.4) with seven sample sizes (namely n = 10, 20, 50, 100, 200, 500 and
1000) and simulate 1000 datasets with (ke, τ) = (5, 100). All the datasets were analyzed with
the Bayesian model specified in Section IV.2.1 with the precision of measurement τ set to its
simulation value. A grid of 33 equidistant values between 3 and 7 for the ODE parameter ke
(centered on the simulation value ke = 5) was considered for the analysis of each simulated
dataset. The posterior distribution for the ODE-adhesion parameter γ was sensitive to a wrong
specification of the ODE parameter ke especially when the sample size increases. Figure IV.3
and Table IV.1 show that the AD statistic and the KL divergence were more likely to detect
differences between the prior and the posterior distribution for the ODE-adhesion parameter.
This could be explained by the importance of the distribution tails in the definition of these
two quantities. Figure IV.4 shows the histogram of a sample of the posterior distribution for
the ODE-adhesion parameter when the ODE parameter ke was set either to the value used
for the data generation (ke = 5, dark grey histogram) or set to a wrong value (ke = 4, light
grey histogram). It visually confirms that the posterior distribution for the ODE-adhesion
parameter is similar to its prior when the model is adequately specified whereas the posterior
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distribution for the ODE-adhesion parameter differs from its prior when the ODE model is
wrongly specified.

Table IV.1 – Sensitivity to a wrong specification of the ODE parameter - Proportion of divergence mea-
sures (Kolmogorov-Smirnov statistic, Cramér-von Mises statistic, Anderson-Darling statistic and Kullback-
Leibler divergence) larger than the one estimated with ke = 5 when n = 100 with ke equals to 3, 4, 6 or 7
in the MCMC procedure.

Divergence measure

KS CVM AD KL

ke

3 100 100 100 100
4 74.2 73.9 80.4 85.2
6 54.3 55.4 56.6 59.8
7 87.7 89.1 91.4 91.6
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Figure IV.3 – Sensitivity to a wrong specification of the ODE parameter - Kolmogorov-Smirnov statistic,
Cramér-von Mises statistic, Anderson-Darling statistic and Kullback-Leibler divergence (on the log10 scale)
when n = 100 and ke is set equal to 3, 4, 5, 6 or 7 in the MCMC procedure (while ke = 5 was used to
generate datasets).
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Figure IV.4 – Sensitivity to a wrong specification of the ODE parameter - Histograms based on a sample
of the posterior distribution for the ODE-adhesion parameter when n = 100 and ke is equal to 4 (light gray
histogram) or 5 (dark grey histogram) while ke = 5 was used to generate datasets.

Wrong specification of the precision of measurement

Again, we consider Eq. (IV.4) with seven sample sizes (namely n = 10, 20, 50, 100, 200, 500 and
1000) and simulate 1000 datasets with (ke, τ) = (5, 100). All the datasets were analyzed with
the Bayesian model specified in Section IV.2.1 with ODE parameter ke equals to its simulation
value. A grid of 25 equidistant values between -1 and 5 for log10 (τ) (centered on the simulation
value log10 (τ) = 2) was considered for the analysis of each simulated dataset. The posterior
distribution for the ODE-adhesion parameter is only affected by values of the precision larger
than the one used for the data generation (see Figure IV.5). This result was expected as the
B-spline approximation should get closer to the data when the precision is set to a larger value
than the one used for the data generation. This implies that the fitted state function is too
wiggly to be driven by the proposed differential equation. Table IV.2 seems to confirm that
the AD statistic and the KL divergence are more likely to detect differences between the prior
and the posterior distribution for the ODE-adhesion parameter.
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Table IV.2 – Sensitivity to a wrong specification of the precision of measurement - Proportion of di-
vergence measures (Kolmogorov-Smirnov statistic, Cramér-von Mises statistic, Anderson-Darling statistic
and Kullback-Leibler divergence) larger than the one estimated with τ = 100 when n = 100 with log10 (τ)
equals to 1, 1.5, 2, 2.5, 2.75 or 3 in the MCMC procedure.

