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Can random proximal coordinate descent be accelerated on
nonseparable convex composite minimization problems?

Flavia Chorobura!, Francois Glineur? and Ion Necoara

Abstract—1In this paper we consider convex composite op-
timization problems, where first term is smooth, while the
second term is proximal easy but nonseparable (possibly non-
smooth). For this problem we adapt the accelerated proximal
coordinate descent algorithm from [7], initially developed for
convex composite problems having the second term separable.
We study convergence to a coordinate-wise minimizer point,
and derive convergence rate in expected function values of
order O((C + (E[S7])+)/k?). The first term, C, coincides
with the usual constant appearing in the rate of accelerated
gradient type methods, while the second one, S,f, measures the
nonseparability of the second term in the objective along the
iterates. We conjecture that the second term, S;f, is bounded
as this is what we observe in all our numerical simulations and
that coordinate descent can be accelerated.

I. INTRODUCTION

In this paper we study the convergence behavior of an accel-
erated random proximal (block) coordinate descent method
for solving composite optimization problems of the form:
F* = min (o) i= f(x) + (), (1)
where f : R™ — R is a convex function with a (block)
coordinate-wise Lipschitz gradient and 1) : R™ — R is convex,
proximal easy along cooordinates, nonseparable function
(possibly nonsmooth), where R = R U {+oc0}. Optimization
problems having this composite structure permit to handle
coupling functions 1 (e.g., |Az||P, with A linear operator
and p > 1, group sparsity, TV regularizations and indicator
functions), and arise in many applications [4], [9], [10].

State of the art (Accelerated) proximal coordinate descent
methods have fast convergence and a small cost per iteration,
hence they are widely used to solve large-scale problems
[11]. The criteria for choosing at each iteration the coordinate
over which we minimize a local approximation differs among
these methods (e.g., greedy, cyclic or random coordinate
search), see also the survey [17]. However, when dealing
with composite problems involving a nonsmooth term, the
studies [2], [3], [5], [7], [10], [11], [14], [15] require the
latter term to be separable, ie., ¥(z) = Y., ¢i(z;),
where z; is the ith (block) component of x. In particular,
accelerated coordinate descent algorithms for solving the
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convex optimization problem (1) with ¢ = 0 were proposed
in [2], [11], [14] and sublinear rates of order O (1/k2) were
obtained in function values (k denotes the iteration counter).
Further, for the composite optimization problem (1) with
separable, the standard random proximal coordinate descent
achieves a convergence rate of order O (1/k) [10], [15],
while accelerated variants have rate of order O (1 / k2) [7].
For problem (1) with nonseparable function ¢ full proximal
coordinate descent schemes were proposed recently in [1],
[8]. It was obtained in [8] linear rate when the objective
function is strongly convex, while, in [1] sublinear rate of
order O(1/k?) was derived for an accelerated coordinate
descent algorithm.

Contributions In this paper we extend the accelerated prox-
imal coordinate descent algorithm proposed in [7], initially
developed for convex composite problems having the second
term separable, to the case of nonseparable . We study
convergence to a coordinate-wise minimizer, and derive
convergence rate in expected function values of order O((C+
(IE[SZE])JF) /k?). Note that a coordinate-wise minimizer point
it is not necessarily a solution of the problem (1) (see
Definition 1). However, any solution of (1) is a coordinate-
wise minimizer. More specifically, our contributions are:

(i) We extend the accelerated proximal coordinate descent
algorithm proposed in [7] to convex composite problems
having the second term nonseparable. This method does not
require the computation of (the block of) the full proximal
operator at each iteration. Instead, one needs to compute the
proximal operator along a single block of coordinates. Hence,
in general, our method has low cost per iteration and can be
applied to larger classes of problems than [1], [8].

(i) We show that the expected difference between function
values and the function evaluated at some coordinate-wise
minimizer =%, ie., E[F(zy) — F(x#)], is bounded by
o((Cc + (E[S,fﬁ])_s_)/kQ) First term, C, coincides with the
usual constant appearing in the rate of accelerated gradient
type methods, while the second term, S;f, measures the
nonseparability of the second function ¢ along the iterates.
(iii) Although, we cannot prove a bound on Sif , We conjec-
ture that this quantity is bounded and that the algorithm con-
verges with a rate O (1 / k2) to a coordinate-wise minimizer
of the nonseparable problem. Indeed, in our preliminary
numerical simulations, we observed empirically that S,’f is
bounded and the algorithm converges with a rate O (1/k?).

