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1. GENERAL INFORMATION
1.1 Scope of the Document

The document aims at finding an expression for the gravity field of degree 1 (important
for geocenter) as a function of the orbital elements of the spacecraft.

1.2 Applicable documents

Title Reference
GENESIS-ROB-AA-0001-Abbreviations- GENESIS-ROB-AA-0001
Acronyms_v1.2(1) provides the
abbreviations and acronyms used in this
context.

1.3 Reference documents

Title Reference
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2. EXISTING EXPRESSION FOR THE GRAVITATIONAL FIELD IN TERMS OF THE ORBITAL
ELEMENTS

We begin our study reviewing the paper by Balmino (1992), which builds upon the
foundational work in Kaula's book Theory of Satellite Geodesy (1966). We also consulted
the books by Capderou (2005), Montenbruck (2005), and Vallado (2013), as well as
lecture notes by Duriez (2007).

2.1 Unperturbed satellite orbit - two-body problem - Keplerian orbit

When the Earth is modeled as a point mass and a satellite orbits this point, the resulting
trajectory is an ellipse with the Earth located at one of its foci. In this case, the
gravitational potential follows the classical Newtonian formulation. However, when the
Earth is modeled as an extended body with varying internal densities, the satellite’s orbit
evolves over time due to perturbations. In such scenarios, the gravitational force acting
on the satellite depends on its orbital elements, which will be discussed in Section 2.2,
dedicated to the perturbed case.

To prepare for this analysis, we first present the expressions for the satellite's position in
terms of its orbital elements. These expressions are valid in the unperturbed case, which
is why they are introduced here.

2.1.1 Kepler first law

Assuming the Earth is a perfectly spherical, homogeneous body with geocenter O,
Kepler's First Law states that: “a satellite follows an elliptical orbit with the Earth located
at one of the foci” (see Figure 1).

dt

=

ﬁ
sepfi-minor axis b

semi-major axis a

Figure 1: Kepler's orbit diagram.

2.1.2 Anomalies and their relationships
Anomalies are specific angles that describe the satellite's position along its orbit around
a central body (like the Earth) at a given time.
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The position of a satellite in an Earth-centered reference frame can be described using
its distance from Earth (r) and the true anomaly (v), or alternatively using the mean
anomaly (M) and the eccentric anomaly (E).
The mean anomaly M is defined based on the satellite's mean angular velocity and is

given by:

M=n(t—-1) (1)

with:

n= 2?”: the mean motion,

T: the orbital period,

t: current time, and,

7. the time of passage at perigee (A).

Figure 2: Geometric representation of the anomailies.

These anomalies are interconnected

relationships:

1. Relationship between eccentric anomaly and true anomaly

through well-established mathematical

Considering the geometry shown in Figure 2 and using trigonometric relationships,
it is easy to see that the cosine and sine of the true anomaly v can be expressed in
terms of the eccentric anomaly E, the eccentricity e, and the semi-major axis a of

the orbit:

rcosv=acosE —ae

rsinv=a+y1—e2sinkE
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By squaring and summing these two equations and then taking the square roof,
we obtain that the distance from Earth r is:
a(l—e?)

r=m=a(1—ecosE) (2)

Through further manipulation, the following relationship is derived:

. 21/_1+et 2E 3
anz—l_ea\n2 3)

2. Relationship between mean anomaly and eccentric anomaly
From geometric considerations involving triangles OSA and OSR (see Error!
Reference source not found.), we derive the classical Kepler equation:

M =FE —esinE (4)

3. Series expansion: tfrue anomaly as a function of eccentric anomaly
Using the development y = x + gsin2x + %qz sin4x + §q3 sin 6x + -+ which results

from solving tany = ptanx for gq :Z—:< 1, and applying this to Eq. (3) y =§,x =

E _ [(a+e) P
2 P = Jae We obtain:
2

e
v =E+esinE+Zsin2E+ e (3)

4. Series expansion: eccentric anomaly as a function of mean anomaly
Starting from Eq. (4), and treating eccentricity e as a function of E, i.e.,

e=f(E)= E;i_nA/;'
we apply the following expansion formula:

_ o  =yo)k[ak—? X—Xg k _ _ _ _
X =Xo + Xk=17, [dxk_l (f(x)_yo) - fory=ey,=0,x=Exy =M,

and we obtain the series:

2
e
E=M+esinM +751n2M + - (4)

In summary, we have derived series expansions for both the true anomaly (Eq. (3)') and
the eccentric anomaly (Eg. (4)') in terms of the eccentricity and mean anomaly. In
Section 2.1.5, we will present the general forms of these expressions using Bessel functions.
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2.1.3 Position and velocity of the satellite
The satellite position r in the orbital plane is given by a vector of which the components
are:

X T COSV a (cosE —e)
r=<y>=<rsinv>= aJ1—e?2sing | (5
0 0 0

n

Using the Kepler equation and its derivative 4 _ (n being the mean motion n =

dt 1—eco

\/a—‘;), the velocity, 7 is:

na —sinE
A — — p2
r 1 —ecosE(‘/l e cosE) (6)

0

2.1.4 Orbital elements

The orbit lies in space, within a plane of whose orientation is determined by the initial
conditions at the time of orbit insertion. This orbital plane, and the satellite's trajectory
within it, can be fully described by six orbital elements, or Keplerian elements.

Q) : Iongitude of the node
@ : argument of the perigee
V :true anomaly — M
i
a:
e

:inclination
semi-major axis
: eccentricity

o perigee

Ascending node

X

Figure 3: Keplerian elements or orbital elements.

These orbital elements belong to two categories:

i,w, ae,v
N—— N—— .
position in space position in the orbit
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2.1.5 Link between position and velocity of the satellite, and orbital elements
To express the position R and velocity R of the satellite in an inertial reference frame, a

coordinate transformation involving the six orbital elements must be applied:

. R3(-)R1(-DR3(-w) .
{T, T} |satellite orbit {R; R} |space

where R, (—i) is a rotation around the x-axis of an angle (—i) and similarly for R;(—Q) and
R;(—w). Or equivalently

R = R;(—Q)R(—DR3(—w)r
with
1 0 0 cosa sina 0
Ri(a) = (0 cosa sin a), Ri;(a) = (— sina cosa O
0 —sina cosa 0 0 1

This follows Kaula's formulation. Note that Balmino (1992) used another sign convention
for the matrices Ry, R,, R3, but he obtains the same final result.
Finally, the rotation matrix Rot = R3;(—Q)R,(—i) R3(—w) is:

coswcos{) —sinwsinQcosi — sinw cos ) — coswsin{ ) cosi sinisin Q
Rot = [coswsinﬂ +sinwcosQcosi —sinwsinQ 4+ coswcosflcosi —sinicos Q]
sin w sin i cos w sin i cos i

