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Abstract

The k-means algorithm and its variants are popular clustering techniques. Their
purpose is to uncover group structures in a dataset. In actuarial applications, these
partitioning methods detect clusters of policies with similar features and allow one
to draw up a map of dominant risks. The main challenge lies in de�ning a distance
between two observations exclusively characterised by categorical variables. This re-
search paper starts with a review of the k-means algorithm and develops an extension
based on Burt's framework to manage categorical rating factors. We then focus on
a mini-batch version that keeps computation time under control when analysing a
large-scale dataset. We next broaden the scope of application of the fuzzy k-means
to fully categorised datasets. Lastly, we conclude with a thorough introduction to
spectral clustering and work around the dimensionality issue by reducing the size of
the initial dataset with k-means.

Keywords : clustering analysis, unsupervised learning, k-means, spectral clustering.

1 Introduction

Cluster analysis is one of the popular techniques within statistical data analysis and ma-
chine learning, helping to uncover group structures in data. Objects are grouped so that
the resulting clusters are as heterogeneous as possible between each other while also be-
ing as homogeneous as possible with regard to the observations classi�ed within them.
In actuarial applications, clustering methods can detect dominant groups of policies, and
the analysis of their claims allows one to draw a posteriori a map of insured risks. The
resulting clusters can be further used to construct unsupervised pricing grids.
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The starting point of our work is the k-means algorithm, one of the most popular
unsupervised learning algorithms (see, e.g., MacQueen (1967), Hastie et al. (2009) and
Kaufman and Rousseeuw (2009)). Known as a centroid-based partitioning method, it
segregates observations into a pre-speci�ed number of clusters by optimising a measure of
similarity. There exist several extensions of the k-means algorithm, including a mini-batch
version to handle large-scale datasets. For a thorough overview, we refer to Jain (2010).

Despite their popularity in other �elds such as image processing, clustering techniques
are still underexploited in actuarial science, and the literature is scarce. Nevertheless,
Williams and Huang (1997) may be referenced for their use of the k-means to identify
policyholders with a high claims ratio in a portfolio of motor vehicle insurance. Hainaut
(2019) further compared k-means to self-organizing maps (SOM) to discriminate motor-
cycle insurance policies based on the analysis of joint frequencies of categorical variables.
We can also mention Hsu et al. (1999), who present SOM in a framework through which
they perform change of representation in knowledge discovery problems using insurance
policy data.

Clustering techniques are not, however, limited to the aforementioned centroid-based
methods. In 1999, Weiss had already stressed the attractiveness of methods based on the
eigenvectors of the a�nity matrix in the context of segmentation. The stability of the
simple eigendecomposition algorithms is often put forward in favour of spectral decom-
position. Interested readers may refer for details to Shi and Malik (2000), Ng, Jordan
and Weiss (2001) and Belkin and Niyogi (2001). Von Luxburg (2007) also sets up a con-
cise step-by-step tutorial on the graph theory used by spectral clustering. Despite the
overwhelming amount of literature on spectral clustering, no application to an insurance
portfolio has hitherto been carried out.

The main reason behind the under-exploration of clustering techniques in actuarial
science is the exclusive management of quantitative variables in their standard form by
partitioning methods. In such cases, algorithms rely on the Euclidean distance between
data points to measure their similarity. Some extensions, aiming to take qualitative vari-
ables into account already exist. For instance, Zhexue Huang (1998) extends the k-means
algorithm to handle datasets with observations characterised both by quantitative and
categorical variables. To this end, Zhexue Huang (1998) measures the distance between
two observations by relying on a mixture of the Euclidean distance between quantitative
features and Hamming's distance between (binary coded) categorical features. Similarly,
Mbuga and Tortora (2021) recently extended spectral clustering to heterogeneous datasets,
with both continuous and categorical features, by de�ning a global dissimilarity measure
computed using a weighted sum. In their paper on feature transformation, Wei, Chow and
Chan (2015) outline the challenges of developing a dissimilarity measure as a linear com-
bination of the Euclidean and Hamming distances to handle mixed-type datasets. Xiong
et al. (2012) further proposed a novel divisive hierarchical clustering algorithm for cat-
egorical objects. Starting with an initialization based on multiple correspondence analysis,
they exploit the Chi-square distance between a single object and a set of objects to de�ne
the objective function of their clustering algorithm.
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The contributions of this research paper are multiple. The main premise of this work is
the data processing through Burt's space. It allows an investigation into di�erent methods
of data partitioning for actuarial applications. In Section 1, we introduce the centroid-
based k-means algorithm and review its k-means++ heuristic. We next extend it to fully
categorised datasets, based on Burt's distance. Section 2 reviews a mini-batch version to
perform clustering on large-scale datasets with a limited loss of accuracy. In Section 3, we
broaden the scope of application of the fuzzy k-means by means of our Burt framework.
We further test its e�ciency as a method in which policies can belong to multiple clusters.
We end this work in Section 5 with a thorough review of spectral clustering, as an un-
precedented means to identify non-convex clusters in an insurance portfolio. The need for
the eigendecomposition makes spectral clustering more computationally expensive than
standard k-means for large-scale datasets. Reducing the size of the initial dataset with the
k-means algorithm and applying spectral clustering to the resulting centroids shows itself
to be an e�ective solution to work around this dimensionality issue.

2 The k-means algorithm and Burt's distance

Let us consider a set of n numeric objects X = {x1, ...xn}, xi ∈ Rp and an integer number
K ≤ n. The k-means algorithm searches for a partition of the data set X into a pre-
speci�ed number K of disjoint clusters such that the within groups sum of squared errors
(WGSS) or intraclass inertia in Eq.(2) is minimised. The k-means clustering method is
based on the concept of a centroid, which may be interpreted as the centre of gravity of
a cluster of objects. As it is de�ned as the geometric centre of the corresponding data
cluster, a centroid is not necessarily one of the data points. The coordinates of the uth

centroid are contained in a vector cu = (cu1 , . . . , c
u
p) for u = 1, ...,K. We de�ne the clusters

or groups of data Su for u = 1, ...,K for a given distance d(., .) and a set of K centroids as
follows:

Su = {xi : d(xi, cu) ≤ d(xi, cv) ∀v ∈ {1, ...,K}} . (1)

Here, the dissimilarity measure

d(xi, cu) =

p∑
j=1

(
xi,j − cuj

)2
u = 1, ...,K

is the squared Euclidean distance. The centre of gravity of Su is a p vector gu =(
gu1 , . . . , g

u
p

)
such that

gu =
1

|Su|
∑

xi∈Su

xi .

