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m’avoir toujours soutenu inconditionnellement et de m’avoir transmis le
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Joost pour son soutien et son suivi depuis mes années ULBistes et

Marino pour son exigence bienveillante. J’ai beaucoup d’estime pour

leurs commentaires, leur expertise et le temps accordé.
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Abstract

This thesis explores and studies several categorical conditions within the

semi-abelian framework, introducing new concepts and deepening the

understanding of existing ones. We examine the hierarchy of intermediate

conditions separating semi-abelian and abelian categories, highlighting

distinctions through examples and counterexamples.

A key contribution is the notion of representability of representations,

which is shown to characterise Lie algebras within varieties of non-

associative algebras. Similarly, the associativity of the cosmash product

is studied, showing that it uniquely characterises commutative associative

algebras within the same framework.

Arithmetical categories, traditionally studied in Barr-exact Mal’tsev

contexts, are revisited in the semi-abelian setting. Protomodularity

appears as an important component in characterising arithmetical

semi-abelian categories as those without non-trivial abelian objects.

This perspective allows for new insights into the behaviour of Higgins

commutators in these categories.

Lastly, the category HSLat of Heyting semilattices is investigated.

Its categorical-algebraic features, such as commuting subobjects or

normal subobjects, are analysed to establish conditions like algebraic

coherence or action accessibility. Serving as an arithmetical category

satisfying transitivity of normality—a new condition introduced in this

thesis—HSLat exemplifies the application of results from this work.
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Introduction

State of the art

Category theory was first introduced by S. Eilenberg and S. Mac Lane in

the mid-20th century in the seminal paper “General Theory of Natural

Equivalences” [41]. As the title suggests, their primary motivation was

to formalise the concept of natural equivalence. But in the end, they

provided an abstract unifying framework for mathematics as a whole,

which can be applied across its many different branches. Today, category

theory stands as a distinct field of research, branching into new directions

such as higher category theory and topos theory. It also maintains

strong connections with classical mathematical disciplines, including

logic, algebra and topology.

One notable outcome of these connections is categorical algebra, which

focuses on studying and generalising algebraic structures within the

framework of category theory. A major success of categorical algebra

was the development of abelian categories. An abelian category provides

a suitable framework for developing homological algebra, similar to the

context of abelian groups or modules over a ring. In an abelian category,

one can establish classical results such as Noether’s isomorphism theorems

and key homological lemmas (like the Snake Lemma, Nine Lemma, and

Five Lemma). Additionally, abelian categories allow for the study of

torsion theories and localizations, extending the applicability of these

concepts beyond traditional settings. A cornerstone result about abelian

categories is the Freyd-Mitchell Embedding theorem (see Theorem 1.1.6);
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it highlights the connection between abstract categorical concepts and

concrete algebraic structures (a theme of importance to us).

It is known that the category of groups and the category of rings

(with or without a unit) both retain some useful properties of abelian

categories, such as homological lemmas and Noether’s isomorphism

theorems. However, these categories are not abelian because they lack

additivity. Consequently, there have been various attempts to develop a

framework that is sufficiently broad to include these examples while still

robust enough to support homological results. In 2002, G. Janelidze with

L. Márki and W. Tholen introduced in [69] the notion of semi-abelian

category. They begin their discussion as follows:

“ The notion of semi-abelian category as proposed in this paper is

designed to capture typical algebraic properties valid for groups, rings

and algebras, say, just as abelian categories allow for a generalised

treatment of abelian-group and module theory. ”

Since then, the study of semi-abelian categories has continued to evolve,

with new notions being introduced, theorems being proven, and examples

being discovered. Semi-abelian categories allow for the exploration of

concepts such as commutators, abelian objects, normal subobjects, and

actions—topics that are trivial in abelian categories (see Section 1.3

for further details). Therefore, conditions related to these notions have

been introduced and studied. Let us mention three of them which will

be explained later in the text: action representability [13], algebraic

coherence [35] and normality of unions [13]. It is important to keep in

mind that while all abelian categories satisfy those conditions, not all semi-

abelian categories do. Thus, these conditions serve both as distinguishing

features for certain semi-abelian categories and as additional axioms that

make these categories “closer” to abelian categories.

Our contribution

This thesis is situated within the framework of semi-abelian categories.

Its primary objective is to enhance the understanding of the various
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“intermediate” conditions that exist between semi-abelian and abelian

categories. This goal is pursued through the introduction of new

conditions (see Definition 3.3.1, Section 4.10, Corollary 5.3.7, or

Chapter 6), the proving or disproving of implications between certain

conditions (see Section 4.10, Corollary 5.3.7, Theorem 6.2.10, or

Theorem 7.7.2), the characterisation of specific conditions within

particular contexts (see Theorem 3.8.1 and Theorem 4.8.2), the study

of examples and counterexamples (see Examples 4.7.1, Examples 6.1.3,

or Remark 6.1.9), and the correction of errors found in the existing

literature (see Theorem 7.5.1 and Theorem 7.6.1). We remark that the

only condition considered here that does not lie between abelian and

semi-abelian is arithmeticity. Indeed, it is “parallel” to abelian; see the

corresponding chapter for further details.

Throughout the text, two main algebraic structures will serve as focal

points: non-associative algebras1 over a fixed field (detailed in Chapter 2)

and Heyting semilattices (detailed in Chapter 7). These structures will

be examined from the perspective of categorical algebra. Notably, the

proofs of key results in Chapter 3 and Chapter 4 involve the use of two

computer programs—an uncommon approach in our field.

This work has led to several articles that have been published, accepted,

or are currently in preparation: [27,45,48,98].

Overview of the text

This text has been written with the aim of being as self-contained as

possible. However, to avoid reiterating material well-established in classic

literature, we assume the reader is comfortable with foundational concepts

from category theory and categorical algebra.

In Chapter 1, we review the concept of a semi-abelian category, which

plays a recurring role throughout this thesis. We begin by introducing

abelian categories, which, due to their restrictive nature, strongly

motivate the development of a more encompassing theory still capable

1Here, ”non-associative” means ”not necessarily associative”.
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of yielding robust results. We then provide the precise definition of a

semi-abelian category and recall some of its key elements. The chapter

concludes with a qualitative comparison between semi-abelian and

abelian categories.

In Chapter 2, we revisit the necessary tools for a proper understanding

of non-associative algebras, which play a particularly central role in the

ensuing two chapters. To facilitate this, we provide some fundamental

elements followed by categorical constructions relevant to this context,

and finally cite two lemmas essential for the subsequent discussion.

In Chapter 3, we examine the representability of actions within the specific

framework of varieties of non-associative algebras. Here, the main result

we prove is that the only variety of non-associative algebras satisfying

action representability is the variety of Lie algebras (see Theorem 3.8.1).

Moreover, our approach demonstrates a stronger result: we can restrict

our focus to the representability of abelian actions. The opening sections

of this chapter provide preparatory groundwork leading to the main

result. The final section discusses new directions to be explored.

In Chapter 4, we focus specifically on the associativity of the cosmash

product within the framework of varieties of non-associative algebras.

The main result we demonstrate here is that the only operadic variety of

non-associative algebras that satisfies the associativity of the cosmash

product is the variety of commutative associative algebras. The opening

sections of this chapter introduce the concept of the cosmash product

and its associativity. The subsequent sections provide the necessary

tools for proving the main result. The penultimate section addresses the

non-operadic case, and the last section discusses categorical consequences

of the associativity of the cosmash product in the broader context of

semi-abelian categories.

In Chapter 5, we study arithmetical categories within the semi-abelian

framework. To this end, the first section revisits concepts necessary for the

subsequent sections, the second section demonstrates why arithmetical

categories are, in fact, semi-abelian categories without abelian objects,

and the third and final section examines the behaviour of the Higgins

commutator in the arithmetical context.
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In Chapter 6, we introduce the notion of transitivity of normality.

We begin by clearly defining the concept and outlining examples and

counterexamples in the first section, followed by an exploration of its

implications in the second section. Theorem 6.2.10 may be regarded as

the main result of this chapter.

In Chapter 7, we study Heyting semilattices from the perspective of

categorical algebra. The first section defines what Heyting semilattices

are and recalls why they form a semi-abelian category. The following

three sections provide essential ingredients for the proofs that appear later

in the text. In particular, we examine normal subobjects, commuting

subobjects, and free objects within this category. The remaining sections

aim to determine whether certain categorical conditions are satisfied by

the category of Heyting semilattices.

We close this work with a general summary of the various contributions

made to mathematics throughout this thesis. The text ends with several

open questions that emerged during our research, which, in our view,

constitute a list of promising new directions worthy of exploration.
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1 | Semi-Abelian Categories

The objective of this chapter is to provide an introduction to semi-abelian

categories. We commence by reviewing the concept of abelian categories,

highlighting some well-known results, to establish the motivation for the

development of semi-abelian categories. Following this, we present the

definition of semi-abelian categories and illustrate several examples. We

then introduce some fundamental tools and concepts relevant to this

framework, which will be useful throughout the thesis. The chapter

concludes with a comparative analysis of abelian and semi-abelian

categories.

We assume the reader has a background in category theory and categorical

algebra. Throughout this chapter, unless explicitly referenced, most

proofs and details can be found in [10] and [9].

1.1. Abelian categories

Abelian categories were introduced by D. A. Buchsbaum [28] and later

developed by A. Grothendieck [59] to unify various cohomology theories.

This notion is now used across many areas of modern mathematics,

also thanks to Freyd’s introductory text [43]. While there are several

equivalent definitions, we will use the following:

Definition 1.1.1. A category A is abelian when it satisfies the four

following axioms:

1. A is pointed, i.e., it has a zero object 0;

7



8 1. Semi-Abelian Categories

2. binary products and binary coproducts exist in A;

3. kernels and cokernels exist in A;

4. every monomorphism of A is a kernel, every epimorphism of A is

a cokernel.

We note that each axiom of an abelian category is self-dual, meaning

that its dual is identical to the original axiom. Consequently, the concept

of an abelian category is autodual.

Examples 1.1.2. • The prototypical example of an abelian category

is the category Ab of abelian groups.

• The category ModR of right R-modules is an abelian category.

Because of the Freyd-Mitchell Embedding theorem (see

Theorem 1.1.6), it is an important example to keep in mind.

• In particular, the category VectK of K-vector spaces is abelian for

any field K.

• Let G be a group and K be a field. The category RepK(G) of

representations of G over K is abelian.

• The category of commutative and cocommutative Hopf algebras

over a fixed field is abelian [104].

• For a topological spaceX, the category of all (pre)sheaves of abelian

groups over X is abelian.

We will now highlight several key properties of abelian categories,

beginning with their additivity. First, let us recall the concept of

additivity.

Definition 1.1.3. A pointed category A is additive when

1. it is preadditive, which means that for all objects A and B in A
the hom-set homA(A,B) has an abelian group structure such that

the composition of morphisms is linear;
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2. it has finitary biproducts.

Theorem 1.1.4. Any abelian category is additive.

It is important to note that the converse is not true. In fact, the non-

abelian category of torsion-free abelian groups gives a counterexample

since it is additive. Indeed, the monomorphism f : Z → Z : n 7→ 2n can

not be a kernel in this category.

Proposition 1.1.5. Let f be a morphism in an abelian category A. Then,

we have that:

1. f is a monomorphism if and only if ker f = 0;

2. f is an epimorphism if and only if f = coker(ker f).

Diagram lemmas, such as the Snake Lemma, the Five Lemma, and the

Nine Lemma, are fundamental tools in abelian categories. They provide

essential techniques for analysing exact sequences and commutative

diagrams, which are crucial for proving many significant results in

homological algebra. While we do not present or prove these lemmas

here, it is important to note that they hold true in abelian categories,

as do Noether’s isomorphism theorems. One approach to proving these

results is to establish them in any category of modules over a ring and

then apply the Freyd-Mitchell Embedding theorem.

Theorem 1.1.6 (Freyd-Mitchell Embedding theorem). For every small

abelian category A, there exists a ring R and fully faithful exact

embedding V : A → ModR of A in the category ModR of right R-modules.

One last key aspect of abelian categories we present is their exactness in

the sense of Barr. We recall the notion of Barr-exact categories here and

refer the reader to [9] for a detailed presentation.

Definition 1.1.7. A category A is Barr-exact when it is a regular category

in which equivalence relations are effective.
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Let us point out that in category theory there exists another notion of

exact categories which is due to Quillen. We never use this terminology in

this text. Therefore, when we write “exact” we always mean “Barr-exact”.

Classical examples of exact categories are the category Set of sets, all

(elementary) toposes and all varieties of universal algebras.

Theorem 1.1.8. Let A be a category, the following are equivalent:

(i) A is an abelian category;

(ii) A is an additive exact category.

Because of the previous reasoning about torsion-free abelian groups, one

can conclude that the (regular) category of torsion-free abelian groups is

not exact.

1.2. Semi-abelian categories

Since not all subgroups are normal subgroups, the category Grp of groups

cannot be abelian. The same reasoning applies to the category Rng
of rings (with or without a unit). However, these categories share

common properties with abelian categories such as the validity of diagram

lemmas and Noether’s isomorphisms theorems. This raises a natural

question: Can we weaken the axioms of abelian categories to include

the above-mentioned categories while keeping it strong enough to reflect

the properties of groups? In [69], the authors write Theorem 1.1.8 as an

equation:

(exact) + (additive) = (abelian).

From this perspective, since the categories Grp and Rng are exact but

not additive, we naturaly seek to replace the additivity condition with

another one. Let us remark that because the category of sets is exact,

only keeping the exactness and discarding the additivity will not be

satisfying. The conditon the authors of [69] decided to add is the one of

protomodularity introduced by D. Bourn in [14].
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Protomodular categories

First, we fix some notations. For an arbitrary category C and an object B

in C, we write PtB(C) for the category of points over B whose objects

are triples (A,α, β) where A is an object in C and α : A → B is a

split epimorphism with a given section β. A morphism f : (A,α, β) →
(A′, α′, β′) in PtB(C) is a morphism f : A → A′ in C such that α′ ◦ f = α

and f ◦ β = β′. Let C have finite limits. Given a morphism p : C → B,

pulling back along p induces a functor

p∗ : PtB(C) → PtC(C)

called the change-of-base functor along p.

Definition 1.2.1. [14] A finitely complete category C is protomodular

when for any morphism p in C the change-of-base functor p∗ reflects

isomorphisms.

When the category C is additionally pointed, we can consider pulling

back along the zero morphism 0B : 0 → B, which amounts to sending a

point (A,α, β) to the kernel of α. Since the category Pt0(C) of points

over 0 is isomorphic to C, this defines the kernel functor

kerB : PtB(C) → C

which plays an important role in the literature and in this thesis.

One key aspect of the protomodularity is its connection with the Split

Short Five Lemma. Let us first recall its statement.

Definition 1.2.2. A pointed category C satisfies the Split Short Five

Lemma when given a commutative diagram

v ◦ κ = κ′ ◦ u, w ◦ α = α′ ◦ v, v ◦ β = β′ ◦ w,

X
κ ,2

u
��

A
α ,2

v
��

B
β

lr

w
��

X ′ κ′
,2 A′ α′

,2 B′
β′
lr
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with α and α′ split epimorphisms

α ◦ β = 1B, α′ ◦ β′ = 1B′

with respective kernels κ = kerα and κ′ = kerα′, if u and w are

isomorphisms, v is an isomorphism as well.

Proposition 1.2.3. Let C be a pointed finitely complete category, the

following are equivalent:

(i) C is protomodular;

(ii) the kernel functor kerB reflects isomorphisms for any object B ∈ C;

(iii) the Split Short Five Lemma holds in C.

It is true that all abelian categories are protomodular since the Split

Short Five Lemma holds (which again can be proven with Theorem 1.1.6).

However, the category Grp of groups is also known to satisfy it and

thus is protomodular. Therefore, the protomodularity condition is not

characteristic of the abelian context. The category Heyt of Heyting

algebras is an example of a non-pointed protomodular category.

The next proposition enhances the group-like behaviour of protomodular

categories while reminding us of Proposition 1.1.5.

Proposition 1.2.4. Let f be a morphism in a pointed finitely complete

category C. If C is protomodular, we have that:

1. f is a monomorphism if and only if ker f = 0;

2. f is a regular epimorphism if and only if f = coker(ker f).

Using the first point of the previous proposition, we can observe that the

category Mon of monoids is not protomodular. In fact, considering the

morphism +: N × N → N : (m,n) 7→ m+ n, we see that its kernel is zero

while not being a monomorphism.
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Another significant aspect about protomodularity is its connection with

Mal’tsev categories. We recall that when a category has finite limits and

every reflexive relation is an equivalence relation, it is called a Mal’tsev

category. In Universal Algebra, varieties which form Mal’tsev categories

are exactly the ones such that the corresponding canonical algebraic

theory contains a Mal’tsev operation [79], i.e., a ternary operation p

satisfying p(x, y, y) = x and p(x, x, y) = y.

Proposition 1.2.5. Let C be a finitely complete category. If C is

protomodular, then C is a Mal’tsev category.

Janelidze-Márki-Tholen’s definition

In [69], the authors give the following definition:

Definition 1.2.6. A category C is semi-abelian when it satisfies the four

following axioms:

1. C is pointed;

2. C is exact;

3. C is protomodular;

4. C admits binary coproducts.

In the context of Universal Algebra, D. Bourn and G. Janelidze provided

in [24] the following characterisation that is particularly useful for

identifying and verifying examples:

Theorem 1.2.7. A variety is semi-abelian if and only if the corresponding

canonical algebraic theory contains exactly one constant 0 and for some

natural number n we have

• n binary operations αi such that αi(x, x) = 0 for all i = 1, . . . , n,

• an (n+ 1)-ary operation Θ such that Θ(α1(x, y), . . . , αn(x, y), y) =
x.
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Examples 1.2.8. • The four axioms outlined in Definition 1.2.6 are

satisfied by the category Grp, making it a prime example of a semi-

abelian category. In fact, Grp usually serves as the prototypical

model for understanding semi-abelian categories.

• Any variety of algebras (in the sense of Universal Algebra) such

that the corresponding algebraic theory contains a group operation

and a unique constant 0 is semi-abelian. Indeed, writing the group

operation additively, it suffices in Theorem 1.2.7 to choose n = 1
and

α(x, y) = x− y, Θ(x, y) = x+ y.

This is particularly the case for varieties of Ω-groups in the sense

of Higgins [63], which are groups equipped with a set Ω of finitary

operations such that the neutral element of the group forms a

one-element subalgebra. A classical example of such a variety is

the category Rng of rings (with or without a unit).

• The category HSLat of Heyting semilattices is semi-abelian (details

in Chapter 7).

• From Theorem 2.10 in [51], the category of cocommutative Hopf

algebras over any field K is semi-abelian.

• For any elementary topos E , the category Eop
∗ , dual of the

category of pointed object of E , is semi-abelian. In particular, the

category Setop
∗ , dual of the category of pointed sets, is semi-abelian.

• The category Mon of monoids is not semi-abelian since it is not

protomodular as we already mentioned.

• The category TopGrp of topological groups is not semi-abelian

because it is not an exact category.

Proposition 1.2.9. Semi-abelian categories are finitely cocomplete.

In [10], the authors define homological categories as pointed regular

protomodular categories. Already here, all classical diagram lemmas



1.2. Semi-abelian categories 15

hold, which justifies the terminology. Since semi-abelian categories are,

by definition, homological, these results extend naturally to them as

well. In this thesis, we focus exclusively on semi-abelian categories

rather than homological categories, as the latter’s definition lacks the

necessary robustness for certain purposes, such as a categorical treatment

of semi-direct products, as discussed below.

Another important feature semi-abelian categories share with abelian

categories is how the image of a morphism is obtained:

Proposition 1.2.10. In a semi-abelian category C, the image

factorisation f = i ◦ p of a morphism f is such that p = coker(ker f).

Semi-direct products

A crucial aspect of semi-abelian categories, which will be fundamental

in this thesis, is that they allow a categorical approach of semi-direct

products and actions.

Definition 1.2.11. [23] A category C with pullbacks admits semi-

direct products if for every morphism p : C → B the change-of-base

functor p∗ : PtB(C) → PtC(C) is monadic.

Theorem 1.2.12. [23] Let C be an exact category. The category C admits

semi-direct products if and only if it is protomodular and has pushouts of

split monomorphisms.

Corollary 1.2.13. Any semi-abelian category C admits semi-direct products.

In particular, for any object B in a semi-abelian category C, the kernel

functor kerB : PtB(C) → C is monadic. Its left adjoint functor is the

functor B + : C → PtB(C) which sends an object X to the point

(B +X, ⟨1B, 0⟩, ιB).

The corresponding monad is written B♭ : C → C, its value at X being

the kernel B♭X of ⟨1B, 0⟩ : B +X → B. We write CB♭ for the category
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of (B♭ )-algebras and their morphisms. By monadicity of kerB, this

category is equivalent to the category PtB(C).

Definition 1.2.14. Let C be a semi-abelian category and B be an object

in C.

• Given a (B♭ )-algebra (X, ξ), the morphism ξ : B♭X → X is called

an action of B on X. We write Act(B,X) for the set of actions

of B on X.

• The semi-direct product B ⋉ξ X of an object B and a (B♭ )-
algebra (X, ξ) is the object H of the point (H,α, β) corresponding

to (X, ξ) through the equivalence PtB(C) ≃ CB♭ .

For a better understanding of the terminology, it is useful to examine the

case where C is the category of groups. We recall that, for a given group

(B, ·, eB), a B-group is a pair (X,m) consisting of a group (X,+, 0) and

a map m : B × X → X : (b, x) 7→ bx such that for any b, b′ ∈ B and

x, x′ ∈ X we have

eBx = x, b′(bx) = (b′ · b)x, b(x+ x′) = bx+ bx′.

We write GrpB for the category of B-groups, with morphisms defined

in the obvious way. For a B-group (X,m), the classical semi-direct

product B⋉(X,m) of B and (X,m) is defined as the set B×X equipped

the group operation

(b, x) ∗ (b′, x′) = (b · b′, x+ bx′).

Proposition 1.2.15. Let B be a group. The category PtB(Grp) of points

over B in Grp is equivalent to the category GrpB of B-groups.

The central idea in the proof of Proposition 1.2.15 is the use of semi-

direct products. Specifically, given a B-group (X,m), the semi-direct

product B ⋉ (X,m) yields a point over B, where the split epimorphism

is defined by α(b, x) = b and its section by β(b) = (b, eX). Conversely,

given a point (H,α, β) over B, let X be the kernel of α and define the

map m : B×X → X by (b, x) 7→ β(b)xβ(b)−1. This construction ensures
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that (X,m) is a B-group, and both constructions together establish

an equivalence of categories (for full details, see [10]). Since kerB is

monadic in Grp, (B♭ )-algebras correspond precisely to B-groups. Thus,

the categorical approach to semi-direct products proposed by D. Bourn

and G. Janelidze in [23] aligns with the classical theory of groups.

1.3. Semi-abelian vs abelian

We conclude this chapter with a comparative analysis of semi-abelian

and abelian categories, aiming to provide an overview (non-exhaustive,

though) of what is lost or gained when working within each framework.

In particular, we will see that concepts such as normal subobjects, abelian

objects, and actions are only trivial in the abelian case. Let us begin

with some general observations.

Theorem 1.3.1. All abelian categories are semi-abelian.

We did not mention this earlier to highlight it more clearly, but

indeed, this implication always holds. Therefore, all the examples of

abelian categories discussed in Examples 1.1.2 can also be included in

Examples 1.2.8.

As mentioned earlier, the concept of an abelian category is self-dual.

However, this is not true for semi-abelian categories. A counterexample

is provided by the category Set∗ of pointed sets, where not all morphisms

with a trivial kernel are monic, contradicting Proposition 1.2.4.

Nevertheless, we have the following result:

Theorem 1.3.2. Let C be a semi-abelian category. If the opposite

category Cop is semi-abelian, then C is an abelian category.

Now, we would like to write the analogue of Theorem 1.1.8 for semi-

abelian categories. We first need a definition.

Definition 1.3.3. [69] A category C is said to be semi-additive if C has

finite coproducts, a zero object, and kernels such that for each object B

the kernel functor kerB is monadic.
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Theorem 1.3.4. [69] Let C be a category. The following are equivalent:

(i) C is a semi-abelian category;

(ii) C is a semi-additive exact category.

A significant difference between semi-abelian and abelian categories is

that semi-abelian categories lack a robust embedding theorem similar to

Theorem 1.1.6. Embedding theorems in non-abelian categorical algebra

have been studied by P.-A. Jacqmin in his PhD thesis [65]. While Jacqmin

presents an interesting embedding theorem for semi-abelian categories, it

is less satisfying compared to the theorem for abelian categories. The main

reason for this is that abelian categories are enriched in the category Ab
of abelian groups. This enrichment ensures that hom-sets are abelian

groups. In contrast, semi-abelian categories do not have this property;

for example, homomorphisms between groups do not necessarily form

a group. Furthermore, in abelian categories, the preservation of finite

colimits by the embedding functor is assured, a feature that does not

extend to the semi-abelian case.

Abelian objects

Definition 1.3.5. In a semi-abelian category C, an object X is said to

be abelian if there exists a morphism φ making the following diagram

commute.

X X ×X X

X

(1X ,0)

1X

φ

(0,1Y )

1X

Since semi-abelian categories are unital [10], the morphism φ is unique

whenever it exists. By applying an Eckmann-Hilton argument, it becomes

evident that the abelian objects in the category Grp of groups are precisely

the abelian groups. In abelian categories, this notion is trivial because

every object X is abelian, with φ = ⟨1X , 1X⟩ : X⊕X → X. The converse
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is also true: since semi-abelian categories are strongly unital [10], abelian

objects coincide with objects that possess an internal abelian group

structure. Consequently, by Corollary 1.10.13 from [10], this implies

additivity, and we have the following theorem:

Theorem 1.3.6. Let C be a semi-abelian category. The following are

equivalent:

(i) C is abelian;

(ii) every object X in C is abelian.

Normal subobjects

Given an object A, we denote the partial order on its class Sub(A) of

subobjects by the symbol “⊆”. Accordingly, the meet (greatest lower

bound) of subobjects is denoted by “∩”, and the join (least upper bound)

by “∪”. Given a monomorphism x : X ↣ A, the subobject it determines

is written in the same way or X ⊆ A (by a slight abuse of notation).

A subobject is called normal if it is the kernel of some morphism. We

write K ⊴ A to indicate that K is a normal subobject of A.

In the category of groups, normal subobjects correspond to normal

subgroups, while in the category of rings, they correspond to two-sided

ideals. Thus, unlike in abelian categories (see the fourth axiom of

Definition 1.1.1), not all subobjects are necessarily normal in semi-

abelian categories. Moreover, similarly to the case with abelian objects

mentioned earlier, the notion of normal subobject is trivial only in abelian

categories.

Theorem 1.3.7. Let C be a semi-abelian category. The following are

equivalent:

(i) C is abelian;

(ii) every subobject in C is a normal subobject.
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This theorem is simply a restatement of [10, Theorem 3.2.16]. However,

we would like to point out that in that reference, the authors chose another

definition of normal subobjects. In their work, normal subobjects are

defined with respect to an equivalence relation. Fortunately, without

delving into the details, their notion of normality aligns with ours in the

context of semi-abelian categories.

Actions

Using the notation from Definition 1.2.14, we observe that for any

object X in a semi-abelian category C, the assignment Act( , X), which
maps an object B to the set Act(B,X) of actions of B on X, defines a

contravariant functor from C to Set. In Chapter 3, we explore in detail

the conditions under which this functor is representable. For instance,

in the category of groups, the functor Act( , X) is represented by the

group Aut(X) of automorphisms of X. In contrast, in abelian categories,

the functor Act( , X) is always represented by the zero object. In fact,

it is only in the additive case that this representation occurs, as shown

in [11], allowing us to reformulate the situation as follows:

Theorem 1.3.8. Let C be a semi-abelian category. The following are

equivalent:

(i) C is abelian;

(ii) for every object X in C, the functor Act( , X) is represented by the

zero object, i.e., Act( , X) ∼= HomC( , 0).

This result is unsurprising, given that semi-direct products in abelian

categories are trivial. Indeed, for any object B in an abelian category A,

the monad B♭ : A → A is simply the identity monad. Furthermore, in

this context, for any object X, we have B ⋉ξ X = B ⊕X.



2 | Non-Associative Algebras

In this chapter, we present the algebraic framework within which the

main results of Chapters 3 and 4 are formulated: the context of varieties

of non-associative K-algebras. These varieties consist of collections of

algebras over K that satisfy a specific set of equations of a certain type,

also known as an equational class. Unless specified otherwise, K will

represent a field. The interested reader may find a more exhaustive

presentation of this material in [105].

2.1. Basics

Let us recall some well-known concepts in order to present things in a

consistent way.

Definition 2.1.1. A (non-associative) K-algebra A is a K-vector space A
equipped with a bilinear operation A× A → A : (x, y) 7→ xy called the

multiplication. We do not assume the existence of a unit element, or

place any assumptions on the multiplication besides bilinearity.

Examples 2.1.2. We do not require the multiplication to be associative or

commutative, although it may be in certain cases. For instance, the set

of real numbers R, with the standard multiplication, forms an R-algebra.
A well-known example of an algebra that is neither commutative nor

associative is the three-dimensional R-vector space R3, equipped with

the cross-product. Additionally, any K-vector space V can be regarded

as a K-algebra when endowed with the trivial multiplication V × V → V ,

defined by (x, y) 7→ 0.

21
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Definition 2.1.3. A morphism of K-algebras is a K-linear map f : A → B

which preserves the multiplication. We write AlgK for the category of

non-associative K-algebras.

Given a set S, a non-associative word over the alphabet S is a finite

sequence composed of elements from S (referred to as letters) and brackets

“(” and “)” that conform to the following rules:

1. For any s ∈ S, (s) is a non-associative word.

2. If w1 and w2 are non-associative words, then (w1w2) is also a

non-associative word.

We denote the set of all non-associative words over S by M(S). This

construction is known as the free magma functor M( ) : Set → Mag,
where Mag represents the category of magmas. The binary operation on

M(S) is given by the second rule from above. The free magma functor is

left adjoint to the forgetful functor from Mag to Set, a situation similar

to that of the free group functor and its associated forgetful functor.

Given a magma (X, ·), let K[X] denote the K-vector space with the set X

as a basis, whose elements are finite linear combinations of elements

from X. The multiplication on K[X] × K[X] → K[X] is defined by

 n∑
i=1

λixi,
k∑

j=1
µjyj

 7→
n∑

i=1

k∑
j=1

λiµj(xi · yj).

This construction defines the magma algebra functor, which is left adjoint

to the forgetful functor from the category of algebras to Mag. Since

adjunctions compose, this yields the construction of the free K-algebra
functor K[M( )] : Set → AlgK.

