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We show that, like in the case of algebras over fields, the study of multilinear polynomial
identities of unitary rings can be reduced to the study of proper polynomial identities.
In particular, the factors of series of ZS,-submodules in the ZS,-modules of multilinear
polynomial functions can be derived by the analog of Young’s (or Pieri’s) rule from
the factors of series in the corresponding ZSy,-modules of proper polynomial functions.
As an application, we calculate the codimensions and a basis of multilinear polynomial
identities of unitary rings of upper triangular 2 X 2 matrices and infinitely generated
Grassmann algebras over unitary rings. In addition, we calculate the factors of series of
ZSn-submodules for these algebras. Also we establish relations between codimensions
of rings and codimensions of algebras and show that the analog of Amitsur’s conjecture
holds in all torsion-free rings, and all torsion-free rings with 1 satisfy the analog of
Regev’s conjecture.
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Polynomial identities and their numeric and representational characteristics are
well studied in the case of algebras over fields of characteristic zero (see e.g. [3, 5]).
However, polynomial identities in rings also play an important role [12]. The sys-
tematic study of multilinear polynomial identities started in 1950 by Mal’cev [9]
and Specht [14]. In his paper, Specht considered polynomial identities with integer
coefficients. This paper is devoted to numeric and representational characteristics
of polynomial identities with integer coefficients.
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In Propositions 2.1-2.4, we prove basic facts about codimensions of polynomial
identities with integer coefficients in the case when the ring is an algebra over a
field. In Theorem 2.5, we consider algebras obtained from rings by the tensor prod-
uct of the ring and a field. As a consequence of Theorem 2.5, we derive the analog
of Amitsur’s conjecture for all torsion-free rings and the analog of Regev’s conjec-
ture for all torsion-free rings with 1. In Theorem 3.1, we show that the ordinary
codimensions of rings with 1 can be calculated using their proper codimensions by
the same formula as in the case of algebras over fields [3, Theorem 4.3.12(ii)]. In
Theorem 3.4, we prove an analog of Drensky’s theorem [3, Theorem 12.5.4] that
establishes a relation between ZS5,-modules corresponding to proper and ordinary
polynomial identities of unitary rings. In order to apply Theorem 3.4, we show that
the analog of Young’s (or Pieri’s) rule holds for ZS,-modules too (Theorem 4.4).

In the case of algebras over fields, few examples are known where the numeric
and representational characteristics can be precisely evaluated. Among those are
the algebras of upper triangular matrices [7, 10, 11, 13] and the Grassmann alge-
bra [8]. In Secs. 5 and 6, we apply the results obtained in the preceding sections,
to evaluate the basis of multilinear polynomial identities with integer coeflicients
and calculate their numeric and representational characteristics for unitary rings of
upper triangular 2 x 2 matrices and infinitely generated Grassmann algebras over
unitary rings.

1. Introduction

Let R be a ring. If R has a unit element 1g, then the number
char R := min{n € N|nlg =0} = min{n € N|na =0 for all a € R}

is called the characteristic of R. (As usual, if nlr # 0 for all n € N, then char R :=
0.)

Let Z(X) be the free associative ring without 1 on the countable set X =
{x1,22,...}, i.e. the ring of polynomials in non-commuting variables from X with-
out a constant term.

Let I be an ideal of a ring R. We say that [ is a T-ideal of R if ¢(I) C I for
all p € End(R). We say that f € Z(X) is a polynomial identity of R with integer
coefficients if f(ai,...,a,) = 0 for all ¢; € R. In other words, f is a polynomial
identity if ¢/(f) = 0 for all ¢ € Hom(Z(X), R). Note that the set Id(R,Z) of
polynomial identities of R with integer coefficients is a T-ideal of Z(X).

Let P,(Z) be the additive subgroup of Z(X) generated by Z,(1)Zs(2) - - - To(n)s
o € S,. (Here S, is the nth symmetric group, n € N.) Then #@RZ) is a
finitely generated Abelian group which is the direct sum of free and primary cyclic
groups:

P.(Z)

PRz S Le 0o B Doy

p is a prime k€N
en(R,0) number cn(R,pk)




7Sy -Modules and Polynomial Identities with Integer Coefficients 1927

We call the numbers ¢, (R, q) the codimensions of polynomial identities of R
with integer coeflicients.
Note that the symmetric group S, is acting on #@R,Z) by permutations

of variables, i.e. #&ZERZ) is a ZS,-module. We refer to #&ZERZ) as the

7S, -module of ordinary multilinear polynomial functions on R.

Denote by I',,(Z) the subgroup of P, (Z) that consists of proper polynomials,
i.e. linear combinations of products of long commutators. (All long commutators
in the paper are left normed, e.g. [z,y, z,t] := [[[z, y], 2], ¢].) Then I',(Z) is a ZS,,-
submodule of P, (Z). Obviously, T'1(Z) = 0.

Analogously, we define the codimensions v, (R, ¢) of proper polynomial identities
of R:

' (Z)

~7D...DY T BT )
To(Z)NIA(R,Z) w289 %) @(w)
n(R,0) p‘sué;nrl))relfle keN e

If R has a unit element 1, then, by the definition, vo(R, ¢) is the number of Z, in
the decomposition of the cyclic additive subgroup of R generated by 1r. We refer

T

to W@RZ) as the ZS,-module of proper multilinear polynomial functions on

If A is an algebra over a field F', then we can consider codimensions ¢, (A, F') :=

% of polynomial identities of A with coefficients from F. (See [5,

dim PF)
Definition 4.1.1].) Here, Id(A4,F) C F(X) is the set of polynomial identities of
A with coefficients from F, and P,(F) is the subspace of F(X) generated by
To(1)To(2) - - To(n), 0 € Sn. The subspace of P, (F) consisting of proper polyno-
mials, is denoted by T, (F).

We say that A\ = (A\1,..., ) is a (proper or ordered) partition of n and write
AFEnif Ay >X>--->X,>0, )\ €N, and Zle A; = n. In this case, we write
A F n. For our convenience, we assume \; = 0 for all i > s.

