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This article extends the Vector-based Graphic Statics (VGS) computational framework to design single-layer
spatial (SLS) structures. It introduces a novel computational workflow that produces ordered and controllable
vector-based force diagrams for real-time interactive design. Key advancements include an algorithm for iden-
tifying guiding trails within the form diagram’s underlying graph to control its planarization, an augmented half-
edge (AHE) data structure for seamless force diagram assembly, and an interface for generating force diagrams
using the Combinatorial Equilibrium Modelling (CEM) method. These advancements are demonstrated through
practical design cases using the enhanced VGS framework, aiming to improve collaboration between structural
engineers and architects by providing a direct and visual link between form and forces.

1. Introduction
1.1. Single-layer spatial structures

Single-layer spatial (SLS) structures represent a broad category of
structures characterized by relatively thin cross-sections and their ca-
pacity to span significant distances. This study defines “SLS structures”
to include various structural typologies such as cable nets, domes,
membrane shells, grid shells, and folded plate structures. These struc-
tures are notably lightweight, attributable to their high surface-to-
volume ratio, and they withstand applied loads through in-plane
forces along the normal axis of the surface sections [1]. As form-active
structures, SLS structures resist applied loads through their geometry
rather than material accumulation, embodying the principle of
resistance-through-form [2,3]. This research focuses on the form-finding
of SLS structures using the Vector-based Graphic Statics (VGS) frame-
work [4,5]. In this context, SLS structures are modeled as spatial net-
works of linear elements subject to axial internal forces, with external
forces applied at the structural nodes.

* Corresponding author.

1.2. Computational form-finding

Form-finding is a design approach that employs physical or digital
models to generate the shape of form-active structures in static equi-
librium, given specific boundary conditions and applied loads [1,6].
This process enables the creation of structural forms that minimize
material use by reducing bending and shear forces, aligning with
designated design criteria. Existing methods for computational form-
finding can be generally grouped into three main categories [2,7,8]:

1. Stiffness Matrix Methods: These methods utilize standard elastic
stiffness matrices, which are widely used for structural analysis and
optimization. Examples include the Finite Element Method (FEM) [9,10]
and the Bi-directional Evolutionary Structural Optimization (BESO)
[11,12].

2. Dynamic Equilibrium Methods: This category addresses the dynamic
equilibrium problem to achieve a steady-state solution equivalent to the
static equilibrium solution. Examples include Dynamic Relaxation
[13-15] and the Particle-Spring Method [16,17].

3. Geometric Methods: These methods only consider geometry and
are, thus, both material and cross-section independent. Of relevance is
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the Force Density Method (FDM), which introduced the concept of force
density (i.e., the ratio of axial force to member length) to linearize the
equilibrium problem [18,19]. Direct Geometric Strategies (DGS) use a
non-linear process to minimize residual vectors, incorporating a pre-
liminary geometric structure and initial internal force distribution to
integrate diverse constraints into a single equilibrium system [20-22].
Additionally, computer-aided Graphic Statics (GS) methods are based on
geometrical manipulations of form and force diagrams [4,8,23-25].
This paper focuses on the GS methods for their graphical and intui-
tive representation of the equilibrium, which is beneficial to both ar-
chitects and structural engineers. The formalization of GS is attributed to
the pioneering works of Culmann [26], Maxwell [27], Cremona [28],
and Rankine [29]. GS relies on two interdependent diagrams repre-
senting the form of a structure in static equilibrium (form diagram) and
the equilibrium of the forces at each structure node (force diagram),
respectively. GS, widely used in the first half of the 20th century, was
later replaced by analytical and numerical methods, primarily due to the
advent of computers [30,31]. In the last two decades, GS has regained
interest among researchers and practitioners. The extension of GS to 3D
has been developed using two main approaches [32]: polyhedral-based
[23,33,34] and vector-based [4,25]. The computational implementa-
tions of these methods offer powerful tools for direct control over form
and forces throughout the design process, enabled by real-time geo-
metric transformations between form and force diagrams [5,25,34-38].

1.3. Existing GS methods

This section briefly reviews the current GS-based methods for the
form-finding of SLS structures (externally loaded or self-stressed)
modeled as spatial networks of linear elements subject to only axial
inner forces (Table 1). The methods presented are categorized according
to the dimensionality of the form and force diagrams.

1.3.1. 2.5D methods

One of the most effective approaches to facilitate the assembly of the
force diagram involves using a parallel projection of the structure onto a
plane (generally horizontal). Force components parallel to the direction
of the projection are nullified. The resolution of the 3D equilibrium is
thus converted into a 2D problem. These techniques are labeled as 2.5D
methods throughout this article.

In the case of SLS structures, 2.5D methods are constrained by the
requirement that the direction of the external forces be perpendicular to
the projection plane so that they are nullified when projected. Moreover,
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the structure should not be self-superposed, which would otherwise
produce a projected 2D form diagram with self-overlapping elements.
The design of SLS structures with 2.5D methods usually comprises two
steps. The first step is to solve the 2D horizontal equilibrium of the
structure projected onto the horizontal plane without external forces. In
the second step, a form-finding method is implemented to define the
heights of the nodes of the structure so that equilibrium with the
external forces is attained.

The Thrust Network Analysis (TNA) [39] is one of the most prominent
2.5D methods. It uses a 2D force diagram to illustrate the structure’s
horizontal equilibrium. The force diagram is reciprocally linked to the
corresponding 2D form diagram, which is the 2D projection of the
structure on the horizontal plane [39]. The two diagrams are topologi-
cally planar (i.e., regarded as graphs, they can be drawn on a plane or a
sphere without edge crossing). Reciprocity between the projected dia-
grams guarantees the equilibrium of the structure in the horizontal plane
and allows for interactive manipulation of the diagrams. Afterward, the
height of every node in the network is calculated using a linearized
system of equilibrium equations. TNA facilitates the comprehension of
the range of lower bound equilibrium by illustrating load paths
throughout the structure in the horizontal plane, making it a particularly
effective technique for vertically loaded compression or tension-only
structures. [40,41]

Another example of a 2.5D method is the use of the Airy Stress
Function (ASF) [42]. The self-stressed horizontal projection of an SLS
structure can be seen as the orthographic projection of its corresponding
3D polyhedral Airy Stress Function. The internal axial forces in the 2D
projection are proportional to the variation of the dihedral angle be-
tween the adjacent faces in the 3D polyhedral stress function [36,43,44].
The ASF method can be used to solve the self-stress state of a thrust
network containing both tension and compression forces. The in-plane
self-stress network can then be lifted to 3D with FDM to find the verti-
cal components of the vertices of the structure [35,45].

