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SPECTRAL STRUCTURE OF PATH-LENGTH DENSITY MATRICES
OF UNROOTED BINARY TREES*

DANIELE CATANZARO!, RAFFAELE PESENTI¥, AND ROBERTO RONCOS

Abstract. The Path-Length Density Matriz (PLDM) of an Unrooted Binary Tree (UBT) is
the real symmetric matrix with zero diagonal and off-diagonal entries 277/, where 7;; denotes
the number of edges on the unique path between leaves i and j. Here, UBTs are trees with n >
3 leaves and all internal vertices of degree 3, and their PLDMs arise naturally in computational
phylogenetics, network design, and information theory. In this article, we study PLDMs of UBTs
and investigate how their spectra reflect the structure of the underlying trees. We prove that the
smallest eigenvalue of any PLDM of a UBT is —1/4, with multiplicity equal to the number of leaf
pairs sharing a common parent. We also show that specific eigenvalues characterize the presence of
particular subtree configurations. For UBTs of minimum diameter, we derive closed-form expressions
for the eigenvalues; for UBTs of maximum diameter, we relate the spectrum to an auxiliary Kac—
Murdock—Szeg6-type matrix and obtain asymptotic results for the empirical spectral distribution
and the edge spectral densities. These results show that the spectrum of a PLDM encodes explicit
structural information about the underlying tree and suggest that spectral methods may be useful
for optimization over this matrix class.

Key words. spectrum, path-length density matrices, unrooted binary trees, structured sym-
metric matrices, computational phylogenetics.

MSC codes. 15A18, 05C05, 05C50, 90C27.

1. Introduction. Terminal encodings are matrix representations of trees that
depend only on information associated with a distinguished subset of vertices, typi-
cally called terminals. Such encodings arise naturally in inverse optimization problems
in which one seeks to reconstruct or identify a tree structure from incomplete or ag-
gregated data available only at the terminals. Classical examples include the Huffman
Coding Problem [17] and the Balanced Minimum Evolution Problem (BMEP) [4].

A prominent example of terminal encoding is the Path-Length Matriz (PLM) [4].
Given a tree T' with n > 3 leaves, the PLM of T is the symmetric integer matrix =
of order n with zero diagonal and off-diagonal entries 7;;, where 7;; is the number of
edges on the unique path in 7' connecting leaves ¢ and j. Figure 1 shows an Unrooted
Binary Tree (UBT), i.e., a tree with n > 3 leaves and all internal vertices of degree
3, together with its associated PLM. The central object of this article is the closely
related Path-Length Density Matriz (PLDM). For a UBT T, the PLDM is the real
symmetric n X n matrix with zero diagonal and off-diagonal entries 27 7%. Figure 1
also shows the PLDM 277 associated with the displayed UBT.

The extent to which matrix spectra encode structural information about trees
is a classical question in spectral graph theory; see, e.g., [2, 5, 8, 10]. In general,
spectra yield only partial information: unweighted trees are not uniquely determined
by the spectrum of either their adjacency matrix [18] or their PLM [15], and similar
non-uniqueness phenomena occur for rooted binary trees [14]. Nonetheless, spectral
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Fic. 1. On the left, an example of an Unrooted Binary Tree (UBT), i.e., a tree graph with
n > 3 leaves, n — 2 internal vertices each of degree 3, and 2n — 3 edges. The UBT shown here has
5 leaves, 3 internal vertices, and 7 edges. At the center and on the right, the Path-Length Matriz
(PLM) T and the Path-Length Density Matriz (PLDM) 2= 7 of this UBT, respectively.

data often reveal meaningful structural features. For example, Schwenk [18] showed
that cospectral trees must contain certain exchangeable rooted subtrees, indicating
that spectral signatures can reflect underlying combinatorial components. In a related
direction, Aratijo Lima and de Aguiar [1] studied Laplacian spectra of rooted binary
trees in extremal diameter regimes and observed clustering phenomena for highly
balanced trees.

Our perspective is different. Motivated by optimization questions related to the
BMEP and by the combinatorial structure of PLDMs of UBTs, we study the ex-
tent to which the spectrum of a PLDM reflects the topology of the underlying tree.
This question is also relevant for optimization: in the BMEP, one seeks a UBT whose
PLDM 2~ 7 minimizes tr(D 2~ 7) for a given distance matrix D. Understanding which
structural features of a UBT are encoded by the spectrum of its PLDM may there-
fore help clarify the structure of feasible solutions and motivate future algorithmic
developments.

Main results and structure of the article. After introducing notation and prelim-
inary results in Section 2, we study the eigenspaces of PLDMs of UBTs in Section 3.
We prove that the smallest eigenvalue of any PLDM is —1/4, with multiplicity equal
to the number of cherries, i.e., pairs of leaves at distance 2, in the underlying UBT.
We also show that specific eigenvalues characterize the presence of particular sub-
tree configurations. For UBTSs attaining the maximum possible diameter or having a
maximally balanced structure, we derive explicit spectral descriptions and show that
both families can be analyzed through a common auxiliary Kac-Murdock—Szegd-type
matrix. In Section 4, we establish sharper eigenvalue bounds and study asymptotic
spectral behavior. Finally, in Section 5, we present conjectures supported by compu-
tational evidence and discuss possible extensions of the present work.

2. Notation and preliminaries. Throughout the article, we shall use lowercase
letters for scalars (e.g., ¢ € R), bold capital letters for matrices (e.g., A € R"*™), bold
lowercase letters for vectors (e.g., v € R™), and Greek letters to denote the eigenvalues
of a given matrix (e.g., the eigenvalue X\ of a matrix A € R"*™).

Intervals, vectors, and matrices. Given two integers a,b, with a < b, we denote
by [a, b] the set of integers ¢ such that a < ¢ <b. If a = 1, we simply write [b].

Unless stated otherwise, any vector norm is understood to be Euclidean, and any
matrix A is assumed to be real, symmetric, and of order n. For an integer n > 1, we
denote by 0,, and 1,, the column vectors in R™ whose entries are all equal to 0 and 1,
respectively. We denote by e; the i-th canonical unit vector of R™, and by egk) the
i-th canonical unit vector of the subspace R¥, for k € [n — 1]. For example, if n = 4,
then egg) = (1,0)" and e; = (1,0,0,0)T. Given a vector v € R", we write T to
denote k > 2 consecutive entries of v equal to x. For example, if v = (2,2,1,1,2)T,
then we write v = (212}, 112),2) "

This manuscript is for review purposes only.



81
82
83
84
85
86
87
88
89
90

91
92
93
94
95
96
97
98
99
100
101

114
115

SPECTRAL STRUCTURE OF PLDMS OF UBTS 3

We denote the determinant, trace, rank, kernel, and image of A by det(A), tr(A),
rank(A), ker(A), and im(A), respectively. We refer to the i-th row and column
vectors of A as A, and A, respectively, and we denote by diag(ai1,ass,...,ann)
the diagonal matrix whose diagonal entries are ai1, as2, ..., an,. Finally, we denote
by I,, the identity matrix of order n and, for an integer k € [n], we denote by I, =
diag(1x), Opn—2x)) the diagonal matrix whose first k diagonal entries are equal to 1,
and whose remaining n — 2k entries (if any) are equal to 0.

For a matrix A € R™*", we denote by mgy(\) the geometric multiplicity of an
eigenvalue A\ and simply refer to it as the multiplicity of A, since geometric and alge-
braic multiplicities coincide for real symmetric matrices. We always assume that the
eigenvalues of A are ordered non-decreasingly, so that A; < A; whenever ¢ < j.

Finally, we will use the Gershgorin circle theorem, according to which, for some
k € [n], every eigenvalue X of an n x n matrix A = {a;;} satisfies

n
A= are] < lagsl.

