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2 Introduction

Motivation for the research

During the last thirty years, new technologies have contributed to a
drastic increase of the amount of data in environmental sciences. Moni-
toring networks, remote sensors, archived maps and large databases are
just few examples of the possible information sources responsible for
this growing amount of information. Moreover, this is becoming more
and more critical since every day monitoring networks and remote sen-
sors get real-time data. For obvious reasons, it might be interesting to
account for all these information when dealing with a space-time pre-
diction/estimation context.

In environmental sciences, measurements are very often sampled
scarcely over space and time. Geostatistics is the field that investi-
gates variables in a space-time context. It includes a large number of
methods and approaches that all aim at providing space-time predic-
tions (or interpolations) for variables scarcely known in space and/or in
time by accounting for space-time dependence between these variables
(e.g. Cressie, 1991). As a consequence, geostatistical methods are rele-
vant when dealing with the processing and the analysis of environmental
variables in which space and time play an important role, even if the
final purpose of the space-time predictions for these variables vary along
with the application at hand (e.g., estimation of natural resources or
estimation/prediction of pollutants).

As direct consequence of the increasing amount of data, there is an
important diversity in the information. Indeed, data generally do not
share the same nature so that it is very common to deal jointly with con-
tinuous, categorical or even mixed continuous-categorical variables. In
addition, even variables of same nature generally do not share the same
quality, thus carrying different uncertainties. These issues have recently
motivated the emergence of the concept of data fusion (e.g. Mitchell,
2007). Broadly speaking, the main objective of data fusion methods is
to deal with various information sources in such a way that the final
result is a single prediction that accounts for all the sources at once.
This enables us thus to conciliate several and potentially contradictory
sources instead of having to select only one of them because of a lack of
appropriate methodology.

For most of existing geostatistical methods, it is quite difficult to
account for a potentially large number of information sources at once.
Furthermore, geostatistical methods are also generally dedicated to one
particular kind of data. As a consequence, often one has to opt for only
one information source among all the available sources. This of course
leads to a dramatic loss of information. In order to avoid such choices,
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it is thus relevant to bring together the concepts of data fusion and
geostatistics in the context of environmental sciences.

It is worth noting that the idea of accounting for several information
sources is not new in geostatistics. Several attempts have been pro-
posed in the literature in order to solve these data assimilation issues.
Unfortunately, solutions proposed so far by these methods are usually
dedicated to specific issues at the price of complicated models or strong
modeling hypotheses. As a consequence, they are rather difficult to gen-
eralize to other situations. Furthermore, most of these methods have
major drawbacks which are discussed hereafter.

State-of-the-art

As mentioned above, geostatistics is a general term that includes a wide
range of methods and approaches that are all dedicated to the anal-
ysis of space-time variables. Broadly speaking, there is a distinction
between deterministic (e.g. Dempster-Shafer theory)and stochastic ap-
proaches. In the context of space-time analysis of environmental vari-
ables, stochastic approaches have shown their advantages with respect
to the deterministic ones (e.g. Krige, 1951; Cressie, 1991; Christakos,
1992; Goovaerts, 1997), so that stochastic approaches only will be con-
sidered here in this thesis. Furthermore, among stochastic approaches,
one can also distinguish between Bayesian methods (e.g. Bayesian Max-
imum Entropy, Bayesian kriging) and non-Bayesian ones (e.g. kriging,
cokriging, kriging with external drift, residual kriging, stratified krig-
ing). We describe hereafter a non-exhaustive list of these methods with
their own advantages and drawbacks.

Initially proposed in the fifties, kriging is a stochastic prediction
method widely used in geostatistics (e.g. Krige, 1951; Journel and Hui-
jbregts, 1978; Cressie, 1990). Kriging approach has a lot of similarities
with Generalized Linear Models (GLM; see e.g. Green and Silverman,
1994). Kriging is also known as the Best Linear Unbiased Predictor
(BLUP) in the sense that it minimizes the variance of prediction among
the family of linear predictors that respect the mean of the predicted
variable (unbiased predictors). This principle is found in each of the
kriging-related variations described hereafter. Further, kriging is known
to be the global optimal predictor under Gaussian assumptions of the
random fields. Though initially dedicated to the spatial prediction of a
unique variable, kriging was rapidly generalized so that secondary infor-
mation can be accounted for in the predictions.
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Cokriging (Cressie, 1991) is a straightforward extension of kriging.
It constitutes a family of methods (e.g. simple cokriging, universal cok-
riging) that use continuous secondary variables for the prediction of the
variable of interest. Similarly to kriging, cokriging is also known to be
the best predictor under multivariate Gaussian assumptions. Cokriging
is theoretically sound as it accounts for the uncertainty of the relation-
ships between both secondary and primary variables. Unfortunately, in
cokriging, these relationships are assumed to be linear only, thus limit-
ing the scope of the method when applied to more complex situations.
Moreover, cokriging generally relies on the so-called Linear Model of
Coregionalization (see Chiles and Delfiner, 1999 or Goovaerts, 1997) for
the estimation of the space-time dependence, which is a rather strong
modeling hypothesis.

The presence of gradients (also known in geostatistics as the trend)
in the sampled variables often happens in environmental applications.
This trend is generally difficult to infer from the raw observations only.
Kriging with External Drift (Desbarats et al., 2002) was proposed in
order to circumvent this issue by modeling the trend of the variable of
interest with several continuous secondary variables. Unfortunately, this
method is not able to account naturally for the uncertainty of the esti-
mated trend '. Furthermore, the method can not be applied if secondary
variables are scarcely known in space or in time.

There is a classical distinction between continuous and categorical
stochastic variables. Though kriging with external drift and cokrig-
ing were designed for continuous secondary variables, residual kriging
(Goovaerts, 1997) and stratified kriging (Brus et al., 1996) enable us
to account for categorical secondary variables. Unfortunately, the main
drawbacks of both approaches are similar to those of kriging with ex-
ternal drift, namely (i) categorical secondary variables must be known
exhaustively and (ii) the uncertainty of the estimated trend is not taken
into account.

Though kriging-related methods have successfully been applied in
environmental sciences during the last fifty years (e.g. Krige, 1951;
Yamamoto, 1999; Costa, 2003; Jaquet, 1989; Hoeksema et al., 1989),
Bayesian approaches were rapidly proposed as alternatives (Christakos,
1990, 1991). Among them, the Bayesian Maximum Entropy (BME)
paradigm gathers several methods inside a same general framework.
BME is a non-linear method that relies on the use of a prior distri-
bution and on a Bayesian conditionalization rule for the assimilation of

Tt is however possible to sum the uncertainties coming from the kriging prediction
and from the estimated trend, assuming thus that these estimations are uncorrelated.
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secondary information. BME enables us to successfully predict contin-
uous variables (Christakos, 1992, 2000; Christakos and Li, 1998; Serre
and Christakos, 1999), categorical variables (Bogaert, 2002; Bogaert and
D’Or, 2002; D’Or and Bogaert, 2004) and even mixed random fields
(Wibrin et al., 2006) whatever the nature of the secondary information,
making thus of BME a complete framework in the context of space-time
prediction. Moreover, BME has the great advantage that it rebuilds the
whole distribution instead of simply providing one or several of its mo-
ments as it is the case for kriging-related methods which only focus on
the mean and the variance. Various adaptations of BME were also pro-
posed when several information sources are available (e.g. mutivariate
BME; see Christakos and Li, 1998; Christakos, 2000), but unfortunately
they have the same kind of limitations as kriging-related approaches
(e.g. relying on the linear model of coregionalization).

Objectives

The main objective of this thesis is to develop a sound theoretical frame-
work that enables us to account for several information sources in a
space-time prediction context. For this, this thesis focuses on a Bayesian
data fusion (BDF) framework that gathers the concepts of both data fu-
sion and geostatitics. This should enable us to account for as much
information sources as available which is an important limitation for
most of existing geostatistics methods.

It is crucial that the BDF framework is able to deal with diverse
information sources. Indeed, we mentioned that geostatistics methods
generally are devoted to one specific secondary information only and
are hard to generalize for other situations. For this, the proposed BDF
framework will rely on weak hypotheses and thus will be as general as
possible regarding the potential information sources to be fused.

In order to be more conscious of the pros and cons of the proposed
BDF framework, explicit hypotheses will be assumed along with the pre-
sentation of the method. Thanks to this, it will be potentially easier to
adapt the proposed BDF framework to other situations where other hy-
potheses might hold true (e.g. additional relationships between variables
that were neglected in previous hypotheses).

Finally, the second objective of this thesis is to illustrate how the
proposed BDF framework can account for divers information sources in
a space-time context. The method will thus be applied to a few environ-
mental sciences applications for which (i) crucial available information
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sources are typically difficult to account for or (ii) the number of sec-
ondary information sources is a limitation when using existing methods.

Outline of the thesis

This thesis is divided into six chapters where the two first ones refer to
the theoretical developments of the proposed BDF framework and the
four remaining ones are presenting various applications of the method.

The first chapter sets the theoretical background for the rest of the
thesis. Chapter 2 emphasizes the importance of the set of hypothe-
ses that are assumed in the BDF framework along with their influence
on the prediction results. For this purpose, BDF and simple cokriging
methods are compared in controlled conditions. Chapters 3 and 4 show
how BDF can be suitable for the enhancement of coarser multispectral
images with higher spatial resolution images, illustrating thus the case of
data exhaustively known over space. Chapter 5 presents an application
of BDF for the spatial estimation of water table depth. In this applica-
tion, the real difficulty is to account for the river network position that
does not straightforwardly fit in classical geostatistical methods. Chap-
ter 6 shows how BDF can be extended to space-time applications. This
last application was particularly interesting since up to 6 secondary in-
formation sources were available at some locations, illustrating thus very
well the potential of BDF when dealing with numerous and very diverse
information sources, thus emphasizing the generality and versatility of
this methodology.



Part 1

Theory






Chapter 1

Bayesian data fusion in a
spatial prediction context :
a general formulation

In this first chapter, we present the theory of a Bayesian Data Fusion
framework in a spatial prediction context. This first work is an angular
part of the thesis as it sets the theoretical background for the rest of the
thesis.

1.1 Outline

In spite of the exponential growth in the amount of data that one may
expect to provide greater modeling and prediction opportunities, the
number and diversity of sources over which this information is frag-
mented is growing at an even faster rate. As a consequence, there is
real need for methods that aim at reconciling them inside an epistem-
ically sound theoretical framework. In a statistical spatial prediction
framework, classical methods are based on a multivariate approach of
the problem, at the price of strong modeling hypotheses. Though new
avenues have been recently opened by focusing on the integration of un-
certain data sources, to the best of our knowledge there have been no
systematic attempts to explicitly account for information redundancy
through a data fusion procedure.

Starting from the simple concept of measurement errors, this chapter
proposes an approach for integrating multiple information processing as
a part of the prediction process itself through a Bayesian approach. A
general formulation is first proposed for deriving the prediction distri-
bution of a continuous variable of interest at unsampled locations using
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more or less uncertain (soft) information at neighboring locations. The
case of multiple information sources is then considered, with a Bayesian
solution to the problem of fusing multiple information that are provided
as separate conditional probability distributions. Well-known methods
and results are derived as limit cases. The convenient hypothesis of
conditional independence is discussed in the light of information theory
and the maximum entropy principle, and a methodology is suggested for
the optimal selection of the most informative subset of information, if
needed. Based on a synthetic case study, an application of the method-
ology is presented and discussed .

!"'With kind permission from Springer Science-+Business Media (Bogaert and Fas-
bender, 2007).
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1.2 Introduction

As emphasized by van der Putten et al. (2002), in spite of the exponential
growth in the amount of data that one may naively expect to provide
greater opportunities for improving modeling and predictions, reality is
somewhat different. In many real world applications, the number and
diversity of sources, over which this information is fragmented, grows
at an even faster rate, thus making this information more and more
difficult to combine. As a consequence, there is a growing need for
methods that aim at reconciling different information sources inside a
unique and sound theoretical framework.

Data fusion is a generic expression widely found in the literature, that
conveys the idea of combining at best information coming from different
sources in order to achieve improved accuracy and better inferences. In
principle, fusion of multiple sources of information provides significant
advantages over single source data, as improved estimate of the physical
phenomena should be obtained via additional information. Although
the general idea is rather simple, the way this goal is precisely achieved
and its objectives are however diverse as well as widely dependent on
the field of application.

In data mining applications for marketing purposes, data fusion tech-
niques typically aim at achieving a complete data file from different
sources (e.g. databases) which do not contain the same units (Cho et al.,
2003; Rassler, 2004), a method also called statistical matching in this
context. In the field of applied computer sciences that involves multiple
data sources such as sensor readings or model decision, data fusion is a
main concern due to the widely different nature of the outputs that are
generated. Among others, this involves for example biometrics verifica-
tion systems (e.g., Duc et al., 1997; Ross and Jain, 2003), surveillance
systems (e.g., Jones et al., 2003), robotics (e.g., Cremer et al., 2001;
Pradalier et al., 2003), medical imagery (e.g., Song et al., 2003) or mili-
tary/civil engineering (e.g., Gros et al., 1999; Sohn and Lee, 2003). Data
fusion also has important applications in classification of remote sensing
images (e.g., Costantini et al., 1997; Melgani and Serpico, 2002; Simone
et al., 2002) and in environmental modeling.

Besides this diversity of objectives and applications, the way data
fusion is precisely achieved covers a wide spectrum of methods and topics
as diverse as neural networks, k-means clustering, fuzzy logic, Kalman
filtering, Dempster-Shafer theory of evidence, or traditional Bayesian
theory (just to quote few of them) that may involve information fusion
at different levels (data-level, feature-level or decision-level; see Sohn and
Lee, 2003 or Ross and Jain, 2003 for a description of these concepts).
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However, as emphasized by Fassinut-Mombot and Choquel (2004), the
most classical techniques of information fusion are based on probability
theory associated with Bayesian decision theory. In a spatiotemporal
study of wind speed over ocean surface, Wikle et al. (2001) shows how,
for example, combining in a Bayesian procedure two different sets of
measurements (namely satellite data and output from models based on
synoptic measurements) that are indirect measurements of the same
underlying true (but unknown) values may lead to serious improvements
for prediction.

Although Bayesian methods — or variations around them — have been
widely used for fusing collocated information (i.e., coregistered informa-
tion in the remote sensing terminology), there have been little attempts
to integrate multiple redundant information through a data fusion pro-
cess in a spatial prediction framework, where what is typically sought
for is (a distribution of) predicted values at unsampled locations, to be
obtained from the knowledge of the same or different sampled variables
at a set of nearby locations. Standard methods rather aim at using these
variables into a classical multivariate framework, at the price of strong
hypotheses for modeling their joint dependence (see, e.g., Cressie, 1993,
pg 141; Goovaerts, 1997, pg 113; Wackernagel, 1995, pg 152; Chiles
and Delfiner, 1999, pg 339 for detailed description and discussion about
these methods) that may even lead to the use of dimensionality reduc-
tion techniques when the number of variables is too high. It is worth
noting at this point that “multivariate” refers in our context to the
case of multiple variables representing different attributes in the reality.
We thus will consider later the distinction between the primary variables
(i.e. the variables of direct interest for the prediction) and the secondary
variables (i.e. any additional information sources linked somehow to the
primary variables).

New avenues have been recently opened by Christakos (2000) and
Christakos et al. (2002), who proposed the so-called set of Bayesian
Maximum Entropy (BME) methods that aim at rigorously accounting
for data uncertainty in the prediction process. A comparison of the BME
methods with non Bayesian approaches can also be found in Christakos
(2002). Although these methods have proved to be successful in a wide
range of applications (see, e.g., Bogaert and D’Or, 2002; D’Or and Bo-
gaert, 2004; Savelievaa et al., 2005), data fusion as a way of accounting
for information redundancy is not a part of the process.

Using the classical concept of measurement errors embedded into a
Bayesian framework, this chapter is an attempt to show how an effi-
cient general formulation of the spatial prediction problem can easily be
achieved. The first part of the chapter mainly focuses on a presentation
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of general theoretical results. Starting from an additive error model,
it is first shown how uncertainty can be accounted for at the price of
mild independence hypotheses. Connections with well-known methods
and results that are obtained as singular cases are emphasized. With
the help of information theory, the rationale behind some of these in-
dependence hypotheses is explained, and a procedure for selecting the
most useful subset of information to be fused is suggested too. Using
afterward the concept of dual notation for information, simpler equa-
tions involving only prior and conditional distributions are obtained.
In the second part of the chapter, the concept of Bayesian data fusion
is presented. It is shown how multiple collocated information can be
merged into a single conditional distribution. Specific results for the
Gaussian case are presented, as well as the possibility of defining an in-
formativeness index, measuring the amount of information brought by
any conditional distribution. Finally, the third part of the chapter aims
at presenting a simplified illustration of some of these concepts based on
a synthetic case study.

1.3 A prediction model with uncertain informa-
tion

Assume that Z = (Zy, ..., Z,)" is a random vector sampled from a spa-
tial random field (RF) 3 = {Z(x,w):x C D CR% w C Q, Z(x,w) € R}
(where Q is the set of all possible random event) and that we know the
joint multivariate probability distribution function (pdf) f(z), where
each Z; is associated with a different spatial location x; in our context.
We will consider that it is not possible to directly observe z; values for
these variables, but that instead observed y; values are available, where
the Y;’s are functionally related to the Z;’s up to random errors E;’s. The
Y;’s may possibly (but not necessarily) correspond partially or totally to
different physical variables, so that the random vector Y = (Yp,...,Y,)’
should be merely regarded as a collection of (possibly correlated) random
variables rather than as resulting from the sampling of a same spatial
RF 9) at locations xg,...,x,. It will be considered here that both Z;
and E; (and consequently Y;) are of the continuous type, though all re-
sults that will be presented can be extended to discrete or mixed random
variables without problem.
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1.3.1 The case of simple additive errors

Let us consider first hereafter the simple case where Y; = Z; + E;, so
that in vector notations Y = Z + E (the general case of an arbitrary
relationship Y = g(Z) + E will be presented later on). Given the fact
that values y = (yo,...,yn) are observed, what is sought for is the
conditional pdf f(z|y), where

f(zly) = f(z0,...,2nl20 + €0, ., 2n +€n)

For deriving this pdf, let us make the hypothesis that E L Z, i.e. E
can be considered as stochastically independent from Z. Using Bayes
theorem,

f(ylz)f ( )

= —f(ylz)f(2) (1.1)
/ f(ylz)f A

where A plays the role of a normalization constant. Because we assumed
that Y =Z + E with E L Z, it is easy to see that

F(ylz) = P(Z+E<yl|z) = P(E<y—1z)=Fg(y —2)

so that we have

£(yl2) = gnyrz) ~ faly —2) (1.2)

It is worth noting that Eq. (1.2) is directly linked to the classical convo-
lution theorem for obtaining the joint distribution of a sum of random
variables (see e.g. Papoulis, 1991, pg 136), extended here in the multi-
variate case, so that

- /R ./Rf(y]z)f(z)dz = /R -AfE(y —z)[f(z)dz

However, in our case we are interested in f(z|y) instead, so plugging Eq.
(1.2) into Eq. (1.1) gives

Flaly) = 3 fuly —2)f(2) (13)

As prediction is generally sought for the single zp, we will focus on
the marginal conditional pdf at location xg, that can be obtained by
integrating Eq. (1.3) over other variables, so that

f(zoly) = A/ /fE —z)f(z)dz1 -+ - dz, (1.4)
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Further simplifications can be obtained by assuming the mutual inde-
pendence Fy L --- 1 E, for the errors, so that

n

foy—2) =[] frlvi—z) < fola)=][fwl)  (5)
1=0

1=0

showing that (Yp L --- L Y},)|z, and we finally obtain

Faaly) = 5ol = 20) [ 1@ ] fi = 2021z (1)
=1

In summary, Eq. (1.4) allows to derive the conditional pdf of Zy at an
arbitrary location xq if we have observed values for variables Y that are
linearly related to Z up to random errors E assuming that these errors
are independent from Z, where Eq. (1.6) assumes additionally that these
errors are mutually independent. Thanks to this hypothesis, one thus
separates the problem in (i) the spatial dependence of the Z;’s variables
(accounted for in the pdf f(z)) and (ii) the gain of information from the
Y:’s (coded as the conditional distributions fg, (y; — z;)), while classical
multivariate methods (e.g. cokriging ones) model the influence of all the
Y;’s variables on the variable to be predicted Zy directly (see Fig. 1.1).

: 0 2 Y(x)

N 4
N 4
N 7
A Y 4
N 7
N e
N 7/
N 4
\ 7/
A Y 7
N 4
v R 7% \4
Z
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Figure 1.1: Plain lines illustrate the methodology used in the BDF approach
when accounting for secondary variables whereas dashed lines cor-
respond to the methodology used in classical multivariate methods
(e.g. cokriging ones).

Though the previous developments have been conducted out of the
context of classical methods in spatial statistics or geostatistics, it is easy
to show that they are intimately related to well-known approaches. A
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particular interpretation of Eq. (1.6) is to consider that each Y; variable
can be viewed as an indirect measurements of the true Z; through, e.g., a
same imperfect measuring device, so that each measurement Y; includes
an additive measurement error, leading to the relation Y; = Z; + E;,
where it is reasonable in general to assume that errors are mutually in-
dependent and do not depend on the true value. This is similar, e.g., to
the hypothesis by e.g. Wikle et al. (2001) and Pradalier et al. (2003),
who assume that, conditionally to the true values, multiple measure-
ments of the same underlying unknown quantity can be conveniently
viewed as independent from each others, thus leading to simple expres-
sions involving the product of the corresponding various pdf’s. Assuming
now additionally that these errors are N(0,0?) and that Z ~ N(u, ),
it can be shown that the conditional mean E[Z|y] and the conditional
variance Var[Zy|y] are identical to the kriging predictor and variance
as obtained from the so-called simple kriging with measurement errors
(Cressie, 1993; see Appendices for the proof).

1.3.2 Generalization to arbitrary functionals

Eq (1.6) can be slightly generalized if one considers that the observ-
able Y; are linked to the Z;’s through various arbitrary functionals (see
Fig. 1.2), so that Y; = ¢,(Z;) + E; (we will restrict here the develop-
ments to the case were each Y; is only functionally dependent of a single
corresponding Z;, though a similar approach can be applied when Y;
possibly depends on several variables in Z). It is worth noting here that
the Y;’s may refer to different physical variables so that the g;(.)’s func-
tions are also different in general. We thus have Y = g(Z) + E, where
g(z) = (90(20), - - -, gn(2n))’, and what is sought for is

f(Z|Y) = f(ZO> SERE) Zn‘g()(z(]) + €0, ... 7gn(zn) + en)

Reasoning along the same lines as before with Y = g(Z) + Eand E | Z,

F(y|lz) = P(g(Z) + E <yl|z) = P(E <y —g(z)) = Fu(y — g(Z)() |
1.7
so that we obtain similarly

£(yl2) = ;ywz) — faly — g(2))) (18)

that can be plugged into Eq. (1.1). If the mutual independence hypoth-
esis for the errors is assumed, this simplifies again to

n

fely —g(@) =[] fe.vi —9i(z:)) <= fylz) =]] f(vilz)
i=0

1=0
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and we finally obtain the equivalent of Eq. (1.6), with

f(zoly) = %on(yo — go(20)) /IR;.Af(z) 1 72 (v — gi(z0))der - - dz,
i1
(1.9)

Y =8,(z,)re;
g;(z;)

Figure 1.2: Arbitrary functional y; = g;(z;) + e;

As an illustration, Fig. 1.3 shows the graphs of the functions fg, (y; —
9i(z;)) with respect to z;, computed for different observed values y; and
for the arbitrary functional g;(.) given in Fig. 1.2. One can remark
that, because of the possibly non linear and non monotonic relationship
between Y; and Z;, these functions may exhibit complex shapes.

¥ =8,z g0 )

\

! = - =

i AR ¥;=b
SN

i

Figure 1.3: Left part shows the graph for the arbitrary functional y; = g;(z;) +
e; as in Fig. 1.2, along with the bounds of the +2¢ probability
interval for E; assumed to be N(0,02). Right part shows the ex-
pression for fr(y; — g:(2;)) as a function of z; when y; = a and
y; = b, with same scale for horizontal axis as on left part.
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It is worth noting that the basic assumption for the model above is
that the random vector E is considered as independent from the vec-
tor of interest Z, or stated in other words the pdf of the errors E is the
same whatever the choice for the conditioning z values. From a practical
viewpoint, this assumption also implies that (i) Y can be modeled by
a deterministic relation with Z and (ii) that this relation is accurately
known, the remaining errors E being uncorrelated noise. Though this
hypothesis proved to be convenient for deriving the previous results, it
can be limiting as, e.g., (i) in the case of heteroskedasticity where the
variance of errors depends on the z values or more generally (ii) under en-
dogeneity problem between Z and E (i.e. when Z and E are correlated).
One can remark however that arbitrary monotonic transformations can
be applied on the Y;’s without affecting the generality of the results, as
traditionally done in regression analysis.

1.3.3 Mixing soft and not so soft (hard) information

One can consider various situations with respect to the comparative
amount of error attached with each observable Y;. In some situations,
the errors for a subset of these variables can be so high that they do
not convey much information about the corresponding Z;’s, whereas in
other situations these errors are so small that they can be neglected in
the computations. We will consider both cases hereafter.