We say that u = (u1,...,4s) is an unordered partition of n if p; € N and
>i 1 ;i = n. In this case, we write 4 F n. Again, for our convenience, we assume
w; =0 for all ¢ > s.

For every ordered or unordered partition A one can assign the Young diagram
Dy which contains A\, boxes in the kth row. If A is unordered, then D) is called
generalized. A Young diagram filled with numbers is called a Young tableau. A
tableau corresponding to A is denoted by Th.

In the representation theory of symmetric groups, partitions and their Young
diagrams are widely used. (See [3, 5] for applications to PI-algebras.) Let ar, =
Yimery, Tand bry =32 cc, (signo)o be symmetrizers corresponding to a Young
tableau T, A b n. Then S(\) := (ZS,,)br, ar, is the corresponding Specht module.
Moreover, modules S(\) that correspond to different Ty but the same A, are iso-
morphic too. (The proof is analogous to the case of fields.) Though S()) are not
irreducible over Z and even contain no irreducible ZS,,-submodules (it is sufficient
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to consider the submodule 0 # 2M & M for any submodule M C S()), we will
P, (Z)

use them in order to describe the structure of YRGB CCRAR

2. Codimensions of Algebras Over Fields

Every algebra over a field can be treated as a ring. Therefore, we have to deal with
two different types of codimensions. Here, we establish a relation between them.

Proposition 2.1. Let A be an algebra over a field F. Then ¢,(A,q) = 0 for all
n € N and g # char F.

Proof. Note that (char F')f € Id(R,Z) for all f € Z(X). Hence char F' > 0 implies
cn(A,q) =0 for all n € N and ¢ # char F. If char F' = 0, then every ¢ = p* # 0 is
invertible and ¢, (4, ¢) =0 for all n € N and ¢ # 0 too. O

Proposition 2.2. Let A be an algebra over a field F, char F = 0. Then ¢, (A, F) <
cn(A,0) for all n € N. Moreover, ¢, (A, Q) = ¢, (A,0) for all n € N.
Proof. By Proposition 2.1, #@A,Z) is a free Abelian group. Let f1,..., fs
be the preimages of its free generators in P,(Z). Note that P,(Z) C P,(Q) C
P, (F') and for every o € S, the monomial Z4(1)Zs(2) - - - To(n) can be expressed as a
linear combination with integer coefficients of f1,..., fs and an element of P, (Z)N
Id(A,Z). Hence the images of fi,..., fs generate #&F) and ¢, (A4, F) <
cn(A,0) = s.

Suppose f1, ..., fs are linearly dependent modulo Id(A, Q). In this case %fl +

s € Id(A, Q) for some ¢; € N, r; € Z. Thus

s s s—1
f=mn (H%) fit+tra (H%) fot -t (H qi) fs €14(4, Q).
=3

i=2 i=1
However, f € Z(X). Hence f € Id(A,Z) and all ; = 0 since f; are linearly
independent modulo Id(A,Z). Therefore, the images of fi,..., fs form a basis of
WM and ¢, (A,Q) = ¢, (4,0) = s. m|
The next example shows that in the case F' 2 Q we could have ¢, (4, F) <
cn(4,Q) = cn(4,0).

Example 2.3. Note that P3(Q) = QS3 = S9(3) @ S%(2,1) @ S(2,1) @ SU(13).
Let a € QS5 such that S2(2,1) = QS3a. Denote by f; and f, the polynomials that
correspond to a in the copies of $(2,1) in P3(Q). Let F = Q(+/2). Consider the
T-ideal I of F(X) generated by (f1 + v/2f2). We claim that c3(F(X)/I,F) =4 <
es(F(X)/1,Q) = 6.

Proof. First we notice that Py(F) N Id(F(X)/I,F) = FSs - (f1 + V2f2) =
S¥(2,1). Hence by the hook formula, c3(F(X)/I,F) = 6 — 2 = 4. However,
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P3(Q) NTd(F(X)/I,Q) = P3(Q) N FS3(fi + v2f2) = 0. Indeed, suppose f =
b(f1+\/§f2) € P3(Q) for some b € F'S3. Note that b = by +1/2by where by, by € QS5.
Therefore, f = (b1 + v2b2)(f1 + V2f2) = (bif1 + 2bafa) + V2(b1 f2 + b2 f1) and
f € P5(Q) implies by fo + baf1 = 0. Recall that QS5 f1 @ QSsf2 is the direct sum
of QSs-submodules. Hence by fo = bofi = 0. However, QSsf1 = QSs5fs. Thus
b1 f1 = bafs =0 too, f =0, Pg(@) ﬂId(F(X)/I,Q) =0 and Cg(F<X>/I,Q) =6. 0

The result, analogous to Proposition 2.2, holds in a positive characteristic.

Proposition 2.4. Let A be an algebra over a field F, char F = p. Then ¢, (A, F) <
cn(A,p) for all n € N. Moreover, ¢,(A,Zy) = ¢, (A,p) for all n € N.
Proof. By Proposition 2.1, #ﬁzw is the direct sum of copies of Z,. Let
fi,..., fs be the preimages of their standard generators in P, (Z). Note that P, (Z,)
is an image of P, (Z) under the natural homomorphism, P, (Z,) C P,(F') and for
every o € Sy, the monomial z,(1)T5(2) - .- To(n) can be expressed as a linear com-
bination with integer coefficients of f1,..., fs and an element of P,(Z) N1d(A,Z).
Hence the images of f1,..., fs generate % and ¢, (4, F) < ¢, (A, p).
Suppose f1,. .., fs are linearly dependent modulo Id(A, Z,). In this case m f1+
<4 mgfs € Id(A, Z,) for some m; € Z. Thus mq f1+---+msfs € Id(A, Z) and all
m; € pZsince f; generate modulo Id(A, Z) the direct sum of copies of Z,. Therefore,
the images of f1, ..., f, form a basis of % and ¢y (A,Z,) = cn(A,p) = s.
O

The next result is concerned with the extension of a ring to an algebra over a
field.

