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Devwudfw

Zh lqyhvwljdwh wkh h�hfwlyhqhvv ri wd{ dqg wudqvihu srolflhv lq fruuhfw0
lqj pdunhw glvwruwlrqv zkhq wkh hfrqrp| lv lpshuihfwo| frpshwlwlyh1 Zh
shuirup wklv dqdo|vlv lq wkh frqwh{w ri dq h{fkdqjh prgho uhsuhvhqwlqj d
elodwhudo roljrsro| vlwxdwlrq/ zklfk frqvwlwxwhv d sduwlfxodu h{dpsoh ri d
Vkdsoh|0Vkxeln vwudwhjlf pdunhw jdph1

Nh|zrugv= Lpshuihfw frpshwlwlrq/ Wd{dwlrq/ Vwudwhjlf pdunhw jdph
MHO Fodvvl�fdwlrq= K63/ O46/ F:5/ G84

WFRUH/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq1 H0pdlo= jdev}hzlf}Cfruh1xfo1df1eh
_FRUH/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq1 H0pdlo= jud}}lqlCfruh1xfo1df1eh1

Zh duh ghhso| judwhixo wr Plfkho Oh Euhwrq/ Pdxulfh Pdufkdqg dqg Slhuuh Shvwlhdx iru wkhlu
lqvljkw frpphqwv dqg vxjjhvwlrqv1
Wkh vhfrqg dxwkru zdv vxssruwhg e| d Hxurshdq Frpplvvlrq Kxpdq Fdslwdo Prelolw| iho0
orzvkls Qr HUEIPELFW<:4<691
Wklv sdshu suhvhqwv uhvhdufk uhvxowv ri wkh Ehojldq Surjudp rq Lqwhuxqlyhuvlw| Srohv ri Dw0
wudfwlrq lqlwldwhg e| wkh Ehojldq Vwdwh/ Sulph Plqlvwhu*v R!fh/ Vflhqfh Srolf| Surjudpplqj1
Wkh vflhqwl�f uhvsrqvdelolw| lv dvvxphg e| wkh dxwkruv1
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4 Lqwurgxfwlrq
Wkh remhfwlyhv sxuvxhg zkhq wd{lqj hfrqrplf djhqwv duh xvxdoo| wr fuhdwh uh0
vrxufhv iru uhglvwulexwlyh sxusrvhv ru iru �qdqflqj sxeolf h{shqglwxuh +Udpvh|
+4<5:,/ Pluuohhv +4<:4,,1 Hyhq li ohvv hyrnhg lq wkh sxeolf �qdqfh olwhudwxuh/
wd{dwlrq fdq dovr vhuyh wkh sxusrvh ri fruuhfwlqj glvwruwlrqv jhqhudwhg e| wkh
pdunhw phfkdqlvp/ olnh lq wkh suhvhqfh ri h{whuqdolwlhv +Sljrx +4<53,/ Vdqgpr
+4<:8,, ru lpshuihfw frpshwlwlrq +P|ohv +4<;<,/ Jxhvqhulh dqg Od�rqw +4<:;,,1
Vshfl�fdoo|/ lpshuihfw frpshwlwlrq lv d vwulnlqj h{dpsoh ri pdunhw idloxuh zklfk/
gxh wr vwudwhjlf lqwhudfwlrq/ jhqhudwhv pdunhw rxwfrphv zklfk duh qrw Sduhwr
rswlpdo1

Dq dssurdfk uhfhqwo| ghyhorshg e| jdph wkhrulvwv +Vkdsoh| +4<:9, dqg
Vkdsoh| dqg Vkxeln +4<::,, wr lqyhvwljdwh pdunhw rxwfrphv uhvxowlqj iurp
vwudwhjlf lqwhudfwlrq/ frqvwlwxwhv d qdwxudo vwduwlqj srlqw wr lghqwli| glvwruwlrqv
gxh wr vwudwhjlf ehkdylrxu/ dqg wkh frxqwhu0glvwruwlrqdu| phdvxuhv zklfk duh
wr eh xvhg wr uhvwruh Sduhwr0rswlpdolw|1 Wklv lv wkh dssurdfk iroorzhg lq wkh
suhvhqw sdshu14 Pruh suhflvho|/ zh dqdo|vh d elodwhudo roljrsro| zklfk frqvwlwxwhv
d sduwlfxodu h{dpsoh ri d Vkdsoh|0Vkxeln vwudwhjlf pdunhw jdph lqwurgxfhg lq
Jdev}hzlf} dqg Plfkho +4<<:,1 Lw fdq eh ylhzhg dv dq h{whqvlrq ri wkh Frxuqrw
roljrsro| prgho/ lq zklfk wkh pdunhw lv pdgh ri wzr jurxsv ri wudghuv/ hdfk
jurxs vhoolqj d gl�huhqw frpprglw| dqg ex|lqj wkh frpprglw| vrog e| wkh
rwkhu jurxs1 Doo djhqwv duh lqwhuhvwhg lq frqvxplqj erwk jrrgv/ exw lqlwldoo|
rzq rqo| rqh ri wkhp1 Lq wklv elodwhudo roljrsro| frqwh{w/ doo djhqwv elg vwudwh0
jlfdoo| lq ylhz ri pdqlsxodwlqj wkh uhodwlyh sulfh/ wkh h{fkdqjh udwh ehwzhhq wkh
wzr frpprglwlhv1

Lw lv zhoo nqrzq wkdw wkh �qr0wudgh� rxwfrph/ dw zklfk qr jrrg lv h{fkdqjhg/
lv dozd|v d Qdvk htxloleulxp lq vwudwhjlf pdunhw jdphv +wkh vr0fdoohg wulyldo
htxloleulxp +vhh Gxeh| dqg Vkxeln +4<:;,,1 Xqghu uhdvrqdeoh frqglwlrqv/ krz0
hyhu/ wkh h{lvwhqfh ri d �qlfh� htxloleulxp +ehvlghv wkh wulyldo rqh, dw zklfk
wudgh rffxuv dprqj djhqwv/ fdq eh hvwdeolvkhg1 Frqglwlrqv iru wkh h{lvwhqfh
dqg xqltxhqhvv ri vxfk dq lqwhulru htxloleulxp kdyh ehhq uhfhqwo| vwxglhg e|
Eorfk dqg Jkrvdo +4<<:, iru wkh elodwhudo roljrsro| pdunhw gh�qhg deryh1 Qhy0
huwkhohvv/ Frughood dqg Jdev}hzlf} +4<<;, kdyh frqvwuxfwhg d qrq sdwkrorjlfdo
h{dpsoh ri d elodwhudo roljrsro| pdunhw dw zklfk wkh rqo| Qdvk htxloleulxp
ohdgv wr wkh qr0wudgh rxwfrph1 Pruh suhflvho|/ wkh| vkrz lq wkhlu h{dpsoh wkdw
qr wudgh rffxuv dw htxloleulxp ehfdxvh wkh shufhlyhg dgydqwdjh rewdlqhg iurp
sduwlflsdwlqj wr h{fkdqjh lv r�vhw e| wkh shufhlyhg dgydqwdjh ri uhgxflqj rqh*v
vxsso| wr pdqlsxodwh wkh h{fkdqjh sulfh1 Iurp d zhoiduh srlqw ri ylhz/ wklv
htxloleulxp lv h{wuhpho| ghwulphqwdo wr doo djhqwv/ vlqfh lw zdvwhv doo srwhqwldo
jdlqv iurp wudgh= wklv lv wkh wulexwh wr eh sdlg iru wkh xvh ri pdunhw srzhu$ Lq
prvw fdvhv/ krzhyhu/ zhoiduh orvvhv gxh wr pdunhw srzhu duh qrw dv odujh dv lq
wklv h{dpsoh/ hyhq li vwudwhjlf pdqlsxodwlrq ri sulfhv pxvw eh h{shfwhg wr ohdg
wr pdunhw rxwfrphv ehlqj idu iurp wkh frpshwlwlyh rqh1