Definition 2.1.4. A non-associative polynomial φ on a set S is an element

of K[M(S)]. A polynomial is called a monomial if it is a scalar multiple

of an element in M(S).
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For example, if S = {x, y, z}, then xy + yx, x2 + yz, and x(yz) are

polynomials in S, with only the last being a monomial. The type of

a monomial φ on a set {x1, . . . , xn} is an n-tuple (k1, . . . , kn) ∈ Nn,

where ki denotes the number of occurrences of xi in φ. The degree of φ

is the sum k1 + · · · + kn. A polynomial is said to be homogeneous if all

its monomials are of the same type, and a homogeneous polynomial is

multilinear if its type is (1, . . . , 1).

Definition 2.1.5. A non-associative polynomial φ = φ(x1, . . . , xn) is called
an identity of an algebra A if φ(a1, . . . , an) = 0 for all a1, . . . , an ∈ A.

We also say that A satisfies the identity φ.

Let S be a set of variables and I be a subset of K[M(S)]. The collection

of all K-algebras such that all polynomials in I are identities is called the

variety of K-algebras determined by I. We say that a variety satisfies the

identities in I if all algebras within the variety satisfy those identities. In

particular, if a variety is determined by a set of homogeneous polynomials,

we refer to it as a homogeneous variety; if it is determined by a set of

multilinear polynomials, we refer to it as an operadic variety.

When the context is clear, we simply write “variety” instead of “variety

of K-algebras”.

For simplicity, we may sometimes express an identity not as a polynomial

but as an equation. For instance, for commutativity, in order to express

that the polynomial xy − yx is an identity, we may write xy = yx

(or xy − yx = 0) as satisfied in the algebra under consideration. This

slight abuse of notation can make the presentation clearer.

Remark 2.1.6. If the characteristic of the field K is zero, then through a

process called multilinearisation, any variety of non-associative algebras

over K is operadic (see [91, Corollary 3.7]). For example, the identity

xx = 0 for alternating algebras implies (y + z)(y + z) = 0, leading to

0 = yy + yz + zy + zz = yz + zy, indicating that the algebras are anti-

commutative. In characteristic zero, this multilinear identity characterises

the class of alternating algebras, which may thus be viewed as an operadic

variety.
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The term ”operadic” is used for varieties determined by multilinear

polynomials because of Proposition 5.7.3 in the reference book [76]

on algebraic operads. Essentially, any type of algebra (over a field of

characteristic 0) defined by multilinear identities corresponds to an operad,

and the algebras associated with this operad form the specified variety.

Examples 2.1.7. • We write TrivK for the variety of trivial K-algebras
determined by the identity x = 0.

• We write AbAlgK for the variety of abelian K-algebras determined by

the identity xy = 0. Seen as a category, this variety is isomorphic to

the category VectK of vector spaces over K. It is the only non-trivial

variety of non-associative algebras which is an abelian category;

this explains the terminology.

• We write AssocK for the variety of associative K-algebras determined

by the identity of associativity which is x(yz) − (xy)z = 0, or
equivalently x(yz) = (xy)z.

• We write AAssocK for the variety of anti-associative K-algebras,
determined by the anti-associative identity x(yz) = −(xy)z.

• We write ComK for the variety of commutative K-algebras
determined by the identity of commutativity which is xy − yx = 0,
or equivalently xy = yx.

• We write AComK for the variety of anti-commutative K-algebras
determined by anti-commutativity which is xy + yx = 0, or

equivalently xy = −yx.

• We write CAssocK for the variety of commutative associative K-
algebras.

• We write LieK for the variety of Lie K-algebras determined by

the Jacobi identity (x(yz) + y(zx) + z(xy) = 0) and alternativity

(xx = 0). We write qLieK for the variety of quasi-Lie K-algebras
determined by the Jacobi identity and anti-commutativity.

When char(K) ̸= 2, quasi-Lie algebras and Lie algebras are

the same. However, for characteristic 2, alternativity implies
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anti-commutativity but the converse is not true. In this case,

the variety of Lie algebras is strictly smaller than the variety of

quasi-Lie algebras.

• One can see that all the previous examples are homogeneous or

operadic varieties. Let us provide a non-homogeneous example: the

variety Bool of Boolean rings, which may be seen as the subvariety

of CAssocK, where K is the finite field Z2, determined by the

equation xx = x.

• For a field K of prime characteristic p, we denote by CAssocp
K

the homogeneous variety of commutative associative K-algebras
satisfying the additional identity xp = 0.

• We write LeibK for the variety of (right) Leibniz K-algebras
determined by the (right) Leibniz identity which is (xy)z− (xz)y−
x(yz) = 0.

• Taking any variety V of K-algebras, one can look at a subvariety of

it by adding further identities to be satisfied. For example, let V
be a variety determined by a set of identities I and let n be any

positive natural number, then we write Niln(V) for the variety of

n-step nilpotent algebras in V determined by the identities in I and

the identities of the form x1 · · ·xn+1 = 0 with all possible choices

of parentheses.

Theorem 2.1.8. [2, 106] Let V be a variety of algebras over an

infinite field. Then all its identities are of the form ϕ(x1, . . . , xn) = 0,
where ϕ(x1, . . . , xn) is a polynomial, and each of its homogeneous

components ψ(xi1 , . . . , xim) also defines an identity ψ(xi1 , . . . , xim) = 0
in V.

The previous theorem can be restated as saying that any variety of

algebras over an infinite field is a homogeneous variety. Therefore,

whenever we prove a result for homogeneous varieties, it applies to

the specific case where the field is infinite. Similarly, Remark 2.1.6

shows that any result concerning operadic varieties is valid when the

characteristic of the field is zero.



26 2. Non-Associative Algebras

2.2. Some categorical considerations

Semi-abelianness

Any variety of non-associative algebras is, in particular, a variety of Ω-

groups. Therefore, we can extend the list of examples in Examples 1.2.8

by including the varieties from Examples 2.1.7, due to the following

result:

Theorem 2.2.1. Let V be a variety of non-associative K-algebras. Then,

viewed as a category, V is semi-abelian.

Birkhoff subcategories

Let V be a variety of K-algebras determined by a subset I ⊆ K[M(S)] for
some set S. For any K-algebra A in AlgK, we denote by I(A) the ideal

of A generated by all elements of the form ψ(a1, . . . , an), where ψ ∈ I

and a1, . . . , an ∈ A.

Proposition 2.2.2. The inclusion functor V → AlgK admits a left

adjoint L : AlgK → V, defined by L(A) = A/I(A).

Remark 2.2.3. Since adjunctions compose, for any set S, the

algebra L(K[M(S)]) defines the free algebra on S in V. This is the

algebra of non-associative polynomials in the alphabet S, modulo the

identities that define the variety V.

Proposition 2.2.2 implies that any variety of algebras is a reflective

subcategory of AlgK. In fact, this result can be extended further, but

first, we need the following definition [68]:

Definition 2.2.4. Let D be a subcategory of a semi-abelian category C.
We say that D is a Birkhoff subcategory of C if D is a full reflective

subcategory of C and is closed under subobjects and quotients.

We find the following theorem particularly elegant, as it connects

purely categorical considerations with the existence of certain
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polynomials—purely algebraic in nature. This interplay between

category theory and algebra will arise again later in this work (see

Theorem 3.4.1, Theorem 3.8.1, Theorem 4.8.2 or Proposition 6.1.8). A

detailed proof of this result can be found in [105].

Theorem 2.2.5. Let V be a subcategory of AlgK. The following are

equivalent:

(i) V is a variety of non-associative algebras;

(ii) V is a Birkhoff subcategory of AlgK.

Coproducts

In the category AlgK, the coproduct A+ C of two algebras A and C is

calculated as follows. For a given K-algebra B, let R(B) denote the kernel
of the canonical morphism of algebras ϵB : K[M(B)] → B, where b 7→ b.

In the free algebra K[M(A ⊔ C)], generated by the disjoint union A ⊔ C

of A and C (viewed as sets), consider the ideal J generated by the

set R(A) ⊔ R(C). The coproduct A + C in AlgK is then given by the

quotient

A+ C = K[M(A ⊔ C)]/J,

along with the morphisms

ιA : A → K[M(A ⊔ C)]/J and ιC : C → K[M(A ⊔ C)]/J

induced by the respective inclusions of A and C into A ⊔ C.

A typical element of A+C is thus a polynomial with variables in both A

and C, such as an expression of the form a(c1c2). This expression can

be interpreted in two ways:

• As the element a ∈ A multiplied by the product c1 · c2 in the

algebra K[M(A ⊔ C)], where c1, c2 ∈ C.

• Alternatively, as the element a ∈ Amultiplied by the element c1c2 ∈
C.
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The quotient by J ensures that these two interpretations coincide.

Specifically, since c1 · c2 − c1c2 lies in R(C), the element a(c1 · c2 − c1c2)
belongs to J , enforcing the equality a(c1 · c2) = a(c1c2) in A+ C.

Proposition 2.2.6. In a variety V of K-algebras, the coproduct of two

algebras A and C always exists and is given by the reflection of the

coproduct of A and C in AlgK.

Using notation from Proposition 2.2.2, one could write

A+V C = L(A+AlgK
C).

2.3. Two useful lemmas

We conclude this chapter by presenting two lemmas that will be needed

in Chapters 3 and 4. First, we observe that the commutative and anti-

commutative cases are of critical importance, as demonstrated by the

following:

Lemma 2.3.1. If V is a variety of K-algebras satisfying a non-trivial

homogeneous identity of degree 2, then it must satisfy at least one of the

identities xy − yx, xy + yx, or xy. In particular, if V is non-abelian,

then it is either a subvariety of the variety of commutative algebras or a

subvariety of the variety of anti-commutative algebras.

Proof. An identity of degree 2 is an element φ(x, y) of the free K-algebra
on two generators x and y, so it is a polynomial of the form

λ1xx+ λ2xy + λ3yx+ λ4yy.

Homogeneity implies that either λ1xx = 0 or λ2xy + λ3yx = 0. Note

that the former implies the latter. If either λ2 = 0 or λ3 = 0, then we

find that yx = 0 or xy = 0, implying that V is abelian. Otherwise, we

set λ = −λ3/λ2, giving xy = λyx = λ2xy, so that (1−λ2)xy = 0. Hence,
either V is abelian or λ ∈ {−1, 1}.
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The following lemma is a restatement of results concerning complete

linearization from [106]:

Lemma 2.3.2. In any variety V of K-algebras, every non-trivial identity

has a non-trivial multilinear consequence of the same degree.





3 | Representability of Actions

Groups act by automorphisms, while Lie algebras act by derivations.

More precisely, any action of a group B on a group X corresponds to a

group homomorphism B → Aut(X), whereas in the case of Lie algebras,

the automorphism group Aut(X) is replaced by the Lie algebra Der(X)
of derivations on X. The primary objective of this chapter is to explore

whether the concept of derivation can be extended beyond Lie algebras

to other types of non-associative algebras, in such a way that these

generalised derivations characterise actions.

The situation described here has a categorical framework introduced

by F. Borceux, G. Janelidze, and G. M. Kelly, known as action

representability [12,13]. The central result of this chapter (Theorem 3.8.1)

demonstrates that varieties of (quasi-)Lie algebras are the only

homogeneous varieties of (non-associative) algebras that form a

non-abelian category in which actions are representable. In fact, our

method yields a stronger conclusion: the representability condition can

be reduced to abelian actions without any loss of generality. A detailed

argument is developed in the sections that follow.

A significant portion of this chapter is extracted or adapted from

the published article [45]. However, several improvements have been

introduced in this thesis. Notably, in [45], the main results were not

presented using homogeneous or operadic varieties. Additionally, the

proof of Theorem 3.4.3 has been refined for greater elegance, and the

proof of Theorem 3.4.1 is now provided in full detail.

31
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3.1. In semi-abelian categories

As discussed in Chapter 1, for any object X in a semi-abelian category C,
the assignment Act( , X), which maps an object B to the set Act(B,X)
of actions of B on X, defines a contravariant functor from C to Set.
This naturally raises the question of whether or not this functor is

representable. This consideration leads to the following definition:

Definition 3.1.1. [12, 13] A semi-abelian category C is said to be

action representable if, for each object X in C, the functor Act( , X)
is representable. In other words, there exists an object [X], called the

actor of X, in C and a natural isomorphism

Act( , X) ∼= HomC( , [X]).

Examples 3.1.2. • As explained in Theorem 1.3.8, any abelian

category is action representable, with the actor of any object X

being the zero object.

• The category Grp of groups is well known to be action representable,

where the actor of a group X is the automorphism group Aut(X).

• The varieties LieK and qLieK are action representable for any field K.
For Lie algebras, this is a well-established result proven in [12,

13]. While the case of quasi-Lie algebras in characteristic 2 is

not explicitly addressed there, the essence of the proof remains

valid. In both cases, the actor of an object X is the algebra of

derivations Der(X).

• The category Bool of Boolean rings is action representable, with the

actor [X] of an object X being the endomorphism ring End(X) [13].

• As mentioned in [12], the category of crossed modules is also action

representable. A detailed study of the actor can be found in [96].

• The category of cocommutative Hopf algebras over any field K is

action representable [51], and an explicit description of the actor is

given in [50] for the specific case where char(K) = 0.
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• It is known from [26] that action representability implies the

condition Smith is Huq (which we explain in detail in Chapter 5).

However, the category of digroups and the category of loops do not

satisfy the Smith is Huq condition [10,61]. Therefore, those two

categories are not action representable.

• From Theorem 7.7.2, we can deduce that the category of

Heyting semilattices (which is studied in Chapter 7) is not action

representable.

Due to the monadicity of the kernel functor, an alternative yet equivalent

perspective on actions, as defined in Definition 1.2.14, can be framed in

terms of split extensions.

Definition 3.1.3. Given objects B and X in a semi-abelian category C, a
split extension of B by X, sometimes written (k,H, α, β), is a diagram

of the form

X
k ,2 H

α ,2 B
β
lr

such that α ◦ β = 1B and k = ker(α).

Two split extensions (k,H, α, β) and (k′, H ′, α′, β′) of B by X are

isomorphic when there is a morphism f : H → H ′ such that f ◦ k = k′,

α′ ◦ f = α and f ◦ β = β′. By protomodularity, this morphism f is

indeed an isomorphism in C.

Lemma 3.1.4. [13, 23] Given objects B and X in a semi-abelian

category, there is a bijection SplExt(B,X) ∼= Act(B,X) between the set

of isomorphism classes of split extensions of B by X and the set of

actions of B on X.

In fact, for any action ξ : B♭X → X there is a split extension of B by X

X
k ,2 H

p ,2 B
s

lr

and vice versa. The object H in this split extension is the semi-direct

product B ⋉ξ X of B with (X, ξ) from Definition 1.2.14.
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For an object X of C, we define the functor

SplExtC( , X) : Cop → Set

which assigns to any object B of C, the set SplExtC(B,X) of isomorphism

classes of split extensions of B by X in C, and to any arrow f : B′ → B

the change-of-base function f∗ : SplExtC(B,X) → SplExtC(B′, X) given

by pulling back along f . When there is no ambiguity concerning the

category C, we will use the notation SplExt( , X).

The bijection from Lemma 3.1.4 extends to an isomorphism of functors:

Lemma 3.1.5. [13, 23] Given an object X in a semi-abelian category,

there is a natural isomorphism of functors SplExt( , X) ∼= Act( , X).

Thus, a semi-abelian category C is action representable if and only

if the functor SplExtC( , X) : Cop → Set is a representable functor. As

explained in [12], action representability is also equivalent to the condition

that, for every object X in C, the category SplExt(X) of split extensions

in C with kernel X has a terminal object:

X ,2 [X] ⋉X ,2 [X]lr

When adopting this point of view, the object [X], which is nothing

but the actor from Definition 3.1.1, is referred to as the split extension

classifier of X.

Remark 3.1.6. We may relax this condition by assuming instead that,

for any X, every object in SplExt(X) is accessible, meaning it admits

a morphism into a subterminal object or a so-called faithful object

(see [26]). In this way, we encompass a wider class of examples that do

not satisfy representability of actions, such as the category Pois of (non-

commutative) Poisson algebras, the category Assoc of associative algebras,

and the category CAssoc of commutative associative algebras. This

weaker condition, termed action accessibility, was introduced by D. Bourn

and G. Janelidze [26] to compute centralisers of normal subobjects and

equivalence relations. Subsequently, A. Montoli demonstrated that any

Orzech category of interest is an action accessible category [86].
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Since the existence of a terminal object in SplExt(X) is, by definition,

stronger than every object being accessible, it follows immediately that:

action representability ⇒ action accessibility.

3.2. In non-associative algebras

Our goal is to explore the nature of actions and, consequently, action

representability in the context of non-associative algebras. To achieve

this, we first examine the structure of a semi-direct product B ⋉ξ X for

two algebras B and X in a variety V, given an action ξ of B on X.

First, since it is the kernel of the morphism ⟨1B, 0⟩ : B +X → B, the

object B♭X consists of polynomials with variables in B and X which can

be written in a form where all of their monomials contain variables in X.

Then, by applying the forgetful functor U : V → Vect, we observe that, as
a vector space, B⋉ξX is the direct sum/cartesian product B⊕X ∼= B×X.

Next, routine calculations show us that the multiplication has to be

(b, x) · (c, y) = (bc, by + xc + xy), (3.1)

where by and xc are notations for the image by ξ in X of by and xc

respectively. Sometimes, for the sake of simplicity, we will just write

by or xc. We remark that starting with a morphism ξ : B♭X → X (not

necessary an action) we can still define a semi-direct product K-algebra
by (3.1). The question is now, whether this algebra belongs to the

variety V.

Lemma 3.2.1. Let V be a variety of non-associative algebras over a field K,
let B and X be two algebras and ξ : B♭X → X a morphism in V. Then ξ

is an action in V if and only if B ⋉ξ X is in V.

Proof. The first implication directly comes from the equivalence in

Lemma 3.1.4. For the converse we construct the split extension

X
k ,2 B ⋉ξ X

p ,2 B
s

lr
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in V , where k(x) = (0, x), p(b, x) = b and s(b) = (b, 0). Lemma 3.1.4 then

gives us an action χ : B♭X → X in V which is, by construction, the only

morphism satisfying k◦χ = (s, k)◦l where l is the kernel of ⟨1B, 0⟩ : B +
X → B. But ξ obviously satisfies this condition, and therefore coincides

with χ.

This description of actions, analogous to Theorem 2.5 of [31], will be

useful all along this chapter, whenever we wish to check that an action is

well defined. For example, let V be the variety of commutative algebras

over an arbitrary field K, and let V be an algebra in this variety. Then V

acts on itself by vw = v · w and vw = v · w. Indeed, the semi-direct

product K-algebra is in V, since for all v, v′, w, w′ ∈ V we have

(v, w) · (v′, w′) = (v′, w′) · (v, w).

Proposition 3.2.2. Let V be a variety of non-associative algebras over K.
Then V is action representable if and only if for every object X in V there

exists an object [X] acting on X which has the following property: for any

object B with an action on X there is a unique morphism φ : B → [X]
such that bx = φ(b)x and xb = xφ(b) for every x ∈ X and b ∈ B.

Proof. This is a reformulation of Proposition 3.1 from [31] for the context

of varieties of non-associative algebras, which are all categories of groups

with operations in the sense of [95].

The following theorem plays a crucial role in this chapter, as it underpins

a technique that will be employed throughout.

Theorem 3.2.3. Let V be a variety of non-associative algebras over a

field K. For a fixed algebra X in V, the functor Act( , X) is representable

if and only if, for any two algebras B and B′ in V, the following holds:

Act(B +B′, X) ∼= Act(B,X) × Act(B′, X).

Proof. This result follows directly from Theorem 5.8 in [13], combined

with the fact that varieties of algebras constitute locally well-presentable

semi-abelian categories.
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Actually, the isomorphism Act( , X) ∼= Hom( , [X]) easily implies

that Act(B + B′, X) ∼= Act(B,X) × Act(B′, X), which can be

understood as the condition that “having an action of B + B′ on X is

the same as having two actions on X, one of B and the other of B′.”

From this observation, we may now deduce an interesting and useful

technique. Indeed, by Lemma 3.2.1, the object (B + B′) ⋉ X is in V
and as such should satisfy the identities characterising V, whenever the

variety is action representable. We remark that this stays true with a

finite number of algebras acting on X. Checking this condition is an

important proof method used throughout this chapter. Let us give a

concrete example of how this works, by reproving the known result that

in the variety of associative algebras, the actor cannot always exist:

Proposition 3.2.4. Let K be a field, the variety AssocK of associative

K-algebras is not action representable.

Proof. Suppose that AssocK is action representable. Let B1 and B2 be

two algebras with trivial multiplication respectively generated by the

elements b1 and b2. Let X be the algebra with trivial multiplication

generated by the elements x, y1, y2, z12 and z21. Those algebras are

in AssocK. We define the actions of Bi on X by:

bix = xbi = yi, biyj = yjbi =

zij if i ̸= j

0 otherwise
and bizjk = zjkbi = 0,

where i, j, k ∈ {1, 2} and j ̸= k. These choices determine morphisms

of V-algebras ξi : Bi♭X → X, and Lemma 3.2.1 implies that those are

well-defined actions. Since we supposed Assoc to be action representable,

Theorem 3.2.3 implies that the algebra B1 + B2 acts on X. Yet the

algebra (B1 +B2) ⋉X is not in Assoc, which is a contradiction. Indeed,

we have that b1(xb2) = z12 ̸= z21 = (b1x)b2.
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3.3. Representations and their representability

To establish the main result of this chapter (Theorem 3.8.1), we do

not require the full strength of action representability. Instead, we can

weaken the condition to the representability of representations.

Definition 3.3.1. Let C be a semi-abelian category satisfying the Smith is

Huq condition (recalled in Chapter 5). We say that C is representation

representable if, for each abelian object X in C, the functor Act( , X)
is representable. This means that there exists an object [X], called the

actor of X, in C and a natural isomorphism

Act( , X) ∼= HomC( , [X]).

Remark 3.3.2. For an object B in C, a Beck module [5] over B, also

referred to as a B-module or a representation of B, is an abelian group

object in the slice category (C ↓ B). It is well known, and elaborated

upon in [25,61], that in a semi-abelian category satisfying the Smith is

Huq condition, a B-module structure on a (necessarily abelian) object X

in C corresponds to a B-action on X—an “abelian action.” We write

Rep(B,X) for the set of B-modules on X. Combining the results of [83]

and [81], along with the fact that any variety of non-associative K-algebras
is a category of groups with operations in the sense of [95], we observe

that this interpretation holds in the context of our study. Therefore,

Rep(B,X) = Act(B,X) when X is an abelian object.

In the case of Lie algebras we regain the classical concept of a Lie

algebra representation, which is often defined as a morphism B → gl(X),
where gl(X) is the Lie algebra of linear endomorphisms of the vector

space X. For f , g : X → X, the bracket [f, g] = f◦g − g◦f is a Lie

algebra structure on Hom(X,X), because composition of endomorphisms

is associative.

Since abelian objects in varieties of algebras correspond to abelian

algebras, i.e., algebras with a trivial multiplication, a variety V has

representable representations when for each abelian algebra X, the

contravariant functor

Rep( , X) = Act( , X) : V → Set
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that sends an algebra B to the set of B-module structures on X is a

representable functor.

Examples 3.3.3. • If V = LieK, then Rep( , X) is represented

by gl(X), which means Rep( , X) ∼= Hom( , gl(X)).

• The category HSLat of Heyting semilattices is not action

representable. However, it is representation representable because

it has no abelian objects other than the zero object. See Chapter 7

for further details.

• The proof of Proposition 3.2.4 can be used to show that the variety

of associative algebras does not have representable representations.

• Any action representable category is obviously representation

representable.

3.4. Identities of degree three

An important step towards the main result of this chapter is

proving that in the context of non-associative algebras, action

representability/representability of representations implies some

identities of degree three, useful in the next sections. First, we give the

following characterisation:

Theorem 3.4.1. For any field K, if V is a homogeneous variety of non-

associative K-algebras, then the following conditions are equivalent:

(i) V is algebraically coherent [35];

(ii) V is an Orzech category of interest [90];

(iii) V is a 2-variety: for any ideal I of an algebra A, the subalgebra

I2 of A is again an ideal;

(iv) V satisfies the normality of Higgins commutators [36];

(v) V is action accessible;
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(vi) there exist λ1, . . . , λ8, µ1, . . . , µ8 in K such that

z(xy) = λ1(zx)y + λ2(xz)y + λ3y(zx) + λ4y(xz)
+ λ5(zy)x+ λ6(yz)x+ λ7x(zy) + λ8x(yz)

and

(xy)z = µ1(zx)y + µ2(xz)y + µ3y(zx) + µ4y(xz)
+ µ5(zy)x+ µ6(yz)x+ µ7x(zy) + µ8x(yz)

are identities in V.

We call those two identities together the λ/µ-rules. One should

understand them as some “general associativity rules”. We remark

that the case where λ1 = 1 = µ8 and the other coefficients are zero is

just associativity. It is easy to see that the Jacobi identity is another

particular case of the λ/µ-rules.

Proof. We only need to prove (v) ⇒ (vi). Indeed, as A. Montoli proved

in [86], all Orzech categories of interest are action accessible, which

yields (vi) ⇒ (v). The other equivalences are known results from [46]

and [102].

Let V be a homogeneous action accessible variety. Via Lemma 3.9 in [38]

we may deduce the following:

For any two subalgebras I, J of an algebra X in V, with I a normal

subalgebra of X, we have that

[I, J ] = 0 ⇒ [I, clX(J)] = 0 (3.2)

where the brackets denote Higgins commutators [82], and clX(J) is the

normal closure of J in X.

In a variety of algebras over a field K, the Higgins commutator [I, J ]
of a pair I, J ≤ X of subobjects (= subalgebras) is the subalgebra

of X generated by monomials containing elements of both I and J (see
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Chapter 4 for more details on this subject). For a subalgebra J ≤ X, its

normal closure clX(J) is the smallest normal subobject (= ideal) of X

containing J .

Now, let W be the free algebra in V generated by three elements x, y

and z. We consider the ideal I = ⟨x⟩ of W generated by the element x,

and the subalgebra J = K[y] of W generated by the element y. We now

define the quotient map

q : W → W

⟨Iy⟩ ∨ ⟨yI⟩
: w 7→ w

where ⟨Iy⟩ is the ideal of W generated by {iy | i ∈ I}, and likewise

for ⟨yI⟩. In Q := W/(⟨Iy⟩ ∨ ⟨yI⟩), the relations xy = yx = 0, (yx)z = 0
and even (xz)y = 0 hold. We may, however, observe that x(yz) is not

necessarily zero in Q. We remark that in Q, the image q(I) of I is still

an ideal, and the image q(J) of J a subalgebra. Then we observe that

the Higgins commutator of q(I) and q(J) is zero. Using 3.2, assuming

action accessibility on V implies that

0 = [q(I), clQ(q(J))] = [q(I), q(clW (J))] = q[I, clW (J)],

since quotients preserve normal closure. In particular, the element x(yz)
is in q[I, clW (J)], because yz lies in the normal closure of J , and

therefore x(yz) should be zero. This tells us that x(yz) belongs to ⟨Iy⟩ ∨
⟨yI⟩. This is precisely the λ-rule in (vi).

One can remark that we used that V is homogeneous in order to affirm

this last claim, which makes this hypothesis relevant.

In the same way, we prove that the µ-rule is satisfied in V.

We now establish that the representability of representations implies

the λ/µ-rules. The following proposition provides a key step towards

this result.

Proposition 3.4.2. Let V be a homogeneous variety of non-associative

algebras over a field K. If V has representable representations, then it

satisfies certain degree-three identities.
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Proof. Assume that V has representable representations but does not

satisfy any identities of degree three. We aim to derive a contradiction.

Consider the abelian algebras X, B1, and B2, generated respectively by

the elements x, b1, and b2. In the variety V , let B1 +B2 +X denote the

coproduct algebra. Define A as the sub-vector space of B1 + B2 + X,

generated by the set

{x, (b1b2)x, (b2b1)x, x(b1b2), x(b2b1)},

and view A as an abelian algebra.

Now, for i, j ∈ {1, 2}, we define an action of the coproduct B1 +B2 on A

as follows:

bi
x = 0 = xbi

, bibj
x = 0 = xbibj

for i = j,

b1b2
x = (b1b2)x, b2b1

x = (b2b1)x,

xb1b2 = x(b1b2), xb2b1 = x(b2b1).

For a given polynomial w in B1 +B2:

wx = 0 = xw if deg(w) ≥ 3,
w((b1b2)x) = w((b2b1)x) = ((b1b2)x)w = ((b2b1)x)w = 0.

Because V is homogeneous and does not satisfy any identity of degree

three, by Lemma 3.2.1, we conclude that this is indeed an action ofB1+B2

on A in V. However, the canonical isomorphism from Theorem 3.2.3

Rep(B1 +B2, A) → Rep(B1, A) × Rep(B2, A)

sends this action to the trivial action of B1 on A and the trivial action

of B2 on A. This leads to a contradiction since the action of B1 + B2

on A is not trivial.

Theorem 3.4.3. Let V be a homogeneous variety of non-associative

algebras over a field K. If V has representable representations, then

it satisfies the λ/µ-rules.
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Proof. Assume that V has representable representations but does not

satisfy the λ/µ-rules. We will derive a contradiction from this assumption.

Consider the algebras X, B1, and B2 as defined previously in the proof

of Proposition 3.4.2. According to Proposition 3.4.2 and the assumption

that the λ/µ-rules are not satisfied, we can conclude that V satisfies some

degree three identities of the form:

γ1(zx)y + γ2(xz)y + γ3y(zx) + γ4y(xz)
+ γ5(zy)x+ γ6(yz)x+ γ7x(zy) + γ8x(yz)

= γ9(xy)z + γ10(yx)z + γ11z(xy) + γ12z(yx), (3.3)

where either γi = 0 for all i ∈ {9, 10, 11, 12}, or at least two of the γi’s

are non-zero for i ∈ {9, 10, 11, 12}.

For each identity of the form (3.3) that is satisfied by V , we quotient the

coproduct B1 +B2 +X by the identity

γ9(b1b2)x+ γ10(b2b1)x+ γ11x(b1b2) + γ12x(b2b1) = 0.

Define A as the subvector space of this quotient generated by the set

{x, (b1b2)x, (b2b1)x, x(b1b2), x(b2b1)},

and view A as an abelian algebra. We define the same action of B1 +B2

on A as in Proposition 3.4.2 and reach a conclusion similar to that

proof.

