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Introduction

In 2008, a significant event took place. The world economy faced its most
dangerous financial crisis since 1930. This crisis has had many casualties and
destroyed several million of jobs in the United States alone. Who is to blame?
How did it all happen? We have now many answers to that question, but no
absolute certainty. Experts around the world are still, at the moment, debating
on what exactly went wrong.

In this context, the story of Gaussian copula models in finance is an inter-
esting one. Felix Salmon, financial journalist, wrote, at the end of 2009:

For five years, David X. Li’s formula, known as a Gaussian co-
pula function, looked like an unambiguously positive breakthrough,
a piece of financial technology that allowed hugely complex risks to
be modeled with more ease and accuracy than ever before.

Then the model fell apart. Cracks started appearing early on, when
financial markets began behaving in ways that users of Li’s formula
hadn’t expected. The cracks became full-fledged canyons in 2008.

Today, as dazed bankers, politicians, regulators, and investors sur-
vey the wreckage of the biggest financial meltdown since the Great
Depression, Li is probably thankful he still has a job in finance at
all.

The Gaussian copula did not cause the 2008 crisis. But the fact it had, by
then, become so ubiquitous in finance only aggravated the collapse further.

High-dimensional dependence modeling cannot rely on Gaussian copulas
only. Non-normal and more flexible copulas must also be used, something
discussed by Embrechts (2009) after the crisis, but also by Patton (2006) or
Embrechts et al. (2005) before.

But what are copulas? They have been introduced by Sklar (1959) more
than half a century ago and represent a significant breakthrough in the study
of dependencies between random variables and thus in the construction of mul-
tivariate distributions.
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Introduction

Let (X1, . . . , Xd) be a vector of continuous random variables. The genius of
Sklar was to realize that the joint multivariate distribution of this vector can
be splitted in a set of d marginal univariate distributions {F1(x1), . . . , Fd(xd)}
and a multivariate distribution C(u1, . . . , ud) : Id → I, the latter being the
joint distribution of the random vector (U1 = F1(X1), . . . , Ud = Fd(Xd)). This
multivariate distribution C is called a copula, and the joint distribution J of
the vector (X1, . . . , Xd) can be built easily by injecting the univariate margins
in the copula C:

J(x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)).

By studying the copula C rather than the joint distribution J , one can truly
study the relationships between the random variables (X1, . . . , Xd), free of any
concern for the univariate margins, which, by definition, have nothing to do
with the way the random variables interact with one another.

Thanks to Sklar, it is known that a function C : Id → I qualifies as a copula
as long as three properties are met:

(1) C must have uniform univariate margins ⇔ if all arguments we input
in C are equal to 1 except for one argument, the C function will output this
argument.

Example with d = 6:

C(1, 1, 1, u4, 1, 1) = u4.

It is easy to visualize this requirement by looking at an arbitrary bivariate
copula, such as the one displayed in Figure 1. Any bivariate copula must exhibit
the two red lines displayed in this figure.

Figure 1: Two views of an arbitrary bivariate copula (the independence copula). The red
lines highlight uniform margins.

(2) C must also be grounded ⇔ if any of the arguments we input in C is 0,
the function C returns 0 as well. Examples:
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C(u1, u2, 0, u4, u5, u6) = 0,

C(u1, 0, u3, u4, 0, u6) = 0.

Again, it is easy to visualize this requirement on an arbitrary bivariate
copula, such as the one in Figure 2. Any bivariate copula must exhibit the two
green lines displayed in this figure.

Figure 2: Two views of an arbitrary bivariate copula. The green lines hightlight grounding.

(3) C must be d-increasing.

This last property is a more complicated one to introduce and requires
first to define the notion of C-volume (Nelsen, 2006). Let B be a hypercube
in [0, 1]d, with a = (a1, . . . , ad) being a vertex of B such that for any vertex
bi = (bi1, . . . , bid) of B, ak ≤ bik for all k. The C-volume of B is defined as

VC(B) =
∑
i

sgn(bi)C(bi),

where the sum is taken over all vertices bi of B, and where

sgn(bi) = 1

if bik = ak for an even number of k’s, and

sgn(bi) = −1

if bik = ak for an odd number of k’s.

Definition. C is d-increasing if VC(B) ≥ 0 for all B ∈ [0, 1]d.

Note that if a density c(u1, . . . , ud) exists, d-increasingness is the same as
requesting that

c(u1, . . . , ud) ≥ 0

3
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for any vector u1, . . . , ud. The density c, if it exists, cannot be negative at any
point in the domain of C.

In summary, the three properties any d-dimensional copula must meet are:
(1) univariate margins, (2) being grounded and (3) being d-increasing.

Unfortunately, while this framework allows one to check if a given function
Y : Id → I could serve as a copula, the problem of finding “actual” copulas
remains. Sklar and many other researchers where quick to come up with a
large panel of bivariate copulas, a famous family of bivariate copulas being
for instance the Archimedean family (Nelsen, 2006, pp. 109–155), which origi-
nally appeared not in statistics, but rather in the study of probabilistic metric
spaces, where Archimedean copulas were studied as part of the development of
a probabilistic version of the triangle inequality. For an account of this history,
see Schweizer (1991).

But while the development of bivariate copulas toke off during the last
decades, satisfying d-dimensional copulas, when d > 2, able to accurately model
the relationships between a large number of random variables, are still lack-
ing, with the possible exception of vine copulas, see for instance Bedford and
Cooke (2001), Czado (2010), Czado et al. (2012), Brechmann et al. (2012) or
Brechmann and Schepsmeier (2013). This is reflected in the literature across
many areas of science, where applications involving copulas limit themselves
to bivariate problems or, if they do not, often use the Gaussian copula or the
t-copula (both are, for instance, formally defined by Kurowicka and Joe, 2011).

The goal of this thesis is to improve the understanding of d-dimensional
random phenomena, more precisely to push the development of d-dimensional
copulas further.

The thesis is written in three chapters. The first one is about a particular
kind of graphs, called phylogenetic trees, and mainly deals with how a set of
“small” trees can be used to build a larger tree containing them all. This first
chapter is the only chapter of the thesis not related to copulas.

Chapter 2 is devoted to nested Archimedean copulas (NACs) and is built
on top of Chapter 1. NACs are here formally defined, and their estimation,
facilitated by the findings of Chapter 1, is discussed. Chapter 2, as well as
Chapter 1, is largely based on papers from Segers and Uyttendaele (2014) and
Uyttendaele (2016).

Finally, Chapter 3, which is mainly based on Mazo and Uyttendaele, deals
with factor copulas, which are introduced and extended, in an effort to increase
their level of flexibility. A general conclusion related to all three chapters
follows, as well as an appendix chapter showcasing some R code allowing to
work with the extended factor copulas from Chapter 3.

4



Chapter 1

On phylogenetic Trees

1.1 Introduction

The origin of graph theory started with the Swiss mathematician Leonhard
Euler (1707-1783) and the method he used to solve the Königsberg Bridge
problem, see Biggs et al. (1976). Graphs are mathematical structures used to
model pairwise relations between objects and are nowadays successfully used to
model many types of relations and processes in physical, biological, social and
information systems. Many introductory books on graphs have been written
during the last decades, see for instance Wilson (1970), Biggs (1993), Itô (1993),
West et al. (2001), Chartrand (2006) or Chartrand et al. (2010). Hereafter is
a brief summary of what graphs and phylogenetic trees, which are a particular
kind of graphs (and the main subject of this chapter), are.

Formally, a graph G is a set of vertices (or nodes) and a set of edges, and
can be written

G = (V,E),

where V = {v1, . . . , vh} is the set of h vertices and E = {e1, . . . , ef} is the set
of f edges, this last set being made of pairs of vertices from V indicating what
are the linked or connected vertices.

If one of the pairs from the set {(vi, vi)}, i ∈ {1, . . . , h}, is allowed to be part
of E, then the graph is said to contain a loop, that is, an edge that connects a
vertex to itself.

A common way to represent a graph is through an adjacency matrix A =
{aij}. An adjacency matrix is a squared matrix such that the number of
rows/columns is equal to the number of nodes h in the graph. The entries
{aij} of the matrix simply indicate if node vi is linked to node vj . If yes,
aij = 1. Otherwise, aij = 0. Loops in a graph are easy to spot by looking at
the main diagonal of the matrix.

5
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As an example, Table 1.1 displays the adjacency matrix for the loop-free
graph in Figure 1.1.

Figure 1.1: An undirected connected graph with 10 nodes and 13 edges.

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10
v1 0 1 0 0 0 0 0 0 0 0
v2 1 0 1 0 0 1 0 0 0 0
v3 0 1 0 0 1 0 0 0 0 0
v4 0 0 0 0 0 1 1 0 0 0
v5 0 0 1 0 0 1 0 0 1 1
v6 0 1 0 1 1 0 1 0 0 0
v7 0 0 0 1 0 1 0 1 0 0
v8 0 0 0 0 0 0 1 0 1 0
v9 0 0 0 0 1 0 0 1 0 1
v10 0 0 0 0 1 0 0 0 1 0

Table 1.1: The adjacency matrix corresponding to the graph in Figure 1.1.

Modern texts in graph theory usually define several types of graphs:

An undirected graph is a graph where edges have no orientation. That
is, edges (vi, vj) and (vj , vi) are considered identical. The maximum number
of edges in an undirected graph is h(h − 1)/2. The adjacency matrix of an
undirected graph is always a symmetric matrix.

Directed graphs or digraphs differ from an ordinary or undirected graph,
in that the latter is defined in terms of unordered pairs of vertices, while the
former is defined in terms of ordered pairs of vertices. The edges in a digraph
are called directed edges or arrows. Entry aij in the adjacency matrix indicates
if there is a directed edge from node vi towards node vj .

A mixed graph is a graph in which some edges may be directed and some
may be undirected. Their usage is uncommon.

An undirected graph is said connected if, for every pair of vertices
(vi, vj) from this graph, there is a sequence of edges (called a path) that allows
to go from one node to the other. A graph with just one vertex is considered
connected. An edgeless graph (E = ∅) with two or more vertices is discon-
nected. An example of undirected connected graph is given in Figure 1.1.

6
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Likewise, a directed graph is said connected if, after replacing all di-
rected edges by undirected edges, there is a sequence of edges allowing to go
from vi to vj for any pair of vertices (vi, vj).

An acyclic graph, assumed undirected, is a graph having no graph cycles,
where a graph cycle is a sequence of edges (the minimum size of this sequence
being three), allowing to go from a starting node to itself with distinct nodes on
the way. A graph containing no cycles of length three is called a triangle-free
graph, and a graph containing no cycles of length four is called a square-free
graph.

Undirected trees are undirected graphs that satisfy the following equiv-
alent conditions:

• The graph is connected and has no cycles.
• The graph has no cycles and one is formed if any edge is added to the

graph.
• The graph is connected, but is not connected if any single edge is removed

from E.
• The graph is connected and has h− 1 edges.
• The graph has no cycles and has h− 1 edges.

Directed trees are directed graphs which would be undirected trees if the
directions on the edges were ignored.

A rooted tree is a directed tree with a root, a special node such that all
edges are directed away from that node. Any node in a rooted tree but the
root has always one and only one parent and the root is the common ancestor
to all other nodes.

An unrooted tree is defined in this thesis as an undirected tree for con-
venience. In an unrooted tree, it is not possible to identify the parent of an
arbitrary node, as a neighbouring node could be about anything (child or par-
ent), since the edges are undirected.

a phylogenetic tree is a rooted tree where all nodes but the end nodes
have at least two children. The end nodes of such a tree are called leaves. These
special rooted trees will be referred to as NAC trees or as NAC structures in
Chapter 2.

Definition 1.1.1. Let D0 be a nonempty, finite set with |D0| = d elements.
For concreteness, let D0 = {U1, . . . , Ud}. Formally, a phylogenetic tree λ on
D0 is a collection of nonempty subsets of D0 such that

(i) D0 ∈ λ;

(ii) {Uj} ∈ λ for every Uj ∈ D0;

(iii) if A,B ∈ λ, then either A ⊂ B, B ⊂ A, or A ∩B = ∅.

The elements of λ are the nodes of the graph. The element D0 of λ is the root
and the singleton elements {Uj} of λ are the leaves. The nodes of λ that are
not leaves are called branching nodes or internal nodes. If A,B ∈ λ are such

7
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that A ⊂ B, A 6= B, and there is no C ∈ λ such that A ⊂ C ⊂ B and C 6= A
and C 6= B, then A is called a child of B and conversely B is called the parent
of A. The set of children of B in λ is denoted C(B, λ).

Example. Let λ be the set{
{U1, U2, U3}, {U2, U3}, {U1}, {U2}, {U3}

}
.

The graphical representation of this phylogenetic tree is shown in Figure 1.2,
where D123 is a convenient label for the subset {U1, U2, U3} and D23 for the
subset {U2, U3}. Later in this thesis, sets such as {U1, U2, U3} will be referred
to as 123 for even more convenience.

U1

U2 U3

D123

D23

Figure 1.2: A phylogenetic tree. To ease the notation, the singletons {U1}, {U2} and {U3}
are denoted U1, U2 and U3.

In this chapter, a novel way of storing the topographical information about
such tree through a lowest common ancestor matrix (Section 1.3) and a novel
way of calculating a distance between two phylogenetic trees (Section 1.6) are,
among other things, given. However, the main contribution of this chapter is
the developement of a new way of using “small” phylogenetic trees in order
to build a larger phylogenetic tree containing them all, see Section 1.5. This
chapter is largely based on Segers and Uyttendaele (2014).

1.2 Getting a marginal phylogenetic tree

Let λ be a phylogenetic tree on D0 and let A be a nonempty subset of D0. The
set A need not be a node of λ. The phylogenetic tree λ induces a phylogenetic
tree on A by the following operation:

λ uA = {A ∩B : B ∈ λ} \ {∅}.

That is, λ u A is obtained by intersecting every node B of λ with A. Some of
these intersections will be empty, and they are removed. Different nodes B1

and B2 of λ may have identical intersections B1 ∩A and B2 ∩A with A; since
λ u A is the collection of all intersections, identical intersections are counted
only once.

8
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It is easy to verify that this construction produces a phylogenetic tree on
A: verification of (i), (ii), and (iii) in Definition 1.1.1 is immediate.

1.3 Lowest Common Ancestor

Let T be a subset of D0 containing at least two elements, that is |T | ≥ 2. The
set T does not need to be a node of λ. The lowest common ancestor (lca) in
λ of the elements of T is given by the intersection of all the nodes B in λ that
contain T , that is,

lca(T, λ) =
⋂

B∈λ:T⊆B

B, (1.3.1)

and it provides the lowest branching node (read: farthest from the root) through
which the elements of T are linked up in λ. As an example, looking at the tree
in Figure 1.2, one can see that the lowest common ancestor between U2 and U3

is D23, while

lca({U1, U2}, λ) = D123

and
lca({U1, U3}, λ) = D123.

As an alternative to an adjacency matrix, a phylogenetic tree can also be rep-
resented through a lca matrix.

A lca matrix L = {lij} is a square upper triangular matrix with a number
of rows/columns equal to the number of leaves in the tree. The matrix entries
{lij}, i < j, indicate the furthest node from the root through which node Ui
and node Uj are related, that is, their lowest common ancestor. The entries
{lij}, i = j, weigh no particular meaning and are therefore conveniently used
to store the labels of the leaves. Likewise, entries where i > j can be used to
store extra labels for the corresponding lowest common ancestors in the upper
part of the matrix if needed. As an example, Table 1.2 displays the lca matrix
for the phylogenetic tree shown in Figure 1.2.

U1 D123 D123

U2 D23

U3

Table 1.2: The lca matrix corresponding to the rooted tree in Figure 1.2.

Lowest common ancestor matrices offer several advantages compared with
adjacency matrices. First, they are always more compact than adjacency ma-
trices: a lca matrix is always a d×d matrix, while the corresponding adjacency
matrix is of size (d+ I)× (d+ I), where I ≥ 1 is the number of internal nodes

9
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in the tree. Second, while the labels of the nodes, whether they are internal
nodes or leaves, can easily be stored in the lca matrix itself, they must be stored
apart with an adjacency matrix, which lacks convenience. But the most impor-
tant advantage of lca matrices over adjacency matrices will become apparent
in Chapter 2, where nested Archimedean copula are introduced.

Compared with adjacency matrices, lca matrices have however one practical
disadvantage: it is hard to get an idea of what the tree behind a lca matrix
looks like. Adjacency matrices are indeed much easier to read.

1.4 The 3-leaf case

Let D0 = {U1, U2, U3}. A phylogenetic tree built on D0 when D0 is made of
three elements will be called a 3-leaf phylogenetic tree, and there are only four
possible phylogenetic trees fulfilling Definition 1.1.1 in this case:{

{U1, U2, U3}, {U1}, {U2}, {U3}
}

= Λ123,{
{U1, U2, U3}, {U2, U3}, {U1}, {U2}, {U3}

}
= λ23,{

{U1, U2, U3}, {U1, U2}, {U1}, {U2}, {U3}
}

= λ12,{
{U1, U2, U3}, {U1, U3}, {U1}, {U2}, {U3}

}
= λ13.

1.5 Recovering a phylogenetic tree from all its
marginal 3-leaf phylogenetic trees

Let λ be a phylogenetic tree on D0 = {U1, . . . , Ud}, d ≥ 3. Let B be a branching
node of λ. The set of all children of B forms a partition of B, that is, taking the
union of all children of a branching node B allows to reconstruct that branching
node. As a consequence, every branching node has at least two children.

Since the children of a branching node B form a partition of B and since
each branching node has at least two children, it follows that each branching
node can be reconstructed from the pairs of which it is the lowest common
ancestor, that is, for every branching node B, we have

B =
⋃{
{Ui, Uj} ⊂ D0 : Ui 6= Uj , lca({Ui, Uj}, λ) = B

}
. (1.5.1)

The relation “. . . has the same lowest common ancestor as . . . ” is an equiv-
alence relation on the set of pairs {Ui, Uj} of D0. This relation induces a
partition of the set of pairs into equivalence classes: two pairs {Ui, Uj} and
{Uk, Ul} belong to the same equivalence class if and only if they have the same
lowest common ancestor in λ.

By Equation (1.5.1), the phylogenetic tree λ can be reconstructed from
the equivalence relation it induces on the set of pairs: every equivalence class

10
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of pairs corresponds to a branching node, the branching node being given by
the union of the pairs in that equivalence class. Put differently, the union
of all pairs within an equivalence class yields the branching node that is the
lowest common ancestor for each pair in that equivalence class. Hence, every
phylogenetic tree λ on D0 can be represented as a partition on the set of pairs
of D0.

Let d ≥ 4. Suppose that for any set Dijk = {Ui, Uj , Uk} with distinct
i, j, k ∈ {1, . . . , d}, the related marginal tree λ uDijk is known. Define 3(λ) as
the set of these

(
d
3

)
trees, that is, the set of all marginal 3-leaf phylogenetic

trees one can built from λ.

In Proposition 1.5.1, it is shown that the phylogenetic tree λ can be recov-
ered from 3(λ). Lemmas 1 and 2 contain some auxiliary results.

Lemma 1. Let λ be a tree on D0. For any nonempty subsets T1, T2 and C of
D0 such that (T1 ∪ T2) ⊂ C, we have

lca(T1, λ) = lca(T2, λ) ⇐⇒ lca(T1, λ u C) = lca(T2, λ u C).

Proof. The proof is built in two steps. First we need to prove that, for ∅ 6=
A ⊂ C ⊂ D0, we have

lca(A, λ u C) = lca(A, λ) ∩ C.

By definition, we have

lca(A, λ) ∩ C =

( ⋂
B∈λ:A⊆B

B

)
∩ C =

⋂
B∈λ:A⊆B

(B ∩ C).

Since A is a subset of C and since A must be a subset of B, notice that requiring
A ⊂ B is equivalent to requiring A ⊂ B ∩ C. Thus we can write

lca(A, λ) ∩ C =
⋂

B∈λ:A⊆B∩C

(B ∩ C).

On the other hand,

lca(A, λ u C) =
⋂

B′∈λuC:A⊆B′
B′.

Since λ u C = {B ∩ C : B ∈ λ} \ {∅} by definition, we can rewrite the above
expression as

lca(A, λ u C) =
⋂

B∈λ:A⊆B∩C,B∩C 6=∅
(B ∩ C).

And because A ⊆ B ∩ C and A 6= ∅, the requirement B ∩ C 6= ∅ can be
dropped, thus

11
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lca(A, λ u C) =
⋂

B∈λ:A⊆B∩C

(B ∩ C) = lca(A, λ) ∩ C.

The second step of the proof of Lemma 1 begins by making use of the result
from the first step. Indeed, we can now write:

lca(Tj , λ u C) = lca(Tj , λ) ∩ C with j = 1, 2.

Suppose to begin lca(T1, λ) = lca(T2, λ). We therefore have

lca(T1, λ u C) = lca(T1, λ) ∩ C
= lca(T2, λ) ∩ C
= lca(T2, λ u C).

On the other hand, suppose that lca(T1, λuC) = lca(T2, λuC). Obviously,

lca(T1, λ) ⊃ lca(T1, λ) ∩ C,

and since T2 is both a subset of lca(T2, λ) and of C, we also have

lca(T2, λ) ∩ C ⊃ T2.

Because lca(T1, λuC) = lca(T2, λuC) implies that lca(T1, λ)∩C = lca(T2, λ)∩
C, we have

lca(T1, λ) ⊃ T2,

which means that lca(T1, λ) is an ancestor of T2, but not necessarily the lowest.
Therefore lca(T1, λ) ⊃ lca(T2, λ). The converse inclusion holds as well, by sym-
metry of the argument. We conclude that the two sets lca(T1, λ) and lca(T2, λ)
are in fact equal.

Essentially this lemma states that if two subsets of D0 have the same lowest
common ancestor in λ, then they also have the same lowest common ancestor
in any subtree of λ, provided the two subsets are included in the set of leaves
of that subtree. For instance, consider the structure in Figure 1.3, where D0 =
{U1, . . . , U7}. The set {U5, U6, U7} has the same lowest common ancestor as
the set {U5, U7} in λ, this lowest common ancestor being the node D567. This
holds true even if you consider only the subtree spanned on {U4, U5, U6, U7},
that is, even if you only consider the right branch of the structure in Figure
1.3.
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U1

U2 U3

U4

U5

U6 U7

D123

D0

D23

D4567

D567

D67

Figure 1.3: A phylogenetic tree that spans on 7 leaves, D0 = {U1, . . . , U7}.

Lemma 2. Let λ be a tree on D0 and let A ∈ λ. Let B be a nonempty subset
of D0 with a least two elements. The lowest common ancestor of B is equal to
A if and only if B ⊂ A and there exist distinct children B1 and B2 of A such
that B ∩B1 6= ∅ and B ∩B2 6= ∅.

Proof. Suppose first that A is the lowest common ancestor ofB. ClearlyB ⊂ A.
Let B1, . . . , Bp be the children of A and recall these children form a partition
of A. Hence B = B ∩ A =

⋃p
j=1(B ∩ Bj), and thus at least one of these

intersections is not empty. However, if only one of these intersections would
be nonempty, say B ∩ B1, then we would get B = B ∩ B1 and thus B ⊂ B1,
meaning that B1 is also common ancestor of all elements of B. Since B1 is a
proper subset of A, this would be in contradiction with the assumption that A
is the lowest common ancestor of B. Therefore if A is the sca of B, B has a
nonempty intersection with a least two children of A.

Conversely, suppose that B ⊂ A and that there exist distinct children B1

and B2 of A having nonempty intersections with B. Let A′ be a node in λ such
that B ⊂ A′. Then also B∩B1 ⊂ A′, and thus, as B∩B1 is nonempty, A′∩B1

is not empty. Similarly, A′ ∩ B2 is not empty. Since B1 and B2 are disjoint,
requirement (iii) in Definition 1.1.1 then forces B1 and B2 to be descendants
of A′. As a consequence A ⊂ A′. We have obtained that A is included in every
node A′ containing B as a subset. We conclude that A is the lowest common
ancestor of the elements of B, as required.

The meaning of this second lemma is less straightforward. It states that if
B is a subset of A, A being a node of λ, the only way A is going to be the
lowest common ancestor of B is if B has a nonempty intersection with two
distinct children of A. Consider Figure 1.3 again. If A = {U4, U5, U6, U7},
then the lca of B = {U4, U5} is A because in that case, B has a nonempty
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intersection with the only two children of A, these two children being {U4} and
D567 = {U5, U6, U7}.

Proposition 1.5.1. The phylogenetic tree λ can be recovered from the set 3(λ),
that is, it is possible to retrieve the partition of the set of pairs {Ui, Uj} of D0

into equivalence classes from the set 3(λ).

Proof. Let first {Ui, Uj} and {Ui, Uk} be two pairs with exactly one element,
Ui, in common. To see whether they have the same lowest common ancestor
in λ, it is sufficient to consider the tree induced by λ on the set {Ui, Uj , Uk}:
it is known from Lemma 1 that the pairs {Ui, Uj} and {Ui, Uk} have the same
lowest common ancestor in λ if and only if they have the same lowest common
ancestor in λijk.

On the other hand, if two pairs are disjoint, there exists no set with only
three elements containing both pairs. Still, considering {λijk} with distinct
i, j, k ∈ {1, . . . , d} turns out to be sufficient to verify the equivalence of the
two disjoint pairs: the two pairs can only be equivalent if there is a third pair
equivalent to both of them and having a nonempty intersection with each of
them.

Indeed suppose first there exists a pair {Ui, Uj} having the same lowest
common ancestor as the pair {Ui, Uk}. Also suppose {Ui, Uk} has the same
lowest common ancestor as {Uk, Ul}. Then by transitivity {Ui, Uj} has the
same lowest common ancestor as {Uk, Ul}.

Conversely, suppose that {Uk, Ul} and {Ui, Uj} have the same lowest com-
mon ancestor, A. Recall Lemma 2. Let Bi, Bj , Bk, Bl be the children of A, to
which Ui, Uj , Uk, Ul belong, respectively. Since the lca of Ui and Uj is A, the
pair {Ui, Uj} must have a non-empty intersection with two different children
of A (Lemma 2). Hence, Bi and Bj must be disjoint, Bi ∩ Bj = ∅. Similarly
Bk ∩Bl = ∅. Then Bk and Bl cannot both be equal to Bi.

• If Bk is different from Bi, then Ui and Uk belong to two different children
of A, and the lowest common ancestor of {Ui, Uk} is A, too;

• If Bl is different from Bi, then, similarly, the lowest common ancestor of
{Ui, Ul} is A, too.

In both cases, we have found a pair that is equivalent to {Ui, Uj} and {Uk, Ul}
and that has a nonempty intersection with each of them.

Given a phylogenetic tree λ, it is thus always possible to break it down
into a set of 3-leaf structures, one 3-leaf structure for each combination of the
elements of D0, taken three at the time without repetition. Proposition 1.5.1
states that this set of 3-leaf trees is sufficient to recover λ.

The idea to decompose a structure into smaller pieces that uniquely deter-
mine the structure is however not new. Ng and Wormald (1996) show that a
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U1 U2 U3 U4

12

1234

34

Figure 1.5: A phylogenetic tree that spans on 4 leaves with D0 = {U1, . . . , U4}.

given structure can be broken down into a set of triples and fans. A triple is a
tree with three leaves and two internal vertices. A fan is a tree with only one
internal vertex and at least three leaves (that is, a fan is a trivial tree with at
least three leaves). A fan with d leaves is called a d-fan.

Hereafter is a practical example on how to retrieve λ from 3(λ) when d = 4.
Suppose indeed the

(
4
3

)
= 4 elements of 3(λ) are as shown in Figure 1.4.

U1 U2

U3 D12

D312

U1 U2

U4 D12

D412

U1

U3 U4

D134

D34 U2

U3 U4

D234

D34

Figure 1.4: A set of 3-leaf structures that uniquely determines the 4-leaf structure in Figure
1.5. Note that the labels of the internal nodes are irrelevant. The lowest common ancestor
of U1 and U2 could have been labeled P instead of D12 in the first structure and Q in the
second structure.

From Figure 1.4, we get that

• The lowest common ancestors of the pair {U1, U2} are {D12, D12};
• The lowest common ancestors of the pair {U1, U3} are {D321, D134};
• The lowest common ancestors of the pair {U1, U4} are {D412, D134};
• The lowest common ancestors of the pair {U2, U3} are {D312, D234};
• The lowest common ancestors of the pair {U2, U4} are {D412, D234};
• The lowest common ancestors of the pair {U3, U4} are {D34, D34}.

It appears therefore that {U1, U3}, {U1, U4}, {U2, U3} and {U2, U4} belong
to the same equivalence class, while {U1, U2} is by itself, as well as {U3, U4}.
The branching nodes of λ in this case are therefore {U1, U2, U3, U4}, {U1, U2}
and {U3, U4}. The rooted tree structure λ is thus as shown in Figure 1.5.

The general procedure for any d ≥ 4 is as shown in Algorithm 1.
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Algorithm 1 How to retrieve λ from 3(λ)

for all pairs {Ui, Uj} such that i < j do
Get from 3(λ) the set of lowest common ancestors. That is, for each ele-

ment of 3(λ) where both {Ui, Uj} are leaves, extract their common ancestor.
There should be d− 2 lowest common ancestors available for each pair;
end for
for all pairs {Ui, Uj} such that i < j do

Intersect the set of lowest common ancestors of the working pair with
the other sets (one set for each other pair of variables). Any nonempty
intersection means the two pairs are related, that is, belong to the same
equivalence class. This also allows to determine the number of equivalence
classes;
end for
for all equivalence classes do

Take the union of all pairs within each equivalence class to get the branch-
ing nodes of the structure. There are as many branching nodes as there are
equivalence classes;
end for
Add the leaves to the branching nodes to get λ.

1.6 Distance between two phylogenetic trees

Given two phylogenetic trees λ1 and λ2, how to get a measure of similarity or
dissimilarity between the two? Hereafter we consider two distances.

The first one is a 01-distance: if the adjacency or lca matrix of λ1 is actually
equal to the adjacency or lca matrix of λ2, then the distance is 0. Otherwise,
the distance is 1.