1.3.2. 3D methods

According to Rankine’s construction of 3D reciprocal diagrams [29],
the equilibrium of a node in a 3D polyhedral structure is represented by
a closed polyhedral cell in the 3D polyhedral force diagram. This way, an
SLS structure with several nodes can be designed by repeatedly sub-
dividing the corresponding 3D polyhedral force diagram [23,38,46].
However, for an SLS structure with medium to high network resolution,
the elements constituting the reciprocal 3D polyhedral force diagram
may be difficult to discern due to the hidden overlapping faces of the

Table 1
A review of existing GS-based methods for designing SLS structures.
GS-based Method Dimensionality =~ Approach Force diagram Interactive Design References
The projected network’s horizontal 2D. topologicall
1. Thrust Network equilibrium in the 2D plane is generated » topologically Transformation of 2D form and force
i 2.5D A . planar, force . [39-41]
Analysis (TNA) using 2D form and force diagrams. Node . diagrams
. . diagram
heights are calculated numerically.
The projected network’s horizontal
2. Airy Stress eq'mhbrlum in the 2D pla.n e 18 genera.t ed 2D foF ce .dlagram a3 Transformation of 2D form and force
K 2.5D using 2D form and force diagrams, which are a projection of 3D . . [35,36,42,43,45]
Function (ASF) o . . diagrams or 3D stress functions
projections of 3D stress functions. Node stress function
heights are calculated numerically.
The equ11%br1um of a 3D polyhedral network Transformation of the 3D polyhedral
3. Polyhedron-based is determined by a 3D polyhedral force 3D polyhedral force . L. . SR
3D . . s . force diagram and subdivision of its [23,29,34,38,46-49]
Method diagram, with each node’s equilibrium diagram
polyhedral cells
expressed by a closed polyhedral cell.
The equilibrium of a 3D network is
4. Vector-based determined by a 3D vector-based force 3D vector-based Transformation of 3D vector-based
Graphic Statics 3D y [4,5,25,27,32,50]

diagram, with each node’s equilibrium
expressed by a closed cycle of force vectors.
The equilibrium of a 3D network is
determined based on an input topology
diagram and edges’ force magnitudes and
lengths.

(VGS)

4a. Combinatorial
Equilibrium 3D
Modelling (CEM)

force diagram form and force diagrams
Adjustment of the equilibrium state
by transforming the topology
diagram and varying the edges’ force
magnitudes and lengths

3D force diagram

8,51-53
generated via VGS [8, 1




Y. Shen et al.

constituent polyhedral cells. One way of addressing this issue is to
synthesize 3D form and force diagrams in one geometric construction,
the Minkowski Sum [47,48], which also intuitively illustrates the load
path of the structure using volume - as the product of edge length and
internal force magnitude [49].

In the Vector-based Graphic Statics (VGS) [4,5,25,27,32,50]
approach, which is the focus of this paper, both the form and force di-
agrams are made of vectors. The corresponding vectors in the two dia-
grams are parallel. In this case, the equilibrium of a node in a vector-
based 3D structure is represented by a closed cycle of force vectors in
the force diagram. As a vector-based form-finding approach, the
Combinatorial Equilibrium Modelling (CEM) method [8,51,52] offers a
strategy for creating SLS structures in static equilibrium by controlling
their underlying graph [53]. When combined with VGS, the CEM
method can directly generate form and force diagrams.

2. Problem statement and objectives
2.1. Problem statement

To take advantage of VGS for the design of SLS structures, the 3D
vector-based force diagrams must be organized to make them easy to
read and understand. Preserving certain topological and geometric
features of the structures, such as symmetries and hierarchical organi-
zation, is helpful in this context. The prerequisite for constructing the 3D
vector-based force diagram of a given 3D form diagram is to planarize
the underlying graph of the form diagram, as discussed in Section 3.1,
which is generally not planar [4]. A planar graph secures the interde-
pendency of form and force diagrams in static equilibrium.

A computational method was recently published to address the
problem of automated graph planarization [25]. It includes a set of
heuristic algorithms that manipulate and planarize the underlying graph
of the form diagram, producing valid 3D force diagrams. However, at
this stage, the method does not account for the specificities of the form
diagram’s topology or geometry during its graph’s planarization. Hence,
the method produces valid but sometimes difficult-to-read force dia-
grams, as their topologies (and thus force diagram configurations) do
not correspond to those of their form diagrams. Direct perception of the
graphical information in the VGS diagrams is critical for design
purposes.

The potential advantages of a specific implementation of the VGS
approach for SLS structures are as follows:

a) Unlike 2.5D methods, applied external forces would not be limited to
one direction, enabling analysis of a broader range of SLS structures,
including pre-stressed cable nets, compression-only grid shells,
pneumatic structures, and tensegrity structures, using vector-based
diagrams under various load cases.

b) The topological and geometric features of SLS structures could
inform the topology and geometry of the vector-based force
diagrams.

c) The VGS tool [25] enables interdependent transformations of the
form and force diagrams for SLS structures in static equilibrium.

2.2. Objectives and contributions

To overcome the challenges highlighted in Section 2.1, this research
aims to enhance the VGS approach’s functionalities by introducing a
dedicated procedure for SLS structures. This extension produces spe-
cifically ordered 3D vector-based force diagrams, improving their visual
connection to the form diagram and supporting real-time interdepen-
dent transformations of the diagrams. Compared to 2.5D methods, the
design space is expanded, and computational efficiency for these
structure types is increased. In this regard, several sub-goals are
achieved:
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a) Introduce a new data type (i.e., guiding trails) that encapsulates the
SLS structures’ topological and geometric characteristics.

b) Develop an algorithm that planarizes the form diagram’s underlying
graph, accounting for its topological and geometric characteristics
using guiding trails.

c) Propose an efficient graph-based data structure to assemble the force
diagram from the planarized graph, ensuring compatibility with the
CEM method.

d) Highlight the benefits of these developments, which increase the
design freedom and expand the range of compatible SLS structures.

The main contribution of the proposed method is illustrated in Fig. 1,
where a comparison is drawn between the outcomes of the new
approach and those of the conventional VGS method (Jasienski et al.,
2023 [25]). The comparison is based on two key aspects: calculation
efficiency and the clarity of the force diagram. The new data structure
reduces the calculation complexity of conventional VGS from O(n®) to
O(n?). Consequently, the efficiency of the planarization procedure is
evidenced by a 96% reduction in computation time for an 11 x 11
orthogonal network (226 ms vs 21,700 ms), as shown in Fig. 1 (all ex-
periments presented in this article were performed on a machine with a
12th Gen Intel(R) Core(TM) i7-12700H CPU). Simultaneously, the force
diagram’s organization is increasingly improved, enhancing readability
and making its relationship to the form diagram more direct.

2.3. Outline

The remainder of this article is organized as follows. Section 3 briefly
reviews the current graph-based techniques within the VGS framework,
outlining various planarization methods. Section 4 offers a detailed
examination of the computational implementation of VGS for SLS
structures. It covers the algorithms for creating specific vector-based
force diagrams, including automatically generated guiding trails, illus-
trated with examples and condensed code snippets. An extension of the
half-edge data structure is also introduced to tackle specific force dia-
grams construction challenges. Section 5 demonstrates the design po-
tential of the presented framework through case studies of various SLS
structures. Finally, the Conclusion section discusses enhancements in
design freedom, visualization, and computational efficiency introduced
by the presented method alongside directions for future research.

