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Introduction

In classical mechanics, the space of observables of a dynamical system is encoded
mathematically by means of a space of smooth functions on a symplectic manifold
(M, w). Within this setting, each point of M represents a state of the system,
that is, a possible value of position and momentum variables. Endowed with
the Poisson bracket {-,-} associated with the symplectic form w, the space
(C>°(M),{-,-}) of smooth functions on M (with values in C) then naturally
carries a structure of associative and commutative Poisson algebra, whose
product law is the classical pointwise product of functions. The dynamics of the
system is implemented by a Hamiltonian H € C°°(M). It means that the time
evolution of an observable t € R +— f, € C°°(M) is described by the following
equation:
o= {H, £}

In the Heisenberg picture of quantum mechanics (appeared in the 1920s), the
mathematical framework is different. Indeed, at that level, the states of a
dynamical system are symbolized by elements of a Hilbert space H. The
observables are then described by means of linear operators acting on the space
H. Each eigenvalue of such an operator corresponds to a possible value of the
underlying observable. The space of observables is thus naturally endowed with
a structure of noncommutative algebra, for the composition law of operators.
The dynamics is written in terms of a quantum Hamiltonian H9?, which is in
this context a linear operator. The time evolution of an observable t € R — A

is then given by the equation below:

d

1
—A;=—-[HY A
dtt [ 7t}7

h
where 7 is the Planck constant and with [H?, A;] = H70 A; — Ay o HY.

As we can see, the fact that classical and quantum mechanics underly respec-

tively a commutative and a noncommutative algebra is due (within the above
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Heisenberg picture of quantum mechanics) to a radical change in the nature
of objects: the smooth functions on the one hand and the linear operators on
the other hand. But in the late seventies, Bayen, Flato, Fronsdal, Lichnerowicz
and Sternheimer propose in [5] another interpretation. Instead of viewing the
quantum level as a change in the nature of the observables, they suggest that
quantum mechanics may be formulated by means of an algebra of formal power
series in some deformation parameter v, with coeflicients in the space of smooth
functions on the underlying symplectic manifold. In general, v is proportional
to h, the latter then being considered as a parameter (and not a constant) in the
construction. This is the birth of the so-called formal deformation quantization
theory. Within this context, no reference to a Hilbert space is made, both
classical and quantum mechanics are described in terms of classical observables.
The quantum framework then appears as a deformation of the classical one,
that is, it follows from a twisting of the classical pointwise product into a
noncommutative and associative law on the space of classical observables. More
precisely, such a deformation quantization of a symplectic manifold (M,w) is

defined mathematically as a bilinear map

+oo
%2 CF(M) x O (M) = CX(M)[V)]: (f,9) = f 29 = Y FCulf,9),
k=0

where v is a formal deformation parameter and where each element Cy(f, g)
belongs to the space C°(M) of smooth functions on M. Extended CI[v]]-
linearly to C°°(M)[[v]], the product x, is such that the space (C°(M)|[[V]], *.)
becomes an associative algebra. Moreover, x, constitutes a deformation of the
classical pointwise product in the direction of the Poisson bracket, in the sense
that for f,g € C®(M), lim, o fx, g = fg and C1(f,g) — Ci(g, f) = {f, g} (up
to a constant), where {-, -} is the Poisson bracket associated with the symplectic
form w. The product *, is then called a (formal) star-product on (M,w). Tt
is worth mentioning that in 1977, Kontsevich has shown through its formality
theorem that any Poisson manifold (so, in particular, any symplectic manifold)

is endowed with such a (not necessarily unique) formal star-product.

The most popular example of such a star-product is undoubtedly the Moyal
star-product *2 on the flat manifold R?*" = {(q,p) | ¢,p € R"} (with n a non-

zero positive integer), endowed with its standard symplectic form dg A dp. This
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star-product is defined as follows:
*y O (R?") x C™ (R*) — C> (R*") [[v]]

+oo
(f,9) = f+0g:=fg+ > V(L 9),

k=1
where
(wij)z’,j = (_fdn I((i)n>
and
Cr(f.9) T Z Wi i ** Wi i, Oin i f Oy 9
I, Tk
with Iy = (i1, ix), Jk = (G, - k), 1< i, yig, g1, 5 e < 200 Ex-

tended C[[v]]-linearly, ), then defines an associative product on C*° (R*") [[v]].
Moreover, it constitutes a deformation of the classical pointwise product in the
direction of the Poisson bracket associated with the symplectic form dq A dp.
Note that the symplectic manifold (R2",dq A dp) is the phase space of the
dynamical system associated with a free particle moving in R™. Within the
Heisenberg picture of quantum mechanics, the quantization of this system is
thus modeled by a Hilbert space H of linear operators. In the case of a free
particle in R”, this Hilbert space H is equal to L? (R™). Thanks to a work due
to Weyl, the Moyal star-product can be related to the Heisenberg picture of this
quantized situation. Indeed, denoting as B (#) the space of bounded operators

on H, it turns out that there exists a correspondence
Wp:C®(M) = B(H),

called the Weyl quantization map, between the spaces of classical and quantum

observables. This map is defined as follows:

WalDetan) = = [ B0 f (225) oigyaqap
wh Jron 2

where ¢ € L2(R") and f € C°°(R?"?) is a classical observable such that the

integral makes sense. Here is now the spectacular property regarding the above

Weyl quantization map: for two functions f, g belonging to the Schwartz space

S(R?™) (which is a subspace of C* (R?")), we have the identity

Wi (f) o Wr(g) = Wa(f > 9).
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where f )’ g is again a Schwartz function on R?". This function is given for
any (go, po) € R*" by

(f %1 9) (q0,p0) ==

1 _2igw(( o
% 40,p0),(4:p),(d",P")) ' oNdadpdd' dp'
(wh)2" /Rmane fa,p)g(d’,p")dgdpdq dp’,
with

SV (2,y,2) = dq Ndp (z,y) +dg Ndp (y, 2) +dg Adp (2, ).

The law %}V then defines an associative and noncommutative product on the
Schwartz space S(R?"), inherited from the noncommutativity of the composition
law at the level of operators acting on the Hilbert space . But that is not all:
it turns out that for given f,g € S(R*"), the map [h € R f+}V g € S(R*™)]
is smooth. Moreover, its Taylor series at 0 coincides with f 2 g (the Moyal
star-product), for v := 2% The interest of the Weyl quantization is thus twofold.
On one hand, it allows to interpret the Moyal star-product as the reading
at the level of (a subspace of) classical observables of the noncommutative
composition law for the quantum observables. On the other hand, it shows that
on a well-chosen subspace of the classical observables (namely here the space
S (R2") of Schwartz functions on R?"), there exists a convergent expression
for the formal series defining the Moyal star-product, by means of an integral
representation. Actually, this convergent version of the Moyal star-product
constitutes an example of a so-called non-formal star-product. Unlike the formal
case where no particular convergence of the series associated with the star-
product is required, the non-formal one is such that the star-multiplication of
two functions is again a genuine function (at least on a suitable function space),
rather than a formal power series in the deformation parameter. As suggested
by the Moyal-Weyl situation, a non-formal star-product can be interpreted as a
convergent form of an underlying formal star-product.

The present work outlines the explicit construction of a convergent version
of Zagier’s Rankin-Cohen formal deformation. For this, we focus on a two-
dimensional non-flat symplectic manifold, namely the affine group of the real
line "ax + b". This two-dimensional Lie group will be denoted as S throughout
this text, whereas its symplectic form will be denoted as w®. Notice that the
Lie group S naturally constitutes a symmetry group (or group of Hamiltonian
symplectomorphisms) of the symplectic manifold (S, wS). From a physical point
of view, it is then important that the symmetries encoded by S are preserved
after a quantization of the underlying dynamical system. At the level of a
(formal) star-product , on (S, ws), it is then required that for all z € S and
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for all p, ¢ € C(S), the following identity holds:

Lypx Ly = Ly (¢ %0 9)

where L, : S — S : zg — zxg denotes the left action of S. Such a star-product
is called left invariant star-product on the symplectic manifold (S,ws).

In this work, we will consider two different formal star-products on (S, wg)
that appear in the literature and fulfill the above condition of left invariance.
The first one, whose construction is (partially) outlined in the first chapter of
this work, is due to Zagier, Connes and Moscovici, but based on the researches
of Rankin and Cohen concerning the modular forms (cf. Definition 1.1.1). In a
few lines, here is the fascinating story of this star-product. In 1977, the works of
Rankin and Cohen provide a sequence of bilinear operations indexed by positive
integers (called since then Rankin-Cohen brackets), allowing to associate a
modular form to two given modular forms (which is quite complicated). The

surprising fact (noticed among others by Zagier and Eholzer) about those Rankin-

—+o0

Cohen brackets [-,-],, is that (for instance) the formula ) =)

[, ]n defines a
new associative product on the space of modular forms. This therefore suggests
a link between the works of Rankin and Cohen and the formal deformation
quantization theory. A few years later, Connes and Moscovici then develop an
extended notion of Rankin-Cohen brackets (denoted as RC,,, for n a positive
integer) to the space of Hecke operators. From this, they deduce a formal
deformation of a certain type of algebras, based on the brackets RC,, (cf. [32]).
In turn, as noticed by Bieliavsky, Tang and Yao in [25], the result of Connes
and Moscovici leads to a left invariant star-product on (S,wS), via a reduced

form RC!*? of the elements RC,,.

Proposition A ([25]). The deformation /€ := "% 1y RCe? defines a left
invariant star-product on the symplectic manifold (&wS).

A very interesting fact regarding the star-product *%¢ (that we will call
Rankin-Cohen star-product on (S,ws) in this text) is that it admits a more

geometrical interpretation formulated by means of the Moyal star-product.

Proposition B ([25], Proposition 3.4). The star-product ¢ corresponds to
the restriction to the upper half-plane of R? of the two-dimensional Moyal

star-product.

In chapter two, we present the second left invariant star-product associated
with the symplectic manifold (S, wg). This star-product was originally discovered

by Bieliavsky in [11], and constitutes now a very particular example of a far
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more general theory developed by Bieliavsky and Gayral in [20]. Here is
a rough idea of the construction. First of all, note that the Lie group S
corresponds to the Iwasawa component of SLy(R). Setting Lie(SLy(R)) =:
sl (R) = spang{H, E, F'} with brackets given by

[H,E] =2E, [H,F] = —2F, [E,F] = H,

it means that Lie(S) =: s = spang{H, F} and thus S = exp (spang{H, E}).

This leads to the following global coordinate system on S:
s~R? = S: (a,f) — exp(aH) exp((E).

Since S is two-dimensional, a natural way to get a star-product on (S, ws) is
to consider the (two-dimensional) Moyal star-product, written in terms of the
above coordinate system on S. However, this "Moyal star-product’ x> on (S, wS)
is not left invariant. The method used by Bieliavsky then consists in modifying
this star-product by means of a formal equivalence (that is, an operator of the
form T, =1d + Zz:i v*Ty,, where each Ty, is a differential operator), in such a

way that the formula
Fr =T, (T, f%T, ")

yields a left invariant formal star-product on the space (S, wS). The remarkable
fact concerning the star-product 2% is that it admits a convergent form, as
in the case of Moyal-Weyl. Indeed, in their article [24], Bieliavsky and Massar
show that if we restrict *2¢ to the space £8¢ := T, (S(S)) (where S(S) is
the standard Schwartz space on S ~ R? with respect to the previous global
coordinate system), the star-product +2¢ admits a representation in terms of
an oscillatory integral.

Theorem C ([24], Theorem 3.1). For f,g € Y, the formula
fr9g: =T, (T, f T, 9)

defines an associative algebra structure on £2¢. At the level of smooth com-

pactly supported functions, the star-product admits the following integral



Introduction 7

representation (within the global coordinate system S = {(a, )} ~ R?):

(o *7% ¥)(ao, bo) =
1 1 . )
: COSh(Z(Ch _ a2))eﬁ(51nh(2(a07(11))E2+smh(2(a27(10))51+smh(2(a17a2))fo)
(2miv)? /R4
X (p(al,fl)z/)(ag,Eg)daldéldagdﬂg,

where ¢, 1) € D(S) := CF°°(S). Moreover, this star-product is invariant under
the left action L of S.

On (S,ws), there exists thus two formal star-products, namely *¢ (the
BG

v

Rankin-Cohen star-product) and %% (the Bieliavsky-Gayral star-product),
whose second one admits a convergent form by means of an integral repre-
sentation (on a suitable function space). The natural question arising from
that is then to wonder whether the star-product x¢ also admits a convergent
expression or not, at least on a suitable subspace of C*°(S). This constitutes
precisely the subject of chapters three and four of the present work, which both

bring, by means of two different strategies, a positive answer to the question.

In chapter three, the idea consists in making use of the non-formal aspect of
the star-product 2, to give rise to a non-formal Rankin-Cohen star-product
on (&ws). For this, we need first to compute in an explicit manner all the
(formal) S-equivariant operators that intertwine both Bieliavsky-Gayral and
Rankin-Cohen star-products, that is, the set of invertible operators T that
commute with the left action L of S and satisfying in addition the relation

oY =T (T o+ % T 1),

for all ¢, ¢ € C°°(S)[[V]]. Such an operator T is called an S-equivalence between

B

BG and «+%¢. For this purpose, we outline in section 3.1 the so-called retract

*
method. This method allows to characterize the (kernels of the) operators
intertwining two star-products by means of a system of partial differential
equations, through the study of different symmetries of the star-products (cf.
Definition 1.2.30). In section 3.2, we then apply this method to the particular
case of x5¢ and +B¢ | which leads to the expressions of the desired operators.
After that, we study in section 3.3 their analytical properties in order to turn
them into non-formal operators, that is, operators given in terms of a convergent
integral and well-defined on a suitable function space. The reason for this is

that the intertwining of the non-formal Bieliavsky-Gayral star-product via one
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of the integral operators previously obtained yields a non-formal version of x¢.

This is the subject of section 3.4, where the following result is stated.

Theorem D. On a particular partial Paley-Wiener type function space EEC C
C>=(S), the star-product xZ¢ admits the following integral representation
(within the global coordinate system S = {(a, £)} ~ R?):

(2miv) (¢ %, ¥) (a0, bo) =
1
/]1{4 cosh(ay) cosh(as) cosh(a; — az)

><<p<a1+a0+log

6% [tanh(a1—a2)lo+tanh(az)l1 —tanh(a)ls]

cosh(a; — ag) ’
cosh(ag) '

cosh(a; — az)

X (ag ~+ ag + log ,€2> dardl1dasdls.

cosh(aq)
Endowed with this product, the space (550,*50) then becomes an associative

algebra. Moreover, this star-product is invariant under the left action of S.

