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Abstract

This study analyses the impact of volatility clustering in stock markets on the evaluation and
risk management of equity indexed annuities (EIA). To introduce clustering in equity returns,
the reference index is modelled by a diffusion combined with a bivariate self-excited jump pro-
cess. We infer a semi-closed form or parametric expression of the moment generating functions
in this framework for the equity return and the intensities of jumps. An econometric procedure
is proposed to fit the model to a time series. Next, we develop a method, based on a normal
inverse Gaussian approximation of the index return, to evaluate options embedded in simple
variable annuities. To conclude, we compare prices, one-year value at risks, and tail value at
risks of simple EIAs, computed with different models.
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1 Introduction

Significant volumes of equity indexed annuities (EIA) are sold in the US insurance market. They
provide a guaranteed annual return combined with some participation in equity market appreciation.
Participation in an equity index is offered by guaranteeing a specified proportion (the participation
rate) of the return on an index, with a floor and a cap. The valuation of options embedded in EIAs
and the wide variety of EIAs is at the origin of abundant literature. Bacinello (2003) and Bauer
et al. (2008) proposed a unified framework to evaluate variable annuities. Milevsky and Salisbury
(2006), and Dai et al. (2008), studied the valuation of guaranteed minimum withdrawal benefits.
Hardy (2003) presented an overview of various investment guarantees. Much attention has been
given to the EIAs valuation under the Black-Scholes framework, including studies by Tiong (2000),
Lee (2003), and Lin and Tan (2003). Recently, researchers investigated the influence of alternative
dynamics on EIA prices. For example, Gerber et al. (2013) appraised equity-linked death benefits
in a jump diffusion setting. Siu et al. (2014) and Fan et al. (2015) evaluated EIA when the reference
index was a switching Brownian motion. Kelani and Quittard Pinon (2014), and Ballotta (2009)
studied ratchet options when the underlying asset is led by Lévy processes.

Jumps or Lévy processes capture stylized features of stock market dynamics like negative skew-
ness and an excess of kurtosis. However, they have stationary increments and thus do not exhibit
any clustering of large jumps. On the other hand, empirical analysis conducted in Ait-Sahalia et
al. (2015) and Embrechts et al. (2011) emphasize the importance of this effect in financial markets.
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Clustering is not characterized by a single jump but by the amplification of movement that takes
place subsequently over several days. However, to the best of our knowledge, most of the models
commonly used for the pricing of EIAs do not integrate this characteristic. This observation moti-
vates the developments proposed in this work.

We model the EIA index by a jump diffusion combined with a mechanism of mutual excitation
between positive and negative shocks to introduce clustering of volatility in equity returns. Such
an approach was introduced in the econometric literature by Ait-Sahalia et al. (2015), Giot (2005),
Chavez-Demoulin et al. (2005), and Chavez-Demoulin and McGill (2012), and is based on Hawkes
processes (see Hawkes (1971a), (1971b), or Hawkes and Oakes (1974)). These are parsimonious self-
exciting point processes for which the intensity jumps in response to a shock and reverts to a target
level in the absence of an event. Hawkes processes are increasingly integrated in high frequency
finance. Examples include modelling the duration between trades (Bauwens and Hautsch, 2009),
and the arrival process of buy and sell orders, as in Bacry et al. (2013).

This study contributes to the literature on variable annuities in several ways. Firstly, the pro-
posed model allows for volatility clustering, a feature that is absent from most of the previous
studies on EIAs. Secondly, we find semi-closed form expressions for the moment generating function
(MGF) of the index, and of the intensities of jump processes. When the positive and negative jumps
are self-excited but mutually independent, we show that these MGFs admit parametric closed form
expressions. Thirdly, an econometric method to fit the model to the time series is developed. This
study also introduces a method to evaluate options embedded in simple variable annuities based
on a normal inverse Gaussian approximation of the index return. Finally, we conduct a complete
numerical illustration in which prices and risk of EIA linked to the S&P 500 are assessed. The
results are then compared to those obtained with pure jump diffusion and lognormal models.

The rest of the paper is organized as follows. The second section presents the dynamics of the
reference index and its characteristics. The third section details the econometric procedure to esti-
mate parameters from a time series. Section 4 focuses on the pricing of EIAs. The last section is a
numerical application in which we quantify the impact of volatility clustering on prices and risk of
ElAs.

2 The mutually excited jumps diffusion model (MEJD)

ETAs are saving instruments that provide some participation in equity market appreciation. This
section describes the dynamics of the stock index that serves as a reference for the determination of
the ETA participation rate. The mechanism of the ETA is detailed later in section 4. We consider a
complete probability space (€2, F, P) that is equipped with the filtration F;, generated by an equity
index, Sy . The dynamics of S; is defined by the following stochastic differential equation SDE:

dsS;

5 = pedt + odWyi + (et — 1)dN} + (e72 — 1)dN? (1)

where W; is a Brownian motion and o is the related constant volatility. N} and N? are two
independent point processes with intensities denoted by A} and A\2. J! and J? are positive and
negative exponential Jumps, respectively. The drift of S; is such that the expected instantaneous
return is constant and equal to u:

pe = i — ME(e —1) — N2E(e’ — 1). (2)



The densities of exponential jumps, denoted by (v;(2)),_; o , are defined by two parameters p1, pa €
R* as follows:

v(z) = pie "1, (3)
va(z) = pae PPl gy
The average sizes of jumps (.J;);_; o are equal to E(J;) = p% and E(J2) = —p%. In the following
developments, the moment generating function of these jumps are noted:
1 zJ P1
z) = E(ef)=—— 2<
v (2) (e*1) P p1
2 zJ p2
z) = E(ef?)=—"— —p3<z.
V7 (2) (e72) o

The clustering of shocks is modelled by the assumption that the frequencies depend on the jumps
themselves:

A\l = ki(cr — \)dt + 011 1N} + 61 92 d N2 (4)
A2 = ko(cy — A2)dt + 621 J1dN} + 59.5J5dN?

and revert to a constant level ¢ 2 at a speed k1 2. The constraints, 1,1, d2.1 > 0 and d22, d12 <0,
are added to ensure the positivity of A} and A\?. We call this model the mutually excited jumps
diffusion model (MEJD) in the remainder of the article. Equations (4) ensure the presence of con-
tagion between positive and negative jumps.

The intensities are assumed to be observable. This assumption is not penalizing because jumps
are detectable by a “peak over threshold” method and the paths of A\} and A\? can be retrieved by
a log likelihood maximization. These points are detailed and illustrated in section 3. In the next
developments, the infinitesimal generator of S; of a real function f(t, Sy, A}, A?) is defined by the
following expression:

AF(t, 50 0) = fuk S fs + 50*SE s+ 3 rilei = X) fu o)

i=1,2

+)\%/ Ft, Se4Si(er = 1), A + 0111, A +02,101) — [ — (€2 = 1)S; fs v1(dz)

—00

+A§/ f(t, S+ Se(e® — 1), N +612d2, Af + 02002) — f — (€% — 1)S; fs 1a(d2)

—00

where f; , fs, fss, and f\, are partial derivatives with respect to time, to S¢, and to )\1}’2, respectively.
On the other hand, the infinitesimal variation of f is ruled by a SDE:

. 1 )
_ 7 Ji 2q2 o i
df = ft+MSth_¢:§12/\tE(e _1)Stf5+§a Si fss+i:§12f€z(0z—)\t)f>\i dt +
fso dWi+ [f (t, Se+ Se (e’ = 1), \f + 6111, Af + 62.101) — f] AN} (6)

+ [f (¢, Se+ Sy (e = 1), M + 61202, Af + 0222) — f] ANE.

