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ABSTRACT

In the framework of simplified quantum chemistry methods, we introduce the eXact integral simplified time-dependent density functional
theory (XsTD-DFT). This method is based on the simplified time-dependent density functional theory (sTD-DFT), where all semi-empirical
two-electron integrals are replaced by exact one- and two-center two-electron integrals, while other approximations from sTD-DFT are kept.
The performance of this new parameter-free XsTD-DFT method was benchmarked on excited state and (non)linear response properties,
including ultra-violet/visible absorption, first hyperpolarizability, and two-photon absorption (2PA). For a set of 77 molecules, the results
from the XsTDA approach were compared to the TDA data. XsTDA/B3LYP excitation energies only deviate on average by 0.14 eV from TDA
while drastically cutting computational costs by a factor of 20 or more depending on the energy threshold chosen. The absolute deviations of
excitation energies with respect to the full scheme are decreasing with increasing system size, showing the suitability of XsTDA/XsTD-DFT
to treat large systems. Comparing XsTDA and its predecessor sTDA, the new scheme generally improves excitation energies and oscillator
strengths, in particular, for charge transfer states. TD-DFT first hyperpolarizability frequency dispersions for a set of push-pull 7-conjugated
molecules are faithfully reproduced by XsTD-DFT, while the previous sTD-DFT method provides redshifted resonance energy positions.
Excellent performance with respect to the experiment is observed for the 2PA spectrum of the enhanced green fluorescent protein. The
obtained robust accuracy similar to TD-DFT at a fraction of the computational cost opens the way for a plethora of applications for large
systems and in high throughput screening studies.
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I. INTRODUCTION

The computation of molecular properties involving the inter-
action of light with matter using quantum chemistry (QC) methods
remains challenging for large systems that are of timely interest. An
ideal method should enable the treatment of open shell systems that
may present multi-configurational character"” and be able to com-
pute excitations in vertical and adiabatic regimes. Considering linear
and nonlinear optical response properties, the computation of such
higher-order quantities is computationally involved and often needs
a proper treatment of electron correlation effects, frequency disper-
sion, and explicit account of the environment.” Such methods exist
but only for small systems.

If used with care, the time-dependent density functional the-
ory (TD-DFT)”* provides a reasonable route for the computation
of excited states and response properties for medium-sized systems.
However, it introduces substantial errors for several types of excita-
tions involving charge-transfer (CT), double excitation, or Rydberg
characters when using standard exchange—correlation (XC) func-
tionals.” Even so, in many applications, it works well for low-lying
valence states.” Considering large systems with a high density of
excited states, it is not really necessary to describe individual excita-
tions with high accuracy, and a TD-DFT treatment, including only
singly excited configurations, might be sufficient.

A decade ago, the simplified time-dependent density func-
tional theory (sTD-DFT) and its variant using the Tamm-Dancoff
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approximation (sTDA) were introduced by one of us.'”!" These
approaches were extended to range-separated hybrid (RSH) func-
tionals by Risthaus et al.'> These methods were originally designed
to evaluate the ultra-violet/visible (UV/vis) and circular dichro-
ism (CD) spectra of large molecules (<1000 atoms) for which
it was not possible to use conventional TD-DFT. In 2016, these
methods were extended to ultra-large systems with the extended
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tight-binding (xTB) variant,'’ enabling the computation of excited
states for organic systems with up to 5000 atoms and, more recently,
to compounds with 4d and 5d metals as well as heavy p-block ele-
ments.'* Since then, the reach of these simplified QC (sQC) methods
was expanded to response properties allowing the evaluation of the
polarizability,'” optical rotation,' excited state absorption (ESA),"”
first hyperpolarizability,'”” and two-photon absorption (2PA).'
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FIG. 1. Chemical structures of molecules 1 to 36 from the benchmark set of 77 molecules (1-17,'" 18-20,'2 21-46,'3 47-57,34 and 58-77'2).
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A spin-flip variant'’ was also implemented and analysis tools involv-
ing natural transition/response orbitals to interpret excited states”’
and response properties.”!

Here, sTD-DFT/sTDA methods also inspired alternative
schemes to speed-up the excited state calculations. In 2016, Riiger
et al’’ proposed the TD-DFT+TB method. The TD-DFT+TB
scheme, which is also based on a DFT ground state, uses a
similar monopole approximation in the linear response treat-
ment but considers local XC functionals instead of hybrid ones.
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Asadi-Aghbolaghi et al.”* showed that the TD-DFT+TB method is
up to 100 times faster than TD-DFT to evaluate excited states of
large gold and silver plasmonic nanoparticles with less than 0.15 eV
of error with respect to TD-DFT for excitation energies. Recently,
Havenridge et al.”* extended this method to the efficient compu-
tation of the analytical excited state gradient using the Z-vector
method. Giannone and Della Sala*® proposed the TD-DFT-as
method, TD-DFT using the resolution of identity (RI) with only
one s-type Gaussian basis function per atom. They argued that
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FIG. 2. Chemical structures of molecules 37-77 from the benchmark set of 77 molecules (1-17,"" 18-20,? 21-46,'° 47-57,°4 and 58-77'2).
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sTD-DFT/sTDA/TD-DFT+TB can be seen as approximations to the
TD-DFT-as method, where three-index RI two-electron integrals are
replaced by Lowdin approximated ones. The TD-DFT-as approach
was recently extended to hybrid XC functionals with the TD-DFT-
ris method.” The use of a minimal auxiliary basis set with TD-DFT
reduced the cost by around two orders of magnitude while reproduc-
ing the full scheme exceptionally well. Hehn et al.”” added periodic
boundary conditions to the sSTDA scheme by splitting the Coulomb
operator into a semiempirical short-range and an exact long-range
contribution. A simplified GW/Bethe-Salpether equation (BSE) was
also proposed by Cho et al.”® in 2022.