Jj=1

J#k
Trees, UBTs, and their terminal encodings. Here we introduce notation, defini-
tions, and standard results for general trees, UBTSs, and their terminal encodings. We
begin by observing that each UBT induces a family of PLMs (and, hence, of PLDMs),
one for each permutation of its leaf labels. Any two such matrices are related by a
simultaneous permutation of rows and columns and therefore share the same eigen-
values; their eigenvectors are related by the corresponding permutation of entries.
Throughout the article, we exploit this equivalence freely: whenever a spectral prop-
erty of the PLDM of a given UBT is under study, we select whichever leaf labeling is

most convenient for the argument at hand. In addition, we denote by
e U, the set of the (2n —5)!1=1-3-5-...-(2n —5) distinct UBTs with n > 3
leaves (see OEIS A000672 in [16]);

o O,, the set of the PLDMs associated with the UBTs in U,,.
The following theorem characterizes O,,:

THEOREM 2.1 (Catanzaro et al. [4]). An integer matriz 27 of order n > 3
belongs to ©,, if and only if it satisfies:

(integrality conditions) T € [2,n — 1] V distinct i,j € [n],
(symmetry conditions) Tji= Tij VY distinct i,j € [n],
(strong triangle inequalities)
Tij + Tjk — Tik > 2 Y distinct i, 7,k € [n],
1

Kraft’ liti 27T = — Vi
(Kraft’s equalities) Z 5 i € [n],

Jj€ln]

J#i

and, for all distinct i, j, p,q € [n], exactly one of the following conditions:

Tij + Tpg + 2 < Tip + Tjq = Tig + Tjps
(strong four-point conditions) Tip + Tiqg + 2 < Tij + Tpg = Tig + Tips

Tig + Tjp +2 < Tij + Tpg = Tip + Tjq-

A cherry (i,j) of a UBT T € U, is the subgraph induced by the leaves ¢ and j
of T together with their unique adjacent internal vertex, hereafter referred to as the

This manuscript is for review purposes only.



116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133

135

136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

4 D. CATANZARO, R. PESENTI, AND R. RONCO

F1G. 2. The fundamental most-balanced UBT (left) and the fundamental caterpillar (right) for
n = 6.

cherry parent and denoted by par(i, j). Since UBTs are planar graphs, we refer to the
labeling obtained by ordering the leaves clockwise starting from a leaf labeled 1 and
belonging to a cherry as the fundamental labeling; the associated UBT, PLM, and
PLDM are called the fundamental UBT, the fundamental PLM, and the fundamental
PLDM, respectively. We refer to the structure of a UBT T as the tree obtained from
T by removing all the vertex labels. Figure 2 shows the fundamental labeling of the
only two distinct UBT structures in Us.

The diameter of a tree T is the number of edges on the longest path between
any pair of its leaves. A caterpillar T € U, is a UBT having the maximum diameter,
namely n — 1. A caterpillar has only two cherries, because the endpoints of a longest
leaf-to-leaf path must each belong to a distinct cherry as each internal vertex has
degree 3. In addition, every internal vertex belonging to such path, except for those
belonging to these two cherries, is adjacent to exactly one of the remaining n — 4
leaves. The two cherries of a fundamental caterpillar T¢ € U,, are (1,2) and (n—1,n).
The UBT on the right in Figure 2 is the fundamental caterpillar with 6 leaves.

Two leaves 4, j € [n] of a UBT T € U,, with associated PLDM 2~ 7 belong to the
cherry (i, 7) if and only if the corresponding (4, j)-entry of matrix 277 is equal to 1/4.
In this case, rows i and j of 277 are called twins [3], in the sense that

27Tir = 27ir Ve [n]\ {i,j}.

Throughout the article, we shall assume without loss of generality that twin rows are
consecutive, i.e., j = i + 1. Since every UBT T € U,, has at least two cherries, every
PLDM in ©,, contains at least two pairs of twin rows.

The notion of cherry admits the following natural generalization. We refer to
a cherry of T as a Oth-order cherry. For d > 1, if T contains two vertex-disjoint
(d — 1)th-order cherries C' and C” whose root vertices are both adjacent to a common
vertex v, then the subgraph induced by C, C’, and v is called a dth-order cherry of
T, and v is called the parent of C and C’. Figure 3 illustrates four Oth-order cherries,
two 1st-order cherries, and one 2nd-order cherry.

To streamline notation, for a dth-order cherry C with 2¢%! leaves, we write (£)
and par(¢), where ¢ denotes the ordered set of leaves of C. The ordering is chosen
so that the first and last 2¢ leaves correspond to the two (d — 1)th-order cherries
contained as subtrees in C. For example, (i,7 4+ 1,7 4+ 2,7 4+ 3) denotes the lst-order
cherry formed by the cherries (i,7 4+ 1) and (i + 2,7 + 3). Hereafter, we write cherry
in place of Oth-order cherry.

This manuscript is for review purposes only.
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SPECTRAL STRUCTURE OF PLDMS OF UBTS 5

Fic. 3. A UBT displaying a 2nd-order cherry. The subtree delimited by the dashed blue line
is the 2nd-order cherry (1,2,3,4,5,6,7,8). It is composed of the two 1st-order cherries (1,2,3,4)
and (5,6,7,8), highlighted by dashed red lines, which are in turn composed of the Oth-order cherries
(1,2) and (3,4), and (5,6) and (7,8), respectively.

Contraction of a cherry in a UBT. Let T € U,, denote a UBT with ¢ cherries,
and assume without loss of generality that (¢,i+ 1) is a cherry of T. The contraction
of T with respect to (i,7+ 1) is defined as the operation that deletes leaves i and ¢ + 1
and their incident edges, and relabels their parent par(i,i+ 1) as i. The resulting tree
T’ belongs to U,,_1, as the operation removes a leaf while preserving connectivity and
the degrees of all remaining vertices. Moreover, T” has c cherries if there exists a leaf
k such that 7;; = 741, = 3; otherwise, it has ¢ — 1 cherries.

Figures 4 and 5 illustrate both cases. In particular, Figure 4 shows a UBT T
having a 1st-order cherry on the left, and a Oth-order cherry and a leaf not belonging
to any cherry on the right. Figure 5 shows the result of two distinct contractions: on
the left, the UBT with two cherries obtained by contracting T" with respect to (1, 2);
on the right, the UBT with three cherries obtained by contracting T' with respect to
(6,7).

The PLDM 2~ 7 of the contracted tree 1" € U,,_1 is obtained from the PLDM
277 of T € U, via the following two operations:

(i) multiply by 2 each entry in row i and column i, since for each leaf k €

[n] \ {4,7 + 1} the distance from k to the vertex relabeled i in T” is exactly
one less than its distance to either ¢ or ¢ + 1 in T7;

(ii) remove row i + 1 and column 7 + 1.

By analogy with 7", we shall also refer to 2~ 7 as a contraction of 2~ 7. We emphasize
that, after a contraction, the ith row and column of 2-7 correspond to the vertex
labeled 7, which is a leaf of T”. Figure 6 displays the UBT obtained by contracting

Fic. 4. An example of a UBT T on 7 leaves with three cherries: (1,2), (3,4), and (6,7). The
first two cherries are enclosed by a dashed red line, while the second cherry is enclosed by a dashed
blue line together with leaf 6. Contracting cherries (1,2) and (6,7) leaves a single cherry inside both
dashed lines.

This manuscript is for review purposes only.



6 D. CATANZARO, R. PESENTI, AND R. RONCO

Fic. 5. UBTs obtained from the UBT in Figure 4 by cherry contraction. Left: contraction of
(1,2). Right: contraction of (6,7).

the tree in Figure 1, together with the associated PLM and PLDM.

Let T € U,, denote a UBT with at least c cherries, and let 77 € U,,_». denote the
UBT obtained from T by simultaneously contracting any c vertex-disjoint cherries.
We say that 7" is obtained from T through a c-contraction, and we refer to the
PLDM 2-7 of T’ as the c-contraction of the PLDM 27 of T. If T” is obtained
by contracting all cherries of T', we say that 7" is obtained from T through a full
contraction.

Let £ € N and n = 3-2F. We say that a UBT T € U,, is most-balanced if it
has 3 - 271 cherries and, for every h € [k], the UBT obtained after h successive
full contractions has 3 - 28=" cherries. Equivalently, T" is formed by three kth-order
cherries sharing a common parent. In particular, a most-balanced UBT has minimum
diameter, namely, 2k + 2. The fundamental most-balanced UBT T® € U,, is the
most-balanced UBT whose cherries are exactly (2i — 1,2¢) for all ¢ € [n/2]. The
UBT displayed on the left of Figure 2 is the fundamental most-balanced UBT with
n=3-2! =6 leaves.

3. On the eigenspaces of PLDMs of UBTSs. In this section, we study the
spectrum of the PLDMs in ©,, and its relation to the structural properties of the as-
sociated UBTs. Specifically, we establish a connection between certain substructures
of UBTSs, such as cherries and dth-order cherries, and some particular dyadic eigen-
values of their PLDMs. In addition, Section 3.1 provides a closed-form expression
for the eigenvalues of PLDMs of most-balanced UBTs, and Section 3.2 characterizes
the spectra of the PLDMs associated with caterpillars. We begin with the following
proposition.

