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Introduction

The primary concern of the thesis is to contribute to the analysis of
the relationship between competition and incentives, when asymmetric
information is explicitly taken into account.

The need for a theoretical understanding of the interplay between mar-
kets and contracts is at the center of many recent developments in con-
tract theory. Furthermore, clarifying the role of the coordination mech-
anisms in markets where information is not perfectly distributed among
agents is a crucial step to extend traditional macroeconomic schemes to
situations where heterogeneity is considered:

Modifying the Brock-Mirman framework - which
would eventually become the core for Real Business
Cycle theory - to consider financial issues was a
formidable task (and remains so today). Modelling
imperfections in intertemporal trade obviously re-
quires having an environment where there exists
motivation for trade; this necessitates to introduce
heterogeneity among agents [...J. In addition abid-
ing strictly by the rules of the game requires endoge-
nously deriving the financial system - after all fi-
nancial institutions and financial contracts are en-
dogenous variables and, except in the frictionless
environment for which the MM theorem is relevant,
determined jointly with real activity.'

Our main focus will be the analysis of loan relationships: the research
will face several traditional issues that stress the role of asymmetric in-
formation in credit markets as the main source of relevant economic
phenomena.

First, the imperfect functioning of these markets originated by asym-
metric information in lender-borrower relationships can be responsible
for existence and propagation of aggregate fluctuations. Many differ-
ent approaches have been recently undertaken to support the celebrated
Gurley and Shaw (1955) conviction that the way in which entrepreneurs
decide to finance their production activities and interact with financial
institutions is to be conceived as the main source of economic fluctua-
tions. Recent research emphasized the role of financial propagators of

!Gertler (1988), p.570.



exogenous shocks in economies where borrowers have private informa-
tion over the realizations of investment projects (Bernanke and Gertler
(1989), Bernanke, Gertler and Gilchrist (1999)) as well as the possibility
of endogenous reversion mechanisms (Suarez and Sussman (1997), Kyio-
taki and Moore (1997)). The main concern of this literature has there-
fore been to restate the traditional relationship between limited access
to credit and economic fluctuations in a framework where the existence
of borrowing constraints is derived from first principles. 2

The thesis tries to contribute to these lines of research by extending
and generalizing the basic representation of lender-borrower relationships
involved. More precisely, the first two chapters aim at providing a further
analysis of the relationship between borrowers’ financial constraints and
endogenous fluctuations. Our main target is to emphasize the role of
optimal financial contracts choice in macroeconomic dynamics. That is,
we follow a recent tendency in the study of credit markets:

A more recent and growing literature has investigated
the role of financial market imperfections in the macro-
economy using models where agents are allowed to se-
lect the best contractual arrangements. Within this al-
ternative research agenda, one is facing the challenge
to provide an extension of the existing theories of in-
centives and financial contracting to a general equilib-
rium framework where the relation between business
fluctuations and credit market imperfections can be
analysed.?

As a starting point, we reformulate several classical financial contracting
problems under asymmetric information and argue that the so-called
Costly State Verification (CSV) paradigm offers the most robust basis to
rationalize the role of both debt and intermediaries in loan relationships.
Chapter 1 tackles the relevant criticisms addressed to the CSV approach
in the financial contracts literature and summarized by Hart in his 1995
book. Those criticisms involve first of all the superiority of stochastic

Irving Fisher was one of the first contemporary scholars who tried to relate price
deflations to reallocations of wealth from debtors to creditors leading to a fall in
the overall demand. His work emphasized the high increase in the real burden of
borrowers debt in the expansion preceding 1929: “The depression out of which we
are now (I trust) emerging is an example of a debt-deflation depression of the most
serious sort. The debts of 1929 were the greatest known, both nominally and really,
up to that time” (Fisher (1933), p.345).

3Reichlin (2004), p. 862.



mechanisms with respect to deterministic ones in terms of payoffs and the
lack of ex-post efficiency of the equilibrium debt contract. In addition,
the optimal debt contract under CSV has the controversial property of
identifying the auditing region with the bankruptcy one: in this respect,
the CSV approach looks more like a theory of optimal auditing rather
than a theory of debt (see Hart (1995)). We argue that the most recent
reformulations of the basic CSV scheme overcome the first two difficulties
and they also suggest some potential insights on how to address the
more general critiques to the CSV approach. That is, we present some
arguments in favor of the CSV framework to be used to examine the
interaction between economic dynamics and firms’ capital structure.

This analysis is explicitly carried out in Chapter 2 where the existence
of a relationship between business cycle fluctuations and modifications
in the structure of loan contracts is investigated. The aim is to provide a
potential departure from the traditional corporate finance theories and to
show that the characteristics of firms’ capital structure (i.e. their debt-
to-equity ratio) can be affected by macroeconomic conditions. We build
on the Suarez and Sussman (1997) paper on endogenous fluctuations with
asymmetric information in the market for loans by properly modelling a
two-period financial contracting problem. The features of optimal secu-
rities issued at equilibrium are influenced by macroeconomic conditions,
i.e. by equilibrium prices. In other words, asymmetric information in the
market for loans is responsible for endogenous fluctuations to take place
at equilibrium, but we can also argue that business fluctuations affect the
nature of firms’ financing over time. As a by-product, the debt-to-equity
ratio in the overall economy will vary according to the dynamics of ag-
gregate variables. This argument contrasts pecking-order based theories
of financing (Myers, 1984) that explain the composition of firms’ external
funds by looking at the agency costs faced by entrepreneurs-borrowers
under asymmetric information. The idea that macroeconomic condi-
tions are an important component of the debt-equity choice is receiving
an increasing support, both in applied and theoretical studies (see Levy
(2001), for a survey). We consider a competitive economy populated by
an infinite sequence of overlapping generations of borrowers-firms who
live for three periods and produce only in the last two periods of their
life. Borrowers hold a stochastic production technology but they do not
have the resources to carry out their investment projects. The amount
of external financing issued is determined by a financial contract signed
by every generation of borrowers with a representative consumer-lender.
If an optimal dynamic contract exists, then at equilibrium young firms
will issue repayments that resemble equity, while old firms will have an
incentive to finance through debt arrangements. These alternative secu-



rities will coexist in every period: the presence of a dynamic contracting
issue is responsible for such a co-existence, while the emergence of stan-
dard debt as an optimal arrangement comes from the introduction of a
CSV problem. The main feature of our economy turns out to be the in-
teraction between the dynamic contracting problem and the existence of
finitely-lived firms: the relevant implication will be the counter-cyclical
behavior of the aggregate debt-to-equity ratio. Some econometric inves-
tigations developed on US data provide further support to this intuition.

One should note that the analysis developed in the first two chapters
is entirely based on an extremely simplified way of looking at financial
relationships under asymmetric information. That is, we restricted our
investigation to situations where, at the stage of designing contractual
arrangements, a single financier is interacting with a single borrower only.
A main concern of the thesis is to provide new intuitions on the features
of credit market equilibria in a scenario where the relationship between
incentives and competition is more deeply examined.

With this perspective in mind, Chapter 3 focuses on the analysis of
games where multiple principals compete over the contract offers they
are making to multiple agents. Our aim is both to propose a unified
framework to analyze the so-called literature on competing mechanisms
and to provide some results on the characterization of equilibria in this
class of games. By postulating that none of the principals can have the
whole control of the communication among other players, the competing
mechanisms literature falls outside the traditional applications of mech-
anism design to principal-agent relationships (Myerson (1982), Myerson
(1991)). In such a scenario, several examples have been recently devel-
oped (starting from the seminal one of Peck (1997)) to show that when-
ever multiple principals are considered, it is then possible to construct
communication schemes which corresponding equilibrium outcomes can-
not be reproduced by simple and Incentive Compatible mechanisms, that
are called "direct" by analogy with the single principal case. This finding
is usually referred to as a failure of the Revelation Principle:

When contracting situations become more complex, the
applicability and the usefulness of the revelation princi-
ple comes into question.4

*Martimort and Stole (2002), p. 1659.



We develop this line of investigation in the specific context of Common
Agency games.® These games have been extensively analyzed in recent
theoretical and applied literature. ¢ They involve the following timing:
principals act as mechanism designers and simultaneously offer contracts
to the single agent, given the messages they have received. In a next step,
the agent chooses her preferred alternative, contracts are executed and
the equilibrium allocation is implemented. The main rationale behind
the so-called failure of the Revelation Principle can be summarized as
follows: at the stage of contracting with any principal the agent’s private
information involves both her type and the mechanisms simultaneously
offered by all the other principals. Direct mechanisms are too simple as
principals cannot profit from the extra information held by the agent.
The most recent literature offered several ways to face this difficulty.”
Surprisingly, relative less attention has been devoted to define some do-
main conditions that guarantee the Revelation Principle to hold even
when competition over contracts is allowed. We explore such a research
direction identifying conditions on agent’s preferences that are sufficient
for the validity of the Revelation Principle when competing mechanisms
are introduced. These conditions amount to a separability requirement
on agent’s preferences with respect to the contract offers made by every
principal. The remarkable result is that no restriction on principals’
preferences is introduced. Unfortunately, our results do not apply in a
more general setting where an arbitrarily large number of agents is con-
sidered.® Nonetheless, we are able to show that even in these situations
there is still some theoretical support to the restriction to the use of sim-
ple mechanisms where no communication is allowed. The proof of this
last result concludes the chapter.

The last part of the thesis directly investigates the properties of credit
market relationships when competing lenders are introduced in the analy-
sis.

More in detail, Chapter 4 proposes a discussion of the traditional credit
view of Monetary Policy. Asymmetric information in loan markets is

5Chapter 3 will discuss more in detail the possible conceptual inconsistencies re-
lated to the so-called failure of the Revelation Principle.

SExamples are given by: Biais, Martimort and Rochet (2000) who analyze a non-
linear pricing environment, Parlour and Rajan (2001) who study the competition
among lenders offering non-exclusive credit contracts, Kahn and Mookherje (1998)
who present applications to the insurance literature and Dixit, Grossman, and Help-
man (1997) in the context of Political Economy.

"These approaches will be discussed more in detail in Chapter 3.

8That is, when we deal with multi-principal multi-agents games: McAfee (1993),
Prat and Rustichini (2003) and many others.



traditionally associated to the rise of a positive wedge between the en-
trepreneurial costs of external ad internal finance. Such a gap is referred
to as the external finance premium.® Given the agency costs needed to
induce either information revelation or effort performances by borrowers,
the investment projects that were profitable by using internal funds may
not be undertaken when the required funds should by raised by (unin-
formed) lenders. The so-called credit channel of monetary policy stresses
the effect of monetary variables on the real economy that affect borrow-
ers’ access to credit. A crucial element of this transmission mechanism is
the inverse relationship between borrowers’ net worth and the external
finance premium. Both theoretical and empirical literature emphasized
several distinct effects at the basis of this mechanism.'® Importantly, all
these contributions share the reference to the principal-agent model as
the relevant device to analyze the implications of asymmetric information
in the credit market.

The chapter suggests a framework where financiers are modelled as mul-
tiple lenders who compete over the loan contracts they are simultane-
ously offering to a single borrower. Both the exclusive case (the bor-
rower is constrained to accept only one contract at a time) and the
non-exclusive case are developed. The standard models of the credit
channel assume perfect competition among investors.!’ That assump-
tion is usually translated into a zero-profit equilibrium condition and,
in the specific context of principal-agent schemes, this calls for the re-
striction to a binding lender’s participation constraint. Now, if lenders
are strategically competing on their credit contract offers, positive-profit
equilibria typically arise. In particular, it turns out that monetary fac-
tors may affect the real sector also modifying the structure of markets.
The existence of a credit channel of monetary policy in such a context
has not been analyzed so far in the literature.

In our setting, the market for loans typically involve multiple principals
competing to offer contracts. When contracts are non-exclusive, each
borrower can simultaneously accept the proposals of many financiers,
giving rise to a contractual externality among competitors. The last
chapter analyzes the aggregate implications of such externalities. That
is, we consider a scenario where a Social Planner is subject to the same
informational constraints faced by principals in a simple model of the
credit market, and has complete control on the borrower’s decisions of

See Bernanke, Gertler, and Gilchrist (1996).

1%See Bolton and Freixas (2000), Oliner and Rudebusch (1996) Holmstrom and
Tirole (1997), Kashyap and Stein (1995), Repullo and Suarez (2000).

'1Gee e.g. Holmstrom and Tirole (1997) and Repullo and Suarez (2000).
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contracts acceptance. We identify conditions that sustain constrained-
efficiency of credit market equilibria. We construct a simple competitive
framework where the borrower could take a non-contractible effort deci-
sion: in every equilibrium the provision of credit will be the same as that
attainable in a situation where exclusivity could be enforced. The result
contrasts with the idea, advanced in some recent researches,'? that credit
rationing is a phenomenon associated to competition in contracts. Im-
portantly, we argue that these differences are mainly due to alternative
specifications of borrower’s preferences, which suggests that the general
welfare implications of competition in contracts have not yet completely
been clarified in the literature.

123ee Bisin and Guaitoli (2004) and Kahn and Mookherjee (1998).
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Chapter 1

Costly State Verification and
debt contracts: a critical
resume

1.1 Introduction

This chapter provides an analysis of the most classical environment used
to account for the widespread use of debt contracts in loan relation-
ships.! Far from being a general review of the security design literature,
the following paragraphs will be focused on debt as an optimal finan-
cial arrangement. The empirical relevance of such a contractual form
together with its prominent role in bank financing is widely accepted:
Harris and Raviv (1992) provide a very detailed exposition of the most
relevant findings.

As will be clearer later on, the basic feature of a standard debt con-
tract relies on the borrower’s promise to offer a repayment constant over
states, with the bank being allowed to seize the whole cash flow when
the repayment cannot be guaranteed. Thus, a debt contract is a concave
function of project’s outcomes.

With the aim of defining an equilibrium where firms financing take
a debt-like form, asymmetric information has been introduced in the
lender-borrower relationship in several ways, from the pure adverse se-
lection to the standard moral hazard case.

It is important to remark that the classical hidden action moral haz-
ard framework cannot support per se the optimality of debt contracts

IThis is a joint work with Eloisa Campioni and appeared as a published paper in
the last 2003 issue of Research in Economics.
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unless an external monotonicity constraint is imposed on the repayment
structure (Innes, 1990). If we do not assume any monotonicity, the op-
timal repayment function under moral hazard R can be characterized as
follows:

R(y)=0 for y > yk
Yy for y<uyx

where y € Ry is the random return of the project. This is clearly
different from a debt-like contract, since it provides opposite incentives
for effort, giving the agent maximum payoff (R(y) = 0) when the result
is good and maximum penalty (R(y) = y) when it’s bad: this is usually
referred to as a live-or-die contract. Debt can be predicted only if we
require the repayment to be a non-decreasing function of the project
return.?

We develop here the so-called Costly State Verification (CSV) par-
adigm, since according to our view it offers the most robust basis to
rationalize the role of both debt and intermediaries in loan relationships.
As a starting point, it is useful to remark that the CSV structure exam-
ines situations where symmetric information at the time of contracting is
assumed: within this environment CSV identifies the case where agent’s
actions can be observed but the contingencies under which these have
been taken cannot. 3

One of the main goals of the present research is to tackle the rele-
vant criticisms addressed to the CSV approach in the financial contracts
literature and summarized by Hart in his 1995 book. Those criticisms
involve first of all the superiority of stochastic mechanisms with respect
to deterministic ones in terms of payoffs and the lack of ex-post efficiency
of the equilibrium debt contract. In addition, the optimal debt contract
under CSV has the controversial property of identifying the auditing re-
gion with the bankruptcy one: in this respect, the CSV approach looks
more like a theory of optimal auditing rather than a theory of debt (Hart,
1995). Finally, while in financial relationships debt coexists with other
claims, the basic CSV model leaves no room to alternative arrangements
like equity

“Innes (1990), p. 33.

3In the particular terminology introduced by Arrow and restated in the popular
Hart and Holmstrom (1987) work, this is a case of moral hazard with hidden informa-
tion. Of course, the focus on this structure will restrict both the solution concepts we
will employ and the nature of the implementation problem. Furthermore, under CSV
a precise need for banking activity emerges: banks turn out to be essential in reduc-
ing monitoring costs (in Diamond (1984) terms they perform a delegated monitoring
activity).

13



The point is that in non-bankruptcy states E (the borrower) al-
ways make a payment that is just enough to satisfy creditors;
there is never anything left over for other claimants [...]. And,
of course, in bankruptcy states outside shareholders receive noth-
ing because there is not enough even to satisfy creditors. 4

Our research attempts at showing how the most recent reformulations
of the basic CSV scheme overcome the first two difficulties and suggests
some potential insights on how to address the more general critiques to
the CSV approach. The whole analysis is carried on within a complete
contracts paradigm.

It is important to remark that our main focus is the optimal con-
tracts design, so that we abstract from risk sharing issues and restrict
the analysis to risk-neutral agents. To this extent, we can also disre-
gard the distribution of bargaining power between agents since it does
not affect the form of the optimal contract but only the division of the
surplus.

Throughout the chapter we deal with one agent acting as a mecha-
nism designer, who offers a financial contract to his counterpart under a
well-defined set of constraints. When the borrower is such a mechanism
designer, the lender’s participation constraint can be interpreted as a
zero-profit condition: since it is always binding, we can generally think
of this lender as acting on perfectly competitive financial markets.

The discussion will hence be organized as follows: Section 1.2 will
present the basic scheme, as it was developed in the classical Gale and
Hellwig (1985) paper; Section 1.3 will examine the introduction of sto-
chastic auditing rules in the one period contracting problem and Sec-
tion 1.4 will present the recent work by Krasa and Villamil attempting
to generalize the contracting problem when commitment is a strategic
variable. Some potential rationales for the role of equity financing in a
CSV environment are discussed in Section 1.5. Section 1.6 shows how
a distinction between auditing and bankruptcy may arise either in the
presence of a repeated interaction or when a collateral is introduced.
Section 1.7 offers a discussion of the optimality of debt financing in a
CSV with ez-ante private information. Finally, the relationship between
CSV and the literature on financial intermediation is briefly sketched.

“Hart (1995), p. 124.
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1.2 The Gale and Hellwig scheme

An entrepreneur who is running a firm owns a project which requires an
initial investment 7 at time zero and gives a random return y at time one.
The entrepreneur-borrower wants to undertake the project but he has to
rely on a lender to get external finance. The lender could alternatively
access a competitive capital market with rate of return r. Both agents
are risk-neutral.

At the time of contracting, agents have symmetric information on
future outcomes. Once uncertainty over project’s returns realizes, only
the borrower can observe the state at no cost. Borrowers are assumed
to report their private information through a message and lenders per-
form auditing activity conditional on the received messages. Auditing
discloses the true state to the lender and its costs are a function of bor-
rower’s current assets.

Uncertainty is described by a set of states of nature S = Ry whose
elements are indexed by s with relevant distribution function H : Ry —
[0,1]. Let i € R4 be the investment in the risky project, the returns
from investment 7 in state s are given by y(s, ).

Assumption 1: y: Ry xRy — Ry is a continuous function which
is twice continuously differentiable on the interior of its domain. In
addition, it is concave in ¢ and the following boundary condition holds:

y(0,1) = y(s,0) =0 (1.1)

Assumption 2: Auditing costs are defined by the continuous func-
tion ¢(s,4); ¢ : Ry x Ry — Ry is twice continuously differentiable on
the interior of its domain. Furthermore:

62

0 .
—c(s,i) >0 92¢

. 0 ,
% (s,i) >0 %c(s,z) >0 (1.2)

1.2.1 The contract problem

The total amount to be financed is 7. The borrower acts as a mechanism
designer: he offers a contract trying to induce lender’s participation.

In the Gale-Hellwig (GH) framework the general mechanism is given
by I' = (i, M,C, R, B) where M C R is the borrower’s message space,
C' > 0 is the entrepreneur’s contribution (that is usually interpreted as

15



the amount of internal equity), R(m) is the repayment to the lender as
a function of the declared state m. Finally, B(m) : M — {0,1} is the
function defining the auditing region, with B = 1 identifying the set of
states where auditing is actually taking place.’

The analysis of the symmetric information case is straightforward:
the first best level of investment, say ¢*, solves the following:

i* = arg rﬁlﬁg{/[y(s, i) — (14 r)ildH (1.3)

Uniqueness of the solution is guaranteed by Assumption 1. Now, if
A > 0 denotes the borrower’s initial assets, in order for external financing
to have a role we should also introduce the following;:

Assumption 3: i* € (0,00) and A < i*.

Moving to the private information case, we properly define the optimal
contracting problem. The incomplete information game associated with
this contract design problem is such that for every given mechanism,
entrepreneur’s strategies are messages m € M and the lender can accept
or refuse the associated proposal. The equilibrium allocation is the result
of implementation in Bayes-Nash equilibrium.

The mechanism design problem is to find an array (i, C, R, B) that
maximizes borrower’s expected utility under lender’s zero profit (Individ-
ual Rationality constraint) and Incentive Compatibility (IC) constraints.

To define the role of the IC constraint, let us denote the entrepre-
neur’s wealth in non-audited states as:

Wi(s,m)=uy(s,i)+ (1 +7)(A—C)— R(m) (1.4)

For every s realized state and m message such that B(m) = 0, the
entrepreneur’s wealth at the interim stage will depend both s and m. The
Revelation Principle (Myerson, 1979) allows to restrict the attention to
implementation through direct mechanisms, where the message space
coincides with the state space M = S = R;. The notion of Incentive
Compatibility in the CSV framework has been originally specified by
Townsend.

Proposition 1 (Townsend, 1979) A contract T' is Incentive Compat-
ible (1C) iff:

5Tt should be noted that we are not including in the description of the general
mechanism the principal’s strategies “accept or refuse the mechanism”, just for the
sake of simplicity.

%The objective function in (1.3) represents the borrower’s surplus given the lender
is exactly guaranteed his reservation utility (lender’s individual rationality constraint
is binding).
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e there exists a constant Ry € Ry such that R(s) = Ry for every s
such that B(s) =0

o for all (s,s') s.t. B(s') = 0, B(s) = 1 and W(s,s') > 0, then
Ry — R(s) > c(s,1).

The contract problem can be stated as follows:

Problem 1
Z,71(51535(3/[y(s,i) — (14 7r)i—c(s,i)B(s)|dH (1)
(i,C,R,B) is IC (i)
/ R(s)dH = (1+7)(i — C) (i)
i>0 and C €][0,A] (iv)
R(s) < y(s,i) —c(s,0)B(s)+ (1 +7r)(A—-C) (v)

The role of constraint (7i7) is that of a zero profit condition (Individ-
ual Rationality) for the lender, while (v) is a limited liability (LL) con-
dition that prevents borrower from ending up with negative net wealth.
We can now define a Standard Debt Contract (SDC henceforth).

Definition 1 A contract (i,C, R, B) is a SDC iff Vs:

o for some Ry € Ry, (1 — B(s))(R(s) — R1) =0 (fized repayment)

e B(s)=1<y(s,i) < Ry (bankruptcy decision)
. B(s)R(s)) = B(s)[y(s,i) — c(s,i) + (1 +r)(A = C)]  (mazimum
recovery

It is worth noticing that in the definition above the set of states such
that B(s) = 1 coincides with bankruptcy, while y(s,i) — ¢(s,7) is the
part of revenues the investor can recover under bankruptcy.

The argument advanced by GH to prove the optimality of SDC is
presented in several steps. First of all, they restrict to the set of feasible
contracts satisfying (i) — (v) and observe that without loss of gener-
ality it is possible to focus on the subset of contracts with mazimum
equity participation (MEP), that is contracts implying C' = A. Given
this conclusion, the degree of equity participation turns out to be inde-
terminate at equilibrium. 7 We prove hereafter that the SDC contract
is the optimal mechanism.

"Gale and Hellwig (1985), p. 654.
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Proposition 2 If (i,C, R, B) is a solution to Problem 1 then it is a
SDC, i.e. there exists Ry € Ry such that R(s) = min[y(s,i), Ri] and
B(s) =1 whenever y(s,i) < Rj.

Proof. We organize the proof in several steps.

step I: Maximum Equity Participation (MEP)

Without loss of generality we can set C' = A.

Assume (i,C, R, B) is an optimal contract. If we replace it with a
new contract (i, C’, R/, B) where:

Cc'=A
(R’ =R—-(1+7r)(C— A))

then the objective function and the relevant constraints are unchanged.
In fact,

JR(s)dH = (14+7r)(i—C") < [R(s)dH — (1+7)(C—A)=(1+
P - A)

and for every s and i

R'(s) <y(s,i)—c(s,1)B(s)+(147)(C'—A) & R(s)—(1+r)(C—-A) <
y(s,1) — cls,1)B(s)

step II: Uniform Repayment

R(s,i) = R(s',i) = Ry forall s,s' st. B(s) = B(s') =0 is
guaranteed by IC.

step III: Bankruptcy Rule

If (i, R, B) solves the principal-agent problem, then B(s) = 1 for
every s € B where B = {s: y(s,i) < R1} where Ry = R(s,1) for s ¢ B

Observe that, if y(s,7) < Ry then R(s,i) < y(s,i) — ¢(s,i)B(s) <
y(s,1) < Ry and therefore R(s,i) < R;.

Now, assume by contradiction that R(s,7) < Rj is compatible with
s & B:y(s,i) > Ry. The IC constraint will imply R(s,7) < R;. There
can be two cases:

a) if R(s,7) = Ry, it is possible to define a new contract B’ = B\ {s}
that will be strictly preferred to the initial one, generating a contradic-
tion;

b) if R(s,i) < Ry we can define a new array (R/(.), B') where B’ =
B\ {s} and

, Ry —d fors=y¢
r()= { R(s") otherwise.

where d is a linear function of [R; — R(s, )] that increases the objec-
tive function and satisfies the IR and IC constraints.
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Thus, the bankruptcy rule implies that if an array (i, R, B) solves
the principal-agent problem, then B = {s: y(s,i) < R1} defines the ver-
ification region as the bankruptcy one.

step IV: Maximum Recovery

R(s) = y(s,i) —c(s,i) for all s € B

By contradiction we can argue that if R(s) < y(s,) —c(s, i) on some
subset of B, then it would be possible to raise R(s) in that subset and
to reduce R; so to keep the feasibility conditions unaltered and give the
borrower higher payoff.

Therefore IR and LL constraints are binding and the lender appro-
priates all the available assets of the firm in bankruptcy states.

step V: Definition of R;

If (¢, R(.), B) is an optimal solution of the principal-agent problem
then 3R s.t. R(s,i) = min{y(s,i) — c(s,4), R1} and B(s) = 1 whenever
seB={s:y(s,i) < Ri} thus (Ry,1) solves:

max/min[y(s,i),Rl]dH—/C(S,i)dH
i, Ry B

s.t. /max {y(s,i) — R1,0}dH =7

]

Thus any optimal contract can be meaningfully represented by a SDC
with MEP, that is by the array (i, R1). Now, by previous assumptions
we can write Ry > 0% and without loss of generality we can also assume
Ry <sup{y(s,i) | H(s) < 1} for any optimal contract. The existence of
upper and lower bounds for R; together with Assumption 2 ensure us
about the existence of a state 7 such that y(vy,7) = R;. It follows that
we can alternatively identify a contract with the pair (i,7), where v is
defined to be the bankruptcy point, in the sense that bankruptcy occurs
if and only if s < . ?

In this resume of the GH incentive problem, we did not discuss the
features of the second best level of investment **: the authors show that
with a positive default probability and an increasing cost of bankruptcy
with respect to 7, the Pareto constrained level of investment is strictly
lower than 4*. 19

8 Assume we cannot, then incentive compatibility implies that R < 0 and the
zero-profit condition implies i — A < 0. It would follow that ¢ = ¢* contradicting
Assumption 3.

9Notice that 7 is unique whenever i > 0, while if i = 0 (implying A = 0) such a vy
does not exist, by Assumption 1.

107t is also important to mention that GH characterize their result as a form of credit
rationing, where the size of the loan is the rationed variable. In such a perspective,
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Interestingly, allowing for a risk-averse borrower together with a risk-
neutral lender still enables us to find a sort of SDC at equilibrium. GH
have shown that under these conditions bankruptcy states are associated
to borrower’s detention of a positive and constant amount of the asset
constituting a form of insurance against unfavorable states. !

Two main criticisms have been addressed to this optimality result:
first, Townsend (1979) himself suggested that allowing for stochastic au-
diting rules would have been Pareto improving and second, that there
was an implicit assumption that both parties fully committed to the con-
tractual obligations without any possibility of reneging or renegotiating
the initial contract. New research started from these dissatisfactions.

1.3 Stochastic auditing rules

The first relevant extension of the basic CSV framework is to allow for
random auditing following Mookherjee and Png (1989).12 The basic find-
ing we will discuss is that under stochastic verification the optimal con-
tract may not exhibit the SDC feature, since it is not possible to identify
a bankruptcy point in nontrivial optimal incentive schemes. Moreover,
when auditing is not performed, repayments are not constant over states.
We will just slightly modify our previous setting, in order to focus on
the optimal contracts properties. We will consider a fixed investment
level that generates m possible levels of realized income Y7, ..., Y, with
the correspondent probabilities A1, ..., A,. As before transfers Ry = R(s)
(s = 1,2,..n) from the agent to the principal depend on the agent’s
report on the realized state s, but now the report s is audited with
probability ps at the cost ¢s > 0; if there has been untruthful report
of state t when s occurred, then the agent must pay a penalty F,.'3
Finally, the analysis introduced here will keep the assumption of risk-

credit rationing is not due to indivisibility of investment projects, as in the classical
Stigliz and Weiss (1981) work.

1A complete analysis of such a structure is developed in Garino and Simmons
(1995). Their main finding is that at equilibrium the marginal utility of resources
held by the borrower under bankruptcy should be equal to the expected marginal
utility of consumption in non-bankruptcy states.

12Tn the original paper by Townsend (1979), the intuition on some possible im-
provement when we allow for stochastic auditing was already given.

131¢’s important to notice that this penalty was implicitly included in the discussion
proposed by GH. In that setup, the penalty was to be such that consumption was set
to zero in case of untruthful report: Ys — Rs — Fis = 0.
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neutral agents'. In order to isolate the problem of designing the optimal
mechanism, we leave aside the decision on the optimal level of investment
in the risky project and we restrict to the case of a penniless borrower.

Therefore, the relevant direct mechanism is here represented by the
array (ps, Rs, Fss) and the contractual problem can be written as:

Problem 2
n

max As[ps(Ys — Rs — Fss) + (1 — ps)(Ys — Rs)] Vs, t
pS7RS7FSS 8:1

s.t.

ps(YS - Rs - Fss) + (1 _ps)(YS - Rs) 2 (1 _pt)(YS - Rt) vs7t (15)

Zn: As[Rs — ps(cs — Fss)] > (14+7r) Vs, t (1.6)
s=1

Yi—Ry—Fy>0, Y,—R,>0, 1>p,>0 Vst (1.7)

where the objective is to choose a probability structure, a transfer and
a penalty maximizing the borrower’s expected utility under the incentive
constraint (1.5) that guarantees agent’s truthful report, the participation
constraint (1.6) that gives the lender a minimum payoff (1 + r) and the
usual limited liability (1.7) constraints for both parties to avoid negative
consumption.

The first result is that IR constraint has to be binding at the op-
timum, otherwise it would be possible to define a new contract that
increases the agent’s expected utility, reducing the penalty Fig, without
affecting the principal’s payoff, but contradicting the optimality of the
candidate solution. Then, it is shown that if the agent’s report is verified
and discovered to be truthful, she must not be punished, thus Fgs < 0.
The main predictions, however, are stated in the following proposition:

Proposition 3 (i) Optimal schemes exist.

(11) In any optimal scheme that provides the agent with positive con-
sumption for every income realization, all income reports that are audited
must be audited randomly: that is, ps < 1 for all s .

(1ii) Every optimal scheme has the property that if the agent’s report
1s audited and verified to be truthful, the agent must be rewarded; that is,
F,s < 0 whenever 1 > pgy > 0. 19

41n the original Mookherjee and Png (1989) paper the borrower is risk-averse, but
as we show the assumption is not crucial to obtain the result.
158ee Mookherjee and Png (1989), p.406,for the equivalent statement.
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This proposition deserves some comments since it is at the heart of
the discussion on stochastic verification. The proof of part (i) is given by
contradiction assuming that there exist income returns that are always
verified, i.e. ps = 1 for some s, and then noticing that in such cases, it
would always be profitable to slightly reduce these ps; without changing
the direction of the IC inequalities but strictly diminishing the expected
cost of auditing in IR. Thus any candidate mechanism with p; = 1 for
some s would not be optimal.

Up to this point only two components of the optimal mechanism have
been characterized. The relationship between the optimal transfers and
the optimal audit probabilities remains to be described:

Proposition 4 In any optimal scheme, reports corresponding to the
highest repayment will not be audited; all other reports must be audited
with positive probability; reports corresponding to higher repayments will
be audited with equal or lower probability, if Ry > Rs and 1 > ps, then

Pt < Ps.

An analysis of the propositions above confirms that the SDC struc-
ture is fragile with respect to random auditing. The first proposition ac-
tually denies the existence of a threshold bankruptcy point. The second
one states that the optimal repayments to the lender are state-contingent
since ps is everywhere lower than one. In other words, given that at the
optimum the probability of no audit is never zero, a constant repayment
across all states of solvency cannot be identified.

1.4 Contracts without commitment

The analysis we developed so far is based on the assumption of full
commitment to the mechanism defined in the initial period. Whenever
limited commitment is introduced, agents have an incentive to renego-
tiate the original agreement once the true state is known. In the GH
framework in particular, the optimal debt contract is not ex-post effi-
cient. 16

161f renegotiation is allowed, then the entrepreneur’s reward becomes a signal of
the project’s return: “As in many signalling models, there can be multiple ez-post
equilibria, with the signal being interpreted in various ways. While refinements can
eliminate some of these equilibria, the analysis of optimal ez-ante contracts quickly
becomes complicated” (Hart, 1995, p.124).
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The recent work by Krasa and Villamil (2000) provides a meaningful
generalization of the GH set-up where limited commitment and stochas-
tic contracts coexist. Their setup allows to define stochastic contracts or
deterministic contracts as an equilibrium property of the relevant mecha-
nism they introduce. When commitment is limited, deterministic mech-
anisms are optimal, hence the standard debt contract solves the security
design problem; when the borrower fully commits to the initial proposal,
stochastic mechanisms dominate deterministic ones.

The GH structure is modified in two respects: there exists limited
commitment to the mechanism contracted initially and the lender decides
whether to exercise enforcement or not on the basis of the observed
repayment.

The interaction between two risk-neutral agents takes place over three
periods: at date one nature chooses the project outcome in the discrete
set Y C R4, at date two the borrower makes a voluntary payment R
which is interpreted as a signal of the realized state by the lender and
at date three the lender chooses whether or not to adhere the court to
enforce the contractual promise from the borrower. His decision will be
taken after having updated his beliefs on the realized outcome according
to Bayes’ rule. There is room for renegotiation. Enforcement is provided

at no cost by a court whose technology will be specified later on. 7
Figure 1.1 provides a representation of the time structure of events.
The Uncertainty = The borrower The lender
contract is realizes chooses R updates his 3
signed and chooses e € {0,1}
| | | | -
1 2 3 4 t

Figure 1.1: Time structure in Krasa and Villamil (2000)

The first departure from the basic framework can be found in the
description of the contract: instead of defining the pair (R, B), a contract

KV assume that the output of the project is observable but not “entirely” ver-
ifiable, in the sense that the entrepreneur can hide part of the realized return: we
denote it with ¥.
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will be the array (V, F,op,0y), where V is the set of voluntary payments,
F' is a penalty payment, op and oy, are the associated mixed behavioral
strategies.

In particular, op : Y — A(V) associates a probability to each pay-
ment R € V given the realization y € Y and o1 : V. — A({0,1})
associates a probability to the choice of the enforcement e given the
repayment R. If the enforcement is represented by the binary variable
e = {0, 1}, then agents ex-post payoffs can be defined as:

m(y, R,e) =y — R —e[F(z,R) + c¢p|
m.(y,R,e) = R+ e[F(z,R) — ci]

where cp and ¢, are the fixed cost of enforcement and r = max{y —
R —19,0}, g being the amount of investment return the entrepreneur can
hide from enforcement.

The definition of the mechanism is completed by the choice Perfect
Bayes Nash Equilibrium (PBNE) as the appropriate solution concept. 8

1.4.1 Optimal deterministic contracts

To define the optimal contractual problem, we have to consider the event
of renegotiation after the voluntary payment has been made: in such a
case the lender could redefine new terms with respect to what was agreed
in the initial period. Thus, the optimal problem to be solved in the initial
period will have to be integrated by a second optimization problem that
would give the continuation contract, once the lender’s beliefs about the
truly realized return will have been updated.

Thus, in such a dynamic environment, the revelation principle fails to
apply since there exist future opportunities to modify the initial agree-
ment.

In order to solve the renegotiation issue, a time consistency constraint
will have to be imposed on the problem to guarantee that all possible

18We find useful to refer to the definition used by KV in order to be able to refer
to the same conditions when stating theorems and giving proofs.

Definition 2 A collection of strategies op, o and beliefs 3,3 constitute a Perfect
Bayesian Nash Equilibrium if and only if:

(i) o € Lp mazimizes E,; o, (Y, R, €) for every y

(ii) o € B mazimizes 3, oy B'(R;y)Es, mL(y, R, e) for every R

(i3) B’ is derived using Bayes’ rule whenever possible.
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incentives for altering the initial contract are foreseen in the first nego-
tiation.?