3.5. Identities of degree two

We proved that from the representability of representations we may

deduce some specific identities of degree three. The goal of this section

is to recover the identities of degree two, from which we may deduce

the Jacobi identity and thus obtain Lie algebras. In fact, action

representability does not characterise the Jacobi identity alone, since

the variety LeibK of Leibniz algebras over K is not action representable

in general. This observation comes from Theorem 5.5 of [32], but it is
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1 ring r=0,(x(1..8) ,y(1..8)),dp;

2 poly f(1) = -1 + (y(1)*y(6)) + (y(2)*y(2)) + (y(3)*x(6)) + (y(4)*x(2));

3 poly f(2) = (y(1)*y(1)) + (y(2)*y(5)) + (y(3)*x(1)) + (y(4)*x(5)) + y(6);

4 poly f(3) = (y(1)*y(2)) + (y(2)*y(6)) + (y(3)*x(2)) + (y(4)*x(6)) + y(5);

5 poly f(4) = (y(1)*y(3)) + (y(2)*y(7)) + (y(3)*x(3)) + (y(4)*x(7)) + y(8);

6 poly f(5) = (y(1)*y(4)) + (y(2)*y(8)) + (y(3)*x(4)) + (y(4)*x(8)) + y(7);

7 poly f(6) = (y(1)*y(5)) + (y(2)*y(1)) + (y(3)*x(5)) + (y(4)*x(1));

8 poly f(7) = (y(1)*y(7)) + (y(2)*y(3)) + (y(3)*x(7)) + (y(4)*x(3));

9 poly f(8) = (y(1)*y(8)) + (y(2)*y(4)) + (y(3)*x(8)) + (y(4)*x(4));

10 poly f(9) = -1 + (y(5)*y(5)) + (y(6)*y(1)) + (y(7)*x(5)) + (y(8)*x(1));

.

.

.

225 poly f(224) = (y(1)*(x(6)*x(4))) + (y(1)*(x(8)*y(4))) + (y(2)*(x(6)*x(8))) + (y(2)*(x(8)*

y(8))) + (y(3)*(x(2)*x(4))) + (y(3)*(x(4)*y(4))) + (y(4)*(x(2)*x(8))) + (y(4)*(x(4)*

y(8))) + ((y(5)*x(8))*x(3)) + ((y(5)*y(8))*x(4)) + ((y(6)*x(4))*x(3)) + ((y(6)*y(4))

*x(4)) + ((y(7)*x(8))*x(7)) + ((y(7)*y(8))*x(8)) + ((y(8)*x(4))*x(7)) + ((y(8)*y(4))

*x(8));

226 ideal i=f(1..224);

227 ideal si=std(i);

228 si;

229 matrix T;

230 ideal sm=liftstd(i,T);

231 sm;

Figure 3.1: Singular code

possible to give a proof, similar to the one of Proposition 3.2.4, showing

that LeibK does not have representable representations.

We are now going to show that any homogeneous variety of non-associative

algebras, over any field, with representable representations satisfies non-

trivial identities of degree two. We start with fields of characteristic zero

in Proposition 3.5.1, and continue with fields of prime characteristic in

Proposition 3.5.4.

Our main technique is to obtain a system of polynomial equations, which

we then prove is inconsistent. To do so, we use computer algebra in two

distinct ways: first we need to produce the system of equations itself;

due to the complexity of the manipulations needed here, we preferred

to do this on a computer, rather than by hand: see below and [44]

where this is explained in further detail. Next, the system of equations

thus obtained has to be shown inconsistent. The size of the system

makes it impossible to do this by hand; we used the open-source software

package Singular [40] which gives us an explicit reason for the system’s

inconsistency. How this is done is explained below. Part of the code used
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is displayed in Figure 3.1, and the full code and its output are accessible

as a set of ancillary files in the arXiv version of the paper [45].

Proposition 3.5.1. Let K be a field of characteristic 0 and V be a variety

of non-associative algebras over K. If V has representable representations,

then V satisfies a non-trivial identity of degree two.

Proof. First, since the characteristic of the field is zero, the variety is

operadic (and thus homogeneous). Let us assume that V is a variety

with representable representations, all of whose non-trivial identities are

of degree three or higher. From Theorem 3.4.3, we already know that

V satisfies the λ/µ-rules. The strategy of this proof is to show that

representability of representations forces the coefficients λi and µi to

satisfy a specific system of polynomial equations whose set of solutions is

empty (unless some degree two identities are satisfied, but we assumed

that it is not the case). This then means that the λ/µ-rules, and

therefore representability of representations, cannot hold in V—which is

a contradiction.

In order to do so, we let X be the 79-dimensional abelian algebra

generated by the elements

{x, yi
α, z

ij
αβ, t

ijk
αβγ | α, β, γ ∈ {r, l} and (i j k) ∈ S3},

where r stands for right and l for left, while i, j, k ∈ {1, 2, 3} are

pairwise non-equal. Furthermore, Bi is the abelian algebra generated

by bi, for i ∈ {1, 2, 3}. Those algebras are in V because they are abelian.

We now define (abelian) actions of the algebras Bi on X:

bix = yi
l xbi = yi

r

biyj
α =

z
ji
αl if i ̸= j

0 otherwise
yj

αb
i =

zji
αr if i ̸= j

0 otherwise

bizjk
αβ =

t
jki
αβl if i ̸= j and i ̸= k

0 otherwise
zjk

αβb
i =

t
jki
αβr if i ̸= j and i ̸= k

0 otherwise

while bitjkm
αβγ = tjkm

αβγ b
i = 0. Those actions are well defined. Indeed,

the λ/µ-rules are satisfied since any product of three elements in the
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semi-direct product Bi ⋉X vanishes. In order to familiarise ourselves

with those actions which will appear again later, we first give some

examples of their behaviour in (B1 +B2 +B3) ⋉X:

(b1(b2x))b3 = t213
llr , ((b2x)b3)b2 = 0, b1(b2y3

r ) = t321
rll .

Next, as explained in Section 3.2, by representability of representations

the semi-direct product (B1 +B2 +B3)⋉X is in V and thus all elements

of this semi-direct product have to satisfy the λ/µ-rules. We construct

an equational system on the λi and µi whose set of solutions is empty,

by checking the λ/µ-rules for some specific elements. For example,

since (xb1)b2 is in (B1 +B2 +B3)⋉X, decomposing it a first time gives:

(xb1)b2 = µ1(b2x)b1 + µ2(xb2)b1 + µ3b
1(b2x) + µ4b

1(xb2)
+ µ5(b2b1)x+ µ6(b1b2)x+ µ7x(b2b1) + µ8x(b1b2).

Then we apply the λ/µ-rules again on the monomials where x is

isolated and write everything on the same side. This gives us a

linear combination
∑
fk(λi, µj)zij

αβ which must be equal to zero.

Since the zij
αβ are linearly independent, all the polynomials fk ∈

Q[λ1, . . . , λ8, µ1, . . . , µ8] vanish. Following this procedure for (xb1)b2

gives us the eight first polynomials of Figure 3.1 (lines 2–9, written in

Singular [40] code). To compute the fk for k = 9, . . . , 32, we repeat

this procedure on the elements (b1x)b2, b2(b1x) and b2(xb1). The details

of the computations are done and explained in [44].

Next, we use the fact that (b1b2)b3 and b1(b2b3) should also satisfy

the λ/µ-rules since they are elements of (B1 + B2 + B3) ⋉ X.

Making the decomposition work on (b1(b2b3))x, x(b1(b2b3)), ((b1b2)b3)x
and x((b1b2)b3)—again, a procedure explained in [44]—we find the last

192 polynomials in the system of equations.

Finally, we employ the computer algebra system Singular [40], which

uses Gröbner bases, to look for a common root of the polynomials.

Based on the code in Figure 3.1, the computer system tells us that 1 is

a linear combination in Q[λ1, . . . , λ8, µ1, . . . , µ8] of the polynomials f1,

. . . , f224. The arXiv version of the paper [45] includes an ancillary file

containing an explicit way to write 1 as a linear combination of the (fi)i
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in Q[λ1, . . . , λ8, µ1, . . . , µ8]. Hence the set of solutions of the polynomial

system is empty, which completes the proof.

Remark 3.5.2. The parameter dp in line 1 means that degree reverse

lexicographical ordering of polynomials is chosen. This choice does not

have any impact in the proof other than the efficiency of the computation.

Remark 3.5.3. The system of equations in Figure 3.1 is not the smallest

inconsistent system of equations involving the λi and µi. For instance,

from the output in the ancillary files it is immediately clear that f140
can be removed from the system while maintaining its inconsistency.

Actually, the system may be reduced significantly: we checked that

equations number 1, 3, 4, 6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
22, 23, 25, 26, 27, 28, 29, 30, 31, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45, 46, 47, 49, 56, 82, 92 together still form an inconsistent system

of polynomial equations. However, giving the explicit polynomials that

prove the system’s inconsistency becomes harder as its size goes down.

In order to have the result for all fields, we extend this to prime

characteristics. The proof needs fine-tuning since in characteristic zero

rational coefficients are allowed, something which is not the case in prime

characteristic.

Proposition 3.5.4. Let K be a field of prime characteristic and V a

homogeneous variety of non-associative algebras over K. If V has

representable representations, then V satisfies a non-trivial identity of

degree two.

Proof. In this proof, we mimic the trick used in Theorem 4.2 of [47].

Indeed, in the proof of Proposition 3.5.1, we wrote 1 as a linear

combination of the (fi)1≤i≤224 in Q[λ1, . . . , λ8, µ1, . . . , µ8]. Instead

of doing this, we will write some m ∈ N as a linear combination

in Z[λ1, . . . , λ8, µ1, . . . , µ8] of these 224 polynomials because, then, we

will just have to check that the system has an empty set of solutions for

all fields whose characteristic divides m. The problem is that the natural

number m, equal to 1456799590845598024309695305537804495463156
62406534685329857227054868047204547211625038600686746894466894
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05718973971726236499206328902672960756543435042087844784187772
10005902957685588843071241487781773778768300649166665925232915
93041749054969370877385813443494870668801865569455851757756955
76209957462932784808124314122605744040244555983204418597220420
18260900473969846828608645627871830598735661629103334242282129
06065894343670540539725147842861513488173278220217745776941965
01188227813156363270426620366150688257342489840683094034209503
18, which we find with a first computation in Singular is 541 digits

long. This makes finding its prime divisors very difficult. The trick is to

compute the Gröbner basis with a different monomial order. This will

give us another natural number m′ and we will only need to check the

inconsistency of the system of equations for the common prime divisors

of m and m′. A different monomial order may be chosen in line 1 of the

code in Figure 3.1: for instance, swapping µ7 and µ8 is expressed as

1 ring r=0,(x(1..8),y(1..6),y(8),y(7)),dp;

This leads us to the number m′ which is equal to 52571763195879165
82735428229328755362779444821170590472983556155224447303866073
03496487922645174545123329754483818964761098115453534593150454
04360086815158663052807129031203192914881793627758784552281330
9484662974608922131246112595573077057146712242955581259701107
4822233317864875426854341643972018163355893297334149632686212
2531200555664611204869818358 and only 353 digits long. Obviously,

2 is a common prime divisor. Using the Euclidean algorithm, it is

rapidly seen that it is the only one. In order to conclude, we prove

as before, using Singular, that I = K[λ1, . . . , λ8, µ1, . . . , µ8] for any

field K of characteristic 2, where I is the ideal of K[λ1, . . . , λ8, µ1, . . . , µ8]
generated by the polynomials fk for k = 1, . . . , 224. This is done in

Singular by using

1 ring r=2,(x(1..8),y(1..8)),dp;

in line 1 of the code in Figure 3.1. Again, explicit linear combinations

are given in the arXiv version of the paper [45] as an ancillary file.
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Corollary 3.5.5. If V is a homogeneous variety of non-associative algebras

over any field whose representations are representable, then V is either a

subvariety of the variety of commutative algebras, or a subvariety of the

variety of anti-commutative algebras.

Proof. Combine the above with Lemma 2.3.1.

3.6. Anti-commutativity and the Jacobi identity

The results of the previous section give us two identities: commutativity

and anti-commutativity. The goal of this section is to show that

representability of representations rules out the first case. Next, we will

prove that from anti-commutativity and the λ/µ-rules (which are both

consequences of representability of representations), we can deduce that

if the variety is non-abelian, then it has to satisfy the Jacobi identity.

Proposition 3.6.1. Let V be a homogeneous variety of non-associative

algebras over a field of characteristic different from 2. If V is a variety

of commutative algebras whose representations are representable, then it

is an abelian variety.

Proof. First, since V has representable representations, by Theorem 3.4.3,

the λ/µ-rules hold. By commutativity, these can be rewritten as

x(yz) = λ(xy)z + µy(xz) (3.4)

for some λ, µ ∈ K.

Now we need to use essentially the same algebras and actions as in the

proof of Proposition 3.5.1, but without considerations for left and right, so

that the actions satisfy the commutativity rule. In other words, for all bi

in Bi and w in X we define the actions such that bw = wb. Such actions

are well defined, and thus the semi-direct product (B1 +B2 +B3) ⋉X

is an object of V by representability of representations. Therefore its

elements should satisfy the identity (3.4). Let us check this on b1(b2x):
indeed, b1(b2x) = λ(b1b2)x+ µb2(b1x) = λ2(xb1)b2 + λµb1(xb2), so that
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0 = (λ2 + µ)z12 + (λµ − 1)z21. By linear independence of {z12, z21},
either V is abelian or λ = µ = −1.

The second case would mean that the identity (3.4) is now

x(yz) = −(xy)z − y(xz). (3.5)

Therefore, since b1(b2b3) is an element of the semi-direct product we have

that b1(b2b3) = −(b1b2)b3 − b2(b1b3) as an action, and in particular on x

this implies

(b1(b2b3))x = −((b1b2)b3)x− (b2(b1b3))x.

Decomposing each element on the left side and on the right side twice by

applying (3.5) gives us t123 +t132 +t231 +t321 = −t312 −t321 −t123 −t213 −
t213 −t231 −t132 −t312, which is equivalent to 2t312 +2t321 +2t123 +2t213 +
2t132 + 2t231 = 0. Since char(K) ̸= 2 and all these elements are linearly

independent, we encounter a contradiction. Hence V is abelian.

Remark 3.6.2. If char(K) = 2, then commutativity and anti-

commutativity are the same condition. Therefore, we do not have to

care about it to state our next result. However, one should remember

that quasi-Lie algebras and Lie algebras do not coincide when the

characteristic of the field is 2.

Proposition 3.6.3. Let V a homogeneous variety of non-associative

algebras over any field K that satisfies the λ/µ-rules and anti-

commutativity. If V has representable representations, then the Jacobi

identity holds in V.

Proof. Because of anti-commutativity, the λ/µ-rules can be rewritten as

x(yz) = λ(xy)z + µy(xz) (3.6)

for some λ, µ ∈ K. We consider the actions we defined in the proof of

Proposition 3.6.1, corrected for anticommutativity. So we decree that

an element bi acting on the left is the same as bi acting on the right

times −1. For instance, b1y2 = −y2b1 and b2x = −xb2. In order to check

the identity (3.6) on b1(b2x), we compute:

b1(b2x) = λ(b1b2)x+ µb2(b1x) = −λ2(xb1)b2 − λµb1(xb2) + µb2(b1x).
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By linear independence, this yields the system µ− λ2 = 0, 1 − λµ = 0
whose solution is λ = µ = 1. Thus (3.6) becomes the Jacobi identity.

Corollary 3.6.4. Let V be a homogeneous variety of non-associative

algebras over a field K. If V has representable representations, then V
is a subvariety of LieK or qLieK if char(K) = 2, and a subvariety of LieK

otherwise.

3.7. What about subvarieties?

We concluded the previous section by saying that the only potential

identities of degree two for varieties with representable representations

are xy = 0, xy = −yx and xx = 0, and that the Jacobi identity necessarily

holds. The question we answer in this section is: “Did we miss any other

identities?” As we have already explained above, such identities would

have to be of degree at least 3. The next proposition proves that we

cannot add any non-trivial identities without making the variety abelian.

Proposition 3.7.1. Let V be a homogeneous subvariety of LieK or qLieK

determined by a collection of identities of degree 3 or higher. Then V is

an abelian variety if and only if it has representable representations.

Proof. Let V be a non-abelian variety of K-algebras with representable

representations. We explained previously that there are no identities of

degree two besides xy = −yx or xx = 0, and that the Jacobi identity

holds. The idea here is to first prove that there is no identity of degree

three besides Jacobi, and then we show that no other identities (of

degree n > 3) can hold.

First, suppose that V satisfies some degree three identities. Because of

anti-commutativity and Lemma 2.3.2, we may assume this identity to

be x(yz) = λ(xy)z + µy(xz) for certain λ, µ ∈ K. Then we may recycle

the ideas of the proof of Proposition 3.6.3 to reduce it to the Jacobi

identity.

Now, the goal is to prove by induction that the existence of an

identity of degree n > 3 is in contradiction with Lemma 2.3.2. Let
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us assume that no other identities of degree lower than or equal

to n > 3 are satisfied. Let ψ be a homogeneous identity of degree n+ 1
with n > 3 which holds in V. We consider a non-trivial multilinear

consequence φ(x1, . . . , xn, x0) = 0 of ψ, whose existence is assured by

Lemma 2.3.2. Using anti-commutativity and the Jacobi identity, we

can rewrite φ in the shape 0 =
∑

i=1 λiφi(x1, . . . , xix0, . . . , xn). We

observe that if λi = 0 for all i, then φ is just a consequence of xy = −yx
and x(yz) + y(zx) + z(xy) = 0, or in other words a trivial identity. Note

that it is impossible to be a consequence of other identities by the

induction hypothesis. Proving that the λi’s are zero will then bring us

to a contradiction.

We consider the same actions we used in Proposition 3.6.3 but

extended to n algebras Bi acting on X (which is also enlarged to

more elements). Those are again well defined and thus we have

that (B1 + · · · + Bn) ⋉ X lies in V as already explained. Therefore

the element ψ((b1, 0), (b2, 0), . . . , (bn, 0), (0, x)) = ψ(b1, . . . , bn, x) of this

semi-direct product has to vanish and the multilinear consequence φ as

well, which allows us to write 0 =
∑

i=1 λiφi(b1, . . . , bix, . . . , bn). Again,

by construction of the actions, the elements φi(b1, . . . , bix, . . . , bn) of X

are linearly independent and thus λi = 0 for all i—which completes the

proof.

3.8. Conclusion and some remarks

We can now conclude with the main result of this chapter:

Theorem 3.8.1. Let V be a homogeneous variety of non-associative

algebras over a field K. If V is non-abelian and has representable

representations—which happens, for instance, when it is action

representable—then V is either the variety of Lie algebras LieK or the

variety of quasi-Lie algebras qLieK.

Proof. This is a combination of Corollary 3.6.4 and Proposition 3.7.1.
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In [47], the authors gave a different and a priori unrelated categorical

description of Lie algebras, through a condition called local algebraic

cartesian closedness (LACC) introduced by J. R. A. Gray [54]. Let us

recall the main result:

Theorem 3.8.2. Let K be an infinite field and V a variety of n-algebras

over K which is a non-abelian locally algebraically cartesian closed

category. Then n = 2 and

1. if char(K) ̸= 2, then V = LieK = qLieK;

2. if char(K) = 2, then V = LieK or V = qLieK.

Theorem 3.8.1 together with Theorem 3.8.2 tell us that, for non-

associative algebras over an infinite field, action representability,

representability of representations and (LACC) are equivalent

conditions. On the other hand, for arbitrary semi-abelian categories,

this is known to be false in general. Indeed, the category Bool
of Boolean rings is action representable [13] but does not satisfy

(LACC), as explained in Proposition 6.4 of [54]. Today it remains

an open problem whether local algebraic cartesian closedness implies

action representability/representability of representations, or if some

counterexample exists.

Remark 3.8.3. The fact that the variety Bool of Boolean rings is action

representable emphasises the necessity in Theorem 3.8.1 of working with

homogeneous varieties.

From Theorem 3.8.1, one might conclude that action representability

is a rather restrictive condition, particularly in the context of non-

associative algebras. On the other hand, Theorem 3.4.1 shows that action

accessibility, in our framework, is merely equivalent to the satisfaction

of certain degree-three identities, without imposing further conditions.

Therefore, it could be interesting to explore an intermediate condition.

Recently, G. Janelidze introduced such an intermediate notion in [67]:

weak representability of actions.
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Definition 3.8.4. A semi-abelian category C is said to be weakly action

representable if, for every object X in C, there exists an object T in C
and a monomorphism of functors

τ : Act( , X) ↣ HomC( , T ).

Such an object T is called a weak actor of X.

It is clear from the definition that every action representable category

is weakly action representable. Also in [67], it is proven that the

category AssocK is weakly action representable with a weak actor of X

given by the associative algebra

Bim(X) = {(f ∗ −,− ∗ g) ∈ End(X) × End(X)op | f ∗ (xy) = (f ∗x)y,
(xy) ∗ g = x(y ∗ g), x(f ∗ y) = (x ∗ g)y, ∀x, y ∈ X}

of bimultipliers of X (see [77]). The case of the category LeibK of Leibniz

algebras was studied in [37]. There the authors showed that a weak actor

of a Leibniz algebra X is the Leibniz algebra

Bider(X) = {(d,D) ∈ End(X)2 | d(xy) = d(x)y + xd(y),
D(xy) = D(x)y −D(y)x, xd(y) = xD(y), ∀x, y ∈ X}

of biderivations of X (see [74] and [80]), where the bilinear operation is

defined by

[(d,D), (d′, D′)] = (d ◦ d′ − d′ ◦ d,D ◦ d′ − d′ ◦D).

In the same paper, the representability of actions in the categories Pois
and CPois of (commutative) Poisson algebras was studied.

Another important observation made by G. Janelidze is that every weakly

action representable category is action accessible. We thus have that

action representable ⇒ weakly action representable ⇒ action accessible.

J. R. A. Gray proved in [57] that the varieties of n-solvable groups

where n > 3 are action accessible but not weakly action representable.

This partially answers a question asked by G. Janelidze in [67], whether
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reasonably mild conditions may be found on a semi-abelian category

under which the second implication may be reversed: already it makes

clear that not all action accessible semi-abelian varieties are weakly action

representable. In [27], the authors explored what happens for varieties of

non-associative algebras but were unable to find an example of an action

accessible variety that is not weakly action representable. This question

remains an open problem.





4 | Associativity of the Cosmash

Product

In this chapter, we characterise the operadic variety of commutative

associative algebras over a field through a categorical condition: cosmash

associativity. This condition, strongly tied to commutator theory, is

quite restrictive—for instance, groups do not satisfy it. However, in the

specific case of commutative associative algebras, the cosmash product

coincides with the tensor product, which explains its associativity in this

context. We demonstrate that within the framework of operadic varieties

of algebras over a field, this is the only non-abelian example. Further

examples in the non-operadic case are also examined, along with some

categorical implications of the cosmash associativity condition.

Aside from Section4.10, this chapter is extracted or adapted from the

published article [98].

4.1. Introduction

4.1.1. Motivation

In the previous chapter, two different characterisations of the variety LieK

of Lie algebras were discussed. Theorem 3.8.2 states that LieK is the

only non-abelian locally algebraically cartesian closed [54] subvariety

of AlgK, while Theorem 3.8.1 asserts that LieK is the only non-abelian

subvariety of AlgK where actions/representations are representable. Thus,

57
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we have two independent categorical descriptions of the variety LieK,

and consequently of the Jacobi identity (though restricted to anti-

commutative algebras).

This naturally leads us to the current question: How do we characterise

associative algebras? The answer, which forms the subject of this

chapter, is a categorical description of the variety of commutative

associative algebras over K within the class of operadic varieties over K.
We find that the variety of commutative associative algebras over K is

uniquely identified as the only operadic variety whose cosmash products

are not only symmetric but also associative in the sense of A. Carboni

and G. Janelidze—see Theorem 4.8.2. Therefore, the commutativity

and associativity of an algebra (a “microcosmic” property at the object

level) are characterised by associativity on the categorical level (a

“macrocosmic” property), a recurring theme throughout this thesis and

in category theory in general.

4.1.2. The cosmash product

In [30], A. Carboni and G. Janelidze extend the classical definition of

the smash product from pointed topological spaces to pointed objects

in suitable categories. Along the way, they study a condition called

smash associativity, which essentially requires that any ternary smash

product X ∧ Y ∧ Z is canonically isomorphic to either of the repeated

binary smash products (X ∧ Y ) ∧Z and X ∧ (Y ∧Z). Depending on the

surrounding category, this may or may not hold.

In the present chapter, we explore the dual notion of cosmash associativity,

focusing on the context of algebras over a field. Binary cosmash products

are known to be instrumental in the development of commutator theory

within general algebraic frameworks [60,61,82], as they can be viewed

as “objects of formal commutators.” For example, in the case of groups,

the binary cosmash product X ⋄ Y is generated by commutator words

of the form xyx−1y−1 (see Section 4.2). The binary definition of the

cosmash product corresponds to the n = 2 case of a more general n-ary

definition [30,61].
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In general, iterating the binary cosmash product does not yield the

desired higher-dimensional notion of an n-fold cosmash product. For

instance, given three objects X, Y , and Z in a suitable category, we

write X ⋄Y ⋄Z for the ternary cosmash product (n = 3) of X, Y , and Z.

This object need not be isomorphic to either (X ⋄Y )⋄Z or X ⋄(Y ⋄Z)—in

Section 4.4, we explain why such isomorphisms almost never hold for

groups or Lie algebras. Cosmash associativity refers to the condition

that these three objects are canonically isomorphic.

In this chapter, we examine this categorical condition in the context of

varieties of algebras over a field, as well as in the broader framework

of semi-abelian categories. Our initial hypothesis was that cosmash

associativity must be a relatively strong condition, given that even Lie

algebras fail to satisfy it. In fact, our main results—Theorem 4.7.10

and Theorem 4.8.2—demonstrate that, in the context of homogeneous

varieties of non-associative algebras, this condition is so strong that

it characterises when the multiplication is both commutative and

associative.

4.2. Cosmash products

In order to define cosmash associativity, which is the central concept of

this chapter, in Section 4.4, we need to explain what is a cosmash product.

In this section, we start with the binary cosmash product, asking ourselves

how we can extend it to a ternary one, and conclude that those two are

specific cases (for n ∈ {2, 3}) of an n-ary definition. In Section 4.3 we

shall see how, in the context of a semi-abelian category, this leads to a

categorical approach to the Higgins commutator. In this section, and

throughout the rest of the chapter unless otherwise stated, we work in a

pointed category (0 = 1) with finite sums, finite products, and kernels.

Notation 4.2.1. Let C be a pointed category with finite sums and finite

products and X, Y two objects of C. Then there exists a canonical

morphism

ΣX,Y :=
( 1X 0

0 1Y

)
: X + Y → X × Y.
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Definition 4.2.2. The binary cosmash product X ⋄ Y of two objects X

and Y in a pointed category with finite sums, finite products, and kernels

is defined as the kernel

0 ,2 X ⋄ Y � ,2
ιX,Y ,2 X + Y

ΣX,Y ,2 X × Y

of the morphism ΣX,Y .

This definition was first given (dually) by A. Carboni and G. Janelidze

in [30] where they define the (binary) smash product as the cokernel

of ΣX,Y . Independently, in [82], S. Mantovani and G. Metere used

the binary cosmash product as a so-called formal commutator in a

categorical approach to the Higgins commutator of [63]. Later, in [61],

M. Hartl and T. Van der Linden recovered it as a special case of a cross-

effect, using higher cosmash products—i.e., n-ary cosmashes for n ≥ 2,
see Definition 4.2.7—to capture the higher commutators of [63] as in

Section 4.3 below. See also [6] for a complementary point of view.

Examples 4.2.3. • If the category C is additive, then any cosmash

product X ⋄ Y is trivial, because each comparison morphism ΣX,Y

is an isomorphism. (We shall not worry here about potential non-

existence of kernels in additive categories, since we are only ever

taking kernels of monomorphisms.)

• In the category Grp of groups, it is well known that the cosmash

product of two objects X and Y is the subgroup of X+Y generated

by words of the form xyx−1y−1 and yxy−1x−1, where x ∈ X

and y ∈ Y . We recall the argument: any element w in X + Y can

be written as

w = x1y1 · · ·xnyn

where xi ∈ X and yi ∈ Y for all i ∈ {1, . . . , n}. If now w is x, y, xy,

yx, xyx′ or yxy′, then its image under ΣX,Y is respectively (x, 1),
(1, y), (x, y), (x, y), (xx′, y) or (x, yy′). For such a w, belonging

to the kernel X ⋄ Y of ΣX,Y simply means that w is trivial. If,

however, w = xyx′y′ or w = yxy′x′, then ΣX,Y sends it to (xx′, yy′),
so that it belongs to the kernel of ΣX,Y precisely when x′ = x−1
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and y′ = y−1. Now, a generic word w = x1y1 · · ·xnyn of length 2n
can be rewritten as

w = (x1y1x
−1
1 y−1

1 )y1x1x2y2 · · ·xnyn,

where x1x2 is another element x′ of X. We can observe that the

word y1x
′y2 · · ·xnyn is of length 2n− 1. Therefore, by an induction

argument, we may write

w = (x1y1x
−1
1 y−1

1 )(y1x
′y−1

1 x′−1) · · · (x′′y′′xnyn)

which is sent to (x′′xn, y
′′yn) by ΣX,Y . Hence if w ∈ X ⋄ Y ,

then x′′ = x−1
n and y′′ = y−1

n , so that w is a product of elements of

the form xyx−1y−1 and yxy−1x−1 with x ∈ X and y ∈ Y .

• In a variety V over a field K, for two algebras X and Y in V, the
coproduct X + Y is the set of (equivalence classes with respect to

the identities of V and those of X and Y of) the (non-associative)

polynomials with variables in X and Y (see Chapter 2). Hence

the cosmash product X ⋄ Y is the subalgebra of X + Y determined

by such polynomials where each monomial contains at least one

variable in X and one in Y . Indeed, those and no others are sent

by ΣX,Y to (0X , 0Y ). For example, yx is in X ⋄ Y but x2y + (yy)y
is not.

• Section 4.5 explains why in the variety CAssocK, the cosmash

product X ⋄ Y is the tensor product X ⊗ Y . (This is not to be

confused with the well-known fact that in the category of unitary

commutative associative algebras, the coproduct is already the

tensor product: see, for instance, [78].)

Next, we want to extend our definitions to n-ary cosmash products for

any natural number n ≥ 2. A first idea might be to define the ternary

cosmash product of three objects X, Y , Z in C by iterating the binary

cosmash product, which gives us X ⋄ (Y ⋄Z) or (X ⋄Y )⋄Z. The problem
with this approach is that those objects are not isomorphic in general,

as shown for instance in Examples 4.6.2 and Examples 4.7.1. Here, we

may already notice that in the category AlgK, for some x ∈ X, y ∈ Y



62 4. Associativity of the Cosmash Product

and z ∈ Z, the element x(yz) lies in X ⋄ (Y ⋄Z), yet it cannot be seen as

an element of (X ⋄ Y ) ⋄ Z, since x is outside the brackets. Actually, the

elements of X ⋄ (Y ⋄ Z) are not exactly polynomials with variables in X,

Y and Z, but rather polynomials with variables in X and in Y ⋄ Z.

In general, there is not even a canonical morphism from X ⋄ (Y ⋄ Z)
to (X ⋄Y ) ⋄Z. The idea is now to consider an unbiased ternary cosmash

product X ⋄ Y ⋄ Z which may act as a “common receptacle” for both, as

in the diagram

X ⋄ Y ⋄ Z

X ⋄ (Y ⋄ Z)

ΦX,Y,Z

3;

(X ⋄ Y ) ⋄ Z.