Theorem 2.5. Let R be a ring and let F be a field. Then,
cn(R/Tor R,0) if char F' =0,
Cn(R Rz F, F) =
en(R/pR, p) if char F = p,
where Tor R := {r € R|mr =0 for some m € N} is the torsion of R.

First, we prove the following lemma

Lemma 2.6. Let R be a ring and let F' be a field. Then,
R/TorR if F=Q,
R/pR it F'=127Zp,
where R® 1p C R®yg F is a subring.

R@ng{

Proof. Consider the natural homomorphism ¢: R — R® 1p where p(a) = a® 1p,
a € R.

Suppose F' = Q. If ma = 0 for some m € N and a € R, then p(a) =a® lg =
ma ® %Q = 0. Hence Tor R C ker p.We claim that ker ¢ = Tor R.



1930 A. Gordienko & G. Janssens

Let a € ker ¢, i.e. a ® 1g = 0. By one of the definitions of the tensor product,

CL 1@ ZE a; + bqu (aia%') - (b“ql))
+Zmi((ci,si 1) — (ciy s5) — (cir b))
+ Zni((kidi7ui) — (di, kiu))

holds for some a;,b;,c;,d; € R, ki, lij,m;,n; € 7Z and q;,s;,t;,u; € Q in the
free Z-module Hpryxg with the basis R x Q. We can find such m € N that all
mq;, ms;, mt;, mu; € Z. Then

(a,m) = Z&((ai + bi,mg;) — (a;, mq;) — (bi,mgq;))

+Zmi((ci,msi +mt;) — (¢;,ms;) — (¢, mt;))

i

+ Z ni ((kid;, mu;) — (di, kimu,))

holds in the free Z-module Hpryz with the basis R x Z. Note that in the right-
hand side of the latter equality we have a relation in R ®z Z. Hence a ® m = 0
in Rz Z = R and ma = 0. Thus a € Tor R. Therefore, ker p = Tor R and
R®1g = R/TorR.

Suppose F' = Z,. Then p(pR) = R ® plz, = 0 and pR C ker . Let a € ker ¢,
ie. a® 1z, = 0. Then,

CL ]-Zp Zqz az + bz,£ (awgz) (bugz))
+Zsi((ci,mi +n;) — (ci,my) — (i, 7))
—|—Zt¢((k’idi,ﬂi) — (di, ksug))

holds for some a;, b;, ¢;,d; € R and k;, {;, m;,n;, q;, Si, i, u; € Z in the free Z-module
Hpgxz, with the basis R x Z,. Note that Hrxz, is the factor module of Hrxz by
the subgroup ((a,m) — (a,m +p)|a € R, m € Z)z. Hence

(a,1z) = Z% a; + b, ;) — (ai, 4;) — (i, 4;))
+ZSi((Ci7mi +n;) — (ci,mq) — (ci,n4))

+Zti((kidi7ui) — (di, ksug)) + Z%‘((Tuﬂi) — (14, Bi +p))
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holds in Hpxyz for some r; € R and oy, 3; € Z. Thus a® 17 = Zz a;T; @ p. Now, we
use the isomorphism R®zZ = R and get a = >, cyyr;p € pR. Therefore, ker p = pR
and R® 1z, = R/pR. |

Proof of Theorem 2.5. Recall that R® 1 is a subring of R®z F'. Hence P,,(Z)N
Id(R@z F,Z) C P (Z)NId(R® 1, Z). Conversely, P,(Z)NId(R®z F,Z) 2 P, (Z)N
Id(R ® 1p,Z) since R ® 1p generates R ®z F as an F-vector space. Therefore,
cn(R® 1p,char F) = ¢,(R ®z F,char F) and we get Theorem 2.5 for F' = Q and
F =7, from Lemma 2.6 and Propositions 2.2, 2.4. The general case follows from
the fact that (R ®z F) ®@p K =2 R ®y K (as a K-algebra) for any field extension
K D F and, by [5, Theorem 4.1.9],

Cn(R®ZK7K):Cn((R®ZF)®FK7K):CH(R®ZF7F). O

Corollary 2.7. Let R be a torsion-free ring satisfying a mon-trivial polynomial
identity. Then

(1) either ¢, (R,0) = 0 for all n > ng, ng € N, or there exist d € N, Cy,Cy > 0,
q1,q2 € R such that C1n?d"™ < ¢, (R,0) < Can®d™ for all n € N; in particular,
polynomial identities of R satisfy the analog of Amitsur’s conjecture, i.e. there
exists lim, o ¥/cn(R,0) € Z4;

(2) if R contains 1, then there exist C > 0 and q € Z such that ¢, (R,0) ~ Cn3d"
as n — oo, i.e. the analog of Regev’s conjecture holds in R. (We write f ~ g if
lim £ =1.)

Proof. By Theorem 2.5, ¢,(R,0) = ¢,(R ®z Q,Q). Now, we apply [5, Theo-
rem 6.5.2] and [2, Theorem 4.2.2]. O

Remark 2.8. If R is a torsion-free ring, then ¢,(R,q) = 0 for all ¢ # 0 since
f €Id(R,Z) for all f € Z(X) such that mf € Id(R,Z) for some m € N.

We conclude the section with an example.

Example 2.9. Let R = @~ Zor. Then ¢, (R,0) = 1 and ¢, (R, q) = 0 for all ¢ # 0
and n € N. Although mR # 0 for allm € N, R®;Q =0 and ¢,(R®7 Q,Q) =0
for all n € N.