Any optimal contract will hence maximize the investor’s expected
utility under the usual IR constraint, LL or feasible payments require-
ment, the PBNE in lieu of IC condition and a time consistency condition:

Problem 3 At t = 0 choose op(y; R),0r(R;e),V, F to maximize

Zﬁ(y)EUB,ULT"L(% R,e) (1.8)
y
s.t. B

Y B)Eopormn(y. Roe) 2 U (1.9)

yeyY
Re[0,y] and F(.) € [0,2] VyeY (1.10)
oB(y; R),o0r(R;e), 3, is a PBNE at t = 2 (1.11)
R,F,0r(R;e) is time consistent (1.12)

Since there exist subsequent possibilities to alter the contract after is
has been signed, we have to use indirect implementation through PBNE
(1.11). In addition, ex-post efficiency implies time consistency (1.12).

This formulation of the contractual problem allows for stochastic
mechanisms.

A debt contract is interpreted in this set-up as a set of bankruptcy
states and a critical y* € Y such that:

e B={yeY:y<y*} and

_J 0 fory¢ B
711 forye B

e the entrepreneur pays

R:{ R* fory¢ B

0 foryeB
moreover,
| 0 fory¢ B
F(y’R)_{y fory € B

197f time consistency constraint is imposed, agents cannot recontract in future peri-
ods to increase their expected payoffs, (Dewatripont, 1989). In other terms, the time
consistency constraint implies that in a future period of renegotiation agents will
choose R' = R, F' = F(z, R),0}, = or, where R, F’ o7 is the continuation contract
and R, F, o is the initial contract.
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Theorem 1 in Krasa and Villamil (2000) shows that under some re-
strictions lender’s and borrower’s minimal payoffs from enforcement ac-
tivity, such as:

(H —c) € (0,x0) (*)
w0 < Y (=B |y <y (**)

where ¢ = cp + ¢, is the total costs of auditing for the borrower and
the lender, debt is optimal in a limited commitment environment with
possibly stochastic mechanisms.?? It can be stated in the following way:

Theorem 1 Assume there exists a simple debt contract within the class
of optimal CSV contracts which satisfies the conditions (*)-(**) and
which gives the borrower the reservation utility U, then this contract
solves Problem 3. 2!

In order to prove this theorem KV introduce three propositions show-
ing first of all that time consistency implies a deterministic or,. Secondly,
a one to one relationship between contracts in the CSV framework and
in the KV model is proved also in terms of expected payoffs.?? A debt
contract in KV setup is optimal because it minimizes information rev-
elation (debt is informationally minimal). The first conclusion is that
the KV debt outcome turns out to be ex-post efficient and optimal even
when random monitoring is allowed, extending therefore the standard
CSV analysis.

1.4.2 Optimal stochastic contracts

In the same way, the optimality of stochastic contracts turns out to be
an equilibrium outcome when we consider full commitment mechanisms.

20We refer to limited commitment because the voluntary repayment R cannot be
retracted once it has been made, it is in fact “money on the table”.

21The original statement has been corrected here to take into account the coun-
terexample provided by Sharma (2003). Sharma’s counterexample sheds light on
the existence of a trade-off between minimization of auditing costs and time consis-
tency constraints in the costly enforcement model. Nonetheless, it does not alter the
main conclusion and the isomorphism between the CSV and the costly enforcement
structure. See Krasa and Villamil (2003) for details.

22Without loss of generality, the analysis can be restricted to deterministic . See
the Appendix of Krasa and Villamil (2000).
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In this case, agents commit to the initial contract and have no opportu-
nity to alter their decisions at any point in time. The time consistency
constraint is therefore irrelevant here and the Subgame Perfect Nash
Equilibrium concept allows to solve the sequential game.

The new problem to be solved is:

Problem 4
At t = 0 choose op(y; R),or(R;e), V, F to maximize:

Z 6(y)EUB,UL7TL (y7 R, 6) (113)
y
s.t.
Z/B(y)EUBULﬂ-B(vav 6) >U (114)
yey
R € [0,y] and F(.) € [0, z] (1.15)
part (i) of PBNE definition (1.16)

KV show that Problem 4 is equivalent to the original problem de-
fined by Gale and Hellwig (1985) and elaborated by Mookherjee and
Png (1989), if we consider that the monitoring probability in the GH
can be identified with the enforcement probability in the model with
commitment. The following theorem holds:

Theorem 2 Problem 2 and 4 are equivalent. Stochastic contracts are
optimal.

The most important conclusion that can be derived from the KV
general framework is that the relevance of debt contracts emerges in
environments where renegotiation is possible as in credit and loan con-
tracts, while stochastic contracts emerge when there is the institutional
possibility of full-commitment to auditing activity (public authorities or
insurance companies).

1.5 Debt and outside equity under CSV

As far as the standard CSV framework accounts for the existence of debt
claims, it cannot cope with firms’ capital structures involving combina-
tion of debt and external equity. The only existing equity is owned en-
tirely by borrowers while outside investors can only be debt claimants.??

231t was already noted by Townsend that “The [CSV] model as it stands may con-
tribute to our understanding of closely held firms, but cannot explain the coexistence
of publicly held shares and debt” (Townsend, 1979, p.289).
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Some recent generalizations of the CSV aim at discussing firms’ capital
structure in a security design perspective where the optimal financial
arrangement turns out to be a mix of debt and equity.

Boyd and Smith (1999) present a model where the role of equity
comes from the availability for the borrower of a technology with ob-
servable returns. The optimal repayment has a constant component that
looks like debt and a state-contingent one which is interpreted as equity.

More formally, there exists three technologies: a storage one available
to all agents offering a safe return r and two productive technologies
available to the entrepreneur-borrower only. The first one is a production
technology with observable and discrete random returns « = {z1, ..., 2, },
the second provides returns represented by means of a continuous random
variable y € [0, ] subject to CSV. ?* The following relationship holds:

Y
i= [ vdH@) >3 =3 pura >
0 n

i.e., there is no incentive to invest in the commonly available technol-
ogy, since it provides the lowest possible return. The choice between
the observable and the unobservable one will depend on the amount of
verification costs ¢ that is only paid investing on y.

A contract is defined by the triple (B, R(.),#): B is the binary vari-
able associated to the monitoring decision,?>, R(y,z,) is a repayment
function and 6 denotes the ratio between resources invested in the ob-
servable technology and those invested in the unobservable one.

The set-up of the problem is standard: the borrower offers a contract
trying to induce lender’s participation under IC and LL constraints. The
objective function is

05+ (1- 05— pn /B [R(y, 2a) — cJdH () — 3 p / R(n)dH (y)

C
n

where the IC guarantees that the repayment over B¢ = [0, y]\B will
be R(x,), hence independent of y. The solution is derived in two steps.
In a first stage 6 is taken as given and it is shown that:

Fa(zn) — On 93”") (1.17)

Blzn) = [o, e

24We follow the authors in introducing a discrete returns distribution; this is done
to avoid some technical difficulties.

25 As usual, we will use B to indicate the set of states where monitoring takes place,
hence given a certain realization y € [0, 7], if B(y) = 1 then y € B.
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R(y,zp) =0z, +(1—-0)y VYyeB (1.18)

That is, the verification region coincides with the bankruptcy region
and is a decreasing function of 6. In case of bankruptcy, the lender

seizes all available cash flows. In the second step the upper bound of the

Ri(xy) — Oxy

bankruptcy region z, = and 6 are determined.

At equilibrium, z, is independent of n, i.e. the extension of the bank-
ruptcy region is not influenced by the realization of the observable tech-
nology: there exists a sort of smoothing of the monitoring costs across
states. Furthermore, the equilibrium value #* turns out to be in the in-
terior of [0, 1], i.e. the entrepreneur always invests in both technologies,
and (1.17) implies that the optimal repayment in the non-monitoring
states is:

Ri(zp) = (1 —0%)z(0%;¢) + 0"z

where z(0*; ¢) is the equilibrium value for the bankruptcy threshold
given 6*. In terms of interpretation, R;(x, ) includes both elements of eq-
uity and debt contracts. The equity component is the term that depends
on the realization of the observable technology, 6*x,,. The payment to
debt-holders is identified with (1 — 6*)z(6*;¢) which is not contingent
on firms’ performance. Of course, due to the peculiar specification of
the productive technology, bankruptcy is defined as the event of firms
unable to repay their debt obligation. There can be cases when only
equity-holders perform monitoring, but still they cannot start a bank-
ruptcy procedure. These cases correspond to firms experiencing low re-
turns, which nevertheless avoid bankruptcy repaying their debt-holders.
Outside-equity holders cannot force bankruptcy even if they can use
other instruments to uncover information about the firm.

As a first attempt to extend the CSV approach towards mixed fi-
nancial structures involving debt and equity, this is still limited by the
strong assumption that equity emerges only when technological returns
are observable. In addition, the discussion about the positive effect of
combining alternative claims, in particular the fact that equity helps
reducing verification costs acting as a “collateral”, is based on the com-
parison between a costly claim with another one which is not subject to
any cost. If a cost could be associated to equity, for example following
the dilution cost paradigm, 26 then a more satisfactory theory of complex
financial structures could emerge.

?6See Myers and Majluf (1984).
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Such a dissatisfaction pushed towards alternative approaches, where
the cost of equity is explicitly considered. Hvide and Leite (2002) give a
possible explanation to the co-existence of debt and outside equity inside
an ex-post efficient mechanism, where both security-holders are subject
to an asymmetry of information with respect to the project realizations
and holding each claim is costly.

Debt is identified by the face value R € R4 and the right to perform
auditing; equity is taken as a linear proportion of firms’ revenues: £ = By
with 8 € (0, 1] together with the associated right to intervene. They
focus on the game at the renegotiation stage, when the borrower proposes
an R to debt-holders and an E to shareholders.

Each investor has the choice between accepting or rejecting the pro-
posal, with independent probabilities p(R) € [0,1] and ¢(E) € [0,1]
respectively. The possibility to play mixed strategies at equilibrium is
crucial to guarantee that the initial contract constitutes a SPNE. We
restate the main Hvide and Leite (2002) proposition, which defines the
optimal security:

Proposition 5 In equilibrium, R = R and E = ﬂgy — R) — cg with
p(.) =1, q(.) > 0 whenever y > R* and R=y—cp, F = FE = cp —cp,
with p(.) > 0 and q(.) constant whenever y < R*.

Equilibrium defines a threshold level R* above which debt obligations
are entirely fulfilled, equity-holders are residual claimant and accept the
new proposal with a positive probability, which increases with y. For re-
alizations of y below R*, debt holders refuse the proposed R and monitor
the realized state, equity holders will only participate for the proportion
Bcp of revenues.

A separation of control on entrepreneur’s report emerges at equilib-
rium: for high realization states the equity-holders discipline the firm,
while for low realizations the auditing mechanism of the CSV applies.

This new set-up accounts both for strategic default at equilibrium,
by which even if there are enough resources to satisfy debt obligations
the entrepreneur defaults, and for violation of the absolute priority rule,
which appears in the low-realizations region where in fact even if debt
obligations are not satisfied in full nonetheless equity-holders receive
some positive repayment.

It is important to notice that this approach concentrates on the analy-
sis of a subgame perfect equilibrium contract and therefore it focuses on
the robustness property of some given initial proposal with respect to
subsequent profitable deviations. Of course, this method wanders from
the security design approach we followed throughout these notes and it
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does not provide an answer to the question of why should firms strate-
gically choose mixed financial structures.

1.6 Auditing costs and bankruptcy

The main feature of the CSV framework is the idea that the ex post
asymmetry of information can be eliminated at some cost: the cost of
verification. This was originally interpreted by Townsend (1979) and GH
(1985) as a pecuniary cost in terms of utility losses that could depend
on states realizations and on the amount invested, no matter which of
the party had to bear it.

The role played by verification costs in this framework has been sub-
ject to two main remarks: auditing does not necessarily imply bank-
ruptcy, in the sense that a firm could in principle be inspected several
times before terminating her operations. Furthermore, empirical studies
show that auditing costs represent only a fraction of overall default costs.
27

The present section is devoted to the discussion of these two issues.
The first part aims at showing that repetition of the interaction could
overcome the identification of monitoring with bankruptcy and the sec-
ond suggests that it is possible to think of bankruptcy procedure as
involving the loss of valuable assets for the entrepreneur.

1.6.1 Optimal debt contracts in dynamic contexts

This paragraph will explicitly summarize the main attempts to represent
a dynamic interaction within the CSV literature, with the idea that
repetition can introduce a separation between auditing and bankruptcy.

We start referring to Webb’s (1992) work, where the basic distinction
between short term and long term contracts is in Hart and Holmstrom
(1987) we argue that long-term contracts derive from an inability to
costlessly verify contingencies. In particular, if output realizations are
not costlessly verifiable, a long-term contract may then be used to induce
truthful revelations that cannot be supported by a sequence of short-term
contracts. This leads to a saving of verification costs” (Webb (1992),
p.1113). He argues that a sequence of two short term standard debt
contracts cannot be the solution of a twice repeated CSV problem: it is

*"See again Hart (1995), p. 125.
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in fact Pareto dominated by a contract with contingent repayments in
the first period.

The main differences with the basic one-stage environment are the
following: each entrepreneur can select a project in each of the two
periods t = 1, 2; the project requires an initial investment K; and yields
random return y;.

A long term contract can be signed at t = 1. The entrepreneur is
free to sign contracts with competitive outside lenders at any point in
time. If a sequence of standard debt contracts is selected, then there
exists a threshold repayment level R; which the investor repays when
she is solvent and identifies the bankruptcy region in any period. Now, a
long-term contract implying contingent first period repayments together
with debt in the second period, improves upon a short-term sequence.
The reason is that the amount the entrepreneur will borrow in the second
period is inversely related to his first period net assets; therefore, since
the second period contract is contingent upon first period reported states,
having variable repayments in the first period can reduce the risk of
bankruptcy.

We want to remark that Webb’s result strongly relies upon the as-
sumption that the relevant IR constraints are recursive, that is they can
be written period by period.?® Actually, long term contracts require a
weaker IR constraint to hold: it imposes the lender to earn non-negative
expected profits across states. There exists an explicit improvement
when such a weaker IR holds: transferring utility across states is a fur-
ther source of reduction of the probability of bankruptcy. A numerical
example along these lines has been recently provided by Snyder (2001).

Chang (1990) considers a two-period CSV interaction subject to an
ex-ante IR constraint: we resume here his main assumptions and results.

At time zero the entrepreneur needs funds to finance an investment
of 1, which provides random returns y; at time one and ¥y at time two.
y; is distributed over [0,Y;) C Ry according to a distribution function
H,; for t = 1,2, y; and yy are by assumption independent. Both agents
are risk-neutral.

The verification cost function ¢; (z;) for ¢ = 1,2 is non decreasing
and smooth and x; represents the total value of the asset of the firm at
time t.

In this context a contract is simply a list K = [Bi(y1), Ri(y1),
Ba(y1,v2), Ra2(y1,y2)] , which prescribes a verification decision and a

Z8The author interprets this as a way to model market competition in each relevant
period.
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repayment for each period as function of the reported realizations for g,
and yp. %

Since agents are risk-neutral, we can refer to the dual problem and
minimize the expected verification costs under incentive compatibility,
individual rationality and limited liability constraints. The solution of
the problem is provided using optimal control techniques and when ¢s(.)

is strictly increasing, can be described as follows:3°

e when y; > Ri(y1) + R2(y1) all debt is repaid at date t = 1;

e when m < y; < Ri(y1) + Ra(y1) = M then Bi(y;) = 0 and the

borrower pays Ri(y1) = y1 and Ra(y1) = M — yi;

e when y; < m then Bi(y1) = 1 audit takes place and r1(y1) = y1
and r2(y1) = y2 = k < Ra(y1)

where Ra(y1) and r2(y1) represent the threshold values for the second-
period repayment as a function of first-period project’s realization re-
spectively when Bj(y1) = 0 and Bi(y1) = 1; m,k and M are positive
constants.

The optimal contract is therefore a standard debt contract with the
additional features that the firm is required to repurchase a minimum
amount of her liability before maturity (m) and she has the option to
pay up to M in the intermediate date. These can be interpreted as a
coupon and a call option , where the higher the repayment in the first
period the smaller the repayment in the second period with a consequent
reduction in the risk of bankruptcy. In terms of interpretation we also
want to underline that the optimal contract defines a region where de-
spite auditing takes place at ¢t = 1 the firm will continue operating until
the final period, it is not clear here. This is a first intuition to distin-
guish between auditing and bankruptcy and it sheds light on the need
for further investigation in this direction.

298pecifically, B: (yt,ys) is a binary variable representing the probability that ver-
ification takes place after the announcement(s) y: (and ys). Since no randomization
is allowed, B¢(.) can only take values {0,1} for every ¢ = 1,2. In particular, it takes
value one when bankruptcy occurs, where R:(y:, ys) is the payment to the lender at
t given the announcement(s) v (and ys).

30We will follow Chang (1990)) notation in writing the repayment functions with
capital letters when there is no verification and in lower-case letters when verification
occurs. Thus, Ri(y1) represents the payment to be given the investor in case of
no verification, Bi(y1) = 0, while r1(y1) is the repayment when verification occurs
Bi(y1) = 1. The same holds for Ra(y1,y2) and r2(y1,y2).
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1.6.2 Collateralized debt contracts

The literature on collateralized debt has recently provided an interpreta-
tion of the role of collateral as a potential substitute for verification cost
within the hidden information moral hazard framework: we will briefly
present the basic framework proposed by Lacker (2001) in the specifica-
tion with a perfectly divisible collateral good. The approach formalizes
the notion that collateral requirements act as repayment incentives, in
the sense that the borrower will have to surrender his collateral in the
event that payment cannot be made as promised. 3! The crucial con-
dition for the optimality of debt contract is that the borrower and the
lender have different relative valuations of the collateral good, in par-
ticular it is required that the borrower values this good more than the
lender.

The model is very simple: there are two dates t = 1,2, two agents j =
b,l and two goods ¢ = 1,2 where good 1 is the payment good and good
2 is the collateral good. Let us assume, without loss of generality, that
the risk-averse borrower (agent b) is endowed with a random quantity of
good 2 (y) and owns k > 0 units of good 1, while the risk-neutral lender
(agent [) has a known and constant endowment e of good 1. Agents meet
in the first period and contract upon the repayment due in exchange for
a loan advance, in the second period the random variable realizes and
agent b observes the realization: he can truthfully report it to agent [
or lie and claim a lower y. The lender cannot observe the realized y
but she wants to induce truthful revelation from the borrower. Here is
the role of the collateral: the contract prescribes that if the promised
repayment cannot be made, the lender can appropriate the collateral of
the borrower. Since the borrower values the collateral good more than
the lender, the optimal contract will minimize the expected value of
the collateral transfer subject to incentive compatibility and individual
rationality constraints. More precisely, a contract is defined as a pair
of functions of the states [R1(y), R2(y)] that represent the transfers of
good 1 and 2, respectively. The optimal contract can be found solving
the following constrained expected utility maximization problem:

3With this respect the collateral good has the same role as the “non-pecuniary
penalties” in the CSV model developed by Diamond (1984). He introduced the possi-
bility that even if it could not be possible for the lender to verify due to the extremely
high verification costs, there existed some "non-pecuniary penalties”, in terms of loss
of reputation of the entrepreneur for example, that could induce the borrower to
truthfully reveal the realized state. We will briefly discuss this item in Section 1.8.
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Problem 5

i / s (y — Ra () + ua(k — Ra(y))] A(y)dy

s.t. u1(y—Ri(y))+uz(k—Ra(y)) > ui(y—Ri(y'))+uz(k—Ra(y')) (IC)
V(y,y) € QxQ st. ¥ <y

/ e+ Ru(y) + muRo(y)] hly)dy > T (IR)
Ry (y) € [~.4] (LL)
Ry (y) € [0, k] (LL)

where we have assumed that u; with ¢ = 1,2 are the continuous,
strictly increasing and concave utility functions of the borrower for good
1 and 2; that the lender is a risk-neutral agent and p; is her marginal rate
of substitution between collateral and payment goods; h(y) is the density
function for the random variable i which is defined on the support 2 =
[y0,y1]. The constraints on Problem 5 are the incentive compatibility, the
individual rationality for the lender and the limited liabilities constraints,
respectively.

Definition 3 A collateralized debt contract is defined as a pair
[Ri(y, R), R5(y, R)] such that:

Ri(y, R) = min{y, R} Vy € [yo, 1]
R;(yv R) =0 ‘v’y € [Ra yl]
Ri(y,R) =k — g2 [ua(k) —uj(0)(R—y)] Yy € [vo, R)

where R is the contractual repayment of good 1. This contract im-
plies, for realizations of y greater than R, a constant transfer of good 1,
R, and none of good 2, while if y < R then the borrower will have to
transfer all of good 1 and part of good 2. It is also evident that the so-
lution to the examined maximization problem will provide the minimum
amount of transfer in collateral admissible under incentive and participa-
tion constraints. Let p*(y) be the coefficient of absolute risk aversion of
the borrower for good 1 and p;(y) and j; be the borrower’s and lender’s
marginal rate of substitutions between the collateral and the consump-
tion good, the main proposition for the optimality of collateralized debt
states the following:
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Proposition 6 If a collateralized debt contract [Rj(y, R), R3(y, R)] sat-
1sfies IR with equality and

<k (y) — "Wy (Y)e(y) Yy € [yo, vl

then R is the unique optimal contract.

When the borrower is risk-averse,3? the second term on the right
hand side of the previous inequality is positive, optimality of the debt
contract requires that the gap between the borrower’s and the lender’s
valuations of the collateral to be greater than p*(y)u; (y)¢(y), which rep-
resents the improvement in risk-sharing that can be obtained increasing
the collateral payment for state y while reducing the payment of good 1.
33 In other words, Proposition 6 can be interpreted as a lower bound on
pi(y) — pu, that is the gap between the relative valuations of the collat-
eral to the two agents, and since it depends on the coefficient of absolute
risk aversion, it shows that the smaller p*(y) the smaller the effect of
incentive constraint and the smaller the gain of giving the borrower less
collateral. When the condition on marginal rates of substitutions does
not hold, in each state there exists an allocation at which the marginal
rates of substitution of the borrower and the lender are the same and the
contract resembles a riskless debt. The incentive compatibility constraint
binds and the value of the repayment is constant over states.

1.7 Optimal contracting under ex-ante and ex-
post private information

This section discusses the optimality of debt financing when a more com-
plex structure of information is introduced.

There have been relatively few works suggesting a generalization of
the CSV framework to allow for ex-ante private information. The first
attempt has probably been provided by ? who built on the Stigliz and
Weiss (1981) intuitions, but the clearest analysis is in our view the one

32In the special case when the borrower is also risk-neutral, the relevant proposition
simply requires that u; < s, i.e. that the borrower simply values the collateral good
more highly than the lender. The optimal contract therefore is the one that minimizes
the expected deadweight loss due to the transfer of the collateral from the high-value
user to the low-value user.

33In particular, ¢(y) is a term which emerges in the optimization problem and
measures the value of resulting improvement in risk sharing. See Lacker (2001) for
details.
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recently suggested by Choe (1998), who formally introduces a mechanism
design set up. We will therefore briefly discuss his main results.

Let us start from the GH framework assuming that both the invest-
ment level and the auditing cost ¢; are fixed. Ex ante private information
is represented by the random variable z : Q@ — © = {6}, 6>} and it is
obviously correlated with gy : £ — R, describing the returns from the
project: the conditional distribution function will be given by H;. 3* The
following mechanism fully characterizes the lender-borrower relationship.

Definition 4 A mechanism is a collection (D, S,C, Fr, M, B, R) where
each element represents:

D ={0,1} the borrower’s decision of accepting (1) or rejecting (0)
the mechanism;

S the borrower’s space of signals;

C: S —{0,1} the decision of accepting (1) or rejecting (0) the
project;

Fr, - {0,1}  the lender’s decision of financing (1) or not (0) the
project;

M the borrower’s space of messages (reports);

B:Sx M —{0,1} the (deterministic) auditing region;

R:SxMxB(.,.)xY — R4 the transfer to the lender.

An important assumption for the following analysis is:

Assumption 4: H; dominates H» in the sense of first order stochas-
tic dominance; moreover [ ydH; > K +c1, [ydHy < K and p [ ydH; +
(1—-p) [ydHy > K +c1.

In other words, the borrower gets higher profits undertaking the
project only when 6] is observed rather than undertaking it regardless of
the observed signal. In the first case the borrower gets [ ydH; — K, while
in the second one p [ ydH; + (1 —p) [ ydHs — K and the latter identifies
the optimal Pareto-constrained allocation we want to implement.

Two general classes of mechanisms are considered:

e mechanisms with precommitment (MWP) where the lender chooses
his strategy over Fp, after the borrower has sent his signal on ex ante
private information, thus fr : S — FJ, is the contingent strategy;

e mechanisms without precommitment (MNP) where the lender moves
before receiving that message and his uncontingent strategy is given
by fr, € FT. 35

34 H; is the conditional distribution of ¥ given X = 6; with support [y1,y2] C R+.
35Notice that the borrower’s strategies remain the same in the two cases: (d, R, R")
wherede D, R :© —- Sand R": 0O x X — M.
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For the MNP the relevant solution concept is Perfect Bayesian equi-
librium suitable for signaling games, while in the MWP a complete infor-
mation game is played and the (Bayes) Nash equilibrium implementation
applies.

The principal’s expected utility maximization problem is subject to
the usual participation and limited liability constraints:

Condition 1 (LL) A mechanism satisfies limited liability if, for all (s,m) €
S x M and x € X, there is v € [y1,ys] such that:

R(s,m,B(s,m),y) < B(Svm)(y - Cl) + [1 - B(57m)]v if C(S) =1
R(s,m,B(s,m),y) < K if C(s)=0.

Individual Rationality guarantees that the borrower will always ac-
cepts the mechanism, i.e. d = 1, the lender will always finance the project
in case of precommitment, i.e. f;, = 1. The MNP will reduce to the array
(S,C, Fr, M, B, R) excluding D and the MWP to (S,C, M, B, R) where
both D and Fj, have been excluded.

However, given the structure of the problem there is an advantage for
both the lender and the borrower to play the game with precommitment.
In fact, if the lender could take the financing decision after receiving the
borrower’s signal and if he could correctly infer the type of borrower from
the received signal, he would never finance a project which belongs to
type 02, by Assumption 4, while the borrower would always prefer the
project to be started. In MNP it is not optimal for the borrower to send
a signal which allows the lender to separate between types: only pooling
equilibria can thus be sustained and the optimal Pareto constrained al-
location can never be implemented. 36 In order to reach this allocation
we will consider MWP and within this class of mechanisms, only those
supporting separating equilibria.

Lemma 1 For any mechanism with precommitment that has a pooling
equilibrium in which the project is chosen, there exists a mechanism with
precommitment that has a separating equilibrium and dominates it.

Applying the Revelation Principle (Myerson, 1979), we can restrict
our attention within the class of mechanisms with precommitment to
those direct mechanisms that allow for truthful implementation, in other
words we restrict to Incentive Compatible (IC) mechanisms.

36See Lemma 1 in Choe (1998), p.244.
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Lemma 2 For any mechanism with precommitment that has a separat-
ing equilibrium, there exists a direct mechanism with S =0 , M =Y
which has an equilibrium in which the borrower truthfully reports the ob-
served information signal as well as the return from the project. The
equilibrium payoffs for both agents in the direct mechanism are the same
as the equilibrium payoffs of the original mechanisms.

Given the two sources of asymmetric information, there will be two
different IC constraints: one for the truthful report of the information
signal and the other for the report of the project return. The restric-
tion to direct mechanisms allows us to describe the MWP with a triple
(B, R,r) where B represents the verification region, R the transfer to
the lender and r, with r < K is defined as R(0s,.,.,.) = r.

The incentive compatibility constraints (IC) are specified as:

e (IC) for truthful report of the information signal:

[t Rl B4 - B} > K -

K—r> /{y — Rly, B(y),y] — c1B(y) }dHy
e (IC9) for truthful report of the return on the project:
there exists v € [y1,y2] such that Vy,y':

Rly.B(y),yl=v  if B(y)=0

Rly,B(y),yl+c1 <v if Bly)=1,B(y)=0 and y> R[y,B(y),y].

Lemma 3 Being the mechanism a triple (B, R,r) we have to redefine
the corresponding IR and LL constraints, for the borrower (B) and the
lender (L) respectively:

p / (v~ Rly, Bw).y] — e\ B)}dHy + (1 - p)(K —1) >0 (IRp)

p / Rly, B(y).y)dHy + (1 —p)r — K >0 (IRp)

Yy,y'  Rly,B(y),y'] <[1-By)v+ By —c) (LL)

for some v € [y1, ya]
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The optimal mechanism is obtained maximizing the lender’s objective
function under IC7, ICy, the IR and LL constraints.

Given this structure, the IRp is implied by LL. This is clearly
an extension of the original GH framework and Choe’s result consists in
showing that whenever the project is undertaken, the optimal mechanism
has the SDC features, in particular:

Rly,B(y),yl=y—c and B(y)=1 ify <v
Ry, B(y),y] =v and B(y)=0 ify >v

Notice that any such mechanism having the SDC form satisfies LL
and ICy. An optimal mechanism (B, R, r) can be classified as a standard
debt contract whenever r can support (B, R) to meet the additional IC
constraint.

The following proposition states that the standard debt contract
(v,7) is a feasible mechanism: 37

Proposition 7 There exists a pair (v,r) € [y1,y2] x [0, K] satisfying
both ICY and IRy,.

The argument suggested by Choe to show the optimality of debt
relies on the property that a SDC minimizes the auditing region, the
existence of an r satisfying ICy is basically guaranteed by Assumption
4.

Proposition 8 If (B,R,r) is a mechanism with precommitment satisfy-
ing IC, IR and LL then there exists a mechanism with a standard debt
contract that satisfies the same constraints and dominates it.

Looking at managerial relationships, this setting prescribes that a
positive compensation should be guaranteed to the manager even when a
project is not undertaken. This type of compensation can be interpreted
as a golden parachute giving the manager an incentive to make an efficient
use of ex-ante private information.

1.8 Debt contracts and financial intermediation

Up to now we tried to argue that the CSV framework is the most appro-
priate way to analyze the optimality of debt contracts. Many important

37See Choe (1998), p.248.
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contributions tried to evidence how the basic predictions of CSV can
be compatible with the existence of financial intermediaries, too. Such
intermediaries perform different activities:

”(1) they issue securities which have payoff characteristics
which are different from those of the securities they hold
(2) they write debt contracts with borrowers (3) they hold
diversified portfolio (4) they process information. Also, they
ration credit in equilibrium which some would characterize
as an empirical fact, as do Stigliz and Weiss (1981)”. 38

We resume in what follows the main results obtained by Williamson
(1986). The basic aim of his work is to show that an equilibrium allo-
cation where financial intermediation activity is performed Pareto dom-
inates the direct lending allocation, under the assumption of so called
large scale investment project. The reason for a financial intermediary to
exist is to eliminate the duplication of monitoring activity which would
emerge in case of direct lending.

More formally, let us assume that every lender is endowed with one
unit of consumption good and thus the fixed outlay 7 > 1 to start an
investment can only be provided by ¢ lenders. The first step is to consider
the usual CSV environment when financial intermediation is not allowed.
The optimal allocation implemented by the standard debt contract will
guarantee the following expected utility for the direct lender:

R
Up(R) = /O y h(y) dy+ RO — H(R)) — cH(R) (1.19)

where y € [0,7], is the random return from the project, h(.) and
H(.) are the density and distribution function of y, respectively, ¢ is the
monitoring cost and R is the usual fixed payment in the debt contract.
The second step is to introduce financial intermediaries. It should be no-
ticed that intermediaries are here represented by groups of lenders who
write an identical contract with every entrepreneur they finance. Each
intermediary aims at maximizing his expected utility function issuing
financial claims to other lenders and lending 7 units of the unique con-
sumption good to every entrepreneur she is contracting with. 3 If an
intermediary is contracting with m borrowers, she will herself participate

3%Williamson (1986), p.161.

39This way of characterizing financial intermediaries is quite different from the
traditional Diamond (1984) one where intermediaries are conceived as specific agents
performing the classical delegated monitoring activity. It should also be clear that
Williamson is not dealing with coalitions of intermediaries @ la Boyd-Prescott, either.
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with her endowment and the amount mé — 1 will be raised from other
lenders. Under some regularity conditions on the relevant distribution
functions, each of the m optimal contracts signed between the interme-
diary and the m borrowers is a standard debt contract. It can be shown
that the constant repayment R received by j-th borrower (j = 1,...m)
solves the following problem:

Problem 6 B
Yy
m]gxi/ yih(y;)dy;
R
s.t.
R
/0 yih(y;)dy; + R(1 — H(R)) — (c/i)H(R) = r

In this problem, we let r to be the riskless interest rate paid on the
capital market. It turns out that the lender’s expected utility will be
U(R):

R
U(R) = /0 yh(y)dy + R(1 — H(R)) — (c/i)H(R)

which is clearly greater than Up(R) and leaves unchanged the utility
of the borrower. In other words, at any equilibrium (R*,r*, ¢*)40 direct
lending is dominated by financial intermediation: lenders who act as in-
termediaries are somehow producing information in a more efficient way.
This is clearly a positive result for the existence of financial intermedi-
aries. 4!

It should be remarked that the most popular work on financial in-
termediation under asymmetric information is probably the one due to
Diamond (1984), developed inside a CSV structure. As well known, the
main departure from Williamson’s framework stays in the introduction of
nonpecuniary bankruptcy penalties which replace the auditing activity
in inducing truthful revelation of the realized state; they are deadweight

4ONotice that 7* and ¢* are the market risk-less interest rate and the aggregate loan
quantity at equilibrium, respectively, and R* is the constant repayment in the debt
contract. An equilibrium with intermediation is defined by a triple (R*,r*,¢*) which

satisfies:
(i)  R” solves Problem 6

(i) ¢ =af ht)dt
(iii) either (a) ¢"=(1-— )i
or (b) ¢ <(l-a)iand1l—H(R")— (¢/i)h(R") =0.
4t is important to remark that we’re not dealing here with the issue of credit
rationing, that is a central part of Williamson’s analysis.
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losses at social level since the lender cannot appropriate them. How-
ever, the optimality of debt obtained by Diamond is not robust to the
introduction of borrower’s risk aversion, as Hellwig has recently shown:

The nonlinearity of the borrower’s utility function implies that the
nonpecuniary bankruptcy penalty that is required to discourage the
borrower from underreporting his ability to pay will itself be given by
a nonlinear function of the amount of underreporting.*?

This result provides a very strong argument in favor of the standard
CSV framework as the only foundation for the coexistence of debt and
intermediation. 43

1.9 Conclusion

The main objective of our discussion has been to isolate the conditions
under which the fact that it is costly for external investors to observe
project returns implies that debt is the optimal financial arrangement.
The argument has been developed in such a way to address several recent
qualifications to the Costly State Verification framework as presented in
Hart (1995). Our conclusion is that the simple one-period Gale and
Hellwig (1985) scheme has been significantly generalized to cope with
the fundamental critiques raised in the literature.

The last section of the work remarks that under some definite circum-
stances it is optimal for debt issues to be intermediated by institutions
identified with banks: Hellwig (2001) provides a careful restatement of
the coexistence of debt and intermediation.

Starting from these results, two streams of research can further be
explored.

The first one deals with a generalization of the logical structure
we’ve been describing up to now through the introduction of multi-lender
analysis, that is a potential requisite for decentralizing the contractual
allocation. We just mention here the very recent work by Khalil, Mar-
timort and Parigi (2002) building on common agency literature: one of
the most relevant predictions of this work is to recover optimality of debt

“2Hellwig (2001), p. 417.
431t should also be stressed that the collateralized debt approach presented in the
Section 1.6.2 is unaffected by Hellwig’s remark.
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contracts as a consequence of principals competing both in transfers and
in monitoring.

The second one is definitely more related to macroeconomic issues.
Given that under this asymmetric information structure Modigliani-
Miller’s theorem fails to hold, there is room for the CSV framework
to be used to analyze the interaction between economic dynamics and
firms’ capital structure.

This issue will be tackled in the next chapter.
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Chapter 2

Financial contracting along
the business cycle

Over the last few decades there has been a considerable resurgence of
interest in the hypothesis that a deeper understanding of the nature of
credit market imperfections may be helpful in characterizing economic
cycles. In this regard there have been several different approaches to
developing the original intuition of Gurley and Shaw (1955) that the
way in which agents finance their activities, interact with financial in-
stitutions, and choose their contractual arrangements is the main source
of economic fluctuations. A majority of these studies have followed the
approach most common in business cycle theories, where the economic
system is assumed to be intrinsically stable, and its dynamics might be-
come erratic and cyclical because of the impact of exogenous stochastic
shocks. These shocks, either monetary or real, may in turn crucially alter
firms balance sheets, thus limiting their access to financial markets.! In
contrast, a somewhat less popular research direction has analyzed com-
petitive economies where the presence of asymmetric information in the
market for loans is responsible for the existence of endogenous business
fluctuations. From this perspective the nature of financial markets is a
source of instability that prevents economic dynamics from gravitating
around its stationary position.?