It is then easy to show that if f =1In S, the dynamics of the log stock index is provided by:

1 ) .
dlnS, = (u - 202> dt+odWi+ Y (JidNf —E(e” — 1)Aidt) (7)
i=1,2



and that S; is the product of two exponentials, one related to the Brownian motion and one to the
jump processes of the log return:

t 1 t
Sy = Spexp </ /L—O'QdS-i-/ UdW5> (8)
0 2 0
X exp Z:/JdNZ Z/ Aids
1=1,2 1=1,2

On the other hand, we can show by direct integration of equations (4) that A} and A\? are given by:
t t

A= ate (A —a)+ / e =95y 1 i dN} + / e =95, 5 JhdN? (9)
0 0

t t
)\% = o+ e fat ()\(2) — 02) +/ e_nz(t_s)ég’lJlstl —|—/ 6_’{2(1:_5)52721]26”\752 .
0 0

These expressions allow us to calculate their expectation, detailed in the next proposition:

Proposition 2.1. The expected values of \} and \? are given by

E (M |F %(e'm—l) 0 _1( Kic
(Eg)‘%’fgg) B V( 0 l(eWt—l)>V1</€;c;) (10)

Y2
671t 0 -1 )\6
() (O
where V' is a matriz
di2 di2
Vo= ( 01,1 P2 01,1 P2 ) : (11)
pT —R1—mM pT —R1—72

If we denote

2
A = ((5272 @>+<5171_,§1)> _ G2 di2
P2 P1 p1 P2

then v1, o are constant and defined by

d22 011 ) 1
= —(—|——-——"+(k1+K + A, 12
el o R CRES) IS ¥ 12)

1) 0 1
Yo = —<22— 11 (/{1+/€2)>—2\/K.

2\ p2 p1

Proof. We first calculate the expectation of equations (9):

E(M|Fo) = er+e ™ (A — )+5;1 / e MR (M| F) ds
1 Jo

012
P2 Jo

t
E(M|Fo) = cote ™ (A\—c2) + 5;’1 / e~ 2= (A Fy) ds
1 Jo

t
—622/ e r2(t=9) (/\3\}"0) ds
0

P2

t
e =R (A2|Fy) ds
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Next, we derive these expressions with respect to time and find that E (A\{|F) and E (A}|F) are
solutions of a system of ordinary differential equations (ODE’s):

) < E (\|Fo) ) _ R <E(Ag|f0) >+ < K101 ) 13)
8t E ()\%U:O) 62—’1 —K9 — 5;—22 E()\?U:Q) KR92C9

p1

M

Solving this system requires the determination of the eigenvalues v and eigenvectors (vy,vy) of the
matrix M. We know that these eigenvalues cancel the following determinant

01,1 01,2
W)
P1 P2

and are a solution of a second order polynomial

) ) 091 0
= () ) (o))
£1 P2 P11 P2

if the discriminant A is positive

B} 5 2 6210 5 B}
A:(M_M(m@)) _4<_(_) (m 2’2>>>0
P2 P1 p1 P2 P1 P2

then v; and v are given by equations (12). Eigenvectors of the matrix M are orthogonal and such

that
011 _ 012
—hR1 Tt 7 P2 U1 - 0
92,1 ey — 22 ~y V9 '

p1 P2

v di2
1\ _ .

< i )— 51}1 P2 2—1,2.
V2 > T k1Y

Finally, if D = diag(y1,72) and V is the matrix of eigenvectors, the matrix M in equation (10)
admits the following decomposition

Then we infer that

911 _012
’€15+ P 026 == VDV_l.
92,1 gy — 222
p1 p2

If we deﬁne
<U] > ‘, 1<E(At"‘ 0) >
u9 E ()\Qt“ ()) ’

the system (10) can be rewritten as two independent ODEs

0
(1) GNE)-) e
Hru2 0 7 u2 K2C2

If we introduce the following notations,

Vil K1C1 _ €1
KR92C9 €9
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the solutions of ODEs (14) are given by

€1

w(t) = — (et —1)+dye™
1(t) - ( ) +d
ug(t) = =l (€' — 1) + dpe™*
72
)\1
where d = (dy,dz)" is such that d = V1 ( )\8 ) Then we can conclude the solutions of ODE’s
0

(13) are given by (10).
O

According to this result, the model is stable, in the sense that the limits of A} and A? exist when
t — 400, iff v1 and 5 are negative. In this case, the asymptotic expectations of intensities are equal

to
. E (M| Fo) ) -L 0 . < K1c1 )
lim ¢ =V m 1% . 15
{00 ( E (A2]Fp) 0o L Koo (15)
The probability density function of the MEJD has no closed form expression. However, the moments
of Sy are computable by the next proposition.
Proposition 2.2. The 8 moment of St for T > t, is an affine function of intensities ()\f‘:)izl 9’

B((50)"17) = Sleap | AT+ 3 BT O (16)

where A(t,T, ), Bi(t,T, ) and Ba(t,T, ) are solutions of a system of ODFEs:

0 1

G A= —mB— 58810~ i;Q Kic; B; (17)
0 B B P1 1 _

aBl = x5y (Pl — (B4 B1011+ B262.1) 1=A i) 1>> (18)
0 B _ P2 1 _

aBz = Ko By (p2 B+ Brora+ Badas) 1— B (¢2(1) 1))

with the terminal conditions:
A(T> Ta 6) = Bl(T7 Ta B) = BQ(T7 T7 B) =0.

Proof. Let us define Y; := E ((ST)B ].7-}). As F; € F, for any u > t, applying the rule of conditional
expectations leads to:

Y, = E(E((ST)6|]:u) \Ft)
= E(Yu|]:t)

Then, by assuming enough regularity to allow one to take the limit within the expectation, the
following limit converges to zero:

E(Y,|F)-Y,
lim Eu [ F) = Ve 0, (19)

u—t u—t
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in which the left term is the infinitesimal generator of the MGF. Let us denote f(t, S, Af, \?) := Y,
and f; ,fyi ,fs ,fss the partial derivatives of f with respect to time, intensities and the risk asset.
The equation (19) is equal to Af = 0 or after developments to:

1 )
0=fo+pSifs+50°5 fss+ 3 milei =) fu (20)
1=1,2

+)\t1/ f(t, Sie*, \p + 0112, \f + 0212) — f — (e — 1)S; fs v1(dz)

—0o0

+A§/ F(t, See® M+ 6102, A] + 02.02) — [ — (€2 — 1)S; fs va(d2)

—0o0

and f satisfies the terminal condition:
F(T, Sp,\r) = S (21)

In the remainder of this proof, f is assumed to be an exponential affine function of \i:

fo= Slexp | At,T,B)+ Y Bi(t,T,B)\;
i=1,2

where A(t,T,3) and Bj—12(t,T,3) are functions of time and of 8. Under this assumption, the
partial derivatives of f are given by:

) o
fe = mA+i:Zl:2 aBi At ] 9,
: 55 -1
fs=gl fss=g i fu=Bis,

and the integrals in the equation (20) are rewritten as:

/OO F(t, See®, AL+ 8112, A2+ 0012) — f — (€8 — 1)S, fs 1 (d2)
s f@W1(B+Bid1,1+ Badar) —1— B (¢i(1) — 1))
/OO F(t, See* AL+ 8102, A2+ 002) — f — (¢F — 1)S, fs a(dz)
s fW2(B+ Bid1,2+ Badag) —1— B (¢2(1) — 1))

Inserting these expressions in the equation (20) leads to the following SDE that is satisfied only if
the system of equations (17) and (18) holds:

0 1
0= giA+ 8+ 38—+ 3 meil (22)
1|0 5 P1 1 _
+A; [(%31 k1 B1 + <,01 “(B+ Brovs + Bador) 1— B (¥1(1) 1))]
2|0, P2 11— _
+A; [8tB2 ko Ba + (,02 (B4 Bi012+ Bsdsz) 1— B (¢2(1) 1))]



Note that when 8 = 1, the equations (17) and (18) simplify as follows:

QA =—pu— Z Kici B (23)

1=1,2

0 P1
— B = B -1 1)—-1
grot T ML (m — (14 B1 611+ B202,1) W) >>

0 P2
—B By — -1 1)—-1
gr2 T 2R </02 + (14 By 012+ Bad22) (W2(1) >>

and it is easy to check that B = 0 is a natural solution. In this case, as we could expect, A(t,T) =
w(T —t) and E(S7) = e#T=%. For any other value of 3, equations (17) and (18) can be solved
numerically by an Euler discretization method. If there is no cross dependence between positive and
negative jumps (612 = 621 = 0), there exist parametric closed form expressions for A , By and Bs.
They are given by the next proposition:

Proposition 2.3. Let us assume that 012 = d2,1 = 0 and define the following constants:

Q= (Iﬁ?iﬂi + ri(—1)18 — (—1)i5¢7i (14 B (¢i(1) — 1))) i=1,2

Qg iR

s o = pi(=1) 84, i = 5 and ¥, = % fori=1,2. Then the functions A and B;—1 > admit
1, i

a parametric form:

a2,

1
B;(ti(u),T,B) = (—1)id; {alﬂ'(u —1)

(it <—1>Zﬂ)] , (24)

AwT) = (w4 3p6- 00 ) -0+ X [ eBiuo. 1 o0 @)

i=1,2" Ut

where t;(u) is a function linking the time t to a parameter u as follows:

1

L) = T-— iln lz(u “1) (pi + (1)) (ugz —Up,; — ’Yl,i) 3 | %)

i ag g u? — U=,

-1 2up,;—1 . -1 2u—1
1 tan (\/—471,i—1> tan <\/_4'71,i—1)
Ki V4 — 1

The constants ug; = 1+ ﬁ and uy; are such that t;(uo;) =T and t;(us;) =t. The integrals
in the definition (25) of the function A(t,T,[3) have the following closed form expressions:

uQ,;
/ e Bi(ti(u), T, B)dt(u) = (27)
Ut g
_ 1 KiCi0i < 1 ) n kici (pi + (=1)'8) In T — g,
Rigy: (pi+ (=1)18) \ (=100 \1—uo; 1 —u; (—1)%6, 1—uo,

U=UQ,;
2v1, + 1) tan ! | A —
Kiciag; 1 1 | ( (u—1)2 > (27 + 1) tan <\/_4’Yl,i_1>
_ = n _

(=1) 00 ki | 2714 (u—1Du =, i/~ — 1
u=uy
rici (pi+ (—1B8) 1 [1. 1 L 2u-1 o
- - — fln(u —u—’yl,i)-l-itan —_—
(—=1)%: Ki |2 V=4 — 1 V=i —1 .



Proof. From the previous proposition, we know that B;’s are solutions of ODEs:

0

o Bi = ki Bi —
ot "

Pi L i
<Pz‘ +(=1)"(B+ B; i) — =B w) 1)> 1,2, (28)

Let us define D;(t) = (pii + (—1)'8) + (— )6”3 (t,T,B). Then 2 B; ﬁg)tD and the
terminal condition on B; becomes D;(T) = p; + (—1)!3. The equations (28) are then rewritten as
follows:
; i(—1)"0; ; ‘
gDi = Ki(=1)"0s; B; — Pl 0 (=)0 1+ B(i(1)—1)) | i =1,2.
ot ’ D, ’
; pi(—1)"0; i '
= i (Di— (pi+(-1)'B)) - <(D) — (=)0 (1+ B (¢i(1) — 1))) i=12.
if we define a1 ; := (Hipz' + ki (—1)18 — (—1)1'(57;71- (1+ B (i(1) — 1))) and o = pi(—l)iéi,i, then the
dynamics of Dy is rewritten as:

DlgtDl = K; D? — 014 Di — Q25 1= 1, 2 (29)
We operate another change of variable: D;(t) = e ®(TDy;(t). Then & D; = k;D;+e (T8 2y, (¢)

and the terminal condition becomes y;(T) = p; + (—1)!8. The equation (29) is then equivalent to

3}
yzayz(t) = —aye™ Ty — g et = 1,2 (30)
On the other hand, let us define x;(t) = a“ft = %1 (e””(T_t) — 1). When t = T |
2;(T) =0, and y;(T) = p; + (—1)'8. As dzz = —ay e ), then
9y dy; O o (T—t) OYi
_ — gy e (M) OYi 31
ot om; ot M om (3D
Combining equations (30) and (31) leads to
Yi O _ yi + 2k etrilT=0) § — 1 9 (32)
8@3 au
and the left hand term can be reformulated as a function of x(¢) :
L Y 1 P T S (33)
Yi am’z Yi 0‘%,1’ ! il ’
or 5
Yi azz Yi = Y% + 24 0= 1,2 (34)

where 71 ; := O‘iﬁﬁi and g 1= % This last ODE is an Abel’s equation of the second kind. It is

1,

possible to find a parametric closed form solution using a method detailed in Zaitsev and Polyanin
(2003). The equation (34) is indeed equivalent to

y;
8:751- '

F(xi,yi,u) = yiv — y; — 71,i% — Y2, = 0 u= (35)



If we look for a solution of the form z; = z;(u) and y; = y;(u) , in accordance with the first relation,
we infer that:

Ovi _ __ Fu i _ __ub
ou  Fp, +uFy, ou  Fy, +uF,’
where F,, = g—fi =71, Fy, = g—i =u—1and F, = %—5 = ;. The solution of this system of ODE

18

“ z
yi(u) = 7ziexp ( /_OO P — dz) . (36)

where ~3; is a constant retrieved later from the terminal condition. On the other hand, from the
equation (35) (u — 1) y; — v2,i = 71,i%i, we can infer that

() = “o e (- / ’ 2Zdz> _ (37)

Ly —00 #7 T 2T My Y1,

At time T, by construction, we have that
(pi + (=1)'B) o — (pi + (=1)'B) — 72, =0

Let us assume ug; = 1+ (pﬁ(?w ,

then y;(ug;) = pi + (—1)!8 and 73,; must be equal to:

such that x;(ug,;) = 0 (this value of  corresponds to time T'),

36 = (pi + (=1)'8) exp (/ " ,22—;—71dz> . (38)

—00

And if we invert the order of integration (we will see later that if u — 1, t(u) — +oo and then,

U < Up; = 1+ MW), .iUz(t) and yz(t> become:

yi(u) = (pi+(—1)'B) exp (/uuo Zdz>,

22—z — M,i

wilw) = 1 (pi + (—1)'8) exp (/uuo Zdz) i

M,i 22—z — M,i M,i

where (this result can be checked by direct differentiation):

Z=ug,;

-1 221

wi L, tan <\/W)

27dz —1In (2 —z— 'yl’i) +
u Y =2 =My 2 \/—4’7171‘—1

Z=U

2 —_— ] — tanfl _ 2u—1
1 Ug; — U0,i — Vi 2 n v 47,1 \/—471,i—1
= In
I Ny

Qaq,i
Kq

|~
-t
Q0
b\
_
N
(&)
S
2
|
—

As by construction z;(u) = (e”i(T_t(“)) — 1) the value of time that corresponds to a value of u

is given by:

ti(w) = T— ;m (1 + ;liixi(u)> , (39)

)
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which corresponds to the equation (26). The expression (24) is derived from the definition of y;(u) :

Bi(t(u). T, §) = Ty (t(w) = (pi+ (1))

_
(=1)"6i,

and from w;(t) = 25 (e"i(T_t) —1). Thus, it remains to calculate the function A(t, T, 8) that is the
solution of equation (17):

A(t, T,ﬂ) = <,uﬂ + %B(IB — 1)02> (T — t) + Z /uo’i /ficiBi(ti(u),T,B)dt(u) .

i=1,27 Ut

The integral present in this last expression is developed as follows:

/uo’i kic;Bi(ti(u), T, B)dt(u)

_/u | chl(—l)iém [au(u— D — (pz +(—1) ﬂ)] I du

t,1

_ mciagji /uo’i 1 dtz(’u,) d KR;C; (pi + (—1)15) /uo*i dti (u)
(D Sy u du

Q—w) du " (—1)i6:.

du ,

t,i ti

and from the equation (39), we infer that

) =~ (A (B com) e L[ )

Ki 22—z =7,

as we have that

u=ug,;
) . 1 —1 2u—1
/uoyi u 1 | < (u— 1)2 ) ( Vi + ) tan ( /4'71,7;1>
== n —
u (u—1u—7y i/ =4, — 1

ti (1 - u) (UQ —Uu-— 71,i) 271,i

U=Ut ;5

/um u . L (2 W S i (5 e
———du = |[ZIn(u®—u—"1, —F——tan —
U (u2 —u — 71,i) 2 L /_4'7172- —1 A /—4'}’112‘ -1 —
O
In later developments, the MGF of intensities is needed for the pricing of variable annuities.

