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• Mesoscopic conservative phenomena can be implicit in macroscopic reaction rates.
• An isolated reacting system may have increments in the entropy production.
• A formulation of the dynamics that enhances the stability analysis is proposed.
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a b s t r a c t

This paper studies the influence of conservative phenomena at the mesoscopic scale that
affect the behavior of macroscopic variables in chemical reactions, generally understood
as purely dissipative processes and whose mathematical formulation is usually derived
using macroscopic variables. It is shown that conservative phenomena at the mesoscopic
scale can affect the entropy production by transiently ‘‘pulling away’’ the system from the
thermodynamic equilibrium. Two case studies are presented to illustrate this fact: the first
one is an isolated system with a single reaction including two different scenarios, a purely
dissipative reaction; and a secondone that considers the influence of conservative elements
at the mesoscopic scale. The second case generalizes the results to multiple reactions.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

The non-linear nature of chemical reactions along with their activated behavior have been common difficulties to model
dynamics with enough physical consistency for several applications where stability properties are of special concern. For
instance, in process control several approaches where the dissipative properties of chemical reactions have been exploited
using thermodynamic properties as state variables [2–5], but only recently the importance of using thermodynamically
consistent reaction rates has been recognized, motivating the use of potential driven expressions to formulate mass action
kinetics [6–8]. A thermodynamically consistent formulation of the kinetics can generate new insights in the study of stability
properties of chemical reaction networks if transient properties such as energy dissipation or entropy production are
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computed [9,10]. Also, many hypothetical reaction models that qualitatively reproduce experimentally observed complex
dynamics such as chaos or oscillations have been proposed (e.g., the Brusselator in [11]), and although these models
have been helpful to understand the importance of the reaction mechanisms in the stability properties, their physical
interpretation still might not be complete.

For amore thoughtful stability analysis, then detail of the transition from reactants into products should be considered at
some degree. A direct macroscopic formulation, specially using empiric expressions, may lack information of the energetic
transitions that could lead to less accurate entropy production rates. A summary of the mesoscopic phenomena should be
considered for the macroscopic formulation [12].

There are several approaches to obtain a mesoscopic description of physical phenomena depending on the desired level
of detail, i.e., some are ‘‘moremicroscopic’’ than others. The use of extended state spaces in order to introduce fluctuations or
detail of the fluxes [13], specifically the reaction rates as independent state variables has been studied, allowing a description
for both fast and slow variables, and fluctuations due to random forces [14] or coupling it with mechanics, for instance [15].
Other approaches that result in a stochastic description of the dynamics have been made [12,16,14,17].

On the other hand, with the use of internal variables, de Groot and Mazur (see [18]) showed that the nonlinear relation
between the driving forces and the kinetics expressions for chemical reactions at macroscopic scale can be derived by
considering a linear relation of the driving forces at the mesoscopic scale. This approach was further developed in [19,20,17]
to derive thermodynamically consistent expressions, in a formalismknownasmesoscopic non-equilibrium thermodynamics
(MNET), an extension to classical linear non-equilibrium thermodynamics that considers nonlinear force–flux relations.
Some of the applications using internal variables can range from the description of intermediate states in a chemical reaction,
dipole orientation in an electric field, conformational stages in a macromolecule, among others.

The conservative phenomena affect the stability properties specially far from the thermodynamic equilibrium and in
this regard, in [21] a methodology to analyze the stability and passivity properties of thermodynamic systems has been
proposed by considering the entropy production as a Lyapunov or a storage candidate function [1,22,23]. Following this idea,
this contribution analyzes the effect of the conservative dynamics at the mesoscopic scale on the stability and convergence
properties at the macroscopic scale using a particular reformulation of the reaction dynamics that enhances the stability
analysis. Thus, the purpose of this paper is to show how conservative phenomena at the mesoscopic scale can influence the
macroscopic variables, in particular it is shown that the entropy production for isolated reacting systems can transiently
increase, due to the reversible energy conversions that occur when an energy barrier is present, producing also diverse
qualitative behaviors in macroscopic variables such as conversion and temperature.

This paper is organized as follows. In Section 2, the class and the properties of the thermodynamic systems considered are
defined and analyzed. In Section 3 following theMNET approach proposed by [19,20,17]wederive a reaction rate considering
a reversible phenomenon when an energy barrier is present using an alternative definition for the mesoscopic affinity along
the reaction path. Then, in Section 4, an entropic formulation for macroscopic phenomena is proposed, showing how the
mesoscopic conservative phenomena can manifest in macroscopic systems far from equilibrium. Finally, in Section 5, two
case studies are developed. First, two scenarios for a single reaction are considered: A purely dissipative reaction at the
mesoscopic scale; and a case that considers the influence of a conservative element. Those scenarios are fully developed
using the ideal gas state equation to easily compute all the thermodynamic properties. The second example generalizes the
results to multiple reactions, leading to a quasi-quadratic structure whose stability properties can be analyzed through the
elements of a computed matrix.

2. Spatially homogeneous reacting systems

Let us consider an isochoric isolated systemΠ assumed to be completely mixed. It is assumed that no spatial gradients
are present, and the system Π can be fully characterized by two extensive properties: The moles, N; and the total internal
energy, U = NTu.1 The internal energy vector is denoted by u, thus the state vector is η = col {N, U} ∈

(
Rn

≥0 × R
)
. The

associated intensive properties vector is given by ζ = col {−µ/T , 1/T } ∈ (Rn
× R+).