Proof. The ring R is commutative. Hence all monomials from P, (Z) are propor-
tional to zjx3 ...z, modulo Id(R,Z). However, mai2s...2, ¢ Id(R,Z) for all
m € N. (It is sufficient to substitute 1 = 29 = -+- = z,, = 1sz for 2% > m.)
Thus W@R»Z) =7 and ¢,(R,0) =1 and ¢, (R, q) =0 for all ¢ # 0 and n € N.
However, a ® ¢ = 2Fa ® o foralla € R, ¢ € Q, and k € N. Choosing k sufficiently
large, we get a ® ¢ = 2Fa ® 2% =0. Thus R®z Q = 0 and ¢, (R ®z Q,Q) = 0 for
alln e N. O
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3. Relation between ZS,,-Modules of Proper and Ordinary
Polynomial Functions

First, we describe the relation between proper and ordinary codimensions.

Theorem 3.1. Let R be a unitary ring. Then c,(R,q) = Z?:O (?)'yj(R,q) for
everyn € N and g € {p* |p,k € N, p is prime } U {0}.

Proof. First, we notice that

Pn(Z) = @ @ Lijy Lig - -« Ty, Ui1,..~,ikrn—k(z) (31)

k=0 1<i1<is<---<ip<n

is the direct sum of Z-modules where I'y(Z) := Z and o;,,.._;, € S, is any permu-
tation such that o((n — k) +j) =i forall 1 < j <k.

One way to prove (3.1) is to use the Poincaré-Birkhoff-Witt theorem for Lie
algebras over rings [1, Theorem 2.5.3].

Another way is to show this explicitly in the spirit of Specht [14]. Using the
equalities yx = [y, z]+ayand [...,...Ja =x[...,...]+][..,...], 2], we can present
every polynomial from P,,(Z) as a linear combination of polynomials x;, x;, ... 2;, f
where 1 < i < i < -+ < i, < n and f is a proper multilinear polynomial of
degree (n — k) in the variables from the set {z1, 22, ..., 2z, \{Zi,, Ty, ..., 24, }- In
other words, f € 4, .. i, T'n—r(Z). In order to check that the sum in (3.1) is direct,
we consider a linear combination of z;, xi, ... %, 04y, i f Where f € I',_(Z), for
different £ and ¢; and choose the term g := x;, @, . . . %4, 04, ..., [ With the greatest
k among the terms with a nonzero coefficient. Then, we substitute x;, = z;, =

- = x;, = 1 and x; = x; for the rest of the variables. (We assume that we are
working in the free ring with 1 on the set X = {z1,x9,...}.) All the other terms
vanish and we get f = 0. Therefore, the sum is direct and (3.1) holds.

Substituting x;, = i, = -+ = x;, = 1 and arbitrary elements of R for the
other z;, we obtain

P, (Z)N1d(R,Z) = (char R)Zz1x2 ... 2y

n—2
o D mow

k=0 1<i1<ig<---<ip<n
X 04y, (IdR, Z) N T —k(Z)). (3.2)
Combining (3.1) and (3.2), we get

P, (Z) o T Th_i(Z)
P,(Z) N1d(R,Z) ~ k@) 1§i1<i2@.<ik§n T, 1(Z) N1d(R,Z)

(direct sum of Z-modules) for an arbitrary ring R with the unit 1z. (We define

#@RZ) := (1r)z C R.) Calculating the number of the components, we obtain

Theorem 3.1. O
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Corollary 3.2. Let R be a unitary ring. Then all multilinear polynomial identities
of R are consequences of proper multilinear polynomial identities of R and the
identity (char R)z = 0.

Proof. This follows from (3.2). m|

Corollary 3.3. Let R be a unitary ring and let the sequence (¢, (R, )22, be poly-
nomially bounded for some q. Then ¢, (R, q) is a polynomial in n € N.

Proof. If the sequence (¢, (R, ¢))22; is polynomially bounded, then by Theorem 3.1
there exists jo € N such that v;(R, ¢) = 0 for all j > jo. Now, we apply Theorem 3.1
once again. O

If H is a subgroup of a group G and M is a left ZH-module, then M T G :=
ZG @z M. The G-action on ZG ®zy M is induced as follows: go(g ®@a) := gog®a
forae M, g,g90 € G.

Now, we prove an analog of Drensky’s theorem [3, Theorem 12.5.4]:

Theorem 3.4. Let R be a unitary ring, char R = ¢, ¢ € Z. Consider for every
n € N the series of 7.5, -submodules

P (Z) I'(Z)
P, (Z)NId(R,Z) * I (Z)NId(R,Z)’
where each My, is the image of @®;_; ZSn(x1 ... xn—4T'+(Z)) and M1 :=0. Then
Mo /My = Ze (trivial S, -action),

MO =

2 My D M2+ DM, =

- I'y(Z)
e = (et %) 1

) O
= ZSn D75y % Sn_+) (Ft(Z) NId(R,Z) o Z)

for all 2 <t < n where S,,—¢ is permuting xiy1,...,Ty, and Z is a trivial ZSy,—i—
module.

Proof. First we notice that My/Ms is generated by the image of z1z2 ... x,. Sup-
pose the image of kxqxs ...z, belongs to My for some k € N. All the polynomials
in M5 vanish under the substitution 27 = - -+ = 2, = 1g since each of them contain
at least one commutator. Hence, we get k1gr =0, £ |k and My/Ms = Z,.

Note that W Q7 L = % where S,,_; acts trivially. Consider

the bilinear map
I'y(Z)

LS, x —— D)
P LS X S (R, Z)

- Mt/Mt+1

_ r(7)
defined by ©(0, f) = To(t4+1)To(t42) - - - To(n) (0 f) for o € Sy, f € A TICRAR Note
that o(om, f) = p(o,nf) for all T € S; x S,,—; and M;/M;4q is generated by all
(o, f) for 0 € S, and f € T'(Z).
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Suppose L is an Abelian group and : ZS,, X % — L is a Z-bilinear
map and 1 (on, f) = ¢(o,nf) for all m € Sy x S,,_4. First we define ¢: M; — L on
the elements that generate M; modulo My q:

V(@i @iy i, f) = P(0,07 1 f),

where o € S, and 071 f € % (e.g. we can take o(k) = iy for 1 < k <

n — t). Clearly, ¥(x;, @i, ... x;, ,f) does not depend on the choice of o. Suppose
the image fo of a polynomial

Jo= § TiyTiy o Tipyy fir,ooin s

i< <t

belongs to My for some f;, € T'4(Z). Substituting

-
Tiy = Tiy == Ti,_, = 1R

and arbitrary values for the other z;, we get zero for every i; < --- < i,,_;. Hence
firviin_ € IA(R,Z) and 9 (fo) = 0. Thus, we can define ¥ to be zero on M, and
we may assume that ¢: M;/M; 1 — L.