Proposition 2.4. For any real vector w = (w1, w2), the moment generating of wl)\%w—}—wg)\% 18 given
by the following expression

E | exp sz')\é" |Fi | =exp C(t,T,w)—l—ZDi(t,T,w))\iT
i=1,2 i=1,2

11



where the functions C(t,T,w) and D;=1 2(t,T,w) are solutions of a system of ODEs:

oC
% = — 2 mabi (40)
1=1,2
0D ( p1 >
— = g1D1— -1 41
ot . p1 — (D111 + D202,1) (41)
0Dq P2 )
92 _ Dy — _1
ot et <p2 + D612 + D2dop

with the terminal conditions
cT,T,w) = 0, D1, T w)=w;ji=1,2.

Proof. Let us denote f(t, A}, \?) =E (exp (Zi:LQ wMif) ].B), then f satisfies the next ODE,

0=fi+ > rilei—A) fu + / (f (t, A+ 6112, A8 + 02.12) — [ (£,M])) 1(2)

1=1,2
+/)‘? (f (ta )\% + 51,227)\? + (52722) —f (t, )\,52)) va(z)

If we assume that f is the exponential of an affine function of intensities,

FEN A =exp [ C(T,w)+ > Dit, T,w)A
i=1,2

then we can conclude in a similar way to the proof of proposition 2.2.
O

When there is no cross excitation between positive and negative jumps (d12 = d2,1 = 0), the
functions C' and D;—1 2 also admit a parametric form, which is described in the next proposition.

Corollary 2.5. Let us assume that 612 = 021 = 0 and define the following constants: o1; =
(fiipi — (—1)’51-7,-), ag; = pi(—1)"0ii , M1, = a;‘;m and vo; = <2, Then the functions C' and D;— 2
1,i )@

(63}

are equal to:

Difti(w), T,) = = 1;' 5 <a1’i?j’i_ 5 —m) (42)
C(t,T,w) =) "kiciDi(ti(w), T, w)dt(u) . (43)
i=1,27 Ut

where t;(u) is a function linking the time t to a parameter u as follows:

1

1 o , ud ;=g — i\ 2
t; = T-——1 : -1 ; -1 ’5“- i : ’
(u) Ki . a2¢(u )(pl—i_( ) w)( u? —u— 14




The constants up; = 1+ W(ZQW and wy; satisfy the relation ti(uo;) =T and t;(u.;) =t. The

integrals in the definition (43) of the function C(t,T,w) have the following closed form expressions:

/uo kic;D;i(ti(u), T, w)dt(u) =

tyi

_ 1 < /@icl-ozgyi ( 1 . 1 ) . RiCiPg n 1-— ut7i>
Ki Z;:Z (Pz + (_l)iéi,iwi) (_1)i5i,ial,i 1— gy 1— gy (—1)15” 1—up;

u=ug,;
271+ 1) tan ! | 2l —
KiCiag; 1 1 | ( (u—1)2 ) (27 + 1) tan <\/_4'Yl,i_1>
- —_— n —
(=1)%0 004 ki | 271, (u—1u—", i/ —471, — 1

U=us

- N~ 71 2 - - ;
1o n(u” —u—"y,)+

R Ci P4 1 1
2

u=1ug
1 _ 2u—1
——tan ! | ———
[dy ;-1 V- =1) -

The proof is similar to the one of proposition 2.3.

3 Econometric calibration of the MEJD

In the MJED model, jumps, and their intensities are not directly observable. On the other hand, the
density function of returns does not admit any closed form expression. Thus, the parameters cannot
be estimated by maximization of the log-likelihood. However, several alternatives exist with different
levels of accuracy. One approach to fit the model consists of employing GMM methods, as done by
Ait-Sahalia et al. (2015), to measure the contagion in stock markets. When high frequency data
are available, Mancini (2009) uses asymptotic properties of the Brownian motion to filter jumps. In
addition, with high frequency data, Barndorff-Nielsen & Shephard (2004, 2006) define and use the
bipower and the multipower variation processes to detect jumps.

As we work with low frequency data, we instead opt for an asymmetric “peaks over threshold”
(POT) procedure. This empirical approach, which is inspired from the methodology used in ex-
treme value theory, was successfully applied by Embrechts et al. (2011) and Hainaut (2016 a, 2016
b) to fit Hawkes processes to stock indices and to interest rates.

The dataset consists of a discrete record {S,, St,, ..., St,,} of n + 1 observations of the reference
stock index, equally spaced with t; = jh for a given lag h. We assume that when the return of this

index, denoted by As; = log Ststi , exceeds some predetermined thresholds, it is likely that a jump
i—1

occurred. These thresholds, denoted by b(c) and b(aw), are the percentiles of a normal distribu-
tion, with confidence levels oy, as. The first step to choose the thresholds counsists of fitting, by
log-likelihood maximization, a Gaussian process to the time series data. The drift and volatility of
this process are respectively denoted by p and oy, such that As; ~ N (uh, Ufhh). If ®(.) denotes
the PDF of a standard normal, b(a;) and b(az) are assumed equal to the a; and o percentiles of
the Brownian term: b(a)) = ph + athﬂ®*1(a). The confidence levels play, of course, a crucial role
and particular attention must be paid to their estimation. For any pair of values (aq, o), potential
jumps can be filtered and removed from the sample of observations. If (a1, 9) are adequate, the
log-returns in this reduced sample are then exclusively ruled by a Brownian motion. In this case,
the skewness and kurtosis of the sample from which the jumps are removed, should then be close
to 0 and 3 (skewness and kurtosis of a normal random variable). In addition, the Jarque-Bera test
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applied to this sample should not reject the assumption of normality. Based on this observation, the
best levels of confidence should minimize the following function:

a1,y = arg min ((Sk:ewness)2 + (Kurtosis — 3)2) (45)
Sample without jumps

To assess the robustness of this choice, the procedure is applied to the daily observations of the
S&P, from the 16th of May 2006 to the 11th of June 2016 (2515 daily observations). For this
dataset, u = 4.73% and oy, = 21.06%. The skewness, kurtosis, and p-value of the Jarque Bera test
for different couples of confidence levels are reported in tables 1, 2, and 3, respectively. In these
tables, the closest skewness to zero is obtained with oy = 94% and as = 10%. Whereas the closest
kurtosis to zero is computed with a; = 94% and as = 6%. The Jarque-Bera test does not reject
the hypothesis of normality for these two couples of confidence levels. The confidence levels that
minimize the objective function (45) are a; = 94.93% and s = 7.86%. With these confidence levels,
235 jumps are detected: 86 are positive and 149 are negative. The skewness and kurtosis of the
sample of log-returns from which jumps are removed, are respectively equal to -0.0016 and 2.99. The
first graph of figure 1 presents a QQ plot of log-returns versus a normal distribution, when jumps
are removed from the dataset. Thus, the normality of the sample is clearly confirmed.

o1
Skewness | 98%  96% 94%  92%  90%
as | 2% -0.19 -0.33 -0.44 -0.52 -0.57
4% 0.00 -0.14 -0.26 -0.33 -0.39
6% 0.11  -0.03 -0.14 -0.22 -0.28
8% 0.21  0.07 -0.05 -0.13 -0.19
10% 0.29 0.15 0.03 -0.06 -0.11

Table 1: This table reports the skewness of samples of daily S&P log-returns from which jumps are
removed, for different levels of confidence.

a1
Kurtosis | 98% 96% 94% 92% 90%
as | 2% 3.53 344 341 341 3.42
4% 3.35 3.22 3.13 3.10 3.10
6% 3.29 3.12 3.01 296 294
8% 3.26 3.07 293 287 284
10% 3.27 3.04 289 281 2.78

Table 2: This table reports the kurtosis of samples of daily S&P log-returns from which jumps are
removed, for different levels of confidence.
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aq
p-value | 98% 96% 94% 92% 90%

as | 2% 0.00 0.00 0.00 0.00 0.00
4% 0.00 0.00 0.00 0.00 0.00
6% 0.00 0.45 0.02 0.00 0.00
8% 0.00 032 0.50 0.02 0.00
10% 0.00 0.01 049 0.12 0.01

Table 3: This table reports the P-values of the Jarque Bera statistics computed with samples of
daily S&P log-returns, from which jumps are removed, for different levels of confidence.
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Figure 1: The first graph is a QQ plot of log-returns versus a normal distribution, for the sample
of daily S&P log-returns, from which jumps are removed. The last two graphs present QQ plots of
filtered jumps versus censored exponential distributions.