The above theorem constitutes one of the most important results of the
present work. Indeed, it yields a non-formal Rankin-Cohen star-product, well-
defined on a suitable subspace of C*°(S). The precise link between the integral
representation of Theorem D and the formal star-product +¥¢ on (S, ws) coming
from [25] (and due to Connes-Moscovici’s Rankin-Cohen formula) is given by

the following result.

Theorem E. For given functions ¢, € £FC the function mapping h € R to

the integral representation ¢ *lgc 1 is smooth. Its Taylor series at 0 defines an

associative formal star-product on (S, wS) which coincides with «7¢ | for v := %

We conclude the third chapter with some topological considerations. We
show, among other things, that a particular intertwiner computed via the
retract method in the second section establishes an isometry (with respect to
the L?(S)-inner product) between £F¢ and the function space adapted to (a
particular version of) the Bieliavsky-Gayral star-product. This gives rise to
an associative Hilbert algebra (7—[5”07 *50), associated with the Rankin-Cohen

deformation quantization.

In the fourth chapter of this work, the strategy adopted to deal with the
non-formality of the Rankin-Cohen star-product differs from the chapter three.
Indeed, in chapter four, we start from Proposition B, which connects this star-
product with a restriction of the two-dimensional Moyal star-product. The idea

is then to use the Weyl formula (which is the non-formal counterpart of the
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Moyal star-product) to get an integral representation for Rankin-Cohen. This is
what is done in section 4.1 by building an identification between the functions
on S and the even functions on R2. The reading of the Weyl product through
this identification then leads to a non-formal Rankin-Cohen star-product %2
which extends as an associative product to the space L?(S) of square-integrable
functions on S. The link between the non-formal star-products constructed in
sections 3.4 and 4.1 is established in section 4.2, in which we state the following

result.

Theorem F. The restriction of the star-product chc to the space £ coincides
with the star-product €. That is, for all o, € EEC the following identity
holds:

ROy = By,

The space (£FC, %) is then a subalgebra of (L%(S),*5).

v v » Ny

This theorem means that there exists an extension % of the star-product
*BC obtained in the third chapter. However, as a consequence of the retract
method, it turns out that there is no non-formal equivalence between this
extended product and the Bieliavsky-Gayral star-product. By this, we mean
that there is no S-equivariant integral operator T such that, for all p, ¢ belonging
to some dense subspace of L2(S), the following identity holds at the non-formal
level:

PR Y =T (T ox T 1y).

As shown in chapter three, such an equivalence can only be realized at the level
of a certain partial Paley- Wiener type function space Efc, associated with the

non-formal star-product x7¢.

To sum up, the present work adds a new example to the list of non-formal
star-products developed in the context of symplectic Lie groups. Moreover,
the work done in chapter three establishes a precise link between this new
non-formal star-product and the construction of Pierre Bieliavsky and Victor
Gayral realized in [20]. This therefore opens the way for new investigations. For
instance, it could be interesting to compare our non-formal Rankin-Cohen star-
product with the integral formulas for the Rankin-Cohen quantization based
on covariant symbolic calculus given in [46], [50] and [51]. Also, in their book
[20], authors have developed a way to use their star-product in order to deform
Fréchet algebras which the Lie group S acts on in a strongly continuous and
isometrical manner. We can then naturally ask whether the same kind of result
holds for the Rankin-Cohen star-product (although we think that this is not the

case). Moreover, in a very recent paper ([15]), Bieliavsky, Bonneau, D’Andrea
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and Gayral have built multiplicative unitaries (leading to quantum Kéhlerian
Lie groups) from (an alternative version of) the non-formal star-product *2¢.
It could thus be interesting to know if such a construction is possible for the

non-formal version of the Rankin-Cohen star-product.



Chapter 1

Rankin-Cohen brackets and
formal deformation

quantization

This first chapter outlines the surprising way in which Rankin-Cohen brackets

fit within the framework of deformation quantization.

1.1 Modular forms and Rankin-Cohen brackets

The notion of Rankin-Cohen brackets has its origins in a work of Rankin in
the 1950’s concerning modular forms. Such objects appear in many fields of
mathematics and especially in number theory through their link with elliptic
curves. We begin this section by introducing the general definition of a modular
form ([27]).

1.1.1 Modular forms

We denote by H the upper half-plane of C, i.e. H:= {z € C| Im(z) > 0}. It is

well-known that the group SLs(R) acts on H by fractional linear transformations

b
(or M6bius transformations) in the following way: for A := ( “ i ) € SLy(R)
c
and z € H,
az+b
= (1.1)

This action is well-defined since ¢ and d can’t be simultaneously equal to 0. To

see that A.z € H, it suffices to remark that Im (A4.z) = \2:522'

The transitivity
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is obtained by a straightforward computation. Remark that A € SLy(R) and
—A act on z € H in the same manner. It is then sufficient to consider the action
of the group PSLy(R) := SLy(R)/ {£I}.

In order to define the notion of modular form, we now pass to a discrete
subgroup of SLy(R), namely the so-called full modular group T := SLo(Z). This
group takes its name from the fact that the quotient I'\H can be interpreted as
the moduli space of elliptic curves over C (or Riemann surfaces). This means
that points of T'\H classify isomorphism classes of such elliptic curves. To have
an intuition of this phenomenon, it is first necessary to know that an elliptic
curve over C is of the form C/A, for A C C a lattice. It turns out that two
lattices A1, Ay lead to the same curve if there are related by a homothety, i.e.
if there exists A € Cy such that Ay = AA;. Thus, to each z € H one can
associate a lattice A, := Zz+Z1 and the quotient C/A, consisting of an elliptic
curve. Actually, every elliptic curve over C can be obtained in this way but not
uniquely. Indeed, as mentioned above, such a curve is of the form C/A, with A
defined up to homotheties. If we choose an oriented basis {wy,ws} of A with
Im (Z—;) > 0, i.e. such that A = Zw, + Zw>, then the lattice w;lA = A, with
z:= 2L and we get the identification C/A ~ C/A.. But one can show that a
different choice of oriented basis for A corresponds to an element of the form
A.z, with A € T ([27]).

A modular function is a complex-valued function f defined on H which is
invariant under the action of T" given by (1.1), i.e. satisfying f(A.z) = f(z) for
A €T and z € H. Such a function admits several interpretations thanks to
the discussion above. Indeed, it can also be seen as a complex-valued function
defined on T'\H, as a complex-valued function defined on the set of isomorphism
classes of elliptic curves over C, and also as a function f defined on lattices in
C such that f(AA) = f(A) with A a lattice and X € Cy. To a function f on
lattices, one associates the corresponding invariant function f on H by setting
f(2) :== f(A.). For the reverse direction, given a function f, one defines the
corresponding f by f (A) := f (%) with {w1, w2} an oriented basis of A. In the
literature, a modular function f on H is also required to be meromorphic and
of exponential growth at infinity, i.e. such that f(z +iy) = O (e) as y — 400
and f(z +1iy) = O (65) as y — 0 for some ¢ > 0. However, the invariance
condition imposed on modular functions is too restrictive to lead to interesting
arithmetic properties. That is precisely the reason why one needs to introduce
the modular forms. As in the case of rational numbers and integers, those forms
are such that every modular function is given by a quotient of two modular

forms. For this purpose, the invariance condition imposed on modular functions



1.1 Modular forms and Rankin-Cohen brackets 13

is relaxed for the modular forms. Indeed, viewed as a function on lattices, a
modular form f has to satisfy the identity f (AA) = A% f (A), with A € Cg and
for some integer k called the weight of f. If we want the corresponding invariant
function f on H, it suffices to set f(z) := f (A,) for z € H. At the level of f,
the so-called modularity condition is then given by

H(E5) =@+t

a
with d €T and z € H. Again, in the literature, the term modular form
c

requires an additional growth condition and the holomorphy of the function.

More precisely, we have the following definition.

Definition 1.1.1 ([57]). A modular form of weight k € N is a holomorphic func-
tion f : H — C such that | f(2)] is bounded by a polynomial in max {1,Im(z) '}

and satisfying
az+b\ k
F(E5) =+ at o)

for(a 2>€Fandz€H.

If we introduce the standard slash operator defined for a modular form f of
weight k, v € I' and z € H by

Fliv(2) = det(1)* (c2 +d) " f (Z - 2) |

then the modularity condition for f becomes

f|k’Y:f-

In what follows, we will often drop the subscript k for the slash operator.

It turns out that for odd k, only the trivial form f = 0 fulfills the conditions
of the previous definition and apart from this particular case, there exists no
simple non-trivial example of modular form.

Example 1.1.2. One important example is given by the so-called discriminant
function A defined for z € H by

+oo

A(z) := ™= H (1- 627”2)24. (1.2)

n=1
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This is a form of weight 12 and it played an important role in the work of

Ramanujan about modular forms.

Example 1.1.3. Two other important examples are the so-called Eisenstein

series of weight 4 and 6, respectively given by

+oo n +oo n
Eq(z) = 1—1—240211313(1“, Eo(z) =1 —504Zn513qn,
n=1 n=1

where z € H and for g := e?™2.

The space of modular forms of weight k is denoted by My (I') and the
algebra of all modular forms is then given by M (I') = @, M (T').

It is worth mentioning that the above definition makes sense if we replace I'
by any congruent subgroup of SLy(Z). A particular family of such groups is
the set of congruent subgroups I'(n) of level n, defined for each integer n > 1 by

F(n)::{(i Z)ESLQ(Z)<Z Z>E<(1) 2) modn},

where the congruence is understood entry by entry. In particular, T'(1) = SLs(Z).
Then, for each n > 1, we adapt Definition 1.1.1 by setting M (I'(n)) :=
P My, (T'(n)), the graded algebra of modular forms of level n. Remark that
M (I'(1)) = M (T), as the linear fractional action of matrices Id and —Id on H
are the same. For a more general congruent subgroup I', an element in M (f)

is called a I'-modular form.

We now turn to the description of Rankin-Cohen brackets.

1.1.2 Rankin-Cohen brackets

Given two modular forms f € My (') and g € M, (T), a natural idea to
combine them in order to obtain a new modular form consists in taking their
pointwise product. Of course, it is straightforward to show that fg is then
a modular form of weight k£ + ¢. Since a modular form is required to be
holomorphic, another idea to produce a new modular form from f and g is
to consider bilinear combinations of f, g and their derivatives. But there is a
problem: the derivative of a modular form is not modular anymore. Indeed, if

we set

T 2mide
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we can observe that

,(az+b k42 g/ k k+1
= d — d
P (ZE2) =t 020G+ gmcles + PG,
and because of the second term, f’ can’t be a modular form of weight & + 2 as
suggested by the first term. There are several ideas to deal with it. A first one
consists in modifying the classical differentiation operator so that it preserves
modularity. For instance, the Serre derivative (which historically goes back to

Ramanujan) defined for any modular form f € My (T) by

If =~ B, (13)

where F(z) := 514 (log A(z)) denotes the Eisenstein series of weight 2, is

such that 9 f € My42 (T'). The operator 95 : My (T') = M2 (T') is then a
derivation of degree 2.

A second idea to tackle the problem of non-modularity of the classical deriva-
tive is to consider some particular combinations of modular forms. Actually,
the question of knowing what kind of bilinear operations give rise to a modular
form from two given modular forms goes back to Rankin in the 1950’s ([47],
[57]). During those years, Rankin delivers a construction allowing to obtain
a new modular form from a single given modular form and its derivatives.
In 1977, based on Rankin’s work, Cohen provides an answer to the question
concerning two given modular forms by defining a sequence of brackets (i.e.
bilinear operations) indexed by positive integers ([25]). This is the birth of

Rankin-Cohen brackets. More precisely, we have the following proposition.

Proposition 1.1.4 ([27]). For f € My ('), g € M, (I') and for every integer
n > 0, the function [f, g],, defined by

r=0
(with f(") .= (ﬁ%)r f) belongs to My iy, (T').

The proof of this result is given in details in [57]. We can easily notice
different properties of those brackets: [f, gl is equal to the classical pointwise
product fg and [f,g]1 = kfg’ — £f'g is a modular form of weight k + ¢ + 2.
Moreover, as pointed out in [27], the bracket [.,.]; is clearly anti-symmetric and
a straightforward computation shows that it satisfies the Jacobi identity, which
makes the space M (T') into a (graded) Lie algebra. But there is more: for a
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given element f € My (T'), then for g € My (T') and h € M,, (T'),

[f,ghly = kf(gh)’ — (€ +m) [ gh
=kfg'h+kfgh' —Lf'gh —mf'gh
= [f,glih + g[f, b1,

which means that the map g — [f, g]1 is a derivation with respect to the classical
pointwise multiplication. Therefore, the space M (I") becomes a Poisson algebra.
For the n-th Rankin-Cohen brackets, we have

and for n > 0,

[fﬂl]n = [lvf]n =0
(see [45, 58] for details).

1.2 Link with formal deformation

The purpose of this section is to show how Rankin-Cohen brackets lead to a
particular (universal) deformation formula. We recall first what is meant by a

formal deformation.

Definition 1.2.1 ([36], Definition 1.13). Let A be a unital, associative and
commutative algebra over a field K with multiplication ug : Ax A — A and unit
14. Then a formal deformation of A is an associative and unital K[[v]]-algebra
structure on the formal power series module A[[v]] with multiplication of the

form

+oo
o = o+ >V ke
k=1
where each py : A x A — A is a K-bilinear map extended to be K][[v]]-bilinear.

After a deformation, the associativity is then preserved but not necessarily
the commutativity. When A is endowed with an extra Poisson structure {.,.},
the formal deformation is then required to be in the direction of the Poisson

bracket, which means that p; has to satisfy the equation

p1(a,b) — p1(b,a) = c{a, b}

for a certain constant ¢ depending on the chosen normalization and with a, b € A.
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1.2.1 Cohen, Manin and Zagier

Thanks to the discussion of the previous section, for the particular Poisson
algebra A := M (I") with the pointwise multiplication pp, we know that the
zeroth Rankin-Cohen bracket coincides with pg and that the first Rankin-
Cohen bracket defines a Poisson structure. It seems then natural to ask wether
those two brackets appear as the first two terms of some (associative) formal
deformation of modular forms in the direction of the Poisson bracket. This
question has been treated through the use of different techniques by several
authors, including P. Cohen, Y. Manin, D. Zagier, A. and J. Unterberger and
M. Pevzner (see for instance [27, 45, 50]). The (surprising) result given by
Cohen, Manin and Zagier is based on the fact that there exists an equivalence
between the space of formal power series with coefficients in modular forms and
a certain space of invariant pseudo-differential operators ([29]). Their theorem

is the following.