In a perspective article,” we recently discussed future chal-
lenges for sQC methods. One idea was to improve the global
accuracy of sQC schemes by going beyond its monopole approxi-
mation for the two-electron integrals. We explored this multipole
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approach but found an alternative route, which is the sub-
ject of this work. The sTD-DFT/sTDA approximated molec-
ular orbital (MO) two-electron integrals use atomic transition
charges obtained from a Lowdin orthogonalization procedure and
the Mataga—Nishimoto-Ohno-Klopman (MNOK)™** damped
Coulomb operator, a function of the interatomic distance. To
recover this, instead of using the MNOK operator, Lowdin-
orthogonalized two-electron integrals ()L,x/laMﬂ)tﬁ) are approxi-
mated by atomic orbital (AO) two-electron integrals (aa|BB). By
removing the semi-empirical nature of the two-electron integrals, we
arrive to a more “ab initio” version of the sTD-DFT method where
two-electron integrals in the zero differential overlap (ZDO) approx-
imation®’ are computed exactly. This new method is introduced
as the eXact integral simplified time-dependent density functional
theory (XsTD-DFT), and its TDA variant (XsTDA) is also presented.
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FIG. 3. Chemical structure of further considered systems: carbamazepine, lamotrigine, and diazepam [2,2]-paracyclophane (PCP); six push-pull 7-conjugated molecules;
four FP chromphores (HBI, HBDI, CFP, and PYP); and the eGFP chromophore with its first shell of residues.
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To assess the performance of XsTDA for the evaluation of
excited state energies and oscillator strengths, we benchmarked
them with respect to the TDA results for a set of 77 molecules taken
from earlier studies.'''*** Figures 1 and 2 show the chemical struc-
tures of these systems. Note that this set includes the DYE12 test
set,”* which is composed of 12 large organic dyes and for which
back-corrected “experimental” vertical excitation energies are avail-
able. This set also contains the mixed CT test set from Risthaus
et al."? for which the reference SCS-CC2/def2-TZVP(-f) excitation
energies are available. In addition, UV-vis absorption spectra were
computed and compared to the experiment” "’ for the three anti-
epileptic drugs, carbamazepine, lamotrigine, and diazepam. The first
singlet ESA spectrum of [2,2]-paracyclophane (PCP) computed at
the XsTDA/B3LYP level of theory is examined with respect to the
EOM-EE-CCSD reference one from Krylov and coworkers.**

The XsTD-DFT/XsTDA methods inherit from all previous
implementations in the stda program,” and thus, we also bench-
mark nonlinear optical properties. To assess the performance of
the XsTD-DFT method to compute the first hyperpolarizability, six
push-pull 77-conjugated molecules were employed to assess the per-
formance of the XsTD-DFT method. Finally for 2PA, we investigate
the spectra for a set of fluorescent protein chromophores’ and for
eGFP with a model structure, including the chromophore and its
first shell of surrounding residues.*! Figure 3 shows these additional
structures.

This paper is organized as follows: first, we introduce the the-
oretical background for the XsTD-DFT/XsTDA methods for global
hybrid XC functionals, and then, we provide computational details
and discuss results before providing conclusions and outlooks.

Il. THEORETICAL BACKGROUND

The XsTD-DFT/XsTDA methods are introduced by first recall-
ing the density-matrix-based TD-DFT formalism”*** " and then
showing how simplifications were originally applied to give rise
to the sTD-DFT/sTDA framework'”'""">'""'"*? and finally how to
remove its semi-empiricism. In the following, p, q,r,s indices refer
to general molecular orbitals (MOs); i,j, k, I to occupied; a, b, ¢, d to
unoccupied molecular orbitals; «,,y,6 to atomic orbitals (AOs);
and A and B to atoms. Casida’s TD-DFT equations’ are usually used

to compute excited states,

[(g i) _“’(é _01)]();) -0 o)

or linear response properties in the presence of a perturbation,

A B 1 0 X
Cw (@) _ (e ) )
B A 0 -1 Y((w) 12¢
where X and Y are excitation and de-excitation vectors, respec-
tively, X;(w) and Y;(w) are frequency-dependent linear-response
vectors, and the perturbation is pr. = (Palfic|¢i). For a hybrid

exchange-correlation functional, A and B supermatrix elements are
defined for a given amount a, of Fock exchange as

Aiajo = 8ij0ap (€a - €i) + 2(ialjb) - ax(ijab)
+ (1 - ax) (ia| fcljb) 3)

ARTICLE pubs.aip.org/aipl/jcp

and
Biajp = 2(ialbj) — ax(iblaj) + (1 — ax) (ia| fxc|bj), (4)

where (ia|jb), (ialbj), and (iblaj) are exchange-type integrals,
(ijlab) are Coulomb-type two-electron integrals, and (ia| fxc| jb) and
(ia| fxc|bj) are the response of the exchange-correlation functional.
To compute excited states using the Tamm-Dancoff approximation,
the B supermatrix is neglected, giving rise to a simple Hermitian
eigenvalue problem,

AX = wX. (5)

The sTD-DFT/sTDA framework applied three approximations to
these equations. First, the terms involving the response of the
exchange-correlation functional (ia|fxc|jb) and (ia|fxc|bj) are
neglected in the expressions of A and B supermatrices. Second, the
expansion space of configuration state functions (CSFs) is truncated
considering a single cutoff energy Ey ... In this procedure, the active
MO space is determined for MO energies in between

€min = ELUMO — 2(1 + 0.8ax)Ethresh ©)
and
€max = EHOMO + 2(1 + O.SClx)Ethresh' )

Then, the primary CSFs (P-CSFs) space is selected for i — a exci-
tations when Ajja < Egjyreqy. Remaining j — b excitations for which

Ajpjb > Egnresn are only selected as secondary CSF (S-CSF) if

P—CSFs | Aia,j b|2

-4
>10 "Ej. (8)
Ajpjb — Aiaja

-3

1a

The full space of CSFs accounted for in the sTD-DFT/sTDA proce-

dures for a given Ej g, is the sum of P-CSFs and S-CSFs. The last

approximation regards two-electron integrals that are approximated

by a monopole approximation to balance the computational cost and

accuracy. MO two-electron integrals should be normally evaluated
by the four-index transformation of AO two-electron integrals,

(za[]b) = Z C;Caﬁcjycba(“ﬁ‘)’a) ©)
afyd

This costly transformation can be a computational bottleneck
in conventional “ab initio” quantum chemistry. Considering an

orthogonalized Léwdin basis A = Y Xﬁs;;/ *, MO two-electron
integrals are equivalently computed as