The centre of gravity of the full dataset is denoted by g = 1
n

∑n
i=1 xi. We de�ne the inertia

Iu of a cluster Su as the sum of the distances of all the points within a cluster from the
centroid of that cluster:

Iu =
∑

xi∈Su

1

|Su|
d (xi, gu)

2 u = 1, ...,K.
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The intraclass inertia Ia is the sum of clusters' inertia, weighted by their size:

Ia =
K∑

u=1

|Su|
n

Iu

=
1

n

K∑
u=1

∑
xi∈Su

d (xi, gu)
2 .

whereas the interclass inertia Ic is the inertia of the cloud of centres of gravity:

Ic =
K∑

u=1

|Su|
n

d (gu, g)
2 , (2)

According to the König-Huygens theorem, the global inertia is the sum of the intraclass
and interclass inertia:

IX = Ic + Ia

=
1

n

n∑
i=1

d (xi, g)
2

In order to have homogeneous clusters on average (compact clusters), an usual criterion of
classi�cation consists in identifying a partition of X that minimises the intraclass inertia
Ia. This amounts to �nding the partition that maximises the interclass inertia, Ic, which
ensures the heterogeneity between clusters. Optimizing such objective functions is known
to be computationally di�cult (NP-hard). However, there exist e�cient heuristic proced-
ures that quickly converge to a local optimum with respect to interclass inertia. The most
common method uses an iterative re�nement technique called k-means, which is detailed
in Algorithm 2.

Given an initial set ofK random centroids c1(0),...,cK(0), we partition {S1(0), . . . , SK(0)}
the dataset according to the rule in equation (1). As an alternative to this random centroids
initialization, the k-means++ algorithm of Vassilvitskii and Arthur (2006) hinges on a
heuristic to �nd the centroid seeds c1(0),...,cK(0) and construct the initial partition of the
dataset. This alternative procedure to initialise the k-means heuristic is detailed in Al-
gorithm 1. When compared to the random centroids initialization, it improves the running
time of the algorithm, and the quality of the �nal solution. Keep in mind that the k-means
clustering is based on a heuristic. The resulting partition is therefore not guaranteed to
be a global solution, and changes in the seed value may a�ect the outcomes.

Regardless of the procedure chosen for the arbitrary centroids initialization, the result-
ing partition of the dataset is a set of convex polyhedrons delimited by median hyperplanes
of centroids. Once the K centroids are initialised, we proceed by alternating between two
steps. The assignment step of the eth iteration associates each observation xi with the
cluster Su(e) whose centroid cu(e) is the nearest. In the update step, the K centroids
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(cu(e+1))u=1:K are replaced by the K new cluster means (gu(e))u=1:K . At each iteration,
we can prove that the intraclass inertia is reduced. We iterate until convergence, which is
when the assignments no longer change.

Algorithm 1 Initialization of centroids for the k-means algorithm.

Initialization :

Select an observation uniformly at random from the data set, X. The chosen observation is the �rst
centroid, and is denoted c1(0).
Main procedure:

For j = 2 to K
For i = 1 to n

1) Calculate the distance d(xi, cj−1(0)) from xi to cj−1(0).

End loop on dataset, i

2) Select the next centroid, cj(0) at random from X with probability

d2(xi, cj−1(0))∑n
i=1 d

2(xi, cj−1(0))
i = 1, ..., n.

End loop on K

Algorithm 2 Algorithm for k-means clustering.

Initialization:

Randomly set up initial positions of centroids c1(0),...,cK(0).
Main procedure:

For e = 0 to maximum epoch, emax

Assignment step:

For i = 1 to n
1) Assign data point xi to the cluster Su(e), u ∈ {1, ...,K} whose centre cu(e) is closest

Su(e) = {xi : d(xi, cu(e)) ≤ d(xi, cv(e)) ∀v ∈ {1, ...,K}} .

End loop on data set, i.
Update step:

For u = 1 to K
2) Calculate the new centroids cu(e+ 1) of Su(e) as follows

cu(e+ 1) =
1

|Su(e)|
∑

xi∈Su(e)

xi .

End loop on centroids, u.
3) Calculation of the total distance dtotal between observations and closest centroids:

dtotal =

K∑
u=1

∑
xi∈Su(e)

d(xi, cu(e+ 1)) .

End loop on epochs e
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To illustrate this section, we apply the k-means algorithm to data from the Swedish in-
surance company Wasa in 1999. The data set is available on the companion website of the
book by Ohlsson and Johansson (2010) and contains information about motorcycle insur-
ance over the period 1994-1998. Each policy is described by quantitative and categorical
variables. The quantitative variables are the insured's age and the age of his vehicle. The
categorical variables are the policyholder's gender, the geographic zone, and the vehicle's
class. The vehicle class is determined by the ratio of power in KW ×100 / vehicle weight
in kg + 75, rounded to the nearest integer. The database also reports for each policy the
number of claims, the total claim costs, and the contract period. After removing contracts
with null duration, the database counts n = 62 436 insurance policies. Table 1 summarises
the information provided by categorical variables.

Rating factors Class Class description

Gender M Male (ma)

K Female (kvinnor)

Geographic area 1 Central and semi-central parts of

Sweden's three largest cities

2 Suburbs plus middle-sized cities

3 Lesser towns, except those in 5 or 7

4 small towns and countryside

5 Northern towns

6 Northern countryside

7 Gotland (Sweden's largest island)

Vehicle class 1 EV ratio -5

2 EV ratio 6-8

3 EV ratio 9-12

4 EV ratio 13-15

5 EV ratio 16-19

6 EV ratio 20-24

7 EV ratio 25-

Table 1: Rating factors for motorcycle insurance. Source: Ohlsson and Johansson (2010).

The p numerical variables are stored in a vector xj=1,...,n ∈ Rp, and the q categorical
variables have mk binary modalities for k = 1, ..., q. The total number of modalities is the
sum of mk: m =

∑q
k=1mk. In further developments, we enumerate modalities from 1 to

m. The information about the portfolio may be summarised by a n ×m super-indicator
matrix D = (di,j)i=1...n,j=1...m. If the ith policy has the jth modality then di,j = 1,
otherwise di,j = 0.