Divergence measure

KS CVM AD KL

log10 (τ)

1 51.9 50.5 51.6 50.6
1.5 47 48.1 47.8 48.2
2.5 62 63.1 66.1 67.3
2.75 92.4 92.8 94.2 94.0
3 99.5 99.5 99.4 99.5
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Figure IV.5 – Sensitivity to a wrong specification of the precision of measurement - Kolmogorov-Smirnov
statistic, Cramér-von Mises statistic, Anderson-Darling statistic and Kullback-Leibler divergence (on the
log10 scale) when n = 100 and log10 (τ) is set equal to 1, 1.5, 2, 2.5, 2.75 or 3 in the MCMC procedure
(while τ = 100 was used to generate datasets).
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IV.3.3 Sensitivity to a misspecification of the error distribution

The aim of this simulation is to see if the posterior distribution for the ODE-adhesion param-
eter is sensitive to a misspecification of the error distribution. Again, we consider Eq. (IV.4)
with sample size equal to n = 10, 20, 50, 100, 200, 500 and 1000 and four possible error dis-
tributions (Gaussian, Student t6, extreme value and the Gaussian mixture 0.4N (−1.5; 0.92) +
0.6N (1; 0.62)). All the simulated datasets were analyzed with the Bayesian model specified in
Section IV.2.1 assuming a Gaussian error distribution with ODE parameter ke and precision of
measurement τ equal to their simulation values. According to the simulation results, the poste-
rior distribution for the ODE-adhesion parameter seems to be insensitive to the misspecification
of the error distribution (see Figure IV.6 and Table IV.3 for the Kullback-Leibler divergence
when then sample size is equal to 100). This result is consistent with the simulation results
obtained in Chapter III.
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Figure IV.6 – Sensitivity to a misspecification of the error distribution - Boxplot of estimated Kullback-
Leibler divergence (on the log10 scale) for sample size equals to 100 with four error distributions (Gaussian,
Student, extreme value and mixture of two Gaussians) used for the data generation. Gaussian distribution
used for the analysis of each simulated dataset.
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Table IV.3 – Sensitivity to a misspecification of the error distribution - Quantile at 5%, 10%, 50%,
90% and 95% of the log10 estimated Kullback-Leibler divergence for sample size equals to 100 with four
error distributions (Gaussian, Student, extreme value and mixture of two Gaussians) used for the data
generation. A Gaussian distribution was wrongly assumed in the analysis of each simulated dataset.

Error distribution

Gaussian Student Extreme value Gaussian mixture

Quantile

5% -2.40 -2.40 -2.40 -2.39
10% -2.36 -2.36 -2.36 -2.35
50% -2.24 -2.24 -2.24 -2.23
90% -2.09 -2.10 -2.10 -2.09
95% -2.04 -2.06 -2.06 -2.05

IV.3.4 Sensitivity to a ODE-model misspecification

For this simulation, we consider Eq. (IV.5) and simulate 1000 datasets with seven sample sizes
(namely n = 10, 20, 50, 100, 200, 500 and 1000) and parameters (ke, kcp, kpc, τ) = (5, 3, 2, 1000)
and a Gaussian error term. Each simulated dataset is analyzed with the Bayesian model spec-
ified in Section IV.2.1 wrongly assuming that the dynamic of the observed state function is
given by Eq. (IV.4). Figure IV.7 shows that, based on the Kullback-Leibler divervence, the
posterior distribution for the ODE-adhesion parameter is not sensitive to the model misspecifi-
cation for small sample sizes (n = 10 and n = 20). The ODE-model misspecification is clearly
detected when the sample size is at least 100. Note also that the posterior distribution for
the ODE-adhesion parameter appears to be sensitive to the sample size when the ODE-model
misspecification is detected.
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Figure IV.7 – Sensitivity to ODE-model misspecification - Boxplot of the Kullback-Leibler divergence
(on the log10 scale) estimated from data generated using a bi-exponential decay model while an exponential
decline one was (wrongly) assumed in the analysis. Figure on the right is a zoom for large sample sizes.

