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Abstract

We study the moment generating function of the disk counting statistics of a two-dimensional
determinantal point process which generalizes the complex Ginibre point process. This moment
generating function involves an n X n determinant whose weight is supported on the whole
complex plane, is rotation-invariant, and has discontinuities along circles centered at 0. These
discontinuities can be thought of as a two-dimensional analogue of jump-type Fisher-Hartwig
singularities. In this paper, we obtain large n asymptotics for this determinant, up to and
including the term of order n~ 2. We allow for any finite number of discontinuities in the bulk,
one discontinuity at the edge, and any finite number of discontinuities bounded away from the
bulk. As an application, we obtain the large n asymptotilcs of all the cumulants of the disk
counting function up to and including the term of order n™ 2, both in the bulk and at the edge.
This improves on the best known results for the complex Ginibre point process, and for general
values of our parameters these results are completely new. Our proof makes a novel use of the
uniform asymptotics of the incomplete gamma function.
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1 Introduction and statement of results

Consider the determinant

n—1

1 - ;
Dn::f/.../ zkfz-z wz-dzz-det</zjzszdzz> ,
L[ I Ajl}lmg [ #2tu(z)

1<j<k<n Jik=0

where the weight w is given by
w(z) = |22 w(lz]),  b>0, a>—1, (1.1)

and the function w is defined by

p .
e, if x <y,
wiz) =[] {1 (1.2)
(=1

3 ifﬂ?ZWv

for some p € Nyg :={1,2,...}, u1,...,up € R,and 0 < 7y < ... <7y, < +o00. Thus w is supported
on the whole complex plane, is rotation-invariant (i.e. w(z) = w(|z])), has a root-type singularity at
0, and has p discontinuities along circles centered at 0. We are interested in the asymptotics of D,
as n — +oo.
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A large number of problems arising in statistical mechanics, integrable operators, orthogonal
polynomials, random matrix theory and the theory of Gaussian multiplicative chaos can be expressed
in terms of structured determinants associated with a weight having root-type and/or jump-type
singularities (the so-called Fisher-Hartwig singularities) [11, 21, 49, 3]. Of particular interest is the
asymptotic behavior of these determinants as the size of the underlying matrix gets large. In the case
where the weight is supported on a one-dimensional set, these asymptotics have already been widely
studied and have a long history. Early works include [41] by Lenard, [51] by Widom, [6] by Basor,
[12] by Bottcher and Silbermann, and [24] by Ehrhardt; see also [21] for more historical background.
More recent results have been obtained in e.g. [20, 22] for Toeplitz determinants, [10] for Fredholm
determinants, [33, 31, 8, 15, 17] for Hankel determinants, [20, 7] for Toeplitz+Hankel determinants
and [16] for Muttalib-Borodin determinants. Much less is known when the weight is supported on a
two-dimensional set. The first result in this direction is due to Webb and Wong [50], who obtained
the large n asymptotics of det( [ 272"|z — zo|2°‘e*"‘z‘2d22);gio with |zp| < 1 fixed and Rear > —1,
i.e. they considered the case of a Gaussian weight perturbed with a planar root-type singularity
located in the bulk. Deafio and Simm in [19] then investigated the “edge regime” when n — 400 and
simultaneously |zg| — 1 at a critical speed. The case of two merging planar root-type singularities
in the bulk was also studied in [19], among other things. We also mention that the related topic of
planar orthogonal polynomials associated with a Gaussian weight having root-type singularities has
been studied in [4, 5, 38, 9, 39, 40], see also [1].

Only limited results are available on asymptotics of determinants with planar discontinuities.
In [14], second order asymptotics were obtained for Ginibre-type weights with discontinuities along
smooth curves. In the rotation-invariant setting, but for more general potentials, second order
asymptotics were obtained in [34]. More refined asymptotics, including the third term of order
1, were then obtained in [25] for Ginibre-type weights. We discuss these works in more detail in
Remarks 1.3, 1.4 and 1.7 below. The purpose of this paper is to develop a systematic approach to
obtain precise asymptotics of determinants with a discontinuous rotation-invariant weight.

When the weight is supported on a one-dimensional set, it is now well-understood that the asymp-
totics analysis of determinants with jump-type Fisher-Hartwig singularities involves hypergeometric
functions, see e.g. [31]. Our situation presents an obvious but important difference with earlier works
such as [31], namely that in [31] the discontinuities are located at several isolated points, while in our
two-dimensional setting the discontinuities take place along circles. Here we find that the asymptotic
analysis of D,, involves the uniform asymptotics of the incomplete + function, see Lemma 1.12 below.

To motivate the study of D,,, let us consider the probability density function

1 - _
7 IT 2= =P [l e ™), Vi) =12 b>0, a> -1, (1.3)
T 1<j<k<n j=1
where Z,, is the normalization constant and z1,...,z, € C. This is the determinantal point process

which characterizes the log-potential Coulomb gas with n particles in the external field V(z) —
28 1og |2| at the inverse temperature 8 = 2 [27]. The density (1.3) is also the law of the eigenvalues
of an n X n normal matrix M taken with respect to the probability measure [43]

1 «
27| det(M)|2ae—ntr((MM )b)dM,
n

where Z,, is the normalization constant, M* is the conjugate transpose of M, “tr” stands for “trace”
and dM denotes the measure on the set of normal n x n matrices that is induced by the flat Eu-
clidian metric of C™"*™. The special case b = 1 and a = 0 of (1.3), known as the complex Ginibre
point process [29], is also the joint eigenvalue density of an n x n random matrix whose entries are



independent complex Gaussian random variables with mean 0 and variance % For more background
on two-dimensional determinantal point processes such as (1.3), we refer to [30].

Given a Borel set A C C, we denote N(A) := #{z; € A}, i.e. N(A) is the random variable that
counts the number of points that fall into A. Let p € Ny :={1,2,...},let 0 <r; < ... <rp, and
for r > 0, let D, :={z € C: |z| < r}. We are interested in the joint moment generating function of
N(Dy,),...,N(D,,), which is given by

p n
. 1 D,
E[He fN(Dw)] = / / H |21 — 2| Hw(zj)d2zj == (1.4)
—1 Ln JC C j=1 n

1<j<k<n

where ug,...,u, € R and the weight w was defined in (1.1). We mention that Z, can be easily
expanded as n — 400 (see Remark 1.10 below). Thus the two problems of obtaining the large n
asymptotics of D,, and of E[Hif:l e N(D W)} are essentially equivalent.

The main result of this paper is an explicit formula for the large n asymptotics of [ 17—, eteN(Dry )] ,
. . 1 .
up to and including the term of order n~2. These asymptotics depend very much on whether the r,’s
1
are smaller, equal, or bigger than the critical value b~25. This is because the normalized empirical
distribution & Z;L=1 d.; of (1.3) converges as n — +oo weakly almost surely (see e.g. [32, 13]) to an
equilibrium measure p [47],

1 b?
du(z) = EAV(z)dzz = ;|z|2b72d2z, (1.5)

which is supported on the closed disk centered at 0 of radius b=35. In Theorem 1.1 below, we treat
the general situation where

1

20

b
1
O<r1<...<7“m<rm+1:b_%<1—|—\/2b <TPg2 < ... <1y < 00, s €R,

5
vn
i.e. w has m discontinuities strictly inside the support of p (the bulk), one discontinuity close to the
edge, and p — m — 1 discontinuities outside the support of pu.

The large n asymptotics of E [ [, e N(D "'e)} are naturally described in terms of the two func-
tions
1—s e d
erfe(t) |, t,s) := - = —Fl(t,s), 1.6
rie( )> G(t,s) 1+ ‘jlerfc(t) VT dt (t,5) (1.6)
where t € R, s € C\ (—00, 0], the principal branch is chosen for the log, and erfc is the complementary
error function defined by

F(t,s) :=log (1 + 2

erfe(t) = % /t " g, (1.7)

We now state our main result.