PROPOSITION 3.1. Let 2~ 7 denote a PLDM in ©,,. Then,

(i) the greatest eigenvalue of 277 is equal to %, with associated eigenvector 1,;
(i) 277 has an eigenvalue equal to —1 for each cherry (i, j) of T', with associated
eigenvector e; — e;.

Proof. (i). By (Kraft’s equalities), each row of the matrix 277 sums to 3. The
characteristic equation det(2~7 — AI,,) = 0 is then satisfied when A = % and this
value is maximum due to the Gershgorin circle theorem.

02 3 3 0 272 273 273

, |12 0 3 3 |22 0 273 273

o © ° T=13 3 0 2 27T =g g g g2
3320 2-3 273 272

F1G. 6. On the left, a UBT T’ with 4 leaves obtained as a contraction of the UBT T in Figure 1
with respect to the cherry (3,4). At the center and on the right, the Path-Length Matriz (PLM) T
and the Path-Length Density Matrizx (PLDM) 2~ 7 of T, respectively.

This manuscript is for review purposes only.
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(ii). Without loss of generality, assume that (1,2) is one of the cherries of T. Then,
the first two rows of 277 are twins, hence 2772 = 27721 = % and, 277k = 27 7k.2

for all k € [3,n]. Now, consider the vector v =e; —ey = (1,-1,0,...,0) and observe
that the following chain of equalities holds:
T
11
27Ty = |—=. = (27731 _ 97732 (27T 97 T2
v |: 47 4’ ( ) ’ ) ( )
T
1 1 1
= |:4,—4,0,...,0:| ——ZV.
Thus, v is an eigenvector of 277 with associated eigenvalue —i. ]

In what follows, we will see that the PLDMs of a most balanced UBT and of a
caterpillar, respectively, are characterized by distinctive spectra exhibiting opposite
extremal structures, yet governed by a single auxiliary matrix.

Let 27 € ©,, denote a PLDM whose associated UBT T' € U,, has at least ¢ cher-
ries. Without loss of generality, we assume that the first 2¢ rows of 277 correspond
to the first ¢ cherries of T, so that, for each i € [¢], the i-th cherry is (2i — 1, 2i).
By Proposition 3.1, the matrix 277 has —1/4 as an eigenvalue with multiplicity at

least ¢. To study the remaining n — ¢ eigenvalues, we introduce the auxiliary matrices
U,U € R"*("=9)_ defined as:

. . if 7
(3.1) U, = ten il vjeh—d.
€jtc ifjele+1,n—d,
and
A Ry
(3.2) U,=0% 1€ e, Vjen—d.
ejtc ifjefc+1,n—d,

In light of the definitions of U and U € R™*("~9) we define the matrices V,W &
R(=e)x(n=¢) a5 follows:

(3.3) V =U"U = diag(2(¢ 1[n—24));
(3.4) wW=U"2""U.

Finally, we observe that U and U satisfy the following simple properties:

0 if j € [2¢] and odd

(3.5) (UﬂT).j =<(e;_1+e; ifje[2c and even Y j € [n],
e; otherwise

and

(3.6) v'u=1,_..

Example 3.2. Consider the PLDM in Figure 1 and, in particular, the ¢ = 2 cher-
ries of the associated UBT. Then, we have that

c

Il
S OO ==
O == OO
= oo O OO

c

I
OO OO
o= O OO
—_ o0 O OO
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235

[Nl )
wWw
ENfoN

238
239
240
241
242
243
244
245

246

249
250

251

8 D. CATANZARO, R. PESENTI, AND R. RONCO

272 273 273 2 00
(3.7) W= |23 272 273 , Vv=10 2 0] = diag(2[2],1[1])
272 272 0 0 0 1
and
01 0 00
01 0 00 A
uU' =0 001 0|, U'U=I;.
0 00 1O
0 00 01
|
The following proposition holds:
PROPOSITION 3.3. Let 2= 7 denote the PLDM of a UBT T € U,, with ¢ cherries.
Then, the matrices W and 2~ 7 have the same spectrum, except for the eigenvalues
equal to —i associated with the ¢ cherries of T'.

Proof. We assume that the first 2c rows of 277 correspond to the first ¢ cherries of
T, and that matrices U, U, V, and W are defined accordingly. By Proposition 3.1(ii),
the eigenvectors associated with the first ¢ cherries, i.e., eg;—1—eq; for ¢ € [¢], span
the c-dimensional eigenspace

S={veR": vy_1=—vy Vi€ [c], and vy, =0 Yk > 2c},
Now, consider the (n—c)-dimensional subspace
SJ_ = {V e R": vy =V2,...,02c—1 :’UQC}

Since S and S are orthogonal complements, their direct sum is R™. Hence, S is the
subspace generated by the eigenvectors of 27 7 not associated with the first ¢ cherries
of T. Let v € S* and note that, by (3.5),

v=UU"v.
Now let A be an eigenvalue of 277 with associated eigenvector v € S+, and set
u=UTv. Then
Wu=U"2""Uu=U0"2""UU"v
=U"2""v=AU"v=)\u,
which proves the claim. 0

The matrix W enjoys several additional properties that are instrumental in charac-
terizing the n — c eigenvalues of the PLDM 27 7 not associated with the first ¢ cherries
of T. In particular, W admits the block decomposition

Wll W12
3.8 W =
(38) (W21 W22>

where W1 € R2%2¢ and Wy, € R(200x(n=29) are symmetric, Wy, = 2W/,,
Wiy € R26X(n=2¢) and Wy, € R("=260)x2¢ The diagonal entries of W1, are all equal

This manuscript is for review purposes only.
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to 1, and each off-diagonal entry (i, j) is given by 27 72i-1.2i-1F1 The diagonal entries

of Wy are all equal to 0, and each off-diagonal entry (i,7) is given by 27 72e+i 2e45,

On the other hand, each entry (i,j) of W1y is given by 2772i-1.2¢+i, In addition, the
n

largest eigenvalue of W is % because ZJ:f wi; = % for each i € [n — ¢].

Ezample 3.4. Consider the matrix W in (3.7). Its block decomposition (3.8)
reads as follows:

272 273 273 9 5
Wy = 9-3 o9-2 ) Wip = 9-3 | Wy = (2 27%), Wy =(0). 1

Now, recall that 277 is a PLDM of a UBT T € U with at least ¢ cherries.
Then, the following proposition shows that matrices V. and W naturally induce the
c-contraction of 27 7.

PROPOSITION 3.5. Let T € U,, denote a UBT with at least ¢ cherries and T’ €
Uy —oc denote the UBT obtained from T by contracting its first ¢ cherries. The matrices
V and W associated with a PLDM 2~ 7 of UBT T induce the c-contraction 2~ T of
277 through the following equation:

1 A ’
(3.9) VW - Lo=277

Proof. We assume that the first 2c rows of the PLDM 2~ 7 correspond to the first
c cherries of T', and that matrices U, Ij, V., and W are defined accordingly.

Analogously to (3.8), we partition 2~ ™ into blocks conformal with those of W
as follows,

— 7' — 7'
(3.10) 277 = (21_17, 21_2T,> ,
2 29

where 27,7 € R29%2¢ and 25,7 € R("~20)X(n=2¢) are symmetric, 27,7 € R2X(n—2¢),
and 2,7 = (21,7)7. We now express the entries of each block of (3.10) in terms
of the entries of 27 7. The diagonal entries of both 21_1"'/ and 22_2"'/ are zero. Each
off-diagonal entry (i,5) of 21_1"'/ is 2772i-1.2)-1%2 hecause the leaves i and j of T’
correspond to the parents of the cherries (2i — 1,2¢) and (25 — 1,25) in T, so the
corresponding path length decreases by two. Likewise, each off-diagonal entry (i, 7)
of 22_2"'/ is equal to 27 ™2¢+i.2¢+i since the leaves c+14 and ¢+ j of T’ correspond to the
leaves 2c¢ + 4 and 2c¢ + j of T', and hence the path length is preserved. Finally, each
entry (i,5) of 2,7 is equal to 27 T2i-1.2¢+s+1 because the leaf i of T" corresponds to
the parent of the cherry (2i — 1,2i) in T, whereas the leaf ¢ + j corresponds to the
leaf 2¢ + 7, so the path length decreases by one.