2.4. Notation

This paper follows a consistent and conventional notation used in
previous publications on VGS (See Table 2). The red, blue, and green
lines correspond to tensile, compressive, and external forces, respec-
tively. Additionally, orange lines represent the newly introduced guid-
ing trails, and gray lines denote the user-selected network boundary.

3. Theoretical backgrounds
3.1. Graph planarization approaches in VGS

The underlying graphs of most 3D structures represented as networks
of linear edges are non-planar (i.e., they cannot be drawn on a plane or a
sphere without edge crossing) [4]. Non-planar graphs lack dual graphs
[54], a prerequisite for constructing Cremona reciprocals [55]. To
address this issue, novel methods within the VGS framework have been
introduced to planarize graphs by cutting the crossing edges and
reconnecting them to one or more newly inserted auxiliary vertices [4].
The VGS tool [25] is the computational implementation of the VGS
framework, automating graph planarization with algorithmic strategies
named MED and QUAD (Fig. 2).
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226 ms

12400 ms
1120 ms 182 ms
T 3
8x8 9x9 11x11
Net Density — computation time for Fugs — tension force
— computation time for Fis — external force

Fig. 1. Comparison between the conventional VGS algorithm [25] (force diagrams F:,Gs in the second row, black line results in the third row) and the newly
introduced one (force diagrams Fg; in the first row, purple line results in the third row) in terms of computation time and orderliness of the force diagram of cable
networks with different resolutions. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
notation
Topological diagram Form diagram Force diagram Dual topological diagram
T, Ty, Ts, Tq, Tsg F F T, T,,T,
form edge ek . E;_j E_" ek " internal force vector
i—j J i
load edge r,; Lij Lij" l?fj* external force vector
vertex Vi Vi < Vi>" <v>" vector polygon
vector polygon <V > <Vi> Vi v vertex

F: The form diagram of the structure.

F": The force diagram of the structure.

T: The topological diagram (i.e., underlying graph) of F.

T": The dual topological diagram (i.e., dual graph) of T, when T is planar.
Tp,: A planar embedding of T.

T
T,: A subgraph of T corresponding to the complete set of load edges [;_;.

T;: A planar subgraph of T corresponding to the complete set of edges ¢; ;. T = T; U Tg.
T;: The dual topological diagram of T;.

Ts: A guiding trails topological diagram as a subgraph of T highlighting the planarization sequences.

: The dual topological diagram of T,.

3.2. Customized planarization method in the VGS tool sequentially allowed to enter and exit all intermediate vertices along
topological paths (i.e. guiding trails) until they reach the boundary of the

The topologies of the graphs planarized by the MED and QUAD graph (Fig. 4c). As a result, T becomes planar without affecting the static
methods depend on how the algorithm executes the planarization. The equilibrium of the structure. Based on the configuration of the T, (the
user does not have specific control over this procedure. Therefore, the
configurations of the resulting force diagrams are directly linked to the
behavior of the chosen algorithm [5]. Taking into account the charac-
teristics of the structure allows for the assembly of a specific configu-
ration of the force diagram F" that favors its readability and makes its
relationship with the form diagram F explicit. For example, in Fig. 4, an
externally loaded hyperbolic paraboloid based on a 6 x 6 network of
edges has an underlying non-planar graph T due to the load edges
attached to the inner vertices. A proposed manual planarization uses a
procedure analogous to the one described in Fig. 2b. Load edges are

planarized version of T), the corresponding force diagram F* can be
assembled. Even though the manual approach provides a maximum
freedom to the user, it requires specific user’s experience, and is time-
consuming. For example, an nxn network with (n—1)? loads at the
inner vertices would require at least 2}2{’ "~U4s*(n — 25 — 1) steps to
perform the manual planarization procedure. An automated procedure,
therefore, would speed up the planarization and prove useful for solving
complex cases without having to rely on the user’s experience.
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— tension force
— external force

Fig. 2. Two strategies of graph planarization in the VGS tool.

% tension force edge in T
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Eil® Fi™

% dual topological diagram

« external force edge in T

(a) a structure in equilibrium F; with one vertex V; and an external load L; not applied on V;; in the F'{ they correspond to < V;>" and a vector pair L; (b) In the MED

planarization strategy, the two vectors of the pair L; enter and exit vertex V; and the vector pair L; is merged into < V;>" to become Fj. (¢) In the QUAD planarization

strategy, L; intersects edge e;_; at the newly introduced auxiliary vertex n, and the vector pair Lj* is merged into < V;>", in which the E; ; is duplicated. The three

force diagrams are equivalent in terms of static equilibrium.

4. Method

The computational procedure to generate vector-based form and
force diagrams for SLS structures is outlined in Fig. 3. In case T is non-
planar, an algorithm based on the recursive Breadth-First Searching
(BFS) is employed to analyze the network of an SLS structure and
highlight the guiding trails. These form a branching data structure that
defines the path of the edges corresponding to the external loads to
planarize the graph. Subsequently, an algorithm that traverses the
branches to generate the augmented half-edge data structure is intro-
duced. Based on the resulting data structure, the 3D force diagram is
constructed, activating the interactive form-finding process by interde-
pendently modifying F and F* using the VGS tool.

The improvements brought by the framework are illustrated in
Fig. 4. The topology of the unloaded SLS structure is inherently a planar
graph T(T;CT). Once loads and reactions at the vertices of T are added
to T, the latter becomes a non-planar graph (Fig. 4a). In the existing VGS
framework, the planarization algorithm calculates the shortest path in
the graph to iteratively reintegrate external load edges to T; until the
load edges reach the graph boundary and T; becomes planar (Tquap)
[25]. This produces a force diagram Fy,, (Fig. 4b) that is sometimes
difficult to read mainly because the planarization sequence does not
comply with the network configuration. The benefit of predefining the
planarization sequence is presented in Fig. 4c. The arrangement of the
load edges in T follows a topologically oriented logic. This results in the
force diagram Fy; ¢, which is visually more related with the form diagram
F compared to Fy,p.

4.1. Planarization using guiding trails

The role of the guiding trails in constructing force diagrams can be
demonstrated with a straightforward example (Fig. 5). The structure in
Fig. 5a, subject to uniform loads, has a non-planar graph T. In Fig. 5b,
the gray arrow indicates a guiding trail from v4 to v;, which directs the
external force edge 4 in T through v; to the boundary region (i.e., the
topological region that contains all the external force edges). The edge I4

is replaced by [, and I, following the MED procedure (Fig. 2b). This
process enables the planarization of T to T, (Fig. 5c). Since T, is a planar
graph, it encapsulates all information necessary for constructing the
force polygons and force diagram (Fig. 5d, 5e). Therefore, the guiding
trails link the SLS structure’s inner vertices to boundary vertices,
embodying the graph’s topological traits within the force diagram’s
configuration. These trails span all vertices subject to external forces,
facilitating the reintegration of edges responsible for non-planarity
while maintaining the graph’s planarity.

