ON THE ALMOST-CIRCULAR SYMPLECTIC INDUCED GINIBRE ENSEMBLE

SUNG-SOO BYUN* AND CHRISTOPHE CHARLIER'

ABSTRACT. We consider the symplectic induced Ginibre process, which is a Pfaffian point process on
the plane. Let N be the number of points. We focus on the almost-circular regime where most of the
points lie in a thin annulus Sy of width O(+) as N — co. Our main results are the bulk scaling limits
of all correlation functions near the real axis, and also away from the real axis. Near the real axis, the
limiting correlation functions are Pfaffians with a new correlation kernel, which interpolates the limiting
kernels in the bulk of the symplectic Ginibre ensemble and of the anti-symmetric Gaussian Hermitian
ensemble of odd size. Away from the real axis, the limiting correlation functions are determinants, and
the kernel is the same as the one appearing in the bulk limit of almost-Hermitian random matrices.
Furthermore, we obtain precise large N asymptotics for the probability that no points lie outside Sy,
as well as of several other “semi-large” gap probabilities.

AMS SuBJECT CLASSIFICATION (2020): 60B20, 33C45.
KEywoRrDs: Universality, Random matrix theory, Asymptotic analysis.

1. INTRODUCTION AND MAIN RESULTS

The symplectic induced Ginibre ensemble is the Pfaffian point process for N points ¢ = {(; ;VZI
on the plane whose joint probability distribution Py is given by

1
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1<j<k<N j=1

where dA(¢) := d?¢/m, and Zy is the normalisation constant. Here the potential Q5 depends strongly
on N and is given by

N N
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where p € (0,00) is independent of N. If by is replaced by 0, then (1.1) is the eigenvalue distribution
of a symplectic Ginibre matrix, i.e. a Gaussian random matrix with quaternion entries [33]. More
generally, for integer values of by, (1.1) is the eigenvalue distribution of a symplectic Ginibre matrix
conditioned to have by zero eigenvalues [4], see also [28, eq (2.40)] (such matrices are called symplectic
induced Ginibre matrices [24]).

The ensemble (1.1) also admits a statistical mechanics interpretation [39, 28] as a two-dimensional
Coulomb gas with an additional complex conjugation symmetry. From this point of view, the param-
eters ay and by play different roles in the statistics of (1.1): ay is a confining parameter, whereas
by corresponds to the repulsion between the points and the origin. Since ay and by are of order N,
this confinement and this repulsion from 0 are much stronger than the point-point repulsion. As a

(1.2) Qn(¢) = an|¢[* — 2by log (], an
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FIGURE 1. Hlustration of (¢, ), where ¢ represents the symplectic induced Ginibre
ensemble in the almost-circular regime, with N = 1000 and p = 10. The zooms are
taken near 1 and .

consequence, one expects by [47, Section IV.6] and [17, Theorem 3.1]* that for large N the points are
confined in a thin annulus with high probability. Let Sy be the support of the equilibrium measure
associated with (1.1). Sy is called the droplet, and by [47, Section IV.6] it is given by

b 240
(1.3) Sy ={¢eC:r <|[(| <ra}, T1=\/—N, T9 = 4/ N
an an

With the choice (1.2) of ay and by, it follows that

7~ o 7’ o N
(1.4) rl—l—ﬁ—i- <m>, T2_1+ﬁ+ (m), as N — oo,
and therefore Sy is a thin annulus of width % +O(N—2) as N — oo, see Figure 1. For this reason, we
will refer to the choice of parameters (1.2)—which is the focus of this paper—as the almost-circular
regime.

In this work N is large and p is fixed. As an interesting aside, we mention that in the other regime
where p — 0 while N is kept fixed, the points also lie in a thin annulus, and by taking formally p = 0,
(1.1) becomes the eigenvalue distribution on the unit circle of a symplectic unitary random matrix,
see [26, Section 2.6].

Planar ensembles with thin droplets were introduced in the works [31, 29, 30] on the complex
elliptic Ginibre ensemble and were recently studied in [14, 22] for more general random normal matrix
models. The work [14] treats universality questions for general bandlimited point processes using
Ward’s equation, while [22] deals with almost-circular ensembles associated with general radially
symmetric potentials. In the earlier works [31, 29, 30, 14, 22], the considered point processes are
determinantal. A major difference with our case is that (1.1) is Pfaffian.

We also mention that if Qu is replaced by 2(1 + %) log(1 + [¢|?) — % log|¢|, then (1.1) is called
the symplectic induced spherical ensemble and was studied in [44, 21].

In this work, we study scaling limits and gap probabilities of (1.1) as N — oo while p is kept fixed.
Our results can be summarized as follows.

IThe result [47, Section IV.6] also holds for varying potentials as in our case, but [17, Theorem 3.1] only holds for
fixed potentials.
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(i) (Scaling limits) One might expect from (1.1) that different limiting correlation structures
will emerge as N — oo depending on whether we look at the statistics near the real line or
not. Our results confirm this expectation. Theorem 1.1 (a) deals with the limiting correlation
structure of (1.1) near a point p on the unit circle, p # —1, 1, while Theorem 1.1 (b) deals
with the other cases p = +1. For p = 41, the Pfaffian structure is preserved in the limit,
and it involves a new skew pre-kernel x® (see (1.14) below) which interpolates between the
limiting pre-kernels in the bulk of the symplectic Ginibre ensemble and of the anti-symmetric
Gaussian Hermitian ensemble of odd size (see Remark 1.4 and Proposition 1.5). For the other
case |p| =1, p # —1,1, we find that the Pfaffian structure of (1.1) simplifies in the limit and
becomes determinantal, see (1.9)—(1.10). The limiting correlation kernel K is given by (1.11)
and already appeared in [31, 29, 30, 7, 16, 14, 22|, but the way it arises in this work, namely
as the large N limit of the kernel of a Pfaffian point process, is new to our knowledge. (See
also [18, Theorem 11] for a limiting determinantal structure arising in another Pfaffian point
process.) In Theorem 1.1 (c), we study a transition between the two families of correlation
functions associated with k& and KC.

(ii) (Gap probabilities) For typical configurations, most of the points of (1.1) lie in Sy. In fact,
by analogy with e.g. [42, Eq.(70)], we expect about ~ /N of the (;’s to lie slightly outside
Sy. In Theorem 1.6 below, we obtain precise asymptotics for the probability IP’}\? that all ; lie
in Sy, up and including the term of order 1. We also obtain similar results for the probability
P}, that minjei, . N} |G| > 71, and for the probability P2, that maxjeqi,. Ny |Gl < 7o

In the following subsections, we give more background and state our main results.

1.1. Scaling limits. An interesting feature of (1.1) is that it is integrable and provides one of the

few known examples of Pfaffian point processes in the plane [37]. The k-point correlation function of
(1.1) is defined by

N
(1.5 Roa(ree26) = gy o Pat6) I a4()

Jj=k+1
Since (1.1) is a Pfaffian point process, all correlation functions can be expressed as Pfaffians involving
a (skew) pre-kernel 5. More precisely, we have

_ pile-X@uc)+an) (85 q) (CJ,Q) i
o Fv(Coee G = 1 (“N(Cj,@) 2N (G, Q) } H

Lic1
where
(1.7) #n(Cn) == Gn(¢n) — Gn(n.Q),
and G is given in terms of the standard I' function by
N—-1 ( Mc)2k+1 k ( aNNn)

(1.8) Gn(Cn) = \/%(“N;V)bNMS 3
k=0

F(k+§+lW2N)lz£F(l+l”V2N+1)’

We prove (1.6)—(1.8) in Lemma 2.2 below. In this subsection, we obtain scaling limits of all correlation
functions {Rn }52, as N — oo at different points of the droplet.

The problem of deriving scaling limits for correlation functions of point processes is a classical
topic in random matrix theory in connection with the local universality conjecture. This conjecture
asserts, roughly speaking, that the limiting correlations between the points should only depend on the
symmetry class of the random matrix model and on the points around which these correlations are
studied, see e.g. [40] for a survey.



4 SUNG-SOO BYUN* AND CHRISTOPHE CHARLIER/'

For planar Pfaffian point processes, such problems began to be addressed in the pioneering works
of Mehta [45] and Kanzieper [37], who studied the limiting local statistics of the symplectic Ginibre
ensemble at the origin. In recent years, there has been a growing number of works in that direction.
To name a few, the limiting local statistics of the symplectic Ginibre ensemble at the real bulk/edge
have been studied in [6, 43, 10]. These results have been extended to the elliptic Ginibre ensemble,
see [8] for the limiting kernel at the origin, and [19] for the limiting kernel anywhere on the real line.
For the elliptic Ginibre ensemble in the almost-Hermitian regime, the scaling limits for the kernel at
the origin and at the real edge were discovered in [37] and [11] respectively. These scaling limits have
then been extended to the entire real bulk/edge in [20]. Similar problems were studied in [38] for the
truncated symplectic ensemble and in [20] for the Ginibre ensemble with boundary confinements. We
also refer to [6, 4, 5, 35] for various results on scaling limits of correlation kernels in the context of
Mittag-Lefller ensembles, Laguerre ensembles, and products of Ginibre matrices.