Theorem 1.1. Let p € Nyg, m € {0,1,...,p— 1}, s € R, and

1
a>—1, b>0, 0<m <o <1y <0720 <o <L <1 < 00,

L

be fized parameters, and for n € N, define rp41 := b= 35 (1—1—\/%%) *. For any fized x1,...,2p €
R, there exists § > 0 such that

Ny Cy (logn)?
E ||e’ il | = exp Cln—i—Cg\/ﬁ—&—Cg—&——\/»—i—O , as n — 400 (1.8)
n n

j=1



uniformly for uy € {z € C: |z —a1| < 6},...,up € {z € C: |z — x| < I}, where

Zerbu] + Z u;,
j=m+1
+oo
CQ = Z \/Qb?“?/ (.7:.(157 euj) —+ ]:(t, e_uj)>dt + \/% .F(t, e—u,,,+1)dt
J=1 0 0
—5
+ \/%5’1,&7714'_1 —+ \/% f‘(t’ eum-f-l)dt7
m m +Oo
Cs ( + 04) ZUJ ( )]:(57 e_u,,,,+1) + 4bZ/ t(f(t, eug) _ ]:(t, e—uj))dt
j=1"0

~+o0 -
P / (2t — ) F(t, e~ "m0 )dt + 2 / (2 +5) F(t, ")t
0 0

m o0 2 -5 2
w B2 —1 w2 Bt2 435t — 1
+b) j/ G(t, €)= —dt+b Gt, e ) —————d,

— 00 — 00

Cy= Z rb /0 2 (]-"(t,e i)+ Flt,e J))dt+ (2b)3/2/0 (3t% — 25t)F(t, e~ "“m+1)dt

b [T 21t — 193t3 + 50¢°
3/2 2 U uj
+(20) /0 (362 + 258) F(t, "t dt+§ :\f ) o > dt
p3/2 21t — 193t3 5Ot5 65(1 — 29¢2 + 10t*) — 9s2(3t — 2t3
- —f g(t,e“’"“) o 50F7 + Bsf IS 1067) ~ 97 i

+oo 5t2 1 p32 e 5t2 4 35t — 1\ 2
- Z / ( ) dt — —= (g(neumﬂ)Jr ° ) dt
2\fr 3 2V2 ) 3

1 262 — 1 1+6a+6a2>
+{(=+a)Z—Vo+ —————|G(—s,e"m+).
<(2 ) 3v2 12v/2b ( )

In particular, since E [ H§:1 e“jN(DT'J')] is analytic for uy,...,u, € C and positive for uy,...,up € R,
Cauchy’s formula combined with (1.8) implies that for any k1,...,ky, € N:={0,1,...}, k1+...+k, >
1, and uy,...,u, € R, we have

P 2
8{3}...Bfﬁ{log]E{He“jN(Dw)] —(C1R+C2\F+Cg+ Sﬁ)}_o<(lognn) )’ as n — +00.
j=1

(1.9)

Remark 1.2. With more e[forts we expect that the estimates O(M) in (1.8) and (1.9) can
actually be shown to be O(n~1).

Remark 1.3. Forb=1,a =0, up = ... =up, =0 and 1 < 1 (the bulk regime of the complex
Ginibre point process), the first two leading coefficients Cy and Co were previously obtained in [5’4,
eq (28)], and C5 was obtained in [25, Proposition 2.1]. Forb =1 a =0, ug = ... = =0
and ry = (1 +v2-% ) (the edge regime of the complex Ginibre point process), C1,Ca, Cs were also
obtained in [25, Proposztwn 2.1].



Remark 1.4. Consider the probability measure (1.3) with a general radial potential V(z) = V(|z])
satisfying V (|z])/(21og|z]) — +o0 as |z| = +oo, and assume that the equilibrium measure is sup-
ported on D, for a certain r, > 0. In this general setting, it was argued in [34] that for r < r, fized,
we have E[e"N(Pr)] = exp(Cin + Cov/n + o(\/n)) as n — +oo for certain coefficients Cy and Cy. It
was also conjectured in [34, eq (34)] that Co can be written in the form Cy = cvCs (u), where cy is
independent of u, and Cy (u) is a universal quantity independent of V.. Theorem 1.1 establishes this
conjecture for V(z) = |z|?*. More generally, we note from Theorem 1.1 that the coefficients Cy, C3

m erN(Dr]»)]

and Cy appearing in the large n asymptotics ofE[H are of the forms

j=1
m - 1 m m _ m -
CQZZbT?CQ(U,j), C3Z—<2+(Jé>zu]‘+zb03(uj)> 04:Zbrj_bc4(uj)7
j=1 j=1 j=1 j=1
for some explicit {5k (u)}i_, that are independent of a,b and 11, ... ,Ty,. We also find it remarkable
that Cs is completely independent of r1,...,Tm,.

Remark 1.5. For one-dimensional log-correlated point processes, asymptotic formulas for moment
generating functions of bulk counting statistics are typically of the form exp(Din + Dslogn + D3 +
o(1)), see e.g. [15], and thus differ drastically from the asymptotics (1.8).

Recall that the cumulants {x; = k;(n,7,b,a)}jen., of the random variable N(D,) are defined
through the expansion

2 3 4
log E[e"Y (P)] = kyu + 52; + “:;I'L + H‘f +..., asu—0,

or equivalently by

Kj = & log ]E[e“N(D")]

(1.10)

u:O.

More generally, the joint cumulants of N(D,,),..., N(D,,) are defined by

=0 6{;; log E[e"tN (Pri)+--+upN(Dry )] Ji,---,Jp € Nso. (1.11)

Hjlv---vjp N

u1:...:up:0’
We can deduce from Theorem 1.1 the following results.
Corollary 1.6.

(a) (Asymptotics for the cumulants in the bulk regime)
Let j e Nyg, a>—1,b>0 andr € (O,b’ﬁ) be fized. As n — 400, we have

br?n +d; + O((lognn) ), ifj=1,

K = d; + O (lesm)’y if j is odd and j # 1, (1.12)
g

civn + ejn_% +o(L ")2), if j is even,

where

dt,

u=0

1 e +oo
d=4 2o ¥i=1 }+4b/ 103 (F(t,e") — F(t, e
,={ 1 513, [ roy(Feen - Fe)

cj = V2br /+OO o (]—"(t, e*) + F(t, 67“))
0

dt
u=0




+oo 2
, 5t2 — 1
+ b/ Gt e,y dt,

o 3
6v2b [t , . " u bt Y 21t — 193t3 + 505
;= 2 /0 20 (F(t,e") + F(t,e ™) u:Odt—ﬁ/_w OG0yt
b [T 562 — 17
- — 21[G(t,e")? — | dt. 1.13
s | Aol (113)
For j =1 and j = 2, these integrals can be simplified further, and we obtain
% b—1-2«a (logn)?
brb b 1 (logn)?
=Var[N(D,)]| = —=Vn— ———+0 , 1.15
r2 = Var[N(Dy)] = “m/n = Jom g o + < n (1.15)

as n — +o0o. As one would expect, the leading term of E[N(D,)] in (1.14) can be rewritten as
br2b = fD du, where p is the equilibrium measure defined in (1.5).
(b) (Asymptotics for the cumulants in the edge regime)

Let j € Nsg, a> —1,b>0 and s € R be fixed, and for n € Nyg, let r := b’ﬁ(l—kﬁﬁ)ﬁ,
As n — 400, we have

n+cjyn+dj+emnTr + O((log")Q), ifj =1,

n

e 1 ) (1.16)
cj\/ﬁ+dj+ejn*§+o((10gnn) ), ifi>2,
where
_ [ Vs, i =1 T Bt e S Fte
{ 0. iz [TVD / DIF(t,e )|, _ydt + V20 / 9 F(t, )|, dt,
1 . +oo _
“= (2 * ‘“) OF (e g =2 [ =) QF ()i
0
L | L 2 y
22 [ oF e gt +b [ 0lG(en)], L, S
0 —00

+oo s
e; = (2b)* /O (312 — 2st)DLF(t, )| dt + (20)¥ /O (312 + 26)00 F(t, )| _,dt

b3/2 -5
2 aigt, e
\/i o ug( )|u:0

p32 s 52 4 35t — 1\ 2
_ 2 O G(t. e®)? — | dt
2\/5 . u[g(’e)]‘u_(J( 3 )

1 262 — 1 1+ 6a+ 602\ ..
+({(z+ Vb + G(—s,e")| ..
((2 a) 3v2 1272 ) LG5

For j =1 and j = 2, the coefficients c;, d; and e; can be evaluated explicitly (in terms of erfc)
using integration by parts, and we obtain the following:

21t — 193t% + 50t° + 65(1 — 29¢% + 10t*) — 952 (3t — 2t3)
18

dt

= @erfc(s) . vb e
1 — \/i \/% )