Note that 1;(,0 = w Hence Mt/Mt+1 = 7S, ®Z(St><snft) (% ®7z Z)
(isomorphism of Abelian groups) where ¢(o, f) — o ® f. Therefore, this is an
isomorphism of ZS,,-modules too. |

4. A Particular Case of the Littlewood—Richardson Rule

Let p En, A\Fn/, n’ <n. Suppose \; < p; for all i € N. Denote by M (u) the free

Abelian group generated by all u-tabloids. Now we treat D)y as a Young subdiagram

in D,,. Later on we always assume that in a pair (\; 1) we have A\; = .
Following [6, Definition 17.4], we define a ZS,,-submodule S(X, u) € M (u) where

S\ p) == (e%f | T, is a tableau of the shape p)z

and ea\w’:‘ = Zaecn (signo)o[T,]. Here T is the subtableau of T}, defined by the
partition A and Cr, C S, is the subgroup that leaves the numbers out of T
invariant and puts every number from each column of T’ to the same column. By
[T,,] we denote the tabloid corresponding to T),. We assume S(0;0) = 0 for the zero
partitions 0 = 0. Note that S(\; \) = S(A). (The proof is completely analogous to
the case when the coefficients are taken from a field.)

Let F be a field and let M¥ () be the vector space over F' with the formal
basis consisting of all u-tabloids. In other words, M¥ (1) = M (1) @7 F. We define
SF(X; u) as the subspace in M ¥ (1) generated by S(\; p) @ 1.

Lemma 4.1. Let p En, A = n', n' < n. Suppose \; < p; for all i € N. Then
M(u)/S(A; 1) has no torsion.

Proof. Recall that M (u) is a finitely generated free Abelian group and S(A; u)
is its subgroup. Hence, we can choose a basis aj,as9,...,a; in M(u) such that
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miai, Mads, ..., mgag is a basis of S(A\;u) for some m; € N. We claim that all
m; = 1. First, we notice that a; ® 1,as ® 1,...,a; ® 1 form a basis of M (1)
and mia; ® 1,maas ® 1,...,mpar @ 1 generate S¥(\;u) for any field F. Thus
dimp ST(A\; ) = k for char F = 0 and dimg ST (\; 1) < k if char F'|m; for at least
one m;. However, by [6, Theorem 17.13(I1I)], dimp S¥(\; ) does not depend on
the field F. Therefore, all m; =1 and M (u)/S(X; ) is a free Abelian group. m|

Let ¢ > 2 be a natural number satisfying the following conditions: .1 = A¢e—1
and g > A.. Then, we define the operators A, (“adding”) and R, (“raising”) in
the following way:

(1) if A = Ae—1, then A (\;p) = (0;0) where 0 - 0 is a zero partition, otherwise
Ac( N p) = (;\;u) where \; = \; for i # ¢ and e = Ao + 1;

(2) Re(Asp) = (5‘7/1) where fi; = p; fori # c—1,¢; fic = Ae, fie—1 = pre—1+ (e —Ae),
5\1=ﬂ1 and;\iz)\i for i > 1.

Fix i € Nand 0 < v < piq1. Let v E n, v; = pj; for j # d,i +1, v =
Wi + ptiv1 — v, Vig1 = v. Then, we define v;, € Homgzg, (M (), M(v)) in the
following way: v; »[T,,] = >_[T,] where the summation runs over the set of all
tabloids [T,] such that [T),] agrees with [T},] in all the rows except the ith and
the (i + 1)th, and the (i + 1)th is a subset of size v of the (¢ + 1)th row in [T},].
Analogously, we define ¢f, € Hompg, (M* (n), M¥ (v)) for any field F.

Lemma 4.2. (1) ¢e—1 2, S(A;p) = S(Re(A; 1));
(2) Ker e_1.x, N SO 1) = S(Ac(A; ).

Proof. The proof of the first part of the lemma and of the embedding ker._1 », 2
S(Ac(A; p)) is completely analogous to [6, Lemma 17.12]. Now, we notice that there
exists a natural embedding M (\)®1 € M@()). By [6, Theorem 17.13], ker 1/);@_1,% N
SO\ p) = SQUAL(N; ). Thus if 1._1.x,a = 0 for some a € S(\; ), then ma €
S(Ac(A; p)) for some m € Nand a € S(Aq(\; p)) since M (p)/S(Ac(A; 1)) is torsion-
free by Lemma 4.1. |

Lemma 4.3. Letn e N, AEn/, uEn, n’ <n, \; < p; for all i € N. Then S(\; p)
has a chain of submodules

SAsp)=Mo 2 My 2 Mz 2 --- 2 My =0

with factors M;/M;+1 isomorphic to Specht modules. Moreover, S(\;u)/M; is
torsion-free for any i.

Proof. If u = A, then S(\; u) = S(A) and there is nothing to prove. If y # A, then
we find ¢ € N such that \; = p; forall 1 <i<c¢—1and A\; < .. Since we always
assume A\; = puy, we have ¢ > 2. Now, we apply Lemma 4.2. Note that Ae > Ao
where A.(\; 1) = (\; 1) and R, moves the boxes of D, upper. Applying Lemma 4.2
many times, we get the first part of Lemma 4.3 by induction.
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Suppose S(A; )/M; is not torsion-free and ma € M; for some a € S(\; p),
a ¢ M; and m € N. Then, we can find an index 0 < k < 4 such that a € My,
a ¢ Myy1. However, ma € M; C M4, i.e. the Specht module M} /My is not
torsion-free either. We get a contradiction since all Specht modules are subgroups
in finitely generated free Abelian groups. |

Now we can prove the Z-analog of the particular case of the Littlewood—
Richardson rule that sometimes is referred to as Young’s rule [5, Theorem 2.3.3],
[3, Theorem 12.5.2] and sometimes as Pieri’s formula [4, (A.7)].