IV.4 Application

The selection capabilities of the ODE-adhesion parameter is illustrated on the pharmacokinetic
dataset Indometh (Kwan et al., 1976) available in R.

IV.4.1 Data and objective

The Indomethacin dataset was presented in Section I.2.2.2. The evolution of the concentration
of the drug in blood on the six subjects is given in Figure I.2.
The goal of this study is to confirm that the kinetic of Indomethacin after a bolus intravenous
injection is modeled by a 2-compartment intravenous bolus model and that the 1-compartment
intravenous bolus model fails to describe the kinetics of the drug in the plasma.
In the 1-compartment intravenous bolus model, the entire body is assimilated to a unique central
compartment of volume V > 0 where the dynamic of the concentration x (t) is described by
this differential equation: 

dx

dt
(t) = −kex (t)

x (0) = D
V
,
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where D is the intravenous dose and ke the rate of elimination of the drug from the central
compartment.
The 2-compartment intravenous bolus model arises when a part of the drug in the central
compartment passes through a peripheral compartment. Let x1 (t) denote the concentration of
drug in the central compartment of volume V and x2 (t) the amount of drug in the peripheral
compartment at time t. A part of the drug is eliminated from the central compartment with
rate ke, another part goes to the peripheral compartment at rate kcp and comes back in the
central compartment at rate kpc. In this setting, only the concentration of drug in the central
compartment is usually observed. The system of differential equations with the initial conditions
is: 

dx1

dt
(t) = − (ke + kcp)x1 (t) + kpc

V
x2 (t)

dx2

dt
(t) = kcpV x1 (t)− kpcx2 (t)

x1 (0) = D
V

x2 (0) = 0.

For this model, it is supposed that ke, kcp, kpc and V are positive with kcp > kpc. An analytic
solution of this dynamic system exists and is available in Bonate (2011).

IV.4.2 Bayesian model

For the 1-compartment intravenous bolus model, the concentration of Indomethacin in blood
is approximated x̃ (t) = V −1 (B (t))T c using a 5-order B-spline basis function expansion with
knots at each tenth between 0h and 8h. The Bayesian model is:


yk|c, τ, V ∼ N

(
V −1 (B (tk))T c; τ−1

)
p (c|γ, ke, V ) ∝ exp

(
−1

2
(
cTV1c− 2cTv1

))
γ11, τ ∼ G (1; 10−8) ,

where c are the spline coefficients, γ11 is the ODE-adhesion parameter, V1 = R (ke, V, γ11) +
Σc
−1 and v1 = Σc

−1µc (see Appendix II.A for the construction of R (ke, V, γ)). The first
component of µc is set equal to D and the corresponding precision in Σc

−1 to 1010. The other
components in µc and Σc

−1 are null. Note that the ODE-adhesion parameter γ11 is related
to the variation of drug concentration in the central compartment. We parameterize the PK
parameters in the log-scale with Gaussian random effect at the subject level: lke and lV are
the log population parameters and τlke and τlV are the respective precisions of random effects.
For the 2-compartment intravenous bolus model, the drug concentration in the central com-
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partment is approximated by x̃1 (t) = V −1 (B (t))T c1 and the amount of drug in the peripheral
compartment is approximated by x̃2 (t) = (B (t))T c2. As before, we use a 5-order B-spline
basis with inner knots at each tenth between 0h and 8h. The Bayesian model is:


yk|c1, τ, V ∼ N

(
V −1 (B1 (tk))T c1; τ−1

)
p (c1, c2|γ21, γ22, ke, kcp, kpc, V ) ∝ exp

(
−1

2
(
cTV1c− 2cTv1

))
γ21, γ22, τ ∼ G (1; 10−8) ,

where cT =
(
c1

T , c2
T
)
, V1 = R (ke, kcp, kpc, V, γ21, γ22) + Σc

−1 and v1 = Σc
−1µc (see Ap-

pendix II.A for the automatic construction of the penalty matrix). The first component of µc
is set equal to D, the (K1 + 1)th component of µc to 0 and the corresponding precision in
Σc
−1 to 1010. The other components in µc and Σc