Once the confidence levels are determined, we can identify log-returns that include a jump. Under
the assumption that Brownian increments are not significant with respect to jumps, the dynamics
of the index log return can be described as:

As; ~ ph+ (et — 1) As; > b(aq),
As; = ph+ (e’ — 1) As; < b(az),
As; =~ ph + oWy, blag) < As; < b(ay),

for i = 0 to n. Then, o is assessed by the standard deviation of the sample of log-returns from which
jumps are excluded. Whereas the parameters defining the distributions of J; and Jy are obtained
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by maximizing the following two log-likelihoods of filtered jumps:

p1 = argmax ) ;" logvi (In(As; — ph) + 1, p1) Ins;>b(a)
p2  =argmax ) ;L logvs (In(As; — ph) + 1, p2) Ing; <b(as)

Parameters p; and ps estimated using this method from the S&P 500 time series data, are presented
in table 4. The average sizes of positive and negative jumps are equal to 3.43% and -3.12%, respec-
tively. As jumps smaller (in absolute value) than thresholds b(«;) or b(ag) are censored, the two last
graphs in figure 1 report the QQ plots of filtered jumps with respect to censored exponential distri-
butions (1 (As;, p1 — b(a1)) and ve (As;, p2 + b(az))). These graphs clearly confirm the quality of
the fit.

At this stage, it remains to estimate the parameters defining the intensities of jumps. For this
purpose, we first construct the discretized sample paths of A} and A?. Let us denote the variations
of these intensities over the time interval [t;_1,t;] by AXNF = AF — AF _  where k = 1,2. For a given
set of parameters (K1, K2, c1,¢2,,01,1,01,2, 02,1, 02,2), these variations are approached by the following
rules:

k1(cr — A_1)h 4 01,1 (In (As; — ph) + 1) As; > b(aq),
A)\Q ~ Kko(cy — )\? Dh+ 621 (In(As; —ph)+1) As; > b(aq),
AN =~ k1(c1 — AL )k + 021 (In (As; — ph) + 1) As; < b(az),
AN? = kg(ca — 1)h + 029 (In (As; — ph) +1) As; < blag),
ANF = k(e — AP hk=1,2 blag) < As; < b(ay).

If we set A} and )\% to their mean reversion level ¢; and co, respectively, the values of intensities at
times t; are obtained by summing up the variations:

A= N+ AN i=0,..n
j=1

A= A+ AN i=0,..,n.
j=1

When £ is small, the probability of observing a positive (resp. negative) jumps in the i" interval
of time is equal to A}h (resp. )\?h). The set of parameters defining the dynamics of intensities is
finally obtained by maximization of two independent log-likelihoods:
(k1,c1, 01,1, 51,2) = argimax Z?:l log (()\Zlh) IAsi>b(oz1) + (1 - >\¢1h) IASij(al)) (46)
(K2,c2,02,1,022) = argmaxy i log (A2h) Ins,<p(as) + (1 = A2R) Ins;>b(as)) -

under the constraints: 41,1 > 0, 612 < 0, d21 > 0 and d22 < 0. These constraints are required to
ensure the positivity of intensities. The parameters of the MEJD fitted by this method are reported
in table 4. The speeds of mean reversion k1 and kg are similar and close to 20. For the intensity of
positive jump process, the level of reversion is nearly null. Whereas this level is equal to 3.76 for the
intensity of negative jumps. The asymptotic expectations of intensities are, however, much higher:
8.64 and 14.95 for positive and negative jumps, respectively. The difference between these asymp-
totic expectations and mean reversion levels is explained by the fact that jumps in the dynamics of
intensities are exclusively positive. This also explains why, whatever the maturity considered, E ()\%)
and E ()\f) are always greater than c; and co, which are the lowest values that A} and A? can take.
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Because 41,1 is null, there is no self-excitation between positive jumps. On the contrary, the con-
tagion between negative and positive shocks measured by 012 is significantly high. This confirms
a fact that is well known amongst traders: after a large fall, the market tends to bounce back,
even if only temporarily. On the other hand, d2; is null. This indicates that the occurrence of a
positive jump does not raise the probability of a negative shock. However, the level of self-excitation
of negative jumps is significant. Notice that if we remove the constraints d;; > 0 and d21 > 0,
the log-likelihoods (46) for A} and A? improve by +0.05% and +0.85%, respectively, which is not a
significant difference. In this case, 1,1 is slightly negative (611 = —9.16) but still very close to zero
compared to 012 (61,1 = —371.60). This confirms the low level of self-excitation between positive
jumps. On the contrary, in absence of the constraint do 1 > 0, the estimate of d21 (011 = —60.44) is
not negligible with respect to da 2 (d22 = —249.04). This suggests that the occurrence of a positive
jump seems to reduce the instantaneous probability of observing a negative shock. However, this set
of parameters does not ensure the positivity of intensities and as such, is not adapted for simulations
and pricing purposes.

200

Jul-07 Jan-10 Jul-12 Jan-15

0.1

0.05

-0.05

-0.1

Jul-07 Jan-10 Jul-12 Jan-15

Figure 2: These graphs show filtered intensities and detected jumps for the S&P 500 from May 2006
to June 2016.

The standard deviation of the Brownian motion is equal to 12.49%. A comparison with the
volatility of log-return (o3, = 21.06%) allows us to infer that jump processes explain 8.57% of the
overall standard deviation. Parameters from table 4 are used in the next paragraph to evaluate
variable annuities. The sample paths of A} , A2, and jumps, over the period 2006-2016, are shown in
figure 2. We clearly observed grouped jumps during the credit crunch crisis of 2008, the second dip
of the double-dip recession in 2012, and the European debt crisis of 2015. This confirms the analysis
of Ait Sahalia et al. (2015) who suggested that intensities are a good indicator of market stress.
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In section 5, to evaluate the impact of the mutual and self-excitation on option prices, a pure jump
diffusion model (JD) is adjusted to the time series data of S&P 500 log-returns. The considered
process has a dynamic that is defined by the equation (1).But intensities of N! and N? are constant
and denoted by A! and A\%2. Details are provided in appendix B. This process does not admit any
closed form expression for its PDF. The calibration is hence done by the POT method developed in
this section. The parameter estimates of the JD model are provided in table 5. Notice that A! and
A\? are comparable to the asymptotic expectation of intensities of the model with self-excitation. We
will come back to the importance of this observation in section 5.

Value Std Error Value  Std Error

1 4.73%  8.70e-4 o 12.42%  3.83e-5
o1 29.14 3.38¢e-1 02 32.07 2.15e-1
K1 20.01 4.67e-4 Ko 19.48 2.98e-4
1 0.09 6.23e-6 co 3.76 5.88e-6
01,1 0.00 9.5e-5 01,2 -367.05  5.42e-4
921 0.00 1.81e-6 02,2 -467.56  7.82e-4
)\(1) = )\(1) =

lim; o E(A)  8.64 lim; oo E (A7) 14.95

Table 4: This table presents the MEJD parameters fitting the S&P 500 log-returns, over the period
2006-2016.

Value Std Error Value  Std Error
w o 4.73%  8.70e-4 o 1242%  3.83e-5
p1 29.14 3.38¢-1 pa 32.07 2.15e-1
AL 872 A2 15.11

Table 5: This table reports the parameters of the jump diffusion process without self-excitation (JD
model), fitting the S&P 500 log-returns over the period 2006-2016.