II. PRELIMINARIES

In this section we present the basic assumptions for com-
posite problem (1), some definitions and preliminary results.
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We consider the following problem settings. Let U € R"*"
be a column permutation of the n X n identity matrix and
further decompose it into N submatrices U = [Uy, ..., Un],
with U; € R™ ™ and Ef\ilni = n. Then, any vector
2 € R™ can be written uniquely as x = Zfil Uiz, where
) = Uz € R™. Throughout the paper the following
assumptions will be valid.

Assumptions 1: A.1. The gradient of f 1is (block)
coordinate-wise Lipschitz continuous with constants L;:

U (Vf (2 + Ush) —

forallz e R", heR" and ¢t =1: N.

A.2. A solution exists for (1) (i.e., optimal value F'* > —00).
A.3. Functions f and 1) are convex.

A.4. Function %) is simple in the sense that i restricted to
any block of coordinates (i.e., any subspace generated by
U; € R™*™) is proximal easy.

V@)l < Lil|h]| 2)

If Assumption Al holds, then we have the relation:

flx) = (UI'V f(z),h) <

for all x € R",h € R™ and 7+ = 1 : N. We consider the
following norms: [[z]|2 = SN Lillz@|? and || =
vazl |z ||2. For a given function 1) and a point z, the
partial functions along the subspaces generated by U, are
denoted as: ¢7(d) = ¢ (z+U;d) Vi=1:N. Let us define
a coordinate-wise minimizer for problem (1).

Definition 1: A point z# € R" is a coordinate-wise
minimizer of (1) if the following holds:

Li
fla+ Ush) - DL®)

F(a#) < F(a* +Uid) VdeR™, Vi=1:N, (4
or equivalently, for all i =1: N,
3 g e 6¢f#(0) such that  V;f(z#) + g7 = 0. (5)

Note that, since Ff# is convex function, (4) holds iff
F(d) > F="(0) + (0, d) or equivalently, 0 € F*” (0) =
Vif(z#) + 5‘7721;”# (0). It is clear that a minimizer of convex
problem (1) is always a coordinate-wise minimizer. However,
the converse is not always true, unless extra conditions on
1) are satisfied, such as i being differentiable or separable,
see also [6]. Let us recall a basic result related to the
optimality conditions for mingegom ¢ 8(z) + ¢(x), where 0
is differentiable function and ¢ is convex function on the
convex domain dom ¢, i.e., if y, is a (local) minimizer, we
have [12]:

(VO(ys),y — ys) + &(y) > d(ys)
III. ALGORITHM APPROX

Vy € dom¢. (6)

In this section, we extend the accelerated proximal coordinate
descent algorithm proposed in [7], called APPROX, to the
case of nonseparable 1. Note that in step 4 we do not require
the computation of (block of) the full proximal operator of
1. Instead, we need to compute only the proximal operator
along a single block of coordinates. When v is separable
function, this algorithm is the same as in [7].

Algorithm 1 Algorithm APPROX

Given a starting point xy € R™. Set zg = x( and 0y = %
for £ >0 do

1. Set yr = (1 — 0k)xg + O2k

2. Choose index iy € {1,..., N} uniformly at random
3. Set zpy1 = 25
4

Compute z,(f_’;i =

% NekLz % %
y) + = e <k>||2+w<zk+Uik<zfz,i“>>

5. Update: xx4+1 =y + N&k(zkﬂ — Zk)

VO + 467 — 607
2

arg mm (UTVf(yk) -
Zz€R™

Op+1 =
end for

The sequence 6}, satisfies [7]:

1 =01 1
— — and 0}, < . 7
T2, 2PN ™

Our convergence follows similar lines as in [7]. Let us define:

Zhy1 = argmin  (Vf(yr), 2 — y)
z=(z(D) ... z(N))eRn
N
Hz 2l + D v + Uiz = 27). ®)
=1