(ialjb) = 3" Cio* Cl” €2 C (kg [Ayds ). (10)
afyd

Considering the ZDO approximation,” MO two-electron integrals
are approximated as

(ialjb) ~ 3" Cio* Cin Ci™ Cis” (AahalApp ). (11)
ap

Assuming that Léwdin-orthogonalized orbitals (LOs) are atom-
centered and, thus that the Lowdin-orthogonalized coefficients do
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belong to a particular atom, transition charges can be collected for
atom A as

i low* ~low
Qi =D Ca"" Caa”- (12)
acA

The simplified expression for MO two-electron integrals reads

(ialib) ~ 3" QiQ} (AA[BB), (13)
AB
where
(AA[BB) = > (AadalAghp). (14)
acA,pfeB

This expression implies that Lowdin-orthogonalized two-electron
integrals are available for atoms A and B. Equation (13) presents
a simple Coulomb law where (AA|BB) is approximated by the
MNOK™ ** damped Coulomb operator that does not depend on
LOs Aq anymore.

For exchange integrals, it takes the form,

K _ 1 x
(AA[BB) —((RAB)yK+(m+mz)—yK) s (15)

2

while for Coulomb integrals, it reads

1

1 ”
(Rap)” + (a:252) ™ |

where y; and y; are globally fitted parameters for the whole range of
ax, Rap is the interatomic distance, and 7, is the chemical hardness
of atom A. This also means that the onsite integral (AA|AA) is sim-
ply the chemical hardness 7, of A multiplied by a, considering the
type of integrals. The MNOK approximation eliminates the depen-
dence on LOs of Eq. (14). These expressions are quite beneficial in
terms of computational cost by first pre-computing

ax(AA|BB) = ( (16)

(ia|BB) = Y Qi (AA|BB) (17)
A

and then taking the dot product that only scales with the number of
atoms when constructing A and B supermatrices,

(ialjb) ~ sz (ia|BB)QJ. (18)

This constitutes the basis of the sTD-DFT/sTDA schemes.

Now, we introduce the XsTD-DFT/XsTDA methods. It is
common in semi-empirical molecular orbital models* to replace
Lowdin-orthogonalized two-electron integrals by AO ones accord-
ing to

(ialjb) ~ 3 Cia* Can C5°* Cy” (ver|BB).- (19)
ap

Thus, AO transition charges can be collected for each basis functions
as

Q=Y G Car. (20)
o

ARTICLE pubs.aip.org/aip/jcp
Expression (19) becomes
(ialjb) ~ 3 Qi Q) (at|Bp). (1)
ap

In the same way as in sTD-DFT/STDA schemes, its evaluation
becomes computationally efficient by pre-computing

(ialBB) = 3 Qi («alpB) (22)
and then taking the dot product that scales with the number of AOs,
(ialjb) ~ 3" (ialBB)Q}" (23)

B

In XsTD-DFT/XsTDA, we still consider the original three simpli-
fications of the sTD-DFT method, but two-electron integrals to
generate A and B supermatrices are now computed using one-
and two-center AO two-electron integrals with Eq. (23). Thus, we
removed part of the semiempirical nature of the sTD-DFT/sTDA
methods.

Note that in our implementation, the CSFs space is still deter-
mined with the MNOK integrals for efficiency without any notice-
able changes in the results. Compared to the sTD-DFT, XsTD-DFT
is computationally more involved because the construction of the
A and B supermatrices scales with the number of AOs rather
than the number of atoms. Figure 4 shows the computation wall
times as a function of the number of basis functions to compute
the 20 first excited states for the benchmark set of 77 molecules
(Figs. 1 and 2) at the B3LYP/6-31+G(d) level of theory on 8
CPUs (Intel Xeon CPU E5-2660 v4, 3.2 GHz). Wall times are also
reported for the sB3LYP and XsB3LYP calculations considering

@ B3LYP © sB3LYP © XsB3LYP
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FIG. 4. B3LYP, sB3LYP, and XsB3LYP computation wall times as a function of the
number of basis functions for the set of 77 molecules. TDA calculations computed
20 excited states, while sSTDA and XsTDA ones considered Eesn. = 10 €V.
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Eipresh. = 10 eV performed on an 8 core desktop computer (Intel core
i7-6700, 3.4 GHz) with Q-Chem 5.1.*” Typically for Eg,.q, = 10 €V,
more than 1000 excited states are computed for these systems. Note
that the number of excited states computed depends on the system
and Ej,.s,., and thus, it is not possible to give formal scaling factors
for simplified methods. As an example, for molecule 50, 1204 and
1121 states were computed at sSB3LYP and XsB3LYP levels of theory
in 14 s and 3.85 min, respectively, while the full TD-DFT calculation
took 26.5 min to compute 20 states. Using a smaller Eyy, value
of 7 eV (stda program™ default), the XsTDA calculation computed
“only” 223 excited states in 23 s. This is more than 60 time faster with
respect to the full scheme. For compound 35, the TDA calculation
took 25.5 min, while STDA and XsTDA at Ey,.q,. = 10 €V only took
4 and 11 s, respectively, corresponding to a speed-up of 382 and 139,
respectively. For this benchmark set and Ey, ., = 10 €V, the average
speed-up is around 100 for sTDA and 20 for XsTDA. These factors
can be increased by using a smaller Ej,,.g, value.

lll. COMPUTATIONAL DETAILS

The XsTD-DFT/XsTDA methods were implemented in a
development version of the freely available stda program,” which
is now interfaced with the Libcint library®” to enable the compu-
tation of two-electron AO integrals. This implementation benefits
from the whole range of linear and nonlinear optical properties
already implemented at the sSTD-DFT/sTDA levels of theory in the
stda program,” including UV-vis absorption,' "' CD,'”"" polar-
izability,"” optical rotation,'® ESA,'” first hyperpolarizability,'> and
two-photon absorption.'®

To test the performance of the XsTDA method to compute
excited state energies and oscillator strengths, geometries of 77
molecules (Figs. 1 and 2) were taken from previous studies.''~'**
For 10 and 47-57, back-corrected “experimental” vertical excita-
tion energies are taken from Ref. 34. Molecules 69-77 are parts of
the mixed CT test set'” for which reference excitation energies for
transitions to CT states are available at the SCS-CC2/def2-TZVP(-f)
level of theory. Additional RI-CC2/aug-cc-pVDZ excitation energies
were computed for 72 for different distances between benzene and
TCNE molecular plans.