The second distance, called the tri-distance, is based on the comparison
of the 3-leaf pieces of λ1 and the 3-leaf pieces of λ2, that is, based on the
comparison of 3(λ1) and 3(λ2). If both trees are equal, all the 3-leaf pieces will
be equal as well, and the distance is 0. If, among the

(
d
3

)
trivariate pieces from

λ1 and the
(
d
3

)
trivariate pieces from λ2, k pieces differ, then the distance is

k. The maximum possible tri-distance is therefore
(
d
3

)
. Unlike the 01-distance,

this last distance allows to assess how far from one another two phylogenetic
trees are.

1.7 Supertree methods

Supertree methods have been extensively studied in the field of phylogenetics.
They are designed to output a tree (called the supertree) such that this tree
will be the best match of an input set of smaller trees, this input set including
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trees of various sizes, conflicting trees and also missing trees (that is, some
information to build the supertree is actually lacking). Some interesting ref-
erences to get started are Bininda-Emonds (2004), Wilkinson et al. (2005) or
Swenson et al. (2012).

Many supertree methods take as input a set of unrooted trees and output
an unrooted tree, see for instance the R package phytools (Revell, 2012), where
two such methods are available. Hereafter is described how such methods can
be used for the purpose of building a phylogenetic tree λ based on an input set
of marginal phylogenetic trees from λ.

phylogenetic trees are by definition a subset of rooted graphs. To start, all
input phylogenetic trees must be unrooted. If the root of an input phylogenetic
tree has two and only two children, the root is removed and the two children
become directly connected. Otherwise, the root remains in the graph. In both
cases, the edges become undirected.

Once the input trees are ready, all the topological information available
across them is gathered as a matrix, called the character matrix. Let {e1, . . . , er}
be the set of r internal edges (an internal edge is an edge between two internal
nodes) across all trees in the set of unrooted input trees. Let D0 = {U1, . . . , Ud}
be the set of leaves such that each of these leaves exists in at least one of the
input trees. Elements of D0 that are on one side of edge ei, i = {1, . . . , r},
receive the state 0, elements that are on the other side receive the state 1.
Elements of D0 that are on neither of the two sides of ei receive the unknown
state for that edge. The d × r character matrix contains all of the states. A
supertree is by definition a tree that spans on all of the elements of D0. It has
no particular properties or features a regular tree does not have: it is just a
tree that has to span on all the elements of D0. The goal of a supertree method
is to find a supertree such that some loss function, this loss function comparing
the topological information of the supertree to the d × r character matrix, is
optimized.

U1 U3 U2 U4

13

1234

24 U1 U3

U4 U5

1345

45

U1 0 0
U2 1 ?
U3 0 0
U4 1 1
U5 ? 1

U1 0 1 0
U2 1 0 ?
U3 0 1 0
U4 1 0 1
U5 ? ? 1
O 0 0 0

Figure 1.6: Two rooted input phylogenetic trees and the related character matrix built on
the unrooted version of these two trees first without and second with an outgroup added.
1234 refer to the set D1234 = {U1, . . . , U4}. Likewise, 12 = D12 = {U1, U2}, 1345 = D1345 =
{U1, U3, U4, U5}, etc.

As an example, consider the two tree structures in Figure 1.6. Suppose one
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wants to build a tree spanned on D0 = {U1, . . . , U5} based on these two trees.
Both input trees are first unrooted. The first rooted tree in Figure 1.6 loses
one internal edge in the process and becomes a tree with structure of the form
>−<, as shown on the top left side of Figure 1.7, where the only remaining
internal edge (the − in >−<) has nodes 13 and 24 at its tips.

Figure 1.7: Top left: the unrooted version of the first rooted tree displayed in Figure 1.6.
Bottom left: an outgroup O has been attached to the root of the first rooted tree displayed
in Figure 1.6 before the tree is unrooted. Thanks to this outgroup, we are able to keep track
of the root, even though the tree has been unrooted. Right: an example of nearest neighbour
interchange (NNI) from Wikipedia.

The second rooted tree in Figure 1.6, when unrooted, also becomes a tree
with structure of the form >−<, where the internal edge has nodes 1345 and
45 at its tips. The character matrix that gathers all the topological information
available based on these two unrooted trees is the 5 × 2 matrix displayed in
Figure 1.6. Looking at the internal edge in the first unrooted tree (top left of
Figure 1.7), we see that U1 and U3 are on one side of that edge and U2 and U4

are on the other side. We assign the label (or state) 0 to U1 and U3, and the
label 1 to U4 and U2. The leaf U5 does not appear in this input unrooted tree
and it is therefore not known to which side this leaf belongs. We therefore assign
an unknown state to U5, thus ending the first column of the 5 × 2 character
matrix. For the second unrooted tree, U1 and U3 are on one side of the internal
edge and U4 and U5 are on the other side. We do not know to which side U2

belongs. This makes up the second column of the 5× 2 character matrix.

Once the character matrix has been built, the next step is to find an un-
rooted supertree that will agree as much as possible with the topological in-
formation available in the matrix. The strategy is to pick a starting supertree
and then to apply topological rearrangements to that supertree in a recursive
fashion. Rearrangements leading to a supertree closer to the character matrix
are kept, otherwise they are not kept. The final supertree is one such that no
further rearrangements of the supertree allows to come closer to the character
matrix.

From here, many different supertree methods can be built by changing the
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way the starting supertree is defined and the way the starting supertree is
recursively modified. Later in this thesis,

• NJNNI will refer to the case where the starting supertree is built based on
the neighbor joining (NJ) clustering method from Saitou and Nei (1987)
and where the changes recursively applied on the tree are NNI rearrange-
ments, see the right side of Figure 1.7 for an example and Felsenstein
(2004, p. 39) for a detailed description ;

• RNix will refer to the case where the starting supertree is chosen at ran-
dom and is then modified according to Nixon (1999).

In any case, these supertree methods output an unrooted supertree and,
by unrooting input phylogenetic trees, destroy the topological information that
could be used to root the outputted supertree in order to make it a phylogenetic
tree.

This problem can be solved by using an extra leaf, called the outgroup. The
outgroup is attached to the root of each input phylogenetic tree prior to the
process of unrooting them. The set D0 defined earlier becomes {U1, . . . , Ud, O}.
As an example, the character matrix with such outgroup for the two input
trees in Figure 1.6 is displayed on the most right part of the same figure. The
unrooted version of the first tree in Figure 1.6 with this outgroup attached is
displayed at the bottom left of Figure 1.7. Note that the character matrix,
with outgroup, has now as many columns as there are internal edges across the
original, rooted, input trees. A supertree based on this 6× 3 character matrix
will span on {U1, . . . , U5} and the outgroup O. Once a satisfying supertree
is found, the final step is to use the outgroup to root the supertree before
removing that outgroup from it.

1.8 Conclusion

In this chapter, what a phylogenetic tree is has been formally defined, and it
was shown how such a tree can be stored as an adjacency matrix or as a lowest
common ancestor matrix, the latter being a more compact and efficient way of
storing the tree than the former. A novel way of calculating a distance between
two phylogenetic trees has also been given, this new distance being based on
the comparison of marginal 3-leaf parts of the two input trees one wishes to
compare. In this chapter, how a set of “small” phylogenetic trees can be used
to build a larger phylogenetic tree containing them all has also been explored
in two different ways, including one novel.

While phylogenetic trees typically arise in evolutionary biology, where they
are used to show the inferred evolutionary relationships among various bio-
logical species or other entities based upon similarities and differences in their
physical or genetic characteristics, this chapter should also be of use for statis-
ticians: indeed, phylogenetic trees are the backbones of nested Archimedean
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copulas (Joe, 2001, pp. 87–89) and hierarchical Kendall copulas (Brechmann,
2014), where they are used to model the relationships between random vari-
ables as a hierarchy. In this context, leaves of the phylogenetic tree are random
variables, while the other nodes represent stops through which these random
variables are able to interact.

In the next chapter, the subject of which being nested Archimedean copulas,
the content of the current chapter will be shown to be of huge interest when
facing the issue of estimation of a phylogenetic tree that properly models the
relationships between a given set of random variables, based on some data from
the random phenomenon of interest.
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Nested Archimedean
Copulas

2.1 Introduction

Nested Archimedean copulas (NACs), also called hierarchical Archimedean cop-
ulas (HACs), introduced by Joe (2001, pp. 87–89), are a natural generalization
of Archimedean copulas. The key feature of an Archimedean copula is its
generator, which are formally defined in Section 2.2.

Nested Archimedean copulas are made up of two parts: a NAC (or phylo-
genetic) tree λ, as defined in Chapter 1, and a set of generators Ψ. NACs offer
more flexibility for modeling dependencies in a high-dimensional setting while
still reducing to Archimedean copulas in simpler cases.

Estimation of nested Archimedean copulas has been the main topic of sev-
eral papers, see for instance Okhrin et al. (2013a) or Górecki et al. (2015). In
this chapter, largely based on papers from Segers and Uyttendaele (2014) and
Uyttendaele (2016), the point of view according to which there are two main
approaches to estimate a NAC is developed.

In the first approach to estimate a NAC, the target phylogenetic tree is
estimated free of any concern for the sufficient nesting condition, this sufficient
nesting condition being given in Section 2.2. With this first approach, esti-
mation of the generators after the target phylogenetic tree has been estimated
remains an open problem.

In the second approach, the target tree structure λ is estimated in such
a way that, should the generators from Ψ all belong to a same parametric
family, their parameters can be easily estimated afterwards so that the sufficient
nesting condition is met.

For each of these two main approaches, several examples are given. Large
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scale simulation is performed in Section 2.5, with special focus given to the abil-
ity of retrieving the target phylogenetic tree λ. In Section 2.6, estimation of a
target phylogenetic tree based on the daily logreturns of 6 indices is performed
using a NAC tree estimator from the first approach. The second approach is
applied in Section 2.7, as well as in Section 2.8. In Section 2.7, the dependence
structure of weekly logreturns is estimated through time around the 2008 crisis.
In Section 2.8, before a discussion section, full estimation of a nested Archime-
dean copula based on exam results from 482 students is performed, as well as
a naive attempt to check the fit using principal component analysis.

Before all this however, a not so short introduction to Archimedean copulas
and nested Archimedean copulas is given.

2.2 Archimedean and Nested Archimedean cop-
ulas

Let (X1, . . . , Xd) be a vector of continuous random variables. The copula of
this vector is defined as

C(u1, . . . , ud) = P (U1 ≤ u1, . . . , Ud ≤ ud),

where (U1, . . . , Ud) = (FX1
(X1), . . . , FXd(Xd)), and where FX1

, . . . , FXd are
the marginal cumulative distribution functions (CDFs) of X1, . . . , Xd.

Archimedean copulas (ACs) can always be written in closed form as

C(u1, . . . , ud) = ψ(ψ−1(u1) + · · ·+ ψ−1(ud)), (2.2.1)

with ψ : [0,∞)→ [0, 1], a continuous, nonincreasing function, however strictly
decreasing on [0, inf{x : ψ(x) = 0}) and such that ψ(0) = 1 and ψ(∞) = 0.
The ψ function is called an Archimedean generator and ψ−1 is its generalized
inverse.

In order for C in Equation (2.2.1) to be a proper copula when d = 2, ψ is
also required to a be convex function. This is however not enough for d > 2:
in order for C to be a proper d-dimensional copula, with d > 2, the generator
is required to be d-monotone on [0,∞). That is,

(−1)kψ(k)(t) ≥ 0

must hold ∀t ≥ 0 and k ∈ {0, 1, 2, . . . , d− 2}, while (−1)d−2ψ(d−2)(t) is nonin-
creasing and convex. See McNeil and Nešlehová (2009) for more details.

The generators in Table 2.1 (Hofert and Maechler, 2011) are among the
most popular ones. All of them are completely monotone, that is, d-monotone

for all integer d ≥ 2. For the Frank family, D(θ) = 1
θ

∫ θ
0
t/(exp(t) − 1) dt.

For the five families that are given in this table, one can check that increasing
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the value of the parameter θ leads to an increase of the Kendall’s τ coefficient
between any two variables of the related Archimedean copula. For instance,
the minimum achievable Kendall’s τ coefficient in the case of the AMH family
is 0 when θ approaches 0 and 1/3 when θ approaches 1.

Table 2.1: Some popular generators of Archimedean copulas.

name generator ψ(x) θ τ

AMH (1− θ)/(ex − θ) θ ∈ (0, 1) 1− 2
(
θ + (1− θ)2 log(1− θ)

)
/(3θ2)

Clayton (1 + x)−1/θ θ ∈ (0,∞) θ/(θ + 2)

Frank − log(1− (1− e−θ)e−x)/θ θ ∈ (0,∞) 1 + 4(D(θ)− 1)/θ

Gumbel exp(−x1/θ) θ ∈ [1,∞) (θ − 1)/θ

Joe 1− (1− e−x)1/θ θ ∈ [1,∞) 1− 4
∑∞
k=1 1/(k(θk + 2)(θ(k − 1) + 2))

Estimation of an AC is usually performed either by assuming ψ belongs to
a parametric family or by not assuming anything about ψ, that is, the whole
ψ function has to be estimated in a nonparametric fashion. This last case as
been studied in details by Genest et al. (2011b).

Consider a sample (X11, . . . , X1d), . . . , (Xn1, . . . , Xnd), drawn from a mul-
tivariate distribution function whose copula C is Archimedean. As originally
recognized by Genest and Rivest (1993), inference for Archimedean copulas can
be based on the probability integral transformation,

W = C(U1, . . . , Ud),

where (U1, . . . , Ud) has distribution C, this distribution being the Archimedean
copula of interest. The map

K(w) = P (W ≤ w),

defined for all w ∈ [0, 1], is the Kendall distribution function (Barbe et al.,
1996; Genest and Rivest, 2001; Nelsen et al., 2003), and is such that K(w) ≥ w
for all w ∈ [0, 1] whatever the copula C. However, if the latter is Archimedean,
then, for all w ∈ [0, 1],

lim
t↑w

K(t) = K(w−) > w. (2.2.2)

The nonparametric estimate of the target generator ψ is obtained in several
steps:

• Compute the pseudo sample W1, . . . ,Wn using

Wj =
1

n+ 1

n∑
k=1

1(Xk1 < Xj1, . . . , Xkd < Xjd).

Note: the empirical cumulative distribution function built on these pseudo
observations can be shown to meet the condition expressed by Equation
(2.2.2).
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• Denote by w1, . . . , wm the distinct values of W1, . . . ,Wn, in increasing
order.

• For each i ∈ {1, . . . ,m}, set

pi =
1

n

n∑
j=1

1(Wj = wm−i+1).

• Find the values of s1, . . . , sm−1 that solve the following system of equa-
tions:

w2 = (1− sm−1)d−1pm,

w3 = (1− sm−1sm−2)d−1pm + (1− sm−2)d−1pm−1,

...

wm = (1− s1s2sm−1)d−1pm + . . .+ (1− s1)d−1p2.

• Arbitrarily set rm = 1 and retrieve r1, . . . , rm−1 by using the fact that
ri/ri+1 = si for i ∈ {1, . . . ,m− 1}.

• The estimate of ψ(x) is then

ψ̂(x) =
∑
i:ri>x

(
1− x

ri

)d−1

pi.

Once this nonparametric generator is available, the following algorithm will
allow to draw observations from the nonparametric AC defined by this gener-
ator:

Algorithm 2 Generating one observation from a nonparametric AC defined
by ψ̂.

1: draw one value R from the vector r1, . . . , rm while taking into account the
weights p1, . . . , pm.

2: draw a vector (S1, . . . , Sd) from the uniform distribution on the simplex.

3: set U1 = ψ̂(RS1), . . . , Ud = ψ̂(RSd).

The second step in Algorithm 2 is always easy to carry out, as it suffices
to generate independent exponential random variables (E1, . . . , Ed) and to set,
for every i ∈ {1, . . . , d},

Si =
Ei

E1 + · · ·+ Ed
.

Note that while no ties are possible in the vector (RS1, . . . , RSd), the vector

(U1, . . . , Ud) might contain some, because ψ̂ is a step function.
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For more details on nonparametric estimation of Archimedean copulas, refer
to Genest et al. (2011b).

In the case of Archimedean copulas, C(u1, . . . , ud) is a symmetric function
in its arguments and this is why Archimedean copulas are sometimes called ex-
changeable. The result of this exchangeability property is easily seen by plotting
a cloud of points generated from a bivariate Archimedean copula: the y = x
axis is a clear axis of reflection symmetry for the underlying distribution. For
a cloud of points generated from a trivariate Archimedean copula, even more
complex symmetries for the underlying trivariate distribution can be observed.

Moreover, given a d-variate Archimedean copula and m ∈ {2, . . . , d − 1},
any two m-variate margins from that Archimedean copula describe the same
m-variate distribution. For instance, with m = 3 and assuming the joint dis-
tribution of (U1, . . . , U10) is an Archimedean copula, the joint distribution of
(U6, U5, U3) is equal to the joint distribution of (U3, U10, U2), (U1, U4, U8) or of
any vector (Ui, Uj , Uk) with distinct i, j, k ∈ {1, . . . , 10}.

It is clear that, for modeling purposes, this exchangeability property be-
comes an increasingly strong assumption as the dimension d grows. To relax it,
nested Archimedean copulas were introduced. NACs are obtained by plugging
in Archimedean copulas into each other (Joe, 2001, pp. 87–89). The following
example shows how a bivariate Archimedean copula C23 can be plugged into a
bivariate Archimedean copula C123:

C123(u1,C23(u2, u3)) =

ψ123

(
ψ−1

123(u1) + ψ−1
123(ψ23(ψ−1

23 (u2) + ψ−1
23 (u3)))

)
(2.2.3)

The above trivariate copula, a nested Archimedean copula on D0 = {U1, U2,
U3}, is still such that the y = x axis remains an axis of reflection symmetry
for all bivariate margins. However, while even more complex symmetries are
observed on the trivariate level of an AC, part of these symmetries are lost
on the trivariate level of the NAC described by (2.2.3). Moreover, while all
bivariate margins are the same in an AC, the distribution of (U2, U3) is not
the same as the distribution of (U1, U2) or (U1, U3) in the NAC described by
(2.2.3).

In a NAC, the way Archimedean copulas are nested corresponds to a special
kind of tree λ called a NAC tree or phylogenetic tree, formally defined in
Chapter 1. Nested Archimedean copulas, such as the one in (2.2.3) and for
which the tree can be seen on the left of Figure 2.1, are always defined through
a NAC tree and through a collection of generators Ψ, one generator for each
internal node in the NAC tree. Each generator fully describes the dependence
between the random variables interacting through the related internal node.
Archimedean copulas can be seen as a special case of NACs: they exhibit a
trivial structure such as the one on the right of Figure 2.1 and have only one
generator, the one related to the only internal node, the root. A trivial NAC
tree of dimension d is sometimes called a d-fan (Ng and Wormald, 1996).
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U1

U2 U3

123

23

U1 U2 U3

123

Figure 2.1: Left: the NAC tree implied by (2.2.3). The dependence between U2 and U3 is
described by ψ23 while the dependence between U1 and U2 or U1 and U3 is described by ψ123.
Right: the structure of a trivariate AC. The dependence between any two random variables
is here described by ψ123. Note that the labels of the internal nodes in both structures (123
and 23 for the left structure, 23 for the right structure) are actually irrelevant.

Let λ be a phylogenetic tree on D0 = {U1, . . . , Ud}, that is, a d-leaf tree.
Define the related set of indices as i(D0) = {1, . . . , d}. Suppose that for each
B ∈ λ with |B| > 2, an Archimedean generator ψB is given, that is, a generator
is given for each branching node in the structure and Ψ is the set of all these
generators.

Next, recursively define the functions CB : [0, 1]|B| → [0, 1], with B ∈ λ,
|B| > 1, by

CB({ub : b ∈ i(B)}) =

{
ub if B = {Ub}
ψB

(∑
A∈C(B,λ) ψ

−1
B

(
CA(ua : a ∈ i(A))

))
if |B| > 2

,

(2.2.4)
where the set of children of B in λ is denoted C(B, λ) and i(B) is the set of
indices related to B (example : if B = {U1, U3, U4}, then i(B) = {1, 3, 4}).

Definition 2.2.1. A d-variate copula CD0 is a nested Archimedean copula
(NAC) if it is of the form CB in (2.2.4), with B = D0.

For convenience, a NAC CD0 is often written as Ci(D0). For instance, with

D0 = {U1, U2, U3},

the notation becomes C123.

Definition 2.2.1 is however not free from identifiability issues. Recall that a
parameter µ (possibly infinite-dimensional) in a statistical model (Pµ : µ ∈M),
with Pµ a probability measure on a fixed space, is identifiable if µ1 6= µ2 implies
that Pµ1

6= Pµ2
, that is, different parameters yield different distributions of the

observable. For d-variate nested Archimedean copulas, the parameter µ consists
of the pair (

λ,Ψ = {ψB : B ∈ λ, |B| > 2}
)
.

In this parametrization, the parameter µ is not identifiable, since replacing
a generator function ψB(x) by the function ψB(ax), with 0 < a < ∞, yields
the same copula ; that is, the generator functions are identifiable up to scaling

26



Chapter 2: Nested Archimedean Copulas

only. This issue can be solved easily in different ways, for instance by requiring
that ψB(1) = 1/2.

A more fundamental identifiability issue arises if some generator functions
are the same. Consider for instance the tree λ implied by Equation (2.2.3),
shown on the left in Figure 2.1. If the generators ψ123 and ψ23 are the same,
say ψ, then the nested Archimedean copula with parameter (λ; {ψ123, ψ23})
actually describes an exchangeable Archimedean copula with generator ψ, that
is, a nested Archimedean copula with trivial tree structure and single generator
ψ.

To ensure identifiability of the structure, we must require that for any two
nodes A and B such that A ⊂ B and A 6= B, meaning A is a descendant of B,
the bivariate Archimedean copulas generated by the generator functions ψA and
ψB are different, prohibiting the tree structure to collapse at this level. If this
condition holds, then the structure λ can be identified. This weak restriction
on the generators will be assumed to hold throughout this Chapter.

Note that some generator functions can still be identical. Consider for
instance the NAC structure in Figure 2.2.

U1 U2 U3 U4

12

1234

34

Figure 2.2: A four-variate NAC tree.

The generators associated to the nodes 12 and 34 can be identical, without
simplification of the tree being possible.

Sufficient nesting condition. Even if this last identifiability condition
on the generators holds, a set Ψ of arbitrary generators does not ensure that
the resulting NAC defined through (λ,Ψ) will be a proper copula, meeting the
three properties any copula must mean (refer to the introduction section of the
thesis). In case one is working with fully nested Archimedean copula structures,
that is, structures where each branching node has either two leaves as children,
or one leaf and another branching node, a sufficient nesting condition ensuring
this NAC is a proper copula was however developed by Joe (2001) and McNeil
(2008): ∀I, J ∈ λ such that |I|, |J | ≥ 2 (that is, such that I, J are internal
nodes of the phylogenetic tree λ) and such that J is a child of I, ψ−1

I ◦ ψJ is
required to be a Bernstein function.

A Bernstein function f is such that f : [0,∞)→ [0,∞) and

(−1)kf (k)(x) ≤ 0,
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for all x > 0 and k ∈ N.
If all elements of Ψ belong to the same parametric family (if not, see Hofert,

2011), something assumed throughout most of this chapter and most paper
related to NACs, and if, moreover, this family is one of the families given in
Table 2.1, this sufficient nesting condition simply states that the parameters
θI and θJ related to ψI and ψJ must be such that θI < θJ for every pair of
internal nodes I and J in the NAC tree structure such that J is a child of I.
That is, the Kendall’s correlation coefficient τ between two random variables
increases as these variables are able to interact through a node farther away
from the root node.

It was later proved that this sufficient nesting condition holds for all NACs,
not only fully nested ones, see Holeňa et al. (2015) Also note that a recent paper
by Rezapour (2015) gave weak sufficient and necessary conditions concerning
the generators, guaranteeing that the constructed function is a copula.

To conclude this section, we come back to lowest common ancestor matrices,
that were developed in Chapter 1, Section 1.3, and that were said to be of
particular interest when working with nested Archimedean copulas. Given a
nested Archimedean copula (λ,Ψ), the lowest common ancestor matrix built on
λ will naturally match any scatterplot matrix drawn based on iid observations
from that NAC. For instance, assume that (λ,Ψ) is a nine-dimensional copula
of the form

CL(u3, u6, u1, CM (u9, u2, u7, u5, CW (u8, u4;ψW );ψM );ψL),

where the three generators ψL, ψM and ψW are all Clayton generators with
Kendall’s τ correlation coefficients set to 0.2, 0.5 and 0.8, respectively.

Figure 2.3 displays on its top a scatterplot matrix based on 500 observations
from that NAC (source: Hofert and Maechler, 2011), while the bottom of Figure
2.3 displays the lca matrix built on the NAC of interest.

The theoretical match between the two is of interest for estimation purposes:
indeed, if one wants to check if an estimated tree λ̂ fits the data, one can
compare the lca matrix resulting from λ̂ with a scatterplot matrix of the data,
offering a quick, visual goodness-of-fit diagnostic tool.

Some suggested papers for the readers eager to learn more about NACs are:
McNeil (2008), Hofert and Pham (2013), Okhrin et al. (2013b) or Matsypura
et al. (2016).

2.3 A first approach to estimate a NAC

In this first approach, the NAC structure λ from a target NAC must be esti-
mated free of any constraints, including the sufficient nesting condition. How
to get towards λ̂ in such case?
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L L U1

L U6

U3

Figure 2.3: Top: scatterplot matrix of a nine-dimensional NAC. Bottom: the lca matrix for
the corresponding tree λ.
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2.3.1 Estimation of a NAC tree, d = 3

Let (X1, X2, X3) be a vector of continuous random variables such that the
joint distribution of (U1, U2, U3) = (FX1

(X1), FX2
(X2), FX3

(X3)) is a nested
Archimedean copula. We are interested in estimating the NAC structure based
on n observations (xl1, xl2, xl3) from (X1, X2, X3), l = 1, . . . , n. We know from
Section 1.4 in Chapter 1 that there are only four structures fulfilling Definition
1.4 in the trivariate case: Λ123, λ23, λ12 and λ13.

In the trivial structure (tree Λ123), all bivariate marginal distributions of
the nested Archimedean copula are the same, while in structures λ23, λ12 and
λ13, two bivariate marginal distributions are the same and one is different.
Moreover, if the bivariate marginal distributions are not all the same, being
able to determine which one is different is enough to select the proper nested
Archimedean copula structure λ23, λ12 or λ13.

It is known from Genest and Rivest (1993) that the Kendall distribution of
a pair of variables (Xj , Xk) fully determines the copula of that pair provided
the copula is Archimedean, which is always true if both variables are part
of a NAC. Thus, rather than working directly with bivariate distributions,
Kendall distributions are going to be used instead, since they are univariate
and therefore easier to handle. The Kendall distribution of the pair (Xj , Xk)
is defined as the distribution of the variable

Wjk = Cjk(Uj , Uk) = Fjk(Xj , Xk),

where Cjk(uj , uk) = P (Uj ≤ uj , Uk ≤ uk) is the joint CDF of (Uj , Uk), and
where Fjk(xj , xk) = P (Xj ≤ xj , Xk ≤ xk) is the joint CDF of (Xj , Xk). The
map defined for all w ∈ [0, 1] by

Kjk(w) = P (Wjk ≤ w),

is the Kendall distribution function (Barbe et al. 1996; Nelsen et al. 2003;
Genest and Rivest 2001).

The Kendall distribution function of a pair of variables (Xj , Xk) can be es-
timated (Genest, Nešlehová, and Ziegel, 2011b) by first computing the pseudo-
observations w1,jk, . . . , wn,jk and then the empirical distribution function of
these pseudo-observations:

wm,jk =
1

n+ 1

n∑
l=1

1(xlj < xmj , xlk < xmk);

Kn,jk(w) =
1

n

n∑
m=1

1(wm,jk ≤ w), with 0 < w < 1.
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Since there are three possible pairs in our case, namely (X1, X2), (X1, X3)
and (X2, X3), three empirical Kendall distribution functions need to be esti-
mated. The distance between the empirical Kendall distribution functions of
(Xi, Xj) and (Xi, Xk) is defined as

∫ 1

0

|Kn,ij(x)−Kn,ik(x)| dx =
1

n

n∑
m=1

|w(m),ij − w(m),ik| = δij,ik,

where w(1),ij , . . . , w(n),ij are the ordered pseudo-observations related to the
variables (Xi, Xj) and w(1),ik, . . . , w(n),ik are those related to the variables
(Xi, Xk).

In general, a trivial NAC structure on {U1, U2, U3} will result in three dis-
tances that are all about the same, while trees such as λ12, λ13 or λ23 will
result in one small distance relative to two other distances that are bigger and
about the same. For any three variables (Xi, Xj , Xk), if, for instance, δij,ik is
the minimum among the three distances, it seems reasonable to assume that
the tree spanned on (Xi, Xj , Xk) is either the trivial structure or the structure
λjk where (Xi, Xj) and (Xi, Xk) have the same Kendall distribution.

The problem of determining the structure of (X1, X2, X3) can thus be
rewritten as a hypothesis test:

H0 : the true structure is the trivial structure,
H1 : the true structure is not the trivial structure,

and if H0 gets rejected, the true structure must be λ12, λ13 or λ23, depending
on which pair of Kendall functions were the closest.

As a test statistic, the absolute difference between the minimum distance
and the average of the two remaining distances is used. The null hypothe-
sis is rejected when the test statistic is observed in the upper tail of its H0

distribution.

As the H0 distribution of the test statistic is unknown, p-values are cal-
culated thanks to some bootstrapping. How exactly this is done is described
hereafter.

Under H0, the original sample is assumed to come from an unknown trivari-
ate Archimedean copula. Using the work of Genest et al. (2011b), also refer
to Section 2.2, it is possible to estimate that Archimedean copula nonparamet-
rically and to resample from that estimated Archimedean copula, thanks to
Algorithm 2. For each new sample, the three empirical Kendall distributions,
the three distances, and the related test statistic are calculated. The p-value of
the observed test statistic, the one from the original sample, is then estimated
by the proportion of test statistics obtained from the new samples that are
greater than or equal to the value of the observed test statistic from the origi-
nal sample. Should this estimated p-value be lower than a significance level α,
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for instance 10%, the null hypothesis is rejected.