For example, assume policies are exclusively described by the policyholder's gender
(M=male or F=Female) and by his education level (H=high school, C=college or U=university).
The number of variables and modalities are q = 2, m1 = 2 and m2 = 3 respectively. If the
�rst and second policyholders are respectively a man with an undergraduate degree and a
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woman with a graduate degree, the two �rst lines of the matrix D have the structure of
the disjunctive Table 2.

Gender Degree

Policy M F H C U

1 1 0 0 1 0

2 0 1 0 0 1

Table 2: Example of a disjunctive table with q = 2 variables and m1 = 2, m2 = 3 modalities, respectively.

In this paper, we focus on features encoded as categorical variables. In such case, the
Euclidean distance is not appropriate anymore. When dealing with one-hot encoded cat-
egorical features, Hamming's distance is usually the �rst substitute that comes to mind.
It measures the dissimilarity between features as the number of di�erent bit positions in
two bit strings (the uth centroid and the ith policy bit strings). The disappointing results
achieved with Hamming's distance lead us to another measure based on the weighted Burt
matrix.

2.1 Burt's distance

Hamming's distance is a simple measure of discordance between observations. It therefore
fails to discriminate between observations that are �far� from those that are �close� to
each other. This issue is addressed by Burt's distance, which is based on the study of
joint frequencies in modalities. In order to study the dependence between modalities,
the numbers ni,j of policies sharing modalities i and j, for i, j = 1, ...,m is contained in
a contingency table, known as the m × m Burt matrix B = (ni,j)i,j=1,...,m. The Burt
matrix is directly related to the disjunctive table D through the following mathematical
relationship:

B = D⊤D .

This symmetric matrix is composed of q× q blocks Bk,k′ for k, k
′ = 1, ..., q. A block Bk,k′

is the contingency table that crosses the variables k and k′. Table 3 displays the Burt
matrix for matrix D presented in Table 2. By construction, the sum of elements of a block
Bk,k′ is equal to the total number of policies, n. The sum of ni,j for row i is equal to:

ni,. =
∑

j=1,...,m

ni,j = q ni,i .

Because the Burt matrix is symmetric, we can infer that

n.,j =
∑

i=1,...,m

ni,j = q nj,j .

Furthermore, blocks Bk,k for k = 1, ..., q are diagonal matrices, whose diagonal entries
are the numbers of policies that respectively present the modalities 1, ...,mk, for the kth
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variable. In our example, we have n1,1+n2,2 = n and n3,3+n4,4+n5,5 = n. Here, n1,1 and
n2,2 count the total number of men and women in the portfolio, whereas n3,3, n4,4 and n5,5

count the number of policyholders with, respectively, a high school, college, or university
degree.

Gender Degree

M F H C U

Gender
M n1,1 0 n1,3 n1,4 n1,5

F 0 n2,2 n2,3 n2,4 n2,5

Degree

H n3,1 n3,2 n3,3 0 0

C n4,1 n4,2 0 n4,4 0

U n5,1 n5,2 0 0 n5,5

Table 3: Burt matrix for the disjunctive Table 2.

In the same manner as Hainaut (2019), we de�ne the chi-square distance between rows
i and i′ of the Burt matrix as follows:

χ2
(
i, i′
)

=
m∑
j=1

n

n.,j

(
ni,j

ni,.
−

ni′,j

ni′,.

)2

i, i′ ∈ {1, ...,m}.

Intuitively, the distance between two modalities is measured by the sum of weighted gaps
between joint frequencies with respect to all modalities. Similarly, the chi-square distance
between columns j and j′ of the Burt matrix is de�ned by

χ2
(
j, j′

)
=

m∑
i=1

n

ni,.

(
ni,j

n.,j
−

ni,j′

n.,j′

)2

j, j′ ∈ {1, ...,m}.

We recall that k-means is a centroid-based clustering algorithm. Bregman divergences are
the only distortion functions for which such centroid-based clustering schemes are possible.
The simplest divergence is known to be the squared Euclidean distance. As we prefer to
evaluate distances with the Euclidean distance, the elements of the Burt matrix ni,j are
replaced by weighted values nW

i,j :

nW
i,j :=

ni,j√
ni,. n.,j

i, j = 1, ...,m . (3)

Given that ni,. = q ni,i and n.,j = q nj,j , we have that

nW
i,j :=

ni,j

q
√
ni,i nj,j

i, j = 1, ...,m . (4)

If C is the diagonal matrix C = diag

(
n
− 1

2
11 ..n

− 1
2

mm

)
, then the weighted Burt matrix is

denoted by BW :

BW =
1

q
CBC .
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The distances between rows (i, i′) and columns (j, j′) of the Burt matrix become:

χ2
(
i, i′
)
=

m∑
j=1

(
nW
i,j − nW

i′,j

)2
, and χ2

(
j, j′

)
=

m∑
i=1

(
nW
i,j − nW

i,j′
)2

.

The jth modality then corresponds to the jth line of BW , a vector in Rm. The centre
of gravity Di,.B

W /q of points with coordinates stored in the corresponding lines of the
weighted Burt matrix can then be used to identify the ith policy with multiple modalities.
Since a policy i may fall into a single one of the mk categories of the kth variable, a policy
characterised by two features is also de�ned by a subset of q = 2 modalities. We represent
each policy in R3 as the midpoint between the corresponding lines of BW . The Burt's
distance between the ith and jth policies is then given by:

d(i, j) =
∥∥Di,.B

W /q −Dj,.B
W /q

∥∥
2

(5)

This is illustrated in Figure 1 in the case of three modalities.

  

 

Policy with 

features 1 and 2  

𝐵1,.
𝑊 

𝐵2,.
𝑊 

𝐵3,.
𝑊 

Policy with 

features 2 and 3  

1

2
൫𝐵1,.

𝑊 + 𝐵2,.
𝑊൯ 

1

2
൫𝐵2,.

𝑊 + 𝐵3,.
𝑊൯ 

Figure 1: Illustration of two policies in the Burt's space with three modalities.

The second step of Algorithm 2 must thence be adapted. The new centroids cu(e+1) =
cmu (e + 1) of Su(e) are de�ned by a m-vector, (cmu (e + 1))u=1:K , containing the centre of
gravity of the categorical variables in cluster u:

cmu (e+ 1) =
1

|Su(e)|
∑

xi∈Su(e)

Di,.B
W /q .