To assess the performance of the XsTDA method to com-
pute UV-vis absorption spectra, we first compare it to the exper-
imental spectrum of the largest molecule of the benchmark set
of 77 molecules, i.e., molecule 50 (perylene-3,4,9,10-tetracarboxylic
bisimide) that was taken from Langhals.”’ Second, the structure of
ferrocene was optimized at the wB97X-D3/def2-TZVP level of the-
ory. Its experimental absorption spectrum was taken from Ref. 10 for
comparison. Third, we selected the three drugs, carbamazepine, lam-
otrigine, and diazepam, the structures of which were optimized at
the wB97X-D3/6-311G(d) level of theory. The experimental UV-vis
absorption spectra were taken from Refs. 35-37, respectively. PCP
geometry and the reference EOM-EE-CCSD ESA spectrum were
taken from Ref. 38.

The reference TD-DFT/TDA excited state calculations were
performed with Q-CHEM™ using B3LYP, PBEO, BHandHLYP,
and M06-2X functionals and the 6-31+G(d) basis set for the set
of 77 molecules. BHandHLYP/6-31+G(d) TD-DFT/TDA calcula-
tions were also performed with Q-CHEM® for carbamazepine,
lamotrigine, and diazepam, while sTDA and XsTDA computations

ARTICLE pubs.aip.org/aipl/jcp

employed the same functional/basis set combination. For the set of
77 molecules, an energy threshold of 10 eV was employed to trun-
cate the CSFs space, while the default value of 7 eV was used for
other compounds. For ferrocene, the 20 first excited states were com-
puted at the PBE0/def2-TZVP/TD-DFT/TDA level of theory and
compared to the sSTDA and XsTDA results using Ej,., =7 eV. Note
that to simulate intensity borrowing by vibronic coupling, forbidden
transition oscillator strengths were set to 5 x 107 as it was originally
proposed by one of us.'’

To assess the performance of the XsTD-DFT method to
reproduce frequency-dependent hyper-Rayleigh scattering first
hyperpolarizability (B,) values, the structures of six push-pull
n-conjugated molecules, which were originally used to bench-
mark the sTD-DFT method,”” were taken from de Wergi-
fosse and Champagne."’ TD-DFT and sTD-DFT BHandHLYP/
6-31+G(d) By frequency dispersions were taken from our previ-
ous study de Wergifosse and Grimme'” The XsTD-DFT f3,,, values
were computed at the same level.

For 2PA, we first used the same set of FP chromophores that
we employed to benchmark the sTD-DFT method.'® These struc-
tures were taken from Ref. 40 and reference excitation energies as
well as 2PA cross sections (02p4 ) at the RI-CC2/d-aug(-d)-cc-pVDZ
level for HBI, HBDI, and PYP and with the aug-cc-pVDZ basis set
for CFP as well as EOM-CCSD/d-aug(-d)-cc-pVDZ level,”” when
available. Second, we took eGFP chromophore and its first shell of
surrounding residues from de Wergifosse et al.”” This structure was
successfully used to evaluate the 2PA spectrum of eGFP at the sTD-
DFT-xTB level of theory.'® The experimental 2PA spectrum was
recorded by Drobizhev et al.** Regarding FP chromophores, TD-
DFT 2PA cross sections and excited state energies were computed
using Dalton2018.0°>°° with the 6-31+G(d) basis set and B3LYP.
The sTD-DFT and XsTD-DFT calculations were performed with the
same XC functionals and basis set. For eGFP, the B3LYP/6-31G(d)
calculations were performed at both the sTD-DFT and XsTD-DFT
levels of theory.

Input molecular orbitals and their energies for the sTD-DFT
and XsTD-DFT calculations used by the stda program® were com-
puted with Q-Chem 5.1.*” All geometry optimizations were also per-
formed with Q-Chem.”” RI-CC2 excitation energies were computed
with Turbomole 7.6.”” The ;< values are given in atomic units con-
sidering the Taylor series convention,’® while 2PA strengths <82P A>
are in a.u. and o;pa in GM (GOppert-Mayer) units.

IV. RESULTS AND DISCUSSIONS

A. Excitation energies, oscillator strengths, and UV-vis
spectra

Figure 5 shows the excitation energy and oscillator strength
correlation plots for the two lowest-lying singlet excited states of
the set of 77 molecules for sSTDA and XsTDA with respect to TDA
using B3LYP, PBEO, BHandHLYP, and M06-2X XC functionals. For
each functional, Table I presents statistical analysis of the excitation
energies and oscillator strengths considering regular TDA results as
the reference. For oscillator strengths, statistical analysis are given by
orders of magnitude (f € [0.0; 0.1[, [0.1; 1.0[, and [1.0; 3.0]). Note that
the first range of magnitude includes the order from 0.01 to 0.1 but
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FIG. 5. For the two lowest-lying singlet excited states of the set of 77 molecules, correlation graphs for sSTDA and XsTDA excitation energies with respect to TDA ones as
well as for oscillator strengths using B3LYP, PBEO, BHandHLYP, and M06-2X exchange—correlation functionals and the 6-31+G(d) basis set. Linear regression data are also

provided.

TABLE I. For B3LYP, PBEO, BHandHLYP, and M06-2X exchange—correlation functionals, mean absolute deviations (MAD), difference between maximum and minimum absolute
deviations (AD), and mean deviations (MD) among the set of 77 molecules for sTDA and XsTDA excitation energies and oscillator strengths with respect to TDA ones. The
sign of MD indicates a systematic overestimation or underestimation.

