The Annuity Puzzle revisited:
A deterministic version with lagrangian methods.

Pierre Devolder! and Donatien Hainaut?

Abstract. This paper revisits the issue of the annuity puzzle.was discretized by Petrova (2004) and calibrated to the US
We determine the optimal consumption strategy of an indi-market.

vidual, without any bequest motive, who allocates his wealt  This work addresses a common problem faced by pensioner
between life annuities and cash. The budget constrainthwhi without any bequest motive at the date of retirement: how
specifies that the individual doesn’t borrow to consumendis i should they consume their savings and allocate their wealth
serted in the Hamilton Jacobi Bellman equation with a La-We consider here that the individual has the opportunitp4o i
grange multiplier. The optimal planning of consumptioniis d vest his wealth in a market made up of life annuities and cash,
vided into two periods and the transition time is calculatedunder the budget constraint ensuring that he cannot borrow
numerically. Finally, we show the influence of cash returd an to finance his consumption. The amount annuitized is deter-
of age on the optimal allocation of initial wealth between amined once for all at the date of retirement. The contributio
life annuity and cash. of this paper is to propose a semi-analytical solution te it

sue and to focus on the mechanics of the Lagrange multipliers
in deriving the optimal consumption.

In the first part of this work, we show that existing ap-
Over the last years, life annuitization has become a seriougroaches are not pertinent and that the consumption pattern
option for retirees. Reasons explaining this trend are the a may not be found without taking into account the budget
nounced reform of the social security, the shift from pureconstraint. Section 3 proposes a solution to the Hamilton
pay as you go systems to funding methods or the increasingacobi Bellman equation wherein the budget constraint is
volatility of alternative investments. A life annuity pemtts  inserted with a Lagrange multiplier. We have found that
standards of living and is coupled to an interest rate guararoptimal consumption may be split into two periods. During
tee which is a long term protection against financial setback the first one, the budget constraint is inactive. In the sdcon
However, in practice, few retirees choose this solutiore Th period, the constraint is active and the optimal consumptio
purpose of this paper is precisely to provide rational arguis equal to the life annuity. The time of transition between
ments in favour of the integration of life annuities in the in periods is unknown and is computed numerically. In section
dividual asset allocation. 4, one calculates the optimal fraction of initial wealthttha

Literature counts many articles studying this problemshould be invested in a life annuity to maximize the utility
known as the “annuity puzzle”. Yaari (1965) was one ofarising from consumption.
the first to prove under certain assumptions that a consumer,
without a bequest motive, should prefer a full annuitizatio
?r? a _market without any risky assets._The under_lying intu-o Existing approachs.
ition is that the annuity rate of return is always higher than
the risk free rate because it includes a mortality risk d¢redi We consider an individual retiring at agewho allocates his
Richard (1975) has solved the problem of optimal consumpsavings between two securities: life annuities and cas8. Hi
tion/investment for an uncertain lifetime, in a financialrma initial wealth is denotedV, and Py = «.W, is the amount
kets including risky/non risky assets, and death/life insu devoted to the purchase of a life annuity, which provides a
ances. Kapur and Orszag (1999) have determined the optimgPntinuous income3. Fy = (1 — «).Wj is the part of sav-
investment/consumption policy for an individual who intges ings initially deposited in cash anf, is the amount of cash
in equities and pure endowments. Milevsky (1998, 2001) and@t timet. As mentioned in the introduction, the decision about
Young (2003) have developed a model in which the individ-the amount annuitized is taken once for all at the date of re-
ual defers the purchase of a life annuity until it is not pbkesi ~ tirement. The annuity rat8 is determined by the formula:
to beat the annuity rate of return. Purcal and Piggott (2004) W 1
have calibrated the Richard model to the Japanese market in B= fl' 0.
order to explain the demand of life annuity. The Yaari model g+ 1€
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® Uyppir = fOT e "%, ptf .du: is a continuous life annuity (HJB) equation:

starting at ager. r is the interest rate granted to the dv(Fy, 1)
costumer and,p/ is the survival probability from age T’ —(r+4 plx +1)).v(F, t) (4)
till age = + u. = + T is an upper bound on the age that a 5
human being could reach. L v(Fy,t) + A
, +supe, Y = 0
o ptf = e Ji'(@t2)dz wherept! (t) is the mortality rate Hamiltonian

used by the insurer to price life annuities. The real sufviva

probability and mortality rate of pensioners are notedwhereL v(Fi,t) is the infinitesimal generator of /4, ¢):
respectively,p, andu(t) and may differ from those used Do(F 1)

by the insurer to calculatB. ,,p, andu(t) will be used in Lv(Fy,t) = (r.Fy + B — ¢) gu\n,b)

the sequel to formulate the problem. IF;

with the terminal condition:

In a first time, we assume that the cash return is equal to v(Fr,T)=0
the guarantee embedded in the life annuity. This assumption ] )

will be relaxed in paragraph 3.3. The variatiof¥} of the  @nd subject to the constraint that
individual's asset at time, is the sum of the cash return and £>0 Wt € [0, 7]
of the gap between annuity and consumption rates: b= ’

This constraint is known in the literature as the budget con-
dFy = (r.Fy + B —¢;).dt straint. This prevents the individual from borrowing motiey
order to finance his consumption. Before any further develop
wherec; is the individual's consumption. In the absence of ments, we revisit the solution found by Merton (1969-1971)
any bequest motive, the pensioner will try to maximize thefor the scenario of no annuitization (Note that Merton has co
discounted utility of consumption till his death. We nétéc;) sidered a market made up of cash and stocks).
the utility drawn from consumption at time The value func-
tion related to this optimization problem is defined at time 5 1 No annuitization (a = 0).
as follows:
Let's ignore the budget constraint and solve the HIB equatio

T related to the optimization problem:
v(Fy,t) = max E </ e P57 Uley) ds)
ct€R ¢ v — (r+plx+1t)v+ (5)
wherer is the random instant of death aps a psychological -
discount ratep may be interpreted as a measure of the rush supe, | (rFy —¢i) wp + S&l-o
to consume. For the sake of simplicity, we chogse= r,
this assumption will be also relaxed in paragraph 3.3. Under H

the additional assumption that the utility function is GRRA.
(constant relative risk aversion) with a risk aversion peater
denotedy (y < 1), the value function at timebecomes:

where v; and vp designate respectively the derivative of
v(Fy, t) with regards tor and F;. Differentiating the Hamil-
tonian leads to the optimal consumptieiy,
T C’y * 1o
v(Fy,t) = max E (/ e (7D 2 s Ft> 2 c; = (vp)"T
ctER t Y
If we try a solution of the form:

where, is the information at time t. According to Yaari
(1965) and Richard (1975), the value function (2) is equiva- v(Fy,t) = b(t).lit
lent to: 8l

We obtain an ODE fob(t):

v

T 2
Ft7 = X _T"(S_t).sft :n tcid 3
v(Fe,t) méR[ ¢ Pt B0y — 1) — (e 4 1) + BT ) = 0

As mentioned earlier,p,, and u(x + s) are respectively the with the boundary conditiod(7") = 0. This is a Bernouilli

real survival probability and the real mortality rate of thdi-  equation and its solution is:

vidual. From the theory of stochastic control (see e.g. igm -

and Rishel, 1975 ), we know that the value functigi#;, ¢) b(t)ﬁ _ / o= IS r s (ate).dz g ©6)
is theC!! function, solution of the Hamilton Jacobi Bellman ‘
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Remark thatb(t)ﬁ
than one. One can
ing the individual's life. The optimal consumption is indee
always smaller than the fund.

F
_ fts r+ﬁ,p(m+z).dzd8

looks like a life annuity and is bigger

*

Cp = <Ft

(&

ﬁT

Hence, in case of no annuitization, the unconstrainedisolut
strictly satisfies the budget constraint.

2.2 Partial annuitization (« > 0).

As in the previous paragraph, let’s ignore the budget caimstr
and solve the HIB equation:

v — (r+ ple +8).0+ @)

cy

(rF;+B—c)wp+-—+]=0
Y

SUPe¢,

H

The optimal consumption is again obtained by differemntiti
H:

(0p) 7
And we try a solution of the form:
(Fi +a(t)’
v
After calculations, one gets two ODE characterizht) and
a(t):
b(t) +b(t). (r.(y = 1) — p(z 4+ ) + b(t)7T.(1—5) = 0
a(t) —r.a(t)+ B=0
With the boundary conditiob(T") = 0, b(t) is identical to (6):

T
s 1
/ e ft T+ﬁ‘”($+z)'d2ds
t

*
Cy

o(Fy,t) = b(t).