By using this transformation, we obtain:

cos w cos ) —sinw sinQ cos i —sinw cos ) — coswsin ) cos i
R=a (cosE —e)| coswsinQ+sinwcosQcosi |+ a+1—e? sinE|—sinwsinQ + coswcosQcosi| (7)
sinw sin i cos w sin i

And its derivative R, the velocity will be:

[ inE dE
—asinc - ——
| dt |

. dr
R = [Rot]— = [Rot]| dE|
[ ]dt [ ]|a\/1—e2 cosE-E|
| 0 |
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R=

na cosw cos ) — sinw sin Q cos i
—— {—sinE
1—ecosE

—sinw cos ) — cos w sin ) cos i
coswsinQ + sinwcosQcosi | ++/1—e? cosE | —sinw sin Q + cos w cos Q cos i

sin w sin i cosw sini
na? cos w cos ) — sin w sin Q cos i

= - {— sinE (cos w sin ) + sin w cos Q) cos i>
sin w sin i

—sinw cosQ — cos w sin { cos i
++1—e? cosE| —sinwsinf + cosw cos Q cos i (8)
Ccos w sin i

The position of the satellite in space is determined using all the orbital elements, except
for the ratio % and the eccentric anomaly E, which must be computed separately based on
the satellite's location along its orbit.

2.1.6 Expressions relating r, E, v as well as their cosine and sine in terms of Bessel
functions

We now want to know the values of cosE, sinE.

As seen above, the eccentric anomaly E can be expanded as a Fourier series in terms of the
mean anomaly M (Equation 4'). According to Balmino (1992), by applying Lagrange’s theorem
to the Kepler equation, it can be shown than any function F(E) of the eccentric anomaly E, can
be expanded as:

F(E) = F(M) + Z [F’(M)sin"M]

nl dMn1

Which converge fore < ey, ey = 0.6627.
Then, the general expression for E is:
) (n-1)/2
2 — Z (=1 () (= 2" sinn - 2)M (9)

where the binomial coefficient is:

(7) ~ (nn._ Y 10

We then substitute this expansion into Equation 9. Then, the cosE and sinE can be
expanded as series in M:

o1
cosE = —§+ ;E(]k_l(ke) — Jr+1(ke)) coskM (11)
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o 1
sinE = Z E(]k—1(ke) +]k+1(ke)) sinkM (12)
k=1

where J,(x) are the Bessel functions of the first kind of order k defined by:

2T

1 .
Je(x) = ﬁfo cos(kt — x sint) dt

The Bessel functions have the following properties:

k+2n

C 1 X
Jk<x)=nzzo(—1) oroG)  fork=zo a3

o
n

2
Jo@) =Z(—1)“<n’!‘2n) fork=0 (13y

n=0

k+2n

D) for(-ky <0 (13)"

— _1\n+k [ —
]'k(x)_;( O n! (n+k)!(2

Jor (@) = (D" (%)
Jk=1(x) = Jgp1(x) = 2]'k_1(x)

We also need fo express the ratio =, which appears in the expression for the velocity

vector R. Following Duriez (2007) and starting from Kepler's equation (Eq. (4)), we have

aM . . . dE . . . . o e
that — = 1 —ecosE, and its inverse is - = % Developing % in Fourier series of M, it is

possible to invert Kepler's equation and obtain E as function of M. Lastly, using that
(%) dM = dE and integrating:

(o)

a

-=1+ 2], (ke)coskM (14)
2. Y

r_
=1

By substituting Egs. (11)-(14) into EqQ. (8), we obtain expressions for the satellite’s position
(R) and velocity (R) in the Keplerian case, fully defined in terms of the orbital elements.

This formulation is particularly valuable as it lays the groundwork for the next step:
infroducing a perturbation potential, where the orbit is no longer strictly Keplerian. In this
context, it becomes especially useful to derive analytical developments for quantities
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n .
such ascosv, sinv, (g) and more generally (2) (cosmM ,sinmM). Those have been extensively

addressed not only by Kaula (1966) and Balmino (1992), but also in the online lecture
materials provided by Duriez (2007). Below, we present the resulting expressions:

1-e?\
cosv=—e+?2 z]k(ke) coskM (15)
k=1

> (d]), (k
sinv =241 —e2 2 (_de( e)]) sinkM (16)
k=1 ¢
2 e
=1+ 5~ Z E(]k—1(ke) —]k+1(ke)) coskM (17a)

a
—=1+ kzl 2], (ke)coskM (17b)

(2) (cosmM ,sinmM) = Z X" (e) (coskM,sinkM) (18)

k=—c0

where X;"™(e) are the so-called Hansen coefficients, and are given by (from Duriez (2007)):

Xi™ ) = (1+q2)-"-12<—q)PZH"’"h Ji-map-an(ke) (19)
p=0

and

nm _(Mm+tm+1\m-m+1
it = (500 ) TR

which is calculated using Eq. (10); or equivalently, from Balmino (1997), which we will use for the
calculation of the eccentric function or G (e)-function later in our technical note:

0O =gy 3 2 () (TR om0y

where, considering also Eq. (10), and

_1—\/1—92_ e 20)
K e 1++vV1-—e?
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The link with the G-functions of Kaula is given by:

ank = X;:fz_pl.’:;{_zp(e) (21)

2.2 Satellite orbit perturbed by a gravitational field

2.2.1 Gravitational potential in spherical harmonics

We now consider the case where a gravitational potential perturbs the orbit, affecting
both the spacecraft's position and velocity. To begin, we present the gravitational
potential U expressed in terms of spherical harmonics, as defined in an Earth-fixed
geocentric reference frame:

GMe Mo GMo~o saon™ (o _ _
U= " +V= " + " Z — Z [Cm cOsmMA + Sy sinmA] By (sin8);  (22a)
n=1 m=0

Where the perturbing potential V is given by:

© n
sz:zvnm

n=1m=0

n n
{z wm COSMA + S, sin mA] P, (sin 9)}

GM@ i G,@
r —

n=1 =0
_GMe a@
z z [Crum €OSMA + Sy sSinmA] By (sin0) ¢ (22b)
r =1 m=0
with
GM(_B g
m " ( " ) [Crum cOsmA + Sy, sin mA] Py, (sin 0) (23a)
GM@ g
" ( " ) [Cpm cOSMA + Spp, sinmA|P,,, (sin @)  (23b)
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where Mg is the Earth mass, ag is the mean equatorial radius, C,,, and S,,, are the so-
called Stokes coefficients (unnormalized), B,,,, and B,,, are respectively, the unnormalized
and normalized associated Legendre polynomials, and (6,1) the colatitude and
longitude, with

(n—m)!

rm) Bm (24)

P = \/(2 —-62)(2n+1)

In this treatment, we assume that C,,,, and S,,,,, are constants; however, in practice, they
vary due to geodynamic effects.