4Wklv dssurdfk uholhv rq wkh qrq0frrshudwlyh frqfhsw ri Qdvk htxloleulxp1 Rxu dqdo|vlv
vkrxog eh glvwlqjxlvkhg iurp wkh frrshudwlyh iudphzrun xvhg lq rwkhu frqwh{wv lq zklfk
wd{dwlrq dqg vwudwhjlf srzhu kdyh ehhq dqdo|vhg/ olnh lq Dxpdqq dqg Nxu} +4<::,1
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Lq wklv sdshu/ zh �uvw sursrvh dq h{whqvlrq ri wkh Frughood0Jdev}hzlf}*v
h{dpsoh/ fryhulqj dovr vxfk lqwhuphgldwh fdvhv/ lq zklfk vrph h{fkdqjh wdnhv
sodfh dw wkh qrq frpshwlwlyh rxwfrph/ exw zlwkrxw ixoo| h{sorlwlqj wkh srvvlelo0
lwlhv r�huhg e| wkh frpshwlwlyh phfkdqlvp1 Wkhq/ xvlqj wklv htxloleulxp dqdo0
|vlv/ zh udlvh wkh txhvwlrq ri zkhwkhu wd{lqj vwudwhjlf djhqwv frxog qrw lqgxfh
wkhp wr uhvwruh wkh frpshwlwlyh rxwfrph zkloh frqwlqxlqj wr h{huw wkhlu pdunhw
srzhu1 Zh �qg wkdw xvlqj wd{hv dqg wudqvihuv shuplwv wr uhvroyh wkh pdmru glv0
wruwlrqv lqwurgxfhg e| vwudwhjlf ehkdylrxu1 Wr wklv hqg zh ghyhors d vshfl�f wd{
dqg wudqvihu vfkhph zklfk rshudwhv dffruglqj wr wkh iroorzlqj wlplqj1 Iluvw d
wd{ lv ohylhg rq wkh lqlwldo hqgrzphqwv ri wudghuv1 Wkhq djhqwv h{fkdqjh jrrgv
lq wkh vwudwhjlf pdunhw jdph zkrvh vwudwhjlhv duh qrz uhvwulfwhg wr elgv zklfk
duh frpsdwleoh zlwk wkh qhz hqgrzphqwv uhvxowlqj diwhu wd{dwlrq1 Wkh sd|r�v
ri wklv jdph lqfoxgh d uhglvwulexwlrq ri wkh wd{ surgxfw/ wr eh shuiruphg diwhu
h{fkdqjh kdv wdnhq sodfh1 Lq rwkhu zrugv/ wd{hv duh ohylhg ehiruh h{fkdqjh zkloh
wudqvihuv duh shuiruphg diwhu lw1 Dffruglqjo|/ wklv wd{ dqg wudqvihu vfkhph di0
ihfwv wkh lqlwldo vwudwhjlf pdunhw jdph yld wzr fkdqqhov= wd{hv dowhu wkh vwudwhj|
vhw ri wudghuv zkloh wudqvihuv uhvkdsh wkhlu sd|r�v1 Iluvw zh vkrz wkdw/ zkhqhyhu
vrph h{fkdqjh wdnhv sodfh dw wkh Qdvk htxloleulxp zlwkrxw wd{dwlrq/ wd{hv dqg
wudqvihuv lqghshqghqw ri lqglylgxdo elgv fdq eh irxqg wr uhvwruh wkh frpshwlwlyh
rxwfrph dw wkh Qdvk htxloleulxp ri wkh jdph zlwk wd{dwlrq1 Wkhq zh vkrz wkdw/
zkhq qr wudgh rffxuv dw htxloleulxp/ dv lq wkh Frughood0Jdev}hzlf}*v h{dpsoh/
wd{hv frpelqhg zlwk wudqvihuv sursruwlrqdo wr wkh dprxqwv vhqw iru h{fkdqjh
duh djdlq vx!flhqw lqvwuxphqwv wr uhvwruh frpshwlwlyh h{fkdqjh1

Wzr hduolhu frqwulexwlrqv wr wkh sureohp ri wd{lqj pdunhw srzhu lq d jhqhudo
htxloleulxp vhw0xs duh wkrvh ri P|ohv +4<;<, dqg Jxhvqhulh dqg Od�rqw +4<:;,1
P|ohv +4<;<, h{whqgv wkh wkhru| ri rswlpdo frpprglw| wd{dwlrq wr d jhqhudo
htxloleulxp prgho zlwk lpshuihfw frpshwlwlrq1 Klv dqdo|vlv lv irfxvhg rq wkh
Udpvh| sureohp ri fkrrvlqj frpprglw| wd{ udwhv wr pd{lplvh zhoiduh vxemhfw
wr d jlyhq ohyho ri sxeolf uhyhqxh zkhq pdunhwv rshudwh lq d qrq frpshwlwlyh
iudphzrun1 Jxhvqhulh dqg Od�rqw +4<:;, vwxg| rswlpdo wd{dwlrq zlwk uhvshfw wr
d vrfldo zhoiduh ixqfwlrq zkhq wkh remhfwlyh ri wkh jryhuqphqw lv wr uhvwruh �uvw
ehvw Sduhwr h!flhqf| zkhq wklv �uvw ehvw lv ghvwur|hg e| wkh qrq frpshwlwlyh
ehkdylrxu ri d prqrsrolvw1 Hyhq li wkh| dovr wdfnoh wkh sureohp ri ghvljqlqj
wd{ lqvwuxphqwv wr r�vhw glvwruwlrqv dulvlqj iurp lpshuihfw frpshwlwlrq/ wkhlu
dssurdfk gl�huv iurp rxuv lq vhyhudo uhvshfwv1 Iluvw/ wkhlu sdshu frqvlghuv dq
hfrqrp| gh�qhg lq d pxfk pruh jhqhudo vhw0xs wkdq wkh rqh frqvlghuhg khuh1
Lq sduwlfxodu/ wkhlu prgho lqyroyhv d surgxfwlyh vhfwru zlwk d �up ehkdylqj
qrq frpshwlwlyho|/ zkloh frqvxphuv duh sulfh0wdnhuv/ dv lq Jdev}hzlf} dqg Yldo
+4<:5,1 Ixuwkhupruh/ wd{ dqg wudqvihu lqvwuxphqwv duh olqhdu wd{hv dqg oxps0
vxp wudqvihuv1 Pruhryhu/ wkh| gr qrw frqvlghu d frqwh{w ri vwudwhjlf lqwhudfwlrq/
exw rqo| wkh fdvh ri d prqrsro|1 Ilqdoo|/ rxu dssurdfk grhv qrw uhihu wr d vrfldo
zhoiduh ixqfwlrq vlqfh srolf| wrrov duh lqwurgxfhg zlwk wkh vroh remhfwlyh ri
uhvwrulqj frpshwlwlyh h{fkdqjh1

Zh lqwurgxfh wkh prgho lq vhfwlrq 51 Wkh htxloleulxp dqdo|vlv zlwkrxw
wd{dwlrq lv shuiruphg lq vhfwlrq 61 Vhfwlrq 7 dqdo|vhv wkh h�hfwv ri wd{dwlrq
lqwurgxfhg lq ylhz ri ryhufrplqj pdunhw glvwruwlrqv revhuyhg ehiruh wkh wd{
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lqvwuxphqwv duh lqwurgxfhg1