The computational mechanisms for constructing a force diagram
with the guiding trails can be formulated as follows:

a) The underlying graph of the structure T can be expressed with the
adjacency matrix U (Fig. 6):

v Uj Ve
Vi Ei—j Li
e M
Ve Li L] PR —
The edges in the matrix are sets of half-edges:
Ei,j{e?fj. . ,eﬁj} (2)
L{r,.1r,} 3

Where:

E;_j is a set of half-edges ei-‘_j sharing the same endpoints v; and v;

L; is a set of load edges I'' , sharing the same endpoints v; and v,. V. is
not a real vertex in T but an auxiliary vertex that is representative of the
equilibrium of the external forces [25].

b) The guiding trails include the sequences of vertices to planarize T
that can be calculated with the method dp()(7)(Section 4.2) and are
stored in the binary matrix U, (Fig. 7):
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Single-layer Spatial

(SLS) Structure
F
Section 4.1 Section 4.4
Topological diagram CEM interface
T=T;UQ TEEM =T,
Matrix: U« T Matrix: U, « TF™

Planarity test
T=T,

Section 4.2
Generate guiding trails

T,| T,C T
Matrix:  Up=dp(U)

4

Section 4.1
Planarization
Ts-T, <

Matrix: 0" = £(u,U,,)"

l

Section 4.3
Assemble force diagram
Matrix:

F* = Aby(F,Ahe(U"))

Section 5
Form- finding
with F&>F*

4 Case studies

Fig. 3. The flowchart shows the computational procedure to build specific form
and force diagrams for SLS structures within the VGS method.

Vi Uj
v; U;— j 1
C))
U= vj|%-i Tj
0, no trail fromv; to v;
U j = )
- 1, exist one trail fromv; tov;

One extended column of U, stores the vertex attribute (Fig. 7) in the
branching data structure of the guiding trails:

-1, aroot vertex in the tree
=10, an intermediate vertex in the tree 6)
1, a leaf — end vertex in the tree

To build the computational sequence (from leaf-end vertices to root
vertices) based on U,, a search routine §()(8) is illustrated in Fig. 8 that
starts from one root vertex v;(r; = —1) and follows the vertex adjacency
u;_; =1 to pass through intermediate vertices v;(r; = 0) until reaching
the leaf-end vertices v;(r; = 1). This routine produces a tree S as a three-
dimensional array. Each root vertex in U, corresponds to one S* and all
Sk consist of the complete set of computational sequences S. For each Sk,
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Touap
o auxiliary vertex

F:XT.S TSI.S

— tension force

— compression force

— external force

— Ts: topological diagram without Tq
user-defined path in T

o« external force edge in T

Fig. 4. An externally loaded hyperbolic paraboloid [56] mixing tension and
compression internal forces and different configurations of related force dia-
grams (Foap, Fgrs). (a) The form diagram F and its graph T = T, U Ty, where T,
is a subgraph containing external load. (b) The force diagram F,;,,, generated
with QUAD method in VGS corresponds to the topology Tquap. (c) The force
diagram Fg; ¢ generated with the topology Tsis based on the user-defined pla-
narization sequece.

every vertex can be marked with sf ,, in which lis the layer index in tree
S* and w is the vertex index in layer L. Moreover, every vertex can be also
marked with Sf, | using three indices: layer index [, branch index b, and
vertex index n in branch b. Branch index b of a vertex is the w index of its
parent vertex. This can be used to link the correspondence between any
child vertex v, (S —V. ) and its parent vertex v, (sg_1m—v, ) With w =
b.

Up = dp(U) ™

S,s=S(U,) ®

c) With the construction above, the algorithm can iteratively go
through S by traversing [L, b, n] to planarize all the load edges L;, from the
leaf-end vertices (r; =1) to the root vertices (r; = —1)by passing
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(a) o (e

F*
(b) d
<V5>*
E9*
E4*
L§*
ELLE
D (BN L7
g <8y L
T ~V4
B3 L47*
B E5* <V6=>*
(C) Lo*
L E0% E5*
E2* A E6*
i <V2>*
— Lo*
EUN\ [Las
~
T F*

—tension force  «vexternal force edge in T
— external force 4= guiding trail
—edgein T boundary

Fig. 5. A cable net subjected to upward point loads, serving as the primary
example to demonstrate the construction of the force diagram using a guiding
trail. (a) Stepl: the form diagram; the non-planarity of the graph is due to the
presence of the external force edge 14 connected to v4 (b) Step2: the structure’s
non-planar graph along with a designated guiding trail; (c) Step3: the graph
planarized in accordance with the generated guiding trail; (d) Step4: the force
polygons derived from the planarized graph; (e) Step5: The resultant
force diagram

Eij ) ) 0

&

Vi —
;C °
li-”z;//‘ \II\/I o
/ € .

o

L B O SO T

Fig. 6. Illustration of the notation used in the adjacency matrix U.

through the intermediate vertices (r; = 0). This planarization process
converts T = T; U T, to a planar graph T, by modifying T, and adding it
to T;. In the iteration of [I, b, n], the current vertex v; and its parent vertex
v, and child vertices V{vco...Vem } are:

Vi<Sibn)» Sitw] (C)]
Vp<Sji-1] (10)
Vc(_{vc.O‘S[Hl,w,O] - VYem |S[l+1.w.m] } (1 1)

The planarization procedure making U—U' in the iteration [I, b, n] is:

0 e ...e(Lem elL), =0
e+ {€(Leo)--€(Lem) } (L), T E,cU) (2

B, = N
o el , +e(ln), n=1

Ly=¢(L)+{€(Leo)...e(Lem) }, &= —1 (L € 1)) 13)
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e ° T
@ root vertex () intermediate vertex @ leaf-end vertex
user-defined boundary ~ mmssm guiding trail

Fig. 7. Illustration of the guiding trail matrix U,

e e e -
o =1 =2 W2 @w2 |
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/ / ,
} k: tree index in guiding trails // g [67/1’] [5»/2/] [4}2/] [3.2] I
| b: w of parent vertex /70 /71 /*l 4 -1 w=1 }
I n: vertex index in b .W7 W= W= W= w= |
} k; /716,101, | 15,0117 | 14,0117 | 13.0,11.7 ] 12,0,1] }
N SR CXOZ IENVERN NESOU NENOR JES0 I
| I: layer index 7 - 7 - 7 < [
| w: vertex index in 1~ ’W70 =0 =0 =0 )/in }
} s /1.0.01 140,073,000 (2,007 11007
| / PR EX R E X SO Y A X K IFKU I
| 7/ 7/ v / / e /< ‘
| s s s s s (@w=0 I
I = N S A (LU
| 00 |
S ——
A
1
1
. ks
S[l,b,n] S[l,b,n]
ki ks
[Lw] S[I,w]
k2 k4
Ny NI
k2 k4
S[ZVW] [Lw]
T

@ root vertex () intermediate vertex @ leaf-end vertex
user-defined boundary — wesss guiding trail

Fig. 8. Hierarchical calculation sequence S, s with tree-structured guiding trails

where the U is a modified version of U throughout the planarization
process (U = f(U, Up)l). The vertex index I in iteration [I,b,n] is ach-
ieved with the sequence definition in (9). €() is a converter that transfer

load edges Li{l?fe...l{{e} in the vertex v; (i can be I, ¢) into half-edges

i-p *%i-p

d.