For the first case, let us write Y = (Y, Y}) where Y, = (Yo,...,Y)
and Y, = (Yiut1, ..., Yys)', where we assume that E, L Ey. If the errors
E, tend to be very high compared to g(Z,), we can make the approxi-
mation Y, = g(Z,) + E, ~ E, so that using Eq. (1.7) leads to

F(Ya’Za) = P(Ea < Ya|za) = P(Ea < Ya) = FEQ(Ya)

and we obtain f(ya|za) ~ fr,(¥a4). Plugging this result into Eq. (1.1)
and using the fact that (Y, L Y})|z because E, L Ep, we obtain

1 1
F(@lya y0) = 3 f(Va yol2) f(2) = 7 fe.(Ya) fE, (v0 — 8(2)) f (2)
Integrating now this result over z1,..., z,, we get

Flolyarya) = fo(50) [+ o~ gl f (@) -z,
(1.10)

= ;/ﬂé-AfEb(Yb — g(zp)) f(zp)dzp = f(20]yp)

where B = A/ fg,(ya) is the new normalization constant. As seen from
Eq. (1.10), if the error E, is assumed to be very high compared to g(Z,),
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we can assume that Y, does not bring any significant information on
Zy and can be discarded for the prediction, as f(z0|ya,¥s) =~ f(20|ys)-

For the second case, assume that the errors E; tend to be very
small compared to g(Zy), so that we can make the approximation Y, =
g(Zy) + Ep ~ g(Zyp). Using Eq. (1.7) again leads to

0 if yp, < g(z)
F(yolzo) = P(&(Zs) < yblzs) = P(yb — 8(2p) > 0) =

Lif yy > g(zs)
so that F(yp|zp) is the Heaviside step function, whose derivative is

f(yblzo) = 0(yp — g(zp)), the Dirac delta function. Plugging this re-
sult into Eq. (1.1) and knowing that (Y, L Y})|z, we obtain

Flalyary8) = fi, (o — 8(70))5(ys — 8(m))f (2)

and integrating now this result over 2y, ..., 2,, we get

f(20lyas yb) =~ //fEa g(2a) [//Yb ()dzb} dz,

(1.11)
If the system of equations y;, — g(z,) = 0 can be solved with respect to
z;, so that z, = g~ !(yy) is the unique solution (this will happen, e.g., if
for each Y; we have Y; = ¢;(Z;) where the g;(.)’s are monotonic so that
Z; = gi_l(Y;) Vi =m+1,...,n), we then have from the properties of
the Dirac delta function

/ /5 Yo ) f(z)dzy, = Jg(g(2b)) f (2a, Zb)

with z, = g !(y,) known and where Jg(.) is the Jacobian of func-
tion g. Plugging this result into Eq. (1.11) and writing f(z4,2p) =
f(2zalzp) f(2),

Pty ) = & [-+o[ ey = gl (alz)dz,

(1.12)
= f(20lya,2p)
where C' = AJg(g(2p))/ f(2s). If the system of equations y;, — g(z) = 0
admits several solutions zy 1, ..., 2k, the event Y}, = yy is equivalent to
Zy = (Zy = 241)U- - -U(Zp = zp1,) where the elementary events Z; = z ;
(j =1,...,k) are mutually exclusive, so that

f(20lya,yb) = (Zo\ya, (Zy = Zb DU U(Zy=2zp1))

= Z f( Zf ZO|yava7J (vaj)
j=1
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From Eq. (1.12), one can see that if we assume the errors E;, to be negligi-
ble, this amounts to incorporating the knowledge brought by Y, directly
from the conditional pdf f(z.|zp), with f(z4|2s) = f(2a,2zs)/f(2zs), where
the z;, values are computed from the observed y; through the inverse re-
lationship z, = g~ '(y3). If several solutions 7y, j exist, the procedure is
repeated for each z;; and the results are weighted by the correspond-
ing f(z;) values. It is worth noting that, by extension, Eq. (1.12)
includes of course the more classical case where, for at least a subset
of locations, values z; are directly observed for the variable of interest.
Finally, though both situations have been presented separately, they can
of course be combined in an arbitrary way, and further simplifications
are obtained by assuming the mutual independence for the errors.

1.3.4 Conditional independence and entropy

From egs. (1.5) and (1.9), one can see that simple analytical results are
obtained by assuming Fy L --- L E,, this corresponding to the very
convenient conditional independence hypothesis (Yy L --- L Y},)|z, as it
alleviates the need of inference for the joint pdf of errors in eqs. (1.2)
and (1.8). Thus, when only a limited subset of Y; is at hand, estimat-
ing this joint pdf may prove to be difficult. Clearly, substituting the
joint pdf of errors by the product of the corresponding marginal pdf’s
will induce a loss of potentially valuable information. However, in the
framework of information theory, one can prove that in absence of clear
joint information, the best choice is precisely to assume this conditional
independence. Indeed, from the maximum entropy principle, what is
sought for is the joint pdf (Y,Z) for which the corresponding entropy
H(Y,Z) is maximum, with

HY.2) =~ [ [ .22y

We also have the relation H(Y,Z) = H(Z)+H (Y|Z) where the marginal
entropy H(Z) is known as we have specified f(z), with

H(Z)=~ [ f()nflz)az

Since H(Z) is known, the maximum of H(Y,Z) is reached when the
conditional entropy H(Y|Z) is maximum, where

1(¥(2) =~ [ [ .0 (yim)ya
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We also know that H(Y|Z) < H(Yy|Z) + --- + H(Y,|Z) (see e.g., Pa-
poulis, 1991), where the marginal conditional entropies H(Y;|Z) are
given by

H(Y;|Z) = / /fy,z In f(y;|z)dy;dz Vi=1,...,n (1.13)

If each Y; depends on a unique Z; so that Y; = ¢;(Z;) + ¢;, we can write
that

fwilz) = fyilzi) = fe,(vi — 9i(2i)) (1.14)
or stated in other words, knowing the complete set of realized values
{20, ..., 2n} does not bring any additional information on Y; if we already

know the single realized value z;. As the error pdf’s fg,(e;) are specified,
one can evaluate fg, (yi—gi(zi)) for any (y;, z;) so that plugging Eq. (1.14)
into (1.13) shows that the various H(Y;|Z) are known too, with

H(Y)Z) = H(Yi|Z) / / F (i — gi(z0)) I fi, (i — ga(z0))dyidz
As we finally know that
H(Y|Z) = HYQZ) + -+ HY,[Z) <= (%L LYy

assuming the conditional independence for the Y;’s with respect to z is
thus equivalent to maximizing H (Y, Z) when the pdf’s f(z) and fg, (e;)
as well as the relationships Y; = g;(Z;) + E; are specified.

It is also interesting to remark that when one only knows the expecta-
tion vectors pg, iz and the covariance matrices Xg, Xz, the maximum
for H(Y,Z) is reached when Z ~ N(pz,¥z) and E ~ N(pug, EE) with
E 1 Z, thus leading again to the conditional independence (Yy L -+ L

Yu)|Z. 1f only the variances O’% for the errors are known 1nbtead of
Yg, then the maximum entropy is obtained with E; ~ N(ug, ,JE ) and
Ey L --- 1L E, (see Appendices for these proofs). In the case of lin-
ear relationships Y; = Z, + E; the conditional pdf f(zg|y) will always be
Gaussian, with conditional mean and variance as given by simple kriging
with measurement errors.

1.3.5 Dual notation for information

Up to now, all notations have been given in terms of the error pdf
[E,(.) along with the functionals g;(.). Both for practical and theoretical
reasons, it is sometimes more convenient to reformulate these error pdf’s
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as functions of conditional pdf’s on the Z;’s. Starting from Eq. (1.14)
and using Bayes theorem again, we have

2l
Fiu (i — i) = Fluilz) = TG gy (1.15)
f(z)
Using Eq. (1.15) allows to express each fg,(yi — ¢i(z;)) in Eq. (1.9) in
terms of a conditional pdf on z;, so that

i = S8 o[
=1

where D = A/T[", f(yi) is the new normalization constant, as all
f(yi)’s can be assimilated to constants in Eq. (1.16) due to the con-
ditioning on the set {yo,...,yn}. Eq. (1.16) is an alternative but equiv-
alent way of incorporating the uncertainty that has the advantage of
being more intuitive. Information conveyed by any Y; is directly ex-
pressed through a conditional pdf for the corresponding Z;. In this
sense, Eq. (1.16) can be viewed as a complete recoding of the infor-
mation brought by all the Y;’s, these information being now directly
expressed through their influence on the Z; variables.

From Eq. (1.16), it is also worth noting that the influence of a given
y; value on the final result is directly linked to how much f(z;|y;)/f(2:)
is different from one as z; varies. Stated in other words, the influence
of knowing 1; can be measured by the discrepancies between the con-
ditional pdf f(z;|y;) and the marginal pdf f(z;). If a specific y; is non
informative with respect to Z;, i.e. when f(z;|y;)/f(zi) = 1 for some z;,
the corresponding factor will be filtered out from Eq. (1.16) (note that,
for a fixed y; value, the equality f(z;|yi) = f(zi) does not necessarily
implies Y; L Z;, as there could be specific values of y; for which this is
true, whereas the equality is not verified in general). As a consequence,
combining any non informative y; values together with other informative
values y; (i # j) will not cause any harm, as irrelevant information will
be automatically filtered out during the prediction process. By the light
of this last remark, it is thus useful to quantify the amount of informa-
tion brought by any Y; variable through some kind of informativeness
index. This will be discussed in detail in Section 1.4.4.

1.4 Data fusion

Up to this point, the use of Eq. (1.9) is restricted to situations where a
single measured value is available at each one of the xq, ..., x, locations.
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However, situations where multiple information are made available oc-
curs commonly and need to be accounted for. This encompasses, e.g.,
the cases of (i) repeated measurements at location x; of the same phys-
ical variable related to Z; (with the same or with different measuring
devices), (ii) different physical variables jointly measured at location x;,
all of them being related in a different way to Z;. As using more relevant
information is expected to lead to more accurate predictions, it is thus of
some concern to derive rules for fusing these information. Considerable
efforts and literature have been devoted to this issue in spatial statistics.
Most traditional approaches rely on a multivariate framework, where a
joint distribution for the whole set of variables has to be inferred first
and conditioned on observed values afterwards. However, due to the
possibly highly different nature and properties of these variables (e.g.,
categorical vs continuous-valued variables) and potentially high number
of variables, this can prove to be a very complex or even impossible task.
We propose hereafter a different approach, that relies first on a full re-
coding of the information expressed as a unique conditional distribution
on the variable of interest at every point where information is initially
available, so that Eq. (1.16) can be used afterwards for combining them
in order to get posterior distributions at arbitrary locations. A simple
fusion rule is suggested and is discussed by the light of the Naive Bayes
Fusion (NBF) rule.

1.4.1 Multiple collocated information

Let us assume without loss of generality that, for the last location x,,, a
set of m realized values {yn 1,...,Yn,m} are available, all of them being
related to the same z, through the relations

Yn,j = gj(Zn) + En,j Vj =1,....,m (117)

Let us denote Y,, = (Y 1,.... Yy m) and yq = (Yo, .., Yn—1)" (where the
a subscript will always refer to the first n—1 elements of the correspond-
ing vector), and let us write more simply Eq. (1.17) as Y,, = g(Z,,) + E,.
What we are interested in is the conditional pdf f(z|ys,y»). Using
Bayes’ theorem,

f(Ya,¥nlz)f(2)

/ f(Yarynlz) f(z)dz
We will assume as before that E, 1 Z and E,, 1 Z, so that again

f(yalz) = fe.(Ya — 8(24)) 5 f(ynlz) = fE.(yn — 8(20))

(2l ¥n) = = (Ve yul2)f(2)
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Assuming moreover that E, 1 E,, we have the result

f(YVas¥nlz) = fE. (Yo — 8(2a)) fE, (Yn — 8(21))

so that the formula that combines all the information for prediction at
location xg becomes

flalyayn) = 5 [+ @) o3 ~ ) o, 0 ~ a1,

Of course, this procedure can be easily generalized for any other set
of locations where repeated measurements are made available. Further
simplifications can be obtained by assuming the mutual independence
for E, and E,, so that along with the dual notation for information,

where

B0 s (Ung = 9j(zn)) W (1.18)

we get similarly to Eq. (1.16) the simpler result

f(z0ly) o o|yo / /f _meszl Hf Zn|Yn,j)dz1 -
- f(zly
zowo 0 e T L,
(1.19)

where ¢(z,|y,) denotes the posterior pdf resulting from the fusion op-
eration for collocated information, i.e.

P(2nlyn) o< f(zn) ™™ H f(znlyn,j)
j=1

Through this operation, the information brought separately by each ob-
served ¥, ; with respect to a same Z,, are thus fused into a single pdf
P(znlyn)-

As a last remark, it is worth noting that in various spatial applica-
tions like, e.g., remote sensing, image analysis or cartography, a common
situation that occurs is the need for fusing collocated information at the
prediction location itself, discarding any other possible information at
other locations (so that the spatial prediction part of the problem does
not appear). If we define Yo = (Yo 1,...,Yom) with Yy ; = Zo + Ep;
Vj = 1,...,m and reasoning along the same lines as above by assum-
ing mutual independence for the Ejy;’s, it is then easy to see that the
posterior pdf simply becomes

f(z0lyo) ox W]}l fGolwoy) x dlzolye)  (1.20)
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which corresponds to the so-called naive Bayes’ (or Idiot’s Bayes’s) fu-
sion rule of the individual posterior predictors as given by the f(2o[yo,;)’s.

Criticisms about the use of a NBF rule can be raised on the ground
that it implicitly relies on a conditional independence hypothesis of the
variables. However, in a classification context, Kuncheva (2004) empha-
sized that NBF is experimentally observed to be surprisingly accurate
and efficient, where the surprise comes from the fact that independence
assumption is seldom true. Indeed, naive Bayes can often outperform
more sophisticated classification methods (Altingay, 2005; Lewis, 1998).
To our opinion, by the light of the previously discussed relation between
conditional independence and entropy maximization, this can be at least
partially explained by the fact that NBF is precisely the choice that
maximizes entropy if no additional information is incorporated about
the joint dependence of these variables, so it will yield the posterior
pdf which is the most likely to be observed (see Jaynes, 2003, for an
enlightening discussion about this principle). Note however that if a
joint pdf f(zn,yn) can be reasonably well inferred from data at hand
(thus alleviating the need of a conditional independence hypothesis),
the corresponding conditional pdf f(z,|y,) can be used into Eq. (1.19)
without any problem, instead of relying on the simpler NBF rule-based

pdf ¢(zn|yn)-

1.4.2 Weighting information for confidence

Let us assume in Eq. (1.19) that among the f(2y|yn ;)’s, there is a sub-
set J C {1,...,m} of them that are identical, so that we can write
f(znlynj) = f(znlyn.g) V5 € J, ie., the same information on Z, is
brought by each ¥, ; when j € J. We have now

¢(2nlyn) o f(zn)_mf(znwn,J)mJ H f(zn|yn,j)
Jg¢J
= f(zn)_mf(zn|yn,J)me H f(zn|yn,j)wjm

Jé¢J

where m is the cardinality of J, with weights w; = m;/m and w; =
1/m Vj ¢ J so that their sum is equal to 1. This is equivalent to a
relative weighting of the pdf’s. By generalization, it also suggests that
pdf’s can be fused by accounting for the confidence one may have in their
respective accuracy (e.g., when they are inferred from data of varying
quality or quantity, or when they come from experts that do not get the
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same credit), so that we could write

m

O(zalyn) o flza) " [T fCulyng) ™™ with Y wj=1 (1.21)
i

j=1

Eq. (1.21) can be interpreted easily by remarking that if w; > 1/m (or
w; < 1/m), the corresponding pdf will count for more (or for less) than
a single pdf among the set of m fused ones, as wjm > 1 (or as w;m < 1),
whereas Eq. (1.19) is the case where the same credit is given to each pdf.

1.4.3 The Gaussian case

For obvious inferential reasons, a quite common hypothesis is to assume
that all f(zp|yn,;)’s are the pdf’s of N(p;, 0]2-) variables, as inference for
these pdf’s only requires the estimation of the conditional expectations
E[Z,|yn,;] = p; and conditional variances Var|Z, |y, ;] = 0]2- with j =
1,...,m. It is then easy to prove that

ik 1 1 /2, — p\2
j]z]lﬂznwn,j) x Wexp(—Q( - ))

so that the product of the f(zn|yn,;)’s is proportional to the density of a
Gaussian distribution with expectation p and variance o2 that are given
by

(see e.g. Papoulis, 1991, pg 187 for obtaining this result based on a
least squares criterion, and Duc et al., 1997, for the use of this result
in a somewhat different context). It is worth noting that p thus corre-
sponds to a weighting of the p;’s, where the weights are proportional
to the inverse of the corresponding variances. This is consistent with
the intuition, as the information brought by any particular f(z,|yn ;)
decreases as its corresponding variance 0]2- increases. Moreover, one can

also see that, as we have J?n 11 >20Vm =1,2,..., we have the inequality
m+1 m m+1 1 m 1
2 2
ofxYe = 1Y <1/
j=1 j=1 j=1 "7 j=1"1J

thus showing that o2 can only decrease as the number of f(z,|yn;)’s
increases. It is worth noting that the final fused pdf is not Gaussian
in general, as it also depends on the a priori f(z,) in Eq. (1.19), and
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the influence of any specific f(zn|yn,;) on the final result will still de-
pend on its distance from this a priori pdf. As an illustration, Fig. 1.4
shows the result of the fusion for three Gaussian pdf’s. The left graph
presents the Gaussian pdf’s f(z,|yn;) (7 = 1,2,3) to be fused as well
as the corresponding product H?:l f(zn|yn;) (up to the multiplicative
normalization constant). The right graph shows the fusion pdf ¢(z,|y»)
for two different a priori pdf’s. One can easily see the additional effect
of this pdf on the final result.
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Figure 1.4: Left graph shows Gaussian pdf’s f(z,|y,.;) labeled as (1),(2) and
(3) with parameters py = —1,u2 = O,p3 = 2,07 = 0.2,05 =
0.5,02 = 0.8 along with the normalized product of these 3 distri-
butions, which is Gaussian with g = —0.30 and ¢ = 0.12 (bold
curve). Right graph shows the resulting fusion pdf’s ¢(z,|y,) (bold
curves) for two different choice of the a priori pdf’s f(z,) (plain
curves) that are respectively (a) N(1,2) and (b) N(0,2).

It is worth noting here that Gaussian distributions are not at all
required within the BDF framework. However, as direct consequence of
the above expressions, a significant increase in the computation speed
can be seen when using Gaussian distribution as analytical results exist
in those cases. It thus might be interesting to apply the BDF method
on transformed variables so that Gaussian distributions can be assumed
and analytical expressions can be used for the mean and variance of
the resulting fused distribution and then to back-transformed this dis-
tribution to the original variable space in order to get the final fused
distribution.

1.4.4 Informativeness index

As seen from Eq. (1.18), the amount of information brought by a specific
Yn,; can be quantified by measuring of how much the ratio
f(znlynj)/ f(zn) is different from one. As z, may vary, thus leading
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to different ratio values, one could be interested by how much, on the
average, this ratio differs from one. Let us consider the natural logarithm
of the ratio, so that its value is equal to 0 when the ratio is equal to
one (as the logarithm is a monotonic function, the ordering of the ratios
computed for yp 1,...,Ynm for the same z, value will not be modified).
The average discrepancy between f(zy|yn ;) and f(z,) with respect to
Zy, and for a fixed y,, ; value is thus given by

E [ln J(Zn |yn’] ] / f(zn|yn,j) In (Zzwﬂgd)dzn Vi=1,...,m
(1.22)

where this equation is by definition the Kullback-Leibler (KL) distance
or relative entropy between f(zy,) and f(z,|yn,;) when the y, ; value is
observed (Kullback and Leibler, 1951). In practice, Eq. (1.22) can only
be computed if y, ; is known. It is thus more convenient to define the
expected KL distance with respect to Y, ;, that can be used prior to
any observation for Y, ;. It is well known that this is by definition the
mutual information I(Z,,Y, ;) (see e.g. Cover and Joy, 2006), with

f(yn, 7Zn) .
Y,])Z //f yn,]vzn f(ynngf(zn)dyn,]dzn

/ f(Ynj / f(znlyn,;) In (?Lg:;’])dzndymj (1.23)

_ ) f(zn’Yn,j)
=E {/Rf(znww) In 7}0(%) dz,

Moreover, we also have the relation
1Yy, Zn) = H(Zy) — H(Zn|Yn ;) (1.24)

where H(Z,) is the entropy for Z, and where H(Z,|Y, ;) is the condi-
tional entropy, that are defined as

H(Z,) :—/f zn) In f(2zn)d2y,

H(Zo|Yo)) = / F g 20 10 f (2l )y dzn

Comparing Eqgs. (1.23) and (1.24) thus shows that measuring how much
the logarithm of the ratio f(z,|yn,;)/f(2n) differs from zero on the av-
erage is equivalent to measuring the information that Y, ; conveys on
Zpn. As the various mutual information I(Y,;,Z,) (j = 1,...,m) can
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be computed with respect to the same Z,,, they can be compared and
sorted, thus allowing the selection of the “best” Y,, ; variable, i.e., the
variable for which the corresponding I(Y}, ;, Z,) is maximum over the
set {I(Yn1,2Zn),...,1(Ynm,Zy)}. For example, in presence of abun-
dant potential information (i.e., a high m value), for practical reasons
one may consider using only a limited subset of m’ < m useful variables
to be included.
If we denote Y;, (1], . . ., ¥y, ] @s the Y}, j variables sorted in decreasing
order of mutual information values so that I(Y;, 1], Zn) > I(Yy, (9, Zn) >
+ > I(Y), jm]> Zn), a naive solution would be to use the subset of these
m’ first variables. Unfortunately, such a simple approach does not take
into account the possible redundancy of information between the Y,
variables (e.g., taken separately, V), ;) and Y}, o are the two most in-
formative variables, but it is possible that Y;, o) does not convey much
more additional information on Z,, compared to what is already included
when only using an[l]). A more satisfactory solution is obtained using
the definition of the mutual information (Y, Z,,) for the whole set of
variables Y, 1,..., Y, m (see e.g. Papoulis, 1991, pg 562), with

(Yna Zn) o
Yna Z / / /f Yn, Zn (Yn)f( n)dyn,l dyn,mdzn (125)

Using the fact that
f(an Zn) - f(yn,la Zn)f(yn,27 Zn‘yn,l) cet f(yn,my Zn’{yn,lv cee ayn,mfl})

flyn) = f(yn,l)f(ynﬁ’yn,l) o 'f(yn,mHyn,la S yn,m—l})

and substituting these results into Eq. (1.25), it is easy to show after
some elementary manipulations that

I(Yna Zn) — I(Yn,la Zn) + I(Yn,Qa Zn|Yn,1) +
(1.26)
+ I(Yn,ma Zn|{Yn,1> cee 7Yn,m—1})

where the various (conditional) mutual information in the right-hand
side of Eq. (1.26) are defined as

I(Yyi1,Zy) = H(Zy) — H(Zn|Y1)

I(Yn2, Zn|Yn1) = H(Zp|Yn1) — H(Zn|[{Yn1, Yn2})

I(Yn,wu Zn‘{Yn,la ey Yn,m—l}) - H<Zn’{Yn,1a cee 7Yn,m—1}) - H(Zn|Yn)
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From a strict point of view, selecting the best (optimal) subset Y, C
Y,, of m' variables would thus correspond to look for the m' variables
such that, with respect to all other possible subsets of same size, the
corresponding mutual information (Y, Z,) is maximum. (see e.g.
Fassinut-Mombot and Choquel, 2004, for a similar idea). Unfortunately,
this is an optimization problem that involves combinatorics, with num-
ber of possible combinations given by C’ﬂl, the binomial coefficient.
However, mutual information decomposition as given by Eq. (1.26) sug-
gests a simpler forward selection procedure for selecting sequentially this
subset :

L. select Y, (1) so that I(Y), 1, Zn) > I1(Y,

n,[j]> Zn) Vj

2. select Ym[g] so that I(Ymm, Zn’Yn,[l]) > I(Yn,[j]v Zn|Yn7[1]) Vi #£ 1,

3. repeat this for ¢ = 3,...,m’/, where at the ith step the selected
Y,y is such that Vj #1,...,4—1

n,i

LYy, Zal{Yn )5 - -5 Yojim) ) = I(Yo ) Zal{Yn)s - -5 Yo im11})-

this procedure being a direct analogy with the forward procedure in
multiple regression, where the aim is the sequential selection of the most
explanatory subset of variables to be included into a regression model
(Neter et al., 1996).

The proposed procedure enables us thus to automatically select which
secondary information sources should first be accounted for when the
number of those sources is large. However, it is worth noting that
this procedure was not tested here in this thesis as the number of sec-
ondary variables was too small to yield numerical limitations for the
BDF method.

1.5 A synthetic case study

In order to illustrate some of the general principle of the methodology,
a simple synthetic case study will be presented. Clearly, due to space
limitations, only some of the concepts presented in this chapter can be
illustrated here. We will thus mainly focus on a situation where what
is sought for is to fuse information sources that do not easily fit into a
joint classical multivariate RF framework.

Let us assume that we are interested in the spatial prediction of
a continuous random fields 3, with a typical realization as given by
Fig. 1.5a. This corresponds to a smooth RF realization obtained by
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taking the absolute value of a zero-mean unit-variance Gaussian RF
) with Gaussian covariance function, i.e. Z; = |Y;| Vx; € D where
Y; ~ N(0,1). The aim of smoothness and absolute value is to create a
network-like appearance on the map, the location of this network being
part of the available information. Let us define this network as a binary
RF 9 for which (V; = 1) = (|Y;| < vo.55), with y.55 the 0.55 quantile of
a N (0, 1) distribution, so that P(N; = 1) = 0.1 and P(N; = 0) = 0.9 (see
Fig. 1.5b). Aside from this RF, we will consider another independent
realization of %) that will be used to define the binary RF ¢ where
(Ci =1) = (Y; > 0) so that P(C; =0) = P(C; = 1) = 0.5 (see Fig. 1.5¢).
This information is irrelevant for predicting values of Fig. 1.5a as C; L Z;
Vi, j, but we will force its use in order to illustrate the automatic filtering
properties of the method.

In order to rebuild Fig. 1.5a at best, we will consider that the
only available information are a set of sparsely sampled values Z =
(Zy1,...,%Z75)", along with the spatially exhaustive realization for 91 and
€. Clearly, this whole set of information does not lead to a nice and
straightforward formulation in a traditional continuous multivariate RF
approach if the aim is to predict Zy at unsampled locations xg, as (i) it
requires to combine both continuous and categorical RF’s, (ii) the infor-
mation brought by the realized event ng = 0 or 1 at prediction location
is considerably poorer than the information brought by the distance dy;
between x¢ and the closest location x; for which n; = 1, (iii) unfortu-
nately, this set of new random variables Dy; does not correspond to a
second-order stationary RF.

Instead of relying on a rather complex multivariate approach, the
idea is thus to recode the set of indirect information about 3 in terms
of conditional distributions f(zo|dp;) and f(zo|cp). Fig. 1.5¢ shows the
estimated regression E[Zy|dy;] along with confidence bounds from the
estimated Var[Zp|do;], where it will be assumed that Zy|dy; is Gaussian
distributed. Assuming (wrongly) that (Zy,Z)" is Gaussian distributed
too, the conditional Zy|z is also Gaussian. Finally, assuming again nor-
mality, the corresponding f(zo|cp) are estimated too when ¢y = 1 or
when ¢y = 0 (see Fig. 1.7). Using now a NBF rule at the prediction
location itself, we obtain according to Eq. (1.20) the result

f(20l2) f (20/doi) f (20c0)
f*(20)

where all f(zg|.)’s on the right part of equality have been assumed Gaus-
sian and where it is expected that f(zo|z, doi, co) = f(z0|2z, dp;) as know-
ing Cj is irrelevant, and thus f(zo|co) = f(z0) either when ¢y = 1 or
when cg = 0.

f (202, doi, co) < (1.27)
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Figure 1.5: Synthetic case study. Part (a) shows a realization on a 60 x 60
grid of the 3 RF, where lower values appearing in dark have the
meaning of a network. Part (b) shows locations for 75 sampled
values z; (black dots) as a subset of the realization, along with
locations where the network binary RF 9 takes value n; = 1 (white
squares). Part (c) shows the estimated regression E[Z;|d;;] (plain
line) estimated from the (Z;,d;;)’s (black dots) where d;; is the
Euclidean distance to the closest location where n; = 1, along
with the symmetric 0.95 confidence bounds (dashed lines) assuming
normality. Part (d) shows the realization of the € RF (¢; = 1 in
white and ¢; = 0 in gray).
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The resulting map of predicted values E[Zy|z, dy;] obtained using
Eq. (1.27) is shown in Fig. 1.6b, along with the predicted map E[Z)|z]
obtained by neglecting the network information. Clearly, accounting for
the network yields significantly better results. A comparison between
the maps for E[Zy|z, dy;, co] and E[Zp|z, dy;] (not shown for the sake of
brevity) also confirms that making use or not of the Cj variable does
not have any significant impact on the results, as expected.
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Figure 1.6: Prediction results. Part (a) shows the map of the E[Z;|z]’s on the
same 60 x 60 grid as for realization, thus neglecting network infor-
mation (simple kriging). Part (b) shows the map of the E[Z;|z, d;;]’s
as obtained from the NBF rule neglecting information about Cj.
Map of the E[Z;|z,d;j, co]’s (not shown here) is similar.