ΨX,Y,Z

ck

Asking that both ΦX,Y,Z and ΨX,Y,Z are isomorphisms then provides us

with a way to express that X ⋄ (Y ⋄Z) and (X ⋄ Y ) ⋄Z (and X ⋄ Y ⋄Z)
are isomorphic.

A first idea towards a definition of a ternary cosmash product X ⋄ Y ⋄ Z
might be to take the kernel of the morphism( 1X 0 0

0 1Y 0
0 0 1Z

)
: X + Y + Z → X × Y × Z.

However, in the category of groups, for example, the word xyx−1y−1 will

be an element of this kernel. This does not agree with what a commutator

word in X, Y and Z is supposed to be, since it contains no elements

of Z. Instead, we follow the approach of [6, 30,61]:

Definition 4.2.4. Let X, Y and Z be three objects of C and consider the

canonical morphism

ΣX,Y,Z :=
( ιX ιY 0

ιX 0 ιZ
0 ιY ιZ

)
: X + Y + Z → (X + Y ) × (X + Z) × (Y + Z).

The ternary cosmash product X ⋄ Y ⋄Z of X, Y and Z is defined as the

kernel of ΣX,Y,Z . The canonical inclusion is denoted ιX,Y,Z : X ⋄Y ⋄Z →
X + Y + Z.

With this definition, in the case of groups we cannot have elements

such as xyx−1y−1 in the ternary cosmash product. However, we have
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W_��

��

� ,2 ,2 (X + Y ) ⋄ Z
_��

ιX+Y,Z

��

(⟨1X ,0⟩⋄Z,⟨0,1Y ⟩⋄Z),2 (X ⋄ Z) × (Y ⋄ Z)
_��

��
·

��

� ,2 ,2 X + Y + Z

(
ιX 0 ιZ
0 ιY ιZ

)
,2(

ιX ιY 0
0 0 1Z

)
��

(X + Z) × (Y + Z)

��
· � ,2 ,2 (X + Y ) × Z ,2 (X × Z) × (Y × Z)

Figure 4.1: Ternary cosmash W ∼= X ⋄ Y ⋄ Z as cross-effect

elements such as xyx−1y−1zyxy−1x−1z−1 in X ⋄ Y ⋄ Z for some x ∈ X,

y ∈ Y and z ∈ Z. In the category AlgK, elements of X ⋄ Y ⋄ Z will be

polynomials where each monomial contains variables in X, Y and Z.

The same holds for any subvariety of AlgK. In any additive category,

the ternary cosmash product is the zero object, since there ΣX,Y,Z is a

monomorphism.

4.2.1. Another point of view

The following well-known lemma will be useful for us; its proof follows

immediately from the universal properties involved. It allows us to

obtain the alternative construction of the ternary cosmash product of

Lemma 4.2.6. We remark that the latter was already proven by M. Hartl

and B. Loiseau in [60].

Lemma 4.2.5. For some n ≥ 2, consider objects Y1, . . . , Yn and a

morphism (x1, . . . , xn) : X → Y1×· · ·×Yn. Then the kernel of (x1, . . . , xn)
is the intersection

⋂n
i=1 ker(xi) of the kernels of all the xi.

Lemma 4.2.6. The ternary cosmash product can be obtained out of the

binary cosmash as a so-called cross-effect [4, 61,62]. In fact, X ⋄ Y ⋄ Z
is a kernel of(

⟨1X , 0⟩ ⋄ Z, ⟨0, 1Y ⟩ ⋄ Z
)
: (X + Y ) ⋄ Z → (X ⋄ Z) × (Y ⋄ Z).

Proof. The upper row in Figure 4.1 represents W as a kernel of the
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morphism
(
⟨1X , 0⟩⋄Z, ⟨0, 1Y ⟩⋄Z

)
: indeed, the objectW being a pullback

is therefore the intersection of the kernels of
( ιX 0 ιZ

0 ιY ιZ

)
and

( ιX ιY 0
0 0 1Z

)
.

Thus, by Lemma 4.2.5, it is the intersection of the kernels of ⟨ιX , ιY , 0⟩,
⟨ιX , 0, ιZ⟩, ⟨0, ιY , ιZ⟩ and ⟨0, 0, 1Z⟩. Using again Lemma 4.2.5 and the

fact that the morphism ⟨0, 0, 1Z⟩ factors through ⟨ιX , 0, ιZ⟩, we prove

that W is the same as the kernel of ΣX,Y,Z .

See also Definition 4.2.9 and Remark 4.4.5 below. This viewpoint will

be helpful in Section 4.5 when we calculate the cosmash product in the

variety CAssocK, and also in Section 4.7 where it will allow us to obtain

Lemma 4.7.6.

4.2.2. Higher cosmash products

The binary and ternary cosmash products are instances of a general

definition:

Definition 4.2.7. [30, 61] For n ≥ 2, let X1, . . . , Xn be objects, and

consider the canonical morphism

ΣX1,...,Xn : X1 + · · · +Xn →
n∏

k=1

n∐
j=1
j ̸=k

Xj

determined by

π∐
j ̸=k Xj

◦ ΣX1,...,Xn ◦ ιXl
=

ιXl
if l ̸= k

0 if l = k.

The n-ary cosmash product X1 ⋄ · · · ⋄ Xn of X1, . . . , Xn is the kernel

of ΣX1,...,Xn . We write ιX1,...,Xn : X1 ⋄ · · · ⋄Xn → X1 + · · · +Xn for the

canonical inclusion.

Remark 4.2.8. Using that products and coproducts are symmetric, it is

easy to see that also Definition 4.2.7 is symmetric in the variables Xi

and thus, for any permutation σ ∈ Sn, we have that X1 ⋄ · · · ⋄ Xn
∼=

Xσ(1) ⋄ · · · ⋄Xσ(n). In some sense, it is precisely this fundamental feature

of the cosmash product which will limit the scope of our main result to

the context of (anti-)commutative algebras.
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Also higher-order cosmash products admit a cross-effect interpretation

(as in Lemma 4.2.6). In order to be sufficiently precise for the use we

make of this in Section 4.7, we recall the following definition from [61].

Definition 4.2.9. Let F : C → D be a functor from a pointed category

with finite sums C to a pointed category with finite products and

kernels D. The second cross-effect of F is the functor Cr2(F ) : C×C → D
defined as follows: it sends a pair of objects (X,Y ) in C × C to the

object Cr2(F )(X,Y ) which is the kernel of( F (⟨1X ,0⟩)
F (⟨0,1Y ⟩)

)
: F (X + Y ) → F (X) × F (Y )

—which extends to morphisms in the obvious manner.

Examples 4.2.10. We let C be a pointed category with finite coproducts,

products and kernels.

• It is immediately clear that when F = 1C we regain Definition 4.2.2,

so that X ⋄ Y = Cr2(1C)(X,Y ).

• Lemma 4.2.6 tells us thatX⋄Y ⋄Z ∼= Cr2((−)⋄Z)(X,Y ); in fact, the

functor C×C → C which sends a couple of objects (X,Y ) toX⋄Y ⋄Z
is the second cross-effect Cr2((−)⋄Z) of the functor (−)⋄Z : C → C.
By symmetry, also X ⋄ Y ⋄ Z ∼= Cr2(X ⋄ (−))(Y,Z).

• Lemma 2.20 in the first arXiv version of [61] implies that for any X,

Y , Z and W ,

Cr2(X ⋄Y ⋄(−))(Z,W ) ∼= X ⋄Y ⋄Z ⋄W ∼= Cr2((−)⋄Z ⋄W )(X,Y ).

The proof is a straightforward variation on Lemma 4.2.6.

Remark 4.2.11. Note that the cross-effect operation Cr2 may be seen as a

functor Fun(C,D) → Fun(C2,D) from Fun(C,D), the category of functors

from C to D, to Fun(C2,D), the category of functors from C2 to D. It

follows immediately from its construction in Definition 4.2.9 that Cr2
preserves natural monomorphisms.
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4.3. The Higgins commutator

In this section we work in a semi-abelian category (see Chapter 1).

If the objects considered in Examples 4.2.3 are subobjects K and L of

a common object X in the category C, then the cosmash product K ⋄
L consists of “formal commutator words” which lie in the coproduct

K + L, but are not concrete elements of X. By taking a suitable image

factorisation, this can be used to define the commutator of K and L as

a subobject of X.

Definition 4.3.1. [61,82] For an object X, consider subobjects K, L ≤ X

respectively represented by monomorphisms k : K → X and l : L → X.

We define the Higgins commutator [K,L] of K and L as the regular

image of the composite ⟨k, l⟩ ◦ ιK,L as in the diagram

K ⋄ L
ιK,L ,2

_��

K + L

⟨k,l⟩
��

[K,L] ,2 ,2 X.

We observe that, in the case of groups, this gives the usual commutator of

group theory. In the case of non-associative algebras, one can be tempted

to expect that elements such as kl− lk lie in [K,L]—which they do—but

not elements such as kl. However, the “universal” abelian subcategory of

any variety of non-associative K-algebras is the one defined by kl = 0, the
variety AbAlgK which, as already explained in Chapter 2, is isomorphic

to the category of K-vector spaces. So here, rather than characterising

commutativity, it characterises abelianness.

Remark 4.3.2. One could ask whether, in a given semi-abelian category,

the Higgins commutator of two normal subobjects is always normal—as

it is the case in the category of groups. It turns out that in general, the

answer is no: counterexamples were first given by A. S. Cigoli in his Ph.D.

thesis [34]. When this nevertheless happens for a semi-abelian category,

we say that the category satisfies normality of Higgins commutators. We

denote this condition by (NH). A detailed study of it can be found in [36].
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In the context of homogeneous varieties of algebras, it is characterised

by Theorem 3.4.1. In Chapter 5, we prove that semi-abelian categories

without abelian objects satisfy (NH).

As before, one can define the n-ary Higgins commutator [K1, . . . ,Kn] of
a finite collection Ki ≤ X of subobjects of an object X represented by

monomorphisms (ki : Ki → X)1≤i≤n for n ≥ 2 as the regular image

K1 ⋄ · · · ⋄Kn

ιK1,...,Kn,2

_��

K1 + · · · +Kn

⟨k1,...,kn⟩
��

[K1, . . . ,Kn] ,2
[k1,...,kn]

,2 X

of the composite ⟨k1, . . . , kn⟩◦ ιK1,...,Kn : this is the approach taken in [61]

towards a categorical version of the definition in [63].

4.4. Cosmash associativity

Thanks to Section 4.2, we are now able to explain what cosmash

associativity is, and see why this condition does not hold for some

“classical” algebraic objects. Section 4.5 deals with a specific variety of

algebras which does satisfy the cosmash associativity condition.

We again let C be a pointed category with finite sums, finite products,

and kernels. Let us observe that for any X, Y , Z ∈ C, there exists a

canonical comparison map from X ⋄ (Y ⋄ Z) (or from (X ⋄ Y ) ⋄ Z) to
the ternary cosmash product X ⋄ Y ⋄ Z. This can be seen through the

diagram

0 ,2 X ⋄ (Y ⋄ Z) � ,2
ιX,Y ⋄Z ,2

ΦX,Y,Z

��

X + (Y ⋄ Z)

1X+ιY,Z

��

ΣX,Y ⋄Z ,2 X × (Y ⋄ Z)

(ιX ,ιX)×ιY,Z

��
0 ,2 X ⋄ Y ⋄ Z � ,2

ιX,Y,Z

,2 X + (Y + Z)
ΣX,Y,Z

,2 (X + Y ) × (X + Z) × (Y + Z)

whose rows are exact sequences. Since the right hand square of the

diagram commutes, by the universal property of kernels there exists a
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unique morphism ΦX,Y,Z fromX⋄(Y ⋄Z) toX⋄Y ⋄Z making the left hand

square commute. Likewise, a canonical morphism ΨX,Y,Z : (X ⋄Y )⋄Z →
X ⋄ Y ⋄ Z may be constructed. Remark 4.4.5 below provides alternate

constructions for these comparison maps. As we shall explain, they need

not be isomorphisms in general—whence the following definition.

Definition 4.4.1. [30] A pointed category with finite sums, finite products,

and kernels C is said to be cosmash associative, or satisfies cosmash

associativity, whenever for every three objects X, Y , Z in C the two

canonical comparison maps

X ⋄ Y ⋄ Z

X ⋄ (Y ⋄ Z)

ΦX,Y,Z

∼=

3;

∼=
,2 (X ⋄ Y ) ⋄ Z

ΨX,Y,Z

∼=

ck

are invertible, which yields the dotted comparison isomorphism.

This definition is in some sense redundant. Indeed, suppose that for

any X, Y , Z ∈ C, the comparison map ΦX,Y,Z : X ⋄ (Y ⋄Z) → X ⋄ Y ⋄Z
is an isomorphism. Since by Remark 4.2.8 we have that X ⋄ (Y ⋄
Z) ∼= (Y ⋄ Z) ⋄ X and X ⋄ Y ⋄ Z ∼= Y ⋄ Z ⋄ X, also the comparison

map ΨY,Z,X : (Y ⋄ Z) ⋄X → Y ⋄ Z ⋄X is an isomorphism. This shows

that in order to prove the cosmash associativity of a category C, it suffices

to check the property for any one of the two canonical comparison maps.

Note that we are already using this redundancy, in some sense, since we

never mention the third canonical comparison map Y ⋄(X⋄Z) → X⋄Y ⋄Z.

Examples 4.4.2. • Any additive category is cosmash associative, since

all cosmash products are trivial. In particular, the varieties AbAlgK

and TrivK are so.

• The variety CAssocK of commutative associative K-algebras is

cosmash associative, since the cosmash product corresponds to

the tensor product. See Section 4.5 for further details.

• In [30], examples are given of (non-algebraic) categories which

satisfy the dual condition: the so-called smash product is associative.
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• In the category Grp of groups, cosmash products are not associative

in general, essentially because commutators are not associative.

Indeed, if they were, it would be possible to deduce for any triple of

subgroupsK, L,M ≤ X that [[K,L],M ] = [K,L,M ] as subobjects
of X. This does, however, contradict the fact that [K, [L,M ]] need
not be contained in [[K,L],M ]. We may, for instance, take K =
L = Z viewed as included on the left in X = M = Z + Z. Here the

latter commutator [[Z,Z],Z + Z] vanishes since Z is abelian, while

the former [Z, [Z,Z + Z]] is highly non-trivial.

• A similar reasoning works to prove that cosmash products of Lie

algebras need not be associative. A more direct argument will

be given below (Example 4.6.4), where the result follows from an

analysis of the comparison morphism occurring in Definition 4.4.1.

• From Corollary 7.5.3, we know that the category of Heyting

semilattices (which is studied in Chapter 7) is not cosmash

associative.

Remark 4.4.3. Proposition 2.21 in [61] tells us that removing brackets in

a commutator enlarges the object, which can be written as

[[K1, . . . ,Ki],Ki+1, . . . ,Kn] ≤ [K1, . . . ,Kn]

for each 2 ≤ i ≤ n − 1, where the Kj are subobjects of an object X.

This does not hold for cosmash products. In particular, the comparison

maps in Definition 4.4.1 need not be injective in general—see Section 4.7.

In fact, they need not be surjections either, as explained in Section 4.6.

Both conditions make sense on their own, and will be explored in some

detail in what follows.

Remark 4.4.4. One might be tempted to define cosmash associativity

as the condition that X ⋄ (Y ⋄ Z) and (X ⋄ Y ) ⋄ Z are isomorphic

objects. This idea does not seem as fruitful as the approach taken

here, essentially because there exists no canonical map between these two

objects. Furthermore, our methodology is compatible with the underlying

so-called lax-monoidal structure of the cosmash product, which we plan

to further investigate in subsequent work.
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Remark 4.4.5. Lemma 4.2.6 gives us an alternative view on the

construction of the comparison maps: for instance, ΨX,Y,Z is the unique

dotted factorisation in the diagram

(X ⋄ Y ) ⋄ Z

ΨX,Y,Z

��

ιX,Y ⋄Z

%,
X ⋄ Y ⋄ Z � ,2 ,2 (X + Y ) ⋄ Z

( ⟨1X ,0⟩⋄Z
⟨0,1Y ⟩⋄Z

)
,2 (X ⋄ Z) × (Y ⋄ Z)

Cosmash associativity may thus be viewed as a kind of left exactness

property of the functor (−) ⋄ Z : C → C, since it means that the

morphism ιX,Y ⋄ Z is the intersection of the kernels of ⟨1X , 0⟩ ⋄ Z
and ⟨0, 1Y ⟩ ⋄ Z.

A linear independence result

We now take the time to analyse a rather technical consequence of cosmash

associativity, a key aspect of the structure of the cosmash product of

three free algebras which turns out to be important in what follows.

Let V be a variety of K-algebras which satisfies no non-trivial identities

of degree smaller than or equal to 2. We assume that A, B and C are

free V-algebras on a single generator written a, b and c, respectively.

We start by studying the structure of the cosmash product A ⋄B. We

notice that, since V has no identities of degree lower than 3, as a vector

space, the algebra A ⋄B may be written as a direct sum K[{ab, ba}] ⊕ V

where K[{ab, ba}] denotes the free vector space on the monomials ab

and ba, and all monomials in V have strictly larger degree. Since the

multiplication on A ⋄ B has an image which is contained in V , the

identities of V leave the space K[{ab, ba}] untouched.

Likewise, the free algebra C may be written as a direct sum K[{c}] ⊕W

where K[{c}] denotes the free vector space on the monomial c, and all

monomials in W have strictly larger degree.

The third item of Examples 4.2.3 essentially tells us that the

coproduct (A ⋄ B) + C has, for its underlying vector space, a sum of
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tensor products

(A ⋄B) ⊕C ⊕
(
(A ⋄B) ⊗C

)
⊕

(
C ⊗ (A ⋄B)

)
⊕

(
C ⊗ (A ⋄B) ⊗C

)
⊕ · · ·

quotiented by the identities of V. Now

(
(A ⋄B) ⊗ C

)
⊕

(
C ⊗ (A ⋄B)

)
∼=

(
(K[{ab, ba}]⊕V )⊗(K[{c}]⊕W )

)
⊕

(
(K[{c}]⊕W )⊗(K[{ab, ba}]⊕V )

)
,

where we may observe that those elements of its subset

D :=
(
K[{ab, ba}] ⊗ K[{c}]

)
⊕

(
K[{c}] ⊗ K[{ab, ba}]

)
∼= K[{(ab)c, (ba)c, c(ab), c(ba)}]

which lie in the image of the algebra multiplication arise from multiplying

an element of K[{ab, ba}] with an element of K[{c}]. Hence, the fact that V
has no equations of degree 2 ensures that these terms are left untouched

by the above-mentioned quotient. We see that the underlying vector

space of (A ⋄B) +C is D⊕X where X is a quotient of the direct sum of

(A ⋄B) ⊕ C ⊕
(
C ⊗ (A ⋄B) ⊗ C

)
⊕ · · ·

with

(K[{ab, ba}] ⊗W ) ⊕ (V ⊗ K[{c}]) ⊕ (V ⊗W )
⊕ (K[{c}] ⊗ V ) ⊕ (W ⊗ K[{ab, ba}]) ⊕ (W ⊗ V ).

In particular, D is a subspace of (A ⋄ B) + C, which proves the

independence in (A⋄B)+C of the set of polynomials {(ab)c, (ba)c, c(ab), c(ba)}.
Since (A ⋄B) ⋄ C is a subobject of (A ⋄B) + C, this gives us:

Lemma 4.4.6. Let V be a variety of K-algebras which satisfies no non-

trivial identities of degree smaller than or equal to 2. Let A, B and C be

free algebras on a single generator written a, b and c, respectively. Then

all the “degree 3 monomials” in (A ⋄B) ⋄ C are linearly independent: if

λ1(ab)c+ λ2(ba)c+ λ3c(ab) + λ4c(ba) = 0

in (A ⋄B) ⋄ C, then λi = 0 for all 1 ≤ i ≤ 4.
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Remark 4.4.7. The above procedure is easily modified to yield

strengthenings of, and variations on, Lemma 4.4.6. For instance, the set

of monomials

{(ab)ω(c), (ba)ω(c), ω(c)(ab), ω(c)(ba)}

where ω(c) is any non-zero element of K[{c}] is still linearly independent

in the algebra (A ⋄B) ⋄ C. As a consequence, if E = K[{e1, . . . , en}] is
free on the set of generators {e1, . . . , en}, then the surjective algebra

morphism f : E → C : ei 7→ c induces the algebra morphism

(1A ⋄ 1B) ⋄ f : (A ⋄B) ⋄ E → (A ⋄B) ⋄ C.

If now

λ1(ab)ϕ(e1, . . . , en) + λ2(ba)ϕ(e1, . . . , en)
+ λ3ϕ(e1, . . . , en)(ab) + λ4ϕ(e1, . . . , en)(ba)

is zero in (A ⋄B) ⋄ E, then

λ1(ab)ϕ(c, . . . , c) + λ2(ba)ϕ(c, . . . , c)
+ λ3ϕ(c, . . . , c)(ab) + λ4ϕ(c, . . . , c)(ba) = 0

in (A ⋄ B) ⋄ C, so that λi = 0 for all 1 ≤ i ≤ 4. In particular,

the monomials (ab)ϕ(e1, . . . , en), (ba)ϕ(e1, . . . , en), ϕ(e1, . . . , en)(ab)
and ϕ(e1, . . . , en)(ba) are linearly independent in (A ⋄ B) ⋄ E, for any

non-zero element ϕ(e1, . . . , en) of E.

This may be further generalised by considering arbitrary non-zero

elements of K[{ab, ba}] instead of just ab or ba.

4.5. Cosmash and tensor

The aim of this short section is to recall from [30] that in the operadic

variety CAssocK, the cosmash product is the tensor product over K.
It follows that here, cosmash products are associative. We prove the

result in full detail, so that it may serve as a basis for similar results in

Section 4.9.



4.5. Cosmash and tensor 73

In the variety CAssocK, the product of two algebras A and B is just the

cartesian product A⊕B of the underlying vector spaces, equipped with

the pointwise multiplication. It is also well known that the coproduct

of A and B has

A⊕ (A⊗B) ⊕B

for its underlying vector space, equipped with the multiplication

determined by

(a, a′ ⊗ b′, b)(c, c′ ⊗ d′, d)
= (ac, ac′ ⊗d′ +a⊗d+a′c⊗b′ +a′c′ ⊗b′d′ +a′ ⊗b′d+c⊗b+c′ ⊗bd′, bd) .

Indeed, given any two morphisms f : A → C and g : B → C, the map

A⊕ (A⊗B) ⊕B → C :
(
a,

∑
i

ai ⊗ bi, b
)

7→ f(a) +
∑

i

f(ai)g(bi) + g(b)

is the unique algebra morphism which restricts to f and g via the

inclusion of A on the left and of B on the right. Using the commutativity

of the algebras in CAssocK, it is easily seen that this agrees with the

description in the third item of Examples 4.2.3. In particular, the

map sending a ∈ A to (a, 0, 0), b ∈ B to (0, 0, b) and ab to (0, a ⊗ b, 0)
determines an algebra isomorphism from the coproduct as described in

Examples 4.2.3 to A⊕ (A⊗B) ⊕B with the given multiplication.

Proposition 4.5.1. In the variety CAssocK, A ⋄ B ∼= A ⊗ B via the

isomorphism

A⊗B → A ⋄B : a⊗ b 7→ ab .

Proof. It suffices to notice that the comparison morphism

⟨(1A, 0), (0, 1B)⟩ : A⊕ (A⊗B) ⊕B → A⊕B

sends an element (a, a′ ⊗ b′, b) to (a, 0) + (a′, 0)(0, b′) + (0, b) = (a, b), so
that its kernel is the tensor product A⊗B. The form of the isomorphism

in terms of description in the third item of Examples 4.2.3 follows right

away from the description of the coproduct recalled above.

Proposition 4.5.2. In the variety CAssocK we have A⋄B⋄C ∼= (A⊗B)⊗C
for all algebras A, B, C.
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Proof. Via Proposition 4.5.1, the exact sequence in Lemma 4.2.6 becomes

0 ,2 A ⋄B ⋄ C � ,2 ,2 (A+B) ⊗ C ,2 (A⊗ C) × (B ⊗ C)

which says that the vector space underlying A ⋄ B ⋄ C is the kernel of

the linear map

(A⊕(A⊗B)⊕B)⊗C ∼= (A⊗C)⊕((A⊗B)⊗C)⊕(B⊗C) → (A⊗C)⊕(B⊗C) ,

which is necessarily isomorphic to (A ⊗ B) ⊗ C. It is clear that the

algebra structures agree with this.

Corollary 4.5.3. The variety CAssocK has an associative cosmash product,

which is part of a symmetric monoidal structure whose unit is the field K.

Remark 4.5.4. This works as well when K is a commutative ring with

unit; we regain, for instance, the example of commutative rings (=

commutative associative Z-algebras) considered in [30].

4.6. Surjectivity of the comparison maps

Let V be a homogeneous variety of algebras over a field K. Let A, B

and C be free algebras in V , respectively generated by elements a, b and

c. Suppose the map ΦA,B,C : A ⋄ (B ⋄C) → A ⋄B ⋄C is surjective. Then

the polynomial (ab)c lies in the image of ΦA,B,C . So some polynomial

α1a(bc) + α2a(cb) + α3(bc)a+ α4(cb)a+ t(a, b, c)

exists in A ⋄ (B ⋄ C) which is mapped to (ab)c by ΦA,B,C . Here α1, . . .,

α4 ∈ K and t(a, b, c) is a polynomial in a, b and c which does not contain

any multilinear monomial of degree 3. This implies that in A+B + C,

we have

(ab)c = α1a(bc) + α2a(cb) + α3(bc)a+ α4(cb)a+ t(a, b, c) .

Since A+B+C is free, this expression is a linear combination of identities

of V. By the homogeneity of those identities, necessarily also

(ab)c = α1a(bc) + α2a(cb) + α3(bc)a+ α4(cb)a
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is an identity of V. We can think of this as an identity which “pulls the

left factor a out of the parentheses” in the expression (ab)c. Doing the

same for the polynomial (ba)c gives us the identity

(ba)c = β1a(bc) + β2a(cb) + β3(bc)a+ β4(cb)a ,

which pulls the right factor out of the parentheses. The polynomials c(ab)
and c(ba) net us the identities

c(ab) = γ1a(bc) + γ2a(cb) + γ3(bc)a+ γ4(cb)a

and

c(ba) = δ1a(bc) + δ2a(cb) + δ3(bc)a+ δ4(cb)a ,

which allows to pull the factors out when the parentheses are located on

the right.

Proposition 4.6.1. A homogeneous variety of K-algebras V is such that

for all algebras X, Y , Z in V the comparison map

ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z

is surjective, if and only if elements αi, βi, γi and δi, i ∈ {1, 2, 3, 4} exist

in K for which

(xy)z = α1x(yz) + α2x(zy) + α3(yz)x+ α4(zy)x
(yx)z = β1x(yz) + β2x(zy) + β3(yz)x+ β4(zy)x
z(xy) = γ1x(yz) + γ2x(zy) + γ3(yz)x+ γ4(zy)x
z(yx) = δ1x(yz) + δ2x(zy) + δ3(yz)x+ δ4(zy)x

(4.1)

are identities of V.

This immediately excludes certain homogeneous varieties:

Examples 4.6.2. • AlgK does not satisfy the identities (4.1), since

it does not satisfy any non-trivial equations; more generally, any

homogeneous variety of algebras that does not have any degree

three identities cannot have surjective comparison maps ΦX,Y,Z .

For instance, the variety ComK of (non-associative) commutative

algebras is such.
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• The variety of (non-commutative) associative algebras does not

satisfy the second identity in (4.1), so it cannot be cosmash

associative—even though it satisfies a degree three equation.

Assuming (anti-)commutativity, what should we add for the ΦX,Y,Z

to become surjective? We may deduce from the first equation that

some λ ∈ K exists such that

(xy)z = λx(yz).

In the commutative case, this implies that

x(yz) = (yz)x = λy(zx) = λy(xz) = (yx)z = (xy)z = λx(yz) ,

whence λ = 1, meaning the algebras of our variety are associative. The

same calculation as above in the anti-commutative case nets x(yz) =
−λx(yz), which implies that λ = −1, meaning the algebras of our variety

are anti-associative.

Lemma 4.6.3. Let V be a homogeneous variety of K-algebras such that

for all algebras X, Y , Z in V the comparison map

ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z

is surjective. If (anti-)commutativity holds in the variety V then so does

(anti-)associativity.

Example 4.6.4. By the above reasoning, Lie algebras are essentially

excluded: indeed, since the validity of the equations makes anti-

commutativity imply anti-associativity, from the Jacobi identity we may

deduce

0 = x(yz) + y(zx) + z(xy) (Jacobi identity),

= x(yz) − (yz)x− (xy)z (anti-associativity and anti-commutativity),

= x(yz) + x(yz) + x(yz) (anti-commutativity and anti-associativity).

When char(K) ̸= 3, we conclude that x(yz) = 0 and so, since not

all Lie algebras are 2-nilpotent, the variety LieK does not satisfy

the equations (4.1) of Proposition 4.6.1. We come back to the

equation zxy = 0 in Example 4.7.2, and eliminate the characteristic 3
case in Proposition 4.7.8.
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We may now consider some positive examples.

Example 4.6.5. Each of the varieties CAssocK and ACAAssocK is an

example of an operadic variety of algebras over a field K in which the

equations (4.1) of Proposition 4.6.1 can be satisfied. For instance, in the

first case, we may take

α1 = β1 = γ1 = δ1 = 1

and all other coefficients zero.

Example 4.6.6. We may create non-classical examples by means of a

careful choice of coefficients in (4.1). For instance, the subvariety V
of AlgK determined by(xy)z = (yz)x = (zx)y

x(yz) = y(zx) = z(xy)

fits those identities, because we may choose

γ1 = δ2 = α3 = β4 = 1

and all other coefficients zero.

Note that here, the comparison maps ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z
need not be injective: if we take X = A, Y = B and Z = C the free

algebras is this subvariety generated by elements a, b and c, we may

calculate that

(a(bc))a = (b(ca))a = ((ca)a)b = ((aa)c)b = (cb)(aa)

in A ⋄B ⋄ C. However, (aa)(bc) = (a(bc))a = (cb)(aa) need not hold in

A ⋄ (B ⋄ C) by the reasoning in Remark 4.4.7.

Example 4.6.7. Another, quite similar example is the operadic variety of

so-called perm algebras (see [33] and [75, page 235]), which are determined

by the identities (xy)z = x(yz) = x(zy). Here we may choose

α1 = β3 = γ4 = δ4 = 1

and all other coefficients zero.
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Remark 4.6.8. The identities (4.1) imply the λ/µ-rules from

Theorem 3.4.1 which we rewrite as follows:

z(xy) = λ1y(zx) + λ2x(yz) + λ3y(xz) + λ4x(zy)
+ λ5(zx)y + λ6(yz)x+ λ7(xz)y + λ8(zy)x

(xy)z = λ9y(zx) + λ10x(yz) + λ11y(xz) + λ12x(zy)
+ λ13(zx)y + λ14(yz)x+ λ15(xz)y + λ16(zy)x.