!This is the reference framework of very influential works like Greenwald and
Stigliz (1986), Bernanke and Gertler (1989), Bernanke, Gertler, and Gilchrist (1996)
and Kiyiotaki and Moore (1997).

2In a series of contributions in the late 80s M. Woodford argued that the explicit
consideration of the imperfect working of financial markets could alleviate the lack
of empirical relevance of the cases of competitive economies exhibiting endogenous
fluctuations.
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In more recent years, a deeper representation of loan relationships,
i.e., an analysis of the allocations implemented by financial contracts, has
been conceived as a natural generalization and reinforcement of the latter
approach. One of the most important works in this direction has been
provided by Suarez and Sussman (1997), who show that, given a lender-
borrower relationship that is subject to moral hazard, liquidity effects
turn out to be the source of endogenous fluctuations in an economy where
financing takes place through both external and internal revenues. Since
firms’ efforts to subscribe to good projects is a decreasing function of the
amount of external financing, cycles may arise because of the dependence
of internal liquidity on prices. Hence during booms there will be an
increasing demand for external financing, with the main consequence of
amplifying moral hazard effects and this will induce recessions.?

The present essay adds to this literature, and hence departs from
traditional corporate finance theories, by suggesting the existence of a
relationship between business cycle fluctuations and modifications in the
structure of loan relationships. More specifically, we consider the case
where the form of the financial contract is dependent on macroeconomic
conditions, i.e., on equilibrium prices. In other words, asymmetric infor-
mation in the market for loans is still responsible for endogenous fluctua-
tions taking place in equilibrium, but we further argue that the business
cycle affects the nature of firms’ financing over time. As a result we
show that the debt-to-equity ratio in the overall economy will vary ac-
cording to the dynamics of aggregate variables. One should note that
this argument lies in contrast to pecking-order based theories of financing
(Myers, 1984) that explain the composition of firms’ external indebtness
by looking at the agency costs faced by entrepreneurs-borrowers under
asymmetric information.

For the task at hand we embed a simple two-period contracting prob-
lem into an economy & la Suarez and Sussman. More precisely, we con-
sider a competitive economy populated by an infinite sequence of over-
lapping generations of borrowers-firms which live for three periods and
produce only in the last two periods of their life. Borrowers hold a sto-
chastic production technology but do not have the resources to carry out
their investment projects. The amount of external financing issuance
is determined by a financial contract signed by each generation of bor-
rowers with a representative consumer-lender. If an optimal dynamic
contract exists, then at equilibrium young firms will issue repayments
that resemble equity, while old firms will have an incentive to finance
through debt arrangements. These alternative forms of financing will

3See also Reichlin and Siconolfi (2004).
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coexist in every period: the presence of a dynamic contracting issue is
responsible for such a coexistence, while the emergence of standard debt
as an optimal security comes from the introduction of a Costly State
Verification (CSV) problem. The main feature of our economy turns out
to be the interaction between the dynamic contracting problem and the
existence of finitely-lived firms. Such an interaction is the key to under-
standing the role of liquidity and the potential switching between debt
and equity financing in our economy.

The research closest to our theoretical model has been carried out in
several works by Boyd and Smith.* These authors defined a framework
that can allow for the co-existence of debt and equity financing in a one-
stage borrowing relationship. Additionally, they embedded such a con-
tractual structure into an optimal growth framework in order to explain
how there can exist an incentive for equity issuing in economic develop-
ment. The growth process is then entirely driven by investments in the
commonly available and observable technology given that the amount
invested in non-verifiable projects is kept constant at its physical maxi-
mum.

One should note that there are already a number of theoretical studies
that argue that macroeconomic conditions are an important component
of the debt-equity choice (see Levy (2001), for a survey). Moreover, a
growing mass of empirical studies is suggestive of the possibility that the
aggregate debt-to-equity ratio may exhibit counter-cyclical behavior. For
example, Choe, Masulis, and Nanda (1993) provide evidence that equity
is issued in an anti-cyclical manner, while Korajczyk and Levy (2002)
find that firms opt for debt rather than equity financing the lower the rate
of market return is. We set out to seek more explicit empirical support
for our theoretical result of a counter-cyclically moving aggregate debt-
to-equity ratio by examining historical data for the US. We indeed find
evidence strongly supportive of this.

The remainder of the chapter is organized as follows. Section 2.2
discusses the basic Suarez and Sussman framework. Section 2.3 presents
our extension of this model. Empirical support for our main finding
is found in Section 2.4. Concluding remarks are provided in the final
section.

2.1 The Suarez and Sussman economy

Suarez and Sussman (SS) consider a competitive economy evolving in
discrete time [t =0,1,2,...,00] and populated by two types of agents:

“See Boyd and Smith (1998) and Boyd and Smith (1999).
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entrepreneurs-borrowers and consumers-lenders. Two goods are exchanged.
The first one is the numeraire good, while the second is referred to as
coffee. Only the former can be invested. Commodities are exchanged
in a competitive market where the relative spot price of coffee p; is de-
termined. Coffee is the only produced good. Consumers are identical
and infinitely lived. In contrast, there exists an infinite sequence of
three-period living overlapping generations of borrowers. Entrepreneurs
have linear preferences with respect to the numeraire and cannot con-
sume coffee. Each generation of entrepreneurs consists of a continuum
of agents with unit mass; they have no physical endowment but they
hold a stochastic technology for the production of coffee. Production
can be activated by paying a cost consisting of one unit of numeraire
and the production process takes place during two periods: in the first
one Y > 0 is produced, while second period output is identified by the
binary random variable ¥ that can take the two values {0,Y} with prob-
abilities 1 — 7 and m, respectively. Production is subject to a standard
moral hazard problem: borrowers can take a costly hidden action (ef-
fort) that affects the output probability distribution.> More precisely,
borrowers’ effort is set equal to m, the probability of getting Y. The
disutility of effort is given by the continuous function 9 (7) : [0,1] — Ry
which is increasing, strictly convex and satisfies standard boundary as-
sumptions. The lender is allowed to exchange with every generation of
borrowers one unit of the asset he holds (the numeraire) with an activity
that will give him a repayment R;y; in period ¢ + 1 for every financial
arrangement signed in ¢ — 1. The entrepreneur born in ¢t — 1 offers a con-
tract that maximizes his expected payoff under the standard Incentive
Compatibility (IC), Individual Rationality (/R), and Limited Liability
(LL) constraints. If the feasible set is non-empty (so that an optimal
contract exists), then 7** = 7**(p;, pi+1) will be the optimal level of ef-
fort. Existence of an infinite population of borrowers of measure one is
postulated, so that the law of large numbers applies. Thus, the market
clearing condition for the coffee market in ¢ + 1 turns out to be:

(147 (pt, pe+1)] Y = D(pes1) (2.1)

where D(pg41) is the aggregate demand. Supply is provided both by
entrepreneurs born in ¢ — 1 and in £. At time t 4+ 1 the young entrepre-
neurs (i.e. the ones born in ¢) offer the amount Y of coffee, while the
incumbents’ supply is given by 7 (py, pi+1)Y . Equation (2.1) implicitly
defines a non-linear first order difference equation in p, that is there ex-

5That is, it has the effect of stochastically improving project’s returns.
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ists a continuously differentiable function g : Ry — R4 such that:
pr+1 = g(pr)-

SS show that g is monotonically decreasing on a definite region, the
necessary condition for existence of two-period endogenous fluctuations
is satisfied. Furthermore, in order for endogenous fluctuations to take
place it should be that ¢'(p*) < —1, where p* denotes the steady state
price level. This condition holding, the system will be oscillating between
recesston periods, when the price is low and the moral hazard problem
is more severe, and booms periods when borrowers have additional in-
centives to exercise effort and reduce the probability of a distress.

This prediction fully explains the role of liquidity in affecting the
incentive problem: a higher p; implies that firms become more liquid,
and therefore less dependent on external finance. Thus, they will raise
7w and the supply of coffee in period ¢ + 1, which creates the potential
for lowering py+1 increasing next period’s need of borrowing and so on.
As a consequence borrowers’ liquidity turns out to be a counter-cyclical
variable, and several scholars have strongly questioned the empirical rel-

evance of such a prediction.®

2.2 Debt, equity and the business cycle

The structure we discussed thus far constitutes one of the first attempts
to provide a general explanation of how asymmetric information in credit
markets may affect the dynamics of economic activity. In addition,
the presence of an incentive conflict is unambiguously responsible for
the existence of an endogenous reversion mechanism. Liquidity affects
entrepreneurs-borrowers economic decisions in sharp contrast with the
Modigliani-Miller argument that assigns a central role to net present
values.

We provide a further departure from this argument by characteriz-
ing the debt-to-equity ratio as an endogenous variable and relating its
dynamic behavior to business fluctuations. In order to account for this,
we allow for a more appropriate design of financial institutions, trying
to generalize the security design analysis. In other words, we restate the
finding that asymmetric information in credit markets is a source of en-
dogenous fluctuations, but introduce an argument in favor of endogenous
cycle theories: the nature and the amplitude of business cycle dynamics
affects the nature of financial arrangements.

Importantly, SS build their contract problem on three crucial assump-
tions: there exists moral hazard with hidden action, both lenders and

6See Reichlin (2004) among many others.
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borrowers are risk-neutral and subject to Limited Liability and the sto-
chastic realizations of output are identified by the binary variable {0, Y}.
The implications of these need to be considered carefully.

First, one should observe that the Limited Liability constraint for
the generation of borrowers born in ¢ — 1 forces the repayment R;1q to
take the form {0,z} where x is the unknown to be determined by the
contract problem itself. This kind of contract cannot be interpreted as
a well defined financial instrument: it is neither a debt, nor an equity,
given that it turns out to be (weakly) monotone over states, but is defined
over two states only. In other words, referring to such a simplified binary
structure prevents the proper design of a financial arrangement, the form
of the optimal contract being de facto determined by the working of
Limited Liability alone.

Moreover, even though Limited Liability is a sufficient condition to
induce monotonicity of the repayment functions when output is binary,
monotonicity cannot be easily predicted in a more general setting. The
result has been shown by Innes (1990) and the basic intuition is straight-
forward: whenever lenders cannot observe effort, then the outcome re-
alization will be interpreted as a signal of borrowers’ action. The re-
payment will therefore be high (taking the form of a punishment) when
output is low and viceversa. That is, we get a live or die contract. Un-
der bilateral risk neutrality the only way to avoid such an uncomfortable
result and to predict a debt-like optimal contract is to explicitly assume
monotonicity through the introduction of a monotonicity constraint on
repayments.7

In order to allow for more robust predictions on the nature of financial
relationships, we hence modify the basic representation of asymmetric
information. The most recent research on financial contracting has made
significant steps in showing how the so called Costly State Verification
(CSV) paradigm can constitute a solid foundation for debt contracts.
The basic, one-stage CSV structure refers to situations where symmetric
information is assumed at the time of contracting: stochastic returns
from a project can be observed at no cost by borrowers only, that is, we
have ez-post private information. Borrowers are assumed to report their
private information through a message. Lenders can verify the state only
through the performance of a costly auditing activity.

In an influential paper, Gale and Hellwig (1985) showed the optimal-
ity of debt contracts in this framework. More recently, Krasa and Vil-
lamil (2000) provided general conditions for the optimality of debt when

"The role of this constraint is of course played by Limited Liability in the {0,Y}
case. Some rationales for the introduction of this constraint are briefly discussed in
Innes (1990), p.50.
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limited commitment and stochastic auditing are allowed.® At the same
time, Hellwig (2001) has restated the conditions ensuring co-existence of
optimal debt contracts and intermediaries performing a delegated mon-
itoring activity under CSV. In other words, he defined a set of sufficient
conditions that ensure at the same time optimality of debt contracting
and optimality for debt to be intermediated by banks.

Though the present work does not discuss in detail the properties
of the CSV apparatus, it tries to develop a simple dynamic contracting
structure allowing for debt and equity financing to co-exist at equilib-
rium.”? It is important to recall that the basic CSV framework is already
allowing for a form of equity financing: insiders hold all the equity, with
the consequence that only internal equity is considered.'® A departure
from the benchmark CSV environment becomes necessary if we want to
account for the role of outside equity investors:

This sort of capital structure does not look much like that em-
ployed in the United States or most other developed nations.
In particular, major corporations typically have a large class
of outside equity holders who are not necessarily any better in-
formed than debt holders.!!

We try to develop these intuitions in the following pages.

2.2.1 Technology and information

We keep the focus on the interaction between a representative lender and
an infinite population of measure one of three-period living overlapping
generations of entrepreneurs-borrowers. In order to avoid considering
risk sharing issues, bilateral risk neutrality is assumed. We also paral-
lel SS in constructing a discrete time, two-good economy, where only
one good is produced; we let p; for t = [0,1,2,...] be the price of this
good. Borrowers have exclusive access to a stochastic technology that is
productive for two periods. Technology has the following characteristics:

8Krasa and Villamil results may overcome the issue raised by Mookherjee and Png
(1989), among others: whenever stochastic auditing is preformed, then debt will not
emerge as the optimal security.

9A more general evaluation of the most recent developments in CSV schemes in
the light of the traditional critiques moved to those constructions (and summarized
in the Hart’s 1995 book) is proposed in Attar and Campioni (2003).

10That is, funds owned by borrowers and directly invested in the project are ex-
changed for a residual claim that has an equity form.

"Boyd and Smith (1999), p. 271.
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Assumption 1: Production takes place with a stochastic linear
technique in each period. One unit of numeraire at ¢ — 1 is transformed
into y units of the final good at period ¢ and z units of the final good at
t + 1. Both y and x are continuous random variables with the continu-
ous distribution functions G(y) : [0,y] — [0,1] and F(zx) : [0,Z] — [0, 1].
In addition, we have that x and y are independently distributed and
g = [J ydG(y) is greater than & = [’ xdF ().

Assumption 2: The investment is perfectly divisible. Borrowers
born, say in ¢ — 1, are allowed to choose their amount of investment in
the project i;—1 € [0,7] C R+.

Assumption 3: Both agents have access to a deterministic (storage)
technology, giving one unit of the consumption good for any unit of the
numeraire invested.

We consider penniless entrepreneurs. In order for production to be acti-
vated, borrowers should hence rely on external loans. For every borrower
born in ¢ — 1 external finance is obtained through a financial contract
that specifies the investment made in ¢ — 1 and the amount of numeraire
repaid to the lender in ¢ and in t+ 1, respectively. The next two assump-
tions define the characteristics of information.

Assumption 4: The information structure is such that y is fully
observable by the two parties, whereas second period realizations are
observable by borrowers only. The lender can become informed of the
true state through the performance of a costly auditing activity. Thus,
a standard Costly State Verification problem (CSV) arises in the second
production period.

Assumption 5: Auditing costs are a well behaved, increasing, and
strictly convex function of borrower’s investments. We define the audit-
ing cost function as (i) : [0,7] — Ry, with 4/ > 0 and 4" > 0. In
particular, we restrict our analysis to the quadratic case v(i) = ai?, with
a> 0.

Assumptions 4 and 5 imply that both the lender-borrower relation-
ship and the nature of the implementation problem are different from
those tackled in the SS economy.

2.2.2 Consumers

In order to focus on the alternative representation of financial arrange-
ments that we are suggesting here, we adopt the same representation of
consumers as SS. Two types of consumers are introduced in the analysis.
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First, there is an infinitely-lived, representative consumer-lender with
quasi-linear preferences with respect to the numeraire good. He de-
mands the amount ¢; of the consumption good and the amount b; of the
intermediate good in each period ¢t. At the same time, he offers the loan
amount ;.

His behavior can be hence stated as follows:

o)
max Et Z(bt+s =+ U(Ct+s>) (22)
{Ct7bt}t=0,1,2,.u 5—0
s.t.
bt + DiCt + it =e+ Rtfll.tfl for t= 1, 2, (23)
by >0, ¢ >0 (2.4)

where R;_; is repayment that the consumer received at time ¢t — 1 acting
as a lender for each unit of credit issued, and e is his endowment of the
numeraire good.

We will henceforth assume that u : Ry — IR is strictly increasing
and strictly concave.'> We also follow SS in restricting our attention to
interior solutions of (2.2)-(2.4), so that lenders demand for the consump-
tion good in period t will be given by ¢;=D(p;), with D'(p;) < 0 for
every .

Borrowers are assumed to have linear preferences with respect to
the numeraire good and their discount factor is set equal to one. This,
together with the risk-neutrality assumption, makes the time of their
consumption decisions irrelevant; we will hence focus on borrowers who
only consume in the last period of their life. One should notice that the
aggregate demand for consumption good in each period t is raised by
lenders only.

Thus, each lender can exchange with borrowers born in ¢ — 1 one unit
of the safe asset he holds (namely, the numeraire) with an activity that
will give him a repayment in any of the two production periods ¢ and
t + 1. The nature of this exchange is properly described by a financial
contract.

12For simplicity reasons, we also assume that u(.) is concave enough to guarantee
convergence of the infinite sum in (2.2).
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2.2.3 Financial contracting

A financial contract signed by a borrower born in ¢ — 1 defines the allo-
cation of resources that will be delivered as repayments to the lender in
periods t and t+ 1, denoted R; and Ry, 1, respectively, together with the
amount invested in the stochastic technology ;1. Moreover, a contract
should specify a set of states where auditing is performed. Observability
of y allows to write contracts that are conditional on first period real-
izations, while lenders strategies should be specified conditionally on the
message m € M C R4 sent by borrowers once they have observed z.

The general mechanism involving a representative consumer-lender
and an entrepreneur-borrower born in ¢t — 1 is given by:

= [it—lv Ry (y)’ M, Rt-i—l(m’ y)’ At-i-l (y)] (2'5)

where M is the borrower’s message space, A;y1(y) € M is the set
of audited reports and Byy1(y) is its complement. Observe that we are
restricting to the class of deterministic auditing schemes: for any given
message m € M auditing is either performed with probability one or not
performed at all. We do this on the grounds that we believe that the
most recent work in the CSV literature has shown how this hypothesis
can constitute a reasonable simplification.!?

Events take place in the sequence described in Figure 2.1.

The contract y realizes and x realizes,
is offered the repayment the borrower sends m € M,
R; is issued Ry is issued, and

contracts are executed

Figure 2.1: Timing of the lender-borrower interaction

The simple nature of the dynamic interaction enables us to restrict our
attention to the subset of direct mechanisms, that is to the set of mech-
anisms where the message space and the state space coincide. We are
thus able to set M = [0, z] without loss of generality.*

13See again the discussion in Attar and Campioni (2003).
Given that a contract can be written conditionally to first period realizations,
then there are no incentives for renegotiation. In order to ensure that the Revelation
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The security design problem is defined by the maximization of the
expected utility of the borrower (who designs the mechanism) over the
set of feasible mechanisms. Given Assumptions (1) — (6), every optimal
contract chosen by a borrower born in ¢ — 1 is a solution to the following
problem:

y
Mraw it—1 / [pty — Re(y) + /A (P17 — Rg1(,y)) dF (z) | dG(y)+
0 t+1

iy /0 ’ /B (1 = R (2,) dF (@)dG L)

s.t.

Ri(y) € [0.py]  for each y € [0,7] (2.6)

Rivi(z,y) € [0, per17 + pry — Re(y)] for each y € [0,3]  (2.7)
Riy1(2,y) = Rea(y)  for each y € [0,9],Ve € B (2.8)

Rii1(y) > Riga(z,y) for each y € [0,y],Vz € Arpy (2.9)

[ |+ [ (Renstoa) = 0= ) artaracin) | +
Y
—i—/ Rii1(z,yn)dF (2)dG(y) > 1 (2.10)
0 JBiy1

The Limited Liability constraints (2.6) and (2.7) rule out the possibil-
ity of negative consumption for borrowers in both periods. In particular,
the second period constraint (2.7) embeds the additional liquidity com-
ing from retained earnings. The same caveat holds for the second period
Incentive Compatibility constraints (2.8) and (2.9). The former imposes
that when verification does not happen, then repayments of date two will

Principle holds it is sufficient to assume that the parties are committed to contractual
prescriptions.
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be independent of the reported cash flow, while the latter states that in
verified states it is unfeasible for the borrower to give back the fixed
repayment R;11(yp). Constraints (2.8) and (2.9) taken together consti-
tute a necessary and sufficient condition to induce borrower’s truthful
revelation at equilibrium.'®

Auditing costs are paid by the lender who has access to a compet-
itive capital market where the interest rate is normalized to zero. The
Individual Rationality constraint guaranteeing lender’s participation to
the mechanism is given by (2.10) and has been written down in per-unit
V(1)

-1
costs per unit of consumption good invested in the stochastic technology.

We characterize the solution through backward induction, applying
the results of the one-period CSV to the last stage of the game.!” We
first show that the repayment issued in the second period takes the form
of a standard debt contract (SDC), that is:

terms.'® The magnitude = aiy_1 defines the amount of auditing

e Repayment is fixed over non bankruptcy states.

e When bankruptcy takes place, then the lender recovers the whole
amount of the project and the borrower becomes a residual claimant.

Proposition 9 Any feasible contract I' is dominated by a contract im-
plying: Riy1(2,y) = prr1z+pey — Ri(y) Vo € Apga, Vy and Ryqa (7, y) =
Rip1(y) Vo € Bigq, Vy.

Proof. The second part of the proposition is implied by (2.8). In order
to complete the proof we proceed in three steps.

First we argue that the optimal contract predicts the auditing re-
gion to coincide with the bankruptcy region. That is, if the array
[Ri+1(y), Rit1(x,y), Arr1(y)] is part of an optimal contract, then we
should have:

A1) ={z :p1x+py — Ri(y) < R (y) }

Now, if pr12+pry — Re(y) < Req1(y), then Ryy1(z,y) < Rey1(y) by
(2.9).

'5A formal derivation of Incentive Compatibility constraints in the form of (2.8)
and (2.9) is proposed in Townsend (1979).

16 That is, both sides of (2.10) have been divided by s_.

"Existence of economically meaningful solutions for a more general version of our
Problem 1 has been already shown by Chang (1990).
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The other direction is proved by contradiction: if Ry41(z,y) < Rit1(y)
implied pyr12 + piy — Ri(y) > Ryy1(y) on an interval C; C A1, then
two cases would be possible:

o Riyi(z,y) = Reya(y); then pry1x+pry — Re(y) > Riqa(w,y), violating
(2.9).

o Rip1(x,y) < Riy1(y). In this case we can define a new feasible triple

[R2+1(?J)a R2+1(93’?J)»A2+1(y)] such that A} = A1/ {Ci} and
R 1 (x,y) < Rip1(z,y), so that borrower’s payoff is strictly greater.'®

The last step is to show that mazimum recovery takes place in bank-
ruptcy states: for every x € Ay;y1 optimal contracting implies that
Ri+1(y) = piy1z + pry — Ri(y). That is, the lender gets the entire
proceeds from the investment.

Finally, in order to complete the proof, we remark that the lender’s
Individual Rationality constraint is binding at the solution. As a conse-
quence, the borrower’s objective function becomes:

it—1 |(ped + Py — 1) — /oy/A MdF(x)dG(y)

1—1

Then, every feasible contract {R;4+1(y), As+1} is dominated by the
(feasible) contract I = { R} 1 (y), A1} with R} 1 (y) = prs12 + pry —
Ryi(y) Vz € A} ;. T/ minimizes the extension of the bankruptcy region'?
and, at the same time, it increases borrower’s payoff. m

Proposition 9 implies that:

Aps1(y) = [0,6(y)]. oly) = Tenn®) - ﬁ(y) Y

2.11)

The extension of the auditing (bankruptcy) region is negatively cor-
related with consumption good prices. This defines a liquidity effect: a
rise either in p; or in py41 makes the borrower less dependent on external
finance reducing the probability of a default.

Relying on second period equilibrium and plugging the Individual
Rationality constraint into the borrower’s objective function, the original
problem can be rewritten as:

18 A precise formulation for R’ has been for instance suggested in Gale (2001).
9Given that borrower’s consumption is protected by Limited Liability, the bank-
ruptcy region cannot be reduced further.
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Y
‘ Maz (g + prrz — 1) — / / aiy—1dF(x)dG(y)
it—1,Re(y),Re+1(y) 0 JA
(2.12)
s.t.
Ri(y) € [0, pry] for y € [0, 9] (2.13)

/y / / (e + pey = Rilly) — aii_y) dF (2)dG y)+

/ / Rust ()dF (2)dG(y) =

The problem is reformulated as the minimization of last period bank-
ruptcy (auditing) costs under the Individual Rationality and the first
period Limited Liability constraints. We are hence left with a concave
program which solution can be characterized in a standard way. The
relevant Lagrangian will therefore be:

(2.14)

b(y)
(Pty + peat — 1) — / ai;_1dF (z)dG(y) | +
0

o(y)
Ri(y) + / (pesrz + pey — Ruly) — aip_1) dF ()
0

Yy
0

dG(y)+

+ p[pey — Re(y)]

] T
A /0 /¢ B F@aG() -1

For every t, necessary conditions for optimality are the following:

OL _ o\ \_ NPV 20, SO [pyyrx + pey — Rey) dF (2)dG (y)
Bi—r ai?_y J{ [ dF(2)dG(y)
(2.15)
oL ¢(y)
L ooy z’tl)/ 20y 1dF(x) = (2.16)
OR; 0
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oL ) 1 )
DR 0= (A+it-1) [(_M)alt—lf((b(y)) +A[1=F(é(y)] =0
(2.17)
w =0, wlpey — Re(y)] = 0 (2.18)

] 7 ro(y)
/ Ri(y)dG(y) + / / (pesrz + pry — Roly) — aior) dF(2)dG(y)+
0 0 0

Yy x
+ /0 /¢ B )F @Gy =1 »
2.19

where NPV = pyg+pi+12  is the net present value of the investment
project.

Optimal contracts are hence identified by a system of five non-linear
equations in the five unknowns: A, p, it—1, Re(y), Rer1(y).

One should observe that A > 0 holds, given that the lender’s Indi-
vidual Rationality binds. As a by-product, we have:

7 roy)
NPV — / / 2941 [pt+1a; + Pty — Rty] aii—1dF(z)dG(y) > 0
0 0

(2.20)
and ;1 > 0. From (2.17) we also get:

1= Flo(y) - =)

Given equation (2.16), we get that g > 0: we are hence concerned
with a corner solution for Ry(y).

In the present setting the choice over the dynamic structure of re-
payments is therefore rather trivial since the borrower always has the
incentive to give back the entire first period outcome (with the lender
becoming the owner of the firm). This prediction is a direct implication
of having assumed symmetric information in the first period: as a con-
sequence, there is no room for an incentive cost of repaying in the first
period. We also remark that (2.16) implies:

>0 (2.21)

Ri(y)=py Yy el0,7] (2.22)

That is, the repayment issued at period ¢t by borrowers born in ¢t — 1
will take an equity form. The decision faced by a borrower born in ¢t — 1
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whether to repay in the first or in the second period defines the amount of
(external) equity and debt he issues in t and t+1, respectively. Given the
overlapping generations structure of firms, debt and equity will co-exist
as alternative forms of external financing in each period.?°

The relative composition of securities issued at equilibrium will be
affected by the behavior of prices and costs over time.

A first step in understanding the properties of equilibrium dynamics
is the analysis of the responsiveness of investments to consumption’s
good prices. Implicit differentiation enables us to state the following:

Proposition 10 For every t, optimal contracts predict i;—1 to positively
Oig—1 _ Ol4—1 s
Opit1 O

depend both on p; and on pey1. Furthermore, we get

every t.
Proof. The proof is given in the Appendix. =

A profitability effect takes place: higher prices induce a raise in the
marginal profitability of investments in the random project. Beyond this,
the proposition implies that entrepreneurs’ investments are more sensible
to last period prices. This happens because a raising p;y1 induces a
contraction in the bankruptcy region on top of the increase in monetary

I‘GVGHU.GS.21

2.2.4 Intertemporal equilibrium and dynamics

At the stage of defining a market clearing condition for the consumption
good in t + 1, we should take into account that in each period two
generations of producers are actually active: those born in ¢ and those
born in ¢t — 1. They offer the amount § and & of the consumption good,
respectively. The consumption good market clearing condition for ¢ 4+ 1
will therefore be:

it—1(Dt, Pi41)% + 1t (Deg1, De2)9 = D(pig1) (2.23)

This equation implicitly defines a relationship among equilibrium
prices. That is, there exist a continuously differentiable function q(p, pry1) :
]R,JrJr X ]R,++ — ]R,JFJr such that:

20We remark that equity financing could take the form of either internal equity,
that coincides with the entrepreneurial wealth invested in the project, or of external
equity identified by the amount of repayment that turns out to be strictly monotone
in output levels.

21Given (2.22), the extension of the bankruptcy region will depend on p41 only.
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P42 = Q(ptapt-i-l) for every t (224)

In other words, the sequence of market clearing prices corresponds
to the solution of a second order and non-linear difference equation.

The first step in the analysis of the dynamical system (2.24) is to check
whether a stationary solution exists. That is, we should verify the ex-
istence of a fixed point p of the ¢ function such that p = ¢(p). If there
exist such a p, then:

it-1(p, p)% +it(p, )§ = D(p) (2.25)

The right hand side of (2.25) is increasing in p and the left hand

side is decreasing in p, then, once the boundary value D(0) has been

properly defined, there must exist a p € R4 that satisfies (2.25). One

should also notice that, for the steady-state equilibrium to be economi-
cally meaningful, it should be:

Pty +pi12 —1 >0

for py = pri1 =p.
That is, the investment project should have a positive net present value.

Given two initial conditions on final good prices, the behavior of the
solution of the dynamical system (2.24) can be investigated considering
the correspondent planar system of first order difference equations. We
represent (2.24) with the family of dynamical systems vi11 = Q(vy, k),
where vy = (24, p) and z = pyy1. Also, k = (2,9) € Ry ? is a vector of
parameters indexing the system. Under our assumptions it is possible to
state that a period-two cycle exists:

Proposition 11 The system vy 1 = Q(vs, k) with Q : Ry?2 x K —
R.2 with assigned initial conditions admits the existence of period dou-
bling (flip) bifurcations in a sufficiently smooth neighborhood of the non-
hyperbolic equilibrium (p,k) where p is the stationary solution of the
system parameterized in k.

Proof. We explain here how period doubling fluctuations may take place
in the economy.
We start from the system:

it—1 (Pt Pe4+1)Z + 9 (P41, Pe+2)Y = D(Ppeg1)

We transform this second order non linear equation into a planar
system. We define z; = p,1 and we are left with:
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{ t—1 (e, 26)T + e (2e, 2e41)0 = D(2)
Pt+y1 = 2t

Observe that the first equation implicitly defines the function m :

. . om
zi+1 = m(z, pe) and, given our previous results, we have that 0 <0
Pt

om .
and — < 0. Then, we can approximate the dynamics of the system
2t
around its stationary solution looking at the corresponding Jacobian

Matrix:

om om
J = 82,5 8pt
1 0

and evaluating it at p = p. Thus, we get that the trace of matrix
is negative and its determinant is positive. That is, J has two negative
eigenvalues; they are:

N m?2 + 4m,, N, = e vm?2+4m,
1= ;o A=

2 2

with

/\1,)\2 <0 and A1 > Ao

We also introduce the following notation:

Qi1 . iy T(4 Oy . Oiy_1
Opt Opey1 Opty2  Opey1

=
I

S(9)

with T > S for every (&, y) array, from Proposition 1. It follows that:

2T +9S — D' (pr41) xS
m, = — — and my = ——
yT yT
In order for a period-two cycle to take place the parameters £ and 3
should be such that the eigenvalue A5 lies on the boundary of the unitary
circle. That is,

D/(thrl)

Furthermore, the eigenvalue A2 should cross —1 for small changes in
the array of parameters. We consider small variations in & to get:
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m

© ok Ok

The eigenvalue is hence a monotone function of & and this completes
the proof. m

Oy 1 om, om, omy
or 2 [ Bx: ( 2

ﬂ = (S=T)j—2T+ D (pr1) <0

We have restated the well known finding that the presence of cyclical
dynamics is induced by asymmetric information in loan relationships.
This can be easily shown if we think of the first best as the allocation
implemented when auditing costs are set equal to zero. In this case the
investment level will be set to 7, independently of the price structure.
Then, (2.23) will be an equation in p;y1 only and the market clearing
equilibrium will be associated to a stationary outcome. Thus, existence
of credit market imperfections turns out to be a necessary condition for
endogenous fluctuations to take place at equilibrium.

The liquidity effects emphasized in Proposition 1 are the basic sources
of business fluctuations. Consider the entrepreneurs born in ¢ — 1 and
those born in ¢; if p,y1 increases, then both generations will raise their
investment levels. On the other hand, the final good demand D(p;41) is
declining. To guarantee equilibrium in the final good market for period
t + 1, a sharp decline in psy9 is therefore needed. This finally brings
about a net contraction in the amount of credit ¢; issued to "young"
entrepreneurs.

A relevant feature of business fluctuations is therefore that whenever
the relative price of the final good is low, then aggregate supply is mostly
provided by young entrepreneurs, while the opposite happens in a high
price regime. In other words, the following corollary of Proposition 11
holds:

Corollary 1 Assume that a period-two cycle takes place. Then, the t+1
final good supply Oy1 = it—1(pe, pey1)® + i¢(pes1, pey2)y will be lower
than the t +2 supply Ogro = it(Per1, Per2)® +itr1(Pero, Per3)y whenever
Di+1 > Pt

Proof. It is enough to observe that in a period-two cycle i1 = 4441
and ¢ = i;42. We can therefore rewrite:

Ot41 — Opyo = (lg—1 —9) &+ (g — 14—1) § = (-1 — @) (T —7) <O

]

We therefore have that a high price regime will be accompanied by ex-
pansions in the availability of loanable funds and it will be followed,
given the time-articulated structure of production, by an expansion of
the consumption good supply.
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2.2.5 The debt-to-equity ratio

When period-two cycles occur, we can further characterize the repayment
dynamics and make explicit the role of financial institutions in economic
fluctuations. This allows us to examine the behavior over time of the
aggregate debt-to-equity ratio. In particular, we will relate the behavior
of the debt-to-equity ratio to the dynamic evolution of final good out-
put. This follows from the fact that external financing is needed in the
production of final good only.

Keeping the focus on period ¢t + 1, we let Vt(il be the amount of credit
that is issued in the form of debt by the generation of borrowers born in
t —1 and V& be the amount of numeraire used to finance investments
through equities in the same period that in our framework is entirely
provided by entrepreneurs born in . The debt-to-equity ratio defines
the proportion of firms that issue equity with respect to those that are
issuing debt in the same period.

In particular, we have:

V{L =1 (1 — pe9)

where i;_1p+y is the amount of credit repaid in the form of equity by
firms born in t—1 when they are in the first period of their life.?? Observe
that V¢ turns out to be a counter-cyclical variable: if t + 1 is a low-
price, expansionary period, then debt financing declines for two reasons.
First, because of the contraction in the demand for credit raised in the
deflationary period t — 1 and, second, given that the per-unit amount of
investment that is going to be debt-financed, (1 — p;y), will also be low.

Let us now consider equity financing for period ¢t + 1. We have that:

V& = b1y
The dynamic behavior of V¢ cannot be defined in a straightforward way:.
Suppose there is an expansion in t+ 1. Then, those firms that are issuing
equities in ¢ 4+ 1 must have raised a high credit demand in ¢t — 1. On the
other hand, the amount of credit that is going to be equity financed
in t + 1 depends on current period consumption good prices, that turn
out to be low. Thus, for the overall amount of equity financing to be
pro-cyclical we should have V5 ; > V. That is:
it Pt

Uyl Dit1

22We remark here that V%, is defined net of bankruptcy costs that are assumed to
be paid by lenders.
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If the volume of credit fluctuates more than the composition of credit,
then equity financing should positively co-vary with final output.
Finally, the aggregate leverage for period ¢ + 1 will be:

_ |8 i1 (1= peg)
Ot+1 = 70 — - -
t+1 UPt+1Y
Whatever the path followed by V¢, the debt-to-equity ratio exhibits a
counter-cyclical dynamics. In particular, it turns out that the component
of equity financing is more responsive to price fluctuations than the debt
one. The following corollary describes the behavior of the aggregate
leverage o:

Corollary 2 Suppose that a period-two cycle takes place and consider

every period t + 1 such that pgr1 > pe. Then, the t + 1 aggregate leverage
v i1 (1 — pid

O] = o _ % it ]A)ty) will be higher than the period t leverage

i UPt+1Y
V;d
O't == 78 .
Vi

Proof. To have o471 > oy it should be:

(it+1)2 o (= pe1f) prin
it (1 —ped) pe

The inequality is satisfied if:

(1 = pes19) perr < (1 — ped) o

which corresponds to

(Pt +pe41) g > 1 (2.26)

Given that we are restricting to steady state equilibria where the Net
Present Value of the investment project is always positive, thus guaran-
teeing that (2.26) always holds. m

One should note that period t leverage turns out to be low in the ag-
gregate because the equity financed young firms raise funds when prices
and profitability are high, whereas the opposite happens in ¢ + 1. This
confirms several recent findings about the impact of "equity market tim-
ing" on capital structure (Baker and Wurgler, 2002).
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2.3 Empirical evidence

Our theoretical model predicts that the aggregate debt-to-equity ratio
should move counter-cyclically. As noted in the introduction there is
already some existent tentative empirical evidence that may support this
fact. For instance, in his survey of the literature, Levy (2001) notes
that debt issuing tends to be counter-cyclical, while financing through
equity is generally pro-cyclical for firms. Also, Choe, Masulis, and Nanda
(1993) provide evidence that equity is issued in an anti-cyclical manner.
Perhaps the strongest support comes from the study of Korajczyk and
Levy (2002). Estimating a probit model of debt versus equity choice of
financing using firm level data, the authors discover that firms opt the
more for debt financing the lower the rate of market return is.