More specifically, Fig. 1.7 illustrates the results obtained for two
different prediction locations xg that are respectively close or remote
from the network. As we expect that limg,, . f(20|doi) = f(20), the
network does not have significant influence on the result when xq is far
from it, so the result is solely influenced by surrounding measurements z,
with f(20|z,do;) >~ f(20]|2z). On the contrary, for x close to or inside the
network, f(zo|do;) may become much more informative than f(zp|z),
especially if there are no close z surrounding measurements, so that
f(z0|z,doi) ~ f(20|doi), thus yielding a very good restitution of the
network. From these figures, one can also see that, for the estimated
distributions f(zg|co), we both have f(zo|co) ~ f(z0) when ¢y = 1 and
when ¢y = 0, thus showing that these distributions will have no sensible
effect on the final result for the fusion, i.e. f(29|z, do;, co) =~ f(20|2, do;).

Finally, it is interesting to compare the semi-variograms of the er-
rors of prediction made when using each information source separately
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Figure 1.7: Influence of the information in the fusion process. Part (a) repre-
sents the pdf’s to be fused along with the result using the NBF rule
for a prediction location close to the network. Part (b) is the same
for a remote location. Symbols for the curves are dashed line for
a priori pdf f(zo), plain lines for (1) f(zoldoi), (2) f(20]z) and (3)
f(2o|co), with ¢ = 0 in Part (a) and ¢y = 1 in Part (b). Bold lines
correspond to f(zo|z, do;, co) as obtained from NBF rule. Addition-
ally, dashed bold lines correspond to f(2¢|z, do;), i.e. neglecting the
useless information about Cy. The two last curves cannot be dis-
tinguished from each other on the left graph.

or when using the BDF prediction. Its is clear from the results that
the BDF prediction outperformed the other predictions as the semi-
variogram variance is significantly lower for the BDF method (see Fig. 1.8).

1.6 Discussion and conclusions

In this chapter, starting from a simple and classical measurement errors
context, it has been shown that a general formulation can be obtained
for the prediction of a spatial RF at unsampled locations using vari-
ous sources of direct and/or indirect measurements. Several well-known
situations that arise as limit cases of the method have been presented,
and connections between the convenient conditional independence hy-
pothesis and maximum entropy properties have been emphasized too.
Finally, with the help of information theory, it has been shown that a
useful informativeness index can be derived with the aim of selecting the
“best” subset of information to be used.

Clearly, the major interest of the proposed procedure is to allow the
user to incorporate in a flexible way a potentially high number of sec-
ondary information sources that may exhibit high diversity, by avoiding
at the same time major complications with respect to modeling hypothe-
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Figure 1.8: Semi-variograms of the errors for the three predictions separately
built from each of the information sources and for the prediction
built from the fusion of these sources within the BDF framework.

ses and computing time requirements. As all secondary information can
be recoded (and fused if needed) as conditional distributions with re-
spect to the variable of interest, this leads to a same generic formulation
for prediction, that relies on subsequent multivariate integrations over a
joint distribution.

Of course, this chapter should not be viewed and is by no way a
prosecution against the use of sound multivariate methods, that aim at
fully accounting for the joint spatial dependence of RF’s. However, it is
stressed that the need for such models is not as critical as it may appear
at a first sight. Moreover, it is not uncommon situation that multi-
variate models may bring more problems than solutions. Indeed, these
models typically rely on more or less demanding hypotheses that may
prove to be impossible to fulfill in a reasonable way with data at hand,
especially when number and diversity of information sources that need
to be accounted for is high. As a consequence, the user is commonly
facing non obvious choices like, e.g. (i) fooling the model by forcing it to
use data that do not naturally match the required hypotheses, with po-
tentially serious (and often poorly assessed) effects on the final results,
(ii) using dimensionality reduction techniques or data transformation for
improving the adequacy between data properties and model hypotheses,
or (iii) discarding potentially valuable information based on the single
fact that they do not nicely fit into the model framework. Even for situ-
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ations were the need for such choices can be avoided, in most of the cases
difficult practical issues remains to be addressed, as computing burden
and modeling complexity is typically expected to quickly increases with
number of information sources.

With respect to these aspects, the proposed methodology has nice
features, as all efforts are concentrated on the initial optimal recoding
of the information, thus cutting down the need for subsequent heavy
computations and complex modeling issues. Clearly, the performance
of the method is still to be evaluated and compared to more complex
modeling approaches in specific circumstances. Among others, further
work should be devoted to quantifying the impact on the final results of
the information loss which is induced by neglecting the spatial correla-
tion between RF’s . However, based on the simple synthetic case study
that has been presented, it can already be seen as a quite feasible and
realistic alternative.



Chapter 2

Data fusion in a spatial
multivariate framework :
Trading off hypotheses
against information

The previous chapter presented the Bayesian data fusion theory in detail
and specified the necessary hypotheses. In this chapter, we emphasize the
importance of the set of hypotheses when dealing with several informa-
tion sources and we quantify the loss of precision generated when the
hypotheses are not fulfilled.

2.1 Outline

Due to the exponential growth in the amount and diversity of data that
one may expect to provide greater modeling and predictions opportu-
nities, there is a real need for methods that aim at reconciling them
inside a flexible and sound theoretical framework. In a geostatistical
prediction context, beside more or less straighforward variations around
univariate kriging (e.g., kriging with external drift), the most classical
method (i.e. cokriging) is based on a multivariate random field approach
of the problem, at the price of strong modeling hypotheses. However,
there are expected practical situations where these hypotheses may be
hard to fulfill or do not make sense from a modeling viewpoint.

This chapter proposes an alternative way of using secondary infor-
mation for spatial prediction. Based on a data fusion perspective, a gen-
eral theoretical procedure is proposed. Simple cokriging and Bayesian
data fusion are compared both from theoretical and practical viewpoints.
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Theoretical differences are first emphasized based on the corresponding
modeling hypotheses. A case study based on synthetic data subsequently
allows to compare both methods from a practical viewpoint. It is shown
that, in spite of some simplifying hypotheses required by data fusion,
the method provides quite comparable performances in situations where
simple cokriging is expected to be the best possible predictor. Moreover,
it offers a much greater flexibility and opens new avenues for incorpo-
rating a wide panel of very different and possibly numerous secondary
information that, by nature, would not easily fit into a multivariate
random field framework, as required by cokriging.

As the classical (co)kriging predictor relies on the knowledge of first
and second-order moments for a given set of random fields (RF’s), we
will assume here that first and second-order stationarities can be as-
sumed for all variables, and that the corresponding functions (i.e. the
mean functions and the (cross-)covariance functions) can reasonably be
inferred from the data. Without loss of generality and for the sake of
simplicity, we will restrict here the discussion to variables with known
mean functions so that simple cokriging can be used, though the method-
ology includes of course the case of non stationary mean and intrinsic
stationarity as well (see e.g. Christakos, 1992).

In a first section, a short recall of simple cokriging (SCoK) formula-
tion is presented. The hypotheses involved in this model are emphasized
and modeling issues are pointed out with respect to both theoretical and
practical viewpoints. Subsequently, the Bayesian Data Fusion (BDF)
methodology is presented. For the sake of conciseness and without loss
of generality, presentation will be restricted here to the particular case
of bivariate Gaussian RFs. Pros and cons of the method are discussed
too, and a synthetic case study is presented. The corresponding results
indicate that BDF is an efficient alternative in the context of spatial pre-
diction that need to account for additional secondary information which
may not fit very well into a multivariate stationary RF framework!.

'This chapter is an adaptation of the proceedings of a presentation given at
geoENV2006 (Fasbender and Bogaert, 2006).
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2.2 Simple Cokriging

In the case of several correlated RFs that are sampled over the same
spatial domain, assuming that means are known everywhere, the clas-
sical geostatistical method used for conducting multivariate prediction
is SCoK (Cressie, 1991). If 3 = {Z(x) : x € R%, Z(x) € R'} and 9 =
{Y(x):x € R, Y (x) € R'} are two zero-mean second-order stationary
RFs and Z, = Z1,...,Z, and Y, =Y, 1,..., Y, are corresponding

random vectors sampled from them at locations x; (i = 1,...,m + n),
the SCoK predictor for Z; is then
Yoa Zay \ [ z
7P = (o, o . @ 2.1
0= W)<2va 277) <y7> (21)

where the s and Xs are obtained from the partitioning of the covariance
matrix 3 for the whole vector (Zp, Z,, Y,), with
o5 o, o
YX=| 00 Zaa Xy (2.2)
Oy Yo Xy

(where the delimitations between the blocks in X respect the same con-
ventions as in vector (Zp, Z;,Yﬁy)) whereas the corresponding variance
of prediction is given by

-1
by by o
A=t e (3 ) (5) e

Clearly, SCoK is the best linear predictor, but not necessarily the best
predictor. However, assuming multivariate gaussianity for (Zo, Z’a,Yﬁy)7
the best predictor is linear, and SCoK then corresponds to the result of
a linear regression, with

Z8 =E|Z|2za,y) ; o =Var|[Z|za,y,] (2.4)

and where Zy|zq,yy ~ N(Z§,0(). In other words, SCoK can only be
considered as the best predictor when full gaussianity holds. If this is not
the case, SCoK is still a valuable predictor, but its prediction variance
is not necessarily the smallest possible one and the true conditional
probability distribution function (pdf) for Zy|z,y~ is not Gaussian in
general.

Though SCoK is a straighforward and well-known method that can
be easily numerically implemented without difficulties, there are some
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practical issues that need to be addressed. Clearly, obtaining the covari-
ance matrix 3 for arbitrary locations rely on a multivariate modeling of
the covariance functions, in order to ensure positive-definiteness of the
final results. The most frequently used method is based on the so-called
Linear Model of Coregionalization (LMC; see e.g. Chileés and Delfiner,
1999 or Goovaerts, 1997), which for a bivariate case is written as

Caa(h) Caﬁ(h) . Qiaa Qiap o _ .
( Cap(h) Cpg(h) ) B Z;( iap  @i68 > () ZZ.:A’ i(h)
(2.5)

where all matrices A; are positive definite and where the same elemen-
tary positive definite covariance models ¢;(h) must be used for modeling
all (cross-)covariance functions. Clearly, this imposes an important (and
rarely discussed) conceptual constraint on the method, as any secondary
variable that need to be accounted for when predicting Zy must fit into
the second-order stationary RF paradigm, i.e. the random vector Y,
must be considered as a sample from a second-order stationary RF that
can be characterized by a covariance function Cgg(x; — x;) that only
depends on x; — x; but neither on x; nor on x;. Unfortunately, it hap-
pens frequently that quite useful information does not fit well into this
paradigm. As a simple example, in an environmental pollution con-
text, the distance x — x; to a chemical industry located at x; is likely
to be a quite relevant measure for quantifying atmospheric deposition
Y (x), but Y (x) cannot be considered as coming from a RF whose co-
variance function would be translation invariant, i.e., depending only
on h, of course. This in turn may seriously impair the prediction of a
related variable of interest Z(x) (e.g., soil pollution) using a cokriging
approach, as corresponding covariance function estimates aﬁg(h) and

~

Cqap(h) are meaningless.

2.3 Bayesian Data Fusion

By the light of the previous example, it appears that relying on a multi-
variate second-order stationary RF framework is quite arguable in some
instances. In order to account for this issue, a new theoretical framework
has recently been proposed. Its aim is to alleviate the need of second-
order stationarity for secondary variables at the price of mild simplifying
hypothesis. Due to space limitations, only main and most important re-
sults will be presented here. Additional details can be found and are
discussed at length in Bogaert and Fasbender (2007).

Let us assume that 3 is a zero-mean second-order stationary RF
of primary interest, where Z is random vector sampled from it. Let
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us define a mapping g : R — R such that g(Z) = {g(Z;)} is a new
random vector, along with an arbitrary zero-mean random vector E of
same size and independent from Z. The basic assumption of BDF is
to assume that, for any secondary variable, we have Y = g(Z) + E.
Clearly, Z and Y are collocated random variables (i.e. corresponding
to the same locations) but Y is not longer second-order stationary in
general, as its properties also depend on the arbitrary E. According to
the independence assumption E | Z, it is also clear that the conditional
pdf for Z|y is given by

Faly (2ly) o fa(2) fy 12 (y]2) = fa(2) fe(y — &(2)) (2.6)

where f, is the a priori pdf for Z and fe is the pdf for E. A more
intuitive interpretation of Eq. 2.6 is to consider that each Y; can be
viewed as an indirect measurements of the true Z;, as Y; is a functional
9(Z;) up to an additive error E;, where it is reasonable in general to
assume these errors as independent from the true Z.

Starting from this last very general relation, a straightforward formu-
lation can be proposed in a spatial prediction context. Let us consider
that what is sought for is the conditional pdf for Zy given a set of ob-

served values z, = 21, ..., 2z, for the RF of interest 3 along with a set of
observed values y, = ¥n11,...,Yntm for the auxiliary RF ). Defining
additionally the vector Zg = Z,, 41, ..., Zn+m of unobserved variables at

the same location as Y., the conditional pdf for Zy|z.,y, is then given
by

fzo|zo“y,Y (Z0|ZCHYV) X /Rm fZO,ZmZﬂ(ZO?ZaaZﬁ)fe(y’y - g(Zg))ng (27)

This is a very general and nonlinear formula for prediction that requires
the knowledge of the joint pdf [z, z,.2, as well as the joint pdf of errors fe.
A classical approach would be to consider 3 as a Gaussian RF along with
a mutual independence hypothesis for the vector E, so that f 4, 2, 18
multivariate Gaussian and fe =[], fe,. Using again Baye’s theorem, we
then have fe,(yi — g(2:)) < f.,y, (2ilyi)/ f=:(2i), so that Eq. 2.7 simplifies
to

) dzg (2.8)

fzo\za,yw('zO’Za,yw) X /R fzo,ZmZﬂ(ZOaza?Z,B) | |
m .
i

As a consequence, Eq. 2.8 is still a nonlinear expression that requires
multivariate integration, but it is now possible to express the covariance
matrix of the Gaussian distribution fzo,za,Zg from the covariance func-
tion Cuq(h) (i.e. the covariance function of RF 3) as well as to infer



42 Chapter 2. Trading off hypotheses against information

the pdf’s f,,, from the data set. A synthetical illustration of this can
be found in Bogaert and Fasbender (2007). The real advantage of this
formulation is that it is not longer needed to have any stationarity hy-
pothesis about ) compared to SCoK. Moreover, it can be shown that a
similar reasonsing can be used in order to account for multiple secondary
information without any difficulties.

2.4 Comparing data fusion and cokriging

Though BDF and SCoK may appear at the first sight as completely
different (and thus difficult to compare) approaches for accounting for
secondary information, it can however be shown that close analytical
linear relations for expressing the conditional mean and variances can
be obtained for BDF if an additional multivariate Gaussian hypothesis
is assumed to hold.

It has been reminded that, for jointly Gaussian RF’s ) and 3, the
corresponding conditional pdf f,, v, is Gaussian with mean and vari-
ance given by Eq. 2.4, so that SCoK is the best predictor. On the other
side, for BDF, one can also remark that assuming that %) and 3 are
jointly zero-mean Gaussian RF’s leads to a zero-mean Gaussian vector
(Zo,Z4,73,Y ) with covariance matrix 3 as given by

/ /

v
0o Yaa 2o Loy

o Xga Xpgg gy
0y Yya g Xy

o2 o oy o

(2.9)

Several simplifications will then occur. First, the functional ¢ is now a
linear mapping with g(zg) = Ua—ngZﬁ, where 0, = 0., = Cov(Z(x),Y (x)),

Vx € R?. Second, E is now Gaussian with covariance matrix equal to

JEMI where U?YW is equal to ag - (;% with 05 = Var[Y (x)], Vx € R%
Third, since (Z,Z.,, ZIB)/ and E are Gaussian vectors, the product of
pdf’s in Eq. 2.8 is proportional to a Gaussian pdf with mean vector M
and covariance matrix S given by

,

2 / / -1 0 0 0
9% O%a Op 00 0
S—! = 0o Taa Zap + 1 o2
o3 Xpa g 00 541
0
1
M = S 0
g Yz
718 o3 Yy
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Finally, since the integrand of Eq. 2.8 is proportional to a Gaussian pdf,
integrating over zg and conditioning on z, leads to the conclusion that
the conditional pdf Zy|z,y~ is univariate Gaussian, thus completely
characterized by its mean and variance, with

1 o _ 1 o
E[Zolza,y2] = S 5spys + s4Saa (Za - Uzofsaﬁ.w)
18 /0 . v 70
Var[Zy|za,yy] = s0—5LSza8q
(2.11)
where s, sq, Sg, Saa and S,z are defined by
so S, Sy
S = Sa  Saa Saﬁ (212)

s3 Spa Spp

and where the delimitations between the blocks in S respect the same
conventions as in vector (Zo, Zy,, Zj).

The gain of BDF on SCok in terms of inference is non negligible. In-
deed, instead of inferring the multivariate covariance model (with LMC
namely), we only need to estimate three simple quantities : (i) Cpq(h)
the covariance function of 3, (ii) 03 the variance of Y (x), ¥x € R? and
(iii) oy. the pointwise covariance of Z(x) and Y (x), Vx € R%

Comparing Egs. 2.1 and 2.3 with Eq. 2.11 is not straightforward (ex-
pressions in these equations are in fact equivalent under independence
hypothesis of vector Y, conditionally to vector Zg), but it is worth
noting that (i) BDF now provides expressions for the conditional expec-
tation and variance that are linear with respect to the observed values
zo and y, as for SCoK, and (ii) results for BDF and SCoK can be
compared too on a common basis, as we fulfill the optimal conditions
for using SCoK as the best possible predictor. It is worth remembering
however that, in general, BDF and SCoK will obey distinct optimality
properties : SCoK is optimal under the hypothesis of jointly Gaussian
RF’s 9) and 3, whereas BDF only relies on a Gaussian hypothesis for
3 and an independence hypothesis for E, which is a somewhat milder
hypothesis than assuming joint Gaussianity for both RF’s 2) and 3.

2.5 A synthetic case study

In order to illustrate the similitudes of the results that are obtained using
both approaches in a situation where SCoK is expected to give the best
possible results, a synthetic case study is presented. The aim here is to
show that, even under optimal conditions for SCoK, using SCoK instead
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of BDF does not significantly increase the quality of predictions. Stated
in other words, the loss of information due to the use of BDF instead of
SCoK does not dramatically affect the quality of the predictions.

Let assume a smooth zero-mean unit-variance Gaussian RF 3 for
which a realization over a 100x100 regular grid is given in Fig. 2.1a
(covariance function is exponential with sill equal to 1 and range equal
to 30). Let assume also a second Gaussian RF ) (Fig. 2.1b) defined as
a linear combination of the RF 3 and another zero-mean unit-variance
Gaussian RF € with the same covariance function. By taking ) = 23+
€, the resulting RF 9) is thus a zero-mean Gaussian RF with variance
equal to 5, and both RF’s are jointly Gaussian with pointwise correlation
equal to 0.894. Under these conditions, SCoK is thus the best possible
predictor. For conducting predictions, two random samples z and y are
extracted from these simulated grids. In order to be in a situation when
SCoK would be interesting compared to simple kriging (i.e. the auxiliary
y conveys valuable extra information compared to what is already known
from z), samples size have been chosen equal to 200 and 400 for z and y,
respectively. Predictions of 3 is then conducted at the nodes of the grid
using z and y as observed values. It is worth noting too that sampling
has been conducted so that there are no locations for which 3 and )
are jointly observed.

In oder to compare relative differences between BDF and SCoK re-
sults compared to simple kriging results, a relative comparison approach
has been used here. Clearly, using simple kriging with the n closest ob-
servations of z (that will be denoted as SK,,) provides a lower bound in
terms of prediction quality, as it only makes use of the primary variable.
On the other side, using simple kriging with the n closest observations
of z along with the z observations at the n closest locations for the ob-
served y (that will be denoted as SKg,) provides an upper bound, as
it assumes that the true values for the primary variable are available
at locations where only the auxiliary variable is observed. As a conse-
quence, in terms of quality predictions, results for BDF and SCoK will
be located somewhere in between these two bounds. This also provides
a way to compare the results for BDF and SCoK on a relative scale
ranging from SK,, to SKa,.

Figure 2.2 shows the predictions results obtained using the four pre-
viously described methods, namely SCoK (Fig. d), BDF (Fig. c¢) and
the two extreme simple kriging situations (Figs. a and b). One can
notice that BDF and SCoK provide visually very similar results. This
observation is confirmed from the Root Mean Squared Error (RMSE) as
computed between simulated and predicted values (see Table 2.1). As
expected, SCoK and BDF gives intermediate results in between the two
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Figure 2.1: Simulations over a 100x100 regular grid for RF 3 (a) and RF 9
(b), along with the random sample z at 200 locations (c¢) and the
random sample y at 400 locations (d).
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kriging predictions, with only a slight advantage for SCoK when values
are compared on a relative scale.

(a) (b)
- -
(c) (d)
- -

Figure 2.2: Results for the different predictions methods. (a) is simple kriging
with 10 closest points, (b) is simple Kriging with 2 x 10 closest
points, (c¢) is BDF with 10 closest points for each RF and (d) is
SCoK with 10 closest points for each RF.

The above computations can been repeated by keeping everything
identical except for the pointwise correlation between the two RF’s 3
and ). It can be seen from Fig. 2.3 that the relative difference between
BDF and SCoK is null for high and low correlations (i.e., when secondary
information is useless and when secondary information is equivalent to
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Table 2.1: Quality assessment for the various prediction methods. RMSEs are
computed as the root mean squared differences between simulated
and predicted values. Relative RMSEs are RMSEs rescaled between
0 and 1 according to the bounds as provided by SK,, and SKa,, (value
1 is thus the best possible result whereas value 0 is the worst possible

one).
SK,, SCoK Bayesian Data Fusion SKbs,
RMSE 0.63 0.53 0.55 0.48
Relative RMSE 0 0.68 0.58 1

primary one, respectively), so that biggest differences will be observed
for intermediate values.

0.62
061
0.581

0.56

RMSE

0.541

0.521

051

0'480 0.1 02 03 04 05 06 07 08 09 1

Correlation coefficient

Figure 2.3: Evolution of the RMSE with respect to the pointwise correlation
between 3 and ) RF’s. Dashed lines correspond to SK,, (higher
value) and SK,, (lower value), whereas plain line and dotted line
correspond to BDF and SCoK, respectively.

2.6 Conclusions

In this chapter, a BDF approach has been proposed as an interesting
alternative way to account for various secondary information in a spa-
tial prediction context. Indeed, the method does not rely on a classical
multivariate second-order stationary RF framework, as it is required for
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cokriging. Because by nature BDF relies on a different set of assump-
tions, it is difficult to compare both methods from a general viewpoint in
situations where both of them would be relevant. In order to overcome
this difficulty, a comparison has been conducted in a situation where
SCoK is known to be the best possible predictor, so that the loss of in-
formation caused by using BDF instead of SCoK can be assessed on an
objective way. Results show that in terms of performances, differences
are however quite limited.

Of course, there is no point in using data fusion instead of cokriging
when one can reasonably assume that a second-order multivariate RF
hypothesis holds, as SCoK is then by definition the right method to be
used. However, the application field of BDF is quite more general, as it
allows the user to account for secondary information that would not fit
into this framework, permitting thus to deal with a much wider panel
of situations that could not be meaningfully handled by SCoK. Hence,
BDF can be viewed as a robust alternative to cokriging for multivariate
prediction where cokriging hypotheses are known to be irrelevant or at
least quite arguable. Moreover, it is also possible to deal with extreme
deviation from Gaussianity by applying transformation on the raw data
so that Gaussian distributions can be assumed (e.g. Box-Cox transfor-
mation). This should thus enlarge the scope of the results found in this
chapter.

Finally, it is worth noting that the aim of this chapter was not to sug-
gest that sound multivariate spatial prediction methods like cokriging,
which have frequently proved to be quite useful, should be discarded or
criticized when used under the appropriate hypotheses. It is rather the
limited practical pertinency of these hypotheses which is at stake here.
It is suggested that in situations where a multivariate modelling does
not appear to be conceptually consistent with what is known from data,
BDF is then a more reasonable choice by avoiding the need of using a
multivariate model (e.g., as the LMC) at the price of mild simplifying
hypotheses. Though rather simple in the case of a single auxiliary vari-
able, this modelling problem is expected to become critical in situations
where the number and diversity of auxiliary informations sources that
need to be accounted for is increasing. This is a typical case where BDF
is expected to be a much more flexible way of handling the problem than

SCoK.
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Preamble to the
applications

In the first part of the thesis, several theoretical concepts and results
have been presented. As the second part of the thesis is dedicated to
applications, it is clear that the choice of these applications is particu-
larly important in order to properly illustrate these theoretical aspects.
Consequently, prior to really enter into the applications in details, it
is necessary at this point to present a short motivation for each of the
four situations that were studied within the framework of this thesis (see
Table 2.2 for a summary of these motivations for each of the following
applications).

In Chapter 3, multispectral satellite images were enhanced using
panchromatic images of the same scene. The case of satellite images is
particular as data are exhaustively known over space. In this applica-
tion, IKONOS images were chosen as (i) multispectral and panchromatic
images share the same spectral ranges and (ii) the IKONOS sensor gets
coregistred image, thus avoiding the need of orthorectification. Fur-
ther, as there were two information sources, it was interesting to use
the weighting parameters proposed in Section 1.4.2 in order to choose
to give more credit to one of the sources depending on the user’s needs.

Chapter 4 is also dedicated to spatial enhancement of satellite im-
ages. However, the choice of ASTER images was made here in order to
illustrate that the BDF methodology also works when the spectral ranges
of the different images are not overlapping. Furthermore, the change of
support issue was explicitly taken into account in this application.

The water table spatial mapping situation of Chapter 5 is the first
application in which data are not exhaustively known over space. The
main challenge of this application was how to deal with the information
provided by a river network position that does not straightforwardly
fit within classical random fields theory (as required in cokriging ap-
proaches).
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Finally, the BDF methodology is applied to a space-time prediction
context. The case of NOgy concentrations was particularly interesting as
up to 6 information sources were available to an extent that accounting
for all these sources is very difficult in practice.

Table 2.2: Summary of the motivations for the choice of each of the applications
in the thesis.

Chap. 3 Chap. 4 Chap.5 Chap. 6

Exhaustive data X X

Weighting parameters X

Gaussian distributions X X X X
Spatial X X X
Space-Time X

Number of inf. sources 2 2 3 6




Chapter 3

Bayesian Data Fusion for
Adaptable Image
Pansharpening

The previous chapters dealt with theoretical concerns about Bayesian
data fusion. In this chapter, we show a first application in which Bayesian
data fusion provides an interesting solution in the context of image pan-
sharpening (i.e. spatial enhancement of remotely sensed images). Sev-
eral tmages obtained by the IKONOS sensors were chosen here as illus-
tration of the method.