Theorem 1.2.2 ([27]). Let v and & be two formal parameters. For f € My, (')
and g € M, ('), the multiplication *, ,, defined by

+oo
f*umg = Ztn(k'aea v, Kf)[fvg]n

n=0
where the coefficients t,,(k, ¢; v, k) € Q(k, £)[v, k] are given by
e () IEN)

0<j<n/2 J J

is a formal deformation of the space of modular forms.

This means that there exists a two-parameter family of formal deformations
based on Rankin-Cohen brackets. Notice that the choice k = 0 leads to

+oo
MO,V(fag) = f*u,og = Zy"[f’g]n’
n=0

which implies in particular that the sum of Rankin-Cohen brackets defines a
formal deformation of the algebra (M (T'),[.,.]o).

1.2.2 Connes and Moscovici

In their paper [30] in which they deal with the problem of computing the
index of transversally elliptic operators on foliations, Connes and Moscovici
define a family of Hopf algebras Hj; for each integer k, together with an
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action on the algebra of the transverse frame bundle of any codimension n
foliation. Let us briefly describe the particular Hopf algebra H;: as an algebra,
it corresponds exactly to the universal enveloping algebra of the Lie algebra
with basis {X,Y,d,,;n > 1} and brackets

[K X] =X, [K 571] = N0y, [X7 671} = 6n+17 [6n76m] =0; n,m > 1.

The product - : H1 ® Hq1 — H; is that of the universal enveloping algebra. The
coproduct A : Hy — H1 ® H; is determined by

AY =Y ®1+19Y,
AX=X®14+10X+6QY,
AS; =6 ®1+1®6,

and the multiplicativity property
A(hihg) = A(hy)A(hs),

where hy,ho € Hi. The counit € : H; — C consists in taking the value of
the constant term (i.e. e(h) = constant term of h € H;) and the antipode
S :Hy — H; is determined by

S(X)=-X+00Y, SY)=-Y, S(01) =61,
and the anti-isomorphism property
S(hihg) = S(h1)S(hs),

where hy, ho € Hy. The space (H1,-, A, S, 1,€) then defines a Hopf algebra.

In [31], the same authors associate to any congruence subgroup I' of SLy(Z)
an algebra A (T'), which consists in an extension of both the ring of classical
Hecke operators and the algebra M (f‘) of T-modular forms. This algebra
acts on M (f‘) extending the action of classical Hecke operators. Here is
a brief description of their construction. Define the inductive limit M :=

lim M (T'(n)). This corresponds to the algebra of modular forms of all levels.

n—-+oo

We set GT (Q) := GLT(2,Q), where the superscript + means that we consider

the identity component.
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Definition 1.2.3 ([31]). Let T be a congruence subgroup. A Hecke operator

form of level T is a map
F:T\GY'(Q) - M :Tar F, e M
with finite support and satisfying the covariance condition

Fa’Y:F(Jt|’Yv VCXGG+(Q), VGF

The space A (f‘) of Hecke operator forms of level I' then defines an algebra
([31], Proposition 2) that Connes and Moscovici call the modular Hecke algebra
of level T, which contains as subalgebra the algebra of T-modular forms M (f‘)

One important point in [31] is that Connes and Moscovici observe the existence
of a non-trivial action of the Hopf algebra H; constructed in [30] on the algebra
A (f‘) It means that A (f’) is a left Hi-module algebra, in the sense of the
following definition.

Definition 1.2.4 ([36], Definition 1.1). Let B := B (15, Ag, 15, €5) be a bial-
gebra over a commutative field K, with multiplication up : B ® B — B, comulti-
plication Ag : B — B ® B, unit 15 ant counit ez : B — K. A left B-module A
is a left B-module algebra if A = A(u4,14) is a unital K-algebra such that for
all b € B,

1) b-1a=(e(b)) - La;
2) b- (aa’) = Z (b(l) . a) (b(2) . a’) where Ag(b) = Zb(l) (59 b(g).
We now present the way that Connes and Moscovici define the action of H;

on A (f) Firstly, they define the action of the generators X and Y of H; on

the space of modular forms: for f a modular form of weight k, they set

k
Y(f)=5f (1.4)
and
X(f) = 0e(f), (1.5)
where ¥ denotes the Serre derivative given by (1.3). Explicitly, we then have
1 df 1 d 1 df 1 d
X ::77_771 A = —— — 71 A.Y
D= Gmids " omidz N T omidz  Tamias BV
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where A denotes the discriminant function (1.2). Remark that with these
definitions, using the fact that X (f) is of weight k + 2,

_ k2

Y, X]f =Y(X(f)) - XY (f)) = —

X(f) -

X =x(p)

and then [Y, X] = X. Now, for each element o € G (Q), define the function

Lo, on H by
(2) = 1 d1 Ala
Hol2) = Jomidz %\ )-

The action of the generators of H; on A(f‘) is given for FF € A (f‘) and
a € GT(Q) by the following operators:

Y(F), :=Y (F,),
X(F)o =X (F,),
5m(F)a = Um,a (Fa) y (16)

where fi o = X™ ! (o), Vm € N.
Theorem 1.2.5 ([31], Theorem 12). Let T' be any congruence subgroup.

1) The formulas (1.6) define a Hopf action of #; on the algebra A (f‘)

2) The derivation 8} := 3 — %6% is inner and implemented by w4 := —% €
A (f) (where E, denotes the Eisenstein series of weight 4 defined in
Example 1.1.3), i.e.

h(a) = [a,ws], Ya € A(T).

Remark 1.2.6 ([57]). The restricted Hopf action of H; to the space of modular
forms® (given by formulas (1.6)) coincides with the Hopf action of the universal
enveloping algebra generated by Y and X with bracket [Y, X] = X, determined
by formulas (1.4) and (1.5). This comes from the fact that p, = 0 for all
a € SLy(Z).

As noticed by Connes and Moscovici, Theorem 1.2.5 suggests a generalization
of the notion of Rankin-Cohen brackets to the modular Hecke algebra. This
observation is based on a work of Zagier. Indeed, in [58], the latter shows
that using the element ® := %* € My (I'), the Rankin-Cohen brackets can be

1Recall that the space of modular forms constitutes a subalgebra of the modular Hecke
algebra.
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reformulated as follows ([58], Proposition 1): for f € My, (T') and g € M, (T),

fal= X (TN hee

r4+s=n

where f,. € Myiar (T'), gs € Myyas (') (7,8 > 0) are defined recursively by
frm1=Xfr4+rir+k—=1Pf_1, gso1=Xgs+s(s+€—1)Pgs_1

with initial conditions fo = f and go = g and where X : My, (T') = M2 (T) is
given by (1.5). Thanks to Remark 1.2.6, the formula (1.7) then allows to express
the Rankin-Cohen brackets by means of the restricted Hopf action of H; to the
space of modular forms and the element ® € My (T'). Note that this modular
form ® of weight 4 used by Zagier is very reminiscent with the particular inner
derivation 45 considered by Connes and Moscovici. These last two then suggest
in [32] the following extension of Zagier’s formula for Rankin-Cohen brackets:
for a,b e A (f), they set

RCu(a,0) = 3 252 + k)i (a) fj—]j)! OV +n— k),  (18)

with (2); :=Z(Z+1)...(Z +k —1) and where A; and By, are obtained by
induction using A_; :=0, Ag :=1,
0 k—1
Ak+1 = S(X)Ak - kw4 Y — T Ak—la (19)
where wg is the right multiplication by w4, By := 1, By := X and
k—1
Bk+1 = ,XB;c - kw4 (Y — 2) kal' (110)

In the particular case of modular forms, the formula (1.8) coincides with (1.7).

Actually, Connes and Moscovici go much further: they remark that the
formula (1.8) admits a generalization for every algebra A endowed with a

projective structure in the following sense.

Definition 1.2.7 ([32]). Let H; be the Hopf algebra described above. We say
that an algebra A is endowed with a Hi-projective structure if H; acts on A
and if the derivation &) := 6, — $67 is inner and implemented by an element
Qe A, ie.

d5(a) = [Q,a] = Qa — af, Va € A,
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with
0k(Q) =0, Vk € N.

Given such an algebra A, the generalized Rankin-Cohen brackets RC),(a, b)
for a,b € A and n € N are then defined by the formula (1.8), but where wy is
replaced by € in the expressions (1.9) and (1.10). Explicitly, it gives

-1
Ak+1 = S(X)Ak - kQO (Y - k2) Ak—la (1.11)

A_1 = 0, Ao = 1,

k—1
Bk+1 = XBk — kQ <Y — 2) Bk—h (112)

By :=1 and B; := X. Using these new brackets, they generalize the deformed
products of Theorem 1.2.2.

Theorem 1.2.8 ([32], Theorem 10). Let A be an algebra endowed with a
H1-projective structure. Then, for any formal parameters v and &, the product

formula
—+oo

axib:=» V'RC, (t (Y ®1,10Y)(a®Db)) (1.13)
n=0

gives a formal deformation of A, where RC,, are defined by (1.8) (for Ay and
By, given respectively by (1.11) and (1.12)),

s (1) S5 (2) (_$4_<-é> o ())

=0

are the coefficients defined in [29] and

(az) Do —m)

J J!

When k = % or K = %, then for all n € N and for all z, y,

th(z,y) =1,
which leads to the following particular formula.

Corollary 1.2.9. The particular choice kK = % (or k = %) reduces the formula
(1.13) to
+oo
a*, b= ZV”RC’,L(a,b) (1.14)

n=0
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(where we have dropped the superscript 1/2 in *i/ 2).

Before stating one important last result of Connes and Moscovici concerning
Rankin-Cohen brackets, we recall the notion of universal deformation formula
in the sense of [36].

Definition 1.2.10 ([36], Definition 1.16). Let B := B(ug, Ap,15,¢5) be a
bialgebra over a commutative field K, with multiplication ug : B® B — B,
comultiplication Ag : B — B ® B, unit 1z ant counit eg : B — K. A universal
deformation formula (UDF) based on a bialgebra B is an element F' € (B®B)[[v]]

of the form
“+o0

F:15®15—|—Zl/”Fn,

n=1

with v a formal parameter and where each F,, € B ® B satisfies
(€B®Id)F: 1®1g, (Id@GB)F: 1p®1

and
(Ap®1d) (F)) (F®lp) = ((Id® Ag) (F)) (1p® F).

As mentioned by Giaquinto and Zhang, such an element F' can then be used
to twist the multiplication of any left B-module algebra A.

Proposition 1.2.11 ([36]). Let B be a bialgebra over a commutative field K
and let v be a formal parameter. If A := A(ua,1.4) is a left B-module algebra
(where g : A® A — A is extended to be K][[v]]-linear) and F' a UDF based on
B, then the formula

p(a,b) == (pa o F)(a®b), Va,b € A,

defines a formal deformation of A.

The conditions imposed on the element F' ensure that the twisted product

is again associative.

Connes and Moscovici prove in [32] that the extended Rankin-Cohen brackets
provide a UDF based on H;, allowing to twist the product of any algebra A
endowed with a 7-projective structure. More precisely, one has the following
result.

Theorem 1.2.12 ([32]). The element

+o00
RC =) v"RC,, (1.15)

n=0
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where

. B
RC, =Y ZEQV +k)pr® #(2Y+n—k)k,
k= ’

o
—~
Dy
~

—1
Apr = S(X) A — kQ° (Y - 162) Ag—1,

k-1
Bk+1 = XBk — kQ (Y - 2) Bk—h

defines a UDF based on H; for any projective Hi-action, with ) the element
underlying the H;-projective structure. Therefore, if A is an algebra endowed
with a Hi-projective structure implemented by an element 2 € A, then the
formula (1.14) extended K[[v]]-linearly defines an associative product on A[[v]],

i.e. a formal deformation of A.

1.2.3 Geometrical interpretation of the Rankin-Cohen de-

formation

The purpose of this section is to explain how the Rankin-Cohen deformation (for
a particular choice of H1) fits into the geometrical context of formal deformation
quantization on symplectic manifolds. Such a deformation, also called a star-
product, is a particular formal deformation (in the sense of Definition 1.2.1),
said to be in the direction of the Poisson bracket (coming from the symplectic

form associated with the considered symplectic manifold).

We start by recalling some geometrical tools (we refer for instance to [6] for

more details).

Given a symplectic manifold (M,w), the non-degeneracy of w implies that
for each f € C°(M) (i.e. the space of smooth functions on M valuated in C),
there exists a unique vector field X; € I'°(T'M), called Hamiltonian vector
field associated with f, such that

L(Xf)w:_dfu

where ¢ (X7)w denotes the contraction of Xy with the form w. So we can define

a map
{}: O (M) x CF(M) = C*(M) : (f,9) = {[, 9} = w(Xs, Xy),

which defines a Poisson structure on the manifold M. This Poisson structure (or

Poisson bracket) is said to be associated with the symplectic form w. Moreover,
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the application mapping f € C>®(M) to Xy € I'°(TM) is a Lie algebra
morphism, i.e.
Xirgy = X5 Xgl,

with f,g € C°(M) (see for instance [33] for details). The Poisson bracket can
be written in terms of a Hamiltonian vector field using the following identity:

{f.9} =dg(Xy) =: Xy (9).

Now, we consider a Lie group G acting on a manifold M via a map 7 :
GxM — M: (g,x) — 14(x). If we denote by g the Lie algebra of G (i.e.
g := Lie(G)), we get for each X € g an application

d
X" M—>TM:z— X = T Texp(—tX)(T),
0

which defines a vector field on M called fondamental vector field associated with
X. The map
g—>I°(TM): X —» X*

is then a Lie algebra homomorphism. If in addition the action of G on M is

transitive, we get the identification
T.(M) ={X; | X €g}.

Definition 1.2.13. Let (M,w) be a symplectic manifold and let G be a Lie
group acting on M via a map 7. This action is called symplectic if for each

g € G, 74 is a symplectomorphism.

Definition 1.2.14. Let (M,w) be a symplectic manifold together with a sym-
plectic action of a Lie group G with associated Lie algebra g. This action is

called Hamiltonian if there exists a Lie algebra homomorphism
A (g [5]) = (CF(M), {--})
with {-,-} the Poisson bracket associated with w, satisfying the relation
LX) w = —d(MX)),

for each X € g. This Lie algebra homomorphism is then called moment map
and in what follows the element A(X) will be denoted by Ax.

Remark 1.2.15. Within the context of the previous definition, the fondamental

vector field X* is then Hamiltonian and associated with the function Ay, i.e.
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X* = X, . Hence, for all f € C°(M),
X =1{x, 11

Star-product on a symplectic manifold
In the context of symplectic manifolds, a star-product is defined as follows.

