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Abstract For certain integer programs, one way to obtain a strong dual bound is to use
an extended formulation and then solve the associated linear programming relaxation.
The classical way to obtain a bound of the same value in the original variable space
is through the use of Benders’ algorithm. Here, we propose an alternative approach
based on a decomposition of the dual optimal solution of the extended formulation
linear program. An example of the approach using the multi-commodity formulation
of a two-level production/transportation problem is presented.

Introduction
We consider integer (or mixed integer) problems of the form
z =min{cx|Ax > b, Fx > g, x € Z"} (1)
with the property that a tight and compact extended formulation
P ={(x,w)|Bx + Dw > d}

is known for the set X = {x € Z" : Fx > g}. Here, tight means that proj, (P) =
conv(X) and compact that P is of polynomial size relative to the description of
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72 M. Van Vyve, L. A. Wolsey

X. Typically in such cases a description of conv(X) by valid inequalities in the
original space R" is of exponential size and is often only partially known. See
Conforti et al. (2010) for a recent survey on extended formulations for combinatorial
optimization problems and Vanderbeck and Wolsey (2010) for integer programmig
problems.

Given P, a natural approach to solve problem (1) is to work with the formulation

z = min{cx|Ax > b, Bx + Dw > d,x € Z"} )
for which the linear programming relaxation
zLp = min{cx|Ax > b, Bx + Dw > d, x € R"} 3)

of value z1p = min{cx|Ax > b, x € conv(X)} should provide a good lower bound
on z.
Here, we address the question of how to provide a linear program

zfp = min{cx|Ax > b, Cx > ¢} 4)

in the x-space such that

(i) zLp = z{p and the optimal solutions of the linear programs (3) and (4) are
essentially the same,
(i) Cx > e is efficiently computable, and in particular the number of inequalities in
Cx > e is not large, on the order of n,
(iii) the inequalities are strong.

Three reasons to address such a question are

(a) a desire to view and understand the valid inequalities that are implicitly being
generated by the extended formulation for a given objective vector c. The possi-
bility of obtaining such descriptions with software such as PORTA Christof and
Loebel (1997) is limited to very small problem instances.

(b) though of polynomial size, the extended formulation P may be large in practice
so that even though solving the linear program (3) may be feasible, solving the
associated integer program (2) may be impossible. So one would like to work in
R" with the formulation

z =min{cx|Ax > b,Cx > e, x € Z"} 5)

whose linear programming relaxation is strong using information derived from
P.

(c) the possibility of providing an alternative to Benders’ algorithm Benders (1962)
when solving the linear programming relaxation at the top node of an IP or MIP.

In Sect. 2 of this note, we describe an algorithm to produce the desired set of inequal-
ities Cx > e, and show that the resulting linear program (4) has the desired properties.
In Sect. 3, we present an example involving a multi-commodity reformulation of a
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two-level production problem along with some remarks concerning the inequalities
generated.

A decomposition algorithm

A first observation is that (i) and (ii) above are in general incompatible. Indeed, the set
of optimal solutions of the linear program (3) can be a polyhedron with an exponential
number of facets. In this case, it is simply impossible to give a compact LP description
of this set in the original variable space.

The algorithm that we describe next is going to satisfy (i) but for a relaxation of
(3). More specifically, we suppose that we have solved the linear program over the
extended formulation and have dropped all the constraints for which the optimal dual
variables are zero.

The algorithm

(i) Solve the linear program (3) or its dual.

(ii) Drop the primal constraints for which the optimal dual variables are zero, or
equivalently, suppose that all constraints are binding at the optimal solution.
Thus, the extended formulation

z1p(EF) = min{cx + 0w : Ax > b, Bx + Dw >d,x e R", w € R”} (6)

has b € R, d € R? and feasible region Q, where the optimal primal solution
(x*, w*) satisfies all the constraints as equalities. Therefore, there is an optimal
dual solution (v*, u*) > 0 satisfying

va +ud = cx*

vA4+uB =c¢
uD =0
v, u>0.
(iii) Decompose u* as
-
ut = rul,

where {u'}/_, are extreme rays of the dual cone U = {u : uD = 0, u > 0} and
M >O0fore=1,...,r.
(iv) The reformulated linear program is

min{cx|Ax > b, u'Bx >u'd, t =1,...,r}.
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Observation 1 The decomposition in step (iii) can be implemented in polynomial
time with an algorithm of Schrijver (1986) involving the solution of at most q; linear
programs over the dual cone U.