Since the estimator for the Kendall distribution depends on the data only
through the ranks and since the test statistic only depends on this estimator,
the NAC structure estimator for trivariate structures is rank-based, too.

There are two key points in the procedure presented above:

• First, choose between a trivial structure (= H0) and H1.

• Second, if H0 gets rejected, determine what should be the estimated
structure: λ12, λ13 or λ23?

Possible errors are:

• if the true structure is the trivial structure, rejecting it and therefore
committing a type I error ;

• if the true structure is structure λ12, λ13 or λ23, failing to reject H0 (type
II error) ;

• if the true structure is for instance structure λ12, successfully rejecting
H0, yet picking the wrong structure among λ12, λ13 or λ23 afterwards.
This will be referred to later on as a type III error.

The main difficulty with the test developed in this section is encountered
when the true structure is the trivial trivariate structure, that is, the struc-
ture one gets when the nested Archimedean copula is actually an exchangeable
Archimedean copula. Indeed, if the probability of committing a type I error
is fixed to α = 0.10, the trivial structure will be rejected 10% of the time re-
gardless of the input sample size n. The estimator is therefore not a consistent
estimator for the trivial trivariate structure, unless α tends to 0 as n increases,
so that type I errors are asymptotically impossible. Practically speaking how-
ever, this rule has little significance as it does not help to select α given a value
of n. In the simulations, α will be set to a fixed value of 10% for all n, and
these simulations will confirm that a fixed value for α does not seem to pre-
vent consistent estimation for the target structure when this target structure
is made of 3-fans only, but well when this is not the case.

2.3.2 Estimation of a NAC tree structure, d ≥ 4

Let λ be a NAC structure on a finite set D0 = {U1, . . . , Ud}, d ≥ 4. It is known
from Proposition 1.5.1 in Subsection 1.5 that if the NAC tree spanned on any
three distinct elements of D0 is known (that is, each element of 3(λ) is known),
then λ can be uniquely recovered, for instance using Algorithm 1.

A first suggestion for estimating λ is to estimate each element of 3(λ) using

the procedure developed in Subsection 2.3.1, thus effectively getting 3̂(λ), which

can then be used to build λ̂.
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Figure 2.4: A four-variate NAC tree.

However, if each element of 3(λ) is estimated, the problem of reconstructing
a tree from that set of estimated trivariate trees is a bit different than what
was considered in Section 1.5. Indeed, it is not guaranteed that a proper nested
Archimedean copula structure can be recovered from a given set of estimated

trivariate structures, that is, 3̂(λ) does not necessarily lead to a proper NAC

tree. When λ̂ retrieved from 3̂(λ) is not a proper nested Archimedean copula

structure, meaning it does not fulfill Definition 1.1.1, or is such that 3(λ̂) 6= 3̂(λ),

we call 3̂(λ) a faulty set.

With a value of α equal to 0.00 for all tests required to estimate 3(λ), we fail
to reject the null hypothesis everywhere and we therefore get a set of estimated
trivariate structures each describing a 3-fan. Such a set is never a faulty set,
and λ̂, the estimated NAC structure retrieved from it, will always be a trivial
structure of dimension d, a d-fan. Of course, if the true structure is not a d-fan,
a value of α equal to 0.00 means you are sure to commit type II errors.

With a value of α equal to 1.00 for all tests, all null hypotheses are rejected
and we end up with a set where each estimated trivariate structure describes
a triple. Such a set can be a faulty set and usually is.

Assuming the copula of the vector (X1, . . . , Xd) is a nested Archimedean
copula, a faulty set of estimated trivariate structures means at least one error
(type I, type II or type III) has been committed. Notice the converse is not true:
even when at least one type I, type II or type III error has been committed,
3̂(λ) might lead to a structure λ̂ meeting Definition 1.1.1 and such that 3(λ̂) =
3̂(λ). However λ̂ is not equal to λ, the target structure. Suppose indeed the
target structure is the structure on Figure 2.2. This structure is uniquely
determined by the four trivariate structures in Figure 1.4. Suppose however
that the first two triples in Figure 1.4 are replaced by two 3-fans, that is, two
type II errors have been committed during the estimation process. Yet, this
leads to a proper four-variate structure, shown in Figure 2.4, however unequal
to the target structure.

A faulty set is essentially a red flag that should be viewed as an opportunity
for correction. What kind of corrective measure should be applied to such a
set is however not straightforward. As done in the simulation study, we simply
suggest to decrease the value of α for all tests until the resulting set of estimated
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trivariate structures is not a faulty set anymore. At worst, α is to be decreased
down to 0.00, we end up with a set of 3-fans, and λ̂ is then a d-fan. This last
strategy is certainly not the best one can imagine, but is a very convenient one
to apply and ensures that λ̂ will always be a proper tree.

Since the estimator developed in Subsection 2.3.1 is unable to consistently
estimate a 3-fan if we keep the same value of α > 0 for all n, it also means
consistent estimation of any λ that has at least one trivial trivariate component
is impossible, as will be seen in the performance section of this chapter.

Another suggestion in order to estimate λ in the case d ≥ 4 is to use
supertree methods (refer to Chapter 1).

In order to use a supertree method in this case, it is first assumed that the
target structure λ spanned on the vector (U1, . . . , Ud) is a binary tree, that is,
a NAC structure where each internal node has two and only two children (this
assumption will be later relaxed). Example of a binary tree: the tree on the
left of Figure 2.1 or in Figure 2.2. Not a binary tree: the tree in Figure 2.4 or
the second tree displayed in Figure 1.6.

As input set of trees for the supertree method, 3̂(λ) is used. But since the

target tree is now assumed to be a binary tree, it is known that 3̂(λ) must itself
be made of binary trees only. Given a vector of three variables (Xi, Xj , Xk),
the hypothesis test from Subsection 2.3.1 can be skipped: just estimate the
Kendall distribution for each of the tree pairs (Xi, Xj), (Xi, Xk) and (Xj , Xk),
and find out which are the two estimated Kendall distributions that are the
closest according to some distance. If, for instance, the estimated Kendall
distributions of (Xi, Xj) and (Xi, Xk) are the closest, then the trivariate target
tree structure must be a structure where Ui is left apart while Uj and Uk are
together.

The result of the supertree method fed with a set 3̂(λ) of estimated binary

trees will be a binary supertree λ̂b. Even if 3̂(λ) is a faulty set, a proper binary

NAC tree λ̂b will be produced. This is because a supertree method resumes

all the information from the input set 3̂(λ) as a character matrix and then try
to built in a recursive fashion a tree that agrees as much as possible with that
character matrix according to some criterion. Again, refer to Chapter 1 for
details.

But what if the target tree λ was in fact not a binary tree? To allow for a
more general estimation, suggestion is to collapse, if necessary, one or several
parts of the estimated binary structure λ̂b produced by the supertree method
used. Many ways to properly collapse such a binary tree are explored in Section
2.4.
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2.3.3 Estimation of the generators

What to do next, once λ has been estimated free of any concern for the sufficient
nesting condition remains an open problem. If the generators across λ are
assumed to belong to a same parametric family F , estimation of the related
set of parameters Θ can be performed by simple inversion of the estimated
Kendall correlation coefficients, the same way it is done using equation (2.4.5)

in Section 2.4. In most cases, this is expected to lead to a proper NAC (λ̂, Ψ̂).
But in some cases, it will unfortunately not be true. This is because estimated
Kendall correlation coefficients along trees built using this first approach are
not always ordered, making the sufficient nesting condition hard to satisfy. A
stage-wise estimation of the parameters based on a quasi-maximum likelihood
approach (from the lowest to the highest nesting level), as done by Okhrin
and Ristig (2014), with subsequent shortening of the feasible parameter space,
could however help ensure that the final object is a well defined NAC.

2.4 A second approach to estimate a NAC

In this section, a second approach to estimate a nested Archimedean copula
(λ,Ψ) is presented. With this approach, a binary tree is built using hierarchical
clustering and then is collapsed if necessary, according to some strategy. Then,
if the target generators are assumed to belong to a same known parametric
family F , estimation of the set of parameters Θ related to these generators
so that the sufficient nesting condition (see Section 2.2) is met can easily be
performed. Okhrin et al. (2013a) and Górecki et al. (2015) are both particular
cases of this second approach. By design, this second approach will always lead
to a proper NAC, meeting the sufficient nesting condition, in contrast to the
first approach developed earlier. But if the target NAC is not a NAC meeting
the sufficient nesting condition, the estimated NAC one gets here will always
be biased.

Estimation of the target tree structure λ. Based on an iid sample of
size n from (X1, . . . , Xd), a distance for each couple (Xi, Xj) with distinct i, j ∈
{1, . . . , d} is first estimated. The random variables are then clustered, using
hierarchical clustering, one at the time, according to the estimated distances.
Getting an estimated binary tree structure this way however makes sense only
if the estimated distance for each couple (Xi, Xj) is a function of a measure
of association ./ such that highly related random variables will be considered
close and therefore the distance between the two will be small ; if the tree
is built from leaves to the root using the smallest distances first ; and if the
target NAC is such that the dependence between any two random variables in
the structure increases as the variables are able to interact through nodes that
are farther away from the root, that is, if the target NAC (λ,Ψ) is assumed to
meet the sufficient nesting condition.
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A measure of association ./ between two random variables can be obtained,
for instance, through

• Kendall’s τ ,
• a distance between the (theoretical) Kendall distribution of two indepen-

dent variables and the empirical Kendall distribution of the two variables
under study,

• Hoeffding’s D statistic (see Hoeffding, 1948),
• or Spearman’s rho.

Note that these measures of association are all such that ./ (Xi, Xj) =
./ (Ui, Uj), so that the binary tree estimated on (X1, . . . , Xd) is actually the
binary tree estimated on (U1, . . . , Ud).

For the linkage criteria, single, complete or average linkage can be used (and
where experimentally tested by Górecki et al., 2015). In the rest of this section,
only average linkage will be considered.

If somehow the target tree structure λ is known to be a binary tree, it is
possible to directly move on to the problem of estimation of the generators
from here. However, a target NAC structure is not always a binary structure
and thus λ̂b, the result from the hierarchical clustering, must be transformed.

Let Vr = {v1, . . . , vr} be the set of internal nodes in λ̂b. For any two nodes
{vl, vm} from Vr with l,m ∈ {1, . . . , r} such that vl is a parent of vm, collapse
the two nodes if you suspect the generator ψvl to be too similar to the generator
ψvm . The right side of Figure 2.5 shows the collapsing of nodes 234 and 34 into
a new node. Notice the resulting tree is not a binary tree anymore.

U1

U2

U3 U4

1234

234

34
U1

U2 U3 U4

1234

234 + 34

Figure 2.5: Left: a binary structure spanned on four random variables. Right: nodes 234
and 34 have been collapsed into one node. The resulting tree is not a binary tree anymore.

To compare two successive generators ψvl and ψvm , one needs first to es-
timate these generators, as they are unknown. If they are known to belong
to a same given parametric family F , the problem is then to estimate θvl and

θvm and to collapse if
∣∣∣θ̂vl − θ̂vm ∣∣∣ < θc, where θc is some threshold value. Note

that at this point, we are not concerned by the sufficient nesting condition: the
goal here is only to decide if two successive nodes in the binary tree should
be collapsed, based on a rough estimation of the related generators ψvl and
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ψvm . Formal estimation of the generators is done later. To make the problem
of whether or not two successive nodes should be collapsed easier, each of the
two related generators can also be summarized as a scalar measure s reflecting
the dependence between the random variables interacting through the related
node, and the two nodes are collapsed if the absolute difference between their
respective estimated scalar measure is lower than a chosen threshold, that is,
if

|ŝvl − ŝvm | < sc.

For instance, looking back at Figure 2.5, one can estimate a summary of
the dependence between the random variables interacting through node 234 by
averaging the estimated Kendall correlation coefficients, calculated within the
random pairs (U2, U3) and (U2, U4). The estimated summary of the generator
related to node 34 is equal to the estimated Kendall’s τ between the random
variables (U3, U4). The two nodes are collapsed if the inequality∣∣∣∣( τ̂23 + τ̂24

2

)
− τ̂34

∣∣∣∣ < tc (2.4.1)

holds, where tc is the critical threshold for collapsing.

Using the fact that a vector of estimated Kendall’s taus is asymptotically
distributed according to a multivariate normal distribution (Ehrenberg, 1952;
Genest et al., 2011a; Rubĺık, 2016), a hypothesis test based on Equation (2.4.1)
can be built, offering a meaningful choice for the critical threshold τc. This novel
hypothesis test is hereafter formalized.

First, let’s mark the two nodes with the symbols ↑ and ↓, the node marked
with ↑ being the one closer to the root node, while the one marked with ↓ is
the one further down the tree, thus further from the root node. Second, let’s
generalize the left side of Equation (2.4.1) as

T =

∑n↑
i=1 τ̂i
n↑

−
∑n↓
j=1 τ̂j

n↓
, (2.4.2)

where {τ̂i}, i ∈ {1, . . . , n↑}, is the set of all estimated Kendall’s taus that are
such that, for each Kendall’s tau in that set, the two related random variables
interact through the node marked with ↑. Similarly, {τ̂j}, j ∈ {1, . . . , n↓} is the
set of Kendall’s taus that are such that, for each Kendall’s tau in that set, the
two related random variables interact through the node marked with ↓.

Thanks to Rubĺık (2016), we know that the vector τ̂ made of the union of
{τ̂i} and {τ̂j} is such that

√
n(τ̂ − τ )→ Nn↑+n↓(0,V ),

where n is the sample size (not to be confused with n↑, n↓, or n↑ + n↓) and

V is the asymptotic covariance matrix, for which an estimator V̂ can also be
found in Rubĺık (2016), the expression of it being given hereafter.
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Let {(l1, u1), . . . , (ln↑+n↓ , un↑+n↓)} be the set of n↑+n↓ pairs of coordinate
indices of the d-dimensional random vector U = (U1, . . . , Ud). To each pair in
that set, there corresponds one and only one estimated Kendall’s tau in either
{τ̂i} or {τ̂j}.

Define ui as observation i of U and ui(l1) as element l1 of the vector ui.
Then,

V̂ = 4(Γn −ΥnΥT
n ),

where

Γn =
1

n

n∑
i=1

Γ
(n)
i

(
Γ

(n)
i

)T
,

Γ
(n)
i =

1

n− 1

∑
j∈{1,...,n}, j 6=i

Ψ(ui,uj),

Ψ(ui,uj) =

 sign(uj(l1)− ui(l1)) sign(uj(u1)− ui(u1))
...

sign(uj(ln↑+n↓)− ui(ln↑+n↓)) sign(uj(un↑+n↓)− ui(un↑+n↓))

 ,
and, finally,

Υn =
2

n(n− 1)

∑
1≤i<j≤n

Ψ(ui,uj).

Under the null hypothesis, nodes ↑ and ↓ are the same, and one would
expect T in (2.4.2) to have a centered normal distribution with variance VT .
Straightforward calculations lead to

VT =

(
1

n↑n↓

)2[
n2
↑Var

( n↓∑
j=1

τ̂j

)
+n2
↓Var

( n↑∑
i=1

τ̂i

)
−2n↑n↓ Cov

( n↑∑
i=1

τ̂i,

n↓∑
j=1

τ̂j

)]
,

where one can easily extract an estimate of

Var

( n↓∑
j=1

τ̂j

)
,

Var

( n↑∑
i=1

τ̂i

)
,

and

Cov

( n↑∑
i=1

τ̂i,

n↓∑
j=1

τ̂j

)
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from V̂ /n, leading to V̂T .

The rule becomes: collapse nodes ↑ and ↓ if

|T |√
V̂T

< z1−α/2 (2.4.3)

holds, that is, the threshold for collapsing is tc = z1−α/2
√
V̂T .

Note that instead of using Kendall’s τ in (2.4.1) or (2.4.2), other measures
of association can be used, for instance Spearman’s ρ, Hoeffding’s D statistic,
etc. Should a vector of estimated Spearman’s ρs or Hoeffding’s D statistics be
normally distributed (at least asymptotically), then a meaningful threshold for
collapsing could be found using the same reasoning as above.

Another strategy to decide if two successive nodes should be collapsed or
not is to break down both structures before and after collapsing of two given
nodes into their respective set of trivariate pieces (refer to Chapter 1). Since the
structures before and after collapsing are different, some of the trivariate pieces
will be different as well. Let P be the set of trivariate pieces before collapsing
and P+ the set of pieces after collapsing. Let P∆ be the set of vectors of the
form (Ui, Uj , Uk) such that the tree structure spanned on (Ui, Uj , Uk) is not
the same in P and P+. In P+, the tree structure spanned on (Ui, Uj , Uk) is a
3-fan, while in P , it is not the case. The decision to collapse or not is made
by performing the hypothesis test developed in Subsection 2.3.1, since this test
precisely aims at deciding whether or not the tree structure spanned on three
random variables (Ui, Uj , Uk) is a trivial tree structure.

Looking back at Figure 2.5, one can observe that, in the left structure, the
tree spanned on (U2, U3, U4) is not a 3-fan, while in the right structure it is. If
the p-value of the test is lower than or equal to a threshold α, the nodes 234
and 34 should not be collapsed into one.

When there is more than one vector of the form (Ui, Uj , Uk) in P∆, the
hypothesis test developed in Subsection 2.3.1 must be applied several times,
and the end result is a set of p-values. For such cases, a rule of thumb such as
the one hereafter can be used (do not collapse if the inequality holds):

average p-value ≤ α (2.4.4)

Estimation of the set of generators Ψ. Once the target tree structure
λ has been estimated, one needs to estimate the generators. Usually, as done
in Okhrin et al. (2013a) and Górecki et al. (2015), it is assumed that all these
generators belong to a same known parametric family F . In such case, the only
thing left to estimate is a set of parameters Θ.

An interesting by-product of the hierarchical clustering used to build λ̂b
is a set of non-increasing measures of association from leaves to the root of
λ̂b. Since the sufficient nesting condition requires the θs in Θ to decrease from
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leaves to the root of the NAC tree, any monotonically increasing map δ:

space of the chosen measure of association used to build λ̂b

→ parameter’s space for the parametric family F chosen for the generators,

applied to these non-increasing measures of association, will lead to a set Θ̂
allowing to get an estimated NAC (λ̂, Ψ̂) meeting the sufficient nesting condi-
tion.

In Okhrin et al. (2013a), the parametric family for the generators is specified
prior to the hierarchical clustering, allowing them to directly use, as if it was
a measure of association, the θ parameter related to that parametric family.
The by-product of the hierarchical clustering allows therefore to directly get
(λ̂, Ψ̂) meeting the sufficient nesting condition without any extra effort. In
other words, δ(•) = •.

In Górecki et al. (2015), the measure of association used for the hierarchical
clustering is Kendall’s τ . The main advantage of using Kendall’s τ is that
there is a direct, well known, relationship between Kendall’s τ and θ for most
parametric family of generators. That is, a possible map δ(•) is easy to find.
For instance, if the parametric family for the generators is assumed to be the
Clayton family, a possible map between Kendall’s τ and θ is

δ(τ) =
2τ

1− τ
= θ. (2.4.5)

See Hofert and Maechler (2011) or Table 2.1 for the map using other families.

Using other measures of association, such as Hoeffding’s D statistic for in-
stance, a suitable map δ is not known. However, as long as δ is a monotonically
increasing function, (λ̂, Ψ̂) will be a proper copula, but the resulting estimator
could be biased or with a very high mean square error.

To conclude this section, the second approach to estimate a target NAC
using hierarchical clustering is summarized in Algorithm 3 hereafter. Note
that the major difference between Algorithm 3 and Algorithm 3 in Górecki
et al. (2015) is the collapsing step, starting at line 6 and ending at line 22 of
Algorithm 3. This collapsing step is missing in Górecki et al. (2015).

Input. An iid sample from (X1, . . . , Xd) such that the related copula is
assumed to be a NAC, a measure of association ./ and a distance based on ./
(a large value for ./ leading to a small distance), a linkage criteria L, a strategy
S for how to collapse successive nodes in the binary tree resulting from the
hierarchical clustering, a generator’s family F and a map δ.

Output. An estimated NAC (λ̂, Ψ̂) meeting the sufficient nesting condition.

Although this algorithm might seem long, its implementation in practice is
straightforward.
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Algorithm 3 Estimating a NAC using hierarchical clustering.

1: for all pairs (Xi, Xj) such that i, j ∈ {1, . . . , d} do
2: get distance(Xi, Xj) and store it in a distance matrix.
3: end for
4: using hierarchical clustering with L and the distance matrix just built, get

a binary tree λ̂b.
5: Also store the set of ordered measures of association for later use as A,

this set being a by-product of the hierarchical clustering. Note that the
cardinality of A is d− 1.

6: set λ̂t = λ̂b.
7: repeat
8: set λ̂ = λ̂t.
9: let Vr = {v1, . . . , vr} be the set of internal nodes in λ̂t.

10: for all pairs (vl, vm) in Vr such that vl is the parent of vm do
11: try to collapse vl and vm using strategy S.
12: store the decision, do not apply it yet.
13: end for
14: update λ̂t by collapsing what needs to be collapsed.
15: do this based on the set of decisions one gets from the loop just above.
16: until λ̂ == λ̂t.
17: the repeat until loop automatically stops as soon as no further collapsing

of λ̂t is possible.
18: next, update the set of ordered measures of association A by comparing λ̂b

to λ̂ as described hereafter.
19: for all sets of nodes in λ̂b that have been collapsed into one node in λ̂ do
20: get the minimum of the related ordered measures of association in A.
21: replace the related ordered measures of association in A by this mini-

mum.
22: end for
23: apply the map δ on each element of A to get a set of estimated parameters

Θ̂, which can then be used with F to get Ψ̂.
24: return (λ̂, Ψ̂)
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Figure 2.6: Percentage of correct estimates when the true structure is the trivial trivariate
structure.

2.5 Performance study

This section is mainly concerned with the ability of estimating λ based on a
sample from a NAC (λ,Ψ).

In this section, the method based on the estimation of each element of
3(λ) using the hypothesis test from Subsection 2.3.1 in order to built λ̂ will be
referred to as the S&U method.

Subsection 2.5.1 starts by comparing the S&U method with the method
from Okhrin et al. (2013a), while Subsection 2.5.2 shows the result of using
Equation (2.4.3) in order to decide whether or not two succesive nodes should be
collapsed. Finally, further comparisons between various methods are performed
in Subsection 2.5.3.

2.5.1 S&U vs Okhrin et al. (2013a)

Let (X1, X2, X3) be a vector of random variables, the copula of which is Ar-
chimedean. Five hundred samples of size n are generated from (X1, X2, X3)
with the help of the R package nacopula1 (Hofert and Maechler, 2011). With
α arbitrarily set to 0.10, how many times among the 500 samples can one re-
trieve the 3-fan using the S&U method? Figure 2.6 shows the percentage of
correct estimates for various values of n, various generator families and two
different values of the related parameter θ, expressed as Kendall’s τ coefficient
for convenience according to Table 2.1.

As expected, the percentage of correct estimates does not converge towards

1Please note that this package has since been merged with the copula package.
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Figure 2.7: Percentage of correct estimates for the trivial five-variate case.

100% but oscillates around 90%, that is, (1 − α) × 100%. Should a value of
2.5% or 0.1% be used for α for all n, then the percentage of correct estimates
would likewise oscillate around 97.5% or 99.9% respectively.

If samples are generated from a 5-fan structure (left of Figure 2.7), with τ0
arbitrarily set to 0.5 for all tested generator families and the same arbitrary
value of α as before, the same lack of consistency can be observed for the S&U
method, as shown on the right of Figure 2.7. Notice that the percentage of
correct estimates in this case is near 100%, even though α = 0.1. This excellent
performance can be explained by the way faulty structures are handled: recall
that the strategy is to decrease α until a valid structure emerges. At worst, α
is decreased to 0% and the estimated structure is then the trivial five-variate
structure which happens to be the target structure in this case, meaning this
rule of lowering α not only ensures that λ̂ is always a proper tree but also
improves the performance of the estimator for this particular case.

Finally, if samples are generated from the structure on the left of Figure 2.8,
with τ1234 = 0.3 and τ34 = 0.7 for all tested generator families (note that the
same generator family is always used across all nodes of a given structure in
this performance section), a lack of consistency can again be observed, as the
percentage of correct estimates eventually oscillates around 97% (right-hand
side of Figure 2.8). Since two of the trivariate components of this structure are
3-fans, namely the structure of (U1, U2, U3) and the structure of (U1, U2, U4),
this lack of consistency was, again, expected.

In all these cases, it seems consistency can be achieved only if one lets α
tend to 0 as n increases, in order to ensure type I errors are asymptotically
impossible.

In order to estimate a NAC structure, Okhrin et al. (2013a) advise to
use what they call the binary aggregated grouping with recursive estimation
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Figure 2.8: Percentage of correct estimates for a four-variate case.

method, or RML method in short. In a nutshell, this method consists in build-
ing a fully nested tree from bottom to top and then to aggregate some of the
nodes of the resulting tree according to some criterion, so that the final esti-
mated structure can possibly be something else than a fully nested tree. This
method is a particular case of the second approach developed in Section 2.4.

To apply the RML method throughout this performance section, the func-
tion estimate.copula of the R package HAC (Okhrin and Ristig, 2014) has
been used, this package being related to the work of Okhrin et al. (2013a).
Since only the Clayton and Gumbel generator families are currently imple-
mented in the HAC package, assessment of the RML method performance for
other generator families is not possible at the time of writing.

For the aggregation step in their approach, Okhrin et al. (2013a) suggest
several criteria. The one used in this performance section, the only one cur-
rently implemented in the HAC package, is the following: for any two succes-
sives nodes with estimated parameters θ̂I and θ̂J in the structure, the nodes
have to be aggregated if |θ̂I − θ̂J | < ε, where ε has to be chosen by the user.

With a value for ε arbitrarily set to 0.30 for all n, Figure 2.9 displays the
performance of their method for the estimation of a 3-fan.

Increasing the value of ε for all n typically improves the performance of
their estimator in the case of a 3-fan, as it increases the chances of aggregation.
Lowering the value of ε typically deteriorates the performance of their estimator
for this case. At the limit, with ε set to 0.00, no aggregation is done at all, and
their estimator is unable to estimate correctly the trivial trivariate structure
studied here. These remarks hold if the samples are generated from a 5-fan.

The case of the structure on the left of Figure 2.8 is a little more complex:
their estimator turned out to be able to consistently estimate this structure
when ε is set to 0.15, 0.30 or 0.60, but not for a value of ε set to 5.00 for
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Figure 2.9: Performance of the RML method by Okhrin et al. (2013a) for a 3-fan, with
ε = 0.30 as threshold for aggregation.

instance.

What happens with the S&U method and the RML method from Okhrin
et al. (2013a) in case the target structure is a non-trivial trivariate structure
(a triple) or a structure made up only of triples?

Given 500 samples of size n from a triple such as the one in the left of
Figure 2.1 and α = 0.10, how many times among the 500 samples is the S&U
method able to retrieve this triple? Figure 2.10 shows the percentage of correct
estimates for various values of n and various generator families (again, note that
the same generator family is always used across all nodes of a given structure
in this performance section). The parameters θ0 (root node, labelled 123 or
D0) and θ23 (the other branching node, labelled 23 or D23) are expressed as
Kendall’s τ coefficients for convenience.

As the sample size increases, there is a clear convergence towards 100%
of correct estimates. The more apart τ0 and τ23, the faster the convergence
towards 100% of correct estimates (compare the two horizontal axes in Figure
2.10). These results strongly suggest that the S&U estimator, at least when
α = 10%, is a consistent estimator for any non-trivial trivariate NAC structure
and thus for any larger NAC structure made up only of triples. Indeed, if
the samples are generated from the seven-variate structure such as the one
on the left of Figure 2.11, with τ0 = 0.1, τ123 = 0.3, τ23 = 0.6, τ4567 = 0.3,
τ567 = 0.5, and τ67 = 0.8 for all tested generator families, the proportion of
correct estimates grows to 100% as n increases (right-hand side of Figure 2.11).

Increasing the value of α for all n actually further improves the performance
of the S&U estimator for both NAC structures, the best performance possible
being delivered when α is set to its upper limit, that is, α = 100%. If α is set
to its lower limit, that is α = 0%, the estimator becomes unable to correctly
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Figure 2.10: Percentage of correct estimates when d = 3 and true structure is λ23.
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Figure 2.11: Percentage of correct estimates (right) for a seven-variate structure (shown on
the left).
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Figure 2.12: Percentage of correct estimates when d = 3 and the true structure is λ23. Left is
the RML method for Clayton and Gumbel generators, right is the method described in this
paper for Clayton, Gumbel and Frank generators, the latter generator being an arbitrary
choice. Both methods were pushed to their respective limit in order to deliver the best
performance possible for structure λ23.

estimate any of the two structures studied here.

When the target structure is a triple, the percentage of correct estimates
was also found to converges towards 100% by using the RML method from
Okhrin et al. (2013a), provided the value of ε is small enough. In fact, as
any aggregation should be avoided in case the target structure is a triple, the
performance of their estimator typically improves by lowering ε for all n, the
best performance being delivered when ε = 0, that is, when the aggregation step
is completely skipped. Should the value of ε be too large, then their estimator
will fail to be a consistent estimator for the non-trivial trivariate structure.

In case the target structure is a triple, Figure 2.12 allows for a direct com-
parison between the S&U method and the RML method when both are pushed
to their favorable respective limit, thus with α = 100% for the S&U method
and with ε = 0 for the method of Okhrin et al. (2013a).

There is a performance gap between the two methods. Recall however that
the RML method was applied with the prior knowledge that the generators
were Clayton and Gumbel generators while the S&U method does not require
such prior knowledge.