Definition 1.2.16 ([5]). Let (M,w) be a symplectic manifold. A differential
star-product on M (or a star-product on M in short) is a bilinear map

+oo
xy 1 C(M) x C(M) = C*(M)[[V]] : (f,9) = fx g:= Y v Cu(f,9),
k=0
where v is a formal parameter called deformation parameter and with
“+oo
C*(M)[[v]] = {Zkak | fo € C®(M) Vk € N} ,
k=0
such that

(i) for each k € N\{0}, the map
Cr: C®°(M) x C®°(M) — C>*(M)

defines a bidifferential operator on M;

(ii) the law *,, extended C[[v]]-linearly to the space of formal power series
C>(M)[[v]], gives an associative product on C*(M)[[v]];

(iii) the so-called classical limit conditions are satisfied, i.e.

CO(fvg):fg and Cl(fvg)_cl(gaf)zc{fvg}v

where ¢ € C is a constant depending on the chosen normalization (in
general, ¢ = 1 or ¢ = 2) and where {-,-} means the Poisson structure

associated with w;

(iv) 1x, f=f*x 1= f.
Remark 1.2.17. From now on, the notation C*°(M) will be used to denote

the space of smooth functions on M valuated in C.

It turns out that on a symplectic manifold it may exist more than one
star-product, which justifies the usefulness of the following notion of equivalence

between two star-products.
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Definition 1.2.18. Let %, and %/, be two star-products on a symplectic manifold
(M,w). There are said to be equivalent if there exists a linear formal operator
T on C*°(M)[[v]] of the form

—+oo
T=> VM, (1.16)
k=0
such that
(i) To =1d;
(ii) T is a C[[v]]-linear differential operator for all k € N;

(iil) T intertwines *, and %, that is, for f,g € C(M)[[v]],

T(f*g)=Tfx,Tg.

Remark 1.2.19. Within the context of the previous definition, the fact that
Ty = Id implies that T is formally invertible, which implies that the intertwining
property (iii) is equivalent to

frog=T""(Tfx,Tg).

This condition will be denoted shortly by %, = T~!(x}) or equivalently by
*, =T (%,).

Conversely, given a star-product *, on a symplectic manifold (M,w) and
T an operator of the form (1.16) satisfying conditions (i) and (ii) of Definition
1.2.18, it can be shown that T (x,) is a star-product on (M, w) if and only if
T}, vanishes on constants for all k£ > 1 (see for instance [7]). Remark that this

condition is equivalent to require that 7' leaves the constants unchanged.

Let us now present two important constructions of such star-products. The
first one is the Moyal star-product on R?™ and is one of the simplest example of
deformation quantization. It is constructed as follows: let w be the standard
constant symplectic form on the flat space R??, i.e. such that its matrix

representation (w;;) ; in the canonical basis is given by

0 Id,
(wij)i,j - <—Id 0 ) :
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Let also «0 be the map defined as
Ky 1 O (R?™) x C (R*™) — C* (R*") [[V]]

+oo
(f,9) = f+0g:=Ffg+ > VL9, (117

k=1

where 1
Ci(f,9) = o D Wi Wiy Oy 0159,
S I, Jk

with Ik = (ila"' 7ik)7 Jk = (jl?"' ajk)7 1 S Z.17"' 7ik7j17"' 7jl€ S 2n and
where 0;,...;, (respectively 0j,...;,) means the composition of partial differential
operators in the variables i1, ..., (respectively j; ---ji). Remark that each
C? (k > 1) defines a bidifferential operator such that CY(f,1) = C2(1, f) = 0.
Moreover, by observing that the canonical Poisson bracket on R?" associated

with w can be written as follows:

2n
{£,9} =D wiiji0:, f0,9=">_ wij0ifd;9 = C{(f.9),

Iy, J1 i,j=1

we get the identity

It turns out that extended C[[v]]-linearly to C> (R*") [[v]], the law %!, is asso-
ciative and then defines a star-product on R?" (see for instance [26] for more
details).

Definition 1.2.20. The star-product %V is called the Moyal star-product on
R2",

Remark 1.2.21. An alternative formulation of ¥ is given for f,g € C> (R2")
by

(/40 9)(=) = exp (waa(f) (F(@)9(v))

T=y==2
For instance, on the space (R2 ={q,p},w=dgA dp), the explicit expression
of the Moyal star-product is given by

Flg=Fg+> 73 > (=1 ( '; ) 0y 031050, g, (1.18)
k=1 j=0
where f,g € C> (R?) [[v]].

Another important family of examples of star-products on symplectic mani-

folds comes from the work of Fedosov. Roughly speaking, a Fedosov star-product
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consists in gluing together local expressions of the Moyal star-product. We

briefly describe its construction here and refer to [34, 38] for more details.

Let (M,w) be a 2n-dimensional symplectic manifold. For each z € M, we
associate to the symplectic vector space T, M (the fiber associated with x in the
tangent bundle) a unital associative algebra W, over C, called the Weyl algebra
associated with x, whose elements are formal power series (with parameter v)
of the form

.23 Y,V Z % Qk,iq - ',lz( )yi1"'yiz7

2k+1>0
where the coefficients ay, i, ... ;, are symmetric covariant [-tensor fields on M
and y := (y1, -+ ,y2n) € T M is a tangent vector. The product law o of two

such elements is defined using the expression of Moyal star-product given in
Remark 1.2.21:

0
@B = (o (S0 5o ) atmvoie )|

X1 vk oFa(x,y,v) %b(z,y,v)
:Zk—(f) 11]1...Qikjk6l.”8l TP IR
yll ylk yh ylk

with ©;; := (w™');;. The Weyl bundle W over (M,w) is then defined to be
the bundle for which the fiber at point x € M is W,. The algebra of smooth
sections of W with fiberwise multiplication o is denoted by I'*°(W). It is worth
mentioning that the center of this algebra coincides with C*°(M)[[v]]. One
of the key ingredients in the construction given by Fedosov is the notion of
Fedosov connection, which requires to look at the algebra of smooth sections
(W o A) =@, T (W @ A"), where A is the set of smooth r-forms on
M. Such a section has locally the form

.%' Yy, v E : vk Ak i, i1,51,0 ( )yn"'yizdﬁjl/\“'/\dﬁjr’
2k+1>0
where the coefficients are covariant tensors symmetric in 41, -- - ,4; and antisym-

metric in jq,- -+, j.. Two elements in '™ (W ® A) can be multiplied together

by extending the law o with the exterior multiplication, i.e. by setting
(@@XN)o(ba)XN):=(aob)@AAN).
We then define the commutator on I'** (W ® A) by

[s,8] ;=508 — (=1)""s's o,
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if s e (W®A™) and s’ € T (W ® A™), and also two operations 4, §* :
I (W@A) =T (Wa®A) by

ds o, 0
o(s) == zk:dwk A B 0*(s) :== zk:ykb <8xk> s,

where ¢ (%) means the contraction of the section with the vector filed %.

An Abelian connection (of Fedosov) on the Weyl algebra bundle is a linear map
D:T>®(W®A) - I (W ®A) satisfying the Leibniz rule and such that

D?s=0,

for all sections s € ' (W ® A). An important result obtained by Fedosov in
[34] tells us that it is always possible to construct such an Abelian connection
on W from a chosen symplectic connection on M. We recall that this latter

notion is defined as follows.
Definition 1.2.22. A connection V on (M,w) is called symplectic if

a) V is torsion free, i.e.

VyY - VyX — [X,Y]=0;

b) the symplectic form w is parallel (which is denoted by Vw = 0), i.e.

Vxw(V,Z) = X(w(Y,2)) —w(VxY,Z) —w(Y,VxZ) = 0;

where X,Y, Z are vector fields on M.

Symplectic connections always exist but are not unique, although under
some extra conditions on the manifold M there is sometimes a canonical choice
of such a connection. Given a symplectic connection V on M and a basis {X;}
of its tangent bundle, we can consider the Christoffel symbols Ffj associated
with V determined by

Vx, X; =Y TEX,.
k
We introduce the element

_ 1
F = 5 Z wkiFij,-yjdxr,

ijkr
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as well as the connection § on W given by
1 -
O0a :=da — —[I', al.
v

This connection extends as a covariant exterior derivative (also denoted by 9)
on the entire space of sections I'*® (W ® A) by using the Leibniz rule:

Ia®@A) =0(a) NA+a®dA.

In [34], Fedosov shows that there exists a certain 7 € I (W ® A') (uniquely
determined by the equation (3.4) in [34]), such that the element

Di=0—5—2p]
v
defines an Abelian connection on W. This allows us to present the main object
of Fedosov’s construction: the subalgebra Wp C I'*° (W) of flat sections of W,
i.e. the set
Wp :={a eT>*(W) | Da=0}.

This space is central for the construction of the Fedosov star-product because

of the following theorem.

Theorem 1.2.23 ([34], Theorem 3.3). Given a flat connection D, for any
f € C=(M)[[v]], there is a unique a € Wp such that o(a) := a(z,0,v) = f(x).

This theorem tells us that the symbol map o : (W) — C>®(M)[[v]] is a
linear isomorphism when restricted to Wp. Hence, it can be used to transport
the algebra structure of Wp to C°°(M)[[v]]. The Fedosov star-product %%
(depending on the symplectic connection V) is then defined on C*°(M)[[v]] as

follows:
f*fg:za(a_l(f)oa_l(g)) . (1.19)

A geometrical reformulation for Rankin-Cohen deformation

We consider the Hopf algebra H; of Connes and Moscovici in the particular
case where all the J,, are trivial, i.e. d,, = 0 for all n > 1. In this case, the
Hopf algebra H; reduces to the universal enveloping algebra of the Lie algebra
with basis {X,Y} and bracket [Y, X] = X. Actually, this Lie algebra is that
associated with the so-called "ax + 0" Lie group, or affine group of the real
line. In what follows the "az 4 b" Lie group will be denoted by S and its Lie
algebra Lie(S) by s. Within this notations, we have H; = U(s). For any algebra
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A endowed with a U(s)-projective action?, we can apply Theorem 1.2.12 in
order to get a formal deformation of A. Using the triviality of all the d,, the
elements RC), defining the universal deformation formula RC € U(s) @ U(s)[[V]]
(cf. formula (1.15)) given by

+o00
RC =Y v"RC,,

n=0

are in this particular context reduced to the following expressions:

n 1 k
RC, =: RCj# =" [( ) x 2Y +k), . ®

1 o
k=0

(n—Fk)
(1.20)
Indeed, since §,, = 0 for all n > 1 and = 0, we have S(X) := —-X+6,Y = - X,

Apy1 = S(X) Ay, — QP (Y —~ k;) Ap_1 = S(X)A, = —X Ay,

with A_1 :=0, Apg:=1 and

k-1
Bk+1 = XVB]C — kQ (Y - 2) Bk,1 == )(B;c7

with By := 1 and By := X. The Connes-Moscovici-Rankin-Cohen formal
deformation «7*¢ of A is then given by

+oo
fBC g .= Z V"RCT(f, g), (1.21)

n=0

for f,g € Al[V]].

Surprisingly, this deformation «*¢ is strongly linked to the Moyal (and the
Fedosov) star-product described above, as shown by Bieliavsky, Tang and Yao
in [25]. We describe here briefly their development but refer to their full paper
and [57] for more details. In the notations of [25], let (V,w) be the symplectic
vector space (R? = {(¢,p)},w :=dg A dp) and by := spang{Q, P} ® RZ the
corresponding Heisenberg algebra, i.e. with brackets given by

Q Pl=w(Q P)Z=2,[Y,Z] =0V Y € spang{Q, P}.

2By this, we mean a U(s)-action together with a U(s)-projective structure (cf. Definition
1.2.7).
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Setting sly(R) := spang{H, E, F'} with brackets
[HaE] = 2Ea [H7F] = _2F7 [E7F] = Hv
we form the semi-direct product

GRrRC ‘= S[Q(R) X hv, (122)
for which the table is given by

[H,E|=2E, [H,F|=-2F, [H,Q]=Q, [H,P] =-P,

[EvF]:I_L [E7Q]:07 [E7P]:Qv [FvQ]:Pa [Fﬂp]zov

[Q,P]|=Z, [Y,Z]=0VY € gre. (1.23)
The infinitesimal linear action gre — I'™° (TV) : Y — Y™* then underlies a
Hamiltonian action in the sense that there exists an associated moment map

A:igre = C®(V) : Y = Ay. The explicit expressions of the fundamental
vector fields are

H* = —q0, + p0y, E* = —pd,, F* = —q0,,

Q=—0y4, P*=-0,, Z* =0,

and the associated moment maps are given by

1 1
Ag = qp, AE = ipza Ap = 75(]23 )‘Q =D, Ap = —q, Az =1

Remark that [X,Y]* = [X*,Y*] and {Ax,A\y} = A\xy; for all X,Y € gre
(where {-,-} is the Poisson bracket associated with w). It turns out that the
"ax+b" Lie group S corresponds to the Iwasawa component of SLs(R), i.e.
s = spang{H, F} and thus S := exp (spang{H, E'}). Within the coordinate
system

s~R? = S: (a,f) — exp(aH)exp({E), (1.24)

the group law of S reads
(a,0)(d,0') = (a+a,e 2 0+10).

This group acts locally on V' by matrix multiplications. Indeed, for

(a,E):(e te )eS
0 e ¢
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(where S is viewed as a subgroup of SLs(R)) and

we have

R ( A )( ! ) = ((a+p0)e,pe™).

We denote by O the S-orbit of the element (0, 1); so
0 =8.(0,1) ={(te®,e™") | a,l € R}, (1.25)

which corresponds exactly to the upper half-plane of V' (the action is simply
transitive). Setting

$:S— O (a,0) — ( o e ) ( 0 ) = (Le®, ™), (1.26)

0 e 1
we obtain a symplectic form w® := ¢* w|,, = da A d¢ and

Q((a,ﬂ)(a',f’)) = (a,E).Q(a',Z’).

The simple transitivity of the action of S on O leads to a S-equivariant identifi-

cation between (O, w|,) and (S, w®).