1/1 2
di = —2( +oa— b)erfc(s) bs_ s ,

2 2 B 3\/776
=" /b(2+4a) — 1 — 6a — 602 — 2 — da)s® 25"
NeT 125 6 )
co = 2\/\/57?erfc(\/§5) + \/Eif/ﬂ (1 - erfC(ﬁ)) + \/\/B;erfc(ﬁ) (;erfc(ﬁ) - 1>v
B b 942 bs bs —s2(q
do = ~° + 2merfc(\@s) + 3ﬁe (1 — erfc(s))

—1-2 1
+ %erfc(s) <2erfc(5) - 1),

2 2

—5 b
eg = — (1 — 20+ 6a — 4ba + 602 + 2(2 — 3b + 4a)bs® + 8354> (1 — erfe(s))

12v/27h
b2 o b32(1 4 4s?)
- “2 T 7 Jerfe(V/25). 1.17
22 s olev2s) (1.17)

In particular, for r = b= (thus D, = supp u and s =0), as n — +o0o we have

E[N(D,)] = —\/*/%ﬁ+b‘14‘2“+b(2+4‘3;%‘¢6§‘6‘* o((loi”) )
Vb 1+20—b b b2 o1 (logn)?
VarlN (D)) = v TR - - < )

(c) (Asymptotics for the cumulants in the regime bounded away from the bulk)
Leta>—1,b>0 and r > b= be fized. As n — +o0, we have

fnro(teE) =, L1
Rj = O((logn)Q) o ( . )
=), fiz2

n

(d) (Asymptotics for the joint cumulants)
LetpeN,p>2 me{0,1,...,p—1}, j1,....Jp €N, a> -1, b >0, and

1
0<r <rg <o <y, <bB72 < rppye <L <1y < 00, s € R,

be fized parameters, and for n € Nsg, define i1 = b_le(l + V2 )Tlh If at least two jg's

are positive, then as n — +00 we have

Kjiodp = @<(1Ogn)2>- (1.19)

n

5
v

(e) (joint Gaussian fluctuations)

Leta>—-1,b>0,scRand0<r; <ry<...<1p <b = be fired, and for n € N5, define
1
Tl = b3 (1 + V2 f) 2 Consider the random variables

5
n

N(Dy,) — brjz-bn

\/@nlﬂ ’

7

N :=7l/4 j=1,...,m, (1.20)



N(DT1,L+1) - (n + 01\/ﬁ>

Nm+1 = C2 n1/4 5 (121)
where c1,¢o are as in (1.17). As n — 400, (N1,...,Npi1) convergences in distribution to
a multivariate normal random variable of mean (0,...,0) and covariance matrix I, 11, where

Lt is the (m+ 1) x (m + 1) identity matriz.
Remark 1.7. Some parts of Corollary 1.6 were already known:

o In [}5], Rider obtained various results for the variance and covariance of radial and angular
statistics in the complex Ginibre point process (which corresponds to b =1 and o = 0 in our
setting). In particular, for (b,a) = (1,0), the leading coefficient ca = br®/\/7 of (1.15) was
determined in [45, Theorem 1.0].

e Let Ngy be the number of points lying outside the droplet of the Elliptic Ginibre ensemble. Fine
asymptotics for E[Ngy|, including the term of order n=%, were obtained in [37, eq (70)]. In par-
ticular, for the edge regime, the coefficients cil(s,b,0)=(0,1,0)s d1l(s,b,0)=(0,1,0) @1 €1|(s,b,0)=(0,1,0)
were previously found in [37].

o Let Ny := #{z; : z; € A} be the number of points of the complex Ginibre process lying in a
given Borel set A. The following was proved in [1/, Theorem 1.6]: when A is in the bulk, has
smooth boundary, and is independent of n, the cumulants {nJ(A)}jzo‘f satisfy

ajon + gLy ez +O0MTN),ifj=1,
ki(A) = 25:1 ajmt~t+0nN), if j is odd and j > 3, (1.22)
ﬂj,on% + Zévzl ijgn%’l + O N=2), ifjis even,

for any N € N and some a4, B¢ € R. Moreover, the constants a0, 8,0 were also determined
explicitly in [14, Theorem 1.6]. Our asymptotics (1.6) are consistent with (1.22). (Actually,
our results also suggest that the cumulants k;(D,) of the Mittag-Leffler ensemble with general
b and « also satisfy an all-order expansion of the form (1.22).)

o The coefficients {c; ;;O‘f were obtained for both the bulk and the edge regimes of the complex
Ginibre point process in [35, eqs (55)-(67)] (the analysis of [35] is done in the context of
fermions in a rotating trap, and this model is equivalent to the complex Ginibre point process
[35], see also [42]). The coefficients {dj|(b$a):(1’0)}~;;°<1> were then obtained in [25, Remark 4]

for the bulk regime.

o Corollary 1.6 (e), when specialized to (b,a) = (1,0), was already known from [}5] for m =1,
and from [25, Proposition 2.2] for general m € Nsg. Note that disk counting statistics are
linear statistics with indicator type test functions (thus non-smooth). We mention in passing
that for smooth linear statistics of non-Hermitian random matrices, some Gaussian fluctuation
formulas were already obtained by Forrester in [26], then proved in [/6] for Ginibre matrices,
and then in more generality in [2, 30].

Remark 1.8. As a sanity check, note that ¢; and co in (1.17) satisfy ¢1 < 0 and ca > 0 for all
s € R, which is consistent with k1 = E[N(D,)] < n and ks = Var[N(D,)] > 0. Note also that ¢z in
(1.17) decays exponentially fast as s — +oo, which suggests that for any € > 0, Var[N(D,)] decays
very fast as n — 400 and simultaneously n=s — +oo (but this is only a heuristic since the error
terms in (1.16) are proved for fized s). The error terms in (1.18) and (1.19) are far from optimal
and could be easily improved if needed, but we do not pursue that here (see also [45, Theorem 1.7]
where an exponentially small error term was obtained for Cov[N(D;,), N(D.,,)] in the Ginibre case).



Proof of Corollary 1.6. Proof of parts (a), (b), (c) and (d): the asymptotics (1.12), (1.16), (1.18)
and (1.19) are obtained by combining (1.10)—(1.11) with Theorem 1.1 (using in particular (1.9)). To
obtain (1.12), one needs to further note that

o (f(t,e“) + F(t, 67“)> =0 for j odd, o (]—"(t, e") — F(t, €7U)> =0 for j even,

t— G;(t) = 8&g(t,e“)|uzo satisfies G,;(t) = G;(—t) for j odd and G;(t) = —G;(—t) for j even,
from which it easily follows that the coefficients c;,d;, e; of (1.13) satisfy ¢; = e; = 0 for j odd and
d; = 0 for j even. The simplified formulas (1.14), (1.15), (1.17) are then obtained using integration

by parts. We now turn to the proof of part (e). For this, recall that there exists 6 > 0 such that (1.8)
holds uniformly for us,...,um+1 € {z € C: |z| < d}. Hence, using Theorem 1.1 with p = m + 1 and

t; t
_ 1/4 Vi . L m+1
u; =/t ——— j=1,...,m, Umppl = — =,
T S T
where t1,...,tm4+1 € R are arbitrary but fixed and ¢ is as in (1.17), we obtain
m+1 m—+1 2
1
E[H tN}exp(Zj 4), as n — +00,
j=1
which implies the claim. O

Outline of the proof of Theorem 1.1.

Since w is rotation-invariant, D,, can be identically expressed in terms of one-fold integrals (albeit
not being a Selberg integral). This fact is well-known and has already been used in different contexts,
see e.g. [45, 28, 19, 23]. For convenience, we also give a proof of this result here.