For the point process (1.1), it is natural to expect important differences between the limiting
statistics near the real line and those away from the real line. Indeed, the factor |(; — Zj|2 implies
that the (;’s repel from the real line. Furthermore, when the local statistics around the real line are
considered, both interaction terms |¢; — (x|? and |¢; — (x|* in (1.1) should contribute as N — co. One
therefore expect a limiting Pfaffian structure to emerge in the large N limit. On the other hand, when
the local statistics are considered away from the real line, only one of the terms |¢; — (x| and |¢; — (i[>
makes a non-trivial contribution; the other one behaves like a constant background charge which leads
to a trivial contribution in the large N limit. Therefore, away from the real axis, the limiting local
statistics are expected to be determinantal and to be the same as the ones appearing in the random
normal matrix model. We now state our first main results, which confirm these expectations.

Theorem 1.1. Let p € (0,00) and k € Nxg be fized, let Qn be as in (1.2), and let yn = /2 p/N.
(a) Scaling limit of Ry, away from the real line.
Let p:= €, where 6 € [0,27) \ {0,7}. As N — oo, we have

(1.9) w RN,k<p +PYNZL, D +P7N2k) = Ry (21, 2) + o(1),
uniformly for z1, ...,z in compact subsets of C, where
k
(1.10) RE(z1, ..., z1) := det [e_|zj‘2_|zl|2 K(C(zj,zl)} Ly
J7 =
c 2zw p
1.11 K~ (z,w) := <erfcz—|—w—2a —erfcz—l—zD—i—Qa), a:=——.
(1.1) (zvw) ( ) erfe( ) s

(b) Scaling limit of Ry near the real line.
Let p=py = €'V, where Oy = %t and t € R is firted. As N — oo, we have

(1.12) 7]2\;“ Ry i (p + PYNZLy -, P —|—p'yNzk> = RR(z1 4 it, ..., 2, +it) + o(1),
uniformly for z1,...,z in compact subsets of C, where

R L s S N § (R

5z, 2) KM%, 7)

j=1
(1.14) AR (2 w) = Ve _a W (fus f2)(0) du + fu(a) f-(=a) = foa) fu(~a)),
W(f,q):=fg — gf is the Wronskian, a := 2—\‘0/5 and

(1.15) f2(u) := %erfc(\/i(z —u)).
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Statement (b) above also holds with p = py = —e'N.

(c) The RE-to-RY transition
Ast — oo, we have

(1.16) RR(zy +it, ...,z +it) = RS (21, ..., ) + o(1),
uniformly for z1,..., z; in compact subsets of C.
Remark 1.2. The 1-point functions
RY(2) = %(erfc(z + zZ —2a) —erfc(z + z + 2a)>,
RE(z) = V(s = 20 ([ Wz, L)) du+ f2(0)f2(~a) = fo(a) f(~a))

—a

are represented in Figure 2 for several choices of a.
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FIGURE 2. The functions (z,y) — RY(x + iy) (first row) and (x,y) — Ry (z + iy)
(second row) for the indicated values of a.

Remark 1.3. The limiting kernel K€ in Theorem 1.1 (a) already appeared in the study of several
determinantal processes [31, 29, 30, 7, 16, 14, 22]. The way K arises in Theorem 1.1 (a) is novel in

that (1.1) is Pfaffian.

As is known [7, Remark 4.(c)], KC interpolates between two other known limiting kernels: as

sin(m(x—y))

p — 0, K€ converges (after a proper rescaling) to the sine kernel K*™(z,y) = = e

, while

as p — oo it converges to the limiting kernel in the bulk of the complex Ginibre ensemble, namely

K®P(z,w) := exp [0 — 5(|2]* + [w]?)].
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Remark 1.4. The skew pre-kernel &R is new to the best of our knowledge. Here we look at some
particular limits involving k& and R]}f when p — 0 and p — oo (although we emphasize that Theorem
1.1 is valid only for p fixed).

(1) Matching with the bulk limit of the symplectic Ginibre ensemble when p — oo.
Recall that the (classical) symplectic Ginibre ensemble is the planar Pfaffian point process (1.1)
with ay = 1 and by = 0. The limiting pre-kernel &V in the bulk of the symplectic Ginibre
ensemble is known (see [6, Remark 2.3 (ii)]) and given by

(1.17) £V (2, w) 1= rer T /_OO W (fw, f2)(u) du,

where f, is given in (1.15) and we recall that W(f,g) := fg' — gf' is the Wronskian. Since
p is proportional to the width of the droplet (see (1.4)), it is natural to expect k® to tend to
kW as p — 4o00. A direct analysis shows that this is the case. Indeed, for any fired z,w € C,
using that limg—s 4 o0 f2(—a) = 0 and that W( fy, f.)(u) has fast decay as u — 00, we obtain
5 Y (z,w).

lim £*(z,w) = K

p—00
(2) Matching with the bulk limit of a chiral Gaussian unitary ensemble when p — 0.
The chiral Gaussian unitary ensemble with parameter v = % [48] is the determinantal point

process for N points € = {§j}§V:1 on Ry whose joint probability distribution P?VGUE 1s defined
by
1 N 2
GUE —N¢&?
(1.18) PPEE) = — o [ 1§ -GPI[ge ™ g,
=1

- | XGUE
NZy 1<j<k<N

and whose limiting correlation kernel at the origin is given by

Xsin _ sin(4(y1 —y2))  sin(4(y1 +y2))

(119) K (y17y2) . 2(y1 — y2) 2(y1 + y2) ) Y1,Y2 € R+7
see [26, Section 7.2]. We mention that (1.18) is also the ensemble of anti-symmetric Hermitian
matrices when their size is odd [45, Section 13.1]. The kernel (1.19) is also equivalent to the
well-known Bessel kernel in squared variables with parameter v = % (see e.g. 26, Eq.(7.54)]%).
When taking p — 0, one heuristically expects the correlation functions Rﬂlf in (1.13) to “become
determinantal” and to be related to KX*™. Indeed, by denoting (; = 1+ i&; (§; € R) and
replacing dA((;) by d§; in (1.1), we formally obtain

N
(1.20) Py~ [ 16 -GPI[& e Vortte)ag.

1<j<k<N j=1

The main difference between (1.18) and (1.20) lies in the potential, but by universality heuristics
one expects this difference to be irrelevant for the computation of the limiting kernel. We make
this heuristic more precise in Proposition 1.5 below.

Proposition 1.5. Recall that a = ﬁ and that R]}f is defined in (1.13). Let k € N and z1,...,2 €
C be fized. As p — 0, we have

1 r/z1 Zk:) d [ xsin g, . }k _
(1.21) e B ( To) S et [RNy)| L e=Tmz),

2There is a typo in [26, Eq.(7.54)]: the + sign on the right-hand side should instead be F.
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where KX is given by (1.19), and where «dyn i (1.21) means that for any bounded and continuous
function f : CF — R with compact support, we have

k k
. 1 R/ ~1 Zk N xsing/, k .
/1)1_r>r(1) . f(z1,.. .,zk)ﬁRk (;, ce ;) ]:1_11 dA(zj) = /]Rk flyi, ..., yx) det [K (ywyl)}j,l—ljl;[l dy;.

Our results are summarized in Figure 3, where to lighten the notation we use y; := Im z; and

kW (2, w)

22 —|w|? W(Z7’LD)
Rt = e )

&Wi(z,w) &Y (z,w)

where " is given by (1.17).

X Rk (p +pyNz, P+ mNzk), p = e Wt
Pfaffian
N—so0 | Thm 1.1(b)
det [szin(y. yl)r P R¥(z1 +it, ...,z + it) __p7 Pf[KW (2,2 )]k I 2y;
9 j1=1 ~ Propls Pfaffian Rmk 1.4(1) 22\ A | =17
t—oo | Thm1.1(c)
det [KSin(y- yl)}k : P9 Rp (21, %) p=0 s det [Kexp(z. zl)}k
7 =1 Rmk1.3 Determinant Rmk 1.3 P =1
N—>ooAThm 1.1(a)

V3 RN,k<p+p7Nzl7--~7P+p’YNZk>, p=e?l p#£-1,1
Pfaffian

F1GURE 3. The second column and the second row summarize our main findings. The
third row was already known [31, 7] and is included in this diagram to place our results
in their overall context.