(z) . .
i z 1=1
Note that, we have: z,(fll =3 WY, k
20, 1 F g
Lemma 1: Given z# a coordinate-wise minimizer and

§(u) = fyr) + (Vf(yr),

then the following relation holds:

N,
u—Yr) + THU—ZkH%a

N
> Wz + Ui(ED = 27)) + £(Zrg)
i=1
= #Y() _ oy Nk
<Y b + U@ = ) +6@) - 5 1@ — Zn-

i=1
Proof: From (6), we have for all z € R™:

N
A <Y vla+ Uiz = 2))

N
Z ¥z + Ui (29 -

Z I f )+ NORLi(Z0] —20), 20 =20 ),
Choosmg z = a7, we further get:

N
Sz + Ui(ZD = 20)) + F(u)

=1
- NO; .
+ <Vf<yk>,zk+1 = k) + 5 B — a2
X NG@
e+ Uil(@)® = 50) + 5 2w~z
) (Vf(yr), 2™ = Zeg1) + (VI (Ur), Zrs1 — Un)

(4)

NOxLi,( Zk+1 -z, (x )(ik) ~(lk)>

k+1

“MZ/\HM
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Hence

Z¢2k+U((Z )+ f k)

Nby,

+(Vf(r)s Zrer1 — yx) + Tﬂékﬂ - zll7

N
SZw(z;chUi((w#)”—zk )+ (Vf(yw), a™ — yr)

N6y,

NO; -
+f ) + = llo? = 2llE = =l = 2ol

which proves our statement. [ ]
Lemma 2: [7] Iterates of Algorithm 1, (xy, 2x), satisfy:
k

T =) M )

where the coefficients 72,74, -+ ,7~ are nonnegative and
sum to one. That is, x; is a convex combination of the
vectors 2o, 21, - - ,2k. In particular, the coeficients are defined
recursively, setting ) = 1, v = 0, 44 = 1, and for k > 1:

(1—9;@)7,@, [=0,---,k—1,
Vo1 =14 Ok (1=NO_1)+ N (b1 — i), 1=k
NO,, l=k+1.
Moreover, for k > 0, the following identity holds:
Yers+ (N = 1)l = (1—6) 7. (10)
Proof: See Lemma 2 in [7]. |

Define ()4 = max{z,0} and the following quantities:

N
Df =" (e + Us((a)@ — =)

i=1

k—1
— (N = 1)gp(z) — v(z#), SF=> %D#
i=0 "7

(1)

1 1
¢ =(1- ) Flan) = F#), + 3llo* — ol

In the next theorem we consider F# = F(x#), with 27 a
coordinate-wise minimizer of problem (1).

Theorem 2: Let Assumption 1 hold. Then, the iterates
(xk)r>1 of Algorithm 1 (APPROX) satisfy:

4N? 1
E[F(zy) — F#] < ———— — (E[S# .
) =P < Gy {O+N2( [S’“]>+]
Proof: Let us define:

k
By =Y vw(a) + f(zx)

(12)
1=0
From Lemma 2 and convexity of 1), we have:
Fy > F(xy) (13)
From Lemma 2
) k+1
Frp1 =Y ha¥(2) + f(@rp1)
1=0
k
=Y () + NOxtb(zr41) + f(@r41)
1=0

Using Assumption 1.A1, we further have:

k N202L,

Fk+1 < Z%lcﬂi/}(«zl) + Tzk” k+%
1=0

Yr) + NOpb(2r41) + NOx(

(ik)||2

ULV fyn), 2108 — 24)

k
N22Ls, i G
27k+1¢ 21) #H kﬂ zl(ck)”Q
O (N )+ f( N(ULV f(yr), (i) _ i)y
k ( N(zia1) + f(yr) + N{ Flur), 27 — o
+ (1= 0) f(yr) + NOLUEV £ (yr), yi™) = 200)).