Theorem 4.4. Lett,n € N, m € Zy, t < n, and A\ F t and let Z be the trivial
7Sy, —i-module. Then

(SA)/mS(N) TS = ZSn Qz(5,x5,_0) (S(N)/mS(X)) @z Z)

has a series of submodules with factors S(v)/mS(v) where v runs over the set of
all partitions v = n such that

A S S A1 S <o <A< <A <
(Each factor occurs exactly once.)
Proof. Suppose A = (A1,...,As), As > 0. Then S(A\) 7 S,, =& S(\;u) where p =

(M, ..., As,n —t). Now, Lemma 4.3 implies the theorem for m = 0.

Suppose m > 0. Then (S(A)/mS(N)) TS, = (S(A) T .Sn)/(m(S(A) TS,)). Let
SA) 18y =My 2 M, 2 My 2 -2 M, =0,

where M; 1 /M; =2 S(AD), X0 -pn 1 <i <t
Hence

(SO T 80)/(m(S(N) 1 8p)) =My 2 My 2 Mz 2 -+ 2 My =0,
where M; = (M; +m(S(\) T S,))/m(S(\) T S,) and

M1 /M; = (M1 +m(S(\) 1 .8,))/(M; +m(S(\) 1 S,))
&My /My 0 (M; +m(S(A) T Sn))
= M;—1/(M; + Mi—1 N m(S(A) T Sn))
= (M1 /M) /(M + M-y N m(S(A) T Sn))/M;).

By Lemma 4.3, (S(A\) T Sp)/M;_1 is torsion-free. Hence M;,_1 N m(S(A) 1 Sp) =
mM,;_1 and

~_

My /M; = (M1 /M;)/((M; + mM;_1)/M;)
= (M1 /M;) [ (m(M;—1 /M;)) = SAD) /mS(AD).

The description of A(?) is obtained from the proof of Lemma 4.3. |
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5. Algebras of Upper Triangular Matrices
5.1. Codimensions and multilinear identities

Let M be an (Ry, Ry)-bimodule for commutative rings Ry, Ry with 1 and let R =

R M
( 0 Rz) :
In this section, we calculate ¢, (R, q) for all ¢ = p* and ¢ = 0, describe the

structure of the ZS,,-module #@Rz) and find such multilinear polynomials

that elements of Id(R,Z) N P,,(Z) are consequences of them.

Remark 5.1. If F is a field of characteristic 0 and A = UTy(F) := (ﬁ ?), then
cn (A, F) and generators of Id(A, F) as a T-ideal can be found, e.g. in [5, Theorem
4.1.5]. The structure of the F'S,-module % can be determined using
proper cocharacters [3, Theorem 12.5.4].

Theorem 5.2. All polynomials from P,(Z) NId(R,Z), n € N, are consequences of
the left-hand sides of the following polynomial identities in R:

[, y][z,t] =0, (5.1)
lr =0, (5.2)
mlz,y] =0, (5.3)

where [z,y] := zy — yx,

¢:=min{n € N|na =0 for all a € R1 UR»},

m := min{n € N|na =0 for all a € M}.

(If one of the corresponding sets is empty, we define £ =0 or m = 0, respectively.
Note that m|£.)
n—1
Moreover, #@RZ) 2 7 @ (L) "2 41 where Zo = Z.

Remark 5.3. Now ¢, (R, ¢) can be easily computed. If Ry = Ry = M and R; = Ry
is a field, we obtain the same numbers as in [5, Theorem 4.1.5].

Proof of Theorem 5.2. Denote by e;; the matrix units. Then R = Rjeqq @
Roeas ® Mess (direct sum of subspaces), [R, R] C Mejs and (5.1)—(5.3) are indeed
polynomial identities of R.

Now, we consider an arbitrary mononomial from P,(Z) and find the first inver-
sion among the indices of its variables. We replace the corresponding pair of vari-
ables with the sum of their commutator and their product in the right order. Note
that [z, y]ulz, t] = [z,y][z, t]u + [z, y][u, [2,t]] = 0 is a consequence of (5.1). There-
fore, we may assume that all the variables to the right of the commutator have
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increasing indices. For example:

TIL1TaTy = T1T3TaT + (X3, T1|Tas

)
= 21230224 + T123[X4, 2] + [T3, T1]T224

= X122%3%4 + x1[T3, T2]xa + T123[T4, T2] + [X3, 1] T224.

Continuing this procedure, we present any element of P,(Z) modulo the conse-
quences of (5.1) as a linear combination of polynomials fy := z122 ... 2, and

Tiy oo T [T, T | Ty o, fOrdn <o <dp <87 <851 <cr < pog—2.
(5.4)

Denote the set of polynomials (5.4) by E.
Consider the free Abelian group Z(Z U {fo}) with the basis = U {fo}. Now, we

have the surjective homomorphism ¢: Z(ZEU {fo}) — #ﬁzm where @(f) is
Pu(Z)

the image of f € ZU{fop} in VAR CAAR We claim that ker ¢ is generated by £ fj
and all mf where f € =.