1.2. Gap probabilities. Deriving asymptotic formulas of gap probabilities is a classical problem in
random matrix theory with a rich history [27, 32]. The problem is usually considered challenging
when the hole region is large. For a point process with N points, a “large” hole region refers to
a region that contains, with high probability, a number of points proportional to N. For the disk
hole region in the complex Ginibre point process, this problem was investigated by several authors
[34, 25, 36]. In recent years, these results have been extended to other potentials, hole regions and
models in [12, 13, 9, 2, 1, 41], and have been improved to higher precision in [23]. For more results on
large gap asymptotics of two-dimensional point processes, we refer to [32, 23]. To our knowledge, the
only paper prior to this work on large gap probabilities of planar Pfaffian point processes is [12].
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In this subsection, we obtain large N asymptotics, up to and including the term of order 1, for the
following three gap probabilities:

(122) PL .= P(#{gj ¢ € [0,7’1]} = 0) = P(#{Cj LGl € [n,oo)} = N>,
(1.23) P3 = P(#{CJ BICIRS [rg,oo)} = O) = P(#{C] LGl e [O,Tz]} = N>,
(1.24) PR2.= P(#{gj L |G| € [0,71] U [, oo)} - 0) = P(#{Cj I¢IRS [m,m]} = N),

where the (; are distributed according to (1.1) with @y as in (1.2), and where we recall that 7 and
ro are given by (1.3). Exact expressions for these probabilities in terms of the incomplete gamma
function are given in (4.2), (4.3) and (4.4) respectively.

As argued in item (ii) above, for typical configurations the hole regions associated with P}V, IF’?V
and ]P’}\% contain about ~ /N points. Hence, the problems of determining the large N asymptotics of
P]lv, IP’?\,, IP’}\? can be seen as “semi-large” gap problems (and are simpler than “large” gap problems
such as the ones considered in [12]).

Theorem 1.6. Asymptotics of semi-large gap probabilities
Let p € (0,00) be fizred. As N — oo, we have

Pl = exp (NCl —Cp + O(Nfl))7 P3 = exp (NC1 +Co+ O(Nfl))v

(1.25) P} = exp (N61 + O(N_l)),
where
1
(1.26) C) = /0 log (1 - %erfe(ﬁpx)) dx,
~ 1
(1.27) C = /0 log (%erfe(\/ip(a: -1)) — %erfe(ﬁpx)) dx,

(1.28) da.

O log (2 — erfc(v/2p)) o /1 e~ 2%’ (5 + 3p%x — 2p?2?)
’ 2 3V2r Jo 1 — jerfe(v2 pz)

Theorem 1.6 has been verified numerically, see Figure 4.

(A) —=Cp and log Py, — NCy (B) Cp and logP% — NC, (c) 0 and log P2 — NC,

FIGURE 4. The functions p — —Cp, Cp,0 (black lines) versus log Py, — NCj, log P4, —

NC7 and log IP)]I\,2 - Né’l with N = 100 and ten equispaced values of p from 0.5 to 5
(red dots).
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Remark 1.7. Inequalities among IP}V, P?V, and ]P)]l\? for large N

It readily follows from the definitions (1.22), (1.23) and (1.24) that Py, P% > P3. Theorem 1.6
allows to obtain more quantitative comparisons between these three probabilities. Indeed, it follows
from (1.26), (1.27) and erfe(z) < 2 (z € R) that C1 > Cy for all p € (0,00). Moreover, by (1.28),
Co < 0 for all p € (0,00) (see also Figure 4 (B)). Thus we have

19 1 2 12 '
(1.29) logPy > logPy > logPy, as N — oo
o) O(N)

In (1.29), the notation below > and > indicates the order of the difference between the left- and
right-hand sides.

1.3. Outline. Different strategies will be used to prove Theorem 1.1 (a) and (b). However, for
both, the starting point is the same: using skew-orthogonal polynomial techniques, we first express
7]2\}“ Ry (p +pYNZLy -, D+ p’yNzk) and the associated normalized skew pre-kernel 3 in terms of the
incomplete Gamma function (see (2.7),(2.8) and Lemma 2.2). We then prove a so-called generalised
Christoffel-Darboux formula for sy (¢,n) 1= e ®N35(¢,n), which in our case is a differential
identity expressing O¢3¢y in terms of 3y and the incomplete Gamma function (see Proposition 2.3).

In Section 3 we prove Theorem 1.1. Parts (a), (b) and (c) of this theorem are proven in Sub-
sections 3.1, 3.2 and 3.3, respectively. In short, part (a) is proved via a first order Riemann sum
approximation, part (b) is proved using our generalised Christoffel-Darboux formula, while part (c)
follows from a direct analysis of R]}f. Proposition 1.5 is proved in Subsection 3.4.

Theorem 1.6 is proved in Section 4. Using again skew-orthogonal polynomials, we express of
]P’}V, P?V, IP’]IV? in terms of the incomplete gamma function y. We then use some known asymptotics ex-
pansion of v (which we recall in Appendix A) together with some precise Riemann sum approximations
to complete the proof of Theorem 1.6.

1.4. Notation. Throughout this paper, p = ¢ denotes the base/zooming point on the unit circle
around which the local statistics of (1.1) are considered. Given z = {2;}¥_;, we define ¢ = {¢; }é\le cC

=1
by
(1.30) Gi=p+ ; = /-2 i=1,...,N
. j ‘= D T DYNZj, TN = GNN’ J=1L1 ..., IV,
and to shorten the notation we also define
(131) RN,k(Zla e 7Zk) = ’}/]2\;C RN,k (p ‘*‘p’YNZla Y 4 "‘P’YNZk) = 7]2\;{. RN,k(CL ey Ck)a

where we recall that Ry, is given by (1.5).

2. SKEW-ORTHOGONAL POLYNOMIALS AND CHRISTOFFEL-DARBOUX FORMULA

In this section we first use the skew-orthogonal formalism for planar symplectic ensembles intro-
duced by Kanzieper [37] to express »y as in (1.7)—(1.8) in terms of I'. We then obtain a generalised
Christoffel-Darboux formula for a normalized skew pre-kernel (Proposition 2.3).

Skew-orthogonal polynomials. Consider the following skew-symmetric form (-, -)s

b= [ (FQ90) = OF(O) (€ = e N aA(Q),

A family {g¢m}m>0 of monic polynomials ¢, of degree m is said to be a family of skew-orthogonal
polynomials if the following skew-orthogonality conditions hold: for all k,l € N

(2.1) (@2k, @21)s = (@2h41, Q214+1)s = 0, (@2k, @2141)s = —(q21+1, Q2k)s = Tk Ok 1>
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where 7, is a positive constant called the k-th skew-norm and dy,; is the Kronecker delta. The existence
of {¢m}m>0 follows from a Gram-Schmidt skew-orthogonalisation procedure [8, Theorem 2.4], and a
sufficient condition to ensure uniqueness is to set the coefficient z2* in gz, 1(2) to 0 for each k € N [8,
Lemma 2.2]. It follows from the general theory [37] that (1.6) holds with

N—-1
e ©r1(Qgek(n) — g2 (C)qzrt1(n)
(2.2) Cm=> o :

(In fact the above theory from [37] applies in a much broader setting, for example for smooth potentials
@ : C — R of sufficient increase near co (not necessarily rotation-invariant), but this will not be needed
for us.)

Remark 2.1. Different pre-kernels can yield the same correlation functions Ry . For instance, if
{gn : C — (C}E: is a sequence satisfying gy (¢) = 1/gn(C) for each ¢ € C and N € N, then replacing
xn(¢,m) in (1.6) by gn(Q)gn(n)2n(¢,n) does not modify Ry ; in other words, the two pre-kernels
#n(C,m) and gn(Q)gn(n)3en(C,n) give Tise to same point process.