{e.d“ e?’”‘”} in E;_, considering the existing edge duplication count

According to (12,13), when v is an intermediate vertex (r; = 0),
Er p(Erp € U) is the sum set of the half-edge ef , connected to its parent
vertex, the load half-edges {€(Lco)...€(Lcm) } from all its child vertices
and the loads on itself €(L;). When vy is a leaf-end vertex (r; =1), U .E_,
is only considering the sum of e?fp and €(L;). When v; is a root vertex
(r; = — 1), Li(L; € U) is the sum set of €(L;) and {€(Lco)...€(Lem) }-
Code snippet 1 shows the corresponding computational procedure. After
U is achieved (see Section 4.3), the planarized graph T}, can be repre-
sented with an augmented half-edge structure (AHE) with the half-edge
information in U'. With T}, the assembly of the force diagram can be
finally achieved.
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Code snippet 1

Inputs:

F: Form diagram of the surface structure.

Paras:

T: The underlying graph without external edges.
U: Vertex adjacency matrix.

U, Guiding trail matrix.

v;: The i index vertex in the surface network.
L;: A set of loads applied to the vertex v;.

S : One three-dimensional array that defines the computational

sequence of vertices.

001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020

022
023
024
025
026

028
029
030

032

033

034
035

V.: A set of child vertices of v;.

v*: The m index child vertex of v;.

L.: A set of load sets applying on the child vertices V.
L7 The m-th set of loads applied to the child vertices V.
Outputs:

F*: Force diagram

//01 Construct the vertex adjacency matrix
T(V,E) < F
U«<T(V,E)
//02 Generate guiding trails
U, < dp(U) (see Section 4.2)
Sttbap Sl < S(Up)
//03 Planarization: modify T, and additto T
Foreach Sp ;) in S:
V1, VUps Ve < Siipm)
Ly (e 10}
L«
Foreach v, in V.:
Lom © (Cmee o tooe)
Le.add(Lem)
End
U' < U //copy the matrix for modification
Select case v,|r;: //(Ej—, € UN&(L; € U")
case 0:
Ep < {efp}
Ey_p.add(é(Leo) - é(Lem))
E_p.add(é(L)))
Li<{}
case 1:
E—p < {eflp}
E_p.add(é(L)))
L« {
case -1:
Ly < {e@p}
Ly.add(é(Leg) - é(Lem))

End

End

//04 Assemble force diagram via augmented half-edge data
structure

T," « Ahe(U") (see Section 4.3)

F* « Aby(F,T,") (see Section 4.3)

return F*
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4.2. Generating guiding trails on SLS structure’s graphs

In this subsection, we describe an algorithm dp() that generates
U, € U. For U, to be valid, it must fulfill certain conditions so that all
external force edges are reintegrated to the boundary of the network:

a) The root vertex of each trail should be positioned on the selected
boundary of the graph. Guiding trails must be independent of each
other, avoid vertex overlap, and form a directed branching structure
without any self-cycle.

b) Every vertex within the graph should be visited only once by a
guiding trail.

Beyond these two mandatory rules, the guiding trails should ideally
follow the inherent topological characteristics of the structure. This
contributes to a configuration of the force diagram that can be directly
related to the topology of the form diagram. The overall structure of the
presented algorithm that finds U, € U of any discrete network is out-
lined in Code snippet 2.

The algorithm operates within the graph T;. It makes use of the ad-
jacency of the vertices U and simultaneously considers some geometric
attributes of the form diagram F. Conventional Breath-First Search (BFS)
techniques can generate a branching structure within a network and
ensure no edges self-intersections. However, as the branching structure
generated with BFS randomly decides the path from the viable links
between ranked vertices, it lacks the capability to follow the topological
characteristic inherent to the network pattern. The method suggested
here leads to a directional path search approach. Each iteration of this
method involves the subsequent steps:

a) Define the boundary vertices. In the first iteration, the boundary
vertices VB ¢ T; are defined via constructing the AHE data structure
of T and prescribing one of the cycles in it. In the following itera-
tions, all the visited vertices are marked as v!' = true.

b

—

Rank all the vertices (vl?‘) based on their topological distance from the
boundary vertices with the BFS algorithm.

Highlight the guiding tails by connecting the vertices from the ones
with lower rank VR to the ones with higher rank v} = vk + 1. For each
vertex, take the corresponding node in the form diagram and define

—

C

the direction vectors \_/)I{VH...Vi,k} of the connected edges pro-

jected on the plane tangent to the node. Select the direction vector
that forms the smallest angle with the previous trail vector and select
the vertex connected to it. The search will stop when no adjacent
vertex’s rank is larger than the current.

Detect if every vertex in the network is already part of a trail W,.T =
true. If not, define the visited vertices as boundary vertices and
trigger another iteration of searching.

d

=

Fig. 9 illustrates two results due to an initial different boundary
setting of the same network. In the first case, the boundary surrounds the
network, and the root vertex count is 24. As the output, 20 guiding trails
are generated as 4 root vertices have null trails (Fig. 9a). Only one
iteration is required in this case, as the line-shaped trails can fill the
whole graph. In the second case, the boundary is selected in the middle
of the graph, which contains only 4 vertices (Fig. 9b). Therefore, the
guiding trails start from the 4 vertices and are shaped with a branching
structure to cover the entire graph. Logically, 4 iterations are employed
to produce the 4 branching guiding trails. Fig. 10 illustrates the algo-
rithm’s performance implemented in two high-resolution and ruled
pattern cases. The directional path search in the algorithm is used to find
the inherent geometric rule in the pattern.

The algorithm detailed above demonstrates that the configuration of
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@ leaf-end vertex mmmes guiding trail (iteration 1)

() intermediate vertex ————3 sequence

(b)

mmmsm guiding trail (iteration 1)

s guiding trail (iteration 2)

s guiding trail (iteration 3) mmsmms guiding trail (iteration 4)

————+ sequence user-defined boundary

Fig. 9. (a) Boundary vertices defined outside the network: the guiding trails are
generated with one iteration and are all lines. (b) Boundary vertices defined
inside the network: The guiding trails generated require four iterations and are
all branches. Vertices are marked with their ranks vE.
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Edge count = 1624 Node count=812 Computation time = 81 ms

(b)

ImEE|
|

L

1
:

Edge count =2252  Node count=1192  Computation time = 174 ms

Fig. 10. The algorithm implemented on two high-resolution cases: (a) One
spiral network with 1624 edges and 812 vertices and spends 81 ms to output
guiding trails; (b) Another quadrilateral network with 2252 edges and 1192
vertices and spends 174 ms to output guiding trails in branch.

the guiding trails can be directed by predefining the network’s bound-
ary. This is achieved by designating vertices on the guiding trails as v} =
true before the trail-connecting routine. Features such as symmetry can
be achieved by predefining a symmetric boundary. Moreover, applying
different guiding trail settings to the same form diagram results in
distinct force diagrams, as illustrated in Figs. 4c and 12.
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Code snippet 2,

Inputs:

U: Vertex adjacency matrix

Paras:

U,": One initial guiding trail matrix that Vu;_; = 0 (u;_; € U,°) and
v =0 €U,°) .