5 Wkh prgho
Frqvlghu dq h{fkdqjh hfrqrp| frqvlvwlqj ri q wudghuv/ idoolqj lqwr wzr w|shv
m/ m @ 4> 5/ zlwk q

5 ri hdfk w|sh> wkhuh duh wzr jrrgv/ 4 dqg 51 Iru wudghuv l/
l @ 4> ===> q5 / suhihuhqfhv dqg hqgrzphqwv duh gh�qhg e|

Xl+{4> {5, @ �4{4 . {5> dl @ +4> 3,> +4,

zlwk 3 ? �4 ? 41
Vlploduo|/ iru wudghuv l/ l @ q

5 . 4> ===> q/ zh kdyh

Xl+{4> {5, @ {4 . �5{5> dl @ +3> 4,> +5,

zlwk 3 ? �5 ? 41
Wklv h{fkdqjh hfrqrp| kdv d xqltxh frpshwlwlyh htxloleulxp +hs> h{,/ qdpho| wkh
sulfh v|vwhp hs dqg wkh doorfdwlrq h{ gh�qhg e|

hs @ +4> 4,>h{l @ +3> 4,> l @ 4> ===>
q

5h{l @ +4> 3,> l @
q

5
. 4> ===> q=

Dw wklv frpshwlwlyh doorfdwlrq/ wkh txdqwlw| ri jrrg 4 +uhvs1 jrrg 5, vrog e|
djhqwv l 5 i4> ===> q5 j +uhvs1 l 5 iq

5 . 4> ===> qj, lv jlyhq e| htl @ ht @ 4 +uhvs1hel @ he @ 4,= Wr wklv h{fkdqjh hfrqrp|/ zh pd| dvvrfldwh d vwudwhjlf pdunhw
jdph � gh�qhg dv iroorzv1 Iru doo djhqwv/ wkh vwudwhj| vhw frqvlvwv ri wkh ^3> 4`
0 lqwhuydo1 Iru dq djhqw l 5 i4> ===> q5 j/ zh ghqrwh e| tl d vwudwhj| lq ^3> 4`= tl lv
wr eh lqwhusuhwhg dv wkh txdqwlw| ri jrrg 4 wkdw djhqw l vhqgv wr wkh pdunhw iru
wudgh1 Vlploduo|/ el/ el 5 ^3> 4`/ ghqrwhv d vwudwhj| ri djhqw l/ l 5 iq

5 . 4> ===> qj1
Jlyhq dq q0wxsoh ri vwudwhjlhv +t> e, @ +t4> ===> tl> ===> tq

5
> eq

5
.4> ===> el> ===> eq,/ wkh

uhvxowlqj doorfdwlrq ri jrrgv rewdlqv dv

+4� tl> stl,

iru dq djhqw l lq i4> ===> q5 j/ dqg

+
el
s
> 4� el,
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iru dq djhqw l lq iq
5 . 4> ===> qj/ zlwk s ghqrwlqj wkh sulfh ri jrrg 4 h{suhvvhg

lq xqlwv ri jrrg 5 +jrrg 5 vhuyhv dv qxphudluh,1 Wklv sulfh iroorzv iurp wkh
htxdolw| ri ghpdqg dqg vxsso| ri jrrg 4/ l1h1 lw vdwlv�hv wkh htxdwlrq=

q[
n@q

5
.4

en @ s

q

5[
n@4

tn>

ru

s @

Sq
n@q

5
.4 enSq

5

n@4 tn
=

Dffruglqjo|/ jlyhq dq q0wxsoh +t> e, ri vwudwhjlhv dqg wdnlqj lqwr dffrxqw +4,
dqg +5,/ wkh sd|r�v lq wkh vwudwhjlf pdunhw jdph rewdlq dv

Xl+t> e, @ Xl+4� tl>

Sq

n@q

5
.4 enSq

5

n@4 tn
tl,>

@ �4+4� tl, .

Sq

n@q

5
.4 enSq

5

n@4 tn
tl>

iru l @ 4> ===> q5 / dqg

Xl+t> e, @ Xl+

Sq

5

n@4 tnSq

n@q

5
.4 en

el> 4� el,>

@

Sq

5

n@4 tnSq

n@q

5
.4 en

el . �5+4� el,>

iru l @ q
5 . 4> ===> q1

Qrwlfh krzhyhu wkdw/ dw wkh yhfwru ri vwudwhjlhv +et>ee, @ +3> ===> 3> 3> ===> 3,/ qr
h{fkdqjh rffxuv/ dqg djhqwv* sd|r�v duh wkhq jlyhq e|

Xl+et>ee, @ �4> l @ 4> ===>
q

5
+6,

dqg

Xl+et>ee, @ �5> l @
q

5
. 4> ===> q= +7,

D Qdvk htxloleulxp lv d q0wxsoh ri vwudwhjlhv +t�4 > ===> t
�

l > ===> t
�
q

5

> e�q
5
.4> ===> e

�

l > ===> e
�

q,

fkrvhq e| wkh wudghuv vxfk wkdw qr wudghu kdv dq dgydqwdjh wr ghyldwh xqlodwhu0
doo| iurp klv fkrlfh1
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Iru ixuwkhu xvh/ zh frpsxwh

CXl

Ctl
@

+
Sq

n@q

5
.4 en,+

Sq

5

n@4 tn � tl,

+
Sq

5

n@4 tn,
5

� �4> l @ 4> ===>
q

5
+8,

dqg

CXl

Cel
@

+
Sq

5

n@4 tn,+
Sq

n@q

5
.4 en � el,

+
Sq

n@q

5
.4 en,

5
� �5> l @

q

5
. 4> ===> q= +9,

Dovr qrwlfh wkdw wkh vhfrqg ghulydwlyhv C5Xl

Ct5
l

dqg C5Xl

Ce5
l

duh erwk qhjdwlyh1

Wkh deryh vwudwhjlf pdunhw jdph gh�qhv d vlwxdwlrq ri elodwhudo roljrsro|/ dv
wkh rqh frqvlghuhg e| Frughood dqg Jdev}hzlf} +4<<;,/ lq zklfk lw zdv dvvxphg
wkdw �4 @ �5 A q�5

q
1 Wkh| vkrz wkdw/ iru wklv sduwlfxodu fdvh/ wkh rqo| Qdvk

htxloleulxp rewdlqv dv +et>ee,/ ohdglqj wr wkh �qr0wudgh� rxwfrph1 Wkh h{whqvlrq
zh frqvlghu khuh doorzv xv wr fryhu lqwhuphgldwh vlwxdwlrqv dw zklfk djhqwv
h{fkdqjh/ dw htxloleulxp/ sduw ri wkhlu lqlwldo hqgrzphqw/ exw qrw wkh wrwdo
dprxqw ri lw +dv lw lv wkh fdvh dw wkh yhfwru ri vwudwhjlhv +ht>he, ohdglqj wr wkh
frpshwlwlyh doorfdwlrq h{,1

Lq wkh qh{w vhfwlrq/ zh dqdo|vh wkh Qdvk htxloleulxp dv d ixqfwlrq ri �4 dqg
�5/ wkh djhqwv* suhihuhqfh lqwhqvlwlhv iru wkh jrrg wkh| rzq lqlwldoo|1