By definition of V in (3.3) and the block decomposition (3.8) of the matrix W,
the following chain of equalities holds:

VW _ li _ 212c O Wll W12 _ 1 Ic O _ 2W11 — %Ic 2W12
27" L0 L) \Wa Wy 2\0 0/ W Way /-
It is immediate to verify that the diagonal entries of 2W1; — %Ic and W, are zero.

Furthermore, by direct comparison between the entries of the blocks in (3.8) with
those in (3.10), we deduce that

1 _ o
2Wy; — §IC =297, 2Wip = 21,7,

2W21 = 22_17- s ng = 22_27- .

This manuscript is for review purposes only.
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Thus, the statement follows. 0
Proposition 3.5 allows us to extend Proposition 3.1 to higher-order cherries.

THEOREM 3.6. Let 27 € ©,, denote the PLDM of « UBT T € U,,. Assume
that T contains a dth-order cherry C = (i,i+1,...,i+ 291 — 1), for some i € [n —
(2441 — 1)] Then, 2= 7 has an eigenvalue

d+1
(3.11) 2;7@3
with associated eigenvector
241 2d+1_
(3.12) X = Z etk — Z €itk-
k=24

Proof. 1If d = 0, the claim follows directly from Proposition 3.1. Assume now that
d > 1, and suppose by induction that the statement holds for every UBT containing
a (d — 1)th-order cherry. Without loss of generality, also assume that ¢ = 1, so that
C =(1,2,...,29%1), Then, T has the ¢ = 27 cherries (1,2),(3,4),...,(2c—1, 2c), which
are contained as subtrees in C. In addition, the first 2¢ rows of 277 correspond to
such cherries, and the matrices U, fJ, V, and W are defined accordingly.

Let 7" denote the UBT obtained from T through a c-contraction with respect to
(1,2),(3,4),...,(2¢ — 1,2¢), and let 27" denote the PLDM associated with 7. By
construction, T” contains a (d — 1)th-order cherry induced by its first ¢ leaves; each
of such leaves is a parent of exactly one of the ¢ cherries above in T. Hence, by the
inductive hypothesis, 2~ ™ has eigenvalue 22(:—;13 with associated eigenvector

c/2

y=> "= 3 " = (112 —1ie/2), Op—2e)
=1

i=c/2+1

As2 Ty = % y and V7! = diag(%[cl, 1{—¢) we have:

c/2 c
_ — d__ _ n—c n—c
VI Ty = SRtV D - Y et
i=1

i=c/2+1
a 1 /2 1 = d
= 22:{}? 3 Zez(‘n_C) ~ 5 Z egn_C) = 22d+§y
i=1 i=c/2+1

Then, by Proposition 3.5 and, in particular, equation (3.9), the following chain of
equalities also holds:

V7127"',y = (fJTZ*TU 1 In c) y = U'2- Uy — 3L,y = 2d+2 y

which in turn implies

d+1

U2 "Uy — In 2y = 2d+2y = U'2 "Uy= 22d+;3y

By observing that, in (3.12), x is equal to Uy, we obtain

[AIT2*TUy=2r;Zl+§3y = U[ATT277U ZQZESUY

I _ d+1
= UU'2 7'x:22d+23x

This manuscript is for review purposes only.
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Now, set z = 27 "x. As 21 = T, L3 = T4,...,To.—1 = T, and the pairs of rows
(1,2), (3,4),..., (2¢ — 1,2¢) are twins rows of 277, it follows that z1 = 23, 23 =
Z4y...,292¢—1 = 29c. Therefore, by (3.5), the condition z = UU Tz holds. Hence,
UU 2 "x=2" Tx, and the statement follows. 0

Proposition 3.5 shows that W can be written as a linear combination of the
PLDM 277 and the matrix I,,_.. Combining this representation with the structural
properties of W yields the following proposition.

PROPOSITION 3.7. Let 277 denote the PLDM of a UBT T € U,, having ¢ =
cherries, with n > 6 and even. Then, the matric W associated with 2~ 7 and the fu
contraction 2= 7 of 277 satisfy

I3

~nN

l

(3.13) W =127 41

N|—=
=
|3

In addition, denoted by A1, Aa, -+, e and p1, o, -+, pe the eigenvalues of W and
277 | respectively, we have that

(3.14) Ni=swi+i Vield.

Proof. We first observe that (3.9) can be rewritten as
-1 — Ls
(3.15) W=V (2 + 2Inc> .

By the definition of V and the assumption n — ¢ = n/2, equation (3.15) is equivalent
to (3.13). Finally, (3.14) follows from (3.13) by applying the standard result on the
eigenvalues of a sum with a scalar multiple of the identity matrix. |

3.1. On the spectrum of the PLDM of the fundamental most-balanced
UBT. In this section, we determine a closed-form expression for the spectrum of the
PLDM of a most-balanced UBT. To this end, we first note that a most-balanced UBT
T € Us.o1 can be seen as the union of a kth-order cherry and a (k — 1)th-order cherry
having disjoint vertex sets and adjacent parents. For example, the fundamental most-
balanced UBT displayed on the left of Figure 2 may be viewed as consisting of the
Oth-order cherry (1,2) and the 1st-order cherry (3,4,5,6).

In light of the previous propositions and observations, the following result holds:

THEOREM 3.8. For a fizred k € N, the PLDM 277 of a most-balanced T € Us.ox
has eigenvalues
. % with multiplicity 3 - 28~ for each d € [k];

2k 13

serz with multiplicity 2;

1
2

Proof. By definition of a dth-order cherry, for each d € [k], T contains 3 - 2+~¢
distinct (d — 1)th-order cherries. Hence, by Theorem 3.6, for each d € [k], 277 has

eigenvalue 22{;—1;0’ with multiplicity 3-2¢=¢. In addition, T has a unique kth-order cherry.

with multiplicity 1.

Hence, 27 7 has eigenvalue 22:% Moreover, as 2~ 7 is a PLDM, by Proposition 3.1,
% is also an eigenvalue of 27 7. Finally, by using the fact that tr(2~7) = 0 and that

k
2d -3 2k+1 -3 1 2k+1 -3
23'2k_d T T otz T3 T T T oRz
= 2 2 2 2

This manuscript is for review purposes only.
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we can conclude that the eigenvalue 1

2
21;::;3 has multiplicity 2. Thus, the statement follows. 0

3.2. On the spectrum of the PLDM of the fundamental caterpillar. In
this section, we establish the eigenvalues of the PLDM of the fundamental caterpillar
in Uy, hereafter denoted by C(n). We begin by redefining the matrices U, U, and
V as follows to match the positions of the two cherries (1,2) and (n — 1,n) in the
fundamental caterpillar T° € U,,:

has multiplicity 1, whereas the eigenvalue

e +e; if j =1,

U, =<e itje2,n—-3], Vjel,n—2],
e,_1te, if j=n-—2,
e ifj =1,

U;={e ifjel2,n—3], Vje[l,n-2],
e, if j=n-—2,

V =U"U = diag(2, 1(—4),2).

Observe that this redefinition still satisfies (3.4) and (3.6).
We also introduce the dyadic matrix S € R(?=2)x(n—2)
generic entry, which satisfies the following property:

having s;; = 2-11=3l as its

(3.16) Cm)zifUSUT—IWQ)

Ezxample 3.9. Consider the fundamental caterpillar T in Figure 2. Then, the
PLDM C(6) associated with T reads as follows

0 272 273 274 9275 9-5b
272 0 23 27¢ 275 975
2-3 273 0 273 274 274
(317) 0(6) - 2—4 2—4 2—3 0 2—3 2—3
275 9275 9274 9273 o 272
275 9275 9-4 9-3 9-2 0

and, accordingly the matrices U, U and V associated with C(6) are

1 000 00 00
1 000 10 00 2 0 0 0
01 0 0 . 01 00 01 00
U=1o 01 ol U=1o 01 ol V=10 01 0
00 01 00 0 0 00 0 2
00 01 0 0 0 1
In addition,
1 27t 272 273
S_ 2=t 1 27t 272
T 1272 27t 1 27!
273 272 271 1

Then, it is easy to verify that the following conditions hold:

This manuscript is for review purposes only.
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272 9273 274 9274
1 T T 272 o0 273 273
C(6) = Z(USU —Is) and W=U'C(6)U= 9=3 9-3 g 9-2
2-4 274 273 272 1
In light of these new definitions, the following proposition holds:
PROPOSITION 3.10. The matriz W associated with C(n) satisfies
1
(3.18) W = Z(SV —1,_5),
where S € R"=2%("=2) 45 ¢ dyadic matriz having Sij = 271231 s its generic entry.
Proof. By (3.4) and (3.16), we have that
A 1 - N
W=U"C(nU= 1(UTUSUTU -U'L,_,U).
Then, since U'U= I, oand UTU = V:
1 T 1
W = Z(In_QSV -U'L,_,U)= Z(SV —I,_2),
thus, the statement follows. 0

The spectral properties of matrix S have been studied by Fikioris [11], who proved
the following result that is instrumental to characterize the spectrum of the funda-
mental caterpillar:

ProposITION 3.11 (Fikioris [11], Theorem 2.1). Let
s=[27hd] emrmen
i,j€ln]

Then, S is invertible and its inverse is the tridiagonal matrix

4 -2 0 0 0 ... 0
-2 5 -2 0 0 ... 0
0 -2 5 -2 0 ... 0
1 .