VTs: The complete set of the vertices in T.

VB Vertices that are on the defined boundary of the network.

V: Vertices that are not on the defined boundary of the network.

v!: Boolean value to mark whether the vertex v; is already included
in a trail.

vf: Rank of v;.

7: Integer value to record the current searching depth.

a: Boolean value to record whether a trail is found in the iteration.

V;: A set of vertices as candidates for the next guiding trail link.

'7,{17,,, .. Uj_} @ Aset of unitized vectors that start from v, and point
toward the adjacent vertices in F.

Outputs:

U,: Guiding trail matrix

001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026

027
028

029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051

//01 Define the boundary of the network
U, U
Vs s yByv!
foreach v, in VB: vfy < 0; 15 « —1(vy5 € U,°); vl « true
foreach vy, in V!: vf « int.max; r;; < 0(r; € U,°); v, « false
//02 Find the trails with network vertex ranking
While 3v] = false:
//02-1. rank the network vertices
r<0
While v} = int. max:
Foreach vf =7 in U:
Foreach E;_; inthe v; row of U:
If v >7r and |E;_;| > 0:
vler+1
End if
End
End

r=r+1

End
//02-2. build guiding trails
Foreach v} =0 in U:
v & v a < true; ¥« 0
While a = true:
V= Vi a < false;
Foreach E;_; inthe v, row of U:
If |E_;| >0 & vf=r+1 & vf = false:
V. Add(F.%,_;); V;. Add(v))
a « true
End if
End
If a = true:
v, « V. selectMinGra(¥V,. projectOnTanPlane)
vl « true
s« 1 (u_s € U,°)
v - v

End if

rer+l

End loop

End

//02-3. update the rank
Foreach v/:

If v/ =true: vl <0

Else: v} « int.max

End
End loop
//03 Output guiding trails
Foreach v; in UDO:
If V= 0(u; €v): 1= 1(r; € U,%)
End
U, <« U,°

return U,

10
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4.3. Force diagram assembly with augmented half-edge data structure

The guiding trail concept introduced in Section 4.1 determines a
sequence in the branching structure to planarize the underlying graph of
SLS structures. The output planar graph always contains multiple edges
in topological connections (|E;_j| > 1) that usually represent multiple
load edges. This scenario does not occur in the conventional Half-Edge
(HE) data structure, where the geometric network edges cannot be
duplicated between any pair of vertices [57,58]. However, this happens
in the underlying graphs like Tgs in Fig. Sc. For instance, the duplication
in Ei,j{e?_j. .
shows a novel system of identification called Augmented-Half-Edge
(AHE) that deals with this issue. In AHE, a face can be defined with at
least 2 half-edges (instead of at least 3 in HE), and the 2 half-edges in one
face share the opposite endpoints and enclose a “virtual face” in the
underlying graph. An identification index k that counts the duplicate
edges in E;_; is introduced in eﬁj. Besides, eﬁj corresponds to a unique
load I, identified with n that represents the count of the loads I,
applied on the same node. In this regard, every edge in the topology has
a unique label, even if it shares the same vertex endpoints with another
edge (see Fig. 11).

In Fig. 12a, a sub system F* of the SLS structure F is highlighted and a
detailed overview of the planarization process for one trail is demon-
strated in Fig. 12b. The loads l ¢, l5_, I3, are repeated 3, 2 and 1 times
respectively to arrive at the cycle < v, >, which represents the global
equilibrium. Correspondingly, as illustrated in T} in Fig. 12c, the force

e{-‘_j} generates a “virtual face” in the topology. Fig. 11

diagram depicts that the load edges applied at one of the inner vertices
of the network is made pass through all vertices on the corresponding
guiding trail until it reaches the boundary of the graph. For instance, the
I, start from < v; > and passes < v, >, < v3 >, < v4 > following the
in-and-out half-edge {e?_,, e ;}, {€J_5,€3_,} {€J_4,€J_,} in the graph
until it is connected to < v, >.

The underlying graph T}, is the state of T (U as matrix format) after
modifications to make it planar, in which all the loads ;_, have been
transferred into eﬁj or e{iE (L; becomes a null set). Therefore, T, is a

0
Vi = Eak Vq
| e N
- 0
e’ ! €jq
<face>
<virtual face> 0
Eqj
el |/ /i N\

Vi = =
ei-j3 e,-ﬁ
ei—_j2 ej-iz
ei-j] ej-i]
ei—jo ej_i()

Fig. 11. Illustration of the augmented half-edge (AHE) data structure
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(a) Entire Structure

Automation in Construction 166 (2024) 105519

(b) Sub-system
Ly, FS

Form diagram

Z
4 T
, S - 0l oS ews’ (s
F 3 1.Planarization R P /,9‘ ______ w2 (3.
form diagram (Egs. 1~12) \ ! ! o
\ e b 3.4 e (2
\ : A 3
\
‘ ® | er dr) m m %/f 1)
i | 1 \
@ ® ! €l—zﬂ\9 e’ o’ e < 6475“\9(/4«”)
T A 7
| 7 ' 7 ' v e
/
A /] vl | v2 | v3 Illguiding trail ‘14/’// Ve
o= @ [ S | N— N | e
| ¢ o o - ee
@v i @ i
a—
O boundary
______ L.
O e Y -~
\ Q(/ E o
Tp 2.AHE construction \\ s g,l””
. : d) Dual h &
Planarized graph ‘ (Ahe procedure) @ Sua grap i ‘(\)lu <vd> (’l:,p"
Tp' ! N S
/ /’7 ,///
S 11
(e) Force polygons
7
s
<Vi3>
Ty 3.Assemble force diagram . S S* oSk ok
pl hof T (Aby procedure) Ini F FFFSFSF
Dual graph of 1p (Eq. 13) —— tension force

— compression force
(f) Force diagram

» 3

—— external force

Force diagram F*

. * S S*
n:T, T, T Tp
- tension force
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intermediate vertex
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Fig. 12. Overview of the planarization process usign guiding trails and the force diagram assembly procudure with AHE data structure. (a) Entire structure system: the
form diagram F, its underlying graph T, with the guiding trail in colors, the corresponding dual graph T; , and the generated force diagram F". (b) Sub-system: the

structure form F°. (c) Sub-system: the planarized graph T;. (d) Sub-system: The dual graph TI‘;. (e) Sub-system: four force polygons F z,. (f) Sub-system: the integrated

force diagram F'.