Since the system is isolated, the mass and internal energy of the system are constant, i.e., given the initials mole vector,
N0, and internal energy, U0, it holds that MT

wN0 = MT
wN and U0 = U , where Mw = col

{
mw,1, . . . , mw,n

}
is the vector of

molar masses. We consider that ω reversible chemical reactions involving n chemical species can take place in the system.
Thus the dynamical behavior of the state vector is given by

Π : η̇ = MV r (ζ) , (1)

where V ∈ R+ is the volume, r : (Rn
× R+) → Rω is the vector field of the specific chemical reactions kinetics, which are

considered to be function of the intensive properties, and M =
(
Γ T 0T

1×ω

)Tis an interconnection matrix, where Γ is the
stoichiometric matrix and 0 is a vector of zeros. The general chemical reaction used here is of the form

ATE⇀↽ BTE, (2)

1 In order to simplify operations a vector notation is used, e.g., NTu instead of
∑n

i=1Niui . All vectors, including gradients, are column vectors.
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where E = col {E1, . . . , En} is the vector of all chemical species. The stoichiometric coefficients for the k reactants and l prod-
ucts in the ith reaction are given by the sparse vectorsAi = col

{
. . . , α1,i, . . . , αk,i, . . .

}
and Bi = col

{
. . . , β1,i, . . . , βl,i, . . .

}
,

respectively. Thus, the elements ofM when ω reactions are taking place inside the system are given by Γi = Bi − Ai,

M =

(
Γ1 Γ2 · · · Γω
0 0 · · · 0

)
. (3)

Since no energy exchange is considered, the last row in M is null. Note that Γr (ζ) =
∑ω

i=1Γiri and due to the mass
conservation principle, Γ TMw is equal to zero. In other words, for every reaction, we have Γ T

i Mw = 0.

2.1. Entropy, conjugated forces and entropy production

According to the principles of thermodynamics, one can introduce, for any macroscopic system, a concave real-valued
function S : Rn+1

→ R at least two times differentiable which depends on the extensive properties, which will be called
entropy. The differential behavior of entropy canbe computed through theGibbs relation at constant volume (dV = 0) [24] as

dS = −
µT

T
dN +

1
T
dU . (4)

Chemical reactions occur outside equilibrium, but once the local equilibrium hypothesis is assumed, it is possible to define
macroscopic variables such as pressure and temperature in order to use Eq. (4) to compute finite time processes [18,25].
Depending on the particular configuration and characteristics of each system, the entropy gradient has the form

ζ := ∇S (η) =

⎛⎜⎝−
µ

T
1
T

⎞⎟⎠ ∈ Rn+1. (5)

It can be seen that Eq. (4) can also be written as dS = ζTdη, and, according to the properties of the entropy function, its
Hessian is such that

Ω := ∇
2S (η)

=

⎛⎜⎝∂ (−µ/T )∂N
∂ (−µ/T )
∂U

∂ (1/T )
∂N

∂ (1/T )
∂U

⎞⎟⎠ < 0,
(6)

due to the stability postulates [26]. The Onsager formulation for the entropy production (denoted here by Σ := Ṡ) states
that, for closed systems, it is given by the product of the conjugated fluxes Ji and forces Xi (e.g., a temperature gradient). Since
the entropy is not a conservative variable, the total entropy balance for an isolated system is [20]:

Σ =

∑
i

JiXi ≥ 0, (7)

where each flux is taken to be a linear combination of all forces, Ji =
∑

iLijXj, and the Onsager (or reciprocal) relations are
defined such that the entropy production is always positive and Lij = Lji [27]. If there is only one phenomenon taking place,
Eq. (7) becomesΣ = LX2

≥ 0.
Using the entropy gradient, the entropy change in systemΠ is given by

Ṡ = ζTη̇ = VζTMr (ζ) (8)

and since there is no interactionwith the surroundings, there is no entropy flux present nor entropyproduction due tomixing
processes. The total entropy production consists only of the internal entropy production due to the chemical reactions taking
place in the system. Also note in Eq. (8) that

ζTM = −
(
Γ Tµ

)
/T = −A/T , (9)

where A = Γ Tµ is the chemical affinity vector. Thus, the total entropy production is given by:

Σ = −VATr (ζ) /T . (10)

3. Mesoscopic scale reaction dynamics

By inspecting the expression of the macroscopic affinity, an homogeneous isolated chemical reaction at constant volume
only dissipates energy. The transition from reactants to products should be described at a more detailed level, using the
concept of reaction path, thus introducing an internal coordinate for a chemical reaction, which is independent of the
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composition or the extent of the reaction. The adopted MNET approach presented by [18,17,20] introduces an internal
coordinate γ , which is amesoscopic measure of the progress of the reaction, with γ = 0 as the state of the pure reactants and
γ = 1 as the state of the pure products. This approach can also include the influence of random fluxes, but for our purposes
these shall not be considered in the following.

Under this framework, the mesoscopic affinity along the reaction path is:

Arxn (γ )− Arxn (0) = Φ (γ )+ RT ln
(
c (γ )
c (0)

)
, (11)

where Φ (γ ) is the energy barrier contribution to the chemical potential, or enthalpic contribution, assumed independent
of the composition; RT ln (c (γ ) /c (0)) is the entropic contribution depending on the internal variable c (γ ), which defines
the probability of finding the reaction complexes in a state 0 < γ < 1 at a given moment. The probability c (γ ), associated
to the concentration of the complexes, and the temperature T can be time dependent, while the internal coordinate γ is not
part of the state variables η because of the local equilibrium assumption at this particular mesoscopic level.