In Egs. (22) and (23), the first term corresponds to the perturbation already considered in
the Kepler case in Section 2.1.

2.2.2 Force acting on the satellite
The gradient of the potential gives the force acting on the satellite in the non-rotating
geocentric reference system:

F=VU =VU(['(t),0'(t),A'(t)) (25)

Where r'(t),6'(t), A'(t) are the distance, latitude and longitude of the spacecraft and are
related to the position of the spacecraft r(t) with the Earth rotating below it. However,
the spacecraft position can also be expressed by using the orbital elements as there is a
bijective mapping:

{r®), 70} = {(x(0),y(©), 2(t), (1), (1), 2(t)} = {a(t),e(®), (1), A1), w(t), M ()}

Note that in the Keplerian motion, the 5 parameters related to the orbit (a,e,i,Q, w)
remain constant while only M (see Eq. (1)) varies (a,é,i,Q,&,M —n = 0).

As a result of this mapping, the force acting on the satellite —or equivalently, the
potential U(r'(t),0'(t),A'(t))— can be expressed in terms of the orbital elements
U(a(t),e(t),i(t), a(t), w(t),M(t)). This approach was used by Kaula.

To establish this, Kaula begins with the osculating orbit plane, where the satellite's
coordinates are given by Eq. (5). If the potential field U deviates from the Newtonian
case, the elliptical orbit will continuously evolve. However, we expect the orbital
parameters to change gradually over time.

In inertial space, the satellite coordinates x(t), y(t), z(t) = x;(t) and its velocity x;(t) are
used in the motion equation:
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dx;(t) U
=— (26
dt axi ( )

dx;

By expressing the rates of change o and ‘%i as functions of the rates of change % of

t

the six Keplerian elements where s, represents any of a,e,i,Q, w, M, and applying the
method of variations of constants, one arrives at the so-called Lagrange equations. These
equations relate the variations in the orbital elements to the derivatives of the potential

U with respect to them. They yield:
da _ 2 dV

dt  naoM
de_l—eZBV V1 —e29V

dt na’e OM  na?e dw

do cosi 0V+\/1—926V
dt  na?Vv1—eZsini 0i na’e de

di _ cos i av 1 av
dt  na?V1—e?sinid® na?y1 — e?sini 08
o 1 v
dt  na2v1 —e2sini 0i
dM 1—e?9V 20V

—=n
dt na’e de nada

Note that these equations are only valid for e and i not too small.
They are of the form:

da de diy oV oV oV
{ }_ 1(“'6"'69'6(»'61\/1)

dt’dt’dt
d0 do dMy AV v av
{dt'dt'dt}_fz(a'e'l'aa'ae'6i>

(27)

The orbital elements (a, e, i) are referred to as the metric orbital elements, while (Q, w, M)
are known as the angular orbital elements. In the first approximation, the metric orbital
elements can be considered constant, whereas the angular orbital elements vary slowly

with time (Capderou, 2005).
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For the cases where e and i are small, it is necessary to switch to a different set of
variables. These two situations (e small and i small) can lead to difficulties in defining
certain parameters, such as the perigee when e is small and the ascending node when
i is small.

Additionally, when analyzing the Lagrange equations, these parameters appear in the
denominators as e or sini. To address this, we need to express the perturbing potential in
terms of the new orbital parameters. The choice of these new parameters helps to
eliminate the indeterminacies that appear in the equations. For further details, we refer
to the book by Capderou (20095).

2.2.3 Expression of the perturbing function in V in terms of osculating orbital elements
For this part, we neglect the Earth's rotation, which can later be accounted for by adding
the Greenwich Mean Sidereal Time (GMST) to the longitude.

In Eq. (22), we encounter cos mA and sinma and B,,,,(cos ), which can be expressed using
relations derived from the spherical triangle formed by the orbit, the equator, and the
satellite’s meridian. This is illustrated in Figure 4.

satellite

Vernal point

Figure 4: Orbit-equator-meridian triangle.

Where y is the vernal point, a is the right ascension, ¢ is the latitude of the spacecraft.
We thus obtain:

cos(w + v)
cos(a — Q) = T(,b (28)
sin(a — Q) = sin(w + v) cos i 29)

cos ¢

sin¢ = sin(w +v)sini (30)
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In order to account for the Earth rotation, we express the longitude of the spacecraft as
Al=a—GMST = (a— Q) + (Q— GMST) (31)

We also use the trigonometric identities:

m
cosmx = Re {Z (7:) 15 cos™ S x sin® x} (32)
s=0

m
sinmx = Re {z (T;l) 1571 cos™™S x sin® X} (33)
s=0
m
s

Where Re denotes the real part, I is v—1 and the binomial coefficient ( ) is calculated
as Eq. (10).
Taking into consideration A's value from Eq. (31), we have

cosmAd = cosm(a — Q) cosm(Q — GMST) — sinm(a — Q) sinm(Q — GMST) (34)

sinmA = sinm(a — Q) cosm(Q — GMST) + cosm(a — Q) sinm(QQ — GMST) (35)

2.2.3.1 Expression of the perturbing function in V in terms of inclination - F(i) function

Following Kaula (1966), using Egs. (28)-(35), we obtain

m
cos™ S(w + v) sin’(w + v) cos’i
cosmld = Re Z(m)ls ( ) ( )
4 s cos™ ¢
S=

X [cosm(Q — GMST) + [ sinm(Q — GMST)]} (36)

m
cos™ S (w 4+ v) sin’(w + v) cos’ i
sinmA = Re z(m)ls ( ) ( )
4 S cos™ ¢
S=

X [sinm(Q — GMST) — I cosm(Q — GMST)]} (37)

Substituting Egs. (30), (36), (37) into Eg. (23) and changing the index in the sum, as
outlined by Kaula (19266), we can obtain:
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GM "o
Vo =~ (a7®) Z Tyt SI™2¢ i Re{[(Com — ISnm) €05 M(Q — GMST) + (Spm + [Cpy) Sinm(Q — GMST)] }
t=0
m l-m-2t+sm-s

xZ(m)Iscos L( I;nmzjﬁs Z Z n m—2t+s)( S)(—l)C(Cos(n—Zt—Zc

- Zd)(a) +v) +Isin(n — 2t — 2¢ . %d)(w +v)) (38)

2n)!