1

b(t) ™= = (8)

The functiona(t) is:

a(t) =
where K is a constant. The boundary conditionagh) may
not be derived from the constrain{T’, Fr) = 0, which is
achieved by the terminal conditidrfT’) = 0. If we choose
the natural boundary conditiar{7") = 0, we get that:

T
/ B.e ™71 gg
t

t
f/ Be "ds+ K
0

a(t)

check that the fund remains positive dur-
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Figure 1. Fund evolution.
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Figure 2. Consumption evolution.

Figures 1 and 2 (curveg(T') = 0) illustrate the evolution
of fund F; and of consumptiom;, when a man, 60 years old,
invests 75% of his wealtfil;=1000, in a life annuity. The
risk free rate- is worth 3.25% and the mortality rates (of pen-
sioners and used by the insurer to valu&gare given by
a Gompertz-Makeham distribution (see appendix for details
There isn’'t any loadings = 0. The risk aversion parametgr
is setto -1 . Clearly the consumption is too high and the fund
F, becomes negative after a few years.

As mentioned early, the terminal conditio(il’, Fr) = 0 is
satisfied whatsoever the valuedfr’). Hence, we can choose
an initial boundary condition on(t) rather than a terminal

one: e.ga(0) al'f’:. In this case (see figures 1 and 2), the

The consumption anticipates therefore future incomes fromynds £, remains non negative during the individual's whole

the life annuity:

Fy+ [ B.e (-0 ds
ftT o ff T+ﬁ‘“($+z)'dzds

Ct

42

life but the consumption is clearly suboptimal.

Solutions found by the Merton’s approach either breaks the
budget constraint or are suboptimal. It is therefore aliebiu
necessary to insert it in the HIB equation.



2.3 Partial annuitization (o > 0) in the Richard model. Optimal insurance premium and consumption are finally:

This subsection emphasizes that in absence of any bequest __ (Fy + B.GgatotT)
motive, the solution developed in the seminal paper of Ritha ro= alett) (“' b(t) / - Ft)
(1975) is not pertinent. Richard has assumed that pensioner

can purchase instantaneous life insurances where payatents . (F; + B.tgitorr)

a premium rateP; per unit time guarantee a capi % flt) in G = b(t)ﬁ

case of death. In this setting, the dynamic of the wealth ebey i
the ODE: In absence of any bequest motive ( when= « = 0), op-

dF, = (r.F, + B — ¢, — P,).dt timal premium and consumption rates are respectively worth

_ Fy
Furthermore, the pensioner has a C.R.R.A bequest utilily an plz +1).F: and (%+t,w+T + B)' Contrary to what Purcal

the value function is now redefined as follows: and Pigott (2004) claim, the demand for life insurance is in
. , this case not null but well negative. Even if this consumptio
v(F,,t) = max E </ (s Cs g (9)  policy clearly satisfies the budget constraint, it hasdlisitnse
e, Pt ER t v because an individual cannot sell his mortality risk to tre-m

~
_|_efr.(77t)'@' F, + P IF, ket.
» i

. . , 3 Optimal Constrained consumption.
wherew, is a constant weight. The HIB equation related to

this optimization problem is: As none of the existing solutions are satisfying, we hawetri
to maximize the utility drawn from consumption, taking ex-
vp — (r+p(z+1))v+ (10)  plicitly into account the budget constraint. LA(F;, ) be
F B P c] the positive Lagrange multiplier associated to the budget ¢
supe,p, \ (-Fe+ B —c = Py) wp + o straint. A(F}, t) is strictly positive when the constraint is ac-
w P ¥ tive (F; = 0) whereas\(Fi, t) is null when the constraint is
+u(z + t).—b. P+ —— = not active ¢; > 0). The HIB equation of constrained problem
gl p(x +1) : :
iS now:
Again we ignore the budget constra_int. Optim_al cons_ur_nption v — (74 p(z + 1)) + A(Fy, £).Fy (13)
and insurance rates are then obtained by differentiatieg th
Hamiltonian: &
o= (Up)ﬁ +supe, | (r-Fy + B —ct) vp + ?t =0
H
Pr o= plz+t). (n.v}‘l _ Ft) Again, we try a solution of the form:
F, t))”
N v(Fy,t) = b(t).7< i +a(t) (14)
wherex = u, ”. As in the previous subsection, if we assume v
that the value function looks like: And a Lagrange multiplier that looks like:
(Fyt) — by LFt ) A(Fy, t) = A().b(1). (Fy +a(t))"™" (15)
v(L',t) = — . . S .
! vy The choice of this Lagrange multiplier is in fact motivated b
The HIB equation can be split into two ODE definirig) and the analysis pf the full annu_|t|za_t|on_ scenario (see suiisec
alt): 3.1). The optimal consumptiatj is still:
¢t =b(t)7T.(F, + a(t)) (16)