6 Htxloleulxp dqdo|vlv zlwkrxw wd{dwlrq
Lw lv d jhqhudo surshuw| ri vwudwhjlf pdunhw jdphv wkdw wkh yhfwru ri vwudwhjlhv
zkhuh hdfk wudghu elgv dqg vxssolhv qrwklqj lv dozd|v d Qdvk htxloleulxp +wkh
vr0fdoohg wulyldo htxloleulxp,1 Dffruglqjo|/ wkh yhfwru ri vwudwhjlhv +et>ee, lv dozd|v
d Qdvk htxloleulxp ri rxu pdunhw jdph �1 Ixuwkhupruh/ wkh v|pphwu| ri wkh
sureohp fohduo| lpsolhv wkdw doo djhqwv ri wkh vdph w|sh pxvw sod| wkh vdph
vwudwhj| dw d Qdvk htxloleulxp +t�4 > ===> t

�
q

5

> e�q
5
.4> ===> e

�

q,/ l1h1

t�l @ t�> l 5 i4> ===> q
5
j

e�l @ e�> l 5 iq
5
. 4> ===> qj=

Ixuwkhupruh/ wkh �uvw ghulydwlyhv CXl

Ctl
dqg CXl

Cel
pxvw eh htxdo wr }hur dw dq

lqwhulru htxloleulxp1 Dffruglqjo|/ dw dq lqwhulru htxloleulxp/ zh vkrxog kdyh

t� @
e�

�4

q� 5

q
+:,

dqg
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e� @
t�

�5

q� 5

q
> +;,

zlwk wkh ydoxhv t� dqg e� rewdlqhg iurp htxdwlqj +8, dqg +9, wr }hur1
Fohduo|/ h{fhsw lq d yhu| vshfldo fdvh/ +l1h1 zkhq �4�5 @

�
q�5
q

�5
,/ qr ydoxh

ri t� dqg e�/ zlwk t� dqg e� erwk lq `3> 4^/ fdq vdwlvi| wklv v|vwhp= Qr lqwhulru
htxloleulxp h{lvwv1 Ilqdoo|/ lw lv hylghqw wkdw qr htxloleulxp +t�> e�, fdq dulvh
zlwk t� A 3 dqg e� @ 3/ ru t� @ 3 dqg e� A 31

Dffruglqjo|/ dw wkh h{foxvlrq ri +et>ee,/ zklfk lv douhdg| nqrzq wr eh d Qdvk
htxloleulxp/ zh ghgxfh iurp +:, dqg +;, dqg iurp wkh qrq0h{lvwhqfh ri lqwhulru

htxloleuld wkdw rqo| wkh yhfwruv ri vwudwhjlhv +t�> e�, @
�
q�5
q�

4

> 4
�
ru +t�> e�, @�

4> q�5
q�

5

�
/ ru +t�> e�, @ +4> 4, duh srvvleoh fdqglgdwhv dv Qdvk htxloleuld ri wkh

jdph �1 Dw wkh �uvw fdqglgdwh/ wudghuv lq i4> ===> q5 j fkrrvh wkh vwudwhj| lq wkh
lqwhulru ri wkh vwudwhj| vhw ^3> 4`/ vr wkdw wkh qhfhvvdu| frqglwlrq CXl

Ctl
@ 3 +ru +:,,

pxvw krog/ zkloh wudghuv lq iq
5 .4> ===> qj sod| dw wkh erxqgdu| zkhuh wkh| vhqg

iru wudgh wkhlu zkroh hqgrzphqw lq jrrg 51 Wkh uhyhuvh krogv dw wkh vhfrqg
fdqglgdwh htxloleulxp1 Ilqdoo|/ wkh wklug fdqglgdwh ohdgv wr wkh frpshwlwlyh
rxwfrph1

Qrz zh duh lq d srvlwlrq wr �qg qhfhvvdu| dqg vx!flhqw frqglwlrqv xqghu
zklfk hdfk ri wkhvh fdqglgdwhv lv/ lqghhg/ d Qdvk htxloleulxp1

Sursrvlwlrq 4 Zkhq +d, �4 A q�5
q

dqg +e, �4�5 ?
�
q�5
q

�5
> wkh yhfwru ri

vwudwhjlhv +t�> e�, gh�qhg e|

+t�> e�, @

�
q� 5

q�4
> 4

�
+<,

lv wkh rqo| Qdvk htxloleulxp ri wkh vwudwhjlf pdunhw jdph � +dsduw iurp wkh
wulyldo htxloleulxp +et>ee,,1

Surri1 Wr eh d Qdvk htxloleulxp/ wkh yhfwru ri vwudwhjlhv +t�> e�, lghqwl�hg

e| +<, pxvw vdwlvi| wkh iroorzlqj frqglwlrqv= +l, t� 5 `3> 4^> +ll, CXl

Ctl

���
+t�>e�,

@ 3>

+lll, C5Xl

Ct5
l

9 3> +ly, CXl

Cel

���
+t�>e�,

A 3 dqg +y, C5Xl

Ce5
l

9 31 Frqglwlrq +l, iroorzv

iurp dvvxpswlrq +d,> frqglwlrq +ll, lv vdwlv�hg e| wkh gh�qlwlrq ri t� +vhh +:,,>
frqglwlrq +ly, iroorzv iurp

CXl

Cel

����
+t�>e�,

@

�
q� 5

q

�5
4

�4
� �5 A 3 / �4�5 9

�
q� 5

q

�5

>

dq lqhtxdolw| zklfk krogv e| dvvxpswlrq +e,1 Ilqdoo|/ vlqfh C5Xl

Ct5
l

dqg C5Xl

Ce5
l

duh
erwk qhjdwlyh/ frqglwlrqv +ll, dqg +ly, duh dovr vx!flhqw frqglwlrqv iru +t�> e�,
wr eh d Qdvk htxloleulxp1

:



Wr vkrz xqltxhqhvv/ zh kdyh wr holplqdwh wkh rwkhu wzr srvvleoh fdqglgdwhv
dv Qdvk htxloleulxp/ qdpho| +t�> e�, @

�
4> q�5

q�
5

�
dqg +t�> e�, @ +4> 4,1 Dvvxph�

4> q�5
q�

5

�
wr eh d Qdvk htxloleulxp xqghu dvvxpswlrqv +d, dqg +e,1 Wkhq zh

kdyh q�5
q�

5

? 4/ zklfk lpsolhv �5 A q�5
q

1 Exw wkhq lw iroorzv iurp +d, wkdw

�4�5 A
�
q�5
q

�5
/ zklfk ylrodwhv dvvxpswlrq +e,1 Dvvxph qrz +4> 4, wr eh d Qdvk

htxloleulxp xqghu wkh vdph dvvxpswlrqv1 Wkhq/ CXl

Ctl

���
+t�>e�,

dqg CXl

Cel

���
+t�>e�,

pxvw

qhfhvvduo| eh qrq0qhjdwlyh/ l1h1

�4 �
q� 5

q
dqg �5 �

q� 5

q
>

ylrodwlqj dvvxpswlrq +d,1

Sursrvlwlrq 5 Zkhq +f, �5 A q�5
q

dqg +e, �4�5 ?
�
q�5
q

�5
> wkh yhfwru ri

vwudwhjlhv +t�> e�, gh�qhg e|

+t�> e�, @

�
4>

q� 5

q�5

�
+43,

lv wkh rqo| Qdvk htxloleulxp ri wkh vwudwhjlf pdunhw jdph � +dsduw iurp wkh
wulyldo htxloleulxp +et>ee,,1

Surri1 Wkh surri ri wklv sursrvlwlrq lv wkh vdph/ pxwdwlv pxwdqglv/ dv wkh
surri ri sursrvlwlrq 4