Indeed, we may take

λ2k = γk, λ2k+8 = αk

for 1 ≤ k ≤ 4 and all other λi zero. Where the identities (4.1) allow us to

“pull the x out of the parentheses”, the λ/µ-rules allow us to “pull the z

into the parentheses”; which is clearly weaker, since to pull out the x,

we need to pull in the z. Hence any homogeneous variety of K-algebras
with surjective comparison maps ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z is a

variety satisfying the equivalent conditions from Theorem 3.4.1.

On the other hand, the variety LieK satisfies the λ/µ-rules, but we just

saw that it does not satisfy the equations of Proposition 4.6.1. The

same holds for the variety of (non-commutative) associative algebras

considered in Examples 4.6.2.

4.7. Injectivity of the comparison maps

4.7.1. Examples and counterexamples

It is easy to give examples of varieties of K-algebras whose comparison

morphisms ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z fail to be injective.

Examples 4.7.1. • We may, for instance, consider the variety of K-
algebras that satisfy no other identities besides the identity x(yz)−
x(zy) = 0: in the situation of Lemma 4.4.6, an identity of degree

two is missing for us to conclude that a(bc) = a(cb) in A ⋄ (B ⋄C),
even though this equality holds in A ⋄B ⋄ C.
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• Example 4.6.6 shows that the comparison maps ΦX,Y,Z need not

be injective even when they are surjective.

Lemma 4.4.6 provides us with an additional technique to exclude cosmash

associativity for certain types of algebras. Indeed, when each morphism

ΨX,Y,Z : (X ⋄ Y ) ⋄ Z → X ⋄ Y ⋄ Z

is an injection, if A, B and C are free algebras as in the statement of the

lemma, then

λ1(ab)c+ λ2(ba)c+ λ3c(ab) + λ4c(ba) = 0

in A ⋄B ⋄ C implies λi = 0 for all 1 ≤ i ≤ 4. Hence, for instance:

Example 4.7.2. An extreme variation on the theme in Examples 4.7.1 is

the subvariety Nil2(AlgK) of AlgK determined by the equations

(xy)z = 0 = x(yz).

Here all ternary cosmash products vanish, so that each of the comparison

maps ΦX,Y,Z is surjective. The above technique, however, allows us to

prove that this variety is not cosmash associative. The reason is, that a

repeated binary cosmash product in Nil2(AlgK) may be non-trivial. For

instance, if A, B and C are freely generated by a, b and c as above,

then (ab)c is a non-zero element of (A ⋄B) ⋄ C by Lemma 4.4.6.

We note that the comparison morphisms ΦX,Y,Z can be injective without

being all surjective:

Example 4.7.3. The operadic variety AlgK itself is such. Indeed, by

lack of any non-trivial identities in this variety, any equality between

elements of X ⋄ (Y ⋄ Z) must either be induced by an equality in X,

Y or Z or by basic polynomial manipulations. None of this happens

more easily in X ⋄ Y ⋄ Z, so that the map ΦX,Y,Z is indeed injective. Its

non-surjectivity was already commented upon in Examples 4.6.2.

Remark 4.7.4. When A, B and C are free non-associative algebras,

Example 4.7.3 implies that the elements of A ⋄ (B ⋄ C) are polynomials,
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since they may now be viewed as elements of the free algebra A+B +C.

Part of this extends to the free algebras of any variety of K-algebras V ≤
AlgK, even for those varieties which are not cosmash injective: indeed,

their cosmash product—whose elements are thus polynomials modulo

identities in V—will be a quotient of the cosmash product A ⋄ (B ⋄ C)
in AlgK for some free non-associative algebras A, B and C. Here we may

essentially follow the reasoning of Subsection 2.5 of [46]. This provides a

complementary view on 4.4.

Example 4.7.5. Recall from Examples 4.6.2 that also the operadic variety

of non-associative commutative algebras has non-surjective ΦX,Y,Z . On

the other hand, all ΦX,Y,Z are injective, since any equality between two

elements of the cosmash product X ⋄ Y ⋄ Z is induced by a finite chain

of applications of the commutative law. (For instance, if x ∈ X, y ∈ Y

and z ∈ Z, then x(yz) + x((yz)z) = x(zy) + x((yz)z) is such.) Each

such application, however, is also valid in the algebra X ⋄ (Y ⋄ Z), as an
instance of commutativity either in X + (Y ⋄ Z) or in Y + Z. It follows

that there are no equalities in X ⋄ Y ⋄Z between elements of X ⋄ (Y ⋄Z)
which do not already hold in X ⋄ (Y ⋄ Z).

The case of commutative algebras is in some sense generic. In what follows,

we prove that in a variety with surjective ΦX,Y,Z , these comparison maps

can only be injective if an identity of degree two holds (Proposition 4.7.9).

By means of Lemma 2.3.1, we may then deduce that the algebras are

either commutative or anti-commutative.

4.7.2. Preparatory results

We first need to extend Lemma 4.4.6 to a result which holds for quaternary

cosmash products. In a category C in which all comparison maps ΦX,Y,Z

are monomorphisms, we consider objects X, Y , Z and W . Then the

natural transformation

Φ ,Z,W : ( ) ⋄ (Z ⋄W ) → ( ) ⋄ Z ⋄W : C → C
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is a monomorphism. On the other hand, by the second item in

Examples 4.2.10,

X ⋄ Y ⋄ (Z ⋄W ) ∼= Cr2((−) ⋄ (Z ⋄W ))(X,Y ),

while by the third item in Examples 4.2.10,

X ⋄ Y ⋄ Z ⋄W ∼= Cr2(( ) ⋄ Z ⋄W )(X,Y ).

Since by Remark 4.2.11, the functor Cr2 preserves natural

monomorphisms, we thus find a monomorphism

X ⋄ Y ⋄ (Z ⋄W ) ∼= Cr2(( ) ⋄ (Z ⋄W ))(X,Y )
→ Cr2(( ) ⋄ Z ⋄W )(X,Y )
∼= X ⋄ Y ⋄ Z ⋄W,

which when composed with the injection

ΦX,Y,Z⋄W : (X ⋄ Y ) ⋄ (Z ⋄W ) → X ⋄ Y ⋄ (Z ⋄W )

yields an inclusion (X ⋄ Y ) ⋄ (Z ⋄W ) → X ⋄ Y ⋄ Z ⋄W which happens

to be the canonical map. Hence:

Lemma 4.7.6. The canonical comparison morphism

(X ⋄ Y ) ⋄ (Z ⋄W ) → X ⋄ Y ⋄ Z ⋄W

is a monomorphism whenever Φ ,Z,W : ( )⋄(Z ⋄W ) → ( )⋄Z ⋄W : C → C
is a natural monomorphism.

Lemma 4.7.7. Suppose V is a variety of K-algebras which satisfies no

non-trivial identities of degree smaller than or equal to 2 and in which

the comparison map

ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z

is always injective. Let A, B, C and D be free algebras in V on a single

generator written a, b, c and d, respectively. Then the sets of polynomials

{(ab)c, (ba)c, c(ab), c(ba)}
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and

{(ab)(cd), (ba)(cd), (ab)(dc), (ba)(dc), (cd)(ab), (cd)(ba), (dc)(ab), (dc)(ba)}

are linearly independent in the free algebra A+B + C +D.

Furthermore, if either commutativity or anti-commutativity is added to the

identities of V, then (ab)c and (ab)(cd) are still non-zero in A+B+C+D.

Proof. Independence of the first set follows from Lemma 4.4.6 and the

comment immediately following it, once we notice that the coproduct A+
B + C is the free algebra on {a, b, c}. For the second set, we note that

by Lemma 4.7.6, the comparison map

(A ⋄B) ⋄ (C ⋄D) → A ⋄B ⋄ C ⋄D

is injective as well. Analogously to the reasoning in Lemma 4.4.6,

we can prove the given polynomials are indeed linearly independent

in A+B + C +D. The final statement follows from a straightforward

variation on the reasoning leading up to Lemma 4.4.6 in the settings of

commutative and anti-commutative algebras, where the structure of the

coproduct is simpler.

We may now return to Example 4.6.5 where we explained that the

variety ACAAssocK of anti-commutative anti-associative K-algebras
has surjective ΦX,Y,Z . It is not cosmash associative, though—unless

char(K) = 2, which is just the commutative case again:

Proposition 4.7.8. If K is a field of characteristic different from 2, then
a variety of anti-commutative anti-associative K-algebras is only cosmash

associative when it is abelian.

Proof. This follows from the well-known fact that we may deduce the

identity xyzt = 0 from anti-associativity. Indeed,

(xy)(zt) = −((xy)z)t = (x(yz))t = −x((yz)t) = x(y(zt)) = −(xy)(zt),

whence (xy)(zt) = 0 follows—as long as char(K) ̸= 2. Letting A, B, C,

D be free with respective generators a, b, c, d we have that, in particular,
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the element (ab)(cd) of A+B+C +D is zero. Lemma 4.7.7 now tells us

that, if the variety in question is non-abelian, then the canonical ΦX,Y,Z

cannot all be injective.

4.7.3. Result and proof

From this, combined with Lemma 4.6.3 and Lemma 2.3.1, we may now

deduce that amongst varieties of algebras which satisfy an identity of

degree two, only the commutative associative ones are potentially cosmash

associative. In what follows, our strategy is to show that injectivity of

the comparison maps, together with the identities (4.1), implies the

existence of such a degree two identity. Indeed, assuming a variety

to be cosmash associative entails some linear dependence conditions

(Proposition 4.6.1), while additionally assuming the non-existence of non-

trivial degree ≤ 2 identities implies some linear independence conditions

(Lemma 4.7.7). We will now proceed to explain how one can show

that these two assumptions contradict each other, allowing us to obtain

Proposition 4.7.9. This mirrors the approach taken in Chapter 3, where a

computer-assisted proof is required to demonstrate that such a degree-two

identity must hold.

Proposition 4.7.9. If a homogeneous variety of K-algebras V has an

associative cosmash product, then the variety must satisfy at least one

non-trivial identity of degree ≤ 2.

Suppose we are given any multilinear monomial M in n ≥ 3
variables x1, . . . , xn and any multilinear monomial X in a subset of

the variables {x1, . . . , xn}. Observe that there is at most one identity

among (4.1) that can be used to pull X one step out of the parentheses.

This allows us to define a linear map HX from multilinear polynomials

(in the variables xi) to multilinear polynomials. For each multilinear

monomial M we define HX(M) as follows:

1. if one of the left hand sides of the identities (4.1), where x is taken

to be X, is applicable to the monomial M , then we let HX(M)
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be the polynomial we get by substituting the corresponding right

hand side of the applicable identity into M ;

2. otherwise, we let HX(M) equal M .

By linear extension we can apply the map HX to any multilinear

polynomial. We note that the case (2) happens precisely when X does

not appear as a submonomial of M , or when M = XY or M = Y X for

some submonomial Y .

In effect, HX pulls the submonomialX one step outside of the parentheses

in each monomial, whenever possible. For example, if p(a, b, c, d) =
d(a(bc)), then Hb(p) will be

γ1d(b(ca)) + γ2d(b(ac)) + γ3d((ca)b) + γ4d((ac)b) .

On the other hand

Hb(b(a(dc))) = b(a(dc)) ,

because none of the left hand sides of the identities (4.1) is applicable

when x = b, since this b is already completely outside of the parentheses.

Note that HX acts by transforming non-associative polynomials using the

identities (4.1) that hold in any cosmash associative variety. Therefore,

when viewing polynomials modulo the identities of a cosmash associative

variety, HX behaves as the identity transformation.

We can now proceed as follows. Starting with a polynomial such

as p(a, b, c) = (ab)c, we have

Hb(p) = β1b(ac) + β2b(ca) + β3(ac)b+ β4(ca)b

and

Hb(Ha(p)) = (α2α3 + α4β2 + α1γ2 + α2δ2)b(ac)
+ (α1α3 + α4β1 + α1γ1 + α2δ1)b(ca)
+ (α3α4 + α4β4 + α1γ4 + α2δ4)(ac)b
+ (α3α3 + α4β3 + α1γ3 + α2δ3)(ca)b.
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We must have

Hb(Ha(p)) −Hb(p) = 0

modulo the identities of V , since V is assumed to be cosmash associative.

Moreover, observe that the monomials of Hb(Ha(p)) −Hb(p) are scalar

multiples of the elements of the set

{b(ca), b(ac), (ca)b, (ac)b}

of linearly independent polynomials (Lemma 4.7.7) in the free algebra

in V generated by {a, b, c}. Therefore, the coefficients of the monomials

must be zero, giving us the four equations

α2α3 + α4β2 + α1γ2 + α2δ2 − β1 = 0
α1α3 + α4β1 + α1γ1 + α2δ1 − β2 = 0
α3α4 + α4β4 + α1γ4 + α2δ4 − β3 = 0
α3α3 + α4β3 + α1γ3 + α2δ3 − β4 = 0 .

Each of these equations expresses an equality involving elements αi, βi,

γi, δi of the field K, which allows us to view their left hand sides as

associative commutative polynomials over Z with variables in K. Hence
these four equations may be considered as equations in the “ordinary” (=

associative commutative unitary) polynomial algebra over the symbols αi,

βi, γi, δi, 1 ≤ i ≤ 4, which we shall here denote Z[αi, βi, γi, δi].

Our end goal is to reach an inconsistent system of equations by varying p

and the applications of HX , with each choice giving us a set of equations

in the variables αi, βi, γi and δi, which need to be satisfied under our

assumptions.

We get a total of 32 degree 2 equations by applying HX in various ways

to p = (ab)c and p = a(bc). However, these 32 equations do not form an

inconsistent system, so we add another 64 degree 3 equations, which we

produce using the same schema as described above, except p will be a

degree 4 monomial and we will be using the independence of the set

{(ab)(cd), (ba)(cd), (ab)(dc), (ba)(dc), (cd)(ab), (cd)(ba), (dc)(ab), (dc)(ba)}

of monomials, which is stated in Lemma 4.7.7. The full set of equations

is listed in Appendix A.2, along with the corresponding choices of p and
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the applications of HX which generate them. We note that there is a lot

of redundancy in that set of equations. By random sampling we have

found a subset of 39 equations which is inconsistent as well. However, it

is computationally less intensive to prove the inconsistency of the full set

of equations.

Proof of Proposition 4.7.9. Using Lemma 4.7.7 repeatedly on several

polynomials p, the above process yields a system of equations (fi =
0)1≤i≤96 in the algebra Z[αi, βi, γi, δi]; see Appendix A.2. We show that

this system is inconsistent, by providing coefficients µi in Z[αi, βi, γi, δi]
such that

∑
µifi is a non-zero integer in K. Clearly then, a common

solution for the equations (fi = 0)1≤i≤96 cannot exist. Hence, the

hypothesis of Lemma 4.7.7 that V does not satisfy any non-trivial

equations of degree 2 must be false.

The size of the system makes it impossible to do the calculations by

hand. We used the open-source software package Singular [40] both

for generating the system of equations and proving its inconsistency (by

means of a Gröbner basis calculation). The code as well as its output

are accessible via [97].

We first find coefficients µi such that
∑
µifi equals the integer m in

Appendix A.1. This already shows the inconsistency of the system

when either K has characteristic zero, or K has a prime characteristic p

which does not divide m. We exclude all the other prime characteristics

as follows. We first redo the calculations with the roles of δ3 and δ4
swapped, which yields coefficients νi such that

∑
νifi is the integer m′

in Appendix A.1. The Euclidean algorithm tells us that the greatest

common divisor of m and m′ is 2. Hence we only need to check that

the system is inconsistent when K has characteristic 2, and a separate

calculation shows that this is indeed the case.

Using Lemma 2.3.1 and Proposition 4.7.8, from this we may deduce:

Theorem 4.7.10. If a homogeneous variety of K-algebras is cosmash

associative, then it must satisfy at least one of the identities xy − yx, xy

or x. As a consequence, it is a subvariety of CAssocK.
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Remark 4.7.11. The reasoning leading up to Proposition 4.7.9 stays valid

when K is an integral domain. On the other hand, its interpretation in

Theorem 4.7.10 makes use of Lemma 2.3.1, which is not valid at that

level of generality. It seems the best we can do is consider varieties that

satisfy a law of the form λxy + µyx = 0, something we shall not pursue

in this thesis.

4.8. The operadic case

We are now going to show that in the operadic context (where, recall,

the varieties may be presented in terms of multilinear identities), the

only cosmash associative subvarieties of CAssocK are AbAlgK and TrivK.

By Remark 2.1.6, the following then applies in particular when the

characteristic of K is zero.

Proposition 4.8.1. Let V be an operadic variety of K-algebras with the

cosmash associativity property. If V is a proper subvariety of CAssocK,

then either V = AbAlgK or V = TrivK.

Proof. We consider a proper subvariety V of CAssocK whose cosmash

product is associative. Since it is a proper subvariety, there exists some

homogeneous polynomial φ characterising V which cannot be deduced

from associativity and commutativity. We prove by induction on the

degree of φ that its existence combined with the cosmash associativity

property implies that either xy = 0 or x = 0 is an identity of V.

First, if deg(φ) = 1, then x = 0 trivially holds in V.

Next, if deg(φ) = 2, then Lemma 2.3.1 tells us that either xy + yx = 0
or xy = 0 holds in V. If the characteristic of K is 2, then xy + yx = 0
is an identity of CAssocK, so xy = 0 must hold in the proper subvariety

V. Otherwise, the weakest non-trivial equation of degree two we may

add to commutativity is anti-commutativity. Then both commutativity

and anti-commutativity are identities of the variety V, which implies

that xy = 0 holds.



88 4. Associativity of the Cosmash Product

Finally, if deg(φ) = n ≥ 3, then by using commutativity and associativity

the identity can be rewritten as

(x1 · · ·xn−2)(xn−1xn) = 0 (4.2)

where by multilinearity all of the xi are different. Then, by

considering X, Y and Z to be the free algebras in V respectively

generated by {x1, . . . , xn−2}, {xn−1} and {xn}, the hypothesis that the

comparison map

X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z

is an isomorphism implies that (x1 · · ·xn−2)(xn−1xn) = 0 in the algebra

X ⋄ (Y ⋄ Z) ≤ X + (Y ⋄ Z).

Lemma 4.7.7 allows us to vary on the reasoning in Remark 4.4.7 in order

to deduce that either the identity xy = 0 holds in V, or xn−1xn = 0
in Y ⋄ Z so that xy = 0 holds in V , or x1 · · ·xn−2 = 0 in X, which gives

a simple induction argument leading to the same conclusion.

Theorem 4.8.2. Let K be a field. The cosmash product in an operadic

variety of K-algebras V is associative if and only if V is one of the

following:

1. the variety CAssocK of associative and commutative K-algebras;

2. the variety AbAlgK of abelian K-algebras, which is isomorphic

to VectK;

3. the variety TrivK, containing only K-algebras of cardinality one.

Proof. That cosmash associativity holds for these varieties is clear

from Section 4.5 and the fact that additive categories have trivial

cosmash products (Examples 4.4.2). The other implication follows from

Theorem 4.7.10 and Proposition 4.8.1.
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4.9. Non-operadic varieties

Certain aspects of the theory may be extended to non-operadic varieties

of K-algebras, which gives rise to some new examples, as well as a few

complications.

In this context, what we call a variety of K-algebras as in Definition 2.1.5

is simply a subvariety of AlgK in the sense of universal algebra: a collection

of K-algebras that satisfy a set of (not necessarily homogeneous or

multilinear, but necessarily polynomial) equations. For instance:

Example 4.9.1 (Alternating (anti-)associative algebras). An algebra

is alternating if the identity xx = 0 holds. We write AltK for the

variety of anti-associative and alternating algebras over K. The variety

AltK only differs from ACAAssocK when char(K) = 2; then the former

is strictly smaller, because anti-commutativity xy = −yx does not

imply xx = 0 in this case (cf. Remark 2.1.6). Rather, then the algebras

are associative and commutative, so AltK may be seen as the subvariety

of CAssocK determined by the identity xx = 0. Still under the condition

that char(K) = 2, it is easy to check that the coproduct of two alternating

(anti-)associative K-algebras in the variety CAssocK does actually lie

in AltK, which makes it the coproduct there as well. Hence the proof of

Proposition 4.5.1 applies, and the variety AltK has an associative cosmash

product, just like CAssocK.

Thanks to Theorem 2.1.8, when K is an infinite field, any variety of

K-algebras is determined by its homogeneous identities only. Hence,

while such a variety need not be operadic, the results of Section 4.6 and

Section 4.7 stay true. Thus we obtain the following:

Proposition 4.9.2. Over an infinite field K, any variety of K-algebras with
associative cosmash products is a variety of associative and commutative

K-algebras.

On the other hand, Proposition 4.8.1 becomes more complicated if the

varieties are not operadic, because multilinearity of the equations plays

a crucial role here. In characteristic zero, Theorem 4.8.2 stays valid as is
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because of Remark 2.1.6. In prime characteristics this is no longer true,

since the multilinearisation process may fail. It is exactly this which is

exploited in the following example, which generalises Example 4.9.1.

Example 4.9.3 (xp = 0 in characteristic p). The variety CAssocp
K from

Examples 2.1.7 has an associative cosmash product. To see this, we

simply add to the proof of Proposition 4.5.1 a verification that the

coproduct of two algebras that satisfy xp = 0 does again satisfy this

equation. Indeed, if x = (a, a′ ⊗ b′, b) where ap = (a′)p = (b′)p = bp = 0,
then

xp =
(
(a, 0, b) + (0, a′ ⊗ b′, 0)

)p = (a, 0, b)p + (0, a′ ⊗ b′, 0)p

=
(
(a, 0, 0) + (0, 0, b)

)p + (0, (a′)p ⊗ (b′)p, 0)
= (a, 0, 0)p + (0, 0, b)p = (ap, 0, 0) + (0, 0, bp) = 0

by the binomial theorem (used twice) and the fact that char(K) = p, we

have
(p

k

)
= 0 for each integer 0 < k < p.

Variations on this idea give rise to further examples; our aim is to study

those in future work.

When the field K is finite, Theorem 2.1.8 no longer applies, and the

identities of a variety of K-algebras may be non-homogeneous. This

yields yet another kind of example, as for instance:

Example 4.9.4 (Boolean rings). The variety of Boolean rings may be

seen as the subvariety BoolK of CAssocK, where K is the finite field Z2,

determined by the equation x = xx. It is easy to see that the coproduct

of two Z2-algebras that satisfy x = xx does again satisfy this equation.

Hence we may extend Proposition 4.5.1 to see that BoolZ2 has an

associative cosmash product. This shows that over finite fields, examples

of a very different nature exist.

4.10. Categorical-algebraic consequences

We conclude this chapter by exploring two categorical-algebraic

consequences of the associativity of the cosmash product.
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4.10.1. Commutator associativity

In Examples 4.4.2, we demonstrate that the category Grp of groups

is not cosmash associative by primarily showing that commutators in

groups are generally not associative. While it is evident that any cosmash

associative category must have associative commutators, the following

proposition allows us to refine this observation and provide a more precise

characterisation.

Proposition 4.10.1. In any semi-abelian category, for all K, L, M ≤ A,

by taking images in the definition of the commutators involved, the

comparison

ΨK,L,M : (K ⋄ L) ⋄M → K ⋄ L ⋄M

induces an inequality [[K,L],M ] ≤ [K,L,M ]. Furthermore, the following

conditions are equivalent:

(i) for all objects X, Y , Z, the comparison ΨX,Y,Z is a regular

epimorphism;

(ii) for all subobjects K, L, M ≤ A, we have [[K,L],M ] = [K,L,M ].

Proof. We may verify the slogan that that removing brackets in a

commutator enlarges the object (Remark 4.4.3) by looking at the diagram

in Figure 4.2. The same diagram shows that that (i) implies (ii). The

arrow (K ⋄ L) ⋄M → [K,L] ⋄M is a regular epimorphism because the

functor (−) ⋄M preserves those [61, 82]. The dotted arrow is induced as

in

(K ⋄ L) ⋄M

_��

,2 [K,L,M ]
��

��
[[K,L],M ]

3;

,2 A

where the vertical arrow on the left is a strong epimorphism and the

vertical arrow on the right is a monomorphism.

To show that (ii) implies (i), we consider its special case where K = X,

L = Y , M = Z and A = X + Y + Z, which gives us the diagram in
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(K ⋄ L) +M

_��

ιK⋄L+1M ,2 K + L+M

⟨k,l,m⟩

��

(K ⋄ L) ⋄M

_��

ΨK,L,M ,2
/ 3;

ιK⋄L,M

3;

K ⋄ L ⋄M

_��

/ 3;
ιK,L,M

3;

[K,L] +M
⟨[k,l],m⟩ ,2 A

[K,L] ⋄M
/ 3;

ι[K,L],M
3;

� ,2 [[K,L],M ] ,2 ,2
07

[[k,l],m]

07

[K,L,M ]
3; [k,l,m]

3;

Figure 4.2: ΨK,L,M induces [[K,L],M ] ≤ [K,L,M ]

(X ⋄ Y ) + Z

_��

ιX⋄Y +1Z ,2 X + Y + Z

(X ⋄ Y ) ⋄ Z

_��

ΨX,Y,Z ,2
/ 3;

ιX⋄Y,Z

3;

X ⋄ Y ⋄ Z
/ 3;

ιX,Y,Z

3;

[X,Y ] + Z
[ιX ,ιY ]+1Z ,2 X + Y + Z

[X,Y ] ⋄ Z
/ 3;

ι[X,Y ],Z
3;

� ,2 [[X,Y ], Z] ,2 ,2
07
[[ιX ,ιY ],ιZ ]

07

[X,Y, Z]
/ 3; [ιX ,ιY ,ιZ ]

3;

Figure 4.3: Ternary cosmash as ternary commutator
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Figure 4.3. On the one hand, the commutator [X,Y, Z] of X, Y and Z

viewed as included in X + Y + Z is nothing but the cosmash product

X ⋄ Y ⋄ Z. On the other hand, the commutator [[X,Y ], Z] is obtained
via two image factorisations as on the left. We see that (i) holds since

the dotted inclusion of the latter into the former commutator is a regular

epimorphism.

Definition 4.10.2. We say that a semi-abelian category C is commutator

associative whenever one of the two equivalent conditions of

Proposition 4.10.1 is satisfied.

Examples 4.10.3. • Of course, any cosmash associative category is

commutator associative.

• As already mentioned earlier, the category Grp is not commutator

associative.

• In the context of varieties of non-associative algebras, commutator

associativity is therefore the subject of Section 4.6.

• Quite tautologically, commutator associativiy holds in all two-

nilpotent semi-abelian categories, which are defined by the condition

that all ternary cosmash products (and hence also all ternary

commutators) vanish. However, not all two-nilpotent semi-abelian

categories are cosmash associative. The variety Nil2(AlgK) (see

Examples 2.1.7) is a counterexample.

Corollary 4.10.4. Any commutator associative semi-abelian category

satisfies the condition (W).

Proof. The proof is straightforward. We refer to Section 7.5 for a

presentation of the condition (W).

Remark 4.10.5. It remains unclear whether the converse of the previous

corollary holds.
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4.10.2. Normality of Higgins commutators

As we noted in Section 4.3, it is natural to ask whether a semi-

abelian category satisfies the normality of Higgins commutators. In

Theorem 4.10.7, we prove that any semi-abelian category with associative

commutators must satisfy a stronger version of (NH). To make the proof

concise and clear, we first recall the following result by S. Mantovani

and G. Metere:

Theorem 4.10.6. [82] In a semi-abelian category C, a subobject X ≤ A

of an object A in C is a normal subobject of A if and only if the Higgins

commutator [X,A] is a subobject of X.

Now, in a semi-abelian category, consider two subobjects X,Y ≤ A of an

object A, with X normal in A. The Higgins commutator [X,Y ] is normal

in A if and only if [[X,Y ], A] is a subobject of [X,Y ] by Theorem 4.10.6.

If we assume the category is commutator associative, then using the

normality of X, we have:

[[X,Y ], A] ∼= [[X,A], Y ] ≤ [X,Y ].

Theorem 4.10.7. Let C be a semi-abelian category. If C is commutator

associative, then C satisfies the following condition:

For any object A, given two subobjects X and Y of A with X

normal in A, the Higgins commutator [X,Y ] is normal in A.

We refer to this as strong normality of Higgins commutators and

denote (SNH).

Remark 4.10.8. It is clear that any category satisfying (SNH) also

satisfies (NH). However, the converse does not hold; the category Grp of

groups provides a counterexample. To see this, consider the symmetric

group S4 and the following two subgroups:

X = ⟨(12)(34), (13)(24)⟩,
Y = ⟨(1234), (13)⟩.
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It can be verified that X is normal in S4, yet the commutator

subgroup [X,Y ] is the non-normal subgroup generated by the

element (13)(24).

For homogeneous varieties of algebras, the condition (SNH) can be

characterised as follows:

Theorem 4.10.9. Let V be a homogeneous variety of algebras. The

following are equivalent:

(i) V satisfies the strong normality of Higgins commutators;

(ii) for all algebras X, Y , Z in V the comparison map

ΦX,Y,Z : X ⋄ (Y ⋄ Z) → X ⋄ Y ⋄ Z

is surjective;

(iii) elements αi, βi, γi and δi, i ∈ {1, 2, 3, 4} exist in K for which

(xy)z = α1x(yz) + α2x(zy) + α3(yz)x+ α4(zy)x
(yx)z = β1x(yz) + β2x(zy) + β3(yz)x+ β4(zy)x
z(xy) = γ1x(yz) + γ2x(zy) + γ3(yz)x+ γ4(zy)x
z(yx) = δ1x(yz) + δ2x(zy) + δ3(yz)x+ δ4(zy)x

(4.3)

are identities of V.

Proof. The equivalence between (ii) and (iii) is simply Proposition 4.6.1.

The implication (ii) ⇒ (i) is Theorem 4.10.7. In order to conclude, we

prove that the implication (i) ⇒ (iii) is true.

Let A be the free algebra in V generated by three elements x, y, and z.

Define X as the subalgebra of A generated by x and Y as the normal

closure of the subalgebra of A generated by y. If V satisfies (SNH),

then, as previously explained, we have [[X,Y ], A] ≤ [X,Y ]. Since

the element (xy)z belongs to [[X,Y ], A], it must also belong to [X,Y ].
Because A is a free algebra and V is a homogeneous variety, this implies

the existence of elements α1, α2, α3, α4 ∈ K such that

(xy)z = α1x(yz) + α2x(zy) + α3(yz)x+ α4(zy)x.
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The remaining identities can be proven in the same way.