Since @y is rotation-invariant, by e.g. [35, p.7] and [8, Corollary 3.3] the following holds: the family
{@i}i 25 defined by

k-1 k—1-1 hotioiss
(2.3) Garr1(¢) = ¢, =%+ ZCQl Jl_IO th;j; k=0,1,...
where hy, is given by
(2.4) i [ JoPe N0 aa(o)
satisfies (2.1) with
(2.5) Tk = 2 hogy1.
For definiteness, from now we let {qk} o be the family of skew-orthogonal polynomials defined

n (2.3), and we define sy as in (2.2) in terms of those {g;}; 5. It follows from (1.6), the rescaling
(1.31) and the definition (1.2) of @y that

NN (165124 12) <ZN(C]1Q) IN(SNO) )}
%N(Cjﬂ Cl) %N(Cja Cl

(2.6) RN,k(Zl, ce Zk) = Pf|:€7

k —
G —
A5
where

(2.7) 7N (C,m) = v VNP N e (¢ m),

and the principal branches are used for ¢~ and 7’V (i.e. (PN = v N1ogC oo ¢ .= log|(| +iarg(
and arg¢ € (—m,7]). To obtain (2.7), we have also used Remark 2.1 with gy (¢) = ¢V /[¢|P¥N to
replace |(n|®¥® in the calculations by ¢oVNpbn N,

Recall that the incomplete gamma functions I'(a, (), v(a,() and the regularised gamma function

Q(a, ) are given by

I'(a, () ,_ ooa—le—t a.C) = Ca—le—t — T(a) — T'(a
28 Q0= 1ot Te0= [ eetd 30,0 [Tt i =1 )

see also e.g. [46, Chapter §].
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Lemma 2.2. Let {,n € C. We have xn((,n) = C:’N(C,n) — @N(n,C), where
aNN QZk:-i—l—i—bNN k ( aNN )21+bNN

n
aNN O2k+1+bNN

Tk + 3 4 by ; (z+%+1)

(2.9) =7 Z

oNN 2 by N ayN 2 byN anN_2
¢ Q(/HN—H, N n)—Q(N—, x n))
par T(k+2 _|_bNN) ( 2 2 2 2

Proof. Recall that Qp is defined in (1.2). Hence, by (2.4) we have

(2.10) hy =2 /000 p2htle=NQT) g — 9 /000 p2hH1+20N N p—an NT? g I(‘C(Ljv;;{:ljkijl\)[j\;f)’
and thus
kﬁl hatyoj42 _ kﬁl L(20+2j +3+byN) (ayN)>F2+2twn
havojer 5 (anN)PF2H3HNN - T(20 + 25 + 2+ by N)
k—1—1

, 0<I<k.
anyN/2 anN I‘(l_|_ M + 1)

§=0
Substituting the above in the definition (2.3) of g9 yields
k

2 \k-D(k+ N 11y
qox(C) = ¢ k>o.
;(aNN> T(1+ 2N 1)

Using (2.5), (2.10), and the duplication formula of the gamma function

222—1

VT

(2.11) ['(22) = I(z)[(z+ 1),

we obtain

I'(2+2k+byN) 1 < 2 >2+2k+bNN
T = =

(anN)2+2k+bn N _ﬁ any N

Now, by (2.2), we get (1.7) with

Dk + 2N 4 )Tk + 2N 4 3),

N-1
=3 Q2k+1(C)q2r(n) _ (an N)#H2H0NN (21 Z ( )k_lr(k + 2+ 1)n2l
- Tk 2T (2k+2—|—bNN) anN F(l+bNTN+1)

3 N—1 ( az\éN C)2k+1 k ( aNNn)

()T Y

2 F(k+§+bN2N);F(Z+’WZN+1)'

It then follows from (2.7) that 3¢5 (¢, n) = CAT’N(C, n)—CAv’N(n, (), where C:‘N(C, n) = v NNt NG N (¢, ).
This proves the first equation in (2.9). The second expression in (2.9) follows from the recurrence re-
lation of the incomplete Gamma function (see e.g. [46, Eq.(8.8.9)]), namely

N-1
Zk—i—c

(2.12) Z ThtcrD =e° <Q(N +¢,z) — Q(e, z))

k=0
O

We now obtain an identity for d¢3¢x5((,n) in terms of 2x5(¢,7) and Q. As mentioned earlier, such
identities are typically called generalised Christoffel-Darboux formulas (see e.g. [42, Proposition 2.3]).
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Proposition 2.3. (Christoffel-Darboux formula) For 0 € [0,27), and {,n € C, let

(213) %N(gv 77) = e_aNNCT]J/}N(C7 77) = 6_2/“/;{]\/'((7 77)7
where

anN anN
(2.14) W= 5 ¢, V= 5 -

Then we have

2NN N 2 byN 2 byN 2
—27 e 72 (QUN + B %) — Qi v?))
T(N + 1 + )
ptN =L, byN+1 2 byN+1 2
(2.15) _QV?F@WUGV W«QUV+J%43V)—Q«LT—W))
2

Remark 2.4. Curiously, the term Q(2N +byN,2uv) — Q(by N, 2uv) appearing in the right-hand side

of (2.15) is equal to the kernel of the complex induced Ginibre ensemble times 2 @vIHQN() - Gimilar
identities featuring possible relations between orthogonal and skew-orthogonal polynomial kernels have
already appeared in the literature, see [19, 6, 4, 44] for two-dimensional point processes and [3, 51] for
one-dimensional point processes.

Proof of Proposition 2.3. By (2.9), we have

2k:+1+bNN k L2lHbN N

=7 ;
E: kH——+WN)bONL+%§+J)

where 1 and v are given by (2.14). Differentiating G (¢, n) with respect to the (-variable yields

CLNN Qk S bNN) 2k+bn N k V2l+bNN
%G (Gn) = T(k+ 3+ 2N) (i + 25N 4 1)
1=0 2
2k—|—bNN k L2l+bN N

=/ m2anyN Z

bNN by N '
L(k+ 5 + ) o P+ 25+ 1)
Rearranging the summation, we have

N-1 k
[ 2FHONN L2+by N

8((/;']\7({,7]) = \/7‘(’2(1]\7]\7[2 K

byN by N

v

+
io DR+ 3+ 255) I TU+ 2575+ 1) TG+ 55 T + 1)

Since
N-1 M2k+bNN k J2+bN N —2 2k+1+bNN k+1 L2l+bN N
1, buN by N = H Z bNN b N
o D+ 5 +257) g T+ 255~ + 1) T(k+3 5+ ) o D+ 5=+ 1)
N—-2 #2k+1+bNN k L2+ N N-1 2I<:+bNN L 2k+bN N

T+ 3+ T+ +1) T+ 4+ 25 Tk + 258 + 1)
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we have

N-1 2k+by N k 20+by N
Vil T s :

+
= 1r(k+l+w) T(1+ 258 4 1) r(%+%)r(M+1)

by N by N

14

2k+1+bNN k J2+bN N 2k+bNN y2k+bN N

_ufz T(k+ 3+ 2Ny &=+ N 4 \FZ T(k+ 3+ Ny (g 4 BN 4 )

2N+by N N-1 L2l N v 2k+bNN

N-1
~ 1 (2pv)
= uG , — T +
pGN (¢ ) fF(N+%+b,V2N) 2P+ BN 1) kzzor2k+1+bNN)

where we have used (2.11) for the last line. We have just shown that

OGN (¢, ~ 2NHoNN TTE oty N N1 (9p0)2k+bw N 2ktbr N
GNCN) G icon - vr i MR o
V2ayN T(N + 1+ 88) 2 T 8 1) " 2= T(2k+1+0byN)

In a similar way, we obtain

8gézv(77 ) szl 240)2HH1HONN 2kt 1y N N N—1 NZl o 2k+1+by N
HTNILS) — WG (. + '
V2anyN 2/€+2+bNN) I‘(M) prrd F(k+%+¥)
Combining above equations, we have
8C2N(C777) B 2N—-1 (QM)k+bNNVk+bNN

Vaany Hevm+ T(k+1+byN)

k=0

2N+by N N-1 L2y N byN—1 N-1 L2k+1+by N

V- [

- .
DOV + 3+ 2% & T+ B n) IO S T+ g+

Substituting (2.12) in the above expression, we obtain

2 = = v
o OeAN(Cn) = 20 (Cn) + 26 (QERN + by N, 2uv) — Qb N, 2uv) )
2N+by N
_ K v? N 2y (baN 2
N el e (QUNV + 5, 0%) — Q(2N,12))
ponN Tl byN+L 2 byN+1 2
— v ONIVTTL _ IONIVTTL
2V © (QUNV + Bt o2 — (il 2)),
Using then (2.13), we get the desired identity (2.15). O

3. PROOFS OF THEOREM 1.1 AND PROPOSITION 1.5

Parts (a), (b) and (c) of Theorem 1.1 are proven in Subsections 3.1, 3.2 and 3.3, respectively, and
Proposition 1.5 is proved in Subsection 3.4.