It is assumed that there is a continuous sequence of states between the reactants with direct affinity ATµ = Ad =

Arxn (0) and the products with reverse affinity BTµ = Ar = Arxn (1). The chemical affinity can be computed as A =

Ar − Ad = Γ Tµ. On the other hand, the chemical potential vector is µ = µo
+ ln (a) , with µo as the vector of

standard chemical potentials, which does not depend on the extent of the reaction, i.e., is independent of composition, and
ln (a) = col {ln (a1) , . . ., ln (an)} is the vector of the natural logarithm of the activities.

Since both quantities should be equivalent, a link between the mesoscopic and macroscopic scale affinities,Arxn (γ ) and
A, was proposed in [7], such that

Arxn (γ ) −Ad = ε (γ )A, (12)

where the variable ε (γ ) is defined in such a way that 0 ≤ ε (γ ) ≤ 1, ∀γ ∈ [0, 1], thus it is straightforward to define

ε (γ ) :=
(Arxn (γ )− Arxn (0))
(Arxn (1)− Arxn (0))

.

The hard-sphere collision theory of gas-phase reactions states that not all collisions produce a reaction, i.e., they
must collide with enough energy to exceed a threshold energy [28], which has been described using the well-known
nonlinear Arrhenius expression. In a simple description of chemical reactions there is a conversion of kinetic energy (mainly
translational and vibrational) to potential energy (mainly stored in the chemical bonds) as a reaction develops towards the
activated complex, if an energy barrier is present [29]. Since the total energy is conserved, the potential energy is released
again to kinetic energy continuously as composition changes, and its nature (translational, vibrational, rotational) depends
on the particular geometry of the molecules [30]. Then, the conversion between kinetic energy and potential energy and
vice-versa along the reaction path when overcoming the barrier can be seen as a reversible process at the mesoscopic scale.
In order to include this reversible process under the MNET framework, we define

Φ (γ ) = ε (γ )Ao
+ RT ln (τ (γ ))+ Ea (γ ) (13)

RT ln
(
c (γ )
c (0)

)
= ε (γ )

(
A − Ao)

− RT ln (τ (γ ))− Ea (γ ) , (14)

whereAo
= Ao

r − Ao
d = Γ Tµo is the standard chemical affinity, defined as the difference of the reverse and direct chemical

affinities and is independent of the extent of the reaction, while both terms RT ln (τ (γ )) and Ea (γ ) are related to the energy
barriers at amolecular level, whose value at the pure reactant and product statesmust be zero. Thus, when adding Equations
(13) and (14), the reference ε (γ )Ao and the energy barriers Ea (γ ) and RT ln (τ (γ )) cancel, remaining only ε (γ )A, which is
consistent with (12). In order to satisfy the energetic boundaries in the reaction path, Ea (γ ) = 0 and τ (γ ) = 1 for γ = 0, 1,
we choose the reference value c (0) = exp

(
Ad−Ao

d
RT

)
in a similar way as in [20].

The cancellation of RT ln (τ (γ )) and Ea (γ ) when computing the mesoscopic scale chemical affinity is associated to the
reversible phenomena at the mesoscopic scale. Also, adding and subtracting Ea0 resembles the energy balance of some
physical systems inspired in a Hamiltonian or Euler–Lagrange formulation where there is a conservative skew-symmetric
interconnection matrix, which also results in adding and subtracting the reversible dynamics of the system [31].

On the other hand, it is postulated that the entropy production along the γ coordinate is the product of a flux, r (γ ), and
a driving force, − (∂ [µ (γ ) /T ] /∂γ ) [20], i.e.,

Σ (γ ) = −r (γ )
∂

∂γ

(
A (γ )
T

)
, (15)

which results from considering the flux–force relation

r (γ ) = −l (γ )
∂

∂γ

(
A (γ )
T

)
. (16)



M.A. Zárate-Navarro et al. / Physica A 486 (2017) 79–91 83

Fig. 1. The enthalpic energy barrier: (a) depicts the typical shape of a smooth stable transition, (b) shows the narrow peak when lumping the reaction rate
to a macroscopic scale.

Note that Eq. (16) is in accordance with the Onsager’s relations as in Eq. (7). Combining Eqs. (15) and (16), it can be seen that

Σ (γ ) = l (γ )
(
∂

∂γ

(
A (γ )
T

))2

≥ 0,

where l (γ ) is assumed to be equal to Drc (γ ) /R, where Dr is a constant diffusion coefficient, R = kBNav is the ideal gas
constant, with kB and Nav as the Boltzmann constant and the Avogadro number, respectively.

The entropy production at the mesoscopic scale must be equal to that at the macroscopic scale. If a quasi-stationary state
at the mesoscopic scale is considered so that r (γ ) = r , Eq. (15) can be integrated along the reaction path, which gives
Σ = −r (A (1)− A (0)) /T = −r (A/T ), thus corresponding with Eq. (10).