5 | Arithmetical Categories

The aim of this chapter is to deepen our understanding of arithmetical

categories, particularly in the semi-abelian context. Specifically, we will

investigate Higgins commutators and their behaviour in the arithmetical

setting. Beyond being of intrinsic interest, the results we present here

will prove valuable for the study of Heyting semilattices—an example

of arithmetical categories—which will be explored in greater detail in

Chapter 7.

A significant portion of this chapter is extracted or adapted from an

article currently in preparation [48].

5.1. Some preliminaries

In this section, we review some fundamental concepts concerning relations

and commutators in semi-abelian categories. For a comprehensive

treatment of internal relations, we refer the reader to the Appendix of [10].

It is worth recalling that a corollary of Proposition 1.2.5 establishes that

any semi-abelian category is, in fact, a Mal’tsev category.

Connectors

The notion of a connector is a standard tool in commutator theory

for Mal’tsev varieties [103], which has been extended to a categorical

97
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framework in [92]. Consider two equivalence relations

R A
r1

r2

σR and S A
s1

s2

σS

on a common object A. We construct the pullback

R×A S S

R A

pS

pR

eS

s1

r2

eR σS

σR

where eR and eS are the induced sections.

Definition 5.1.1. [21] A connector p on (R,S) is a morphism

p : R×A S → A

such that p ◦ eR = r1 and p ◦ eS = s2. When such a connector exists, we

say that the equivalence relations R and S Smith-commute.

Remarks 5.1.2. • In terms of elements, the connector p can be seen

as a morphism satisfying

p(a, b, b) = a and p(a, a, b) = b.

In other words, p acts as a partial Mal’tsev operation on A.

• In a Mal’tsev category, if two equivalence relations Smith-commute,

then the associated connector is necessarily unique.

• An internal reflexive graph

C1 C0
d

c
e

admits a groupoid structure if and only if the kernel pair

relations Eq(c) and Eq(d) admit a connector. In this case, the

internal groupoid structure on the reflexive graph is unique if

the category is a Mal’tsev category, as noted earlier. For further

insights on internal graphs and groupoids, we refer the reader

to [10, Appendix A].

• Every equivalence relation on an object A Smith-commutes with

the discrete relation ∆A.
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Cooperators

In the context of a semi-abelian category, there is an approach to

commutators for subobjects that originates from Huq [10, 64], closely

mirroring the classical commutator theory for groups, Lie algebras, and

similar structures.

Definition 5.1.3. Given two subobjects x : X ↣ A and y : Y ↣ A, a

cooperator φ on the pair (X,Y ) with respect to A is a morphism φ : X×
Y → A such that the following diagram commutes.

X X × Y Y

A

(1X ,0)

x
φ

(0,1Y )

y

When such a cooperator exists, we say that X and Y cooperate or

Huq-commute in A.

As in the case of connectors, cooperators are necessarily unique in our

context. In the category of groups, this definition behaves as expected:

it can be shown that two subgroups X and Y cooperate if and only

if xy = yx for all x ∈ X and y ∈ Y . A detailed analysis of this notion in

the context of Heyting semilattices is provided in Chapter 7.

When an object X Huq-commutes with itself, we recover Definition 1.3.5,

which states that X is an abelian object.

Now, given two subobjects X and Y of A, we construct the diagram

X

X × Y Q A

Y

(1X ,0) x

q

y(1Y ,0)
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where Q is the colimit of the outer square.

Definition 5.1.4. [16] The Huq-commutator [X,Y ]Huq of X and Y in A

is the kernel of q : A → Q.

This object [X,Y ]Huq is the smallest normal subobject N of A such

that X and Y cooperate in A/N . The following helps to understand the

previous definitions.

Proposition 5.1.5. Given two subobjects X and Y in A, they admit a

cooperator if and only if [X,Y ]Huq = 0.

There exists a strong relationship between cooperators and connectors.

In fact, for any equivalence relation R on A we can define its

normalisation NR as being the subobject

NR R A
ker(r1) r2

which is normal in A.

Proposition 5.1.6. [21] Whenever two equivalence relations R and S on a

common object admit a connector, then their respective normalisations NR

and NS admit a cooperator.

We may ask whether the converse holds: that is, whether

If the normalisations NR and NS of two equivalence

relations R and S Huq-commute, then R and S Smith-

commute.

In general, this is not the case for all semi-abelian categories,

given that the category of digroups and the category of loops are

counterexamples [10, 61]. This condition is called the Smith is Huq

condition (SH) and was studied by many authors because of its

(co)-homological consequences [100, 101], its impact in the study of

internal categorical structures [1, 83] or its importance for characterising

crossed modules [61, 66]. The condition (SH) is known to be true

for arithmetical categories [84] and for pointed strongly protomodular

categories [21]. In Chapter 7, we discuss strengthenings of (SH) and

their validity in Heyting semilattices.
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The Higgins commutator

Another commutator for subobjects, following a more universal-algebraic

approach, is the Higgins commutator, which was initially introduced

for Ω-groups by P. J. Higgins [63] and later extended to a categorical

framework by S. Mantovani and G. Metere [82]. We refer the reader to

Chapter 4 for its definition.

A significant result, established in [82], relates the Huq commutator

and the Higgins commutator: for any two subobjects X and Y of an

object A, the Huq commutator [X,Y ]Huq is the normal closure of the

Higgins commutator [X,Y ]. This underlines the non-equivalence of the

two commutators in general. However, it remains true that:

[X,Y ]Huq = 0 ⇔ [X,Y ] = 0.

For the purposes of the following sections, it is essential to note that the

binary cosmash product X ⋄ Y of two objects can be interpreted as the

intersection of X♭Y and Y ♭X within X + Y , where X♭Y is defined as

the kernel of the morphism:

⟨1X , 0⟩ : X + Y → X.

This observation is an application of Lemma 4.2.5. Consequently, since

the Higgins commutator [X,Y ] of two subobjects X,Y ⊆ A is the regular

image of X ⋄ Y under ⟨x, y⟩, it naturally leads to the question of what

the regular image of X♭Y represents. The following result provides an

extension of Lemma 6.12 in [35].

Proposition 5.1.7. Let x : X ↣ A and y : Y ↣ A be two subobjects of

an object A in a semi-abelian category. Then the regular image of X♭Y

under the morphism ⟨x, y⟩ : X + Y → A is the normal closure of Y in

the join X ∪ Y , which we denote by Y X .

Proof. We consider the commutative diagram

X♭Y X + Y X

L X ∪ Y Q

k

ϕ

⟨1X ,0⟩

u p

l q
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where k is the kernel of ⟨1X , 0⟩, u is the regular epimorphism from

the factorisation of ⟨x, y⟩, (Q, p, q) is the pushout of the morphisms u

and ⟨1X , 0⟩, and l is the kernel of q. From those data, we know that p

and q are regular epimorphisms (pushouts of regular epimorphisms are

regular epimorphisms) and that there exists a unique ϕ making the left

hand square commute.

Applying [82, Corollary 4.2], we can deduce that ϕ is a regular

epimorphism. In other words, L is the regular image of X♭Y under u

and thus under ⟨x, y⟩.

In order to conclude, it remains to prove that q is the cokernel of the

inclusion Y ↣ X ∪ Y which is routine.

Corollary 5.1.8. Let x : X ↣ A and y : Y ↣ A be two subobjects of an

object A in a semi-abelian category. Then we have that

[X,Y ] ⊆ XY ∩ Y X .

Proof. The regular image of an intersection is always a subobject of the

intersection of the regular images.

Now, regarding the n-ary Higgins commutator, we first recall that many

of its basic properties are presented in [61, Proposition 2.21]. It is

important to emphasise that, much like the n-ary cosmash product, the

n-ary Higgins commutator is not simply built from iterated binary ones,

unless additional conditions are met (see [102]).

Using Lemma 4.2.5 once again, we can deduce that the n-ary cosmash

product X1 ⋄ · · · ⋄Xn is given by the intersection

n⋂
i=1

(
n∐

j ̸=i

Xj)♭Xi.

By applying variations of the techniques we previously used, we obtain

the following results:
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Proposition 5.1.9. Given n subobjects xi : Xi ↣ A in a semi-

abelian category, the regular image of (
∐n

j ̸=iXj)♭Xi under the

morphism ⟨x1, . . . , xn⟩ corresponds to Xi

⋃
k

Xk , the normal closure of Xi

in X1 ∪ · · · ∪Xn.

Corollary 5.1.10. Given n subobjects xi : Xi ↣ A in a semi-abelian

category, we have the inclusion

[X1, . . . , Xn] ⊆ X

⋃
k

Xk

1 ∩ · · · ∩X

⋃
k

Xk
n .

5.2. Categories without abelian objects

Arithmetical categories were first defined by M. C. Pedicchio in [93] as

follows:

Definition 5.2.1. An exact Mal’tsev category C with coequalisers is said

to be arithmetical if for any object X the lattice of equivalence relations

on X is distributive.

Later, D. Bourn removed the requirement for the existence of

coequalisers [15]. In this chapter, when we discuss arithmetical

categories, we are mainly thinking about categories without abelian

objects, also known as antiadditive categories in the unital context [15].

This is due to the following result, which, though likely known, appears

to lack an explicit proof in the existing literature.

Theorem 5.2.2. Let C be a semi-abelian category. The following are

equivalent:

(i) C is arithmetical,

(ii) the category of groupoids in C is equivalent to the category of

reflexive relations in C,

(iii) the only abelian object of C is the zero object.
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Proof. (i) ⇔ (ii): Proven in [93].

(ii) ⇒ (iii): We present an alternative proof to the one in [15] (see Remark

3.19). Let A be an abelian object in C. This implies that there is a

groupoid structure on A 0. By hypothesis, we then have that the

zero morphism A → 0 is jointly monomorphic with itself. This implies

that A is a zero object.

(iii) ⇒ (ii): Let

G = (C1 C0
d

c
e )

be a groupoid. We want to prove that it is a relation. We know that G is

a reflexive graph such that the kernel pairs Eq(c) and Eq(d) commute in

the sense of Smith (Remarks 5.1.2). Using Proposition 5.1.6, this implies

that the kernels ker(c) and ker(d) of c and d commute in the sense of

Huq. By monotonicity of the Huq commutator, we then have that

[ker(c) ∩ ker(d), ker(c) ∩ ker(d)] = 0,

which is nothing else than saying that ker(c) ∩ ker(d) is an abelian object

in C. By hypothesis, it is then the zero object. This proves that c and d

are jointly monomorphic (Proposition 1.2.4 and Lemma 4.2.5), in other

words G is a relation.

Remark 5.2.3. This theorem highlights a distinctive aspect of arithmetical

categories. In fact, the result above can be viewed as an “antithesis”

to Theorem 1.3.6. Unlike the various categorical conditions we have

discussed so far (such as (NH), the representability of actions, or the

associativity of the cosmash products), abelian categories generally do not

satisfy arithmeticity. A category that is both abelian and arithmetical is

equivalent to the trivial category, consisting of a single zero object.

In Universal Algebra, varieties with distributive lattices of congruences

were already studied. The following proposition is a useful

characterisation due to A. F. Pixley.

Proposition 5.2.4. [94] A variety is arithmetical if and only if the

corresponding canonical algebraic theory contains a ternary operation p
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for which the equations

p(x, y, y) = x p(x, x, y) = y p(x, y, x) = x

hold.

The first two equations define p as a Mal’tsev operation, while the third

is often referred to as the Pixley axiom.

Examples 5.2.5. Using this characterisation, Köhler demonstrates in [71]

that the variety HSLat is arithmetical, since the ternary operation p,

defined by

p(x, y, z) = ((x ⇒ y) ⇒ z) ∧ ((z ⇒ y) ⇒ x) ∧ ((z ⇒ x) ⇒ x),

satisfies the equations from Proposition 5.2.4. Other examples of

arithmetical categories include the category of Boolean rings with

or without unit, von Neumann regular rings, and the dual of any

topos (see [10]). The category LGrp of lattice-ordered groups forms an

arithmetical semi-abelian category (see [7] and [29]). However, we have

not identified any ternary operation in the literature that satisfies the

equations from Proposition 5.2.4 for this case.

5.3. Higgins commutators in an arithmetical context

As we recalled above, in [92], M. C. Pedicchio defined a commutator [R,S]
for two arbitrary equivalence relations R and S on an object X in an

exact Mal’tsev category with coequalisers. Her definition generalises

the one from Smith in the context of Mal’tsev varieties [103], which

explains why it is often referred to as the Smith–Pedicchio commutator.

Later, in [93], not only she defines arithmetical categories, but she also

characterises them as follows:

Theorem 5.3.1. Let C be an exact Mal’tsev category with coequalisers.

The following are equivalent:

(i) C is arithmetical,
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(ii) for any equivalence relations R, S on a common object, we have

[R,S] = R ∩ S

Here, our goal is similar but instead of studying commutators of

equivalence relations, we focus on Higgins commutators and move to a

semi-abelian context. First we need the following lemma.

Lemma 5.3.2. In a semi-abelian category without abelian objects, let K,

L ⊴ A be two normal subobjects of A and f : A → B be a regular

epimorphism. Then we have that

f(K) ∩ f(L) = f(K ∩ L).

Proof. Applying [18, Theorem 2.1], we know that the quotient

f(K) ∩ f(L)
/
f(K ∩ L)

is an abelian object. However, abelian objects are trivial by hypothesis

which concludes the proof.

This allows us to prove without any effort another characterisation for

arithmetical categories in the semi-abelian context.

Theorem 5.3.3. Let C be a semi-abelian category. The following are

equivalent:

(i) The only abelian object of C is the zero object.

(ii) Let X, Y ⊆ A be two subobjects of A in C; the Higgins commutator

of X and Y is XY ∩ Y X .

(iii) Every object A in C is perfect, which means that [A,A] = A.

Proof. (i) ⇒ (ii): Knowing that X ⋄ Y = X♭Y ∩ Y ♭X, we simply apply

Lemma 5.3.2 with K and L being respectively X♭Y and Y ♭X and then

consider their regular image in A.
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(ii) ⇒ (iii): For any object A we have that [A,A] = AA ∩AA = A.

(iii) ⇒ (i): Considering an abelian object A, we have that

A = [A,A] = 0

.

Example 5.3.4. No homogeneous variety of algebras over a field K, aside
from TrivK, satisfies the equivalent conditions outlined in the previous

theorem. In fact, for any homogeneous variety V, a vector space V with

trivial multiplication xy = 0 is an abelian object in V. However, this

observation fails when we consider non-homogeneous varieties, as the

variety Bool is a counterexample.

We observe that if in Theorem 5.3.3 we take X and Y to be normal

subobjects, then their Higgins commutator is their intersection in A.

Moreover, since the intersection of two normal subobjects is again a

normal subobject, we have in this case that the commutator of Higgins

is the Huq commutator. In other words, we have the following, which

extends Proposition 2.2 in [58]:

Corollary 5.3.5. A semi-abelian category without abelian objects

satisfies (NH).

Since the n-ary cosmash product can also be seen as an intersection,

applying similar techniques and Proposition 5.1.9 we conclude the

following:

Theorem 5.3.6. Let C be a semi-abelian category. The following are

equivalent:

(i) The only abelian object of C is the zero object.

(ii) For any n ≥ 2, given n subobjects Xi ⊆ A, the inequality of

Corollary 5.1.10 is an equality:

[X1, . . . , Xn] = X

⋃
k

Xk

1 ∩ · · · ∩X

⋃
k

Xk
n .
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(iii) For any n ≥ 2, every object A in C is n-perfect, which means that

the n-ary Higgins commutator [A, . . . , A] is A.

Morally, this means that, in a semi-abelian context, arithmetical

categories can be seen as the ones with largest Higgins commutators

possible, so that A = [A,A] = [A,A,A] = [A, . . . , A] for any object A.

Since the Smith-Pedicchio commutator [R,S] is always smaller

than R ∩ S [93], Theorem 5.3.6 can be understood in the spirit of

Theorem 5.3.1.

Corollary 5.3.7. Let C be a semi-abelian category without abelian objects

and n ≥ 2 a natural number. Then C satisfies the condition

For any n normal subobjects Ki ⊴ A, the n-ary Higgins

commutator [K1, . . . ,Kn] is a normal subobject of A

which we denote (NH)n.

We propose to name the condition (NH)n the n-normality of Higgins

commutators. It is clear that for n = 2 we recover the aforementioned

normality of Higgins commutators. We remark that the converse of

the previous corollary is not true, since the category Grp of groups

satisfies (NH), while of course non-trivial abelian objects exist (namely,

the abelian groups).
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In this chapter, we introduce the notion of transitivity of normality.

This will appear in a joint work with X. Garćıa-Mart́ınez, J. R. A Gray,

M. A. Hoefnagel and T. Van der Linden [48]. We first give the

definition with a few examples and then prove some categorical-algebraic

consequences of this condition.

A significant portion of this chapter is extracted or adapted from an

article currently in preparation [48].

6.1. Definition and examples

Definition 6.1.1. We say that in a semi-abelian category, normality

is transitive or that it satisfies transitivity of normality (ToN) when

any composite of two normal monomorphisms is again a normal

monomorphism.

Remark 6.1.2. Since in a semi-abelian category, normal epimorphisms are

always closed under composition [10], the condition (ToN) is equivalent

to Axiom (ex2) in [52].

Examples 6.1.3. • Any abelian category satisfies (ToN), because all

monomorphisms are normal.

• The condition (ToN) does not hold in the category of groups. A

counterexample can be given in the symmetric group S4.

• The arithmetical semi-abelian category Setop
∗ , the dual of the

category of pointed sets, satisfies (ToN) because in Set∗, a morphism

109
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is a normal epimorphism precisely when it is a surjection which is

monic outside the inverse image of the base point; it is clear that a

composite of two normal epimorphisms still satisfies this property.

• The category HSLat of Heyting semilattices satisfies (ToN) as we

explain in Chapter 7 (see Proposition 7.2.5).

• The category Hoops of Hoops satisfies (ToN) for essentially the

same reason HSLat does: a subhoop is normal if and only if it is a

filter [8].

• In the category LAb of lattice-ordered abelian groups, normal

subobjects correspond to convex subgroups. Therefore, normality

is transitive in LAb.

• The category Bool of Boolean rings satisfies (ToN). Specifically, let
A be a Boolean ring and X,Y subobjects such that X ⊴ Y ⊴ A.

We want to prove that X ⊴ A, i.e., that ax ∈ X for any a ∈ A

and x ∈ X. Observe that ax = a(xx) = (ax)x. Since x ∈ X ⊆ Y

and Y ⊴ A, it follows that ax ∈ Y . Finally, using the normality

of X in Y , we conclude that ax ∈ X.

The example of Boolean rings provides an intuition for the more general

results presented in the following lemmas. Before proceeding, we recall a

characterisation of normality in terms of the Higgins commutator [60,82],

which offers additional precision to Theorem 4.10.6.

Proposition 6.1.4. Let X ⊆ A be a subobject of an object A in a semi-

abelian category. Then the normal closure XA of X in A is X ∪ [X,A] ⊆
A, so that X ⊴ A if and only if [X,A] ⊆ X.

Lemma 6.1.5. For a perfect object X in a semi-abelian category,

whenever X ⊆ A we have that XA = [X,A].

Proof. XA = X ∪ [X,A] = [X,X] ∪ [X,A] = [X,A] by Proposition 6.1.4.

Lemma 6.1.6. For a perfect object X in a semi-abelian category, the

following are equivalent:
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(i) if X ⊴ Y ⊴ A then X ⊴ A;

(ii) whenever X ⊆ A we have XA = X(XA);

(iii) whenever X ⊆ A we have [X,A] = [X, [X,A]];

(iv) whenever X ⊆ A we have [X,A] ⊆ [X, [X,A]];

(v) whenever X ⊆ A we have [[X,X], A] ⊆ [X, [X,A]].

Proof. (i) ⇒ (ii) because if (i) holds and X ⊆ A then X(XA) ⊴ XA ⊴ A

implies X(XA) ⊴ A so that X(XA) = XA and (ii) holds. (ii) ⇒ (iii)

depends on Lemma 6.1.5, which implies that

[X,A] = XA = X(XA) = [X,XA] = [X, [X,A]].

(iii) ⇒ (iv) is obvious, and (iv) ⇔ (v) holds by the assumption that X =
[X,X]. Now (iv) ⇒ (i) by Proposition 6.1.4, since X ⊴ Y ⊴ A

implies [X,Y ] ⊆ X and [Y,A] ⊆ Y , so we may write

[X,A] ⊆ [X, [X,A]] ⊆ [X, [Y,A]] ⊆ [X,Y ] ⊆ X

and conclude that X ⊴ A.

Example 6.1.7. Homogeneous varieties of non-associative algebras over a

field K generally do not satisfy (ToN), except in the case of the abelian

or trivial variety (see Proposition 6.1.8 below for a proof). However,

if a homogeneous variety satisfies the λ/µ-rules (see Theorem 3.4.1),

transitivity of normality holds when the smallest subobject is perfect, as

shown by the fifth equivalence in Lemma 6.1.6.

Proposition 6.1.8. Let V be a homogeneous variety of non-associative

algebras over a field K. If V satisfies (ToN), then V ⊆ AbAlgK.

Proof. Let F3 be the free vector space over K generated by elements x,

y, and z. We consider a few separate cases: assuming that V satisfies
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either commutativity or lacks any degree-two identities, we define the

multiplication on F3 as follows:

xy = yx = xx = yy = yz = zy = zz = 0,
xz = y = zx,

p(x, y, z) = 0 for any polynomial p of degree 3 or higher.

If V satisfies anti-commutativity, then we replace the second equation

with xz = y = −zx. Under these conditions, F3 forms an algebra in V,
unless V is an abelian variety.

Now, let I denote the subalgebra of F3 generated by x, and J the

subalgebra generated by x and y. Then, we observe that

I ⊴ J ⊴ F3.

However, I is not normal in F3, as xz = y /∈ I.

Remark 6.1.9. The properties of arithmeticity and transitivity of

normality are distinct. On one hand, abelian categories serve as

counterexamples for transitivity of normality without arithmeticity. On

the other, we observe that the category GpHSLat, consisting of groups

equipped with a Heyting semilattice structure where both structures

share a common unit element 1, is arithmetical (by Proposition 5.2.4)

but does not satisfy (ToN). This can be illustrated by considering

the dihedral group of order 8 with a suitable chain structure C8 (see

Chapter 7), where normality of subgroups is not transitive.

An example of a semi-abelian category that is neither abelian nor

arithmetical is the product of the category Ab of abelian groups with the

category HSLat of Heyting semilattices.

6.2. Categorical-algebraic consequences

We begin with some lemmas and a definition.
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Some lemmas

Let us consider two categories C and D such that C admits finite limits.

Lemma 6.2.1. Let F : C → D be a functor which preserves limits and

reflects isomorphisms. For each object A of C, the induced map

Sub(A) → Sub(F (A)) : (X ↣ A) 7→ (F (X) ↣ F (A))

(which is well defined because of the assumptions) is order preserving,

preserves meets and is order reflecting.

Proof. First, since F preserves limits, it is a direct consequence that the

induced map preserves the order and meets. Now, given two subobjectsX

and Y of A, if F (X) ⊆ F (Y ) then we have that

F (X ∩ Y ) = F (X) ∩ F (Y ) = F (Y ).

Since F reflects isomorphisms, this implies that X∩Y = Y and thus X ⊆
Y .

Let us now suppose that moreover C and D are pointed categories.

Definition 6.2.2. A functor F : C → D creates normal subobjects if for

any object A in C and any normal subobject k′ : K ′ ↣ F (A) in D there

exists a unique normal subobject k : K ↣ A in C such that F (k) = k′.

Lemma 6.2.3. Let F : C → D be a functor which preserves limits and

reflects isomorphisms. If F creates normal subobjects, then F reflects

normal monomorphisms.

Proof. Suppose x : X → A is a morphism in C such that F (x) : F (X) ↣
F (A) is a normal monomorphism. Since F creates normal subobjects,

it follows that there exists a unique normal subobject k : K ↣ A such

that F (k) = F (x). We conclude that x is a monomorphism and x = k

from the fact that F reflects isomorphisms and preserves limits (which

implies that F is faithful).
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Lemma 6.2.4. Let F : C → D be a functor which preserves limits and

reflects isomorphisms. If D admits normal closure of monomorphisms

and F creates normal subobjects, then C admits normal closure of

monomorphisms and F preserves them.

Proof. We start by proving that C admits normal closure. Suppose x : X ↣
A is a monomorphism in C, then F (x) : F (X) ↣ F (A) is a

monomorphism in D. We consider F (x) : F (X) ↣ F (A), the

normal closure of F (x). Because F creates normal subobjects,

there exists a unique x : X ↣ A, normal subobject in C, such

that F (x) = F (x). We want to show that x is the normal closure of x.

Since F (X) ⊆ F (X) = F (X), it follows from Lemma 6.2.1 that X ⊆ X.

Now that we proved that X is included in the normal subobject X,

we need to prove that X is the smallest normal subobject of A

containing X. Let k : K ↣ A be a normal subobject such that X ⊆ K.

Then F (X) ⊆ F (K) and thus F (X) = F (X) ⊆ F (K). Using again

Lemma 6.2.1, we conclude that X ⊆ K.

We now prove that F preserves normal closures. Let x : X ↣ A be a

subobject of an object A in C and x : X ↣ A be its normal closure. We

want to prove that F (x) is the normal closure of F (x). First, since F

preserves limits, F (x) is a normal subobject of F (A) such that F (x) is

included in it. Now, suppose that k′ : K ′ ↣ F (A) is a normal subobject

of F (A) such that F (X) ⊆ K ′. Since F creates normal subobjects,

there exists a normal subobject k : K ↣ A of A such that F (k) = k′.

Therefore, we have that F (X) ⊆ F (K) and applying Lemma 6.2.1 gives

us that X ⊆ K. This implies that X ⊆ K and thus F (X) ⊆ F (K) = K ′

which concludes the proof.

Consequences

Toward presenting the main results of this chapter (Theorems 6.2.9

and 6.2.10), we first recall the notion of a characteristic subobject.

Introduced by A. S. Cigoli and A. Montoli in the context of semi-abelian

categories [39], this concept extends the classical notion of a characteristic

subgroup (or a characteristic ideal in Lie algebras) as follows:
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Definition 6.2.5. [39] Let C be a semi-abelian category, G an object in

C, and h : H ↣ G a subobject. We say that H is characteristic in G if,

for any object B of C and any action ξ : B♭G → G, the action ξ restricts

to H. In other words, there exists a (unique) action ξ̄ : B♭H → H making

the following diagram commute:

B♭H B♭G

H G

B♭h

ξ̄ ξ

h

The following proposition establishes that, as in the category of groups,

characteristic subobjects are transitive:

Proposition 6.2.6. [39] In a semi-abelian category, if H is characteristic

in K and K is characteristic in G, then H is characteristic in G.

This highlights that being characteristic is stronger than being normal,

as stated in the next proposition:

Proposition 6.2.7. [39] In a semi-abelian category, if H is a characteristic

subobject of G, then H is a normal subobject of G.

The converse of this proposition is false since the category of groups

provides a counterexample. However, in semi-abelian categories

satisfying (ToN), the two classes of subobjects do coincide.

Proposition 6.2.8. Let C be a semi-abelian category in which normality is

transitive. We then have that every normal subobject is characteristic.

Proof. Using the equivalence between actions and split extensions

(see Lemma 3.1.5), the definition of a characteristic subobject can be

reformulated. Specifically, a subobject h : H ↣ G is characteristic in G

if and only if, for every split extension of B by G

G
k ,2 A

α ,2 B
β
lr
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there exists a split extension of B by H

H
k′
,2 A′ α′

,2 B
β′
lr

and a morphism of split extensions as follows:

H
k′
,2

h
��

A′ α′
,2

h′

��

B
β′
lr

G
k ,2 A

α ,2 B
β

lr

Now, suppose that h : H ↣ G is a normal subobject, and consider a

split extension (k,A, α, β) of B by G. Since C satisfies (ToN), it follows

that k ◦ h is a normal monomorphism. By Lemma 2.6 of [36], there

exists a split extension (k′, A′, α′, β′) of B by H and a morphism of split

extensions as described above.

We are now ready to present the main results of this chapter.

Theorem 6.2.9. For a semi-abelian category C, the following conditions

are equivalent:

(i) C satisfies (ToN);

(ii) each normal subobject is characteristic;

(iii) for each object B in C, the kernel functor kerB : PtB(C) → C creates

normal subobjects.

Proof. (i) implies (ii) by Proposition 6.2.8. On the other hand, applying

Proposition 6.2.6 proves that (ii) implies (i). The well-known fact

(Chapter 6 of [10]) that in the diagram of the proof of Proposition 6.2.8,

the monomorphism h′ considered in PtB(C) is normal if and only if k ◦ h
is normal in C shows that (ii) and (iii) are equivalent.

Theorem 6.2.10. Let C be a semi-abelian category in which normality is

transitive. We then have that
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1. for any object B in C, the kernel functor kerB : PtB(C) → C
preserves normal closures;

2. the category C is strongly protomodular;

3. the category C satisfies (SH);

4. the category C satisfies (NH).

Proof. The first statement is a consequence of combining Proposition 6.2.8

and Lemma 6.2.4.

For the second statement, we get from Lemma 6.2.3 that kernel functors

reflect normal monomorphisms, which (in the current Barr-exact context)

is strong protomodularity by definition—see [17].

It was proven in [21] that any pointed category which is strongly

protomodular satisfies the condition (SH). Therefore, the third statement

is consequence of the second one.

We now prove the fourth statement. Let K, L ⊴ A be two normal

subobjects of an object A in C. From [82], it is known that the Higgins

commutator [K,L] is a normal subobject of the join K ∪ L. It is known

that in semi-abelian categories, binary joins of normal subobjects are

normal—see for instance [42] for an explicit proof. Therefore, using

transitivity of normality, we conclude that [K,L] is normal in A.
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This chapter gives an overview of some key categorical-algebraic

properties of the variety of Heyting semilattices. We confirm that the

category of Heyting semilattices is not algebraically coherent, even

though it satisfies a strong version of the Smith is Huq condition,

correcting a mistake in the literature.

We further provide an elementary criterion for determining when a pair

of subobjects commutes, which subsequently supports the construction

of counterexamples based on specific properties of the free Heyting

semilattice with three generators. From this criterion, it is also easily

seen that no non-trivial abelian objects exist in the category of Heyting

semilattices.

Additionally, we demonstrate the existence of centralisers, show that

centralisers of normal monomorphisms are normal monomorphisms, and

confirm transitivity of normality (Chapter 6). On the other hand, we show

that the category of Heyting semilattices fails to satisfy the properties of

normality of unions and action accessibility, and that normalisers do not

generally exist in this setting. This implies that the known implication

from action accessibility to the requirement for normal monomorphisms

to possess centralisers that are themselves normal is indeed a strict one.

A significant portion of this chapter is extracted or adapted from an

article currently in preparation [48].