We implement this procedure on theWasa insurance dataset fully converted into categorical
variables. We �rst convert the variables �driver's age� and �vehicle age� into categorical
variables with respectively 6 and 5 modalities, [16, 28), [28, 30), [30, 34), [34, 54), [54,
60), [60, 99) and [0, 2), [2, 4), [4, 6), [6, 12), [12, 100). We next compute the matrix of
xi = Di,.B

W /q for i = 1 to n and apply the standard k-means to the distance exclusively
evaluated with the weighted Burt's table.

Table 4 reports the claim frequency as well as the dominant modalities associated
with each cluster. The dominant modality jdominant

k is identi�ed as either the dominant
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representative in the uth cluster or as the one that minimises the distance measured by
the ℓ2−norm between the centroid (cu)u=1:K and the line of BW corresponding to the jth

modality of the kth variable:

jdominant
k = arg min

v∈{1,...,mk}

∥∥∥cu −BW∑k−1
d=1 md+v,.

∥∥∥
2

A quick analysis reveals the most and least risky driver's pro�les. The riskiest category
is young male drivers of vehicles of less than 4 years. The lowest claim frequency is
characterised by older vehicles (12+). The under-representation of female drivers in the
portfolio is also re�ected in the dominant gender (mostly men) associated to each cluster.

Cluster Gender Zone Class Owner's Age Vehicle Age Frequency (%)

1 M 4 3 [34, 54) [12, 100) 0.2769

2 M 4 6 [16, 28) [6, 12) 1.9901

3 K 4 3 [34, 54) [6, 12) 1.4439

4 M 3 4 [34, 54) [6, 12) 1.3062

5 M 3 6 [16, 28) [6, 12) 3.2422

6 M 4 3 [30, 34) [12, 100) 1.4061

7 K 4 3 [34, 54) [12, 100) 0.4425

8 M 2 5 [34, 54) [12, 100) 0.3662

9 M 3 4 [34, 54) [12, 100) 0.446

10 K 4 3 [16, 28) [12, 100) 0.7167

11 M 4 3 [60, 99) [12, 100) 0.3097

12 M 3 3 [16, 28) [2, 4) 4.3287

13 M 4 3 [54, 60) [12, 100) 0.1662

14 M 1 3 [34, 54) [12, 100) 0.8051

15 M 4 4 [34, 54) [4, 6) 0.9937

16 M 4 5 [16, 28) [12, 100) 1.7233

17 M 4 3 [34, 54) [6, 12) 0.4281

18 M 4 4 [34, 54) [2, 4) 1.3045

Table 4: K-means algorithm on Burt's distance. Dominant features and average claim frequencies per

cluster.

If we use the claim frequency as a predictor, λ̂i, we can estimate the goodness of �t
of the partition with the Poisson deviance. The deviance is the di�erence between the
log-likelihood of the saturated model and that of the partitioned model. If Ni and νi are
respectively the number of claims and the duration (exposure) of the ith contract, the
deviance is de�ned as:

D∗ = 2
n∑

i=1

Ni

(
νi
Ni

λ̂i −

(
log

λ̂iνi
Ni

+ 1

)
I{Ni≥1}

)
.
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The Deviance, AIC, and BIC are reported in Table 5. Both the AIC and BIC are computed
with a number of degrees of freedom equal to 18×27 (# of clusters × # of modalities). In
comparison, the deviance of a GLM model �tted to the same dataset is equal to 5732.

Goodness of �t

Deviance 6 082.025

AIC 8 402.62

BIC 12 796.98

Table 5: Statistics of goodness of �t obtained by partitioning the dataset into 18 clusters with the k-

means algorithm based on Burt's distance.

Figure 2 displays the 18 clusters in a two-dimensional space with the owner's and
vehicle's ages on the axes.

20 40 60 80

0

20

40

60

80

100 Cluster 1

Cluster 2

Cluster 3

Cluster 4

Cluster 5

Cluster 6

Cluster 7

Cluster 8

Cluster 9

Cluster 10

Cluster 11

Cluster 12

Cluster 13

Cluster 14

Cluster 15

Cluster 16

Cluster 17

Cluster 18

Visualising clusters in two dimensional space

Owner Age

Ve
hi

cu
le

 A
ge

Figure 2: Illustration of the partitioning of a dataset into 18 clusters with the k-means algorithm based

on Burt's distance.

As aforementioned, both the random and k-means++ procedures used to initialise the
k-means heuristic require the speci�cation of an arbitrary number of clusters K. The
criteria for choosing an optimal number of clusters is usually based on the marginal gain
of intra-class inertia or the marginal reduction of deviance. The marginal gain (reduction)
of inertia (deviance) is limited above a certain number of clusters. Figure 3 illustrates the
inertia and deviance for various levels of segmentation of the Wasa portfolio, according to
variables �Owner's age�, �Vehicle age�, �Gender�, �Zone�, and �Class�.
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Figure 3: Left plot: evolution of the total intra-class inertia. Right plot: evolution of the Deviance.

3 Mini-batch k-means

The k-means algorithm stores the entire dataset in main memory. When dealing with large
amounts of data, this characteristic can turn into a major computation time constraint.
The mini-batch k-means algorithm is a popular alternative to reduce the temporal and
spatial costs. The underlying idea hinges on saving memory space by using small random
batches of data with a �xed size. At each iteration, a new random sample from the dataset
is used to update the clusters, taking care of deprecating previous coordinates according
to a learning speed. This step is repeated until convergence. The details of this approach
for categorical variables combined with the Burt's distance are set forth in Algorithm 3.

Empirical results in the literature suggest a substantial saving in computational time
at the expense of partition quality. Figure 4 compares the standard k-means algorithm
with the mini-batch's relative savings in computational time with respect to the number
of clusters.

Figure 4: Partition quality (measured by the deviance in solid lines) and running time (dotted lines)

with respect to the number of clusters.
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Algorithm 3 Mini-batch k-means algorithm
Initialization:

Randomly set up initial positions of k centroids
Initialize clusters S1 = .... = SK = ∅

Main procedure:

For e = 0 to maximum epoch, emax

Random sampling of the batch dataset M of size b
Initialize sample clusters Snew

1 = .... = Snew
K = ∅

Assignment step:

For i = 1 to b
1) Assign ith policy to cluster Snew

u where

Snew
u = {u : d(i , cu(e)) ≤ d(i , cv(e)) ∀v ∈ {1, ...,K}} .