The simple algorithm is as follows:

Decomposition Algorithm
Initialization: p° = u* # 0, 1 = 1.
Iteration ¢:

1. Given p'~!, find the set I'~! = {i : ,oit_l = 0} of dual constraints that are tight
(i.e. find the face on which ,o’_l lies).

2. Given some non-tight constraint (i.e. some i ¢ I’ —1), choose that variable as
objective function to be maximized and solve the linear program max{u; : u €
U,u; =0 i € I'"'} to obtain an extreme ray u’ of U.

3. Calculate A' = max{x : p'~! — Au’ € U}.
4. Set p' = p'~1 — A'ul.
5. Stopif p’ = 0.
6. Increase 7.
On termination at iteration T, we have u* = szl Au’ with &; > 0 and u’ an

extreme ray of U for all ¢.
Let Y = proj,(Q) and Y°P' = {x € Y, cx = cx*} be the set of optimal solutions in
the original variable space.

Proposition 2 The set of optimal solutions in the original variable space is equal to
x* plus the projection of the lineality space of Q:

YOpt:{x;x:x*—i—i,Af:O,Bi—i—Dﬁ):O}

Proof The direction D directly follows from the feasibility of x*. For the other direc-
tion, suppose (x, w) = (x*, w*) + (X, w) € Y andcx = cx*. As (x, w) € ¥, Ax* =
a and Bx* + Dw* = d, it follows that AX > 0 and Bx + Dw > 0. Suppose that
there exists such an optimal solution with A’% > 0 or B'X + D' > 0 for some row
i. Then, cx — cx™ = ¢x = v*AX + u*Bx > v*0 + u*(0 — Dw) = 0, where the
strict inequality follows from (v*, u*) > 0, contradicting the optimality of (x, w).

The claim follows. O
Consider now the dual cone U = {u € Rﬁlf : uD = 0} of dimension r. As
u* >0, u* € relint(U), by Carathéodory’s theorem u™* can be expressed in the form
u* = ;-: )»j.uj with A* > O and u!, ..., u" extreme rays of U spanning the linear
subspace Ly = {u € R%2 : uD = 0}.
Let

R:{xGR":AxZa,ujszujdjzl,...,r}, and

let RP' = RN {x : cx = cx*}.
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Claim 1. projxQ < R.
Claim 2. u/Bx* =u/dforj=1,...,r.

Specifically one has 0 = u*(d — Bx* — Dw*) = u*(d — Bx*) = ?:1 Ajuj(d —
Bx*). As A* > 0 and u/ Bx* > u/d for j =1, ..., r, the claim follows.

Proposition 3
YOpt — ROpt.

Proof As Ax* =aandu/Bx* =uldforj=1,...,r, R={x:x =x"+X, AX >
0,u/ BX > 0 for j = 1,...,r}. As in the proof of Proposition 2, if A'X > 0or
u/ BX > 0 for some i or j, then cX¥ = v*A¥ + o1 )\jufoc > 0, contradicting
optimality.

Thus,
RP' = {x :x =x*+ %, AY =0, u/ BX =0}
={x:x=x"+% AX¥ =0,Bx L Lp}
={x:x=x"+X%X AXx=0,Bx = Du}
— YOpt
where the second equality follows from the fact that u', ..., u” span Ly. O

Thus, Proposition 3 shows that the family of inequalities generated by our decom-
position algorithm is rich enough to satisfy (i) above. Looking more closely at the
proof of the previous proposition, one crucial element is that u', ..., u” span the lin-
ear subspace Ly = {u € R?2 : uD = 0}. We show next how to weaken this condition
to obtain a sufficient and necessary condition for Y°P' = R°P!,

Each u in the dual cone U gives rise to a valid inequality u Bx > ud. However, two
distinct u!, u? might give rise to the same inequality, namely if (u! — u?)B = 0, or
equivalently if (u' — u?) is perpendicular to the image of the linear operator B (ImB,
equivalently the space generated by the columns of B). This shows that projecting u
orthogonally onto the subspace /m B will not modify the inequality obtained.

Soletus define Ly = proj;,,z(Ly), V = proj;,,z(U) and v* = proj;,,, g (u™). We
have the two following results.

Proposition 4 uBx > ud is afacet of conv(X) if and only if proj;,, g (u) is an extreme
ray of the cone V.

Proposition 5 Let {v'},—1 ., be points in V such that v* = ;: Aj v/ with A > 0.

,,,,,

Then QP = R°P' if and only ifv', ..., v" span the linear subspace Ly .