3.1. Chemical reaction with a thermodynamic basis

In this subsection a thermodynamically consistent reaction rate is derived using the MNET approach [16,20], but now
considering the energy barrier Ea (γ ) which was added and subtracted in the mesoscopic affinity. A steady state in the
internal coordinate γ is considered since transitions in the reaction path occur in a faster time scale, thus lumping the
reaction intermediates into reactants and products, which are the macroscopic observable species and the dependence of γ
is dismissed in the resulting expression.

Then, solving for c (γ ) in Eq. (14) gives

c (γ ) =
c (0)
τ (γ )

exp
(
ε (γ ) (A − Ao)− Ea (γ )

RT

)
(17)

and substituting into Eq. (16) yields the reaction rate in the mesoscopic scale

r (γ ) = −Dr
c (0)
τ (γ )

exp
(

−
ε (γ )Ao

+ Ea (γ )
RT

)
∂

∂γ
exp

(
Arxn (γ )− Arxn (0)

RT

)
. (18)

Separating the energy barriers and the driving forces in the last equation and considering a quasi-stationary state along the
reaction path, r (γ ) = r , it is possible to integrate in the defined limits

r
∫ 1

0
τ (γ ) exp

(
ε (γ )Ao

+ Ea (γ )
RT

)
dγ = −Drc (0) exp

(
Arxn (γ )− Arxn (0)

RT

)⏐⏐⏐⏐1
0

. (19)

In order to evaluate the integrals, a delta function for the energy barrier is considered as shown in Fig. 1 since there is a
narrow peak at the so-called transition state at γ = γ0 [32,33], where the magnitude of the energy barriers are much larger
than exp (Ao/RT ), then∫ 1

0
τ (γ ) exp

(
ε (γ )Ao

+ Ea (γ )
RT

)
dγ = τ0 exp

(
ε0Ao

+ Ea0
RT

)
. (20)

The intermediate species in 0 ≤ γ ≤ γ0 can be considered to be reactants, and intermediate species in γ0 ≤ γ ≤ 1 can be
considered products [17], this because the activated complex has the lowest probability, c (γ0), since in energetic terms the
peak at γ0 has been conceived as a saddle point. After somemanipulations of Eqs. (19) and (20), the reaction rate is given by
the following expression:

r (ζ) = ψ (ζ)
(
r+

− r−
)
, (21)

where r+
= exp

(Ad
RT

)
and r−

= exp
(Ar

RT

)
, and the reaction conductivity is defined as

ψ (ζ) =
Dr

Rτ0
exp

(
−
(ε0Γ + A)Tµo

+ Ea0
RT

)
. (22)
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Expression (21) is consistent with the law of mass action, and only for A = 0 it holds that r (ζ) = 0, or in other words,
it satisfies the detailed balance principle. From now on, this macroscopic expression is independent of γ , and is important
to highlight that although the force–flux relation along the reaction path is linear (Eq. (15)), it leads to an Arrhenius-like
nonlinear expression when scaling to the macroscopic scale. In addition, even though the driving force at the macroscopic
scale is the affinity A, which depends on the chemical potential, in the kinetic expression (21) the canceled terms in the
mesoscopic chemical affinity still appear, where τ0 only affects the effective diffusion coefficient or pre-exponential factor
defined as Dr/Rτ0, while Ea0 is present in the exponential function of the reaction conductivity. This can be associated to
reversible or conservative processes at amolecular scale, only affecting the rate of the reaction but not the equilibrium itself.

For ω reactions, kinetic expression (21) can be generalized as2

r (ζ) = diag (ψ (ζ))
(
r+ − r−

)
,

whereψ (ζ) = col {ψ1 (ζ) , . . . , ψω (ζ)} is the vector with the conductivity of each reaction, while r+ and r− are the vectors
of the forward and reverse rates, respectively. Finally, although the proposed mass action kinetics (21) is nonlinear with
respect to chemical affinity, it can be rewritten as the product of the driving force and nonlinear terms:

ri (ζ) = −ψi (ζ) ϑi (ζ)
Ai

RT
, (23)

where

ϑi (ζ) =
r+

i − r−

i

−Ai/RT
= exp

(
Ad,i + Ar,i

2RT

)
sinh

(
−

Ai
2RT

)
−Ai/2RT

(24)

is positive definite since sinh(x)
x ≥ 1, therefore ϑi (ζ) ≥ exp

(
Ad,i+Ar,i

2RT

)
> 0. For multiple reactions, a vector form for this

expression is

r (ζ) = −diag (ψ (ζ)) diag (ϑ (ζ))
A
RT
, (25)

with ϑ (ζ) = col {ϑ1 (ζ) , . . . , ϑω (ζ)}.

4. Entropy based representation of reacting systems

In this Section a special formulation of the reaction dynamics that leads to a quasi-quadratic expression for the entropy
production,Σ , is presented, therefore being consistentwith non-equilibriumprocesses, leading to a structure for the entropy
production dynamics, Σ̇ , that facilitates the stability analysis. Then, relying on the basis of the fact that the vector field
of specific macroscopic chemical reaction kinetics given in Eq. (25) is thermodynamically consistent, we propose that the
spatially homogeneous isochoric isolated reacting systemΠ defined in Eq. (1) can be rewritten as

η̇ = MΨ (ζ)MTζ, (26)

where Ψ (ζ) is a diagonal symmetric matrix, whose elements are equal to:

Ψii =
V
R
ψi (ζ) ϑi (ζ) > 0; Ψij = 0,

being positive definite due to Eq. (24). This formulation enables us to rewrite the entropy production given in (10) in a
quasi-quadratic form:

Σ = ζTMΨ (ζ)MTζ ≥ 0, (27)

where MTζ =

[
−

A1

T
. . . −

Aω

T

]T
is the vector of the driving forces. Note that since matrix Ψ (ζ) is diagonal it has

no skew-symmetric part, thus being consistent with the fact that macroscopically, chemical reactions are dissipative and
therefore a globally decreasing function can be found [34].