planar graph with no leaf edge and corresponds to the matrix U. The

latter is obtained after running the iterations fo

the guiding trails T, (U, in matrix format). According to the dual principle

in the graph view [59], the dual T, of the planar underlying graph T, in
half-edge expression is isomorphic with the force diagram F'(see
Fig. 12d, e). Therefore, the assembling procedure (presented in [25],

rmulated in (12,13) with
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labeled with Aby()) of the force diagram follows the process that leads to
T,” in AHE format, labeled with T,” = Ahe(U'). The adjacency between
force polygons in F* corresponds to the half-edge polygon < v; > adja-
cency in T, (see Fig. 12e, f). The force diagram can then be constructed
with the Ahe() and Aby() procedures:

F' = Aby(F,Ahe(U)) a4

4.4. Integrated workflow with CEM

With the CEM framework [8], the equilibrium is calculated
sequentially following the topological diagram T°™. The algorithm’s
structure follows a clear hierarchy and distinguishes trails (T{") and
deviation (T$™) edges. Apart from specific cases involving gradient-
based optimization on “auxiliary trails” [52], the trails in the topologi-
cal diagram of CEM determines the calculation sequence.

In this regard, a SLS structure can be modeled using CEM so that
T{*™ = Ty when it meets the following conditions concurrently:

a) The topology of the structure, without applied external forces, is
planar in nature, or a planarization process can be implemented
beforehand to achieve planarity without disrupting the predefined
trails.

b) All the vertices within the structure that are subject to loads must be
contained in a trail.

Fig. 13 illustrates a case where the force diagram is generated
straightaway from the CEM model. The guiding trails are extracted
directly from the topological diagram, and the support vertices are
inherently positioned as the boundary vertices of the guiding trails. The

@ origin vertex
i @ support vertex
i i trail

-

1= deviation

oo

P8 S

meie guiding trail

T
o

| @ root vertex
|

@ leaf-end vertex
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corresponding force diagram can be produced at once using the meth-
odology presented in Sections 4.1 and 4.3. Users can manipulate the
structural form within the CEM framework by altering the input pa-
rameters in the topological diagram and intuitively observe the conse-
quent transformation in the force diagram.

5. Computational design implementation

In this section, we present several cases of SLS structures designed
using the presented approach. The first examples illustrate simple
structures (a cable net and ribbed dome), under pure tension or
compression. Thereafter, we show structures that belong to categories
that typically pose significant challenges using other computational
methods based on graphic statics (such as pneumatic structures and self-
overlapping spiral prestressed nets).

In all cases, a new method named Vectorial Difference Method (VDM)
is implemented to achieve the equilibrium state of the structures. VDM
can eliminate the extra residual forces in the structure’s vertices by
iteratively imposing the parallelism between the corresponding edges in
the form and force diagrams. The parallelism between F and F* can be

evaluated with R:

— —
_ _EijeEiy
iy = — — (15)
‘EH o E;
N n-1 n dij if |Ei—j| >0
R= (u—1)* where y = { 16)
=0 j=itl 1if |E,-,j| =0

F* Fs*

- tension force — compression force - external force

Fig. 13. The correspondence between the topology diagram of the CEM and the graph with the guiding trails highlighted with orange color (left). The force diagrams

generated directly with the topological data in CEM (right).

12
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Convergence (R)

(a) FV Input geometry (1/2 scale) (d)
user-defined with internal tension force of
SkN in every edge

Edge count: 760
Node count: 400

O = N Wk L X O O
—
——
T

Computation time:
Find equilibrium (F1:5F1): 20.6 s
Generating force diagram: 2.9 s

— Fi—>Fi

Iteration

jones i '

z X

— z x
y Y
Fi Cable net F.* Force diagram
0.078kN to 5.49kN in edges,/
© VGS: Fi—F: | / vGs: Fit—

zZ X

zZ X
Z, <,
F: Cable net under point loads T F2* Force diagram
0.1kN to 8.81kN in edges
— input geometry —— tension force — external force
/ O fixed support —— compression force projection on XY Plane

Fig. 14. A cable net structure: (a) The input geometry (F?) user-defined with 5kN in every edge; (b) the form diagram F; of the cable net subject to self-stress
generated using VDM (F¢—F;). The force diagram F; generated according to the guiding trails Ty; (c) Form diagram F, and the force diagram F;, after trans-

formations with VGS tool to adapt to the new loadcase (0.1kN loads applied on every node) (F; —F, and FI —>F;); (d) The graph shows the convergence to equilibrium
throughout the form-finding process.

where i and j represents the indices of the vertices in the form diagram. edges in Fand F'. Once the condition R—0 is achieved, which means the
* structure is in equilibrium, the VGS tool can be implemented to perform
geometrical and structural transformations while keeping the interde-
pendency between the pair of diagrams.

a;_j represents the angle between the edge vector fi,j in F and the fi,j

in F*. R evaluates the cumulative angles between the corresponding

13
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Fig. 15. A gird shell structure: (a)The input geometry (FY), user-defined with -50kN in every edge,

form found with VDM (F? —F;) while subjected to the loadcase (the load, ranging from 0.2kN to 4.4kN.

applied to every node is propotional to the length of adjacent

>

are the the XY-plane view of F; and F.

*
1p

F

Flp and

ribs), and the corresponding force diagram F; generatd following the spirally patterned guiding trails Ts.

(d) The graph shows the convergence to equilibrium throughout the form-finding process; (e) Renders of the resulting

¥
15

and F;, are the YZ-plane view of F; and F,

structure: bird view (left), interior view (right).
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Fig. 16. Form-finding of a pneumatic structure: (a) The input network generated with a SubD function (F?) and is user-defined with 1kN in every edge; (b) The form
diagram F; form found with VDM (F{—F) is subjected to unitary 0.5kN vertical upwards load per node and the corresponding force diagram F; generatd following
the guiding trails Tsg. Fi. is a YZ-plane view to show the relation between force and surface in direction; (c) Fa, Fo, and F; are the form found form diagram, form
diagram in YZ-plane and force diagram after applying the pneumatic forces (Imposing the direction of the load vector at an equal angle between all its adjacent edges

without altering its magnitude) (F; —F5); (d) The graph shows the average angle formulated in (18) and the convergence to equilibrium throughout the form-finding
process; (e) Renders of the resulting structure: bird view (left), interior view (right).
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Fig. 17. A spiral staircase: (a) The input geometry (F?) and the equilibrium structure F; supported on two ends and the inner force calculated with VDM (F)—F;).
The force diagram generated following the guiding trails T, (b) The Form diagram F, form found the equilibrium with VGS-transformation (F; »F, and F; —»F;) under
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(d) The graph shows the convergence to equilibrium throughout the form-finding process (F; »F); (e) Two renders of the resulting structure.
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5.1. A prestressed cable net

In Fig. 14a, one grid net F{ composed of 19 x 19 cell is prestressed
(with 5kN tension forces in every edge) on four fixed supports at
different heights in space. The equilibrium state (with internal forces
ranging from 0.078kN to 5.49kN) is found with VDM (Fig. 14b). The
underlying graph of the structure is planar, and there are no applied
loads, i.e. VL; € U = {}. The load case can be changed by adding vertical
downwards point loads (0.1kN per node) at the nodes of the net to reach
the new equilibrium state F»(Fig. 14c). In the corresponding force dia-
gram F, all point loads are redirected to a closed force polygon on the
boundary of F, that represents the equilibrium of the external forces.