3.1 Outline

Nowadays, most optical Earth Observation satellites carry both a panchro-
matic sensor and a set of lower spatial resolution multispectral sensors.
In order to benefit from both sources of information, several panshar-
pening methods have been developed to produce a multispectral image
at the spatial resolution of the panchromatic band. The aim of this
study is to suggest a novel approach to the pansharpening problem
within a Bayesian framework. This Bayesian data fusion method re-
lies on statistical relationships between the various spectral bands and
the panchromatic band without suffering from restricting modeling hy-
potheses. Furthermore, it allows the user to weight the spectral and
panchromatic information with respect to either visual or quantitative
criteria, which leads to adaptable results according to users’ needs and
study areas.

The performance of this approach was compared to existing methods
based on markedly different subset images from very high spatial reso-
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lution IKONOS images. Results show that Bayesian data fusion yield
the highest spectral consistency. Furthermore, small details were ade-
quately added to the pansharpened images with little artifact compared
to those created using wavelet-based methods. Finally, the method is
fast and easy to implement thanks to its straightforward formulation.
As it does not have any intrinsic limitations on the type of data to be
processed or the number of bands to be merged, it also appears to be

very promising for optical/SAR or hyperspectral image fusion .

1©2008 TEEE. Reprinted, with permission, from Fasbender et al. (2008b).
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3.2 Introduction

There is currently a wide variety of satellite sensors collecting imagery
with different spatial and spectral resolutions. Among them, several
present and future platforms carry at the same time a fine spatial reso-
lution panchromatic sensor and a set of coarser resolution spectral sen-
sors. These two different but complementary sources of information are
used in image fusion, also called pansharpening. This aims at merg-
ing the high spatial resolution of the panchromatic band with the high
spectral resolution of the other bands to obtain a new image that retains
the best of these two sources (i.e. both high spatial and high spectral
resolutions).

Pansharpening can be a key pre-processing step in remote sensing.
In the particular case of Very High spatial Resolution (VHR) satel-
lite sensors (e.g. FORMOSAT-2, ORBVIEW-3, IKONOS, Pleiade or
Quickbird), it consists of merging the four bands of the multispectral
image with the four-times finer panchromatic band. (Laporterie-Déjean
et al., 2005) distinguished six applications, namely agriculture, forest,
urban planning, coastal environment, defense and cartography. To give a
few methodological examples, VHR image pansharpening has been per-
formed to improve visual photointerpretation (Yamazaki et al., 2005),
digital surface model extraction in stereo images (Raggam et al., 2005),
texture analysis (Souza and Roberts, 2005) and the automated detection
of linear or small objects such as, e.g., roads (Mohammadzadeh et al.,
2006) or wilting citrus trees (Fletcher, 2005).

Depending on users’ needs and the land cover of the study areas,
different pansharpening algorithms are commonly used. These include
Brovey method, Intensity-Hue-Saturation (IHS), Principal Component
Analysis (PCA) and wavelet-based Multi-Resolution Analyses (MRA).
The first three are based on various linear combinations and substi-
tutions of the original bands, whereas MRA are non linear. Detailed
reviews of the numerous available algorithms can be found in (Pohl and
van Genderen, 1998; Chavez et al., 1991; Wang et al., 2005; Ballester
et al., 2006) or (Laporterie-Déjean et al., 2005). These methods will only
be briefly described below in order to point out known limitations and
issues that need to be addressed with respect to VHR satellite images.

The main hypothesis of the Brovey method is that the ith fused
spectral band is proportional to the panchromatic one with a coefficient
equal to the ratio of the ith initial bands and the sum of all the spectral
bands. This method was designed for 3 bands but has been generalized
to a larger number of bands as well (Pohl and van Genderen, 1998).
However, assuming proportionality between the bands is arguable for
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IKONOS images, as the spectral range of the panchromatic band and
the union of the spectral ranges of the spectral bands do not correspond.
Tu et al. (2001) shows that color distortion occurs when using Brovey
transform, mainly due to a change in saturation.

The THS method consists of a spectral transformation from an or-
thogonal three-dimensional color space into a conical THS color space
(Harrison and Jupp, 1990). In a pansharpening framework, the panchro-
matic band substitutes the intensity component of the multispectral im-
age, and the reverse transformation is applied back to the original color
space. For more than three bands, IHS can be adapted by selecting
groups of three bands or by projecting the original color space into a
three-dimensional color space (Chen et al., 2003). THS fusions for VHR
satellite images can result in color distortions (Zhang, 1999), often to-
ward more vivid colors (Chavez et al., 1991).

Like the IHS method, the PCA method is based on a spectral trans-
formation of the image but this time with no limitation on the number
of spectral bands. It consists of the computation of the eigenvectors of
the correlation or covariance matrix, leading to a linear combination of
the initial spectral bands (the Principal Components). The first compo-
nent, related to the greatest fraction of the variance, is then substituted
by the panchromatic band. This is followed by a back transform of the
principal components toward the original color space. Depending on the
data structure of the area to be fused, the replacement of the compo-
nent of highest variance by the panchromatic band may maximize the
effect of the panchromatic image on the final result (Zhang, 1999), thus
weakly accounting for the multispectral information.

Unlike these methods that rely on various linear combinations of the
original bands, the numerous variations of the MRA approach consist
of combining the original bands in a non-linear way. Wavelet coeffi-
cients are computed for both spectral and panchromatic bands. Lower
resolution coefficients of the spectral bands are then combined with the
higher resolution coefficients of the panchromatic band in order to define
the wavelet coefficients of the fused spectral band. This leads to stable
image fusions regardless of the spectral dimension of the multispectral
images (e.g., Zhou et al., 1998; Li et al., 2002; Tu et al., 2001; Du et al.,
2003; Garzelli and Nencini, 2005; Ranchin et al., 2003; Simone et al.,
2002). However, since exactly the same procedure is applied to all spec-
tral bands without encompassing the relationships between the spectral
and the panchromatic bands, the wavelet methods may also suffer from
color distortions (e.g. Zhang and Hong, 2005). Moreover, as the infor-
mation in the panchromatic band is somewhat forced in the procedure,
it may generate artifacts that are similar to the effect of a high-pass



3.3. Data and study area 57

filter (Zhang, 1999; Hirschmugl et al., 2005). It may induce a loss of
color information for small objects (Ranchin and Wald, 2000).

These methods are commonly used because of their relatively straight-
forward implementation and fast computation. There are also other ad-
vanced approaches such as variational methods (e.g. Ballester et al.,
2006), high-pass filter methods (e.g. Chavez et al., 1991), generalized
Laplacian filter methods (e.g. Aiazzi et al., 2002a,b) and more re-
cently Super-Resolution Variable-Pixel Linear Reconstruction (Merino
and Nunez, 2007). Only wavelet was selected here from the advanced
methods because of its growing interest in recent studies.

For users wishing to merge data while preserving most of the orig-
inal spatial and spectral information, choosing one method among the
many possibilities is not straightforward. Indeed, their performance may
vary according to the specific data at hand, so that the choice to be
made relies heavily on users’ experience (Pohl and van Genderen, 1998;
Hirschmugl et al., 2005; Laporterie-Déjean et al., 2005). Moreover, each
method suffers from its own limitations with respect to the quality of the
final result. In order to avoid these issues, a Bayesian approach to the
problem is proposed in this chapter, with the aim of obtaining a general
image fusion method that is adaptive, robust and easy to implement.

The first part of the chapter will present the specific issues of IKONOS
imagery, which will be used to illustrate the new fusion approach. The
second part will focus on a brief presentation of Bayesian data fusion
methodology. The last part of the chapter will be devoted to quality
assessments and discussions of this method compared to standard ones.
Based on the chosen samples, the goal will be to assess how the same
Bayesian data fusion approach performs under very different situations
compared to other methods. Emphasis will thus be put on the adapt-
ability and robustness of the proposed approach when used in markedly
different study areas, compared to commonly used methods for which
the optimality of the results is more case-specific.

3.3 Data and study area

In order to compare the various methods in a pansharpening context,
four subsets (Fig. 3.1) of 500 x 500 pixels were extracted from three
different IKONOS Geo Orthokit images. These subsets are illustrative
of the three major land-cover classes (urban, forested and agricultural
areas) in Northern France and Southern Belgium as well as a rural areas
in Northern Morocco (see Table 3.1 subset description). These samples
address markedly different issues: the urban subset includes impervi-
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ous areas with many objects close to the sensors spatial resolution; the
mixed forest displays temperate deciduous and coniferous forest stands
with different textures; the agricultural area consists of homogeneous
fields covered by crop or void depending on crop phenology at the ac-
quisition date; and finally the rural area in Morocco is a patchwork of
roads, houses, orchards, pastures and forests. Despite the small number
of subsets chosen, they thus reflect the main situations that were high-
lighted as key concerns in (Laporterie-Déjean et al., 2005), except for
coastal areas.

Table 3.1: List of image subsets used for the study

Subset Location Acquisition date
Urban Northern France 29/06,/2004
Forest Southern Belgium 07/06/2004
Agricultural ~ Southern Belgium 07/06/2004
Mediterranean Northern Morocco 25/04/2005

IKONOS images raise several pansharpening issues. The bundle
product includes four spectral bands with 4-meter spatial resolution and
one panchromatic band with 1-meter spatial resolution. There are thus
16 panchromatic pixels per multispectral one. Moreover, all IKONOS
images have a relative spectral response above 50 percent in the regions
444.7 - 516 nm in blue, 506.4 - 595 nm in green, 631.9 - 697 nm in red
and 757.3 - 852.7 nm in near-infrared, while it is between 525.8 - 928.5
nm in panchromatic (GeoEYE, 2006). Unlike Quickbird and Orbview-
3, where the panchromatic band ranges from 450 to 900 nm and the
near-infrared band ranges up to 900 nm, the spectral response of the
panchromatic band extends above the near infra-red but is lower in the
blue band (Fig. 3.2). IKONOS is therefore the most difficult case of
VHR image fusion when prediction of the pansharpened images relies
on the linear combination of existing bands.

The radiometric resolution of the images was 11 bits. Pansharpening
was performed before orthorectification (as both the panchromatic and
the multispectral images were taken at the same moment from the same
sensor, thus having the same topographic distortion) and all multispec-
tral images were resampled at the spatial resolution of the panchromatic
bands using a bicubic convolution, as suggested by Ranchin et al. (2003)
and Alparone et al. (2004). Bicubic convolution can be approximated by
kernel smoothing method (with a specific kernel function) when speed is
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(a) Urban are (b) Forested area
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Figure 3.1: Panchromatic band of the four IKONOS 500 x 500 image subsets.
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Figure 3.2: Relative spectral response of IKONOS sensors.

an issue even if bicubic convolution does not belong to the set of kernel

smoothing methods.

3.4 Bayesian Data Fusion

Combining different sources of information into a single final result (i.e.
data fusion) is a problem of general concern in a wide variety of applica-
tions, going far beyond satellite imagery and including a wide array of
potential methods. Among them, Bayesian approaches have lead to in-
teresting applications in various areas such as image surveillance (Jones
et al., 2003), object recognition (Chung and Shen, 2000), object localiza-
tion (Pinheiro and Lima, 2004), robotics (Moshiri et al., 2002; Pradalier
et al., 2003), image processing (Pieczynski et al., 1998; Zhang and Blum,
2001; Rajan and Chaudhuri, 2002), classification of remote sensing im-
ages (Melgani and Serpico, 2002; Simone et al., 2002; Bruzzone et al.,
2002) and environmental modeling (Wikle et al., 2001; Christakos, 2002),
to quote just a few. The main advantage of a Bayesian approach is to
put the problem of data fusion into a clear probabilistic framework. Re-
cently, (Bogaert and Fasbender, 2007) suggested a Bayesian Data Fusion
approach (BDF) to deal with spatial data in general. An adaptation of
these general results will be given below, with the pansharpening of
satellite images specifically in mind.
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3.4.1 General formulation

The basic concept of BDF as presented by Bogaert and Fasbender (2007)
relies on the idea that the variables of interest, denoted as vector Z,
cannot be directly observed. Instead, they are linked with the observable
variables Y through an error-like model, with

Y = g(Z)+E

where g(Z) is a set of functionals and E is a vector of random errors
that are stochastically independent of Z. Using elementary probabil-
ity calculus, it is possible to derive the conditional probability density
function (pdf) of vector Z given the observed variables, with

f(zly) o fz(z)fe(y —9(2)) (3.1)

where fz(.) is the a priori pdf for Z and fg(.) is the a priori pdf of the er-
rors E. In the context of pansharpening, the variables Z = (Z1,...,2,)
correspond to a same target pixel (i.e., a multispectral pixel with a
high spatial resolution). Besides, the set of observable variables is Y =
(Y, Yp)', where Yg = (Ys1...,Ysy,) refers to the various spectral
bands of the corresponding pixel on the low spatial resolution image,
and where Yp refers to the panchromatic pixel on the high spatial reso-
lution image. Using the same partitioning, let us define E = (EY, Ep)’
as the vector of errors, assumed here to be zero-mean (as are the corre-
sponding set of functionals gs(.) and gp(.)) so that Yg = gs(Z) + Eg
and Yp = gp(Z) + Ep. Assuming independence between Eg and Ep,
Eq. 3.1 can be written as

f(zlys,yp) o< fz(2)fes(ys — 9s(2))
X fep(yp — gr(2)). (3.2)

To account for the fact that Yg and Yp may carry information of
quite different quality about Z, Eq. 3.2 can be modified to obtain

f(zlys,yp) < fz(z)frs(ys — gs(z))20—)

x fep(yp — gp(2))*" (3.3)

where the parameter w (with w € ]0,1[ ) can be interpreted as the
weight to be given to the panchromatic information at the expense of
the multispectral information. In other words, w corresponds to the
preference that is to be given to the panchromatic image compared to
the multispectral one in the pansharpening procedure. Setting w =
0.5 gives the same weight to both images, so leading back to Eq. 3.2,
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whereas considering w close to either 0 or 1 is equivalent to discarding
the panchromatic or the multispectral image, respectively. Clearly, large
w values will correspond to an emphasis on spatial resolution whereas
small w values will do the same for spectral information. This has the
advantage of offering the user the possibility of balancing the two sources
of information depending on the focus of interest.

3.4.2 Specific assumptions

The previous equations are very general, so additional assumptions are
needed to make Eq. 3.3 tractable in the present context, from both
practical and numerical viewpoints :

e As Yg are the observed spectral bands, we may expect them to be
directly related to the unknown Z, so that using gs(z) = z (i.e.,
Ygs =Z+ Eg) seems to be a reasonable choice. Functional gs(z)
could also be replaced by , for example, a modulation transfer func-
tion to account for the physical model for the image acquisition
process. This was not implemented here as a simple implementa-
tion was preferred.

e For inferring the pdf of Eg, let us assume that Eg ~ N(0,Xg) (i.e.,
Eg is multivariate Gaussian), where X is the estimated covariance
matrix as computed from the observed multispectral image.

e Let us assume that Ep ~ N(0,0%).

e Let us assume that the functional gp(z) can be expressed as a
linear regression model that links the multispectral pixels to the
panchromatic ones, as estimated from both observed images, so
that gp(z) = a+2'3 where a and B = (31, ..., 3,) are regression
parameters. It is worth noting that the IHS, PCA and Brovey
methods all rely on a homologous linear modeling of the panchro-
matic band as a function of the spectral bands. Furthermore,
similar expressions can be found in (Blum, 2005, 2006; Ballester
et al., 2006) and (Laporterie-Déjean et al., 2005). Because of its
simplicity, this choice also has the advantage of leading to simple
analytical results.

e Finally, for the a priori pdf, let us assume a non-informative prior
pdf with fz(z) o« 1, as no clear information on this is available
(see e.g. Gelman et al., 2004).

It is worth noting here that even though the previous hypotheses are
quite convenient, as they lead to a dramatic decrease in processing time,
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they are by no means mandatory and could be modified, depending on
circumstances or preferences.

Plugging these assumptions into Eq. 3.2 and using some simple al-
gebraic manipulations (see the Appendix C for details), it can be shown
that the conditional pdf of Z given the observed {yg, yp} is multivariate
Gaussian, with mean vector g and covariance matrix 3 given by

B 1
po =X (251ys + —(yp — a)ﬁ)
op

_ _ 1
=t + 5806
op

Hence, the p vector is a first relevant estimator for the unknown Z.
Plugging the same results into Eq. 3.3, the conditional distribution is
still multivariate Gaussian, but now with mean vector p,, and covariance
matrix X, given by

_ 1
po = B (20 0By 4 20y (e - )B)
P
1
30 = 21-w)=5 + 2088
op
As aresult, p,, is a relevant estimator of the unknown Z when a weight-
ing of the panchromatic and multispectral images is applied, and its
value depends on the specific choice of w, thus leading to an adaptable

BDF ( p is of course a particular case of p,, when w = 0.5).

3.5 Quality assessment

All the state-of-the-art algorithms described in the introduction (namely
Brovey, IHS and PCA) have been implemented in Matlab. Some method-
ological aspects need to be noticed: ITHS pansharpened images were
computed by groups of three spectral bands, namely NIR-Red-Green
and Red-Green-Blue; the wavelet method was implemented in R soft-
ware (R, 2006) using the Daubechies orthonormal compactly supported
wavelet of length L=8 (Daubechies, 1992).

A comparative quality assessment of pansharpening methods can
be based on various criteria, none of which is currently considered as
standard in the literature. Broadly speaking, the evaluation of pan-
sharpening performance can be divided into qualitative and quantita-
tive approaches. Visual comparison between the merged images given
by different pansharpening methods is the main qualitative approach
(Laporterie-Déjean et al., 2005; Zhang, 1999). It is relevant when the fu-
sion aims at easing visual photointerpretation, its main drawback being
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however its obvious dependency on the experts involved in the assessing
the results. For these reasons, if the fusion is intended to be a part of an
automated workflow, it may be preferable to rely on a quantitative ap-
proach, in order to preserve the characteristics that are the most useful
for the final goal.

There are several spectral quality criteria for quantitative compar-
isons. The shift or relative shift of the mean computed over the entire
study area (see e.g., Laporterie-Déjean et al., 2005) is not particulary
relevant here, since two images can share the same mean but still be com-
pletely different. Zhou et al. (1998) used the average difference between
the merged image and the original ones. The main disadvantage of these
approaches is that there are no reference values, thus preventing a direct
comparison between spectral quality criteria. Among other alternatives,
there is a large family of criteria based on correlation coefficients, to
be computed either between the spectral bands (Pardo-Iguzquiza et al.,
2006) or between the hue bands of the corresponding merged and original
images (Zhou et al., 1998). Correlations have the advantage of always
lying in [-1,1], thus enabling direct comparisons between quality crite-
ria. In this study, the correlations between the merged and the original
images were used, as it is clear that the ith fused band has to be close
to the ¢th original band. Methods aiming at low color distortion should
therefore yield high correlations between the original and fused bands.
Recently, Alparone et al. (2004) proposed a generalization of the corre-
lation coefficients metric and referred it as (J4. It aims to encapsulate
both spectral and radiometric distortion measurements by accounting
for local measurements of (i) the correlation coefficient, (ii) the bias and
(iii) the change in contrast, the three quantities being computed using
quaternions algebra (Kantor and Solodnikov, 1989). However, a mini-
mum spectral distortion may also arise from a lack of detail added to
the fused image. It is therefore necessary to consider the spatial qual-
ity of the images as well. Spatial quality criteria are, however, much
more rarely used, and are also often based on correlations. Zhou et al.
(1998) used correlations (i) between high frequency components of the
Laplacian decompositions of the merged and panchromatic image, or (ii)
between the intensities of the near-infrared composite and the panchro-
matic image. In this study, an intensity image based on the four bands
of the pansharpened image was used.

In addition to the choice of a specific quantitative quality criterion,
the BDF method also needs to address the choice of w, the weighting
coefficient which enables the multispectral and panchromatic informa-
tion to be balanced, as shown in Eq. 3.3. The use of this possibility has
advantages and disadvantages. A main advantage is the adaptability of
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the method to the user’s need. Indeed, w can be tuned with respect
to the specificities of the case being studied. The main disadvantage is
that it implies the identification of a criterion to optimize the value of
w. Three options can be considered : (i) optimizing w with respect to a
visual interpretation of the corresponding fused image; (ii) optimizing w
using some given quantitative criteria; or (iii) choosing w = 0.5 so that
Eq. 3.3 simplifies to Eq. 3.2, i.e. the non-weighted version. Optimiza-
tion based on visual interpretation ensures that results will be visually
pleasant for the user, but it is a highly subjective approach. In order to
be more objective, a quantitative criterion may be optimized. As there
is no obvious or unique possible choice of such a criterion, it is proposed
here to rely on a combination of spectral and spatial quality criteria,
called T', so that the optimal value w,,; is given by

Wopt = arg mng

11 1 &
= argmﬁx2<n‘z;cli+n2;02i> (3.4)

where C'; is the correlation between the ¢th band of the original spectral
image and the ith band of the fused image, and Cy; is the correlation
between the panchromatic band and the ith band of the fused image.
Despite the restrictions on the use of correlations as quality indices, this
criterion is chosen here since (i) it synthesizes both spectral and spatial
qualities, and (ii) the spectral and spatial qualities influence the criterion
in the same way. Of course, one may argue about this specific choice,
but it is worth noting that making a different choice would not affect the
general method of the BDF approach as presented above. In order to
assess the benefit of using this optimization criterion, we compared its
results to those based on visual optimization and on the non-weighted
version.

3.6 Results

Using the quantitative criterion T specified by Eq. 3.4, the computation
of wepe yielded different values for each study area (Table 3.2). Fig. 3.3
shows the changes in (i) the global criterion T, (ii) the spatial qual-
ity criterion and (iii) the spectral quality criterion as w is altered. As
expected, the spatial quality criterion increases with w, while spectral
quality criterion slowly decreases. This is consistent with visual inter-
pretation. It can also be seen that BDF with the weighting parameter
w € [0.4,1] provides satisfactory results with respect to 7. Although



66 Chapter 3. Adaptable image Pansharpening

the values of T are quite similar for this interval of w values, differ-
ences may be found between the results since (i) high values of w will
lead to sharper details whereas (ii) low values of w will lead to a better
conservation of color.

Table 3.2: Optimal values for w in various image contexts

Urban Forest Agricultural Mediterranean
Wopt 0.65 0.65 0.99 0.55

(a) Urban area (b) Forested area
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Figure 3.3: Changes in the mean spectral correlation, mean spatial correlation
and criterion T (their mean) as the weighting parameter w changes.

As shown in Fig. 3.4, the correlations with the original spectral bands
were above 0.9 for every study area. These results were at least as good
as wavelet based fusion. This shows that the optimized BDF method
performs properly on all the subsets selected in terms of spectral quality.
This observation is confirmed by the ()4 metric computed on 32 x 32
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blocks as recommended by Alparone et al. (2004) (see Table 3.3). On
this criterion, the BDF method outperformed all the other methods
except the THS fusion method for the densely forested image. This will
be investigated below.
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Figure 3.4: Spectral correlations between optimized Bayesian Data Fusion (e),
wavelet fusion (+4), THS fusion (o), PCA fusion () and Brovey
fusion (V) and the spectral bands (i.e. Near-InfraRed, Red, Green
and Blue). Correlation values below 0.5 are not shown in these
figures.

Fig. 3.4 also shows that wavelet and Bayesian fusion were spectrally
robust whatever the main land cover or the spectral bands. However,
specific color distortions occurred for other methods. PCA fusion was
found to be very sensitive to the context : its results ranged from large
color distortions on open Mediterranean landscape (see Fig. 3.5b) to
very good results on the densely forested area. IHS fusion exhibited low
color distortions in the near-infrared, but its results in visible bands were
sometimes inconsistent, especially in the blue band. As an extreme case,
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Table 3.3: @4 metric computed for the different fusion methods

Urban Forest Agricul. Mediter.

IHS 0.73 0.79 0.69 0.73
PCA 0.78 0.63 0.70 0.77
Brovey 0.72 0.65 0.74 0.74
Wavelet 0.78 0.67 0.56 0.75
BDF wy,:  0.86 0.67 0.76 0.86

the THS fused blue band in the densely forested image was negatively
correlated with the original blue band (although this was not penalized
in the Q4 metric). Brovey fusion was more robust than IHS and PCA,
but the blue band values were overestimated and thus weakly correlated
with the original image. This led to the occurrence of blue areas where
dark bodies were expected, in a similar way to the borders of the shaded
areas in Fig. 3.5g.

Due to the spectral inconsistencies of the PCA, THS and Brovey
methods, and despite their ability to handle spatial information (see Ta-
ble 3.4), the spatial quality assessment below will be mainly restricted
to BDF and wavelet methods. In terms of spatial quality, it was clear
that all the methods tested improved the local contrast on the fused im-
age (see Fig. 3.5 and Table 3.4). Roads, trees, houses and other details
were successfully added to the fused image. For the BDF and wavelet
fusions, context had more influence on the spatial criteria than on the
spectral criteria. However, all the values were higher than 0.89 and nei-
ther of these two methods clearly outperformed the other (see Table 3.4).
Nevertheless, it appears that BDF fusion did not suffer from artifacts
generation, unlike wavelets. Indeed, as mentioned in (Hirschmugl et al.,
2005), the profiles of roads may be noisy in wavelets’ fused images (see
Fig. 3.5).

If one were mainly concerned about visually better spatial quality,
parameter w could be adjusted by visual interpretation. In that case,
choosing w equal to 0.99 (i.e. giving the largest weight to the panchro-
matic information without completely deleting the contribution of the
original image) noticeably improved image sharpness over all the study
areas without leading to major color distortions. The color conservation
of such visually adjusted images is illustrated in Fig. 3.5e. On the other
hand, emphasis can be put on spectral quality. In this case, w could
be set to 0.5 (i.e. equal weighting) or less. Obviously, improving spec-
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(a) Bayes1an fusion (b) Principal component fusion

Figure 3.5: Results of the fusion represented in false colors for the Mediter-
ranean area and in real colors for the urban area. In each figure,
left boxes correspond to a zoom whereas right boxes replace the
fused image by the original color image. Parameter w for BDF
has been (i) optimized according to quantitative criterion given in
Eq. 3.4, with w = 0.55, for the false colors result and (ii) visually
adjusted for image sharpness, with w = 0.99, for the real colors
result.
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Table 3.4: Correlations between the original panchromatic band and the inten-
sity of fused images

Urban Forest Agricul. Mediter.

Resampled 0.70 0.87 0.85 0.77
IHS ~1 ~1 0.99 ~ 1
PCA 0.99 0.96 0.95 0.95

Brovey 1 1 1 1
Wavelet 0.95 0.98 0.89 0.94
BDF wep:  0.95 0.99 0.91 0.96

tral quality reduces spatial quality, and vice versa (see also Fig. 3.3).
However, as shown in Fig. 3.6 by comparison with wavelet fusion, both
spectral and spatial quality remained consistent for these choices.
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Figure 3.6: Comparison between wavelet fusion, BDF using equal weighting
(w = 0.5), BDF using wep; = 0.65 and BDF using w = 0.99 based
on (a) spectral and (b) spatial criteria in the urban area. Symbols
N, R, G and B stand for Near-Infrared, Red, Green and Blue bands,
respectively.