Sursrvlwlrq 6 Zkhq +g, �4 ?
q�5
q

dqg +h, �5 ?
q�5
q

/ wkh yhfwru ri vwudwhjlhv
+ht>he, @ +4> 4, lv wkh rqo| Qdvk htxloleulxp ri wkh vwudwhjlf pdunhw jdph � +dsduw
iurp wkh wulyldo htxloleulxp +et>ee,,

Surri1 Iluvw/ xqghu dvvxpswlrqv +g, dqg +h,/ +4> 4, lv d Qdvk htxloleulxp

gxh wr wkh idfw wkdw CXl

Ctl

���
+4>4,

dqg CXl

Cel

���
+4>4,

duh erwk qrq0qhjdwlyh dqg wkdw wkh

vhfrqg ghulydwlyhv C5Xl

Ct5
l

dqg C5Xl

Ce5
l

duh erwk qhjdwlyh1 Ixuwkhupruh/ wr suryh

xqltxhqhvv/ zh qrwlfh wkdw wkh fdqglgdwh +t�> e�, @
�
q�5
q�

4

> 4
�
lv holplqdwhg vlqfh

t� @ q�5
q�

4

? 4 , �4 A q�5
q

/ ylrodwlqj dvvxpswlrq +g,1 Lq wkh vdph pdqqhu/

wkh fdqglgdwh +t�> e�, @
�
4> q�5

q�
5

�
lv holplqdwhg e| d vlplodu dujxphqw xvlqj

dvvxpswlrq +h,1

Sursrvlwlrq 7 Zkhq +i, �4�5 A
�
q�5
q

�5
/ wkh yhfwru ri vwudwhjlhv +et>ee, lv wkh

rqo| Qdvk htxloleulxp ri wkh vwudwhjlf pdunhw jdph �1

;



Surri1 Qhlwkhu +t�> e�, @
�
q�5
q�

4

> 4
�
/ qru +t�> e�, @

�
4> q�5

q�
5

�
fdq eh d Qdvk

htxloleulxp xqghu dvvxpswlrq +i, vlqfh/ lq erwk fdvhv/ wkhvh duh Qdvk htxloleuld
rqo| li wkh uhyhuvh ri +i, krogv1 Vlploduo|/ +ht>he, @ +4> 4, fdqqrw eh d Qdvk
htxloleulxp xqghu dvvxpswlrq +i, vlqfh wkh lqhtxdolwlhv �4 9 q�5

q
dqg �5 9 q�5

q
>

zklfk duh qhfhvvdu| frqglwlrqv iru +ht>he, wr eh d Qdvk htxloleulxp/ lpso| wrjhwkhu
wkdw wkh uhyhuvh ri +i, krogv1

Sursrvlwlrqv 407/ zklfk surylgh d wd{rqrp| ri Qdvk htxloleuld dv d ixqfwlrq
ri wkh suhihuhqfh lqwhqvlwlhv �4 dqg �5/ uhyhdo wkdw gl�huhqw ohyhov ri glvwru0
wlrq zlwk uhvshfw wr wkh frpshwlwlyh rxwfrph h{/ fdq dulvh dv d frqvhtxhqfh
ri vwudwhjlf ehkdylrxu= qr glvwruwlrq zkhq erwk �4 dqg �5 duh vpdoohu wkdq
q�5
q

+sursrvlwlrq 6,/ pd{lpdo glvwruwlrq zkhq �4�5 A
�
q�5
q

�5
+sursrvlwlrq 7,/

dqg �lqwhuphgldwh� glvwruwlrq zkhq �4�5 ?
�
q�5
q

�5
zlwk dw ohdvw rqh �m odujhu

wkdq q�5
q

+sursrvlwlrqv 4 dqg 5,1 Zh h{dplqh lq wkh qh{w vhfwlrq krz wkhvh
glvwruwlrqv fdq eh uhvruehg/ xvlqj dssursuldwh wd{ dqg wudqvihu lqvwuxphqwv1

7 Wkh h�hfwv ri wd{dwlrq
Lq wkh iudphzrun ri d uhdo h{fkdqjh prgho dv wkh rqh frqvlghuhg khuh/ sulfhv
h{suhvv rqo| wkh h{fkdqjh udwhv ehwzhhq frpprglwlhv1 Dffruglqjo|/ wkh wd{
vfkhph zh frqvlghu wdnhv wkh irup ri d ohy| rq wkh lqlwldo hqgrzphqwv ri wudghuv1
Pruh suhflvho|/ wd{dwlrq d�hfwv wkh vwudwhj| vhwv ri wudghuv dqg/ frqvhtxhqwo|/
wkh Qdvk htxloleulxp ri wkh hqvxlqj vwudwhjlf pdunhw jdph1 Wklv/ lq wxuq/
d�hfwv wkh htxloleulxp ydoxh ri wkh h{fkdqjh udwh15 Wkxv/ wkh wd{ zklfk lv
sursrvhg khuh frqvlvwv lq d oxps0vxp/ dqg qrw lq d frpprglw| wd{/ dv lq wkh
vwdqgdug olwhudwxuh ghdolqj zlwk rswlpdo wd{dwlrq16 Rxu �uvw dlp lv wr �qg d
wd{/ dqg d wudqvihu vfkhph ri wkh surgxfw ri wkdw wd{/ lq ylhz ri uhvruelqj wkh
�lqwhuphgldwh� glvwruwlrqv revhuyhg lq fdvhv fryhuhg e| sursrvlwlrqv 4 dqg 51

Iluvw ohw xv frqvlghu wkh fdvh fryhuhg e| sursrvlwlrq 4/ l1h1 �4 A q�5
q

dqg

�4�5 ?
�
q�5
q

�5
1 Vxssrvh wkdw d wd{ w/ 3 ? w ? 4/ lv ohylhg rq jrrg 4/ zklfk lq

rxu hfrqrp| d�hfwv rqo| djhqwv ri w|sh 4 vlqfh wkh| duh wkh vroh rzqhuv ri wkdw
jrrg1 Diwhu wudgh kdv wdnhq sodfh/ vxssrvh wkdw wkh wd{ uhyhqxh lv xqlirupo|
wudqvihuhg wr doo djhqwv l ri w|sh 5/ l1h1 l 5 iq

5 . 4> ===> qj1 Wklv jhqhudwhv d
qhz vwudwhjlf pdunhw jdph 0 �3w/ vd| 0 gh�qhg dv iroorzv1 Wkh vwudwhj| vhw ri
djhqwv l 5 i4> ===> q5 j lv qrz wkh lqwhuydo ^3> 4� w` zkloh wkh vwudwhj| vhw ri djhqwv
l 5 iq

5 . 4> ===> qj lv/ dv lq wkh jdph �/ wkh lqwhuydo ^3> 4`1 Rq wkh rwkhu kdqg/

5Wklv lv uhplqlvfhqw ri vrph h�hfwv dsshdulqj lq h{fkdqjh hfrqrplhv zkhq wkhuh duh djhqwv
zkr wudqvihu d sduw ri wkhlu lqlwldo uhvrxufhv wr rwkhu djhqwv1 Lq sduwlfxodu/ lw lv zhoo nqrzq
wkdw/ gxh wr wkh pxowlsolflw| ri frpshwlwlyh doorfdwlrqv/ vrph djhqwv fdq jdlq dw htxloleulxp
iurp iuhh jliwv/ ru orrvh iurp dffhswlqj vxfk jliwv +vhh Jdoh +4<:7,,1 Vlplodu skhqrphqd fdq
dulvh zlwk wkh fruh ri wkh h{fkdqjh hfrqrp| +Dxpdqq +4<:6,,1

6 Lq idfw/ lw fdq eh vkrzq wkdw frpprglw| wd{dwlrq dqg wudqvihuv ri wkh wd{ surgxfw duh
qrw vx!flhqw srolf| wrrov wr uhvwruh wkh frpshwlwlyh rxwfrph1

<



dv d frqvhtxhqfh ri wkh wudqvihuv/ wkh rxwfrphv ri wkh jdph �3w dw d yhfwru ri
vwudwhjlhv +t4> ===> tl> ===> tq

5
> eq

5
.4> ===> el> ===> eq, rewdlq dv

{l @

#
4� w� tl>

Sq

n@q

5
.4 enSq

5

n@4 tn
tl

$
> l @ 4> ===>

q

5
+44,

{l @

# Sq

5

n@4 tnSq

n@q

5
.4 en

el . w> 4� el

$
> l @

q

5
. 4> ===> q +45,

jlylqj ulvh wr xwlolw| ohyhov

Xl+t> e, @ �4+4� w� tl, .