Suppose that a linear combination f; of fy and elements from = is a polynomial
identity, however f; is not a linear combination of /fy and mf, f € Z. If we
substitute

Xy =mx9=---=x, = lg,e; whereie {1,2},

all f € = vanish. Therefore, the coefficient of fj is a multiple of £. Now, we find f5 :=
Tiy oo Ty [Ts, Tp) Ty, ..o, , € 2 with the greatest k& such that the coefficient 8
of fo in f1 is not a multiple of m. Then we substitute x;, = --- = x;, = x5 =
1R16117 Tp = A€12, Tjy = =+ = Tj, 1 o = 131611 + 1R2622 = ]-R where a € M
and fa # 0. Our choice of fy implies that fo is the only summand in f; that
could be nonzero under this substitution. Hence f; does not vanish and we get a
contradiction. Therefore, ker ¢ is generated by £fy and mf, f € Z. In particular,

#@RZ) &~ Zy @ (Zy,)'El and every multilinear polynomial identity of R is a
consequence of (5.1)—(5.3).
Note that

n—1)! "
_nzkz'n— F 1] —2"=-n-1)
=n@2" ' -1 -2"-n—-1)=m-2)2""1+1
and the theorem follows. O

Corollary 5.4. Multilinear polynomial identities of UT2(Q) as a ring are generated
by (5.1).
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5.2. 7S, -modules

Note that the Jacobi identity and (5.1) imply that #@R,Z) is generated as a
Z-module by [z;, Xy, 21,22, ..., &iy...,Tp—1] where 1 <i<n—1.

Lemma 5.5. Let R be the ring from Sec. 5.1 and Ty = . Then

broar, [T1, Tn, T2, 23, ..., Tpn_1] = n(n —2)[x1, 20, T2, T3, ..., Tp_1]

(mod P,(Z) N1d(R)).  (5.5)

Proof. Indeed,

bryar, [T1, Tn, T2, T3, ..., Tp_1]
n—1
= bTA(n - 2)' Z[]Ji,l‘n,l‘l,xg, e ,i‘i, . ,xn_l]
i=1
n—1
:(n—Q)' ([Z’i,l’n,l’l,ﬂig,...,jﬁi,...,l‘n_l]
i=2
- [xi,$17$n7$2, e 7§7i7 .. wxnfl]) + 2(n - 2)![$1,$n,$2,$37 cee 7xn71]
=n(n—2)[z1, p, X2, T3, ..., Tn_1]
since, by the Jacobi identity, [z;,x1,xn] = [Ti, Tn, 1] + [Tn, 21, T;]. O

First, we determine the structure of W@R,Z) for R =UTy(Q).

Lemma 5.6. Let T) = . Then, Fn(Z)ml;"(g%z(Q)z) > (ZSy)br, ar, .
Proof. We claim that if ubr, ar, = 0 for some u € ZS,,, then

u[T1, Tn, T2, X3, ..., n—1] € Tn(Z) NId(UT2(Q), Z).
Indeed, by (5.5),

n(n — 2)ufzy, Ty, 2, 23, .. ., Tno1] = ubr, ar, [21, Tn, T2, 23, ..., Tp—1] = 0.
Since UT2(Q) has no torsion, u[z1, Tn, 2, T3, . .., Tp_1] = 0 is a polynomial identity

Thus, we can define the surjective homomorphism ¢ : (ZS,)br,ar, —
Fn(Z)ml;"(g%z(Q)z) by p(cbr,ar,) = olr1, Tn, T2, T3, . .., Tp_1] for o € S,.

Analogously, we can define the surjective homomorphism

I'(Q)
: (QSy)br,ar, —
#o: (@S bnon = F gy AL(UTS(@), 0)

by o(obr, ar,) = o1, Tn, T2, x3,...,2,—1] for o € S,. Since (QS,)br, ar, is an

irreducible QS,-module, ¢( is an isomorphism of QS,,-modules. We claim that ¢
is an isomorphism of ZS,,-modules.
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Indeed, suppose

u[zy, Tp,y T2, T3, .., 2p—1] € T (Z) N1Id(UT2(Q), Z)

for some u € ZS,. Then @o(ubp, ar,) = u[r1,Tn,T2,23,...,2n—1] € Tn(Q) N
Id(UT2(Q),Z) and ubr,ar, = 0. Hence ¢ is an isomorphism and the lemma is
proven. O

Theorem 5.7. Let R and m be, respectively, the ring and the number from Sec. 5.1.
Then, #%ERZ) = S(A)/mS(X) where A= (n—1,1), for all n > 2.

Proof. Recall that WEQRZ) is generated as a Z-module by [z;,z,,z1,

X2y, Tjy. .., Tn—1] where 1 < ¢ < n—1. We exploit the same trick as in the proof of
Theorem 5.2. Using the substitution z; = --- = 2,1 = ;41 = --- = 2, = 1p, €11,
' (Z)

r; = ae1z where a € M, we obtain that IR ARICIENA] is the direct sum of n — 1
cyclic groups isomorphic to Z,, and generated by [z, Tn, T1, %2, ..., Tiy. .., Tn_1]
where 1 <i¢<n-—1.

By Theorem 5.2 and its corollary, we have the natural surjective homomorphism

I‘n(Z)ﬂIFdn((UZ%Q(Q)Z) adl (Zr)r’;%z RZ) The remarks above imply that the kernel equals
mrn(z)m{dn(%z%z(@,z)' Now the theorem follows from Lemma 5.6. O

Applying Theorems 3.4, 4.4 and 5.7, we immediately get the following theorem.

Theorem 5.8. Let R, ¢, and m be, respectively, the ring and the numbers from
Sec. 5.1. Then there exists a chain of ZSy-submodules in #@RZ) with the
set of factors that consists of one copy of Zy and (A — Ao + 1) copies of

S()\l,/\Q,)\g)/mS()\l,/\Q,/\g) where (/\1,)\2,/\3) F n, )\2 > 1, /\3 S {0,1}.

6. Grassmann Algebras

Let R be a commutative ring with a unit element 1g, char R = ¢ where either ¢ is
an odd natural number or ¢ = 0. We define the Grassmann algebra G over a ring
R as the R-algebra with a unit, generated by the countable set of generators e;,
1 € N, and the anti-commutative relations e;e; = —eje;, 1, j € N. Here, we consider
the same questions as for the upper triangular matrices.