4 Risk neutral measure and simple equity indexed annuities

The absence of arbitrage implies the existence of an equivalent risk neutral measure @), under which
the discounted value of all assets is a martingale. By construction, the MEJD model is incomplete
because there are no traded securities linked to intensities A} and A?. The uniqueness of Q is
hence not warranted. In this case, there exist several approaches to determine a suitable risk neutral
measure, like the Esscher or the minimum entropy measures. However, we opt here for an alternative
method. As options embedded in variable annuities have long term expiry dates compared to those
effectively traded, there is no market from which we can guess the parameters defining S; over the
long run. It is then reasonable to assume that the dynamics of jump processes are identical under
the real and the risk neutral measures. In practice, this assumption is commonly made by actuaries
to evaluate long term commitments. On the other hand, S; is according to equation (8), the product
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of a Brownian exponential and an independent martingale related to jump processes. The drift of S
can then be adjusted to the risk free rate by considering only a change of measure for the Brownian
motion. If r denotes the constant risk free rate and 6 := £ | the following Radon Nykodym

derivative 40 . .
1
=) = —= | #%d 0, AW,
(), = (o [ tas+ [[o.am)

does not modify the dynamics of the jump components under Q). Furthermore, as

d@Q — [trd ! L/ 2 !
X1 e fOTSSt = exp /,u—?”—(CT +9)d8+/0’+9dW5
ar ), 0 2 0

t t
X exp (/ JdNg — / E(e’ — 1))\8d5>
0 0

and the two factors in this product are independent, we can check that the expected discounted
value of S; under @ is well equal to its current value:

d
() 5wn) - 5

In the remainder of this section, we introduce the specifications of EIAs and a pricing method. Two
types of EIAs exist: simple and compound. This work focuses on the first category, mainly because
there is no other alternative than Monte Carlo simulations for pricing compound EIAs. We consider
a simple annuity, purchased by an individual of age x, with a participation rate indexed on S, at
the end of each period of length A. Times at which the annuity is indexed are denoted by ¢, for
k =1 to n and t,. If the individual passes away between t;_1 and t; or survives until the annuity
expires, the following cash-flow (per unit of invested capital) is settled:

G = 137 (s i (1) o2} 1) .

j=1

where 7 is the participation rate, g is a minimum guarantee, and ~ is a cap. The time of exit
(death or expiry) is noted 7. ¢, p; and g+, denote the probability of survival until time ¢, and the
probability of death between times, t;_; and ¢x. Under the assumption that the time of payment
is independent from the filtration of the assets (as it is when the exit is caused by the death of the
insured), the market value of the simple indexed annuity is equal to

n . .
Py = €Y EQ (W EG) | Fo) e s troi + Co,neEQ (B HG(1) | Fo) - (48)
k=1

where C'is the capital that is indexed on the asset S;. The discounted expected value of G(t) under
the risk neutral measure can be developed as follows:

E® (6_ Jo* TdSG(tk) ’fo) =

k
X S, .
e*fotk rds | pQ E e*fotk rds (max{min (ntj,e’m> ,egA} — 1) | Fo | - (49)
St

j=1 i1

The term in this last expectation is the sum of two payoffs of European options:

Sy
max {min (775 b ,67A> ,egA} =
tj—1

Sy Sy
92 + max (nstj — 95, 0) — max <7]St] — A, 0>
t

tj—1 i—1
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and the equation 49 becomes:

k
EQ (6_ fotk T.dSG(tk) ‘fO) — e fok rds + Ze_ fotk rds (egA _ 1) (50)
j=1

—i—Ze* Jo" rdsg@ <max (77’ —e ,0) ].7-"0)

i=1 Sty

k t S,

- Ze‘ Jo* rdsgQ <maX (77 b e”A,()) |]~"0> .

j=1 Sty

St
The conditional distribution of forward returns, St# | Fo in the MEJD model, is unknown. In
j—1

theory, it would be possible to infer its probability density function (PDF) by a Fourier transform
of its MGF, with three dimensions. However, in practice, this solution is computationally intensive
and unstable, as the MGF is evaluated numerically. In many other circumstances, the statistical
distribution of variables of interest is unknown. As underlined in Eriksson et al. (2004), there have
been historically three different ways of approximating a density. The first one uses the Pearson
(1895) family of frequency curves to approximate a distribution via moment matching. The most
useful Pearson functions represent densities only with two parameters and match then only two
moments.

The second method to approach a statistical distribution is the Gram-Charlier expansion (Char-
lier 1905) or the Edgeworth expansion (1907). These methods are based on the expansion of the
Gaussian density in terms of Hermite polynomials. The main drawback of such expansions is that
they do not always provide positive definite density. This issue is discussed by Draper and Tierny
(1972), and more recently by Jondeau and Rockinger (2001).

The last method of approximation consists of working with a monotonic transform of a known
distribution, matching moments. However, Johnson (1949) shows that the moment structure is of-
ten too complicated to make moment matching possible.

Eriksson et al. (2004) propose an alternative to use the family of normal inverse Gaussian (hence-
forth NIG). As shown in Barndorff-Nielsen (1997), NIG densities have a simple analytical structure
of cumulants, which are particularly useful for the purpose of moment matching. Furthermore,
Eriksson et al. (2004) show that NIG approximations perform better than Gram-Charlier and Edge-
worth expansions for a wide variety of skewed and fat-tailed distributions.

On the other hand, several research papers, as in Jonsson et al. (2010), demonstrated the use-
fulness of NIG distributions in financial applications. Barndorff-Nielsen (1995) and Raible (2000)
show that replacing the Brownian motion present in diffusion models by a Lévy process of the type
normal inverse Gaussian provides a better fit of stock or bond log-returns. Carr and Madan (1998)
proposed a Fast Fourier method to price options when the stock return is an NIG process. Eriksson
et al. (2009) use a NIG distribution so as to bootstrap the risk neutral density of stock returns
from option prices. Lai and Laurier (2007) showed that NIG-based models outperformed the Black
and Scholes model for options pricing. Hainaut and Macgilchrist (2010) used a NIG mean reverting
process to model the term structure of interest rates.

Based on this literature review, the forward return Y;; for j = 1..n are approached by a set of
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NIG random variables, fitted by moment matching. As NIG distributions are defined by four pa-

St.
rameters, only the first four moments of Y;; are required to fit them. Those moments of 3 ' | Fo
j—1

may be inferred by combining propositions 2.2 and 2.3, as stated in the next corollary:

Corollary 4.1. If we denote by wp the vector of functions (Bi (tj—1,tj,0), B2 (tj-1,t5,05)), as
defined in the proposition 2.2 and calculated using p replaced by the risk free rate r, the 5 non-
centred moment of the forward return under Q, is given by

S, \? 1
EL < () rfo> - £ (SﬁEQ (s217,,) \f0> 1)
-1

tji—1
- o | D1 (0,tj-1,w5) \ (A}
= exp (A (t]_l,tj,ﬁ) +C (O,t]_l,wB) + < Dy (O,tj—l,WB) /\(2)

where C (0,tj—1,wp), D1(0,tj—1,wp) and D2 (0,tj—1,wp) are functions defined in the proposition
2.5.

St
If the conditional forward returns are denoted by Y, = 3 ' |Fo for j = 1...n, it is well known
: P

that their variances, skewness and kurtosis are related to moments by the following relations:

v(y,) = E(¥)-E(%,)",

E(Y?) - 3E (V) V(Y,) - E (V)
S(v,) = (v) -3 (V(;‘)g ) —E( )’
) = (V(;tj))? (B (V) ~4E (v;,) B (¥) + 6E (v;,)°E (¥2) - 3B (v;,)") - 3.