To prove these two propositions, we need the following useful lemma. It essentially
says that different rays of the cone V yield different valid inequalities for X.
Lemma 6 valB = v2B and vy, v» € ImB, then v' = v2.
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Proof v!, v? € ImB means3w!, w? suchthatv! = Bw! andv? = Bw?. Substituting
for v’ yields w! BT B = w?B” B or equivalently (w! —w?)BT B = 0. Multiplying by
(w!' —w?) yields (w! —w?)BT B(w! —w?) =0or [B(w! —w?)]"Bw' —w?) =0
which is only possible if B(w! — w?) = 0. Substituting back v' and v? gives the
desired result. O

Proof of Proposition 4 = Suppose that v = proj;,, g (#) is not an extreme ray of the
cone V so that there exist v!, v> € V with v! # v? such that v = Av! + (1 — 1)v?
with 0 < A < 1 and therefore vB = Av' B + (1 — A)v?>B. By Lemma 6, v' B # v’ B
and therefore u Bx > ud cannot be a facet.

<« Suppose that u Bx > ud for u € U is not a facet of conv(X) so that there exist
u', u?in U suchthatuB = ru' B+ (1 —AMu?B withO < A < landu' B # u?B. Let
v = proj,, @), v' = proj,, 5 ') and v> = proj,,, 5 ?). Clearly vB = Av'B +
(1—=Mv?*B = (Av' + (1 — 1)v?) B and therefore by Lemma 6, v = Al 4+ (1=
Since also v! #* v? (otherwise we would have u' B = u?B), v is not an extreme ray
of V. O
Proof of Proposition 5 Proposition 4 implies that there is a linear bijection between
points in the cone V and valid inequalities of the form uBx > ud for u € U. The
result follows. |

These two propositions characterize the individual strength of inequalities (being a
facet or not) and collective strength of a family, respectively. However, they both rely
on V which is defined as the projection of U onto the subspace /m B. Unfortunately,
this projection step cannot be carried out efficiently from an algorithmic point of view.

The multi-commodity reformulation of a two-level production—transportation
problem

We consider a single-item 2-level uncapacitated production/transportation problem.
The time horizon is discretized in a finite number of periods, and for each period ¢
and client ¢, a nonnegative demand d; has to be met. Production is possible at several
production sites, and products are then transported to the clients. Holding inventory
is possible both at the production facilities and at the client sites. There are fixed
costs associated with production and transportation. A standard formulation uses the
following variables:

x? production level at facility p in period ¢,

y? binary setup variable associated with production level x/,
s inventory level at the end of period ¢ at facility p,
X?P¢ quantity transportated from facility p to client ¢ in period ¢,
Y/“ binary setup variable associated with X/,
S¢ inventory level at the end of period ¢ at client site c.
X213 s the feasible set of the problem defined as follows:

: p.p PC 3 PC p.p Peype
min by x; + B, X, + 9 Vi + O Y @)
p.k pc.k p.k p.c.k
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NC
sia+xl = X[+ Vpu1, (8)
c=1
NP
(2LS) S+ XPC=df+ S Vet )
p=1
xP < MyP vp,t, (10)
XPC<myPe vp.c.t, (11)
y c {O, 1}NPXNT’ Y c {0’ I}EPXNCXNT. (12)

We assume that initial stocks are zero in both the production sites and at the clients.
Note that should inventory costs appear explicitly in the objective function, they can
be eliminated by substituting a standard linear expression in the variables x, X and
the demands d.

Multi-commodity formulation

We now present a multi-commodity reformulation for the set X?S. For each pair c, t,
the product used to satisfy the demand dy is viewed as a distinct product. Thus, we
introduce the following variables:

e w! is the amount produced in period 7 at production site p to satisfy the demand

of client ¢ in period u,

e W/ is the amount transported from production site p to client c in period ¢ to be
used to satisfy the demand in period u of client c,

e o/ is the amount stocked at production site p at the end of period # to be used to
satisfy the demand in period u of client c,

e X7, is the amount stocked at client ¢ at the end of period ¢ to satisfy the demand
of period u.

The resulting multi-commodity formulation (MC) is as follows:

MO) atp_cl’u + w;':f = Wt[,ic —i—a,";c Vp,c,t,u, witht <u,
] pc .
2,‘71’14 + Wi = dsm + %5, Ve, t,u, witht <u,
w{:f §d,fy,p Vp,c, t,u, witht <u,
W,ZC < d,fYtpC Yp,c t,u, witht <u,
NCNT
x,p: w{; Vp,t,
c=1u=t
C NT C
= WL Vp,ert,
u=t
w;U,f,Wt‘ZC,EC T E]Rﬂr Vp,c, t,u, witht <u,

tu> “tu

NPxNT NPxNCxNT
y € {0, PNy e ZTTN
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where 8;, = 1if t = u and §;, = 0 otherwise. Here, the first two sets of constraints
are flow balance constraints at production sites and client areas, the next two are the
tightened variable upper bound constraints, and the last two link the original production
and transportation variables to the corresponding multi-commodity variables.