Sq
n@q

5
.4 enSq

5

n@4 tn
tl> l @ 4> ===>

q

5

dqg

Xl+t> e, @

Sq

5

n@4 tnSq
n@q

5
.4 en

el . w. �5+4� el,> l @
q

5
. 4> ===> q=

Sursrvlwlrq 8 Zkhq +d, �4 A
q�5
q

dqg +e, �4�5 ?
�
q�5
q

�5
> wkhuh h{lvwv d wd{

w rq jrrg 4/ 4� q�5
q�

4

? w ? 4� q�
5

q�5 / vxfk wkdw wkh rqo| Qdvk htxloleulxp lq wkh
uhvxowlqj jdph �3w +dsduw iurp wkh wulyldo rqh, kdv dv rxwfrph wkh frpshwlwlyh
doorfdwlrq h{ ri wkh jdph �1

Surri1 Iluvw/ ohw xv vkrz wkdw/ xqghu dvvxpswlrqv +d, dqg +e,/ wkh yhfwru
ri vwudwhjlhv +t�> e�, @ +4 � w> 4, lv d Qdvk htxloleulxp ri wkh jdph �3w/ zlwk w

vhohfwhg lq wkh lqwhuydo
k
4� q�5

q�
4

> 4� q�
5

q�5

l
zklfk lv qrq0hpsw| e| dvvxpswlrq

+e,1 Vxssrvh doo djhqwv l/ l @ 4> ===> q5 / sod| wkh vwudwhj| t� @ 4� w dqg doo djhqwv
l/ l @ q

5 . 4> ===> q/ sod| e� @ 41 Vhohfw dq djhqw l/ l 5 �
4> ===> q5

�
/ dqg vxssrvh kh

frqvlghuv d xqlodwhudo ghyldwlrq iurp t�1 Iurp +8,/ zh qrwlfh wkdw

CXl

Ctl

����
+t�>e�,

@
q� 5

q+4� w,
� �4 A 3>

zkhuh wkh odvw lqhtxdolw| iroorzv iurp 4� q�5
q�

4

? w1 Vlploduo|/ vhohfw dq djhqw l/

l 5 �
q
5 . 4> ===> q

�
/ dqg vxssrvh kh frqvlghuv d xqlodwhudo ghyldwlrq iurp e� @ 41

Iurp +9,/ zh qrwlfh wkdw
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CXl

Cel

����
+t�>e�,

@
+4� w,+q� 5,

q
� �5 A 3>

zkhuh wkh odvw lqhtxdolw| iroorzv iurp w ? 4� q�
5

q�5 1 Wkhq +t�> e�, @ +4� w> 4, lv
d Qdvk htxloleulxp lq �3w1 Qrz zh vkrz wkdw lw lv wkh xqltxh rqh1 Lw lv hdv| wr
vhh wkdw wkh rqo| dowhuqdwlyh fdqglgdwh zrxog eh

�
q� 5

q�4
> ===>

q� 5

q�4
> 4> ===> 4

�
=

Krzhyhu/ q�5
q�

4

pxvw eh lq Vl @ ^3> 4� w`/ l @ 4> ===> q5 / frqwudglfwlqj w A 4� q�5
q�

4

1
Wklv suryhv wkdw +t�> e�, @ +4 � w> 4, lv wkh xqltxh Qdvk htxloleulxp lq �3w/
+gl�hulqj iurp wkh wulyldo htxloleulxp,1

Vxevwlwxwlqj wkhvh htxloleulxp ydoxhv t� dqg e� lqwr wkh rxwfrph ixqfwlrqv
+44, dqg +45, vkrzv wkdw wkh rxwfrphv dw htxloleulxp duh wkh vdph dv dw wkh
frpshwlwlyh doorfdwlrq h{ lq �1

Sursrvlwlrq 8 vkrzv wkdw glvwruwlrqv revhuyhg lq wkh fdvh fryhuhg e| sursrvl0
wlrq 4 fdq eh uhvruehg e| dq dghtxdwh wd{ ohylhg rq jrrg 4 dqg d wudqvihu ri wkh
uhvxowlqj wd{ uhyhqxh wr wkh rzqhuv ri jrrg 51 Iurp wkh erxqgv rq w vshoohg lq
sursrvlwlrq 8/ zh fdq ghulyh wkh iroorzlqj revhuydwlrqv1 Iluvw/ wkh orzhu erxqg
lpsrvhv wkdw wkh htxloleulxp sulfh s� ri jrrg 4 diwhu wd{dwlrq

�
4

4�w

�
h{fhhgv

wkh htxloleulxp sulfh ehiruh wd{dwlrq
�

q�
4

q�5

�
1 Dffruglqjo|/ wkh wd{ dqg wudqvihu

vfkhph rshudwhv yld wzr fkdqqhov1 Iluvw/ lw pdnhv srruhu wkh rzqhuv ri jrrg 4
e| frq�vfdwlqj sduw ri wkhlu lqlwldo hqgrzphqw1 Vhfrqg/ lw pdnhv wkhp ulfkhu
e| lqfuhdvlqj wkh uhodwlyh sulfh ri jrrg 41 Wkh frpelqdwlrq ri wkh wzr h�hfwv
qhfhvvdulo| ohdgv wr wkh frpshwlwlyh rxwfrph1 Dv iru wkh xsshu erxqg rq w/ lw
jxdudqwhhv wkdw qr rzqhu ri jrrg 5 lv lqgxfhg wr ghyldwh iurp wkh frpshwlwlyh
vxsso|/ qrwzlwkvwdqglqj wkh wd{ dqg wudqvihuv lqwhuyhqwlrq1

Wkh glvwruwlrq revhuyhg lq wkh fdvh fryhuhg e| sursrvlwlrq 5 fdq eh dv zhoo
uhvruehg zkhq d wd{ lv ohylhg rq jrrg 5 dqg wkh surgxfw ri wkdw wd{ lv wudqvihuhg
wr wkh rzqhuv ri jrrg 41 Dv deryh/ zh gh�qh/ iru d jlyhq wd{ w ohylhg rq
jrrg 5/ wkh uhvxowlqj jdph �33w dv iroorzv1 Wkh vwudwhj| vhw ri djhqwv l/ l @
4> ===> q5 / lv/ dv lq �/ wkh xqlw lqwhuydo ^3> 4`/ zkloh wkh vwudwhj| vhw ri djhqwv l/
l @ q

5 . 4> ===> q/ qrz ehfrphv ^3> 4� w`1 Wkh rxwfrphv ri �33w / dw d yhfwru ri
vwudwhjlhv +t4> ===> tl> ===> tq