Lemma 1.9. Let w be a rotation invariant weight satisfying

“+oo
/ ww(u)du < 400, for all j > 0.
0

Then
o0 )
2k — %5 w(z; d z; = (2m)" wPH w(u)du.
il? )"z
1<g<k:<n 7=0 0
Proof. Tt follows from e.g. [50, Lemma 2.1] that
n n—1
/ / |2k — 24]? H w(z;)d?z; = det (/ 27w (z)d2z> . (1.23)
Ci<j<k<n j=1 c 3,k=0
Since w is rotation-invariant,
0, if j #£k
/ 27w(2)d?z = 1 j 7 k.
C 27rf uP T rw(u)du, if j =k,
and the claim follows. O



Remark 1.10. Recall that Z, is the normalization constant of (1.3). Applying Lemma 1.9 to

w(z) = \z|2"e_”|z‘2b, we obtain
1 2 s 2c —n\z'\% 2 _n2 —1+2Qn7rn s jto
Zn=— | .- T 1z =z P[] zlPe = a2 = n o0~ bTHr(T). (1.24)
e Ci<j<k<n j=1 j=1

The above right-hand side can be easily expanded as n — +o00 using [44, formula 5.11.1]

1 log 2 1
08F | OBST L~ 4 0(z7%), as z — 400,

logT'(z) = zlogz — 2 — 5 5 12

and we obtain

3+2logh , 1 log(2m) b—2a—1 v
log Z,, = ——n" — -nl 141 log —
og TR ogn—i-( 5 + 5 (1+logb) + g |n
1—3b+ b2 — 6b 2
+ 30+ +162C; Gba + 6o logn + g(b,a) + O(n™?), as n — 400, (1.25)

for a certain constant g(b, ). As noticed in [18, Proposition 1.4], if b = Z—; for some ni,ne € Ny,
then g(b, ) is explicitly given by*

b(ne —n1) + 2n1«

9(b, @) = nynal’(—1) + 4b log(2m)
1 —3b+ b + 6a — 6ba + 60> e jFE-1 Kk
— 1 — 1 L6 4
195 ogny J;kZ:l ogG( - +n1>,

where G is Barnes’ G-function. Thus one can obtain the large n asymptotics of D,, by combining
(1.4), (1.8) and (1.25).

For convenience, let us write w (which was defined in (1.2)) as

euet . tup _ euwrl'*‘""*‘"z’7 if £ < p,

p+1
w(x) =Y wilp (@),  wei=qetr 1, if £ =p, (1.26)
t=1 1, ifl=p+1,

where 7p41 := +00. Applying Lemma 1.9 to w = w, we immediately get the following exact identity
for D,,:

n—1 +00
D, = (27)" H / u2j+1+2°‘e_"“2bw(u)du
j=0""0

n n p
o 1f2a, T ito . 2b j+o
=St T (e i) 1) ) (1.27)

Jj=1

where 7(a, z) is the incomplete gamma function

'y(a,z):/ t*te~tdt.
0

As can be seen from (1.27), to obtain the large n asymptotics of D,,, we need the asymptotics of

v(a, z) as z — 400 uniformly for a € [H'TO‘, v T+ 2]. These asymptotics are already known and are
1

stated in the following lemmas.

Lg(b, @) here corresponds to d(%, 7 — 1) in [18].
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Lemma 1.11. (Taken from [}4, formula 8.11.2]). Let a > 0 be fized. As z — +o0,
+(a,2) = T(a) + O ).
Lemma 1.12. (Taken from [48, Section 11.2.4]). We have

—lan? oo
v(a,2) = ferfc —nva/ R.(n) = ¢’ . / e*%‘“fg(u)du,

where erfe is defined in (1.7), A= 2, g(u) == 4L L 4 _L

n=(-1) W W= —i(t—1)

2(t—1—1logt)

L (1.28)

where the principal branch is used for the roots. In particular, n >0 for A > 1,71 <0 for A <1, and
ueR forteL:={25e": - <0 <r}. Furthermore, as a — 400, uniformly for z € [0, cc),

>

7=0

o= ban?

Ra(n (1.29)

V2ra

where all coefficients c;(n) are bounded functions of n € R (i.e. bounded for A € [0,00)). The first
two coefficients are given by (see [48, p. 312])

1 1 1 ! !
CO(n)—ﬁ_F 01(77)—$— O—13 (Z—12 1200—1)

In particular, the following hold:
(i) Let 6 > 1 be fized, and let z = Aa. As a — +oo, uniformly for A > 1+,

~v(a,z) = F(a)(l + O(e_#)).

(ii) Let z = Aa. As a — +o0o, uniformly for A in compact subsets of (0,1),

a772

7(a,2) = D(a)O(e™ % ).

2 Proof of Theorem 1.1
In this section, log always denotes the principal branch of the logarithm, and ¢ and C denote positive
constants which may change within a computation.

Let M’ be a large integer independent of n, let € > 0 be a small constant independent of n, and
let M := M'+/logn. Define

2b

. b . b
jo— = [ —al,  dox :=L"” af, (=1,....m,
jm-‘rl,— = ’7116 - O‘L jm+1,+ =N,

Jo,— =1, jo4+ := M'. We take e sufficiently small such that

b?‘?b b,r‘lJrl
1—¢ 1+e€

) forall £ € {1,...,m}.

11



Using (1.27), we split log D,, into 2m + 4 parts

log D, = S_1+ So + Z(S%—l + Sok) + Sam+1 + Samr2, (2.1)
k=1
with
p+1
S_1=—5n 2logn — 2enlogn +nlog T, So= Zlog (Zwﬂ (it m“?b)), (2.2)

dr,——1 p+1 ' Ikt ptl :
Suci= 3 dog(Lwn(Ea?) su= 3 g Lenat). @y

J=Jk—1,++1 =1 J=Jk,— =1
Jm+41,——1 p+1 n p+1

Samii= Y log(Zwm Heot)). Sa= 30 e e @4
J=Jm,++1 J=Jm+41,— =1

For convenience, we also define

an, euetFup - if f <
ij Lo (2.5)
ifl=p+1,
so that w can be rewritten as
p+1 p+1
ngl[o TZ) ZQé [re—1,7m2) )
Lemma 2.1. For any x1,...,%p € R, there exists 6 > 0 such that
M’ _
So = M'log )y + Zlogf(%) + O(e™ "), as n — +oo, (2.6)
j=1
uniformly forus € {z € C: |z —x1| < d},...,up € {z € C: |z —xp| <}
Proof. By (2.2) and Lemma 1.11, as n — +o0o we have
p+1
Zlog (Zwe (342 + 0] ) = Zlog (UT(H2)) +0(e™),
where the first error term in the above expression is independent of u1,...,u,. This clearly implies
the claim. O

Lemma 2.2. Let k€ {1,...,m+1}. For any x1,...,x, € R, there exists § > 0 such that

Jk,——1
Sok—1 = (Jk,— — Jk—1,+ — 1) log Q + Z log T(552%) + O(e™")
J=Jk—1,4++1
as n — +oo uniformly foru; € {z € C:|z—z1| <6},...,up €{z€C:|z—2x,| <0}

12



Proof. Recall that Soj,_; is defined in (2.3) and (2.4), and define a; := 2% \;, := b’ and

2)\"¢—1—1n>\"z
N0 = ()\j,g—l)\/ ( J(/\jg—l)Q . ) (2.7)

Let us treat the case k > 2 first. We use Lemma 1.12 (i)-(ii) with a and A replaced by a; and A; ¢
respectively, where j € {jx—1,4+ +1,...,jk,— — 1} and ¢ € {1,...,p}. This gives

ZWZ 1+O

as n — o0, where the above error terms are independent of wy,...,w,. Note that for each k €
{2,. m+1} there exist positive constants {c;, ¢j}7_, such that c1n < a; < éin, ca < [Nj =1 < )
and c3 < 77 < ¢ hold for all n sufficiently large for all j € {jy—1,+ +1,...,7k,— — 1} and for all
tedl,... ,p} This proves the claim for k = 2,...,m + 1 with ¢ = <. The proof for k =1 is only
slightly different. By Lemma 1.12 (i), for any € > 0 there exist A = A( "), C = C(€') > 0 such that

A’lg‘(laj —1| < Ce 2 foralla> A, forall A = £ € [1+¢€,400], and where 7 is defined by (1.28). Let

us take ¢’ = § and choose M’ large enough so that a; = ”Ta > A(5) forall j € {M'+1,...,51, - —1}.
Hence, as in (2.8) we find

J1,-—1 j1,——1
Sp= ) logT'(&2) + Zlog(Z (1+0(e”

j=M’+1 j=M'+1 =1

Jk,——1 Jk,——1

Sop_1 = Z logF(ﬁT Z log<ZwO

J=Jk—1,++1 J=Jk—1,++1

an

)) + 1> (2.8)

7]215
))+1), as n — +00.