b(t) — (r+ p(x +1t)).(1 —7).bt)+ _ o _ .
(1=~).(1+ plz+1).6).bE)7T =0 And if we inject expressions (14) (15) (16) in the HIB equa-
tion (13), we get that:
a(t) = (r+plx+1t).at)+B=0

With boundary conditions(T") = 0, a(T") = 0, solutions of , (Fr +a(t)

those ODE are: b(t) +a(t) b(t). (F; +a(t) ™
b= = | (0t e+ sy I gy (1) ~(r+ ple + t)).bm@ﬁ;(ﬂ)

+ (r.Fy + r.a(t) — r.a(t) + B) .b(t). (F + a(t))"™"
a(t) = B,/tT e~ Ji rtuata)dz g (12) +(1— 7).b(t)ww—1.w

= Bapireir FAD)DE). (Fr+a®) " F, =0
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function may then be split into two components: the first one
is solution of the unconstrained HJB equation till tinfeand
the second one is the solution developed in case of full annu-

b(t) — (. (1 —~) 4+ p(z +t) — A(t).y).b(t) (17)  Itization:
—b7T.(y=1) =0

Regrouping terms if )" and in(F; + a(t))” " leads
to two ODE:

by(t). Tt gy <y
v(Ft,t){ 1)

5
bo(t _M Vit > t*
a(t) —r.a(t) + B — \(t).a(t) =0 (18) 2(?) gl -

When the constraint is inactive, the Lagrange multiplier is
null, A(t) = 0. When the constraint is active, the multiplier

wherea (t) , b1(t) , ax(t) , b2(t) are solutions of following
ODE:

is strictly positive,\(£) > 0, but the product\(¢).; is null. bi(®)" = (r.(L—7) + plz +1)).b1(?)

A(t) may be inferred from the study of the full annuitization by t.(y—=1)=0 vt <t*

case { = 1). a1(t) —r.ai(t)+ B =0 Vi <t
ba(t)’ — (r + pul +1).(1 = 7).ba(t)

3.1 Full annuitization. —bg%l.(y -1)=0 vt <t
az(t) — (r + p(z +1¢)).a2(t) + B=0 Vit > t*

In case of full annuitization, the optimal consumption isieb
ously the annuityg; = B, because the utility of consumption with the terminal conditions:

is discounted at rate+ u(x +t), which is higher than the cash by () = bo(t") a1 (t*) = as(t¥)
returnr. The Lagrangian function(t) must therefore be the { bo(T) =0 ar(T) =0

mortality rate, +t) . Indeed, ifA(¢) = +t) equations . ) . .
(17) an()j/(18) ll;g:om)e: (1) = ulz+1)eq As it is not possible to determiné analytically, we compute

it by a Newton Raphson method, such that the minimum of
b(t) — (r+p(z+t).(1—7).b(t)—b7=1.(y—1) =0 (19)  Ficpo,1 , is equal toFy- = 0.
If we apply this approach to the example developed in the

a(t) — (r+ (@ +1).at) + B=0 (20)  subsection 2.2 (‘an pensioner of age 60 chooses to invest 75%
with boundary conditions(7") = 0 anda(T) = 0. The solu-  of his wealthi¥,=1000, in an annuity with =3.25% andy =
tions of those ODE are: —1), we obtain that* = 23, 15. The individual will therefore

T consume the totality of his fund of cash before the age of 83
b(t)ﬁ = / o= [ ru(atz).dz g (21)  Years. Figure 3 presents the optimal pattern of consumption
t
= d:z:+t,m+T - Consumption
751
T s
a(t) = / B.e~ Jirtnlata)dz gq (22)
t