Where the function Ty iS Tame = ra——

After somme manipulations, 1V, becomes:

n

GMg sag\™ . Com In—m even

Vam =2 (2) > Famp @ {[—Snm LT SV cos((n — 2p) (@ +v) + m(Q — GMST))
=0

Snm] NV sin((n - 2p)(w + v) + m(Q — GMST))} (8)

Cnm

Where the Inclination function E,,, (i) is:

min (p,k) (2 ) )I
n — 2t)!
Famp@ = ) it
i t!(n—t)!(n—m—2t)! 22"
m max possible
m , n—m-—2t+s m _k
XZ(S)cossl Z ( c )(p—t—c)( D (39)
s=0 c=0

with k being the integer part of ? .In practice, the bounds for the variable ¢ are limited

to ensure that both binomial coefficients involved are defined and nonzero. Specifically,
for the first binomial term, ¢ must satisfy 0 <c<n-—-m—2t+s, while for the second
binomial term, the constraintis 0 < p —t — ¢ < m — s. Regarding the parameters [n,m, p],
the degree n €N, the order m, which represents the longitudinal variation in the
potential, must be 0 < m < n, and finally the index p must also lie within 0 < p < n.

Example of degree 2 and order 0 (or n = 2, m = 0):

2

GMg sagn\>2 . Com 12 —m even

Vam = = (T) Z Fomp (D) { o S S cos(@ = 2p)(@ +v) +m(@ — GMST))
=0

+ SZm] 2 —m even

LT CV sin((2 - 2p)(@ +v) + m(@ — GMST))]

CZm

min (p,k)

. Z (4—2)!  aem—2t ;
F2mp(l) = n@- —sin2 ™m-2t |
t=0

! (2 —m — 2t)! 242t

m max possible

DN LD Y G P

s=0 c=0

In that case, k = 1:
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GMq
T

2
a 2
() D Fao @ {Caocos(@ = 20) (@ + ) + 520 51n(@ = 20) (@ + )}
p=0
(By definition the term S, is O, so this last term will disappear.)

Voo =

min (p,1) (4 ) )l max possible
. —2t)! 2ot 2-2t 0 -
— 2-2t _1\c—k
Fao 0= ZO 02 -0l@2-20)i2+2z>" Tt Z) ( c )(p—t—c)( D
t= c=

N_T3 .2 e
Fyo0(i) = 2—3sm2 i (0) =g sin’i

3, 1
F201(l)=zsll’l L+7

onz(i) = ?sinz i

The other values of the Inclination Functions or F,,,,,,, can be found in the Table 1 from Kaula (1966):

Table 1: Kaula's F,,,,,, (i) inclination function values, with n = [2,4].

TABLE 1

Inclination Functions Fy,, (1) from Equation (3.62)

/ m /.’ F[.uu)(i)

2 0 0 —3sin?i/8

2 0 1 3sin? /4 — 1)2

2 0 2 —3sin*if8

2 1 0 3sini(l + cosi)/4

2 1 1 —3sinicosif2

2 1 2 -3 sin i(1 g cos )4

2 2 0 3(1 + cos i)*4

2 2 1 3sin? i[2

2 2 2 3(1 — cos i)*4

3 0 0 —5sin®i/16

3 0 1 15 sin® i/16 — 3 sin i/4
3 0 2 —15sin® /16 + 3 sin i/4
3 0 3 5 sin® if16

3 1 0 —15sin®i(1 + cos i)/16
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3 \ l

3 l 2
3 1 3
3 2 0
3 2 1

3 2 2
3 2 3
3 3 0
3 3 1

3 3 2
3 3 3
4 0 0
4 0 |

4 0 2
4 0 3
4 0 4
4 | 0
4 1 |

4 l 2
4 1 3
4 1 4
4 2 0
4 2 1

4 2 2
4 2 3
4 2 4
4 3 0
4 3 1

4 3 2
4 3 3

4 3 4
4 4 0
4 4 1

4 4 2
4 4 3
4 4 4

15 sin% i(1 + 3 cos i)/16 — 3(1 + cos )[4
15sin%i(1 — 3 cosi)/16 — 3(1 — cosi)/4
—15sin*i(l — cosi)/16

15 sini(1 -+ cosi)*/8

15 sini(l —2cosi — 3 cos*i)/8

—15sini(l 4+ 2cosi — 3 cos*i)/8

—15sini(l — cosi)*/8

15(1 + cosi)*/8

45 sin® i(1 -+ cos i)/8

45 sin%i(1 — cosi)/8

15(1 — cos i)*/8

35 sint if128

—35sin? i[32 -k 15sin®i/16

(105/64) sin? i — (15/8) sin® i + 3/8

—(35/32) sind i + (15/16) sin® i

(35/128) sin*

—(35/32) sin* il - cos i)

(35/16) sin® i(1 -+ 2 cos i) — (15/8)(1 - cosi)sini
cos i(15 sin i/4 — 105 sin® i[16)

—(35/16) sin® i(1 — 2cos i) + (15/8) sini(1 — cos i)
(35/32) sin® i(1 — cos i)

—(105/32) sin i (1 + cos i)*

(105/8) sin® i cos i(1 + cos i) — (15/8)(1 4 cos i)*
(105/16) sin? i(1 — 3 cos?i) + (15/4) sin*i
—(105/8) sin? i cos i(1 — cos i) — (15/8)(1 — cos i)*
—(105/32) sin® i(1 — cos i)®

(105/16) sin i(1 + cosi)®

(105/8) sin i (I — 3 cos*i — 2 cos®i)

—(315/8 sin®icosi

—(105/8) sin i(1 — 3 cos®i + 2 cos® i)

—(105/16) sin i(l — cosi)®

(105/16)(1 + cos i)*

(105/4) sin? i(1 + cos i)®

(315/8) sint i

(105/4) sin® i(1 — cos i)?

(105/16)(1- — cos i)*

Note that Kaula nor any of the authors considered on this study did the calculations of
Eymp (D), Gnmyp (€) NOr Vpp, forn < 2. We have computed the tables for Fi,,, (i) and Gy, (e)
using Mathematica. Those values are shown in Table 2 (E,,,(i)), and Table 3 (Gum,(e))
up to n = 3, to show that for higher orders we obtain the same results as Kaula.
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Table 2: Inclination functions F,,, (), for degrees n = [1, 3].

F

=

p
0]

Sin[i]
2

_ Sin[i]
2

(L+Cos[i])

(1-Cos[i])

NN

NMEEEE

© [ = (o] @ |3
@ = (o) =

% (L+Cos[1]) Sin[i]

,g Cos[i] ~Sin[i]

% (-1+Cos[i]) Sin[i]

QI N| HF| O N[

W

(1+2Cos[i] +Cos[1]?)

=

. (2-2cos[1)?)

Hw

(1-2Cos[i] +Cos[1]2)

wln][ ] v~
ol v R R R o] o

7i . - 3
. Sin[1]

w

_3sind] | 15 Sin[i]3
4 16

w

3sin[i] _ 155in[i)3
4 16

559n[9]3
16

g (-1-Cos[i]) Sin[i]?

(-1-Cos[i]) +§ (1+3Cos[i]) Sin[i]?