If we denote by A®C : gre — C°°(S) the transported moment map, i.e.
M = ¢* (Ax]|p) for X € gre, we get the following expressions:

1 1
AiC = 6 AET = 5o MRS = =0, AGT =7 AR = e, AT = 1.
(1.27)
The associated fundamental vector fields in coordinates (a, ¢) read

H* = —0,, E* = —e 20y, F* = (e** (0, — L0y), Q* = —e 0y,

P*=e%(0y —40y), Z* =0. (1.28)
Consider now the algebra C>°(S). Of course, s acts on this algebra by derivations,
under the identification between s and I'>°(TS)S, the space of left invariant

vector fields. A straightforward computation leads to the following expression
for the two generators H and E of I'°(TS)S:

H(U«,Z) =04 — 266@7 E(a,@) = 0. (129)
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The elements of U(s) then act on C°(S) as left invariant differential operators.
Moreover, this action is projective in the sense of Definition 1.2.7, the element
8 := 0y — 167 = 0 being simply implemented by Q := 0 € C*°(S). Since
[H,E] = 2E, we set X := E and YV := %ﬁ in order to get the relation
[Y, X] = X. This allows to consider Connes-Moscovici’s Rankin-Cohen formal
deformation (1.21) with A := C*°(S).

Proposition 1.2.24. The deformation % Zn o V"RCred defines a star-
product on the symplectic manifold (S, w )

Proof. For v, € C*(S), we compute easily that

RC§ (p, ) = .

Moreover,

RCT* (p,1)) — RCT* (1, 0) =4 (Y (¢ ) (w)—Y(w)X(so))
( E(y) — E(p)H(1))
(acpaew 0pp0at))

=2{p, ¥},

with {-,-} associated with w®. In addition to the properties of *%¢ showed by
Connes and Moscovici in their Theorem 1.2.12, it implies that x¢ defines a
star-product on (S,w®) in the sense of Definition 1.2.16. [ ]

Definition 1.2.25. The star-product «¥¢ on the symplectic manifold (S, w® =
da A df) is called the Rankin-Cohen star-product (or RC star-product in short).

We now introduce some additional notions about star-products.

Definition 1.2.26. Let %, be a star-product on a symplectic manifold (M, w).
A derivation D of x, is a linear operator on C'*°(M)[[v]] of the form

+oo
D= Z V¥ Dy,
k=0

where for every k, Dy, is a C[[v]]-linear differential operator, with D satisfying

the following relation for every f,g € C°°(M)][[V]]:

D(f*ug):Df*ug+f*ng-
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The space of derivations of %, will be denoted by Der (x,). It is endowed with
the bracket [-, -] given for D, D" € Der (%,,) by

[D,D')=DoD"—D"oD.

Definition 1.2.27. For x, a star-product on a symplectic manifold (M,w), we
define the x,-commutator [-,],, by

[9071#]*” =ox P —Pry @,
for ¢, € C(M)[[v]]

Lemma 1.2.28. For %, a star-product on a symplectic manifold (M,w) and
© € C>°(M)[[v]] the map
[p, -], C=(M)[[v]] = C=(M)][[v]
Y= [, Y],

is a derivation of the star-product x,.

Proof. We have

[, ], xd+ U x (9, @], = (px ) —PH @)% &+ VK (ks ¢ — Py )
=Px, Y xy, @ — YKy, Gy, @
= [@7¢*u ¢]*u *

Remark 1.2.29. In the literature, a derivation of a star-product %, on a
symplectic manifold (M,w) implemented by an element ¢ € C(M)[[v]], i.e.

of the form [p, ], , is called an inner derivation.

Definition 1.2.30 ([38], Definition 64). A star-product =, on a symplectic
manifold (M, w) is said to be invariant under an action 7 of a Lie group G on

M, if for all g € G, the diffeomorphism 7, is a symmetry of x,, i.e. it satisfies

(T9) % (T9) Y = T4( % ¥),

for all ¢,1 € C°(M)[[v]]. In this case, we will say that %, is G-invariant and
that G is the symmetry group of *,.

Similarly, the star-product is said to be invariant under an action of g = Lie(G)
on M (that is the data of a homomorphism g — I'*® (T'M) : X — X™) if each
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X* is a derivation of x,. In that case, we will say that %, is g-invariant and
that g is the symmetry algebra of x,.

In [25], the authors show the following result concerning the Rankin-Cohen

deformation on S.

Lemma 1.2.31 ([25], Lemma 3.3). For all X € ggrc, ¢ € C°°(S)[[v]] and for
allm #£ 1,
R (A9, 9) — RO (9, A59) = 0.

This lemma implies that the star-product «*“ is ggc-invariant. Indeed, for
X € gre and ¢ € C()[[v]],

+oo
[A§07 (P} «RC = % v (Rczed ()\AJ;EQC (P) - Rcﬁed (‘P, A;}C))

n=0

1
2v

1
= 5 (RCIEd ()‘§07 90) - RCIEd (903 )‘gc))

:{Ax,@},

where the last line comes from the proof of Proposition 1.2.24. Thanks to the
property of the moment map, we get
1

o [)‘ﬁca ‘P] «RC = X* (<P) )

with X™* the fundamental vector field associated with X (remark that both Pois-
son bracket and derivation are naturally extended C[[v]]-linearly to C°(S)[[v]]).
But this means exactly that X™* is both a derivation of the classical pointwise
product and a derivation of “. The star-product +%¢ is then grc-invariant
in the sense of Definition 1.2.30. Under the identification between (S,w®) and
(0, w|p) C (V,w) given by ¢, the (transported) star-product *7¢ then defines
a (local) gre-invariant star-product on (a restriction of) the symplectic flat
space (V,w). But in [37], Simone Gutt showed that this invariance characterize
the Moyal star-product +%, which implies that x7?¢ corresponds via ¢ to the
restriction on O of %0.

Proposition 1.2.32 ([25], Proposition 3.4). The reduced Connes-Moscovici-
Rankin-Cohen deformation realized on O C V coincides with the restriction to
O of the Moyal star-product on (V,w).

More explicitly, if we restrict the Moyal star-product on (the open set)
(O, w|p) by setting x& := *10/|C°°(O)xC°°(O)
then given by +1° = ¢ (%), which establishes a direct (and unexpected) link

174

, the star-product *fc on (S,ws) is

between a particular case of Connes-Moscovici’s Rankin-Cohen deformation
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and the Moyal star-product. Moreover, this construction connects the work of
Connes and Moscovici to the work of Giaquinto and Zhang, who presented in

[36] the following deformation formula.

Theorem 1.2.33 ([36], Theorem 2.20). Let X,Y be two generators of s =
Lie(S), satisfying [V, X] = X. Then, the following expression defines a universal
deformation formula of the Hopf algebra associated with s:

+t0 1k 2
t t 9 9
F::E EFk:1®1+tX/\Y+§(X ®RY, —2XY1 0 XY +Yo X )+...,
k=0

where F}, := Zfzo(—l)r(f)Xk_TYr QX"Yirr, XANY =XRY -Y ®X and
Y, =YY +1)...(Y +r—1).

In [25], authors remarked that the above formula admits a realization in

terms of the Moyal formula.

Proposition 1.2.34 ([25], Proposition 3.1). The element F of the previous
theorem can be realized by the standard Moyal product.

Proof. Tt suffices to consider the space R x Rg+ (in coordinates (z,y)) on which
X and Y act as %% and —ya%, respectively (see [25] for details). Then, using
the identity
ar
o r
Y = (-y) 67yr’

a straightforward computation shows that F' in this representation is equal to
the Moyal product. |

The previous proposition together with Proposition 1.2.32 then imply that
there exists an equivalence between the deformation of Giaquinto and Zhang

and that of Connes and Moscovici.

RC

o~ and

As explained in [25], we can also give the explicit link between x

Fedosov’s construction. Indeed, the Lie group S acts on R by
exp(aH + (E).x = e**x + le*,

where z € R. If we lift this action to the cotangent bundle T*R which we
identify to R?, we get

exp(aH + (E).(x1,25) = (e*x1 + Le®, e 22,),



1.2 Link with formal deformation 39

where (1, 22) € R?. It turns out that the S-orbit O of 6 := (0,1) € R? under

this action identifies as a S-homogeneous space to O C V via the map

$:0—0:9.(0,1) — g.0.

In terms of (g, p)-coordinates, this gives

~ o i 9
The left invariant vector fields H and E on S may be transported to O via ¢ o ?,
which gives the expressions
~ ~ 1
H= —2.’13283:2, E= —8931.
T2
We then define )
Y = §ﬁ , X :=F,

which allows to consider the reduced Connes-Moscovici-Rankin-Cohen deforma-

tion realized on O.

Now, we transport the restriction to O of the standard symmetric flat connection
: o o 0 _v0gyg _v04gy _ A

on V~7 which we denote by~V Esatlsfylng V5,04 =V, 0p = V5 9y =0), to O

via ¢, i.e. we consider VO := ¢ (Vo). This connection is determined by the

relations

1

N . 1 i
ngaxl =0, nglﬁxz = — 04, vgmzam _ _271:2

O, -
21‘2 2

It turns out that this connection is symplectic and under the identification of O
with R x Rsr, we can then apply Fedosov’s method to construct a star-product
on (]R X Rar ,W:i=dzx A dy). Bieliavsky, Tang and Yao then showed that this
Fedosov star-product coincides with the reduced Connes-Moscovici-Rankin-

Cohen deformation realized on O.

Proposition 1.2.35 ([25]). The reduced Connes-Moscovici-Rankin-Cohen de-
formation realized on O is identical to Fedosov’s construction of the star-product

on (@,(D) using the symplectic connection vO.

Before introducing extra properties of Connes-Moscovici’s Rankin-Cohen

deformation, we recall some concepts about star-products.

Definition 1.2.36 ([41], Definition 2.3.10). Let (M, w) be a symplectic manifold

together with a Hamiltonian action of a Lie group G with associated Lie algebra
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g, implemented by the moment map

A (g, ['7 ]) — (COO(M)v {'7 })7

and let x, be a star-product on (M,w). A quantum moment map is a linear

homomorphism

As@ b = (00N L)
X = A(X) =: Ax,

such that
Ax =Ax +O0(v),

with O(v) := {Zz:x’l vRffe COO(M)}. When there exists such a map, the
star-product x, is said to be covariant w.r.t. the map A, or A-covariant in
short.

Definition 1.2.37. Let (M,w) be a symplectic manifold together with a Hamil-
tonian action of a Lie group G with associated Lie algebra g. A star-product
*, on (M,w) is said to be G-strongly invariant if it is both G-invariant and
A-covariant for a certain quantum moment map A.

Similarly, the star-product x, is said to be g-strongly invariant if it is g-invariant

and A-covariant for a certain quantum moment map A.

Definition 1.2.38. Let (M,w) be a symplectic manifold, , a star-product on
(M,w) and g a Lie algebra acting on M (i.e. with the data of a homomorphism
g— I (TM): X — X*). The star-product *, is said to be g- Hamiltonian if

there exists a Lie algebra homomorphism
A (97 ['7 ]) - (COO<M)7 {'7 }’>
X = AX) = Ax

(where {-, -} is the Poisson bracket associated with w), such that for every X € g,

1
= D], = X
2V[ X ]*,,

Definition 1.2.39. Let (G,w%) be a symplectic Lie group. A twist on (G,w%)
is a left invariant star-product (i.e. invariant w.r.t. the left action of G on itself)

and Hamiltonian w.r.t. the right invariant vector fields.

Proposition 1.2.40. The star-product +%¢ is gpc-strongly invariant.
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Proof. For this proof we use the interpretation of ¢ in terms of the standard
Moyal star-product, i.e. x1¢ = ¢ ( f?) A straightforward computation yields
the following expression for the star-commutator of the Moyal star-product:

21u T Z K Z ( )(ak 1030505779 = 040,77 £0,77 0}9)
k>1
k odd

(1.30)
where f,g € C> (R?) [[v]] with R? in coordinates {(g,p)}.

For every X € grc, we get

1 A .

37 e =" (5 P (@) o] )
=" {Ax.(07) ¢
= {\¥% ¢}

= X"().

Thus, every fundamental vector field is a derivation of the star-product xZ¢
which implies its grco-invariance. Using formula (1.30), we have for X, X, €

gRrC:
[)\ X2 ]*RC {/\ } )\[X17X2]’

which leads to the A%-covariance of xF¢. Remark that AF¢ is clearly a

quantum moment map, which completes the proof. |

Proposition 1.2.41. The star-product x5C is a twist on (S, wg).

Proof. We denote the right action of S (on itself) by
Riy :S—=S:z— Ry (x) = xxy, (1.31)

(for xg € S) and we define the right invariant vector field X associated with
—X € 5= Lie(S) by

X, :=Ry..(-X) = a4 exp(—tX).x,
0

for x € S. The expression of H and E are given by

ﬂ(a,g) = *8(1, E(a,g) = *672(18@»
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and we obtain a Lie algebra homomorphism
5§ > T (TS): X — X.

Remark that the right invariant vector fields are the same as the fundamental
vector fields associated with w®, thanks to the fact that

d
Xz = % OLexp(—tX)(x)v
where
Ly, :S—=S:zw— Ly (z) = zoz,

(for g € S) denotes the left action of S (on itself). Thanks to the previous
proposition, we get directly
1

9, [/\})307 30] «RC = X(QO),

for all X € 5. This means that the star-product +¥¢ is s-Hamiltonian. Remark
that the (left) s-invariance of the star-product x*“ corresponds to the fact that
right invariant vector fields are derivations of ¥, By simple connectedness of
S, we get directly the (left) S-invariance of «*“ | which completes the proof. W

Remark 1.2.42. The form w® = da A d¢ being left invariant, the symplectic

manifold (&wg) is actually a symplectic Lie group.

As we have seen in this first chapter, the construction of Connes and Moscovici
based on Rankin-Cohen brackets (as well as the construction of Giaquinto and
Zhang) leads to a twist on the symplectic Lie group (S,w®). Under the S-
equivariant identification (1.26), this deformation corresponds to a restriction of
the 2-dimensional Moyal star-product to the upper half-plane of R2. Moreover,
the local symmetries of this star-product (i.e. its Lie algebra of invariance) are
implemented by the Lie algebra grc. It turns out that there exists another
construction of twist on (S, wS), admitting another type of (local) symmetries.
This other star-product belongs to a far more general family of star-products
constructed by Pierre Bieliavsky and Victor Gayral in [20]. In this book, authors
have developed a deformation quantization method for actions of Kéhlerian Lie
groups. The next chapter is devoted to the presentation of their work in the
particular case of the affine group of the real line.



Chapter 2

Bieliavsky-Gayral
star-products and
non-formal deformation

quantization

In this chapter, we present another type of star-product on (S,wg), obtained
by Pierre Bieliavsky and Victor Gayral, constituting a particular case of their

far more general construction developed in [20].