2.5.2 Equation (2.4.3) to collapse nodes

Let (X1, X2, X3) be a vector of random variables, the copula of which is Archi-
medean. Five hundred samples of size n are generated from (X1, X2, X3), that
is, the setup is here the same as in the beginning of the previous subsection.
Using Equation (2.4.3), the null hypothesis assumes a trivial tree structure for
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Figure 2.13: Failure to reject the null when the true structure is a trivial trivariate structure
(that is, the null is true) as a function of the sample size.

the data (which is the true one in this case), while the alternative hypothesis
assumes that, say, the tree structure is a structure of the form 1(23), where
U2 and U3 are clustered together, while U1 is left apart, also see the left of
Figure 2.1. Does one successfully fail to reject the trivial tree structure 1−α %
of the time? The simulation results displayed in Figure 2.13 where conducted
with α = 0.10, various values of n, various generator families and two differ-
ent values of the related parameter θ, expressed as Kendall’s τ coefficient for
convenience according to Table 2.1.

Given 500 samples of size n from a triple such as the one in the left of Figure
2.1 and the same α as before, how many times among the 500 samples does
Equation (2.4.3) lead to rejection of the null? Figure 2.14 shows the percentage
of rejection of the null for various values of n and various generator families.

As the sample size increases, there is a clear convergence towards 100 %.
The more apart τ0 and τ23, the faster the convergence towards a percentage of
rejection equal to 100 % (compare the two horizontal axes in Figure 2.14).

These results from Figure 2.14 can be compared with those in Figure 2.10,
and one can notice the approaches in Figure 2.10 and Figure 2.14 lead to similar
results. In both cases, increasing the value of α will lead to a higher rejection
rate. A notable difference between the tests used in Figure 2.10 and Figure
2.14 is however that the one in Figure 2.10 relies on bootstrap to get the H0

distribution of the related test statistic, while the approach based on Equation
(2.4.3) does not. Another notable difference is that Equation (2.4.3) is built
using Kendall’s taus only, while the test statistic used in Figure 2.10 is based on
a comparison of empirical Kendall distribution functions (refer to Subsection
2.3.1 for details).
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Figure 2.14: Rejection of the null as a function of n when the true structure is λ23.

2.5.3 Further comparisons between NAC tree estimators

When the sample size is n, the methodology used in this subsection to esti-
mate the performance of a NAC structure estimator is described through the
following steps:

• generate N = 100 samples of size n from the NAC (λ, Ψ);
• apply the NAC tree structure estimator on each of these N samples while

considering the univariate margins unknown (that is, work on ranks) and
get N estimates of λ;

• calculate a distance between each estimate of λ and λ itself;
• get the average of the N resulting distances or some other descriptive

measure of these distances, such as:

(average of the distances)2 + variance of the distances; (2.5.1)

• the lower the average of the distances or the lower (2.5.1) is, the better
the performance of the estimator for the NAC defined through (λ, Ψ) is,
given a fixed sample size n.

Two distances between a given estimate of λ and λ itself are considered:
the 01-distance and the tri-distance, refer to Section 1.6.

Since the estimator S&U is based on a hypothesis test, it is required to
choose a threshold α prior to the estimation of a target tree structure.

Regarding estimators based on hierarchical clustering (Section 2.4), the
choice of a threshold to decide if any two successive nodes in the estimated
binary tree structure should be collapsed is also required prior to the estima-
tion of a target tree structure, as seen in Equations (2.4.4) or (2.4.1).

Comparison of the performance of different tree structure estimators is
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therefore a challenge, as the performance of a given estimator depends on the
chosen threshold for that estimator. Given a sample size n, a target NAC (λ,
Ψ) and a tree structure estimator, the suggestion is to use a threshold ensur-

ing that P (λ̂n = λ) is maximized. This particular threshold will be called the
optimal threshold. By making use of the related optimal threshold for each
estimator, one only takes into account the best performance of each estimator,
which should allow for “fair” comparisons between estimators.

In the particular case where λ is a binary structure,

• the estimator S&U, which is based on
(
d
3

)
hypothesis tests, should always

reject the nulls. If one null is not rejected, it means the final estimated
structure contains at least a 3-fan, and therefore the estimate of λ cannot
be equal to λ itself. Thus the threshold α should be set to 100% or more
so that all nulls are always rejected.

• Regarding estimators based on hierarchical clustering or supertree meth-
ods, in case λ is a binary structure, P (λ̂n = λ) is maximized if the
collapsing step is skipped. This can be achieved by setting α to 100% or
more in (2.4.4), and τc to 0 or less in (2.4.1).

Although unknown when λ is not a binary structure, the optimal threshold
for an estimator can be estimated. Indeed, given N = 100 samples of size n,
a target NAC (λ, Ψ) and a tree structure estimator, the estimated optimal
threshold is the value such that the average of the N = 100 01-distances be-
tween each estimate of λ and λ itself, is minimal. Note that on real data, since
the target structure is by definition unknown, the optimal threshold cannot be
estimated as it is done here.

In this subsection, all tree structure estimators but the S&U estimator rely
on two steps: a binary tree is first built, and then parts of it are collapsed. For
the first step, RNix and NJNNI refer to the two supertree methods described in
Section 2.3 while kind, hD and kt refer to distance matrices related to measures
of deviation from the independent bivariate Kendall distribution, Hoeffding’s
D statistics or Kendall correlation coefficients, respectively (a large measure of
deviation, a large D or a large Kendall’s τ leading to a small distance). For the
second step, kb and kagg refer to Equations (2.4.4) and (2.4.1), respectively.

Target structures are given in Figures 2.15 and 2.16.

Figure 2.17 through 2.21 give the simulation results for these target struc-
tures. The generators used across each structure and the related parameters,
expressed as Kendall correlation coefficients for convenience, are specified below
the figures.

Notice the average of the 01-distances is actually equal to the percentage of
estimates that are unequal to the target structure, so that a value of 1 means
not a single estimate of λ among the N = 100 available was equal to the target
λ, while a value of 0 means all estimates of λ were equal to λ.

Some comments are:
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Figure 2.15: two four-variate structures, a five-variate structure and a seven-variate structure.
1:5 means 12345, while 1:7 means 1234567.
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Figure 2.16: A fifteen-variate structure, where B2 refer to an Archimedean copula spanned
on U9 through U13.
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• As the sample size increases, all estimators perform better.
• The more the target NAC is resolved, that is, the more generators of

successive nodes in the target structure are different, the better the per-
formance, as seen in Figure 2.17 through 2.20. The tree structure of a
poorly resolved NAC is, in general, harder to estimate.

• The group of estimators used in this section are clearly not a homogeneous
group regarding performances. For instance, at the top left of Figure 2.17,
one can see that the NJNNI kb estimator performs slightly better than
the S&U estimator in terms of mean 01-distance, while the kt kagg and
hD kagg estimators both significantly perform better.

• Several estimators beat the S&U estimator by a large amount in case of
binary target structures (Figure 2.17 and 2.20). For instance, top right of
Figure 2.20, the kt kagg estimator can be seen to get the target structure
wrong only 20% of the time when the sample size is 30, while the S&U
estimator gets it wrong more than 80% of the time on the same samples.
Moreover, the bottom right part of the same figure shows that, when the
kt kagg gets the target structure wrong, it is only by a very small, almost
negligible, amount. When the S&U estimator gets it wrong, the resulting
estimate of λ is usually far away from λ itself.

• As seen in Figure 2.21, the kind kagg and kt kagg estimators seem to offer
the same ability to retrieve the target structure. Note however that the
kt kagg estimator is easier to compute.

• No matter what the generators of the target NAC are, notice that kt kagg
remains the top runner in almost all figures where it is used.

• In the simulations for the four-variate binary structure, the kt kagg esti-
mator turned out to be the one with the smallest execution times, produc-
ing estimates up to a 100 times faster than the S&U estimator. For many
target NACs, estimators using hierarchical clustering exhibit smaller ex-
ecution times than the S&U estimator on the same data.
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Figure 2.17: results for the four-variate binary structure. The generators used across the
structure are all Clayton generators. The related sets of parameters are (τ1234 = 0.4, τ12 =
0.6, τ34 = 0.6) for the left-hand side of the figure, (τ1234 = 0.3, τ12 = 0.7, τ34 = 0.7) in the
middle, and (τ1234 = 0.2, τ12 = 0.8, τ34 = 0.8) for the right-hand side of the figure.
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Figure 2.18: results for the second four-variate structure. The generators used across the
structure are, again, all Clayton generators. The related sets of parameters are (τ1234 =
0.4, τ34 = 0.6) for the hand-left side of the figure, (τ1234 = 0.3, τ34 = 0.7) in the middle, and
(τ1234 = 0.2, τ34 = 0.8) for the hand-right side of the figure.
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Figure 2.19: results for the five-variate structure. The generators used across the structure are
all Gumbel generators. The related sets of parameters are (τ1:5 = 0.4, τ345 = 0.5, τ34 = 0.6)
for the left-hand side of the figure, (τ1:5 = 0.3, τ345 = 0.5, τ34 = 0.7) in the middle, and
(τ1:5 = 0.2, τ345 = 0.5, τ34 = 0.8) for the right-hand side of the figure.
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Figure 2.20: results for the seven-variate structure. The generators used across the structure
are all Frank generators. The related sets of parameters are (τ1:7 = 0.35, τ123 = 0.5, τ23 =
0.65, τ4:7 = 0.45, τ567 = 0.55, τ67 = 0.65) for the left-hand side of the figure and (τ1:7 =
0.2, τ123 = 0.5, τ23 = 0.8, τ4:7 = 0.4, τ567 = 0.6, τ67 = 0.8) for the right-hand side of the
figure.
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Figure 2.21: results for the fifteen-variate structure. The generators used across the structure
are all Joe generators. The set of parameters is (τ1:15 = 0.1, τA1

= 0.25, τA2
= 0.5, τB1

=
0.5, τB2 = 0.75, τC1 = 0.35, τC2 = 0.45).
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2.6 Daily log returns

Daily log returns from January 2010 to December 2012 of the following indices
were gathered with the help of Yahoo! Finance:

• Abercrombie & Fitch Co. (ANF), traded in New York;

• Amazon.com Inc. (AMZN), traded in New York;

• China Mobile Limited (ChM), traded in Hong Kong;

• PetroChina (PCh), traded in Hong Kong;

• Groupe Bruxelles Lambert (GBLB), traded in Brussels;

• and KBC Group (KBC), traded in Brussels.

For each of these six time series, a GARCH(1,1) model with generalized
error distribution was fitted and the residuals were extracted, that is, each of
the six original time series was divided by the related estimated standard de-
viations, leading to a table of n = 740 observations and d = 6 columns. These
new six time series will be called the GARCH(1,1)-standardized log returns.
A Ljung-Box test (lag 20) on each of the six GARCH(1,1)-standardized log
returns was performed, as well as on each of the six squared GARCH(1,1)-
standardized log returns, and failed to reject the null hypothesis of zero serial
correlation every time. A chi-squared test was also performed on each of the
six GARCH(1,1)-standardized log returns to check if the generalized error dis-
tribution assumed for the residuals in the GARCH(1,1) model is appropriate.
Again, H0 was never rejected.

Figure 2.22 shows the estimated NAC structure, using the S&U estimator,
based on the GARCH(1,1)-standardized log returns of ANF, AMZN, ChM and
PCh, the estimated NAC structure for ANF, AMZN, GBLB and KBC, and the
estimated NAC structure for ChM, PCh, GBLB and KBC.

ANF AMZN ChM PCh

D12

D0

D34

ANF AMZN GBLB KBC

D12

D0

D34

ChM PCh GBLB KBC

D12

D0

D34

Figure 2.22: Given two series of GARCH(1,1)-standardized log returns from one geographical
area and two from another area, a natural clustering by area arises. The above structures
are all strongly supported by the data, as the 12 related p-values are less than 10e-04.
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In order to build a six-variate structure, eight extra trivariate structures
must be estimated. The left of Figure 2.23 shows a reasonable guess for the
six-variate structure in which the eight extra trivariate structures all are 3-fans.

ANF AMZN ChM PCh GBLB KBC

D12

D0

D34 D56

ANF AMZN ChM PCh

GBLB KBCD12

D1234

D0

D34

D56

Figure 2.23: Possible six-variate structures for the data.

However, the 3-fan in four of the eight extra trivariate structures is strongly
rejected by the data, which rather suggest the structure on the right of Fig-
ure 2.23. Unfortunately, this last structure implies rejection of the 3-fan for
all eight extra trivariate structures and not only for half of them, making the
estimation of a six-variate structure quite uncertain. Since both PetroChina
and China Mobile are not only traded in Hong Kong but also in New York,
their log returns in Hong Kong is expected to be more related to the log returns
of some companies in New York (for instance ANF and AMZN) than to the log
returns of two companies in Belgium. The structure on the right of Figure 2.23
seems therefore more appropriate.

In general, difficulties can appear when the S&U estimator is applied to real
data for which the true copula is not a NAC. For instance, one can end up with
a subset of estimated triples each strongly supported by the data (that is, very

small p-values, meaning type I or type III errors are unlikely) and yet 3̂(λ) is
a faulty set. Such faulty sets cannot be fixed because they do not result from
estimation errors, well from the fact that the target copula is actually not a
NAC.

2.7 The Belgian stock market, 2006-2010

Using Yahoo! Finance, the weekly logreturns between mid 2006 and mid 2010
for d = 7 arbitrary components from the BEL20 index have been extracted.

57



Chapter 2: Nested Archimedean Copulas

The components are:

• Ackermans & van Haaren (Ack) - diversified industrials,

• Ageas - life insurance,

• Bekaert (Bek) - diversified industrials,

• Cofinimmo (Cof) - industrial and office REITs (real estate),

• KBC Group (KBC) - banks,

• Solvay - specialty chemicals,

• Umicore (Umi) - specialty chemicals.

The weekly logreturn of component i at the t-th week (week 1 being the
last week of June 2006) is

Xi(t) = log

(
Ri(t+ 1)

Ri(t)

)
,

where Ri(t) stands for the raw price the t-th week.

Using a moving window covering a two-year period, a tree structure was
estimated every every year between 2006 and 2010, that is, a tree structure
was estimated on the weekly logreturns for the following periods:

• mid 2006 to mid 2008,

• mid 2007 to mid 2009,

• mid 2008 to mid 2010.

The estimator used is a special case of Algorithm 3, where a binary tree is
first built based on the matrix of Kendall’s taus and then collapsed using the
hypothesis test developed in Subsection 2.3.1, also see Section 2.4 for details.
Note: the number of observations used to build each tree is about 104, as a
result of the two-year large moving window. The estimated trees are displayed
in Figure 2.24, where the indicated year on each tree corresponds to the middle
of the two-year large window.
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Ack

Ageas

Bek

Cof

KBC Solvay

Umi

0.23

0.34

0.41

2007

Ack

Ageas

Bek

Cof

KBC Solvay Umi

0.31

0.45

0.34

2008

Ack

Ageas

Bek Cof KBC Solvay Umi

0.35

0.44

2009

Figure 2.24: The dependence structure between 7 components of the BEL20 through time.

To help interpret the estimated structures, an estimated summary of the
generator at each internal node of a given structure has been calculated. Given
a node and a structure, the estimated Kendall correlation coefficients of all the
pairs of random variables interacting through that node are averaged. So, for
instance, the value 0.34 in the estimated tree for 2007 is the result of averag-
ing the Kendall’s correlation coefficients of the following pairs: (Solvay, Bek),
(Solvay, Umi), (KBC, Bek), (KBC, Umi), (Ageas, Bek), (Ageas, Umi).

A few comments one can make are:

• Cof becomes increasingly related to other components through time, go-
ing down the three remarkably from 2007 to 2009.

• Bek and Umi remain related through a rather strong correlation through
time, the minimum being 0.41 in 2007. KBC and Solvay also enjoy a
rather strong correlation through time.

• The position of Ageas is stable in the tree, related to most components
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throuhg a correlation of ∼ 0.35.

• The minimum dependence (root node) in the tree increases as one goes
from 2007 to 2009, while the maximum dependence remains stable.

Figure 2.25: The BEL20 index through time.

2.8 The story of 482 students

In this section, a NAC tree is estimated based on the results of 482 students to
their exams, using the kt kagg tree structure estimator with τc set to 0.075. The
main reason the kt kagg tree structure estimator is used rather than another is
because it was the best performing one in Section 2.5.3, as well as the fastest.

The 482 students are in their first year, studying economics and manage-
ment in a Belgian university. They took 14 exams, that is, there are 14 ran-
dom variables: Private Law, Psychology and Management, Sociology, Chem-
istry, Geography, English, Dutch, History, Mathematics, Physics, Statistics, a
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Chem

Law

Econ103 Econ104

Geog

Hist

Engl Dutch

Math Phys

Psyc Socio

Stat BasicSci

0.33

0.44

0.64

0.51

0.47

Figure 2.26: NAC tree built on the grades of 482 students.

course designed to make sure students have the required prerequisites in sci-
ences (BasicSci), and, finally, micro and macro economics (Econ103) and a
related course (Econ104). Figure 2.26 shows the estimated tree.

To help interpret the estimated structure, an estimated summary of the
generator at each internal node of the structure are obtained by averaging the
estimated Kendall correlation coefficients of all the pairs of random variables
interacting through that node. For instance, 0.51 was obtained by averaging
the Kendall correlation coefficients of the pairs (Hist, Math), (Hist, Phys),
(Hist, Stat), (Hist, BasicSci), (Hist, Econ103), (Hist, Econ104), (Math, Phys),
(Math, Stat), (Math, BasicSci), (Math, Econ103), (Math, Econ104), (Phys,
Stat), (Phys, BasicSci), (Phys, Econ103), (Phys, Econ104), (Stat, BasicSci),
(Stat, Econ103), (Stat, Econ104), (BasicSci, Econ103) and (BasicSci, Econ104).
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The estimated average Kendall correlation coefficient at the root is 0.33,
suggesting that students tend to have good grades everywhere or bad grades
everywhere, and less often a mix of good and bad grades. The strongest esti-
mated Kendall’s τ can be observed between the courses Econ103 and Econ104.
Merging both courses in one exam could be a time-saving idea for the teach-
ers in charge. English and Dutch courses are apart from the rest of the tree,
with an estimated Kendall’s τ of 0.47. Natural sciences such as Mathemat-
ics, Physics or Statistics are related through a rather strong estimated mean
Kendall’s τ (0.51), while courses such as Psychology or Sociology are both
directly connected to the root where the dependence is the weakest.

If one is to assume that the five generators of the tree shown in Figure 2.26
all belong to a same parametric family F , say the Clayton family, estimation of
the related set of parameter Θ can be easily performed by inverting the mean
Kendall correlation coefficients displayed in Figure 2.26 according to Equation
(2.4.5).

To check the fit, one could compare the empirical correlation matrix, built
on the raw data, versus the correlation matrix one gets from (λ̂, Ψ̂). A good
match between the two matrices does not mean that the true copula underlying
the dataset is a NAC, but is nonetheless a key requirement.

Since comparison of two 14× 14 correlation matrices is quite obnoxious to
perform, suggestion is to use principal component analysis to help perform this
check (Wold et al., 1987; Jolliffe, 2002; Abdi and Williams, 2010). The 482
students, projected on the first two components, can be seen in the top left
of Figure 2.27. 5000 points from (λ̂, Ψ̂) can be seen in the top right of Figure
2.27.
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Figure 2.27: Top left: the 482 students projected on the first two components. Top right:
the 5000 generated points projected on the first two components. Bottom: corresponding
correlation circles.

The circle of correlations based on the 482 students can be seen in the
bottom left panel of Figure 2.27. The circle of correlations based on 5000
observations from (λ̂, Ψ̂) can be seen in the bottom right panel of Figure 2.27.
By comparing the two correlation circles, one can quickly and effortlessly check
for large discrepancies between the dependence structure of the original data
and the dependence structure of the data generated from (λ̂, Ψ̂). While there
are differences, one can observe that all variables point on the right in both
circles, and given a variable, such as Engl, one can see that the difference in
position between this particular variable on the left correlation circle and on
the right correlation circle never exceeds 20 degrees.

In most papers related to NACs, a generator with the same functional form
is used throughout the tree structure. Different generators can however be
used, as discussed by Hofert (2011), offering extra flexibility. In his paper,
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Hofert (2011) gives several examples of different Archimedean families one can
use while meeting the sufficient nesting condition. For instance, Hofert (2011)
tells us that if a parent node is defined through a Clayton generator, then the
child node can be defined through generator

ψh(t) = (1 + t1/θh)−1,

as long as the parameter’s value of the Clayton generator ∈ (0, 1]. Translated
as a Kendall correlation coefficient, it means one cannot exceed 1/3 for the
correlation coefficient on the parent node.

Looking back at Figure 2.26, at least one opportunity for the generator
ψh can be seen: node 0.47. Indeed, the parent node has a Kendall correlation
coefficient just below 1/3. The only remaining task is to revert the value 0.47 in

order to get θ̂h. Straighforward calculations can show that θh = 4
6(1−τ) , leading

to θ̂h = 1.258. The resulting estimated NAC now uses different generators
across its tree structure, and, thanks to Hofert (2011), it is known that this
estimated NAC is a proper copula.

Of course, one has no reason to use different generators unless the resulting
NAC offers a better fit. To check if using ψh(t) at node 0.47 allows to improve
the fit, comparison of the log-likelihood of the Archimedean copula on (Engl,
Dutch) using a Clayton generator first and then using ψh(t) is performed.
Straighforward calculations can show that the copula density using ψh(t) as
generator is

c(u,w; θ) =
2(−1 + 1/u)θ(−1 + 1/w)θ

D
,

where

D = u2w2(−1 + 1/u)(−1 + 1/w)
(
1 + 1/θ((−1 + 1/u)θ + (−1 + 1/w)θ)

)3
,

allowing to calculate the related log-likelihood. The log-likehood using a Clay-
ton generator is 74.00. Using ψh(t), the log-likelihood is 50.10. So in this case,
it seems one is better off with a Clayton generator at node 0.47.

2.9 Discussion

Based on the performance sections of this chapter, it seems that the tree struc-
ture estimator kt kagg, introduced in this thesis as an extension of the work
from Górecki et al. (2015), is most likely the best NAC tree estimator available
at the moment, not only because it is able to retrieve the target structure more
often than other estimators, but also because it is one of the fastest tree struc-
ture estimator there is. The new tree structure estimator based on supertree
methods has failed to beat the kt kagg estimator in our study, but nonetheless
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outperforms the S&U method, which itself is able to outperform (but not al-
ways) the method from Okhrin et al. (2013a). Can a better NAC tree estimator
than kt kagg be found? Hopefully, further research on the matter by someone
having read this thesis should be facilitated, thanks to the proposed framework
from this chapter, as well as by the novel way of comparing tree estimators,
using the tri-distance introduced in Section 1.6.
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Chapter 3

Extending One-Factor
Copulas

3.1 Introduction

Factor copulas refer to copulas which can be expressed by means of unobserved
variables, the factors. Most of the time, only one univariate (and continuous)
factor X0 is used, and thus one talks about one-factor copulas. They are a
hot topic of research at the moment, being written about by Krupskii and
Joe (2013), Joe (2014), Krupskii and Joe (2015), Mazo et al. (2015a) or Oh
and Patton (2015). Nonetheless, the scope of current one-factor copulas is still
limited when it comes to the construction of parametric models.

First, only factors with a uniform distribution are currently considered to
the literature. Yet, in applications, the identification of a factor may implicitely
assume estimating its distribution. Second, studying the factor’s impact on the
dependence structure is not allowed, either. Indeed, in current one-factor copu-
las, only conditional independence is allowed. That is, the variables U1, . . . , Ud,
whose joint distribution is a copula, are independent conditionally on the factor
X0 = x0. This means that, for all u1, . . . , ud ∈ [0, 1],

P (U1 ≤ u1, . . . , Ud ≤ ud|X0 = x0) =

d∏
i=1

P (Ui ≤ ui|X0 = x0).

As a result, current one-factor copulas are written (Krupskii and Joe, 2013) as
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C(u1, . . . , ud) =

∫ 1

0

d∏
i=1

P (Ui ≤ ui|X0 = x0) dx0 (3.1.1)

=

∫ 1

0

d∏
i=1

∂Ci(ui, x0)

∂x0
dx0

=

∫ 1

0

d∏
i=1

Ci|0(ui|x0) dx0,

where Ci is some bivariate copula and X0 has a uniform distribution.

As (3.1.1) allows to see, the task of modeling only amounts to choose a para-
metric form for P (Ui ≤ ui|X0 = x0), i ∈ {1, . . . , d}. What if the practitioner
assumes that the dependence grows with the factor’s value? Or, what if the
dependence structure remains the same, but is not conditional independence?

This chapter is about overcoming these limitations and is largely written
based on Mazo and Uyttendaele. It introduces new representations for one-
factor copulas, allowing one to construct novel parametric models. These rep-
resentations cover many models of the literature in a nontrivial way, as seen
in Section 3.5. Section 3.3 explores various properties of these representations,
while Section 3.6 explores estimation and also proposes a novel test to assess
whether conditional independence may hold or not, without assuming any para-
metric form for the dependence structure. Section 3.7 presents the numerical
experiments used to illustrate the testing procedure as well as a real data anal-
ysis. An example from Chapter 2 is also revisited using a newly developed
model from Section 3.5, see the beginning of Section 3.7.

3.2 Extended one-factor copulas and nested ex-
tended one-factor copulas

Consider the the law of total probability,

C(u1, . . . , ud) = P (U1 ≤ u1, . . . , Ud ≤ ud)

=

∫
P (U1 ≤ u1, . . . , Ud ≤ ud|X0 = x0)f0(x0) dx0, (3.2.1)

where the integral is taken over the support of X0 and f0 denotes its density.
Equation (3.2.1) is the one from which the formula of current one-factor copulas
originated, given by (3.1.1). One can easily see that one-factor copulas are a
reformulation of the law of total probability in which the factor X0 is uniformly
distributed on [0, 1] and the variables U1, . . . , Ud are assumed to be independent
conditionally on the factor.
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To extend one-factor copulas, in addition to letting the density of X0, f0,
be unspecified, it is proposed to reconsider the decomposition of

P (U1 ≤ u1, . . . , Ud ≤ ud|X0 = x0).

Given X0 = x0, certainly the vector (U1, . . . , Ud) has a distribution function,
but it is not, in general, a copula, because Ui|X0 = x0 is not, in general,
uniformly distributed. By Sklar’s theorem (Sklar, 1959; Nelsen, 2006),

P (U1 ≤ u1, . . . , Ud ≤ ud|X0 = x0)

can be decomposed as a copula and a set of marginal distributions, that is,

P (U1 ≤ u1, . . . , Ud ≤ ud|X0 = x0) =

Cx0
(P (U1 ≤ u1|X0 = x0), . . . , P (Ud ≤ ud|X0 = x0)). (3.2.2)

If we let x0 vary, both the copula Cx0 and the margins P (Ui ≤ ui|X0 = x0),
i = 1, . . . , d, will be, in fact, conditional distributions.

Example 3.2.1. Consider (3.2.1) with X0 following an exponential distribution, as

f0(x0) = e−x0 , x0 > 0. (3.2.3)

Moreover, in (3.2.2), assume that

P (Ui ≤ ui|X0 = x0) =

∫ ui

0

Γ(1 + x0)

Γ(x0)
(1− t)x0−1 dt,

where

Γ(z) =

∫ ∞
0

tz−1e−t dt, z > 0, (3.2.4)

is the well known Gamma function. Finally, assume that the density of Cx0 , cx0 is

cx0(u1, . . . , ud) = (det R(x0))−1/2 exp

[
−1

2
z>([R(x0)]−1 − I)z

]
, (3.2.5)

where z = (z1, . . . , zd), zi is the quantile of order ui of the standard normal distribution,
I is the d× d identity matrix, and

R(x0) =


1

. . . β(x0)

β(x0)
. . .

1

 , (3.2.6)

where

β(x0) = e−x0 .
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In Example 3.2.1, for a fixed x0, the copula Cx0
is a multivariate Gaussian

copula with an exchangeable correlation matrix with parameter β(x0) = e−x0 .
Likewise, the distribution of Ui given X0 = x0 is a beta distribution with
parameters 1 and x0. By Sklar’s theorem, P (Ui ≤ ui|X0 = x0) and Cx0

can be
set independently.

Example 3.2.2. Consider (3.2.1) with X0 following a Pareto distribution, as

f0(x0) = x−2
0 , x0 > 1. (3.2.7)

Moreover, in (3.2.2), assume that

Cx0(u1, . . . , ud) = exp
[
− ((− log u1)x0 + . . .+ (− log ud)

x0)1/x0
]
.

In Example 3.2.2, for a fixed x0, the copula Cx0
is recognized to be a

Gumbel-Hougaard copula with parameter x0, see Nelsen (2006, p. 153). The
margins P (Ui ≤ ui|X0 = x0), i = 1, . . . , d were not specified.

While examples such as Example 3.2.1 and Example 3.2.2 could be mul-
tiplied endlessly, there is a representation, presented below, which permits to
get them all, and build general parametric one-factor copulas quite easily. So,
in view of both the law of total probability (3.2.1) and the “conditional Sklar’s
theorem” (3.2.2), every one-factor copula can be written as

C(u1, . . . , ud)

=

∫
Cx0

[P (U1 ≤ u1|X0 = x0), . . . , P (Ud ≤ ud|X0 = x0)]f0(x0) dx0, (3.2.8)

where, as in Examples 3.2.1 and 3.2.2, Cx0 is to be understood as a collection,
running over x0, of well defined d-variate copulas and where the integral is
taken over the support of X0. In representation (3.2.8), as well as in Example
3.2.1 and Example 3.2.2, letting x0 vary induces a collection of copulas {Cx0

}
which reflects the change in the dependence structure as the factor varies. For
instance, in the former example, Cx0

→ Π (pointwise) as x0 → ∞, where
Π denotes the independence copula, that is, Π(u1, . . . , ud) = u1 · · ·ud for all
u1, . . . , ud ∈ [0, 1]. On the other hand, if x0 → 0, then Cx0 → M , where M
denotes the Fréchet-Hoeffding bound for copulas, that is, M represents the
complete positive dependence structure, with M(u1, . . . , ud) = min(u1, . . . , ud)
for all u1, . . . , ud ∈ [0, 1]. As the factor’s value varies, the dependence between
the variables X1, . . . , Xd varies as well, ranging from independence to complete
positive dependence. The opposite happens in Example 3.2.2. We have that
Cx0
→M whenever x0 → 0 and Cx0

→ Π whenever x0 → 1.