BWD W

(-1+Cos[i]) +§ (1-3Cos[i]) Sin[i]2

15 : s rsa2
e (-1+Cos[i]) Sin[i]

% (1+2Cos[i] +Cos[i]2) Sin[i]

? (1-2Cos[i]-3Cos[i]?) Sin[1]

2 (-1-2Cos[1] +3Cos[i]?) Sin[i]

= (-1+2Cos[] - Cos[1]?) Sin[i]

8

15 (1+3Cos[i] +3Cos[i]%+Cos[1]?)
3

% (3+3Cos[i] -3Cos[i]2-3Cos[i]?)
1

I (3-3Cos[i] -3 Cos[i]?+3Cos[1]?)

Wl Wl Wl wlw| w|w| w| w|lw|]w| w|w

Wl Wl W Wl NN NN

W N HF|O|lW|IN| || W|IN] K| O W

% (1-3Cos[i] +3Cos[i]%-Cos[i]?)
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2.2.3.2 Expression of the perturbing function in V in terms of eccentricity - G(e) function

2.2.3.2.1 Kaula’s approach

In Eq. (38), we still need to express, in terms of the orbital elements, (%)nﬂ, as well as the

arguments of the cosines and sines entering the expression of v,,,. To that aim, we use
Egs. (15)-(18) to obtain:

(rnlﬂ) [Z?r?] ((n - 2p)(w +v) + m(Q — GMST))
+n

= <anl+1) z Gnpe(€) [Z?rf] ((n=2p)w + (n = 2p + )M + m(Q — GMST))

where G,,:(e) will be different for the long periods, i.e. those where M is absent (t = 2p —
n), and the short periods containing M, whenn —2p +t # 0.

e For the long periods (t = 2p — n):

!

p'-1

1 n—1 2d+n_2pr e 2d+n—-2pr
an(Zp—n) (e) = - 1 z (2d ') ( ) (_) (40a)
1 +n—2
(1 _ eZ)Tl 2 50 n p d 2
in which
n
, D, for p < 5
p = n
n—on, for p = >

e For the short periods (n —2p + t # 0):

Gupe(€) = (DI + 42701 Pres Q™ (40D)
k=0

where q is given by Eqg. (20) and

h
o (=1)° 2p' —2n\((n—2p" +t) e ’
nptk = s! ( h—s ) 2q

with
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n {k +t for t' >0
k, for t' <0
and
n
12 t'=t, for p < —
r_ 2
p = n
n—p, t'=-t forp>§
In parallel,

h , , s
Qe = Z%(;Z_Ps) <(n - 2[2)q+ t') e>

s=0

Note that a binomial coefficient with a negative upper argument is defined using
the generalized formula (7%) = (-D*(™*¢™), for k,n € N; thus:

(;ips’) = (—1)h-s (Zp' +h—s-— 1)

h—s
with
= {k, for t' >0
T k=t for t' <0

and the same values for p’ under the same conditions as shown at the beginning
of this page.

Everything can then be expressed as:

GM@ a® “ -
Vom = Z Funp (D) ) Gape(©) Sumpe (0, M, 0, GMST)  (41)

t=—o00

Spmpt (@, M, Q, GMST)
n—m even
[ Snm n—m odd cos((n—2p)w + (n — 2p + )M + m(Q — GMST))
n—m even

+ Cnm] n—m odqg S((m=2p)w+ M —2p+OM+m(Q—GMST)) (42)
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2.2.3.2.2 Balmino’s approach
GM,
Vi = — a® Z Fmp (0 { Snm]r;l 7:;21;3; cos((n — 2p)(w +v) + m(Q — GMST))
5
+ Cnm] 7:1 rrr;eoze; sm((n = 2p)(w +v) + m(Q — GMST))}

GM a n —meven
@ @ Z Fmp () Z Gpe(€) {[ R cos((n —2p)w + (n —2p + )M

t=—00
] n—meven

+m(Q - GMST))+ n—modd

sin((n — 2p)w + (n — 2p + )M + m(Q — GMST))}
Using Egs. (19)’ and (21), and using Taylor expansions in terms of the eccentricity (as e is
usually quite small — the expressions are valid for e <0.6627434, see Duriez, 2007), we then
obtain:

t>0

t
nHY
2p 2n D (n—2p+ )Y + 0(et*?)

t
ant(e) - Z I t,'

t'=0

p<n p=n

(ZP Zn)_( 1)t t,(Zn—2p+t—t’—1) t(—1 )t

t—t t—t

Gupe(&) = ()

(t —n)t + 0(ef*?)

t<o0

—t —t _ l
Gpe(€) = (_76) z (_;Z_I’t,) m + 0(e-t+?)
t'=0

p>0 p=0

_Zp — (_ —t—tr (Zp - t - t, - 1) _ —e —t (t+n)_t —t+2
([ F)=6D L Grpe(@) = (5) g +0(e™*)

1. Whent=0:
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Gnpo(€) =14 0(e?)

The second term needs to be computed. This is done using Eq. (19)’, as shown by
Balmino (1992) that x™(e) = ©(elk™!). Then:

2
an @=1+n+Ulp—-3n)(n— 4P)]%

Note that for some of these functions, Duriez (2007) also provide expressions, which help
us for the next step.
Verification case: degree-2 (n = 2), order-0 (p = 0), k = —1 we should obtain G,,_ (e) =

_76 + i—z (from Kaula’s table). Note also that G,o_1(e) = G2,1(e).
From Eq. (21) we have:

Gao-1 = X1—3,z(e)
Recalling Eq. (19)':

nm, N _ S n+m+1 n m+1\ . \pr+n ,
X6 = o ZMZO( )OO TR GO Semepon(e) (19)
Following Balmino, from Eq. (19)’ and being (_}?’) = (=" (n’ +;ll N 1), we have:
Xy = A+ ) (1) Gt @ = a+a? ) (M) ¢t

h=0 h=0

Or, following Duriez:

XE™ ) = ez Z Z ("R GO empntke) (19)"

[o2]

X2 = 1 +¢92 Y () @

h=0

Using Eq. (13)" to calculate J_;_,(e), and substituting yields:

n=-3,m= 3 h +h+ 1 e
Gao-1 = Xjy "2 (e) = (1+q2)2;( ) @" Z( 1)t+h 1m(5)

2t+h+1
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1 2t+1
= (1+4?) { [2(— )

[o2]

2t+2
Z(_ )tt| (t+2)l(e) l
10 2t+3
D e i (e)

=0
3

-a+ar{[-5+36) _lzg e [2a) - FE) |+ [ Q) G ]

=<1+q2>2{—§+2q(§)2+(§_57"2)(§)3_Zg(g)‘u(_%ﬁl_‘f)(g)i.n}=‘;+j_2+...