End loop on batch dataset, i.
Update step:

For u = 1 to K
2) Calculate the centroids of the batch assigned to Snew

u :

cm,new
u =

1

|Snew
u |

∑
i∈Snew

u

Di,.B
W /q .

3) Let ηu(e) =
|Snew

u |
|Sn

u |+|Snew
u | . Centroids c

m
u (e+ 1) of Su are:

cmu (e+ 1). = (1− ηu(e)) c
m
u (e) + ηu(e)c

mnew
u .

End loop on centroids, u.
End loop on epochs e
3) Calculation of the total distance dtotal between observations and closest centroids.

We run the mini-batch algorithm on the Wasa dataset with Burt's distance (5) and
batches of 5000 policies. Table 7 provides the results for 18 centroids. The mini-batch
k-means is faster and gives approximately the same results. We retrieve all the categories
discovered in Sub-section 2.1. The cluster with the second highest frequency is also char-
acterised by one of the highest ratio powers (class 6). The deviance, reported in Table 6 is
slightly higher than that of a segmentation based on the k-means algorithm. Keep in mind
that the small loss in cluster quality may be the product of a greater presence of hazards
in the mini-batch algorithm.

In our case study, the gain in computation time with respect to k-means is limited
(both algorithms run in a few seconds). To observe signi�cant gains in computation time,
the mini-batch k-means should be tested on a larger dataset than the Wasa one.
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Goodness of �t

Deviance 6 091.04

AIC 8 411.31

BIC 12 805.97

Table 6: Statistics of goodness of �t obtained by partitioning the dataset into 18 clusters with the mini-

batch k-means.

Cluster Gender Zone Class Owner's Age Vehicle Age Frequency (%)

1 M 4 3 [34, 54) [12, 100) 0.2769

2 M 3 3 [16, 28) [2, 4) 4.5118

3 M 3 6 [16, 28) [6, 12) 3.4312

4 M 4 4 [54, 60) [6, 12) 1.3168

5 M 2 3 [34, 54) [12, 100) 0.3991

6 M 4 1 [60, 99) [12, 100) 0.4124

7 K 4 3 [34, 54) [12, 100) 0.3834

8 M 3 3 [34, 54) [6, 12) 0.7141

9 M 2 5 [54, 60) [12, 100) 1.2385

10 M 3 4 [34, 54) [12, 100) 0.4401

11 K 4 6 [34, 54) [6, 12) 1.3198

12 M 2 4 [16, 28) [6, 12) 3.1343

13 K 2 3 [16, 28) [12, 100) 1.2797

14 M 2 3 [34, 54) [2, 4) 1.5865

15 M 1 3 [34, 54) [6, 12) 1.8939

16 M 4 3 [34, 54) [6, 12) 0.5118

17 M 4 3 [54, 60) [12, 100) 0.2933

18 M 4 6 [16, 28) [12, 100) 2.1356

Table 7: Coordinates of centroids and average claim frequencies for 18 clusters, mini-batch k-means.

4 Fuzzy k-means

The k-means algorithm, also known as `hard clustering', attempts to partition the data
set X into K distinct clusters with respect to a cost function. Each data point is assigned
to the cluster whose centre is the nearest and may only belong to one cluster. Fuzzy k-
means, also referred to as `soft clustering', distinguishes itself by allowing data points to
potentially belong to more than one cluster Su for u = 1, ...,K. Given a �nite set of data,
the algorithm returns a list of K cluster centres {c1, ..., cK} and a partition matrix W of
�membership� wi,j for i = 1, ..., n and j = 1, ...,K. The wi,j gives the degree to which
the ith policy belongs to cluster Sj . Much like the k-means algorithm, the fuzzy k-means
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algorithm aims to minimise the intra-cluster variance:

argmin

n∑
i=1

K∑
j=1

(wi,j)
m d(i, cj)

where

wi,j =
1∑K

u=1

(
d(i,cj)
d(i,cu)

) 2
m−1

.

The hyper-parameter m ∈ R+ with m ≥ 1 is called the fuzzi�er. It determines the level of
cluster fuzziness. A large m results in smaller membership grades wi,j , and hence fuzzier
clusters. In the limit m = 1, the memberships, wi,j , converge to 0 or 1, which amounts to
crisp partitioning.

The arbitrary centroid initialization and the pre-speci�ed number of clusters both retain
their signi�cant in�uence over the �nal partition, which is not guaranteed to be a global
optimum. The fuzzy k-means is detailed in Algorithm 4 for categorical variables combined
with Burt's distance.

Algorithm 4 Fuzzy clustering.

Initialization:

Randomly set up initial positions of centroids c1(0),...,cK(0).
Main procedure:

For e = 0 to maximum epoch, emax

Assignment step:

For i = 1 to n
1) Calculate the probability that the ith policy is in cluster Sj(e), j ∈ {1, ...,K}

wi,j =
1∑k

u=1

(
d(i ,cj)

d(i ,cu)

) 2
m−1

.

End loop on data set, i.
Update step:

For u = 1 to K
2) Update centroids cu(e+ 1) = cmu (e+ 1) of Su(e):

cmu (e+ 1) =

∑n
i=1 wi,u(e)

mDi,.B
W /q∑n

i=1 wi,u(e)m

End loop on centroids, u.
3) Calculation of the total distance dtotal :

dtotal =

K∑
u=1

n∑
i=1

wi,u(e)
md(i , cu(e+ 1)) .

End loop on epochs e

We apply fuzzy k-means to the Wasa insurance dataset fully converted into categorical
variables. We convert the variables �driver's age� and �vehicle age� into categorical variables
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as in the sub-section 2.1. We run the algorithm with a fuzziness parameter of m = 1.10.
The policies are assigned to the most likely cluster (highest wi,j for j = 1, ...,K). Table 8
reports the most frequent features and the claim frequency in each cluster. We �nd similar
pro�les for the most and least risky drivers to those found in sub-section 2.1, but with a
much higher claim frequency for the riskiest group.