Taking expectation w.r.t. the block index ¢y, we have:

k
i [Fry1] < Z%Hiﬁ 21) + O NE;, [¢(2x41)]
=0

+0, (f<yk>+<w<yk>,zk+1—yk>+Nf’“||zk+1—zk||%)
+ (L= 0)f (yk) + Ok (VS (yr)s Yk — 21)-

Note that from Step 1 of algorithm APPROX we have
Or(yr — 2k) = (1 — 0)(zr, — yx). Moreover, using Lemma
1 and definition of D}, we get:

k
Fk+1 < 27k+1¢ z1) + O (Vf(yr), 2™ — yi)
1=0

(1_919 Z

+ 0 f(yx) + (1 — 9k)<Vf(yk), Tk — Yk)

NO? No? -
S A el EA R

(2 + Us((2#)D = 2())

= Z%ﬁ+1w(zl) +0u(N — 1)b(2) + 0, DF

=0
(1= 0)(Vf(yr), o — Yk)

+ (1= 0,) f(yr) +
+ 0k (V™) + fyr) + (VI (ur), 2# — i)
No?

NO?
+ R e = allf - e = Bl

From convexity of f, we obtain:

k
Eiy [Fega] < (1= 0k) D> hkt(z0) + (1 — 0k) f ()

=0
+ 0p(a™) + Oy f (&™) + 0, DF
N29? , N2%¢2

+ e =l - Ei, [lo# — zeia|7)-

From Lemma 2 and relation (12), we have:
Eiy [Fiy1] < 0, F% +

N292
=Sl — el -

(1- Qk)Fk + eszé

N26?
SRR [l — il
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Dividing both sides in the last inequality by 62, using (7)
and rearranging the terms, we obtain:

1— 0,1 . N2
%Eik[FkH - F#] + fEu[llx# - zk+1||%]
01
1- ek ; # #
< (Fk_F )—l-wa —Zk||L+ D

i
Taking expectation with respect to (ig, - - 7ik) in the in-
equality above and unrolling the recurrence, we get:

1—0
6‘2
1—90

O

B[, — F#) + L E{j# - 2]

2 k—1
1
#—20l7 + ) —E[DF
5 —|lz* — 20| 2 0,

From (13) and the inequality above, we obtain for k > 1:

<

(5 r)

E[F( k) — F#] <E[F}, — F¥]
)
< _[#*
=62 9,“(170 F)
N? — 1
+791%71||$ - 20ll7 + 05— 129 #]
7=0

Using (7) and the last inequality: we obtain for £ > 1:

E[F(z1) — F#] < 07_N? (1 — 1) (F(x0) — F7)

N
k—1
1 1 1
2 2 - # 2 L L #
FON? | Sl —wolf + 5 | 3 g EIDY)
j=0 I
AN? 1 [
<—— | C+— —E[D?
~ (k—1+2N)2 TNz Za D] ’
7=0
+
where we used that Fy = F(xq), 20 = xo, 0y = + and
Orp_1 < 7—1ran- Lhis concludes our statement. |

Note that if the second term that measure nonseparability of
1) along the iterates:

1
>~ J-ED]

Mw

B[St -

I
o

J
is bounded, then from Theorem 2, we have that the conver-
gence rate of algorithm APPROX is of the order O (1 / kz2).
However, it is still an open question wether this term is
bounded, although in our numerical simulations (see also
next section), we observed empirically that S,fé is bounded.
Since an optimal point z* is also a coordinate-wise mini-
mizer, we also get from previous theorem:

E[F(xx) — F7]

AN? =1
< —E[D:
< b > i) |.
Jj=0 n
where D7 has the same expression as in (11), but evaluated
in z*. S} is defined similarly. Note that if i) is separable
we have D;-‘ = 0 for all ;§ > 0. Hence, we recover the

convergence rate in [7] for this particular case.

4

IV. SIMULATIONS

In this section we use Algorithm 1 for solving several non-
separable problems. For a given coordinate-wise minimizer
x#, we plot the behaviour along the iterates of the following
quantities: (1) Sequence D;fE as defined in (11); (2) Sequence
S;f as defined in (11); (3) F(x) — F(2%) and the estimates:

AN2C 4(S7) 4+

= '~ _andy= kT If 2
M= T en)E TRt T aNy
is a minimizer, pyg is the bound obtained in [7].