Eliminating the stock variables, we obtain the equivalent formulation with which
we will work:

min bl xf + BIXP +  qfyl+ oreyle

p.k p,c,k p.k p.c.k
p NE p
xf - dwl’ >0 Vp,k, Wl
c=1t k
XP< — d‘W‘"C>0 Vp, ek, i

=
y,{’ —wl>0 Vp.ekt withk<r, ()
C— WL =0 Vpoe kit withk <1, (V)
T
wlftc _ WPC >0 Vp,c t,t, witht <z, (y))
k=1 k=1
1pc

w,>1 Ve, (65)
P k=1

pe 1 :
wkt,wkt,eR Vp,c, t,u, withk <t,
Y € RNPXNCXNT

’ —+ ’

NPxNT
yeRY

The dual is

up <bl Vp.k
UpC<BpC Vp,c k
" pe
v <ai Yp.k
c t=k
n

VkI;C < Q,fc Vp,c, k
t=k

t
dcuk — Ukt + ykljc <0 Vp,c k,t

=k

1 e
—dfUl — k,f’c— yk, +80<0 Vp,ckt
quVy,8>0

Now given an optimal solution (u*, U*, v*, V*, y*, §*), using the Decomposition
Algorithm described above, we decompose it as a nonnegative combination of the
extreme rays of the following cone:
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t
P pe pe
—d{uy, — v, + Yio =0 Vp,c k.t
=k

1
ULV RS0 Ypek

=k
u,U,v,V,y,§ >0

On termination at iteration 7T,

W*, U* v, V¥ y* §%) = no'
t=1
Taking o' = (i, U,,V, Y, 5), the corresponding valid inequality is
n
if xf’ + U X7+ O VK

p 1 p ¢ t Pk ¢ t=k

7 PC pc sc

+ Ve Yo = 8-

p ¢ k 1=k c t

Example 7 The instance involves one production site, two clients and three periods.
dl = (8, 3, 6) and d? = (12,7, 13). The formulation produced by the decomposition
algorithm is

Minimize x| + 0.5x) + 0.1x} +0.5X]' + 0.2X}! +0.9X3! + X{* + 04X} +

0.2X12 + yi + 10y] + 16y} + Y[' + 57} + 4y + ¥[2 + 147)% + 37,2
cut(1): x{ +x3 422y} + 7Y% > 49
cut(2) 1 x{ +x3+ X3+ 13y) > 49
cut(3): x| +x3 + 19y} > 49
cut@ : x{ + X3+ 16y1 + 13y} 467, +77,)2 > 49
cut(5) 1 xi +22y) 4+ 19y} +77,2 > 49
cut(6) : X+ X3+ x12>32
cut(l): X{?+ X324+ 13v)2 > 32
cut(8): X2 +713% > 19
cut(9) 1 X124+207)2 +13v{2 > 32

cut(10) : X+ x4 x> 17
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cut(1l) . x' 4 x3 poylt > 17
cut(12) : yf >1

cut(13) :

<
®

I\

-

cut(14) :

=%
%

In Rardin and Wolsey (1993), showed that the projection of the multi-commodity
formulation for a single item, single source fixed charge network flow problem consists
of “dicut” inequalities. Thus, each of the inequalities above has a simple explanation.
For example, letting df;, denote  , dj, cut(1) can be written as follows:

Xl +d3Y) 4 (dd 4 dR)yi 4+ x) > dly + dF,

where the demand c122 is covered by the terms x 11 + d22 y21 , the demand d21 by the terms
xl1 + dzlYl, etc.

Final remarks

The projection procedure outlined above provides a tool to display a variety of inequal-
ities in the original space. We have not yet succeeded in demonstrating the viability of
our approach for our second objective, namely providing a practically efficient com-
putational tool for the solution of instances for which the extended formulation is too
large for branch-and-bound/cut. Here certain difficulties still need to be overcome.
The first is that the number of extreme rays/cuts generated is very large and time
consuming as a linear program has to be solved to generate each cut. This raises the
question of whether it is possible to order the generation of the cuts, so that the most
important cuts (for bound improvement) are generated first. More generally one can
ask whether there are alternatives to the Schrijver algorithm for expressing a ray of a
polyhedral cone as a positive combination of its extreme rays.
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