Cluster Gender Zone Class Owner's Age Vehicle Age Frequency (%)

1 M 3 3 [34, 54) [6, 12) 1.2458

2 M 3 3 [16, 28) [12, 100) 0.7425

3 M 4 3 [34, 54) [12, 100) 0.2769

4 M 4 3 [34, 54) [2, 4) 0.875

5 M 2 3 [34, 54) [12, 100) 0.467

6 K 2 3 [34, 54) [6, 12) 1.2593

7 M 4 3 [60, 99) [12, 100) 0.3647

8 M 2 4 [34, 54) [2, 4) 1.6797

9 M 3 3 [34, 54) [12, 100) 0.3353

10 M 3 6 [16, 28) [6, 12) 3.5154

11 M 4 4 [34, 54) [6, 12) 0.4699

12 M 1 3 [54, 60) [2, 4) 0.9302

13 M 4 6 [16, 28) [6, 12) 2.5934

14 K 4 3 [34, 54) [12, 100) 0.5173

15 M 4 4 [54, 60) [6, 12) 1.0525

16 M 2 4 [54, 60) [2, 4) 2.8011

17 M 3 3 [16, 28) [4, 6) 9.1737

18 M 2 3 [16, 28) [12, 100) 1.6596

Table 8: Fuzzy clustering, dominant features, and average claim frequencies per cluster.

Figure 5 depicts the 18 clusters in the space delimited by tge owner and vehicle ages.
The deviance (Table 9) is better than that of the (mini-batch) k-means. Notice that if we
set m = 2, which is a standard level of fuzziness in the literature, several clusters are not
assigned any policies, but some policies have a non-null probability of belonging to them.

Goodness of �t

Deviance 6 025.51

AIC 8 346.08

BIC 12 740.44

Table 9: Fuzzy clustering. Statistics of goodness of �t obtained by partitioning the full categorical dataset
into 18 clusters.
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Figure 5: Illustration of the partitioning of a dataset with the fuzzy k-means algorithm based on Burt's

distance.

5 Spectral clustering

Because the k-means algorithm relies on the Euclidean distance, every single iteration
necessarily leads to a subdivision of the space into (hyper)spherical clusters. This makes the
k-means clustering method non suitable for detecting clusters with non-convex geometrical
representation. To illustrate its weak performance under this scenario, we apply the k-
means algorithm to partition into two clusters the circular and moon-shaped data plotted
in Figure 6. Unlike spectral clustering, (mini-batch) k-means fails to identify the inner and
outer rings, as well as the upper and lower moons. This unsatisfactory clustering is the
direct result of the natural clusters not qualifying as convex regions.

Figure 6: Illustration of the partition of non-convex data with the (mini-batch) k-means, and spectral

algorithms. Each cluster is identi�ed by a colour. The centroids are represented with a diamond shape.
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By exploiting a deeper data geometry, spectral clustering (Shi and Malik 2000; Ng,
Jordan and Weiss 2001; Belkin and Niyogi 2001) addresses the k-means lack of �exibility
in cluster boundaries. While k-means attempts to associate each cluster with a hard-
edged sphere, spectral clustering works by embedding the data in a di�erent space derived
from a graphical representation of the dataset. Applying the k-means algorithm to this
representation bypasses the spherical limitation, and results in the intended non-convex
cluster shapes.

The graph theory is the core component in the graph representation of the dataset. As
illustrated in Figure 7, an undirected graph G = (V,E,W ) is de�ned by three elements:

1. a set of vertices V = {vi}i=1,...,n where each vertex vi represents one of the n data
points in the dataset;

2. a set of edges E = {ei,j : vi ←→ vj} whose entries are equal to 1 if two vertices vi
and vj are connected by an undirected edge ei,j , and 0 otherwise; and

3. a set of weightsW = {wij : wij ̸= 0 if vi ←→ vj} that contains the similarity between
two vertices linked by an edge.

E and W can both be represented as n × n matrices. The matrix W is often referred to
as the weighted adjacency matrix A.

 

𝑣𝑖 𝑣𝑗 𝑤𝑖𝑗  

Figure 7: Vertices, edges and weights of a graph.

The dataset X = {x1, ...xn}, xi ∈ Rp is thence represented as a graph G = (V,E,W )
by �rst associating each data point xi with a vertex vi. A measure of similarity between
two data points i and j is then de�ned. The most common is based on the Gaussian kernel

S(i, j) = exp

(
−d(i, j)

α

)
,

where α ∈ R+ is a tuning parameter. Two highly similar data points will be connected by
an edge ei,j with a weight wij equal to their similarity measure. Data points with a low
similarity are considered disconnected. There exist di�erent ways to create the pairwise
similarity graph representation:

a. The ϵ-neighbourhood graph: all the points for which the pairwise distances are smal-
ler than ϵ are considered as connected. In practice, it means keeping all similarities
smaller than ϵ and forcing all the others to 0.
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b. The (mutual) k-nearest neighbour graph: the vertex vi is connected with the vertex
vj if vj is among the k-nearest neighbours of vi. Since the neighbourhood relationship
is not symmetric and the graph must be symmetric, we need to enforce the symmetry.
To do so, we may simply choose to ignore the directions of the edges; we connect vi
and vj if vi is among the k-nearest neighbours of vj or if vj is among the k-nearest
neighbours of vi. The resulting graph is usually called the k-nearest neighbour graph.
Another option would consist in connecting vi and vj if vi is among the k-nearest
neighbours of vj and vj is among the k-nearest neighbours of vi. The resulting graph
is usually called the mutual k-nearest neighbour graph.

c. The fully connected graph: we connect all the points available in the dataset.

Keep in mind that the arbitrary chosen rule will set the edge matrix's entries, and may
in�uence the resulting clusters.

In order to work with the so obtained graph representation, we use a graph Fourier
transform based on its Laplacian representation. The Laplacian representation of a graph
G is derived from the di�erence between the degree matrix D and the adjacency matrix
A :

L = D −A

Why is matrix L called graph Laplacian? We can de�ne a function on a graph's vertices,
f : V → R such that vi → f(vi). Let us consider a discrete periodic function that takes
N values, at times 1, 2, ..., N . The loop on periods may be represented by a ring graph, as
shown in Figure 8.

 

𝑣1 
𝑣2 𝑣𝑁 

Figure 8: Ring representation of a period with N steps.

In this particular case, the matrix of edges and weights is:

A = E =



0 1 0 0 0 0

1 0 1 0
. . . 0

0 1 0 1 0
...

...
. . .

. . .
. . .

. . .
...

...
. . .