(3.19) S~ = sl 0
: -2 5 -2 0
-2 5 =2
0 ... ... 0 -2 4

Furthermore, the eigenvalues v1 < y2 < ... <, of S are

3

3.20 N
(3:20) TT T 4 cos(xi)

Vi€ [n],

where x; is given by the unique root % <x;i < (i:jiﬂ of

{2 cos (”+21)X = oS (”_21)’( if i even

2sin ("gl)x = sin (n—zl)x if i odd

This manuscript is for review purposes only.
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cot(t532)
—3tan(¢
101 10 @)
0 £ 0
=51 -5 w
—-101 — tan(529) —-10
5cot(3)
nf2
a

«
w

value

0 n2 4 0
a

n

F1G. 7. A graphical representation of the solutions to (3.22) for n = 11.

S is usually referred to as a Kac-Murdock-Szego matriz [13] in the literature. In
light of Fikioris’ result and the properties of both tridiagonal matrices [9, 19] and the
Kac-Murdock-Szegd matrix [11, 13], the following result (whose proof is reported in
Appendix A for the sake of conciseness) holds:

THEOREM 3.12. Let C(n) denote the PLDM of the fundamental caterpillar T with
n > 4 leaves. Then, the eigenvalues A\ < Ao < ... < A, of C(n) are

7%3 ZfZE[m,
(3.21) N=133 (ke - 1), WieBn-1l,
: ifi=n,

where the scalars oy, i € [3,n — 1], are the n — 3 distinct solutions in the interval
0<a<mof

(3.22a) tan<("23)o‘> _ ! cot(g) :

(3.22b) cot<(”_23)o‘) - —3tan(%) .

Figure 7 shows a numerical example related to the application of Theorem 3.12 for
n = 11. In particular, the figure shows the solutions to (3.22a) and (3.22b) on the left
and right, respectively.

The approach used to establish the spectra of the PLDMs of the fundamental
most-balanced UBT and the fundamental caterpillar can, in principle, be extended
to any UBT in U,,. The main difficulty lies in redefining, on a case-by-case basis,
the matrices U, U, and V, as well as the relationships linking V and W. A general
formulation of this approach remains an open problem.

4. On the extremal properties of PLDMs of UBTs. In the previous sec-
tions, we have shown that —1/4 is the smallest eigenvalue of the PLDMs of the funda-
mental most-balanced UBT and the fundamental caterpillar, respectively. Moreover,
the multiplicity of this eigenvalue equals the number of cherries in the corresponding
UBTs. By using the notion of a contraction, in this section, we extend this result to
arbitrary PLDMs in ©,,. To this end, consider a UBT T € U,, and its contraction 7’
on the cherries (i,i+ 1), for some i € [n]. Denote by 2= 7 and 2~ 7 the PLDMs of

This manuscript is for review purposes only.
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T and T”, respectively, and by E a symmetric matrix in R”*™ whose i-th row and
column coincide with the i-th row and column of 277, respectively, i.e,

E=e(2.7)" +2;7e].

Finally, let R denote a matrix in R"*("=1) defined as

R _Ji% iielld, Vielln1]
7 \ejr, ifjeli+1,n—1] ’

and hereafter referred to as the removal matriz. Then, it is easy to realize that 277
and 277 are related by the following equation:

(4.1) 277 =R' (27" +E)R.

Example 4.1. Consider again the fundamental caterpillar T° in Figure 2 and its
PLDM C(6) provided in (3.17). Suppose we perform a contraction of T° with re-
spect to the cherry (1,2). We then show that this operation can be carried out by
applying (4.1) with respect to the first row of C(6), i.e.,

277 =(0 272 27% 27% 275 27F)

To this end, first observe that

2720 0 0 0 0
_ _ 273 0 0 0 0 0
_ T\ T T, T __

E=eZ?) #2%er =194 o o o 0o o

27 0 0 0 0 0

275 0 0 0 0 0

The associated removal matrix R and 277 + E are given by:

1 0 0 0 0 0 27! 272 273 9274 9-4
0 0 00O 2=t 0 273 274 275 279
0100 0 . 9-2 93 g 973 94 o4
R=1o 010 of 27HE= 105 9 9 g 98 9
00010 274 275 274 273 0 272
0 0 0 0 1 2—4 275 9274 9273 9272

Now, premultiplying 2~ 7 + E by RT and, then, postmultiplying by R has the effect
of removing the second row and column from 2~ 7 + E, leading to

0 272 273 274 274
272 0 273 27t o+t
277 =RT(27"+E)R= |23 273 (o 273 273
2=4 274 273 o 272
2=4 274 273 272

which encodes the PLDM of C(5) and, incidentally, is equivalent to the PLDM shown
in Figure 1 through symmetric permutations of rows and columns. |
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Equation (4.1) and the particular structure of the matrices E and R can be
exploited to study how the multiplicity of the eigenvalue —1/4 of a PLDM 2—7 € O,
changes after a contraction on the associated UBT. Specifically, consider the vector
v = 2;_7 and observe that im(E) is contained in span{e;,v}. As e/ v = 0, the vectors
e; and v are linearly independent, hence rank(E) = 2. In addition, as Ee; = v and
Ev = ||v||%e;, the restriction of E to span{e;, v}, with respect to the basis {e;, v}, is
represented by the matrix

_ (0 IIvI?
A= <1 ! ) .

Because the eigenvalues are invariant under a change of basis, the nonzero eigenvalues
of E are the eigenvalues of A, i.e., they are equal to £||v||. Thus, E has one positive
eigenvalue ||v||, one negative eigenvalue —||v||, and one eigenvalue 0 with multiplicity
n — 2. To further advance our analysis, we recall the following two results from the
literature, which will be instrumental in the proof of Theorem 4.4.

PROPOSITION 4.2 (Poincaré separation theorem, [12], Cor. 4.3.37). Letm,n € N
satisfy m < n. Let A € R™ ™ denote a symmetric matriz, and let A’ = PTAP ¢
R™*™ " where P € R™ ™ 4s a matriz with orthonormal columns. If 1 < -+ < pp
and v1 < -+ < vy, are the eigenvalues of A and A, respectively, then

i SV < litn—m, Vi€ [m)].

PROPOSITION 4.3 ([12], Cor. 4.3.3). Let A,E € R"*™ denote two symmetric
matrices, and suppose that E has exactly one positive and one negative eigenvalue. If
A << Ay and pg < -0 < gy are the eigenvalues of A and A + E, respectively,
then

(4.2) i < )‘i+17 Vie [n — 1],
and
(4.3) Aic1 i, Vi€ ([2n]

Equality holds if and only if E is singular and there exists a nonzero vector x satisfying

(4.4) Ax = N\11x, Ex =0,, (A + E)x = u;x,

in inequality (4.2), and

(4.5) Ax = \_1x, Ex =0,, (A 4+ E)x = u;x,

in inequality (4.3).

We observe that Proposition 4.3 immediately implies, for both A and A + E, that
(4.6) AM=X=- =X = U1 =fl2g=" "= 1,

and
(4.7 pr =g == pig1 < fliy, = A1 =2 == A2 < Agp1-

)
By (4.6) and the symmetry of the matrices A and A + E, it follows that, whenever
A1 = -+ = A\ holds true, there exist £ — 1 mutually orthogonal eigenvectors of A
satisfying (4.4) and (4.5). Then, the following theorem holds:

This manuscript is for review purposes only.
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THEOREM 4.4. Let 277 € ©,, be the PLDM associated with a UBT T € U,,, with
n > 4, and let T" be the UBT obtained from T by contracting one of its cherries.
Let 277 be the PLDM associated with T', and denote by my(—3) and my, (=1) the

geometric multiplicities of the eigenvalue f% m2-7 and 27 "", respectively. Then

(4.8) m, (—i) > mg(—D -1

Moreover, the inequality is strict whenever T" has the same number of cherries as T'.