2.1 The formal version

2.1.1 Symplectic symmetric space structure

Definition 2.1.1 ([10], Definition 1.1). A symplectic symmetric space is a
triple (M, s,w) where

(i) M is a connected smooth manifold,

(ii) s is a smooth map
s:MXM— M: (x,y) = s.(y) :=s(z,y),

such that for every = € M, the partial map s, : M — M is an involutive
diffeomorphism admitting x as isolated fixed point (the diffeomorphism
sg is called the symmetry at point ) and for all points x,y € M, the

relation s; 0 sy 08, = Ss.(y) holds.
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(i) w is a closed and non-degenerate 2-form on M, invariant under the

symmetries, i.e. satisfying
sjw=w, VYaxe& M.

A morphism between two symplectic symmetric spaces is defined as a sym-
plectomorphism that intertwines the symmetries. For a given symplectic

symmetric space (M, s,w), we denote as Aut(M, s,w) its automorphism
group.
As in chapter 1, let us consider the symplectic Lie group S (in (a,)-
coordinates (1.24)) endowed with the symplectic structure w® = da A d¢ and
the group law given by

Liap (a0 == (a,0).(a',0') = (a +d, e 20+ E’) (2.1)

(where L denotes the left action as in the previous chapter). We introduce the
map (cf. [13])

S(a,0 (@', 0") = (2a — a’, 2cosh(2a — 2a")0 — 1').

Proposition 2.1.2 ([20], Proposition 3.9). The triple (S, s,w®) defines a sym-

plectic symmetric space.

Proposition 2.1.3 ([20], Proposition 6.1). The smallest subgroup G(M) of
Aut(M, s,w) that is stable under o and that acts transitively on M is a Lie
subgroup of Aut(M, s,w). It coincides with the group generated by products of

an even number of symmetries:
GM)=gr{szosy|xz,ye M}.

The group G(M) is called the transvection group of M.

Definition 2.1.4 ([20], Definition 6.3). A symplectic involutive Lie algebra
(shortly a siLa) is a triple (g,0,w) where (g,0) is an {nvolutive Lie algebra
(shortly an iLa) i.e. g is a finite dimensional real Lie algebra, ¢ is an involutive
automorphism of g, and where @ € A2g* is a Chevalley 2-cocycle on g (valued

in the trivial representation on R) such that, denoting by
g=top

the +1-eigenspace decomposition of g associated with the involution o =:

idy & (—1d,), the cocycle w contains £ in its radical and restricts to p x p as a
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non-degenerate 2-form. A morphism between two such sila’s is a Lie algebra

homomorphism which intertwines both involutions and 2-cocycles.

Definition 2.1.5 ([20], Definition 6.4). A transvection symplectic triple is a

siLa (g, 0,w) where
(i) the action of ¢ on p is faithful, and

(ii) [p,p] =€

Proposition 2.1.6 ([20], Proposition 6.6). There is a bijection between the
isomorphism classes of simply connected symplectic symmetric spaces and the

isomorphism classes of transvection symplectic triples.

We now come back to the group S. It turns out! that the Lie algebra gpg
of the transvection group? of S is a 1-dimensional split extension of two copies
of R:

gpc = RH x (RE @ RF),

with table given by
[H,E|=2FE, [H,F|=—-2F, [E,F]| =0,

which means that gpg = s0(1,1) x R?, the Poincaré algebra. The involution o
of gp is given by

o(aH+ (xE®yH))=—aH + (yE®zH).
We have the +1-eigenspaces decomposition ggpg = ¢ @ p, where
t:={zE®zF|zecR}, p:=RH+{zEP —aF|zecR}.
Lastly, we define w € A?g* by
w(HE®—-F)=1

and by zero everywhere else on ggg X gga. So w is €-invariant and its restriction
to p x p is non-degenerate. Moreover, [p,p] = ¢ and the action of ¢ on p is
faithful. Thus the siLa (gpg, o, ™) is a transvection symplectic triple. We set
Gpg = exp{gpc} = SO(1,1) x R? and K = exp{t}. We identify gpg with
G g via the global chart:

aH +t1E @ toF — exp{aH } exp{t1E ® taF'},

I'We refer to [20], section 7.1 for more details.
2See Proposition 2.1.2.
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where a,t1,t2 € R. The group law of G in these coordinate chart reads
(a,t1,t2).(a’ t), th) = (a tal e 2ty 4+t e by + tg) ,
and the inversion map is given by
(a,tl,tg)_l = (—a, —e24y, —e_2at2) .
The involution o is given by
o(a,t1,tz2) = (—a,ta,t1).
Now, we consider the following global coordinate system on Ggg/K:
Gpa/K —R?: (a,t1,t2) K — (a,t; — ta).

From the formula s,k (¢'K) = go (g_lg’) K, we obtain the following isomor-

phism of symplectic symmetric space.

Proposition 2.1.7 ([20], Proposition 7.2). Under the identification S ~ R? ~
Gpa/K, the symplectic symmetric space underlying the siLa (gpg, o, @) is

isomorphic the the symplectic symmetric space (S, s, w®).

Under the identification S ~ Gpg/K, the action of Gpg on S reads
(a,t1,t2).(ag, by) = (a + ag, e 2004y — 20, + 60) .
The fundamental vector fields associated with this action are given by
Hlypy = —0a, Elyp = —€ 200, F(, ) = —€*0, (2.2)

and the moment map A2 : (ggg, [,-]) = (C(S),{:,-}) (where the Poisson
bracket is the one associated with w®) is then defined by the following expressions:

1 1
AR =0 AT = Sem AP = — e (2.3)

2.1.2 The formal star-product

We present here in a heuristic way the method originally used by Pierre Bieli-
avsky in [11] to give rise to a twist on (S,w®). This method is based on
star-representation theoretical techniques and makes use of the covariance of
the formal Moyal product (as we will see below). The main idea consists in

constructing an equivalence (in the sense of Definition 1.2.18) such that the
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transport of the Moyal star-product under this equivalence yields a (left) S-
invariant star-product. Recall that this left invariance is locally implemented
by the fact that right invariant vector fields are derivations of the star-product.

Consider the standard Moyal star-product on R? given by the expression
(1.18), but expressed in terms of the coordinates (a, ). Explicitly, if we denote
this star-product by x5, this gives

oo  k
ok o
pbom s s (4ot @
k=1 j=0

for ,1p € C*(S). The *>-commutator is then given by

1

5[907/(#]*% =

% ) % > (1Y ( ; ) (oh100p0n0} v - 90F 7 ok 0jw) . (25)
voda

Remark that for each X,Y € gpg, the linearity of A% : ggg — C=(S)
together with the fact that AB¢ AB% and AB¢ all depend on a single coordinate
imply that all the terms in k > 3 of the star-commutator 2%[/\’)3}G, /\EG]Q are
equal to 0. So it is simply given by

1
7[)‘)BQ'G3 )‘}IiG]*E = aa)\)B;GangG - 8z/\§G8a)\§G

2v
= {X%° M9}

Thanks to the property of the moment map, we get the following relation:

1
2, AR = A, (2.6)

showing the AP%-covariance of the Moyal star-product (in (a, £)-coordinates).

Let us now define a map p in the following way:

p: g — Der (x))

1
X = px = % [A)’%G,-]*ﬁ.

Lemma 2.1.8. The map p defined above is a representation of gpg on the
space Der (*IS,)
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Proof. The linearity comes from that of the moment map A\?&. Moreover, using
(2.6), we notice that for X,Y € gpg,

1 BG
PIX,Y] = % |:>‘[X,Y]a } -

1 ({1
- L[ e, ]

2w | 2v
I r\Ba L r\Ba
= |:2I/ [)\X ’.]*§7E[AY ’.}*E
= [an PY] 3
which completes the proof. |

From the formula (2.5), a straightforward computation leads to the following

expressions:

—2a 2a
pH = —0q, pE = —62 sinh(2v0,), pr = —Z—Vsinh(%/ag), (2.7)

v

where N
o0
: (2v)*M T o
sinh(2v0y) := — Lkt
(2v0;) Z(2k+1)! ¢
k=0
If we want to interpret the x5-representation p as a multiplicative representation,
it seems appropriate to introduce the (formal) partial Fourier transform F in

the ¢-variable defined (for reasonable function ¢ € C*°(S)) by

Foola,€) = /R e~ (a, 0)dL, (2.8)

naturally extended C[[v]]-linearly to C>(S)[[v]]. We also denote as S = {(a, £) |
a,& € R} the space of coordinates on which the partial Fourier transform of
a function (on S) is defined. Note that the (formal) inverse partial Fourier

transform F~! is then given by

1 .
Fla.0) = o= [ ulagd
27T R
The interest of this transform is based on the identities
foanMZ'EO.F and ]-_o/\/l[:iago]: (2,9)

(satisfied for reasonable functions), where M denotes the multiplication opera-

tor by a function f.
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From now on, we choose v € iRy (i.e. a purely imaginary non-zero number)
and we introduce the smooth change of variables

U, :S—S:(a, )H(a,mmm), (2.10)

2iv

with smooth inverse given by

5 inh(24
R e ] (211)
2iv
The operator T, defined as
T,:=F o (¥, ) oF (2.12)
then admits as explicit expression
1 sinh(2ivE) , —ite .
Tye(ag, o) = vl 07" cosh(2iv€) (ag, £)dedE, (2.13)
™ JRr2
while its inverse 7,71 = F~1 o U¥ o F is given by
1 1 _sinh(2’iu§)e+i£‘€
T (ao bo) = o= | e "5 Oy ag, 0)dede. (2.14)
2T R2

Both integral expressions (2.13) and (2.14) are well-defined on the space of
Schwartz functions on S = {(a, ¢)} ~ R?, which we denote by S(S) (that is, the
space of Schwartz functions in variables (a, £), see [11]). Moreover, they both
admit a formal asymptotic expansion (denoted also by T, and T, ! by a slight

abuse of notations)

+oo
T, : C*(S)[W]] = CX )W) : o= o + ) v* Uiy (2.15)
k=1

and
+oo

T, Co(S)[W] = C©) W] : o= o+ > v Ui, (2.16)
k=1
where for all k > 1, Uy, and Uy, are in the space of differential operators on S
(see [13, 16]). Using the decomposition (2.12) together with the expressions
(2.7), we get?
T,opgoT, ' =—-0,=H".

3Recall that the expressions of the fundamental vector fields are given by (2.2).
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Moreover,

T,oppoT, ' =F'o (W;l)* oM -2

2v
=F oM 2 0F
= —6_2a(9(

= E*,

*
sinh(2iv€) © \IJV oF

and a similar computation yields
T,oppoT,t=F*
Remark that for X € gpg and ¢ € C=(S)[[v]],

1
(TyopxoT, )= o (T, Ax 5 T, ) =T, (T, hp*s Ax))
and thus

(Tl,opXoTV_l)go:
1
% (T, (T, (ToAx) < T, ) = T, (T, o x5 T, (TuAx))) -
v
Since T, leaves the constants unchanged (cf. [11]), T, (x5) defines a star-product
on (S,w®), equivalent (in the sense of Definition 1.2.18) to %5 by construction.

Using the notation of Remark 1.2.19, we get

1
(TyopxoT, )= % (T AT, (%5) ¢ — T, (%) TuAx)
1
= @ [Tl/)\Xa QO]TU(*IS:) .

All the above development together with the linearity of p and 7, lead to the
following result.

PI‘OpOSiliOl’l 2.1.9. For all X € 9BG,
71 T, >\X =X
2v [ v ’.]Tu(*}s,) - ’

Note that this proposition means exactly that the star-product T, (*15,) is
gpg-invariant.

Definition 2.1.10. The star-product x5 := T, (%) on the symplectic man-
ifold (S,w® = da A df) is called the Bieliavsky-Gayral star-product (or BG

star-product in short).
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Proposition 2.1.11. The star-product *EG is strongly gpa-invariant.

Proof. Remark first that Proposition 2.1.9 implies that every fundamental vector
field is a derivation of ¥2% which leads to its gpg-invariance. So it remains to

prove the gpg-covariance. Let us define the map

AP gpe — C(S)[[v]]
1
X = ARG = % [T AR ] pe -
Thanks to the asymptotic expansion (2.15) of T,,, we get directly that AEG is

of the form
AFE =2R% +0(v).

Now, by construction of ¥2% we have for X,Y € gpg,

1 1
oy AX5 A e = 5 (BT T

1
=T, (21/ [»;}G’)\)@G]*%) .

The A\P%-covariance of the Moyal star-product on S (see (2.6)) then yields

L e \BG BG
T, <21/ [)‘X Ay ]*g = Tu)‘[x,y]
BG
The map AB% is then a quantum moment map, which completes the proof. M

Remark 2.1.12. Thanks to the connectedness of the group Gpg, the gpg-

BG

¢ is equivalent to its G pg-invariance.

invariance of %
Proposition 2.1.13. The star-product x2¢ is a twist on (S, wS).
Proof. We start by showing that for every X € s,

T,A\5¢ = \BC,

The linearity of A% and T, implies that it is sufficient to show the above
identity only for X = H and X = E. To this purpose, recall first that the
partial Fourier transform given by (2.8) admits an extension to the space of
tempered distributions §’(S) on S (we refer to [48] for more details). Since

MBCG(a,0) = %672‘1, this function does not depend on the f-variable. Hence,
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thanks to the expression (2.13) of T,,, we get directly
T AR = ABCT,1 = A\§C°,

using 7},1 = 1 (which holds in S’(S)). For AB%(a,f) = ¢, we have (again in
S'(8))
FAEC (a,€) = / e~ dl = 2mide60(€),
R
where dp is the Dirac delta function at 0. Due the the fact that the diffeomor-

phism of R
sinh(2iv¢)
U, (€)= =)
2(8) Y

has a unique root in & = 0 and satisfies
0:¥,2(0) =1,
a straightforward computation leads to

T,\BC(a,0) = F~ ((qu)*ﬂgc) (a,0) = £ = \BCG(a, 0).

v

Using Proposition 2.1.9, we get for all X € s the following identity:

L r\Ba
% (A% "]*EG =X
Recall that as mentioned in the proof of Proposition 1.2.41, the right invariant

vector fields on S coincide with the fundamental vector fields, i.e.
H=H*" and E=FE*.

Since the left s-invariance of ¥2¢ corresponds to the fact that the right invariant
vector fields are derivations of +2¢, the simple connectedness of S = exp(s) then
leads to the left S-invariance of the star-product. That concludes the proof. W

The previous proposition along with Proposition 1.2.41 show that +7¢ and
*xBG are both twists on the symplectic Lie group (S, wS). In particular, they are
both left S-invariant (or S-invariant in short) star-products (that is, invariant
under the left action on S) and we can then naturally wonder when such star-
products are equivalent. The following result answers this question. It has been
shown by Nest and Tsygan in [43], Deligne and then Bertelson, Cahen and Gutt
in [9]. The proof makes use of cohomological arguments and relies on the fact
that on a symplectic manifold, every star-product is equivalent to a Fedosov

star-product.
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Proposition 2.1.14 ([9]). Let %, and %, be two star-products on a symplectic
manifold (M,w). If the second de Rham cohomology space H3p (M) is trivial,
then %, and *], are equivalent in the sense of Definition 1.2.18.