The set of NIG random variables and their parameters are denoted by Y/}j and ,u,?ig,a?ig, ﬁ?ig, 6;”9 ,

for j = 1..n. The parameters a?lg and ,B;”g must satisfy the constraint, a?”g 2 B;-”g 2>0. If
V= 2 B % the variance, skewness and excess of kurtosis of Y; ; are equal to:

nig pnig
6]' ﬁj

E (Y) — :
tj HJ + /am‘gQ . Bm‘QQ
J J

V(}j) = 579(571?; 7;}1’92)’ (53)
J
s(%,) = L (54)

nig nig _nig ’
74/ 05 7;
! o192 4 4719
5779192 119
J J J
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The density function of fftj , that is denoted by m;(y, ,u?ig e mg ,[3”@9 6mg) . has a closed form
expression:

nig -1
m;(.) = (mg,ﬁmg 57")q (%) (56)

J

_ nig )
x K1 <5mgo/-ngq (y Hj )) 5 (u=15™)
J J 5ﬂl9
J

where ¢(z) = V1 + 22 | Ki(x) is the third order Bessel function and

_ . 6nzg ar'n'g2_ ’l"Lng
( nzg’ﬂmg 5nzg) = T la;ngej (j 5.7 )

If the n sets of parameters (,u?ig ,a"9 3" §M9) are found by the moments matching procedure,
European options in the equation (50) are evaluated numerically by discretizing the following inte-
grals:

St o0 . .
E? <max (UStJl — 9B, O> ‘fo) = /0 max (ny — IR, 0) m;(y, ,U;”gy 7?2975;”9,5?19) dy
i
Q St' A o A ni ni ni ni
EY {max (ng=——¢"2,0) [Fo | = / max (ny — €7%,0) m;(y, pi™?, o™, B9, 619) dy
tj—1 0

Prices obtained by this approach are compared in the next section to those computed using a Monte
Carlo simulation, and with JD and lognormal models. Annuities in the JD model are priced with the
NIG approximation fitted by moment matching as for the MEJD. The moments of forward return
in the JD model have a closed form expression that is provided in appendix B.

5 Numerical application

To check the capacity of the NIG PDF to approximate the MEJD distribution, we simulate 10 000
sample paths of St with parameters of table 4. Next, we estimate the NIG parameters matching
the first four moments of = 55, computed with the corollary 4.1. The time horizon is set to T' = 2
years. The left plot of figure 3 shows these PDFs and reveals that the two distributions (curves “MC
PDF” and “NIG PDEF”) are similar. A comparison with a lognormal random variable fitted to the
same dataset reveals that both NIG and Monte Carlo distributions have fatter negative tails and a
negative skewness.

In the second plot, we compare the PDFs of Sz (built with the NIG approximation), with (MEJD)
and without a self-excitation mechanism (JD). The maturity 7" is still 2 years. The parameters em-
ployed to build the PDF of the JD and of the MEJD are reported in tables 5 and 4, respectively. Two
cases are cousidered for the MEJD. First, initial intensities are set to their asymptotic expectation:
)\(1) = lim; .o E ()\tl) and )\(2) =lim; o E ()\?) Such values are observed during periods of moderate
to low activity of jumps. Second, intensities are equal to five times their asymptotic expectation.
Such intensities are observed in periods of severe recession.

The JD distribution is very close to the PDF of the MEJD, when Aj = limyoc E (A}) and A3 =

limy oo E (/\%) This similarity is explained by the proximity of A! and A\? to )\(1) = lim; oo E ()\%)
and )\(2] = limy, 0 E (A%), as emphasized in section 3. However, the skewness of the JD is slightly
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more pronounced than that of the MEJD. Post-analysis, it was found that the reason behind this
observation is that in the MEJD model, A} and A? revert to levels c¢; and co, respectively, that are
significantly lower than the asymptotic expected intensities. In this sense, the JD model is slightly
more conservative than the MEJD, as it does not capture the fact that intensities converge to lower
levels between two successive periods of intense jump activities. When )\(1) =5 xlimy oo E ()\%) and
)\% =5 x limy_yoo E ()\?), the MEJD density exhibits a fatter right tail than that of the JD.

To understand the impact of the mutual excitation on option prices, we evaluate European calls
and puts with the MEJD, JD, and lognormal (Black&Scholes) models. For the MEJD process,
initial intensities are set to their asymptotic expectation. The options expire in 2 years and strikes,
K = e97, range from g = —10% to g = 10%. Call prices obtained with the JD and MEJD models
are lower than those computed using a lognormal model. The reason is that JD and MEJD PDFs
both have fatter right tails than that of the lognormal PDF. Therefore, the probability to exercise
the call is lower. The spread between prices yielded by MEJD and JD models comes from the dif-
ference of skewness, as explained in the previous paragraph. For the same reason, puts are clearly
more expensive in the MEJD or JD models than in the Black & Scholes model.

Distributions Distributions
T T 16 T T

CIme pdf
NIG pdf
== Lognormal pdf

—— With clustering A\b= E(\L) A= E(\2)

- = = With clustering AJ= 5 EAL) \2= 5 EO2)

— = Pure Jump process, without clustering

T
i

0.6

Figure 3: Left plot: comparison of the NIG PDF, lognormal PDF and the PDF computed by
Monte Carlo simulations for S7. This PDF is obtained with 10 000 runs and a time step of 0.005.
The time horizon T is 2 years. The intensities of the model with clustering of volatility are set
to their asymptotic expectations: )\(1) = lim; .o E ()\%) and )\(2) = lim; .o E ()\%) Other parameters
used in this simulation are listed in table 4. Right plot: comparison of S PDFs , using the NIG
approximation, with and without clustering effects (JD and MEJD models). The maturity is 7' = 2
years and the parameters are listed in tables 4 and 5.
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Call Prices Put Prices

—— With clustering, A)= EAL) \o= E(%)
= = = Pure Jump process, without clustering
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Price
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)

o
&
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Figure 4: Left plot: comparison of FEuropean call option prices computed with MEJD, JD, and
lognormal models. The maturity T is 2 years and the strike rate, g, varies from -10% to 10%. The
risk free rate is set to 2%. Right plot: prices of European put options, with the same features as
call options. For the model with clustering of volatility, The intensities of jump processes are set to
their asymptotic expectations: )\(1) =lim; o E ()\%) and )\(2] = lim; 0 E ()\%) Other parameters are
reported in tables 4 and 5.

The table 6 reports the prices of several variable annuities, computed with the MEJD, JD, and
lognormal (B&S) models. The considered maturities are 5, 10, and 15 years. The purchaser of
the annuity is a 60 year old man and mortality rates are those yielded by a Gompertz-Makeham
adjustment, as described in appendix A.

We observe that whatever the specifications of the EIA, prices obtained with the MEJD and JD
models are close to those obtained within the B&S framework. The maximum spread between MEJD
and B&S prices (expressed in % of the B&S price) is -2.07%. Whereas the maximum spread between
JD and B&S prices is -2.78%. However, for most of EIAs, the spread is between -1% and 0%. To
explain this counter-intuitive observation, notice that MEJD and JD models provide a better fit of
tails than the B&S model. However, this effect is not reflected by EIA prices because, according
to equation (50), these prices depend upon the difference between call options, of same maturity,
with different strikes. The impact of extreme shocks on EIA values is then offset by this difference.
What is more surprising is that MEJD or JD models always yield slightly lower prices than those
obtained with the B&S model. However, parameters used to evaluate EIAs are calibrated using the
“peak over threshold” procedure and options are priced numerically. We cannot then guarantee that
this trend is not related to small numerical inaccuracies of these methods.
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MEJD JD B&S  Spread (%) Spread (%)
MEJD-B&S JD-B&S

T ¢g=0%

5 1.0301 1.0181 1.0302 -0.0112 -1.1713

10 1.0588 1.0371  1.0592 -0.0353 -2.0869

15  1.0767 1.0473 1.0773 -0.0536 -2.7836

T ¢g=2%

) 1.0735 1.0661 1.0745 -0.0978 -0.7803

10 1.1383 1.1250 1.1403 -0.1798 -1.3468

15 1.1846 1.1666 1.1874 -0.2388 -1.7547
v =4%

5 1.0320 1.0280 1.0320 -0.0001 -0.3918

10  1.0625 1.0551 1.0625 -0.0054 -0.6971

15 1.0817 1.0718 1.0818 -0.0094 -0.9289
v = 8%

5 1.1110 1.1013 1.1142 -0.2850 -1.1602

10 1.2070 1.1894 1.2130 -0.4965 -1.9521

15 1.2778 1.2540 1.2861 -0.6422 -2.4980
n = 80%

) 1.0036 1.0083 1.0104 -0.6804 -0.2121

10 1.0104 1.0191 1.0230 -1.2336 -0.3837

15 1.0111 1.0229 1.0282 -1.6661 -0.5179
n = 90%

b) 1.0301  1.0316 1.0392 -0.8734 -0.7298

10 1.0589 1.0618 1.0757 -1.5588 -1.2916

15 1.0769  1.0808 1.0997 -2.0742 -1.7141

Table 6: Prices of variable annuities for a 60 year old man and maturities up to T = 15 years.
The specifications of annuities are the following: A =1, n =1, g = 2%, v = 6% and r = 2%.
The intensities of jumps processes are set to their asymptotic expectation: )\(1) = limy , E ()\tl) and
)\(2) =lim; oo E ()\%) Other parameters are reported in tables 4 and 5.