It was shown in [7] that the entropy production for a chemical reactionwith the form (21) is positive semi-definite. Using
the same result for ω reactions and replacing the reaction rate vector (25) in Eq. (10) the entropy production is:

Σ = 4VR
AT

2RT
diag (ψ (ζ)) diag (ϑ (ζ))

A
2RT

= 4VR
ω∑
i=1

ψi exp

((
Ad,i + Ar,i

)
2RT

)
Ai

2RT
sinh

(
Ai

2RT

)
≥ 0, (28)

so the inequality in (27) holds for the kinetics derived in Section 3.

2 Here diag (·) stands for a diagonal matrix of the argument vector.
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In order to describe the dynamics of the entropy production, one must compute the gradient of Σ with respect to the
state variables

∇Σ = V
∂

∂η

(
ζTMr (ζ)

)
= V

[
rTMT (ζ)+

(
ζTM

) (
∇ζr (ζ)

)T]
Ω.

(29)

Given that Σ̇ = (∂Σ/∂η) η̇, or equivalently, Σ̇ = (∇Σ) (VMr (ζ)), the entropy production dynamics becomes

Σ̇ = V 2
[
rTMTΩMr +

(
ζTM

) (
∇ζr

)T
ΩMr

]
. (30)

Because of the entropy Hessian properties, rTMTΩMr is negative definite, while the sign of
(
ζTM

) (
∇ζr

)T
ΩMr depends on

the gradient ∇ζr, and therefore, on the nonlinearities of r (ζ).
According to the mean value theorem [35], and denoting with the subscript eq the equilibrium,

Mr (ζ) = A
(
ζ − ζeq

)
+ ~d (ζ) ,

where

A = M
[
∂r (ζ)
∂ζ

]
ζeq

and

~d (ζ) =

(
M
[
∂r (ζ)
∂ζ

]
z(ζ)

− A

)(
ζ − ζeq

)
,

with z (ζ) as a mean value between ζ and ζeq. Hence, we have that

lim
ζ→ζeq

∥~d (ζ)∥ζ − ζeq
 = 0,

thus, near the equilibrium, it holds that

lim
ζ→ζeq

M
[
∂r (ζ)
∂ζ

]
z(ζ)

 = ∥A∥ ,

and therefore(
ζTM

) (
∇ζr

)T
ΩMr (ζ) ≤ −∥Ω∥

A (ζ − ζeq
)2 ≤ 0.

Thus, we have that
(
∇ζr

) (
MTζ

)
≈ Mr (ζ), and the entropy production near the equilibrium can be approximated by

Σ̇ ≈ 2V 2rTMTΩMr (ζ) < 0, (31)

which can be used as a local Lyapunov function that guarantees the asymptotic stability of the equilibrium by standard
Lyapunov stability arguments [23], asΣ > 0 and Σ̇ < 0 for r ̸= 0.

However, when the system is far from equilibrium, the nonlinearities in r (ζ)may produce changes in the sign of (30). The
equilibrium points of the reacting system (26) are given by the intersection of the submanifold defined by Γ Tµeq = Aeq = 0,
whereµeq andAeq are the vector of chemical potentials and the affinity at the thermodynamic equilibrium, and the one given
by mass balance Θ (N − N0) = 0, where Θ is a constant matrix such that ΘTΓ = 0, restricting the admissible amounts of
the chemical species.

5. Case studies

In this section two case studies are developed. First, a single reaction that results in a simple scalar stability analysis
leading to the identification of conservative and dissipative mesoscopic phenomena is developed. The second example
constitutes a general approach for several reactions rewriting the entropy production in a quasi-quadratic structure, whose
stability properties are condensed in a computed matrix Z (ζ) that shows which elements favor or impede convergence to
the equilibrium.
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5.1. Single reaction

For the sake of simplicity, and without loss of generality, it is assumed that all species are ideal gases obeying the state
equation pV = 1TNRT where 1 ∈ Rn is a vector of ones. With this consideration, the following thermodynamic properties
can be easily computed

µo
= u − T

(
sref − 1R +

∫ T

Tref

cv
T
dT

)
,

ln (a) = ln
(
N/Nref

)
,

u = uref +

∫ T

Tref

cvdT .