6.1. Codimensions and polynomial identities

This lemma is known but we provide its proof for the reader’s convenience.

Lemma 6.1. The polynomial identity [y, z][z,t] + [y, z][z,t] = 0 is a consequence
of [x1,x2,z3] = 0. In particular, [z, ylulz, t] + [z, tlu[z,y] = 0 for all u € Z(X).
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Proof. Note that
[z,yt, 2] = [[z, y]t, 2] + [y[x, 1], 2]
= [z, 2t + [, Y[t 2] + [y, 2][, 8] + yla, ¢, 2]
= [z, 9]t 2] + [y, 2], 1]
= [y, ][z, 1] + [y, 2]z, 1] (6.1)
modulo [z1,x2,z3] = 0. (Here, we have used Jacobi’s identity too.) Hence
[z, ylulz, t] + [, tulz, y] = [2,y][u, [z, 1] + [z, y] [z, u
+ [z, 8w, [z, 9] + [z, ][z, ylu
= [x,y]|z, tlu + [z, t] [z, y]u
0. (6.2)

Theorem 6.2. All polynomials from P,(Z) N1d(GRr,Z), n € N, are consequences
of the left-hand sides of the following polynomial identities in R:

[z,y,2] =0, (6.3)
lz = 0. (6.4)

Pn(Z) n—1
Moreover, B ONd(GaT) = > (Zg)* .

Proof. Define Ggg) = (€4,€iy---€ip, |k € Z1)r and Gg) = (€i,€iy - -€igyy |k €
Z.y)g. Clearly, G = G\ & G\ (direct sum of R-submodules), [Gr, Gr] € G,
Gg) = Z(GR). Hence [r1,x2, 23] = 0 is a polynomial identity. Obviously, (6.4) is a
polynomial identity too.

Let

== {1‘1'1 STy [l‘jl,ij]...[$j2m_l,$j2m] |i1 < -ee < g,
g1 < <Jom,k+2m=n,k,meZ,} C P,(Z).

By Lemma 6.1, every polynomial from P, (Z) can be presented modulo (6.3) as
a linear combination of polynomials from =. For example,

T3TT4T1 = —[T2, T3]T4T1 + T2T37471
= ([wo, x3][w1, 24] — [w2, T3]T1224) + (T2237124 — T223[21, 24])
= —[wg, 21][x3, w4] — T124[T2, T3] + 2712374
— o[r1, 23] — ToT3[W1, 4]
= (@1, x2][ws, 24| — w124 [22, 3] + T1T2X324

— [z1, m2] T34 — T2T4 [1'17 x3] — wows[xy, 4]
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= [y, x2|[x3, 24] — 174 [T2, T3] + T1XT2T3T4
— T3x4 (21, 2] — Toxa|x1, T3] — Taws[T1, T4

Consider the free Abelian group ZZ with the basis =. Now, we have the surjective

homomorphism ¢: Z= — WY()@%Z) where (f) is the image of f € Z in
P, (Z)

PA(GRT)" We claim that ker ¢ is generated by ¢f where f € =.
Suppose that a linear combination f; of elements from = is a polynomial identity,
however f1 is not a linear combination of /f, f € =. Now, we find

(1]

f2 =Ty e Ty, [leaxjé] s [xjém—laxjém] €

with the greatest k such that the coefficient 8 of fo in f1 is not a multiple of /.
Then we substitute z;, = -+ = 3, = lgg, 5, = €;, 1 < i < 2m. Our choice
of fo implies that fo is the only summand in f; that could be nonzero under this
substitution. Hence, the value of f; equals (2" F1g)eses ... e, = 0. However, Gg is
a free R-module and ejes ... e, is one of its basis elements. Therefore 2™ 31r = 0,
2] (2™3) and £| B since 21£. We get a contradiction.

Thus ker @ is generated by £f, f € E. In particular, W&Z&:R’Z) >~ (Z)El and
every multilinear polynomial identity of Gg is a consequence of (6.3) and (6.4).

We now calculate |Z|. The number of these polynomials equals the number of
choices of x;,,...,2;, . If n is odd, this number equals (?) + (g) + ot (Z) If n
is even, the number equals (§) + (3) + -+ 4 (7). But the both are equal to 2"~

2
Indeed, denote sg = ") and s1 =Y, qq (7). Then 2™ = (1 +1)" = s + s1
and 0= (1 —1)" =59 — 81. S0 |E| = 59 = 51 = 2" L. O

ieven (i i

6.2. 78S, -modules

First, we determine the structure of ZS,,-modules of proper polynomial functions.

Theorem 6.3. Let Gr be the Grassmann algebra over R. Let A\ = (1°™) and

Ty = [} Then r—iaite—y = S(/CS(\) for all m € N, where ¢ = char R,
Tomia(Z)  _
and FmHEZ)FlId(GRz) =0 forallme Z,.

Proof. Note S()) is a free cyclic group generated by br, [Th] and obp, [Th] =
(signo)by, [Th] for all o € S,,.

The proof of Theorem 6.2 implies that #LSZ()GRZ) = Z¢ is a cyclic group
generated by [x1, 2] ... [T2am—1, T2m]. By Lemma 6.1,
olzy, 22 ... [Tam—1, Tam] = (signo)[z1, x2] ... [Tam—1,T2m] for all o € S,.

Hence #&R,Z) =~ S(N)/€S(N). The first assertion is proved. The second
assertion is evident since every long commutator of length greater than 2 is a

polynomial identity of Gg. |
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Theorem 6.4. Let G be the Grassmann algebra over the R. Then there exists a

chain of ZSy,-submodules in W&Z()GRZ) with factors S(n — k, 1¥) /¢S (n — k, 1¥)

for each 0 < k <n —1 (each factor occurs exactly once) where ¢ = char R.

Proof. Now, we apply Theorems 3.4, 4.4 and 6.3. By Theorem 4.4, a diagram
consisting of a single column can generate only diagrams D, _j, 1xy. Since we have
diagrams of an even length only, each factor occurs only once. O
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