Representation (3.2.8) can be recast in terms of standard uniform variables
only. Let Q0 = F−1

0 be the inverse of the factor’s distribution function F0. By
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the change of variables u0 = F0(x0) in (3.2.8), we have

C(u1, . . . , ud)

=

∫
Cx0

[P (U1 ≤ u1|U0 = F0(x0)), . . . , P (Ud ≤ ud|U0 = F0(x0))]f0(x0) dx0

=

∫ 1

0

C�Q0(u0)[P (U1 ≤ u1|U0 = u0), . . . , P (Ud ≤ ud|U0 = u0)] du0

=

∫ 1

0

C�Q0(u0)[C1|0(u1|u0), . . . , Cd|0(ud|u0)] du0

=

∫ 1

0

C�Q0(u0)

[
∂C1(u1, u0)

∂u0
, . . . ,

∂Cd(ud, u0)

∂u0

]
du0, (3.2.9)

where (Ui, U0) ∼ Ci, i = 1, . . . , d.

Examples 3.2.1 and 3.2.2 can be recast in view of (3.2.9).

Example 3.2.3 (continuation of Example 3.2.1). From (3.2.3), we haveQ0(u0) = − log(1−
u0), hence, for a fixed u0 ∈ (0, 1), C�Q0(u0)

is a multivariate Gaussian copula with corre-
lation matrix given by

R(u0) =


1

. . . β(u0)

β(u0)
. . .

1

 , β(u0) = e−Q0(u0) = 1− u0.

Furthermore, since P (Ui ≤ ui|U0 = u0) = P (Ui ≤ ui|X0 = Q0(u0)), we have

Ci|0(ui|u0) =

∫ ui

0

Γ(1 +Q0(u0))

Γ(Q0(u0))
(1− t)Q0(u0)−1 dt,

so that the underlying bivariate copula is

Ci(ui, u0) =

∫ u0

0

∫ ui

0

Γ(1 +Q0(t))

Γ(Q0(t))
(1− y)Q0(t)−1 dt dy,

for i = 1, . . . , d.

In Example 3.2.3, note that u0 = 0 implies β(u0) = 1, and thus C�Q0(u0)

is the Fréchet-Hoeffding bound M . Likewise, u0 = 1 implies β(u0) = 0 (by
continuity), and thus C�Q0(u0) is the independence copula.

Example 3.2.4 (continuation of Example 3.2.2). From (3.2.7), we have Q0(u0) = 1/(1−
u0), hence, for a fixed u0 ∈ (0, 1),

C�Q0(u0)(u1, . . . , ud) = exp

[
−
(

(− log u1)β(u0) + . . .+ (− log ud)
β(u0)

)1/β(u0)
]
,

β(u0) = Q0(u0) =
1

1− u0
,

that is, C�Q0(u0)
is a multivariate Gumbel-Hougaard copula with parameter given by

β(u0) = Q0(u0) = 1/(1− u0).
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In Example 3.2.4, u0 = 0 implies β(u0) = 1, and thus C�Q0(u0) is the in-

dependence copula. Likewise, u0 = 1 implies β(u0) = ∞ (by continuity), and
thus C�Q0(u0) is the Fréchet-Hoeffding bound. In short, we simply replaced the

x0’s of Example 3.2.1 and Example 3.2.2 by Q0(u0).

Mathematically, both representations (3.2.8) and (3.2.9) are of course equiv-
alent. It is worth stressing that these representations are better not to be taken
as plain mathematical results, but rather as a convenient way to generate new
parametric one-factor copula models, as was shown in the above examples. The
advantage of the representation in (3.2.9) is that it involves copulas only and
allows an easy comparison with (3.1.1). This last equation indeed corresponds
to (3.2.9) with C�Q0(u0) = Π, x0 = u0 and X0 = U0. Representation (3.2.8)
is however more convenient when one adopts a point of view centered on the
factor itself.

Both representations (3.2.8) and (3.2.9) contain two d-dimensional copulas:
one, Cx0

or C�Q0(u0), that’s part of the integrand, and one, C(u1, . . . , ud), that’s
the result of the integral. In the rest of this chapter, the latter will often be
referred to as the outer copula, while the former will often be referred to as the
inner copula. In the rest of this chapter, the copulas C1, . . . , Cd in (3.2.9) will
be referred to as the bivariate copulas or linking copulas.

The inner copula in both representations is usually assumed to be a copula
with one parameter, this parameter being explicitly related to u0 through Q0

in representation (3.2.9). However, many d-dimensional copula have more than
one parameter. In such cases, each parameter can be assumed to be related to
u0 through a different mapping Ql, l ∈ {1, . . . , p}, where p is the number of
parameters of the related inner copula, and one can write:

C(u1, . . . , ud) =

∫ 1

0

C�{Ql(u0)}

[
∂C1(u1, u0)

∂u0
, . . . ,

∂Cd(ud, u0)

∂u0

]
du0.

In general however, we will just write C�{Ql(u0)} as C�Q0(u0) or even C�u0
.

Since any d-dimensional copula can be used in representations (3.2.8) and
(3.2.9) as inner copula, one can also consider using an outer copula as inner
copula, nesting the construction in itself.

Let us rewrite expression (3.2.9) as

C(u1, . . . , ud) =

∫ 1

0

C�1t1

[
H11(u1, t1), . . . ,Hd1(ud, t1)

]
dt1, (3.2.10)

that is, we rewrite C�Q0(u0) as C�1t1 , replace ∂Ci(ui,u0)
∂u0

by Hi1(ui, t1) and u0 by
t1.

Next, define C�1t1 as
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C�1t1 (v1, . . . , vd) =

∫ 1

0

C�2t2
(
H12(v1, t2), . . . ,Hd2(vd, t2)

)
dt2,

where C�2t2 is some d-variate copula, the parameters of which being each related

to t2 through a different mapping, and where Hi2(vi, t2) = ∂Ci2(vi,t2)
∂t2

, {Ci2}
being a set of bivariate copulas, with i ∈ {1, . . . , d}.

The outer copula C(u1, . . . , ud) in Equation (3.2.10) is then

C(u1, . . . , ud)

=

∫ 1

0

∫ 1

0

C�2t2
(
H12(H11(u1, t1), t2), . . . ,Hd2(Hd1(ud, t1), t2)

)
dt2 dt1.

Notice that in the above nesting scheme, the d-variate copula C�1t1 actually
does not depend on t1. In general, we will always assume that only the last
d-variate copula C�wtw in a nesting chain actually depends on its related variable
tw, in order to avoid an extra layer of complexity. While working with this last
assumption, a nested extended one-factor copula (NEOFC), hereafter denoted
as C�w , can be written as

C�w (u1, . . . , ud)

=

∫
[0,1]w

C�wtw
(
G1(u1; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)

)
dtw . . . dt1,

(3.2.11)

where w, d ≥ 2, Gi(ui; tw, . . . , t1) is

Gi(ui; tw, . . . , t1) = Htw
iw ◦ · · · ◦H

t1
i1 (ui), (3.2.12)

and H
tj
ij (•) ≡ Hij(•, tj), with

Hi1(•, t1) =
∂Ci1(•, t1)

∂t1
,

Hi2(•, t2) =
∂Ci2(•, t2)

∂t2
,

...

Hiw(•, tw) =
∂Ciw(•, tw)

∂tw
.

(3.2.13)
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As an example, if w = 3, we have

Gi(ui; t3, t2, t1) =Ht3
i3 ◦H

t2
i2 ◦H

t1
i1 (ui)

=
∂Ci3(Ht2

i2 ◦H
t1
i1 (ui), t3)

∂t3

=
∂Ci3(

∂Ci2(H
t1
i1 (ui),t2)

∂t2
, t3)

∂t3

=
∂Ci3(

∂Ci2(
∂Ci1(ui,t1)

∂t1
,t2)

∂t2
, t3)

∂t3
.

The block of equations (3.2.13) reveals that there is a set of w bivariate
copulas underlying Gi(ui; tw, . . . , t1). Since i ∈ {1, . . . , d}, this means that
there is always a set of d× w bivariate copulas underlying any NEOFC.

To summarize, a one-factor copula (OFC) can be written as

C(u1, . . . , ud) =

∫ 1

0

d∏
i=1

(
∂Ci(ui, u0)

∂u0

)
du0, (3.2.14)

an extended one-factor copula (EOFC) as

C(u1, . . . , ud) =

∫ 1

0

C�u0

(
∂C1(u1, u0)

∂u0
, . . . ,

∂Cd(ud, u0)

∂u0

)
du0, (3.2.15)

and a nested extended one-factor copual (NEOFC) as

C�w (u1, . . . , ud)

=

∫
[0,1]w

C�wtw
(
G1(u1; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)

)
dtw . . . dt1.

(3.2.16)

Note that EOFCs are a special case of NEOFCs: setting w = 1 in the
last expression above means falling back to extended one-factor copulas. Also
note that, while the inner copula of a NEOFC is assumed to depend on only
one factor, Tw, a nested extended one-factor copula actually encompasses more
than one factor: from T1 to Tw.

3.3 Properties of EOFCs and NEOFCs

In this section, various properties of EOFCs and NEOFCs are given. Identifi-
ability issues are also addressed.
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3.3.1 On the inner copula

In order to generate new parametric families of one-factor copulas using (3.2.8)
or (3.2.9), one can act on 3 components: the bivariate or linking copulas Ci,
i ∈ {1, . . . , d}, the factor’s distribution, represented either by its density f0 or by
its quantile function Q0, and the set of multivariate copulas {Cx0} = {C�Q0(u0)}.
Depending on the choice for the inner copula Cx0 , three different forms of factor
copulas can be made. This is illustrated by the following example.

Example 3.3.1. Let X0 follow an exponential distribution with parameter λ > 0,

f0(x0) = λe−λx0 , x0 > 0.

For i ∈ {1, . . . , d}, let Ci be a Clayton copula so that

Ci(ui, u0) = [(u−αii + u−αi0 − 1)]−1/αi αi > 0. (3.3.1)

Finally, let cx0 , the density of Cx0 , be as in (3.2.5) where R(x0) is as in (3.2.6) and
where

β(x0) = e−β0−β1x0 , β0, β1 > 0. (3.3.2)

In Example 3.3.1, we have built a parametric model for one-factor copulas
which allow for different features. First, the number of parameters, d + 3, is
linear in d, the dimension. Second, as will be seen in Section 3.6, assuming
a parametric form for the factor’s distribution, one can estimate the related
parameter λ by maximum pseudo-likelihood, thus learning valuable informa-
tion about a variable which, by definition, is never directly observed. Finally,
one can control the growth rate of the dependence structure, relative to the
change of the factor’s value. For instance, in (3.3.2), a decrease in β1 leads
to an increase in β(x0),∀x0, β(x0) being the correlation parameter. If one set
β1 = 0, then β(x0) = exp(−β0), and thus the correlation parameter, hence the
conditional copula Cx0 , does not depend on x0 anymore: we call this condi-
tional invariance, not to be mistaken with conditional independence. This last
feature happens when β0 =∞, implying a correlation parameter β(x0) = 0.

The three different forms of factor copulas are now formalized.

Conditional independence. Conditional independent one-factor copulas are
those such that the inner copula is the independence copula. They cor-
respond exactly to copulas of the form (3.1.1), described in Krupskii and
Joe (2013), and their interpretation is such that, given the factor’s value
X0 = x0, the variables U1, . . . , Ud are independent. Let us note that, even
in this simple case, the obtained models are quite reasonable and useful,
as was demonstrated not only in Krupskii and Joe (2013) or Oh and
Patton (2015), but also in view of the vast literature about conditional
independent models, see Skrondal and Rabe-Hesketh (2007). In Section
3.6.2, we provide a novel procedure in order to test the assumption of
conditional independence.
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Conditional invariance. Conditional invariant one-factor copulas are those
such that, in (3.2.8) for instance, Cx0 = Cx′0 for any x0 and x′0. That is,
there is conditional dependence, but this conditional dependence remains
the same regardless of the factor’s value.

Conditional noninvariance. Conditional noninvariant one-factor copulas are
those which are not conditionally invariant. Note that, a fortiori, they are
not conditionally independent either. Here, the conditional dependence
structure is allowed to change with the factor’s value. In Example 3.2.1,
β(x0)→ 0 as x0 →∞ and therefore Cx0

→ Π, the independence copula.
On the opposite, β(x0) → 1 as x0 → 0 and thus Cx0

→ M , the Fréchet-
Hoeffding upper bound, characterizing complete positive dependence.

Natural parametric one-factor copulas can be built with the help of Kendall’s
tau and Spearman’s rho. Recall that, given a bivariate copula C, Kendall’s tau
is a dependence coefficient in [−1, 1] defined by

τ = 4

∫
[0,1]2

C(u, v) dC(u, v)− 1. (3.3.3)

A value of τ ≈ 0 hints at independence, and τ ≈ −1 (respectively τ ≈ +1)
indicates negative (respectively positive) dependence. Example 3.3.2 illustrates
the procedure.

Example 3.3.2. Let X0 follow a standard uniform distribution and let Cx0 be as

Cx0(u1, . . . , ud) = (u
−τ−1(x0)
1 + · · ·+ u

−τ−1(x0)
d − d+ 1)−1/τ−1(x0),

where τ−1 is the inverse map of

τ(β) =
β

β + 2
, β > 0. (3.3.4)

In Example 3.3.2, for a fixed x0, Cx0 is recognized to be a Clayton copula
with parameter τ−1(x0) = 2x0/(1 − x0) for x0 ∈ (0, 1). In general, the proce-
dure works as follows. First, choose a parametric family of copulas, here the
family of Clayton copulas

Cβ(u1, . . . , ud) = (u−β1 + · · ·+ u−βd − d+ 1)−1/β , β > 0. (3.3.5)

Second, compute Kendall’s tau (there is only one, since all pairs have the
same distribution), which in this case is given by (3.3.4). Third, choose the
distribution of X0 so that its support corresponds to the range of the map
induced by (3.3.4), here (0, 1). Fourth and last, replace β by τ−1(x0) in (3.3.5).

The conditional dependence structure in Example 3.3.2 goes from condi-
tional independence to conditional complete dependence. Indeed, when x0 → 0,
β(x0) → 0 and Cβ(x0) → Π. If x0 → 1 instead, β(x0) → ∞ and Cβ(x0) → M ,
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the Fréchet-Hoeffding upper bound for copulas. If one rather defines β(x0) =
− log(x0), then β(x0)→∞ when x0 → 0 and Cβ(x0) →M . Hence, in one case
the dependence increases with respect to the factor, while in the other case it
decreases.

3.3.2 Densities of EOFCs and NEOFCs

The density of an EOFC, as defined by (3.2.10) is straighforward to get:

c(u1, . . . , ud) =
∂dC(u1, . . . , ud)

∂u1 . . . ∂ud

=

∫ 1

0

c�1t1 (H11(u1, t1), . . . ,Hd1(ud, t1))
d∏
i=1

ci(ui, t1)dt1,

(3.3.6)

which is the integral of the product of one d-variate density and d bivariate
densities, and where c�1t1 is the density of C�1t1 while ci is the density of Ci.

The density of a NEOFC, as defined by (3.2.11), is however less straighfor-
ward to obtain and require first to figure out the result of ∂Gi

∂ui
, also refer to

(3.2.12) and (3.2.13). Observe that (chain rule):

∂H
tj
ij ◦H

tl
il (ui)

∂ui
=
∂Hij(H

tl
il (ui), tj)

∂Htl
il (ui)

∂Htl
il (ui)

∂ui
.

Using this last result, ∂Gi∂ui
can now be written as

∂Gi
∂ui

=
∂Htw

iw ◦ · · · ◦H
t1
i1 (ui)

∂ui

=
∂Hiw(H

tw−1

i,w−1 ◦ · · · ◦H
t1
i1 (ui), tw)

∂H
tw−1

i,w−1 ◦ · · · ◦H
t1
i1 (ui)

∂H
tw−1

i,w−1 ◦ · · · ◦H
t1
i1 (ui)

∂ui

=

3∏
k=w

(
∂Hik(H

tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui), tk)

∂H
tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui)

)
∂Hi2(Ht1

i1 (ui), t2)

∂Ht1
i1 (ui)

∂Ht1
i1 (ui)

∂ui
.

(3.3.7)

The last expression in (3.3.7) is the product of (w−2)+1+1 = w fractions.
The last one is a bivariate copula density and the others each involve a bivariate
density. Starting with the fraction on the right of the last expression in (3.3.7),
we indeed have that

∂Ht1
i1 (ui)

∂ui
=
∂Hi1(ui, t1)

∂ui
=
∂2Ci1(ui, t1)

∂ui∂t1
= ci1(ui, t1).
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If we replace H
tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui) by © so that

∂Hik(H
tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui), tk)

∂H
tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui)

=
∂Hik(©, tk)

∂©
,

we see that
∂Hik(©, tk)

∂©
=
∂2Cik(©, tk)

∂© ∂tk
= cik(©, tk). (3.3.8)

Therefore, we can write that

∂Gi
∂ui

=

3∏
k=w

(
cik

(
H
tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui), tk

))
× ci2(Ht1

i1 (ui), t2)× ci1(ui, t1).

(3.3.9)

As an example, we can expand (3.3.9) for w = 3:

∂Gi
∂ui

=ci3(Ht2
i2 (Ht1

i1 (ui)), t3)ci2(Ht1
i1 (ui), t2)ci1(ui, t1)

=ci3(
∂Ci2(∂Ci1(ui,t1)

∂t1
, t2)

∂t2
, t3)ci2(

∂Ci1(ui, t1)

∂t1
, t2)ci1(ui, t1).

(3.3.10)

The density of a NEOFC can now be written:

c�w(u1, . . . , ud) =
∂dC�w (u1, . . . , ud)

∂u1 . . . ∂ud

=

∫
[0,1]w

c�wtw
(
G1(u1; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)

) d∏
i=1

∂Gi
∂ui

dtw . . . dt1

=

∫
[0,1]w

c�wtw
(
{Gi}

)
×

d∏
i=1

[
3∏

k=w

(
cik

(
H
tk−1

i,k−1 ◦ · · · ◦H
t1
i1 (ui), tk

))
× ci2(Ht1

i1 (ui), t2)× ci1(ui, t1)

]
dtw . . . dt1,

(3.3.11)

where c�wtw is the density of C�wtw and {Gi} = {G1(u1; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)}.
The density of a NEOFC, as displayed in the last expression of (3.3.11),

is thus made of two parts: a d-variate copula density on the left, c�wtw
(
{Gi}

)
,

and a product that involves d × w bivariate copula densities on the right of
c�wtw
(
{Gi}

)
.

3.3.3 On the margins of EOFCs and NEOFCs

The multivariate margins of an EOFC are still EOFCs.
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Proof. This can be easily seen by integrating u1 out of Equation (3.3.6):∫ 1

0

c(u1, . . . , ud) du1

=

∫ 1

0

∫ 1

0

c�1t1 (H11(u1, t1), . . . ,Hd1(ud, t1))

d∏
i=1

ci(ui, t1)dt1 du1

=

∫ 1

0

∫ 1

0

c�1t1 (H11(u1, t1), . . . ,Hd1(ud, t1))

d∏
i=1

∂Hi(ui, t1)

∂ui
dt1 du1.

The integral requires the following change of variable to be solved:

u =H11(u1, t1),

du =
∂H11(u1, t1)

∂u1
du1,

leading to

∫ 1

0

∫ 1

0

c�1t1 (u,H21(u2, t1), . . . ,Hd1(ud, t1))

d∏
i=2

∂Hi1(ui, t1)

∂ui
dt1 du.

After reorganizing this last expression, one gets:

∫ 1

0

c(u1, . . . , ud) du1

=

∫ 1

0

d∏
i=2

∂Hi1(ui, t1)

∂ui

∫ 1

0

c�1t1 (u,H21(u2, t1), . . . ,Hd1(ud, t1)) du dt1.

The integral related to du is the margin of c�1t1 in H21, . . . ,Hd1 when its first
argument is integrated out. The final result is

c[2:d](u2, . . . , ud) =

∫ 1

0

c
[2:d],�1
t1 (H21(u2, t1), . . . ,Hd1(ud, t1))

d∏
i=2

∂Hi1(ui, t1)

∂ui
dt1,

which is the density of an EOFC.

In general, in order to get a given margin from an EOFC, one just needs to
drop the variables that are no longer needed in (3.3.6).

Similarly to this last result, the multivariate margins of a NEOFC are also
NEOFCs.
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Proof. The proof is similar to what was done in the case of EOFCs. Start from
(3.3.11) and integrate u1 out:

∫ 1

0

c�w(u1, . . . , ud)du1

=

∫ 1

0

∫
[0,1]w

c�wtw
(
G1(u1; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)

) d∏
i=1

∂Gi
∂ui

dtw . . . dt1 du1.

(3.3.12)

Perform a change of variable:

u = G1(u1; tw, . . . , t1),

du =
∂G1(u1; tw, . . . , t1)

∂u1
du1,

leading to

∫ 1

0

∫
[0,1]w

c�wtw
(
u,G2, . . . , Gd

) d∏
i=2

∂Gi
∂ui

dtw . . . dt1 du.

Reorganize this last expression:

∫
[0,1]w

d∏
i=2

∂Gi
∂ui

∫ 1

0

c�wtw
(
u,G2, . . . , Gd

)
du dtw . . . dt1.

The integral related to du is just the (d − 1) margin of c�wtw in G2, . . . , Gd.
One can now write:

∫ 1

0

c�w(u1, . . . , ud) du1 = c[2:d],�
w (u2, . . . , ud)

=

∫
[0,1]w

c
[2:d],�w
tw

(
G2(u2; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)

) d∏
i=2

∂Gi
∂ui

dtw . . . dt1,

(3.3.13)

which is the expression of a NEOFC density.

In general, the margins of a NEOFC are easy to get: just drop in expression
(3.3.11) the elements corresponding to the variables that are not of interest.
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3.3.4 The upper and lower Fréchet-Hoeffding bounds

The upper Fréchet–Hoeffding bound and is defined as M(u1, . . . , ud) = min(u1,
. . . , ud). It is always a copula, and corresponds to comonotone random vari-
ables.

Proposition 3.3.3. In (3.2.9), let C�Q0(u0) = Π and let Ci(ui, u0) = min(ui, u0),

∀i ∈ {1, . . . , d}, where min(ui, u0) = M(ui, u0) is the upper Fréchet-Hoeffding
bound on (Ui, U0). Then, C(u1, . . . , ud) = min(u1, . . . , ud).

Proof. The outer copula is

C(u1, . . . , ud) =

∫ 1

0

∂min(u1, u0)

∂u0
. . .

∂min(ud, u0)

∂u0
du0,

and since ∂min(ui,u0)
∂u0

is 0 as soon as u0 > ui, one can write:

C(u1, . . . , ud) =

∫ min(u1,...,ud)

0

∂min(u1, u0)

∂u0
. . .

∂min(ud, u0)

∂u0
du0.

Moreover, as long as u0 < min(u1, . . . , ud), we have that ∂min(ui,u0)
∂u0

=
∂u0

∂u0
= 1,∀i ∈ {1, . . . d}. Therefore, we have

C(u1, . . . , ud) =

∫ min(u1,...,ud)

0

1 . . . 1 du0 = min(u1, . . . , ud).

This result will turn out very useful to show that OFCs are not suited to
model hierarchical dependence in Section 3.5.

The 2-dimensional lower Fréchet-Hoeffding bound is usually written asW (u1,
u2) = max(u1+u2−1, 0). Note that, in contrast to the upper Fréchet-Hoeffding

bound, its generalization, W (u1, . . . , ud) = max(d − 1 +
∑d
i=1 ui, 0), is not a

copula anymore.

Proposition 3.3.4. In (3.2.9), let d = 2, C�Q0(u0) = Π, C1(u1, u0) = max(u1 +

u0−1, 0) and C2(u2, u0) = min(u2, u0). Then, C(u1, u2) = max(u1 +u2−1, 0).

Proof. The outer copula is

C(u1, u2) =

∫ 1

0

∂max(u1 + u0 − 1, 0)

∂u0

∂min(u2, u0)

∂u0
du0,

and since the integrand is 0 as long as u2 < u0, one can write that
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C(u1, u2) =

∫ u2

0

∂max(u1 + u0 − 1, 0)

∂u0

∂min(u2, u0)

∂u0
du0.

Since, ∀u0 ∈ [0, u2], ∂min(u2,u0)
∂u0

= 1, one can write

C(u1, u2) =

∫ u2

0

∂max(u1 + u0 − 1, 0)

∂u0
du0

= max(u1 + u0 − 1, 0)|u0=u2
−max(u1 + u0 − 1, 0)|u0=0

= max(u1 + u2 − 1, 0),

and the proof is complete.

3.3.5 Two degenerate cases

From Equation (3.2.15) or Equation (3.2.16), one can end up with

C(u1, . . . , ud) = EU0

[
C�U0

(u1, . . . , ud)
]

or with

C�w (u1, . . . , ud) = ETw
[
C�wTw (u1, . . . , ud)

]
.

Proposition 3.3.5. In Equation (3.2.15), let Ci, ∀i ∈ {1, . . . , d}, be such that
Ci(ui, u0) = uiu0. Then, C(u1, . . . , ud) = EU0

[
C�U0

(u1, . . . , ud)
]
.

Proof. If Ci, ∀i ∈ {1, . . . , d}, is such that Ci(ui, u0) = uiu0, and since we have

that ∂(uiu0)
∂u0

= ui, Equation (3.2.15) becomes

C(u1, . . . , ud) =

∫ 1

0

C�u0
(u1, . . . , ud) du0 = EU0

[
C�U0

(u1, . . . , ud)
]
.

The reasoning is the same for a NEOFC: one just needs to let all link-
ing copulas be the independence copula. Note that in case of conditional in-
variance, we have that C(u1, . . . , ud) = C�(u1, . . . , ud) and C�w (u1, . . . , ud) =
C�w(u1, . . . , ud), that is, the outer copula is directly equal to the inner one.
This result is important as it means that any d-dimensional copula in the liter-
ature is an EOFC where the linking copulas are the independence copula and
the inner copula is equal to the d-dimensional copula of interest.

A second degenerate case, regarding the linking copulas, is now presented.
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Proposition 3.3.6. Let the inner copula be the independence copula and set
all linking copulas to the upper Fréchet-Hoeffding bound, except for one, Cl.
In C(u1, . . . , ud), set now all arguments to 1, except for ul and uk, where k
is an arbitrary element of {1, . . . d}\{l}. The resulting bivariate margin of C,
C [l,k](ul, uk), is then equal to Cl(ul, uk).

Proof. Let us write the expression of C [l,k](ul, uk) when the inner copula is the
independence one and Ck is the upper Fréchet-Hoeffding bound:

C [l,k](ul, uk) =

∫ 1

0

∂Cl(ul, u0)

∂u0

∂min(uk, u0)

∂u0
du0.

The function min(uk, u0) will return u0 as long as u0 < uk. Otherwise, uk is
returned. Therefore, one can write

C [l,k](ul, uk) =

∫ uk

0

∂Cl(ul, u0)

∂u0

∂u0

∂u0
du0 +

∫ 1

uk

∂Cl(ul, u0)

∂u0

∂uk
∂u0

du0

=

∫ uk

0

∂Cl(ul, u0)

∂u0
du0 + 0

= Cl(ul, uk)− Cl(ul, 0)

= Cl(ul, uk)

Proposition 3.3.6 can be generalized for the case of a NEOFC as follows: if
Clm is the linking copula of interest, l ∈ {1, . . . d}, m ∈ {1, . . . w}, then the [l, k]-
margin of C�w (u1, . . . , ud) is Clm(ul, uk) if C�ttw is the independence copula while
the linking copulas related to Tm are set to the upper Fréchet-Hoeffding bound,
except for Clm, and the remaining linking copulas are set to the independence
copula. The proof that the result of this setup is C [l,k],�(ul, uk) = Clm(ul, uk)
is trivial in view of the proof of Proposition 3.3.6 and is therefore left to the
reader.

3.3.6 Dependence properties

To start, let us write representation (3.2.9) when d = 2:

C(u1, u2) =

∫ 1

0

C�Q0(u0)

[
∂C1(u1, u0)

∂u0
,
∂C2(u2, u0)

∂u0

]
du0. (3.3.14)

Let’s also recall some dependence properties from Nelsen (2006).

83



Chapter 3: Extending One-Factor Copulas

A copula C is positively quadrant dependent (PQD) if C(u) ≥ Π(u) for
any u ∈ [0, 1]d, where Π(u) is the independence copula. Similarly, a copula C
is negatively quadrant dependent (NQD) if C(u) ≤ Π(u) for any u ∈ [0, 1]d.

If C1 is the copula of (U1, U0), then U1 is said to be stochastically decreasing

in U0 if ∂C1(u1,u0)
∂u0

is an increasing function of u0, ∂2C1(u1,u0)
∂u2

0
≥ 0. This can

be written as SD(U1|U0) and it will often be said that C1 is SD in U0 or that
C1(u1, u0) is SD in its second argument.

Similarly, if C1 is the copula of (U1, U0), then U1 is said to be stochastically

increasing in U0 if ∂C1(u1,u0)
∂u0

is a decreasing function of u0, ∂2C1(u1,u0)
∂u2

0
≤ 0.

This can be written as SI(U1|U0) and it will often be said that C1 is SI in U0

or that C1(u1, u0) is SI in its second argument.

Finally, note that if a copula C1 is stochastically increasing in either U0 or
U1, then it is PQD. The same applies if C1 is stochastically decreasing in either
U0 or U1: C1 is then NQD. The reverse is however not true: being SI or SD
for a copula is a stronger dependence property than being PQD or NQD.

Proposition 3.3.7. Let the inner copula in (3.3.14), C�Q0(u0), be a PQD co-

pula, ∀u0. Then if C2 is NQD and C1 is SD(U1|U0) or if C2 is PQD and C1

is SI(U1|U0), the outer copula is PQD, too.