Recall that p = € is the zooming point around which we rescale the correlation functions, see
(1.31), and that z; and (; are related as (1.30). Recall also that Theorem 1.1 (a) deals with § €
[0,27) \ {0, 7} and that Theorem 1.1 (b) deals with # ~ 0,7. We start this section with a general
lemma valid for all 6.
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Lemma 3.1. Let 0 € [0,2x). The following identity holds

;fN(CJ'7 Qe (|Zj|2+|Zl|2_262i92’m+(1—e2i9)aNN+\/m(z]'+zl)(1—e2ie))
RN,k(Zl,...,zk) :Pf[< _ 2 o
;{N(Cja Cl)e_(lzj‘ +|Zl‘ _2ijl)

n (G, Qe (FaPHP=227) >]k =

o~ (1.2 2 o —2i0> = _—2i6 L= \(1_ .—2if -
xN(ijCl)e (\z]| +|z1|?—2e2""Z,;Z1+(1—e *")any N++/2an N (Z+7; ) (1—e~ > )) gl=11

Proof. Using (2.6) and (2.13), we first rewrite Ry j as
(3.1)

2 (15 2-+1G12) (ﬂN(Cj’Q)e“NNCjC’ ?N(Cj’&)ewmgﬁk f[ =G

R :Pf[— ; > ) 7 7
Nyk(zl zk) (& J}N(Cj,cl)eaNNCjCl ;{N(Cj’cl)eaNNCjQ gl=1

In the spirit of (1.30), given z,w € C, let us define { and 7 by

(3.2) C:ew(l—i— alsz), n= 10(1+1/a;Nw)'

A direct computation shows that

anN ; i
5 CP + 1l = 2¢n) = |2 + Jul® — 22w + (1 = #*)an N
(3.3) + 2aNN((z +w)(1 — ¥y —iIm(z + w)),
N
(3.4) N (¢ + [nf2 = 2¢7) = |2]? + Jw]? — 220 — /2ay NiTm(z + ).

2

Furthermore, when using (3.3) and (3.4) in (3.1), the terms i Im(z + w) and i Im(z + @) cancel out
when computing the Pfaffian in (3.1). The claim follows. O

3.1. Proof of Theorem 1.1 (a). As in the statement of Theorem 1.1 (a), here 6 € [0,27) \ {0, 7}.
Let us write

2an N sin 0 .
(3.5) Kn(z,w) = \/TZ.BQM%N(QT_I%
2an N sin 0 i i -
(3.6) e (zw) i V2NN SO (20 1ya N4 VBN o) 4260505 (¢ )

i
with ¢ and 7 as in (3.2).

Proof of Theorem 1.1 (a). Combining Lemma 3.1 with (3.3), (3.4), (3.5), (3.6), and
G-¢G 2§in9 . e_iazj - eiezj _ 2§in0
YN YN "IN

we obtain after a computation that

+0(1), as N — oo,

+o(1),

i K i k
(3.7) Rng(21,. . 2k) = Pf[e—IzJ'IQ—IzH2 < en(zj,21) (%, 2) )]

—Kn(z,25) —en(zj,21) ) Lii=1
where the o(1)-term is uniform on compact subsets of C. It turns out that

(3.8) Kn(z,w) = K&(z,w) 4 o(1), en(z,w) =o(1), as N — oo,
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uniformly for z,w in compact subsets of C, where K is defined in (1.11). We postpone the proof of
(3.8) to Lemma 3.2 below. Using (3.7) and (3.8), we obtain

0 KC(z;, z,)) r

1), N —
—KC(ZZ,Z]‘) 0 7,l=1 +0( ) as >

Ry (.., o) = P21l <
uniformly for zy, ..., z; in compact subsets of C. Using row and column operations, we get

k(k—1) 0 M —|zi]2 =1z |2 k
Ryi(z1,.nszn) = (-1)™%5 Pf(MT 0> to(l), M:= (e 12517~z KC(zj,zl))j’lzl.

The claim now follows from the algebraic identity

k(k—1) 0 M
(3.9) (-=1)" =z Pf <—MT 0) = det(M).
We now prove (3.8).
Lemma 3.2. Let 0 € [0,27) \ {0,7}. As N — oo,
(3.10) Kn(z,w) = KC(z,w) 4+ o(1), en(z,w) = o(1),
uniformly for z,w in compact subsets of C, where K© is defined in (1.11).

Proof. Recall that Kn(z,w) is defined in (3.5) in terms of 3¢x5((, 77), where ¢ and n are given by (3.2).
Recall also from (2.13) that

(311) %N(Cvﬁ) = eiaNNCﬁ;\tN(gL?ﬁ) = eiaNNCﬁ ((/;\'N(C7ﬁ) - éN(ﬁv C))a

where 22y and G n are defined in the statement of Lemma 2.2. The first step of the proof consists
in obtaining the large N asymptotics of the summand in the second expression of (2.9) that is valid
uniformly for k € {0,..., N —1}. For this, we use (1.2), (3.2) and Stirling’s formula, and obtain after
a direct computation that

(g q)2htitonN VEz P’
_ P i0(2k+14+by N) 2 _ _r
VT (b1 35 B e exp<2p2 S N-=2 V2pz 4)
(2v202 +p*)k 50 k2 -1
(3.12) xexp( N p (N) ><1+O(N )), as N — oo

uniformly for k& € {0,..., N — 1}. Applying (A.2), we have

50109 - I B
(3.13) Xexp(;\i—i—\fpwl\f— \fpw—g)(HO(N ))

as N — oo uniformly for k € {—1,0,..., N — 1}. Combining the above equations with

N2 \/5 e—i@ i

anN(n = ?"F?(Z"Fw)N"FQZ@’ 20 _ 1 2sinf’
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we obtain

aNN C)Qk—l—l—i—bNN

V2an N sin 6’622@6_%,\,@\/7?(

anN
Sk = exp (“=7?) Q(k + BN 41, 258 p?)

i T(k+ 3+ 2 2
2 - 2
P, ( ) (2f(z+w)p+2p) (k))< —1)
— — 2wt — -2 1 N .
\ﬁN 2 — % — V2p(z + ) — 2 ~ v +O(N)
. aNnN ~\2k+1+by N
vV 2CLNNSH'19 22w _—an NCi ( g C) aNN _2 byN anyN =2
i A P . exp (S57°) Q25 2577)
I p ’9(2k+2)exp(—z2 — @ —V2p(z + @) — /’2> (1+O(N_1)>
\/27TN g 2 ,
as N — oo uniformly for k € {0,..., N — 1}. Since Y p 4 €¢?®+2) = O(1) as N — oo, we have

Zsz_ol sg2 = O(N™1) as N — co. Hence, using a first order Riemann sum approximation, we obtain

N-1 Nl
2 0
@ 220 ,=an N G v (¢, 7) =) (k1 —sk2) =ONT)+ D sk
/)
— k=0

= \/%pexp ( — 22 —@® — V2p(2 + @) — pj) /01 exp ((2\/5(2 +w)p + 2p%)x — 2,02$2) dr +O(Nh).

The above integral can be evaluated explicitly,

2

! 1
/ exp ((2\@(2 +)p+2p%)x — 2p2x2) dr = \/?p exp <22 + 0% 4+ V2p(z 4+ w) + %)KC(Z, w),
0
where K© is defined in (1.11), and therefore

V2anN sin6 (250 —ax NG @

(3.14) ; (1) = 5K (zw) + O(N )
By interchanging ¢ and 7 in the above computations and using ¢ /(e?? — 1) = —i/(2sin ), we also
obtain
V2 6 1
(3.15) “Nfsm e N Gy (7, ¢) = =3 K (z,w) + O(N 7).

Then by combining (3.5), (3.11), (3.14) and (3.15), we obtain the first asymptotics of (3.10). To prove
the second part of (3.10), we use the formula (3.6) for ey together with (3.11) (with 7 replaced by 7)
to write

v2anNsinf 2 i ~ PS
(3.16) eN(z, U)) = M6(62 9 —1)(any N++v2an N(z4+w))+2¢e2 sze—aNNCn (GN(Q 77) _ GN(777 C))

1

The asymptotics of Gy can be obtained using (3.12) and (3.13) (with 7, w and —6 replaced by n, w
and 6, respectively). The above exponential e(e*7=1)(an N+V2an N (z+w))+2e 2w gets perfectly cancelled
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210(1\7722 + %(2 +w)N + 2zw), we obtain

in the asymptotics; indeed, using ayN{n = e P

V 2aNN Sin0e(ezw—l)(aNN—ﬁ-\/m(z—&—w))—i-ZeQigzwe—aNNCnéN(é-, 77)
(3
1 V2psind 3 (02 1by ) 2 9 P’
TN Jmi Z;Z Wexp (=2 —ut = Vaolz tw) - )

(2v2p(z + w) + 200k __ phy2\ eHkTZNN) ity .
x[exp< N (N)) 5 e — (1—|—O(N )),

as N — 400 uniformly for k£ € {0,..., N —1}. By (3.16), we thus have

N-1
en(z,w) = &O(ZN*) =O(Nh, as N — +oo.
k=0

O

3.2. Proof of Theorem 1.1 (b). Recall that t € R and 0y := ynt = %t. The two cases p = e~

and p = —e"~ are similar, so to avoid repetition we will only consider the case p := e~ . Recall that
an and by are defined by (1.2). In this subsection, given z,w € C, we define { and 7 as in (3.2) with
0 = On, namely

(3.17) C:ew"’(l—l—\/ajN z), n:ei0N<1+,/a]3Nw),

so that p and v in (2.14) become

N N N - N
e N (20 [TE2), = [y = e (w2,
2 2 2
In particular, ¢, n, u, v always depend on N in this subsection, although this is not indicated in the
notation. The following lemma is a rather direct consequence of Proposition 2.3 and Lemma 3.1.

