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In this context, a static approach implemented using graphic statics has been developed for evaluating
the structural behavior of 2D internally statically indeterminate networks (Rondeaux et al. [4]). The
objective of this paper is to extend this methodology to external static indeterminacy of structures caused
by superabundant support conditions. The main theoretical concepts related to the limit state analysis of
strut-and-tie networks using graphic statics are first reviewed. Two case studies — a simple 2D network
with two degrees of external static indeterminacy and a truss on multiple supports — are then developed
to illustrate the proposed methodology. The optimization of the corresponding parametric force
diagrams gives the magnitude of the load leading to collapse. These results are eventually compared
with the ones obtained by the Principle of Virtual Works, which helps to identify the collapse
mechanism.

2. Graphical determination of the limit load

By combining graphic statics and limit state analysis, the limit load acting on a given 2D externally
statically indeterminate network can be determined using a graphical methodology, as detailed in the six
steps of the following procedure:

1. The degree of external static indeterminacy of a structure, subjected to a given loading q, is obtained
by counting the number 7. of excess reaction forces in the form diagram F compared to the isostatic
configuration.

2. The nt1 associated isostatic equilibrium diagrams of the external forces Fe* are drawn at an
arbitrary scale.

3. The independent diagrams of the external forces Fe* are assembled into one single diagram of
external forces Fe', by performing a vector addition of the corresponding vectors in Fe;". As the
degree of internal static indeterminacy n; equals zero, it is straightforward to complete Fe* by adding
the internal force vectors fi" in order to obtain the complete force diagram F".

4. Considering a fixed length for the vector q" corresponding to the applied load, each degree of
freedom of the force diagram F" is detected, which corresponds to an offset of F." (Mitchell et al.
[5]). F*can consequently be seen as a parametric force diagram F,,”, in which each degree of freedom
depends on a parameter x; defined as the position of the node P;" along the line of action of one of
the excess reaction forces rj". Since the positions of all the other nodes of F}," can be deduced from
x; by geometrical constructions, the variation of x; describes the overall geometric transformation of
F,".

5. As the magnitude of vector q" corresponding to the applied load is kept constant, maximizing the
limit load is equivalent to maximizing the ratio between |q"| and the magnitude |fk"| of the highest
internal force fk". An optimization process is then applied on the value of x; in order to minimize
Ifi"|. Out of this step, the collapse force diagram Fu" is obtained.

6. Scaling the entire collapse force diagram Fu', so that the highest magnitude of |fk’| is exactly equal
to the given admissible normal force [f,|, yields the magnitude |qu"| of the load leading to collapse.

3. Case studies

3.1. Simple 2D network

The above methodology is applied to a two times externally statically indeterminate network, as detailed
in Figure 1. Step 1 depicts the form diagram F of the network, with the two reaction forces ry and r;
chosen as excess in orange. Step 2 shows the 2+1 = 3 associated external form and force diagrams. Step
3 depicts the complete force diagram obtained when assembling the three force diagrams from step 2
(bars in compression are depicted in blue, and the ones in tension in red). Step 4 gives the parameterized
force diagram, with x; and x the variable positions of point P; and P, along the line of action of reactions
ri" and r;" respectively. Step 5 shows the form and force diagrams obtained after optimization of
parameters P;" and P,". Finally, Step 6 is the force diagram scaled to obtain the highest magnitude of the
applied load qu", which is then the one leading to collapse:
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g = "] N2 (1)

with |f,"| the ultimate normal force that can be undertaken by the structural members. The analysis of
the collapse form and force diagrams F, and F," reveals that the ultimate force f," is reached in bars fy,
f; and f4. Considering these bars as being plasticized, the Principle of Virtual Works can also be applied
to the corresponding collapse mechanism, which is also depicted in Figure 1:

\qul - 6 = |ful - (N2/2 + 5N2/4 + N2/4) ()

As both results are equal, this proves that the exact magnitude of the collapse load has been found using
the proposed graphical methodology.
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Figure 1: Graphical limit state analysis performed on a two times externally statically indeterminate pin-
jointed network — six steps of the procedure and collapse mechanism

3.2. Truss on multiple supports

In the following, the proposed graphical limit state procedure is applied to the structure of Figure 2, for
three different support conditions. The form and force diagrams depicted in the figure are the ones
corresponding to collapse, on which the ultimate limit load qu" can be measured. The ratios |qu’|/|fu’]
obtained for the three support conditions are respectively equal to 0.333, 0.5 and 0.707, with the
corresponding plasticized bars depicted in bold in the figure. In practice, this type of result can give
insight on the best support configuration to be implemented when designing a truss structure. This
corresponds to case C in the present study, as it allows the highest magnitude for the applied load q.
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Figure 2: Externally statically indeterminate truss, for three different support conditions

4. Conclusion

Based on the lower bound theorem of limit analysis, this paper presents a graphical methodology for the
analysis of strut-and-tie networks in which static indeterminacy is due to an excess of reaction forces at
the supports. This methodology can be applied to the whole range of structures that can be modeled as
a pin-jointed networks (trusses, arches, beams, walls, etc.) Implemented in a parametrical environment,
the methodology allows for the straightforward visualization and the manipulation of the force
magnitudes by operating directly on the force diagram. Moreover, it can be used to find the collapse
load of the structure.
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