E (eV) sB3LYP XsB3LYP sPBEO XsPBEO sBHandHLYP XsBHandHLYP sM06-2X XsM06-2X
MAD 0.16 0.14 0.24 0.16 0.61 0.24 0.74 0.35
max AD - min AD 0.70 0.70 0.92 0.74 2.18 1.42 2.45 1.60
MD -0.15 -0.08 -0.24 -0.10 -0.60 —-0.18 —-0.74 -0.35
f €[0.0;0.1[ sB3LYP XsB3LYP sPBEO XsPBEO sBHandHLYP XsBHandHLYP sM06-2X XsM06-2X
MAD 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
max AD - min AD 0.06 0.11 -0.05 -0.08 0.42 0.33 0.22 0.07
MD +0.00 +0.00 +0.00 +0.00 +0.01 +0.00 +0.00 0.00
fe[0.1;1.0] sB3LYP XsB3LYP sPBEO XsPBEO sBHandHLYP XsBHandHLYP sM06-2X XsM06-2X
MAD 0.04 0.05 0.03 0.04 0.05 0.05 0.10 0.06
max AD - min AD 0.15 0.19 0.15 0.19 0.11 0.19 0.34 0.14
MD -0.01 +0.02 -0.01 +0.03 +0.07 +0.03 -0.09 -0.00
fe[1.0; 3.0] sB3LYP XsB3LYP sPBEO XsPBEO sBHandHLYP XsBHandHLYP sM06-2X XsM06-2X
MAD 0.09 0.06 0.12 0.05 0.22 0.08 0.27 0.04
max AD - min AD 0.29 0.20 0.33 0.22 0.37 0.26 0.46 0.20
MD -0.07 -0.00 -0.11 +0.02 -0.22 +0.07 -0.27 +0.02
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FIG. 6. Excitation energy absolute deviations of both sTDA and XsTDA methods with respect to TDA calculations as a function of the number of electrons for B3LYP, PBEO,

BHandHLYP, and M06-2X functionals for the set of 77 molecules.

also lower oscillator strengths for convenience. The statistical anal-
ysis includes mean absolute deviations (MAD), differences between
maximum and minimum absolute deviations (AD) representing the
error spread, and mean deviations (MD) for which the sign indicates
systematic overestimation or underestimation.

For B3LYP, both sTDA and XsTDA excitation energies devi-
ate only slightly with respect to TDA ones with MAD values of
0.16 and 0.14 eV for sTDA and XsTDA, respectively. This shows
that the sTDA method is particularly well parameterized for small
amounts of Fock exchange as in B3LYP. The error spreads have

TABLE II. Excitation energies (eV), oscillator strengths, and types of transition for the two lowest-lying singlet excited states of uracil obtained with BHandHLYP/6-31+G(d) TDA,

sTDA, and XsTDA schemes.

TDA sTDA XsTDA
Uracil AE (eV) f Transition AE (eV) f Transition AE (eV) f Transition
1 5.38 0.00 n—n* 4.52 0.00 m— Ry 5.03 0.00 n—n*
2 5.91 0.29 m—nt 5.19 0.00 n—>m 5.36 0.01 m— Ry
3 5.40 0.00 m— Ry 5.86 0.32 7t
4 5.51 0.24 T-nt
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the same order of magnitude for both methods. Oscillator strength
MADs are small for their respective ranges of magnitude with both
the methods. The XsB3LYP scheme slightly outperforms sB3LYP for
oscillator strengths larger or equal to 1.0 with respect to the B3LYP
results, as clearly shown in the correlation graph (Fig. 5).

Considering PBEO with 25% Fock exchange, the MAD is
increased to 0.24 eV for sTDA, while it remains almost constant
for XsTDA with 0.16 eV. Increasing the amount of Fock exchange
in the functional globally increases the MAD for the sTDA scheme
as confirmed by the sBHandHLYP and sM06-2X results. Excitation
energy deviations remain smaller with XsTDA than for sTDA. The
sM06-2X MAD of 0.74 eV is more than two times larger than the
XsM06-2X MAD of 0.35 eV. Similar trends are observed for oscilla-
tor strengths especially in the [1.0; 3.0] range for which the XsTDA
method clearly outperforms sTDA (Fig. 5). Perylene (9) was one of
the STDA “outliers” pointed out by one of us'’ with an absolute
energy deviation larger than 0.50 eV at the sPBEQ/TZVP level with
respect to the experiment. For its first low-lying excited state, the
TDA/PBEO0/6-31+G(d) excitation energy is 0.37 eV smaller than the
experimental value of 3.44 eV, while the XsPBEO value deviates by
only —0.27 eV. This is a significant improvement with respect to the
sTDA absolute deviation of 0.60 eV.

Figure 6 presents the sTDA and XsTDA excitation energy abso-
lute deviations (ADs) with respect to regular TDA as a function of
the number of electrons in the molecule. Considering all four func-
tionals, ADs are diminishing with increasing number of electrons
for both sTDA and XsTDA with respect to TDA. ADs are globally
lower for large systems when using the XsTDA method rather than
the STDA one. This supports the suitability of the XsTDA scheme
to compute excitation energies for low-lying excited states of large
systems.

For the DYE12 benchmark set, Tables S1 and S2 compare the
computed sTDA and XsTDA excitation energies to TDA as well as
to the back-corrected experiment. The XsTDA method reproduced
TDA excitation energies well with MADs of about 0.10 eV. With
respect to the back-corrected experiment, the best result is provided
by the XsB3LYP scheme with a MAD of 0.23 eV, while TDA yields a
value of 0.24 eV. Note that the best sSTDA comparison with respect
to the experiment is obtained with the BHandHLYP functional with
aMAD of 0.23 eV. Clearly, the sTDA parametrization and error can-
cellations play a role here, as indicated by the TDA MAD of 0.37 eV
with respect to the experiment.