3.7 Discussion and conclusions

The results demonstrate the ability of BDF to address IKONOS image
pansharpening, which is particularly difficult due to the fact that the
blue band is outside the spectral range of the panchromatic band. It is a
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novel approach, although related methods have already been successfully
applied in a range of different contexts.

One of BDF’s most appealing features is its ability to use an optional
weighting parameter for balancing spectral and spatial information, thus
enhancing the versatility of the method depending on the context and
users’ needs. For example, photo-interpreters may wish to favor image
sharpness with a weighting parameter close to 1, while automated pro-
cedures may require a better color consistency and thus a lower weight
for panchromatic information. Considering the overall image quality
with respect to w in the present IKONOS case study, we would suggest
Wept for optimal fusion with respect to a chosen quantitative criterion
and using w = 0.99 for improving image sharpness from a qualitative
viewpoint.

Correlation coefficients are at the basis of the quantitative quality
criteria that were used here. Of course, other quality criteria could have
been used instead, leading to different w,y,; values. However, this choice
proved to be consistent with the results of visual assessments of spec-
tral quality, although it was less satisfactory for spatial quality, as it
did not account for the presence of spatial artifacts due to amplified lo-
cal contrast. Visual expert-based assessments (Laporterie-Déjean et al.,
2005) might still be useful to provide pansharpened images for photo-
interpretation. The fact that the relative ranking of the various methods
may differ with respect to either a quantitative criterion or a visual as-
sessment also suggests that better quality indices should probably be
developed. It also suggests that an adaptable method is more relevant,
since there is probably no unique and universal optimal solution. The
tuning ability of BDF pansharpening thus deserves to be emphasized in
this respect.

A second appealing feature of the BDF method, freely accessible
within the ORFEO Tool Box (ORFEO Accompaniment Program, 2007),
is its speed, comparable to the wavelet-based approach when optimiza-
tion is used for w. The most time-consuming (but optional) part of the
process is the optimization of the weighting factor, so that BDF is less
demanding than wavelets if optimization is not required (either because
w is chosen from a visual assessment or because it can be guessed for
a particular study). It is also worth noting that correlation coefficients,
regression coefficients and covariance matrix do not need to be estimated
using the entire image: using one or more representative sub-samples (in
this case a set of 50,000 randomly chosen pixels) proved to be satisfac-
tory for the fusion (results not shown here). However, the differences
between the covariance matrices observed on the four image subsets in-
dicate that the fusion process could be further improved if the land cover
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classes and their spectral signatures were known a priori. Even so, these
differences had little impact on the high overall quality of the globally
optimized BDF.

Finally, although the BDF method was tested here with specific as-
sumptions and for the specific case of IKONOS image pansharpening,
there are no intrinsic limitations on the type of data to be processed
or the number of bands to be merged. It could be used, for example,
(i) for optical/SAR image fusion, because of its ability to handle noise
in the process, and (ii) for hyperspectral fusion, because it can account
for the relationships between an arbitrary and potentially large number
of spectral bands. For all these reasons, it is our belief that the BDF
method is very promising, although further work should be devoted to
its application to other types of sensors and studies.



Chapter 4

Support-based
implementation of Bayesian
data fusion for spatial
enhancement : Applications
to ASTER thermal images

The previous chapter showed how Bayesian data fusion could be effi-
citently applied to the image pansharpening issue in the case of IKONOS
mmages. In this chapter, we adapt the Bayesian data fusion approach to
the case of a spatial enhancement of remotely sensed images in general.
The case of ASTER thermal images of the Lausane region (Switzerland)
was chosen as illustration of the method.

4.1 Outline

In this chapter, a general Bayesian Data Fusion (BDF) approach is
proposed and applied to the spatial enhancement of ASTER thermal
images. This method fuses information coming from the visible/near
infrared bands (15 x 15 meter pixels) with the thermal infrared bands
(90 x 90 meter pixels) by explicitly accounting for the change of support.
By relying on linear multivariate regression assumptions, differences of
support size for input images can be explicitly accounted for. Due to the
use of locally varying variances, the BDF also avoids producing artefacts
on the fused images. Based on a set of ASTER images over the Lausanne
region (Switzerland), the advantages of this support-based approach are

73
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assessed and compared to the Downscaling Cokriging approach recently
proposed in the literature. Results show that improvements are sub-
stantial both with respect to visual and quantitative criteria. Though
the method is illustrated here with a specific case study, it is versatile
enough to be applied to the spatial enhancement problem in general. It
thus opens new avenues in the context of remotely sensed images .

1©2008 IEEE. Reprinted, with permission, from Fasbender et al. (2008c).
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4.2 Introduction

Fusion methods for spatial enhancement or pansharpening methods are
a set of techniques that aim at improving the spatial resolution of re-
motely sensed multispectral images (Varshney, 1997; Pohl and van Gen-
deren, 1998; Simone et al., 2002). Usually, information coming from a
high spatial resolution panchromatic image is used to increase the spa-
tial resolution of multispectral images. A wide range of methods can
be found in the literature: the IHS (Chen et al., 2003), PCA (Zhang,
1999), Wavelets (Zhou et al., 1998) and recently Downscaling Cokriging
(DSCK) (Pardo-Iguzquiza et al., 2006) methods are the most frequently
used and their performances have been compared in several papers (e.g.
Chavez et al., 1991; Laporterie-Déjean et al., 2005). Most often, these
methods are applied for pansharpening visible or near-infrared (VNIR)
multispectral images using panchromatic images. As the spatial im-
provement is obtained by using images having similar or close range of
wavelengths compared to the multispectral ones, they are expected to
be highly correlated.

A less common problem is the spatial enhancement of multispectral
images covering the thermal infrared (TIR) wavelengths. Thermal im-
agery provides information about surface temperature and may prove
to be useful in, e.g. forest fires survey because thermal bands are less
affected by smoke than visible bands, or archeology for the detection of
buried structures (Rejas Ayuga et al., 2006). Unfortunately, TIR images
are often associated with a very poor spatial resolution compared to vis-
ible and near infrared ones. For instance, the ASTER sensor provides
three bands in the VNIR wavelengths at 15 meters resolution, six short
wave bands (SWIR) at 30 meters resolution, and five bands in the TIR
wavelengths (ranging from 8.125 to 11.65 um) at 90 meters resolution
only. In addition to this poor spatial resolution, VNIR and TIR spectral
bands do not share the same range of wavelengths, thus preventing the
direct use of classical pansharpening methods when spatial enhancement
is needed.

Some methods aiming at the spatial enhancement of images when
spectra do not overlap can be found in the literature (Aiazzi et al., 2005;
Nishii et al., 1996; Hardie et al., 2004). Among them, a Bayesian ap-
proach that relies on the maximization of an a posterior: distribution
computed using both the raw coarser images and a linear model account-
ing for the finer resolution image has been proposed in (Hardie et al.,
2004). As this method has the advantage of explicitly dealing with the
difference of support between images, it proved to be efficient though
its assessment was solely based on a synthetic case study. Recently, a
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Bayesian data fusion (BDF) framework was proposed by Bogaert and
Fasbender (2007). Initially developed in a spatial prediction context,
it also provides a consistent framework for fusing an arbitrary large
number of information sources that are related to a same variable of
interest. Among other applications, it has already been successfully ap-
plied to pansharpening issues (Fasbender et al., 2008b, 2007) and a first
pointwise implementation was addressed to the spatial enhancement of
TIR images (Tuia et al., 2007). It is also worth noting that these fusion
approaches have similarities with data fusion of super-resolution imaging
(see e.g. Rajan and Chaudhuri, 2002; Fransens et al., 2004)

In this chapter, an extension of the BDF approach is proposed to the
spatial enhancement of ASTER images. The general BDF framework
will be briefly presented in the context of the spatial enhancement of
TIR bands. More specifically, the method will be illustrated by a case
study of TIR bands enhancement using VNIR bands from an ASTER
image over the region of Lausanne, Switzerland. It will be shown how
results of Hardie et al. (2004) can be viewed as a particular case of
the BDF methodology. Results will be compared to those obtained by
DSCK (Pardo-Iguzquiza et al., 2006) using both visual and quantitative
criteria. The advantage of using a support-based implementation will
be illustrated and finally the overall possibilities offered by the BDF
approach for spatial enhancement will be discussed.

4.3 Bayesian data fusion for TIR bands

Combining different sources of information into a single final result (i.e.
data fusion) is a problem of general concern for a large panel of applica-
tions, going far beyond satellite imagery and encompassing a wide array
of potential methods. Among them, Bayesian approaches have led to
interesting applications responding to various problems such as image
surveillance (Jones et al., 2003), object recognition (Chung and Shen,
2000), object localization (Pinheiro and Lima, 2004), robotic (Moshiri
et al., 2002), image processing (Rajan and Chaudhuri, 2002), classifica-
tion of remote sensing images (Simone et al., 2002; Bruzzone et al., 2002)
and environmental modelling (Wikle et al., 2001; Christakos, 2002), just
to quote few. The main advantage of a Bayesian approach is that it
sets the problem of data fusion in a clear probabilistic framework. The
present chapter relies on a general Bayesian Data Fusion approach in
the context of spatial data (Bogaert and Fasbender, 2007). Its specific
implementation will focus here on the problem of change of support and
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on the local adaptability to secondary information sources for predicting
a variable of interest (section 4.3.2).

4.3.1 General formulation

The basic concept of BDF as presented in (Bogaert and Fasbender, 2007)
relies on the idea that variables of interest, denoted as vector Z, cannot
be directly observed. Instead, they are linked to the observable variables
Y through an error-like model, with

Y = g(Z)+E

where g(Z) is a set of functionals and E is a vector of random errors that
are stochastically independent from Z. Assuming that the F;’s of the
random vector E are stochastically independent, it is easy to obtain the
conditional probability density function (pdf) of the vector of interest
given the observed variables, with

flzly) < fz(z HfE —gi (%)) (4.1)

where j corresponds to the channel number (see Bogaert and Fasbender,
2007 for more details).

Using Bayes theorem again for fg,(y; — g;(25)) = f(y;jl2;), Eq. 4.1
becomes

flzly) o faz(z Hf z”'jy)] (4.2)

where f(z;) is the a priori dlstrlbutlon of Z;. According to the informa-
tion sources at hand, intermediate stages between Eq. 4.1 and Eq. 4.2
are possible as well (e.g. an expression mixing both fg,(.) and f(.|y;)
distributions).

In our context of spatial enhancement of remotely sensed images,
there are two sources of information, namely the VNIR image (high
spatial resolution) and the coarser TIR image. In our implementation,
the following notations will be used :

e Z(x) as the unknown TIR pixel on the high spatial resolution
image at location x

e Yrir(x) as the TIR pixel on the low spatial resolution image
at location x, where image has been resampled using a nearest
neighbor method

e Yy nir(x) as the visible and near-infrared pixel on the high spatial
resolution image at location x
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4.3.2 Support-based implementation

A convenient way to account for the change of support consists in asso-
ciating with the jth TIR band the N high resolution pixels Z;(x) and
Yvnrr(x) that corresponds to the same low resolution pixel Y77 j(x).
For this purpose, Y is defined such that the first element is Yrrg ;(x)
and the last N x 3 elements are the Yy nrr(x) pixels. In the case of
ASTER images, N will be equal to 36 as there are 36 pixels at 15m res-
olution into a single 90m resolution pixel. The following relations will
be assumed in order to account for both sources of information

1
Yrir (%) ATl > Zi(xX) + Brir(x) (4.3)
x'€A
Zj(x) = aj+B8;Yvnir(x)+ Evnir;(x) (4.4)

where A refers to a particular low spatial resolution pixel (i.e. 90m pixel
in the case of ASTER TIR images), Errg ;(x) are zero-mean Gaussian
errors with variances equal to U%I R and Eypnrgj(x) are zero-mean
Gaussian errors with variances equal to U%/NIRJ-(X). Eq. 4.4 corre-
sponds to a linear multivariate regression model linking each Z;(x) to
the Yy nrr(x), where o and B; are respectively the intercept and the
slope of this model. In order to estimate UXQ/NIR,]' (x) for each x, a set
of P random perturbations e; are simulated (i.e. Monte Carlo simula-
tions; in this chapter, P = 100 was used) and an estimator 5%y, rj(X)
of 0%y ; rj(x) is provided by

Gnir;(X) = Var[Bynip(x)]

1 & )
= Pl < yrirg(x) = a; = B [yvnir(x) + si]>
=1

According to these assumptions and as suggested before, a mixed
version of Eq. 4.1 and Eq. 4.2 is proposed here for each coarse pixel and
each TIR band j, with

f(zjlyvnir)

f(zjlyrirj, YvNIR) fzj(zj)W (4.5)
X fETIR,j (Z/T]R,j - %llzj)
= f(zilyvnir) (4.6)
X fBrin, Wrirg — +1'25)
where the components of vector z; are the unknown pixel values of the

gth TIR band that corresponds to the same coarse pixel at 90m, and
where 1 = (1...1)" with same length as z;.
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Furthermore, as Gaussian distributions are assumed (which is in a
good agreement with the observed distributions in the application pre-
sented in Section 4.4), the final distribution f(z;|yrirj, yvnIr) as given
by Eq. 4.6 is Gaussian too, with mean vector p; and covariance matrix
3, given by

-1
1 -1
», = <N202 11 + 2vzvm>
TIR,j (47)
YTIR,j _
rp = 2| No2 14 B g (01 +B;‘YVNIR)>
TIR,j
1
where Yy i = ot N 1R (%) 1=
1

0 .
and where all x’s refer to the same coarse pixel. It is clear that mean p,;
is a relevant candidate for the estimation of Z;|yrrr j, yvnrr (i.e. the
36 unknown pixels within the same coarse pixel at 90m).

Using this set of specific assumptions, a comparison between this
formulation and Hardie et al. (2004) shows that they are equivalent.
However, Hardie et al. (2004) obtained these results for the case where
only two information sources are to be accounted for, whereas Bogaert
and Fasbender (2007) showed that BDF is relevant whatever the number
of information sources to be fused. It is thus a more general approach of
the problem, as other information sources like, e.g. a Digital Elevation
Model, a land use map and/or an occupation map, could be accounted
for as well whenever they are relevant for the specific problem at hand.

4.4 Application to the ASTER sensors

Support-based BDF has been applied to a set of ASTER thermal bands
covering the region of Western Switzerland on August 21, 2005 (see
Figure 4.1d). Images were pre-processed in Erdas Imagine 8.7 and BDF
algorithms were implemented in MATLAB 6.5. The 8-bit format images
were reprojected into the Swiss grid coordinate system (CH-1903).

In order to adapt the coarser bands to the 15m resolution required for
computation, nearest neighbor resampling has been used. The resulting
multispectral image is thus composed by 8 images that correspond to
the spectral bands in the VNIR and TIR as explained in Section 4.3.2.
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4.5 Quality assessment

For assessing the global agreement between the fused and the original
TIR images, several spectral quality criteria were chosen, namely the
coherence between images (see e.g. Pardo-Iguzquiza et al., 2006), the
ERGAS (see e.g. Nencini et al., 2007), the SAM (in degrees; see e.g.
Nencini et al., 2007) and the Mutual Information (MI; see e.g. Qu et al.,
2002). Fusion results should show high values of both coherence (close
to 1) and MI and low values (close to 0) of both ERGAS and SAM to
ensure that the TIR information source was properly taken into account.
It is worth noting that the coherence is the only criterion that properly
accounts for the change of support (from 90m to 15m in this study case).

For assessing the agreement between the fused and 15m original
VNIR images, only two quality criteria were chosen, namely the cor-
relation coefficients between images and the Mutual Information (MI;
see e.g. Qu et al., 2002). Fusion results should get high values of these
criteria (close to 1 for the correlation coefficients) to ensure that the
VNIR information was properly taken into account.

Finally, a visual comparison was realized within two sub-regions of
150x150 pixels (see Fig. 4.1d ). Such a comparison allows to assess the
local agreement between observed features on the original and fused TIR
images.

4.6 Results and discussion

Results of the support-based BDF are shown for the TIR 1 band in
Fig. 4.1a whereas Fig. 4.1b shows these results for the DSCK algorithm.
For comparison purposes, Fig. 4.1c and Fig. 4.1d show the original TIR 1
and VNIR 1 bands respectively.

Direct visual comparison (see Fig. 4.1) shows a good agreement be-
tween the original TIR image and the fused bands for both DSCK and
support-based BDF implementations, DSCK seems to better reproduce
the original TIR image. This is confirmed by the quality criteria as
shown in Table 4.1: ERGAS, SAM and MI show the high similitude be-
tween the original TIR image and both algorithms but DSCK is related
to slightly higher values. This is in agreement with the observations
done by visual comparison. Finally, the coherence criterion indicates
that both algorithms account properly with the change of support be-
tween TIR and VNIR images.

On the other side, if DSCK seems to outperform BDF in terms of
reconstruction of the original TIR pattern, agreement with the VNIR
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Figure 4.1: (a) Results on the Lausanne case study of support-based BDF
(band TIR 1). (b) Results of DSCK (band TIR 1). (c¢) Original
band TIR 1. (d) Original band VNIR 1. Black squares correspond
to subregions highlighted by Fig. 4.2.
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Table 4.1: Comparison between BDF and DSCK algorithms using spectral and
spatial quality criteria.

Spectral Quality
Coherence SAM(deg) ERGAS MI
BDF 0.96 11.46 0.65 0.69
DSCK 0.99 1.72 0.20  0.99

Spatial Quality
Cy Cy, C3 MI; Ml Mig
BDF 0.80 0.84 0.31 0.50 0.42 0.20
DSCK 0.70 0.73 0.23 0.38 0.30 0.20

bands shows that BDF integrates more spatial information in the fused
image (see Fig. 4.1 and Table 4.1). Spatial details are much sharper in
Fig. 4.1a than in Fig. 4.1b where results remain rather blurry with only
few details added from the VNIR information source.

The fact that support-based BDF better exploits the VNIR informa-
tion source is linked to the locally adaptive properties of the method.
For example, the use of locally estimated variances enables us to limit
the amount of VNIR information that will be accounted for when re-
gression yields poor results in Eq. 4.4 (i.e. when VNIR values are high
in presence of low TIR values): in this case, the influence of the VNIR
bands in the fusion process decreases, so that values for the 90m TIR
band is dominating the result. As a consequence, it also avoids creating
artifacts on the fused image.

Finally, a visual comparison for subregions of the image (Fig. 4.2)
highlights the amount of information from the VNIR image. While
DSCK does not enhance significantly the spatial behavior of the TIR
image, support-based BDF correctly inserts patterns from the VNIR
image in the fusion while preserving the TIR information source.

4.7 Conclusions

In this chapter, the general BDF algorithm as proposed by Bogaert and
Fasbender (2007) and used by Fasbender et al. (2008b) for image pan-
sharpening was extended to the spatial enhancement of thermal (TIR)
bands from multispectral and multiresolution images. The algorithm
proposed by Hardie et al. (2004) can be viewed as a particular case of it.
It has been shown here how BDF can be used to infer the conditional
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Subregion 1 Subregion 2

Original TIR 1

DSCK Original VNIR 1

BDF

Figure 4.2: Comparison of the results of BDF and DSCK algorithms for both
subregions highlighted in Fig. 4.1d.
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probability distribution of a spatially enhanced image by accounting for
a change of support through local linear multivariate regression, thus
allowing the user to take advantage of spatial information as related to
high spatial resolution VNIR bands. By considering the original TIR
pixels (90m resolution) as the mean value of the pixels of the fused
image located within a (6 x 6) window, the fused image preserves the
local spectral values of the original image while at the same time adding
spatial details as coming from the 15m VNIR bands.

Application to an ASTER image of Lausanne (Western Switzerland)
illustrated the excellent performance of this support-based algorithm.
Comparisons with the DSCK method as proposed in (Pardo-Iguzquiza
et al., 2006) showed that, even if performing similarly in terms of repro-
duction of the original TIR pattern, BDF allows a better integration of
spatial details and avoids the artifacts and blurry results obtained with
the DSCK.

Though the implementation of BDF we proposed here was dedicated
to the spatial sharpening of thermal images, BDF has also been applied
to image pansharpening using visible bands with the same benefit (Fas-
bender et al., 2008b), as well as it has already been successfully applied
to totally different issues (Bogaert and Fasbender, 2007). Modelling as-
sumptions can be changed according to the problem, the objectives and
the information at hand. BDF methodology is thus versatile enough to
be used in a wide array of situations without major modifications. More
specifically, for remote sensing applications, it thus opens new avenues
for important issues like change of support, fusion of multiple spatial
information sources or even multitemporal images processing.



Chapter 5

Bayesian data fusion
applied to water table
spatial mapping

The two previous chapters dealt with applications of the Bayesian data
fusion approach to classical remote sensing issues. In this chapter, we
apply the Bayesian data fusion approach to the spatial interpolation of a
water table. The case of the Dijle basin in Belgium was chosen in order
to illustrate the method.

5.1 Outline

Water table elevations are usually sampled in space using piezometric
measurements that are unfortunately expensive to obtain and are thus
scarce over space. Most of the time, piezometric data are sparsely dis-
tributed over large areas, thus providing limited direct information about
the level of the corresponding water table. As a consequence, there is a
real need for approaches that are able at the same time to (i) provide
spatial predictions at unsampled locations and (ii) enable the user to
account for all potentially available secondary information sources that
are in some way related to water table elevations. In this chapter, a re-
cently developed Bayesian Data Fusion framework (BDF) is applied to
the problem of water table spatial mapping. After a brief presentation
of the underlying theory, specific assumptions are made and discussed in
order to account for a digital elevation model as well as for the geometry
of a corresponding river network. Based on a data set for the Dijle basin
in the north part of Belgium, the suggested model is then implemented
and results are compared to those of standard techniques like ordinary

85
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kriging and cokriging. Respective accuracies and precisions of these es-
timators are finally evaluated using a “leave-one-out” cross-validation
procedure. Though the BDF methodology was illustrated here for the
integration of only two secondary information sources (namely a digital
elevation model and the geometry of a river network), the method can
be applied for incorporating an arbitrary number of secondary informa-
tion sources, thus opening new avenues for the important topic of data
integration in a spatial mapping context .

IThis chapter is an adaptation of a paper accepted in Water Resources Research
(Fasbender et al., 2008a). Reproduced by permission of American Geophysical Union.
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5.2 Introduction

Water table elevations can be directly obtained from piezometric heads
measurements at wells and boreholes locations. Unfortunately, for most
survey studies due to the associated costs, the number of these loca-
tions are mostly limited to already existing wells and boreholes, that
are typically scarce and sparsely distributed over space. As a result,
using cheaper and/or more abundant auxiliary information that are in
some way related to piezometric heads is of great interest for the predic-
tion of the water table elevations, especially for predicting at locations
that are far away from the sampled ones. More generally, there is a real
need for methods that enable the user to account for multiple auxiliary
information sources in a spatial prediction context. Though such meth-
ods exist since the early 1990s (e.g. Christakos, 1990), this was recently
emphasized again in TAHS (2003) and, accordingly, new methods are
currently undergoing investigations.

Focusing on the single context of water table spatial mapping, Hoek-
sema et al. (1989) already tried to use a cokriging (CoK) approach (see
e.g. Chiles and Delfiner, 1999) for the spatial mapping of a water table in
the area of Oak Ridge (Tennessee). The secondary variable used in that
study was the ground surface elevation because the underlying water
table was supposed to be a smoothed replica of it. Though results were
found more accurate than ordinary kriging (OK), the cokriging approach
remains limited to linear predictions and the corresponding multivariate
model (like, e.g., the linear model of coregionalization that relies on lin-
ear combinations of basis covariance functions models ; see e.g. Chiles
and Delfiner, 1999) is in general hard to infer when there are several
(and possibly numerous) information sources at hand. Lately, Linde
et al. (2007) proposed a Bayesian approach of the problem that enables
the user to account for piezometric and self-potential measurements.
Thanks to its Bayesian formulation, non-linear relationships were per-
missible, leading thus to a more flexible set of models. As expected, the
influence and advantage of auxiliary self-potential measurements were
noticeable in locations far away from piezometric heads measurements.

Over the last twenty years, Bayesian approaches have gained more
and more credit in spatial statistics. Initially proposed by Christakos
(Christakos, 1990, 1991), the Bayesian Maximum Entropy (BME) para-
digm for example has proven in many cases its ability to account for ad-
ditional information sources and their associated uncertainties in various
space-time prediction contexts. Though originaly proposed in the case
of continuous data (see e.g. Christakos, 1992; Christakos and Li, 1998;
Christakos, 2000; Serre and Christakos, 1999), other cases like categor-
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ical data (see e.g. Bogaert, 2002; Bogaert and D’Or, 2002; D’Or and
Bogaert, 2004) and even mixed continuous and categorical data (Wibrin
et al., 2006) were rapidly tackled, making BME a complete and unified
framework. Very recently, Bogaert and Fasbender (2007) proposed a
complementary Bayesian Data Fusion (BDF) framework that permits to
account at the same time for several auxiliary information sources, where
each of them is potentially improving the knowledge about a variable of
interest. In theory, the number of secondary information sources that
can be incorporated is not restricted. As emphasized by the authors,
one of the main advantages of this approach compared to traditional
multivariate ones (e.g. cokriging methods) is that it relieves the need
of relying on spatial multivariate linear models, so that a much richer
category of non-linear models can be accessed.

In this chapter, an implementation of the BDF approach is proposed
in the context of a water table spatial prediction. A Digital Elevation
Model (DEM) and the geometry of the corresponding river network are
used as secondary information sources in order to improve knowledge
about water table elevations at unsampled locations. The general for-
mulation of the method is first briefly described and several specific as-
sumptions are proposed for its practical implementation. This method
is then applied to the case study of the Dijle basin in the north part of
Belgium. Finally, a discussion and some conclusions about the method,
its results compared to other ones and its perspectives are provided.

5.3 Bayesian data fusion

Combining multiple information sources into a single final prediction
(i.e. data fusion) is not a new problem and is not restricted to environ-
mental sciences, as it covers a wide variety of applications. Among them,
Bayesian approaches have provided convenient solutions to various in-
teresting problems such as image surveillance (Jones et al., 2003), object
recognition (Chung and Shen, 2000), object localization (Pinheiro and
Lima, 2004), robotic (Moshiri et al., 2002; Pradalier et al., 2003), image
processing (Pieczynski et al., 1998; Zhang and Blum, 2001; Rajan and
Chaudhuri, 2002), classification of remote sensing images (Melgani and
Serpico, 2002; Simone et al., 2002; Bruzzone et al., 2002), enhancement
of remote sensing images (Fasbender et al., 2008b, 2007) and environ-
mental modeling (Wikle et al., 2001; Christakos, 2002), just to quote
a few of them. The two main advantages of Bayesian approaches are
(i) to set the problem in a proper probabilistic framework and (ii) to
provide a straightforward way to update existing probability density
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functions with new relevant information. Lately, Bogaert and Fasben-
der (2007) proposed a general BDF formulation especially designed for
spatial prediction problems. These general results will be applied here
for the spatial mapping of water table elevations. For the sake of brevity,
it is not possible to present the whole underlying theory, so only the-
oretical results that are the most relevant ones for our application will
be presented hereafter. The interested reader may refer to Bogaert and
Fasbender (2007) for a detailed description of the theory.