In this section we set out to seek explicit empirical support for a
negative relationship between the aggregate debt-to-equity ratio and the
business cycle using data from the US. To this end we use the quarterly
series of the debt-to-equity ratio for the non-farm non-financial corporate
business sector available since 1952 taken from the Board of Governors
of the Federal Reserve System "Flow of Funds Accounts", where debt
refers to total value of credit market instruments and equity is measured
at its total market value. The non-farm non-financial corporate busi-
ness sector includes all private domestic corporations as well as holding
companies, S-corporation and real estate management corporations, but
excludes corporate farms and financial institutions. One should note that
this branch of economic activity accounts for over half of all net private
investment in the US economy and at least two thirds of business borrow-
ing; see BoG (2000) and Tyler (2001). The information used by the Fed
to construct this data are taken from securities markets reports, industry
trade association releases, commercial bank reports of conditions, finance
company surveys, and the Quarterly Financial Report for Manufactur-
ing, Mining, and Trade Corporations Survey published by the Bureau of
Census. Finally, as an indicator of the business cycle we construct real
GDP growth rates from quarterly Real GDP series obtained from the
US Bureau of Economic Analysis.

We plot the quarterly debt-to-equity ratio and GDP growth rate series
simultaneously in Table 2.1 where the Grey curve denotes GDP growth
rate and the debt-to-equity ratio is depicted in the black curve. Ac-
cordingly, the debt-to-equity ratio was relatively low from the start of
our sample period until the early 1970s, but then rose substantially to
peak in the mid 1980s. While it has been since then mostly on steady
decline, more recently there appears to be an increasing trend towards
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Table 2.1: The US Debt to Equity Ratio and GDP Growth Rate

utilizing debt-to-equity financing in the non-farm non-financial corporate
business sector. More importantly from the perspective of the current
essay, however, one needs to consider whether the movements in the
debt-to-equity ratio may be related to the business cycle as measured by
the GDP growth rate. In this regard the patterns in Table 2.1 seem to
suggest that the aggregate debt-to-equity ratio indeed moves negatively
with the GDP growth rate, both in terms of individual peaks and general
movements.

While the visual examination of the data is indicative of a counter-
cyclical nature of the aggregate debt-to-equity ratio, clearly this needs
to be subject to tests of a more rigorous nature. We thus proceeded to
estimate the following empirical equation:

4 4
or=a+Y BiGDP_GRATE, ; w+» 6;Qi+ XTIME_TREND;+¢
i=1 1=2
(2.27)
where oy is the aggregate debt-to-equity ratio at t, GDP GRATE is
the GDP growth including potential lags to allow for non-contemporaneous
effects, TIME TREND is a time trend, ) consists of a set of dum-
mies to allow for seasonal effects, and is a random error term with the
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usual properties. An important aspect for proper inference from (2.27)
is the underlying assumption that o, follows a stationary process and
we thus proceeded to test this using a number of standard Dickey-Fuller
and augmented Dickey-Fuller tests. However, in all cases there was no
evidence to the contrary and we thus proceeded to estimate (2.27) using

standard OLS.

) [} (]} 5] 1]}
GDP_GRATE B Tag 2 G45 2T 2T SET
(137 (1452 (1.463) (1.476) (1.517)
GDP_GRATE(1) 2 43¢ 2049 1572 1985
(145 (1.524) (1.559) (1,545
GDP_GRATE() 4275 053 0,763
(1.460) (1.536) (1551
GDP_GRATE(3) 598 .58
(1.47%) (1.543)
GDP_GRATE() 1245
(1.481)
TIME_TREND 0001+ 0,001+ 0.001 = 0,00 =+ 0,001 =+
(0000 (0,000 (0.000) (00007 (0000
01 00m 0.005 0.004 0,006 000
(0.0%7) (0.0%7) (0.037) (0.067) (0,05
0?2 0010 0015 0.0 0014 0012
(0057 (0057 (0.057) (0.068) (0,055
03 000 000G 0002 Eiliiy) 0008
(0.0 (0037 (0.037) (0.067) (0,035
Obs. 12 711 210 209 05
F-Test 365 3,52+ 509 2 T2 2 564+
R-squared 0,05 0.0% 0.10 010 010

MNotes: (1) Standard Farors in Parantheses, (23 *** ** and * agnify one, five, and ten
per cent sigt ficanece levels.

Table 2.2: Regression Results

The results of estimating (2.27) are provided in Table 2.2. As the lack of
significance on the coefficients on the quarter dummies indicates, there
is no systematic seasonal component to movements in the debt-to-equity
ratio. In contrast, the positive and statistically significant estimate on
the time trend suggests that since the early 1950s the debt-to-equity ratio
has been rising over time. More importantly, however, we find that the
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GDP growth rate enters negatively and significantly into the estimated
equation, suggesting, in support of our theoretical prediction, that the
use of debt relative to equity as a means of financing in the non-financial
private sector rises in economic downturns, but falls when the economy
recovers. For instance, the estimated coefficient indicates that a one
percentage point fall in the GDP growth rate will reduce the debt-to-
equity ratio by 0.037. We also investigated whether there where lagged
effects arising from business cycle movements on the debt-to-equity ra-
tio by systematically including lagged terms of the GDP growth rate
in the remaining columns of Table 2.2.23 As suggested by these, the
counter-cyclical effect persists beyond the contemporaneous effect. How-
ever, firms’ financing choice between equity and debt responds relatively
quickly, so that adjustments to economic shocks are usually completed
within a quarter of occurrence.

2.4 Conclusion

We provide new support to the idea that the structural malfunctioning
of the credit market might cause in persistent fluctuations in the level
of economic activity. The main feature of the economy turns out to
be the interaction between the dynamic contracting problem and the
existence of finitely-lived firms and this interaction provides the key to
understanding the role of liquidity and the potential switching between
debt and equity financing in our economy. Specifically, we find that the
debt-to-equity ratio in the overall economy will vary counter-cyclically.
Historical Data from the US does indeed provide empirical support for
this result.

Nonetheless, an important issue still arguably needs to be tackled:
the present framework does not allow yet for any sort of equity issuing
cost.?* This induces two unpleasant consequences: equities are issued up
to their physical maximum and, furthermore, we cannot explain the use
of equity financing in projects that generate unobservable cash flows. A
formal development of this issue can be conceived as the next step of the
present research.

ZWe also experimented with including various lags of the dependent variable, but
these turned out to be statistically insignificant.

241t is well known that in the Myers and Majluf (1984) study the informative cost
of equity plays a determinant role in defining the pecking order of financial choices.
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2.5 Appendix

Proof of Proposition 10 in the text.
We first have to show that at every optimal contract:

Oir—1 Oit—1

>0, >0 fort=1,2,... A2
Opt+1 Opy (42)
We consider the system (2.15)-(2.19) recalling that p > 0 implies
R
pry = Ry(y). Then, we have that ¢(y) = L(y)
Pt+1

By considering (2.15) and (2.17) together we get:

2
NPV—Zaitle(Rt“)} [1 — ey g By | L) p By Ry
DPt+1 Pt+1 Pt+1 DPt+1 Pt+1 Pt+1
(2.28)
- . Ry B Ry
Let us denote K1 = NPV — 2ai;_1 F( ) and Ko =1 — F( —
R Pi+1 Pe+1
ai—1 f(—1). From (2.20) and (2.21) we have that K, > 0 and Ky > 0;
Pe+1
equation (2.28) can be hence rewritten as
2
R R
1 O p et p By g
Pt+1 Pt+1 Pe+1
The Individual Rationality constraint turns out to be:
Ry
i Di+1 : Ripiy| _
Pty + Pt (Ptr17 — pry1aiz—1) dF(x) + Ryyq |1 — F( P~ )| =0
0 t+

(2.29)

The optimal values of 4;—1 and of R, are the solutions of the system
of non-linear equations (2.28)-(2.29). The system has the form:

{ 91(%t—1, Rey15 06, De+1) = 0
92(i¢—1, Riv150, Pe41) = 0

where g1 (.) and g2(.) denote equations (2.28) and (2.29), respectively.
Implicit differentiation allows us to write:

i1, 1 [ g2 g1 Og1 0Og2

=(—— — 2.30
Opt ( A7 |ORyy1 Opy ORyy1 Opy (2:30)
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8it_1 _ (_i) 892 8g1 _ 891 (3g2 (2 31)
Oprs1 A7 |OR110pry1r ORpt1 Opria '
where A is the determinant of the Jacobian matrix of our non-linear

system. We can straightforwardly conclude that:

1 992 992 g2
——)>0, >0, — >0, >0
( A) OR 1 Opy Opt 41
and
dgn dg og
0, 2% < o, >0
OR 1 Opy Opi41

As a consequence, A2 holds.

In a next step, we emphasize that for every & € [0,Z) there exist
Oig—1 _ Oig—1
>
ODt+1 Opy

an open neighborhood of ¢ centered on & where . If we

consider & = ¢ implicit differentiation gives us:

(%-1 B 8it—1> _ g2 { g _391]_ g { 992 _892] =0
apt—H Opy aRt—H 3Pt+1 Opt aRt—‘,—l 8pt+1 apt( )
2.32

A continuity argument guarantees that the result goes through for
all {g: |y — 2| <€}, withe>0. m
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Chapter 3

Incentive schemes with
multiple principals

3.1 Introduction

The literature on competing mechanisms studies strategic interactions
where a set of players, referred to as principals, compete in the design
of incentive schemes offered to another set of players, called agents.!
A crucial assumption of the analysis is that the mechanisms offered by
each player cannot be contingent on those offered by the others. This
makes this set-up different from the traditional applications of mecha-
nism design to standard generalized principal-agent models (see Myerson
(1982)).

There has been a great interest in the recent years for a theoretical
assessment of such situations. Understanding the relationship between
incentives and competition has become a major issue in contract theory
and it appears to be a necessary step to extend traditional macroeco-
nomic schemes to markets where information is not perfectly distributed
among agents. 2

The first aim of the present chapter is to present a simple set-up that
could encompass the most recent studies in the literature on games with

IThis essay elaborates on the three former works "Common agency games with
separable preferences" (coauthored with D. Majumdar, G. Piaser and N. Porteiro),
CORE-DP 2003-102, "Pure strategy and no-externality with multiple agents: a com-
ment" (coauthored with E. Campioni, G. Piaser and U. Rajan), CORE-DP 2004-50,
and "Negotiation and take-it-or-leave-it in common agency: a comment" (coauthored
with G. Piaser and N. Porteiro), mimeo University of Roma.

2In the same way, the relationship between markets and contracts has been inten-
sively investigated in recent studies in General Equilibrium theory (for a discussion
see Bisin and Gottardi (1999)).
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many principals and many agents. In the particular situation where
a number of principals is competing in the presence of a single agent,
the framework developed in this chapter delivers a general version of a
common agency game.

Common agency games refer to a scenario where multiple principals
compete over the contract offers they make to a single agent. It involves
the following timing: principals act as mechanism designers and simul-
taneously offer contracts to the single agent. In a next step, the agent
chooses her preferred alternative, contracts are executed and the equilib-
rium allocation is implemented. The study of such contractual situations
is receiving great attention in the recent literature. Examples include:
Biais, Martimort, and Rochet (2000) who analyze non-linear pricing in-
teractions in financial markets, Parlour and Rajan (2001) who study the
competition among lenders offering non-exclusive credit contracts. Ap-
plications to lobbying are presented in Dixit, Grossman, and Helpman
(1997), while Bernheim and Whinston (1998a) develop an analysis of
exclusive dealing agreements.>

The situations where principals compete in the presence of many
agents have not yet been intensively investigated from a theoretical per-
spective. In an influential paper, McAfee (1993) introduced a frame-
work to study auctions where multiple sellers compete over the mech-
anisms they are offering to buyers. More recently, Prat and Rustichini
(2003) have stressed the theoretical relevance of multi-principal multi-
agent games in political economy, labor economics and industrial orga-
nization.

In very general terms, we can say that the literature on competing
mechanisms has focused on two core issues: the characterization of the
set of equilibria of multi-principal multi-agent games and the study of
their efficiency properties.?

This chapter tries to contribute to the first research direction. Defin-
ing a general device to characterize equilibrium outcomes of games where
principals compete through mechanisms in the presence of many agents
is still an open issue.

Given that none of the principals has the whole control of the commu-
nication among other players, we are outside the domain of application

3In the terminology introduced by Segal and Whinston (2003), these contributions
can be seen as different bidding games.

4Surprisingly, there are still very few results concerning existence in the literature:
Laussel and Le Breton (2001) and Berkok (1990) study existence of Nash equilibria
in common agency games with complete and incomplete information, respectively,
while Prat and Rustichini (2003) show existence of pure strategy equilibria in a multi-
principal multi-agent game with complete information and contractible actions.
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of the standard Revelation Principle (Myerson (1979), Myerson (1982)).
Furthermore, several examples have been recently developed (starting
from the seminal one of Peck (1997)) to show that whenever multiple
principals are considered, it is then possible to construct communica-
tion schemes which corresponding equilibrium outcomes cannot be re-
produced by simple Incentive Compatible mechanisms, that are called
"direct" by analogy with the single principal case. With some possible
conceptual inconsistency, this finding is usually referred to as a failure
of the Revelation Principle.

Section 3.3 will examine the issue in greater detail, trying to con-
tribute to this research direction in the specific context of common agency
games.

Yet, in order to provide clearer intuitions about equilibrium char-
acterization in multi-principal games, a further topic should be inves-
tigated: what loss of generality is involved in the restriction to simple
mechanisms? In other words, is it possible to say that equilibria in the
restricted class of "direct mechanisms" survive to the possibility that
principals might adopt more sophisticated communication mechanisms?
Equilibrium outcomes satisfying such a requirement have been called
regular (Epstein and Peters (1999), Martimort and Stole (2002), Peters
(2003)). Some contributions managed to show that every pure strategy
equilibrium of a common agency game where principals are restricted to
use direct mechanisms is in fact a regular equilibrium.’? This argument
has usually been used to provide some support for restricting the analysis
to equilibria of simple "direct" mechanism games (Martimort and Stole,
2001).

When multiple agents are introduced in the framework, then the
literature has not offered yet any insight in terms of equilibrium charac-
terization. The last section of this chapter provides a detailed discussion
and suggests some new results.

3.2 Multi-principal multi-agent games

We consider a scenario where there are N principals (indexed by i € N =
{1,2,..., N}) contracting with J agents (indexed by j € J = {1,2, ..., J}).

Agent j’s type 67 is drawn from the set ©7 according to the proba-
bility distribution F7 that is common knowledge.® Individual types are

®See Peters (2003).

6 At this point we would like to stress that no assumption is needed on the finiteness
or the non-finiteness of ©7. This is to emphasize the fact that an agent’s type represent
only her idiosyncratic nature. In particular, ©’ can be considered finite for every j.

74



assumed to be independent random variables: we denote ©=x 3-7:1 Sy
and we let F'=x 3]:1 FJ be the relevant probability distribution over ©.7
Each principal 7 is allowed to choose an action in the set A(Y;), i.e.
the set of lotteries that can be generated over the set of deterministic
allocations Y;. An allocation can be, for example, monetary transfers,
tax rates, prices, or quantities, depending on the particular interpretation
of the model. Every agent j can take the unobservable effort decision
e/ € EJ and the action h/ € H’ that all principals can contract upon.
We denote the vector of efforts as e = (e!,e?,...,e’) € E = ><3]:1 EJ
and the vector of actions as h = (h',h%, ....h7) € H = szl HJ. For
simplicity, we take the sets H/ and E’ to be finite for all 4 and j.
Each principal can hence write contracts that are contingent on the array
of actions h € H chosen by agents. In addition, non-contractibility of e
introduces a standard moral hazard problem.

Players have expected utility preferences. Agent j’s payoff is given by
the von Neumann-Morgenstern utility function U7(y, e, h,67), and for
each principal i the payoff is given by V;(y, e, h,0).

We consider a simple structure for communication games under incom-
plete information. FEach principal independently communicates with
agents selecting a communication process or mechanism. A mechanism
chosen by principal 7 is constituted by a message space M; and an al-
location rule that associates a (stochastic) outcome to every array of
messages and of contractible actions chosen by agents.

Allocations are determined in the following way. First, every principal
selects and offers a mechanism; mechanisms are public, in the sense that
they are observed by all agents. In a next step, each agent simultaneously
sends a message to each principal and takes her action decisions. More
formally, principal ¢ chooses a relevant message space M7 € M for each
agent j, where ./\/lf is the set, that we assume to be finite, of all feasible
message spaces he could choose to receive communications from the j—th
agent. We also define M; = x/_, M.

Given M;, an allocation rule chosen by principal ¢ is the map:

mi: M; x H— A(Y;)

This assumption, in fact, would rule out the possibility of including private market
information in the agent’s type space as it is done in Epstein and Peters (1999).

"The assumption of independent types has been made for expositional purposes.
Correlated types can be embedded in the analysis as long as the distribution of ©7
conditional on a realized © 7 varies continuously with © 7 (Epstein and Peters (1999),
p. 123).
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With some abuse of notation, we call 7;(y;|m;, h) the probability distri-
bution of y; conditional on the received array of messages m; € M; and
on the observed vector of agents’ actions h € H.

A pure strategy for principal 7 is therefore to design the stochastic mech-
anism (M;, 7;). We often write o; = (M;, 7;) € X; where ¥; is the (finite)
set of feasible mechanisms for principal 7. That is, ¥; denotes the i-th
principal strategy set and we let Sy = x(X;)X; be the collection of all
these sets. One should observe that a pure strategy for the principal can
involve the choice of lotteries over allocations.®

In multi-principal multi-agent games, the behavior of each agent j de-
pends on both her type #7 and on the public mechanisms (ai)f\il offered
by all principals and observed by all agents. The dependence of the mes-
sage m; sent to principal i on other principals mechanisms differentiates
this setting from the standard single principal one where only valuations
matter. That is, at the stage of contracting with the ¢« — ¢th principal,
agents possess private information about their own preferences and about
the contract offers they are simultaneously receiving from all the others

—1 principals. The latter is usually referred to as market information:

When firms compete by choosing mechanisms, followed by consumers
choosing firms, the type refers to the initial information about each
others’ characteristics, which we call the initial type, and the new
information consumers have about the mechanisms chosen by firms.?

Thus, a pure strategy for agent j is given by the map:

o) 0 x Xy — MI x EV x HY

where M7 = xfil(Mf ). That is, after observing the whole array of
offered mechanisms, each agent j is simultaneously choosing an effort
level ¢/ € E7, an observable action h? € H7 and an array of messages
m? € M7, one for each principal. One should note that each j — th agent
is choosing one contractible action h? for all principals. We also denote
37 the (finite) strategy set for agent j and we let ¥/ = x 3-]:123.
Agents’ participation decisions can be directly introduced in the analysis.
One possible way would be to consider the choice of every j — th agent
to accept the contract offer of each i — th principal as a binary non-
contractible action.!”

8There is a subtle distinction between mixed strategies and random mechanisms
for principals, as clarified by Peters (2001).

9Peck (1997), p.2

10See, for instance, Epstein and Peters (1999).
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The time structure of the interaction is provided in Figure 3.1.

Each principal ¢ Each agent j
announces his chooses the Payoftfs
mechanism (M;, m;(.)) tuple (m?, h7,e?) are implemented
| | | >
I I I o
1 2 3 t

Figure 3.1: Timing of the generalized game

We can hence define the multi-principal multi-agent game with in-
complete information G:

G = [ENaZJv‘/i(yaeah79)aUj(yae7h70j)7Fa @] (31)

Our analysis focuses on the set of pure strategy Perfect Bayesian equi-
libria of the game G.

We first consider agents behavior. For every given array of mecha-
nisms chosen by principals (o1,09,...,0n) € Xy, the strategy profile
(Jj*)jzl constitutes a continuation equilibrium in the subgame played
among agents if none of the agents has an incentive to unilaterally de-
viate from either the reporting decision m/* or the action decisions e’*
and h7*. That is, 07* is part of a continuation equilibrium if for each

9° € ©%, for each (0;)Y,, and for each M it maximizes:

[ v (ne e w00 [am sl 7 0] (67 dy
Y Jo-i

for every j =1,2,...,N.
More precisely, we say that the array [(aj*)le, (of )fvzl} is a Perfect
Bayesian equilibrium (PBE) of the game G if:

o (07%) }.]:1 is a continuation equilibrium of the game played among agents
for every given array of mechanisms chosen by principals;
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e Given that all principals but the ¢ — th one are choosing the mech-

anism array o, = (Mii,ﬂ'ii) and that agents behave according to
the continuation strategy (aj *);.]:1, then the mechanism o} chosen by

every principal ¢ maximizes his expected utility:

/Y /@ Vi (i yir € () B (), 0wl (), B () (yilm™ (), h* ())dF (6) dy

where m*(.), €*(.), and h*(.) denote the agents’ best replies to the array
of offered mechanisms.

At this point we would like to remark that the main assumption im-
plicit in the literature on competing mechanisms is that only one-sided
communication is considered. In other words, principals are not allowed
to provide agents with any private information over allocations. As a
consequence, none of the players (and, in particular, none of the princi-
pals) is able to generate a communication system that could coordinate
the decisions of the others. This makes the relationship between the
competing mechanism literature and the traditional mechanism design
approach (Myerson (1982), Myerson (1991)) quite puzzling. Some re-
cent researches have also emphasized this point, explicitly considering
the need to introduce an additional contracting stage before the game G
is played.!!

As a matter of fact, the framework we have introduced here encom-
passes most of the multi-principal multi-agent schemes recently intro-
duced in the literature. In particular, Prat and Rustichini (2003) study
a game where many principals compete on simple transfer schemes they
offer to a set of agents who are allowed to take a fully contractible ac-
tion (that is, E = {(}) and should pay some additively separable cost
of exerting it. Peters (2004) considers a complete information scenario
where agents are only allowed to take unobservable actions and have to
participate with all principals. A pure incomplete information game is
analyzed by Yamashita (2004). Once again, all these works do not con-
sider the possibility for principals to send messages (recommendations)
privately observed by agents.

Importantly, for an arbitrary collection of strategy spaces (E N, 2 ), the
multi-principal multi-agent game G may be intractable. Many theoret-
ical works have tried to define some devices useful to characterize the

'1Gee for instance Jackson and Wilkie (2005).
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(possibly very large) set of equilibria of the game G. In analogy with the
single principal analysis, a natural starting point has been to consider
the notion of “direct mechanisms.” It is important to remark that this
notion has originally been introduced having in mind a single principal

12 and the extension to the multi-principal case turns out not

scenario,
to be straightforward. Once again, we adopt here a definition of direct
mechanisms that embeds those used in the literature.

In direct mechanism games the messages received by every principal ¢
from the j —th agent must belong to the type set ©/. That is, in a direct
mechanism MZJ = O for every i = 1,...,N and for every j =1,...,J.
An allocation rule for principal 7 in a such a game is defined by the map

ﬁ'@':

In a direct mechanism game, we can hence denote 6; = 7; a pure strategy
for principal 7.
Agent i’s behavior is described by the pure strategy:

AN . . ‘ .
&7:(2i> x 0 — 07 x BV x H’
i=1

Given these restrictions on players’ strategy sets, we can define the
corresponding direct mechanism game Gp in the following way:

GD — [(iz)f\ilv (Ej)}]:h ‘/;(yu 67 h7 9)5 U] (ya 67 h’7 0])7 F) @ (32)

where (3;, ij)l'eNJeJ are players’ strategy spaces.

When games with pure incomplete information are considered (i.e. when
both H7 and E’ are empty sets for all j = 1,2,...J), the notion of
Incentive Compatible direct mechanism is a straightforward extension of
the notion developed for the single principal case. A direct mechanism
is Incentive Compatible if mf = #J for every i, that is, if agents’ message
strategies consist in truthfully revealing their type to all Principals.

If one considers games with complete information where agents are
assumed to take actions, then the standard notion of Incentive Compat-
ibility is more cumbersome to apply, since the concept of "obedience" is
not well defined when there are many principals. Most of the literature
on competing mechanisms simply ignores this issue by assuming that
principals are not allowed to send any recommendations to agents.

12Gee for instance Dasgupta, Hammond, and Maskin (1979).
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A relevant number of studies have recently tried to investigate the
relationship between the set of equilibria of the game G and that of
a simpler game where principals’ strategies are restricted in the way
defined above. Most of the theoretical work in common agency models
emphasized the existence of equilibrium outcomes in the general game
that cannot be reproduced in the corresponding direct mechanism game.
As we already said, these results are usually presented as failures of the
Revelation Principle in common agency games.

Several devices have therefore been suggested to get a full charac-
terization of equilibria in that class of games. The next section tries to
contribute to this line of research.

3.3 Common Agency games with separable pref-
erences

3.3.1 Introduction

This section studies the applicability of the Revelation Principle in com-
mon agency games.

To give a picture of the scenario we refer to, let us consider the
example of a single borrower entering into contractual agreements with
more than one lender, say lender 1 and lender 2. The payoff to the
borrower depends on the contracts for both lenders, that the borrower
accepts. As a consequence, at the stage of acceptance, the borrower while
contracting with one lender takes into account the contracts offered by
the other one. Examples of such contractual situations are many in the
literature.

One important issue in this class of problems is the study of com-
munication mechanisms between the principals and the agent. In the
classical one-principal one-agent (or multi-agent) problem, the study of
such communication mechanisms is simplified by the celebrated Reve-
lation Principle (Gibbard (1973); Myerson (1979)). By the Revelation
Principle, every state-contingent contract induced by the Bayesian Nash
Equilibrium of a communication game is generated by a Bayesian In-
centive Compatible direct mechanism. In such scenario, the relevant
private information for the principal is only the agent’s “type”. When
more than one principal contracts with one agent, generally, such simple
direct mechanisms do not reproduce all the equilibria of the underlying
communication game.
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The main rationale behind the failure of the Revelation Principle
can be summarized as follows: at the stage of contracting with any
principal the agent’s private information involves both her type and the
mechanisms simultaneously offered by all the other principals. Direct
mechanisms are too simple as principals cannot profit from the extra
information held by the agent.'?

The most recent literature offers two alternative ways to face this
difficulty. On the one hand, Epstein and Peters (1999) show that in
multi-principal-multi-agent problems it is possible to construct a wuni-
versal type space that embeds all the agents’ private information: with
respect to this space the Revelation Principle is still valid. In the same
line, the recent work by Pavan and Calzolari (2003) introduces a Markov-
ian Revelation Principle for common agency games. It is possible to re-
strict without loss of generality to mechanisms implying agent’s truthful
revelation of her extended type, including agent’s private information,
as well as all the payoff-relevant decisions contracted with the multiple
principals. The main difficulty with these general solutions is the ana-
lytical complexity of the relevant mechanisms and types that limits their
applicability to common contracting problems.

On the other hand, Peters (2001) and Martimort and Stole (2002),
instead of looking at the relationship between indirect and direct mech-
anisms when multiple principals compete, emphasize how the payoffs
supported by general indirect mechanisms can be as well supported as
equilibria in the class of games where principals strategies are menus
over the relevant alternatives. That is, they suggest an extension of
the so-called Taxation Principle (see Rochet (1986)) to a multi-principal
framework: this amounts to substituting a potentially rich set of mecha-
nisms with a simpler one, where the agent is not required to strategically
reveal her private information.

Relatively less attention has been devoted to the definition of domain
conditions that guarantee the Revelation Principle to hold in common
agency games.' The present section explores such a research direction
trying to identify conditions on agent’s preferences that are sufficient
for the Revelation Principle to hold when principals compete through
mechanisms. Our condition is a separability requirement on the agent’s

13For examples of multiprincipal games in which the Revelation Principle fail,
see Peck (1997); Epstein and Peters (1999); Peters (2001) and Martimort and Stole
(2002).

"4 This line of research has originally been suggested by Martimort (1992).
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preferences with respect to the contract offers made by the various prin-
cipals. To be more precise, what we require is that the agent’s preference
ordering over the contract offers by one principal should not depend on
those made by the others. If the requirement is satisfied, then every mes-
sage sent by the agent to principal ¢ will not depend on the contract offer
she is receiving from principal j. This enables us to reestablish the Rev-
elation Principle. When the relevant environment is one of incomplete
information (pure adverse selection), the above condition is sufficient
per se. The situation differs when the agent takes a non-contractible ef-
fort choice (i.e., if we add to the problem moral hazard considerations).
In this case we need to strengthen the condition by requiring that the
agent’s preference ordering over the contract offers of any principal is
independent of the non-contractible actions taken by the agent herself.

Finally, the case in which the agent’s action is contractible is particu-
lary interesting. Restricting to a scenario where agent’s actions are fully
observable allows us to isolate the external effects induced by competi-
tion over contracts. A relevant portion of the common agency literature
has been built in a setting of complete information where the action
taken by the agent is fully contractible for every principal. This is, in
fact, the reference framework of traditional works, like Bernheim and
Whinston (1986b); Dixit, Grossman, and Helpman (1997); Bernheim
and Whinston (1998a); Laussel and Le Breton (1998) and Laussel and
Le Breton (2001). With respect to this class of games, we are able to
show that a separability requirement is a sufficient condition to restore
the Revelation Principle. Importantly, most of common agency mod-
els belongig to this class satisfy our separability condition and thus any
equilibrium supported by indirect mechanisms can be supported through
direct mechanisms as well.

It worth noting that no restriction on principals’ preferences is intro-
duced throughout the analysis. That is, the Revelation Principle can be
supported even if we allowed for direct externalities among principals.

To our best knowledge, an approach close to ours has only been fol-
lowed by Peters (2003), who developed a similar intuition. His work
is however focused on common agency games where the agent’s private
information does not affect her preference order. As a consequence, in-
complete information is not an issue in his analysis. When considering
contractible actions, Peters (2003) obtains a condition for the validity
of the Revelation Principle that requires both the absence of direct ex-
ternalities among principals, and a separability condition on the agent’s
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preferences. Our analysis shows that, in fact, only the second require-
ment is needed and the re-establishment of the Revelation Principle does
not depend on any restriction over principals’ preferences. Thus, our
contribution, by generalizing Peters’ results, can be applied to a wider
range of games where the validity of the Revelation Principle could not
be previously assessed.

3.3.2 The model

We consider a scenario where there are a number of principals (indexed
by i € N ={1,...,n}) contracting with one agent (denoted by index, 0).
The agent’s type is drawn from a set © having a probability distribu-
tion F'(.) that is common knowledge. We maintain the assumption that
the agent takes the observable action h from the set H and the non-
contractible effort e from the set E. Each principal 7 controls allocations
in the set Y;.

The payoff to principal i € {1,... N} is represented by the vNM utility
function V; : XgpenYr X E X H x © — R,. For the agent the payoff is
represented by the function U : XgenYr X EF X H x © — Ry

For the sake of expositional clarity, we follow the literature in com-
mon agency games and assume that principal i’s set of feasible message
spaces M; is a singleton for ¢ = 1,2, ..., N. This allows us to consider the
array of message spaces (My, Ma, ..., My) as given. As a consequence,
a mechanism o; chosen and offered by principal ¢ will be only identified
by an allocation rule, that is, a map from M; x H to Y;, where M; is the
i-th principal’s message space.

We also make a standard richness assumption regarding M: we should
have © C M; for any 4."

As before, we denote X; the set of all strategies for principal ¢, and X
the collection of all the 3J; sets. The agent’s strategy is to simultaneously
choose a message m; for each principal and the two actions h and e. The
strategy for the agent is hence the map o¢: © x ¥y — M x H x E and
Yo is the collection of all the o¢ maps.

15The assumption is introduced in the benchmark theoretical works in common
agency (see Peters (2001) and Martimort and Stole (2002)).
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One should notice that we are introducing a further simplification by
assuming that each principal i is restricted to the choice of deterministic
allocations in the set Y;.16

Hence, given the array of message spaces M = My, Mo, ..., My the com-
mon agency game ['p; is:

1—‘]\J = {97 ENa 207 U(y7 e, h7 9)7 (‘/;(ya €, h7 9))iEN7 F()} .

It is important to remark that, given our previous assumptions, I'y; turns
out to be a finite game.

We focus on the pure strategy Perfect Bayesian Equilibria (PBE) of
the game I';.

Definition 5 A strategy profile c* = ((o])}_,05) € En x X is a pure
strategy PBE of the game I yr if:

Vo € O, v(ai)ieN € XN (M),

oy = (m*,e",h") € argmax  U((o;(mg, h))ien, h, e, 0)
(m,h,e)EMxHXE

Vi € N,

o; € arg max Vi(oi, 0% e (O‘i,O'* 49) Jh (ai,a*_i, 0) ,0)dF(6)

—17 —%
0;€%; USC]

Observe that in the game I'); the message spaces can be quite com-
plex. One simple mechanism is one where the message space M; coincides
with the agent’s type space O, for any ¢. In this context, such mecha-
nisms can be called "direct mechanisms".

When restricting to direct mechanisms, we define the strategy of
principal ¢ as the map &; : © x H — Y;; we let ; be the strategy space
for principal i and X be the collection of all such strategy profiles.

The strategy of the agent is then a map 6o : O x Xy — OV x H x E,
and X, denotes the collection of all such maps.

Given O, the common agency game induced by direct mechanisms is
the tuple:

F@N = {GaZNNaimU(y?hveae)’(‘/i(yaha €, 9))2€N3F()} .

16This is a standard assumption in the common agency literature. Our main results
will not be affected by the explicit consideration of stochastic allocation rules (see
Martimort and Stole (2001), p. 20).
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Direct mechanisms have an obvious appeal - the message spaces are
simple. The question then is, when can one restrict attention to direct
mechanisms? In other words, is it always the case that for any equi-
librium o* of the game I'j; there is an equilibrium ¢* of the game I'gn
such that the two equilibria are outcome equivalent? For common agency
games this question is usually answered in the negative (see, for instance,
Martimort and Stole (2002); Peters (2001)). In games with multiple
principals, there exist equilibria whose outcomes cannot be supported in
equilibrium in the corresponding direct mechanism game.

A main aim of this essay is to introduce restrictions on the fundamen-
tals of the game I'j; that allow us to restore the Revelation Principle.

First of all, we define the class G.

Definition 6 A common agency game I'p; belongs to the class G if, for
every i € N, for every y_;, and for every 6 € O:

U(yiv Y—ise,h, 9) # U(yia Y—i, 6/, h/a 0)7 Yy, ygv e, eI7 h, hlfo"' (yi7 €, h) # (yz/'v 6/, hl)'

That is to say, everything else equal, the agent is never indifferent to a
change in the contract offer made by any of the principals. Furthermore,
it is required that the best reply of the agent in terms of both the effort
e and the action h should be unique for every given array of allocations
offered by principals.

Given that we are considering finite games, this condition is generically
satisfied in the payoff space of the agent.

In the remaining of the section we consider common agency games
that belong to the class G and we try to show how the introduction of a
separability requirement on agent’s preferences enable us to restore the
Revelation Principle.”

3.3.3 The pure Incomplete Information case

In the next pages we focus on incomplete information games in which
the agent takes neither an effort choice nor a contractible action. We
define this scenario by assuming H = F = {(}. With a slight abuse
of notation, we denote a principal’s strategy in this pure incomplete
information game by o; : M; — Y;. As before, the set of strategies for

"The need for restricting the analysis to games in the class G will be clarified in
the Appendix.
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principal ¢ is given by ¥; and Yy = X;en2;. The strategy for the agent
is a map og : © X Xy — M. The game I'j; is then the tuple:

Ly ={0,2N,%0,U(.,0), (Vi(.,0))ien, F(.)}

Analogously, we can define the direct revelation game I'gn as the
tuple:

F@N - {G,EN,EO,U(:U, 9)7 (W(y79)>’LEN7F()}a

where f]i is the set of strategies for principal ¢ with ; € f]i 10 - Y.
The strategy for the agent is 69 € ¥p: © x ¥ — O,

Observe that the agent’s preferences are defined over the product set
of allocations offered by the principals. Given the product set structure
of alternatives we shall assume that the agent’s preferences are separable
over each component of the set of alternatives in an appropriate sense. By
“separability” we mean that the agent is able to define unambiguously his
preference over the allocations offered by principal ¢ that does not depend
on the contract offers made by the other principals. More formally, we
state the following:

Definition 7 Weak Separability (WS):

The agent’s utility function U is weakly separable in the principals’
decisions for all 0 € O, if for all y;,y, € Y; and for all y_;, y', € Y_,,

[U(yi>y—i>9) > U(y;,y_i,e)] = [U(yi>y/—i79) > U(ygvy/—ive)] (3'3)

Examples of weakly separable utility functions include additively sep-
arable utility functions. However, a weakly separable utility function is
not necessarily additively separable (see Fishburn (1970) for a counterex-
ample). We note here that the separable utility assumption is common
in many applied analysis (see Deaton and Muellbauer (1980)).