As originally pointed out by one of us,'” while 7 — 7* tran-
sitions are relatively well-treated by sTDA, larger discrepancies
are expected for n — * and d — d transitions due to the applied
monopole approximation, which fails for such cases. To illus-
trate this behavior and how the XsTDA scheme deals with these
types of excitations, we first selected uracil (4) that presents a
dipole-forbidden n — n* excitation and a m — " transition as
the two first low-lying singlet excited states. Table II presents
the excited state energies and oscillator strengths, as obtained by
the BHandHLYP/6-31+G(d) TDA, sTDA, and XsTDA schemes.
First, both sTDA and XsTDA schemes yield 7 — Ry unwanted
low-lying “ghost” states that are not present in the TDA calcula-
tion. Second, the 7 — 7" transition is better treated by the XsTDA
method with only —0.05 eV of deviation with respect to the full
scheme, while the sSTDA error is —0.40 eV. For, the n > 7™ transi-
tion, relatively large deviations are observed with both sTDA and

ARTICLE pubs.aip.org/aipl/jcp

XsTDA schemes (—0.19 and —0.35 eV). As stressed by one of us,"’
n — " transition are badly described by sTD-DFT/sTDA because of
wrong localized exchange-type contributions due to the monopole
approximation. This is inherent to any ZDO-based methods, such as
the XsTD-DFT/XsTDA formalism, since one-center exchange inte-
grals [(af|af), a and B € A] are excluded.”” Thus, the XsTD-DFT/
XsTDA formalism presents the same problem as the sTD-
DFT/sTDA scheme to describe local n — 7™ transitions. A possi-
ble correction could be to use the INDO (intermediate neglect of
differential overlap) approximation® instead of the ZDO one.

As a second illustrative case, we selected the ferrocene molecule
that was already used in the original sTDA publication'’ to illus-
trate the relative poor treatment of d — d transitions by the sTDA
method. Figure 7 shows the experimental absorption spectrum of
ferrocene in comparison with the PBE0/def2-TZVP TDA, sTDA,
and XsTDA spectra. The experimental spectrum presents three
main absorption bands where the two lowest ones are related to
dipole-forbidden metal-centered d — d transitions. These two bands
are poorly described by the sTDA method, which are significantly
improved with the XsTDA scheme. The rest of the XsTDA spectrum
is globally blueshifted with respect to the experiment.

Treating electronic transitions to Rydberg states correctly is
probably out of the scope of XsTD-DFT/XsTDA schemes. Neverthe-
less, among the test set, we have the first one photon-active transition
n — Ry(3s) of acetone (3) with an experimental excitation energy
of 6.35 eV and a reference theoretical oscillator strength of 0.037
(MRCI"). At the B3LYP/6-31+G(d) level, the experimental excita-
tion energy is largely overestimated with a value of 6.91 eV, but the

ferrocene
A— I ' |
— experiment
10000E | (g
- |— XsPBEO
. g I
o 1000 =
°© E 3
g C .
d L i
- L ]
100 3
10 1 | |
2 3 4
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FIG. 7. Experimental absorption spectrum of ferrocene in comparison with
the PBEO/def2-TZVP TDA, sTDA, and XsTDA spectra. Note that the oscilla-
tor strengths for forbidden transitions are set to 5 x 10~ to simulate vibronic
couplings.
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6-31+G(d) basis set in comparison with reference SCS-CC2/def2-TZVP(-f) values for the mixed CT test set.!? The mean absolute deviations (right panel) for all these levels

of theory with respect to SCS-CC2.

MRCI oscillator strength is well reproduced with a value of 0.035.
Only one pair of natural transition orbitals (NTOs) contributes to
this transition, confirming its n — Ry(3s) character (see Fig. S2).
The treatment is surprisingly improved with the XsB3LYP scheme
giving an excitation energy of 6.33 eV and f = 0.037. The shape of
NTOs at this level are similar to B3LYP ones. The sB3LYP level of
theory is also providing a better energy value with respect to the full
scheme with 6.46 eV (f = 0.035).

Hybrid XC functionals do not provide a good description for
electron transitions to CT states. Usually, increasing the amount
of Fock exchange in the functionals improves the treatment, but
still large deviations are observed.”"" Employing RSH functionals
is the usual solution for a better treatment of CT states but is not
yet implemented with XsTD-DFT/XsTDA schemes. To assess the
performance of the XsTDA scheme to treat CT states, the mixed
CT test set from Risthaus et al.'” was taken. Figure 8 shows the
comparison between the TDA, sTDA, and XsTDA excitation ener-
gies to CT states using B3LYP, PBEO, BHandHLYP, and M06-2X
exchange-correlation functionals and 6-31+G(d) basis set and ref-
erence SCS-CC2/def2-TZVP(-f) values. MADs for these excitation
energies with respect to SCS-CC2 are also reported. As expected, the
XC functional with a large amount of HF exchange agrees best with
the reference. MADs for BHandHLYP and M06-2X are 0.56 and
0.48 eV, respectively. XsTDA reproduces the TDA results almost
perfectly, while sTDA on the contrary presents larger MADs of
1.0 eV (sBHandHLYP) and 0.98 eV, respectively. Regarding inter-
molecular CT states for systems 72-77, all reference excitation ener-
gies are systematically underestimated by TDA, a behavior almost
perfectly reproduced by the XsTDA scheme.

Molecule 72 is composed of one benzene unit and one TCNE
unit, for which their molecular planes are parallel to each other.
Figure 9 shows the first low-lying excited state energy of this sys-
tem shown in the inset of Fig. 9 for NTOs as a function of the
distance (R) between both molecular planes evaluated at the TDA,
sTDA, and XsTDA [BHandHLYP/6-31+G(d)] levels of theory with

respect to the reference RI-CC2/aug-cc-pVDZ. A reference curve
is also provided and computed as Ecr = I[P’ — EA’ — 1/R, where
IP' refers to the KS-DFT HOMO energy of benzene and EA’, the
KS-DFT LUMO energy of TCNE. All TDA, sTDA, and XsTDA

A4 Y

c-© RI-CC2
G-© TDA

" o sTDA T
G-0 XsTDA
IP’-EA’-1/R

1 | 1
0 50

| 1 1 | 1 | 1
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FIG. 9. Comparison of CT excitation energies computed at TDA, sTDA, and XsTDA
[BHandHLYP/6-31+G(d)] levels of theory with respect to the RI-CC2/aug-cc-pVDZ
reference for molecule 72 as a function of the distance (R) between both parallel
molecular plan of benzene and TCNE. A reference analytical single-particle curve
is also provided. The inset presents the natural transition orbitals obtained at the
TDA/BHandHLYP/6-31+G(d) level of theory for the first low-lying state. Only one
pair contributes to the transition with a weight of 0.99.
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FIG. 10. UV-vis experimental absorption spectra®® ' of carbamazepine in methanol, lamotrigine, and diazepam in water as well as BHandHLYP/6-31+G(d) TDA, sTDA, and

XsTDA spectra in vacuum.

results asymptotically tend to an excitation energy value of around
1.3 eV lower than the RI-CC2 one. This is expected for hybrid XC
functionals because of the integer discontinuity problem and the
self-interaction error. %" At large distance, this CT state is com-
posed of benzene™ and TCNE™, two charges with a 1/R interaction
energy. In TD-DFT, this interaction is described by the —(iilaa)
term in Eq. (1) but scaled inappropriately by ax, hence not providing
the expected 1/R decay. By design, the sSTDA scheme was corrected
for this behavior by asymptotically approaching the 1/R contribu-
tion directly into the semi-empirical integral [see Eq. (16)].'° This is
illustrated in Fig. 9 showing that the sTDA scheme reproduces the
Ecr=IP' —EA' -1 /R curve well, while the XsTDA scheme matches
almost perfectly with the TDA results.