Lemma 3.3. Lett € R and p > 0 be fized, and p := N, As N = oo

Ry k(2 z)—Pf[e—lzj+it|2—\zz+z't|2 5N (G, Qe ETIETIN G2 (g, GGt Gt ]k
NEk\Rly.--3Rk) = %N(C], Cl) 2(zj—zt)(zl+zt) ;{N(Eja El)eg(zj—it)(zl_it) 7,l=1

(3.18) (Zj —Zj — 2it) + o(1),

X
[y Lo

J=

uniformly for z1,. ..,z in compact subsets of C, where (j := p+pynz; for j =1,..., k. Furthermore,
for any z,w € C, we have

o—i0N %%N(Cvﬁ) _ 2€i0N(Z —w)aen(C,n) + 2(Q(2N + by N,2ur) — Q(by N, 2,ul/)>

P e I A
by N
TV + 5+ 55)

byN—1

—p? <Q(N + %7]/2) _ Q(bl\éN 1/2))
_ esz(Z_w)g,u

(3.19) 2\/Te r(BN)

where ¢ = ((z) and n = n(w) are as in (3.17).

2
QN + B 2) - L 7)),
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Proof. The expansion (3.18) directly follows from Lemma 3.1 with § = 6. To obtain the exponentials
inside the Pfaffian in (3.18), we have used the following large N expansion

|Zj|2 + |Zl’2 - ZezieNijl +(1- eQwN)aNN + \/m(zj +2)(1 — eM’N)
2V2tN
p

= |z + it + |z + it]2 — 2(z; +it) (2 +it) — 2itRe(z; + 2) — i+ o(1),

the identity |2;]? + |22 — 2221 = |25 + it|* + |21 + it|* — 2(z; + it)(Z; — it) — 2itRe(z; — 2), and the
fact that the terms containing Re(z; + 2;), Re(z; — z) and thN i cancel out when computing the

Pfaffian. The differential identity (3.19) immediately follows from (3.17), 9 = e~n #83 and
Proposition 2.3. U

We now derive the large N asymptotics of 0,3¢n((,n) using the right-hand side of (3.19).
Lemma 3.4. Lett € R and p > 0 be fized. Let z; := z + it and wy := w +it. As N — 0o, we have

0.5 (¢ n) = 21 — w) 3w (C,m) + exfe(z +w — 45) — exfe(z + wy + £5)

(zt—wi)?
(3.20) — 67 (e_(ﬁzt_g)Q + e_(*/izt+§)2> (erfc(\/iwt — 2 — erfe(v2w; + g)) + o(1),

uniformly for z,w in compact subsets of C, where ¢ and n are as in (3.17).

Proof of Lemma 3.4. By (1.2) and (2.14), we have

N? N?
2N +byN = — + N, byN = — — N,
p p
N?Z V2 2 _ NP V2
1%

2uy = e + 7(2’1& + wi) N + 22w + 0(1), + thN +wi +o(1)

- 2p?
as N — oo uniformly for z,w in compact subsets of C. By [46, Eq.(8.11.10)],

(3.21) Q(s+ 1,5+ V2s2) = ferfc( )+;\/z(1+22)6_z2\}g+0(1/8), s — +o0

uniformly for z in compact subsets of C. It readily follows from (3.21) that
1
(3.22)Q(2N + by N, 2uv) — Q(by N, 2uv) = 5 (erfc(zt + wy — %) erfc(zy + wy + %)) +0(1),
(erfe(v2uwr — §) - erfe(v2u + §)) + o(1),
(3:24) QN + W5EL %) — (G %) = (erfc(f w = §) = exfe(v3w, + §)) + o(1),

(3.23)Q(N + % %) — (2R 1?) =

[\D\H

as N — oo uniformly for z,w in compact subsets of C. Also, by Stirling’s formula, we have

(3.25) peN NN Vet (1) PN e e VBT (1)

. = o(1), e =—n=——+0(1),
(VPR T VE [ Vo

as N — oo uniformly for z in compact subsets of C. Combining (3.22), (3.23), (3.24) and (3.25), we

obtain (3.20). 0O

We now finish the proof of Theorem 1.1 (b).
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Proof of Theorem 1.1 (b). The proof can be summarized as follows: we first use Lemma 3.4 to obtain
large N asymptotics for 3¢ (¢, 7). We then substitute these asymptotics in (3.18) to obtain the leading
order large N behavior of Ry k(21,...,2k).

In Lemma 3.4, we have derived (3.20), which can be seen as a family of ODE (indexed by N) of
the form 0,3¢n = co(z)3n + c1(2) + En(z) where Ex(2) — 0 as N — +oo uniformly for z in compact
subsets of C. By [19, Lemma 3.10], the limit

K(z,w) == Nl_i}}rloo xn(Cn) = ym 7 (€Y (1 + v 2), €V (1 + yyw))

exists for all z € C, is analytic and satisfies 0,k = co(2)k + ¢1(z) and 9,K|,—, = 0. More precisely, we

have
0,k (z,w) = 2(2¢ — wy)k(z, w) + erfe(zy + wy — %) erfc(zy + wy + %)

(mm—gf n e—(ﬁm%f) (erfc(\/iwt — 2) — exfe(v2w, + g)).

elzt—wt)?

V2

For a given w, we view (3.26) as a first order ODE in z with the initial condition x(w,w) = 0. Since
co(2) and c¢1(z) are analytic, uniqueness of the solution to this ODE follows from standard theory.
To obtain the solution of (3.26), we first rewrite it as

(3.26)

(3.27) 0.k(z,w) = 2(2¢ — wy)R(z,w) + elzw)? (0. F1 (2, wy) + 0. Fa (2, wy)),

where
a

Fi(z,w) : (E_Q(Z_“)2 erfe(vV2(w — u)) — e~ 2(w—u)? erfe(v2(z — u)))du,

_ L
V2

Fy(z,w) := \{f [erfc(ﬂ(z + a)) erfe(vV2(w — a)) — erfe(v2(z — a)) erfe(vV2(w + a))} :
Indeed, using integration by parts, we obtain

0. F1(z,w) = e~ (mw)? (erfc(z +w — 2a) —erfe(z + w+ 2a)>

_ \}5 (‘372(%“)2 exfe(v2(w — a)) — e 2 erfe(v2(w + a)))’

1
0:F>(z,w) = 7 (e*Z(Z*“)Q erfc(vV2(w + a)) — e 2=ta)? erfe(v2(w — a))).
Note that Fj(w,w) = Fa(w,w) = 0. It is now readily checked that the unique solution of (3.27)
satisfying k(w,w) = 0 is given by
R(z,w) == ez—w)? [Fl(zt, wy) + Fg(zt,wt)] = efzztwt/iR(zt,wt),
where k®(z,w) is given by (1.14). O
3.3. Proof of Theorem 1.1 (c). We first obtain the large ¢ asymptotics of
e_‘z+it‘2_|w+“|2/<cR(z +it,w — it) and e_|Z+it|2_‘w+it|2nR(z + it, w + it),

where k% is defined in (1.14). Using the well-known z — 0o asymptotics of erfc(z) (see e.g. [46,
Eq.(7.12.1)]), we obtain

\/%e—|z+it|2_‘w+it|2e(z+it)2+(u7—it)2 W(fqi;—it, fz_Ht)(U) du — %e—|z‘2_|w|2KC(Z’ U)) C(Z, U)) + O(t_2),

—a
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as t — oo uniformly for z and w in compact subsets of C, where ¢(z, w) := e~ (*+2it+WHD)it gatisfies
c(z,w) = 1/¢(w, z) is a therefore an unimportant cocycle. We also have

e~ |Fritl —lwit]? o (zit)*+(w—it) (f (@) f.(—a) — fz(a)fw(—a)) —O(t™?), ast— oco.
Then by (1.14), we have

e_‘z+it‘2_|w+it|2mR(z +it,w —it) = %6_"2'2_'1”'2}(@(2,’[0) c(z,w) +O(t™?), ast— oo,
uniformly for z and w in compact subsets of C. Similarly, we have

e—|z+it\2—|w+it|QKR(z +it,w+it) = Ot %), ast— oo,

uniformly for z and w in compact subsets of C. Let us write
k
M := (C(Zjazz)6_|Zj|2_|zl|2K(c(Zj,Zz)) _—
]7 =
Combining the above expansions with (1.12) and (1.11), and performing elementary row and column
operations, we obtain that as t — oo,

. . k(k—1) M
RE(z1 4ty ...z, +it) = (1) 2 ' Pf(_]&T 0> +o(1),
Iz lal? e :
— det(M) + o(1) = det (e : KC(z, zl))jl:1 +o(1),

which gives (1.16). Here, the second identity follows from (3.9), whereas the third one follows from
the fact that the cocycle ¢ cancels out when forming the determinant. The proof is complete.