If the agent’s utility function U(.) is weakly separable in the alloca-
tions offered by the principal, then the partial utility for the agent over
the contracts offers Y; by principal i can be defined in a natural way.
Given that the offers made by the other principals are fixed at the level
9J—; € Y_;, the partial utility over Y; is:

Uy, (i, 0) = U(yi, i, 0)
We start by showing some properties satisfied by equilibrium strategies
when the agent has separable preferences. In particular, we show that for
each ¢ and for any §_; € Y_;, the i-th component of the agent’s optimal
strategy maximizes her partial utility at the level §_;. More formally,
denoting m; as the projection of og on M;, we have the following:
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Claim 1 If o5 = (m;‘,mii) is a best reply to strategies (0;,0_;), then
forally_; e Y_; :

m} € argmaxU;_,(o; (m;) ,0)
m;EM;

Proof. Suppose the claim is false. This implies that there exists a
mj; € M; such that Uy_, (o (m}),0) > Uy_,(0; (m}),0). Now, from Weak
Separability it follows that:

U (oi (mi) ,o-i (m™;) ,0) > U (0 (m7) ,0-i (m*;) ,0).
This contradicts the assertion that ofj is a best reply to (¢;,0_;). =

A direct consequence of Claim 1 is that:

o; (mi(0%,0)) = o7 (m(07,0))

That is, every PBFE exhibits the following property: principal i’s optimal
strategy is independent of principal j’s mechanism. It is worth noting
that this property on principals’ behavior is just an implication of the
separability restriction on agent’s preferences.

We also remark that given the mechanism offered by principal i, then
the message he receives from the agent depends on the agent’s type 0
only. At this point we are in a position to state the main theorem of this
section.

Theorem 3 Consider a pure incomplete information common agency
game U'yr in the class G. If the preferences of the agent satisfy the Weak
Separability condition, then for every outcome that can be supported as a
PBE of I'pyp € G, there is an equilibrium of the direct mechanism game
Fgn that implements the same outcome.

Proof. Let us consider a PBFE o* of the indirect mechanism game I'y;.
We will now demonstrate that the distribution over outcomes generated
by the strategy profile o* can be replicated in a direct mechanism game.

Consider the game I'gy where principal ¢’s strategy o; : ©® — Y, is
defined as ;(0) = o7 (m}(c},0)).1® The agent’s strategy is a map o :

18Observe that the direct mechanism we are constructing is incentive compatible. In
a pure incomplete information scenario, we say that a direct mechanism is Incentive
Compatible if and only if it is an optimal choice for the agent to report her type
thruthfully.
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O x Sy — ON. Notice that the agent’s best reply coincides with the
one defined in I'j; when principals were using indirect mechanisms. We
can then rewrite principal i’s payoff as

| viu0).6-0.00070) = [ Vitoomi(.0).0% (m ), 0)aF(6)
0cO 0cO

Specifically,

/ Vi(Gi(0),0%;(m”;),0)dF (0) = Vi(oi(mg),0%(m”;),0)dF(6)
0cO (4<C]

We now show that no principal has a unilateral profitable deviation.
Suppose that this is not true. Then, let us suppose that there exists a
principal i and a strategy o,(.) such that:

V(o] (6,(0)) ,6-s (9" (9)) ,O)AF(6) > | Vi(5:(0),5-4(6),0)dF ()
0cO 0O

where 0, and @', are the agent’s messages to principals ¢ and —i
when principal i is deviating. Obviously, if principal ¢ changes his offered
mechanism, then the agent’s reply to this deviation will be different. But
Weak Separability implies that the agent’s reply to the other principals

will be unchanged (i.e; ", = ). Therefore, it follows that:

/ %(0§(9£(9)),Uii(m*_i)79)dF(9)>/ Vi(0i(0),0=;(m~;),0)dF (0)
0€ce 6co

—

Vi(oi(0; (0)), 07, (m™,), 0)dF(0) > / Viloi (m7),o;(m;),0)dF(6)

i
0cO €O

However this contradicts the fact that ¢* is a PBE. This concludes
the proof of Theorem 3. m

From Claim 1 it follows that at the stage of considering the contract
between the agent and principal ¢ we can restrict our attention to the
agent’s partial utility for any fixed §_;, and that principal ¢’s optimizing
behavior is independent of the agent’s contract with other principals.
This implies that for any fixed level g_;, we can break the general com-
mon agency game into N games, each of which is a single principal-agent
problem where the Revelation Principle applies. Since the optimizing be-
havior for the two conceived partners remain unchanged in the original
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problem, we can apply the Revelation Principle taking one principal at
a time and retrieve the Revelation Principle from the original problem.
The general implication of the theorem is emphasized in the following
remark:

Remark 1 Theorem & says the following: given the collection of mes-
sage spaces M = {My, ..., M} for any equilibrium o* in the game T'ps
there exists an equilibrium ¢* in the game I'gn such that the distribu-
tions over outcomes in o* and &* are the same. Since the choice of M
has been arbitrary, we get back to the Revelation Principle.

We can now illustrate the consequences the implications of assuming
separability in agent’s preferences.

First consider the following game, borrowed from Martimort and
Stole (2002), where the type of the agent is fixed and known.

Example 1: The agent’s type space is degenerate and there are two
principals: each of them can offer the three allocations A, B and C. That
is, we have: Y1 =Y, = {A, B,C}. The payoffs of principal 1, principal
2 and the agent, {Vl, V2, U}, are given by the following matrix:

y2o=A y2=B yp=0C
pp=A (1,1,&) (2,0,2) (—1,5,())
w=B| (1,2,2) (1,1,1) (0,0,c)
y1=C | (5,—-1,b) (0,0,¢) (0,0,0)

In the original Martimort and Stole’s example we have a = 1, b = 10
and ¢ = 0. If we consider the direct mechanism game, then there is no
strategic role for the agent and the equilibrium outcomes are those that
are sustained as Nash equilibria of the game played among the two prin-
cipals. In particular, there is only one pure strategy Nash equilibrium:
both principals play {C'} and the corresponding outcome is (0,0, 0).
However, if principals are allowed to communicate with the agent, then
the outcome (1,1, 1) can also be supported at equilibrium. In particular,
consider the indirect mechanism game where each principal is endowed
with the same message space M1 = My = {m1,ma}. Now, assume that
each principal chooses the following allocation rule:

oi: M; —=Y;
a; (ml) =B
ag; (m2> = C
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fori=1,2.

The allocation rules o1, o9 are part of a Nash equilibrium. At equi-
librium the agent will send the message my to both principals and the
outcome (1,1,1) will be implemented. Principal 1 cannot profitably de-
viate by offering any alternative indirect mechanism because the agent is
acting as a coordinating device. If he deviates by offering the mechanism:

g1 - Ml — Y1
g1 (ml) = A
01 (mQ) =A

then the agent will send the message mq to principal 2 making the devi-
ation unprofitable. The example is therefore emphasizing that there can
exist outcomes implementable through indirect mechanism that are not
implementable through direct mechanisms.

It is important to remark that under alternative assumptions on
agent’s preferences the outcome (1,1, 1) cannot be implemented through
indirect mechanisms neither. To show that, let us assume a > 2, b < 2
and ¢ < 1. In such a case, allowing for indirect mechanisms does not
enlarge the set of equilibria sustainable trough direct mechanisms. For
(1,1,1) to be sustained as equilibrium payoffs, the utility of the agent
should satisfy the following:

U(yi=B,y;=B)>U(y; = C,y; = B)

U(yi=B,yj =A)<U(yi=C,y; = A)

for every i # j.

The conditions above cannot be simultaneously fulfilled if the agent
has separable preferences. Whenever the preferences of the agent are
separable and he could gain by choosing y; = B instead of y; = C' (given
y; = B), then the same has to hold when y; = A. That is, the marginal
impact on the agent’s utility of a change in principal ¢’s action has to
be independent of principal j’s action. The allocation {B, B} cannot
therefore be supported when preferences are separable, even if we allow
principals to offer indirect mechanisms to the agent.

This first example hence provides an important hint for the analy-
sis: existence of a preference reversal order for the agent over principals’
actions is needed for indirect mechanisms to improve over direct mecha-
nisms. This is not possible whenever preferences are separable.

The important contribution of the Martimort and Stole’s work con-
sisted in showing that in order to characterize the whole the set equilib-
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ria of common agency games it is sufficient to restrict prinicipals to offer
menus of allocation. Notably, if preferences are separable then every al-
location implentable through menus can as well implemented by direct
mechanisms. We emphasize this point in a second example, still taken
from Martimort and Stole (2002).

Example 2: There are two principals and one agent with type 6 €
{-=1,1}, drawn with equal probability. Each principal has two actions
y; € {0,1}. The utilities are V4 = 0 (y; — y2) for principal 1, V5 =
6 (y2 — y1) for principal 2 and U = 6 (y1 + y2) for the agent. Equilibrium
strategies are given by the menus {0, 1} for both principals. The outcome
will always be y; = y2 = 0 (when = —1) and y; = yo = 1 (when 6 = 1).

Observe that agent’s preferences are separable in the actions of the
principals and, for this reason, the same outcome can be achieved as an
equilibrium of a direct mechanism game. Simply consider the following
contract offers: each principal proposes the agent a direct mechanism 7;

such that:
o Y; = 0 if 0=-1

This mechanism implements the same outcome that was supported by
menus.

These two examples considered together emphasize the relationship
between the set of outcomes implementable by indirect mechanisms and
by direct mechanisms if the agent has separable preferences. Whenever
separability is assumed, then every equilibrium associated to an indirect
mechanism (or menu) game can be as well supported by direct mecha-
nisms.

The next paragraphs will deal with situations where the agent is
allowed in addition to take unobservable actions.

3.3.4 Moral Hazard

The main purpose of this section is to extend the Revelation Principle
to a situation where there are moral hazard considerations in addition
to adverse selection factors. We assume that the single agent only takes
an effort e from the set E (i.e. H = {(}), and that this effort choice is
not contractible.

As mentioned before, when effort is not contractible, the principal’s
choice is only contingent on the message he receives. The strategy for
principal ¢ in a game with moral hazard is a map o; : M; — Y;. The
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agent’s strategy is to choose a message m; for each principal and an effort
e. The strategy for the agent is a map o9 : © X Xy — M x E.

In the corresponding direct mechanism game, the strategy for prin-
cipal ¢ is the mapping 6; : © — Y;. The strategy of the agent is
5’02@X2~3N—>@NXE.

In such a scenario the separability condition on the agent utility
function U(.) will not in general be a sufficient condition to get the
Revelation Principle. The reason is that the optimal action chosen by
the agent depends on all the offers she is receiving from principals; as a
consequence assuming separability in U(.) does not guarantee that the
agent’s utility function will remain separable if we evaluate it at the
optimal chosen action. Although the Revelation Principle fails for the
class of separable games already defined, a strengthening of Condition
W S retrieves the Revelation Principle.

We refer to this condition as Strong Separability (S5).

Definition 8 Strong Separability (SS):

The agent’s utility function U is strongly separable in the principals’
decisions y;’s and effort e if for all 0 € ©, for all y;,y; € Y;, for all y_;,
Yy, €Y_; and for all€',e”" € E

[U(yla Y—is 6,7 0) > U(y;7 Y—i, 6/7 9)] = [U(ylv y/—iv 6”7 0) > U(yzlv y/—iv 6//7 9)] :

The SS condition implies that, for each principal i, the agent has an
unambiguous preference ordering over the contract offers made by ¢ that
does not depend either on the contract offers by other principals or the
effort choice of the principal.

As before, we define a notion of partial utility for the agent over principal
i’s offers for fixed offers made by the other principals and for a fixed level
of effort. The partial utility for the agent over principal i’s offers y; for a
fixed level of offers y_; made by the other principals and for a fixed level
of effort € is defined as:

[A]Q,i,é(y’b 9) = U(y27 g—% év 0)
In analogy with Claim 1 we now state the following:

Claim 2 Ifo§ = (m;“, m*;, e*) is a best reply to strategies (0;,0_;), then

forally_; € Y_; and for allé € E:

m} € argmaxUy_, s(o; (m;) ,6)
m; €M,
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Proof. The proof is similar to that of Claim 1. m
We can now introduce the main result of this section.

Theorem 4 Consider a common agency game Ups in the class G. If the
preferences of the agent satisfy the Strong Separability condition, then
for every outcome that can be supported as a PBE of I'yy € G, there is
an equilibrium of the direct mechanism game I'gn that implements the
same outcome.

Proof. We have to show that every payoff profile associated to the
equilibrium strategies o* of the game I'j; can be replicated in the game
Fon. .

We can define the function V; such that:

Vi(@i(.),5-i(),0) = Vi(6i(.), 5-i (), €*(3i(.), 5-i(.)), 0)
We consider the following strategies: &;(0) = o7 (m (o}, 0) for principal
1 € N and

Go = [m(0,6) = 0,¢* (07 (m (07, 0), 0" ;(m] (07, 0))]
for the agent. Then, considering V; for i € N, we can replicate the
argument already given in Theorem 3. m

The theorem shows how, under moral hazard, a strengthening of our
separability condition is required to retrieve the Revelation Principle
in common agency games. Separability in agent’s preferences for every
level of effort is a sufficient condition for the agent’s indirect utility to
be separable in the contract offers.

A second issue of interest is a situation where the agent’s actions are
observable and principals can therefore offer contracts that are contingent
on agent’s choices. We deal with this issue in the next pages.

3.3.5 Contractible Action

We start by analyzing the extreme case where no unobservable action
can be chosen; that is, E = {0}. For each message m; received from the
agent, principal ¢ decides which allocation y; will be offered conditionally
on the chosen h.

We first consider the simple scenario where the action h is fully con-
tractible for every principal and the preference ordering of the agent is
independent of her type. A particular setting that fits this framework
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is that in which there is complete information about the agent’s pref-
erences. We already emphasized that this is the reference framework
of traditional works in common agency. In this section we show how,
whenever we consider such a set-up, our separability requirement is a
sufficient condition to characterize the whole set of equilibria associated
to indirect mechanisms through simple direct mechanisms.

In order to adapt our notion of separability to a case where the agent’s
preference ordering is independent of her type, we introduce a new notion
of separability. For the sake of clarity, we will refer to this condition as
f-separability:

Definition 9 0-Separability:

The utility function U is 0-separable in the principals’ decisions y;,
for all h € H, if for all y;,y, € Y;, for all y_;, vy, € Y_; and for all
0,0 € O:

[U(yla Y—i, h> 9) > U(yi, Y—i, h‘a 0)] = [U(yla y/—iv h7 9/) > U(yz/a y/—iv h> 9,)] .
In this setting we now restate our Theorem 3.

Theorem 5 Consider a common agency game Up; in the class G. If
the preferences of the agent satisfy the 8-Separability condition, then for
every outcome that can be supported as a PBE of 'y € G, there is an
equilibrium of the direct mechanism game I'gn that implements the same
outcome.

Proof. Let us consider the PBE (o}, h*,m]),cn of 'y € G. We will
show that the outcome implemented by this equilibrium can be repro-
duced as an equilibrium of a game where principals’ strategies are re-

stricted to take-it or leave-it offers.
We start by introducing the following definition:

y Y —

m; (a;* o* h,H) € arg max U (U;‘ (mg, h), 0%, (m*,, h),h, 9) ,Vie N, Vh € H.

Since the preferences of the agent satisfy the f-separability condition,
m; (.) does not depend on 6. It is only contingent on o, o*, and h.
Formally: m; (0;, ot h).

The candidate for equilibrium in the take-it or leave-it offer game is
the strategy profile (&i (h),5-; (h) ,iL), where:

»h),h), Vie N,Vhe H
arg max U ((4(h))ien s h, 0).

&l(h) = O';-k (Thi(d;-k,a*_

h

m
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The proof of the Theorem is organized in two steps. We first show that
in the take-it or leave-it offer game the agent’s best reply to the strategies
&;(h) is h*. Then, we show that, given & (h), no principal has a unilateral
deviation.

Claim 3 If (h*,m*) € argmax U ((o(ms, h))ien, h,0), then:

h,m

h* € arg m}?xU((&i(h»ieN,h, 0)

Proof. The proof is straightforward, given the definition of &;(h). m

Consider now a possible deviation in the take-it or leave-it game:
Principal 4 is deviating to o} (h) # &;(h). A take-it or leave-it offer
is, in fact, a particular indirect mechanism. The deviation o} (.) was,
therefore, available in the original game I'j;. We first show that faced
with the same deviation in I'j; and I'g the optimal response of the agent
in terms of action will be the same.

Claim 4 If

(r',m’_;) € argmaxU (oj(h), o ;(m_;, h), h,0) .

h,m
then
h' e argm’?xU (oi(h),5-i(h),h,0), Vi€ N.

Proof. The proof is again given by contradiction. If this is not true,
then there must exist a level A such that:

U (O’;(]_I), 64(5), E,H) >U (ag(h'),&,i(h’), B, 0) . (3.4)
We know that

U ((T{(h/), a_i(h),n, 0) =U (U;(h,), o (m_; (J;k,afi, h') NSNS 9) ,

(]

and

U (0j(h),6—i(h), h,0) = U (oj(h),c* (m—; (67,0%;,h) ,h),h,0).

)

Given the definition of m; (.) and applying the f-separability condi-
tion we get that:

m_; (07,0, h') € argmaxU (o} (1) ,0%; (m—i, 1), 1',0).
m_;EM_;
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As a result we have that m_; (a;k, ot h’) and m’_; have to be payoff
equivalent for the agent (both are optimal responses). Therefore:

U (oj(h),0%(m—; (o], 0%, 1) W), 1, 0) = U (o(h'), 0% ;(m_;, k'), I, 6),
(3.5)
Hence, we get:

U (0} (h),0%; (M (0],0%5,h)),h,0) > U (oi(h'),0; (m"_;,0') W, 0).
(3.6)
But this contradicts the fact that:

(r',m_;) € argmaxU (o}(h),c*;(m—;i, h), h,0)

,m

The analysis showed that the agent’s best reply in terms of the action
choice to principal ¢’s deviating behaviour o/ (.) will be the same in the
game where take-it or leave-it strategies are played, and in the indirect
mechanism game.

If o} was indeed a profitable deviation for principal i, we have;

| Vo) o (1) W0 aF ) > | V(50 116) dF (6)
0cO 0cO

—

Joeo Vi (c} (W) ;o (i (oF, 0%, 1)) . h',0) dF ()
> fee@ Vi ((‘7* (M ) sen s 1 9) dF (9)

A PR

(3.7)

Now, applying the -separability condition we get that:

m_; (07,0, 1) € argmaxU (o} (1) ,0-; (m—i, /') , 1/, 0)
m_;EM_;

Observe now, that (o} (m}),cy .h*,m*) is a PBE, therefore we have:

Joco Vi (07 (mf, 1) 0%y (m%;, 1), h*,0) dF (6) >
feeG) Vi az/» (W) Nopw (m/_z, h/) ,h/,ﬁ) dF (0)
where
(W',m’";) € argmax U (o, (h),0*;(m_;,h),h,0)
m_;EM_; he H
(3.8)
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Since m_; (O';-k, ot h’) belongs to the arg max set in equation (3.6),
we have a contradiction. m

The intuition behind this result is the following. Under separability,
every deviation taken by principal ¢ in the indirect mechanism game can
affect the message sent to principal j only through a change in the ac-
tion choice of the agent. Since the optimal response in terms of effort
is the same in the two relevant games and it is contractible (observable),
then there is no real informational loss in restricting to direct mecha-
nisms. Note that this argument cannot be reproduced in a moral hazard
setting. The reason is that the agent’s effort choice is non-contractible
and, hence, cannot be observed by the principals. As a result, the prin-
cipal cannot extract any relevant information from the agent’s action.
Thus, if we restrict our attention to the externalities induced by multi-
ple contracting,'” then, whenever agent’s preferences are separable, di-
rect mechanisms are enough to characterize all equilibria of the game.

As stated in the introduction, many common agency models con-
sidered in the literature satisfy this separability condition. Examples
are given by Bernheim and Whinston (1986b); Grossman and Helpman
(1994); Dixit, Grossman, and Helpman (1997); Laussel and Le Breton
(1998).20 Our f-separability condition is also satisfied in some games of
incomplete information (e.g. Le Breton and Salanie (2003)).

A key assumption of all these models is the absence of direct external-
ities among principals. That is, if we think of multiple sellers competing
on the prices they are offering to a single agent, then the price charged
by seller i can be affected by the quantity the agent is buying from him,
but not by the quantity bought from seller j. On the contrary, Bernheim
and Whinston (1998a) introduced a framework with direct externalities
among principals in order to study exclusive dealing issues. Similarly,
de Villemeur and Versaevel (2003) considered a model of Research and
Devolpement where every principal (a self interested firm) is directly
affected by the decisions taken by the other principals. As our condi-
tion only involves agent’s preferences, we can show that the Revelation
Principle fullly applies also in these papers.

9That is, we disregard asymmetric information issues.

20Many models have been built on these seminal works and most of them satify
our separability condition. The reader can refer to Aidt (1998); Rama and Tabellini
(1998) and Laussel and Le Breton (2001), among many others. The same separability
condition is also introduced in recent theoretical works on multi-principal multi-agent
games (see Prat and Rustichini (2003)).
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We have only considered environments with #-separable preferences
because allowing for the action h to be contractible introduces a new
source of externality among principals. When the agent’s preferences
are type-dependent, a principal by changing his mechanism can induce
a change, not only in the agent’s effort choice, but also in the report
of her private information to other principals. This interaction between
the contractible action choice and the agent’s private type, introduces
an essential problem of non-separability.

We now present an example showing that, in situations where agent’s
preferences are type-dependent, even the Strong Separability condition
does not retrieve the Revelation Principle.

01
hy ha
A B A B
(3,3,1)  |(2,0,2) A [(0,0,2) [(0,-1,3)
(0,2,3) |(1,-1,3) (0,0,%5) [(3.3.4)
(0,0,3) {(0,0,1) (0,0,3) {(0,0,1)
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02

A B A B

(1,1,5) 1(0,0,3) A ((0,0,3) |(=1,-1,0

(0,0,6) |(1,-1,1) | B |(=1,-1,0)(-2,2,2)

(0,0,7) 1(0,0,3) C|(-1,-1,4)(-1,-1,1%

In the example above the agent’s type space is © = {61,602} and
she is allowed to take the action h € H = {hy, ho}, which is assumed
to be contractible. There are two principals: principal 1 has the three
available actions { A, B, C'}, while principal 2 can choose between A and
B only. The outcome {(%, %,4) if =0y, (1,1,5) if 6 = 02} cannot be
sustained as an equilibrium in the direct mechanism game. If it were an
equilibrium, then principals’ strategies should involve the following be-
haviors: whenever the message 61 is sent and hs is performed, then both
principals play B; whenever the message 6 is sent and hp is performed,
they both play A.

Principal 2 has a profitable deviation in playing B irrespectively of
both the received message and the performed action. If he takes such
a strategy, then the agent has an incentive to misreport her type and
choose ho when she is 62. In such a case principal 1 is playing H and
principal 2 earns a payoff of 2 instead of 1.

We stress here that the same outcome can indeed be supported by
allowing principals to offer menus. Let us consider the following strategy
profiles: both principals play A if hy is chosen; when the agent plays
ha, then principal 2 plays B and principal 1 offers the menu {B,C}. If
principal 2 deviates to a strategy that prescribes to play B irrespectively
of h, then the 65 agent will play ho and ask for C from principal 1, that
makes the deviation unprofitable.
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3.3.6 Discussion

We provided a sufficient condition that determines a class of common
agency games in which the Revelation Principle retains all its power.
Every allocation supported as an equilibrium inside an arbitrarily huge
class of indirect mechanisms can therefore be implemented through sim-
ple direct mechanisms. The condition does not put any restriction on
principals’ preferences.

We require the utility of the agent to satisfy separability properties
with respect to the actions taken by all the principals and to every non-
contractible action taken by herself.

In a pure incomplete information framework, the requirement is that
of separability. This property holding, messages sent by the agent to
every principal will only depend on her type. Thus, a direct mecha-
nism is a sufficiently powerful tool, and nothing is gained from allowing
the principals to design more complex indirect mechanisms. In a more
general setting where moral hazard is considered, we have shown that
the same result holds, provided the condition of separability is appropri-
ately redefined. Agent’s preferences are then required to satisfy a strong
separability condition. The result could therefore potentially matter in
auctions where the agent has an unknown reservation value for the object
he earns or produces, and the principals make offers for the object (or
quantity) that the agent accepts or rejects. Extending our result to this
framework ensures us that the Revelation Principle holds if there is no
limitation in the amount that can be produced. If only one unit is pro-
duced, then changing the offer of one principal might break the agent’s
ranking over the others and the separability requirement is violated.

Our simple separability condition is also satisfied in several tradi-
tional common agency models, where incomplete information is ruled
out and the agent is assumed to take contractible actions. We empha-
sized how separability allows us to restrict our attention to take-it or
leave-it offers by principals without any loss of generality. The allowance
for direct externalities among principals enables us to significantly extend
the domain of applicability of our condition.

In concluding this section it is important to remark that, as long as
common agency games are considered, there still exist some support to
the use of direct mechanisms independently of the existence of separable
preferences. In other words, it is possible to show that every equilib-
rium outcome in a direct mechanism is "robust” to the possibility that
principals might use more complex communication structures. That is:
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Theorem 6 For every Perfect Bayesian Equilibrium 6* of every direct
mechanism game I'gn there exist a strategy profile o* in the indirect
mechanism game I'p; such that the two equilibria are outcome equivalent.

Proof. See the proof of Theorem 1 and 2 in Peters (2003). m
The equilibrium &* is usually referred to as regular.

When multiple agents come into the picture, then no general result
about equilibrium characterization is currently available. In particular,
the recent work of Peters (2004) provides some examples suggesting that
the equilibria of multi-principal multi-agents games where principals are
restricted to offer direct mechanisms do not even satisfy the requirement
of "regularity”, i.e. Theorem 6 fails to hold.

Despite this apparent lack of foundations, the literature on competing
mechanisms with multiple agents has always adopted the simplifying
assumption of restricting principals to the use of simple mechanisms (see
McAfee (1993) and Prat and Rustichini (2003)).

The next section will properly deal with multi-principal multi-agent

games and will provide some results about the regularity of the pure
strategy equilibria of direct mechanism games.
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3.3.7 Appendix

The main aim of this Appendix is to show that the separability require-
ments on the preferences of the agent are not sufficient per se to guarantee
the Revelation Principle in common agency games.

We propose here a slightly modified version of our Example 1. The
agent’s type space is degenerate and there are two principals: each of
them can offer the three allocations A, B and C. That is, we have:
Y1 = Y2 = {A, B,C}. The payoffs to principal 1, principal 2 and to the
agent, {Vl, V2, U }, are given by the following matrix:

yp2=A yp=B yp=C
n=A| (1,1,0) (2,1,0) (—L5,0)
yi=B| (1,200 (1,1,0) (0,0,0)
y=C|(5-1,00 (0,0,0) (0,0,0)

In this game, the preferences of the agent satisfy the Weak Separa-
bility condition in a trivial sense. The Revelation Principle is, however,
violated.

First, one should notice that the outcome (1,1,1) cannot be supported
as an equilibrium in the direct mechanism game: both principals can
profitably deviate by playing {A}.

Then, we consider the situation where the principals offer the menus
{B,C}, {B,C} and the agent chooses the contract B from both menus.
The reader can check that given these menus the agent does not have
a strictly profitable deviation. Moreover, consider any principal ¢ €
{1,2}. Given that the other principal is offering the menu {B,C}, a
potential profitable deviation for principal i is to the degenerate menu
{A}. However, if principal i offers d; = A, and principal j offers the
menu {B,C}, a best reply for the agent would be to choose C' from
the non-deviating principal, and this makes principal 7 strictly worse off.
Since the game is symmetric in the principals’ payoffs, the menu offers
{B, C} by both principals constitute a Nash equilibrium that supports
the outcome {1,1,1}.

We remark that the game presented in this example does not belong to
the class G. It is enough to observe that if Principal 2 were playing B,
then the agent’s payoff would always be equal to one, irrespectively of
Principal 1’s choice.

When this is the case, indirect mechanisms (and, in particular, menus)
can be used to sustain outcomes that are not achievable by using di-
rect mechanisms. Menus allow principals to strategically profit from the
agent’s indifference.

102



3.4 Pure strategy equilibria with multiple agents

Characterizing the whole set of equilibria of multi-principal multi-agent
games is a very difficult task. The standard approach developed in the
common agency literature was mainly trying to restore the role of the
agent as a correlating device by considering menu theorems (Peters, 2001;
Martimort and Stole, 2002). An alternative strategy is to define condi-
tions on the fundamentals of the game that can be sufficient for the
Revelation Principle to hold. None of these strategies can be applied
when multiple principals interact with multiple agents: Han (2004) and
Yamashita (2004) have recently emphasized several difficulties in extend-
ing menu theorems to games with multiple agents. Furthermore, Peters
(2004) has proposed an example of a complete information game with 2
principals and 2 agents where, though agents’ preferences are separable
in principals’ offers, the Revelation Principle fails to apply. A possi-
ble intuition for such failures can be expressed in the following way: by
using some complex communication mechanisms, principals can induce
agents to coordinate on outcomes that are not reachable through simple
mechanisms. In other words, the punishment for a deviating principal is
induced by a change in the joint efforts of all agents. Every agent changes
her effort choice because she expects other agents to send a signal that
changes the non-deviator’s action in a way that makes the new effort
level optimal. This change in effort is preventing possible deviations.

The present section does not introduce any device to characterize
equilibria in multi-principal, multi-agent settings;?! we show that in this
class of games there exist equilibria of direct mechanism games that
turn out to be "regular". There could therefore be some rationale for
the study of applications where principals are restricted to use simple
contract offers.
After discussing an example recently provided by Peters (2004), we prove
a theorem for multi-principal multi-agent games with complete informa-
tion, stating that there can be equilibrium outcomes of direct mechanism
games that survive when principals can choose more complicated indirect
mechanisms.

Peters argues that when considering complete information multi-
principal multi-agent games, there is not much support for the arbitrary
restriction to the use of simple mechanisms for principals. If principals

2L A particular two-sided communication device is suggested in Yamashita (2004),
while Epstein and Peters (1999) propose a universal notion of type for multi-principal
multi-agent games. With specific reference to this extended agents’ type space the
Revelation Principle is still valid.
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are allowed to choose mechanisms involving some communication with
agents, then:

In a multiple agency environment [...] pure strategqy equilibria are
not robust against the possibility that principals might deviate to
more complez indirect mechanisms.??

In other words, the direct mechanisms equilibria of multi-principal, multi-
agent games will not in general be regular in the sense clarified in The-
orem 6. We devote the next paragraphs to the discussion of the Peters’
example.

We begin by describing example 1 in Peters (2004). There are two
principals and two agents in an environment with pure moral hazard:
agents take private actions that principals cannot observe. Hence, the
contracts proposed by the latter cannot depend on the effort of the
agents.

Principals
announce their Agents
offers y; € {4, B} choose their Payoffs
efforts €' € {1,2} are realized
1 1 1 =
1 2 3

Figure 3.2: Timing 1, direct mechanism interaction

As shown in Figure 3.2, the direct mechanism game begins with Prin-
cipals P; and P, simultaneously choosing actions in the space {A, B}.
Then, Agents A; and Ay observe the principals’ choices, and simultane-
ously choose a level of effort in the set {1,2}. The normal form of the
game is exhibited in Table 3.1. The principals’ choices affect which cell
of the larger matrix is chosen. The agents then play the 2 x 2 subgame
in that cell. Payoffs should be interpreted in the following way: the first
payoff is the payoff to principal 1 who chooses the row in the outer table.

The second payoff is the payoff to principal 2 who chooses the column in

*2Peters (2004), p. 184.
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the outer table. The third payoff is to agent 1 who chooses the row in
the inner table, and similarly for the last payoff.

A B

e= e=2 e=1 e=2
A e=1 =« * 1(3,1,-38) (1,18 _3)
878524 §787475 2
=2 =2 (513 (B5-31)

e=1 e=2 e=1 e=2
B| e=1 (0,0,—3 ;; Eo,o,i,—gg e=1 (3,0,—1,-1) (1,1,1,1)
e=2 (0,0,2,-35) (0,0,-3,2 =2 (1,1,1,1)  (0,3,—1,-1)

Table 3.1: Normal form of the example in Peters (2004)

Observe that principals’ decisions are restricted to be deterministic
offers. That is, principals are not allowed to use lotteries over the actions
{A, B}. Given this restriction, in the direct mechanism game in Figure
3.2, there exist three subgame perfect equilibria in which both principals
play the pure strategy B. These equilibria are:

e P, and P, both play B; A; plays 1 and As plays 2; each player gets a
payoff of 1.

e P, and P, both play B; A; plays 2 and As plays 1; each player gets a
payoff of 1.

e P and P, both play B; Ay and As randomize and play 1 with proba-
bility 1/2; P; and P, both get a payoff of 5/4, A; and A get a payoff
of 0.

If a principal can communicate with the agents before choosing his
mechanism, the first two pure strategy equilibria do not survive. More
specifically, Peters considers the case where P; asks each agent i = 1,2
to send a message m{ € {A, B} and designs the following mechanism:

B if ml =m?
1,2y 1 i
o1(my,mi) = { A otherwise.

Whenever the agents do not coordinate on their messages, P; chooses
A. There is full commitment in this game on the part of the principals.
Thus, in the indirect mechanism game, when agents send their mes-
sages, they anticipate the resultant allocations. However, neither agent
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observes allocations before choosing effort. Since the allocation of prin-
cipal 1 depends on messages sent by both agents, each agent has beliefs
over the resulting allocations. Hence, we can think about agents choosing
messages and efforts simultaneously.

If principal 2 continues to play B, the deviation oy is profitable
for principal 1. The continuation game associated with the strategies
{01, B} has multiple equilibria. In the first class of equilibria (referred
to as Fj), agents both report B (alternatively, both report A) and ran-
domize equally over efforts, inducing a payoff 5/4 for P;.?% In the second
equilibrium (Es2) agents randomize equally over both messages and ac-
tions. That is, they select each message—action pair with probability
1/4. These behaviors induce a payoff of 17/16 for P; and of —1/16 for
each agent.

Finally, the strategy profile F5 has each agent randomizing equally
over the message-action pairs (mi,1) and (ms2,2). The corresponding
payoffs are 19/16 for P;, and 1/8 and —5/4 for the agents. However, Ej
turns out not to be an equilibrium, since the best-replies of agent 2 to
the strategy of agent 1 are (mg,1) and (m1,2), instead of (mq,1) and
(mQ, 2).

Nevertheless, the strategy oy is a profitable deviation in Peters’ exam-
ple given that, in every continuation equilibrium, the deviating principal
earns a payoff strictly greater than 1. In particular, the example empha-
sizes that the payoffs (1,1, 1, 1) cannot be sustained at equilibrium when
P, is allowed to communicate with agents.

3.4.1 The role of non-deterministic direct mechanisms

We now consider the original set-up of Peters’ example 1 and assume
that principals can use non-deterministic direct mechanisms. That is,
a pure strategy for P; may also involve the choice of a lottery over A
and B. We show that, in such a scenario, all the payoffs associated with
principal 1’s deviation to o1 can be supported using direct mechanisms.

To develop this argument, we start with a simple remark: in the
equilibria discussed above, principal 2 always chooses the strategy B.
Thus, we can restrict our analysis to the second column of table 1. We
can therefore focus on the optimal action of principal 1, and interpret
this example as a single principal, multi-agent game, without loss of
generality.

Z3For every player, this equilibrium is payoff-equivalent to the mixed strategy equi-
librium of the take-it or leave-it offer game.
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Suppose, in particular, that principal 1 randomizes equally between
A and B (with principal 2 playing B). Then, the agents are effectively
faced with the following subgame, where the first number in each cell is
the principal’s expected payoff, and the remaining two numbers are the
expected payoffs to agents 1 and 2, respectively.?4

e=1 e=2
e=1/|(31/16,-5/4,1/8) (15/16,9/8,—1/4)
e=21(15/16,9/8,—1/4) (7/16,—5/4,1/8)

The agents’ subgame exhibits only a mixed strategy equilibrium, with
both agents equally randomizing over actions. This randomization yields
the principal a payoff of %, and the agents a payoff —%.25 Assigning a
higher probability to the choice of B in the direct mechanism increases
the principal’s payoff. In general, if the principal plays A with probability
p and B with probability (1—p), where p € (0, 1), the unique equilibrium
in the agents’ subgame still has the agents randomizing equally over
actions, and the principal gets an expected payoff g — % P.

Hence, if the principal is allowed to randomize over contracts, the
outcome (1,1,1) cannot be supported as an equilibrium. The same ar-
gument can be reproduced if we consider another principal, say principal
2, playing a fixed strategy B as in Peters’ original example, and examine
the best response of principal 1. This suggests that the restriction to
deterministic contracts in the direct mechanism game is critical. 26

To sum-up, by explicitly considering stochastic direct mechanism in
the Peters’ example, it is possible to show that:

e every outcome associated to the deviating behavior o can be as well
sustained by a direct mechanism,

e the outcome (1,1,1,1) turns out not to be an equilibrium in the direct
mechanism game either.

24Since principal 2’s strategy is fixed at B, his payoffs are ignored. As mentioned
above, this is now equivalent to a single principal, two-agent game.

#51f participation constraints (e.g., a reservation of utility of zero for the agents)
are a factor, note that the agents payoffs in each cell of the original game can be
increased by 1lTs without affecting the equilibria.