Proof. Without loss of generality, assume that (n — 1,n) is a cherry of T and
that T is obtained from T by contracting precisely this cherry. By Proposition 3.1,
the eigenspace associated with (n —1,n) is generated by x(,—1 )y = (en—1 —€,). In
addition, by (4.1), we have that

2" =R'(2°" +E)R,

where R is such that R; =e; for j € [I,n—1],and E=e,_1(2, )" +2, " e} _;
is a symmetric singular matrix with exactly one positive eigenvalue and one negative
eigenvalue, as observed above. By Proposition 3.1, there are m, (f%) — 1 distinct
eigenvectors of 277 that are orthogonal to x(,,_1 ) and that are associated with the
eigenvalue —1/4. Denote by x any of such eigenvectors. Then, by Proposition 4.3,

namely (4.5), x € ker(E), which, in turn, implies that z,_1 = 0. As Xz;kl X =0,
then we also have z,, = 0. Therefore, x has the form (z1,z2,...,2Z,_2,0,0)".
Now, consider the vector X = (z1,22,...,2,_2,0)" € R""!. By definition, X and

x are related by x = R x and x = Rx. In addition, the following chain of equalities
holds:
1 1

(4.9) 2 "x=R'(277+E)Rx=R7(27 7 +E)x= - R'x= - Ix.

Then, X is an eigenvector of 2~ 7 associated with the eigenvalue —1 /4. Tt is worth
noting that there are my (f%) — 1 pairwise orthogonal vectors having the same form
of X. Denote by S the subspace generated by such vectors. As dim(S) = m, (f%) -1,
inequality (4.8) follows.

Observe that the multiplicity of the eigenvalue —1/4 of 2~ 7 satisfies, by con-
struction, m;(—i) < mg(—i). Then, to complete the proof, it is sufficient to show
that mj(—7) = mgy(—5) when T” has the same number of cherries of T. This case
occurs when for exactly one leaf of T, that without loss of generality can be labeled
with n — 2, it holds that 7,_2,-1 = Th—2., = 3. Recall that T” is obtained as a
contraction of T" with respect to the cherry (n — 1,n); the parent vertex of (n — 1,n)
in T is, by definition, a leaf labeled n — 1 in T”. Therefore, the last two rows of 2~ ™
are twins and correspond to the cherry (n — 2,n — 1) in 7’. This implies that the
vector

X(n—2,n-1) = (0pn_g], 1, —1)T eRrR*!

is also an eigenvector of 27 ™ associated with the eigenvalue —1/4. As X(;,_2 1)

does not belong to the subspace S, we conclude that m;(—i) =my (—i), and the

statement follows. 0

We now establish that —1/4 is the minimum eigenvalue of every PLDM in ©,,. We
begin with the following preliminary proposition.

This manuscript is for review purposes only.



o

W N NN
©

[en)

o v O Ot

ut

Ut

[
w
Do

&2 IS JC}

ot Ot Ut Ut Ot
[«

W W W W W w w
o

©

[S1 S B3

=
o

(&2 BN SN SN S, |
0 1 O Ut = W N = )

» 3t 31 Ov Gt O

= o

(=2

g ot Ot ot Ot Ot Ut Ot Ot Ot Ot ot Ot Ot ¢

P R

18 D. CATANZARO, R. PESENTI, AND R. RONCO

PROPOSITION 4.5. Let 2= 7 € ©,, be a PLDM associated with a UBT T € U,,
with n > 4, and let T' be obtained from T by contracting one of its cherries. Let 2~ ™
denote the PLDM associated with T'. If the smallest eigenvalue of 2~ 7 is —1/4, then
the smallest eigenvalue of 2-7" s also —1/4.

Proof. By (4.1), we can write 277 as
2”7 =R' (27" +E)R,

where E and R are defined as in the proof of Theorem 4.4. Denote by A; < Ay <
-+ < A\, the eigenvalues of 277 and by 1 < po < --- <y, those of 277 4 E. Since
2~ 7 is the PLDM of a UBT, Proposition 3.1 implies that —1/4 is an eigenvalue of
277 with multiplicity at least two, hence A\{ = Ay = —i. Proposition 4.3, together
with the arguments used in the proof of Theorem 4.4, yield pu; = —i. Finally, as R
is an orthogonal matrix, by Proposition 4.2 the smallest eigenvalue of 2~ ™ is greater
than or equal to p; and because 2~ ™ is the PLDM of a UBT, by Proposition 3.1 the
inequality holds as an equality, and the statement follows. 0

In light of the propositions above, the following theorem holds:

THEOREM 4.6. Let 2= 7 € O,, denote a PLDM of a UBT T € U,, with ¢ cherries
and n > 4, then:

(i) The smallest eigenvalue of 277 is —1/4.

(i) The multiplicity of the eigenvalue —1/4 of 2= 7 is equal to c.

Proof. (i). A UBT T can be seen as the result of a sequence o of contractions

carried out on a most-balanced UBT T having ny = 3 - 2[%1 leaves. Then, the
statement follows by observing that, by Theorem 3.8, the smallest eigenvalue of the
PLDM of T is —1/4 and, by Proposition 4.5, —1/4 is the smallest eigenvalue in the
spectrum of the PLDM of any UBT in the sequence o.

(ii). First, observe that a UBT T can always be reduced to a caterpillar T
with 4 leaves (and 2 cherries) through a sequence o of at least ¢ — 2 contractions, each
corresponding to a UBT, whose number of cherries is either equal to, or exactly one less
than, that of the UBT at the previous step. Consider now the PLDMs associated with
the UBTSs in . By Proposition 3.1, the multiplicity of the eigenvalue —1/4 of each of
these PLDMs is at least equal to the number of cherries in the corresponding UBTs.
Moreover, by Theorem 4.4, the multiplicity of the eigenvalue —1/4 may decrease by
at most one after a contraction. In addition, observe that such a decrement may only
occur when the contraction reduces the number of cherries with respect to the UBT at
the previous step in o. Finally, by Proposition 3.12, the multiplicity of the eigenvalue
—1/4 for the PLDM of T is equal to 2. Since there must be exactly ¢ — 2 contractions
in o that decrease the number of cherries by one, it follows that the multiplicity of
the eigenvalue —1/4 decreases exactly ¢ — 2 times in o. Therefore,

mg(—7) =2+ (c-2) =¢,

and the statement follows. O

Determining whether Theorem 4.6 can be generalized so as to establish a similar
relation between higher-order cherries and their associated eigenvalues (given by The-
orem 3.6) is at present an open problem.

We now show that, in the case of PLDMs of caterpillars, —1/4 is the only eigen-
value less than or equal to —1/6.

This manuscript is for review purposes only.
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PROPOSITION 4.7. Let 277 € O,, be the PLDM associated with a caterpillar T €
U,, withn >4, and let .1 < Ay < --- < N\, denote the eigenvalues of 2~ 7. Then

1 1 )
Proof. By Theorem 3.12,
1 3
= (—= 1 i € [3,n—1].
A 4(5—40050@ ) vieBn-1
As —1 < cosa; < 1 holds true for all ¢ € [3,n — 1], the statement follows. d

Determining whether Proposition 4.7 generalizes to any UBT remains open.

We conclude this section by establishing several extremal properties of certain
eigenvalues of the PLDMs associated with caterpillars. In particular, we show that
both —1/6 and 1/2 are accumulation points in the spectrum of PLDMs, and we
determine the asymptotic ratio of the corresponding edge spectral densities.

By Theorem 3.12, the PLDM C(n) associated with a caterpillar T' € U,, has the
following distinct eigenvalues:

1 3
N=(— 2 1 e [2,n - 1],
4 (5—4COS(O@) ) vi€Rn—1]

% < a; < % for each i € [2,n — 2]. Each of such
eigenvalues has multiplicity one. For 0 < y < %,
spectral distribution function

1 1
ey < < —

i.e., the fraction of the eigenvalues of C(n) lying in the interval [% -, %} Then, f,
satisfies the following two properties:

fn(y) < far1(y),

(’/l 7n27?—a(y) _ % < fn(y) < (n 737)‘—05(11) + %’

where «; satisfies
define the empirical cumulative

fu(y) = %

where a(y) = arccos(f’é%) . Now, define

1 5y — 3
fly) = - arccos(4y3> .