But there is more: by adapting this result in the case of left invariant
star-product on a symplectic manifold (M, w), Bertelson, Bieliavsky and Gutt
proved in [8] that under some additional cohomological properties, two such

invariant star-product are actually G-equivalent, in the following sense.

Definition 2.1.15 ([8], Definition 2.2). Let (M,w) be a symplectic manifold.
Two G-invariant star-products , and *,, on M are said to be G-equivalent if
there exists a sequence {T}},~, of G-invariant differential operators on C'*° (M)
(extended naturally to C’OO(M )[[¥]]) vanishing on constants such that, defining

—+oo
T:=1d+ Z VR T,
k=1

the following identity holds for all f,g € C°(M)[[v]]:

T(f* g)=Tf*,Tg.
Such an operator T is called an G-equivalence.

We can now enunciate the theorem concerning the G-equivalence of G-
invariant star-products.

Theorem 2.1.16 ([8], Theorem 4.1). Let (M,w) be a symplectic manifold.
The set of G-equivalence classes of G-invariant (formal) star-products on M is
canonically parametrized by the set of sequences of elements belonging to the

second de Rham cohomology space of the G-invariant de Rham complex on M.

This theorem is very useful in the case of the symplectic Lie group (S, wS)
for which we consider the left action of S on itself. Indeed, we have the following

result.

Lemma 2.1.17. Let us denote by H3x(S)® the (left) S-invariant second de
Rham cohomology space of (S, ws). We have

HgR(S)S ~ {0}.

Proof. Thanks to Theorem 15.1 of [28], it remains to study the second coho-
mology of the Lie algebra s of S. We will show that every Chevalley-Eilenberg
2-cocycle on s is a coboundary. Recall that ws is a 2-cocycle on s if wy is an
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antisymmetric and bilinear map on s (with values in R), such that for every
X,Y, Z € s, the following identity holds:

w2 ([Xv Y]7Z) +wa ([Za X],Y) + w2 ([Ya ZLX) =0.
Let wo be such a 2-cocycle and let us define

wy 1§ =spang{H,E} - R
aH 4+ (E — wy (H,(E).

The linearity of w; comes directly from that of wy(H,-). Moreover, denoting
by dw; the Chevalley-Eilenberg coboundary of wq, we get for X =axH + {xFE
and Y = ayH + ZyEZ

5W1(X, Y) = %wl ([Xv Y])

1
= 50.11 (2(axfy — ayéx)E)

=wy (H, (axly —aylx)E),

where we have used the relation [H, E] = 2E. But by bilinearity and antisym-

metry of wa,
w2(axH +ilxFE,ay H +£yE) = (any — ayfx)WQ(H, E),

which implies that
w1 (X,Y) =we(X,Y).

The cocycle ws is thus a coboundary, which completes the proof. |

Thanks to Theorem 2.1.16, Lemma 2.1.17 implies that we can pass from any
left invariant star-product on (&ws) to another by using an equivalence which
commutes with the left action of S. In particular, this is the case for the two
star-products ¢ and «B%. The first goal of this thesis will actually consist in
finding the expression of such an equivalence between these two star-products.
This work is interesting in itself, because it will allow to link explicitly ¢ and

«BG

<, which are the only two known twists on (S, wg), both characterized by

their symmetries, as witnessed by the following results.

Proposition 2.1.18 ([18], Lemma 5.3). The formal star-product «*“ is (up to
a redefinition of the deformation parameter) the only locally S x Hy-invariant

(with Hy the Heisenberg group associated with V) formal star-product on
(S, ws).
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Proof. This is a direct consequence of the fact that the Moyal star-product is
completely determined by its strongly local invariance under the group generated
by H,E,Q, P and Z and acting linearly on (R?,dg A dp). [ |

Proposition 2.1.19 ([12], Proposition 2.2). Every formal G pg-invariant star-
product #, on S is of the form T (x5¢) with

“+o0
T = Z l/ka,
k=0
where T}, € C [E] That is, by an equivalence of the form

T=F'oMsrolF,

where T = Zz:og T is some formal function on S depending only on the variable
§ (le. T € CF (R)[[]]) such that 7o = 1.

Proof. Let us first consider a star-product 2 in the same class of G pg-invariance
of ¥, We know by Theorem 2.1.16 that both are intertwined by an operator
which is left invariant (i.e. an element of U(s)[[v]]), commuting with the F-action.
Recall that

* 1 a
F(a7£) == 2 (9@.

56

If we take a look at the left invariant vector fields:
Ha,0) = 00 — 200y, Eq ) = 0y,

we see that each term of 7' must be polynomial in E and must have the identity
as term of order 0 in v. This means that intertwining 7' with F yields a
formal polynomial with constant leading term equal to 1. But one knows
that the G gg-equivalence classes of G pg-invariant star-products on (S, ws) are
canonically parametrized by the formal series with coeflicients in the second
G pg-equivariant* de Rham cohomology space H32,(S)2¢ (cf. Theorem 2.1.16).
The only generator of this space is the symplectic form w® = da A df (see
[41], Lemma 2.3.13 for the proof of this fact) and thus a change of the Gpg-
equivalence class remains to a change of the deformation parameter (see for
instance [14]). [ |

Actually, the real aim to find the explicit expression of a left invariant

intertwiner (i.e. an equivalence that commutes with the left action) between

*BC and «B% is motivated by a remarkable and very interesting property

40r G pg-invariant.
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of the star-product *2¢ which has not yet been mentioned. It turns out
that there exists a reformulation of this star-product in terms of a so-called
oscillatory integral. Within this setting and in a suitable functional framework,
the star multiplication of two functions then gives rise to a genuine function
(depending on the deformation parameter), rather than a formal power series in
the deformation parameter. This is part of another field of study in geometrical
deformation quantization called the non-formal deformation quantization. The
next section is devoted to the non-formal aspect of the Bieliavsky-Gayral

construction in the particular case of the symplectic Lie group (S, wS).

2.2 Non-formal aspects

Recall briefly that in classical mechanics, the space of observables of a dynamical
system is described mathematically by a space of smooth functions on a sym-
plectic manifold (M, w). The points of the phase space M correspond to states
of the system. The space of observables then forms naturally a commutative
Poisson algebra (C*°(M),{-,-}). The dynamics of such a classical system is
implemented by a Hamiltonian H € C°°(M). More precisely, the time evolution
of an observable t € R+ f; € C°°(M) is given by the following equation:

d
T fe={H.fi}. (2.17)

At the quantum level, the observables are described (in the Heisenberg represen-
tation) in terms of linear operators on a Hilbert space H. The possible values of
an observable correspond to the eigenvalues of the corresponding operator. The
space of observables then forms a noncommutative algebra, endowed with the
commutator of operators. In this quantum setting, the dynamics is described
with a Hamiltonian H? which is a linear operator, i.e. the time evolution of an
observable t € R +— A; is given by the following equation:

d

A= L H A (2.18)

h

2.2.1 Weyl quantization

Dynamics (2.17) and (2.18) naturally suggest that quantum mechanics may
be derived from classical mechanics by means of a quantization map, that is a
correspondence

W : C®(M) = B(H)
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(where B (H) denotes the space of bounded operators on H) mapping a classical

observable to a quantum one, and satisfying the relation

Wi ({f.91) = 7 W), Wa(o)].

Consider for instance the quantization of a free particle in R™. In that case,
on the classical side, the phase space corresponds to the symplectic manifold
(RQ" =R"xR", w= dq/\dp) (with ¢ = (¢1...gn) and p = (p1...pn)) and
on the quantum side, the Hilbert space H = L? (R") is the space of square
integrable functions on the configuration space. The Weyl quantization map is

then given by

1 D qo + q
Wi(f)e(q0) == ﬁ/}R? e (@00 f (02,p> (q)dqdp,

with ¢ € L? (R") and f a classical observable such that this integral makes
sense. It turns out that for f,g € S (RQ") Cc C> (RZ”) (where S (RQ") is the
Schwartz space on R?", that is, the space of rapidly decreasing functions), we
have

Wi(f) o Wr(g) = Wa(f > 9).

where
(f 1 9) (q0,po) =

1
('ﬂ—h)2n R2n xR2n

e~ %S (@) @m0 1) f(q, p)g(q, p)dgdpdg'dp’ (2.19)

and with
S (x,y,2) = w(z,y) +w(y,2) +w(zz), (2.20)

for x,y, z € R?>™ seen as vectors. Although not very obvious, the link between
this integral expression (the so-called Weyl product) and the Moyal product (see
Definition 1.2.20) is very close. The reason is the following ([4, 42]): for given
f,geS (Rzn) and (qo,po) € R?", the map A (f *p g) (o, po) is smooth and
its Taylor expansion around i = 0 coincides with the expression of the standard
Moyal product =¥ defined in chapter 1 by (1.17), with v := 2% In addition, we
emphasize that using oscillatory integral techniques, it can be shown that for
fges (]Rzn), the star-product f x}/ g is again a Schwartz function. In other
words, the Schwartz space S (R2") endowed with the star-product x}/ forms
an associative algebra (the associativity coming from that of the composition

law of operators).
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The first interest of this construction is that it allows to interpret a star-
product as a noncommutative law at the level of classical observables, coming
from the noncommutative operatorial composition law of the quantum observ-
ables. Instead of viewing the quantum framework as a change in the nature of
the observables (that is, by using operators rather than functions), the quan-
tization is understood as a deformation of the initial algebra structure of the
classical observables. Both classical and quantum theories are then described
using algebras of functions. The previous construction also shows that unlike
the case of formal deformation quantization® (as described in chapter 1) where
no particular convergence of the series is required, there exists certain situa-
tions for which, under some restrictions on the space of classical observables,
the star-product becomes convergent, that is, the star-multiplication of two
functions is again a function (given in terms of an oscillatory integral), rather
than a formal power series. Hereafter such a convergent star-product (together
with its associated space of functions) will be called a non-formal deformation

quantization or a non-formal star-product in short.

2.2.2 Non-formal BG deformation quantization

We present here an overview of the construction of Pierre Bieliavsky and Marc
Massar (see [23, 24] for details) of a non-formal (left invariant) star-product
on the symplectic Lie group (&ws). This construction constitutes a particular
case of the work done more recently by Pierre Bieliavsky and Victor Gayral in
[20].

Recall that the (formal) BG star-product is defined by 5% := T, (%;) (see
Definition 2.1.10). In order to get an integral expression for this star-product,
we first consider the convergent version of the Moyal star-product > defined
by (2.4), which amounts to particularize to expression (2.19) in the case n =1,
with v := £ and in the global {(a,¢)} coordinate system. For ¢, € S(S), this

integral expression is given by®
(<P *% 1/1) (ag, lo) =
1 —15%((a0,0),(a1,01),(az2,62))
—_— v (180,£0),001,51),(02, l £o)daydasdl,dl
(2riv)? /R?sze plar, ) (az, ba)dardasdlydes,
(2.21)

5We add the term formal to emphasize the difference with the non-formal framework.
6By abuse of notations we denote both asymptotic expansion and integral expression in
the same way.
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with

§%((a. o). (a1,41), (a2, €2)) = &*((a0, o). (a1, 02)) + & ((a1,41), (a2, £2)
+ w’((az, £2), (a0, Lo))

= apl1 — a1ly + a1fs — asly + asly — apls.
Now, using the expression (2.13), we set
EJ¢=T,(S(S)).

Lemma 2.2.1 ([13], Lemma 3.1). The following inclusions hold for all v € iRy:

(1) T3 (S(S) c S6);

(i) (0,1)" (S6) € 8'();
where ¥, and ¥, ! are defined respectively by (2.10) and (2.11).
Lemma 2.2.2 ([24], Lemma 3.2). We have

(i) S(S) c €E¢ c §'(S);

(ii) the map T, ! : S(S) — S(S) defined by (2.14) extends to 2 as a linear
isomorphism 7! : £8¢ — S(S);

(i) T, ' o T, = Tds(s) and T, 0 T, |5 ) = Tdss).

In particular, both integral operators T, and T, ! are well-defined (i.e.
integrals (2.13) and (2.14) exist) and are inverse of each other on the Schwartz
space S(S). By intertwining the star-product +5 (given by (2.21)) with these
operators (when it makes sense), we get”

(e x5 ) (a0, bo) =T, (T, "o x5, T, ') (ag, o) =

1 sinh(2iv§) ; sinh(2iv€q) . sinh(2iv€q) )
—— [ cosh(2iv€)e 2 fom@lm T et hi — T latisa b
(2m)>(iv)? /

1
% e_;(a()él_alé+alé2_a2€1+a2€_a0[2)<p(a17£3>w(a2’ 54)

X daldag d£d£1 dgg d£3d€4d£d€1 dgg .

“In order to lighten the notations, we will often drop the domain (of integration) of our
integrals. When such an integral appears in what follows, the underlying domain will always
be understood as R X ... X R n times, with n the number of variables of integration.
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Computing the distributional integrals in ¢, ¢; and /5-variables, we get respec-

%/ eﬂe[ ]dﬁ =g (f — ZVG/Z) R

i / et [fl_ao;w]dgl = 0o (§1 a2> ’
o . i

i/ 152[52* ]dgg _ 50 <£2 B ai _ aO) )
27 1w

Thanks to the identities above (and after changing the name of integration

tively

and

variables), the star-product formula becomes

(¢ * )(ao, lo) =

/COSh al _ a2))6%(sinh(2(a07a1))€2+sinh(2(a27@0))Zl+sinh(2(a17(12))@0)

(2miv)>?

X (,D((ll s 51)1/)((12, gg)d(hdagdgldég.
(2.22)

Let us denote by ds the Lebesgue measure on S ~ R?. Within coordinates
(1.24) (that is, with x = (a,¥)), this gives

ds(z) = dadl.
Remark 2.2.3. The Lebesgue measure dg(z) coincides with the left invariant

Haar measure on S, denoted by d&(z). Indeed, for z¢ € S, a straightforward
computation shows that for all ¢ € D(S) := CF>(S),

et = [ o)

By construction, the star-product x2¢ is left invariant (for the left action

on S) and we have the following theorem.