In the plots, we denoted a minimizer point by x*, in the

case the algorithm APPROX converges to such a point.
For the nonseparable function 1 we consider three choices:
M/6||x||>, M||z|| and the TV regularization. For the smooth
function f we consider the loss in the quadratic or logistic
regression. In all simulations the starting point xy was
generated from a standard normal distribution and only one
coordinate was updated per iteration (i.e., n; = 1 for all
1 =1 : N). In all the examples we run the algorithm 10
times and we plot the average of the results.

A. Quadratic with cubic regularization

The first composite function we consider corresponds to the
subproblem in the cubic Newton method [13]:

F(z) = %xTAa; + 0T + %||x||3, (14)
with A € R"*"™ a positive semidefinite matrix and b € R".
We generate b € R™ from a standard normal distribution
N(0,1). The matrix A was considered as A = BT B, with
B € R™*™ a matrix generated from a standard normal
distribution A/(0, 1). In the simulations we consider n = 100,
m = 10 and M = 1. Note that in this case the objective
function is differentiable and uniformly convex, hence there
is a unique minimizer and coincides with the coordinate-wise
minimizer. The results are given in Figure 1. We observe that
the algorithm APPROX converges to the unique minimizer
x*. Note that for this problem we have S} negative. Hence,
the expected difference of the function values is bounded by
i (the theoretical bound obtained in [7] for separable ). In
other words, the algorithm converges with a rate O (1 / k2).

%10°

o
AN o

20
‘a* 40 K

-60

N o & &

-80

800 1000 1200 o 2 4 6 8 10
Iterations 104

0 200 400 600

Iterations

-~ -F(x)-F ()

0 200 400 600

Full iterations

800 1000

Fig. 1. Behaviour of DL# = Dy, SZ& = S, F(xy)
along iterations: quadratic with cubic regularization.

— F*, ug and vy
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B. Logistic regression with cubic regularization
Then, we consider the logistic loss with cubic regularization:

T

F(z) = ;;1og (1+exp(a;‘-rx)) + %Hmﬂ?’, (15)
with a; € R", for j = 1 : T'. The vectors a; € R" were
generated from a standard normal distribution N(0,1). In
the simulations, we choose n = 100, 7" = 1000 and M = 1.
Also in this case the objective function is differentiable and
uniformly convex, hence there is a unique minimizer and
coincides with the coordinate-wise minimizer. The results are
given in Figure 2. The algorithm APPROX also converges
to the minimizer point z*. Note that also for this problem
we have S} negative. Hence, the expected difference of
the function values is bounded by py. In other words, the
algorithm converges with a rate O (1 / k2) also in this case.

«10°

-20 2
s
‘o< 40 » 4

-60

-80

1000 1200 0 2 4 6 8 10
Iterations x10%

0 200 400 600

Iterations

1o°¥

10-10

800

- - -F{x,)-F(x)

400 600
Full iterations

Fig. 2. Behaviour of Df = Dy, S?f =S}, F(xg) — F*, pg and vy
along iterations: logistic regression with cubic regularization.

C. Quadratic with {5 regularization

Consider the composite objective function:

F(z) = %a)‘TAal‘—‘rbT{E—l—MH.'EH (16)
with A a positive semidefinite matrix. The matrix A = BT B,
with B € R™*"™ a matrix generated from an uniform
distribution with values between 0 and 1. Define e € R" as
the vector of all ones. The vector b is chosen b = (1/2)e. In
the simulations we consider n = 100, m = 10 and M = 1.
The results are reported in Figure 3. Note that, the function
in (16) is differentiable for all x # 0. Hence, the only
point that can be coordinate-wise minimizer, without being a
minimizer, is = 0. For example, we know that z# =0isa
coordinate-wise minimizer, provided that |b(i)| < M for all
i =1 : n. Indeed, consider a;;, the ith entry on the diagonal
of A and e; the ith vector of the canonical basis. Then, we
have for all d € R:

1 .
F(a¥ + e;d) = iaiidQ +b0Dd + M|d| > 0 = F(z™),

where we used that a;; > 0 since the matrix A is positive
semidefinite. Hence, for b = 1/2e¢ and M = 1, we have that

5

2# = 0 is coordinate-wise minimizer, but not a (global) min-
imizer. However, we observed that the algorithm APPROX
converges always to the (global) minimizer z*. Note that for
this problem we have D} > 0, but S} is bounded. Moreover
we observe that the expected difference of the function values
is bounded by py (the theoretical bound obtained in [7]).
Hence, the algorithm still converges with rate O (1/k?).