Observe that f(y) provides a uniform approximation to f,(y), because

s faly) ~ )] <
0<y<2

and therefore

1 5y — 3
lim f,(y) = = arccos(ﬁé_g) .
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Now, consider the quantity

where g(n) = o(n?), for some 0 < 8 < 1, and define the local spectral density at scale

An by

which measures the fraction of eigenvalues per unit variation in y. Since f,, is a step
function, its local behavior is meaningfully captured only over intervals containing a
nonconstant number of steps as n grows. In addition, note that A, — 0 as n — oo,
while the corresponding neighborhood still contains an increasing number of spectral
steps.

We are particularly interested in the behavior of s, (y) when y = 0, corresponding
to eigenvalues close to A = 1, and when y = 2 — A,,, corresponding to eigenvalues

2 3
close to A = —%. In these two cases, we have
s, (0) = ! (An ) and Sn (3 — An> = f(A?)n)
It is immediate to verify that
. ) 2
lim s,(0) =0 and lim s, ( — An> = 00.
n—00 n—00 3
In addition,
n 1
tim —n@ 1
PG a) 0

This shows that, in the case of PLDMs of caterpillars, the two accumulation points 1/2
and —1/6 are characterized by different asymptotic spectral densities: in particular,
the local density near 1/2 is asymptotically one ninth of that near —1/6.

5. Open questions and final remarks. The results presented in the previous
sections allow us to draw some preliminary conclusions, as well as to identify a number
of open questions that are supported by experimental evidence.

Open questions. A first open question concerns the range of the eigenvalues of
2~ 7. In Section 4, we showed that —1/6 and 1/2 are sharp bounds for all eigenvalues
other than —1/4 in the case of caterpillars. This suggests the following extension to
general UBTs.

CONJECTURE 5.1. Let 277 € ©,, be the PLDM associated with a UBT T € U,

with n >4, and let \y < Ay < --- < A, denote the eigenvalues of 2~ 7. Then
1 1
—6<>\i<5 Vie[3,n—1].

Conjecture 5.1 is supported by exhaustive computations for n < 15 and by ex-
periments on 500 randomly sampled UBT topologies for each n € [16,250]. Code and
numerical results are available at https://github.com/RobRcx/Spectral-Structure-o
f-Path-Length-Density-Matrices-of- Unrooted-Binary- Trees.
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n  Cospectral pairs Structures Percentage n  Cospectral pairs Structures Percentage
14 1 135 0.7407% 21 14 23846 0.0587%
15 1 265 0.3774% 22 18 52233 0.0345%
16 0 552 0.0000% 23 18 114796 0.0157%
17 0 1132 0.0000% 24 46 254371 0.0181%
18 6 2410 0.2490% 25 63 565734 0.0111%
19 4 5098 0.0785% 26 147 1265579 0.0116%
20 6 11020 0.0544% 27 285 2841632 0.0100%
TABLE 1

Cospectral pairs among UBT structures, with relative percentages, for n € [14,27]. There are
no cospectral pairs for n € [3,13].

A second question concerns spectral distinguishability, which fits into a broader
line of research on related phenomena in trees and similar structures; see, for exam-
ple, [7] for recent results on strong cospectrality in trees. As discussed in Section 3
and detailed in Appendix B, the spectrum of a PLDM is not, in general, sufficient to
distinguish UBT structures, since cospectral pairs already occur for n = 14. Consis-
tently with related non-uniqueness phenomena observed for other matrix encodings
of trees [14], we expect the number of cospectral pairs of distinct PLDMs in ©,, to
grow unboundedly with n.

At the same time, Table 1 shows that, for n € [14,27], the number of cospectral
pairs remains very small relative to the total number of UBT structures. Thus,
although cospectrality appears already for relatively small values of n, the spectrum
still seems to retain substantial discriminating power for moderate values of n, and
may therefore serve as a useful approximate invariant in applications. In light of these
observations, we are currently investigating the asymptotic behavior of cospectrality
in ©,, in greater detail.

Final remarks. The results of this article establish a coherent connection between
the spectrum of a PLDM and the combinatorial structure of the underlying UBT. The
fundamental most-balanced UBT and the fundamental caterpillar are spectrally rigid,
whereas for more general UBTs only certain subtree configurations can be detected
through specific eigenvalues of the associated PLDM. This viewpoint also suggests
directions for future research on the spectra of structured graph families, in line with
recent work such as [6], which shows that strong structural symmetry can enforce
highly constrained spectral behavior.

At the same time, the spectrum is not a complete invariant: as in the case of
Laplacian matrices of rooted binary trees, there exist non-isomorphic UBTs in U,
whose associated PLDMs are cospectral. Thus, the spectrum should be viewed not as
a full encoding of a tree, but rather as a compact descriptor that can be combined with
additional structural information. In this direction, Theorem 2.1 provides an algebraic
characterization of PLDMs through entrywise conditions for n > 3, while additional
characterizations are available for 3 < n < 11 [3]. On the spectral side, Theorems 3.8
and 3.12 show that the fundamental most-balanced UBT and the fundamental cater-
pillar exhibit highly rigid eigenvalue patterns. Taken together, these results suggest
that, at least for structured families of UBTs, spectral information combined with
consistency conditions such as Kraft’s equalities may provide a compact description
of the corresponding PLDMs among rational matrices of order n.

This viewpoint is also relevant to optimization. In the Balanced Minimum Fvolu-
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tion Problem (BMEP), given a symmetric real-valued distance matrix D = [di;]; je[n),
one seeks the UBT T € U,, whose associated PLDM 277 € ©,, minimizes

L2 7)= Y d27.

i,j€[n], i#j

Understanding which structural features of a tree are encoded by the spectrum of its
PLDM may help identify classes of instances for which optimal solutions are spectrally
rigid, or at least stable under perturbations of D. A first indication in this direction
is provided by the classical eigenvalue inequalities [12]

> D) An—i(277) < (D277 < iAi(D) N(277),
L =1

which suggest that spectral information may help compare candidate PLDMs in ways
relevant to the analysis of the BMEP.

Finally, several results in this article appear natural candidates for extension to
more general classes of trees; see, for example, Proposition 3.1 and Theorem 3.6.
In particular, determining whether the connection between specific eigenvalues and
subtree configurations extends beyond the binary case remains an interesting direction
for future work.
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Appendix A. Proof of Theorem 3.12. Suppose, without loss of generality,
that C(n) has the following form

0 272 273 22771 217n 217n
2—2 0 2—3 22—n 21—n 21—n
2—3 2—3 0 23—n 22—n 22—n
(A.1) Cln)=| : : S : :
22—n 92—m 93—m 0 273 273
21—n 21—71 22—n 2—3 0 2—2
21—n 21—n 22—n 2—3 2—2 0
By Proposition 3.1, the matrix C(n) has two eigenvalues A\; = Ay = —1/4. To

determine the values of the remaining n — 2 eigenvalues, we first observe that, by
Proposition 3.3, they coincide with the eigenvalues of the matrix W and that, by
Proposition 3.10, they satisfy

1 .
(A.2) Aigz = 1(#2‘ -1) Vien—2],
where each pu;, together with its associated normalized eigenvector x;, forms an eigen-
pair (u;,x;) of the system

(A3) SVXi = WUiX,

with V = diag(2, 1[n — 4],2), and S € R(=2*x(=2) 5 dyadic matrix, whose inverse is
the tridiagonal matrix given in (3.19). Now, consider a specific pair (u;,x;) for some
1 € [n — 2]. For notational convenience, we drop the index ¢ and rewrite the above
system as

Vx = uS 'x,
or, equivalently, as

61 = p (41'1 - 2172) )
(A.4) 3xk = p(—2xk—1 + Bxg — 2T441) , k=2,...,n—3,

62n—2 = p (42p—2 — 2T_3) .

Note that any solution to (A.4) must satisfy p # 0. Indeed, if © = 0, the system
SVx = 0 has only the trivial solution x = 0,,_3, which cannot form an eigenpair.
The pair (u,x) = (3,1,_2), instead, satisfies (A.4) and forms a valid eigenpair of
this system. Substituting ¢ = 3 into (A.2) yields A = 1(u — 1) = 1, which, by
Proposition 3.1, is the largest eigenvalue of C(n).