3.4. Proof of Proposition 1.5. We start with an auxiliary lemma.

Lemma 3.5. For any function f : 25 C satisfying f(x,y) = f(y,x), any x1,...,2 € C and any
Y1, yx € C\ {0}, we have

y2j—yl Z;J'f'yl i k
(328) Pf|:f(l'37xl) ( Zgjzlyz ?;‘/]Jyl ) ] L Hyj = det |:f($],$l):| 1
T 2y5u 2yl & j=1 4

To be concrete, for k = 1,2 formula (3.28) reads as follows: letting f;r = f(x;, k),

0 fug YR fpgte

2y1y2 2y1y2
1 y1t+y2 Yi—y2
0 fut —fu;- 0 —fi2g 2 —fi12% ,
Pf (—f 1 =S P i vitys 0y1y2 U2 viye = fiifor—fio-
1y, —f125, 125, Jozy;
y1+y2 Y1—y2 1
—N2,y NeYn, e 0

Proof of Lemma 3.5. Let

Yi—Y Yi+y 1 _ 1 1, 1
Fo=|f; 2y;5y1 2y5y1 k _ @ (/Y BT ™ Yj k
Jl _Yitu _Y¥i~u Gl=1 2 1 _ 1 1 _ 1 jl=1‘
2y 2y;y1 ’ Yi Yj Yj ) ’
We first show that

(3.29) Pt (F) ﬁ v = Pt fi (_0 1) }k
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For this, recall that for any k x k matrix A = (ajJ)?’l:l and any 2k x 2k skew-symmetric matrix B,

k
(3.30) det(4) = > sen(o) [[ ¢jor),  PH(B)? =det(B),
=1

oESE

where Sy is the symmetric group of all permutations of size k. Using row and column operations, we
observe that
-1 -1 -1 -1 -1 -1
S (v =Y W Ty, }k — det [& ~2y; 2y r
R Y S B IS B I P SR s SR RS R B B D
- f 0 2yt k : 0 271\ 1k
B 7 T | ey G )
L 2 -2y, Y, — yl dil=1 2 —2y, -y, Gl=1

- 0  y;l\qk 0 1\1k b
= det | f; i } = det [ : } -2,
¢ _f]l <_yll 0 ) a1 8 Tit (—1 0) jl=1 Hy]

]:
Combining the above with the second identity in (3.30) yields (3.29). Finally, using again row and
column operations, we obtain

0 1\1k k(k—1 0 M\ 1k
(3.31) Pf[fjl <_1 O)]jl:1:(1)(2)13f[<_MT 0>Lz:1’ M= (f)k .

The desired identity (3.28) follows from (3.29), (3.31) and (3.9). O

det(F) = det

We are now ready to prove Proposition 1.5.

Proof of Proposition 1.5. Throughout the proof, let 2; := Rez; and y; =Imz; (j =1,...,k). Using
the definition of RY, the left-hand side of (1.21) can be rewritten as
(3.32)

20052 R(Zi 2 R(Zj ‘z k
B = 2 1 T T Y R -
Ri(z1,...,2) = anR (a .,E):ﬁPf{e o e KR(i % } || ~2iy;).
a a a (1 :

|22+ |wl?
Let us first compute the leading order behavior of alge T kR(E, —) as a — 0. Using the well-

w
a
known z — +oo asymptotics of erfc(z) (see e.g. [46, Eq.(7.12.1)]), we find

fejalu) = 1e]ffc(\[(i —u)) = 2\/%% e 2w (14 0(1)), as a — 0,

uniformly for u in compact subsets of C. Thus we have

e w2 =22 —w?

%\/771'6 T2 (fw/a(a)fz/a(_a) - fz/a(a’)fw/a(_a))

22+ w2 +22 402 1 ]

(3.33) = —\/me~ a? —— ((34(2’_“’) - 6_4(2_“’)) (14 0(1)), as a — 0.

8T azw

On the other hand,

W(fw/m fz/a)(u) = _\/2(6_2(1:_'&)2]2/(1(“’) - 6_2(§_U)2fw/a(u)>

__a b LN azgzog(moy)2
= <z w)e (14+0(1)), asa—0
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uniformly for u in compact subsets of C. Thus we have

1 e 11 1y e
?\/77"'6 o W(fw/av fz/a)(au) = _2(12\/7»]_* (; - ’LU) e a2 elulz+w) (1+0(1)).
This gives

1 7|z|2+\w‘2—z2—w2 @ T 7|z|2+|w\2—z2—w2 1
;ﬁe a? / W(fw/a,fz/a)(u) du = \({;6 a? /IW(fw/mfz/a)(au) du

—a

w4240 1 41 1 1
=—e a2 NG (; - E) / M) dy (1 + 0(1))
-1

P w42 4e? 1 1 w—2
= —€ a? e
8a\/m zw z + w

(64(z+w) _ e—4(z+w)) (1+0(1)) asa-—0.

Summing the last asymptotic formula with (3.33) (and using (1.14)) gives

_ 1 _EPe? 5oz w
= — a2 —, —
R(z,w) : 3¢ K a’a)
2 lPwPaetiu? p— (Sinh(4(z +w)) sinh(4(z — w))

(8:34) = a\/T ¢ ’ 4zw 20z+w)  2(z—w)

We now use the Gaussian approximation of the Dirac delta: for any continuous function f: R — C
with compact support and any fixed A > 0, we have

+0(1)), as a — 0.

(3.35) /_+00 a\l/%e_)‘(x/ayf(a:)da: = f\(}i) +o(1) as a — 0.

For short, in what follows we will denote the above as ﬁe_)‘(x/ o? 4, &i\) as a — 0.
Before considering the general case k € Nyg, it is instructive to first look at the simpler cases
k =1,2. For k =1, using (3.32), (3.34), (3.35), and the identities k(z1,21) = 0, K(z1,21) = —K(Z1, 21),

we obtain

- 2 . .
Fa(e1) = Rler, 20) (~2ign) = —m e dCon/e? YL (S0Em) _ i) )

CL\/7T' QZ’% + y% 2.’1}1 2y1
i 0(x) yi (Sinh(8x1) sin(8y1) ) .
- 1)) =96 Jxsin 0
2 x% + y% 21;1 2y1 + 0< ) (xl) (yl') 3/1), as a

For k = 2, using an exact computation of the Pfaffian in (3.32), we get
EQ(Zl, 2’2) = (%(21, 51):‘5(22, 22) — ‘?&(2’1, ZQ)‘Q + ‘E(Z’l, 52)‘2) 4y1Y2.

By (3.34), as a — 0, the terms in the above right-hand side have the same exponential factor
%6_4(“/&)2_4(12/&)2 in their asymptotics. Using (3.35), we obtain after some computation that

Ry(z1, 22) N 5(x1)5(x2)<KXSi“(y1, Y1) KX (ya, o) — KX (yy, y2)2), as a — 0.

We now turn to the general case. For k € N5, using (3.34) and

: k
2 /2 d
e "Wl — ] §(xy),
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we obtain
~ ~ _ k
~ B K(zj,z1) K(zj,21)\ 1k .
Ri(z1,- -, 2k) —Pf[ <~ - %5, 7) ]j,lzl H(—2zyj)

K‘(Zjazl)

Yi=y szm( . ) Yty KXSln( k
d 2yjul CXL Syl Yi» Y1)
- Pf[ yJ]J’_yl xsin(,, . yJ] Yl 7-xsin ] H ZL‘] as a — 0.
KX (g5, 41) KXy, 1) i

2yy1 2y5y1

Now Lemma 3.5 completes the proof. O

4. PROOF OF THEOREM 1.6: SEMI-LARGE GAP PROBABILITIES

The first step in proving Theorem 1.6 is to obtain exact identities for P}, ]P’?\, and IP’}\?. For this, we
will rely on the following well-known formula for partition functions of planar symplectic ensembles.