Figure 10 shows the experimental absorption spectra™
of three anti-epileptic drugs, carbamazepine, lamotrigine, and
diazepam, recorded in methanol for the carbamazepine and in
water for lamotrigine and diazepam. They are compared to the
BHandHLYP/6-31+G(d) TDA, sTDA, and XsTDA vertical spectra.
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20000 - | . |
— XsB3LYP E‘m" =09eV
H — EOM-EE-CCSD x pol.
— EOM-EE-CCSD (y+2) pol.
15000~
B:
_0
"5 10000
£
=2
w
50001
0

2
E (eV)

FIG. 11. Comparison of the first singlet ESA spectrum for PCP computed at
XsB3LYP/TDA/6-311++G(d,p) to reference the EOM-EE-CCSD/6-311++G(d,p)
spectra for both x and (y + z) polarizations. An energy shift of 0.9 eV was applied
to the XsB3LYP spectrum.

As it was observed for the benchmark set, sSBHandHLYP/TDA exci-
tation energies are redshifted with respect to the BHandHLYP/TDA
ones, which is corrected by XsTDA and the TDA spectra are well
reproduced. However, both the TDA and XsTDA spectra are sys-
tematically blueshifted with respect to the experiment because of a
missing solvent, relaxation, and vibrational effects.

PCP is a model for studying benzene excimer. Figure 11
shows its first singlet ESA spectra computed at both EOM-EE-
CCSD and XsB3LYP levels of theory. The XsB3LYP reproduces
well the intensity of the main absorption band around 2.38 eV
with respect to the EOM-EE-CCSD one. As it could be expected
using the B3LYP XC functional, some features of the reference
spectrum are not present, such as some lower energy peaks below
2 eV. Nevertheless, the comparison is rather good for such low-level
treatment.

B. Second-harmonic generation of push-pull
n-conjugated systems

One recurring problem with the sTD-DFT scheme to evaluate
Brrs is the systematically redshifted resonance enhancements with
respect to the full scheme for push-pull 7-conjugated molecules.
To circumvent this, we advocated refitting the MNOK two-electron
integral parameters.'”**"

Figure 12 shows the B. frequency dispersions obtained
at BHandHLYP/6-31+G(d) TD-DFT, sTD-DFT, and XsTD-DFT
levels of theory for six push-pull 7-conjugated molecules. The
XsTD-DFT method reproduces TD-DFT .. frequency disper-
sions almost perfectly and, in particular, the energy position of
the resonance enhancement, clearly outperforming the sTD-DFT
scheme. This is easily explainable as these resonance enhancements
are due to the CT states for which XsTD-DFT is particularly good
at reproducing the TD-DFT excitation energies. The computational
cost to evaluate the first hyperpolarizability at the XsTD-DFT level is
very low with respect to the full scheme. Computing one single f8;.¢
value for m-3 with GAMESS**"” took 30.9 min'® on an 8 cores desk-
top computer (Intel core i7-6700, 3.40 GHz), while the XsTD-DFT
calculation finished in only 5.2 min for 13 5, values. The sTD-DFT
calculation took 1.9 min.
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FIG. 12. B, 55 frequency dispersions obtained at BHandHLYP/6-31+G(d) TD-DFT, sTD-DFT, and XsTD-DFT levels of theory for the six push-pull 7-conjugated molecules.

For sTD-DFT and XsTD-DFT calculations, Eesn. = 15 €V was used.

C. Two-photon absorption

Recently, we showed that calculating absolute 2PA cross sec-
tions [depending on (2w)* and the half width at half maximum
for a given line shape] is inherently difficult for TD-DFT and
de facto for simplified methods based on TD-DFT.'® The error for

the excitation energy directly impacts the 2PA cross section. Regard-
ing 2PA strengths [independent of (2wg)’] among a set of push-
pull 77-conjugated systems, Zalesny and coworkers®® demonstrated
that global hybrid functionals are not well reproducing trends but
have better absolute values, while RSH functionals underestimate
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FIG. 13. 2PA spectra for HBI, HBDI, CFP, and PYP computed at B3LYP/6-31+G(d) TD-DFT, sTD-DFT, and XsTD-DFT in comparison to reference RI-CC2/d-aug(-d)-cc-
pVDZ or aug-cc-pVDZ excitation energies and 2PA cross sections for the lowest energy excited state from Beerepoot et al.*? and EOM-CCSD/d-aug(-d)-cc-pVDZ reference

calculations from 52, when available.

RI-CC2 2PA strengths but better correlate with them. RSH func-
tionals will be implemented soon at the XsTD-DFT level. Note
that currently the XsTD-DFT method is extensively benchmarked
for 2PA on the benchmark set from Zalesny and coworkers®
as well as on compounds from the QUEST database” "'
UCLouvain.

Figure 13 compare the B3LYP TD-DFT, sTD-DFT, and XsTD-
DEFT 2PA spectra to RI-CC2 and EOM-CCSD excitation energy and
o2 for the lowest excited state of the four FP chromophores HBI,
HBD], CFP, and PYP. E.s;, = 9 €V was employed for the simplified
calculations, and a logarithmic scale was used to highlight small 2PA
cross sections.