119
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7.1. Introduction

Heyting semilattices, also known as implicative or Brouwerian

semilattices, form an algebraic structure which is closely related to

intuitionistic logic. A Heyting semilattice (H, 1,∧,⇒) consists of a

set H, a constant 1 ∈ H and two operations ∧, ⇒ : H ×H → H named

meet and implication satisfying the equations

1 ∧ x = x, x ⇒ x = 1
x ∧ x = x, x ∧ (x ⇒ y) = x ∧ y,

x ∧ y = y ∧ x, y ∧ (x ⇒ y) = y,

x ∧ (y ∧ z) = (x ∧ y) ∧ z, x ⇒ (y ∧ z) = (x ⇒ y) ∧ (x ⇒ z).

The four identities on the left express that H is a partially ordered set

with a top element 1 where x ≤ y if and only if x∧y = x. The remaining

identities can be thought of as the right adjointness of the implication. In

fact, it is an easy but still interesting exercise to show that an equivalent

way of thinking about Heyting semilattices is to define them as cartesian

closed posets. Indeed, a poset (H,≤) is a Heyting semilattice precisely

when there exists an operation ⇒ : H ×H → H such that

x ∧ y ≤ z if and only if x ≤ y ⇒ z,

which exhibits the left adjointness of product (∧) to internal hom (⇒).

Therefore, given a poset, there is at most one Heyting semilattice structure

on it.

Morphisms between Heyting semilattices are defined in the obvious way;

they preserve the constant and the two operations. Then we can consider

the category HSLat of Heyting semilattices with the corresponding

morphisms. It is a variety in the sense of Universal Algebra, which

has been shown to be a semi-abelian category by Johnstone in [70] using

the characterisation given by Theorem 1.2.7. In fact, by taking the

constant 0 to be 1 and the operations

α1(x, y) = x ⇒ y,

α2(x, y) = ((x ⇒ y) ⇒ y) ⇒ x,

Θ(x, y, z) = (x ⇒ z) ∧ y,
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we may verify that the conditions of Theorem 1.2.7 are satisfied. What

is particularly interesting in Johnstone’s paper is that not only his

proof works for n = 2, but he also shows that it is impossible to

characterise Heyting semilattices as being semi-abelian for n = 1. More

recently, S. Lapenta, G. Metere and L. Spada proved in [73] that Heyting

semilattices forming a semi-abelian variety can be seen as a corollary of the

fact that the variety Hoops of the so-called hoops is semi-abelian; indeed,

HSLat is equivalent to the subvariety of idempotent hoops. Further

details on hoops can be found in [73] and the references therein.

7.2. Normal subobjects

In order to describe the normal subobjects in HSLat, we recall the

definition of a filter.

Definition 7.2.1. A non-empty subset K of a Heyting semilattice A is a

filter of A when

1. if x, y ∈ K then x ∧ y ∈ K;

2. if x ∈ K and y ∈ A such that y ≥ x, then y ∈ K.

Example 7.2.2. In a finite Heyting semilattice A, any filter is of the form

[x) = {y ∈ A | y ≥ x}

for some x ∈ A. Let, indeed, K be a filter in A; we consider the

element x =
∧

k∈K k, which exists because K is finite. By definition of

filters, we have that x ∈ K and that [x) ⊆ K. But since x is lower than

or equal to any element in K, we have K ⊆ [x) and thus K = [x).

It was shown by W. C. Nemitz in [87] that:

Lemma 7.2.3. A non-empty subset K of a Heyting semilattice A is the

kernel of some morphism f : A → B of Heyting semilattices if and only

if K is a filter. In categorical terminology, filters correspond to normal

subobjects in the category HSLat.
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Therefore, for any filter [x) of A we can define its quotient A/[x). In the

finite case, this quotient is isomorphic to (x], i.e., the Heyting semilattice

formed by all the elements lower than x, with x playing the role of 1.
This object is further isomorphic to the Heyting semilattice x ⇒ A :=
{x ⇒ a | a ∈ A}.

Lemma 7.2.4. Let X be a subobject of a finite Heyting semilattice A.

Then the normal closure of X in A is [a) where a =
∧

x∈X x.

Proof. It is clear that X ⊆ [a). To see that [a) is the smallest filter in A

containing X, let K be a filter of A such that X ⊆ K. Then K = [k)
for some k ∈ A. Since a ∈ X and X ⊆ K, then k ≤ a, which implies

that [a) ⊆ [k).

The interpretation of normal monomorphisms as filters allows us to make

the following key observation:

Proposition 7.2.5. In the category HSLat, a composite of two normal

monomorphisms is again a normal monomorphism. In other words, the

category of Heyting semilattices satisfies (ToN).

Proof. The claim follows easily from Lemma 7.2.3 by noting that if a

subset X of a Heyting semilattice A is up-closed in another subset Y

of A, and Y is up-closed in A, then X is up-closed in A.

The results in Chapter 6 can be directly applied to the specific case of

Heyting semilattices, yielding the findings there as a corollary. The strong

protomodularity of HSLat was previously established by D. Rodelo [99].

Furthermore, the coincidence of Higgins and Huq commutators on normal

subobjects can already be inferred from Corollary 5.3.5.

7.3. Commuting subobjects

We do not have an explicit description of the commutators in HSLat, but
we can characterise when two given subobjects commute in terms of the

implication operation.
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Lemma 7.3.1. Let X, Y ⊆ A be two subobjects of a Heyting semilattice A.

Then X and Y Huq-commute in A if and only if for all x ∈ X and y ∈ Y

we have that

x ⇒ y = y and y ⇒ x = x.

Proof. We first suppose that X and Y Huq-commute in A. This, by

definition, means that there exists a unique morphism φ : X × Y → A

making the following diagram commute.

X X × Y Y

A

(1X ,0)

φ

(0,1Y )

This implies that φ(x, y) = x ∧ y for all (x, y) ∈ X × Y , because indeed

φ(x, y) = φ((x, 1) ∧ (1, y)) = φ(x, 1) ∧ φ(1, y) = x ∧ y.

Next, we have that for all x, x′ ∈ X and y, y′ ∈ Y

φ((x, y) ⇒ (x′, y′)) = φ(x ⇒ x′, y ⇒ y′) = (x ⇒ x′) ∧ (y ⇒ y′)

and

φ(x, y) ⇒ φ(x′, y′) = (x ∧ y) ⇒ (x′ ∧ y′)
= ((x ∧ y) ⇒ x′) ∧ ((x ∧ y) ⇒ y′)
= (x ⇒ (y ⇒ x′)) ∧ (y ⇒ (x ⇒ y′)).

Thus φ being a morphism implies that

(x ⇒ x′) ∧ (y ⇒ y′) = (x ⇒ (y ⇒ x′)) ∧ (y ⇒ (x ⇒ y′)) (7.1)

for all x, x′ ∈ X and y, y′ ∈ Y . In particular, taking x = 1 = y′ gives the

first announced equality, while taking x′ = 1 = y gives the second one.

For the converse, the map φ has to be defined as φ(x, y) := x ∧ y for

the same reasons as before. It obviously preserves the constant and the

meet, and it makes the desired diagram commute. However, it preserves

the implication if and only if the equation (7.1) holds for all x, x′ ∈ X

and y, y′ ∈ Y , which it does under the given assumptions.
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From this lemma and Theorem 5.2.2, we can easily reprove that the

category of Heyting semilattices is arithmetical.

Corollary 7.3.2. The category HSLat of Heyting semilattices has no abelian

objects besides the zero object.

Proof. Let A be a Heyting semilattice such that [A,A] = 0. Let a ∈ A,

then Lemma 7.3.1 implies that 1 = a ⇒ a = a.

From this observation, we can apply the results from Chapter 5.

Corollary 7.3.3. Any Heyting semilattice X is n-perfect. Moreover, the

category HSLat satisfies (NH)n for any n ≥ 2.

Remark 7.3.4. It remains unknown whether the category HSLat satisfies

the condition (SNH).

On the other hand, Lemma 7.3.1 allows us to describe centralisers in the

category of Heyting semilattices. We first recall the definition for the

general semi-abelian case.

Definition 7.3.5. Let X ⊆ A be a subobject of an object A. The

centraliser ZA(X) ofX inA is the largest subobject ofA which cooperates

with X.

Let X ⊆ A be a subobject of a Heyting semilattice A. The centraliser

of X in A is

ZA(X) = {a ∈ A | for each x in X, x ⇒ a = a and a ⇒ x = x}.

It is routine to check that it is in fact a subobject of A. Moreover, by

Lemma 7.3.1 it is the largest one Huq-commuting with X.

Proposition 7.3.6. The category HSLat is algebraically cartesian

closed (ACC). Moreover, centralisers of normal subobjects are normal

in HSLat.
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Proof. The first part of the claim is just a rephrasing of the fact that

centralisers exist in HSLat (see Proposition 1.5 of [22]).

To prove that ZA(X) is normal (i.e., is a filter) as soon as X is, suppose

that a ≥ z for some a ∈ A and z ∈ ZA(X), and let x be an element of X.

Since x ≤ (x ⇒ a) ⇒ a it follows that (x ⇒ a) ⇒ a is in X. Therefore,

we have that

(x ⇒ a) ⇒ a = z ⇒ ((x ⇒ a) ⇒ a) = 1

where the last equality follows from the fact that z ≤ a ≤ (x ⇒ a) ⇒ a.

This means that x ⇒ a ≤ a and thus x ⇒ a = a (because a ≤ x ⇒ a in

general). On the other hand, z ≤ a implies that

a ⇒ x ≤ z ⇒ x = x

and thus a ⇒ x = x which concludes the proof.

Let us recall that in [88], W. C. Nemitz called the term

x⋎ y = ((x ⇒ y) ⇒ y) ∧ ((y ⇒ x) ⇒ x)

the pseudo-join of x and y and showed that it has the following properties:

1. x ≤ x⋎ y and y ≤ x⋎ y;

2. x ≤ y if and only if x⋎ y = y;

3. x⋎ x = x and x⋎ y = y ⋎ x;

4. x⋎ (x ∧ y) = x = x ∧ (x⋎ y).

Let us also mention that it has the perhaps surprising property

x ⇒ (y ⋎ z) = (x ⇒ y) ⋎ (x ⇒ z).

Moreover, the pseudo-join can be used to capture Huq-commutativity:

Proposition 7.3.7. A pair of subobjects X, Y ⊆ A of a Heyting semilattice

Huq-commute if and only if x⋎ y = 1 for all x ∈ X and y ∈ Y .
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Proof. Just observe that x ⇒ y = y if and only if (x ⇒ y) ⇒ y = 1,
while (x ⇒ y) ⇒ y = 1 = (y ⇒ x) ⇒ x if and only if x⋎ y = 1.

Remark 7.3.8. If A is the Heyting semilattice with Hasse diagram

1

z

x y

0

then X = {x, 1} and Y = {y, 1} Huq-commute in A because x⋎ y = 1.
Here we see that the pseudo-join is not the join. Yet, noting that x⋎z = z

and x⋎ 0 = x it follows that Y is the centraliser of X. However, Y is not

up-closed in A, so ZA(X) is not a normal subobject of X. This proves

that centralisers of non-normal monomorphisms need not be normal in

HSLat.

7.4. Free Heyting semilattices

Let us consider chains of finite length. For any n ∈ N, we denote by Cn

the totally ordered set formed by n elements with its unique Heyting

semilattice structure.

Another construction that will be useful later is the following. Given a

Heyting semilattice A, we denote by Â the Heyting semilattice resulting

from appending an element u such that a ≤ u < 1 for all a ∈ A \ {1}.

It was proven in [85], and later reproved in [89] that free Heyting

semilattices generated by a finite set are finite. The free Heyting

semilattice generated by a single element has two elements, so it is just C2.

It was proven in [3] that the free Heyting semilattice F2 generated by

two elements x, y has 18 elements and is isomorphic to C3 × C3 × C2.

We can view it geometrically as in Figure A.1 in Appendix A.3. The free

Heyting semilattice on three generators is much more intricate. In fact,

it has exactly 623 662 965 552 330 elements. A complete description
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can be found in [72]; however, for our purposes we shall only need the

following observation from that article:

Lemma 7.4.1. For i = 1, . . . , 18, we denote vi as in Figure A.1. The free

Heyting semilattice F3 on a three element set is generated by

g1 = (u, u, . . . , u; v1 ⇒ x, . . . , v15 ⇒ x; v1 ⇒ x, . . . , v15 ⇒ x; u;u; 0; 0),
g2 = (v1 ⇒ x, . . . , v15 ⇒ x; u, u, . . . , u; v1 ⇒ y, . . . , v15 ⇒ y; u; 0;u; 0),
g3 = (v1 ⇒ y, . . . , v15 ⇒ y; v1 ⇒ y, . . . , v15 ⇒ y; u, u, . . . , u; 0;u;u; 0)

as a subalgebra of

P3 =
15∏

i=1
V̂i ×

15∏
i=1

V̂i ×
15∏

i=1
V̂i × C3 × C3 × C3 × C2

where Vi denotes the Heyting semilattice vi ⇒ F2.

Lemma 7.4.2. Let Fn be the free Heyting semilattice with n

generators x1, . . . , xn. Then Fn is a bounded Heyting semilattice

with 0 = x1 ∧ · · · ∧ xn.

Proof. First, we recall that Fn is finite and thus bounded. Next, let x ∈
Fn, then by [3, Lemma 4.1] we know that there exists a subset V of Fn

such that

x =
∧

v∈V

∧
i=1,...,n

(v ⇒ xi).

However, for all i we have x1 ∧ · · · ∧xn ≤ v ⇒ xi if and only if (x1 ∧ · · · ∧
xn)∧v ≤ xi which is always true. Therefore, we proved that x1∧· · ·∧xn ≤
x.

7.5. The conditions (SSH) and (W)

As already mentioned in Chapter 7, it is known from [84] that all

arithmetical semi-abelian categories—including, of course, HSLat—satisfy

the Smith is Huq condition (SH). In the same paper, the authors
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introduce two new conditions denoted (SSH) and (W) with the following

implications between them:

(W) ⇒ (SSH) ⇒ (SH).

There it was claimed that the category HSLat does not satisfy (SSH),
and thus neither would it satisfy (W). However, the proof given there is

inaccurate. (The function γ in that proof is easily seen not to preserve

the operation “∧”, so it is not a morphism.) The goal of this section

is to provide a clarification on the matter. In Theorem 7.5.1, we prove

that HSLat does in fact satisfy (SSH) (so not only the proof in [84]

is inaccurate, the result is inaccurate as well), while Theorem 7.5.2

confirms that it does not satisfy (W). This proves that the implication

(W) ⇒ (SSH) cannot be reversed, but leaves the question open for the

implication (SSH) ⇒ (SH).

The condition (SSH)

Working in the semi-abelian context, the condition (SSH) can be

formulated in several equivalent ways. Here, we chose the following one,

which is a reformulation of [84, Theorem 3.12 (iv)]:

For any three subobjects X, Y , Z ⊆ A of A such that

XZ = X and Y Z = Y , we have that [X,Y ] = 0 implies

[X,Y, Z] = 0.

Examples of categories which satisfy this condition are groups, any

category of interest in the sense of G. Orzech [90], any abelian category,

any variety of algebras (see Proposition 7.7.3), and Heyting semilattices—

as the next theorem proves.

Theorem 7.5.1. The category HSLat of Heyting semilattices

satisfies (SSH).

Proof. Let A be a Heyting semilattice and X, Y , Z ⊆ A be three

subobjects of it such that XZ = X, Y Z = Y and [X,Y ] = 0. Given t ∈
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[X,Y, Z], we want to prove that t = 1. The strategy of the proof is to

first construct an element t′ of the ternary commutator [X,Y, Z] such
that t′ ≤ t. Then we show that under the assumptions XZ = X, Y Z = Y

and [X,Y ] = 0, we have that t′ = 1, which allows us to conclude.

Construction of t′

Since t is an element of the ternary commutator [X,Y, Z], by definition

it is the image of a word w = Θ(x⃗, y⃗, z⃗) ∈ X ⋄ Y ⋄ Z where x⃗ =
(x1, . . . , xm) ∈ Xm, y⃗ = (y1, . . . , yn) ∈ Y n and z⃗ = (z1, . . . , zp) ∈ Zp

for some natural numbers m, n, p ≥ 1.

Let us fix some notation. For i = 1, . . . ,m, we denote Xi to be the

free algebra (in the variety HSLat) on a single generator xi, i.e., Xi =
{1, xi}. In the same way we define Yj and Zk for all j = 1, . . . , n
and k = 1, . . . , p. We write X̃ :=

∐m
i=1Xi, Ỹ :=

∐n
j=1 Yj , Z̃ :=

∐p
k=1Xk

and W := X̃ + Ỹ + Z̃. In W , we consider the following three elements:

x := x1 ∧ · · · ∧ xm, y := y1 ∧ · · · ∧ yn, z := z1 ∧ · · · ∧ zp.

Now, since W is finitely generated (by the xi, yj and zk), we know

from [3, 85, 89] that it is a finite distributive lattice in which we can

compute the join w′ := x ∨ y ∨ z with the following formula given by

Theorem 4.2 from [3]:

w′ := x ∨ y ∨ z =
∧

s=x1,...,zp

((
∧

p=x,y,z

(p ⇒ s)) ⇒ s).

Using that x ⇒ xi = y ⇒ yj = z ⇒ zk = 1 for all i, j, k, we rewrite w′

as

w′ =(
m∧

i=1
((y ⇒ xi) ∧ (z ⇒ xi)) ⇒ xi)

∧ (
n∧

j=1
((x ⇒ yj) ∧ (z ⇒ yj)) ⇒ yj)

∧ (
p∧

k=1
((x ⇒ zk) ∧ (y ⇒ zk)) ⇒ zk)

We claim that the image of the word w′ in A is the needed element t′.
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Is t′ an element of [X,Y, Z]?

It suffices to show that w′ is an element of the ternary cosmash productX⋄
Y ⋄Z. First, it is indeed an element of X+Y +Z. Secondly, by replacing

in w′ each letter from X by 1 we get:

1 ∧ (
n∧

j=1
((1 ⇒ yj) ∧ (z ⇒ yj)) ⇒ yj) ∧ (

p∧
k=1

((1 ⇒ zk) ∧ (y ⇒ zk)) ⇒ zk)

=
n∧

j=1
((yj ∧ (z ⇒ yj)) ⇒ yj) ∧

p∧
k=1

((zk ∧ (y ⇒ zk)) ⇒ zk)

=
n∧

j=1
(yj ⇒ yj) ∧

p∧
k=1

(zk ⇒ zk) = 1.

The same reasoning works to prove that replacing letters from Y or Z

by 1 in the word w′ makes it vanish. This shows that w′ ∈ X ⋄ Y ⋄ Z
and thus t′ ∈ [X,Y, Z].

Is t′ ≤ t in A?

In order to prove this, we show that w′ ≤ w in W . We conclude by the

fact the canonical morphism from W to A preserves the order.

First, we observe that both w and w′ are elements of [X̃, Ỹ , Z̃]. By

arithmeticity of the category HSLat, Theorem 5.3.6 gives us that

[X̃, Ỹ , Z̃] = X̃ Ỹ ∪Z̃ ∩ Ỹ X̃∪Z̃ ∩ Z̃X̃∪Ỹ .

Remark that the lowest element of X̃, Ỹ and Z̃ is respectively x, y

and z (see Lemma 7.4.2). Therefore the lowest element of X̃ Ỹ ∪Z̃ , Ỹ X̃∪Z̃

and Z̃X̃∪Ỹ is again x, y and z respectively (see Lemma 7.2.4). The lowest

element of [X̃, Ỹ , Z̃] should then be the lowest element greater than x,

y and z. In other words, it is their join x ∨ y ∨ z = w′. This implies

that w′ ≤ w in [X̃, Ỹ , Z̃] and thus in W .

Does XZ = X, Y Z = Y , [X,Y ] = 0 imply that t′ = 1?

First recall from Lemma 7.3.1 that [X,Y ] = 0 implies x ⇒ y = y

and y ⇒ x = x for all x ∈ X and y ∈ Y . Therefore, we have that for all i

((y ⇒ xi) ∧ (z ⇒ xi)) ⇒ xi = (xi ∧ (z ⇒ xi)) ⇒ xi

= xi ⇒ xi = 1.
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The same reasoning gives us

((x ⇒ yj) ∧ (z ⇒ yj)) ⇒ yj = 1

for all j. Under the condition [X,Y ] = 0, this allows us to rewrite t′ as

t′ =
p∧

k=1
((x ⇒ zk) ∧ (y ⇒ zk)) ⇒ zk.

Next, using basic calculation rules of Heyting semilattices we get that

((x ⇒ zk) ∧ (y ⇒ zk)) ⇒ zk = ((x ⇒ zk) ⇒ (y ⇒ zk)) ⇒ ((x ⇒ zk) ⇒ zk)
= (y ⇒ ((x ⇒ zk) ⇒ zk)) ⇒ ((x ⇒ zk) ⇒ zk)

for all k. We may see that, for all k, (x ⇒ zk) ⇒ zk is in XZ , since it

is the image of a word in Z♭X: it suffices to replace x by 1. Using the

hypothesis XZ = X, we can rewrite (x ⇒ zk) ⇒ zk as x′
k ∈ X for all k.

Thus, under our assumptions, t′ rewrites as

t′ =
p∧

k=1
(y ⇒ x′

k) ⇒ x′
k.

This last expression of t′ vanishes, since (y ⇒ x′
k) ⇒ x′

k ∈ [X,Y ] = 0 for

all k.

In [84], the category HSLat was used in an attempt to prove that the

converse of the implication (SSH) ⇒ (SH) does not hold. Knowing now

that this category does in fact satisfy (SSH), it remains an open problem

to find either a counterexample which separates these conditions or a

proof of their equivalence.

The condition (W)

As before, the condition (W) can be formulated in different equivalent

ways. Here, we chose the following one which is a reformulation of [84,

Proposition 4.1 (iii)]:

For any subobjects X, Y , Z ⊆ A of A, we have that

[X,Y ] = 0 implies [X,Y, Z] = 0.
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This essentially means that in such a category, weighted commutators

are independent of the chosen weight. Note that weighted commutators

were introduced in [49].

From this definition it is clear that (W) implies (SSH). Examples of

categories satisfying (W) are commutator associative categories (see

Corollary 4.10.4 and Section 4.10). The category Grp of groups does not

satisfy (W), as mentioned in [84]. Moreover, the next theorem implies

that not all arithmetical categories satisfy (W).

Theorem 7.5.2. The category HSLat of Heyting semilattices does not

satisfy (W).

Proof. Let F3 be the free algebra (in the variety HSLat) on three

generators x, y and z. Let us consider the three subobjects X, Y , Z

of F3 to be respectively {1, x}, {1, y}, {1, z}. Now, we quotient F3 by the

filter [a) = {b ∈ F3 | b ≥ a} with a := ((x ⇒ y) ⇒ y) ∧ ((y ⇒ x) ⇒ x),
i.e., a is the pseudo-join of x and y. We write it A := F3

/
[a) with

canonical morphism q : F3 → A. Since a is the lowest element of [X,Y ],
we have [X,Y ] ⊆ [a) and thus q([X,Y ]) = 0. Since direct images

preserve Higgins commutators [61], we have that [q(X), q(Y )] = 0.
However, [q(X), q(Y ), q(Z)] is not the zero object. We prove this by

providing an element in it which is not equal to 1. Consider the element

w := a ∧ (((x ⇒ z) ∧ (y ⇒ z)) ⇒ z)

in F3. We now show that q(w) ∈ [q(X), q(Y ), q(Z)] and q(w) ̸= 1.

First, since ((x ⇒ y) ⇒ y) ∧ ((y ⇒ x) ⇒ x) = 1 in A, then

q(w) = ((x ⇒ z) ∧ (y ⇒ z)) ⇒ z.

The following easy computations show that q(w) ∈ [q(X), q(Y ), q(Z)]:

q(w) =


((1 ⇒ z) ∧ (y ⇒ z)) ⇒ z = (z ∧ (y ⇒ z)) ⇒ z = z ⇒ z = 1 if x = 1,
((x ⇒ z) ∧ (1 ⇒ z)) ⇒ z = ((x ⇒ z) ∧ z) ⇒ z = z ⇒ z = 1 if y = 1,
((x ⇒ 1) ∧ (y ⇒ 1)) ⇒ 1 = 1 if z = 1.
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Finally, computing a and w in F3 using Lemma 7.4.1, one can see that w

is strictly smaller than a and thus not in the filter by which we quotiented.

This proves that q does not send w to 1.

Corollary 7.5.3. The category HSLat of Heyting semilattices is neither

cosmash associative, nor commutator associative.

Proof. This is a direct consequence of Corollary 4.10.4 and Theorem 7.5.2.

7.6. Algebraic coherence

Introduced in [35], in the context of a semi-abelian category the

condition called algebraic coherence (AC) has strong categorical-

algebraic consequences such as (SH), (SSH) and (NH). Nevertheless,

there are many examples of such categories: all varieties of groups,

all homogeneous varieties of non-associative algebras satisfying the

equivalent conditions of Theorem 3.4.1, the category of cocommutative

Hopf algebras over a field of characteristic zero, all abelian categories,

etc. Non-examples include loops and digroups (because (SH) is not

satisfied), non-associative rings, n-Lie algebras and Jordan algebras.

In [35], it is mentioned (Examples 4.10) that the category HSLat is

not (AC) because it does not satisfy (SSH) as claimed in [84]. However,

as we already explained in Section 7.5, this claim is false and thus a

clarification is needed. The goal of the present section is to confirm that

Heyting semilattices do not form an algebraically coherent category. A

fortiori, HSLat is not an algebraic logos in the sense of [20]; neither is it

locally algebraically cartesian closed (LACC) in the sense of [22,53,54].

Let us recall that a category C with finite limits is said to be algebraically

coherent if the change-of-base functors of its fibration of points preserve

finite limits and jointly strongly epimorphic pairs of arrows. However,

in the semi-abelian case, it will be more convenient for us to use the

following equivalent characterisation, which is essentially Theorem 3.18

of [35]: a category C is (AC) if and only if for all objects B, X and Y



134 7. Heyting Semilattices

in C, the canonical morphism

B♭X +B♭Y → B♭(X + Y )

is a regular epimorphism.

Theorem 7.6.1. The variety HSLat of Heyting semilattices is not

algebraically coherent.

Proof. The idea of the proof is to build an example where the canonical

morphism B♭X +B♭Y → B♭(X + Y ) is not a surjection.

We consider the three objects B, X and Y to be respectively {1, b}, {1, x}
and {1, y}, i.e., the free algebras generated by one element (respectively b,

x and y). Taking the coproduct B +X + Y then forms the free algebra

on the three generators b, x and y. In this coproduct, we may see that

the element e0 := (x ⇒ b) ⇒ y is in B♭(X+Y ) by replacing x and y by 1.
Now, it is a matter of checking to see that B♭X is generated by the two

elements e1 := ((b ⇒ x) ⇒ x) ∧ ((x ⇒ b) ⇒ b) and e2 := (x ⇒ b) ⇒ x.

In the same way, B♭Y is generated by the two elements e3 := ((b ⇒
y) ⇒ y) ∧ ((y ⇒ b) ⇒ b) and e4 := (y ⇒ b) ⇒ y. Thus, if the canonical

morphism B♭X+B♭Y → B♭(X+Y ) were a surjection, this should imply

that e0 can be obtained as a combination of operations between the

images of the four elements e1, e2, e3, e4 in B♭(X + Y ). However, this
cannot be the case.

Let us view the injections of B♭X, B♭Y and B♭(X + Y ) inside the

algebra P3 considered in Lemma 7.4.1, where b is sent to g1, x to g2
and y to g3, so we can easily figure out the values of ei inside P3. Having

a careful look to these values, it is a straightforward computation to check

that coordinates 32 and 35 coincide in e1, e2, e3 and e4. Nevertheless,

those same coordinates differ in e0. Therefore, e0 cannot be obtained as

a combination of e1, e2, e3 and e4.

We conclude that the implication (AC) ⇒ (SSH) proved in [35] cannot

be reversed; in other words, (SSH) is strictly weaker than (AC).
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•(1,1)

• •

• • ( 2
3 , 2

3 ) •

• • • •

• • •

•
(0, 1

3 )
•
( 1

3 ,0)
•

Figure 7.1: The Heyting semilattice A = C4 × C4

7.7. Normality of unions and action accessibility

In [13], the authors define a semi-abelian category to satisfy normality

of unions when for each commutative square of the form

X
��

m
��

,2 l ,2 B
��
sB

��
C ,2

sC

,2 A

where all arrows are monomorphisms, if X is a normal subobject of

both B and C, then X is a normal subobject in the union (join) B ∪ C

taken in A. In the article, the authors explain the relationship between

this condition and the representability of actions.

We give a counterexample showing that this condition is not satisfied by

the semi-abelian category HSLat.

Theorem 7.7.1. The category HSLat of Heyting semilattices does not

satisfy normality of unions.

Proof. Let A be the Heyting semilattice in Figure 7.1, defined as A :=
C4 × C4 where C4 = {0, 1

3 ,
2
3 , 1} is the chain of length 4 as described in
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Section 7.4. We consider X, B, and C, three subobjects of A defined as

follows:

X := {(2
3 ,

2
3), (1, 1)},

B := {(0, 1
3), (2

3 ,
2
3), (1, 1)},

C := {(1
3 , 0), (2

3 ,
2
3), (1, 1)}.

It is clear that X is up-closed in both B and C, i.e., X ⊴ B and X ⊴ C.

A short computation shows that B ∪ C = A. We conclude by observing

that X is not up-closed in A, so X is not normal in B ∪ C.

Normalisers in semi-abelian categories were introduced in [55] in order

to generalise the classical notion of the category of groups. Using

Proposition 2.10 from [55], one can see that with the previous theorem

we also proved that the normaliser of X in A does not exist. Moreover,

noting that X is the image of a normal subobject along the diagonal, we

conclude via [56, Theorem 3.1] that the category of Heyting semilattices

is not action accessible.

Theorem 7.7.2. The category HSLat does not have normalisers in general

and is not action accessible.

In particular, this means that the known implication between action

accessibility and the condition requiring the existence of centralisers of

normal monomorphisms which are themselves normal—see [19] and [55]—

is strict.

Note that HSLat, being an arithmetical category, trivially has

representable representations in the sense of Chapter 3. On the other

hand, it is impossible for all actions to be representable, because this

would imply action accessibility. So HSLat is not action representable.

This shows that a category may have representable representations

without being an action accessible/representable category.
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Conclusion

Throughout this thesis, new categorical conditions have been introduced

or studied in depth for the first time. In Chapter 3, we introduced

the concept of representability of representations (Definition 3.3.1) and

demonstrated that, within the framework of varieties of non-associative

algebras, it characterises Lie algebras (Theorem 3.8.1). In Chapter 4,

we investigated the associativity of the cosmash product (which is

nothing but the dual of the smash product associativity [30]) and proved

that, within the framework of varieties of non-associative algebras, it

characterises commutative associative algebras (Theorem 4.8.2). As the

associativity of the cosmash product is a very strong condition (even

groups do not satisfy it), this led us to introduce related notions, such

as the associativity of commutators or the strong normality of Higgins

commutators (see Section 4.10). In Chapter 5, we also introduced the

n-normality of Higgins commutators, as it can be easily observed that

this condition is implied by arithmeticity (Corollary 5.3.7). Finally,

in Chapter 6, we studied and introduced the transitivity of normality.