To characterize the remaining n — 3 eigenpairs, we observe that (A.4) is a discrete
Sturm-Liouville eigenvalue problem [12] with boundary conditions provided by the
first and the third equations in (A.4). Every nontrivial eigenvector that solves (A.4)
can be written, up to a scaling, in the following sinusoidal form

(A.5) X = [sin(k:a + (;5)] keln_2)’

where the parameters (o, ¢), with 0 < o < 27 and 0 < ¢ < 27, are determined by the
boundary conditions and yield precisely n — 2 admissible eigenmodes. For example,
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x = 1,_2 corresponds to the pair (a,¢) = (0,7/2). Substituting (A.5) into (A.4),
yields

sin 2o+ ¢) = (2 - %) sin (o + ¢)
5%;3 sin (ko + ¢) = sin ((k + )a+ ¢)+sin ((k — Da+ ¢), k=2,...,n—3,

sin ((n — 3)a+ ¢) = (2 — %) sin ((n — 2)a + ¢).

Now observe that, since x # 0,,—2, we must have sin(ka + ¢) # 0 for at least one k €
[2,n — 3]. Moreover, for a fixed k € [2,n — 2], we can exploit elementary trigonometric
identities to rewrite the second equation in the following form

Su—3

sin (ka+¢) = sin ((k+1)a+¢)+sin ((k—1)a+¢) = 2sin (ka+¢) cos «

which, in turn, can be rewritten as

o — 3
=cosa
4p
or equivalently, as
B 3
B 5 4cosa
In addition, denoting by
B=a+¢
and
BI: (77/—2)044—(]5,

we can rewrite the boundary conditions in (A.4) as

sin(8+a) = (4dcosa — 3)sin
sin (8’ — a) = (4cosa — 3)sin &’

or equivalently, as
(A.6) sin Bcosa + sinacos B = (4cosa — 3) sin
' sin ' cosa — sina.cos f’ = (4dcosa — 3) sin 5.

Observe that sin = 0 and sin/8’ = 0 cannot hold at the same time, otherwise
x = 0,,_2. Moreover, if cos § = 0 and/or cos 8’ = 0, then the only solution compatible
with (A.6) is cosa = 1, which corresponds, via(A.5), to the pair (p,x) = (3,1,_2)
already found above. Hence, to determine the value of the remaining n — 3 eigenpairs,
we may assume that sin 8 # 0, sin 8’ # 0, cos 3 # 0, and cos 8’ # 0.

Now, dividing the equations in (A.6) by cos 8 and cos 3, respectively, yields

tan § = sin «
~ 3(1—cosa)’
(A.7) (sina *)
tan 8’ =

3(1 — cosa)
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which implies tan 8§ = —tan 8’. In addition, by elementary trigonometric identities,
we have

_ tanf' —tanf  2tanf’
14 tanp’tanfB 1 —tan?

tan(8' — B) = tan(23').

Since 8/ — 8 = (n — 3)«, we conclude that
(A.8) tan((n — 3)a) = tan(24’).

Now, observe that (A.8) implies either

(A.9) (n—3)a+Ir=2p", VIeR,
or
1
(A.10) (n—3)a+ (l—|—2>ﬂ'=2ﬂ’, VieR,

If (A.9) holds, then

(A.11) tan (("23)0‘) = tan(8’).

Alternatively, if (A.10) holds, then

(A.12) tan <(7123)a> = —cot(8).

Now, by using the second equation in (A.7) and the cotangent half-angle formula, we
have that

;o sin o 1 el
(A-13) tan§' = 3(1 —cosa) 3 COt(Z)’

hence (A.11) and (A.12) are equivalent to (3.22a) and (3.22b), respectively.
In light of this equivalence, to complete the proof we just need to show that (3.22)

yields exactly n — 3 distinct solutions. To this end, consider equation (3.22a). The

(n—3)«
2

function o +— tan( ) has period %; on each branch of its domain it is strictly

increasing, and on each branch where it is positive it takes values from 0 to arbitrarily
large. On the other hand, a — %cot(%) is strictly decreasing on (0, ), with values
from arbitrarily large to 0. Hence (3.22a) has exactly one solution on each positive

branch of tan(@) contained in (0, 7). In addition, a = 7 is also a solution when

n — 3 is even. Thus, (3.22a) has exactly [%‘2] distinct solutions in 0 < a < 7. With
a similar argument, we conclude that (3.22b) has exactly L"T_ﬂ distinct solutions in

0 < a < 7, since it has exactly one solution on each negative branch of tan(@)

contained in (0, 7), except for the last one when n — 3 is even. Thus, (3.22) yields

exactly
n—2 n—4
=n—-3
SRR

distinct solutions, as claimed, and the statement follows.
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Appendix B. The spectra of PLDMs do not uniquely determine the
structure of UBTs.

As discussed in the introduction, spectral studies of adjacency matrices [18] and
path-length matrices [15] of unweighted trees, as well as Laplacian matrices of rooted
binary trees [1, 14], have shown that the spectral information contained in these
matrices is insufficient to uniquely identify the structure of the encoded trees. In
particular, matrices of distinct trees may share the same spectrum. This negative
result also extends to PLDMs of UBTs, as illustrated in the following example.

Ezxample B.1. Consider the following distinct PLDMs in Uf4:

0 278 278 278 9-8 9-5 9-5 93 92 9-8 9-8 9-8 95 9-8 1]

9-8 0 272 94 96 9-5 9-7 9-T 9-8 9-4 96 96 9-T 96

2-8 272 0 274 276 275 9-7 2-7 92-8 94 9=6 9=6 9-7 96

2-8 9274 974 0 276 275 9277 9277 978 9-2 96 96 9-7 96

2°8 276 9-6 96 0 27% 277 277 9278 976 9-2 94 o7 o

275 275 275 275 9% 0 274 274 275 9275 975 95 9=4 95

(B 1) P 275 277 277 277 2-7 o4 0 27% 27% 277 27T 977 272 77
: 2-% 277 9277 92-7 92-7 92-4 92— 0 273 277 277 977 274 277
272 278 978 9-8 9-8 95 9-5 93 0 2% 278 278 9275 9-8

2-8 971 971 972 96 95 9T 9T 9-§ 0 276 276 2°7 96

2°8 976 976 9-6 9-2 9-5 9T 9=T 9=8 96 0 274 277 2+

2-8 976 9-6 9-6 9-4 9-5 9T 9T 9=8§ 9=G 94 0 277 272

275 277 277 277 9-7 9-4 9-2 94 9=5 9-T 9-7 9-7 o 277

| 278 276 276 276 =4 =5 =7 =T =8 =6 =4 2-2 2T g |

and

[0 278 278 278 97 9-7 9-4 9-4 9-2 9=8 9-T 9-T 96 9-47

2-8 0 272 274 275 277 276 9278 98 9-4 95 97 96 o8

2°8 272 0 274 275 277 276 978 9-8 9-4 9-5 9-T 9-6 9-8

2-8 9=4 o= o 275 277 26 98 98 9-2 95 9T 96 98

27 275 9275 9-b 0 276 275 277 9-7 95 9-2 9-6 9-5 9o-7

2-7 27T =T 97 96 0 275 277 277 277 276 9-2 9-3 o7

(B 2) o _ 24 9276 96 9-6 9-5 9-5 0 274 274 276 95 9-5 9-4 94
. 2-1 2°8 98 9-8 o-T o7 o 0 274 278 277 9277 976 9-2 |

272 9-8 9-8 98 9T 9T 9-4 94 0 278 277 277 976 94

2°8 9=4 974 92 95 9=T 9=6 9=8 98  ( 95 97 96 98

2-7 275 275 275 22 26 95 9T 9-T 9-5 0 276 275 277

277 277 277 277 276 972 975 977 9=7 277 =6 o 278 277

276 2-6 9-6 9=6 9=5 9=3 9—4 9=6 9=6 9=6 95 9=3 0 2°¢

274 278 278 278 277 277 274 972 974 278 277 977 276

and observe that they encode the distinct UBTs shown on the left and the right of
Figure 8, respectively. Note, however, that 277 and 277 share the same spectrum
(rounded to 12 decimal digits):

{0.500000000000(;;, 0.382324754518), 0.312500000000p}, 0.199404451781},
0.125000000000;3, —0.0375090872051], —0.106720119095 1), —0.250000000000;6; }

where subscripts denote multiplicities. The information contained in the spectra
of these PLDMs is therefore insufficient to distinguish the structure of the encoded
UBTs.

Fi1G. 8. The UBTs associated with the PLDMs (B.1) (on the left) and (B.2) (on the right).
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