(32)

Consider a single reaction

ATE⇀↽ BTE (33)

where E is the vector of all chemical species, while the stoichiometric coefficients for the k reactants and l products are
given by the vectors A = col {α1, . . . , αk, 0n−k} and B = col {0k, β1, . . . , βl, 0n−k−l}, respectively. Note that, due to
the stoichiometric invariant submanifold, given the initial condition η (0) = col {N0,U0}, the process can be analyzed
considering only one variable, for instance the extent of the reaction or conversion based on compound1, i.e., ξ (t) = 1−

N1(t)
N1,0

,
where N1,0 is the initial moles of the first specie [36]. Then, the dynamical behavior reduces to a single equation

ξ̇ (t) = −
Vα1

N1,0
r (ζ) , (34)

where the remaining variables, N, U , and ζ can be seen as a function of the conversion.
Using the definition of ϑ (ζ) given in Eq. (24), and since the reaction conductivity is greater than zero, the entropy

production is computed as

Σ = −V
A
T
r (ζ) =

VRr2 (ζ)
ϑ (ζ) ψ (ζ)

> 0 ∀A ̸= 0,

and its dynamics is given by Eq. (30) with r as real-valued function, i.e.,

Σ̇ =
V
R
ϑ (ζ) ψ (ζ)

(
MTΩM + W (ζ)

)
Σ (35)

where

W (ζ) = R

(
∇ζr (ζ)

)T
ψ (ζ) ϑ (ζ)

ΩM. (36)

Since V
R ϑ (ζ) ψ (ζ)Σ is positive definite for A ̸= 0, the sign of Eq. (35) depends only on the sign of MTΩM + W (ζ). In

particular, since the Hessian is negative definite (see [7] for more details on the particular form ofΩ < 0 for the isochoric
ideal gas case), the first term is negative definite, specifically

MTΩM = −

(
(∆ru)2

NTcvT 2 + RAT[diag (N)]−1A + RBT[diag (N)]−1B
)
,

where∆ru = Γ Tu is the change of internal energy in the reaction. These terms can be associated to the irreversible energetic
changes and stoichiometric changes (which are pressure variations for this particular case) that aid the system to approach
the thermodynamic equilibrium. To compute the second term, according to Eq. (36), it is necessary to compute the gradient
of r (ζ)

∇ζr (ζ) =
ψ (ζ)

R

[
Br−

− Ar+

−
(
(ε0Γ + A)Tu + Ea0

) (
r+

− r−
)] ,

therefore

W (ζ) = −
1

ϑ (ζ)

[
(∆ru)2

NTcvT 2

(
ε0r+

+ (1 − ε0) r−
)
+ R

(
AT[diag (N)]−1Ar+

+ BT[diag (N)]−1Br−
)]

+ Ea0
(∆ru)
NTcvT 2

A
RT
. (37)

The dynamics of the entropy production is similar to that in previous works [7,21] and consists of similar energetic and
stoichiometric terms to those found in MTΩM , that can be associated to the irreversibility of the process, but now there is
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Table 1
Parameters for the single reaction case.

Parameter Value Units

R 8.314 J/mol K
sref a (219 269 360 50)T J/mol K
href

a (52 83 29.8 15)T × 103 J/mol
cva (28 130 184 50)T J/mol K
ε0 0.5 –
Ea0 222754 J/mol

a The reference values were taken from [37] (Ethylbenzene formation).

a new term where the energy barrier Ea0 appears, whose sign cannot be determined a priori. To simplify the analysis it is
convenient to define

Ŵ (ζ) = Ea0
(∆ru)
NTcvT 2

A
RT

and W− (ζ) = W (ζ)− Ŵ (ζ) , (38)

such that W (ζ) can be reformulated as the sum of the negative elements, W−, plus the sign-undetermined term Ŵ (ζ).
In order to distinguish the contributions to the entropy production regardless the influence of the reaction conductivity
ψ (ζ) > 0, whose value is affected by the presence of the energy barrier Ea0, one can define

κ (ζ) := −
(
MTΩM + W− (ζ)

) ϑ (ζ)
R

> 0 (39)

and

χ (ζ) := Ŵ (ζ)
ϑ (ζ)

R
. (40)

The purpose of this is to rewrite the entropy production dynamics as the difference of the dissipative and the conservative
terms, so that

Σ̇ = −Vψ (ζ) [κ (ζ)− χ (ζ)]Σ . (41)

Here χ (ζ) has an undefined sign, and thus the difference κ (ζ) − χ (ζ) has also an undetermined sign. If no energy barrier
is present, the numerical value of Ea0 is set to zero and the entropy production shall dissipate without sign changes in the
time derivative ofΣ since χ (ζ) is not present. Then if Ea0 = 0, the entropy production can be used as a Lyapunov function
regardless on how far from equilibrium the system is (Fig. 2(a)). In general, all variables have a time evolution that resembles
that of a first order process, for instance, the conversion in Fig. 3(a). Note also that κ (ζ) is always positive definite and reaches
a limit positive value as time tends to infinity, while χ (ζ) = 0 (Fig. 4(a)).

On the other hand, when the energy barrier is considered, the term χ (ζ) is now present and its sign depends on the
product (∆ru)A, then the difference in Eq. (41), κ (ζ) − χ (ζ), might be negative far from equilibrium, thus reducing or
even inverting the rate of convergence for the entropy production. In Fig. 2(b) the rate of the entropy production decreases
for t < ta, but later in ta < t < tb there is an increment in the rate of the entropy production. This does not result in a
violation of the second law since the entropy increases, the Gibbs energy decreases, and the Hessian is negative-definite by
construction, but is rather the manifestation of the conservative phenomena at the mesoscopic scale. The values of ∆rS or
∆rG are unaltered by the presence of the energy barrier, since the equilibrium remains invariant under the presence of the
reversible mesoscopic phenomena.