Kaula's table for the eccentricity function G,,.(e) does not provide values for n < 2. In
Table 3, we present the corresponding results for Gp,.(e) with n=[1,3]. In addition to
verifying our results against Kaula's table, we independently cross-checked them with
calculations performed by our colleague Antony Trinh, and found full agreement.
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Table 3: Eccentricity function G,,,,.(e) for degrees n = [1, 3].

nip| t G
1le]-1 0
2 4 6 8
1le| @ 1o ¢ 20er 247’ 5 5113869 %+ 0[e] !
2 64 1152 147 456
3 5 7 2
1je|1 2e-3a , 30 & _dle [l
2 24 18 1920
3 5 T ‘]
1f1f-1 2e-~38 B o8 L ME L o[e]l!
2 24 18 1920
2 4 (] 8
11| e 1-€ e 27 247e. 5 113869 el?+0[e]?
2 64 1152 147 456
111 0
5 7 9
1l2]-1 de-24¢%, 216 _assel  a93ed  gigq11
6 18 64

102| @ 1- 17e? , osret o738 2575768 ~9.254191 e + 0[e]

2 64 128 16384
3 L] 7 9
12| 1 ey 9 _41e’ a3e’ 101e +0[e]l!
2 24 288 1920
2j0]-2 0
3 S 7 9
2lel-1 8 iSen asel o BeOTEY i el
2 16 384 18432 1474560
2 4 6 8 10
2lel o 1-5¢2, 13ef_35e%  5ef_4mel  groqu
2 16 288 576 3600
3 5 7 9
2lel 1 7e 123e° 489 1763’ | 13527ef +0[e]11
2 16 128 2048 163840
2 4 6 8 10
200 2 17e®  115¢ . 60le” 1423 e + 48619 e +0[E]11
2 6 48 360 69120
2 A 6 8 10
211]-2 ge +7e +J.4.|.e +.|.97= +62401e +0[e]11
4 4 64 8e 23040
3 5 % g 9
211l-1 3e " 27 e 261 e i 14309 e + 423907 & 4 O[E]ll
2 16 128 6144 163840
1
2|1 e (1-e2)372
3 S 7 9
211 1 3e + 27 ¢ i 26le & 14309 e & 423907 e +0[e]11
2 128 6144 163840
2 6 8 10
2|1l 2 Ei + 141 e 3 !}li + 62401 e *0[6]11
4 64 80 23040
2 4 6 8 10
202|-2 17e? _ usel | o1e®  1423¢0 |, asb19el?  groqn
6 48 360 69120
3 5 7 9
202]-1 Te lase?  dsse® 17e3el  13527e) o1
2 16 128 2048 163840
2 4 6 8 10
22| 0 l_5e +13e _359 _5e _49e +0[E]11
2 16 288 576 3600
3 L] 7 9
2l2] 1 seped 5 1asel  owsTe +0[e]!!
16 384 18432 1474560
212| 2
3|0(-3 [c]
2 4 6 8
3|0|-2 ef e Sl el g, pe9T77585 et® + O[e] Mt
8 48 3072 92160
3 S5 7 g 9
3lel-1 _e+8el 1 ase’  fled  grgqu
4 48 288 1440
4 6 8 10
30| 0 1—6E2+423e _ 125e +75335 +Ble +0[e]ll
64 64 16384 1600
S T 9
3lo| 1 S5e-_22e3, 897e’ _ssel  3:2783e% g in
24 9 11520
2 4 6 8
3le| 2 127e” _ 3065€ . 243805e” _ T98865€ +13.9977 em +0[E]1‘l
8 48 3072 18432
3 5 L 9
3le| 3 163e’ 2577 e + legge’ _ 18169l1e + O[e]ll
4 16 s 80
3 5 7 9
3|1|-3 ¢ ” 89 e " 5663 e - 144431 e +0[E]ll
12 24 960 17280
2 4 6 8
3l1]l-2 1le + 49€ ¥ 15665 e ¥ 684503 e +10.0142 elﬂ+0[e]ll
8 16 3072 92160
-
3|1)-1 “,ezlszz
4 6 8
3|1l e l+291+ 239 €’ +33235 + 1193893 e +10.GB3E:‘@+0[E]11
64 576 147456
3 5 7 9
3|1] 1 3e+ lle & 245 e § 463 e + 27929 e *Ole]ll
4 48 64 2880
2 4 6 8
31| 2 53¢ b 39¢ +7@4le *893179 +11.3645 em*O[e]“
8 16 1024 10240
3 5 7 9
3|1| 3 J7e” _25e + 4751 e " 86471 e *0[9]11
6 48 480 8640
3 5 7 9
3|2|-3 el 258  arsiel | seaTie? | greqn
6 48 480 8640
2 4 6 8
3|2|-2 53 e + 39¢ § 7041 e + 89317¢€ +11.3645 elﬂ +0[e]11
8 16 1024 10240
3 5 T 9
3|2|-1 3e+lle +2455 463 e +275259 +0[e]ll

4 48 64 2880

4 6 8
3(2| @ 1+2e1+L§: 4 3323e7  1193893¢7 , 19 g3 el® 4+ 0[e] !t

576 147456
0
32|11 (1-e2)572
2 a G 8
3|2| 2| 1tet , 497, 15665e% , 6B4S03e” , 1 9142 €1+ O[e]t
8 16 3072 92160
3 5 7 9
32| 3 286 | a9 | seesel | 14431e’  grgin

12 24 968 17280
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2.2.4 Degree 1 gravitational potential v,
Using Eq. (41):

GM@ a@

Py () D Gupe() Sumpe(0, M, 2, GMST)

t=—o0

S
§
||M:

with (Eq. (42)):
Sumpe (@, M, Q, GMST)
C _
= [_;m 7:1 _rrnn eovde; cos((n —2p)w + (n — 2p + )M + m(Q — GMST))
nm
Sapm]n —m even

* Cnm] n—m odd Sin((m=2p)w + (- 2p+ )M +m(Q— GMST))

2.2.4.1 F-functions

GMg sa C
v, = @ @ Z Fp () { 1m ] 1 _rrrz eoiile; cos((1 = 2p)(w + v) + m(Q — GMST))

+ Slm] 1—m even

Ciml 1—m odd sin((1 = 2p)(w +v) +m(Q - GMST))} (43)

with k being the integer part of %

min (p,k) ( )
2—2t)!
Flmp(i) = Z ] " EYET: sinl—m-2t
L t1-D!(1~m—20)!2
m max possible
m . 1-m-—2t+s m-—s —k
XZ(S)COSSL Z ( c )(p—t—C)(_l)c (44)
s=0 c=0