Proof. If C�Q0(u0)(v1, v2) is PQD, then C�Q0(u0)(v1, v2) ≥ v1v2. Therefore, it is
clear that

C(u1, u2) =

∫ 1

0

C�Q0(u0)

[
∂C1(u1, u0)

∂u0
,
∂C2(u2, u0)

∂u0

]
du0

≥
∫ 1

0

∂C1(u1, u0)

∂u0

∂C2(u2, u0)

∂u0
du0.

Using integration by parts, one can then show that

C(u1, u2) ≥ u2
∂C1(u1, u0)

∂u0

∣∣∣∣
u0=1

−
∫ 1

0

C2(u2, u0)
∂2C1(u1, u0)

∂u2
0

du0.

Since C1 is SD(U1|U0) and C2 is NQD, we have that

0 ≤
∫ 1

0

C2(u2, u0)
∂2C1(u1, u0)

∂u2
0

du0 ≤
∫ 1

0

u2u0
∂2C1(u1, u0)

∂u2
0

du0,

and therefore

C(u1, u2) ≥ u2
∂C1(u1, u0)

∂u0

∣∣∣∣
u0=1

−
∫ 1

0

u2u0
∂2C1(u1, u0)

∂u2
0

du0.
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Using integration by parts again, we have that∫ 1

0

u2u0
∂2C1(u1, u0)

∂u2
0

du0 = u2
∂C1(u1, u0)

∂u0

∣∣∣∣
u0=1

− u1u2,

leading to
C(u1, u2) ≥ u1u2.

A similar proposition as the one above can be made, ensuring that the outer
copula is this time NQD. The proof is almost the same as the one from the
previous proposition and is therefore left to the reader.

Proposition 3.3.8. Let the inner copula in (3.3.14), C�Q0(u0), be a NQD co-

pula, ∀u0. Then if C2 is NQD and C1 is SI(U1|U0) or if C2 is PQD and C1 is
SD(U1|U0), the outer copula is NQD, too.

Corollary 3.3.9. Let the inner copula in a 2-dimensional EOFC be the in-
dependence copula, that is, we fall back to Equation (3.1.1), where X0 = U0.
Then if C2 is PQD, C1 is SI(U1|U0) and since the independence copula is PQD,
by Proposition 3.3.7, the outer copula is PQD. Similarly, if C2 is NQD, C1 is
SI(U1|U0) and since the independence copula is NQD, by Proposition 3.3.8,
the outer copula is NQD.

Note that Proposition 1 in Krupskii and Joe (2013) offers a similar result
as the one from the above corollary, where it is shown that if both C1 and C2

are SI in U0, the outer copula is PQD. Proposition 3.3.7 shows that both C1

and C2 do not need to be SI in U0 for the outer copula to be PQD: as long as
one of the two linking copulas is SI and the remaining one is just PQD, then
the outer one is PQD.

Let us now write the expression of a NEOFC when w, d = 2. Then:

C�2 (u1, u2) =

∫
[0,1]2

C�2t2

(
∂C12(∂C11(u1,t1)

∂t1
, t2)

∂t2
,
∂C22(∂C21(u2,t1)

∂t1
, t2)

∂t2

)
dt2 dt1.

(3.3.15)

The following proposition ensures that the outer copula is going to be PQD.

Proposition 3.3.10. Let the inner copula in (3.3.15), C�2t2 , be a PQD copula,
∀t2. Then if C21 is NQD and C11 is SD in T1, while C22 is NQD and C12 is
SD in T2, the outer copula, C�2 (u1, u2), is PQD.

Proof. Let us write C�2 (u1, u2) as

C�2 (u1, u2) =

∫ 1

0

C�1t1

(
∂C11(u1, t1)

∂t1
,
∂C21(u2, t1)

∂t1

)
dt1, (3.3.16)
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where

C�1t1 (v1, v2) =

∫ 1

0

C�2t2

(
∂C12(v1, t2)

∂t2
,
∂C22(v2, t2)

∂t2

)
dt2. (3.3.17)

By Proposition 3.3.7, if C�1t1 is PQD while C21 is NQD and C11 is SD in T1,

then C�2 (u1, u2) is PQD, too. By Proposition 3.3.7 again, in order for C�1t1 to
be PQD, one needs C�2t2 to be PQD, while C22 is NQD and C12 is SD in T2.

Proposition 3.3.10 can be generalized as follows:

Proposition 3.3.11. Let the inner copula in a 2-dimensional NEOFC be PQD.
If for each j ∈ {1, . . . , w} we have that C1j is NQD and C2j is SD with respect
to the factor Tj or that C2j is NQD and C1j is SD with respect to the factor
Tj, then the outer copula, C�w , is PQD.

The proof of this last proposition is trivial in regard of the proof of Proposi-
tion 3.3.10. Proposition 3.3.11 can also be expressed so that the resulting outer
copula is NQD:

Proposition 3.3.12. Let the inner copula in a 2-dimensional NEOFC be NQD.
If for each j ∈ {1, . . . , w} we have that C1j is NQD and C2j is SI with respect
to the factor Tj or that C2j is NQD and C1j is SI with respect to the factor Tj,
then the outer copula, C�w , is NQD.

Hereafter is an example of NEOFC meeting the requirements of Proposition
3.3.11.

Example 3.3.13. Start from 3.3.15. Replace the inner copula C�2t2 by the Frank copula,
with parameter

θ�2(t2) =
log(1− t2)

−λ ,

that is, we use the inverse CDF of an exponential distribution on t2 in order to calculate
θ�2 , where λ > 0 is the rate, that is, the maximum value of the corresponding exponential
probability density function. Since the support of the exponential is [0,∞), the parameter
θ�2(t2) is always positive and therefore C�2t2 is PQD ∀t2 ∈ [0, 1].

Next, set both C11 and C12 to be a Mardia copula with a negative parameter’s value,
ensuring the copula is NQD (Nelsen, 2006, p. 188), while both C21 and C22 are AMH
copulas, each with a negative parameter’s value, to ensure that C21 is SD in T1 and C22

is SD in T2. Indeed, for an AMH copula CθAMH(•, tj), one have that

∂2CθAMH(•, tj)
∂t2j

= −2θAMH × (• − 1) • (θAMH × (• − 1) + 1)

(θAMH × (tj − 1)(• − 1)− 1)3
,

which is a positive quantity as long as θAMH < 0.

The outer copula resulting from this construction is, by Proposition 3.3.11, PQD.

Next we introduce an important conjecture, which describes the relationship
between the inner copula and the outer copula of an EOFC.
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Conjecture 3.3.14. Let the inner copula in (3.3.14), C�Q0(u0), be stochastically

decreasing in both its arguments and be conditionally invariant (refer to Sub-
section 3.3.1 for details on conditional invariance). If, moreover, C2 is NQD
while C1 is SD in U0, then C(u1, u2) > C�Q0(u0)(u1, u2), ∀(u1, u2) ∈ [0, 1]2.

The motivation of this conjecture is now given.

Let ∆ui(u0) = ∂Ci(ui,u0)
∂u0

− ui. Note that
∫ 1

0
∂Ci(ui,u0)

∂u0
du0 = Ci(ui, u0)

∣∣∣∣1
0

=

ui, and therefore that
∫ 1

0
∆ui(u0)du0 = 0. Also note that if Ci is SI in U0, then

∆ui(u0) is a decreasing function of u0. Similarly, if Ci is SD in U0, then ∆ui is
an increasing function of u0.

Using integration by parts, one can show that∫ 1

0

∆u1
(u0)∆u2

(u0) du0 = −
∫ 1

0

(
C2(u2, u0)− u2u0

)
× ∂2C1(u1, u0)

∂u2
0

du0,

(3.3.18)
the integral on the left remaining positive ∀(u1, u2) ∈ [0, 1]2 if C1 is SI in U0

while C2 is PQD. Likewise, the integral on the left remains negative ∀(u1, u2) ∈
[0, 1]2 if C1 is SI in U0 while C2 is NQD.

Let us now write the Taylor expansion for a bivariate copula C�Q0(u0):

C�Q0(u0)

(
u1 + ∆u1(u0), u2 + ∆u2(u0)

)
= C�Q0(u0)(u1, u2) +

∂C�Q0(u0)(u1, u2)

∂u1
∆u1

(u0) +
∂C�Q0(u0)(u1, u2)

∂u2
∆u2

(u0)

+
∂2C�Q0(u0)(u1, u2)

∂u1∂u2
∆u1(u0)∆u2(u0) +

∂2C�Q0(u0)(u1, u2)

∂u2
1

∆2
u1

(u0)/2

+
∂2C�Q0(u0)(u1, u2)

∂u2
2

∆2
u2

(u0)/2 +R

(
u1 + ∆u1(u0), u2 + ∆u2(u0)

)
. (3.3.19)

If one neglects the remainder term R

(
u1 + ∆u1

(u0), u2 + ∆u2
(u0)

)
, then one

can write that the outer copula in Equation (3.3.14) is, taking into account
that C�Q0(u0)(u1, u2) = C�(u1, u2) is conditionally invariant,

, which implicitly means that one would assume that higher order derivatives
of C�Q0(u0)(u1, u2) can be approximated by 0, that is,

C(u1, u2) ≈ C�(u1, u2) du0 +
∂2C�(u1, u2)

∂u1∂u2

∫ 1

0

∆u1
(u0)∆u2

(u0) du0

+
∂2C�(u1, u2)

∂u2
1

∫ 1

0

∆2
u1

(u0)

2
du0 +

∂2C�(u1, u2)

∂u2
2

∫ 1

0

∆2
u2

(u0)

2
du0.
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Note that both
∂2C�(u1, u2)

∂u2
1

∫ 1

0

∆2
u1

(u0)

2
du0 (3.3.20)

and
∂2C�(u1, u2)

∂u2
2

∫ 1

0

∆2
u2

(u0)

2
du0 (3.3.21)

are positive since the inner copula C� is stochastically decreasing in both its

arguments and
∫ 1

0

∆2
ui

(u0)

2 du0 is necessarily positive ∀i.
Moreover, by Equation (3.3.18),∫ 1

0

∆u1
(u0)∆u2

(u0) du0 = −
∫ 1

0

(
C2(u2, u0)− u2u0

)
× ∂2C1(u1, u0)

∂u2
0

du0.

is a positive quantity, since C2 is NQD and C1 is SD in U0. Therefore the
outer copula can be approximated by C�(u1, u2) plus some positive quantity,
∀(u1, u2) ∈ [0, 1]2, leading to the claim of the conjecture that C(u1, u2) >
C�(u1, u2).

It is also possible to express a similar conjecture for C(u1, u2) < C�(u1, u2):

Conjecture 3.3.15. Let the inner copula in (3.3.14), C�Q0(u0) = C�, be stochas-
tically increasing in both its arguments and be conditionally invariant. If,
moreover, C2 is NQD while C1 is SI in U0, then C(u1, u2) < C�(u1, u2),
∀(u1, u2) ∈ [0, 1]2.

The motivation is almost exactly the same as that of Conjecture 3.3.14 and
is therefore left to the reader.

Of course, one might wonder at this point how reasonable it is to neglect
the remainder term in (3.3.19). In what follows, an attempt at detecting at
least one example where Conjecture 3.3.15 fails is presented.

Let the inner copula be one of the 9 following copulas:

• a Farlie-Gumbel-Morgenstern (Nelsen, 2006; Balakrishnan and Lai, 2009)
copula with a parameter’s value of 0.25, 0.5 or 1,

• a Plackett copula (Kemp et al., 1992; Nelsen, 2006) with a parameter’s
value of 3, 12 or 64 (ranging from low to high level of dependence),

• or a Frank copula with a parameter’s value of 2.5, 6 or 14 (again, in an
effort to have low, moderate and high dependence).

All these inner copulas are conditionally invariant and SI in both arguments
as required by Conjecture 3.3.15. Hereafter is the proof that the proposed FGM
copulas are SI in both arguments.

The expression of a FGM copula is

CθFGM(u1, u2) = u1u2 + θFGMu1u2(1− u1)(1− u2),
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where θFGM ∈ [−1, 1].

One can calculate that

∂2CθFGM

∂u2
1

= 2θFGM × (u2(u2 − 1)),

and that
∂2CθFGM

∂u2
2

= 2θFGM × (u1(u1 − 1)).

In order for the copula to be SI in both its arguments, these two expressions
have to be negative. Obviously, this will be the case as long as θFGM is positive.

Let now C1 be one of the following copulas:

• a Plackett copula with a parameter’s value of 3, 12 or 64,

• a Frank copula with a parameter’s value of 2.5, 6 or 14,

• or a FGM copula with a parameter’s value of 0.25, 0.5, 1.

These copulas are all SI in (at least) their second argument, as requested
by Conjecture 3.3.15.

Finally, let C2 be one of the following 9 copulas:

• a Mardia copula with a parameter’s value of -0.25, -0.5 or -0.75,

• a Frank copula with a parameter’s value of -2.5, -6 or -14,

• or a FGM copula with a parameter’s value of -0.25, -0.5 or -1.

These copulas are all NQD, as required by Conjecture 3.3.15. A Mardia
copula (Mardia, 1970; Nelsen, 2006) is defined as

CθMardia
(u1, u2) =

θ2
Mardia(1 + θMardia)

2
M(u1, u2)

+ (1− θ2
Mardia)Π(u1, u2) +

θ2
Mardia(1− θMardia)

2
W (u1, u2),

where M(u1, u2) is the upper Fréchet–Hoeffding bound and W (u1, u2) the lower
one, with θMardia ∈ [−1, 1]. A Mardia copula is NQD as long as θMardia < 0
(Nelsen, 2006, p. 188).

In total, there are 93 = 729 combinations or setups of interest for the
27 presented copulas. For each of these 729 combinations, it is checked if
C(u1, u2) < C�(u1, u2), that is, if the outer copula is below the inner one, for
a grid of 100 points in [0, 1]2. Since C(u1, u2) is calculated through numerical
integration (see the appendix chapter), one must take into account the error
on C(u1, u2) before being able to conclude that C(u1, u2) < C�(u1, u2). This
is performed through the following hypothesis test:
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H0 : C(u1, u2) ≥ C�(u1, u2),
H1 : C(u1, u2) < C�(u1, u2),

Table 3.1: Averaged p-values for various setups when the inner copula is a Frank copula with
a parameter’s value of 14. Rows are the various C1 copulas, while columns describe the C2

copulas.

with the following test statistic:

Ĉ(u1, u2)− C�(u1, u2)

error
H0
∼ N(0, 1),

and where the p-value is the surface on the left of this test statistic.

Since for a given a setup, the test has to be run over a grid of 100 points, 100
p-values is obtained for each of the 93 setups. To summarize all these p-values,
the average p-value is calculated for each setup.

Results. For all setups except the one using as inner copula a Frank copula
with a parameter’s value of 14, the average p-value was less than 1e-7. Results
for the inner Frank copula with a parameter’s value of 14 are reported in Table
3.1, where the rows are the various C1 presented earlier, while the columns are
the various C2 presented earlier.

3.3.7 Identifiability

A model is said to be identifiable if it is theoretically possible to learn the true
values of this model’s underlying parameters after obtaining an infinite number
of observations from it. Mathematically, this is equivalent to saying that differ-
ent values of the parameters must generate different probability distributions
of the observable variables. That is, if (Pθ : θ ∈ Θ) is a statistical model, with
Pθ a probability measure on a fixed space, the model is identifiable if θ1 6= θ2

implies that Pθ1 6= Pθ2 .

Models built using Equations (3.2.14), (3.2.15) or (3.2.16) are not necessar-
ily identifiable.
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Example 3.3.16. In Equation (3.2.14), let d = 2 and C1, C2 be Farlie-Gumbel-Morgenstern
copulas, that is,

Ci(ui, u0; θi) = uiu0 + θiuiu0(1− u0)(1− ui),

with θi ∈ [1,−1]. The outer copula can be showed to be

C(u1, u2; θ1, θ2) =
u1u2

3
(θ1θ2(u1−1)(u2−1) + 3) = u1u2 +

θ1θ2
3
u1u2(1−u1)(1−u2).

Thus, one can see that

C(u1, u2; θ1, θ2) = C(u1, u2; θ′1, θ
′
2)

whenever θ1θ2 = θ′1θ
′
2, and the last equation can be satisfied even if (θ1, θ2) 6= (θ′1, θ

′
2).

Example 3.3.17. In Equation (3.2.14), let Ci be the independance copula for i ∈ {2, . . . , d}.
Then, the outer copula is

C(u; θ1) =

∫ 1

0

∂C1(u1, u0; θ1)

∂u0
u2 . . . ud du0,

which can be simplified to

C(u; θ1) = u2 . . . ud

(
C1(u1, 1; θ1)− C1(u1, 0; θ1)

)
= u1 . . . ud.

The model is thus not identifiable: all values of θ1 lead to the same model, the indepen-
dence copula.

Example 3.3.18. In Equation (3.2.15), let d = 2, C1 be a Gaussian copula with correlation
∆1 and C2 be a Gaussian copula with correlation ∆2. Moreover, let C�Q0(u0)

be a Gaussian
copula with correlation ρA. Then, it can be shown that the outer copula is a Gaussian
copula with correlation

ρA

√
1−∆2

1

√
1−∆2

2 + ∆1∆2.

Even in the case where ∆1 = ∆2 = ∆, this becomes

ρA
(
1−∆2)+ ∆2,

for which one can easily find (ρA,∆) and (ρ′A,∆
′), (ρA,∆) 6= (ρ′A,∆

′) such that ρA
(
1−

∆2
)

+ ∆2 = ρ′A
(
1 − (∆′)2

)
+ (∆′)2. Refer to Section 3.5 for more details on Gaussian

copula built using Equation (3.2.15).

In order to shed more light on identifiability issues, a few case studies based
on the Fisher information matrix are presented. The Fisher information matrix
can indeed be used to check if a model is locally identifiable, see Rothenberg
(1971) or Iskrev et al. (2010). If the model is not locally identifiable all over its
parameter space, then it is not, in general, identifiable in that parameter space.
Let c(u;θ) be the density of an EOFC. Then, the related Fisher information
is defined as
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I(θ) = E

(
∂ log(c(u;θ))

∂θ

∂ log(c(u;θ))

∂θT

)
. (3.3.22)

Checking if a model is locally identifiable everywhere in Θ is the same as
checking where in Θ this matrix is singular (Iskrev et al., 2010).

Numerical computation of this matrix at a point θr ∈ Θ can be done in
various ways. First, one can generate n observations u1, . . . ,un from the target
model at point θr using Algorithm 4 and then compute

1

n

n∑
i=1

(
∂ log(c(ui;θ))

∂θ

∂ log(c(ui;θ))

∂θT

)∣∣∣∣
θ=θr

,

where ∂ log(c(ui;θ))
∂θ

∣∣
θ=θr

is numerically approached.

So, for instance, if θr = (θ1r, θ2r, . . .)
T , we have

∂ log(c(ui; θ1))

∂θ1

∣∣
θ1=θ1r

≈ log(c(ui; θ1r + h))− log(c(ui; θ1r − h))

2h
,

for h set to an arbitrary small value.

Another approach to compute the Fisher information in (3.3.22) is through
numerical integration. Indeed,

I(θr) =

∫
[0,1]d

(
∂ log(c(u;θ))

∂θ

∂ log(c(u;θ))

∂θT

)∣∣
θ=θr

c(u;θr)du,

where ∂ log(c(u;θ))
∂θ

∣∣
θ=θr

has to be numerically approached, too.

Note that in both approaches, the computation of c(u;θr) itself requires
numerical integration: see the appendix chapter for details on numerical inte-
gration.

Case study 1 to 3. Let C1 = C2 be a Frank copula with a parameter’s
value such that τFrank = 0.25, 0.5 and 0.75. The inner copula in all three cases
is a normal copula with correlation θ. The model turned out to be locally
identifiable for each of the 3 cases. Table 3.2 displays the results for case 3.

θ 0.09 0.18 0.27 0.36 0.45 0.55 0.64 0.73 0.82 0.91

Î(θ) 0.595 0.745 0.949 1.246 1.698 2.438 3.908 6.762 15.617 58.255

Table 3.2: The Fisher information as a function of θ for case study 3.

Case study 4. In this case study, the inner copula is the independence
one, C2 is a Gumbel copula with a fixed parameter value corresponding to
a moderate dependence and C1 is the copula with the parameter of interest,
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θGumbel. Table 3.3 shows a rapid decrease of the Fisher information as the
parameter of interest increases.

τ(θGumbel) 0.09 0.18 0.27 0.36 0.45 0.55 0.64 0.73 0.82 0.91

Î(θGumbel) 1.30 0.73 0.43 0.24 0.13 0.06 0.02 <1e-2 <1e-3 <1e-5

Table 3.3: The Fisher information for case study 4.

Case study 5. In this last case study, C1 is the independence copula, C2

is the Frank copula with parameter θFrank and the inner copula is the normal
copula with parameter θnormal. The Fisher information is this times a 2 × 2
matrix. Figure 3.1 shows the determinant of the matrix as a function of θFrank,
expressed as a Kendall’s tau for convenience, and θnormal.
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Figure 3.1: The determinant of the Fisher information matrix for case study 5.

3.4 Data generation

To generate one realization (u1, . . . , ud) of the random vector (U1, . . . , Ud) with
distribution C given by (3.2.9), one takes the second part of (u0, u1, . . . , ud),
from u1 to ud, a realization of (U0, U1, . . . , Ud), where U0 is the latent factor.
Remembering that, given U0 = u0, the distribution of (U1, . . . , Ud) can be
split into the inner copula C�u0

and a set of univariate margins {Ci|0(ui|u0)} =

{∂Ci(ui,u0)
∂u0

}, with C−1
i|0 (•|u0) denoting the inverse function, i ∈ {1, . . . , d}, the

following algorithm produces the desired output.
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Algorithm 4 Generating one observation from (3.2.9).

1: Generate one observation u0 from a standard uniform random variable.
2: Generate one observation (u�1, . . . , u

�
d) from C�u0

.

3: Put ui = C−1
i|0 (u�i |u0) for i = 1, . . . , d.

Note that, in the presence of conditional invariance, step 1 in the above algo-
rithm is not required for step 2. Needless to say, in the first step, one could have
sampled from F0, the distribution of X0, and in the second step, one would
have sampled from Cx0 instead of C�u0

.

Data generation for a NEOFC can be performed using a generalized version
of Algorithm 4. The main hurdle for this generalization is to define G−1

i , such
that

G−1
i (Gi(ui; tw, . . . t1); tw, . . . , t1) = ui,

or, in short, such that G−1
i (Gi(ui)) = ui.

Recall that

Gi(ui; tw, . . . , t1) = Htw
iw ◦ · · · ◦H

t1
i1 (ui)

and that H
tj
ij (ui) =

∂Cij(ui,tj)
∂tj

.

Now define H
−1,tj
ij as the inverse function of H

tj
ij , that is,

H
−1,tj
ij (H

tj
ij (ui)) = ui.

This is the same as writing

H
−1,tj
ij ◦Htj

ij (ui) = ui.

Since Gi is just a composition of the form Htw
iw ◦· · ·◦H

t1
i1 (ui), we can extract

back ui using the composition H−1,t1
i1 ◦ · · · ◦ H−1,tw

iw (•). The inverse of Gi is
therefore:

G−1
i (•) = H−1,t1

i1 ◦ · · · ◦H−1,tw
iw (•). (3.4.1)

Now that G−1
i is defined, Algorithm 5, the generalized version of Algorithm

4, can be given.

Input. A NEOFC, that is, a d-variate copula C�wtw , the related mappings, d×w
bivariate copulas {Cij}, and the related parameters.

Output. One observation from the input NEOFC, as a d-dimensional vector.
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Algorithm 5 Generating one observation from a NEOFC.

1: Generate w observations from a uniform random variable on [0,1]. Denote
these values as t1, . . . , tw.

2: Generate one observation from C�wtw . Denote the resulting vector as
u�w1 . . . u�wd .

3: On each u�wi in {u�w1 , . . . , u�wd }, run the corresponding function
G−1
i (•; tw, . . . , t1). Denote the result as ui.

The end result of the last step of Algorithm 5 is a vector (u1, . . . , ud), one
observation from the input NEOFC. Run Algorithm 5 multiple times to get
multiple observations.

Critical to both Algorithms in this section is the inversion of ∂Ci(ui,u0)
∂u0

with

respect to ui in the case of an EOFC or of
∂Cij(ui,tj)

∂tj
with respect to ui in

the case of a NEOFC. This is usually not hard to get symbolically. In the
worst cases, C−1

i|0 or H
−1,tj
ij can be get numerically. In the appendix chapter

of the thesis, R code allowing to work with OFCs, EOFCs and NEOFCs is
showcased, including a function allowing to generate observations according to
the two algorithms presented in this section. At the moment, the inverse of
∂Ci(ui,u0)

∂u0
with respect to ui is implemented for more than 10 bivariate copulas.

See the appendix chapter for a detailed list.

3.5 Models

In this section, several models built from Equation (3.2.9) or Equation (3.2.11)
are presented, including many well-known copula models from the literature.

Krupskii-Huser-Genton copulas. In their paper, Krupskii et al. (2016)
offer a new family of one-factor copulas that can be used to model replicated
spatial data. Let CA be a d-variate Gaussian copula with correlation matrix
A = {ρij}. Let

F•(xi) =

∫ +∞

−∞
Φ(xi − x0)dF0(x0),

where F0 is some univariate CDF, while Φ is the CDF of the univariate standard
Gaussian distribution. Then, the KHG family of copulas corresponds to an

EOFC where C�Q0(u0) = C� = CA and ∂Ci(ui,u0)
∂u0

= Φ(F−1
• (ui) − F−1

0 (u0)),

∀i ∈ {1, . . . d}.
As shown by Krupskii et al. (2016), tail dependence and tail asymmetry for

this model is possible, based on the choice of F0 and A.

Let C [i,j](ui, uj), i 6= j, be a bivariate margin of C, the outer copula. Recall
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that the lower tail dependence of a bivariate copula, such as C [i,j](ui, uj), is
(Hartmann et al., 2004; McNeil et al., 2015):

λLij = lim
q→0

C [i,j](q, q)

q
,

while the upper one is defined as

λUij = lim
q→0

2q − 1 + C [i,j](1− q, 1− q)
q

.

As an example, if
F0(x0) = 1−Kxβ0 e−θx

α
0 ,

Krupskii et al. (2016) showed that for any bivariate margin C [i,j](ui, uj) of C,
as long as θ,K > 0, 0 < α < 1 and β ∈ R, or as long as θ,K > 0, α = 0 and
β < 0,

λUij = 1.

A more interesting case however arises if θ,K > 0, α = 1 and β ∈ R. Then,

λUij = 2Φ

[
− θ
√

1− ρij
2

]
,

meaning that tail asymmetry becomes possible through the correlation matrix
A = {ρij}.

The upper tail dependence coefficient can also be made such that λUij = 0:
one need to let θ,K > 0, α > 1 and β ∈ R.

For more examples and details, refer to Krupskii et al. (2016).

Farlie-Gumbel-Morgenstern copulas. Let the inner copula of a bidimen-
sional EOFC be such that C�Q0(u0) = Π, while C1, C2 are Farlie-Gumbel-
Morgenstern copulas with parameters θ1 and θ2. Then, the resulting outer
copula is a FGM copula with parameter θ1θ2

3 . Although a bit tedious, the
proof is trivial. Also refer to Example 3.3.16.

Note that in a bivariate FGM with parameter θ ∈ [−1, 1], the related
Kendall’s tau is τ = 2θ

9 (Nelsen, 2006, p. 162). This means that even if the
parameters θ1 and θ2 of C1 and C2 are set to their upper limit, the parameter
of the resulting FGM will be 1/3, corresponding to a rather low Kendall’s tau
of 0.074. The model where C�Q0(u0) = Π, while C1, C2 are FGM copulas is thus
trapped between a correlation of -0.074 and 0.074 only.

In an EOFC, the inner copula can be viewed as the baseline level of depen-
dence. Instead of letting C�Q0(u0) = Π, one could let C�Q0(u0) = M , where M
is the upper Fréchet-Hoeffding bound. In this scheme, the two FGM copulas
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Kendall's tau as a function of theta1 and theta2.
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Figure 3.2: Empirical Kendall’s tau for an EOFC where the inner copula is M and C1, C2

are FGM copulas, described through θ1 ∈ [−1, 1] and θ2 ∈ [−1, 1].

C1, C2 can only be used to decrease the dependence between the two random
variables of interest, U1 and U2. Figure 3.2 shows the empirical Kendall’s tau
calculated (sample size = 1000) for various combinations of θ1 and θ2 when the
inner copula is M . As one can see, the improved model is now trapped between
a correlation of 1 and ∼ 0.55. This range can thus be tuned by changing the
inner copula.

Hierarchical NEOFCs. OFCs are not suited to model hierarchical depen-
dence. Assume that one wishes to build a one-factor copula on (U1, U2, U3, U4)
such that the resulting model is described by the following matrix of Kendall’s
taus:

U1 U2 U3 U4

U1 1 0.25 0.25
U2 0.25 0.25
U3 1
U4

(3.5.1)
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Since U1 and U2 are related through the maximum value of 1, it means that
their bivariate margin must be

C [1,2](u1, u2) = min(u1, u2) =

∫ 1

0

∂min(u1, u0)

∂u0

∂min(u2, u0)

∂u0
du0.

Similarly, the bivariate margin of U3 and U4 is

C [3,4](u3, u4) = min(u3, u4) =

∫ 1

0

∂min(u3, u0)

∂u0

∂min(u4, u0)

∂u0
du0.

Therefore, the OFC on (U1, U2, U3, U4) has to be

C(u1, u2, u3, u4) =

∫ 1

0

∂min(u1, u0)

∂u0

∂min(u2, u0)

∂u0

∂min(u3, u0)

∂u0

∂min(u4, u0)

∂u0
du0.

By proposition 3.3.3 however, this corresponds to C(u1, u2, u3, u4) = min(u1,
u2, u3, u4), for which the correlation matrix is not (3.5.1). A OFC will never
be able to reproduce a matrix of Kendall’s taus such as the one in (3.5.1). In
general, OFCs do not seem to be suited to model matrices of the form

U1 U2 U3 U4

U1 τ12 τ0 τ0
U2 τ0 τ0
U3 τ34

U4

(3.5.2)

in which τ12, τ34 > τ0.