−1 are set to zero. Note that in the original
ananlysis made in Kwan et al. (1976), the intravenous dose was not taking into account to fit
a bi-exponential model. The ODE-adhesion parameter γ21 is related to the variation of drug
concentration in the central compartment while γ22 is related to the variation of drug amount
in the peripheral compartment.
We parameterize the PK parameters in the log-scale with Gaussian random effect at subject
level: lke, lkcp, lkpc and lV are the log population parameters and τlke , τlkcp , τlkpc and τlV are
the respective precisions of random effects. As the drug cannot be eliminated from the periphal
compartment more than it is absorbed, we also force kcp to be larger than kpc .
Note that taking the same prior distribution for all ODE-adhesion parameters indicates that
one has the same prior confidence in each proposed system of differential equations. Please
note also that working with a penalized mixture of Gaussian distributions is here unnecessary.

IV.4.3 Results

For the two models, a chain of length 10000 was run after a burn-in of 1000 iterations for all the
parameters using the Metropolis-within-Gibbs algorithm described in Chapter II. Figures IV.8,
IV.9 and IV.10 shows the traces and the histograms for all the population parameters. Con-
vergence for each variable was confirmed by the Geweke’s convergence diagnostic.
Model selection is made by comparing the prior and the posterior distributions of the ODE-
adhesion parameters γ11 and γ21. These two parameters are related to the variation of drug
concentration in the central compartment. Figure IV.11 shows on the same graph the his-
togram of the MCMC chain for the ODE-adhesion parameter γ11 (light grey), the histogram
of the MCMC chain for the ODE-adhesion parameter γ21 (dark grey) and their common prior
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distribution on the log10 scale (black solid curve). The posterior distribution for the ODE-
adhesion parameter γ21 is similar to its prior distribution suggesting that the 2-compartment
intravenous bolus model reasonably describes the dynamics of the plasma concentration of
Indomethacin. The histogram of the ODE-adhesion parameter γ11 (on the log10 scale) is bi-
modal: one mode is centered around 7 and the other is located close to 2. This suggests that
the dynamics of the concentration is only partially modeled by the 1-compartment intravenous
bolus model. Table IV.4 gives the Kolmogorov-Smirnov statistic, Cramér-von Mises statistic,
Anderson-Darling statistic and Kullback-Leibler divergence for the log10 ODE-adhesion pa-
rameters log10 (γ11) and log10 (γ21). It confirms the preference for the 2-compartment model.
Note also that the posterior probability that γ21 is larger than γ11 is estimated by 0.9539. It
suggests to select the 2-compartment intravenous bolus model to describe the dynamics of the
plasma concentration of Indomethacin.
The scatter plot of the posterior predictive residuals versus the mean predictive concentra-
tions does not clearly indicate any trend (Figure IV.12). The two outliers are for subject 2.
Figure IV.13 gives the pointwise 80% and 95% quantile of the fitted individual plasma con-
centration of Indomethacin: the fitted concentrations are in close agreement with the observed
ones. Figure IV.14 gives the pointwise 80% and 95% quantile for the fitted individual peripheral
concentration of drug: the maximum peripheral concentration is reached after one hour. Fig-
ure IV.15 provides the pointwise 80% and 95% quantile of the predictive plasma concentration
of Indomethacin for each subject. Only two observed drug concentrations (for subject 2) are
outside the 95% predictive credibility interval which is compatible with the expected coverage.
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Figure IV.8 – Traces and histograms for log10 (τ), log10 (γ21) and log10 (γ22).
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Figure IV.10 – Traces and histograms for log (ke), log (kcp), log (kpc) and log (V ).