It is easy to check that for each ¢ € {1,...,p}, the quantity aj77j2-’Z decreases as j increases from
M’ +1 to j;,— — 1. Hence

a;n? Q; ,71772 —
e L g1, 1 > cn, forall je {M'+1,...,50.- — 1}, £ € {1,...,p},

2 - 2
for a sufficiently small ¢ > 0. This proves the claim for k£ = 1. O
We now turn our attention to the sums Soi, k=1,...,m+ 1.
Lemma 2.3. For any x1,...,xp € R, there exists 6 > 0 such that
Sor = S5 + 55 + 88 + 0(e), k=1,2,...,m,
as n — oo uniformly foru; € {z € C: |z —a1| <6},...,up € {z € C: |z — x| <}, where
Séz) = Z log (wk'y(aj,zk) + Qk+1].—‘(j—ga)>7 v=1,2,3 k=1,....m (2.9)
Ji X k€1
with
j+o b zi,  bnr
aj == b zk:nrz, )\jk:aj_j—ka
and where
I = [1%,1*%), 12:[1f%,1+%], I3 = (1+ f,1+e]



Similarly, for any x1,...,xp, € R, there exists 6 > 0 such that

Somia = S50+ S5 15 + O(e™™),

as n — oo uniformly forus € {z € C: |z —x1| < 6},...,up € {z € C: |z —xp| <6}, where
52m+2 = Z log <wm+17(aj, Zm41) + QerQI‘(HI;O‘)), v=2"3, (2.10)
F: X m41€TL,
with
‘ 2b
 jta _ 2%  Zmgl bnry) 4
aj = Tv Bm+1 = N1, )‘j,m—i-l = a; = j—i—ima7

and where
1
I =[EE A+ M) L=+ 14d, R= Vs

Proof. By (2.3), (2.4) and Lemma 1.12 (i)—(ii), we have

Jk,+ Jk,+

, (L nr2b) —en
S =Y logD(&2)+ > log<2w5(9 +°"’“rbf7ﬂ)+ > w(1+0e™m) ),
J=Jk,— J=Jk,— b =k+1

(2.11)

as n — oo, where the above error terms are independent of wi,...,w,. Let us choose 6 > 0

sufficiently small such that

Y5, )
Wk——=7ra— 1T Qkt1
L(55%)
remains bounded away from the interval (—oo,0] as n — +oo uniformly for u; € {z € C: |z — 21| <
0 ..., upe{2€C:|z—ap| <6} and for j € {ji,—,...,Jr+} By (2.11),
Jk,+ Jk,+ Jjta 2b
I+ ’Y( ,n'f' ) —cn
Sop =y logT(52)+ > log (Qk-i-l + wkb+> +0(e™"),
J=Jk,— J=Jk,— (s b
as n — +oo uniformly for uy € {z € C: |z —a1| < d},...,up € {2 €C: |z -1, < 6}. Note that
1+

Ajk € [1—¢€1+¢ foreach k € {1,...,m} and j € {jr,—, .., Jk,+}, while \j i1 € [3 ] for

each j € {jm+1,—---Jm+1,+)- The claim now follows directly by splitting Sax, k = 1 ,m into

three parts and So,,+2 into two parts. O]

2b n 2b
For k =1,...,m, define g;, _ := [fzr% —al, gk,4 = Lf_r}% — «a, and

M) B bnr2b o) = bnr2b ol bnr2b i
b TR Ty L 1+ AL 1+ 2L ’
vn Vvn vn

n, M bnr2b brr2b bnr2b
92’+)::(1_’§\/[—a>—gk}+:<1_’j\4—a — l_kﬂ—a.
NG NG vn
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Clearly, 9,(:’_M), 0,(:4’_1\/[) € [0,1), and formally we can write

gk,—*l 9k, + jk,+
)OI DD DD DD DN D DRE (2.12)
JNj k€13 J=Jk,— JNj k€l G=gk,— Jxjk€lh J=gk4++1
b"7'¢2:+1
Define also gmy1,— = [ A — o] and
v
bnr2b bnr2b bnr2b
9,(,?_%)_ = Gmgl,— — (lmj\zl — a) = {17”]\;1 — a-‘ — (1”1;[1 — a> €[0,1).
+ 2L + 2L + 2
Formally, we have
Im+1,——1 n
)RR SRS SRR ol (213)
J:Njm+1€13 J=Jm+1,— J:Njm41€I5r J=9m+1,—

We collect in the following lemma some straightforward but useful asymptotic formulas.

Lemma 2.4. Asn — +o00, we have

S b’ (n,M)
Z 1_Jk,+—gk,+_Jk,Jr—<1_M_0‘)"“91¢,3r
J=gk,++1

n
= jrg — brin — bMrE/n — bMr?® 4+ o + 9,(3’+M) —bM3rPnT7 + O(M*n™Y), (2.14)

=t bnr3?
. M .
Yo l=gr-—jr-= (1+’§M —a) + oM — g -
J=Jk,— Vn

= br?n — . — bMrP/m + bM2 2 —a+ 6N — b MPrPn T + O(M* Y, (2.15)

where (2.14) holds for all k € {1,...,m} and (2.15) holds for allk € {1,...,m+1}. Fork=m+1,
(2.15) can be further expanded using rm1 = b= (1 + %)le, and this gives

gm41,-—1
> l=gmit —dmir = (l;ni%%}l - a) + 9&:\14,)7 —Jm+1l,— =N = Jm1,—
J=Jm+1,— Vn
+(R—M)Wn+MM-R)—a+005) — M*(M—Rn~% + O(M*n) (2.16)
as n — +00.
Proof. The proof is a short computation. O
v=1,2,3

—, 0 and {S§2+2}”:2’3. These sums are rather delicate
to analyze and involve the asymptotics of vy(a, z) in the regime a — +00, z — +oo with A = 2 €
[1—¢€1+¢.

Our next task is to evaluate {SSZ)} he1

Lemma 2.5. For any k € {1,...,m} and any x1,...,x, € R, there exists § > 0 such that

Tk, +
S = 3 logD(d%e) + (jk,+ — br2bn — bMr2 i — bM 22

J=gk,++1

+at oM - bM?’r,zbn’%) log Q1 + O(M*n™1),

as n — +oo uniformly foruy € {z € C:|z—x1] <d},...,up € {z€C: |z —x,| <d}.
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Proof. Since I = [1 —¢,1 — %), by (2.9) and Lemma 1.12 we have

Sé}c) — Z log (wk’y(aj,zk) + Q;H_lI‘(ngo‘))

J:Xj k€N
o 1
= > {10@(]45) +log (wk {QGYfC( - Wj,k\/aj/Q) — Ry, (m‘,k)} + Qk+1>:|7
Ji A k€
where 1 = (A\jr — 1) W Since
Mik = Nk — 1+ O((Nj e = 1)?) < —% +O(AL), as n — 0o, (2.17)
- nj,k\/aj? > N% + @(Mfi), as n — 0o, (2.18)

uniformly for j € {j : \; x € I1}, by choosing M’ large enough we have

r2bar2

et M2 1 i
Ra,;(njr) = Oe™ "7 ) =0(n~17), gerfc( - ﬁj,k\/aj/Q) =0(e "7 )=0(n""),

as n — +oo uniformly for j € {j : \; x € I1}, and thus (using also (2.12))

Tk, +

Séi.) = Z {logf(j'ga) —|—10ng+1} +0(n™?)
J=gk,++1
Ik, +

= Z log I(Z£2) + (k4 — gr,+) 10g Qi1 + O(n™?), (2.19)

J=gk,++1
as n — +oo. Since the error terms in (2.17) and (2.18) are clearly independent of wy,...,w,, the
asymptotics (2.19) are uniform for uy € {z € C: |z —x1| < d},...,up € {z € C: |z —x,| <}. The
claim now follows after inserting (2.14) in (2.19). O

Lemma 2.6. For any k€ {1,...,m+1} and any z1,...,x, € R, there exists § > 0 such that

S5 = > TogD(55%) + (brin — i, — bMrE Vi + bMr

asn — +oo uniformly forus € {z € C: |z—z1]| < 60},...,up € {z € C: |z—xp| <6}, Fork=m+1,
the above formula can be further expanded using rp,+1 = b~ 20 (1 + %)ﬁ, and this gives