5.3.1 General formulation

Let us define {xg,...,x,} as the set of locations where indirect ob-
servations y’ = (yo,...,yn) are available about a variable of interest
Z. Based on the idea that the corresponding random vector of interest
Z' = (Zy,...,Zy) cannot be directly observed at these locations, BDF
as presented in Bogaert and Fasbender (2007) aims at reconciling the
auxiliary variables Y to the primary variables Z through an error-like
model, with

Y = g(Z)+E (5.1)

where g(.) are functionals and where E' = (E}, ..., E},) is a vector of ran-
dom errors that are stochastically independent from Z. Using classical
probability calculus, it is possible to formulate the conditional proba-
bility density function (pdf) of the vector of interest given the observed
variables as

f(zly) o fz(z)fe(y — &(2)) (5:2)

where fz(.) is the a priori pdf for Z and fg(.) is the pdf of the er-
rors E. In the context of a water table mapping, one can write that
Z = (Zy,Zs,Zy) where Zj refers to the water table elevations at pre-
diction location xg, Zg refers to locations xg = {xi,...,X;,} where
both Z;’s and Y;’s are jointly sampled, and Z refers to locations xy =
{Xm+1,...,Xn} where only Y;’s are sampled. As the final goal is to ob-
tain a conditional pdf of Zy|zg,y, elementary probability theory leads
to the expression

F(z0lzs,y) o / f2(2) fely — 9(=))dzy (5.3)

Furthermore, if stochastic independence of errors E can be assumed as
well as the fact that each Y; depends only on a single corresponding Z;
through a functional g;(.) (stated in other words, Y; = ¢;(Z;) + E;), then
one can show that the final expression of the conditional pdf is given by
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f(zolzs,y) o HfE — gi(z))

m-+n

x / faz) T[ fu,( - gi(z)dzu  (5.4)

Jj=m+1

m+n ) )
x Hle,y’ /f f%j/;)dzU (5.5)

Jj=m+1

where Eqgs. 5.4 and 5.5 are completely equivalent expressions as they are
linked to each other using Bayes theorem, with

S (zilyi)
fE ( (ZJ)) (yl|zl) f(zz)
so that using either distributions of errors fg,(.) or conditional distribu-
tions f(z;|y;) provides two possible way of incorporating different infor-
mation sources.

As an interpretation and as a consequence of the independence hy-
pothesis for the errors, this Bayesian approach separates the problem
into two parts. The first one is making use of the spatial dependence
of the primary variable through the multivariate distribution fz(z),
whereas the second one integrates the various auxiliary information
sources through the univariate conditional distributions f(z;|y;) on a
per-location basis. As a consequence, a multivariate formulation is no
longer needed and corresponding multivariate models do not need to be
inferred, thus avoiding the restrictions imposed by multivariate models
as used in cokriging. One may argue about the practical pertinency of
these equations as they rely on this independence hypothesis, but one
can show that, from an entropic viewpoint, it corresponds to the hypoth-
esis that leads to the minimum loss of information (again, see Bogaert
and Fasbender, 2007 for details about this topic).

It is also worth noting that Eq. 5.4 is closely related to those obtained
with the Bayesian Maximum Entropy (BME) method, although BME
proposes a Maximum Entropy step for the choice of the prior distribu-
tion f(Z) whereas BDF leaves this choice open to the user. BME and
BDF can thus be viewed as complementary formulations of a same gen-
eral Bayesian approach. The main difference between both approaches
is that the distributions from the secondary information are either con-
sidered as likelihood functions f(y;|2;) or as a conditional distribution
f(zj]y;), which leads thus to different results.
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Finally, it is worth noting that for applications where secondary
information are not exhaustively known, one could of course not use
f(zjly;) (resp. f(yj]z;)) at these locations. Fortunately, the BDF frame-
work is still theoretically sound in that case as it is sufficient to remove
the corresponding conditional pdf in Eq. 5.4 (resp. in Eq. 5.5). Particu-
larly, if all conditional distributions at unsampled locations are not taken
into account, the integrals in Eq. 5.4 and 5.5 reduce both to f(zo|zs)
which simplifies substantially the final expression (e.g. f(zo|zs) could be
computed separately from classical space-time prediction methods such
as kriging-related ones).

5.3.2 Specific assumptions

Though Egs. 5.4 and 5.5 are intended to be as general as possible, specific
assumptions need to be made here in order to fit the specific problem of
water table prediction, of course. For this purpose, it is also important to
identify which secondary information sources may be potentially useful.

Using merely the sampled water table elevations, it is already pos-
sible to estimate the spatial dependence of this variable and to use it
afterwards for kriging prediction (e.g. Chiles and Delfiner, 1999; Cressie,
1990, 1991). Kriging is known to provide a linear predictor that cor-
responds to the Best Linear Unbiased Predictor (BLUP) in the least-
squares sense. Additionally, it is the best possible predictor when the
random vector Z is assumed to be multivariate Gaussian. It is also well-
known that, under constraints for the first two moments (i.e., the vector
of the means and the covariance matrix), the joint distribution fz(z)
that maximizes Shannon entropy is precisely the multivariate Gaussian
one (see e.g. Papoulis, 1991 or Christakos, 1990). For these reasons,
an a priori multivariate Gaussian distribution fz(z) with mean vector
p and covariance matrix 3 as inferred from the data is relevant ac-
cording to information at hand. One is not restricted to this choice, as
it would be possible to include other information (i.e., skewness) that
would lead to another maximum entropy distribution (see Papoulis, 1991
or Christakos, 1990). However, we will show hereafter that assuming a
multivariate Gaussian hypothesis is also a convenient choice as it will
provide analytical formulas in some situations, thus decreasing signifi-
cantly the computational burden induced by the multivariate integration
in Eq. 5.5.

For our specific case study, possible auxiliary information are the
DEM and the geometry of the river network. Indeed, the study area is
a sandy aquifer with a high hydraulic conductivity and a draining river
network. For these reasons, one thus expects to get water table elevation
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close to the DEM for locations that are close to a river, and the water
table level is expected to be a smooth surface (because of the relative
homogeneity and high conductivity of the aquifer) that (i) shows on the
surface at the river network locations and (ii) that remains under the
DEM at every other locations, of course. Accordingly, it is relevant to
think about the water table elevation Z(x;) as possibly modeled with

Z(xi) = DEM(x;) — g (dDEM(xZ-)) + E(x) (5.6)

where DEM (x;) is the DEM value at location x;, dpgas(X;) is a measure
of the proximity of location x; to the river network, ¢(.) is an increasing
non-negative function (see Section 5.4.2 for a concrete example) and
E(x;) is a zero-mean random error with a variance o%(x;) that increases
as the distance dpgas(x;) increases, i.e. the correspondence between
DEM (x;) and Z(x;) is supposed to loosen as a location is further away
from the network.

It is worth noting that dpgas(x;) is computed using an empirically
defined penalized function on the changes of DEM along the path be-
tween the location and the network, in such a way that, for a same
planar distance dpgas(x;) will be larger if the DEM varies highly along
the path between x; and the network than if the DEM is quite flat.
The computation of this penalized function is similar to the computa-
tion of the distance that one should walk between the location and the
network, except that vertical moves are highly penalized. As a conse-
quence, dpgy(.) may be relatively small in areas where the DEM is
quite constant even if these locations are quite far in a Euclidean view-
point, whereas it may increase rapidly in areas where the DEM varies
strongly, even if these points are quite close from an Euclidean view-
point (see Fig. 5.1 for an illustration of this behavior). Therefore, high
DEM fluctuation areas will obtain high dpgas(x;) values, ensuring that
this information will get less credit in the model since the corresponding
variance 0% (x;) will be high.

Based on this model, we may thus predict water table elevations at
any arbitrary location xg as DEM values are exhaustively known over
space and corresponding distances to the network are easily computed.
Using only this information at location xg in Eq. 5.5 (i.e. neglecting in-
formation at other surrounding locations xy/), integration is not relevant
anymore and the conditional pdf is then simply given by

ACNED)

f(Zo|Z5,DEM(X()),CZDEM(X(])) X f(Zg)

f(z0| DEM (x0), dpEm(X0))
(5.7)
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Figure 5.1: Tllustration of the behavior of distance dpgas(x;) with respect to
the topography imposed by the DEM values. The curves are pro-

files of the DEM values (upper graph) and of the distance dp g (x;)
(lower graph).
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Assuming now that f(zo| DEM (x0),dpen(x0)), f(z0) and f(zo|zs) are
Gaussian distributed automatically implies that

f(z0lzs, DEM (x0),dpEn(X0)) is also Gaussian distributed with a mean
up and a variance a?g that are given by (see Appendix D for details)

Mk Hd Ko 2
= 7—’_7_7 o
n < ok ) g

) L1 !
o = =4+ — - —=
: A I

where f1; and o7 are the mean and variance of distribution f(zo|zs) (i.e.
the ordinary kriging prediction and variance of prediction, respectively),
where 11 = DEM (x0) —g(dpgn(x0)) and 0% are the mean and variance
of distribution f(zo| DEM (x0),dprwm(Xo)), and where yy and o are the
mean and variance of the a priori distribution f(zp).

Using only information at location xg, p, could be considered as a
relevant choice for the predictor of the water table elevation at location
x( whereas 0% would be the associated prediction variance (remembering
that f(zo|zs, DEM (x0),dpray(x0)) is Gaussian distribution, pp is at
the same time the mean, the median and the mode of this distribution,
and pp along with 0%3 fully characterizes this pdf).

(5.8)

5.4 Application to the Dijle basin in Belgium

The study area is situated in Central Belgium where the geology is
dominated by the Brussels Sands Formation, one of the main aquifers
in Belgium for drinking water production. This Brussels Sands aquifer
is of Middle Eocene age and consists of a heterogeneous alteration of
calcified and silicified coarse sands (Laga et al., 2001). These sands
are deposited on top of a clay formation of Early Eocene age, the Ieper
Clay Formation, with the Brabant Massif at the bottom which forms the
base of the aquifer in the study area. On the hilltops, younger sandy
formations of Late Eocene to Early Oligocene age cover the Brussels
Sands. These mainly consist of glauconiferous fine sands. The entire
study area is covered with an eolian loess deposit of Quaternary age; in
the north east of the study area, these deposits are more sandy loess.
The main river in the study area is the Dijle river and many of its
tributaries cut through the Brussels Sands during the Quaternary, so in
most of the valley floors the Brussels Sands are absent and groundwater
flows in the alluvial deposits of the rivers on top the Ieper Clay forma-
tion. These alluvial deposits consist of gravels at the base, covered with
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peat and silt. In the river valleys a great number of springs drain the
aquifer and provide the base flow for the river Dijle and its tributaries.

The hydraulic conductivity of the Brussels Sands varies between 6.9 x
107° m/s and 2.3 x 10~* m/s, due to the heterogeneity of the Eocene
aquifer (Bronders, 1989). The calciferous parts of the aquifer have a
lower conductivity than the silicified parts.

5.4.1 Data

Through the monitoring network of the Flemish Region (Databank On-
dergrond Vlaanderen; http://dov.vlaanderen.be), piezometric data where
gathered from 135 locations in the Dijle basin (see Fig. 5.2). The mea-
suring frequency varies depending on the locations and most data are
available from 2004 onwards. In this study, measurements between April
2005 and June 2005 were used. For locations where no measurements
were available for this period in the year 2005, the average value for the
April-June period was computed based on measurements in the preced-
ing years. The piezometric measurements and the DEM elevations are
both expressed in elevation above sea-level. The whole data set thus
consists of the 135 piezometric head measurements, planar coordinates
and values, along with the DEM and the geometry of the river network
over the area (see Figs. 5.2 and 5.3). The histograms of these raw piezo-
metric head measurements and of the corresponding DEM values do not
show particular shape (see Fig. 5.4) so that no transformation (e.g. Box-
Cox) can be applied here in order to correct the non-Gaussianity of the
measurements

5.4.2 Results

According to the data at hand, several options can be considered for
obtaining a map of predicted piezometric heads values over the area.
The first one would be to only rely on piezometric measurements as
classically done using ordinary kriging (OK). A second one would be to
try improving the prediction by accounting at the same time for DEM
values using ordinary cokriging (OCoK). Both of them are very classical
ones, but it will be shown herafter that both fail to provide satisfactory
results.

Using the 135 piezometric measurements, an experimental semi-
variogram was computed and a semi-variogram was modeled (see Fig. 5.5).
As suggested by Fig. 5.5 and alike Linde et al. (2007), a spherical model
was chosen with theoretical variance and range equal to 300 m? and
13 700 m, respectively. This high range value is reflecting a strong spa-
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Figure 5.2: Sampled locations of the 135 piezometric heads values, with corre-
sponding elevations above sea-level (in meters) as represented by
color.
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Figure 5.3: Digital Elevation Model of the study area (in meters above sea-
level).



5.4. Application to the Dijle basin in Belgium 97

20 120
515 _ 100
S E. 80
2 10 s
o W 60
£ D
L 5
40
0 20
0 50 100 20 40 60 80 100120
Z[m] Z[m]
30
g 20
5]
>
g
I 10
0
0 50 100
DEM [m]

Figure 5.4: Histograms of the raw piezometric head measurements (upper left
graph) and of the DEM values (lower right graph). Upper right
graph represents the scatterplot between the variables.
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tial dependence of the water table elevations, in close agreement with
the geology and soil properties of the study area (i.e. coarse sand aquifer
with high conductivity; see Section 5.4). It is also worth noting that fluc-
tuations around the fitted model are only artifacts due to the relatively
large distance lag in comparison with data set window. Moreover, one
could argue the choice of the spherical model for the semi-variogram of
the water table as it is a non-differentiable model. However, as the re-
sults obtained when using the spherical model was satisfying, this model
was kept in place of a differentiable model (e.g. Gaussian model).
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Figure 5.5: Experimental and modelled spatial semi-variogram based on the
135 raw piezometric measurements and on the corresponding DEM
values.

Using only the 135 piezometric measurements, OK was conducted on
a 525 x 525 regular grid covering the whole area in order to draw a map
of piezometric head values (see Fig. 5.6; the 15 closest measurements
where used at each prediction node). As emphasized by Hoeksema et al.
(1989), water table elevations should of course never exceed DEM val-
ues, which is obviously not the case for OK prediction, especially at
locations close to the network and far away from the sampled locations.
In approximately 17% of the grid cells, the predicted head values are
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above the DEM-value and along the network the average overestimation
of OK amounts to 6.3 m. One may think about correcting for this issue
by replacing predicted values with the corresponding DEM elevations in
this case. However, this option was discarded as it leads to obvious arti-
facts, like creating areas of constant piezometric heads as well as leading
to non continuous derivatives of the piezometric heads along the border
of these areas, which is in conflict with the expected physical behaviour
of the aquifer.
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Figure 5.6: Prediction of the water table using ordinary kriging. The gray scale
convention is the same as in Fig. 5.2. Bold lines represent the river
network over the study area.

As OK is only making use of the 135 piezometric head measurements,
one may think about accounting for DEM information as well using
OCoK. In order to do so, variogram and cross-variogram for DEM need
to be estimated and modelled as well (lower graph in Fig. 5.5). Because
the spatial dependences of the DEM and the water table seemed to
have different ranges, a combination of 2 spherical models with different
ranges (13 700 m and 6 000 m) was needed. Using again the 15 closest
measurement along with the DEM value at the corresponding prediction
location, a OCoK prediction map was produced (see Fig. 5.7), very
similar to the OK one. As for the OK map, approximately 17% of
the predictions were above the corresponding DEM elevations with an
average overestimation of 6.4 m for the water table elevations along the
network. Clearly, despite the fact that OCoK is using more information
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than OK, no real benefit can be observed, leading us to think that this
multivariate approach is not particularly relevant here. Indeed, since
OCoK belongs to the family of linear spatial predictors and since the
relation between the water table and the DEM elevations is not linear
(the DEM elevation is merely an upper bound for the water table), it
explains easily why OCoK does not provide significant improvement in
that study case and justifies the use of non linear approaches such as
BDF.
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Figure 5.7: Prediction of the water table using ordinary cokriging. The grey
scale convention is the same as in Fig. 5.2. Bold lines represent the
river network over the study area.

In order to implement the BDF approach, a penalized distance
dpewm(x;) (Section 5.3.2) was computed first at each of the 135 mea-
surement locations. Plotting now DEM (x;) — Z(x;) (i.e., groundwater
depth) as a function of dpgys(x;) clearly shows that there exists on the
average a non-linear relationship g(.) between these quantities, i.e. that
(see Fig. 5.8 and upper right graph in Fig. 5.4)

DEM(XZ) — Z(Xz)) =g (dDEM(Xz)) —+ E(XZ) (59)

A logistic-like functional g(.) with equation

g(h) = a+b <1 — exp (i’f)) (5.10)

was fitted from these observations, and a same logistic-like equation was
used to model the way the variance of F(x;) increases with the distance
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to the network. This choice for the function g¢(.) is motivated by (i)
the fact that the depth is expected to increase with the distance to
the network and (ii) as the function g(.) reaches a plateau for larger
distances, it is also expected that for such distances one could only
estimate a mean depth. Furthermore, as the variance was also modeled
as a logistic-like function, the growth of this second function indicates
that the information is loosing its influence on the fused pdf. As a
consequence, the plateaus of the function g¢(.) and of the conditional
variance could be interpreted respectively as the unconditional mean
depth and unconditional depth variance.
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Figure 5.8: Graph of the groundwater depth DEM (x) — Z(x) as a function
of the penalized distance dpgar(x) to the network. Dots repre-
sents the observed pair of values, plain line represents the fitted
non-linear relationship ¢(.) whereas dashed lines represent the 95%
symmetric confidence interval based on a Gaussian distribution.
The two Gaussian distributions overlayed on the graph illustrate
the way variance of E(x) is increasing with dpgas(x).

If we assume that Z is multivariate Gaussian distributed, the con-
ditional pdf f(zo|zs) is Gaussian distributed too with a mean and a
variance that correspond to OK prediction and variance of prediction,
respectively. From Eq. 5.7, it is then easy to remark that in this case
BDF amounts to updating the OK pdf by using information about the
DEM and the river network as given by f(zo| DEM (x0),dpea(X0)). As
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seen from Eq. 5.9, the BDF prediction map leads to much more sat-
isfactory results. Contrary to OK or OCoK, only 0.023% of predicted
values were above the corresponding DEM values. By comparison with
Figs. 5.6 and 5.7, one can also notice that the DEM values and the
network position were well accounted for, especially in locations close
to the river network, of course, as the relationship between distance to
network and groundwater depth is loosening up (i.e. variance of error
increases) as this distance increases.
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Figure 5.9: Prediction of the water table using the Bayesian data fusion ap-
proach. Bold lines represent the river network over the study area.

In order to validate our results, cross-validation was performed using
a “leave-one-out” approach (see e.g. Chiles and Delfiner, 1999). For
comparing the respective accuracies and precisions of the methods, the
following indicators were chosen :

1 N

ME = N,Z ; (5.11)
i=1
1 N

MAE = N;@ (5.12)
1=

(5.13)
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where ¢€; is the estimated error at sampled location x;, with N = 135.
From Table 5.1 that summarizes the results, one can notice that the
DEM values and the network position enabled us to increase the quality
of the prediction since all indicators were found to be lower for BDF.
The variance of prediction can also be used as an indicator of the ex-
pected local quality of the predicted map. Figs. 5.10a to 5.10c show
this variance for the OK, OCoK and BDF predictions, respectively. A
direct comparison of these figures indicates an important decrease of
BDF variance especially in locations (i) that are close to the river or (ii)
where DEM is flatter (northern area). This is a direct consequence of
the information conveyed by the model as given in Fig. 5.8.

Table 5.1: Mean Error (ME), Mean Absolute Error (MAE) and Root Mean
Squared Error (RMSE) of the leave-one-out procedure for ordinary
kriging, ordinary cokriging and Bayesian data fusion predictions.

ME [m] MAE [m] RMSE [m]

OK -0.71 2.63 4.68
OCoK  -0.70 2.65 4.70
BDF -0.31 2.45 3.94

Eventually, it is worth noting that none of the method (neither OK,
OCoK nor BDF) provides pertinent predictions in the South-East area
given the lack of samples there (i.e. neither network positions nor sample
locations). This reflection is totally in accordance with the variances of
predictions shown in Figs. 5.10a to 5.10c.

5.5 Discussion and conclusions

In this chapter, the recently developed spatial BDF technique as pro-
posed by Bogaert and Fasbender (2007) was applied to the case study of
water table elevation mapping. After a brief presentation of the method,
specific assumptions were stressed in details and the method was illus-
trated with the case study of the north part of the Dijle basin in Belgium.
A comparison of BDF with classically used spatial interpolation methods
like ordinary (co)kriging showed that, to the contrary of cokriging, BDF
is able to account for secondary information sources (namely a digital
elevation model and the geometry of a river network in this case) both
in a consistent and efficient way. Compared to standard multivariate
methods (see e.g, Hoeksema et al., 1989 who used a multivariate model
for the water table and ground elevations), BDF permits to avoid the
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Figure 5.10: Variance of prediction of (a) ordinary kriging, (b) ordinary cok-
riging and (c) Bayesian data fusion methods. Bold lines represent
the river network over the study area.
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need of defining a spatial multivariate model, that may be to restrictive
or demanding. Though we did not mention it in this chapter, several
variations around kriging have been proposed to circumvent the limita-
tions that were observed here (e.g., kriging with external drift was used
by Desbarats et al. (2002)) for the water table prediction too). However,
most of them lack sound theoretical rationale and none of them can be
generalized to the case of multiple secondary information sources.

In this chapter, the BDF method was implemented using (multivari-
ate) Gaussian distributions. Besides of being particularly convenient
(e.g. analytical expression for the final posterior distribution, fast im-
plementation), this choice is also the Maximum Entropy solution when
using only the first two moments (see e.g. Papoulis, 1991). On the
other hand, by construction, the final posterior distribution suffers from
several drawbacks (e.g. symmetric distribution, non-bounded support)
which might influence unfavorably the results and the prediction maps
for some applications. In particular, the multivariate Gaussian assump-
tion might be replaced by other multivariate distributions that account
for irregularities in the marginal distributions (see e.g. Bogaert and
Fasbender, 2007 for more details). However, in the present water table
application, results were acceptable and significantly better than Ordi-
nary (co-)kriging methods, so that these possible adaptations were left
for further research at this point. Moreover, considering another distri-
bution would not have induced any change for the general formulation
of the BDF approach.

An originality of this work is also that it makes use of a ”distance”
to a network for defining an empirical non-linear relationship between
a Digital Elevation Model (DEM) and water table elevations. Conse-
quently, the proposed approach is less restrictive than cokriging as pro-
posed by Hoeksema et al. (1989), in which the relation is purely linear
by construction. There are also some similitudes with Linde et al. (2007)
who proposed a Bayesian based solution for his specific data integration
problem. However, the BDF framework as proposed here is intended
to be more general and only rely on assumptions that depend on the
application at hand.

Finally, it is worth noting that the BDF methodology was illustrated
here for the integration of only two secondary information sources, but
the method can also be readily implemented in situations where more
information sources might be available (see Bogaert and Fasbender, 2007
for a detailed discussion about this topic), thus potentially improving
the quality of the prediction and opening new avenues for the important
topic of data integration in a spatial mapping context.
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Chapter 6

Bayesian data fusion for
space-time prediction of air
pollutants : the case of
NOs in Belgium

In this last chapter, the Bayesian data fusion approach is extended to
a space-time context. The application proposed here is the space-time
prediction of air pollutants, illustrated here by the case of NOy concen-
trations in Belgium.

6.1 Outline

In the beginning of the 21st century, it is obvious that health and envi-
ronmental matters are among the most important political and societal
topics. The various kinds of pollution (e.g. air pollution, soil pollution,
water contamination) are responsible for significant health and environ-
mental degradation. In order to adequately deal with pollution issues,
it is important to better understand the acting processes and to be able
to account for specific knowledge about the pollutant. Thanks to this,
it will be possible to forecast pollutant concentrations so that efficient
actions can be rapidly taken. Based on a Bayesian data fusion (BDF)
framework, the present chapter proposes a methodology for air pollutant
forecasting using the space-time properties of the process and several sec-
ondary information sources that contribute to a better understanding of
the pollutant behavior (e.g. meteorological variables and anthropogenic
activities). Consequently, the present work can contribute to improving
the representation and the forecast of pollutant fields. Moreover the
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developed approach also permits to predict the probability of exceeding
a given threshold, as required in official regulations for some pollutants
(e.g. the European directives). The BDF framework is applied here
to the case of space-time predictions of air concentrations of nitrogen
dioxide (NO3) in Belgium. After a detailed description of some specific
assumptions, results showed that BDF is able to successfully account for
secondary information sources, thus leading to meaningful NOgy predic-
tions.
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6.2 Introduction

Since the industrial revolution, pollution and more specifically air pol-
lution increased steadily first in Europe and in North America and then
all over the world. Processes such as the burning of fossil fuels, indus-
trial operations and forest clearing release various gazes into the atmo-
sphere (e.g. carbon dioxide, methane and nitrous oxide), thus affecting
air quality and inducing adverse effects on the environment (e.g. acid
rains, smog, ozone depletion or global warming) and on public health
(e.g. asthma, various types of cancers or other respiratory diseases).
With this aim in view, European directives on ambient air quality be-
come more and more stringent. The limit values fixed in these directives
appear problematic for some pollutants (e.g. nitrogen dioxide, partic-
ulate matter), especially in urban and industrial zones. Consequently,
Member States have to take all necessary measures in order to reduce
emissions and respect the European norms. When pollution peaks oc-
cur, short-term action plans (traffic limitation, ...) have to be activated
in order to reduce the risk and the duration of the population exposure
to these peaks.

In order to make appropriate decisions, it is crucial to have an ac-
curate knowledge on the pollution state both in space and in time and
to be able to rely on sound and efficient models. Among the large set
of modeling methods, one usually distinguishes between deterministic
and stochastic approaches. Deterministic approaches consist in explic-
itly modeling the physical and chemical processes governing the spatial
and temporal evolutions of pollutant concentrations. In general, such
models jointly take into account meteorology (wind, temperature, tur-
bulence,...) and emission sources (e.g. traffic, industry, domestic heat-
ing,...). The main disadvantage of deterministic models is the lack of
parametrization schemes. Both physical and chemical aspects of the
pollutant are very complex and thus are hardly accounted for in those
models. In addition, the required computing resources increase signifi-
cantly with the grid resolution. Stochastic approaches are potential al-
ternatives to deterministic models since they generally require less com-
puting resources than deterministic ones. Space-time statistics (namely
geostatistics) have showed their ability to tackle loads of environmental
issues within a space-time context : ore estimation (e.g. Krige, 1951;
Yamamoto, 1999; Costa, 2003), oil estimation (e.g. Jaquet, 1989; Ren
et al., 2006), water table estimation (e.g. Hoeksema et al., 1989; Linde
et al., 2007; Fasbender et al., 2008a), soil map estimation (e.g. D’Or
et al., 2001), health (e.g. Christakos and Vyas, 1998b; Christakos and
Kolovos, 1999) or air pollution (e.g. Christakos and Vyas, 1998a; Chris-
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takos and Serre, 2000; Christakos et al., 2001) are possible applications
of geostatistics in environmental sciences.