= B.agttz+r

% and b(t)ﬁ are both equal to a life annuity whereas the
optimal consumption is well equal to B:

¢ =bt)71.(0+a(t)) =B

451

The value function is: w0 ‘ ‘ ‘ ‘ j
0 10 20 30 40 50
BY [T I t
- 2 — [ rtu(e4z).dz
U(Ft’t) 0% /f e -ds (23) Figure 3. Consumption evolution.
BY
=  —.Gg4t,t+4T
Y

It is also possible to derive an analytical expression of the
3.2 Partial annuitization. consumptiorr,. We know that:
Subsection 2.2 emphasizes that solutions of the unconsttai cf = bl(t)ﬁ (Fy +aq(t)) vt < t*
HJB equation are not optimal or break the budget constraint. ¢ =B vt > t*
Therefore, the optimal solution must activate the budget co
straint (¢; = 0) at a certain time*, which is unknown. And,
as showed in paragraph 3.1, once that the fund is depleted,
the optimal consumption is equal to the annuityThe value

If we differentiatec;, for ¢t < t*, we obtain that:

* 1 *
dct = —ﬁﬂ(x+t)ctdt
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The consumption is then ruled by the following dynamic:

_ ot plztz) d
C;k = Cp.€ 0 I-5 %%

co = 01(0)77.(Fieg + a1(0))

The optimal consumption is therefore a decreasing function
the initial consumptiore;—y. The consumption is reduced by
a factor which is similar to a probability of decease cordct

by ﬁ:

1
1—v

1
i = co. (e~ 1) Z gy ()

The evolution of the fundF; is also easily calculated:

F, Fi—g.e™ + B. [} e (=) ds

—cp. fot (5)]%)ﬁ e (t=5) g vt < t*

F; 0 vt > t*

3.3 Influence of the cash return and of the discount rate

on the consumption policy.

6 + ¢ = 0. There is no easy way to prove thiét > ¢ but it
may be checked after computations. Befotrethe fundsF;

is positive and therefore the Lagrangian functign) is null
(the constraint; > 0 is inactive). The solution is again split
into two components:

{

wherea (t) , b1(t) , az(t) , ba(t) are solutions of following
ODE:

vt < t*
vVt > t*

by (t) (Fetai(t)”

v v
bg(t). (Ft+¢fy2(t))

U(Ft,t)

bi() — (r-(1 =) + e+ £) £ 6 — 09) ba (1)
—b; (y=1)=0 vt < t*
a () — (r+6).a1(t)+ B=0 Vit < ¢
ba(t) — (r + p(@ +1) + ¢).(1 = 7).b2(t)
—by (y—-1)=0 vt > t*
as(t) — (r+ plx +1t) + ¢).ae(t) + B=0 Vit > t*

with the following terminal conditions:
{ bi(t*) = ba(t")

by
bo(T) =

0

We consider now that the cash return and the discount ratg,, ¢ye numerically the ODE, applied to the example de-

are different from the guarantee of the life annuity. Letbe
the cash return. The difference between the guarantesd
the cash returmg, is notedd = rr — r. The dynamic of the
individual's fund is then described by the ODE:

dFt = ((7‘ + G)Ft + B — Ct).dt

Furthermore, the psychological discount rate is now equal t
p =1+ ¢ . The HIB equation becomes:

v — (r+ ¢+ plx+t)v+ A(F,t).F (24)

Y

+5UPe, ((7” + 9)-Ft + B — ct) WF + %

H

Again, we try a value function and a Lagrange multiplier give
by (14) and by (15). After calculations, componeda(s) and
b(t) of the value function are solutions of:

b(t) — (r.(1 =) + ¢+ p(x 4+ 1) — 0.4 — A(t).7).b(t)
—bTT.(y—1)=0 (25)
a(t) = (r+0).a(t)+B—At).alt) =0 (26)

with the terminal conditions (7)) = 0 andb(T) = 0. As in
the previous section, we assume that there exists a instant
such that the optimal consumptiep for ¢ > ¢*, is equal to
the life annuityB. The budget constraint imposes then that:

AM)y=plz+t)—0+¢  Vte[t",T)

veloped in the subsection 2.2 (a pensioner of age 60 chooses
to invest 75% of his wealth in a annuity with=3.25% and

~v = —1, Wy=1000), for different cash returns. For the sake
of simplicity, we let the discount rateequal tor (¢ = 0).