5
> eq

5
.4> ===> el> ===> eq,/ rewdlq dv

{l @

#
4� tl>

Sq

n@q

5
.4 enSq

5

n@4 tn
tl . w

$
> l @ 4> ===>

q

5

{l @

# Sq

5

n@4 tnSq

n@q

5
.4 en

el> 4� w� el

$
> l @

q

5
. 4> ===> q=
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Sursrvlwlrq 9 Zkhq +f, �5 A
q�5
q

dqg +e, �4�5 ?
�
q�5
q

�5
> wkhuh h{lvwv d wd{

w rq jrrg 5/ 4� q�5
q�

5

? w ? 4� q�
4

q�5 / vxfk wkdw wkh rqo| Qdvk htxloleulxp lq wkh
uhvxowlqj jdph �33w +dsduw iurp wkh wulyldo rqh, kdv dv rxwfrph wkh frpshwlwlyh
doorfdwlrq h{ ri wkh jdph �1

Surri1 Wkh surri ri wklv sursrvlwlrq lv wkh vdph/ pxwdwlv pxwdqglv/ dv wkh
surri ri sursrvlwlrq 81

Sursrvlwlrqv 8 dqg 9 vkrz wkdw wkh wd{ dqg wudqvihu vfkhphv frqvlghuhg
deryh duh vx!flhqw wr uhvrue wkh glvwruwlrqv lqwurgxfhg e| vwudwhjlf ehkdylrxu
zlwk uhvshfw wr wkh frpshwlwlyh doorfdwlrq/ zkhq dw ohdvw vrph h{fkdqjh lv
revhuyhg dw wkh Qdvk htxloleulxp ehiruh wd{dwlrq1 Lw lv hdv| wr fkhfn wkdw wkh|
duh qrw vx!flhqw zkhq qr h{fkdqjh lv revhuyhg dw htxloleulxp ehiruh wd{dwlrq/
qdpho|/ zkhq dvvxpswlrq +i, ri sursrvlwlrq 7 krogv1 Grhv lw phdq wkdw qr
dowhuqdwlyh vfkhph frxog gr wkh mre lq wkdw fdvhB Dv vkrzq lq sursrvlwlrq :/
d wd{ dqg wudqvihu vfkhph/ lq zklfk wkh vkduh ri wkh wd{ uhyhqxh uhfhlyhg e|
hdfk djhqw lv srvlwlyho| uhodwhg wr wkh dprxqw vxssolhg iru h{fkdqjh/ vxffhhgv
lq ixoo| uhvruelqj wkh pd{lpdo glvwruwlrq revhuyhg dw wkh Qdvk htxloleulxp lq
wkdw fdvh1

Vxssrvh wkdw d wd{ w/ 3 ? w ? 4/ lv ohylhg rq erwk jrrgv/ 4 dqg 5/ jlylqj ulvh
wr d wrwdo wd{ uhyhqxh htxdo wr qw

5 xqlwv ri hdfk jrrg/ dqg wr uhvxowlqj vwudwhj|
vhwv ^3> 4� w` iru doo wudghuv1 Ixuwkhupruh/ vxssrvh wkdw/ diwhu wudgh kdv rffxuhg
dw dq q0wxsoh ri vwudwhjlhv +t4> ===> tl> ===> tq

5
> eq

5
.4> ===> el> ===> eq,/ d vkduh htxdo wr

w
4�w

tl +uhvs1 w
4�w

el, ri wkh wrwdo uhyhqxh qw
5 lq jrrg 5 +uhvs1 jrrg 4, lv wudqvihuhg

wr hdfk djhqw l lq
�
4> ===> q5

�
+uhvs1

�
q
5 . 4> ===> q

�
,17

Pruh suhflvho|/ wkh wd{hv dqg wudqvihuv vfkhph zh kdyh mxvw frqvlghuhg jhq0
hudwhv d vwudwhjlf pdunhw jdph �333w gh�qhg dv iroorzv1 Jlyhq d wd{ w/ 3 ?
w ? 4/ wkh vwudwhj| vhw ri doo djhqwv lv wkh lqwhuydo ^3> 4� w`1 Dv d frqvh0
txhqfh ri wudqvihuv wkh rxwfrphv ri wkh jdph �333w dw d yhfwru ri vwudwhjlhv
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Sursrvlwlrq : Wkhuh h{lvwv d wd{ w/ 3 ? w ? 4/ rq jrrgv 4 dqg 5/ vxfk wkdw wkh
rqo| Qdvk htxloleulxp ri wkh uhvxowlqj jdph �333w +dsduw iurp wkh wulyldo rqh, kdv
dv rxwfrph wkh frpshwlwlyh doorfdwlrq h{ ri wkh jdph �1

Surri1 Iluvw ohw xv vkrz wkdw wkhuh h{lvwv d wd{ w/ 3 ? w ? 4/ iru zklfk
wkh yhfwru ri vwudwhjlhv +t�> e�, @ +4 � w> 4 � w, lv d Qdvk htxloleulxp ri wkh
fruuhvsrqglqj jdph �333w 1 Wklv lv fohduo| wkh fdvh li w vdwlv�hv

CXl

Ctl

����
+t�>e�,

A 3 / w

4� w
A �4 �

q� 5

q
> +48,

dqg

CXl
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A 3 / w
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q� 5

q
= +49,

Li erwk �4 � q�5
q

dqg �5 � q�5
q

duh qhjdwlyh/ wkhq dq| w lq wkh xqlw lqwhuydo
vdwlv�hv +48, dqg +49,1 Qrz dvvxph wkdw dw ohdvw rqh ri wkhvh h{suhvvlrqv lv
srvlwlyh dqg/ zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw �4 @ pd{ i�4> �5j1 Wkhq
�4 � q�5

q
A 3=

Rq wkh rwkhu kdqg/ wkh ixqfwlrq i+w, @ w
4�w

gh�qhg rq ^3> 4` lv prqrwrqh
lqfuhdvlqj iurp 3 wr .4 rq wklv lqwhuydo1 Dffruglqjo|/ wkhuh h{lvwv d ydoxh ri
w/ vd| w/ lq wkh vdph lqwhuydo vxfk wkdw lqhtxdolw| +48, lv vdwlv�hg dw w @ w1 Exw
wkhq/ vlqfh �4 A �5/ lqhtxdolw| +49, lv d iruwlrul vdwlv�hg zlwk w @ w/ zklfk
frpsohwhv wkh surri wkdw wkh yhfwru ri vwudwhjlhv +t�> e�, @ +4 � w> 4 � w, lv d
Qdvk htxloleulxp ri wkh fruuhvsrqglqj jdph �333w 1 Lw lv hdv| wr fkhfn wkdw lw lv
wkh rqo| rqh1
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Vxevwlwxwlqj wkh htxloleulxp ydoxhv t� @ e� @ 4� w lqwr wkh rxwfrph ixqf0
wlrqv +46, dqg +47, vkrzv wkdw wkh rxwfrphv dw htxloleulxp duh wkh vdph dv dw
wkh frpshwlwlyh doorfdwlrq h{ lq �1