Figure S1 shows that 2PA spectra are almost identical using
larger basis sets (aug-cc-pVDZ and d-aug-cc-pVDZ), and thus, the
6-31+G(d) basis set was selected. TD-DFT 2PA spectral shapes are
globally well-reproduced by both simplified methods. The sTD-DFT
2PA spectra are slightly redshifted with respect to the TD-DFT ones,
while XsTD-DFT excitation energies are blueshifted. Considering
the first bright 2P-induced excitation energy for the four systems

at

with respect to the RI-CC2 results, MAD of 0.22, 0.26, and 0.09 eV
are obtained for TD-DFT, sTD-DFT, and XsTD-DFT, respectively.
Comparing orders of magnitudes of 2PA strengths with respect to
RI-CC2 ones, MADs for log o™ are 0.34 (B3LYP), 0.18 (sB3LYP),
and 0.24 (XsB3LYP). This shows that the XsB3LYP excitation ener-
gies are in very good agreement with the RI-CC2 ones, but 2PA
strengths are slightly better reproduced by the sB3LYP scheme.
Note that for the first bright 2PA excitation of HBDI and PYP,
all the results are redshifted with respect to EOM-CCSD excitation
energies.

Figure 14 shows the experimental 2PA spectrum recorded by
Drobizhev et al.’* as well as the 2PA B3LYP/6-31G(d) sTD-DFT and
XsTD-DFT spectra obtained for an eGFP model system (the depro-
tonated chromophore and its first shell of surrounding residues with
359 atoms). This model system was successfully used to reproduce
the experimental 2PA spectrum at the sSTD-DFT-XTB level of the-
ory.'* Note that the XsB3LYP 2PA spectrum was globally redshifted
by 0.60 eV. Both sB3LYP and XsB3LYP spectra compare very well
with the experiment.
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FIG. 14. Experimental 2PA spectrum from Drobizhev et al.>* in comparison with
the sB3LYP and XsB3LYP ones computed with the 6-31G(d) basis set, Egresh
=7eVandN =2 [see Eqg. (16) Ref. 18]. An energy shift of —0.60 eV was applied
to the XsTD-DFT spectrum.

V. CONCLUSIONS

This contribution introduced XsTD-DFT, a computationally
efficient method designed to calculate linear and nonlinear optical
properties of large systems. It is based on the sTD-DFT scheme for
which semi-empirical integrals are replaced by exact one- and two-
center AO two-electron integrals. This new parameter-free method
still uses the ZDO approximation with Lowdin-orthogonalized
LCAO coefficients to compute MO two-electron integrals. This
modification still keeps the XsTD-DFT method computationally
efficient with respect to TD-DFT by drastically cutting computa-
tional costs by a factor of 20 or more depending on the single energy
threshold used. The main difference appears in the construction of A
and B TD-DFT supermatrices, where the XsTD-DFT method scales
with the number of AOs instead of the number of atoms. Compared
to sTD-DFT, these changes were implemented to robustly repro-
duce the TD-DEFT results. A TDA variant named XsTDA was also
implemented. Both schemes are currently limited to global hybrid
XC functionals but can be extended to the RSH level.

The XsTDA scheme was tested for vertical excitation energies
of a set of 77 molecules and compared to the conventional TDA
results using B3LYP, PBEO, BHandHLYP, and M06-2X XC func-
tionals. With respect to the previous sTDA scheme, XsTDA is more
robust at reproducing TDA results especially when using XC func-
tionals with large amount of Fock exchange. Oscillator strengths
are also improved with XsTDA, especially for large f values.

ARTICLE pubs.aip.org/aipl/jcp

Interestingly, we observed that excitation energy absolute deviations
decrease with increasing size of the system, a behavior most wel-
comed for a method designed to treat large systems. In 2013, one of
us'’ showed that sSTDA performs badly when computing n - 7™ and
metal-centered d — d transitions. The treatment of n — 7" tran-
sitions is not much improved by the XsTDA scheme because of
the inherent ZDO approximation that neglects one-center exchange
integrals. An INDO treatment might solve this problem. Regarding
d — d transitions, the XsTDA method was able to predict the lowest
energy metal-centered d — d excitations for ferrocene. Surprisingly,
the first Rydberg-type n — Ry(3s) transition of acetone (3) was well
reproduced by the XsTDA method. Regarding CT states, the XsTDA
method robustly reproduces the TDA results, outperforming sTDA,
especially for a large amount of Fock exchange.

The XsTD-DFT scheme performs equivalently well for NLO
properties. For a set push-pull 7-conjugated systems, we showed
that the sTD-DFT method systematically redshifts f3;;,, resonance
enhancements in comparison with the full scheme.'”*” The XsTD-
DFT method corrects this behavior thanks to its consistent treat-
ment of CT states with respect to TD-DFT. Both simplified schemes
reproduce the TD-DFT 2PA spectra well for a set of FP chro-
mophores. Note that the XsTD-DFT method provided the best
comparison with respect to RI-CC2 excitation energies for the first
bright 2PA excited states. Finally, the experimental 2PA spectrum of
eGFP was well reproduced by both sB3LYP and XsB3LYP methods
using a structural model system.

In summary, we can conclude that the XsTD-DFT/XsTDA
methods are robust alternatives to TD-DFT/TDA to compute at
a fraction of their computational costs excited state and nonlinear
optical response properties. With these new methods, all-atom QC
calculations of large systems can now be performed with a similar
accuracy as the full scheme. Such methods can also be useful for
high throughput screening studies considering large ensembles of
molecules.

To complement the range of applications of Xs methods,
extra implementations are currently ongoing at UCLouvain. The
XsTDA/XsTD-DFT excited state gradient is currently being imple-
mented and support for range-separated hybrids will be available
soon. The extension of XsTD-DFT/XsTDA schemes to compute
core to valence excitations is an exciting prospect for which we have
already gathered interesting results. An extension of XsTD-DFT/
XsTDA schemes to use tight-binding ground states for very large
systems will be investigated in a near future. A TD-DFT-ris ver-
sion of XsTD-DFT may be investigated to further reduce the
computational cost.

SUPPLEMENTARY MATERIAL

The supplementary material provides basis set effects on the
HBI 2PA spectrum, NTOs for the first one photon active elec-
tronic transition of acetone, and for B3LYP, PBEO, BHandHLYP,
and M06-2X exchange-correlation functionals, excitation energies
for the DYE12 benchmark set and absolute deviations at both sTDA
and XsTDA levels from TDA.
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