Consumption

751

- = =0.5%
— 15%
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0 25 30 35 40 45
t
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Figure 4. Consumption in function of.

Figure 4 clearly reveals that the higher is the cash rethen, t
lower is the consumption during the first years. It is indeed i
the individual's advantage to delay his consumption in prde
to benefit from cash return which is higher than the rate (
wu(x +t)), used to discount utility. This policy of consumption
also influences the evolution of the fund (see figure 5), and
delays the time* at which the fund will be depleted.

Note that the Lagrange multiplier must remain positive. So Table 1 shows the instant$ for different 6. Clearly, we

we must have* > ¢ with £ such that\(#) = u(z + ) —

45

havet* > ¢ with ¢ solution to the equation(?) = u(z +%) —
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Figure 5. Fund in function of.

Consumption
70

69
68 [

67

66

65

64

63

62

61

60 i i i i j
0 10 20 30 40 50
t

Figure 6. Consumption, purchase of an annuity when 50 years old.

(0=6 ] ¢ [u@0+t) ][ T | 4 Optimal level of annuitization.
(l):gzjz gg:gg g:g%g 'fgg In the previous section, the retiree invests a fixed fraction
15% | 2650 1069% | 5.75 of his initial wealth in an annuity. If cash provides a higher
20% | 27.60| 11.88% | 8.85 return than the insurance contraety > r), there must exist
25% | 28.70 | 13.20% [ 11.25 an optimal ration* maximizing the discounted value of the
3.0% | 29.90| 14.81% | 13.15

utility drawn from consumption.

Table 1. Timet* andu(z +¢*) o =argsupv ( (1 —a).Wo , 0)
«@

We will see on an example that this optimal ratit depends

on the individual’s age, on the spread between the cashmretur
Tand the guarantee. Again, we consider the case of a pensioner
60 years old, who invests.WW, in an annuity £ =3.25%,

v = —1, Wp=1000,p = r) and(1 — «).Wj in cash providing
areturnrg = r + 2.5%=5.75% ¢ = 2.5%) .

0 + ¢ = 0. It confirms that Lagrange multipliers are positive
for each tests.

As in section 3, it is possible to obtain an expression o
optimal consumptiore} in function of ¢y, for timet < t*.
The dynamic ot} is:

dC: = —71 p . ([L(JC =+ t) =+ ¢ — 9’)/) Crdt o1s Value functiin(-t=f)

And by integration we get that: R 7 N

-0.2214| ! \\
t ii%; 4 N
C: = ¢p. (6_ fo u(gc+z)+¢—9.'ydz) -0.2216} /l \\

-0.2218| /. Y

As we have observed on examples, the consumption planning _,,,| /'/ Y

can count two phases befote one of increase and one of ! \

decrease. The instant of transition between those twogeerio %

is notedt and is solution of the following equation: 02241

; -0.2226 -/
/ (:u(l + Z) + d) - 0'7) dz=0 ~0:2228 o.‘4 015 o.‘s o‘.7 018 0.‘9 1
0 Alpha

It's interesting to observe on an example that optimal con- Figure 7. v((1 — a).Wp, 0) in function ofa, age: 60 years.
sumption may be lower than the annuity. Figure 6 depicts this

for a man who invest 100% of his wealth in a life annuity,

at the age of 60 yearsr(=3.25%,y = —1, W;=1000 and The graph 7 depicts the value function at titne 0, for dif-

0 = 2.5%). From 60 years until 65.1 years, a part of the life ferent levels of annuitization. Even if the influence of théa
annuity is reinvested in cash. The consumption increalies tice on the value function is relatively small (due to the choite o
t = 11.65 and next falls taB att* = 16.96. This observation ~ = —1), a maximum is reached fer = 75%. This optimum

motives developments done in the next section. depends also on the age of annuity purchase (see figure 8). At
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Value function (t=0) l [ 55y [ 65y l