This categorical condition proved to be strong; indeed, in the context

of non-associative algebras it is satisfied only by the variety of abelian

algebras (Proposition 6.1.8), and in the general semi-abelian context

its equivalences and implications are numerous (Theorem 6.2.9 and

Theorem 6.2.10).

We have also expanded the understanding of the various intermediate

conditions that separate semi-abelian categories from abelian categories.

137
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Indeed, with the exception of arithmeticity, all categorical conditions

discussed in this thesis are satisfied by abelian categories. From the

literature and our work, we learn that some of these conditions imply

others, while some are distinct and separated by counterexamples. For

instance, action accessibility and representability of representations

are two distinct conditions. On the one hand, the category HSLat is

representation representable but not action accessible, while on the other

hand, the variety AssocK is action accessible but not representation

representable. Other examples of this kind are scattered throughout the

text. However, results such as Corollary 4.10.4, Theorem 4.10.7, and

Theorem 6.2.10 establish a hierarchy among these different conditions.

For instance, as demonstrated in this thesis, conditions such as the

associativity of the cosmash product, action representability, and

the transitivity of normality are very strong and tend to approach

the framework of abelian categories. This is less true for conditions

like (SH) or (NH), which are satisfied by numerous examples and imply

few, if any, of the other conditions discussed in this work. Of course,

within this hierarchy of intermediate conditions, certain implications or

counterexamples are still missing. We will address some of these open

questions in the “Perspectives” section below.

This thesis also explores arithmetical categories within the semi-abelian

framework. Previously, arithmeticity as introduced by M. C. Pedicchio

has often been considered within the context of Barr-exact Mal’tsev

categories, but we are not aware of any references where arithmeticity

has been studied explicitly in the protomodular or even semi-abelian

context. Protomodularity, however, is a crucial ingredient in the proof of

Theorem 5.2.2. From the perspective of this theorem—which can be seen

as the “antithesis” of Theorem 1.3.6—arithmetical semi-abelian categories

are straightforwardly characterised: they are semi-abelian categories

without non-trivial abelian objects. Building on this characterisation, we

were able to understand the singular behaviour of Higgins commutators

in this specific context.

Finally, we investigated key categorical-algebraic properties of the

category HSLat of Heyting semilattices. By characterising, in this

context, when a pair of subobjects commutes, by understanding the
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nature of normal subobjects and the typical properties of the free object

generated by two or three elements, we were able to prove or disprove

various conditions for this category. In particular, we examined algebraic

coherence, certain strengthenings of the (SH) condition, centralisers,

normality of unions, and action accessibility. Furthermore, since HSLat
is an arithmetical category that satisfies (ToN), it serves as an excellent

example for applying the results from Chapters 5 and 6.

Perspectives

This work naturally leads to a number of questions which we hope to

investigate in the future. We mention a few of them in this last section.

Comparing (LACC) with action representability

As discussed in Chapter 3, Theorem 3.8.1 and Theorem 3.8.2 show that,

for non-associative algebras over an infinite field, action representability

and (LACC) are equivalent. However, this equivalence does not hold

for arbitrary semi-abelian categories; for instance, Bool, the category of

Boolean rings, is action representable but fails to satisfy (LACC) [54,

Proposition 6.4].

Whether local algebraic cartesian closedness implies action

representability remains an open problem. In [29], A. Cappelletti

showed that LAb, the category of lattice-ordered abelian groups, is

algebraically coherent but not action accessible. While this does not

resolve the question, it suggests that potential counterexamples might

lie in less-studied categories.

Algebras with two multiplications

What if, instead of one multiplication, algebras have two? After reading

Chapter 3, this question arises naturally since, for instance, Poisson

algebras are a key example of such objects. Moreover, they form an



140 Conclusion and Perspectives

Orzech category of interest, which simplifies the description of actions in

this variety. However, for a Poisson algebra X, the Lie algebra Der(X)
of derivations on X is not necessarily a Poisson algebra.

This leads to the following questions: Are there action representable

varieties of non-associative algebras with two multiplications? If not,

can this be proven and generalised to n ≥ 2 multiplications? Answering

these could lead to a categorical definition of “Lie algebras with two

multiplications” or reinforce the uniqueness of classical Lie algebras.

The same question can be asked for the cosmash associativity condition

of Chapter 4.

Cosmash associativity outside of operadic varieties

In the non-operadic case, we do not yet have a complete characterisation

of the cosmash associative varieties of algebras. On the other hand,

algebras over a field are very special, so are there any other examples?

Remark 4.7.11 indicates that beyond the context of fields, certain results

are still valid. And, what about cosmash associative varieties of groups,

for instance?

The lax-monoidal structure of the cosmash product

The cosmash product, together with all of its higher-order versions and

the canonical morphisms between them, forms a so-called (symmetric)

lax-monoidal structure on the category where it is considered. This point

of view helps proving that cosmash associativity induces isomorphisms

between all of the higher-order cosmash products as well, so that those

become independent of any chosen bracketing. This development is the

subject of an article in preparation. In the current thesis, Lemma 4.7.6

gives one example of where this may lead.
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The (SSH) condition

Theorem 7.5.1 establishes that the category HSLat satisfies the

condition (SSH). This raises the question of whether the arithmeticity

of HSLat explains this property. Specifically, do all arithmetical

semi-abelian categories satisfy (SSH)? While we have no proof or

counterexample, all known arithmetical semi-abelian categories satisfy

this condition. Moreover, it is a well-known result [84] that arithmeticity

implies (SH). Similarly, one might ask whether all Moore categories in

the sense of [99] satisfy (SSH).

Additionally, the example in [84], referenced in Section 7.5, was intended

to separate (SSH) from (SH), showing that (SSH) is strictly stronger.

However, since this example is now known to be false, the question

remains open: either find a proof that (SH) implies (SSH), or construct a

counterexample separating the two conditions. The following proposition

indicates that such a counterexample cannot exist within the context of

varieties of algebras.

Proposition 7.7.3. Any variety of non-associative algebras over a field K
satisfies the condition (SSH).

Proof. Let A be an algebra in the variety, and let X,Y, Z be subalgebras

of A such that XZ = X, Y Z = Y , and [X,Y ] = 0. We aim to show

that [X,Y, Z] = 0.

An element of [X,Y, Z] is the image in A of a polynomial where each

monomial contains at least one variable from X, Y , and Z. When a

variable from X (or Y ) multiplies a variable from Z, it remains in X

(or Y ) due to XZ = X (or Y Z = Y ). Moreover, when a variable from X

multiplies a variable from Y , it vanishes because [X,Y ] = 0. Thus, the
only element in [X,Y, Z] is 0.

The n-normality of Higgins commutators

The attentive reader may have noticed that we did not study the

condition (NH)n, introduced at the end of Chapter 5, in detail.
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Nonetheless, we believe that this condition deserves further investigation.

For instance, the relationship between (NH)n and (NH)n−1 for a given

n ≥ 2 remains unclear. Exploring more examples could provide valuable

insights.

Additionally, it is known from [35] that any semi-abelian category

satisfying algebraic coherence (AC) also satisfies (NH). This naturally

raises the question: does (AC) imply (NH)n? We believe that varieties of

algebras provide a promising starting point for addressing these questions.
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A.1. The numbers m and m′ of Proposition 4.7.9

The number m in the proof of Proposition 4.7.9 is

743967954447269527146818376296867578812406620222159247452109076665773974411801
471634649642219004914156249489219789056818636599127184759547293721542039034952
734468535382760649594943101311929237690511840685351610068162108250400296296529
970834273160776396985013607599144513992254475707853154410849970751210273757593
479990771495387955667699572802474629019868787329625162164363381520963825052735
899789947916215632746067327379457462216901452310147996213940654159959326664589
220585792179422263504666108393354567318886645822657655844986324326155496741525
084445926222559359211955969691380328723107519005521732741346074037189685365960
335158897796811569517504181267901433527600271866099821491552741033316344486031
776260719589919884317743903567447285177935528109493269856529301432914913496642
877166177129536965173403869096969534997652670805680055942433454413700583056033
168181616849912182107918069666616805284797962176057835135059597019555894992603
460868018890339798885808723035505040107672868877016526475813836932534388979699
308501407891693757006267304593899669312963827677143601704788388054809961104275
020949986678185776694752286164935968438288565633982374051442448126787953233977
723005064197591372176242656671887951053429690417527069590929236337860095989314
058555962681360001690653168504014541628377230575947610116576831678115551693058
454784788063383066213727652390694771612579103011038883140216106537600319201946
481423913806605831966821843867694931670892825290436293171988515063062844262127
634569518878771872609880276413520988967028381921289463481309107740227146959714
159231389673414465706484497579661596321994322735098717279914020516618570557601
839569128762311294728281582712378228754371788389330468380328752031075224655571
556539747152453704197261473700092884776281844255702962553665863268738249933265
075712083437020727025791375515252517387200486187579371487355586147707264336357
947304851616720614135919597820543912464667203922293858037424471085759616682257
642825508232605395900247753925685459639164665179547267184605318900851384620950
094884939483191865449955078544526653649930064923714371125699377714599923681243
889824873410831038765412301216602436416886486036355642750392237143423823416432
39220080271381943138781673436155038,

while m′ is equal to

742839700513979359048299479947382299107179496017218434871605363438333569959566
342563839977312088643747054988893738019193236830580350686697704189429387061790
603105724165250446216101291211098709376230735924859262016628173855406613911879
074744641561171079355282338173412879675253790342238192386393400270802735291525
123094898077539503138451061904344486666671871626766269761074146844381799567124
846479024535435268086110933813107573888607864833423265454216619525880119277995
859545036670070827165075455687568866871395544565740411464520423207036587611398
164012060384502798748322037005855583137142465733350495790997322093866926250976
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129000158920729052620739336368578744711102747141484155288077756995869958683709
703473235719618842690521843663108018169921620109525786184803578543796393130465
633886083978477919585756624340900521088853836736152465133190339304276798709673
539506508004842183239052177431077654174239334020952015880060468802267001172105
987015333729545825122330795138775202607270752857990665923542321887330695298254
641336712116181999315214337739451097749804044079919638076327335571296538370152
474826217092566696969386749267533232992758578455161805055475622775278399542859
314452433776825056913365194716450492173099298557586864987290031096561495559088
818397725499743514777552092423843493186947255888408168425803524249497298355907
848117592572471307486966237062513887869473133646017396404024722734458163677562
429482676808186923876755406242340095904091305673052377871685776998380347016787
947937216838349386016751661418951834077834220442669244897298075130595074703242
399313977942988374772287341330851237240414248477722647463141604230367901750465
724712121880375680065290760717409362817386439052340226775186292960287608535212
456229658172598999937503624729206343437423468263621205097544810494533672867412
331182143200935652703516729404507531913977377030572803240346207388532660474898
916510273808857946718363313130947612583075369197688162957609012191066751058610
310544685082930165495225487207316887069998229752160192082481143424149584998788
881376773544039278684005413389648004523874085957975788016819512928.

A.2. The system of equations of Proposition 4.7.9

p = (ab)c Hc(Ha(p)) − p = 0

f1 = α1α4 + α3β1 + α2γ1 + α1δ1

f2 = α2α4 + α3β2 + α2γ2 + α1δ2

f3 = α3α4 + α3β3 + α2γ3 + α1δ3

f4 = α4α4 + α3β4 + α2γ4 + α1δ4 − 1

p = (ab)c Hc(Hb(p)) − p = 0

f5 = β1β3 + α1β4 + β2γ1 + β1δ1

f6 = β2β3 + α2β4 + β2γ2 + β1δ2

f7 = β3β3 + α3β4 + β2γ3 + β1δ3 − 1

f8 = α4β4 + β3β4 + β2γ4 + β1δ4

p = (ab)c Hb(Ha(p)) − Hb(p) = 0

f9 = α1α3 + α4β1 + α1γ1 + α2δ1 − β2

f10 = α2α3 + α4β2 + α1γ2 + α2δ2 − β1

f11 = α3α3 + α4β3 + α1γ3 + α2δ3 − β4

f12 = α3α4 + α4β4 + α1γ4 + α2δ4 − β3

p = (ab)c Ha(Hb(p)) − Ha(p) = 0

f13 = α1β3 + β1β4 + β1γ1 + β2δ1 − α2

f14 = α2β3 + β2β4 + β1γ2 + β2δ2 − α1

f15 = α3β3 + β3β4 + β1γ3 + β2δ3 − α4

f16 = α4β3 + β4β4 + β1γ4 + β2δ4 − α3

p = a(bc) Ha(Hb(p)) − p = 0

f17 = γ1γ2 + β1γ3 + α1γ4 + γ1δ1

f18 = γ2γ2 + β2γ3 + α2γ4 + γ1δ2 − 1

f19 = β3γ3 + γ2γ3 + α3γ4 + γ1δ3

f20 = β4γ3 + α4γ4 + γ2γ4 + γ1δ4

p = a(bc) Ha(Hc(p)) − p = 0

f21 = δ1δ1 + γ1δ2 + β1δ3 + α1δ4 − 1

f22 = γ2δ2 + δ1δ2 + β2δ3 + α2δ4

f23 = γ3δ2 + β3δ3 + δ1δ3 + α3δ4

f24 = γ4δ2 + β4δ3 + α4δ4 + δ1δ4

p = a(bc) Hb(Hc(p)) − Hb(p) = 0

f25 = γ1δ1 + δ1δ2 + α1δ3 + β1δ4 − γ2

f26 = γ2δ1 + δ2δ2 + α2δ3 + β2δ4 − γ1

f27 = γ3δ1 + α3δ3 + δ2δ3 + β3δ4 − γ4

f28 = γ4δ1 + α4δ3 + β4δ4 + δ2δ4 − γ3

p = a(bc) Hc(Hb(p)) − Hc(p) = 0

f29 = γ1γ1 + α1γ3 + β1γ4 + γ2δ1 − δ2

f30 = γ1γ2 + α2γ3 + β2γ4 + γ2δ2 − δ1

f31 = α3γ3 + γ1γ3 + β3γ4 + γ2δ3 − δ4

f32 = α4γ3 + β4γ4 + γ1γ4 + γ2δ4 − δ3
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p = a(b(cd)) Hca(Hac(Hd(Hb(p)))) − Hdb(Hbd(Hc(p))) = 0

f33 = β3γ1γ1 + β1β1γ3 + α1β3γ3 + β1γ1δ1 + β1γ4δ1 + γ2δ1δ1 + γ1γ2δ3 + α1γ4δ3 − γ3γ3 − γ1δ3

f34 = β3γ1γ2 + β1β2γ3 + α2β3γ3 + β2γ4δ1 + β1γ1δ2 + γ2δ1δ2 + γ2γ2δ3 + α2γ4δ3 − γ3γ4 − γ2δ3

f35 = α3β3γ3 + β1β3γ3 + β3γ1γ3 + β3γ4δ1 + β1γ1δ3 + γ2γ3δ3 + α3γ4δ3 + γ2δ1δ3 − γ1γ3 − γ1δ1

f36 = α4β3γ3 + β1β4γ3 + β3γ1γ4 + β4γ4δ1 + α4γ4δ3 + γ2γ4δ3 + β1γ1δ4 + γ2δ1δ4 − γ1γ4 − γ2δ1

f37 = β4γ1γ1 + β1β2γ3 + α1β4γ3 + β2γ1δ1 + β1γ4δ2 + γ2δ1δ2 + γ1γ2δ4 + α1γ4δ4 − γ3γ4 − γ1δ4

f38 = β4γ1γ2 + β2β2γ3 + α2β4γ3 + β2γ1δ2 + β2γ4δ2 + γ2δ2δ2 + γ2γ2δ4 + α2γ4δ4 − γ4γ4 − γ2δ4

f39 = β2β3γ3 + α3β4γ3 + β4γ1γ3 + β3γ4δ2 + β2γ1δ3 + γ2δ2δ3 + γ2γ3δ4 + α3γ4δ4 − γ2γ3 − γ1δ2

f40 = α4β4γ3 + β2β4γ3 + β4γ1γ4 + β4γ4δ2 + β2γ1δ4 + α4γ4δ4 + γ2γ4δ4 + γ2δ2δ4 − γ2γ4 − γ2δ2

p = a(b(cd)) Hda(Had(Hc(Hb(p)))) − Hcb(Hbc(Hd(p))) = 0

f41 = α3γ1γ1 + α1α3γ3 + α1β1γ3 + γ1γ2γ3 + β1γ1γ4 + α1γ3γ4 + α1γ1δ1 + γ1γ2δ1 − γ3δ3 − δ1δ3

f42 = α3γ1γ2 + α2α3γ3 + α1β2γ3 + γ2γ2γ3 + β2γ1γ4 + α2γ3γ4 + α1γ1δ2 + γ1γ2δ2 − δ2δ3 − γ3δ4

f43 = α3α3γ3 + α1β3γ3 + α3γ1γ3 + γ2γ3γ3 + β3γ1γ4 + α3γ3γ4 + α1γ1δ3 + γ1γ2δ3 − δ1δ1 − γ1δ3

f44 = α3α4γ3 + α1β4γ3 + α3γ1γ4 + β4γ1γ4 + α4γ3γ4 + γ2γ3γ4 + α1γ1δ4 + γ1γ2δ4 − δ1δ2 − γ1δ4

f45 = α4γ1γ1 + α1α4γ3 + α2β1γ3 + β1γ2γ4 + γ1γ2γ4 + α1γ4γ4 + α2γ1δ1 + γ2γ2δ1 − γ4δ3 − δ1δ4

f46 = α4γ1γ2 + α2α4γ3 + α2β2γ3 + β2γ2γ4 + γ2γ2γ4 + α2γ4γ4 + α2γ1δ2 + γ2γ2δ2 − γ4δ4 − δ2δ4

f47 = α3α4γ3 + α2β3γ3 + α4γ1γ3 + β3γ2γ4 + γ2γ3γ4 + α3γ4γ4 + α2γ1δ3 + γ2γ2δ3 − δ1δ2 − γ2δ3

f48 = α4α4γ3 + α2β4γ3 + α4γ1γ4 + β4γ2γ4 + α4γ4γ4 + γ2γ4γ4 + α2γ1δ4 + γ2γ2δ4 − δ2δ2 − γ2δ4

p = a((bc)d) Hca(Hac(Hb(Hd(p)))) − Hdb(Hbd(Hc(p))) = 0

f49 = α3γ1δ1 + α1δ1δ1 + γ1γ3δ2 + γ1δ1δ2 + α1α3δ3 + α1β1δ3 + β1γ1δ4 + α1γ3δ4 − β3γ3 − β1δ3

f50 = α3γ2δ1 + γ2γ3δ2 + α1δ1δ2 + γ1δ2δ2 + α2α3δ3 + α1β2δ3 + β2γ1δ4 + α2γ3δ4 − β4γ3 − β2δ3

f51 = α3γ3δ1 + γ3γ3δ2 + α3α3δ3 + α1β3δ3 + α1δ1δ3 + γ1δ2δ3 + β3γ1δ4 + α3γ3δ4 − β3γ1 − β1δ1

f52 = α3γ4δ1 + γ3γ4δ2 + α3α4δ3 + α1β4δ3 + β4γ1δ4 + α4γ3δ4 + α1δ1δ4 + γ1δ2δ4 − β4γ1 − β2δ1

f53 = α4γ1δ1 + α2δ1δ1 + γ1γ4δ2 + γ2δ1δ2 + α1α4δ3 + α2β1δ3 + β1γ2δ4 + α1γ4δ4 − β3γ4 − β1δ4

f54 = α4γ2δ1 + γ2γ4δ2 + α2δ1δ2 + γ2δ2δ2 + α2α4δ3 + α2β2δ3 + β2γ2δ4 + α2γ4δ4 − β4γ4 − β2δ4

f55 = α4γ3δ1 + γ3γ4δ2 + α3α4δ3 + α2β3δ3 + α2δ1δ3 + γ2δ2δ3 + β3γ2δ4 + α3γ4δ4 − β3γ2 − β1δ2

f56 = α4γ4δ1 + γ4γ4δ2 + α4α4δ3 + α2β4δ3 + β4γ2δ4 + α4γ4δ4 + α2δ1δ4 + γ2δ2δ4 − β4γ2 − β2δ2

p = a((bc)d) Hba(Hab(Hc(Hd(p)))) − Hdc(Hcd(Hb(p))) = 0

f57 = β3γ1δ1 + β1δ1δ1 + δ1δ1δ2 + β1β1δ3 + α1β3δ3 + γ1δ2δ3 + β1δ1δ4 + α1δ3δ4 − α3γ3 − α1δ3

f58 = β3γ2δ1 + β1δ1δ2 + δ1δ2δ2 + β1β2δ3 + α2β3δ3 + γ2δ2δ3 + β2δ1δ4 + α2δ3δ4 − α4γ3 − α2δ3

f59 = β3γ3δ1 + α3β3δ3 + β1β3δ3 + β1δ1δ3 + γ3δ2δ3 + δ1δ2δ3 + β3δ1δ4 + α3δ3δ4 − α3γ1 − α1δ1

f60 = β3γ4δ1 + α4β3δ3 + β1β4δ3 + γ4δ2δ3 + β1δ1δ4 + β4δ1δ4 + δ1δ2δ4 + α4δ3δ4 − α4γ1 − α2δ1

f61 = β4γ1δ1 + β2δ1δ1 + δ1δ2δ2 + β1β2δ3 + α1β4δ3 + β1δ2δ4 + γ1δ2δ4 + α1δ4δ4 − α3γ4 − α1δ4

f62 = β4γ2δ1 + β2δ1δ2 + δ2δ2δ2 + β2β2δ3 + α2β4δ3 + β2δ2δ4 + γ2δ2δ4 + α2δ4δ4 − α4γ4 − α2δ4

f63 = β4γ3δ1 + β2β3δ3 + α3β4δ3 + β2δ1δ3 + δ2δ2δ3 + β3δ2δ4 + γ3δ2δ4 + α3δ4δ4 − α3γ2 − α1δ2

f64 = β4γ4δ1 + α4β4δ3 + β2β4δ3 + β2δ1δ4 + β4δ2δ4 + γ4δ2δ4 + δ2δ2δ4 + α4δ4δ4 − α4γ2 − α2δ2
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p = (a(bc))d Hcd(Hdc(Hb(Ha(p)))) − Hab(Hba(Hc(p))) = 0

f65 = α1α3α3 + α1α3β1 + α1α3γ1 + α4β1γ1 + α1α4γ3 + α2γ1γ3 + α1α1δ1 + α2γ1δ1 − β3δ1 − α3δ3

f66 = α2α3α3 + α1α3β2 + α4β2γ1 + α1α3γ2 + α2α4γ3 + α2γ2γ3 + α1α1δ2 + α2γ1δ2 − β3δ2 − α3δ4

f67 = α3α3α3 + α1α3β3 + α4β3γ1 + α1α3γ3 + α3α4γ3 + α2γ3γ3 + α1α1δ3 + α2γ1δ3 − β1δ1 − α1δ3

f68 = α3α3α4 + α1α3β4 + α4β4γ1 + α4α4γ3 + α1α3γ4 + α2γ3γ4 + α1α1δ4 + α2γ1δ4 − β1δ2 − α1δ4

f69 = α1α3α4 + α2α3β1 + α1α4γ1 + α4β1γ2 + α1α4γ4 + α2γ1γ4 + α1α2δ1 + α2γ2δ1 − β4δ1 − α4δ3

f70 = α2α3α4 + α2α3β2 + α1α4γ2 + α4β2γ2 + α2α4γ4 + α2γ2γ4 + α1α2δ2 + α2γ2δ2 − β4δ2 − α4δ4

f71 = α3α3α4 + α2α3β3 + α4β3γ2 + α1α4γ3 + α3α4γ4 + α2γ3γ4 + α1α2δ3 + α2γ2δ3 − β2δ1 − α2δ3

f72 = α3α4α4 + α2α3β4 + α4β4γ2 + α1α4γ4 + α4α4γ4 + α2γ4γ4 + α1α2δ4 + α2γ2δ4 − β2δ2 − α2δ4

p = (a(bc))d Hbd(Hdb(Hc(Ha(p)))) − Hac(Hca(Hb(p))) = 0

f73 = α3β1β1 + α1α3β3 + α1β3γ1 + α1β1δ1 + α4β1δ1 + α2δ1δ1 + α1α4δ3 + α2γ1δ3 − β3γ1 − α3γ3

f74 = α3β1β2 + α2α3β3 + α1β3γ2 + α4β2δ1 + α1β1δ2 + α2δ1δ2 + α2α4δ3 + α2γ2δ3 − β3γ2 − α3γ4

f75 = α3α3β3 + α3β1β3 + α1β3γ3 + α4β3δ1 + α3α4δ3 + α1β1δ3 + α2γ3δ3 + α2δ1δ3 − β1γ1 − α1γ3

f76 = α3α4β3 + α3β1β4 + α1β3γ4 + α4β4δ1 + α4α4δ3 + α2γ4δ3 + α1β1δ4 + α2δ1δ4 − β1γ2 − α1γ4

f77 = α3β1β2 + α1α3β4 + α1β4γ1 + α1β2δ1 + α4β1δ2 + α2δ1δ2 + α1α4δ4 + α2γ1δ4 − β4γ1 − α4γ3

f78 = α3β2β2 + α2α3β4 + α1β4γ2 + α1β2δ2 + α4β2δ2 + α2δ2δ2 + α2α4δ4 + α2γ2δ4 − β4γ2 − α4γ4

f79 = α3β2β3 + α3α3β4 + α1β4γ3 + α4β3δ2 + α1β2δ3 + α2δ2δ3 + α3α4δ4 + α2γ3δ4 − β2γ1 − α2γ3

f80 = α3α4β4 + α3β2β4 + α1β4γ4 + α4β4δ2 + α4α4δ4 + α1β2δ4 + α2γ4δ4 + α2δ2δ4 − β2γ2 − α2γ4

p = ((ab)c)d Hbd(Hdb(Ha(Hc(p)))) − Hac(Hca(Hb(p))) = 0

f81 = α1α3β3 + α1β1β3 + α3β1γ1 + β1β4γ1 + α1β4γ3 + β2γ1γ3 + α1β1δ1 + β2γ1δ1 − α3β3 − β1β3

f82 = α2α3β3 + α1β2β3 + β2β4γ1 + α3β1γ2 + α2β4γ3 + β2γ2γ3 + α1β1δ2 + β2γ1δ2 − β2β3 − α3β4

f83 = α3α3β3 + α1β3β3 + β3β4γ1 + α3β1γ3 + α3β4γ3 + β2γ3γ3 + α1β1δ3 + β2γ1δ3 − β1β1 − α1β3

f84 = α3α4β3 + α1β3β4 + β4β4γ1 + α4β4γ3 + α3β1γ4 + β2γ3γ4 + α1β1δ4 + β2γ1δ4 − β1β2 − α1β4

f85 = α1α4β3 + α2β1β3 + α4β1γ1 + β1β4γ2 + α1β4γ4 + β2γ1γ4 + α2β1δ1 + β2γ2δ1 − α4β3 − β1β4

f86 = α2α4β3 + α2β2β3 + α4β1γ2 + β2β4γ2 + α2β4γ4 + β2γ2γ4 + α2β1δ2 + β2γ2δ2 − α4β4 − β2β4

f87 = α3α4β3 + α2β3β3 + β3β4γ2 + α4β1γ3 + α3β4γ4 + β2γ3γ4 + α2β1δ3 + β2γ2δ3 − β1β2 − α2β3

f88 = α4α4β3 + α2β3β4 + β4β4γ2 + α4β1γ4 + α4β4γ4 + β2γ4γ4 + α2β1δ4 + β2γ2δ4 − β2β2 − α2β4

p = ((ab)c)d Had(Hda(Hb(Hc(p)))) − Hbc(Hcb(Ha(p))) = 0

f89 = β1β1β3 + α1β3β3 + β1β3γ1 + β1β1δ1 + β1β4δ1 + β2δ1δ1 + α1β4δ3 + β2γ1δ3 − α3α3 − α1β3

f90 = β1β2β3 + α2β3β3 + β1β3γ2 + β2β4δ1 + β1β1δ2 + β2δ1δ2 + α2β4δ3 + β2γ2δ3 − α3α4 − α2β3

f91 = α3β3β3 + β1β3β3 + β1β3γ3 + β3β4δ1 + β1β1δ3 + α3β4δ3 + β2γ3δ3 + β2δ1δ3 − α1α3 − α1β1

f92 = α4β3β3 + β1β3β4 + β1β3γ4 + β4β4δ1 + α4β4δ3 + β2γ4δ3 + β1β1δ4 + β2δ1δ4 − α1α4 − α2β1

f93 = β1β2β3 + α1β3β4 + β1β4γ1 + β1β2δ1 + β1β4δ2 + β2δ1δ2 + α1β4δ4 + β2γ1δ4 − α3α4 − α1β4

f94 = β2β2β3 + α2β3β4 + β1β4γ2 + β1β2δ2 + β2β4δ2 + β2δ2δ2 + α2β4δ4 + β2γ2δ4 − α4α4 − α2β4

f95 = β2β3β3 + α3β3β4 + β1β4γ3 + β3β4δ2 + β1β2δ3 + β2δ2δ3 + α3β4δ4 + β2γ3δ4 − α2α3 − α1β2

f96 = α4β3β4 + β2β3β4 + β1β4γ4 + β4β4δ2 + β1β2δ4 + α4β4δ4 + β2γ4δ4 + β2δ2δ4 − α2α4 − α2β2
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A.3. The free Heyting semilattice on two generators

Expressions of the vertices:

• v1 : 1

• v2 : ((y ⇒ x) ⇒ y) ⇒ y

• v3 : ((x ⇒ y) ∧ (y ⇒ x)) ⇒ x

• v4 : ((x ⇒ y) ⇒ x) ⇒ x

• v5 : y ⇒ x

• v6 : (x ⇒ y) ⇒ y

• v7 : (((x ⇒ y) ⇒ x) ⇒ x) ∧ (((y ⇒ x) ⇒ y) ⇒ y)

• v8 : (y ⇒ x) ⇒ x

• v9 : x ⇒ y

• v10 : (x ⇒ y) ⇒ x

• v11 : ((x ⇒ y) ⇒ y) ⇒ x

• v12 : ((x ⇒ y) ⇒ y) ∧ ((y ⇒ x) ⇒ x)

• v13 : ((y ⇒ x) ⇒ x) ⇒ y

• v14 : (y ⇒ x) ⇒ y

• v15 : (x ⇒ y) ∧ (y ⇒ x)

• v16 : x

• v17 : y

• v18 : x ∧ y
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v18
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v10
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Figure A.1: The free Heyting semilattice F2 on two generators x, y
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[46] X. Garćıa-Mart́ınez and T. Van der Linden. A characterisation

of Lie algebras amongst anti-commutative algebras. J. Pure Appl.

Algebra, 223:4857–4870, 2019.
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