On the other hand, it is possible to build NEOFCs for which the matrix of
Kendall’s taus is as in (3.5.2).

Start from Equation (3.2.11), and let w = 3, that is, we have a triple layer
of linking copulas. Let C�3t3 = Π. For j = 3, let all linking copulas Cij be a
Frank copula with a same parameter θ3. This layer gives the baseline level of
dependence between the four random variables of interest. Next, use the second
layer, j = 2, to couple U1 and U2, that is, let C12 and C22 be a Frank copula
with a common paramater θ2, while C32 and C42 are set to the independence
copula. Finally use the first layer, j = 1, to couple U3 and U4, that is, let
C31 and C41 be a Frank copula with a common paramater θ1, while C11 and
C21 are set to the independence copula. Table 3.4 allows one to visualize this
scheme.
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i = 1 i = 2 i = 3 i = 4
j = 1 Π Π Frank Frank θ1

j = 2 Frank Frank Π Π θ2

j = 3 Frank Frank Frank Frank θ3

C� Π

Table 3.4: A hierarchical NEOFC with three layers and an inner copula set to independence.

Example 3.5.1. In Table 3.4, set θ3 to a value of 5.74, corresponding to a Kendall’tau
of 0.5 for the related linking copulas and θ2 = θ1 to a value of 6.73, corresponding
to a Kendall’s tau of 0.55 for the related linking copulas. The empirical Kendall’s taus
based on 10000 observations generated from the model through Algorithm 5 are as shown
hereafter (also refer to the appendix chapter).

> round(cor(generated.data, method="kendall"), 3)

[,1] [,2] [,3] [,4]

[1,] 1.000 0.559 0.119 0.123

[2,] 0.559 1.000 0.118 0.121

[3,] 0.119 0.118 1.000 0.563

[4,] 0.123 0.121 0.563 1.000

While the correlation between U1, U2 and U3, U4 is strong, one can note that even
though θ3 corresponds to a correlation of 0.5, the correlation for the couples (U1, U3),
(U1, U4), (U2, U3) and (U2, U4) appears to have dampen to ∼ 0.12. Pushing θ3 towards
higher values can help: if θ3 is set to a value of 14.14, corresponding to a Kendall’s tau
of 0.75, the empirical Kendall’s taus become as shown hereafter.

> round(cor(generated.data, method="kendall"), 3)

[,1] [,2] [,3] [,4]

[1,] 1.000 0.743 0.220 0.222

[2,] 0.743 1.000 0.219 0.222

[3,] 0.220 0.219 1.000 0.738

[4,] 0.222 0.222 0.738 1.000

This increase remains however slow and even with a high value for θ3, such as 38.28,
corresponding to a Kendall’s tau of 0.9, the correlation between U1 and U3 will not exceed
0.27.

To overcome the issue of low dependence between the pairs (U1, U3), (U1, U4),
(U2, U3) and (U2, U4), one can make use of the inner copula to set the baseline
level of dependence, rather than using a layer of identical linking copulas. See
Table 3.5.

i = 1 i = 2 i = 3 i = 4
j = 1 Π Π Frank Frank θ1

j = 2 Frank Frank Π Π θ2

C� Frank θ�

Table 3.5: A hierarchical NEOFC with 2 layers and an inner copula set to a Frank copula.
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Example 3.5.2. In Table 3.5, set θ� to a value of 14.14, corresponding to a Kendall’s τ of
0.75, θ2 to 1.38, corresponding to a Kendall’s tau of 0.15, and θ1 to 6.73, corresponding
to a Kendall’s τ of 0.55. The empirical Kendall’s taus based on 10000 observations
generated from the related hierarchical NEOFC are shown hereafter.

> round(cor(generated.data, method="kendall"), 3)

[,1] [,2] [,3] [,4]

[1,] 1.000 0.755 0.388 0.385

[2,] 0.755 1.000 0.387 0.385

[3,] 0.388 0.387 1.000 0.809

[4,] 0.385 0.385 0.809 1.000

As last example of a hierarchical NEOFC, we revisit the tree on the right
of Figure 2.23 from Chapter 2. This tree was built on daily log returns and
corresponds to the hierarchical NEOFC from Table 3.6, where the symbols
{D0,D1234,D56,D12,D34} on the right of the table are there to help one com-
pare the table with the tree of interest.

i = 1 i = 2 i = 3 i = 4 i = 5 i = 6
j = 1 Π Π Frank Frank Π Π D34

j = 2 Frank Frank Π Π Π Π D12

j = 3 Π Π Π Π Frank Frank D56

j = 4 Frank Frank Frank Frank Π Π D1234

C� Frank D0

Table 3.6: The hierarchical NEOFC corresponding to the tree structure on the right of Figure
2.23.

Note that, given a tree structure, the corresponding NEOFC will have as
many layers as there are internal nodes in the tree when the inner copula is
set to independence, or, when the inner copula is used as root node, as many
layers as there are internal nodes in the tree minus one.

Example 3.5.3. Set the various parameters of Table 3.6 to the arbitrary values shown in
Table 3.7. The empirical Kendall’s taus based on 10000 observations generated from the
related hierarchical NEOFC are shown hereafter.

> round(cor(data, method="kendall"), 3)

[,1] [,2] [,3] [,4] [,5] [,6]

[1,] 1.000 0.776 0.400 0.406 0.476 0.478

[2,] 0.776 1.000 0.404 0.407 0.475 0.475

[3,] 0.400 0.404 1.000 0.775 0.485 0.483

[4,] 0.406 0.407 0.775 1.000 0.489 0.487

[5,] 0.476 0.475 0.485 0.489 1.000 0.755

[6,] 0.478 0.475 0.483 0.487 0.755 1.000

Note that, in contrast to what is usually required for nested Archimedean
copulas, the dependence in hierarchical NEOFCs is not required to be a nonde-
creasing function as one goes farther away from the root node. The empirical

100



Chapter 3: Extending One-Factor Copulas

matrix from the last example indeed shows that the dependence at node D12

is ∼ 0.776, that of node D1234 = D1:4 is lower, around 0.400, but that of the
root is higher than 0.400, at around 0.475.

i = 1 i = 2 i = 3 i = 4 i = 5 i = 6
j = 1 Π Π τ34 = 0.4 τ34 = 0.4 Π Π D34

j = 2 τ12 = 0.4 τ12 = 0.4 Π Π Π Π D12

j = 3 Π Π Π Π τ56 = 0.2 τ56 = 0.2 D56

j = 4 τ1234 = 0.1 τ1234 = 0.1 τ1234 = 0.1 τ1234 = 0.1 Π Π D1:4

C� τ0 = 0.75 D0

Table 3.7: Parameters for Example 3.5.3, expressed as Kendall’s taus for convenience.

Archimedean copulas. Let ψ be a completely monotonic function on [0,∞],
that is, (−1)kdk/dtkψ(t) > 0 for all integers k and all t > 0, and such that
ψ(0) = 1 while

ψ(∞) = lim
t→∞

ψ(t) = 0.

If a copula C can be written as

C(u1, . . . , ud) = ψ(ψ−1(u1) + · · ·+ ψ−1(ud)),

then it is called an Archimedean copula with generator ψ (McNeil, 2008). Let
us note that, in order to make sure C is a proper copula, the above-mentioned
conditions on ψ are sufficient, but not necessary. For sufficient and necessary
conditions, see McNeil and Nešlehová (2009).

Proposition 3.5.4. In (3.2.9), let Cx0 = Π, assume that the support of X0 is
[0,∞], and put

Ci(ui, u0) =

∫ Q0(u0)

0

e−tψ
−1(ui)f0(t) dt,

where

ψ(x) =

∫ ∞
0

e−txf0(t) dt,

i ∈ {1, . . . , d}, with f0 being the derivative of F0 and Q0 its inverse, with
Q0(u0) = x0. It can be checked that ψ is completely monotonic, see for instance
Joe (2001). Then C, the left-hand side of equation (3.2.9), is an Archimedean
copula with generator ψ.

Proof. Checking that Ci is a copula is straightforward. Moreover, since

∂Ci(ui, u0)

∂u0
= e−Q0(u0)ψ−1(ui),

it holds that

C(u1, . . . , ud) =

∫ ∞
0

e−x0
∑d
i=1 ψ

−1(ui)f0(x0) dx0 = ψ
( d∑
i=1

ψ−1(ui)
)
.
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Note that a reformulation of the above construction can be found in Joe
(2001).

Nested Archimedean copulas. Archimedean copulas can be nested in or-
der to get more flexible models. Nested Archimedean copulas (NACs) were
introduced by Joe (2001) and have been the main topic of many research pa-
pers since, see for instance McNeil (2008), Hofert and Pham (2013), or Okhrin
et al. (2013b). The simplest nested Archimedean copula consists of a bivariate
Archimedean copula

C12(u1, u2) = ψ12(ψ−1
12 (u1) + ψ−1

12 (u2)),

which is nested into another bivariate Archimedean copula

C123(•, u3) = ψ123(ψ−1
123(•) + ψ−1

123(u3))

in order to get a copula of the form

C(u1, u2, u3) = C123(C12(u1, u2), u3)

= ψ123

(
ψ−1

123(ψ12(ψ−1
12 (u1) + ψ−1

12 (u2))) + ψ−1
123(u3)

)
. (3.5.3)

In general, an arbitrary pair of generators (ψ123, ψ12) does not ensure that the
copula in Equation (3.5.3) is a proper copula. See Chapter 2 for more details
on NACs. In this chapter, it is always assumed that the generators are such
that the NAC is a proper copula.

Proposition 3.5.5. Define ψ123 the same way ψ was defined in Proposition
3.5.4. Also let Ci as in Proposition 3.5.4. Further define

Cx0
(u, v, w) = exp

(
− x0 × ν

(
ν−1

[ 1

x0
log
( 1

u

)]
+ ν−1

[ 1

x0
log
(1

v

)]))
× w;

where ν(•) = ψ−1
123

(
ψ12(•)

)
, ν(•)−1 = ψ−1

12

(
ψ123(•)

)
and ψ12(•) is equal to the

integral from 0 to ∞ of exp(−t•)dF12(t) with F12 some distribution function.
Then (3.2.9) is the copula given in (3.5.3).

Proof. First, it is proven that Cx0
is a copula. Define, for 0 ≤ u, v, w ≤ 1,

Gx0
(u, v, w) = exp

(
− x0 × ν

(
ν−1

[
ψ−1

123

(
u
)]

+ ν−1
[
ψ−1

123

(
v
)]))

× exp

(
− x0 × ψ−1

123

(
w

))
.
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One can check that Cx0
in Proposition 3.5.5 is the copula corresponding to the

multivariate distribution Gx0 . And from Joe (2001), page 88, it can be easily
deduced that Gx0 is indeed a distribution function. Therefore Cx0 is a proper
copula.

The proof then proceeds by showing that C in (3.2.9) is a nested Archime-
dean copula. C in (3.2.9) becomes

C(u1, u2, u3) =

∫ 1

0

exp

(
−Q0(u0)× ν

(
ν−1

[ 1

Q0(u0)
log
( 1

C1|0(u1|u0)

)]
(3.5.4)

+ ν−1
[ 1

Q0(u0)
log
( 1

C2|0(u2|u0)

)]))
× C3|0(u3|u0) du0.

In the proof of Proposition 3.5.4, it was shown that ∂Ci(ui,u0)
∂u0

= Ci|0(ui|u0) =

exp(−Q0(u0)× ψ−1
123(ui)). Replacing in (3.5.4) gives∫ 1

0

exp

(
−Q0(u0)× ν

(
ν−1

[
ψ−1

123(u1)
]

+ ν−1
[
ψ−1

123(u2)
]))

exp(−F−1
0 (u0)× ψ−1

123(u3)) du0

=

∫ ∞
0

exp

(
− x0

[
ψ−1

123

(
ψ12

(
ψ−1

12 (u1) + ψ−1
12 (u2)

))
+ ψ−1

123(u3)

])
dF0(x0)

= ψ123

(
ψ−1

123(ψ12(ψ−1
12 (u1) + ψ−1

12 (u2))) + ψ−1
123(u3)

)
,

which is the NAC from (3.5.3).

Gaussian copulas. A Gaussian copula is a copula whose density c satisfies

log(c(u1, . . . , ud)) = −1

2
log(det(R))− 1

2
z>(R−1 − I)z, (3.5.5)

where R is a d× d invertible correlation matrix, z = (z1, . . . , zd)
> and zi is the

quantile of order ui of the standard normal distribution. A Gaussian copula can
be represented as in (3.2.9). Let ∆ = (∆1, . . . ,∆d)

> be a real vector in [0, 1]d

and let D be a diagonal matrix with elements given by 1 − ∆2
i , i = 1, . . . , d.

Finally let CA be a d-variate Gaussian copula with correlation matrix A.

Proposition 3.5.6. Let C�Q0(u0) = C� = CA and let Ci be a bivariate Gaussian

copula with correlation ∆i, i ∈ {1, . . . , d}. Then the outer copula in (3.2.9) is
a Gaussian copula with correlation matrix given by R = D1/2AD1/2 + ∆∆T .

Proof. Let R be a symmetric nonnegative matrix whose diagonal elements are
equal to 1 and whose element in the i-th row and j-th column is denoted
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∆ij . Let (Z1, . . . , Zd, Z0) be distributed according to a (d+ 1)-variate centered
Gaussian distribution with variance-covariance matrix given by R

d×d
∆
d×1

∆T

1×d
1

1×1

 ,

so that (Z1, . . . , Zd|Z0 = z0) ∼ N(∆z0, R − ∆∆>). The partial correlations
are given by

Cov(Zi, Zj |Z0 = z0) = Corr(Zi, Zj |Z0 = z0) =
∆ij −∆i∆j√

(1−∆2
i )(1−∆2

j )
,

or, in other words, the partial correlation matrix isA = D−1/2(R−∆∆>)D−1/2.
Given Z0 = z0, the margins (Zi|Z0 = z0) are N(∆iz0, 1−∆2

i ), hence

P (Zi ≤ z|Z0 = z0) = Φ((z −∆iz0)/
√

1−∆2
i ),

and, moreover, the corresponding copula is a Gaussian copula CA, with corre-
lation matrix A.

Calculate the copula corresponding to (Z1, . . . , Zd). Let Φ be the cumulative
distribution function of the univariate standard Gaussian distribution.

C(Z1,...,Zd)(u1, . . . , ud)

=

∫
P (Φ(Zi) ≤ ui, i = 1, . . . , d|Z0 = z0)Φ′(z0)dz0

=

∫
P (Zi ≤ Φ−1(ui), i = 1, . . . , d|Z0 = z0)Φ′(z0)dz0

=

∫
CA

{
Φ

(
Φ−1(ui)−∆iz0√

1−∆2
i

)
, i = 1, . . . , d

}
Φ′(z0)dz0

=

∫ 1

0

CA

{
Φ

(
Φ−1(ui)−∆iΦ

−1(u0)√
1−∆2

i

)
, i = 1, . . . , d

}
du0.

This expression corresponds exactly to the copula given in (3.2.9), with

∂Ci(ui, u0)

∂u0
= Φ

(
Φ−1(ui)−∆iΦ

−1(u0)√
1−∆2

i

)
,

see Meyer (2013) for details.

Note: in the case d = 2, the outer copula is a Gaussian copula with corre-
lation given by

ρA

√
1−∆2

1

√
1−∆2

2 + ∆1∆2.
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Also see Example 3.3.18.

C-Vine copulas. Let (U0, U1, . . . , Ud) be a random vector following a C-
Vine copula distribution truncated after the second level. The density of this
truncated C-Vine is given by

c(u0, . . . , ud) =

d−1∏
i=1

c∗1,1+i|0(C∗1|0(u1|u0), C∗1+i|0(u1+i|u0)|u0)

d∏
i=1

c∗i (ui, u0)

(3.5.6)

where c∗i = ∂2C∗i (ui, u0)/∂ui∂u0, C∗i|0(ui|u0) = ∂C∗i (ui, u0)/∂u0, {C∗i (ui, u0)}
is a set of d arbitrary bivariate copulas, and {c∗1,1+i|0} is a set of d−1 abritrary
copula densities for each u0. Due to their extreme flexibility and ease of use
(one only has to specify sets of bivariate copulas), Vine copulas have been used
in an increasing number of applications and are still a hot topic of research,
see for instance Aas et al. (2009), Kurowicka and Joe (2011) or Bedford and
Cooke (2002).

Proposition 3.5.7. If, in (3.3.6), where T1 = U0 and t1 = u0, for each u0,
cu0

is defined as

cu0
(u1, . . . , ud) =

d−1∏
i=1

c∗1,1+i|0(u1, u1+i|u0),

and ci(ui, u0) = c∗i (ui, u0) for all i, then the outer copula c in (3.3.6) is the d-
variate marginal distribution, with respect to u0, of (3.5.6), that is, its density
is

c(u1, . . . , ud) =

∫ 1

0

cu0
(C∗1|0(u1|u0), . . . , C∗d|0(ud|u0))

d∏
i=1

c∗i (ui, u0)du0

=

∫ 1

0

d−1∏
i=1

c∗1,1+i|0(C∗1|0(u1|u0), C∗1+i|0(u1+i|u0)|u0)

d∏
i=1

c∗i (ui, u0) du0.

If one assumes that, in (3.5.6), none of the elements of {c∗1,1+i|0} actually
depends on u0, then the inner copula in Proposition 3.5.7 becomes

cu0
(u1, . . . , ud) =

d−1∏
i=1

c∗1,1+i(u1, u1+i),

which is nothing more than a C-Vine on (U1, . . . , Ud), truncated at the first
level.
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p-factor models. Define respectively Π1-factor and Π2-factor copulas as cop-
ulas of the form

C(Π1)(u1, . . . , ud) =

∫ 1

0

d∏
i=1

C
(2)
i|0 (ui|v2) dv2, and (3.5.7)

C(Π2)(u1, . . . , ud) =

∫ 1

0

∫ 1

0

d∏
i=1

C
(2)
i|0 (C

(1)
i|0 (ui|v1)|v2) dv2 dv1, (3.5.8)

where C
(k)
i|0 (ui|vk) = ∂C

(k)
i (ui, vk)/∂vk for k = 1, 2 and i = 1, . . . , d, and where

the C
(k)
i are (arbitrary) bivariate copulas. Π1-factor and Π2-factor copulas

have been studied in Krupskii and Joe (2013, 2015) as copula models for con-
ditionally independent variables given respectively one and two latent factors.

The following (trivial) proposition aims at recovering Π1-factor and Π2-
factor copulas as special cases of the model (3.2.9).

Proposition 3.5.8. Consider the copulas given in (3.5.7) and (3.5.8). In

(3.2.9), put Ci = C
(2)
i . If, moreover, C�Q0(u0) = Π for each u0, then the outer

copula C in (3.2.9) is the Π1-factor copula given in (3.5.7). Likewise, if, in

(3.2.9), Ci = C
(1)
i and moreover,

C�Q0(u0)(u1, . . . , ud) =

∫ 1

0

d∏
i=1

C
(2)
i|0 (ui|ũ0) dũ0,

then the outer copula C in (3.2.9) is the Π2-factor copula given in (3.5.8).

Note that C�Q0(u0) in the above proposition actually does not depend on u0

hence we have conditional invariance. This restriction can be easily removed
as follows. Let, for each u0, {C̃i(•, •;u0)} be a set of bivariate copulas and

C�Q0(u0)(u1, . . . , ud) =

∫ 1

0

d∏
i=1

C̃i|0(ui|ũ0;u0) dũ0,

where C̃i|0(ui|ũ0;u0) = ∂C̃i(ui, ũ0;u0)/∂ũ0. The outer copula is then

C(u1, . . . , ud) =

∫ 1

0

∫ 1

0

d∏
i=1

C̃i|0(Ci|0(ui|u0)|ũ0;u0) dũ0 du0.

3.6 Inference

This section discusses estimation of models of the form (3.2.9) or (3.2.11), as
well as how one can test for conditional independence for models of the form
(3.2.9).
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3.6.1 Estimation

Let, in (3.2.9), Ci(ui, u0) = Ci(ui, u0;αi) and

Cx0
(u1, . . . , ud) = Cx0

(u1, . . . , ud;β(x0)),

where β is a mapping which, to each x0 in the support of X0, associates a
parameter in the appropriate parameter space. If the mapping β depends on
a vector of parameters, as in (3.3.2), we also denote this vector by β. Like-
wise, we denote the parameter vector which contains the parameters of the
quantile function Q0 of X0 by λ. Accordingly, the notation for the copula
of (U1, . . . , Ud|U0 = u0) becomes C�Q0(u0)(u1, . . . , ud) = C�(u1, . . . , ud;β, λ).

Finally, let us denote by (xh1, . . . , xhd), h = 1, . . . , n, the sample of the distri-
bution F with margins F1, . . . , Fd and copula C.

The pseudo log likelihood function to maximize is

Ln(θ) =

n∑
h=1

log

∫ 1

0

c
[
C1|0(F̂1(xh1)|u0;α1), . . . , Cd|0(F̂d(xhd)|u0;αd);β, λ

]
×

d∏
i=1

ci(F̂i(xhi), u0;αi) du0, (3.6.1)

where θ stands for the complete parameter vector, that is, θ = (α, β, λ),

α = (α1, . . . , αd) and F̂i denotes an estimate of Fi, i ∈ {1, . . . , d}. There

are many ways to estimate Fi. For instance, F̂i may be the empirical distribu-
tion function, as in Genest et al. (1995), or may be a parametric estimate, as
in Joe and Xu (1996).

Regarding the computational aspects, especially in higher dimensions and
for large datasets, the likelihood (3.6.1) may be costly to compute due to the
repeated use of integrals (as many as the sample size). A brief discussion on
these computational aspects are given in Section 3.7.1, also see the appendix
chapter.

3.6.2 Testing for conditional independence

This section provides procedures to test for conditional independence in models
based on the representation (3.2.9). Indeed, being able to assess if the variables
of interest are dependent or independent conditioned on the latent factor seems
a crucial issue. Conditional independence would mean that the factor captures
all the dependence in the data whereas no conditional independence would
mean that there is a remaining, intrinsic dependence in the variables even
though the factor has been accounted for.

Throughout this subsection, the bivariate copulas Ci, i ∈ {1, . . . , d}, are
assumed to belong to some known parametric families. The inner copula Cu0 =
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C�Q0(u0), however, can be left fully unspecified: either nothing is known about it,
either a parametric form is assumed. The possibility to carry out a hypothesis
test in this setting is new to the literature.

The hypothesis test for conditional independence is of the form

H0 : C�Q0(u0) = Π for all u0

versus H1 : there exists some u0 such that C�Q0(u0) 6= Π

(recall that Π stands for the independence copula or the product function),
where for two functions f and g, f = g means that f(t) = g(t) for all t in their
domain.

If a certain parametric form is assumed for C�Q0(u0), such as in Section 3.2,
then most likely the test will reduce to testing for a parameter to equate a
certain value, and no conceptual difficulties refrain the task. For instance, in
(3.3.2), testing for conditional independence amounts to testing for β0 =∞ or
β1 = ∞ (conceptually). Let us remark that testing for conditional invariance
is also feasible: one need to test β1 = 0.

If C�Q0(u0) is left fully unspecified, the alternative hypothesis needs to be
slightly restricted in order for a test to exist. Consider

H0 : C�Q0(u0) = Π for all u0

versus H1 : C�Q0(u0) > Π for all u0. (3.6.2)

Then, the alternative hypothesis is: “conditioned on the factor, the variables
of interest are positively dependent”.

Let π be the risk of type I error. One rejects H0 if Tn ≤ cπ, where cπ is
chosen so that PH0

(Tn ≤ cπ) = π and where

Tn = sup
t∈[0,1]d

(M(t)− Ĉ(t)), (3.6.3)

where M(t) = M(t1, . . . , td) = min(t1, . . . , td) is the Fréchet-Hoeffding upper
bound for copula and

Ĉ(t) =
1

n

n∑
h=1

1({F̂i(Xhi) ≤ ti}, i = 1, . . . , d) (3.6.4)

is the empirical estimator of C ; (Xh1, . . . , Xhd), h ∈ {1, . . . , n}, being the data

; and F̂i being the empirical distribution function of Xhi.

The heuristic underlying the expression of Tn, the test statistic, is as follows.
Denote by C(H0) the outer copula under H0, that is, one substitutes Π for the
inner copula C�Q0(u0) in (3.2.9) and gets

C(H0)(u1, . . . , ud) =

∫ 1

0

d∏
i=1

Ci|0(ui|u0) du0. (3.6.5)
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If H0 is true, then the true copula C verifies C = C(H0). But if H0 is false,
Cu0

> Π implies C > C(H0). In order to reject the null, one could therefore

compare the empirical copula Ĉ to Ĉ(H0), the latter being an estimate of C(H0),
and reject the null if Ĉ − Ĉ(H0) is too large. However, as the distribution of
this difference under H0 is unknown, one would need to use bootstrap and fit
C(H0) to simulated data a large number of times, a process far too expensive
for most hardware.

To overcome this issue, the comparison of Ĉ to Ĉ(H0) is done indirectly
using the Fréchet-Hoeffding upper bound as a baseline (note that the Fréchet-
Hoeffding lower bound for copulas could also be considered as a baseline for
comparison, the upper one was however picked since it has the nice property
to be a copula ∀d, although this property is by no means required for the test).
The result of this suggestion is (3.6.3), which describe a test statistic always
positive and expected to take small values when H0 is false.

The bootstrap of Tn is now described. Note that under H0, the outer
copula in (3.6.5) is fully parametric: one can obtain an estimate Ĉ(H0) by
maximum pseudo-likelihood (Krupskii and Joe, 2013). New bootstrap samples
(say N of them) are then drawn using Algorithm 4 in order to get N test

statistics T
(1)
n , . . . , T

(N)
n . These can be used, for instance, to compute a p-

value as PH0

(
Tn ≤ T

(obs)
n

)
≈ N−1

∑N
k=1 1

(
T

(k)
n ≤ T

(obs)
n

)
. In other words,

the p-value is estimated by counting how many test statistics in {T (t)
n }, t ∈

{1, . . . , N}, are lower or equal than the test statistic T
(obs)
n , built using the

data from the original sample.

Finally, let us note that the test H0 : C�Q0(u0) = Π against H1 : C�Q0(u0) < Π

can be carried out by considering (3.6.3) again, but this time with a rejection
region on the right, that is, we reject H0 if Tn > cπ, where cπ is chosen so that
PH0(Tn ≥ cπ) = π.

3.7 Illustrations

The purpose of this section is to illustrate how one can take advantage of the
framework presented in Section 3.2 in practice. We first provide a few technical
details on how some numerical operations were performed.

3.7.1 Computational aspects

In this chapter, log-likelihoods are maximized using either gradient descent
algorithms, which can be found in the optim function of the statistical software
R, or differential evolution (Storn and Price, 1997; Qin and Suganthan, 2005;
Price et al., 2006), for which a R package also exists: DEoptim (Mullen et al.,
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2011).

Note that gradient descent algorithms usually require to provide a starting
parameter vector. It is advised to try several such points and retain the best
result for the likelihood.

For the numerical evaluation of the integrals in (3.6.1), refer to the appendix
chapter.

3.7.2 Revisiting the daily log returns from Section 2.6,
Chapter 2

In Section 2.6, Chapter 2, daily log returns from January 2010 to December
2012 for 6 indices were gathered with the help of Yahoo! Finance and analyzed
using nested Archimedean copulas. The result was the estimation of the two
tree structures in Figure 2.23.

In this subsection, we fit the hierarchical NEOFC described by Table 3.6 on
the same data, in an effort to reproduce the results from Section 2.6. This is
performed by maximization of the corresponding likelihood using the DEoptim

function. The estimated parameters for this model are, expressed as Kendall’s
taus for convenience,

• τ0 = 0.176813,

• τ1234 = 0.072114,

• τ12 = 0.251929,

• τ34 = 0.354454,

• and τ56 = 0.383513.

Also refer to Table 3.7.

The Kendall’s taus between the random variables of interest induced by the
fitted model are however unknown but can be calculated through simulation.
Hereafter is the matrix of Kendall’s taus between the random variables of inter-
est, calculated using 10000 observations from the fitted hierarchical NEOFC.

ANF AMZN ChM PCh GBLB KBC

ANF 1.00 0.28 0.13 0.14 0.12 0.12

AMZN .... 1.00 0.12 0.12 0.13 0.13

ChM .... .... 1.00 0.34 0.10 0.11

PCh .... .... .... 1.00 0.10 0.11

GBLB .... .... .... .... 1.00 0.36

KBC .... .... .... .... .... 1.00

This can be compared to the matrix of Kendall’s taus induced by the tree
structure on the right of Figure 2.23:
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ANF AMZN ChM PCh GBLB KBC

ANF 1.00 0.31 0.08 0.08 0.18 0.18

AMZN .... 1.00 0.08 0.08 0.18 0.18

ChM .... .... 1.00 0.35 0.18 0.18

PCh .... .... .... 1.00 0.18 0.18

GBLB .... .... .... .... 1.00 0.44

KBC .... .... .... .... .... 1.00

The Kendall’s taus from the fitted hierarchical NEOFC however match the
ones induced by the model on the left of Figure 2.23 more:

ANF AMZN ChM PCh GBLB KBC

ANF 1.00 0.31 0.14 0.14 0.14 0.14

AMZN .... 1.00 0.14 0.14 0.14 0.14

ChM .... .... 1.00 0.35 0.14 0.14

PCh .... .... .... 1.00 0.14 0.14

GBLB .... .... .... .... 1.00 0.44

KBC .... .... .... .... .... 1.00

In conclusion, the hierarchical NEOFC described by Table 3.6, fitted on
the data from Section 2.6, Chapter 2, is able to capture a similar hierarchical
dependence structure as the one captured by the tree on the left of Figure 2.23.