Table IV.4 – Kolmogorov-Smirnov statistic, Cramér-von Mises statistic, Anderson-Darling statistic and
Kullback-Leibler divergence for the log10 ODE-adhesion parameters log10 (γ11) and log10 (γ21).

Model

Divergence measure 1-compartment IV bolus 2-compartment IV bolus

Kolmogorov-Smirnov 7.62e-1 1.07e-2
Cramér-von Mises 2.56e+3 2.48e-1
Anderson-Darling 4.76e+4 1.46
Kullback-Leibler 6.03 2.98e-3
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Figure IV.13 – Pointwise 80% (dark grey region) and 95% (light grey region) credibility intervals for
the fitted plasma concentration of Indomethacin with pointwise median (black solid curve) and observed
concentration of Indomethacin (solid circles) versus time for the six subjects.
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Figure IV.14 – Pointwise 80% (dark grey region) and 95% (light grey region) credibility intervals for
the fitted peripheral concentration of Indomethacin with pointwise median (black solid curve) versus time
for the six subjects.
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Figure IV.15 – Pointwise 80% (dark grey region) and 95% (light grey region) posterior predictive
credibility intervals for the plasma concentration of Indomethacin with pointwise posterior predictive me-
dian (black solid curve) and observed concentration of Indomethacin (solid circles) versus time for the six
subjects.
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IV.5 Discussion

We have presented a strategy based on Bayesian ODE-penalized B-spline approach where the
suitability of a system of differential equations to model the dynamics of a state function is
assessed and quantified by the comparison of the posterior distribution for the ODE-adhesion
parameter with its prior. To our best knowledge, it is the first time that penalty parameters in
a smoothing approach are used to assess the suitability of a model.
This Bayesian ODE-penalized B-spline approach also enables to select competing ODE-models
by comparing the posterior distributions of the ODE-adhesion parameters. The ODE-model
selection was feasible in the frequentist ODE-penalized B-spline approach, but compared to
the Bayesian approach, uncertainty measure about the selection is not available and the ad-
justed/selected value of the ODE-adhesion parameter does not statistically validate or discard
the proposed ODE model.
The comparison of the posterior distribution for the ODE-adhesion parameter with its prior
is either made through visual comparison between the histogram of the posterior distribution
and the prior density function or by the use of divergence measures. Simulations confirm the
suitability of ODE-adhesion parameters to select ODE models. It has also highlighted that
the Anderson-Darling statistic and the Kullback-Leibler divergence are more likely to detect a
difference between the prior and the posterior distribution for the ODE-adhesion parameter.
We recommend to combine that strategy with other established analysis such as residual in-
spection.
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The aim of the thesis was to introduce a Bayesian smoothing approach for the resolution of
systems defined by differential equations. The proposed methodology can either be viewed as
a generalization in a Bayesian setting of the approach proposed in Ramsay et al. (2007) or as
an adaptation of Bayesian P-splines (Lang and Brezger, 2004).
This approach is based on an approximation of the state function using a linear combination of
the elements of a B-spline basis, combined with a prior distribution for the spline coefficients
that counter-balances the flexibility of the fitted curves/trajectories using a penalty term related
to the system of differential equations under consideration.

Main contributions

This thesis focuses on two main points: the development of a fully Bayesian approach for
making inference in models specified using systems of affine differential equations when the
error distribution is homogeneous (Gaussian or mixture of Gaussian/Student distributions)
and the validation/selection of systems of differential equations. The following contributions
have been introduced in this thesis:

• Chapter II proposes a fully Bayesian model based on ODE-penalized B-spline approach
to jointly estimate the state functions, the ODE parameters and the precision of measure-
ments when the ODE model is affine and the conditional distributions of the responses
are assumed Gaussian.
The method was also extended to deal with hierarchical studies where, for example, sys-
tems are observed on multiple subjects. This hierarchical extension is not available for
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the frequentist proposal made by Ramsay et al. (2007).
Our study of the Bayesian ODE-penalized B-spline model highlighted the important role
played by the selected prior distribution for the spline coefficients and the necessity to
include the complete normalizing constant of that prior in the calculation of the joint
posterior.
The proposed model formulation enables to include some prior information about the
ODE parameters and the precision of measurements. It is also possible to include prior
uncertainty with respect to the initial condition of the state functions.
In contrast to the frequentist approach, the selection of the ODE-adhesion parameters is
automatic and is intrinsically included in the model.