26For pure incomplete information games with one principal contracting with sev-
eral agents, Strausz (2003) has shown that it is no longer true that any payoff imple-
mentable by deterministic indirect mechanisms can be matched with a deterministic
direct mechanism. However, direct mechanisms retains their power if we allow prin-
cipals to use non-deterministic schemes.
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One should notice that the role of stochastic mechanisms is to allow
principals to exactly reproduce agents’ random behavior in the effort
subgame.

Out of the specific Peters’ example, though, allowing for stochastic
mechanisms does not eliminate the existence of profitable deviations for
principals. If we focus on a complete information scenario, where agents
take a non-contractible effort, it is then possible to construct several
situations where the equilibrium outcomes of games where no commu-
nication is allowed are not robust to unilateral deviations of a single
principal to a more complex communication mechanism.

We remark here that this result is independent of the existence of many
principals. It is well known that, even if we were considering only one
principal who is interacting with many agents who take unobservable ac-
tions, there can be communication mechanisms where players coordinate
on outcomes that do not belong to the convex hull of the set of Nash
equilibria that are achievable in our simple "direct mechanism" game.
The main rationale behind this result is that the principal is not allowed
to use any sort of correlating device.

In the traditional perspective of Aumann (1974) and Myerson (1982)
such a task was performed by the single principal through recommenda-
tions privately sent to each agent over her actions. In order to show the
relevance of principal’s recommendations, the following paragraphs pro-
vide a simple example of a complete information game with one principal
and two agents whose direct mechanisms equilibria survive only if the
principal can recommend a particular behavior to agents. Importantly,
the example assumes the same temporal structure as Peters’ original one,
that is, agents choose an action at the same time they send messages to
the principal.

3.4.2 On the role of recommendations: an example

We consider a complete information game with one principal and two
agents. The principal chooses an allocation in the set AY', where Y={y1,y2}.
Agents 1 and 2 choose efforts from the sets E; = {aj,as} and Fy =
{b1, b2}, respectively. Payoffs are given by the utility functions V' (y, a, b),

Ui (y,a,b) and Uz (y,a,b). The relevant subgames are depicted in the
following cells:
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Yy=1u Yy =1y2

b1 bg bl b2
a1 | (0,0,10) (50, 6, 6) a1 | (0,0,—10) (—200,0,0)
as | (0,—10,—-10) (—10,0,10) az | (0,10,0)  (4,1,6)

The three elements in each cell denote the utilities of the principal, agent
1, and agent 2, respectively. Each subgame has a unique equilibrium,
(a1,b1) when y = y; and (ag,be) when y = yo. With deterministic
allocations and take-it or leave-it offers, the principal’s expected utility
is 4, since the equilibrium is (y2, ag, b2).

Suppose the principal chooses a lottery over allocations, so that y =
py1 + (1 — p) y2. Then, the agents’ efforts subgame is

bl b2

ar | (0,0,20p—10)  (250p — 200, 6p, 6p)
az | (0,10 —-20p, —10p) (4—14p, 1 —p,4p+6)

For p < %, bs strictly dominates b;. For p < %, agent 1’s best response
is ao, with resultant utility for the principal 4 — 14p, which is maximized
at p = 0 and gives a value of 4. For p € (%, %), agent 1’s best response is
a1, which results in a utility of 250p — 200 for the principal. This has a
supremum at p = %, and delivers a value of —@. For p > %, the unique
equilibrium of the agents’ subgame is (a1, b1), with principal utility being
0. Hence, even with lotteries, (y2, ag, b2) remains the equilibrium of the
game, and the principal’s utility is 4.

Now, consider the following situation. The allocations are not pub-
licly observed. The principal is allowed to communicate with agent 1,
with the message space being M; = {mi,mg}. Suppose principal 1
chooses allocations according to the strategy:

o(my) = i,
o(m2) = yo.

In this situation, given ¢ and his own message, agent 1 knows the
allocation, whereas agent 2 does not. Hence, the agents’ effort game can
be represented by the following matrix

b1 ba
(m1,a1) | (0,0,10) (50, 6,6)
(ma,a1) | (0,0,—10)  (—200,0,0)
(m1,as) | (0,—10,—10) (—10,0,10)
(ma, az) (0,10,0) (4,1,6)

109



The game now exhibits the following unique equilibrium:

e Agent 1 mixes between (a;,mi) and (az,m2), with probabilities 3/5
and 2/5.

e Agent 2 mixes between by and bs with probabilities, 1/3 and 2/3.

The principal’s expected payoff is 211/15, that was not achievable
in the initial game. This is then the unique equilibrium of the indirect
mechanism, which represents a profitable deviation by the principal from
take-it-or-leave-it offers.

Following Myerson (1982) and Harris and Townsend (1981), we can
resuscitate the equilibrium of the indirect mechanism game in a direct
mechanism game. In our specific example with complete information, in
a direct mechanism the principal offers an allocation and makes a rec-
ommendation to each agent about the effort he should choose. Agents
observe the recommendations, but do not directly observe allocations.
A direct mechanism in this example may therefore be characterized as
a probability function 7 : {y1,y2} x {a1,a2} x {b1,b2} — [0, 1], where
7(y,a,b) is the probability the principal chooses allocation y and rec-
ommends effort a to agent 1 and b to agent 2. Note that a stochastic
allocation can be represented as a randomization over y, keeping a and

b fixed.

In the equilibrium of the indirect mechanism above, the resultant dis-
tribution over allocations and efforts is 7(y1, a1, b1) = /5, 7(y1, a1,b2) =
2/5, w(y2,a2,b1) = 2/15 and 7(y2,a2,b2) = 4/15. Suppose the princi-
pal plays this strategy in the direct mechanism. That is, the principals
chooses allocations and efforts according to 7(+), and announces the re-
sulting recommendations to the agents.

It is straightforward to check that neither agent has an incentive to
deviate, so the mechanism is Incentive Compatible. For example, when
agent 2 is told “be”, his posterior beliefs place probability 3/5 on (y1,a1)
and 2/5 on (y2,a2). Given these beliefs, by is a (weak) best response.
The principal obtains the utility 21%, as before.

This example stresses that, when agents have private information
about allocations, it is important to model principals’ recommendations
in characterizing the set of equilibria. That is, the introduction of some
correlation device is a necessary step to provide a general characterization
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of equilibria of multi-principal multi-agent games even when the analysis
is restricted to complete information.2”

3.4.3 A general result

We now try to show that there could be some foundation for the restric-
tion to the use of simple incentive schemes in multi-principal multi-agent
games. We clarified here that this literature is mainly concerned with
situations where only one-sided communication between principals and
agents is considered. Our contribution will be to show that there exist
a class of direct mechanism games which equilibrium outcomes survive
to the introduction of general communication mechanisms such as those
described in Section 3.2.

We remark here that our analysis will be restricted to a complete in-
formation framework and to a specific time structure. More precisely,
agents should take their effort decisions after observing the allocations
chosen and offered by principals.

In complete information games without communication, principals do
not solicit messages from agents. That is, M =0 for every i =1,...,n
and for every j = 1,..., k. Thus, given the definition of a direct mecha-
nism game proposed in Section 3.2, we restrict here to a particular game
Gp where no communication among players is allowed. We denote this
game without communication Gy ¢.

A pure strategy for principal ¢ in Gy is given by 6; € A (Y;). Agents
move after observing the realized allocations (y;)Y, € Y. Agent j’s
behavior is described by the map 67 : Y — EJ7. We will also use the
notation &7 to denote a mixed strategy played by agent j.

Our main aim is to remark that, as long as all allocations are publicly
observed, every equilibrium outcome of a complete information game
without communication remains an equilibrium outcome when principals
can use communication schemes.?® We let Gy denote a game without
communication, and Ga4 the more general indirect mechanism game.??
The relevant timing for the game G is depicted in Figure 3.3.

27 Aumann (1974) introduced the concept of correlated equilibrium for analyzing
noncooperative games with pre-play communication; the relevance of two-way com-
munication to provide a general version of the Revelation Principle for Bayesian games
was further elaborated by Forges (1986).

28We remark here that the space of feasible indirect mechanisms Z is also restricted.
That is, we do not allow for any sort of communications from principals to agents.

2 Note that Mf = () is a feasible choice for principal j in game G .
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Each principal ¢ FEach agent j Lotteries over Each agent

announces his chooses her  each allocation realizechooses her
mechanism messages, m’ effort e/ and payoffs
[M;, ;) are implemented
| | | | >
I I I I o
1 2 3 4 t

Figure 3.3: Timing of the game G4

Consider any game Gy ¢, and any subgame perfect equilibrium

{7}, {Sj*}g‘?zl in which principals are playing pure strategies
and agents are allowed to randomize. We show that no principal has an
incentive to deviate unilaterally to a more complex indirect mechanism.
That is, in the game G o, in which principals can offer message spaces to
agents, it is an equilibrium for every principal to behave as he was doing
in the game Gy ¢. Therefore, there is an outcome of G4 that generates
the same outcome (i.e., probability distribution over allocations and ef-
forts, (y,e)) as the subgame perfect equilibrium of Gy ¢. We formally
state this intuition in the following theorem:

Theorem 7 Consider the game Gy . Suppose it has a subgame perfect
equilibrium in which each principal © plays a pure strategy o; € AY;,
and each agent j plays the strategqy 6% e A(EY). Then, there exists a
subgame perfect equilibrium of the indirect game with public allocations
G that generates the same outcome.

Proof. Consider the game Gaq. Suppose that, in this game, every
principal i offers the mechanism (M;, 0;) = (0, 67); that is, every message
space is an empty set and the allocations are the same as in the subgame
perfect equilibrium of Gy c.

The subgames induced by these mechanisms coincide with those in-
duced by the mechanisms (6;*)2.]\;1 in the game Gy c. Hence, the strategy
profile 67* for every agent j must remain an equilibrium strategy in the
continuation game played among agents.

Suppose now that principal ¢ deviates unilaterally to a mechanism
(M, 07), with M} # (). The continuation game induced by such a devi-
ation is described as follows. First, every agent observes the mechanism
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chosen by the deviating principal and sends him a message. Given the
received messages m, the deviating principal chooses probability dis-
tributions over allocations according to of, while all other principals
choose their allocations o*,. After observing the allocations induced
by (O'Z,-, Uii), agents choose efforts.

We analyze the continuation game through backward induction; that
is, we first discuss the equilibria of the subgame played over efforts. Let
¢ denote the induced equilibrium efforts at this stage.

Note that the allocation strategy of principal 7 is committed to at
the first stage of the game. Hence, using backward induction, the next
stage to consider is the one at which agents send messages. Every agent
chooses a message m? to be sent to principal 7 fully anticipating the re-
sulting allocations and equilibrium outcomes in the efforts game. Finite-
ness of message spaces M; for j = 1,...,J, guarantees existence of an
equilibrium array of messages. Let 1/ denote the (possibly mixed) strat-
egy equilibrium in messages, with u/(m;) being the probability that the
deviating principal i receives the message array m; = (m} )

Py, ).

Given the message array m;, principal ¢ offers the allocation J}(mj).
Let supp(p/(+)) denote the support of /. Every realization m; € supp(p/(+))
induces a payoff for principal i given by V;(cl(m;),5*,),d(ch(ms), 0% ;).
Denote this payoft as f/l(mz) Since the message space is finite, the set
of induced payoffs {Vi(m;)}n, y has a maximum, with some cor-

responding allocation &;.

esupp(p/(-)

For the deviation to be profitable, the maximum must be strictly
greater than V;(o*,0") (else it must remain an equilibrium for principal
i to offer o} for every m; € M;). Further, it must not be an equilibrium
for agents to play the strategy o (6i,0*;) in the continuation game, else
it trivially remains an equilibrium for principal i to offer (), o) in game
G M 30

We now remark that for every m; € supp (¢ (+)), the correspond-
ing allocation offered by the deviating principal, d;(m;), was already a
feasible choice in the original game. If principal ¢ had chosen &; in the
game Gy ¢, he would have once again induced an effort profile given by
0*(6i,0* ;) in the corresponding subgame.

39Note the distinction here between single and multiple principal models. With a
single principal, it is typical to assume the principal can induce his most preferred
equilibrium in the agents’ continuation game. With multiple principals, this may not
hold.
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As a consequence, if the strategy (M, o)) is a profitable deviation in the
game Gz, then o could not have been a best response for principal 7
in the game Gy ¢, breaking the conjectured equilibrium. m

The theorem tries to contribute to the literature of multi-principal
multi-agent games with complete information in which allocations are
publicly observed.3! It applies to settings in which it may be reasonable
to think that private offers from principals to agents are not feasible.

31See e.g. McAfee (1993), Prat and Rustichini (2003) among others.
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Chapter 4

Financial structure and
monetary policy with
competing lenders

4.1 Introduction

The credit view of monetary policy relates the effects of a monetary in-
tervention to the difficulties for borrowers to access the credit market.!
Fundamental imperfections in credit relationships, mainly due to asym-
metric information problems, constitute the main channel for monetary
transmission.

This research constitutes a first attempt in understanding how the
credit channel works when strategic competition among different lenders
is explicitly considered. As a matter of fact, we depart here from the
principal-agent representation of loan relationships to consider external
financiers who compete by simultaneously offering alternative loan con-
tracts to a single borrower.

Both theoretical and empirical works have emphasized two distinct ef-
fects at the basis of the transmission mechanism. The first one is referred
to as the broad credit channel. The increased cost of external financing
relative to internal funds induced by a tighter policy adversely affects
borrowers balance sheets and thus the amount of collateral available for
lenders. Hence, a restrictive monetary policy raising open-market inter-
est rates reduces the amount of lending supply in the market for funds.
The bank lending channel instead recognizes that bank financing is for

IThis chapter elaborates on a joint research with Eloisa Campioni.
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somewhat reasons special to firms and puts at the center-stage the high
dependence of banks credit supply on the conduct of monetary policy.?

The contributions stressing the distinction between these two effects have
been many. All share the reference to the principal-agent model as the
relevant framework to study credit relationships under asymmetric infor-
mation.? The main target of this chapter is to investigate to what extent
the restriction to such a simple strategic interaction affects the charac-
terization of the transmission mechanism. More precisely, the standard
models of the credit channel assume perfect competition among investors
in the financial market; thus, they restrict the analysis to zero-profit equi-
libria for lenders in an economy subject to asymmetric information. In
the optimal contracting approach, this is represented by a binding Indi-
vidual Rationality constraint for the (single) financier. Now, if lenders
compete on the loan contracts they offer to borrowers, then they could
strategically exploit each other’s presence and positive-profit equilibria
may appear. The existence of a credit channel for monetary policy in
such a context has not been analyzed in the literature, so far.

Our aim is to develop this research line. The present chapter builds
on the Repullo and Suarez (2000) work that introduced a microeco-
nomic model of the choice between bank and non-bank finance using
a moral hazard setting in the credit market. We model competition
among lenders over the financial contracts they offer to a single entre-
preneur/borrower. We analyze the situation where exclusivity clauses
are imposed as well as the one where the borrower is not restricted on
the amount of contracts she could accept. It turns out that the main
predictions of the credit channel literature are robust to the introduction
of multiple financiers who strategically interact over loan contracts. Fur-
thermore, when the relationship between competition and incentives is
explicitly considered, monetary interventions can also drastically affect
the structure of the market for loans.

The discussion is organized as follows: Section 4.2 recalls the struc-
ture of the Repullo-Suarez benchmark economy, Section 4.3 presents the
multi-lender interaction under exclusivity and Section 4.4 deals with the
non-exclusive case. Finally, we devote Section 4.5 to the monetary policy
transmission mechanism in the multi-lender framework.

27As highlighted by Kashyap, Stein, and Wilcox (1993), the bank lending channel
theory makes a key prediction: after a monetary tightening, the supply of bank loans
should decline by more than the supply of other types of debt”(Oliner and Rudebusch
(1996), p. 13).

3As a reference, see for example Besanko and Kanatas (1993), Holmstrom and
Tirole (1997), Repullo and Suarez (2000) who study a moral hazard scenario, and
Bolton and Freixas (2000), who focus on an incomplete information set-up.
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4.2 The Repullo-Suarez economy

Our reference point will be the discussion on monetary policy measures
in a simple one-borrower-one-lender economy as the Repullo-Suarez (RS)
one. RS consider a one-good, two periods (¢ = 0, 1) economy populated
by two categories of risk-neutral agents: lenders-investors and borrowers-
entrepreneurs. Every lender is supposed to hold an infinite amount of
the single good while the borrower has a limited endowment.

Production of the final good takes place with a linear and stochastic
technology; I units of the good invested at time 0 are transformed at
time 1 into:

Al with probability p

0 with probability 1-p

If we denote W the borrower’s endowment and 6 the proportion of

internal resources invested in the project, so that 6 = T then the

relevant set of economies is the one with 8 < 1: borrowers hold the
production technology but have to rely on external financing to carry
out their investment project. One should observe that the amount [
invested in the stochastic project is fixed.

The economy is subject to a moral hazard problem. Borrowers can
affect the probability distribution of cash flows through the performance
of some effort e. RS adopt the simplifying assumption e = p € [0,1]. As
usual, lenders cannot observe borrowers’ action, i.e. effort is not verifi-
able. To complete the description, notice that for a given effort choice,
e = p, the borrowers receive the amount of private benefits p(p)AlI,
where the function ¢ is decreasing and strictly concave.?

The characteristics of financing issued at equilibrium are defined by
a financial contract signed at time ¢ = 0. The design of the optimal
contract between a lender and a borrower endowed with a given 6 is
very simple: the borrower acts as a mechanism designer and the optimal
unitary repayment R € R solves the following problem:

max us(R,pi0) = 1{p[4—R(1—0)] +p(p)4}

s.t.

4We emphasize here that the basic structure of the RS economy is the same as
that of Holmstrom and Tirole (1997), who considered a discrete effort case.
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A—~R(1-0)=—¢(p) (4.1)

pR=>r (4.2)

That is, the borrower chooses the pair (p, R) that maximizes her
expected profits under the Incentive Compatibility constraint (4.1)% and
the lender’s Individual Rationality constraint (4.2) guaranteeing to the
investor an expected payoff at least equal to the risk-free return, r» > 0.6
Using a standard argument we can argue that (4.2) always binds at
every solution. Thus, we can restrict to equilibria implying zero profits
for lenders without any loss of generality.

RS set-up the problem with specific functional forms so to get closed
form solutions. The point we want to make here does not tackle this
feature of the model, hence we will stick to their assumptions on tech-
nologies and preferences as close as possible. Let us hence introduce the
necessary assumptions to state their results:

1
Assumption 1 ¢(p) = ﬁ(l —p?)

Assumption 2 8 < & < 4.

7 r
with A € (0,1). That is, the entrepreneur’s private benefit is a quadratic
function of p. These two assumptions holding, it is straightforward to
show that there exists a critical value § € (0, 1) such that borrowing is
not feasible for entrepreneurs with net worth ratio § < . In particular,
we get:

- AA?

f=1———

4r
That is, higher values of r (that RS associate to a restrictive monetary
policy) correspond to a contraction in the aggregate feasible set. This

defines the broad credit channel of monetary policy.

®The Incentive Compatibility constraint takes into account the effort choice by
entrepreneurs-borrowers. The simple nature of this contract problem allows RS to
directly consider the first order condition of the problem faced by borrowers in their
effort choice.

50bserve that assuming R € Ry corresponds to the introduction of a Limited
Liability constraint.
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To emphasize the driving force of the transmission mechanism of mone-
tary policy we have to consider the feasible set of the problem as para-
meterized in #. There exists a unique value # = # such that (4.1) and
(4.2), considered as an equality, are tangent in the (p, R) plane. As a
consequence, whenever 6 < 6, the feasible set will be empty: economies
with such a low endowment will not admit the possibility of external
finance. The feasible set is depicted in Figure 4.1: it is identified by the
segment between the two points A and B.” Given the structure of the
problem, it is possible to show that borrowers maximize their payoff by
choosing the allocation corresponding to point A.

b

[

(IC)

(IR)

Figure 4.1: The feasible set of a principal-agent problem in a RS economy.

In a next step, RS study the relationship between the composition of
external financing and the transmission mechanism. Thus, they assume
availability of two alternative modes of funding the investment project,
i.e. market finance and bank finance. Importantly, these financial assets

"One should note that in the specific quadratic case studied by RS the Incentive
Compatibility constraint turns out to be a line.
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are identified here by alternative techniques. In other words, borrowers
have access to two alternative options for the production of the final
good implying two different private benefit functions (with different As):

1

op(p) = 271)(1 )

and

om(p) = 2A1m(1 - p°)

with 0 < A\, < Ay < 1. Bank financing is supposed to be more costly to
the entrepreneur since it is associated to higher monitoring intensity:

oo(p) < pm(p) Vp <l

To have a non-trivial choice among the techniques, it is also assumed
that the effect on the incentive constraint is opposite: reducing the prob-
ability of success (lowering p) entails a smaller sacrifice of private benefits
under bank finance than under market finance:

P (p) < @(p) < 0.

Solving the principal-agent game does not significantly change if the
borrower is endowed with two alternatives for the production of the final
good, since it can be seen as two separate games. Comparing the two
modes of financing, it can be shown that there exist two threshold levels
of § which can be ordered as follows:

0<6,<6,<1

The two forms of financing are effectively feasible only in the set of
economies where 6 € [Hm, 1]. Finally, RS deduce that in such a region
there can exist a critical value 6* € [Hm, 1) such that:

um(0) > uwp(6)  iff 6> 6* (4.3)

Thus, the highly collateralized borrowers® will prefer market finance,
those with intermediate net worth (éb << 0*) will get bank finance
and those with little net worth (0 < éb) will not receive any funding.
In such a scenario, RS are able to provide a formal assessment of the
so-called bank lending channel of monetary policy.

8That is, the borrowers whose endowment is such that 6 > 6*.
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To summarize: RS consider a standard model of the credit chan-
nel of monetary policy, where credit relationships are represented as a
principal-agent interaction with hidden effort (moral hazard). Two fea-
tures deserve further attention:

e The transmission mechanism is analyzed in a scenario where lenders
are always earning zero profits. Existence of a binding zero-profit
constraint (IR constraint) is interpreted as a shortcut for competition
in financial markets.

e Alternative sources of funding (i.e. bank financing and market financ-
ing) are associated to different techniques available to borrower-firms.
No strategic interaction among financiers is considered. In particular,
existence of mixed financial structures for a single firm is disregarded.

The next two sections will try to understand to what extent these sort
of predictions depend on the particular restriction to a principal-agent
model for the credit market.

4.3 Multiple lenders and exclusive contracts

The co-existence of several lenders deeply modifies the nature of the
game if we consider them as strategic players who compete in financing
an investment project. To discuss the issue of mixed financial structures
and of firms’ choices among alternative funding, we explicitly introduce
a framework with heterogeneous lenders. Each of them proposes a credit
line and a repayment structure taking into account its technological fea-
tures and the existence of a competitor. Importantly, competition takes
place here under an exclusivity assumption: each borrower is allowed to
accept only one financial contract at a time.

We will first show that competition among a finite number of diver-
sified lenders supports zero-profit equilibria only as a non-generic case.
Positive profits equilibria naturally emerge in this context; hence, con-
sidering a zero-profit condition simply as a short-cut for competition in
the lending market cannot be appropriate.

More specifically, we modify the RS set-up in the following way:
the two sources of external financing are modelled now as two different
lenders. Lenders are therefore differentiated with respect to their moni-
toring technology, which is specific to the particular form of funding they
offer. We maintain the simplification that RS propose and we summarize
all the differences among alternative financial contracts in different mon-
itoring intensities. Hence, there exist two lenders m,b offering market
and bank financing, respectively.
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Lenders compete by simultaneously offering a contract to the unique
entrepreneur. At this stage, we maintain the assumption of fixed invest-
ment scale, that is, a given amount [ is needed for the project. We con-
centrate on the asymmetric lenders case so to allow for mixed financial
structures. The interaction among the contractual parties is modelled as
a 3-stage game:

e at stage 0, each lender ¢ = m,b simultaneously proposes a contract,
i.e. a repayment R;;"

e at stage 1, the entrepreneur selects among the offered contracts the
one she accepts;

e at stage 2, the entrepreneur exerts the effort p induced by the contract
he signed and the contractual obligations are executed.

Each lender i = m,b Borrower selects Borrower exerts effort
proposes a one proposal and obligations
contract are executed
| | | >
! ! ! >t
0 1 2

Figure 4.2: Time structure of the three stage-game

We abstract here from any partial commitment and renegotiation
problem to concentrate on the effects of competition among lenders on
the equilibrium outcomes. Using a backward induction argument, we
analyze the reduced form game associated to the Incentive Compatible
level of effort. To define this game, let us describe players strategies and
payoffs. Each lender i’s strategy is given by the unitary repayment:

Al

} for i =m,b

Let S; define lender i’s strategy space, so that R; € S; for i = m,b.
A (pure) strategy for the entrepreneur is given by the map:

%In this case with fixed investment scale and exclusive lending, the contract reduces
to a repayment R.
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SE:Sm XSb—> {O,m,b} X [0,1]

where we denoted {0,m,b} the decision to either accept none of the
contracts, or to accept contract m or b, respectively. We let Sg be the
strategy space of the entrepreneur, i.e. s, € Sg and we assume that this
set also includes mixed strategies.

Under the exclusivity assumption, only one of the two contracts will
be accepted and the inactive investor would simply get his reservation
utility.

The following paragraphs provide a complete characterization of credit
market equilibria under exclusivity.

We focus, for simplicity reasons, on a reduced form of the multi-lender
game that embeds the optimal effort choice by entrepreneurs-borrowers.
Hence, we denote:

i 9 .
UIEC(RZ'): ﬂ(A_Rz(l_e)) o for i =m,b
76 if ulC(R;)) < u

the borrower’s Incentive Compatible payoff. That is, when the borrower
exerts the optimal level of effort, she will get a payoff of u%C(Ri) accepting
the lender ¢’s contract R;. In a similar way, Incentive Compatible payoffs
for lenders are:

Am ,
¢ _ )] Bm(1-0) [A(A — R (1 — 0))] if wi (Rpy) > uplC(Ry)
r(1—0) otherwise
A :
IO _ Ry(1—0) U’(A — Ry(1 - 0))] if gl (Ry) > uf’ (Rm)
r(l—46) otherwise
where 1€ (7{¢) denotes the payoff (in unitary terms) of the lender

offering a market-type (bank-type) of financing evaluated at the optimal
effort level. The Incentive Compatible game associated to the optimal
effort choice p*(R;) for i = m, b is thus given by the following collection
of strategies and payoffs:

FIC = {Frlncﬂ ﬂ.l{C’ UJIEC(-)v Sma Sb7 SE}

The relevant equilibrium concept for TY¢ is Subgame Perfection, where
each of the players maximizes his/her payoff given the behavior of the
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others and their sequential strategy choices. An equilibrium is a triple
(Ry,, R;, s};) such that each lender solves the optimal contractual prob-
lem, given the contract offered by her opponent, the players’ participa-
tion constraints and the IC level of effort.

In particular, a Subgame Perfect Equilibrium of TY¢ where the con-
tract m is bought is the pair of repayments (R}, R;) together with the
decision of the borrower to accept m and implement the induced IC level
of effort p*, i.e.:

R} € argmax p*(Rn)Rm
R,

s.t.
P (Rm)[A = Rin(1 — 0)] + 0;(p"(Rm))A > max {r0,ul’ (R})} (IRp)

p*(Rm)Rm >r (IRm)

where the contract offer of lender b, R}, is such that:

PH(Ry) Ry =

that is, it delivers him zero extra-profits. With respect to the RS frame-
work, the existence of competition among lenders translates into an en-
dogenous reservation utility for the entrepreneur who can always accept
the contract offered by b if the conditions of m were too strict (IRg).
Finally, the participation constraint of Lender m defines the minimum
level of equity below which the external financier denies the necessary
financing, i.e. 0,y,.

One should note that p*(R,,) is the optimal effort choice corresponding to
the decision of accepting the contract offer of lender m. The relationship
p*(Ryy,) is implicitly defined from the Incentive Compatibility constraint.
That is:

P*(Rm) ={p: A= Rpn(1—0) = —¢i(p)A}

Given p*(R,,) and p*(Rp), Figure 4.3 represents the Incentive Compat-
ible unitary payoffs p*(R;)R; for lender i = {m, b} as concave functions
of the repayments R,, and R;. Consider lender b: for all the repayment
values lower than Ri; and higher than Ry, the payoff curve lies below
the line r(1 — @), that is, his participation constraint is violated.
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0 Ry Rim Rop, Ray,

Figure 4.3: Incentive Compatible payoffs

4.3.1 Competitive equilibria

To show that we can recover all the standard results of the credit channel
literature, we will first focus on an economy where lenders earn zero
extra-profits at equilibrium.!® A zero-profit equilibrium of T'7¢ where
the borrower is indifferent between buying contract m and contract b is
such that:

o T (Ry) =m(Ry) =r(1-0),
o ulC(R:) =ull(Ry) for 0 € (0, 1),

with none of the players having a profitable deviation. As such, this
equilibrium is characterized by the borrower appropriating the entire
surplus and each lender’s participation constraint binding at equilibrium.

10T his is the main feature of our reference works, like Oliner and Rudebusch (1996),
Repullo and Suarez (2000), Holmstrom and Tirole (1997) and Bolton and Freixas
(2000).
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We will follow the literature on Bertrand-type of equilibrium and focus
on cases where the lenders cannot randomize, but the borrower can.!!

We first observe that the zero-profit equilibrium is a non-generic out-
come in the space of endowments. That is, there is only one § = 0*
which satisfies the borrower indifference condition between the choice of
market and bank financing:

Proposition 12 In the exclusive contracting framework, there exists
one and only one economy where a zero-profit equilibrium can be sus-
tained, corresponding to a single value of 6 = 0*

Proof.

Plugging the IC level of effort into the participation constraint of each
lender, we get the values R,,(0) and Ry(6), which guarantee zero-profits
to the two lenders:

\ i\/A2 _Aran(1-6)

Ron(0) = —4 (4.4)
2(1 — 9)7”‘
N \/Ag B 4mb(j1 —0)
Rb(g) = N (4'5)
21-0)5

The lenders payoff functions are depicted in Figure 4.3, and Ry (re-
spectively Ry) denotes the positive (respectively negative) root.!? Each
pair of repayments R;(f) for i = m,b on the decreasing part of the IC
payoff functions cannot describe an equilibrium strategy. It would al-
ways be profitable for the lender to reduce the repayment, increasing
both her own profits and the probability of her contract being accepted.
For the values of R;(.) on the increasing part of the payoff functions, the
lenders engage in some Bertrand-type of competition.

The pair {R1,(0), R15(0)} is the only candidate which is robust to
profitable deviations by any of the two lenders. Hence, for it to char-
acterize a zero-profit equilibrium, we should finally check whether there
exist a non-empty set of endowments Q = {6 € [0,1] : w9 (R, (0)) =

"In Parlour and Rajan (2001) these equilibria are referred to as deterministic.
12We again follow RS in restricting to the values of A such that R,,(6) and R,(0)
are real roots (see Repullo and Suarez (2000), pp. 1942.)
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ul¢(Ryp(,0))} that makes the borrower indifferent between buying b and
m. Let
Augf = up (Rim(0)) — uf (Rp(6)

be the difference in borrower’s utility between buying the m and the b
zero-profit contracts. We get:

Aulf(9) = g [1 - 1} + % [Am — o]

@ Arm(1-0) \/Ag j 4m,,(;1 —0)

|
S
«
3
I

Assumption 3 guarantees that if we evaluate Aulf () at 6 = 6,, we
have:

AuC (0,,) = 20 — Am) + M Am (20 — Am) <0

That is, in a neighborhood of 8,,, bank finance is strictly preferred
to market finance. In addition, we have that:
Al 1l 1
lim Aulf(h) == |— — —
jim Aug’(0) =5 [)\m )\b] >0

i.e., there will be a neighborhood of # = 1 where market finance is strictly
preferred to bank finance.

Since Aulf(6) is a continuous and increasing function of 6, there ex-
ists only one 6* € Q such that Aulf (%) = 0. If 0 is equal to 6%, then the
borrower is indifferent between accepting contract m or b; in particular,
accepting m is a best reply for her. Hence, the values Ry, R1p and the
borrower accepting m with positive probability completely describe the
zero-profit equilibrium.

|

Solving the IC' constraint for the effort choice and the binding par-
ticipation constraint for each lender, we can characterize the equilibrium
repayments. Then, considering I Rg, we can identify the net worth ratio
0* that sustains the zero-profit equilibrium (see Figure 4.4).
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UJIEC (Rim)
e

ug (Rup)

Figure 4.4: Borrower’s indirect utility

At equilibrium, the entrepreneur gets the whole surplus and she ran-
domly chooses which of the two contracts to accept. None of the lenders
can profitably deviate: to increase the probability of his contract being
chosen he should lower his repayment and hence his profits.

We also remark that, given the optimal entrepreneurial effort choice,
it can be shown that lenders’ participation constraints will not be satis-
fied whenever:

_ ANy
0<0p=1— ——
<% 4r
for lender b and
_ A
0<6,=1-""
< 4r

for lender m.
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Finally, using Assumption 1-3 on the monitoring technologies we can
rank the relevant thresholds, as it is shown in Figure 4.5.

No access to Bank financing Market and bank financing
external is feasible are feasible
financing
| | | —
Oy O, 0* 1

Figure 4.5: Ranking of the net worth ratios and access to external funds

The next paragraph argues that for every 6 different from 6*, zero-
profit equilibria will not survive.

4.3.2 Non-competitive equilibria

The whole set of equilibria of the economy can be characterized if we
consider the borrower’s utility for an m-type or a b-type of contract.
More precisely, Proposition 12 has already emphasized that there exist
an open neighborhood of # = 1 where market finance is strictly preferred
to bank finance (Au[EC(H) > O). If the two lenders were offering zero-
profit contracts, then a borrower with 6 close enough to one, would get
a strictly higher payoff accepting m. We also introduce the following
assumption:

Assumption 3 )y > 2)\,,.

This is a technical condition to exclude that for values of 6, very close
to one, the lender m will ever become a monopolist. In such a case the
equilibrium with zero profits cannot be sustained and lender m will enjoy
market power:

Proposition 13 For every 0 € [0*,1), there exists an equilibrium with
positive profits for lender m.

Proof. The candidate for equilibrium is the array (R},, R}, m) such
that, for every 0 € [0*,1):

o TIO(RE) —r(1—6)>0
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o mC(Ry,) —7(1—0)=0
° ufEC(an) = ugC(R’{b) > rf

and the borrower chooses m. That is, the borrower buys contract m,
lender m makes positive profits and lender b offers a zero-profit contract
threatening entrance.

First, consider lender m. Given the contract of lender b, Rj,, he
must guarantee the entrepreneur at least " (R?,) if his contract is to be

accepted. Our Assumption 2 guarantees that for every # in the interval
[0p, 1], we have: ulf(R},) > rf. It follows that the relevant participation
constraint for the borrower will bind at the endogenous reservation utility
ut¢(R%,). In particular, we have that:

. A dr p(1 -6 A r(l1—0
u]IEC( 16):4<Ab+\/)\g€4)>+2)\b(2)

which is an increasing and convex function of 8. Solving the IRg con-
straint for the optimal R,,, we get a quadratic expression:

A%2(1+22)) — 24N ue(RYy)
24\,

(1—-0)2\,

2
—(1- milm
o = (1= 0) A By +

=0 (4.6)

which for every 6 has two real and distinct solutions if the discrimi-
nant A is non-negative. We also get:

A=A%(1—0)2\) — (1—0)222 [A%(1+ A2) — 24N nuff (RY)] (4.7)

If \y is large enough, i.e. Ay > 2\, both solutions to (4.7) are greater
than one, hence for all € [#*, 1] the discriminant is non-negative. Hence,
there exists a R}, € R4 which constitutes a best reply to R7,.

The values of R,,, say Rim and Ray,, solving (4.6) are:

Al £ \/A[Q/\muE(RTb) — A
Am(l - 9)
with R, < Roy,. One should notice that Ry, is associated to a
higher payoff for lender m, i.e. R}, = Rim.
Consider now the behavior of lender b: if m is offering R}, and he plays
Ry, the entrepreneur will choose m. In such a context there is no prof-
itable deviation for b since he can neither make an offer lower than R},

le,?m =
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without running into negative profits nor raise the repayment since the
borrower will always buy m.

The entrepreneur participation constraint is binding at the utility level
u%c( 1p). In particular, buying the market-type of contract is a best
reply. m

At equilibrium the dominant lender m offers a contract at a positive
interest rate, the entrepreneur accepts it and the second lender b is shut
out of the market. The contract guarantees the dominant lender positive
profits. The entrepreneur is indifferent between accepting contract m
and contract b, however it is not an equilibrium to buy the b-contract
because the dominant lender can reduce her repayment just enough to
make the lender strictly prefer her offer.

Given the structure of this problem with the lenders offering contracts

under exclusivity, it is possible that the most efficient financier keeps her
opponent out of the market enjoying some extra-profits.
If § is greater than 6%, then Y (Rj,,) will also be greater than ul’(Ry),
i.e. lender m can profitably deviate towards a positive profit equilibrium
where the borrower will accept his contract for sure. The SPNE equilib-
rium will therefore be a triple {R};,, R},, m} such that accepting lender
m’s contract is a best reply. To characterize R}, we solve lender m’s max-
imization problem under an I Rg constraint binding at the endogenous
reservation utility u£’(R},), that is the utility the borrower would get
accepting b’s offer. In other words, competition threat has an effect on
the division of the surplus, it implies that lender m leaves some surplus
to the entrepreneur. The threat to accept lender b’s proposal destroys
the monopolistic profits of the principal-agent model.