Wkh wd{hv dqg wudqvihuv vfkhph xqghuo|lqj sursrvlwlrq : dsshduv dv d srz0
huixo lqvwuxphqw lq uhvruelqj glvwruwlrqv zlwk uhvshfw wr wkh frpshwlwlyh door0
fdwlrq/ vlqfh lw lv h�hfwlyh hyhq zkhq qr0wudgh lv wkh rqo| srvvleoh rxwfrph ri
vwudwhjlf lqwhudfwlrq ehiruh wd{dwlrq1 Wkh srzhu ri wklv lqvwuxphqw iroorzv iurp
lwv lqflwlqj frqwhqw/ vlqfh wkh dprxqw ri wkh pruh suhihuhg jrrg uhfhlyhg e|
hdfk djhqw lq wkh wudqvihu lqfuhdvhv zlwk wkh dprxqw ri wkh ohvv suhihuhg jrrg
kh vhqgv wr wkh pdunhw1

Wkh pdlq gl�huhqfh ehwzhhq wkh vfkhph xqghuo|lqj sursrvlwlrq : dqg wkrvh
frqvlghuhg lq sursrvlwlrqv 8 dqg 9 lv wkdw wudqvihuv lpsolhg e| wkh odwwhu duh
dqrq|prxv= wkh| gr qrw glvwlqjxlvk dprqj wudghuv ri wkh vdph w|sh1 Rq wkh
frqwudu|/ wkh dprxqwv wudqvihuhg lq wkh iruphu duh olqnhg wr wkh lqglylgxdo
vwudwhjlhv vhohfwhg e| wkh djhqwv1

8 Frqfoxvlrq
Lq wklv sdshu/ zh kdyh lqyhvwljdwhg wkh h�hfwlyhqhvv ri wd{ dqg wudqvihu srolflhv
lq fruuhfwlqj pdunhw glvwruwlrqv zkhq wkh hfrqrp| lv lpshuihfwo| frpshwlwlyh1
Zh kdyh shuiruphg wklv dqdo|vlv lq wkh frqwh{w ri dq h{fkdqjh prgho uhsuhvhqw0
lqj d elodwhudo roljrsro| vlwxdwlrq/ zklfk frqvwlwxwhv d sduwlfxodu h{dpsoh ri d
Vkdsoh|0Vkxeln vwudwhjlf pdunhw jdph1

Jrlqj edfn wr wkh htxloleulxp dqdo|vlv zlwkrxw wd{dwlrq ghyhorshg lq vhfwlrq
6/ lw lv hdv| wr vhh wkdw/ ehvlghv wkh wulyldo htxloleulxp/ wkh rqo| uhpdlqlqj Qdvk
htxloleulxp zkhq q $ 4 lv +ht>he, @ +4> 4,/ kdylqj dv rxwfrph wkh frpshwlwlyh
doorfdwlrq h{1 Wklv zhoo nqrzq surshuw| vwdwhv wkdw/ xqghu vwudwhjlf lqwhudfwlrq
lq dq h{fkdqjh hfrqrp|/ frpshwlwlrq lv uhvwruhg zkhq wkh qxpehu ri wudghuv
lqfuhdvhv zlwkrxw olplw1 Zh kdyh vkrzq lq wklv sdshu wkdw/ dw ohdvw iru wkh
sduwlfxodu fdvh ri elodwhudo roljrsro|/ frpshwlwlrq fdq dovr eh uhvwruhg/ zkhq
wkh qxpehu ri wudghuv lv qrw odujh hqrxjk/ e| dghtxdwh wd{hv dqg wudqvihuv1
H{whqglqj rxu dssurdfk wr rwkhu qrq frpshwlwlyh frqwh{wv lv dq rshq �hog iru
ixuwkhu uhvhdufk1

Uhihuhqfhv
^4` Dxpdqq U1 M1 +4<:6,/ Glvdgydqwdjhrxv Prqrsrolhv/ Mrxuqdo ri Hfrqrplf

Wkhru|/ 9/ 40441

^5` Dxpdqq U1 M1/ Nxu} P1 +4<::,/ Srzhu dqg Wd{hv/ Hfrqrphwulfd/ 78/ 446:0
44941

^6` Eorfk I1/ Jkrvdo V1 +4<<:,/ Vwdeoh Wudglqj vwuxfwxuhv lq Elodwhudo
Roljrsrolhv/ Mrxuqdo ri Hfrqrplf Wkhru|/ :7/ 69;06;71
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^7` Frughood W1/ Jdev}hzlf} M1 M1 +4<<;,/ �Qlfh� Wulyldo Htxloleuld lq Vwudwhjlf
Pdunhw Jdphv/ Jdphv dqg Hfrqrplf Ehkdylru/ 55/ 495049<1

^8` Gxeh| S1/ Vkxeln P1 +4<:;,/ D Wkhru| ri Prqh| dqg Ilqdqfldo Lqvwlwxwlrqv1
5;1 Wkh Qrq0frrshudwlyh Htxloleuld ri d Forvhg Wudglqj Hfrqrp| zlwk
Pdunhw Vxsso| dqg Elgglqj Vwudwhjlhv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 4:/
40531

^9` Jdev}hzlf} M1 M1/ Plfkho S1 +4<<:,/ Roljrsro| Htxloleulxp lq H{fkdqjh
Hfrqrplhv/ lq Hdwrq E1 F1 dqg Kduulv U1 J1 +hgv1,/ Wudgh/ Whfkqrorj| dqg
Hfrqrplfv1 Hvvd|v lq Krqrxu ri Ulfkdug J1 Olsvh|/ Fkhowhqkdp/ Hgzdug
Hojdu/ 54:05731

^:` Jdev}hzlf} M1 M1/ Yldo M1 S1 +4<:5,/ Roljrsro| �ã od Frxuqrw� lq Jhqhudo
Htxloleulxp Dqdo|vlv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 7/ 6;407331

^;` Jdoh G1 +4<:7,/ H{fkdqjh Htxloleulxp dqg Frdolwlrqv= Dq H{dpsoh/ Mrxu0
qdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4/ 960991

^<` Jxhvqhulh U1/ Od�rqw M1 M1 +4<:;,/ Wd{lqj Sulfh pdnhuv/ Mrxuqdo ri Hfr0
qrplf Wkhru|/ 4</ 75607881

^43` Pluuohhv M1 D1 +4<:4,/ Dq H{sorudwlrq lq wkh Wkhru| ri Rswlpxp Lqfrph
Wd{dwlrq/ Uhylhz ri Hfrqrplf Vwxglhv/ 6;/ 4:8053;1

^44` P|ohv J1 G1 +4<;<,/ Udpvh| Wd{ Uxohv iru Hfrqrplhv zlwk Lpshuihfw Frp0
shwlwlrq/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 6;/ <804481

^45` Sljrx D1 F1 +4<53,/ Wkh Hfrqrplfv ri Zhoiduh/ Qhz \run/ Pdfploodq

^46` Udpvh| I1 S1 +4<5:,/ D Frqwulexwlrq wr wkh Wkhru| ri Wd{dwlrq/ Hfrqrplf
Mrxuqdo/ 6:/ 7:0941

^47` Vdqgpr D1 +4<:8,/ Rswlpdo Wd{dwlrq lq wkh Suhvhqfh ri H{whuqdolwlhv/
Vzhglvk Mrxuqdo ri Hfrqrplfv/ ::/ ;90<;1

^48` Vkdsoh| O1 +4<:9,/ Qrqfrrshudwlyh Jhqhudo H{fkdqjh/ lq Olq V1 +hg1,/ Wkh0
ru| dqg Phdvxuhphqw ri Hfrqrplf H{whuqdolwlhv/ Qhz \run/ Dfdghplf
Suhvv/ 48804:81

^49` Vkdsoh| O1/ Vkxeln P1 +4<::,/ Wudgh Xvlqj Rqh Frpprglw| dv d Phdqv ri
Sd|phqw/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;8/ <6:0<9;1
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