. . . 1 0 1
1 0 . . . 0 1 0


Its entries indicate the absence or presence of a (weighted) edge between the vertices.
Because none of the vertices have edges to themselves, its diagonal elements are 0. Because
our graph is undirected, Eij = Eji.
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In order to �nd the Laplacian representation, we subtract the adjacency matrix A set
out above from the diagonal degree matrix D. The matrix D contains on its diagonal the
degree of each vertex Dii =

∑
j wi,j . The degree of a vertex vi represents the weighted

number of edges connected to it, and is equal to the sum of the row i in the adjacency
matrix.

If we denote by f = (f(vj))j=1,...,N the vector of values of f(.) at vertices, the product
Lf corresponds precisely to the second �nite di�erence derivative of the function f(.).

L =



2 −1 0 . . . 0 −1

−1 2 −1 0
. . . 0

0 −1 2 −1 0
...

...
. . .

. . .
. . .

. . .
...

...
. . .

. . . −1 2 −1
−1 0 . . . 0 −1 2


Both the adjacency and degree matrices are encased in the resulting Laplacian matrix;
the diagonal entries are the degrees of the vertices, and the o�-diagonal elements are the
negative edge weights.

The partition of the graph, including the number of clusters, is then inferred from
the eigenvalues and eigenvectors of the graph Laplacian matrix (spectral analysis). Since
L is symmetric, we can rewrite Laplacian L as UΣU⊤ where U is a matrix containing
the eigenvectors and Σ a diagonal matrix containing the eigenvalues. As L is a positive
semi-de�nite matrix, it can be easily shown that the smallest eigenvalue of L is always 0.

The analysis of the eigenvalues gives useful insights into the graph's structure. The
eigenspace of 0 gives a way to partition the graph. For instance, if all the vertices of a
graph are completely disconnected, all the eigenvalues are zero. As we add edges, some
of the eigenvalues become non-null. The number of null eigenvalues corresponds to the
number of groups of connected vertices in our graph. As an illustration, let us consider
the graph plotted in Figure 9 that is made of K di�erent groups of vertices that are not
connected to each other. In such a case, the null eigenvalue has multiplicity K, i.e., the
number of null eigenvalues is equal to the number of connected components K.

 

𝑉1 𝑉2 

… 

𝑉𝐾 

Figure 9: Graph with K sub-graphs.

Looking at the eigenvalues of the graph Laplacian provides information, not just about
whether a graph is connected but also how well it is connected. The smallest non-zero
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eigenvalue, called the spectral gap, informs us about the density of the graph. If a graph
is densely connected (all pairs of vertices have an edge), then the spectral gap is equal to
the number of vertices. Conversely, the smaller the spectral gap, the closer the graph is to
being disconnected. The �rst positive eigenvalue thence gives a sort of continuous measure
of how well the graph is connected.

The second smallest non-zero eigenvalue, called the Fiedler value (or algebraic con-
nectivity of the graph), approximates the minimum graph cut needed to separate the
graph into two connected components. Let's assume K = 2 and the two groups of vertices
V1and V2 are linked by one additional edge, as illustrated in Figure 10. In such a case,
solely looking at each value in the Fiedler vector gives an indication about which side of
the cut (V1 or V2) the vertices v1 and v2 belong to.

 

 

𝑉1 𝑉2 

𝑣1 

𝑣2 

Figure 10: Two weakly connected sub-graphs.

Finally, if a graph is made of K sub-graphs, we can prove that elements of the K eigen-
vectors with null eigenvalues are roughly constant over each cluster. In other words, the
eigenvectors' coordinates of points belonging to the same cluster are identical. Intuitively,
since the eigenvectors of zero tell us how to partition the graph, the �rst K columns of
U (the eigenvectors' coordinates) consist of the cluster indicator vectors. Let's assume
two well-separated sub-graphs. The eigenvectors' coordinates (Ui,1, Ui,2)i=1,...,n with a null
eigenvalue are constant for all vertices vi belonging to the same sub-graph Vk. Formally,
for K = 2 we have (Ui,1, Ui,2)i=1,...,n = (Uk,1, Uk,2) ∀vi ∈ Vk, k = 1, 2. The proof is de-
tailed in Appendix 6. If the K clusters are not identi�ed, we can then run the k-means
algorithm with rows of the �rst K eigenvectors as inputs representative of vertices. The
full procedure is detailed in Algorithm 5.

Algorithm 5 Spectral clustering.
Initialization:

Represent the dataset X as a graph G = (V,E,W )
Main procedure:

1) Calculation of the n× n Laplacian matrix L = D −A

2) Extract the eigenvectors matrix U and diagonal matrix of eigenvalues Σ from L = UΣU⊤

3) Fix k and build the n× k matrix U (k) of eigenvectors with the k eigenvalues closest to zero

4) Run the k-means algorithm 2 with the dataset of U
(k)
i,. for i = 1, ..., n.

5) The ith data point is associated to the cluster of U
(k)
i,.
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As explained by Von Luxburg (2007), spectral clustering outperforms other popular
clustering algorithms due to its ability to handle non-convex clusters. To illustrate this,
we apply the spectral analysis to the circular dataset used in the introduction of this
section (1200 points, 800 in the outer ring, and 400 in the inner circle). The graph is
built with the mutual k-nearest neighbours for k = 20. The similarity parameter is α = 1.
The left plot of Figure 11 con�rms that the inner and outer rings are well identi�ed
by spectral clustering. The right plot displays all the pairs of eigenvectors' coordinates
(Ui,1, Ui,2)i=1,...,1200. Pursuant to the above property, we observe in the right plot of Figure
11 that the eigenvectors' coordinates of points belonging to the same cluster are identical.

Figure 11: Left plot: partition of a non-convex dataset with spectral clustering. Right plot: pairs of

eigenvectors' coordinates (Ui,1, Ui,2)i=1,...,n.

In practice, implementing spectral clustering for large datasets is a challenging task,
mainly because the size of the edge and weight matrices (E,W ) explodes. We can even-
tually code (E,W ) as a sparse matrix (in which most of the elements are zero) if only
a few vertices are connected. Another option consists of reducing the size of the initial
dataset with the k-means algorithm and then applying spectral clustering to the resulting
centroids. This is a way of reducing the dimension and downplaying the high computa-
tional cost of the graph representation. The e�ciency of this method is illustrated in the
right plot of Figure 12. It displays the 100 centroids representative of the circular data-
set of 1200 data points and their cluster. The right plot shows the pairs of eigenvectors'
coordinates (Ui,1, Ui,2) for i = 1 to 100.
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Figure 12: Left plot: spectral clustering partitioning of a non-convex dataset that has been preliminary

reduced with the k-means algorithm. Right plot: pairs of eigenvectors' coordinates (Ui,1, Ui,2)i=1,...,n.