Im+1,——1

e = > 108T(52) + (n = jmsr— + (R = M)V + M(M ~R)

j:jnL+1,7

— a0 (v - R)n—%) 10g Qi1 + O(M*n 1),

as n — +oo uniformly foru; € {z € C: |z —x1| <6},...,up €{z€C:|z—2x,| <4}
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Proof. The proof is similar to Lemma 2.5. Recall that I3 = (1 + %, 1+ ¢€]. Thus by (2.9), (2.10)
and Lemma 1.12, we have

o 1
Séi) = Z |:10g F(%) + log ((/Jk |:2€I'fc( — Nj,k\/ aj/2) — Raj (nj,k):| + Qk+1>:| s
3N k€13

2()\]-‘)6—1—111 )\j,k)

where 1 = (A\jr — 1) . Using the fact that

(Aj—1)?
Njk = Nk —1+(’)((/\j,k—1)2) > %—&-(’)(MTQ), as n — 0o,
— ik /aj/2§7M\/T§Z JrO(MT;), as n — 0o,

uniformly for j € {j : A\; x € I3}, by choosing M’ large enough we have

r2bn? 1 202
Ra,(njx) = O(e™ 7)) = O(n™19), 5erfc( - nj,k,/aj/fz) —1-0E T )=1- 0@,

as n — +oo uniformly for j € {j : A x € I3}, and thus

gk,——1
Séi) = Z {logl"(”;a) —|—10ng] +0(n™?)
J=Jk,—
g, ——1 _
= > logD(£52) + (gr,— — jk,—)log U + O(n™?),
J=Jjk,—

where we have also used (2.12) and (2.13) for the first equality. The claim now follows directly from
(2.15) and (2.16). O

Our next goal is to obtain the large n asymptotics of the sums {Sgi)}k:17,,,,m+1. This is the most
technical part of the proof of Theorem 1.1. Let us define

Mij = \/?L()\j,k — 1), for all k£ € {1, Ce ,m} andj S {j : /\j,k € IQ} = {gk,—; C ,gk,_;_},
Mj i1 = Vn(Ajmy1 — 1), forall j € {j: Njmi1 € I} = {gmy1,—, ..., 0}
By definition of I3, as n — +oo the points My, _ ,..., Mg, , r tend to spread all over the in-

terval [—M, M| for each k € {1,...,m}. Similarly, by definition of Iy, as n — +oo the points
Mg, .\ _m41s---> My my1 tend to spread all over the interval [%O;‘/E,M] Note also that Mj
decreases as j increases. The following lemma will be useful to obtain the large n asymptotics of

(St

Lemma 2.7. Let f € C3(R) be a function such that |f|,|f'|,|f"],|f"| are bounded. For any k €
{1,...,m}, as n — 400 we have

« M M 1 M 1 M
> ot =u [ joavi-w [ o (-0 a0+ (5 -0 s
J=gk,— -M -M
n,M n,M n,M n,M
L 3br2b/M £ f(t)dt + i+9’(€’* T - DY £On i+9’(“’+ (BT~ DY £
NI Y: 12 2 br? 12 2 brb
+O(M*n™h). (2.20)
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Also, as n — +00, we have

S @) / Fde ( f+R>—z/ eftoyie+ (5 -0 ) fan + (5 o+ ) SR

J=gm+1,—
M N (|
{ 2R/ dt+3/ 21 (t)dt + (12 + oL ( 2“ ))f’(M)

R
B 1+ 6 + 602

o f’(R)] +O(M*n™1). (2.21)

Proof. Let k € {1,...,m}. For conciseness, we will write M; instead of M, . Since f € C3(R) is
bounded and has bounded derivatives, we have

Mgk’, Ik, + i1 i+
/Mgk,+ fo= Jj= gkz / j= gk;Jrl {f(Mj)(Mj_l B Mj)
i—1— M;)? M3 9k, +

Jj=gk,—+1

as n — +00. Note that

b/ 22 1 2M; 1 M7\ 1 1+ | M|
M._1—M; = k = J _J O J ,
7 Tt —1+a)  britnl/2 M bribn * (b%%b + bT?’) wiz T 2

as n — +oo uniformly for j € {gr.— +1,..., gk +}. Substituting (2.23) in (2.22) and rearranging the
terms, we get

9k, + Mg, _ 1 Gkt .
N\ — pe2b ’ S ' | / |
j:g;Hf(Mg) =bry /Mgk’+ f(t)dt /n ﬁj:g;H <2M]f(Mj)+ 2br12€bf(M])>
_% Z (b12bf( )+ M2 f(M;) + b22bM F(M5) + o 4bf (M )) LOM'Y)  (2.24)
J=gk,—

as n — +oo. In the same way as for (2.24), by replacing f(t) above by tf(t), f'(t), t>f(t) and f”(t),
we obtain respectively

Ik, + . Myk,_
j ;) =br dt \/n
j:;+1MJf(MJ) A /Mgk’+ tf(t) t \/*
1 9k, + 1 1 / .
- %J’:ngH (2Mj2f(Mj) + Tr%bf(Mj) + WMjf (Mj)> +O(M*n~7), (2.25a)
9k, +
S FOn) = (50, ) - (0, ))VE
J=gk,-+1
9k, +
_ Ln 3 (2Mjf’(Mj) . 2bf (M, )) +O(M3n~%), (2.25b)
J=gk,-+1
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9kt Mgk,
Z M2 ) = br? / -2 f(t)dt Vn 4+ O(MY), (2.25¢)
=gk, — Mgy, 4
9k, +
ST 1) = b (M, ) - (M, ) )V + OO?), (2.25d)
Jj=gk,—+1

as n — +oo. Substituting (2.25) in (2.24) yields

« Ik, — 9k —
> f(Mﬂbr,%”/M ’ f(t)dtfgbr,gb/M * tf(t)dwf(Mgkaf( My, )

imam My, o Mgy ?
b’r]%‘b Mg, _ ) f’(qu ) - f'(qu ) 1
b’ (4 ; Nt gk, Ik, + O M4 9 -+ —+00. 2.26
\/ﬁ /]ng + ( ) 12b2rﬁb + ( e )7 asn ( )

Note that the sum on the left-hand side of (2.26) starts at j = gi,—. The integrals on the right-hand
side can be expanded using

o) ameM .
My, —=M-— "~ + O(M?*n"2), as n — 400,
o br2b/n  bribn

= + 2
bt brk vn o britn
We then find (2.20) after a computation. We now turn to the proof of (2.21). Again, for conciseness
we will write M; instead of M ,,41. In the same way as for (2.26), we have

> s —/Mgm“’ f()dt (ﬁ+n)2/Mg”“'tf(t)dt+ f(My,, ) + F(My)
M,

M, 2

+O(M2n_%), as n — +oo.

j:gm+1=*

i 7 M97n+1,— M9m+1,7 2 f/(Mgm+1,—) — f/(Mn)> 4 7%
+ \/ﬁ< QR/M" tf(t)dt+3/M 2f()dt + - + O(M*n~7)
(2.27)

n

n+aoa

as n — 400, where we have used that brZ, | =1+ \/ﬁ and M, := R2=9" e then obtain (2.21)
from a direct computation using the expansions

o _(eM - R)OAD

My, .. =M- NG - mil- oy (9(]\/[271_%)7 as n — +o0o,
M, =R - +O(n %) as n — +00.