Order-O (m=0):ask =0,

min (p,0) max possible

. 2 -2 o _
Frop(®) = Z t1-0 (1 —t2t)! gz ST Z (1 c Zt) (p —2 - c) =D°
t=0

c=0

we have only t =0, s=0

1
Fio0(i) = sm i

-1
Fi01(i) = —sini

1
GMe (a7® Z Fio (D) {C1o sin((1 = 2p)(w +v))}

p=0
_GMg

r

Vip =

GMg

(a@) {Fr00(D{C1o sin(w +v)} — F10,(){Cyo sin(w +v)}} = ( - )sm i{Ciy sin(w +v)}
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Order-1 (m = 1): as k = 0, k being the integer part of % we have only t = 0

max possible

max possible

;)b

L1 0 c 1 0
Fy (=5 Z) (C)( )( e+ com Z) (C)(p_
1 1
Fi10() = + > cosi
1
Fi1:() = + TCOSL
Vi, = %(%) [Fir0(D{C11 cos((@ + v) + (Q — GMST)) + Sy; sin((w + v) + (@ — GMST))}

+ F111(D{C11 cos(—(w +v) + (Q — GMST)) + Sy, sin(—(w +v) + (Q — GMST))}]

2.2.4.2 G-functions

GM@ a®

t=—oco
meven
1—modd

Slm 1-

+
Cim

Fordegree landp=0orlandt=

n=1, p=0, t=-1,

n=1, p=0, t=0,

n=1, p=0, t=1,

Gio1(e) =

n=1, p=1, t=-1,

G11-1(e) =

Z Fump ©) Z Gy @] Som

—eN N qyaeer (2 — 1) (D)
(_e)tlz:o(_l)l t (i_i’) o —

1—meven

1—modd COS((l B

Slm

-1,0,1:

G1o-1(e) =0

2
Gioo(e) = (1 - %)

1
2 - t tr
z E(2) = 2¢

t’'=0

2p)w + (1 —2p + )M + m(Q — GMST))

sin((1 - 2p)w + (1 —2p+ )M + m(Q — GMST))}
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n=1, p=1, t=0,
G =1 e’
110(e) = 2
n=1, p=1, t=1,
Gi11(e) =0

2.2.4.3 Altogether, gravitational potential of degree 1, v,,,:

, 1.1
Fi10(0) = (§+§cos l)

, 1 -1
Fi1:() = <§ +7cos l)

GMg sa
= ( ®) [F110(){G10-1(€)S110-1(w, M, Q, GMST) + G199(€)S1100(w, M, Q, GMST)
+ G101(€)S1101(w, M, Q, GMST)}
+ Fi11(D{G11-1(€)S111-1(w, M, Q, GMST) + G110(€)S1110(w, M, Q, GMST)
+ G111(€)S1111(w, M, Q, GMST)}]
Si1pt(w, M, Q, GMST)
= Cy; cos((1—2p)w + (1 —2p + )M + (Q — GMST))
+ 511 sin((1 = 2p)w + (1 — 2p + )M + (Q — GMST))

a

Si10-1(w, M, Q,GMST) = Cy; cos(w + (2 — GMST)) + S;; sin(w + (2 — GMST))
S1100(@, M, Q,GMST) = Cy; cos(w + M + (@ — GMST)) + Sy, sin(w + M + (Q — GMST))
S1101(w, M, Q, GMST) = Cy; cos(w + 2M + (Q — GMST)) + Sy, sin(w + 2M + (Q — GMST))
S111-1(w, M, Q,GMST) = C;; cos(—w — 2M + (Q — GMST)) + Sy; sin(—w — 2M + (Q — GMST))
S1110(@, M, Q, GMST) = Cy; cos(—w — M + (@ — GMST)) + Sy, sin(—w — M + (Q — GMST))

S1111(w, M, Q,GMST) = Cy; cos(—w + (@ — GMST)) + Sy, sin(—w + (@ — GMST))

2

e
2 2

11
(f +cos i) {o Si10_1(w, M, Q, GMST) + (1 - ) S1100(@, M, Q, GMST) + 2¢ S;101(0, M, Q, GMST)}
1 -1 02
+ (E +—-cos i) 26 Sy11-4 (0, M, &, GMST) + [ 1= = | Sy110(, M, 0, GMST)

+0 81111 (0, M, Q, GMST)}]
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2
vy, = Ga&(‘%@) G + %C()s i) {(1 - %) [C11 cos(w + M + (@ — GMST)) + Sy, sin(w + M + (Q — GMST))]
+2e [Cyy cos(w + 2M + (@ — GMST)) + S;4 sin(w + 2M + (Q — GMST))]}
+ G + ;cos i) {26 [C11 cos(—w — 2M + (Q — GMST)) + Sy4 sin(—w — 2M + (Q — GMST))]
62
+ (1 - 2> [C11 cos(—w — M + (Q — GMST)) + Sy; sin(—w — M + (Q — GMST))]}]
with

cos(w + M + (Q — GMST)) = cos(Q — GMST) cos(w + M) — sin(Q — GMST) sin(w + M)
cos(—(w + M) + (Q — GMST)) = cos(Q — GMST) cos(w + M) + sin(Q — GMST) sin(w + M)
sin((w + M) + (Q — GMST)) = sin(Q — GMST) cos(w + M) + cos(Q — GMST) sin(w + M)
sin(—w — M + (Q — GMST)) = sin(Q — GMST) cos(w + M) — cos(Q — GMST) sin(w + M)

GM, 11 ’
Viy = T® (%@)) (5 + 5 cos L') {(1 - %) [C11 (cos(w + M + (Q — GMST))) + Sy, (sin(w + M + (Q — GMST)))]

+2e [Cyq cos(w + 2M + (Q — GMST)) + Sy sin(w + 2M + (Q — GMST))]}
1 -1
+ (5 +—-cos L> {Ze [C1y cos(—w —2M + (@ — GMST)) + Sy, sin(—w — 2M + (Q — GMST))]

+ (1 - 62_2> [C11 (cos(—w — M + (@ — GMST))) + S, (Sin(=w =M ¥ (@= GMST)))]}]

When the eccentricity is small or equal to 0,

v, = Mo (‘%@) [(% + % cos i) {[€11 (cos(w + M + (@ — GMST))) + Sy, (sin(w + M + (@ — GMST)))]}

+ G + ;C()s i) {[C11 (cos(—w = M + (@ — GMST))) + Sy; (sin(—w = M + (Q — GMST)))]}]
= Gi‘f@ (%9) [(cos ){=Cy; (sin(w + M) sin((Q — GMST))) + S;; (cos(Q — GMST) sin(w + M))}