Adding a feedback mechanism in the dynamics of the S&P 500 has a limited impact on the
pricing of EIA. However, we will see that it has heavy consequences on the risk management policy
of the company. To emphasize this point, we calculate the value at risk (VaR) and the tail value
at risk (TVaR) of the net asset value (NAV). According to Solvency II, the NAV is the difference
between the market values of assets and liabilities. The solvency capital is the difference between
the expected NAV and its 99.5% percentile, at the end of a one-year time horizon. In our tests,
we consider only one annuity, bought by a 60 year old man and expiring in 10 years. The other
features of the EIA are: C =1, A =1, n=1, g = 2%, v = 6%. The NAV at time ¢ = 0 is null and
we assume that the premium paid to the insurance company is totally invested in the reference in-
dex, without any hedge. Three dynamics are considered for this index: MEJD, JD and B&S models.

The VaR and TVaR of the NAV are computed with 1000 Monte Carlo simulations, and for confi-
dence levels of 1% 5% and 10%. The results are reported in table 7 in % of the annuity premium and
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g=0% VaR,, (%) TVaR, (%)

o MEJD B&S JD MEJD B&S JD
10% -23.44 -19.11 -25.94 -36.81 -26.47 -33.22
5% -32.50 -25.37 -31.05 -45.73 -31.40 -38.20
1% -52.57 -36.14 -44.07 -62.98 -39.12 -48.58

g =2% VaR, (%) TVaR, (%)

o MEJD B&S JD MEJD B&S JD
10% -24.64 -20.30 -27.08 -38.03 -27.66 -34.36
5% -33.69 -26.56 -32.19 -46.96 -32.59 -39.34
1% -53.80 -37.32 -45.21  -64.22 -40.31 -49.72

Y =8% VaRa (%) TVaRa (%)

o MEJD B&S JD MEJD B&S JD
10% -23.84 -19.69 -26.33 -36.77 -27.07 -35.83
5% -34.34 -25.85 -34.67 -44.82 -31.58 -41.46
1% -51.12 -34.82 -46.30 -60.12 -37.79 -50.48

n = 80% VaR,, (%) TVaR, (%)

o MEJD B&S JD MEJD B&S JD
10% -25.53 -21.33 -27.84 -38.56 -28.71 -37.33
5% -36.09 -27.49 -36.17 -46.63 -33.22 -42.96
1% -53.07 -36.46 -47.81 -61.99 -39.43 -51.98

Table 7: Age=60 years, initial maturity 10 years, del=1; eta=1; y=6%; r=2%. This table presents
the VaR and TVaR of the NAV of one annuity (as a percentage of the premium), in one year. The
contract is purchased by a 60 year old man with the initial features: A =1, n=1, g = 2%, v = 6%
and r = 2%.

compared with these obtained with a B&S model. We observe that whatever the set of parameters,
the 1% VaR and TVaR computed with the MEJD are significantly higher than those calculated
using the JD model or a lognormal distribution. This observation is the direct consequence of the
presence of a contagion mechanism in the MEJD model.

6 Conclusions

This study is among the first to evaluate the impact of volatility clustering on pricing and risk man-
agement of variable annuities. The novelty of our approach consists of modelling the stock index and
determining the participation rate of the annuity by a mutually excited jumps diffusion (MEJD). In
this framework, the intensities of positive and negative shocks are amplified proportionally to recent
historical jumps. Moreover, they revert exponentially to a target level in the absence of an event.
The first part focuses on the theoretical properties of the MEJD. In particular, we find analytical
and semi-analytical expressions for the MGFs of intensities and stock returns. In absence of mutual
excitation between positive and negative jumps, new parametric closed form expressions for these
MGPFs are found.

The second part of the paper introduces an econometric procedure to fit the MEJD process to
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time series data. This approach, inspired from the peaks over threshold method used in extreme
value theory, is applied to measure the level of self and mutual excitations between positive and neg-
ative jumps in the S&P 500 daily returns. The model fitted to this sample of observations captures
stylized features of stock markets. First, after a large fall, the market tends to bounce back, even if
only temporarily. Second, the level of self-excitation of negative jumps is significantly important.

The third part of this work presents the specifications of equity indexed annuities and disentan-
gles their value in a sum of call options. The evaluation of these instruments requires the PDF of
forward stock returns. As an exact calculation is not possible, the forward returns are approached
by a set of NIG random variables, fitted by moment matching. The numerical application reveals
that annuity prices computed with MEJD, JD, and lognormal models do not differ by more than one
or two percent. In fact, MEJD and JD models exhibit better fit tails of distribution than the B&S
model. But this effect is not reflected by EIA prices, mainly because these prices depend upon the
difference between call options, of the same maturity, with different strikes. The impact of extreme
shocks on EIA values is then offset by this difference. However, this takes into account the fact that
the feedback mechanism between jumps in the dynamics of reference index has a huge impact on
risk management. The risk that grouped negative jumps hit the reference index return over a short
period of time, increasing the VaR and TVaR of the NAV by at least 5% , compared to the yields
by a lognormal model.

Appendix A, mortality assumptions

In the examples presented in this paper, the real mortality rates u(x + t) are assumed to follow a
Gompertz Makeham distribution. The chosen parameters are those defined by the Belgian regulator
(“Arréeté Vie 2003”) for the pricing of life annuities purchased by males. For an individual of age x,
the mortality rate is given by:

w(x) = ay + byucy, a, = —In(s,) b, = —In(g,)In(c,)

where the parameters s, g,, ¢, take the values given in Table 8. As an example, Table 9 presents the
progression of mortality rates with age for the male individual. The survival probability is computed

as follows: ¢p, = 1 — exp (— fg w(x + 8)d$>.

Table 8: Belgian legal parameters for modelling mortality rates, for life insurance products, targeting
a male population.

s, | 0.999441703848
gu: | 0.999733441115
cu ¢ | 1.101077536030
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Table 9: Mortality rates, predicted by the Gompertz Makeham model based on parameters of table
8.

’ Age x ‘ p(x) ‘
30 0.10%
40 0.18%
50 0.37%
60 0.88%
70 2.23%
80 5.74%

Appendix B, moment generating function of a jump diffusion process

In numerical applications, EIA price yields by the MEJD are compared with these computed with
a jump diffusion (JD) model without mutual and self-excitation. The dynamics of this JD model is
similar to the one of the MEJD:

dS;

5 = A gdt + odW; + (et — 1)dN} + (e’ — 1)dN? (57)

excepted that N} and N2 are here Poisson processes with constant intensities A and A2, J; and Jp
are still exponential jumps. In this case, the drift is not random and equal to

py = p—MNE(e? —1) = NE (e”2 - 1) .
In this framework, stock prices admit the following representation under the real measure,
L, J j ! ! j
_ i % . z
S = Soexp | (p—50% - i;;[i(e DA | ¢ +/0 o dW, + ;2/0 J;dN! (58)

whereas under the risk neutral measure, the drift u is replaced by the constant risk free rate. To
build the NIG approximation of the JD process, by moment matching, the next corollary is used:

Corollary 6.1. In the JD model, the moments of forward return under @ admit a closed form
ETPression:

S \*? 2 2
((&2)m) - eo((o(-3) )

—(BY_ N -1)= Y N@E)-1)]Aa

i=1,2 i=1,2
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