-0.167 [(a [ & [pG5+t) [ ¢ [ w5+t ]
B S AR 95% | 27.15| 7.05% 1595 6.29%
-8y 90% | 29.50 | 8.83% 18.65| 8.14%
I 85% | 31.35 | 1054% | 20.60 | 9.81%
O2F Age 65 80% | 32.85| 12.17% | 22.15| 11.38%
75% | 3420 | 13.85% | 23.50 | 12.95%
-0.22f 70% | 35.40 | 15.54% | 24.75| 14.60%
65% | 36.565| 17.35% | 25.85| 16.22%
024} 60% | 37.65| 19.28% | 26.95| 18.03%
550 | 38.65 | 21.22% | 28.40| 20.72%
o026} 50% | 39.65| 23.36% | 28.95| 21.84%
__________ 45% | 40.65 | 25.72% | 29.90| 23.93%
O S RO e S S 40% | 41.60 | 28.18% | 30.00 | 26.34%

—oab i i i i i i i Table 2. Timet* andu(z + t*)
0.4 0.5 0.6 0.7 0.8 0.9 1
Alpha
Figure 8. V((1 — a).Wo, 0) in function of the age of annuity purchase.  \ne have then tried to insert the budget constraint in the HIB

equation with a Lagrange multiplier and have found that the

55 years old, the pensioner has not any advantage to buy a Ii%ﬂt'mal consumption planning is brokedown into two periods

annuity if he can get a cash return of 5.75%. Whereas at 6
years old, it is interesting to invest the whole capital irife |
annuity because the average return of the annuity(z+t))

is always higher than 5.75%.

uring the first one, the budget constraint is inactive ared th
consumption is proportional to the initial consumptionthe
second period, the constraint is active and the optimal con-
sumption is equal to the annuity. The instant of transitien b

The parametet: influences widely the consumption plan- twiler;tthv(;se Eerlr?/dsﬂ;s tc;!cur:?tﬁdrr;u:?]encalm turn. the lower
ning (see figure 9): the higher is the amount devoted to pur- ext, we observe thatthe higheris the cash return, the jowe

chase life annuities, the higher is the consumption at ttiie in Is the consumption during the first years. Moreover, the con-
vidual's end of life. sumption may be lower than the annuity when the cash return

is high and when the individual dedicates his whole wealth
Consumption to purchase a life annuity. We also show that consumption is
explicitly dependent on the gap between cash return and guar
antee of the annuity.

In the last part of this work, we show the influence of the
cash return on the optimal allocation of initial wealth beén
cash and a life annuity. An individual old enough and without
any bequest motive should dedicate a part of his wealth to

. purchase a life annuity. Before a certain age, which is fonct
C of the individual's mortality rate and of the cash returnisit
“““ 40% in the individual's advantage to invest partially his whatt a

- cash account.
“““““ The interested reader may refer to our work (Hainaut & De-

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ volder 2006) that addresses numerically an identical igsue
o s s a market made up of cash, stocks and a life annuity. In this set
ting, the time of activation of the budget constraint beceme
random and there doesn't exist any semi-analytical salutio

80

a0t

301

20
0

Figure 9. Consumption in function of, 60 years old.

Table 2 confirms that solutions found are optimal: all La_Append|x.

grange multipliers are positive singéxr -+ t) are always big- In examples presented in this paper, we assume that mortal-

ger than the cash account premidr2.5%. ity rates of pensioners and mortality rates used for pricing
w(z +t) are given by a Gompertz-Makeham distribution. The
5 Conclusions. parameters are those defined by the Belgian regulator for the

. ) ) pricing of a life annuity purchased by males. For an indigildu
This paper analyses the optimal consumption and assegallocy¢ age x, the mortality rate is:

tion of an individual, in absence of any bequest motive. Con-

trary to the classical consumption/investment probleniesbl () = pi(z) = a, + by.c”
by Merton, solutions of the unconstrained HJB equation ei-
ther breaks the budget constraint or are suboptimal. Whereas
Richard’s solution is not realistic. by = In(gy)- In(cy)

a, = —1In(s,)
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where the parametess, g,,, ¢, take the values showed in the

table 3. Table 4 presents the evolution of mortality rates.

Su

0.999441703848

Gu:

0.999733441115

Cu

1.116792453830

Table 3. Belgian legal mortality, for life insurance products, anddanale

population.
()

30 0.10%

40 0.18%

50 0.37%

60 0.88%

70 2.23%

80 5.74%

Table 4. Mortality rates.
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