3.7.3 Power of the test for conditional independence

In this section, we study the power of the test statistic Tn in (3.6.3) by means
of a simulation experiment. We considered the test (3.6.2) and set the type I
error risk to π = 0.1. We drew N = 500 datasets of size n = 50 and 500 from
the model (3.2.9), with d = 3 and Ci being Clayton copulas as in (3.3.1) with
parameters αi, i = 1, 2, 3, such that Kendall’s τ coefficients are equal to 0.4
for i = 1, 0.5 for i = 2 and 0.6 for i = 3. The inner copula Cx0

was a normal
copula as in (3.5.5) with correlation matrix

R =


1

. . . β

β
. . .

1

 , (3.7.1)

for β = 0.0, 0.1, 0.2, 0.3, 0.4, and, finally, 0.5. (There are N = 500 samples of
size n = 50 and 500 for each β). Note that β = 0 corresponds to the null
hypothesis H0.

For each sample, k = 1, . . . , N , we calculated a p-value p(k) based on 200
boostrap replications. That is, we calculated the proportion of 200 simulated
test statistics that where lower or equal than the observed one. As rejection
occurs whenever the p-value is lower or equal to the type I error risk π, we
approximated the power by the proportion of the p(k) falling below π. See
Section 3.6.2 for details.
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Figure 3.3 shows the estimated power of Tn in (3.6.3). As it was expected,
the power of the test increases as n and β grow. Furthermore the power is
equal to the type I error risk π under the null, that is when β = 0.
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Figure 3.3: Power of (3.6.3) as a function of β, for the setting described above.

3.7.4 Estimating the distribution of a financial market
through the dependence of its individual assets

It is commonly assumed that dependence within financial markets is higher in
“crisis times”than in“stable times”(see e.g. Tajvidi et al. (2015) for a statistical
analysis supporting this view). If one wishes to turn this assumption into a
statistical model, then certainly the approach developed in this paper would
be useful. Indeed, one would let X0 be the crisis indicator and Cx0 account for
the dependence in the market as a function of its state — state which would
range from “no crisis”, coded by the number 0, to “extreme crisis”, coded by the
number 1, with values usch as 0.5, 0.2 or 0.7 describing an in-between state.

Once a particular model would have been chosen, many things may be of
interest. One may be interested in estimating the latent crisis indicator distri-
bution and study its evolution through time. Or would assess the goodness-
of-fit of the model in order to infirm or confirm it, in particular the functional
dependence related to the latent factor, or, in other words, how the individual
assets respond to the market state.

Data

Our market consists of d = 10 arbitrary components1 of the NASDAQ index.
We gathered weekly data from Yahoo! Finance at http://www.yahoo.com/

between 2005 and 2013. The log-return at the h-th week and k-th year for the
i-th component is denoted

X
(k)
hi = log(V

(k)
hi /V

(k)
h−1,i),

1Alexion, Apple, Biogen, Rob, Citrix, Costco, EA, Fast, Garmin and Henry
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where V
(k)
hi stands for the raw prices. The log-returns are uniformized as

R
(k)
hi /(nk + 1),

where nk is the number of observations for the k-th year (usually 52) and R
(k)
hi

is the rank of X
(k)
hi among X

(k)
1i , . . . , X

(k)
ni . The latent crisis indicator at the

h-th week and k-th year is denoted X
(k)
h0 . For the sake of simplification, we

assume that the vectors (X
(k)
h0 , X

(k)
h1 , . . . , X

(k)
hd ), h = 1, . . . , n, are independent

and identically distributed for each fixed k.

Models and methods

Our choice for the 3 components required (remember Section 3.2) to build a
parametric model are given here. For convenience, the latent crisis indicator is
assumed to be beta distributed, so that it has a flexible distribution over the
interval [0, 1]. So, for each year k,

f
(k)
0 (x0;λ

(k)
1 , λ

(k)
2 ) =

Γ(λ
(k)
1 + λ

(k)
2 )

Γ(λ
(k)
1 )Γ(λ

(k)
2 )

x
λ
(k)
1 −1

0 (1− x0)λ
(k)
2 −1,

where 0 ≤ x0 ≤ 1, λ
(k)
1 , λ

(k)
2 > 0 and Γ is the Gamma function defined in (3.2.4).

Consequently, the factor’s median may also be interpreted as a deterministic
crisis indicator: the closer the median is to 1, the more likely we are in a crisis.

The copula of (X
(k)
h0 , X

(k)
hi ) is assumed to be a Frank copula for all i = 1, . . . , d

and all k, that is,

C
(k)
i (ui, u0;α

(k)
i ) = − 1

α
(k)
i

log

(
1 +

(e−α
(k)
i ui − 1)(e−α

(k)
i u0 − 1)

e−α
(k)
i − 1

)
,

where α
(k)
i 6= 0 and −∞ < α

(k)
i < ∞ (see e.g. Nelsen (2006) p. 116). The

inner copula is a Gaussian copula with an exchangeable correlation matrix, so
that cx0

has formula (3.2.5) with

R(x0) =


1

. . . x0

x0
. . .

1

 .

In other words, the dependence between the individual assets increases linearly
as the crisis becomes more severe.

For each year, there were 12 parameters to estimate: 10 for the 10 bivari-

ate Frank copulas (α
(k)
1 , . . . , α

(k)
d ) and 2 for the latent factor beta distribution
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(λ
(k)
1 , λ

(k)
2 ). Estimation was performed by pseudo maximum likelihood, as de-

scribed in Section 3.6.1.

In order to assess the goodness of fit of our model, we compared the average
of the pairwise Kendall’s tau coefficient model-based estimates to its empirical

counterpart. Let us focus first on the empirical coefficient. Denote by τ
(k)
ii′

(respectively τ̂
(k)
ii′ ) the true (respectively empirical) Kendall’s tau coefficient

between the i-th and i′-th individual assets for the k-th year. Let τ (k) =∑
i<i′ τ

(k)
ii′ /(d(d − 1)/2) and τ (k) =

∑
i<i′ τ̂

(k)
ii′ /(d(d − 1)/2) be the respective

pairwise averages. Recall that the empirical estimate of Kendall’s tau coefficient
between the i-th and i′-th individual assets for the k-th year is given by

τ̂
(k)
ii′ =

(
n

2

)−1 ∑
h<h′

sign
(

(X
(k)
hi −X

(k)
h′i )(X

(k)
hi′ −X

(k)
h′i′)

)
,

where sign(x) = 1 if x > 0, −1 if x < 0 and 0 if x = 0.

Confidence intervals around τ (k) can be built as follows. Let τ (k) be the
vector whose coordinates are the τ

(k)
ii′ and let τ̂ (k) be its empirical counterpart.

The vector
√
n(τ̂ (k) − τ (k)) tends to a centered normal distribution of dimen-

sion d(d − 1)/2. The asymptotic variance-covariance matrix can be estimated
by bootstrap from formula (12) in Mazo et al. (2015b). The convergence in
distribution of

√
n(τ (k) − τ (k)) to a centered normal distribution and standard

deviation, say σ(k), comes after applying the Delta method. Again, on can
compute an estimate, say σ̂(k), of σ(k) by bootstrap. As a result, one can easily
compute a confidence interval of level 99% as τ (k)±z.995σ̂

(k)/
√
n, where z.995 is

a number such that the probability of a standard normal variable to lie between
−z.995 and +z.995 is 99%.

Results

Figure 3.4 pictures the average of the pairwise Kendall’s tau coefficient model-
based estimates. The shaded area represents the 99% confidence intervals.
The results presented in Figure 3.4 support the plausibility of our model as
the curve lies inside the confidence intervals. In particular, these results also
demonstrate the model flexibility, as the curve seems to “follow” the empirical
confidence intervals.

Figure 3.5 pictures three indices normalized so that their shape through
time could be drawn and compared on the same picture. The normalizations
are of the form

fnormalized(t) = (f(t)− F−)/(F+ − F−)

where F− and F+ are the minimum and maximum values of f respectively.
Thus, up to normalization, the dashed line represents the NASDAQ loss rate,

that is, (X
(k)
hi −X

(k+1)
hi )/X

(k)
hi for k ∈ {2007, . . . , 2013}; the dotted line2 repre-

2The data were downloaded from http://www.cboe.com/data/putcallratio.aspx
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sents the put-call ratio on the CBOE total exchange volume (see below for an
explanation) and the plain line represents the latent factor estimated median.

The put-call ratio3 on a certain market is, as its name tells, the ratio between
the put options and the call options on that market. Put options are contracts
on assets which give one the right, but not the obligation, to sell that asset in
the future at a price fixed today, so that a profit can be made if the price of
the asset goes down. Conversely, a call option is a contract on a asset which
allows one to buy in the future at a price fixed today. Thus, arguably, the ratio
of the put to the call can be seen as the overall attitude of investors toward a
financial market. As such, we might see it as a crisis indicator. Likewise, the
index of a market, such as the NASDAQ, is commonly regarded as mirroring
the state of some part of the economy, and, therefore, its loss rate can be seen
again as a crisis indicator.

Therefore, we have at our disposal, on the one hand, two crisis indicators
computed independently from our model, and our latent factor estimated me-
dian, which we chose to interpret as a crisis indicator. Arguably, if these three
indices — the NASDAQ loss rate, the put-call ratio and the latent factor es-
timated median — exhibit a similar behavior, this would support, first, our
choice to interpret X0 as a crisis indicator, second, the functional form of our
copula Cx0 and third, losely speaking, our model.

In Figure 3.5, all the indices have a similar shape: that of the letter “M”:
it goes up, down, up and down again. Moreover, they all pick down at around
the same location, corresponding to 2010. Also, they all pick up at around
2008, corresponding to the world financial crisis that took its root into the
subprimes crisis in the summer of 2007. After 2010, they start to go up again,
perhaps corresponding to the European sovereign debt crisis. While we have,
admittedly, no expertise to discuss the relevancy or confidence one can have in
these indices, it is still noticeable how they agree with each other, how they
tell the same story. In particular, the behavior of our latent factor is consistent
with the behaviors of the other crisis indicators. Therefore, we believe that our
model passed an important empirical test and we hope to have convinced the
reader of its usefulness in this situation.

3see e.g. http://www.investopedia.com/terms/p/putcallratio.asp
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Figure 3.4: Pairwise Kendall’s tau estimated coefficients average under the considered model
along with empirical confidence intervals through time.
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Figure 3.5: Three normalized financial markets trackers through time: the plain curve rep-
resents the latent factor estimated median, the dashed curve represents the NASDAQ loss
rate and the dotted curve represents the put-call ratio.

3.8 Discussion

In this chapter, we extended the scope of one-factor copulas thanks to Equa-
tions (3.2.8), (3.2.9) and (3.2.11). Models built using these equations can now
feature a varying conditional dependence structure and a factor’s distribution
not restricted to be the standard uniform. General dependence properties for
these models were given and explicit examples were discussed. The usefulness
of these models was illustrated by considering the estimation of the behavior of
a financial market through the dependence of its individual components. Fur-
thermore, a novel hypothesis test was constructed in order to assess whether
conditional independence holds or not.

Note that although not part of this chapter, the appendix chapter of this
thesis was built on top of it and showcases how one can in practice, using R,
build models using Equations (3.2.8), (3.2.9) or(3.2.11). Explicit examples of
code is given, as well as details on how numerical integration can be performed,

116



Chapter 3: Extending One-Factor Copulas

including a simulation study to compare five different numerical integration
methods.
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This thesis began with nested Archimedean copulas and their trees. Being able
to nest Archimedean copulas is not only elegant, but also useful. It allows
not only to break the bounds of regular Archimedean copulas, offering more
flexibility, but also to really understand the link between the various variables
at play, thanks to the tree structure arising from the nesting scheme.

Nonetheless, nested Archimedean copulas still fall short when it comes to
flexibility. They might look flexible, and they certainly are more flexible than
Archimedean copulas, but they remain too limited.

This fact was painfully visible while trying to estimate the tree structure
from a NAC using the approach from Subsection 2.3.2 in Chapter 2. In this
approach, pieces of the target tree are marginally estimated and then assembled
to build a “global” estimated tree. When the data actually come from a nested
Archimedean copula, the approach yields very good results. But when the
data are not from a nested Archimedean copula, one always ends up with
pieces that conflict with one another in such a way that a global estimated tree
is impossible to retrieve. Yet, each marginal piece is strongly supported by the
data. Even if there was a procedure allowing to correct some of the pieces so
that they play well with the others, this will not change the fact that the fit
of the resulting tree will be bad on the level where the correction was applied.
How is it possible to have conflicting pieces that are all strongly supported by
the data at the same time? Simple: the data are not coming from a nested
Archimedean copula and fitting one will not accurately model the dependencies
between the random variables of interest.

The approach developed in Subsection 2.4 is a response to this problem of
conflicting pieces. Even if this problem is actually a sign that fitting a nested
Archimedean copula to the data is not a good idea, one should still be able to
do it. Subsection 2.4 thus gives the key on how to force a tree on the data,
regardless of whether or not the underlying target copula is actually a NAC.

The last chapter of this thesis was devoted to factor copulas. One-factor
copulas (OFCs) form a flexible class of copulas that’s easy to understand and
interpret. They however are unable to model certain hierarchical dependencies,
as shown in Section 3.5. In Chapter 3, they are extended, allowing for more
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flexibility, and NACs are shown to be a particular case of this extension. EOFCs
and NEOFCs, developed in this thesis, still face many challenges, but they
nonetheless offer flexibility on demand, interpretability and could find their
place alongside vine copulas.

Possible future work. Speaking at the first person in this part of
the thesis. While my desire to build new high-dimensional copulas remains
strong, I feel the urge to start using the ones already developed or studied
on real data. What are the applications of copulas? How are they used by
researchers around the world? A small review of the literature outside of the
realm of statistics lead me to some surprising results, such as a paper from
Jiang et al. (2009) where copulas were used for the study of extra solar planets,
one from Scherrer et al. (2009) on the study of large scale structures in the
universe, one from Salinas-Gutiérrez et al. (2009) where copulas are used for
mathematical optimization, one from Onken et al. (2009) on the study of short-
term noise dependencies of spike-counts in macaque prefrontal cortex, or one
from De Waal and van Gelder (2005), using copulas for the modeling of extreme
wave heights and periods. These are only a few of the papers found. Most
papers using copulas use bivariate copulas only, hinting at a huge potential
for applications using d-dimensional copulas, with d > 2. As a former chemist
with a strong background in physics and a general background in most natural
sciences, it seems I’m in an excellent position to serve as bridge between the
world of copulas and researchers from other fields of science.

Regarding new copula models, nested extended one-factor copulas are one
of the most intriguing constructions of this thesis and are expected to fuel many
future researches. Things of interest regarding them are, among other things,
numerical challenges, identifiability issues and a better understanding of the
properties of hierarchical NEOFCs.

Finally, coming back to hierarchy, a new copula model recently emerged:
the hierarchical Kendall copula, as seen for instance in Brechmann (2013) or
Brechmann (2014). This copula seems to retain the main quality of nested
Archimedean copulas, which is its ability to be represented as a tree structure,
while offering more flexibility. Estimation is, as far as I know, still an issue and
could be the subject of future researches.

120



Appendix: the OFC
package

In this part of the thesis, related to Chapter 3, the three main functions of the
OFC package are showcased, these functions allowing one to work with one-
factor copulas, extended one-factor copulas and nested extended one-factor
copulas, using R. Numerical integration is also discussed.

The three functions are dOFC, pOFC and rOFC. The outer copula one wishes
to work with must be specified to these functions as a list, the first element
of which being a data frame specifying the inner and bivariate (or linking)
copulas. Example 1 shows how to use dOFC with a simple OFC, Example 2
shows how to use pOFC with an EOFC and Example 3 shows how to use rOFC

with a NEOFC.
Example 1: dOFC with a simple OFC. One must here define the points

at which the density has to be calculated, as well as the OFC of interest.

> myOFC

$innerandbiv

i j family param1 param2

1 inner inner ind NA NA

2 1 1 Frank 2.0 NA

3 2 1 Frank 2.0 NA

4 3 1 Frank 2.0 NA

> u

[,1] [,2] [,3]

[1,] 0.21034650 0.3257784 0.7907567

[2,] 0.05175068 0.7129468 0.8002865

> dOFC(u=u,OFC=myOFC)

$values

[1] 0.9067347 0.8080970

$errors

[1] 0.006275317 0.003494095

In this example, the inner copula is the independence copula. The max
value of j being 1, no nesting is involved, and since the max value of i is 3,
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this is a copula that spans on 3 random variables, that is, d = 3. Hereafter,
the code used to create the object myOFC from Example 1:

myOFC=list(innerandbiv=data.frame(

i=c("inner", 1, 2, 3),

j=c("inner", 1, 1, 1),

family=c("ind", "Frank", "Frank", "Frank"),

param1=c(NA, 2, 2, 2),

param2=c(NA, NA, NA, NA)

))

Note 1. Legal families for the inner copula and bivariate copulas are, at
the time of writing: "Independence" (or "ind"), "Normal", "Student" (or
"t"), "Frank", "Joe", "Gumbel", "Clayton", "FGM", Plackett", "min" and
"Amh". Often, the first letter can be capitalized or not. The FGM copula
should not be used as inner copula when d > 2 (a warning will be issued if the
user nonetheless tries, although this won’t stop the code from running), while
using the Plackett copula in such cases will actually cause the dOFC function
to stop, issuing an error message, as one can see in the hereafter example.

> myOFC

$innerandbiv

i j family param1 param2

1 inner inner Plackett 3.0 NA

2 1 1 Frank 2.0 NA

3 2 1 Frank 2.0 NA

4 3 1 Frank 2.0 NA

> u

[,1] [,2] [,3]

[1,] 0.21034650 0.3257784 0.7907567

[2,] 0.05175068 0.7129468 0.8002865

> dOFC(u=u, OFC=myOFC)

Error in dOFC(u = u, OFC = myOFC) :

The Plackett copula is a bivariate copula only.

Your d is >2, thus you cannot use it as inner copula in this case.

Note 2. When used as shown in Example 1, dOFC is a fully vectorized
function. The memory usage can therefore be high, although few users are
expected to run into trouble. In any case, should one run out of memory, it is
suggested to loop through the lines of u rather than giving the full u matrix to
dOFC.

Note 3. Using dOFC to work with a NEOFC rather than with an EOFC
does not make any difference regarding memory usage. It does make a difference
regarding calculation times: dOFC indeed runs slower with large values of w.
See Example 3 for how to build a NEOFC.

Example 2. pOFC with an EOFC.
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$innerandbiv

i j family param1 param2

1 inner inner student NA 20

2 1 1 clayton 1.5 NA

3 2 1 clayton 1.5 NA

$map1

function (tw, param)

{

qbeta(tw, param[1], param[2])

}

$map1.param

[1] 5 5

> u

[,1] [,2]

[1,] 0.8468635 0.1547030

[2,] 0.7673620 0.1715961

> pOFC(u=u, OFC=myOFC)

$values

[1] 0.1598121 0.1755701

$errors

[1] 0.007517979 0.007742175

In this example, the inner copula is a d-variate exchangeable student copula
with 20 degrees of freedom. The max value of j is 1, therefore, no nesting is
involved. Since the max value of i is 2, the outer copula spans on 2 random
variables, that is, d = 2. The correlation for the inner copula is related to map1.
map1 is the quantile function of a beta distribution, the two shape parameters
of which are 5 (see map1.param). Therefore, the correlation for the inner copula
comes from a symmetric beta distribution, the expected value of which being
0.5.

Hereafter is the code allowing one to build the myOFC object from Example
2.

myOFC=list(innerandbiv=data.frame(

i=c("inner", 1, 2),

j=c("inner", 1, 1),

family=c("student", "clayton", "clayton"),

param1=c(NA, 1.5, 1.5),

param2=c(20, NA, NA)),

map1=function(tw, param) {

qbeta(tw, param[1], param[2])

},

map1.param=c(5, 5))
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Figure 5.6: The copula from Example 2, as calculated by pOFC.

Figure 5.6 displays the copula from this example, as calculated by pOFC.

Note. When working with a map for the inner copula, make sure the map
is able to handle tw as a vector and outputs a vector of the same size.

Example 3. rOFC with a NEOFC.

rOFC is a function with only two arguments: n and OFC. The function gen-
erates n observations from the input factor copula.

> myOFC

$innerandbiv

i j family param1 param2

1 inner inner student NA NA

2 1 1 gumbel 1.386588 NA

3 2 1 gumbel 1.220615 NA

4 3 1 gumbel 1.293084 NA

5 4 1 gumbel 1.236429 NA

6 5 1 gumbel 1.897415 NA

7 1 2 gumbel 1.943960 NA

8 2 2 gumbel 1.397582 NA

9 3 2 gumbel 1.441990 NA

10 4 2 gumbel 1.891171 NA

11 5 2 gumbel 1.692865 NA

$map1

function (tw, param)

{

qbeta(tw, param[1], param[2])

}

$map1.param

[1] 5 5

$map2

function (tw, param)
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{

apply(cbind(round(tw * param), 1), 1, max)

}

$map2.param

[1] 100

> rOFC(2, myOFC)

[,1] [,2] [,3] [,4] [,5]

[1,] 0.3260713 0.2661169 0.1693356 0.2536162 0.4851917

[2,] 0.3460410 0.5187450 0.1131389 0.2921746 0.1783821

In the above example, the inner copula is again a d-variate exchangeable
student copula, but in this case both the correlation and the degrees of freedom
are related to tw through map1 and map2. As it was the case before, the cor-
relation of the inner copula comes from the quantile function related to a beta
distribution, with both shape parameters set to 5 (map1.param). The degrees
of freedom of the copula are equal to the rounded value of tw multiplied by
map2.param. In case the result is 0, the value of 1 is used instead. Finally,
since the max value of i is 5, d = 5, and since the max value of j is 2, w = 2.
myOFC is thus a NEOFC in Example 3.

The code allowing to build myOFC for this example is given hereafter (the
function copGumbel@iTau requires the copula package):

myOFC=list(innerandbiv=data.frame(

i=c("inner", 1:5, 1:5),

j=c("inner", rep(1, 5), rep(2, 5)),

family=c("student", rep("gumbel", 10)),

param1=c(NA, copGumbel@iTau(runif(10, 0.1, 0.5))),

param2=c(rep(NA, 11))),

map1=function(tw, param) {

qbeta(tw, param[1], param[2])

},

map1.param=c(5, 5),

map2=function(tw, param) {

apply(cbind(round(tw*param), 1), 1, max)

},

map2.param=100

)

Figure 5.7 shows cloud of points one gets from this NEOFC while keeping
only the generated values for U1, U2 and U3.

Numerical integration. The functions dOFC and pOFC require to solve a
complicated integral. By default, both functions perform naive Monte-Carlo
integration, where the integration space is sampled a thousand times according
to a uniform distribution that stretches over the integration space.
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Figure 5.7: Cloud of points of the first three random variables in Example 3, related to a
NEOFC.

In case of a one-factor copula or of an extended one-factor copula, the
integration space is the segment [0, 1]. However, with a nested extended one-
factor copula, the integration space becomes [0, 1]w and is therefore multi-
dimensional.

In any case, the integrand is calculated at the 1000 sampled points and
dOFC (or pOFC) outputs the average result. An error is also given and can be
decreased by increasing how many times the integration space is sampled.

With pOFC, in case of a NEOFC, the integral one needs to solve is

I =

∫
[0,1]w

C�wtw
(
G1(u1; tw, . . . , t1), . . . , Gd(ud; tw, . . . , t1)

)
dtw . . . dt1,

which will be rewritten as

I =

∫
[0,1]w

f(t̄)dt̄

for convenience, and where t̄ = (tw, . . . , t1)′. Let t̄1, . . . , t̄N be N points sampled
uniformly on [0, 1]w. Then, what pOFC outputs is

ÎN =
1

N

N∑
i=1

f(t̄i),

while the error is

126



Appendix: the OFC package

√√√√ 1

N − 1

N∑
i=1

(f(t̄i)− ÎN )2.

The default value of N = 1000 in pOFC and dOFC can be increased or
decreased through the argument input.integration, as seen in the following
example:

> myOFC

$innerandbiv

i j family param1 param2

1 inner inner ind NA NA

2 1 1 Frank 2.0 NA

3 2 1 Frank 2.0 NA

4 3 1 student 0.4 10

> u

u1 u2 u3

[1,] 0.1137034 0.6092747 0.8609154

[2,] 0.6222994 0.6233794 0.6403106

> dOFC(u=u,OFC=myOFC)

$values

[1] 0.8252743 1.0727231

$errors

[1] 0.004866552 0.013615694

> dOFC(u=u,OFC=myOFC,input.integration=10000)

$values

[1] 0.8282513 1.0797866

$errors

[1] 0.001523137 0.004332387

The decrease of the error is however very slow, in
√
N .

Both pOFC and dOFC however allow for more sophisticated numerical in-
tegration approaches, offering full compatibility with the R packages cubature
(Steven and Balasubramanian, 2013) and R2Cuba (Thomas et al., 2015). In the
following example, the naive Monte Carlo integration is overriden and replaced
by adaptative multidimensional integration:

> adaptIntegrate(f=dOFC, lowerLimit=0, upperLimit=1,

+ naive.integration=FALSE, u=u[1,], OFC=myOFC)

$integral

[1] 0.8255346

$error

[1] 7.004233e-06

$functionEvaluations

[1] 735
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$returnCode

[1] 0

The key to override the default naive Monte Carlo integration is to set the
argument naive.integration to FALSE in pOFC or dOFC. Notice that, in the
above example using adaptIntegrate, the error on the result is rather small,
while the integrand was only evaluated 735 times. This however doesn’t mean
that one will get a faster result using the function adaptIntegrate from the
cubature package: the naive Monte Carlo integration used by default by pOFC

or dOFC is significantly faster at evaluating the integrand over and over again.

The following examples show how one can make use of the integration meth-
ods from the package R2Cuba:

> cuhre(ndim=1, ncomp=1, integrand=dOFC,

+ naive.integration=FALSE, u=u[1,], OFC=myOFC)

Iteration 1: 11 integrand evaluations so far

[1] 0.82709 +- 0.0524425 chisq 0 (0 df)

.

.

.

Iteration 13: 275 integrand evaluations so far

[1] 0.825543 +- 0.000734674 chisq 0.00243551 (12 df)

integral: 0.8255427 (+-0.00073)

nregions: 13; number of evaluations: 275; probability: 1.110223e-16

> vegas(ndim=1, ncomp=1, integrand=dOFC,

+ naive.integration=FALSE, u=u[1,], OFC=myOFC)

Iteration 1: 1000 integrand evaluations so far

[1] 0.826074 +- 0.00484348 chisq 0 (0 df)

Iteration 2: 2500 integrand evaluations so far

[1] 0.82546 +- 0.00178692 chisq 0.0141172 (1 df)

Iteration 3: 4500 integrand evaluations so far

[1] 0.825522 +- 0.000719784 chisq 0.0141605 (2 df)

integral: 0.8255218 (+-0.00072)

number of evaluations: 4500; probability: 0.007055242

> suave(ndim=1, ncomp=1, integrand=dOFC,

+ naive.integration=FALSE, u=u[1,], OFC=myOFC)

Iteration 1: 1000 integrand evaluations so far

[1] 0.826074 +- 0.00484348 chisq 0 (0 df)

Iteration 2: 2000 integrand evaluations so far

[1] 0.826075 +- 0.00159638 chisq 0.000569991 (2 df)

Iteration 3: 3000 integrand evaluations so far

[1] 0.82565 +- 0.000763983 chisq 6.91287 (5 df)

integral: 0.8256503 (+-0.00076)

nregions: 3; number of evaluations: 3000; probability: 0.7727983

To conclude this appendix chapter, the five available numerical integration
methods (naive, adaptIntegrate, cuhre, vegas and suave) are compared for the
three models used in Example 1, 2 and 3. Given model k, k ∈ {1, 2, 3}, the
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Figure 5.8: (1/2) Running times for the model in Example 1.

function pOFC is run 100 times on ui = 0.5, ∀i ∈ {1, . . . d} using each of the five
integration methods until each of these methods reaches a prespecified error
ek. The running times are displayed in Figures 5.8 to 5.13. As one can see,
adaptIntegrate appears to reach a prespecified error faster than any of the
four other methods.

Some suggested references for the reader eager to learn more about numer-
ical integration are Lepage (1978), Press and Farrar (1990), Berntsen et al.
(1991), Caflisch (1998) or Robert and Casella (2013).

129



Appendix: the OFC package

●
●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●●●●

●

●

●

●

●

●

●

●

●

●●

●●

●●●

●

●

●

●

●
●
●

●

●

●
●
●

Naive adaptIntegrate cuhre

0.
05

0.
15

0.
25

0.
35

Running times for a same error

method of integration

tim
e 

in
 s

ec
on

ds

Figure 5.9: (2/2) Running times for the model in Example 1, where vegas and suave have
been removed.
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Figure 5.10: (1/2) Running times for the model in Example 2.
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Figure 5.11: (2/2) Running times for the model in Example 2, where vegas and suave have
been removed.
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Figure 5.12: (1/2) Running times for the model in Example 3.
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Roger B. Nelsen, José Juan Quesada-Molina, José Antonio Rodŕıguez-Lallena,
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Frantǐsek Rubĺık. Estimates of the covariance matrix of vectors of u-statistics
and confidence regions for vectors of kendall’s tau. Kybernetika, 52(2):280–
293, 2016.

Naruya Saitou and Masatoshi Nei. The neighbor-joining method: a new method
for reconstructing phylogenetic trees. Molecular biology and evolution, 4(4):
406–425, 1987.

Rogelio Salinas-Gutiérrez, Arturo Hernández-Aguirre, and Enrique R Villa-
Diharce. Using copulas in estimation of distribution algorithms. In MICAI
2009: Advances in Artificial Intelligence, pages 658–668. Springer, 2009.

Robert J. Scherrer, Andreas A. Berlind, Qingqing Mao, and Cameron K.
McBride. From finance to cosmology: The copula of large-scale structure.
The Astrophysical Journal Letters, 708(1), 2009.

Berthold Schweizer. Thirty years of copulas. In Advances in probability distri-
butions with given marginals, pages 13–50. Springer, 1991.

Johan Segers and Nathan Uyttendaele. Nonparametric estimation of the tree
structure of a nested Archimedean copula. Computational Statistics & Data
Analysis, 72:190–204, 2014.
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