The conversion and temperature (not shown) have inflection points that coincide with the local maximum andminimum
in the entropy production (Fig. 3(b)). The behavior of κ (ζ) in both scenarios is monotonically decreasing, since it does not
include Ea0 anywhere, but when χ (ζ) is present, its magnitude and sign can exceed that of κ (ζ) (Fig. 4(a), (b)).

It is reasonable then to associate κ (ζ)with dissipative phenomena atmesoscopic andmacroscopic scales, since it contains
the linear contribution rTMTΩMr, associated to MTΩM , and the negative definite elements of the nonlinear contribution(
ζTM

) (
∇ζr

)T
ΩMr, associated toW− (ζ), while χ (ζ) can be associated with the conservative phenomena at themesoscopic

scale, since it depends on Ea0.
When t ≫ tb the system is close to the thermodynamic equilibrium and Eq. (31) becomes valid. The magnitude of the

conservative term χ (ζ) tends to zero near the equilibrium, meaning that the stored energy depletes and the behavior of
Figs. 2(b), and 3(b) resemble that of Figs. 2(a) and 3(a). Thus somehow both processes, dissipation and conservation, are
implicit in a single dynamic equation (see Eq. (34)) and, without dwelling too much into detail, the mesoscopic formalism
fromwhich the reaction rate is derived, is consistent enough to outline the transition state and therefore, to include the bulk
effect of the reversible potential–kinetic mesoscopic energy conversions.

The numerical values used for this example are given in Table 1, thus displaying SI units in the case study Figures. The
reference temperature and pressure are 298 K and 1 atm respectively and itwas considered a 1m3 volume,withDr/Rτ0 equal
to 7.605× 106 1/s when Ea0 = 0 and 1.521× 1025 1/s when Ea0 ̸= 0 in order to have similar time scales. The stoichiometric
coefficients are Γ T

= (−1 − 1 1 0), which correspond to the reversible reaction E1 + E2 ⇀↽ E3, with an inert specie E4.
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Fig. 2. Time evolution ofΣ . In (a) the entropy production decays exponentially in the absence of Ea0 , and (b) when Ea0 is present, there is a time incremental
ofΣ in ta < t < tb associated to the mesoscopic conservative phenomena.

Fig. 3. Time evolution for ξ . In (a) the dynamics do not include Ea0 , resembling first order kinetics, while in (b) the behavior resembles that of an overdamped
second order kinetics. The temperature has a similar qualitative behavior (not shown).

5.2. Multiple reactions

Whenmultiple reactions are taking place within the system, we can consider that the ith reaction has the same structure
as in Eq. (21). The reaction conductivity ψi (ζ) can be expressed as ψi (ζ) = exp (ϕi (ζ)), where ϕi (ζ) is a general energy
barrier. Then the gradient for several reactions for the entropy production in Eq. (30) is

∇ζr =

⎛⎜⎜⎝
(
B
R
diag

(
r−
)
−

A
R
diag

(
r+
))

diag [ψ (ζ)]

∂ϕ (ζ)

∂ζ2
diag (r (ζ))

⎞⎟⎟⎠ , (42)

where ϕ = col {ϕ1, . . . , ϕω} and it is assumed that ϕ is independent of the chemical potential, thus ∂ϕi (ζ) /∂ζ1 = 0. Up to
this point, no equation of state has been considered. In particular, for ideal gases the gradient of the energy barrier is

∂ϕ (ζ)

∂ζ2
=

1
R

(
uT (Γdiag (ε0)+ A)+ ET

a0

)
, (43)

where Ea0 is a vector of the energy barriers and ε0 = col
{
ε0,1, . . . , ε0,ω

}
is the vector of the fractions at which the activated

complex is produced.
It is possible to rewrite the dynamics of the entropy production given in Eq. (30) as

Σ̇ = V 2rTZ (ζ) r, (44)

where Z (ζ) = MTΩM + W (ζ). Using the definitions given in [21], it is possible to study its stability properties using the
matrix Z (ζ). Then the thermodynamic equilibrium of the reacting system is asymptotically stable if the symmetric part of
Z (ζ) is negative definite, i.e.,

Z + ZT

2
= MTΩM +

W + WT

2
< 0, (45)

or equivalently

− MTΩM >
W + WT

2
. (46)
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Fig. 4. The role of κ (ζ) andχ (ζ): (a) dissipation of κ (ζ)when Ea0 is not present, and (b) a ‘‘competition’’ between the dissipative and conservative dynamics
when χ (ζ) (and therefore Ea0) is present.

Here, because of the properties of the Hessian of the entropy,MTΩM < 0,W (ζ) for multiple reactions has the following
structure

W (ζ) = [diag (r)]−1diag
(
MTζ

) (
∇ζr

)T
ΩM. (47)

Using Eq. (24) the above equation becomes

W (ζ) = R[diag (ψ (ζ)) diag (ϑ (ζ))]−1(
∇ζr

)T
ΩM,

where diag (ϑ (ζ)) := R
[
diag

(
MTζ

)]−1diag
(
r+ − r−

)
> I and I is the ω× ω identity matrix. Now, considering the gradient

(42) and assuming ideal gas compounds,W (ζ) has the following form

W (ζ) = −
Γ TuuTΓ

NTcvT 2 [diag (ϑ (ζ))]−1 [diag (ε0) diag (r+)+ (I − diag (ε0)) diag
(
r−
)]