Analogously, it can be argued that when we consider values of 6 in
the interval [0,,,0*), the bank type of contract will be chosen:

Proposition 14 Whenever 0 € [0,,,0%), at equilibrium lender b’s con-
tract is chosen and it ensures him positive profits.

Proof. See the Proof of Proposition 13. =

We still have to consider values of 8 below 6,,, where the market-type
of financing is not feasible, but the bank-type is. For all the initial
endowment levels 6 belonging to the interval [0y,0,,), the only lender
which could offer a contract is lender b, hence the entrepreneur can only
choose bank financing. Lender b behaves as a monopolist: he has all the
bargaining power and at equilibrium appropriates all the extra-surplus,
the entrepreneur’s utility is binding at her reservation level 6. Hence,
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the active lender enjoys positive profits at equilibrium even though profits
are lower than those earned in a monopolistic regime. As a consequence,
we have the following;:

Corollary 3 If 0 € [0y,0,,), then the only feasible choice for the entre-
preneur is given by the bank financing option. At equilibrium lender b
enjoys monopoly profits.

Finally, those entrepreneurs whose initial amount of resources is be-
low 0, are credit rationed. None of the financiers accepts to invest in
their production activity, hence they do not have access to the credit
market in any form.

We therefore confirm the role of entrepreneur’s endowment as to ac-
cess different financial resources that Repullo and Suarez identify, but
we are also able to characterize the different conditions of access to the
same form of credit that borrowers’ experience. In particular, firms with
very low endowment have access to bank financing at the worst condi-
tions. As the amount of initial assets increases, the borrower still recurs
to bank-financing which is more costly for the firm but the bank applies
more favorable conditions. Finally, only those borrowers with high eq-
uity participation enjoy the better contractual terms of the market-type
of contracts.

4.4 The non-exclusive scenario

When a borrower can accept more than one contract at a time, we enter
a common agency set-up. There, multiple principals attempt at influ-
encing the action taken by the single agent (effort choice) and by doing
so they produce an external effect on her investment choice. Every con-
tractual relationship is characterized by a moral hazard problem. Lender
i’s actions can affect other lenders’ payoffs either directly or indirectly
through the entrepreneur’s effort choice and the decision on which con-
tracts to accept. Such an externality from financial contracts can lead
to a contraction in the aggregate volume of lending.

To develop this line of investigation, we slightly modify our original
set-up to properly account for non-exclusive interactions. In particular,
we construct a simple common agency model for the credit market, where
bank and market financing are offered sequentially. The main target of
the analysis is to allow for existence of a mixed financial structure for
the single firm at equilibrium, a situation that is not usually considered
in the standard credit channel literature. In the set-up we consider, the
borrower, after observing the contract offers she is receiving from the
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two lenders, is allowed to either accept the two contracts together or
to refuse both of them. In the terminology introduced by Bernheim and
Whinston (1986a), we focus on an intrinsic common agency scheme. The
relevant timing is depicted in Figure 4.6 and the contractual interaction
is sequential: lender b acts first, then lender m offers his contract to
the borrower. Finally, the borrower decides whether to accept or reject
the proposals, she exerts effort and payoffs are distributed. For each
lender, a contract is given by an investment level and a repayment line,

ie. K; = (IZ‘, RZ) with ¢ = {b, m}

Lender b Lender m The entrepreneur
offers her offers her accept or rejects
contract contract both offers and  Payoffs

Ky = (Iy, Rp) K., = (Im, Ry,) exerts effort, p are realized

Y

Figure 4.6: Timing of the contractual interaction

Credit relationships are therefore represented as environments with
sequential bilateral contracting. A typical example of such interactions
is given by those venture capital problems where an upstream princi-
pal (the venture capitalist) offers a financial contract to an agent (the
start-up firm) anticipating that in a next step he will contract with sup-
pliers, retailers and, possibly, other investors (downstream principals).
In these situations the upstream principal takes advantage of his Stack-
elberg position by designing the upstream relationship in such a way to
take into account the implications of downstream contracting. In par-
ticular, we chose to identify the upstream principal with Lender b and
the downstream principal with Lender m. The sequential nature of the
interaction allows lender b to offer allocations that are contingent on the
contractual offers made by lender m. This enables him to internalize the
effects of his behavior on other players’ choices. Nonetheless, a form of
contractual externality is still present: the borrower’s decision on which
contracts to accept (either both or none of them) is not contractible by
any of the two lenders.

Lenders are heterogeneous with respect to their monitoring technolo-
gies. Lenders b represent the bank financing which is more costly to the
entrepreneur since it can be associated to higher monitoring intensity by

133



external financiers. Market financing is offered by the m-type of lenders,
and being associated to anonymous stake-holders can be characterized
by lower auditing, hence higher private benefit for the entrepreneur:

[...] We assume that the difference between them relates to the extent
to which the corresponding lenders monitor their borrowers in order
to ameliorate the moral hazard problem. Thus monitoring in this
context means the application by the lender of some external control
mechanism that makes the diversion of project resources towards
private uses less profitable to the entrepreneur.'3

Lender b cannot therefore fully exploit the market power coming from
being the first mover. If the amount of credit issued by b gets larger and
larger as compared with that offered by m, monitoring costs become very
high as well. The borrower might then end up rejecting both contracts.
This is a main trade-off of the non-exclusive interaction.

In addition, we assume that both lenders, b and m, have access to a
deposit market where they collect the resources to finance the entrepre-
neurial sector. Deposits are costly for the banking sector as well as for
non-bank lenders. The cost function we consider in our exercise is:

Y(I;) = 8IZ(1 + )

with ¢ = {m,b}. The cost of collecting funds is increasing and convex
in the amount of investment (I;) supplied by each financier, and it is
increasing in the risk-free rate of return r, which the depositors earn
when investing on the bond market.

The aggregate investment level I = I, + I, + W is still assumed to be
fixed. Also, with probability p the production is successful, and, without
loss of generality, we focus on the situation where the net product Al
is equal to one, with A > 1. Hence, it must be that I < 1 throughout
our discussion. The definition of the borrower’s payoff is also unchanged
with respect to the exclusive game. Importantly, in this non-exclusive
scenario, the entrepreneurial private benefit ¢(p) depends on the com-
position of firms’ external finance:

1—;102

161,

for every I, € (0,1 —W]. Given the effort p, the private benefit is a
decreasing function of the amount of financing provided by the banking
sector. This functional form has been chosen to represent the fact that

o(p; ) =

13Repullo and Suarez (2000), p. 1937.
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bank financing is more costly for firms due to the higher and better
monitoring intensity of the banking sector relatively to the market one.

We now define players’ strategies and payoffs. For the first-mover,
lender b, the strategy space is simply the set of all possible pairs of
investment and repayment:

Ky = (Ib,Rb) ek, C Ri
For the second-mover, lender m, the decision on which contract to offer
depends on the choice of her predecessor,
K = (Im, R : Ky — RA.

Let k), be the strategy space of lender m. Having received the contract
offers, the entrepreneur’s strategy is to choose whether to accept or reject
the contracts and which effort to exert:

op: Kmx Ky — {0,1} x [0,1].

We denote the entrepreneur strategy set as X g, with op € ¥p. We
also let R,, and Ry be the total repayments for lender m and lender b,
respectively.!4

Hence, the payoff of lender i = {m, b} is:

S pR; — 8I2(1 +r) if the borrower buys both contracts
10 otherwise

and

ug =p (Al — Ry — Rin) + @(p; Ip).
for the single borrower. We also recall that Al = 1.

The intrinsic common agency game is given by I'® = {Ky, K, X, T, Tm, uE }-
The relevant equilibrium concept for I'“ is Subgame Perfection. The
next paragraphs provide a characterization of the set of positive-profit
Subgame Perfect Nash Equilibria (SPNE) where both contracts are ac-
cepted.

This is a main difference with the previous section where R; was taken to be the
unitary repayment earned by lender ¢. Given that the final output is set equal to one,
the distinction between unitary and total repayments turns out not to be crucial in
this section.
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4.4.1 Credit market equilibria

Definition 10 Given the borrower’s endowment W, we say that the
strategy profile {K; = (I}, R;) € Ky, K}, = (I}, R},) € K} together
with the borrower’s decision of accepting both contracts and choose the
associated level of effort p* constitute a (pure strategy) SPNE for the
game I'° iof K, and K are solutions to the following two problems:

e Problem M

VK € Ky,

(B (Kp), ™ (Ko, Kin(Kp)), I () € argmaz pRyy, = 8(1+ )
m7p7 m

s.t.

I=1I,+0L,+W
p =8I (1 — Ry — Ry (IC)

1—p2

1= Ry —
pll — Ry — Ry] + 161,

>W(l+r) (IREg)

e Problem B

Ky = (Ry, I}) € argmax  p*(Iy, Rp) Ry — 8(1 + T‘)Ig

Ry, Iy
s.t.
L, <I-W (4.8)
Ty >0 (IRn)

where 7%, = p* (I, Rp) R, (I, Ry) — 8(1 + 1) [}2(I,, Rp) is the value func-
tion of Problem M.

That is, we consider the optimal choices of m that induce an Incentive
Compatible level of effort as well as the borrower’s decision of buying
both contracts. Given the endowment W and the investment level of
the upstream principal I, I, is just residually determined: I,, = I —
W — I,. The optimal choice of b must respect feasibility (4.8) and should
guarantee the participation of lender m.
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We provide here a simple characterization of equilibria in terms of the
borrower’s endowment W. To this extent, we first investigate the prop-
erties of the solution to Problem M and to Problem B in the following
lemmas.

Lemma 4 There exists an open set of endowments {W : W € (¢1, ¢p2) C
[0,1]} such that there is a candidate SPNE (Kj, K}, p*) where none of
the constraints (4.8), (IRg) and (IRpr) is binding.

Proof. We first solve Problem M with an (I Rg) which is slack, and
then verify that at the solution it is indeed the case. This gives us:

1-— Ry

R (Ry) = and  p*(Ip, Ry) = 4Ly(1 — Ry)

We then solve the design of the optimal contract for b, taking into account
that lender m must make positive profits at the candidate equilibrium
and he must provide a positive amount of credit (i.e. (4.8) and (IRyy)
should not bind). Solving Problem B we get a Stackelberg result for the
repayments:

Rb:§ and Rm:Z

and an interior solution for Ij:
1
Iy = ———.
16(1 + )

The investment choice of lender m is residual:

I =1-W-1I.
Finally, the Incentive Compatible level of effort is:

£ 4 1 1 1
Pr= 6+ 2~ 81 +r)
Now, if the borrower’s participation constraint (I Rg) were binding, the
repayment and the IC effort choice of lender m would have looked like:

1
Rn(Iy, Ry) =1 — Ry — 87\/161,,W(1 +7r)—1
b

and

p(Ip, Rp) = \/16IbW(1 +7r)—1.
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For the square root to be well defined it should be 161,W (1+7r)—1 > 0.
Plugging p(Ip, Rp) into Problem B, we get:

maz (\/16[;,W(1 ) — 1) Ry — 8(1+ )12

The objective function is now linear in Rp, hence by limited liability
we get to the corner solution Ry = 1. No matter what the effort level
would be and what proportion of investment the lender m would finance,
he would get a zero repayment hence a net loss in the game. Thus, there
is no incentive for lender m in tightening the borrower’s participation
constraint whenever (4.8) and (IRjs) are slack.

Finally, we observe that the interval of relevant entrepreneur’s endow-
ment that sustain this solution is, in fact, delimited by the followings:

e lender b cannot be a monopolist in the loan offer. Hence, using the
expression obtained at equilibrium for I, we obtain that: I, < I — W
for all

1
W<l———=
16(1+1) ¢
e lender m has to be willing to participate, hence he can at most be left
at zero-profits. Hence, it should be:

T =P RE — 8(1+ )2 >0

that corresponds to:

with ¢1 < 2. ®

The Lemma stresses that for every W € (¢1, ¢2) a candidate for equilib-
rium is a repayment and investment pair that is associated to a mixed
financial structure for firms. As a by-product, it is emphasized that the
allocations where [ is set equal to I — W and (I/Rjs) does not bind
are not compatible with a binding participation constraint for the bor-
rower. With a similar argument, it can be shown that the allocation
that delivers the whole surplus to Lender b (i.e., (IRg) and (IRys) bind
simultaneously) turns out not to be feasible. One should note that in
this particular solution the total revenues earned by each lender, say
p*R; and p* Ry, , are independent of the borrower’s net worth. Alterna-

mo
tive values of W only affect the distribution of monitoring costs paid by

138



financiers. More precisely, as W gets lower, the fraction of the aggregate
demand for loans I —W that should by financed by the m lender becomes
larger and larger. If the entrepreneur’s endowment is lower than ¢1, then
lender m does not have any incentive to participate, since revenues do
not compensate monitoring costs.

We now investigate the relevance of situations where lender b compen-
sates lender m for not offering any credit, i.e. I, = 0. Lender b does
not enjoy monopolistic profits, but has to sacrifice part of his rent due
to the competition of the opponent: it should hence be Ry > 0. Such a
scenario is described in the following:

Lemma 5 There exists a level of endowment 0 € (¢1,p2) such that:
for every W > 0y there is a candidate SPNE where (4.8) binds and both
(IRn) and (IRE) do not. We refer to this allocation as a "compensating
outcome”.

Proof. The solution to Problem M will be unchanged. We only have
to consider Problem B in the particular case where lender b finances the
entrepreneur alone, i.e. Iy = I — W. The optimal repayments will not
change:

1 1
Rb = 5 and Rm = Z
On the other hand, the Incentive Compatible effort level will be different

and given by:

pZSQG—Ry—E@:8U—Wﬂi:ﬂI—Wﬂ

Plugging these expressions into the participation constraint of the entre-
preneur, we verify whether there exists an interval of endowments that
guarantees feasibility of this solution. The (I Rg) constraint becomes:

I—W+1—4(I—W)2
2 16(1 — W)

which leads to a second-order polynomial in W:

>W(+r)

A1 +40+7)W? =8I [14+2(1 +7)|W +14+41* >0 (4.9)

The corresponding equation admits the two real and distinct roots:

W AT 421 +)] + —VA
b2 A1+ 4(1+r)]
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where

A =64I*(147)% —16(1 +7) — 4.

Both W; and W turn out to be smaller than I. The inequality (4.9) is
satisfied for all W > W5 and for all W < Wj. Computation shows that
for all values of the parameters we have:

1
0y = W- = —
2=Wa< o 16(1+1)

1
and for I > ————, i.e. for values of investment not too close to zero,
8(1+r)
Oy > 1 =1 !
G T S

Hence, the negative root Wi will be smaller that ¢;. Since, for values
of endowment below ¢1, lender m is not participating to the investment
we can concentrate on the positive root, which defines the threshold 65
above which compensating solutions can be sustained. m

Finally, we consider situations where the leader b acquires a monopolistic
position in lending and pushes m out of the credit market. This solution
has the following features: lender b proposes Kj = (I—-w, Rb), lender
m Proposes K,, = (0,0), the borrower buys both contracts and exerts
the induced level of effort. Lemma 6 establishes the feasibility of this
solution:

Lemma 6 There exist two critical endowment levels 1 € (0,¢1) and
Yo € (02,1) such that for every W < ~1 and for every W > ~y there

exists a candidate SPNE (R’b = (I - W, Rb> K, = (0, O),ﬁ) where the
borrower accepts both offers and lender m earns monopolistic profits.

Proof. Lender b is ﬁnancing the entire amount and solves her profit-
maximization problem taking K, = (0,0) as given:

max  pRy — 8(I —W)*(1+7)

Rb7p
s.t.
p=8(I—-W)(1—Ry)

1 —64(1 — W)2(1 — Ry)?

8(I —W)(1— Ry)? + 60— W)

>W({+r)
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If the borrower’s participation constraint is slack, then the repayment
for lender b remain still equal to one half of the entire production, i.e.

1
Ry = —. In this case, considering the borrower’s participation constraint,
we get the following second-order degree inequality in W:
16(2+7r)W?2 —16(3+r)IW +1612+1 >0
The two real and distinct roots are:

SI(3+7r)+ VA
16(2+ 1)

W=mgo=
where

A =641*(341)% — (16I% +1)16(2 + 7).

Hence, the relevant values of the endowment are those in the set {W :
W > ~9, W < 7} in particular, both v; and 72 are smaller than I.
We also remark that in order to get real roots we have to assume that
I is large enough; more precisely, a sufficient condition turns out to be

I > — . Furthermore, it is straightforward to verify that

V2

Y2 € (¢1,2)
We can also show that ~9 > 65.
We denote:
dif =02 —y2 =dif1 +difs

where

dif = 21(3 4 2r) B 2I(3+ )

YT oG +4r)  204+2n)
and
dify = 1672(1+7)2 —4(1+7r) -1 JAPP(1+7)? = (2+7)
T A5 + 4r)2 4(4 + 2r)2

It can be shown, after some algebra, that

92 > Y2 <~ difl > —difg

whenever

15 After few calculations, we get that A is positive whenever I?(2r 4+ 2)? > (2 +7)
1
that is true for every r > 0 if I > —.

V2
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36I%(1 4 7)% < (difs)?

This condition corresponds to:

(1849r)(164+4r2+16r)—3 < 0 —  36r3+216r2+432r+285 < 0 (4.10)

that is a third-degree polynomial in 7, with two conjugate complex
roots and one negative real root, let it be 7; importantly (4.10) is verified
for every rate of interest r below 7.6 Thus, for every non-negative rate
of interest dif has a negative sign, and o > 6-.

Finally, we emphasize that for every positive r we have that v; < ¢1.
This can be shown if one notices that considering r = 0 we get:

1.1 1 1
=T oy 12— -
o-m=gl-g+] 2

1
that is strictly positive provided that I > —. We also have that:

V2
dm do1

Thus, the sign of the inequality will not be reversed if we considered
any r greater than zero. m

Lemma 4, 5 and 6 analyze the properties of the feasible sets of Problem
m and Problem b for alternative values of the borrowers’ endowment W.
Their main implications are summarized in Figure 4.7.

1 K — (I;’L?R;kn) |
[ |
f Ky, = (0 Rm) T
K,, = (0,0 K., = (0,0
 — (\ ) | | T 0,0) [ > W
T 1 1 1 T 1 —>
0 Mmoo ¢ B2 Y2 ¢2 1

Figure 4.7: Complete description of the endowment space

16The expression for the unique negative real root is: 7 = fé\'g/ 45 4 3v222 —

1

2{/45+3222
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Figure 4.7 represents the thresholds in the endowment space.
For very low values of W (i.e. for W < 7;) the only outcome that satis-
fies Incentive Compatibility and participation constraints for all players
is one where lender b has a monopolistic position. If, on the contrary,
one considers borrowers with a high net worth W, then the monopolis-
tic solution, the compensating solution and the "mixed" one are both
feasible.

The next step is to provide a characterization of credit market equilibria
corresponding to different intervals of W.

First, if one considers a W greater than o then, given the offer K, € IC,,,
of lender m, lender b will always have an incentive to choose K,, =
(0, R,,) instead of K, = (0,0) that gives him a payoff of zero. As a
consequence, we have that:

Remark 2 Zero-profit contracts for lender m, K, = (0,0), can never
be supported at o SPNE equilibrium for every W greater than ~s.

We now look at the payoffs earned by lender b at each feasible solution.
We have that:

7l = # mazed solution
b 32(1+7)

T = 2= —-W)=8(1+r)(I—-W)? compensating solution

=4I —W)—=8(1+r) I —W)*  monopolistic solution

It is straightforward to show that if lender m offers a positive repay-
ment and the borrower exerts the optimal level of effort, then lender b will
always have an incentive to implement the "mixed" solution, whenever
it is feasible to do so.

We have that:

1

T — 7 >0 if and only if 8(1+7°)(I—W)2—(I—W)+m >0
T

This second order equation in W has two real and identical roots
given by:



That is, when contracting with a borrower endowed with W = W,
Lender b would get the same payoff in the mixed solution and in the
compensating one. Moreover, observe that:

e = —W)—=81+47r)(I—-W)?

is increasing in W up to W and decreasing afterwards, and the second-
order derivative of this function is always negative, so that W is the
(unique) maximum.

For every investment project of any entrepreneur having an initial
endowment smaller than ¢2, both kind of loans will hence be used to
finance production and the firm will have mixed financial structure.

Remark 3 For every W € [¢1, ¢o|, firms will exhibit at equilibrium a
mized financial structure. For W > ¢, compensating equilibria will
emerge.

In the example we have constructed mixed financial structure turns out
to be a widespread feature of firms’ balance sheets. While entrepreneurs
with high amount of internal funds can safely accrue to bank financing
minimizing the costs of external loans, firms with lower private resources
are offered to differentiate their sources of funds.

It remains to discuss what happens to entrepreneurs with very low
endowment. We know that on the left hand side of ¢;, the lenders
offering market-type of contracts do not have any incentive to finance
the investment. Hence, we could look for contracts in which the only
active financier is the banking sector. In this region though we do not
expect the presence of the non-bank financing to be that relevant, and
it is likely that the banks can acquire here a monopolistic position.

The result we provide is that there does not exist an equilibrium in
which lender b and lender m coexist in the game and lender m issues a
positive amount of credit.
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Proposition 15 For every W € [0, ¢1), it is not feasible for lender m
to offer a positive amount of investment in the project.

Proof. Take the proof of existence of an equilibrium with mixed
financial structure. From that we know that the sequential game guar-
antees to lender m positive profits up to a lower-bound level of endow-
ment, ¢1. For every level of endowment below ¢1, lender m always makes
negative profit when offering some positive investment. Hence, ¢; rep-
resents for the lender m the lowest possible amount of internal resources
such that the moral hazard problem in the common lending context is
still bearable. Let us check whether it is possible to find another pair
of contracts both for lender b and lender m which guarantee lender m’s
participation even below ¢.

Given the optimization problem of lender m, we know how will the re-
payment and the Incentive Compatible effort depend on the contract
that b is going to offer:

1-R
R (Ry) = b

and  p(ly, Ry) = 41(1 — Ry)

Lender b has an even stronger position in the upper tail of Ws, since he
can exploit his leading position and keep lender m at zero-profit. The
problem she will face is the following:

mazx  4T,(1 — Ry) Ry — 8(1 + 7)1

Ry, Iy

s.t.

(1 — Ry)?

Al

—8(1+r) (I —-W—-1)*=0

Using the constraint to derive an expression for the repayment, we get:

R \/4(1 W — I,)2(1+7)
Iy

and substituting it in the objective function, we can rewrite the problem
as:

maz (I-W =L)AL, (1 4+ r)=4(14r) [(I = W)* + I — 2(I = W)L,|—(1+r)I;

Taking the first order derivative and setting it equal to zero, we obtain
a third-order polynomial in I:
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100(1 + ) I — [160(1 +r)(I — W) — 9] I} +
+[64(1+r) (I —W)*—6(I —W)| I — (I -W)*=0

which exhibits two complex conjugate roots and one real negative root.
Hence, within the relevant set of parameters there is no level of invest-
ment that lender b could select to sustain any equilibrium featuring also
the presence of lender m. m

That is, when dealing with borrowers with "intermediate" net worth (i.e.
when W is between ¢1 and ¢3), both financiers actively participate in the
project. If W gets larger and larger, then the mixed financing equilibrium
cannot be sustained anymore: the demand for loans I — W becomes very
small as compared to the (inelastic) supply I} provided by the "leading"
lender b. As a consequence, the only way to implement credit market
equilibria is to allow b to provide the entire amount of liquidity I — W.
In such a situation, the m lender should get a positive reward for not
supplying any form of credit. This defines the compensating solution.

If, on the contrary, borrowers’ internal funds are very low, then the
amount of financing that should by provided by the "follower" becomes
large. It is then possible that the associated rise in monitoring costs
prevents m from participating. This happens whenever W is lower than
¢1. The only situation we can therefore associate to this set of lower
endowments is that of a purely monopolistic position of the banking
sector with the m lender providing no credit at all and getting a zero
repayment.

The composition of firms’ external financing at equilibrium is depicted
in Figure 4.8.

monopolistic equilibriq, mized equilibria,  compensating equilibria
[ \

| | | | | Ly
>

i i i i i
7 o1 O 72 P2 1

Figure 4.8: Different equilibria in the endowment’s space
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4.5 The credit channel of Monetary Policy with
competing lenders

We now try to use the previous results to discuss the transmission mech-
anism of monetary policy as it affects banks and other financial interme-
diaries.

Our set-up shares with most of the credit channel literature the ref-
erence to a one-period partial equilibrium, analysis of the credit market.
As a consequence, we deduce the effects of policy interventions from a
simple comparative statics exercise by considering alternative values of
the risk-free interest rate r that we assume to be controlled by a mone-
tary authority: as a matter of fact, this is a major limit of the analysis.

We first consider the simple framework of competition under exclu-
sivity developed in Section 4.3. In such a scenario, we can restate the
main prediction of the so-called broad credit channel of monetary pol-
icy: small and poorly-capitalized firms are hit the most by a tightening
monetary policy. The result is stated in the following:

Proposition 16 FEvery increase in the risk-free interest rate r implies a
reduction in the net worth ratios at which both bank and market finance
are feasible, namely 0y and 0, .

Proof. The result follows from the definition of

_ AN;
0;,=1-—
4r

for i =m,b. m

A tight monetary policy weakens borrowers’ financial positions and
reduces therefore the set of borrowers with whom lenders can contract
without incurring losses. The same framework can also cope with another
standard finding of the credit view literature: when the interest rate
raises, a greater spread between repayments issued by different financiers
is typically observed.!” That is:

Proposition 17 Consider again a scenario of competition under exclu-
stwity among b and m. Whenever both market finance and bank finance
are available (i.e. for every 6 > 0,,), then a tightening of monetary policy
will shift upwards both Ry and R,,. Furthermore, the equilibrium spread
between the two borrowing rates will get larger.

17See, for instance, Oliner and Rudebusch (1996).

147



Proof. We just have to consider the equilibrium expressions of R
and R,, derived in Proposition 13 and 14. =

Let us finally remark that in a model with fixed investment scale, the
definition of aggregate credit demand is of limited relevance. We chose to
adopt the simplification that Repullo and Suarez suggest in their paper,
where they define:

L = /1(1 — 9)IdF(6)

L= / " 1 oy1ar(e)
[4
L= Lo+ Ly = /9 (1 — 0)IdF(6)

as the market lending, the bank lending and the total lending amounts,
respectively. Following a monetary contraction, the market and the ag-
gregate level of lending decline as an implication of the so-called balance
sheet channel.!®

To complete the discussion of the exclusive case, we focus on the
equilibria with positive profits for m, where b is offering a zero-profit
(latent) contract, as they were introduced in Proposition 13. The main
effect of such an offer is to threaten the lender m from charging the
monopoly price. The presence of a latent competitor leaves to market-
financed entrepreneurs a payoff that is higher than their (exogenous)
reservation utility.

Restrictive monetary policies in these cases have a direct effect on
the supply of loans by banks. As r rises, banks should ask for a higher
repayment to satisfy the zero-profit equilibrium requirement. This will
have a clear redistributive effect reducing the borrowers’ share of the
surplus. If the interest rate is set high enough, then a monopolistic
outcome, where lender m appropriates all the extra-surplus, could be
implemented.

The set-up proposed in Section 4.3, though, is very specific to analyze
the market power of lenders in those particular cases when it is possi-
ble to control for exclusive dealing. A natural step forward would be
to discuss more effective competition, i.e. situations where the borrower

'8See Kashyap, Stein, and Wilcox (1993).
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is allowed to contract simultaneously with several lenders, and to ana-
lyze the properties of the equilibria emerging with this kind of strategic
interaction.

The intrinsic common agency model studied in Section 4.4 predicts
existence of mixed financial structures at equilibrium. In particular,
highly capitalized firms choose mixed financing due to the fact that the
benefit they get from exerting higher efforts are inversely related to the
amount of bank loans they choose. Hence, all things being equal, an
entrepreneur will always try to finance the lowest possible share of in-
vestment through bank contracts. Finally, there are firms for which the
banks can exercise a dominant role in financing the investment projects,
nonetheless non-bank investors should be compensated to stay out of the
market. This happens to those firms with the highest amount of private
resources, which may sustain compensating equilibria.

In this scenario, monetary policy has also important effects on the
structure of the credit markets. In particular, a restrictive monetary
policy will reduce the relevance of mixed financing and favor monopolistic
outcomes. An increase in the interest rate r will raise both ¢; and
¢2, but ¢ will react more sensitively, representing that the effects of a
tightening policy are more pronounced on the less endowed firms. As a
consequence, there will be a contraction of the region of equilibria where
mixed financing is issued. Thus, the market-type of credit will decline:

Proposition 18 A restrictive monetary policy reduces firm’s access to
market-type of financing.

Proof. To see that the entire mixed financing region is shifted up-
wards, just observe that:

dor 1

L~ S

dr 8(1+7“)2>
and J .

o __1

dr — 16(1+17)2
In addition, consider the magnitude of the reactions: for every change
in risk-free interest rate, ¢ shifts rightwards more than ¢s.
Consider now the aggregate market lending:

L = /¢ 5, dF(W) = /¢2 (1 _w— 16(11”)) dF(W)

1

The reaction of the aggregate market-type of financing following a
restrictive monetary policy can be measured by:
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dL* P2 qI* déo dey
m mAF(W) + I — I —
e R GRS AT

that is to say:

ar;, 1 1

i 16(1 1 1) [F'(¢p2) — F(é1)] — 128(1 + 1)

Given the uniform distribution of borrowers on the [0, 1] interval, we
can evaluate the sign of the following expression:

a;, 1 1
o T e |2 T s

which given (¢ — ¢1) =
n

1
m will always be negative.

If r rises, then the region of mixed financing shifts rightwards and
shrinks, i.e. the conditions to access external financing are more stringent
and in particular, the economy experiments a contraction in the market-
type of contracts.'® Consider now the region where compensating equi-
libria are implemented. At equilibrium large firms are bank-financed;
yet, banks are offering a positive repayment to the non-bank intermedi-
aries. The main effect of such an offer is to keep the lender m out of the
direct investment phase. In addition, the presence of competition leaves
the firm a payoff that is higher than her (exogenous) reservation utility:
the entrepreneur is getting some positive extra-surplus.

Restrictive monetary policies in these cases have a direct effect on
the profits of banks given that all contractual decisions are unaffected.
As r rises, the allocation (p, I, Ry, R;,) as given in Lemma 5 remains un-
changed, hence a higher cost of funds’ provision for the bank immediately
affects his profits.

At the same time, tightening policies reduce the firm’s share of the
surplus. More precisely, the gap between the payoff that the borrower
would get by buying b’s contract and her reservation utility becomes
smaller.

There exists a critical value of the risk-less interest rate 7 such that for

every r > 7, the profits of lender b will become negative, and the credit

1
market will collapse. The expression for 7 is given by: 7 = m —

19We also remark that the threshold v; will also decrease, so that the aggregate
feasible set will get smaller.
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1.20 Thus, whenever restrictive monetary policies pushed 7 above this
threshold 7, banks would not lend and the financial market would break
down.

At the level of the individual firm, movements in the interest rate
change the composition of the financial structure for those firms which
have access to both:

Proposition 19 Whenever both market-type of finance and bank finance
are available (i.e. for every W € [¢1,¢2]), a tightening monetary pol-
icy changes the composition of firms’ financial structure. It reduces the
amount of investment financed through bank loans, and as a by-product,
increases the amount of investment provided by non-bank financiers.

Proof. We just have to consider the equilibrium expressions of I
and I}, as defined in the proof of Lemma 4:

1
Iy = ———
16(1+ 1)
and by complementarity,
r=1-w L
me 16(1+7)

Hence, a tightening monetary policy (i.e. a higher r) implies:

(1) a reduction in the aggregate quantity of lending, due to the con-
traction in the aggregate feasible set;

(2) a shift towards higher net worth borrowers in the allocation of
credit: only highly collateralized firms will survive to recessionary poli-
cies, (flight to quality);

(3) at the level of individual firms, bank financing is substituted with
market financing;

(4) finally, a decline in the aggregate supply of market financing.

With respect to previous literature, we emphasize here that the predic-
tions of the credit channel integrate with strategic competition among
lenders and equilibria with positive profits.

Modelling the competition between bank and non-bank intermedi-
aries as a multi-principal game provides us with new possible charac-
terizations of the credit channel. In particular, it turns out that the

20There is also a critical level of r with respect to the participation constraint of the
borrower, but in this economy 7 is the lowest, hence the credit market crisis generates
on the supply side.
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structure of credit markets might be deeply affected by monetary inter-
ventions. If exclusive competition is considered, then tough policies may
implement monopolistic outcomes. If non-exclusivity is explicitly intro-
duced, then the amount of externalities among players become higher.
As a consequence, restrictive measures could even induce a breakdown
of the credit market.

Understanding the welfare properties of the equilibria of multi-principal
games is regarded as a relevant issue in the recent developments in con-
tract theory. The next chapter tries to contribute to this research di-
rection further investigating the relationship between competition and
incentives in credit markets.
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Chapter 5

Multiple lending and
constrained efficiency in the
credit market

5.1 Introduction

The chapter is devoted to the analysis of credit markets where several
lenders strategically compete over the contracts they offer to entrepreneur-
borrowers. At the stage of contracting, the decision of the unique bor-
rower crucially depends on the loans she is simultaneously receiving from
all the lenders of the economy. We consider a set-up where the contracts
are non-exclusive, i.e. the borrower is allowed to accept more than one
contract at a time. The main aim of the work is to emphasize the inter-
play of contractual externalities in determining the welfare properties of
the equilibria arising in such framework.

Exclusivity clauses are not explicitly imposed in several financial re-
lationships. It is recognized that many firms have access to multiple
credit sources, as shown by Petersen and Rajan (1995) for the small
firms in the U.S., or by ? for the Italian case. The credit card market
has been proposed as an example of non-exclusive dealings, as Bizer and
DeMarzo (1992) and Parlour and Rajan (2001) have already explained.
Examples of financial interactions with non-exclusive contracting which
aim at clarifying the relationship between incentives and competition are
very recent: the main general results and implications are discussed by
Segal and Whinston (2003).

The relevant finding of the literature on non-exclusivity can be sum-
marized as follows: the contractual externalities emerging when several
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principals interact with one common agent, can be responsible for exis-
tence of second-best inefficient equilibria. In other words, a social plan-
ner who is subject to incentive constraints and feasibility can achieve
outcomes that Pareto dominate the equilibrium outcomes of players’ in-
teractions.

Constrained inefficient equilibria have mostly been analyzed in insur-
ance set-ups (Kahn and Mookherjee (1998), Bisin and Guaitoli (2004)).
The present essay proposes an investigation on the welfare properties
of equilibria in the credit market, where strategic competition is over
financial contracts.

The theoretical contributions relating credit market imperfections
and monetary policy have mostly used the principal-agent model as a
tool to represent credit relationships. In that set-up, the agent designs
the optimal mechanism, in general the contract, which is then proposed
to the principal. The contract solving the agent’s maximization problem
has to satisfy incentive compatibility and participation constraints. The
solution of the principal-agent model is equivalent to the outcome of a
planner’s maximization problem under exclusive contracting and sub-
ject to the same asymmetry of information, given appropriate welfare
weights. Hence, all the equilibria of the contracting game are second-
best efficient.

Having enriched the analysis of competition in the credit market
using the common agency approach to financial contracting, the step we
make with this essay is to analyze the welfare properties of the equilibria
of the new game. This work could then be regarded as part of a research
project on welfare foundations for policy intervention, in particular along
the lines of the credit channel of monetary policy.

We propose a simple, static and partial equilibrium model of the
credit market to study multiple credit relationships. We model com-
petition between an arbitrarily large and finite number of lenders who
offer credit lines to a single borrower. The borrower has to take some
non-observable action; she can choose not to perform the hidden action
and to divert resources for private use, in which case she will appropri-
ate a fixed proportion of the received liquidity.! By exerting effort in the
investment project, she will get some stochastic returns from the produc-
tion technology. None of the lender is irrelevant, in the sense that every
proposed loan affects the entrepreneur on the effort she will choose.

The possibility to sign several contracts simultaneously generates ex-
ternalities among the financiers. These externalities are responsible for

!This model is indeed compatible with the literature on strategic default. For a
detailed justification of such an approach to strategic default, refer to Parlour and
Rajan (2001).
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the emergence of equilibrium results which are not in line with Bertrand
theory of competition. If the agency costs are high enough, competition
among financiers delivers non-competitive results in the forms of credit
rationing and of positive extra-profits at equilibrium.

The model is closely related to the Parlour and Rajan (2001)’s work
on the credit cards market, which we regard as a useful benchmark to
provide insights on the emergence of positive profit equilibria. We mod-
ified its structure to make it closer to a moral hazard framework, with
binary effort choice. Therefore, the characterization of the equilibria
mirrors the Parlour and Rajan (2001) results, and the contribution of
this work relies on the welfare analysis of the credit market equilibria.

Examining this issue, we show that every positive-profit equilibrium
is constrained Pareto efficient, i.e. it would be the outcome of the decision
of a central authority subject to the same informational constraints. The
result is not in line with the main findings of the existing literature,
which has always emphasized that non-exclusive contracting generates
those externalities which sustain constrained inefficient outcomes.?