\f

Lemma 2.8. For any k € {1,...,m} and any x1,...,x, € R, there exists § > 0 such that

9k, +
(2) Z logI‘ )+ C'(M)f + C(n M) 4

J=gk,—

CM) b%/M lo ( k fc<t b>+9 )d
= br —er

2k Y 5\ V2 e

19
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M
O§M) = 2br2 / tlog (erf (

L pman
+(2 Qk )1og(2erf0<

S\N

\/5
M
1
+b7']2</ -~k r |:3
M Qpi1+ ’“erfc( ) rk

M

N S

CZY;CM) = 3br2b/M

t
t?log < rfc< "k

tzz

V2

) + Qk+1>dt
+ Qg1 | + 1— G(H’M) log —erfc — ) 4+ Q41
9 k,+ \/>
5t rk] e it
6 V2o

b

) + Qk+1) dt

b

2 /M Wi e” 2 t(42 — 19372 + 26m"tY)
Y wi e (E72 m 72r0
Qk+1 + erfc( \/5) k
+2,.2b
_brlgcb/M { W e <1_5t2rg)rdt
2 Q1 + < erfc(t\/;) V2m \3r} 6
() 1 5M*r} 1 om0 -y W e~
Tl =% 3r 6 T\t 2 bt Mrp
g "k d Qs + Grerfe( — —5¢)
1\/121'217
" [(1 g M>) (1 . 5M2r5;) ) (1 e - 1>> 1} i e
k " ,
2 + 3r? 6 12 2 brt ot + %’“erfc(MQZ) V2r

as n — +oo uniformly for uy € {z € C: |z —x1] <6}, ...,

Proof. For convenience, we will write M; and A; instead of

we have

(2)

Z logI‘

Z log

up € {z€C:|z—x, <6}

<wk Berfe( -1 \/a]?) — Rq, (Uj)] + Qk+1>7

JiXj €I VISP
where n; = (A\; — 1) W Recall that for all j € {j : \; € I}, we have 1 — % Aj
2b
bjﬁ:g <1+ %, and that —M < M; < M. Since
A—1 T M, M2 TM? e
=\ -1 J A —1D2+H0((N —1)° s T O =5 ),
w= 0= D(1- 2 Ty 1P oy - 109 = 22 - Sk T o
M;rh  SMZry  53MPry .
— a2 = -k g Tk TR L oMt R,
V2 o 6vV2yn T2v2n
as n — +oo uniformly in j € {j: A\; € Iy}, using (1.29) we obtain
M2720 3
e -1 M SMr
Rq,(n;) = - |2 O((1+ M )n~>
) == <3rg\/ﬁ [mg 18 }n +O((+ Mj)n )>
1 1 My 1 Mrhy 5MZr}
7erfc(— i/ aj 2) :ferfc(— 4 k)+ferfc’<— k k) Lt
2 niyeil2) =3 2 )2 V2 ) 6v2n
3 b b Mz 2b
M;r M;r 3
+ 25Mr erfc"(fﬂ)f%\@rb,erfc'(f d k))+0( 1+M8 5),
25 ( /2 k NG ( )n
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M; i, and Aj k. By (2.9) and Lemma 1.12,

(2.28)



as n — +oo. Thus we have

gk, + b b 2.b
: 1 Myby 1 M;rb~ 5M2r
Séi): Z log T(42) + Z log{wk {Qerfc(— \}Ek)—kierfc’(— \};)6\/5\/%

JiX; €L J=gk.—
+ 2];21 (25Mj7"12cberfcﬁ( - A{%j) — 53\f2r,l;erfc/( — A{}f))
e~ Mf;ib 1 M; 5M3rbl1 .
\/ﬂ (37,2\/5 + {12;2 1% ]n>} +Qk+1) + O(ni )
= %zg’” " %Zgn) +0(™), (2.29)

as n — 400, where

) _ 2 g, (@ M;r}
= Z log (2erfc(— VG )+Qk+1),

J=9k,—

Sy w 1 M;rty 5M?rb e M?;ib 1
Egn) _ kb (erfc’( My k) ik b)7
o rerte(— ) & D \2 V2 eva o Var o
9k, + 3
. M; Mjr! M
2§, ) — Z { ]\;}]:,b (28j8 {25Mjrzberfc”< — 737%) — 53\/57'1261"&:’( — ]T’f)]
o U erfe(—222E) + Oy V2 V2
MJ?er 3 b 2 b Al?rzb 9
1) i G )
- = —erfc' [ — — )
21 127“2 18 2 % erfe(— M\;;i) + Qs 2 V2 6v2 21 37“2

By (2.20), the large n asymptotics of Egn), Zgn) and Egn) are of the form

n 1 _
Eg ) = 21’2\/54- 2173 + ﬁZIA + (’)(M4n 1),

%Eén) =323+ %214 +0(n™h, %Eg") = %23,4 +0(n™h),
where the coefficients X1 o, %1 3,31 4,523, 2.4, 234 are explicit (but we do not write them down).
After simplification (using for example erfc’(z) = — 26\;2 ), we obtain
Y10 = 55%), Y13+ 23 = ag,flka), Yia+Yos+ Y34 = érk’M)-
O
We are now in a position to compute the large n asymptotics of Soy for k € {1,...,m}.

Lemma 2.9. For any k € {1,...,m} and any z1,...,x, € R, there exists § > 0 such that

Jk,+
SQk = Z IOg F(HTQ) + (jk;)_;,_ — br,%bn) log Qk_;,_l

J=Jk,—

1
+ (bﬁ%bn - jk,—) log Q. 4+ Coxv/n + C 1. + ﬁCz;’k +O(M*n™h,
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as n — 400 uniformly for uy € {z € C: |z —x1| < d},...,up € {z € C: |z — x| < I}, where

b
trk

Co 1 = br2b |:/00 lo (1 + “k erfc)dt + /oo lo (1 — —erf )dt:|,
H Lo s 2Qer V2 8 20, V2
1 1
Cap = (2 + C¥> log Q41 + (2 — a) log

+2br2b[/ tlo <1+ erfC>dt/ tlo (1 _ gl >dt]
L & 2041 V2 0 & 20, V2

12,2b

o Wk 1 52 ]e 2
.y i
00 Oy + ﬂerfc(%) 3y 6 ] Vo

Cyp = 3br2t {/ 210 (1 + erfc)dt—i—/ t?1o (1 — —e f >dt}
4.k k 0 g QQkJ,_l \/i 0 g QQk \/*

t2 2b

oo — +42 — 1 2bt2 2 4bt4
N br,l;/ W _ e t( 93r;, - + 2577 )dt
o Qi1+ "erfc(ﬁ) v2m
2020 (9
N lbrlgb/ ( Wi [ 1 5t2ﬂ ¢ ) dt.
2 Qg1 + 4 erfc(\[) 3} 6 V21
Proof. By combining Lemmas 2.5, 2.6 and 2.8, we have
Jk,+
Sop= > logD(&2) 4 (jk,+ - br;ﬁbn) log Q1 + (br,‘ibn - jk,_) log
J=Jk,—
(M n,M 1 M _
+ O8N0+ ot ¢ %qjk ) oMY,
as n — 400 uniformly for uy € {z € C: |z — x| < 0},...,up € {z € C: |z —xp| <4}, where

Céf\,f) = 551\,:[) — bMT,%b {log Q41 + log Qk} ,
C:S,TLM) = C’(n M) 4 ( bM?r2 4o+ G(n ) log Qp41 + (szr —a+ G(n M)) log Q,

C(n M), C’(n M) bM?’er [log Qpy1 + log Qk] .

By choosing M’ sufficiently large, we obtain
) = Cop+ 0710, O = Csp+ 070, O = Cug + O(n1),
as n — 400, which finishes the proof.

We now turn our attention to the asymptotic analysis of 552 1o and then of Sop, 2.

Lemma 2.10. For any x1,...,2, € R, there exists 6 > 0 such that

n

2 ] M) n, M (n,M _
S§“1+2: Z log D(15%) + C( +1\/>+C§m+)1+704m+)1+0(M4n D

J=9m+1,—
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oM = /_R log (me erfc<t> +Q 2) dt
2,m+1 Y 9 \/% m-+ 9
oM /R(Qt—i-R) lo (w’”“erfc<t) +Q )dt
3,m+1 Y g B) NGT m+2
s et e (S5t = ) i) + (5 4o (25 () )
+(=-—0 " Jlo erfc(| —— | +Q,, +{=+a]lo erfc + Q0
(2 +1 g 2 \/% +2 2 g 2 \/% +2

., /R Wit % — 3Rt — 512 e~ b
M Qo+ w”‘“erfc(m) 6V Vor

-R
n, w t
Ci m]\—/‘,{l = [M t(?)t =+ QR) log ( 'rr;—&-l erfc(m) —+ Qm+2> dt

N /—R W1 et (42b% — 193bt% + 25t*) + 6R(2b% — 29bt2 + 5t*) — 9R?(3bt — t3) "
v Qg+ ’"“erfc(\/t—Q—b) Vom 7253/2

_1/—R[ Wnt1 e 2b — 3Rt 57:2] it
2 ) M Qm+2+w’"“erfc( i ) V2r 6vb

N {1 o5y l(@ﬁfff - ( _ g ) 2b+ 3RM — 5M2} Wi %
12 LT 6 Qpyo + %erfc( — %) 2mh
+<<1+a>b—R2_1+6a+6a2) W1 %
2 3 12 Qo + ZotLerfe( — \/%) V2rb'
as n — +oo uniformly foruy € {z € C: |z —x1] <d},...,up €{z€C: |z —x,| <5}