To conclude this section, we apply the spectral clustering algorithm to the Wasa in-
surance dataset. In order to work with a homogeneous distance, we once again use the
conversion of the variables �driver's age� and �vehicle age� into categorical variables from
sub-section 2.1.

The disjunctive table D and the weighted Burt matrix BW are then computed using
Burt's distance. As in Section 2.1, the ith contract with multiple modalities is identi�ed
by the centre of gravity: xi = Di,.B

W /l .
There are 62 436 contracts in the dataset. In order to graphically represent the dataset,

we reduce its dimension by applying the k-means algorithm with 1000 centroids. The graph
is then built using the method of mutual k-nearest neighbours (with k=50) and a similarity
parameter (α = 1) on this reduced dataset made up of the 1000 cluster centres. We run
the spectral clustering algorithm with K = 18 clusters. Table 11 reports the average owner
and vehicle ages, as well as the dominant features and the observed claim frequency for
each cluster. We observe that the spectral clustering applied to a preliminary reduced
dataset with the k-means algorithm is able to discriminate between drivers with di�erent
risk pro�les. Table 10 con�rms that the method achieves a reasonable goodness of �t in
terms of deviance.

Goodness of �t

Deviance 6 052.98

Table 10: Statistic of goodness of �t obtained by partitioning the dataset into 18 clusters with the

spectral algorithm.
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Cluster Gender Zone Class Owner's Age Vehicle Age Frequency (%)

1 K 4 3 [16, 28) [12, 100) 0.8067

2 M 4 6 [16, 28) [6, 12) 2.0656

3 M 3 3 [16, 28) [6, 12) 1.3741

4 M 2 5 [16, 28) [12, 100) 1.8582

5 M 4 2 [60, 99) [6, 12) 1.1364

6 M 4 4 [16, 28) [12, 100) 0.8716

7 M 3 3 [16, 28) [0, 2) 4.0582

8 K 4 6 [16, 28) [6, 12) 1.3449

9 K 4 3 [34, 54) [12, 100) 0.6039

10 M 1 4 [30, 34) [6, 12) 4.5135

11 M 3 3 [34, 54) [2, 4) 1.372

12 M 3 1 [60, 99) [12, 100) 0.7668

13 M 1 4 [34, 54) [4, 6) 1.5576

14 M 2 3 [54, 60) [4, 6) 0.9382

15 M 1 2 [16, 28) [6, 12) 9.4356

16 M 1 3 [34, 54) [12, 100) 0.8952

17 K 1 3 [34, 54) [2, 4) 1.3468

18 M 4 3 [34, 54) [12, 100) 0.3739

Table 11: Spectral clustering on the Wasa dataset preliminary reduced with the k-means algorithm

algorithm. Dominant features and average claim frequencies per cluster.

6 Conclusions

Beyond implementing spectral clustering on an insurance portfolio, this article explored
categorical data transformation to extend the scope of popular clustering techniques to ac-
tuarial applications. The main challenge consisted in de�ning the Burt's distance between
two observations characterised by binary coded variables.

Our empirical experiment reveals that the k-means algorithm applied to Burt's distance
allows us to identify relevant clusters of policies. Numerical tests emphasise the robustness
of this method on fully categorised data.

The �rst variant of the k-means algorithm we introduced aimed at �nding clusters in
large-scale datasets by means of batches. The second variant was based on fuzzy logic, ac-
cording to which an observation can belong to multiple clusters. Our numerical experiment
reveals that the fuzzy k-means outperforms its non-fuzzy version on our dataset.

The last part of this article was devoted to spectral clustering, known as a powerful
method to detect non-convex clusters. This approach requires a graphical representation
that is particularly consuming in terms of computer resources when analysing large data-
sets. We circumvented this drawback by performing a preliminary reduction of the data
using the k-means algorithm with a large number of centroids. Numerical tests carried
out on a fully categorised database reveal that this approach is competitive in terms of
deviance compared to methods based on standard k-means.
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Appendix

Proof. Meil  and Shi 2001 showed that for K weakly coupled clusters, the leading K ei-
genvectors will be roughly piecewise constant.

First, assume a single connected graph with K=1. Let u be an eigenvector with eigenvalue
0. Since wij ≥ 0,

u′Lu =
n∑

i,j=1

wij(ui − uj)
2

is equal to 0 only if all wij(ui − uj)
2 = 0s.

This condition is met when two vertices νi, νj are disconnected (i.e., wij = 0). However,
when two vertices νi, νj are connected (i.e., wij > 0) , wij(ui−uj)

2 = 0s provided that the
components i and j in λ0 are equal, which amounts to imposing ui = uj . This argument
points to the conclusion that the eigenvector u needs to be constant for all vertices that can
be connected by an edge in the graph. Moreover, as all vertices of a connected component
(sub-graph) can be connected by an edge, u needs to be constant over the whole sub-graph.
In a graph consisting of a single connected component, we thus only have the constant one
eigenvector ⊮ with eigenvalue 0.

Consider now the case of K connected components. For merely visual purposes, we
assume the vertices are ordered according to the sub-graph they belong to. Such reordering
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does not a�ect the structure of the algorithm. Each sub-graph then corresponds to a block
Li and the Laplacian matrix L takes the form of a block diagonal matrix:

L =

 L1 . . . 0
...

. . .
...

0 . . . LK

 .

Each block Li is a graph Laplacian of its own, namely the Laplacian corresponding to
the sub-graph of the ith connected component. We deduce from above that every Li has
eigenvalue 0 with multiplicity 1, and the corresponding eigenvector is the constant one
vector on the ith connected component.

Since the eigenspace of 0 gives a way to partition the graph, the blocks of positive
values roughly correspond to the clusters. Given that such a matrix is constituted by
a weighted sum of the outer products of eigenvectors, these eigenvectors should exhibit
the property of being roughly piecewise constant (Paccanaro, Casbon and Saqi 2006).
For problems with well-separated clusters, components corresponding to the elements in
the same cluster should therefore have approximately the same value. By `well-separated
clusters', we mean to say the vertices in each cluster/sub-graph should be connected with
high a�nity (high similarity), while di�erent clusters/sub-graphs are either not connected
or are connected only by a few edges with low a�nity.
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