In this example, we clarify how could the incentive structure eliminate
the (constrained) inefficiency result. The crucial element turns out to
be the preference structure of the borrower in case of default. Having
linear preferences in case of default, the entrepreneur will tend to buy
all contracts available when choosing to shirk. In an equilibrium where
all existing lenders are active financiers in production and the incentive
compatibility constraint is binding, there is no difference in the allocation
implemented by the market interaction and by the social planner. The
feasible sets of the two problems result to be the same.

Surprisingly, the same argument applies to the insurance literature.
Whenever the assumption of risk-averse agents is removed in Bisin and
Guaitoli (2004) and Kahn and Mookherjee (1998), those positive profits
equilibria, which were the inefficient ones, collapse to allocations on the
second-best frontier. While in insurance contexts it is widely accepted
that the customer be risk-averse, in a lender-borrower interaction this
assumption has often been relaxed.?

The discussion is organized in the following way: Section 5.2 presents
the features of the set-up, which we elaborated on Parlour and Rajan
(2001)’s model. Section 5.3 discusses the credit market equilibria. Sec-
tion 5.4 provides the welfare analysis and the results on the efficiency
of the positive-profit equilibria as compared to those obtained in the in-

2See Arnott and Stiglitz (1993), Kahn and Mookherjee (1998), Bisin and Guaitoli
(2004).
3See for example, Parlour and Rajan (2001) or Holmstrom and Tirole (1997).
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surance set-ups. Section 5.5 concludes. The Appendix contains all the
proofs.

5.2 The model

Credit relationships are represented in a very simple way. The borrower
is penniless, though she has access to the technology for the production of
the only existing good. The production process is subject to random re-
alizations: if the amount I is invested, with probability p the production
successfully yields G(I) > 0, while with probability (1 — p) the outcome
will be 0. The production function G(I) is assumed to be continuous,
increasing and strictly concave in I:

G'(I)>0,G"(I) <0

Inada conditions hold: lim;_,oG'(I) = 0o and limi_,.G'(I) = 0.

There are N > 2 lenders (indexed by i € N = {1,2,..., N}) who
compete over the loan contracts simultaneously offered to a single bor-
rower.

Having received all the contracts’ proposals, the borrower decides
which of them to sign, taking into account that she can accept any subset
of them.* She must also take a non-contractible action (effort), that
affects the set-up of the production activity and the successful repayment
of the obtained loans. The effort can take only the two values e/ and
el with efl > el. If the high effort e’ is chosen, production takes place
and the borrower gets G(I) — R with probability p and 0 otherwise (i.e.
with probability 1 — p). If, on the contrary, the low effort e” is taken
she earns the private benefit BI with probability 1 and loans are not
repaid.®

Let us describe the normal form of the game we are considering.
Lenders strategically compete over financial contracts. The strategy of
lender ¢ is given by the choice of the contract C;. The contract offer of
lender 7 is defined by a repayment line R; and a loan amount I;, i.e.

4This defines a scenario of delegated common agency Martimort and Stole (2003)

5For the sake of precision, we are assuming that the space of events in this econ-
omy is made out of three elements: ie. Y = {G(I),0,BI}. The private choice
of effort affects the probability distribution of these realizations. In particular, if
the entrepreneur exerts high effort e, the probability vector is given by the triple:
{p,1 — p,0} with p > 0. If instead the entrepreneur shirks, i.e. chooses el the lottery
is degenerate and equal to {0,0,1}.
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Ci= (R, I;) €C; CR?,

Given the space of feasible contract offers for each lender i, i.e. C;,
we define the aggregate space of contracts in the loan sector as C = x;C;.
The borrower’s strategy is therefore given by the map:

sp:C — {01} x {eH,eL}

With a small abuse of notation, we also define the generic element of
the set {0,1}" as the array ap = (a;,az, vey a{)v) where a; = {0, 1} is the
borrower’s decision of rejecting or accepting lender ¢’s offer.

The choice of the array a; defines the set of accepted contracts A:

A={ieN:ay=1}

that is, borrower’s decisions are identified by the choice of the effort
level and by the definition of the relevant set A. Her strategy set will be
denoted as Sy, that is: s, € Sp.

Let us now consider the payoffs. The borrower’s payoff is defined by:

[ p[GU)—-R] if et is chosen
™=\ BI if eL is chosen

where R and I denote the aggregate repayment and investment, re-

spectively:
R=> Riand I =) I,
€A €A
Lender ¢’s payoff for every i € {1,2,..., N} is given by:

o pR; — (14 7)I; if e is chosen
Ol -+ if e is chosen

whenever his contract is accepted and zero otherwise: r € R 4 is
the lender’s cost of collecting deposits. Observe that lender i’s payoff
will not directly depend on lender j’s strategies. Existence of contrac-
tual externalities among lenders is originated by the borrower’s behavior
only: at the stage of contracting with lender ¢, the action chosen by the
borrower depends on the contractual offer she is receiving from lender j.7

5Lenders here do not have infinite endowment. They rely on the deposit market
to finance entrepreneurial activity.

"This is usually referred to as the absence of direct externalities among principals.
Most common agency models have been developed in such a simplified scenario. Ex-
amples of recent researches where direct externalities among principals are considered
include Bernheim and Whinston (1998b) and Martimort and Stole (2003).
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We can therefore model credit market interactions as a sequential game,
with a first stage where several lenders play a simultaneous move game
and a second stage where the borrower decides on acceptance/rejection
of each offer and finally exerts effort. In formal terms, loan relationships
are represented by the following complete information common agency
game I":

I'= {(Wi)iENa b, Ca Sb}

5.3 Credit market equilibria

This section discusses the properties of the Subgame Perfect Nash Equi-
libria of the game I'. The characterization of these equilibria is prelim-
inary to examining their welfare properties. The equilibria match those
discussed by Parlour and Rajan (2001). Having presented the equilib-
ria of the credit market we pass at characterizing the constrained Pareto
frontier of this economy, and at showing that competition among lenders
sustains here only second-best efficient allocations (equilibria).
We start by introducing the following assumption.

Assumption 4 We consider B < 1.

Observe that given Assumption 4, the choice of low action deter-
mines a social loss of BI — I(1 + r), where I is the aggregate level of
investment. Hence, there cannot be any equilibrium in which this low
action is implemented. We hence focus our attention on those situations
where e is implemented. That is, at equilibrium the borrower will be
given incentives not to undertake the low action. The relevant Incentive
Compatibility constraint will therefore be:

b [G (zzi) By

€A €A

N
> BY I, (5.1)
i=1

Notice that if the low action is chosen, the borrower always has the
incentive to accept the whole array of offered contracts.® This greatly
simplifies the incentive analysis.

8The incentive compatibility constraint controls for the incentive on aggregate
default, which is the only relevant case due to the monotonicity of the borrower’s
payoff in this case.
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The investment level that maximizes the aggregate surplus defines
the first-best I*. If the aggregate surplus is given by S = m, + va T,
then

I =argmax S= argmaxr pG(I)— (1+7r)]
1 1

where I* is such that pG’ (I*) = 1 + r and that the corresponding
surplus is positive.?
If there were no incentive problem (i.e. if the borrower were not taking
any hidden action), then every equilibrium would involve the first-best
amount of lending I*. When strategic behavior of the borrower is consid-
ered under the additional assumption of exclusive contracting, i.e. when
we explicitly consider incentive constraints but we further assume that
the borrower can only accept one contract at a time, then lenders com-
pete & la Bertrand over contracts; at equilibrium they get zero profits
and the borrower appropriates the whole surplus.©

If we allow for non-exclusive contracting, then we formally enter into
a common agency set-up. Given the high degree of externalities in-
volved in the analysis, positive profits equilibria and low levels of ag-
gregate investment are a typical feature, in general. In our model we
can sustain zero-profit equilibria with competition among lenders offer-
ing non-exclusive contracts for those parameter values which make the
moral hazard problem very mild. Before going further, let us define the
relevant equilibrium concept for the game I'.

Definition 11 A (pure strategy) equilibrium of the game T is an array
[(Ri,ii) ,(@l)ien,p] such that:
1EN

e the borrower is optimally choosing the set of accepted contracts A (i.e.
she is choosing her optimal array a, € {0, 1} ) and implementing the
high level of effort;

e for every lender i € {1,2,..., N}, the pair (RZ, I~Z> s a solution to the

following problem:

max pRi — (1+7);

s.t.

N
p |G| L+ Lay | — [ > Rja)+ Ry | | > B (Y _ ILaj + Laj,
i i#i i=1

Inada conditions guarantee the existence of such an I*.

10The mechanism of undercutting on each opponent’s proposal squeezes any possi-
ble rent for the lenders. There cannot be an equilibrium with positive profits for the
lenders, given they are all identical and the entrepreneur chooses only one proposal.
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This inequality is the borrower’s Incentive Compatibility constraint
and it is formulated in terms of aggregate investment and aggregate rev-
enues. The borrower has no endowment, and her exogenous reservation
utility is zero so that her participation decision will always be satis-
fied. This constraint defines lender i’s set of feasible contracts under
non-exclusivity.

We can characterize equilibrium allocations in terms of the incentive
parameter B. More precisely, we introduce the threshold value B,, which
defines the lowest level of incentives compatible with the first-best level
of investment:

GI*)—(1+nr)I*
p. =G0 = (10 52)

Fig.5.1 identifies B, using the total surplus hump-shaped curve, S =
pG(I) — (1 + r)I, and straight lines starting from the origin with slope
equal to B. Equation (5.2) implies that B, is the slope of the ray that
cuts the surplus’ curve at its maximum.

G (I)
A

Y
~

I*

Figure 5.1: Graphical representation of B,

If B = B,, then the first-best investment I* is feasible and the
Incentive Compatibility constraint is binding. From equation (5.2) it
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follows straightforwardly that if I* is implemented, then the borrower
gets the entire surplus. Lenders’ profits are equal to zero in the aggre-
gate and the corresponding aggregate repayment will be R* such that
pR* — (1 +7r)I* =01

Whenever B > B, allocations giving zero-profits to lenders can be
sustained only with a level of debt lower than I*.12 We denote this level
of aggregate investment I(B) < I*. On the contrary, if B < B,, it is
then possible to achieve I* and to leave at the same time to leave some
extra-surplus to lenders.

We denote Iz = min {I(B),I*} the highest level of investment that
is at the same time feasible and such to guarantee to the borrower the
full appropriation of the social surplus.

If B > B, then I(B) is the maximum incentive compatible level of
aggregate investment. If B < B,, the intersection of the corresponding
straight line from the origin with the curve S will be on the right-hand
side of the first-best level of investment. Hence, I* will always be feasible
and the maximum social surplus will be achieved.

As will be clear from the following discussion, equilibria exhibit dif-
ferent features according to the magnitude of the parameter B relative
to the threshold B,.

5.3.1 Equilibria with zero profits for the financiers

When the incentive to undertake a low action is small enough, the im-
pact of the asymmetric information problem is reduced and it is possible
to show that only a Bertrand outcome can be sustained.'® In such a
situation, there are at least to lenders ¢, € {1,2,..., N} with ¢ # j offer-
ing the contract C; = C; = (R*,I*) where R* = w and gives them
zero extra profits. The first best level of investment is achieved. This is
stated in the following:

Proposition 20 Denote B, = W. Whenever B < B., then
the outcome (R*,I*) can be supported as a (pure strategy) equilibrium of
the game I.

Proof. We consider the following array of offered contracts:

1This of course implies that every lender earns zero profit, given that their condi-
tion is symmetric and limited liability holds.

2That is, the first-best investment level I* cannot be implemented.

13We refer to a Bertrand outcome as to a perfectly competitive outcome.
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{(Ri, ;) = (R, Ij) = (R, I") fori#j; (Ry Ix)=(0,0) Vk#i,j}
(A.1)
That is, there are two lenders, say lender ¢ and lender j who offer the
first-best allocation, while all other lenders are offering the null contract
(0,0). The borrower is indifferent between accepting the i — th and the
J — th contract; given that B < B, accepting all contracts and choosing
low action is never a best reply.
In such a scenario, no lender has a profitable deviation given that the
first-best outcome is implemented and the borrower’s profit is maxi-
mized.

The intuition for the result is the following: consider a scenario where
(N — 2) lenders are not active, while each of the remaining two can
offer a contract associated to a level of debt equal to I*. Notice that
by definition, 2B, = B,: this guarantees that two lenders are enough
to sustain the zero-profit equilibrium. If B = B, then the borrower
is indifferent between accepting any of the two contracts exerting the
desired effort, and accepting both of them taking zero effort. As long
as any single lender k = 4, offers a contract different from the zero-
profit one <Rk = W,Ik = I*), a Bertrand argument applies: the
two-lenders competition generates undercutting on each other’s offers
until the marginal cost of funds meets marginal revenues.
One should note that the competitive result emerging in a scenario of
exclusivity can hence be implemented even without imposing exclusivity
clauses. If the incentive to shirk is low, then, despite the high amount
of externalities associated to competition under non-exclusivity, the first
best outcome can be reached.
If the incentive to take the low action falls between B. and B,, then
zero-profits equilibria may arise only if N is large enough. The intuition
is the following: consider a scenario where B < B, and (N — 1) lenders

are offering the contract (R;,I;), where I[; = Nl—i and R; = Zv(i_;z is
the repayment level that guarantees zero-profits to the i-th lender when
offering the loan amount % The borrower is accepting all of them
and implementing the high level of effort. There is therefore room for
the n-th lender to offer the zero profits contract (R, I,); if this offer
is accepted, then I* can in principle be implemented. The closer is B
to B, the higher the number of lenders (N — 1) that is necessary to
guarantee that the offer of the n-th lender will be feasible. Formally, the

same is stated in the following proposition:
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Proposition 21 If B € (B, B,), then there exists a critical number of
lenders Np such that for all N > Np the aggregate allocation (R*,I*) is
an equilibrium outcome.

Proof. The proof is discussed in the Appendix. m

5.3.2 Equilibria with positive profits

If we consider the case B > B,, then positive profits equilibria are a gen-
eral feature of the analysis. These equilibria are such that every lender is
active in the market, though the aggregate investment level turns out to
be strictly lower than I*. Competition over financial contracts and moral
hazard determine rationing in credit supply and redistribution towards
the intermediation sector.

Whenever B > B,, we are in the increasing part of the social surplus
function S = p G (I)— (1+7)I represented in Fig. 5.1. As a consequence,
a single lender 7 offering a zero-profit contract can profitably deviate if all
the others are playing a zero-profit strategy: a Bertrand outcome cannot
be sustained at equilibrium.

In particular, we are able to show the existence of a (symmetric)
positive-profit equilibrium where all lenders are active: each of them
offers the same amount of loan and the same repayment, C = <f , Ié)

Existence of this equilibrium is established in the following proposition:

Proposition 22 If B € [B,, By,), then there is a critical number of
lenders Np such that for every N > Np, there exist a positive profit

equilibrium. The equilibrium outcome ( NR,NI) is characterized by the

following set of equations:

;ﬁa@wj—Nﬂ:W{G@N—nﬂ-wN—nR} (5.3)

P [G (Nf) — NR} — BNI (5.4)
and exhibits the feature that:

(N-1I>1In (5.5)

Proof. The proof is given in the Appendix. m
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Notice that B,, and I,, are the threshold level of the incentive para-
meter above which a monopolistic equilibrium can be sustained, and the
monopolistic level of investment, respectively.'*

At equilibrium, all the N existing lenders are active and the borrower
is indifferent between accepting (N — 1) or N contracts while exerting
high effort, as shown by (5.3). This no-side-contracting condition is
crucial to establish existence of equilibria with positive profits in sev-
eral works on moral hazard in insurance economies because it prevents
additional purchases of insurance.'® Furthermore, when the borrower
accepts N contracts, her Incentive Compatibility constraint (5.4) will
bind. Finally, the aggregate level of credit issued by (N — 1) lenders is
strictly greater than I,,, that corresponds to the investment chosen by
one monopolistic lender (5.5).

Equilibria with positive profit may also emerge when the incentive to
take low action is relatively small. In such a case, the first-best level of
investment I* will be achieved but the distribution of the total surplus
will be rather favorable to the lenders. These equilibria can be shown to
exist when B is below the threshold:

_ pG(Ip) — I(147)

B
! I +1,

that is smaller than B,.' They are sustained by latent contracts,
i.e. contracts which are not bought at equilibrium and are used to deter
entry. Existence of such equilibria is stated in the following:

Proposition 23 For every B € (B, By|, there exists a pure strategy
equilibrium where only one contract (say, C;) is bought. The contract
guarantees a positive profit to lender i. Furthermore, there is a second
lender (say, lender j) who offers a zero profit contract that is not ac-
cepted. All other lenders are not active.

Proof. The proof is given in the Appendix. m

The equilibrium of Proposition 23 is sustained by a latent contract,
i.e. a contract not traded at equilibrium but used as a device to deter

1n fact, every monopolistic level of investment is an implicit function of the
incentive parameter of the corresponding problem. In this case, I,(B) for every
B € [B., By,) is the relevant set of monopolistic investment levels.

15See Bisin and Guaitoli (2004) and Kahn and Mookherjee (1998)

16This does not contradict what we said before. it simply means that for some
parameter’s values, there is multiplicity of equilibria.
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potential entrants. The analysis of these sort of equilibria has been
introduced in ? and developed by Bisin and Guaitoli (2004).

The main concern of this note is to characterize the welfare proper-
ties of credit market equilibria when multiple lenders compete over loan
contracts. The next section will therefore provide a welfare analysis of
the equilibrium outcomes associated to the game I'.

5.4 Welfare analysis

We will provide here a description of the economy’s feasible set, that is
the set of players’ payoffs corresponding to the allocations implementable
by a social planner. We introduce the notion of social planner and the
related concept of constrained efficiency in the same way as it is done
in the literature on incentives in competitive markets (see for instance
Bisin and Guaitoli (2004)), but we manage to characterize the whole
constrained Pareto frontier. The social planner will choose the aggre-
gate investment level I and the aggregate repayment R to maximize his
preferences over the aggregate feasible set that is usually denoted the
utility possibility set.”

We will henceforth denote 77, the payoff earned by lenders in the ag-
gregate credit sector and 7, the corresponding borrower’s payoff. Let us
start considering the first-best situation, where the relevant constraints
faced by the planner are those imposed by technology and resources (to-
gether with limited liability requirements). The corresponding utility
possibility set is:

F(rp,m) ={(rp,m) € RY : 7 +m < pG (I*) = I*(1+7)}  (5.6)

The frontier of the set F is referred to as the first-best Pareto frontier.
All the arrays (7z, ) belonging to this Pareto frontier are such that
there does not exist a pair (7}, 7)) € F with 7, > 7, and 7, > m, or
>y, and 7 > .

Observe that the payoffs functions (R, I) and m,(R, I) evaluated at
the high level of effort are both linear in the aggregate repayment R. As
a consequence, the first-best Pareto frontier will be a downward-sloping

n particular, given that the N lenders are homogeneous, the social welfare func-
tion will be a weighted sum of the payoffs of the N lenders and of the borrower.
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pG(I*)—(1+r)I*
Figure 5.2: The first-best Pareto frontier

45-degree line. By using the variable pR as a transfer, we can draw the
first-best Pareto frontier 7} (7;) as the line depicted in Figure 5.2.

Every point on the frontier corresponds to the optimal investment
level I*. In particular, point A identifies a situation where the whole
surplus is distributed to the borrower, 7} = pG (I*) — (14 7)I*, so that
pR = (14 7r)I*, ie. w; = 0. On the contrary, if 7; = 0 then from
(5.6) we get pR = pG (I*), i.e. lenders are receiving everything and the
borrower is left at her reservation utility of zero (point A’).

Let us now define the second-best allocations, i.e. the set of alloca-
tions implementable by a planner who is facing informational constraints.
The constrained utility possibility set is the set of outcomes (mp,, mp) such
that:

F(np,m) = {(rr,m) € RE : 7y, < mf* (13, B), m < ¥}

for each 7;* € [0,pG (I*) — I*(1 + r)]. One should note that 77* ((m)**, B)
is such that:

1 (m*, B) = HI}ZaIXpR —(1+n)I (5.7)
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s.t.

pR—(1+r)+m* <pG(I)—(1+r)] (5.8)

m* > BI (5.9)

With respect to the first-best problem, we have introduced here the
Incentive Compatibility requirement appearing in equation (5.9). Ob-
serve that for a given m;*, the lender’s objective function is monotone in
R, hence equation (5.8) will bind at the optimum. We can therefore sub-
stitute the expression for pR obtained in (5.8), in the objective function.
The system (5.7)-(5.9) can be rewritten as:

71 (my*, B) = maxp GUI)—my—(1+nr)I (5.10)

s.t.
WZ* > BI (5.11)

One should notice that the constrained wutility possibility set and the
second-best Pareto frontier are parameterized in the incentive structure
B. Recall that we defined B, as the level of the incentive parameter such
that:

pG(I*)—(1+r)["=B,I"

implying that pR = (1 + r)I*, i.e. lenders make zero profits. Hence,

VB<B, pG(I*)-(1+r)I*<BI*

That is, constraint (5.11) is slack and the first-best is feasible in
the second-best problem. The point (7;*,77*) = (pG (I*) — (1 +r)I*,0)
belongs to the second-best Pareto frontier (point A in Figure 5.3). Hence
given B < B., there is room to reduce 7;* without making the constraint
(5.11) binding. There will therefore be an interval of entrepreneur’s
utilities, i.e. 7* € [BI*,pG (I*) —I*(1+ )], such that the second-
best Pareto frontier 77" (7}*, B) coincides with the first-best one 77 (7;)
(Figure 5.3). By further reducing the entrepreneur’s payoff we get to
% = BI* and n7* = p G (I*) — I*(1+4r) — BI*. Every further reduction
in 7;* will imply a decrease in the investment level.

If we consider the case B > B,, equation (5.11) will always be binding
at the optimum level of investment, hence it is not possible to sustain
the first-best investment level I*. As a consequence, for every B > B,
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B, BT~ pG(I*)— (1 +7r)I*
Figure 5.3: The first and second-best Pareto frontiers for B < B,

the second-best frontier 77*(7;*, B) will always lie below the first-best
one, as it is depicted in Figure 5.4.

Hence, while for the cases of relatively mild incentive problem the
second-best frontier has a linear part, that corresponds to the imple-
mentation of the first-best level of investment, when the moral hazard
becomes harsher the frontier contracts inwards.

No matter the value of B, the highest possible payoff for the lending
sector corresponds to the monopolistic allocation, when the entrepreneur
is squeezed to a payoff of 7}* = BI,, and the lenders appropriate all the
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Figure 5.4: The second-best Pareto frontier for B > B,

rest.!® Whenever 7 < Bl every reduction in m;* calls for a reduction
in 77*. In the limit the only way to set m;* = 0 is to fix an investment
level equal to zero, so that there will not be anything left for the lenders,
either. Finally, we argue that the concavity of G(I) induces a concavity
in the second-best Pareto frontier (Figure 5.3 and Figure 5.4).

Lemma 7 Take any B € [0,1] then for every m;* < BI* the frontier
w1 (7", B) is a concave curve. In particular, 77" (m;*, B) has a mazi-
mum in 7% = Bly,. For every n}* < Bly,, m7* (m;*, B) is monotonically
INCTeasing.

Proof. If (5.11) is not binding, we are back to the linear part of
the frontier, which is trivially concave. The interesting case is that of
a binding incentive compatibility constraint (5.11). Given 7;* and B,
then I is uniquely determined and given by I = %. As a consequence,
we get:

18Recall that every monopolistic investment depends on the value of the incentive
parameter, hence it should be written I,,(B).
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. (m*, B) = pG ™) 7T—Z*(l +7r)—m"
that is a strictly concave function of 7;*. In particular, for B > B, the

second-best Pareto frontier is strictly concave. m

Defining the constrained Pareto frontier of the economy gives us more
intuitions about the welfare implications of competition over loan con-
tracts. The existence of positive profits equilibria and some form of
rationing in credit markets where an arbitrarily large number of ho-
mogeneous lenders is competing, turn out to be the by-product of the
competitive process itself under asymmetric information. In such cir-
cumstances, a planner facing the same informational constraints as the
lenders, cannot implement Pareto-dominant allocations with respect to
the equilibrium outcomes of the strategic interactions between N lenders
and a single borrower.

The equilibria with positive profits and latent contracts described in
Proposition 23 fall in the region where the incentive levels satisfy B < B,
and it is always possible to sustain the first-best level of investment
I* together with 7;* > BI*. Hence, the latent contracts are just a
device for a different sharing of the surplus. The equilibrium level of
investment would be the same that a social planner would choose when
solving (5.10)-(5.11) with a slack incentive compatibility constraint. This
equilibrium allocation would correspond to a point on the linear part of
the second-best Pareto frontier 77* (7;*, B) where it coincides with the
first-best one.

With respect to the efficiency properties of the equilibria described
in Proposition 22 we state the following:

Proposition 24 Take o« B > B, and consider the positive profits equi-
librium defined in Proposition 22. Then, if we denote as T, and 7, the
payoffs earned by the single borrower and by all the lenders, respectively,
we have that the pair (7p, ) belongs to the constrained Pareto frontier

n (mp*, B).

Proof. We first introduce a useful definition. Assume that the borrower
earns 7 in the positive-profits equilibrium, we denote 71, (73) the lenders’
payoff induced by 7, at equilibrium.

Let us now take 7;* = , and construct the equilibrium relationship
7, (7). In the positive-profits equilibrium defined by (5.3)-(5.5) each
lender offers the same contract (1: , R) and in the aggregate the borrower
buys all contracts and exerts high effort. The borrower is indifferent
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between accepting N or (N — 1) contracts. Let us call 74 the amount of
credit issued and pRA the expected revenues of the lenders. Given that
the Incentive Compatibility constraint is binding in this equilibrium, we
then have m* = 1, = BNI, that implies:
A_ Ty T

I* = 55 (5.12)
where we denoted 4 = NT.
Given the borrower payoff 7, and the incentive parameter B, the ag-
gregate investment level I4 that supports 7 at equilibrium is uniquely
determined. In particular, the Incentive Compatibility constraint of the
equilibrium defines the same level of aggregate investment of the second-
best problem. This investment level 74 determines the aggregate surplus
of the economy as:

SA =pGIA) — (14 r)IA (5.13)

and the lenders’ payoff once deduced the borrower’s utility m;*:

o (mp) = 84 — mp :pG(IA) — (14 7)I*-BI14 (5.14)
Notice that the payoff the credit sector earns is strictly positive:

A () = pRA — (1 + )4 > 0 (5.15)

In particular, the system of equations (5.12)-(5.14) identifies a pair (77", 7;*)
belonging to the frontier of the constrained utility possibility set F' (my, 7r).
]

The result can be summarized as follows: if the agent’s preferences
exhibit risk neutrality, even for just one of the effort choices, the com-
mon agency framework delivers equilibria which are constrained Pareto
efficient. Despite the externalities due to strategic competition over fi-
nancial contracts, the incentive structure remains unaffected when the
preferences of borrower exhibits some risk neutrality.

The equilibrium described in Proposition 22 represents the case in
which all the existing lenders of the economy are actively financing pro-
duction, and are making positive profits. Equation (5.3) and (5.5) in-
hibit individually profitable deviations of every active lender by keeping
the borrower indifferent between buying N or N — 1 contracts and by
assuming that the aggregate level of investment be greater than the mo-
nopolistic one with just N — 1 contracts.
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In equilibrium the Incentive Compatibility constraint (5.4) is binding,
and constrained-inefficient outcomes cannot be sustained. In particular,
(5.4) determines the aggregate level of investment for every given payoff
of the entrepreneur, and (5.5) only serves as a redistributive rule within
the lending sector.

With respect to the existing literature, it sheds light on some implicit
relationship between the welfare considerations on competition under
asymmetric information (inefficiency) and preference structures.!®

5.5 Conclusion

This work aimed at analyzing the relationship between incentives and
competition in a context with one agent interacting with several princi-
pals. With respect to the previous literature, we found out that there
exists a link between non-exclusive contracts, strictly concave prefer-
ences and the very definition of constrained inefficiency. The work sug-
gests that there are still directions to explore when dealing with common
agency games.?"

The main objective was to characterize the welfare properties of equi-
libria in which several lenders were simultaneously financing an entrepre-
neurial activity, and making positive profits. We analyzed two different
type of positive-profit equilibria: one supported by inactive lenders (la-
tent contracts), and another one where all existing lenders result active
financiers at equilibrium. We have been able to show that all these
positive-profit equilibria are constrained efficient.

Future research should deal with realized default, excluded by as-
sumption in this model, so to understand completely the link between
the literature on constrained inefficiency in insurance context and in
strategic default models. It would also be nice for policy analysis, to
observe how the co-existence of several external financiers changes the
incentive to strategic default in case of contraction in the credit supply.

190ne should notice that the strict concavity of the customer’s preferences is cru-
cial to sustain the inefficient result in Bisin and Guaitoli (2004), so that weakening
concavity in that model would make the inefficient equilibrium collapse to the second-
best. Though risk aversion a natural assumption in insurance models, most of the
banking literature typically considers risk neutral entrepreneurs/borrowers.

20Notice that this research does not tackle at all the issue equilibria in direct versus
indirect mechanism games, in the lines of Martimort and Stole (2002), Peters (2001).
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5.6 Appendix

Proof of Proposition 21 in the text.
Consider the case of B € (B, B;) and a given number of lenders N. If

every lender offers the contract (R',I") = %, 1\%)7 it is Incentive

Compatible for the borrower to accept (N — 1) contracts and exert high
effort. We want to show that these prescriptions (strategies) for each
lender and for the borrower constitute an equilibrium of the game I'.
Notice that in the case we described, the borrower obtains the first-best
aggregate level of investment buying (N — 1) contracts, attaining her
maximum expected payoff and each single lender gets zero profits. Let
us evaluate if there exist profitable deviations.

Given what his opponents offer, lender ¢ can never propose a loan that
the borrower will accept and guarantees herself positive profits. When all
j # i lenders offer (R',I"), whatever lender i proposes, the borrower can
always buy the remaining (N — 1) contracts and achieve her maximum
payoff. Hence, it is a best response for lender i to offer (R, I") when all
other lenders offer (R/, I’).

To guarantee that the borrower has no profitable deviations, we have to
eliminate incentives to shirk:

N-1_, I*(1+7) I
— — > .
pG(N_lf) (N =)= 2 BNy (A.3)

that is, we want that the utility she gets from buying all N contracts
and exerting low action be lower than the first-best payoft:

N -1

This translates onto an incentive parameter that satisfies the following:

pG(I*)—I"(1+7r)> BN (A.4)

g PG~ (1)

A5)
¥ (

"y
pG(I*)—I*
T

N-1

every B € (B, B,) there exists a Np such that for every N > Np,
B < By and the borrower has no incentive to deviate from buying
(N — 1) contracts and choosing p. There does not exist any contract
for any lender ¢ that gives him positive profits and is accepted by the
borrower. Hence, (R’,I') for each lender and the borrower accepting

(N — 1) contracts and exerting high effort constitute an equilibrium. m

Let us define By = . As N increases, By — B,. Hence for

Proof of Proposition 22 in the text.
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The proof is organized in two steps. First, we show that there is an
aggregate contract (N R,NI ) which is a solution of the system (5.3)-
(5.4) and satisfies (5.5). In a next step we show that the strategy profile
(R, I;) = (R, f) for every lender ¢ = 1,2,...N together with the bor-
rower decision of accepting all contracts and choosing the high level effort

is a subgame perfect equilibrium of the game I.
Considering (5.3) and (5.4) together we get:

p [G ((N - 1)i> - (1 - Jb) G (Nf)} —BI=0 (A.6)

We define f (I |N,B)=p[G((N—1)I)- (1-%)G(NI)] — BI.
Observe that given the system (5.3)-(5.5), we are considering aggregate
investment level that should belong to the interval [Ip, I,,], where Ip =
min {1: (B), I *} and I, represents the monopoly level of investment for
the appropriate interval. Now, we also denote I3 = IWB. Evaluating the
function f(I |N, B) at I}, we obtain:

(N-1) 1+r

a5 =56 -

Given that the function G(.) is concave and recalling that G ' (Ig) >
1+ 7, we have that

p6(rp) - 01, 5 [G (W_N”IBﬂ (A.8)

IB) G - (A

and f (I%) <O.

Using a similar argument, and recalling the definition of B,, we can
check that for every B < B,, there exist an Np large enough such that
VN > Np we get:

f <N[T_” 1) >0 (A.9)

By continuity of f(.), for every N > Np there exists a value I(B, N)
such that f <f) = 0. Given I, the value of R satisfying (5.3)-(5.4) can

be defined in a direct way.
Now, we have to show that at equilibrium every lender will offer the

contract (R, I ) and that the borrower will always have an incentive to

accept all contracts and to implement the high action. o
Let us start with the borrower’s behavior: if each lender is playing (R, I),
then the borrower’s strategy of accepting N contracts and exerting effort
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is a best reply. Equations (5.3) and (5.4) guarantee that when (N R,NI )
is offered in the aggregate, then the borrower cannot deviate by accept-
ing (N — 1) contracts and shirking. This means that she is not in the
decreasing part of her payoff function, so that no deviation involving
reductions in the number of accepted contracts will be profitable. In
particular, accepting N contracts will be a best reply.

Let us consider now the behavior of the N lenders. Suppose all (N —1)
lenders except lender ¢ offer (R, I ) and consider lender ¢’s best response.

Assume lender ¢ offers (R;, I;), his best payoff can be measured with
respect to the aggregate amount of loans the borrower takes up:

m =pRi— (1+71);= .
=pG(kI+1;)— (1+r)]; — kpR—
— max {pG((N — 1) - p(N - 1R, B ((N )i+ IZ-) }
(A.10)
where 7; is lender ¢’s payoff as a function of (R;, I;) and k = {0,1,2,..., N—
1} is the number of contracts the entrepreneur buys together with the
i-th. On the right hand side of the equation we represented the surplus
at the aggregate amount of investment (k:f + I;) net of the reimburse-

ments of the k lenders offering <R, I ) and of the entrepreneur’s utility.
The entrepreneur can obtain pG <(N - 1)1:) — p(N — 1) R accepting the

(N — 1) contracts and exerting effort or B <(N — DI+ IZ-> accepting all

the contracts offered and shirking.

There can be two cases: either I; < Ior I; > I. Let us consider first the
case when I; < I. From the definition of the equilibrium, it is clear that
the borrower will always prefer to accept at least (N — 1) contracts and
to exert effort. In this case, the individual revenue of each of the (N —1)
lenders obtained by using (4) and (5) will be:

pR=1p [G (Nf) —G((N— 1)f)} (A.11)

In addition, given I; < I and the concavity of G(.) the entrepreneur will
buy all the (N — 1) contracts together with the i-th, hence lender i’s
payoff can be written as:

;= pG ((N )i+ Ii) — (1 + 1) — pG ((N - 1)i> (A.12)

which is maximized setting I; = I and guarantees a payoff of pR— (1+7)1.
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Consider now the case of I; > I, which induces the low action and a
payoff such as:

mi=pG (M + 1) = (14 1)L —phR— B(N - )] - BI,  (A13)

which is increasing in k and takes into account that the contract offered
by the lender i could affect the number of contracts the borrower would
accept together with exerting high effort.

The first order condition for a maximal 7; with respect to I; gives:

pG’ (k:f + 12-) —(1+7r)—B=0 (A.14)

which implies kI + I; = I,.

Hence, I; = I,,, — kI and (N — 1)I > I,,, imply that the highest number
of contracts which can be accepted together with the i-th is k = N — 2.
Hence, the optimal value of k is such that:

7777

It follows that I; cannot be greater than I, which contradicts the
initial assumption. 3
Therefore, the optimal choice of lender ¢ can only be I; < I which implies

that his best response will be to offer a contract (R, f)

Hence, the specific contracts (]:Z, I ) exist and they are robust to indi-

vidually profitable deviations when the number of lenders is sufficiently
high and B € [B,, B;,). =

Proof of Proposition 23 in the text.
Given the definition of I,,, and I* and the continuity of G(.) there exists
a B such that:

PG (Iy) — In(1+7) = By (Iy + I'*) (A.15)

Now, for every B € (B, B;] we consider the function z(I) = pG(I) —
I(14r) — B(I + I*); by continuity there exists an investment level I’
such that z (I') = 0.

The equilibrium is defined by one lender, say lender i, offering the in-
vestment I; = I* and the repayment R; s.t. pR; = pG (I*) — I*(1+7r) —
(pG (I') — I'(1 + 1)), hence making positive profits. A second lender, say
lender j offers the zero-profit contract with I; = I’ and pR}; = (1 +r)I".
All other lenders k # i, j are offering the null contract (0,0). The bor-
rower is accepting contract ¢, only.

176



Given the behavior of the other players, lender ¢ must offer the borrower
at least a payoff of pG (I') — I'(1 4+ r) in order for his contract to be
bought. Hence, he has the incentive to set the investment level at I* so
to realize the maximum amount of profits p R;.

Let us now consider lender j: he cannot profitably deviate from the
level of investment I; = I’ and be guaranteed that his offer is accepted,
without inducing the borrower to shirk to low action.

Given the existence of the latent contract j, no contract offering positive
investment level proposed by any of the inactive lenders will be accepted
at equilibrium.

Finally, the borrower is indifferent between accepting either contract i
or j in isolation and choosing high effort, and buying both contracts and
choosing low action. That is, accepting ¢ only is a best reply. m
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