Recently, Bogaert and Fasbender (2007) proposed a Bayesian data
fusion (BDF) framework that aims at reconciling various secondary in-
formation about a same variable of interest in order to provide a unique
spatial prediction. This BDF has already been successfully applied to
various environmental sciences applications, namely, fusion of remotely
sensed images (Fasbender et al., 2008b,c) and water table estimation
(Fasbender et al., 2008a).

In this chapter, the BDF framework will be extended in a space-
time context, with the objective of space-time air pollution predictions
in mind. In the second part of the chapter and after a short description
of the data set, the case of nitrogen dioxide (NO3) in Belgium will be
tackled. For illustration purpose and for sake of brevity, only Simple
Kriging (SK) and BDF predictions will be presented here. Results from
both methods will be compared and several validations processes will be
performed in order to assess the quality of both predictions. By doing
so, the two main objectives of this chapter will be achieved, namely,
(i) to show that secondary information sources (such as meteorological
variables) are potentially useful for air pollutant predictions and (ii) to
show that the BDF framework is one possible way to account for these
information sources.

6.3 Bayesian Data Fusion

Combining multiple information sources into a single final prediction (i.e.
data fusion) is not a new problem and is not restricted to environmental
sciences ; it covers a wide variety of potential applications. Among them,
Bayesian approaches have provided convenient solutions to various in-
teresting problems such as image surveillance (Jones et al., 2003), object
recognition (Chung and Shen, 2000), object localization (Pinheiro and
Lima, 2004), robotic (Moshiri et al., 2002; Pradalier et al., 2003), image
processing (Pieczynski et al., 1998; Zhang and Blum, 2001; Rajan and
Chaudhuri, 2002), classification of remote sensing images (Melgani and
Serpico, 2002; Simone et al., 2002; Bruzzone et al., 2002), enhancement
of remote sensing images (Fasbender et al., 2008b,c, 2007) and environ-
mental modeling (Wikle et al., 2001; Christakos, 2002; Fasbender et al.,
2008a), just to quote a few of them. The main advantage of Bayesian
approaches is to set the problem in a proper probabilistic framework.
Lately, Bogaert and Fasbender (2007) proposed a general BDF formula-
tion especially designed for spatial prediction problems. These general
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results have already proved their relevance in several applications (see
Fasbender et al., 2008b,c, 2007, 2008a) and will be applied here for the
space-time prediction of air pollutants. For the sake of brevity, it is
not possible to present the whole underlying theory, so only theoretical
results that are the most relevant for our application will be presented
hereafter. The interested reader may refer to Bogaert and Fasbender
(2007) for a detailed description of the theory.

6.3.1 General formulation

Let us define {xq,...,x,} as the set of space-time locations (i.e. each
x; is composed by a spatial component £; and a temporal component
t;) where indirect observations y’ = (yg,...,y,,) are available about a
variable of interest Z and where y; is a vector of n; observations at
same space-time location x;. Based on the idea that the corresponding
random vector of interest Z' = (Zy, ..., Z,) cannot be directly observed
at these locations, BDF aims at reconciling the auxiliary variables Y to
the primary variables Z through an error-like model, with

Yij = 9ij(Z) + Eij (6.1)

where g; ;'s are functionals and where Ej ;’s are random errors that are
stochastically independent from Z. Using classical probability calculus,
it is possible to formulate the conditional probability density function
(pdf) of the vector of interest given the observed variables as

flzly) < fz(z)fe(y — &(2)) (6.2)
where fz(.) is the a priori pdf for Z and fg(.) is the pdf of the errors E' =
(E},...,E,). In the context of an air pollutant prediction, one can write

that Z = (2, g,Z’U)/ where Zj refers to the pollutant concentration
at prediction space-time location xg, Zg refers to space-time locations
x5 = {X1,...,Xn} where both Z;’s and Y] ;’s are jointly sampled, and
Zy refers to space-time locations xy = {X;+1,...,X,} where only Y ;s
are sampled. As the final goal is to obtain a conditional pdf of Zy|zg,y,
elementary probability theory leads to the expression

F(zolzs,y) o / f2(@) fe(y — g(z))dzy (6.3)

Furthermore, if stochastic independence of errors E can be assumed as
well as the fact that each Y; ; depends only on a single corresponding Z;
through a functional g; ;(.) (stated in other words, Y; ; = ¢; ;(Z;) + Ei ),
then one can show that the final expression of the conditional pdf is
given by
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where Eqs. 6.4 and 6.5 are completely equivalent expressions as they are
linked to each other using Bayes theorem, with

P05 = 903(0) = F gl oc L)
so that using either distributions of errors fg, ;(.) or conditional distri-
butions f(z;|y; ;) provides two possible way of incorporating different
information sources.

As an interpretation and a consequence of the independence error
hypothesis, this Bayesian approach separates the problem in two parts.
The first one focuses on the space-time dependence of the primary vari-
able through the multivariate distribution fz(z), whereas the second
one integrates the various auxiliary information sources through the uni-
variate conditional distributions f(z;|y; ;) on a per-location basis. As a
consequence, a multivariate formulation is no longer needed and corre-
sponding multivariate models do not need to be inferred, thus avoiding
the restrictions imposed by multivariate models (e.g. Linear Model of
Coregionalization in the case of cokriging methods; see e.g. Chiles and
Delfiner, 1999). One may argue about the practical relevance of these
equations as they rely on this independence hypothesis. However, one
can show that, from an entropic viewpoint, this hypothesis corresponds
to the minimum loss of information if no precise information about the
joint distribution of the auxiliary variables is at hand (again, see Bogaert
and Fasbender, 2007 for details about this topic).

6.3.2 Important considerations for air pollutants predic-
tion

A first direct consequence of the important space-time variability of air
pollutants is that stationarity hypotheses do not hold here. Indeed,
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even first-order stationarity does not hold true since the mean of the
concentrations Z(£,t) is expected to vary along with location (largely
due, but to an unknown extent, to the proximity of emission sources; see
Fig. 6.1 in the case of NOgy in Belgium). Furthermore, the mean of the
concentrations is also expected to vary along with time (due to human
activities such as transportation and industries; see Fig. 6.2 in the case
of NOg in Belgium). As a matter of fact, the first issue is to provide
a coarse approximation of these local effects. This approximation is
then to be used for computing the prior distributions fz(z) and f(z;)
in Eq. 6.5. In this chapter, for each location, the time-varying mean of
air pollutant concentrations p(€,t) was modeled using the expression

w(e,t) = E[Z(8,1)] = W(L, 1) + S(£,1) (6.6)

where W (£,t) is the weekly component (here, the mean with respect to
the day of the week) and S(£,t) is the annual component (here, a sine
curve with 1-year periodicity). Contrary to the space-time mean, the
variability o?(£) was assumed to be constant in time, i.e.,

o*(l) =Var (Z(£,1)) =E[(Z(€,t) — u(L,1)?], VteR  (6.7)

One could criticize this stationarity assumption as variances of air pollu-
tant concentrations are expected to be somehow related on other time-
dependent phenomena (e.g. human activities). However, this assump-
tion seems to be quite reasonable according to what was observed in the
NO; application (see Fig. 6.1).

Now using Eq.6.6 and 6.7, it is clear that

Z(8,t) — (e, )

R(L,t) = 0

(6.8)

has a mean equal to 0 and a variance equal to 1 so that the second-order
stationarity hypothesis holds true now. It is therefore easy to infer the
space-time dependence using R(£,t) instead of using Z(£,t). Based on
this estimation, the following space-time model (Bogaert, 1996) is fitted

FR(X,', Xj) = ’}/ST(Ag, At) + ’)/S(Az) + 'YT(At) (6.9)

where yg7(., .) is a non-separable space-time semi-variogram model, yg(.)
is a purely spatial semi-variogram model and ~y7(.) is a purely temporal
semi-variogram model, with Ap = |[€; — £;||2 and A; = [t; —t;|. Thanks
to this choice for the semi-variogram model, it is possible to account for
a change of curvature along with the values of Ay and A; (such as can
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Figure 6.1: Illustration of the non-stationarity in space of the NOs concentra-
tions in Belgium. The bold line and dotted line stand for monitor-
ing devices located in the Brussels region (center of Belgium) and
in Virton (far South of Belgium) respectively.

be seen in Fig. 6.5 for the NOy application). Using this final model, it
is easy to compute the covariance for any couple (Z;, Z;) as

Cov (Zi, Zj) = o(&)o(£;) — o (ti)o (€))L r(xi, ;) (6.10)

The prior distributions f(z;) are assumed here to be Gaussian distri-
butions with mean equal to p(x;) and variance equal to o(£;). Distribu-
tion fz(z) in Eq. 6.5 are also assumed to be Gaussian with mean vector
equal to (p(xq), ..., 1(Xmin)) and covariance matrix with elements cor-
responding to Cov (Z;, Z;). One can contest the use of Gaussian distri-
butions, but there are arguments in favor of this choice. First, on a the-
oretical basis, the (multivariate) Gaussian distribution is the Maximum
Entropy solution under constraints on the first and second moments (see
e.g. Shannon, 1948; Christakos, 1990, 1992 for more details). Moreover,
as distributions f(z;) and fz(z) rely on the same moments constraints,
the Gaussian distributions require that f(z;) agrees with fz(z) (see e.g.
Papoulis, 1991; Sveshnikov, 1979). Finally, from a practical viewpoint,
the restriction to Gaussian distributions in Eq. 6.4 and 6.5 proved to be
computationally efficient with convincing results (see Fasbender et al.,
2008b,c,a).



115

6.3. Bayesian Data Fusion

[ew/Br] suonenusouod Noz

[sw/6r] suonenuasuoy NOz

o
#......_ _n..e =
o ++ $+-1.|._H_”_._ 8
wer-- {10413
+ - TH44{8 @#f!..i.._”_”_.._ I
a
{418 .
uf AMM i - - E
w{H43 °
o IINE
1{H15
>
g._”_.s.m $¢$.1.||.D”_._M
+m {4 {3 .
5 Rt - S
- LT+ {3 wet-{]J418
Q
- - -44®
o w + &&ﬁi.l.._”_”_._ﬁm
c
e | -43
- =) =) =) =] =) =) =)
8§ 8 8 8 § 8 ©° § 8 8 8 ¢ 8
- mE\m& suonenuaduU0) NOZ [swy/Br] suonenussuoy °ON
o
b - [p— 8 .
e - o v fa
s i ST |-
e N o i IR
s i LRI |
>
T | IR St B St -
{034 {3 -
: mbeeee{ Tt {2
k- -4 13
2 o peee- SCEEEIE -
= c
D R o SPLERRR |- SR e I I SRR I
T s i i SERRRRT | _
n < LT s
sos = {T0----4 {8
S S =] =] =) S =) S S =] =] S S °©
Q S 5] 3 < Q Q S 2 =} < Q
S = S =

Figure 6.2: Illustration of the seasonal (a and c) and the weekly (b and d)

effects. Right column and left show the behaviors of the monitoring

devices in the Brussels region (same as in Fig. 6.1) and in Virton

respectively.
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As for the case of f(z;) with fz(z), distributions f(z;|y; ;) should be
in accordance with f(z;). From a theoretical viewpoint, the relation

fa) = [ fGalwo) fidoige ¥ueR - (61)
must hold true. As a direct consequence of this, we thus have
Var(Z;) = By, [Varz,[Zi|Yi ;)] + Vary, ; [Ez,[Zi]Yi ;] (6.12)

This theoretical constraint might be difficult to satisfy in practice. It
is worth noting here that a first consequence of Eq. 6.11 and 6.12 is
that if one wants to model f(z;|y; ;) for a given y; ; only with its con-
ditional mean Eyz, [Z;|y; ;] and conditional variance Varyz, [Z;|y; ;] (e.g.
if f(zilyi;) is assumed to be Gaussian), then both expressions should
be estimated in a consistent way. Appendix E shows how a lack of
consistency could lead to disastrous results when using Eq.6.5. So, as
Gaussian distributions will be used here for aforementioned reasons (see
e.g. Bogaert and Fasbender, 2007; Fasbender et al., 2008b,c,a for ex-
amples of applications), it is important to control this kind of issues in
specific implementations. Appendix E also proposes an easy way that
enables us to circumvent this issue in practice.

6.4 Data presentation

The pollution data at hand for this study come from the Belgian regional
networks for air quality measurements. For the selected study period,
NOs was measured at 62 telemetric stations spread unevenly over the
three regions of Belgium (half in the Flanders region, a third in the
Walloon region and a sixth in the Brussels region; see Fig. 6.3). Though
data have been collected since the late seventies, the studied data were
restricted to the period between January 1, 2003 and December 31, 2007
(i.e. 1826 days). Observed concentrations are available on a hourly basis
but were aggregated as the daily mean for each station. Note that these
daily values are computed from hourly concentrations, provided that
at least 75% of hourly values are available. Of course, due largely to
their respective period of activity, the time series were relatively scarce
with unobserved daily values ranging from 30 up to 1501 depending on
locations.

Besides the problem of missing values, monitoring devices present
very different time series. Indeed, depending mainly on the human ac-
tivities in their neighborhood and on the fact that the data are measured
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Figure 6.3: Visualization of the 62 sampled locations spread unevenly over
Belgium. Approximately half of them are in the Flanders region
(Northern part), a third are in the Walloon region (Southern part)
and a sixth are in the Brussels region (central part).

with different sensors, time series may differ with respect to (i) their an-
nual means, (ii) their seasonal amplitudes, (iii) their weekly amplitudes
and (iv) their variances (see Fig. 6.1 and 6.2).

Broadly speaking, the spatio-temporal evolution of NO2 concentra-
tions mostly depends on (i) emission sources and (ii) meteorological
conditions related to the dispersion of pollutants. Concerning the me-
teorological aspect, three variables have been considered in this study:
(i) 10 m above ground wind velocity (noted 10U), (ii) horizontal trans-
port in the boundary layer (noted HT), and (iii) vertically-integrated
turbulent kinetic energy (noted TKE). The variables 10U, HT and TKE
were obtained or computed using the meteorological fields from ECMWF
(European Center for Medium Range Weather Forecast) analyses. 10U
allows to characterize the horizontal transport of pollutants in the sur-
face layer. HT is computed as the product of the boundary layer height
and the mean wind velocity in the boundary layer. High values of this
variable mean an enhanced ability of the atmosphere to disperse pol-
lutants and consequently to reduce concentrations. Compared to 10U,
HT represents the horizontal dispersion of pollutants over a wider layer.
TKE is based on turbulent kinetic energy and is representative of the
intensity of turbulent motions in the atmosphere. This variable is prob-
ably the most appropriate to characterize the dispersion of pollutants,
since it takes into account horizontal wind shear as well as buoyancy
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(i.e. vertical exchanges). Moreover TKE is vertically integrated and
therefore takes into account the boundary layer depth.

Having a clear description of the physical state in the troposphere
is not sufficient. It is obvious that anthropogenic activities (e.g. trans-
portation, house heating, industries) release pollutants in the air, and
thus influence these concentrations. It is therefore useful to account for
these information sources whenever they are available.

In this study, three datasets were available for characterizing the
emission sources from anthropogenic activities. The first one is based
on land cover data. Such data may be useful to better characterize the
spatial distribution of NO2 concentrations. Lately, Janssen et al. (2008)
proposed an index based on land cover data and showed that there exists
interesting relationships between this index and air pollutants such as
NO,. This index, designated by the authors as the (3 index, is computed
using CORINE land cover data on local window with radius equal to 2
kilometers. In this chapter, this 3 index was computed on a 1001 by
60 regular grid with 0.005 degree between each consecutive nodes (see
Fig. 6.4a).

The second dataset is about emissions from the car traffic. Indeed,
it is well known that cars reject a variety of gases in the atmosphere
(CO2, SOz, NOgy, etc) as well as small particles matters. In Belgium,
traffic represents about 50% of the emissions of nitrogen oxides. Among
the fleet of cars, diesel cars reject 3 to 10 times more NOx than gasoline
cars. Further, approximately 20% to 25% of these NOx are in fact NOo
(Brussels Environment, 2008). This source of information is particu-
larly significant as the proportion of cars working with diesel in Belgium
changed approximately from 30% in 1993 to 55% in 2007 (see FEBIAC,
2008 for more details on these statistics). It is also worth noting that,
among the 5 millions of cars, approximately 60% of the fleet belong to
the Flanders region, 30% to the Walloon region and 10% to the Brus-
sels region. For this study, a shape file with 3 levels (namely freeways,
beltways and highways) limited to the Belgian territory was converted
to raster files with a spatial resolution of 0.006 degree (see Fig. 6.4Db).

The third available dataset for this study was the population den-
sity. Humans do not emit NOy but population density is correlated with
domestic energy consumption (e.g. heating systems) and also emissions
from cars. Since the heating systems represents about 36% of nitrogen
oxides emissions in large cities such as Brussels (Brussels Environment,
2008), it would be useful to couple population density with temperature
fields in order to improve the representation of emissions from heat-
ing systems, in particular the fluctuations during wintertime. However,
though population density was available at some locations (but not on a
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Figure 6.4: Spatial illustration of the information sources related to anthro-
pogenic activities and available for the study : (a) the § index
proposed in Janssen et al. (2008), (b) the road network and (c) the
population density.
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regular grid; see Fig. 6.4c), neither temperatures maps nor temperatures
time series were known for this study.

Before making predictions, a first issue is the choice of the spatial
resolution. As mentioned, the spatial resolutions of the information
sources vary from 0.005 to 0.25 deg. Moreover, information sources
unfortunately do not share the exact same area. Therefore, the area
was chosen as the largest covered area (i.e. the area covered by the
meteorological variables) with a spatial resolution equal to % degree
(i.e. an intermediate resolution). Of course, as this resolution did not
correspond to any of the other resolution, finer information sources were
aggregated (i.e. [ index, population density and road network) and
coarser information sources were downscaled using a nearest neighbor
interpolation algorithm (e.g. for meteorological variables). The resulting
prediction locations were thus located at the node of a 39 by 63 regular

grid with % degree between two consecutive nodes.

6.5 Results

As explained in Section 6.3.2, the first issue was to infer the space-time
mean p(£,t) and the spatial variance 02(£) from Eq. 6.6 and 6.7. In
this chapter, this was achieved in 2 steps. First, for each of the 62
locations of the data set, (£, t) was estimated using a linear model with
9 parameters (1 for each of the weekday and 2 for the amplitude of the
sine curve), so that

2mdy(t 2mdy(t
pet) = Me,dl(t)+CeCOS< mda )> +5esin< mda( )>

365 365

where d; (t) and da(t) are respectively the day of the week and the num-
ber of day in the year for date ¢ (there are thus 7 possible values for
ted;(t))- Then, for the estimation of u(£,t) at other space-time loca-
tions, this first estimation was used in a inverse distance interpolation
method. Similarly to (£, ), the local variance o (£) was first estimated
at each of the 62 sampled locations and then interpolated at other space-
time locations with the same interpolation method.

Following the reasoning of Section 6.3.2 and using the estimated
w(£,t) and o2(€), the original observations were standardized using Eq. 6.8
and a space-time semi-variogram was estimated. Exponential semi-
variogram models were chosen for vsr(.,.), vs(.) and yp(.) and their
parameters were estimated with a least squares minimization algorithm.
Fig. 6.5 shows both the estimated semi-variogram and the fitted model.

On the basis of ;(£,t) and Cov (Z;, Z;) (see Eq.6.10), a straightfor-
ward prediction method is provided by the kriging formalism. Indeed,
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Figure 6.5: Space-time semi-variogram of the standardized values R; : (a) es-
timation and (b) fitted model from Eq. 6.9.

kriging is an easy-to-use linear predictor that only relies on u(€,t) and
Cov (Z;, Zj). Kriging is the Best Linear Unbiased Predictor (BLUP) in
the sense that it minimizes the variance of prediction among the set of
linear predictors (see e.g. Goovaerts, 1997; Cressie, 1991 for more de-
tails about the kriging formalism). Therefore, using p(£,t), Cov (Z;, Z;)
and observations at dates {t,t — 1,...,¢t — 4} (i.e. at dates before the
predicted day), Simple Kriging (SK) was used on the residuals for the
prediction at date (¢ + 1). Predictions were then compared explicitly
with the original values observed at (¢t 4+ 1). Fig. 6.6 shows such predic-
tions for several dates (right column). It can be seen that, though quite
acceptable in general and correctly modeling the overall space-time pro-
cess, the kriging predictions exhibit unnatural spatial patterns. This is
of course due to the small number of sampled locations. Further, these
predictions are often lacking in accuracy (see, e.g., Fig.6.6 on January
17th 2007) due to a lack of exogenous information. Clearly, as already
mentioned, air pollutant concentrations such as NOs are influenced by
(i) the physical state of the troposphere and (ii) the amount of emis-
sions in the area. It might thus be interesting to use these secondary
information sources within the BDF framework presented in Section 6.3.

6.5.1 Using physical properties of the troposphere

As mentioned previously, the concentrations of air pollutants are highly
influenced by the dynamics of the atmosphere. More specifically the dis-
persion properties in the boundary layer are mainly influenced by wind
intensity and thermal stability of the atmosphere. Though qualitatively
understood, quantifying these effects is not straightforward. Examples
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Figure 6.6: Space-time predictions of daily-mean NOy concentrations. On the
left column are the Simple Kriging predictions whereas Bayesian
data fusion ones are on the right column.
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Table 6.1: Summary table for the estimated parameters of Eq. 6.13

ot Bo B1 B2 Y
10U; -1.28 0.68 -0.01 -0.02 -1.74

of modeling solutions are proposed hereafter in order to explicitly ac-
count for selected physical properties of the troposphere.

The first selected variable for characterizing pollutant dispersion is
the wind speed at 10 meters height. Indeed, wind speed and air pollu-
tant concentrations are expected to be somehow inversely proportional.
However, if increasing wind speed contributes to reduce pollutant con-
centrations in some circumstances, the amplitude of the process is also
influenced by the local emissions. Therefore, the influence of wind speed
on pollutant concentrations was modeled using the modeling process pro-
posed in Appendix E. After plotting the scatter plot between wind speed
10U; and NOg standardized observations R; (see Eq. 6.8 for definition),
the following empirical assumptions were used

. 2
R0y, = o ePorAloUitB10U;
52 _ o, (6.13)
R;|10U;

[, |10u; @nd U§i|1oui were estimated sequentially based on non-linear least
squares minimization algorithm in MATLAB (Matlab, 2002) (see Ta-
ble 6.1 for the estimated values of these parameters). Fig. 6.7a shows a
superposition of the upper-defined scatter plot, the estimation of j,., 10,
and an estimated 95% region based on estimation of both g, 1oy, and
UIQ%illoUi and using a Gaussian assumption for the conditional distribu-
tion.

Similarly to wind speed, horizontal transport in the boundary layer
(HT) and vertically integrated turbulent kinetic energy (TKE) charac-
terize the efficiency of pollutant dispersion. Again, these variables are
thought to be inversely proportional to the concentrations of air pol-
lutants (and also with standardized values R;). Therefore, the same
approach was used for the empirical estimation of their influences on

NOQ, i.e.
Lrgw, = a+ et
2 . C“%i\wi (6.14)
O-Rz‘wz = €

where W is either equal to HT; or T K E; respectively (the parameters of
KR, T, and 012%1_| HT, being different from those of g, 7k g, and afmT KE;»
of course; see Table 6.2 for the estimated values of these parameters).
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Figure 6.7: Model of the conditional mean and the conditional variance of stan-
dardized NOy observations with respect to (a) wind speed in the
first 10 meters, (b) horizontal transfer and (c) turbulent kinetic

energy. Bold line stands for estimated mean and dashed lines rep-
resent symmetric 95% intervals.
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Table 6.2: Summary table for the estimated parameters of Eq. 6.14

a bo b1 c
HT, -197 089 -2x107° -1.40
TKE; -1.64 0.71 -2x1073 -1.75

Fig. 6.7b and ¢ shows the resulting models for the horizontal transfer
and the turbulent kinetic energy, respectively.

6.5.2 Using anthropogenic activities

Similarly to physical properties of the troposphere, the qualitative ef-
fects of indexes related to pollutant emissions (e.g. land use indicators,
proximity to road network or population density, etc) are well identi-
fied. On the other hand, there is a lack of quantitative characterizations
(Janssen et al., 2008). Model hypotheses are proposed next in order to
overcome this shortcoming.

As described in Section 6.4 and as proposed by Janssen et al. (2008),
the 2 index is an interesting secondary information source for space-time
prediction of air pollutant concentrations. Indeed, relying on land cover
data, this spatial index represents somehow the human activity in the
area. As suggested in Janssen et al. (2008), the 3 index can be used
in order to better interpolate mean concentrations (i.e. w(£,t) in this
chapter). Again, the interpolation of u(£€,t) by means of this index has
the advantage that the corresponding conditional distribution will be in
accordance with the prior pdf f(z;). To do so, values of u(£,t) estimated
at space-time sampled locations were first used to fit the parameters of
a function such as in Eq. 6.14, then the fitted model was applied to the
[ values at other space-time locations where predictions are sought for.
Secondly, conditional variance was estimated using the relation

o3, t) = ?(L, t)e ot (L)’ (6.15)

with @ > 0 and where pg(€,t) is the modeled conditional mean with
respect to the 3 index.

For the case of road network and population density, the approach
chosen here was very close to the one of the § index. The main difference
was that the models for the conditional means were linear with respect
to explanatory variables (multivariate linear in the case of road network
as there was three kind of roads). Again, for the conditional variance,
Eq. 6.15 was used with another set of parameters for each information
source.
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Final prediction and validation

Using the six information sources as described in Sections 6.5.1 and 6.5.2
along with Eq. 6.5, predictions were made on a regular grid. Fig. 6.6
(right column) shows these results when using secondary information
only at the prediction location. The benefits of these secondary infor-
mation sources are clear. Contrary to SK predictions and thanks to
these information sources, the BDF predictions exhibit relevant local
patterns. The effect of anthropogenic information sources are non negli-
gible, especially on the Northern part of the study area where one could
explicitly see the Belgian and Dutch coastlines. More generally, one
can observe these effects mostly on isolated locations (i.e. for locations
situated far away from the sampled ones).

It is worth noting that influences of secondary information vary
highly in time and in space. This is of course due to the fact that
both the conditional means and the conditional variances were modeled
using the space-time mean u(¢,t) that also varies in space and in time.
As a consequence, on days characterized by efficient dispersion (e.g. on
February 8 2007), concentrations predicted with the BDF approach are
significantly lower than the SK ones (see Fig. 6.6b and f). This is even
more obvious for week days since their means are generally higher than
for weekend days (see Fig. 6.2). In such situations, meteorological data
were able to correct the detrimental influence of the prior distribution
on SK predictions. Furthermore, land-use related indexes provide finer
scale information (i.e. 3 times finer than the meteorological variables) so
that local patterns (and in particular the differentiation between rural
and urban zones) can clearly be seen in the BDF predictions.