− R
(
BT[diag (N)]−1B − AT[diag (N)]−1B

)
diag

(
r−
)
[diag (ϑ (ζ))]−1

− R
(
AT[diag (N)]−1A − BT[diag (N)]−1A

)
diag

(
r+
)
[diag (ϑ (ζ))]−1

+ Ŵ (ζ) , (48)

where

Ŵ (ζ) =

(
Γ Tu

NTcvT 2

)
ET
a0diag (A)

RT
. (49)

When a single reaction is considered, Eq. (48) reduces to Eq. (37). However, this is a more general case where the first
term of Eq. (48) is similar to the first term of Eq. (37), while the second and third terms (more general than the second and
third terms of Eq. (37)) do not have a well defined sign due to the cross terms such as AT[diag (N)]−1B and BT[diag (N)]−1A.
Finally, the last term, given in Eq. (49) is the generalization of Eq. (38) for multiple reactions and gives the contributions of
the conservative phenomena at themesoscopic scale through the energy barrier vector, Ea0. As in the previous case this term
has not a well defined sign.

The insights gained with this analysis can be summarized in the following points:

• If the reaction i and the reaction j ̸= i have no common chemical species, i.e., when the reactions are uncoupled, the
cross-terms shall vanish andW (ζ) is simplified. Furthermore, if the energy barrier is negligible for all reactions, then
all terms are negative and the system converges to the equilibrium.

• When a chemical specie is a product and a reactant at the same time, or in other words, is an intermediate, the cross-
terms have important contributions to the system’s overall stability even if no energy barrier is present, i.e., they can
add positive terms to the entropy production found in W (ζ), thus promoting complex behaviors. For instance, for a
particular case with a reaction network of the form

r1 : E1 + E2 ⇀↽ E3
r2 : E2 + E3 ⇀↽ E4

with an additional inert compound E5 (ω = 2, n = 5), it is straightforward to define

A =

⎛⎜⎜⎜⎝
1 0
1 1
0 1
0 0
0 0

⎞⎟⎟⎟⎠ , B =

⎛⎜⎜⎜⎝
0 0
0 0
1 0
0 1
0 0

⎞⎟⎟⎟⎠ , and Γ =

⎛⎜⎜⎜⎝
−1 0
−1 −1
1 −1
0 1
0 0

⎞⎟⎟⎟⎠ .
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Thus, the matrices necessary to computeW (ζ)

Γ TuuTΓ =

( (
∆r,1u

)2 (
∆r,1u

) (
∆r,2u

)(
∆r,2u

) (
∆r,1u

) (
∆r,2u

)2
)
,

AT[diag (N)]−1A − BT[diag (N)]−1A =

⎛⎜⎝
1
N1

+
1
N2

1
N2

−
1
N3

1
N2

1
N2

+
1
N3

⎞⎟⎠ ,

BT[diag (N)]−1B − AT[diag (N)]−1B =

⎛⎜⎝
1
N3

0

−
1
N3

1
N4

⎞⎟⎠ ,
and

Γ TuET
a0diag (A) =

((
∆r,1u

)
Ea0,1A1

(
∆r,1u

)
Ea0,2A2(

∆r,2u
)
Ea0,1A1

(
∆r,2u

)
Ea0,2A2

)
contain the interactions between reaction 1 and reaction 2.

Often the concentration of intermediates is small [38], and how they can move away system from the equilibrium is visible
in the second and third terms in Eq. (48). Note that the magnitude of the cross-terms can be considerably increased due to
[diag (N)]−1 when their concentration is small.

6. Conclusion

Under the MNET framework it is possible to model conservative phenomena in chemical reactions, making the effect
of the mesoscopic conservative elements observable at the macroscopic scale, particularly in the dynamics of Σ , as the
conservative elements ‘‘pull’’ the system away from the thermodynamic equilibrium, resulting in damped dissipation.
Since mesoscopic dynamics are considerably faster than their macroscopic counterparts, the overall macroscopic process
appears to be purely dissipative according to the formulation proposed in Section 4 for the entropy production. Nonetheless,
including Ea (γ ) in the mesoscopic chemical potential results in a transient conservative–dissipative behavior, which affects
the dynamics of the macroscopic state variables due to the added nonlinearities through

(
∇ζr (ζ)

)
MTζ, which can result in

an increase inΣ when the system is far from the thermodynamic equilibrium.
When the energy barrier is present in a single reaction system, Σ can no longer be considered as a global Lyapunov

function if the system is far from equilibrium, because the sign of κ (ζ)− χ (ζ) cannot be known in advance and Σ̇ can pass
through zero when the driving forces are not, i.e., when −A/T ̸= 0. The expression for the entropy production can give
insights on how complex behaviors such as oscillations can be related with conservative phenomena when the system is far
from equilibrium even if these conservative phenomena takes place at smaller scales, something that cannot be inferred by
inspecting free energy dissipation alone.

The behavior shown in the first case study can become more complex when several simultaneous reactions are taking
place, especially when a chemical specie participates in two or more reactions. This can be observed in the coupled terms
in ∇Σ , thus showing how the stoichiometry can add instabilities that promote complex behaviors found in some known
reaction networks.

Although isolated reacting systems shall eventually reach the thermodynamic equilibrium, the transient behavior is
quite important since it can explain how certain fixed points are favored in open systems, since the entropy production
tends to reach extremals [39]. The authors believe that it is possible to generate oscillations in the state variables by adding
interactions with several surroundings.
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