«10°

6 15
4 10
a* w
2 5
0 0
0 1 2 3 4 5 0 2 4 6 8 10
Iterations x10% Iterations x10%

== F(x)-F(x)

400 600
Full iterations

Fig. 3. Behaviour of D}, S}, F(xzg) — F*, ug and vy, along iterations:
quadratic with ¢ regularization.

D. Logistic regression with {5 regularization
Consider the composite objective function:

T
1
F(z)= 7 Z log (1+ exp(aij)) + M|z,

J=1

a7

with a; generated from a standard normal distribution
N(0,1). In the simulations, we choose n = 100, 7" = 1000
and M = 1. The simulations are in Figure 4. We observed
that the algorithm APPROX converges to a minimizer point
x*. Note that for this problem we have D; > 0, but
S} is bounded. Moreover we observe that the expected
difference of the function values is bounded by uy. Hence,
the algorithm still converges with a rate O (1/k?).

2 x10°
5
4 1.5
«3 .
[=] » 1
2
1 0.5
’ [
0 500 1000 1500 2000 2500 3000 0 2 4 6 8 10
Iterations Iterations <10%
== =P )-F(x)
10°

pa—

0 200 400 600

Full iterations

800 1000

Fig. 4. Behaviour of D}, S}, F(x)) — F'*, py and vy, along iterations:
logistic regression with ¢o regularization.
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E. Quadratic with TV Regularization

Finally, we consider the following two dimensional quadratic
with TV regularization composite function:

F(xy,29) = x% —|—x§ —x1To + 21 + Ty + |z — 22| (18)

Note that, the unique optimal point of this problem is
(z3,25) = (—1,—1) and the optimal value is F* =
—1. Moreover, any point («,«), with a € [-2, 0], is a
coordinate-wise minimizer for (18). Indeed, we have that
F(a,a) = a? + 2a. Moreover, for any d € R, we have:

Fla+d,a)=a®+2a+d*+ (a+1)d +|d|
> Fla,a) + (a+1)d+|d] > F(a,a).

Similarly, we can show that F'(«, «+d) > F(a, a). We first
run the algorithm APPROX five times, the starting point and
the solution found by the algorithm is presented in Table I.
Note that APPROX converges to differents coordinate-wise
minimizers even when we initialize the algorithm with the
same starting point. Finally, we plot in Figure 5, D,f, o

Starting point Solution
(0.1747, 0.0150) | (-0.0061, -0.0061)
(-0.6718, 0.5756) | (-0.6718, -0.6718)
(0.5377, 1.8339) | (-0.1466, -0.1466)
(0.5377, 1.8339) | (-0.2802, -0.2802)
(0.5377, 1.8339) | (-0.5289, -0.5289)

TABLE I
STARTING POINTS AND SOLUTIONS FOUND WITH APPROX.

S#.Sx, F(xy) — F#, F(xy) — F*, . and vy, for both the
coordinate-wise minimizer to which the algorithm converges
(left) and for the optimal point (right). Note that D,f’£ con-
verges to zero and S’f is bounded. Hence, we observe that
the sequence F(x;) converges to F# with rate O (1/k?).
On other hand, we observe that the sequence D} converges
to a value different from zero and S}, diverges. Moreover,
the sequence F'(x)) does not converge to F™*.

V. CONCLUSIONS

In this paper we have extended the accelerated coordinated
proximal gradient method from [7] to composite convex
optimization problems where both terms are nonsepara-
ble. We have shown that the diference of function values,
F(xy,) — F(2%) (where o7 is a coordinate-wise minimizer),
converges with a rate of order O((C + (IE[SZ&])JF)/ICQ) We
conjecture that the second term Sijﬁ is bounded and conse-
quently algorithm APPROX converges with rate O(1/k?) to
a coordinate-wise minimizer, as this is observed in all our
numerical simulations. For future work, we plan to derive a
theoretical bound for S,f.
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