Proof. The first part of the proof is identical to the beginning of the proof of Lemma 2.8. Namely,
in the same way as for (2.29), we have

- 1 M;rb, 1 Mrb N BM?rp,4q
s = > logT(£42) + Z log (wm+1|: erfC( jTH) —s—ferfc'(— JﬁJrl) 6\}5\/5

2
JiXj €Ly J=9m+1,—

3 b b
M;r M.r
+ 25M ;12 erfc”( — 37””1) — 53270 erfc’( _ 377"4‘1)
288 < J m+1 \/é m+1 \/E
MEr2b iy 5.0
e 2 1 ‘2\4‘7 5M] m+1 1 1
e (3rfn+1ﬁ {127&“1 T || Tz ) F O
; 1 1 _
= D logI(&%)+ = + %2(21’) + 525,") +0(n™"),
j:)\jEIQI
where
n - Wm+1 Mjrfn+1
2(1 ) — Z ]og( + erfC(—i) + Qg |,
J=gm+1,— 2 \/5
- w 1 M;r? 5M2rb e—% 1
Egn) = Z m-:l (erfc’( 7 m+1> j'im+1 + - )7
j:gnL+1,_ w,,7,5+1 eI‘fC(—iMj:ﬂ/ngl ) + Qm—i—2 2 \/§ 6\/5 \/ﬂ 3T‘m+1
(n) _ Wm+1 M " Mij+1
Yy = Z { . My L <288 {25]\/[ rm+1erfc (— 7\/5 )
J=Gmt1,— wterfe(— 7 )+ Qo
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2. 2b
Mt
2

M;r?
- 53\/§rlfn+1erfc'( _ Zlm )} +°

M, 4 SM;)T%HD
V2

o [12r;+1 18

G Tm41
1 { W41 (1erfc’( B Mjrfn-&-l) 5Mj27ﬁgz+1 n e 2 1 ﬂ 2}
1 Mjrfn, 1 b ’
2 wn? erfe(— \/§+ )+ Qo 2 V2 62 V2m o 3y

where, for conciseness, we have written M, instead of M; ,,1+1. Note that one cannot yet apply

Lemma 2.7 because 7,41 depends on n (if R # 0). Using erfc’(z) = —25\;;2 , erfc’ (x) = % and
b 1 R 1 R? 3
rmH:%-f—%/B%—g\/Bn—i—O(n z), as n — 400,
we obtain
2+ Let Iem _sm L sm IS om1) as o oo,
vn n vn n
where
Sm_ N (Wm+1 M - >
1 jzgzlw og 5 erfc( \/%) + Qo
2
T Y R Y
imamin S5tterfe(— Z2) + Qo 2vb 3 V2
S _ z": { Merfc(im sz-l) - (GbQMj + 73603 — 25]\4]57 - 3(/122b2 +420M2 — 30MH)R
i=gm+1,— 2 V2b m+2
9(bM; + Mf)RZ‘) ot W2, (2b 1 3M;R — SM)? o i }
720/ Vor (Sterfe(— 32 + Q) 72b 2w f

The large n asymptotics of §:§"), ién) and ién) can now be obtained using (2.21), and by choosing
M’ sufficiently large, we obtain the claim after a computation and rearranging the terms. O

Lemma 2.11. For any x1,...,x, € R, there exists § > 0 such that

Somi2 = Z log T'(1£2) + (” - jm+1,—) log Qi1

J=Jm+1,—

1
+ Comr1vVn + Csmy1 + —=Camy1 + O(M*n™h),
vn
as n — +oo uniformly forus € {z € C:|z—x1| <0},...,up € {z€C: |z —x,| < I}, where

C! = /Oo lo <1 _ Ymtl erfct>dt+7€lo L1 —l—/_R lo (1 + Wn+1 erfct)dt
Zmtl 0 & 2Q7rL+1 V 2b & Qm+2 0 & 29m+2 \Y% 2b ,
1 Wm+1 -R 1
me1 = | = 1 Qn fc—— - — log Q,,
C3m+1 (2+a) og( +2+ —5—er C\/%>+<2 04) 08 {41
- /OO(Qt —R)log (1 _ Ym erfct>dt + /R(Qt +R)log <1 + omtl erfct)dt
0 2Q 41 v2b 0 2Q 42 V2b
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. /R W1 % — 3Rt — 512 ¢~ b
oo Qngo+ ’”“erfc(\/%) 6vb V2

R
Wm+1 Wm+1
Cam :/ 3t2 — 2Rt 1o <1 + efc)dt+/ 3t2 + 2R¢t) lo <1+ fc)dt
hmtd 0 ( )log 2041 V2b 0 ( ) log 29m+2 V2b

N /—R W1 et (420 — 193bt% + 25t*) + 6R(2b% — 296t + 5tt) — IR?(3bt — t3) "
oo nio+ ’"“erfc(\;—%) V2 72b3/2

R 2 2\ 2
_ 1 / Wm+1 2b— 3Rt —5t°e” = dt
2 ) o0 \ Qpmao+ w'”“erfc(\/%fb) 6vb Vo

1 b—R? 1+ 6a+6a? W e~ 2%
+ (( + a) — = 1+1 = .
2 3 ].2 Q/,n_l’_z —+ m+ erfC( E) 2’]Tb

Proof. By combining Lemmas 2.6 and 2.10, we have
Som42 = Z log D(£4%) + (n - jerl,*) log Q41

J=Jm+1,—

+ O Vi O + SO + o),
\/7
as n — +oo uniformly for u; € {z € C: |z — 1| < },...,up € {z € C: |z — z,| <}, where

Oéj\r/{z-&-l = Oé ym+1 + (R M) IOg Qm-l—la
Olgnm]\-&/{)l ngnm]\ﬂ + (M - MR —a+ 9 A ) log Qpn1,
Ot = G+ (M + MPR) log Qi

Note that Sa,,+2 is independent of M. By choosing M’ sufficiently large, we obtain
Oyl = Consr +O(n7), O} = Caps +O™0), O = Camgn + O(n™"),
as n — 400, which concludes the proof. O

We now finish the proof of Theorem 1.1.

Proof of Theorem 1.1. Combining (2.1) with Lemmas 2.1, 2.2, 2.9 and 2.11, we infer that for any
Z1,...,2p € R, there exists § > 0 such that

log D,, = S_1 + 5o + Z(S%—l + Soi) + Som+1 + Som2

k=1
1 2« s , M j+a
= 5" 2logn — 5 nlogn+nlogg+M log91+;logF(T)
m Jk,——1 _ Jk,+ )
+> {(jk, — k-1 — Dlog Qe+ D logD(LF%)+ > log (&%)
k=1 J=Jk—1,++1 J=Jk,—

1
+ (jk,+ - bﬁ%bn) log Qg41 + (bﬁ%bn - jk,—) log Q + Co v/ + Cs i + \/7704”“}
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Jm+1,——1 n

+ Umsto = et = Dlog Qi+ 37 ogT(H2) + 37 logT(2)

J=Jm,++1 J=Jm+1,—

. 1 _
+ (TL - .]m—i—l,—) 10g Qm—‘,—l + O2,m+1\/7€+ 03,m+1 + ﬁ04,m+1 + O(M4n 1)
as n — +oo uniformly for uy € {z € C: |z — 1| < d},...,up € {z# € C: |z — x| < }. Recall that

Z,, is given by (1.24). Hence, simplifying the above yields

log D,, =log Z,, + M log 1 + Z { (jk7+ — br%bn> log Qp41 + (b'r,%bn — Jk—1,4 — 1) log Q. + CM\/E
k=1

1

\/EC4,m+1 + O(M4TL71),

1 .
+Cs 5+ \/ﬁsz,k} + (1 = Jm+ — 1)10g Qi1 + Comy1vVn+ Cs i1 +

as n — +oo. Using (1.4), we then find

p m
logE [ H e“"N(DTJ‘)} = (br?*n — 1) log Q; + Z (br,%bn —brit n — 1) log €2y,
j=1 k=2
m—+1

1 _
+(n— brf,l;n —1)log Qg1 + kz_l {Cz,k\/ﬁ—f- Csr+ %04716} + (’)(M4n 1),

which can be rewritten as (1.8) using (1.6), (1.26) and (2.5). This finishes the proof of Theorem
1.1. O
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