• The case where the data distribution is homogeneous but unknown was considered in
Chapter III. There, the non-gaussianity was managed either through a penalized mixture
of Gaussian distributions or through a penalized mixture of Student distributions.
The combination of the Bayesian ODE-penalized B-spline approach with penalized mix-
ture of Gaussian or Student distributions has the advantage of not forcing the user to
specify a particular distribution for the error terms.
Such assumptions on the error distributions are convenient as conditionally on latent
variables, one is back to the standard setting assumed in Chapter II.
Of course, such specifications can be used in any problem where an unknown homoge-
neous distribution is involved, like for example in semi- and nonparametric regression
models.

• Chapter IV focuses on the ODE-adhesion parameter and its ability to help in the vali-
dation or the selection of ODE models. To our best knowledge, it is the first time that
penalty parameters are used in that way.
Based on the comparison between the prior and the posterior distribution of the ODE-
adhesion parameters, it is possible to confirm or deny that the dynamics of the observed
state functions is driven by a set of differential equations. This comparison is made using
a visual inspection whereas selection is performed either using divergence measures or
posterior probabilities. This validation of systems of differential equations was not avail-
able in the frequentist ODE-penalized B-spline approach.
Furthermore, when selecting competing ODE models, uncertainty measure with respect
to the selection of one model against competitors, is available in a Bayesian setting.

138



Conclusion comments

Further research

Many challenges / difficulties remain to be overcome. They can be pooled into six categories:

• The first challenge focuses on the limitations of the Gaussian or penalized mixture of
Gaussians assumption for the distribution of error terms: the conditions of existence of
the state functions are not necessarily respected (e.g. positiveness). Alternative methods
should be developed while keeping the advantages of the marginalization of the joint
posterior distribution with respect to the spline coefficients. Observation models could
be investigated. There, the observations {yjk; j ∈ J; k = 1, . . . , nj} are related to the
state functions using observation functions {hj (·) ; j ∈ J} and some measurement error
{εjk; j ∈ J; k = 1, . . . , nj}:

yjk = hj (x (tjk)) + εjk.

• The case of homogeneous distribution for the error terms is also too restrictive. Two
strategies can be considered to manage this issue.

– The first one would be to express the precision of measurement as a smooth function
of time. The log of the precision of measurement could be expressed as a linear
combination of B-splines with the flexibility counter-balanced by a roughness penalty
computed based on the integral of the square of the first, second or third order
derivative. When only one state function is observed, the model specification for the
precision of measurement could be given by:

log (τ̃ (t)) = (Bτ (t))T cτ
p (cτ |γτ ) ∝ exp

(
−γτ2 PEN τ

)
.

where is Bτ (t) the vector of B-spline basis functions evaluated at time t, cτ is
the vector of spline coefficients, PEN τ is the roughness penalty term and γτ the
roughness penalty parameter. This generalization appears quite manageable, in
the sense that the conditional posterior distribution for the spline coefficients used
for the approximation of the state functions will be again a multivariate Gaussian
distribution. Thanks to that, the joint posterior distribution still can be marginalized
with respect to these spline coefficients. The order of the penalty must also be
selected in the penalized B-spline model for the precision. The first order would
be preferred when testing homoscedasticity, while 2nd or 3rd orders would provide
more flexibility.
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– A second strategy would directly relate the variance of the error terms to the cor-
responding state function. In this case, the joint posterior distribution cannot be
easily marginalized with respect to these spline coefficients. Therefore, new proce-
dures have to be put in place to manage the posterior correlations between the ODE
parameters and the spline coefficients.