Lemma 4.1. (See e.g. [8, Remark 2.5 and Corollary 3.3])
Let w be a rotation-invariant weight with sufficient decay at oo,

+oo
/ r?w(r)dr < 4o0, for all j > 0.
0

Then the partition function

N
(4.1) = = GG = Gl TTIG — GIPw(G) dAG)
N N'/ /(Cl<]<k<N k J k ]1;[1 J 7 J J
can be rewritten as
N—-1 +00
ZyN = Fis h P = 2 4k+2 dA(¢) =4 AR+3\ (r)dr.
| L aaq =4 [ i

Lemma 4.2. For any p > 0 and N € N, the following identities hold:

2+ 2j + byN,byN)
4.2 logPh = 3" log (1 - 2! ’
(4.2) og Pl ZO og T3+ 25 B ).
N—
(2 + 2j + byN,by N + 2N)
43 log P2, = ( )
(43) ©8 Z T'(2+2j + by N)
v(2+2 byN,byN + 2N (2427 + byN,byN
(4.4) log P12 Z ( +2j +byN,byN +2N) (+]+‘N ,bn ))7
— I'(2+2j+byN) I'(242j+byN)
where v is defined in (2.8).
Proof. Let
- 0, if|¢[<m _ 0, if [¢] >y
— e~ NQN (D) ) ) — —NQ~N() ’ ’
wil¢) = {1 otherwise, wa(C) = 1, otherwise,

wia(Q) = e~ NN { if ¢] € [0,74] U rz, oc],

1, otherwise.
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By the definitions (1.22)-(1.24), we have Py, = Z%/Zn, P% = Z%/Zy and P2 = Z32/Zy, where
Zn, Z&, Z%, Zi2 are given by the right-hand side of (4.1) with w replaced by e V9N wy, wa, wya,
respectively. Combining Lemma 4.1 with

o [ ka2 —axne? 5 _ D242k + by N, ayN i)
- - (aNN)2+2k+bNN ’

2 " ,r4k+3+2bNN6—aNNr2 dr — 7(2 + 2k + bNNv aNN T%)
0 o (an N)2+2k+bn N ’

2 /T2 r4k+3+2bNNefaNNr2 dr — 7(2 +2k +byN,ayN T%) - 7(2 +2k +byN,ayN T%)
r1

(an N)2H2k+ONN 7
we obtain
2N N-1

ZN = C N TN kHO (2 + 2k + by N),

Zy = 2 N71r2 % + by N, by N

N = <aNN)<bN+1>N2+N]}_I() (2+ 2k + by N, by ),

Zy = 2 ]hl (24 2k +byN,byN + 2N

N (an NN DN N k:07 ~NN,byN +2N),

712 _ oN N—1< (24 2k +byN,byN + 2N) 242k +byN,byN

M (an N)Gn NN o 7 NIV ON IV —7(2+2k+byN, by )),
and the claim follows. -

Proof of Theorem 1.6. By Lemmas 4.2 and A.2, we have

N-1

1 ~
log Py = Z log (1 —5 erfc ( — nj,“/aj/2> + Ra, (an)),
=0
N-1 ]
log P, = Z log (5 erfc ( — ?7]‘72\/&]‘/2) — Ry, (77]‘72)),
=0
= 1
log PR = > tog (5 exfe (= mi24/a/2) = Ra, (n32) — 5 evfe (= mia1/a;/2) + R, (1;1))),
=0
where
~ . bNN byN + 2N
(4.5) aj =2+2j+byN, Aj1 = Z' ; Aj2 = %7
j j

2(>\-k—1—10g>\-k)
4.6 = N\E—1 J: S =1,2.
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We complete the proof and give full details only for Pi?(p). The proofs for Py (p) and P34 (p) are
similar (and simpler), so we omit them. Using (1.2), (4.5) and (4.6), we find

2p%(1 + j) 3 20> 20°(1435 —p%) 3
Ajp=1= 5=+ O(N™), Ap =14 — 2 +O(NT),
2(1 + j)p? _ 20% 2023+ 35+ p?) -
1= N2 +O(N 3)7 M2 = N 3N2 + O(N 3)7
as N — oo. It follows that
. 1+j , 1+4)p° 3
—n; /2 =1/2 N
i/ @i/ V2p N + J2N? +O( ),
. j 1+0%/6  p2(12+125 — 11p?) 5
“niar]a;/2 = —V/2 (1_7) 2 N7,
M2y 83/2 = —V2p(1 = ) + V2 e 0N )

as N — oo. Using the above and (A.3), we then get

log <% erfc ( —1;,2 &j/2) - Rdj (7]j72) - %erfc ( — 15,14/ dj/Q) + R@j (77]'71))
— A6/ + “ﬁV/N) roW?),
uniformly for j € {0,1,..., N — 1}, where
fi(x) :=log < erfe(—v2p(1 — z)) — %erfe(ﬂpx)),
—p e 277 (2522 — 3p2x — 5) + e~ 2 (172 (5 4 p2(1 + & — 222))
321 serfe(—v2 p(1 — z)) — gerfe(v2 pz) '

Since { fl(e), fQ(E)}g:[]yl’Q are continuous and bounded on [0, 1], it follows from [23, Lemma 3.4] (with
A=ayp=0, B=1and by = —1) that as N — +o0,

fa(z) =

S a6M =N [ @ L0 o,
7=0
1 N-1 1
N 0/ = [ ala) o O
Jj=

This yields

erfc(—v/2 p) — 1)
1 — erfe(v/2p)
2p e (5 4 3p% — 2p%?) — e 2 D (5 4 (14 @ — 207)p?)
3@ erfc(—v/2 p(1 — z)) — erfe(v/2 px)
as N — 4o0. Since erfc(—z) = 2 — erfe(z),
log (erfc(—\/ip) - 1) _o
1 — erfe(v/2p)

log P}? N/ log erfc( \[p(l—x))—ferfc(\[px)) dm+71 (

dx+O(NY

Using also
/1 e—2p212(5 + 3p2x — 2p%x?) e — /1 207 (1-2)? (54 (1+ 2 — 22%)p?)
o erfc(—v2p(1 — x)) — erfc(v/2 px) o erfc(—v2p(1 — x)) — erfc(v/2 px)
we obtain (1.25). O
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APPENDIX A. UNIFORM ASYMPTOTICS OF THE INCOMPLETE GAMMA FUNCTION
In this appendix, we collect some known asymptotics of the incomplete gamma function.

Lemma A.1. (Taken from [46, Section 8.11.7], [50] and [15, (1.32) and below]). Let Es, be the exterior
region of the Szegd curve {z € C : |z| < 1,|ze!7#| = 1}. Note that {z : |arg(z — 1)| < 3T} C Ey,. As
a — +oo,

o atl Lo X bz —1)*
k=0

uniformly for z in compact susbets of Es,. The coefficients b(z) are defined recursively by
bo(z) =1, bi(2) = 2(1 — 2)bj,_1(2) + (2k — D)zbr_1(2), (k=1,2,...).

In particular, as a — +00 we have
_ 1 . s 20 1 2 1 1 z(22+1)\ 1 1

v = e (- (e )i G o)

(A2)  Qla,dz) = =" nteo)at Gt Lo )2 O

uniformly for z in compact susbets of Eg,.

The asymptotic expansion (A.1) is stated in [50] for |arg(z — 1)| < 2T and extended in [15,

(1.32) and below] for z € Fy,. Lemma A.1l is used in Subsection 3.1, see (3.13‘). In fact, to prove
Theorem 1.1 (a) for a given 0 € [0,27) \ {0, 7}, we need (A.2) with z close to €. Hence, to handle

the case 6 ¢ [Z,3T] U [2F, ], the results from [50] are enough for us; however for the other case
0 €%, 3 U3, Tr] we rely on [15].

Lemma A.2. (Taken from [49, Section 11.2.4]). For a > 0 and z > 0, we have

182 _ Lo /af2) — Raly),  Ran) = “oe / ey,

T@ 2 o ).
where g(u) d—iﬁ-ﬁ- uim;
oz B 2(A—=1—1log\) L 2(t—1—logt)

where sign(n) = sign(\ — 1), and sign(u) = sign(Im t) with t € L := {Siﬁaew - <f<7m}andu€R
(in particular u = —i(t — 1) + O((t — 1)?) as t — 1). Furthermore,
o—han? 20

Ea

uniformly for z € [0, 00), where all coefficients c;(n) are bounded functions of n € R (i.e. bounded for
A € [0,00)) and given by

(A.3) Ri(n) ~ as a — 400

CO:L_E =19 W) +
A—1 7’ A A—1

where the vy; are the Stirling coefficients

(—1)/ [ 2 (1 2 >ﬂ‘+%}
Vi = —— | = .
72550 |da¥ \ 22 — log(1 + x) =0
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