Another interesting observation is the fact that the BDF predictions
in the adjacent countries (namely France, Netherlands, Luxembourg and
Germany) are much more realistic than the SK ones. This is of course
due to the fact that SK predictions rely only on data sampled in Bel-
gium and does not account for the secondary information located outside
Belgium. Thus, for locations in those countries, secondary information
sources are quite influential on the final predictions giving less credit
to farther sampled locations. BDF was thus able to account for the
secondary information in order to improve the global knowledge at un-
sampled locations.

Using the SK and BDF daily predictions, it is straightforward to
compute annual properties over the study area (see Fig. 6.8a and c).
It is clear that both methods provide results in good agreement with
the true annual mean concentrations estimated as means from the raw
data (filled circles on the maps), though BDF produced more realistic
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prediction maps (e.g. see littoral zone and local patterns). However,
BDF outperformed SK on the number of days for which daily mean
were above 80ug/m? (see Fig. 6.8b and d). This threshold has been
chosen in order to specifically select situations characterized by a greater
exposure to NOo. Indeed, SK overestimated that number of days at
several locations, whereas BDF was much closer to the actual number
of high concentration days computed from the raw data (again, see the
filled circles on the maps).
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Figure 6.8: Mean concentrations in 2007 (a and ¢) and total number of high
exposure days in 2007 (daily mean higher than chosen threshold
of 80ug/m3; b and d) for both methods. (a) and (b) stand for
Simple Kriging whereas (c) and (d) stand for Bayesian data fusion.
Circles represent the observed mean concentrations and observed
total number of high exposure days on the raw data.

Prediction variance is a common indicator for the quality assessment
of space-time prediction methods. By definition, the variance of predic-
tion is the variance of the difference between the unknown target variable
and its prediction, namely Var(Z,— 20). Therefore, if one compares two
prediction methods, one should use the one with the smallest variance of
prediction. Fig. 6.9 shows these variances of prediction for both SK and
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BDF for the same dates as in Fig. 6.6. It is clear that BDF prediction
yields smaller variances of prediction than SK. It is worth noting here
that for days with particularly windy meteorological conditions, there is
a significant drop in the BDF variance of prediction compared to the SK
one (see Fig. 6.9¢ and f). Further, it can be seen on Fig. 6.9g and h how
the number of secondary information sources affects the variance of pre-
diction for some locations (South-West part of the study area). Indeed,
since this number is smaller at those locations, the variance of prediction
slightly increases. Variance of prediction thus shows clearly how sources
of secondary information were able to increase the precision of the BDF
predictions, thus increasing the knowledge on NOy predictions.

Although visual interpretations were clearly in favor of the BDF pre-
dictions, a validation was also performed for both methods. Predictions
were made at the sampled space-time locations for different time-lags
(i.e. predictions were performed at time t+ 1 day, t + 2 days, ..., t+ 10
days using past observations up to time t only along with the complete
meteorological information). Fig. 6.10 shows the evolution of the Root
Mean Square Error (RMSE) of both methods for some of these time-lags.
Though results are very similar for ¢t + 1 predictions, BDF outperformed
SK for larger time-lags as SK performance drops steadily along with the
time-lags. This observation is as clearer as the time-lag increases. This
shows of course that though SK method is quite acceptable for short-
term predictions, its accuracy and its precision drop steadily when the
time-lag increases. Moreover, as the quality of SK decreases, the influ-
ence of meteorological variables increases and enables to better estimate
NO3 concentrations for longer term predictions.

As the whole NOs distribution is known for each location through the
fact that Gaussian distributions were assumed and that both the mean
and the variance are known, it is easy to estimate the probability that
NO; concentrations will exceed a given threshold. Fig. 6.11 shows the
probability map that NOy concentrations will be higher than 50 ug/m?
for the same dates as in Fig. 6.6 and 6.9 and for both SK and BDF.
Therefore, as the observations at prediction day were not accounted
for in the predictions, this somehow validates if the two methods cor-
rectly predict the probability of threshold exceedance. Again, a simple
comparison between columns in Fig. 6.11 leads to the conclusion that
BDF outperformed SK. This is especially obvious on February 8, 2007
(Fig. 6.11b and f) where SK predicts high probability of exceedance all
over in Belgium and in The Netherlands whereas BDF correctly predicts
high probability of exceedance at only two locations (close to Antwerpen
in the Northern Belgium and Brussels in the Central Belgium). Again,
this is mainly due to the windy meteorological conditions for this date,
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Figure 6.10: Comparison of the RMSE values of Simple Kriging and of BDF
predictions with respect to different time-lags of prediction. Each
+ symbol refers to a different sampled location.



6.6. Discussion and Conclusion 131

leading thus to a drop in the NOgo concentrations except in the biggest
cities.

6.6 Discussion and Conclusion

In this chapter, the Bayesian data fusion (BDF; Bogaert and Fasbender,
2007) method was applied to the space-time prediction of air pollutants,
more specifically to the case of NOg in Belgium. The proposed method
showed its ability to account for several secondary information sources
(in this chapter, the number of secondary sources ranged from 3 to 6
depending on the location). These results led to the conclusion that the
use of secondary information is relevant, particularly in case of windy
meteorological conditions which lead to a drop in the NOs concentra-
tions.

A particular effort was devoted to the presentation of some specific
precautions that one should take when using the BDF formula. Indeed,
though BDF is a sound theoretical framework, its implementation to real
case study should be cautious. Several theoretical properties linking the
conditional and marginal distributions should be respected in order to
avoid numerical issues. After a short description of these theoretical
properties, a solution was also proposed in order to avoid these pitfalls.

As a validation procedure, each prediction on the entire area was first
overlaid to the raw values for the same day. By this, one could check that
the BDF prediction was relevant and rather close to true observations.
Based on predictions over the year 2007, annual means were computed
for both BDF and Simple Kriging (SK) methods. These maps were quite
acceptable for both methods as no particular shift was observed between
the maps and the annual means of the sampled locations, even if the
BDF map seemed to be much more relevant thanks to its local patterns.
Similarly, for each location in the prediction map, the number of times
that the prediction crossed the 80ug/m? threshold over the year 2007
were computed for both methods. By comparison with the true number
counted at sampled locations, SK overestimated this number whereas
BDF results were in very good agreement. Variances of prediction of
both methods were also compared. Results revealed that BDF prediction
variance was always smaller or equal to the SK one, especially in the
case of windy meteorological conditions. Probability maps of crossing a
given threshold (50ug/m? here) were easily estimated using a normality
assumption. Again, BDF results were better than the SK ones, as high
values of the predicted day are generally associated with locations of
higher probability, contrary to SK. Finally, predictions were made on
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sampled locations and Root Mean Square Errors were computed for each
sampled location, thus providing a quantitative validation of the results.
Though results are quite close for short time-lags, BDF outperformed
SK for larger time-lags (see Fig. 6.10). This was of course due to the
fact that correlations between observations and variables to be predicted
decrease as for the time-lag increases.

It is worth noting that, in this application, information sources did
not share the same support (i.e. the same area). Indeed, though raw
NOg observations were valid for rather small areas, meteorological vari-
ables, population density and land use indexes were provided on grids
(regular or not) with different resolutions (from 0.005 to 0.25 degree).
For sake of simplicity in this chapter, an intermediate resolution (0.25/3
degree) was chosen and information were downscaled (resp. upscaled)
on the selected regular grid. Using the theory of regularization of semi-
variograms, it should be possible to account explicitly for this change-
of-support issue. This possibility was not investigated here and is left
for further research on the topic, though accounting for this effect is not
expected to drastically change the previous conclusions.

As mentioned in this chapter, BDF has the advantage that spe-
cific modeling assumptions can be considered separately for each sec-
ondary information source in a complete and sound theoretical prob-
ability framework, contrary to other existing methods. Indeed, as an
example, cokriging methods enable theoretically to account for several
secondary variables, but relationships between variables are assumed to
be linear only and these methods generally rely in practice on strong
hypotheses (e.g. Linear Model of Coregionalization), limiting thus the
scope of theses methods when applied to more complex situations. The
BDF framework is thus a significant improvement among geostatistics
methods and should be implemented in future space-time applications.
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Conclusion

In this thesis, we proposed a Bayesian data fusion (BDF) framework in
the context of space-time prediction of environmental variables. Based
on a simple error model and the use of Bayes’ theorem, the BDF ap-
proach aims at reconciling several information sources that are all related
to the same non directly observable variable into a unique prediction
framework. The number and the nature of these information sources
are not restricted in theory, as all possible combinations of continuous,
categorical or mixed random variables can be accounted for, whether
they are observed at the same location or not. For these reasons, the
proposed BDF framework enables us to theoretically tackle a wide set
of real-case situations in environmental sciences.

In contrast with classical geostatistical methods (such as kriging-
related ones) but similarly to modern ones (e.g. Bayesian Maximum
Entropy paradigm; Christakos, 1990, 1991), the BDF framework pro-
vides the whole posterior distribution and not just some of its statisti-
cal moments (i.e. the mean, the mode, the median, the variance,...).
By achieving this, the information provided by the final prediction ex-
ceeds that of classical methods, as it is possible to directly derive every
needed property from the distribution itself (e.g. statistical moments or
intervals of prediction). Furthermore, although applications presented
in this thesis assumed Gaussian distributions, the BDF approach is
distribution-free (i.e. in theory BDF is not limited to any particular
choice of distribution). However, the choice of Gaussian distributions
still remains an important one as it has several interesting properties
that can be useful for practical applications; e.g., analytical expressions
for the mean and variance of the posterior distribution whereas results
can only numerically be obtained if this hypothesis does not hold true.

The procedure proposed in the BDF framework has the advantage to
be well-stated and presented with intuitive underlying hypotheses. The
BDF framework starts from the simple idea that the variable of interest
is not directly observable, but is related to some secondary observed
variable through an error-like model. Using thus the Bayes theorem
along with some independence hypotheses, the method provides an easy
way to account for several information sources in a space-time predic-
tion context. Furthermore, as the hypotheses are expressly stated at
each step of the development, it is easy to exchange the set of hypothe-
ses that will best fit with the application at hand. As an example, it is
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therefore possible to gather secondary variables for which relationships
between the variables of interest and the secondary information sources
can not be neglected and assume independence hypotheses only condi-
tionally to the primary variable for the remaining secondary variables
(see Chapter 3 for a practical example).

As suggested in the introduction and as already expressed in this
conclusion, we focused our attention on the consequence of the model-
ing hypotheses on the final prediction. In the proposed BDF framework,
these hypotheses are rather weak : conditional independence of the sec-
ondary variables with respect to the variable of interest. Therefore, the
BDF theory potentially encompasses a wide set of typical situations!.
Furthermore, it was proven that assuming these weak hypotheses can
be justified on the ground that they maximize the entropy in absence
of clear joint information (see in Chapter 1 for the detailed proof). As
a consequence, BDF is a relevant choice either because the application
is in accordance with the BDF hypotheses or because the loss of infor-
mation due to this choice is rather negligible. This was illustrated in
Chapter 2 where it was shown that the loss induced by these weak hy-
potheses in BDF was not significant with respect to cokriging results,
even in situations where cokriging is known to be the optimal predictor.

As discussed in Chapter 1, the BDF framework proposes also an
easy and straightforward way to update previous prediction maps, as
long as the uncertainty associated with these maps is known. Indeed, it
is clear from the BDF equations and from the independence hypotheses
that the update of existing maps only involves products of distributions.
Furthermore, it was also shown that in the case of Gaussian distribution
(or at least, in case where Gaussian distributions are assumed), the
BDF formulation simplifies to the so-called Naive Bayes Fusion rule. As
simple as it might appear at the first sight, this fusion rule for updating
existing maps is experimentally observed to be surprisingly accurate and
efficient, at least for a first approximation of the updated map.

In the second part of this thesis, the BDF framework was applied
to four different applications in environmental sciences. The two first
applications involved the spatial enhancement of remotely sensed im-
ages where for both cases the goal was to merge spectral information
(i.e. spectral bands) at different spatial resolutions in order to get fused
images at the highest possible spatial resolution. Remotely sensed im-
ages are singular examples of secondary information as measurements
are exhaustively observed over space, with the specific and convenient

LThis is in opposition with strong hypotheses that restrict typically a given theory
to few particular cases.
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property that interpolation is not even needed here. Results provided
by the BDF implementation were encouraging compared to existing and
widely used image fusion methods. Indeed, colors were best preserved
by the BDF method and there were fewer artifacts in the BDF fused im-
ages than for other typically used methods such as wavelet-based ones
(see e.g. Garzelli and Nencini, 2005) or downscaling cokriging (Pardo-
Iguzquiza et al., 2006). Furthermore, it was shown in Chapter 3 that the
use of a weighting parameter is a significant and valuable contribution
as it enables the user to tune the final results to his own objectives (i.e.
color preservation versus higher spatial details).

The third application dealing with the spatial estimation of a wa-
ter table illustrated very well the importance of modeling hypotheses
in geostatistics. Indeed, it was shown that cokriging failed to account
correctly for secondary information (a Digital Terrain Model here as
suggested by Hoeksema et al., 1989; DTM), mainly because cokriging is
merely a linear prediction method (i.e. relations between variables are
assumed to be linear). On the contrary, BDF was able to account for the
non-linear relationships between the water table level, a DTM and the
proximity to a river network. Thanks to the definition of a measure of
the proximity to the river network, it was easier to code the information
brought by the river network and to model its relation with the water
table depth. This was motivated by the assumption that the water ta-
ble elevation is expected to be close to the DTM one at proximity of
the river network and then that the DTM information loosens its influ-
ence for further locations. Contrary to cokriging, the BDF framework
was thus able to account for this diversity in the uncertainty associated
jointly with the DTM and the river network, leading thus to more mean-
ingful results (e.g. local patterns induced by the DTM were present in
the BDF results).

Though previous applications were only refering to a spatial predic-
tion problem, the last application in Chapter 6 illustrated the possibility
of extending BDF to space-time prediction issues. Theory presented in
Chapter 1 was explicitly adapted to the case of space-time prediction,
more specifically to the case of concentrations of air pollutants. In this
application (illustrated by the real-case study of NOgy concentrations in
Belgium), up to six secondary information sources were available at some
locations (e.g. wind speed, turbulence index, land use index, road net-
work, population density). From a practical viewpoint, results showed
that the method leads to encouraging perspectives in terms of tempo-
ral predictions of NOs concentrations, which is of particular interest for
real-time alert systems.
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In the light of the results obtained for real-case applications, the BDF
framework has a promising potential in environmental sciences. Indeed,
similarly to the case of NOg air concentrations, most of the environmen-
tal applications typically involve several non-linear processes. Regarding
the classical way to tackle this kind of issues and for aforementioned rea-
sons, the BDF approach proposes a convenient alternative and can be
expected to be routinely applied for some environmental applications.

Perspectives

We already mentioned that BDF is distribution-free. However, in our
applications, we assumed Gaussian distributions both for the prior and
the conditional distributions. An obvious perspective is thus to set aside
these Gaussian assumptions by using other distributions. Bogaert and
Fasbender (2006) investigated the possibility of estimating prior distri-
butions using marginal distributions and correlation coefficients, but the
gain with respect to the Gaussian prior remains unclear. However, non-
Gaussian conditional distributions offer promising perspectives for more
complex applications. Furthermore, it could be interesting to assess the
real influence of those Gaussian assumptions on prediction maps in case
of significant singularities in the conditional distributions (e.g. asym-
metric distributions, semi-bounded domains, long tailed distributions,
multimodal distributions, etc).

In this thesis, the BDF theory was only developed for the prediction
of continuous variables. It is however possible to extent these develop-
ments to the case of categorical variables as well. Similarly to the case
of continuous variables, this will enable us to potentially account for a
wide diversity of information involved in the prediction of categorical
variables. The production of soil maps, occupation maps and land use
maps are just examples of typical situations for which the influence of
the proximity to a river network, to cities or to industrial zones is a
valuable information, so that similarities can be found with the water
table application of Chapter 5. Furthermore, updating such maps is an
important issue that can be easily tackled by the BDF approach.

In environmental applications, information sources might be asso-
ciated with diverse uncertainty so that there is a distinction between
uncertainty associated with the information sources (i.e. the shape of
the conditional distribution) and the reliability of the sources them-
selves (i.e. the quality of the information). As an example, if we want
to merge an existing map that contains 90% of errors with a second one
that contains only 10%, the contribution of the first map to the final re-
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sults should be rather minor compared to the contribution of the second
one. Chapter 1 mentioned the possibility of weighting the information
sources so that credit given to each of these sources can be accounted for
in the fusion process. This idea was successfully applied in Chapter 3
in order to propose an adaptable image fusion algorithm. However, al-
though this idea is very promising, the unanswered question is how to
choose or estimate these weighting parameters in practice. Franken and
Hupper (2005) already proposed an easy way for such estimation when
fusing (multivariate) Gaussian distributions only, but there is still need
for further investigations when using other distributions.

In this thesis, we assumed that both the prior and the conditional
distributions were known or that they could be easily inferred. In the
proposed applications, several parameters were thus estimated for those
distributions. However, the uncertainty of the estimated parameters
were never accounted for although this might lead to significant changes
for the posterior distribution. Fortunately, the generalization of the
BDF framework to classical Bayesian statistics (i.e. statistics that ac-
count for parameters uncertainty) should be easy. Indeed, accounting
for uncertainty in Bayesian statistics is done by means of integrals and
prior distribution about the parameters, a methodology which directly
fits within the BDF framework. The impact of parameters uncertainty
on posterior distributions will then not be neglected anymore.

The NO4 application of Chapter 6 raised some issues about how to es-
timate jointly both the prior and the conditional distribution for avoid-
ing consistency issues. Indeed, numerical instabilities were observed
under some circumstances (see Chapter 6 for more details about this).
There is thus a real need for sound theoretical methodologies that enable
us to avoid this problem. Nevertheless, as we have not search exhaus-
tively in the literature yet, such methods might already exist in other
branches of statistics.

Although BDF can be viewed as sound from a theoretical viewpoint,
there still are practical limitations when applying it in cases of secondary
information that are non-exhaustively observed in space and time. In-
deed, BDF equations rely on the computation of multivariate integrals,
a task that becomes difficult and cumbersome as the number of integrals
increases (except in some circumstances ; e.g., if Gaussian distributions
are assumed). In that context, it could be valuable to write and gather
in a library generic implementations of BDF for an easier diffusion in the
scientific community. It is worth knowing that there already exists such
a library for BME (BMELib, 2008). The new BDF library might thus
rely on several programs of BME as both BDF and BME need similar
integral calculus resources and also share some similarities.



Perspectives 141

From a practical viewpoint, due to a lack of methodologies, it might
be necessary to restrain the number of locations for the secondary infor-
mation since the computation of multivariate integrals becomes difficult
as this number increases. Moreover, it is also worth noting that the
influence of the secondary information on the prediction decreases along
with its distance to the prediction location, so that accounting for further
secondary information has almost no effect on the results in practice. It
is thus rather sufficient to account for closer secondary information as
additional information will generally be too far for significantly influ-
encing the final results. In Chapter 1, we suggested a simple forward
selection procedure for selecting sequentially the subset of secondary
variables that maximizes its mutual information when combined with
primary variables, but this procedure has not been tested in practice
yet.
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Appendix A

Kriging with measurement
errors

Assume that Z is a random vector sampled from a Gaussian second-order
stationary spatial RF 3 = {Z(x) : x € D C R4 Z(x) € R} so that 3
is fully characterized by its mean function u(x) and covariance function
C(h). Let us denote Xz = Cov[Z], uy = E[Z]. Let us consider that
E[E] = 0 and Cov[E] = 041, where I is an identity matrix of appropriate
size. For Y =Z+ E, we thus have puy = puy and Xy = Yz + J%I
because E 1 Z. Let us now consider the following partitions

v w) (3 %)
(Yb> Hz <Nb T\ %

The simple kriging with measurement errors predictor Z{ and the cor-

. . . 2,
responding prediction variance oj”

are then given by the expressions
ZP=N(Yy— ) +po ; 0P =02 —N(Sp+o02DA (A1)

where the vector of weights A is the solution of a linear system of equa-

tions
Sy +opDA=0 = XN=0' (S +o3D)"!

Using Eq. (1.6) under the same hypotheses, it can then be shown that
78 =E[Zly] 5 o5 = Var(Zoly]

Indeed, from Eq. (1.5), it is clear that we have
f(y.z) = f(ylz)f(z) = f(2) H fE(yi — zi) (A.2)
i=0
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Plugging the expression of the Gaussian pdf’s into Eq. (A.2) gives

1 B 1
.2 xexp (=3 ) S5 ) — 1 (v - (v - 2) )
1 _ 1
=exp(—=(z— pz) (7' + 1) (2 — pz)
2 o
1
+2—2(y —uz) (z—pz) — = —pz)(y — pz)
o 207
1 1
—1
1 7 !/ EZ + 0_72]: —0_72]: 7 —
=exp | —= ( NZ) 1 E 1E ( /"’Z)
2 \y — gz 1y 1y \y—wz
o 0%

2
2UE

and this final expression proves clearly that (Y, Z) is multivariate Gaus-
sian with E[Y] = E[Z] = pyg, where the inner matrix in the last line
is the inverse of the joint covariance matrix Xy z), so that taking its
inverse gives

> | Xz Xz
Y2) =\ Bz Bz +02l

Therefore, we know from multivariate Gaussian distribution theory that
Zy|y follows a Gaussian distribution with conditional mean and variance
given by

-1
E[Zoly] = o' (Sp + 0%1) (Y5 — ) + 1o = N (Yp — ) + p10

Var[Zyly] = 0§ — o' (S + JJ%I)_1 o

these being precisely the expressions for Z} and 0'(2)’p as given by Eq. (A.1).
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Maximum entropy with
known moments

If we assume that we only know the vector of means pu and covariance
matrix ¥ for (E/,Z'), with

HE Yg V
# ( Hz, > ( V. Yg )
then we know that the maximum entropy solution for its joint pdf will
be (E',Z") ~ N(u,), with entropy H(E,Z) given by

H(E,Z) =In+/(27)?*" + In /det(X)
so that H(E,Z) is maximum if det(X) is maximum. We also know that
det(X) = det(Xz) det(Xg — VE,'V)

where det(Xz) is known and where Xg — V3,V is the Schur’s comple-
ment. From Fisher’s inequality, we have

det(X) < det(Xz) det(Xg)

with equality occurring for V' = 0, thus showing that assuming the
independence E 1 Z leads to the maximum value if V' is unknown.
The maximum entropy solution is thus obtained with Z ~ N(uz, Xz),
E ~ N(pg,2Xg) and E | Z. From Hadamard’s inequality, we also have

det(Sg) < [] 0%,
=0
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and as we finally know that

0%, 0 0
n 0 o 0
det(D) = [[o?, ~ with D= -
Pl D S
0 o .. ‘72En

this shows that det(¥) < det(Xz)det(D). If only variances 01251: are
known instead of Xg, the maximum entropy is thus reached by assuming
additionally Ey L --- L E,.
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Details for Chapter 3

Let us remember that the pdf f(z) of a multivariate Gaussian vector
with mean vector p and covariance matrix 3 is given by

f(z) x e 2% T et B s (C.1)

Using this expression in 3.3 along with the specific assumptions in Sec-
tion 3.4.2yields the result

Falys,yp) o fz(2)fes(ys — gs(z)2—®)
X fep(yp — gp(2))*"

xeop (21w (vs — 955 vs—2))

Xexrp (—211);2 (yp —a— z/,B)/ (yp —a— z’ﬁ))

20p

1
x exp (—2(1 — w)iz'Eglz +2(1 — w)ygE§1z>

1 1
Xexp 72w—2z',ﬁﬁlz +2w— (yp — ) Bz
20p op

x exp (—;z' (2(1 —w)Eg" + 2w01]23,8ﬁ’> z)

xexrp <<2(1 —w)ysEg! + 2wai2 (yp — ) ﬁ’) z> )

P
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By identification of the terms in this expression with the terms in C.1,
we find that p,, and 3, are given by

By = S (2(1 —w)E5'ys
1
+ 2w—(yp — a)ﬁ)
O'P 1
2,0 = 20l -w)E5! + 20— 88
Op

Results for p and X in the non-weighted case are directly obtained by
setting w = 0.5 in these expressions.
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Details for Chapter 5

Assuming that X is a Gaussian random variable with mean equal to b
and variance equal to a?, its pdf must be given by

——— (r—1D)?
@) = e 227
2ma
1 b
x e 2da? a? (D.1)

For the water table prediction study, it was shown that (see Eq. (5.7))

f(20lzs)
f(z0)
Assuming now that all these pdf’s are Gaussian and plugging the cor-

responding expressions given by Eq. ( D.1) into the previous equality,
one obtains

f(20lzs, DEM (%), dpEm(Xo)) o< f(20| DEM (x0), dpEn(X0))

f(z0lzs, DEM (x0),dpEnr(X0))

171 1 1Y o Mk | Hd  fo
‘2<g2+a2‘a2>%+<02+a2‘gz w0
k E 0 k B 0/ (D.2)
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By direct identification between Eqs. (D.1) and (D.2), it is now easy to
see that

f(20lzs, DEM (x0),dpEn(X0)) is also a Gaussian pdf with a mean pup
and a variance a?g that are given by

Mk Hd Ko 2
= 7—’_7_7 o
n <ai ok ag> ”

PR S U
P \o2 oL o2



Appendix E

Properties of the fused
variance

Assuming that f(z;) (resp. f(zilyi;) for a given y; ;) in Eq. 6.5 is a
Gaussian distribution with mean equal to p (resp. p,) and variance o

(resp. 05), then the ratio ‘W is proportional to a third Gaussian
Zi
distribution with mean equal to ur and variance equal to 012; where
22
52 0,0
F 02— o2
(E.1)
_ Py —ogp
/’[/F - 2 2
0% — o,

Now recoding 05 = a?0? (a® < 1) in Eq. E.1, it is clear that pur =

42
%sothat
+oo if puy < p
hm pp=q p  ifpy=p
W< —oo if puy > p

As a consequence, the only admissible situation is 1, = p1, otherwise the
use of Eq. 6.5 leads to meaningless results.

One way to circumvent this difficulty is to follow the four steps of
this modeling process

1. define R; as in Eq. 6.8

2. use Y ; observations to model ug,y, . (= Eg, [R:]Y;])
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3. use pp,|y; ; values to model U%?z‘lyi,j (= Varg, [R;]Y; ;]) such that
a) lim o%, =1
( ) KR;|v; ;—0 RilYis
. 2 _
(b) lim TRy, =0

iR,y ;1—+00

4. back-transform the modeled LR, |Y: and 012'%~|Yv _ to the original
B RSN
variable Z;, i.e.,

(&) pzv,; = clur,y,, + 1L, t;)
2 _ 2 2
() 9Ziviy = TRy, O (&)
Thanks to this, the mean pp (resp. variance 0%) of the fused Gaussian

distribution will tend to p (resp. to +00), leading thus to a meaningful

f(zilyig)
702 in Eq. 6.5.

contribution for the ratio
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