5.2. A ribbed dome

The concrete dome of the Palazzetto dello Sport [60], engineered by
Pierluigi Nervi is studied as a reference for the second example. This
structure employs a spiral pattern (like F{ in Fig. 15a) for the dome’s
ribs. The form-finding starts from the state F{ (with only prescribed
internal compression forces of -50kN in every edge) and reaches the
externally loaded F; (with internal compression forces ranging from
-4kN to —49.9kN) after applying the VDM algorithm (Fig. 15d). Vertical
downwards point loads are applied at each node of the structure and
their magnitudes are proportional to the length of the adjacent members
(0.2kN to 4.4kN) (Fig. 15b). Once F; is achieved, the network vertex
ranking algorithm generates the guiding trails T, from F;. The resulting
planarized graph allows to construct the force diagram F;. Thanks to Ty,
the latter forms a dome-like shape that visualizes the internal force
distributions in the dome (Fig. 15c).

5.3. Pneumatic structure

This case study illustrates a novel procedure to form find pneumatic
structures through the interactive transformation of form and force di-
agrams. In pneumatic structures, air pressure — which in the discretized
representation of this example is replaced by point loads — is consistently
applied perpendicularly to the surface of the structure. Therefore, the
applied loads do not follow the same direction. For this reason, using a
2.5D method (Sections 1.3.1) by projecting the structure onto a plane is
not feasible. As shown in Fig. 16, the form-finding process is composed
of two stages. First, the geometry of the input net (with 1kN tension
force in every edge) is subject to unitary vertical upwards point loads
(0.5kN per node), and F{ (Fig. 16a) is form found with VDM (with in-
ternal forces ranges from 0.79kN to 3.49kN). Then the guiding trails are
generated (Fig. 16b). Afterwards, using the transformation component
in the VGS tool, directional constraints are imposed on the load edges at
each node of the network to ensure that forces are always perpendicular
to the network face while remain unchanged. Given that the surface of
the pneumatic structure is approximated using a network, perpendicu-
larity is achieved by imposing an equal angle constraint on the load
vector and adjacent edges [53] (Fig. 16¢). Throughout the form-finding
process (F1—F,), perpendicularity at each node of the network is
monitored with a parameter a:

=
0,_; = arcos LB a7
— —
‘Li *|Eij
1, &
0 =—* Z 0;_; (18)
m; =
n o om
a= 16: — 6,51 19
i=0 j=0

Where i represents the index of the node of the structure and the
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count of V; is n. j represents the index of the edge link to L;, whose count
is m;. 0;_; depicts the angle between the f,- and fi,j. 0; is the average
value of the angles between fl- and its every adjacent edge f,-,j. Thus @
represents the cumulative distance from every 6;_; to 6;, and evaluates
the angle equality between L; and the adjacent network elements.

Fig. 16b, ¢ shows the origin and the form-found structure (with in-
ternal forces ranging from 0.01kN to 5.29kN) by constraining the cable
net with @—0 during the transformation. Meanwhile, the table in
Fig. 16d demonstrates the convergence of the entire process for both
parameters @ and R, where R is the convergence parameter (R—0)
depicting the interdependency between form and force diagrams in VGS.

5.4. Self-overlapping funicular structure

The masonry spiral staircase (also known as Guastavino staircase
[62]) is one of the well-known cases of composite masonry structure. It
is a single-layer tile vault that can be regarded as a uniform thin heli-
coidal shell [63]. To achieve static equilibrium of the spiral plate, a
vector-based form-finding process is implemented. The input geometry
is generated via parameterized modelling (F{ in Fig. 17a). The tension
and compression forces in the structure are then evaluated with VDM
(convergence process shown in Fig. 17c¢), to produce F; (with internal
forces ranging from —15.05kN to 20.88kN). Following the same pro-
cedure as in the previous cases, a force diagram F,; that is radially
symmetric is constructed.

As depicted in Fig. 17b, when the spiral plate is subjected to vertical
downwards point loads with 0.06kN per node, noticeable geometrical
transformations occur in the middle of the structure (see F,) and the
internal forces’ magnitudes changes to the range between —16.16kN
and 27.15kN.

6. Conclusions

This article presented a series of techniques to build specifically or-
dered vector-based force diagrams for SLS structures. Compared to the
current VGS method, the newly proposed algorithm represents a more
user-controllable and responsive computer-aided design (CAD) tool for
structural form-finding of SLS structures. We highlight here the contri-
butions brought by this research:

a) Form-finding SLS structure with the extended VGS tool exhibits

significant intuitiveness with real-time responsiveness. The graphical

representation of the equilibrium state in the 3D form and force di-

agrams is easy to read, improving the operability for the user. This

creates an intuitive tool for collaboration between engineers and
architects that promotes communication and understanding of
structural behavior.

Regarding design freedom, some of the limitations in 2.5D methods

are overcome. In particular, any load configuration other than ver-

tical loads can be applied to evaluate the distribution of forces in SLS
structure and freely explore potential novel equilibrium systems.

c) The introduced AHE data structure provides a link between the form
and force diagrams and their underlying graphs. This data structure
can be expressed with a matrix format and provides a foundation for
future developments of high-performance computing algorithms.

b

=

Despite its progress, the current work still presents certain limita-
tions and necessitates additional developments:

a) Currently, the VGS tool transformation module primarily relies on
the Kangaroo2 library [17]. It struggles to support real-time feedback
for large-scale networks. For example, the case in Section 5.2 en-
compasses 4666 constraint goals being applied to the physical sys-
tem, making each iteration require approximately 500 ms. Future
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developments will consider integrating other simulation approaches
to accelerate the form-finding process.

For statically indeterminate structures, multiple equilibrium solu-
tions based on various load cases and prestresses are possible. In this
scenario, the extra internal or external forces other than those
necessary for static determinacy, can be regarded as parameters
within the equilibrium problem. This study has not fully explored the
potential advantages offered by this type of structures. In future
work, the implementation of the presented approach to statically
indeterminate structures will allow for efficient exploration of the
equilibrium solution space through systematic adjustment of internal
forces’ magnitudes. Coupling this method with the limit analysis will
provide a robust tool for evaluating the structure’s collapse load
factor using a parametric force diagram [64,65].
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