+{Cy; (cos(w + M) cos((Q — GMST))) + S, (sin(Q — GMST) cos(w + M))}]

a
Vyy = —2 (7@) [(cosi)sin(w + M) {—Cy, sin(Q — GMST) + S,, CoS(U="GMST)}
+ cos(w + M) {C,, cos(Q — GMST) + S;, sin(Q — GMST)}]
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And
GMe /aen < <
Vio=—— (=) Z Fio () Z Gpe(e) {Cro sin((1 = 2p)w + (1 — 2p + t)M))}
p=0 t=—o0
GM -
= a® (a_®) Fi0(0) Z Gioc(e) {Cyo sin(w + (1 + )M)}
t=—oc0
+ Fo1(D) Z G11¢(e) {Cyo sin(—w + (t — 1)M)}
t=—o0
GM,
Vi = a® (C%@) [F100(i){610—1(e){c10 sin(w)} + Gyo9(€){C1o sin(w + M)} + G101 (e){Cyo sin(w + ZM)}}

+ F101(i){611_1(e){—C10 sin(w + 2M)} — G110(e){Cyo sin(w + M)} — G11,(e){Cyy Sin(a))}}]

1
Fio0() = > sini

-1
F101(i) = 7 sini

Gio-1(e) =0

2
Gioo(e) = <1 - %)

Gio1(e) = 2e

Gi1-1(e) = 2e
2

G =1 ¢
110(€) = 2

Gi11() =0

GMq

1
Vg === (=) [Esin i{Gro-1(e){C1o SIN(@)} + Groo(e){Cro sin(w + M)} + G101 (€){Cro sin(w + 2M)}}

1
+ Esin i1{Gy1-1(€){Cyp sin(w + 2M)} + Gy10(e){Cyp sin(w + M)} + Gy15(e){Cyo sin(w)}}]

2

Esmt{(l - %2> {Cio sin(w + M)} + 2e{Cy, sin(w + ZM)}}

+ %sini{Ze{Cm sin(w + 2M)} + (1 - %) {C1o sin(w + M)}”

Vio = %(%ﬁ) Ciosini [{(1 - ez_z> {sin(w + M)} + 2e{sin(w + ZM)}}]
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For a small eccentricity or =0,

Vio =

(%B) Ciosini{sin(w + M)}

2.2.4.4 Conclusion

In the expressions above, we first analyzed the effect of the inclination. We observe that
V1o, Which represents the z-component of the geocenter, is proportional to sini. As a
result, a polar orbit is more sensitive to variations in the z-component of the geocenter
than any other orbit, while an equatorial obit would not be affected by the z-component
of the geocenter variations.

Additionally, v;; has two terms: one that is maximum when cosine=1, and the other when
cosine=-1, which corresponds to an equatorial obit. Therefore, the x- and y-components
of the geocenter are more pronounced in an equatorial orbit, while they are more limited
(though still present) in a polar orbit.

To give an order of magnitude, we assume that the geocenter’s x-, y-, and z-components
have the same amplitudes ¢,, = ¢;; = 5;; = 1, and normalize the total degree-1 potential.
Figure 5 illustrates the sensitivity to the inclination, considering GENESIS mean motion and
over 72 hours (left) or 24 hours (right), in the case of a zero eccentricity.

B Ll LVJ W

x T ™ - i=50 deg — i=40 deg =80 deg i=70 deg

= ind0depr 30 deg i=30deg =10 deg —— i=30 deg —— i=60 deg —— =90 deg i=10 deg
i=70 deg —— i=0 deg — i=90 deg =80 deg —— =0 deg i=20 deg

— i=60 deg —— i=20 deg

Figure 5. Sensitivity of the orbit inclination to Cio, C11, and S11 over 3 orbital periods (left)
and 1 orbital period (right).

To better understand the relative contributions of the different orders, we have plotted
the same functions for degree-1, order-1 (left) and degree-1, order-0 (right).
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i=70 deg —— i=40 deg i=80 deg —— i=30 deg
i=10deg —— i=0deg —— =20 deg i=50 deg
—— i=60 deg —— i=90 deg

Figure 6. Sensitivity of the orbit inclination to Ci1 and $11 (left) and to Cio (right), over 3
orbital periods.

From Figure 6, it is clear that the higher sensitivity to degree-1, order-1 (left) is observed
for an equatorial or nearly equatorial orbit, while the higher sensitivity to degree-1, order-
0 (right) is seen for a polar or nearly polar orbit.

Another way to assess the sensitivity to degree-1, order-1 (left) is by computing the mean
integral of the absolute value of each function over one day (see Figure 7). This confirms
that the optimal orbit for this case is equatorial, but also favors nearly equatorial orbits or
nearly polar orbits.

integral-based sensitivity to inclination

1,04
1,03 o
1,02
1,01 °
1,00 '

0,99 L]

0,98 o
0,97

0,96
0 10 20 30 40 50 60 70 80 90

Figure 7: Sensitivity to inclination.

To better incorporate the sensitivity of each order in a global degree-1 sensitivity, we
have additionally computed the mean of the senisitivities for each order. These results are
compared, in Figure 8, with the mean integral of the absolute value of each function
over one day (that was shown above).
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Similarly, the Figure 8 illustrates the integral of the absolute value of the functions for
different inclinations over one day, separately for degree-1, order-0 (blue) and degree-
1, order-1 (orange). For the first case, the computations confirm that the optimal orbit is
polar, while for the second case, the optimal orbit is equatorial.

Degree-1 sensitivity to inclination

1,8

1,6 ® ®
1,4 'Y

1,2 [ ]

0,8 ®
0,6
0,4
0,2
0o e
0 10 20 30 40 50 60 70 80 90

@ Sensitivity to degree-1 order-0 Sensitivity to degree-1 order-1

Figure 8: Integral of the absolute value of the functions for different inclinations over one
day. Degree-1, order-0 is shown in blue, while orange represents degree-1, order-1.

2.3 Recommendation of the WG on Orbit inclination

With the lack of precise accelerometers on board GENESIS, cross-track perturbing
accelerations, related to unknown thermal fluxes from the radiators and inaccuracies in
the SRP model (especially the surface properties and self-shadowing), will make
minimizing the power of the draconitic oscillations difficult. Because of the high inclination
of the orbit, a given 10-10 m/s2 error will fransfer into a draconitic signal of 5 mm amplitude
(GENESIS nominal) in the TZ component of the geocenter motion, against less than 1 mm
(GENESIS inclined) for the same altitude with an inclination of 61°.
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" Cross-track bias modeling error transfer to TZ
’ + GENESIS e GEN-inc ' ' ¥
TRANSFER TO TZ COMPUTED FROM HILL EQUATIONS
(Couhert et al, 2018) iy
10F HE
B = —Cyr3 Y
Z ™ GM cosi A
Ni 0:::::::::::::::::::::::::::Z“““""fﬁ\\ %
B L TEEEaRes +-
_5 -
710 -
Cy = 1079 m. 572
~15 20 10 60 80100

Inclination [deg]

In addition, if one wants to simultaneously solve for constant cross-track empirical
accelerations to reduce the transfer of this mismodeling effect in the TZ component, the
resulting geocenter motion estimate will be more scattered in the North-South direction
with an orbit at high inclination, because of the correlation previously mentioned.
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