• The actual procedure for the validation / selection of systems of differential equations
using the ODE-adhesion parameters have revealed some limitations:

– The actual recommended prior distribution for the ODE-adhesion parameters (i.e. a
gamma distribution with shape equal to one and rate smaller than 10−6) seems too
restrictive for small sample sizes. In such a setting, the posteriors of these parameters
cannot differ for their priors even if the proposed ODE model is not adapted to the
dynamic of the state functions. The proposal made by Jullion and Lambert (2007)
is a possible starting point. There, the lack of flexibility in a standard Bayesian
P-spline model was countered either by the specification of a hyperprior distribution
for the rate of the gamma prior distribution for the ODE-adhesion parameter or by
using a mixture of gamma distributions with equidistant rates on the log10 scale.

– The ODE-validation is made by a visual inspection. More sophisticated methods
could be developed.
One possibility could be to consider a mixture of two gamma distributions for the
prior distribution for the ODE-adhesion parameter with one component of the mix-
ture that expresses the prior confidence in the proposed ODE model and the other
one that expresses no prior belief in the ODE model. Even if no prior belief on the
ODE model is introduced on a vague gamma prior distribution, some smoothing
is nevertheless performed, which leads to a posterior distribution for that ODE-
adhesion parameter that significantly differs from its vague prior.
One other possibility could be to look after the effective number of parameters.
Indeed, the larger the penalty on the spline coefficients, the smaller the effective
number of parameters. However, in order to take a decision, one will need to select
a critical value for the number of parameters under which the ODE-model will be
declared to be a valid descriptor of the dynamics of the state functions.

• Before collecting the data, attention should be given to the experimental design to avoid
poor parameter estimation and/or avoid ineffective model-validation (Retout and Men-
tré, 2003). Optimal design strategies based on the Fisher Information matrix have to
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be extended to the (frequentist) ODE-penalized B-spline approach. There, the Fisher
Information matrix is

MF (ψ, ξ) = E
(
−∂

2J (ψ,y)
∂ψ∂ψT

)

where J is the log-penalized likelihood defined in Eq. (II.3), ψT =
(
θT , τ T ,γT , cT

)T
is

the vector of all the parameters and ξ represents the design, i.e. the vector of all the
times of measurement. Traditionally, the determinant of the Fisher information matrix
(D-optimality criterion, see Wu (1978) for other optimality criteria) is optimized with
respect to ξ for a given prior value of the vector of parameters ψ. Reasonable prior value
are usually easily to select for the ODE parameter θ and for the precisions of measurement
τ . For the ODE-adhesion parameters γ, large values will indicate our prior confidence
in the ODE model to further describe the dynamic of the upcoming data. But for the
spline coefficients, prior values are not easy to select. Therefore, we recommend to start
from the marginal likelihood after integration of the spline coefficients. Note that in
contrast to existing approaches, the ODE-penalized B-spline approach won’t require a
Taylor expansion.

• The Mathematical models are not exact. Therefore, some modelling discrepancies have to
be part of the model (Varziri et al., 2008). There, modelling errors are considered using
system noise η (t) in the dynamic model:

dx

dt
(t) = f (x, t,θ) + η (t) ,

where the covariance matrix of the system noise is supposed to be known. The Bayesian
ODE-penalized B-spline approach should be extended to this stochastic differential equa-
tions case: the differential equation operators used for the penalty terms are in fact just
the system noise.

• The actual proposed Bayesian approach was focused on the affine ODE case. It enabled
us to highlight the fundamental role of the normalization constant

K (θ,γ) =
∫
p (c|θ,γ) dc

in the prior distribution of the spline coefficients. There, this constant has an explicit
expression (see Section II.3.1). For nonlinear systems of differential equations, explicit
expressions for the ODE-penalty term and for the normalization constant will not be
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available anymore. Numerical approximations of these integrals will be required.
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