Theorem 2.2.4 ([24], Theorem 3.1). For f,g € £2F, the formula

frECg =T, (T, f T, 9)

defines an associative algebra structure on £2%. Moreover, at the level of
smooth compactly supported functions, the star-product admits the following
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oscillatory integral expression:

(%7 ¥)(ao, bo) =
1

(27m»y)2 cosh(2(a1 _ a2))ei(sinh(2(a07(11))E2+sinh(2(a27(10))51+sinh(2(a17a2))fo)

x (a1, 1) (az, b2)dsx1dsas,
(2.23)

where ¢, € D(S) := C°°(S) and with, within coordinates (1.24), z; = (a;, ;)
for j € {1,2}. This star-product is (in particular®) invariant under the left
action (2.1) of S, that is for all x € S,

Ly (o *0%0) = Lo x L.

The link between this integral expression and the BG star-product at the
formal level given by intertwining the formal Moyal star-product on S is given

in the following theorem.

Theorem 2.2.5 ([16], Theorem 4.9). For every smooth compactly supported
functions ¢, € D(S) and for every = € S, the function

R>C:0— (@*EGW(CU)

is smooth. Its Taylor series at 0 defines an associative formal star-product x2¢

on C>(S)[[v]] with v := £, whose expression is of the form®

x5 = +v{p, v} +0 (v?),

with {-,-} the Poisson bracket associated with the symplectic form wS.

Sketch of proof. We focus on the second part of the theorem (i.e. the result
about the Taylor series) which illustrates some oscillatory integral techniques.
Firstly, note that thanks to the left invariance of the BG star-product, it suffices
to show the result at the neutral element x = e (corresponding to (0,0) within
coordinates (1.24)). We set 6 := iv € Ry and changing the variables following

8The maximal group of invariance of this star-product is the transvection group Ggg D S.
9Recall that O (v2) := {375 vFf | feCc=(S)}.
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L — 2005 (for j € {1,2}), the integral formula (2.23) at (a,¢) = (0,0) becomes

(o +5 1)(0,0) =

1 L .

= /cosh(Q(a1 — ag))el(smh@a?m_Smh@al)g?)(p(al,29€1)w(a2,29fg)dsx1dgx2,
(2.24)

with, within coordinates (1.24), z; = (a;, ¢;) and where ¢, € D(S). Using the
distributional identities

/ eisinh(2a2)€1d€1 — 7-(-50(@2) (2.25)
R

and
/e—isinh(2a1)52d€2 — 71-60(@1)7 (226)
R

the evaluation of (2.24) at # = 0 reduces to (¢.1) (0,0). Taking now the
derivative of (2.24) with respect to 6 under the integral sign'®, we get
Lo+ 0)(0,0) =

do "t ’

%/cosh(Z(al _ aQ))ei(sinh(Qag)él7sinh(2a1)€2)
™

X [2£1(‘32<p(a1, 2961)1#(&2, 29€2) + 2€2g0(a1, 2961)821#(&2, 29€2)] dgl‘ldsl‘g.

(2.27)
Remark now the following identities:
1 o )
_ O, i(sinh(2as2)¢; —sinh(2a1)£2) 2.98
' 24 cosh(2as) 2 ’ (2:28)
and
ly = 1 ) ei(sinh(Zag)él 7sinh(2a1)€2)' (229)

" 2icosh(2a;) ™

107t can be done properly for 6 in a neighborhood of 0, by means of the Lebesgue dominated
convergence.



2.2 Non-formal aspects 63

Splitting the integral (2.27) and using identities (2.28) and (2.29) together with
integrations by parts, we get

d
(o +E9 0)(0,0) =

1 i ‘4 h(2(a; —
_ 72/ez(smh(Qag)él—slnh(2a1)€2)aa2 (COS ( (al a2))¢(a2720€2)>

T i cosh(2as)

X 824,0((11, 2951)d3$1d§l‘2

1 (s L cosh(2(a; — as))
- i(sinh(2a2)l1 51nh(2a1)122)a 20¢
+ 2 /e “ < i cosh(2a1) wlar, 206)

X (921,0(0,2 y 2062)d§1}1 dsSCQ .

Using both distributional identities (2.25) and (2.26) together with an evaluation
at § = 0, it yields

LHET00,0) =1 (01p(0,0006(0,0) ~ 02(0,00016(0,0))

6=0

= e} (0,0)

Using % = v, an iteration of this kind of reasoning leads to the following

asymptotic expansion:

xS~ op + v {p, 0} + 0 (V7).
m

Following [11], we denote by (-, -)ss) the restriction to S(S) of the usual
inner product on L%(S), i.e.

(0 )@ = / () (z)ds (x). (2.30)

Thanks to the linear bijection T, : 89 — S(S), we can then transport this

structure to get an inner product on £, defined as

([,9)epc == (T, [, T, 9)ss)- (2.31)

£56

This turns into a pre-Hilbert space and we denote by HE its Hilbert

completion.
Proposition 2.2.6 ([11], Proposition 7.2). We have the following results:

(i) the inclusions D(S) C S(S) € £EE € HEC are dense;
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(ii) the algebra structure x2¢ on £2¢ extends to HZ¢. Endowed with the
extended product again denoted by xZ¢ the space HEZY becomes an

associative topological algebra;

BG

(iii) the transvection group Gpg acts on (HEZC, «Z

) by algebra automor-

phisms.

Remark 2.2.7. The formula (2.31) shows that the space HZ¢ differs from the
space L2(S) due to the non-unitarity of 77! (with respect to the usual inner
product of L?(S)).

Let us now slightly generalize the above construction. Recall that Proposition
2.1.19 tells us that at the formal level, every G pg-invariant star-product on

(S, wS) is given by means of an G gg-equivalence of the form
TT :Z.F_l OMTOJ:,

where T = Z;;OE Ty is some formal function on S such that 7 € CE R) [[V]].
Every G pg-invariant star-product on (&wS) is then formally obtained by the

formula
Tr (x£9) = (Pr o) () = (F~ o My o (9,1)" 0 F) (x5),

using decomposition (2.12) of 7,,. When 7 (which can depend on v) belongs
to the space Oy (R) of Schwartz multipliers of S (R), a slight generalization
of Lemmas 2.2.1 and 2.2.2 (item (i)) implies that the following linear map
defined on the Schwartz space S(S) takes its values in the space of tempered
distributions S'(S):

FloMro (1) o F:S(S)— S'(S).
Following [13] (Lemma 3.2) and [20] (chapter 4), we introduce the space

Oc,y (R™) :=
{f € C®(R™) | Ir>0:Ya e N 3C, >0:|0°f(z)] < Co (1 + |x|)’“*7‘a'} .

That is, the subspace of smooth functions (with values in C), the derivatives of

which are uniformly polynomially bounded.

Definition 2.2.8 ([20], Definition 4.2). We denote by ©, the subspace of
C* (R) constituted by the elements ¥ such that exp o + ¥ belong to the space
Oc,1 (R), and normalized such that J(0) = 0.
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It is worth mentioning that O¢ 1 (R) is clearly a subset of the Schwartz

multipliers!! Oy (R).

Remark 2.2.9. With a slight abuse of notation, we will say that a function
e C® (S) ~ O™ (]R2) depending only on the last variable of S (i.e. the variable
£) belongs to O if the functions [R — C: £ — ¥(a, )] (that is, ¥ viewed as a
function of only one variable) belong to © for all a € R.

When 7 is of the form exp(d), with ¢ € ©, we have the following result.

Lemma 2.2.10 ([20], Lemma 4.3). Let ¢ € ®. Then the inverse of the map
of

*

Ty :=F ' o Mexpoy o (¥,1) o F, (2.32)

given by
T, 5=F oW} oMeaupsoF, (2.33)

defines a continuous linear injection from S(S) to itself'2.

By generalizing what has been done above, we set
& =T (S(8)),

the range subspace of T}, y in the tempered distribution space S’(S), for which

we have the following inclusions:
S(S) c EPF c = (8).
We also define an inner product on 2§ by

<f7 g>€fg = <T;,$f7 T,;q;g>S(S)a (234)

which is well-defined thanks to Lemma 2.2.10.

We will now determine a particular function 9 € ® such that the associated
operator T, é becomes unitary on L?(S), turning in that case the completion of
EDS (with respect to the inner product (2.34)) into the space L(S) itself. For
this purpose, we first recall that the (partial) Fourier transform and its inverse

satisfy respectively
(Ff, Fg)s@ =27(f.9)s6) (2.35)

11The functions belonging to the space of Schwartz multipliers are also called tempered
functions, or slowly increasing functions. See Definition 2.2.27 for more details.

12Note that the operator T,,9 in the particular case ¥ = 0 € ® corresponds to the operator
T, defined by (2.12).
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for f,g € S(S), and

_ _ 1
<‘F 1f7]: 1g>S(S) = %<f7g>8(§)a (236)
for f,g € S(S). Combining this with the identity (2.34) and the decomposition
(2.33), we deduce that for f,g € S(S):

1 * *
<fa 9>£f§ - %«\Pu ° Mexp(—19) o -7:) fv (\Iju o Mexp(—ﬂ) o ]:) g>$(§)

1
27 R2

e—ﬂ”“(“’f”fff (W, (a,) Fg (¥, (a,€)) dade.

Changing the variables following ¥, (a, &) — (a, &) yields

2 N
(f.9)es e 00| |Jacy 1 (a.)| F (0, Fgla, )dade,  (237)

¢ = —
)0 2 R2

and a straightforward computation leads to
1
V1= d2g?’

which depends only on the variable £. Let us then define ¥y € C'*° (S,R) (i.e.

a real-valued function) by

‘Jac\yy_l(a,g)‘ =

Yo(a, &) == %log (‘Jacq,y_l(a,g)’) = —i log (1 — 41°€?). (2.38)

Since

exp (£ (€)) = (1 — 42¢2) ¥4

and 9o(0) = 0, the function ¥y (viewed as a function of its last variable only)
clearly belongs to ©®. In the particular case ¥ = ¥y, the equation (2.37) simplifies
to

(F.g)ers = o= | FF(a,Fg(a,E)dads

21 R2

— [ #(a.0)gta, dadt
R2

= <f7 g>S(S)7

where we have used the relation (2.35). The Hilbert completion ’Hfgo of the
pre-Hilbert space Efg’; then corresponds to the space L2(S) on which T, éo
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extends as a unitary operator. Moreover, for
BG ._ S
*u9o TV,190 (*y) ) (239)

(55’1900 , fg) becomes an associative algebra!®, endowed with the Fréchet

algebra structure transported from S(S) ~ S (R?) under the operator T}, y,.
A similar computation to that made for 2% leads to the following integral

representation at the level of compactly supported functions:

(¢ *fgo ¥)(ao, lo) =

(me /\/cosh ag — ay)) cosh(2(az — ag)) cosh(2(a; — az))

sinh(2(ap—a1))l2+sinh(2(az—ag))€1+sinh(2(a1—a2))€o)

x e

X <p(a1, 61)111((12, €2)da1da2d€1d£2

(where ¢, 1 € D(S)). By changing the variables following a; — ag — a; first and
then ¢; — ¢; — loe=2% for j € {1,2}, we get

(¢ *550 ¥)(ao, bo) =

/\/cosh 2a4) cosh(2a3) cosh(2(a; — ag))e 25 (sinh(202)61 —sinh(2a1)L2)

(27rw

X R(ahél)cp(ao, EO)R(“%&)MJ((LO, éo)dalda2d€1d€2,

where R denotes the right action (1.31) of S on itself'4. The following results

summarize the above construction.

Lemma 2.2.11 ([20], Lemma 4.3). The operator T 19 extends as a unitary
operator on L*(S) = HJG .

In particular, the above lemma means that the inner product (:,-) B¢
defined by (2.34) coincides with (-, -)s(s), that is, the restriction to the Schwartz
space of the usual inner product on L*(S).

Theorem 2.2.12 ([20], Theorem 4.5). Let v # 0 and Yy € © defined by (2.38).
Then,

(i) for all compactly supported functions @, 9 € D(S) C EV 5., we have the

integral representation

,”90 Y = KBS 90 (21, 22) Ry @Ry bds (1) ds (72), (2.40)
SxS

13Remark that the space (SVBg"O fG ) for Y9 = 0 corresponds to (SBG BG).
MWithin coordinates (1.24), we have R(q,0)(a0,40) = (ao +a,l+ £06—2a)
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where the two-point kernel is given by

. 1
ngo(xl,xg) = (2miv)~ AU 9, (71, T2) exp (21/555;0 (xl,x2)> ,

with, in the coordinates x; = (a;,¥¢;), the amplitude and the phase defined
respectively by

Afgo (z1,22) := \/cosh(2a;) cosh(2as) cosh(2(a; — az)) (2.41)

and

SBG

9e(T1,T2) 1= sinh(2a2)l; — sinh(2a;){s; (2.42)
(ii) the product *Ego is invariant under the transvection group Ggg D S.
That is, for all g € Gpg and for all ¢, € D(S), we have

G
Ty 90*”1907_ 1/}77_ (‘p*uﬁo 7/})

Remark 2.2.13. It is possible to generalize the previous theorem by considering
Yo — ¢ (instead of ¥g) for any element ¢ € @. It can then be shown that the
associated operator TV_) 50_19 extends in that case as a unitary operator on
L2(S) if and only if ¢ is purely imaginary (see [20], Lemma 4.3). The integral
representation of the star-product remains valid up to a multiplicative factor
(depending on 1) in the amplitude. We refer to [20], chapter 4 for more details.

BG 2
l/190 - L

Regarding the Hilbert completion H (S), we have the following

result.

Proposition 2.2.14 ([11], Proposition 7.2). The algebra structure *Bgo on

& Bﬁ extends to ’HB G . Endowed with the extended product again denoted by

*,, 19 , the space 'H becomes an associative topological algebra.

Before mentioning an additional property from [11] concerning the space

HBE "5,» We recall the definition of a *-algebra.

Definition 2.2.15. A *-algebra A is an associative algebra (over the field C)
endowed with an involution * : A — A, such that for all a,b € A and A € C,

(a+0b)* =a* +b*, (ab)* = b*a* and (Aa)* = Aa*

Proposition 2.2.16 ([11], Proposition 7.3). The triple (’H *BG 7) is a

v,90° l/ 907
*-algebra, where - denotes the complex conjugation.
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Traciality

Let us now present an additional property of the Weyl star-product (2.19) (we
consider here the case n = 1). Consider two Schwartz functions f,g € S (RQ).
Thanks to the following distributional identities for q,q’, p,p’ € R:

/ e~ 7 P00 dgy = mhiy (p — '),
R

21

/ e~ w @ =Drogp. = 1R, (" ~a),
R

we get!®

/R? (f *1" 9) (g0, po)dgodpo
_ —2i(gp'—pq’) - r_ . ! gl
= [e ™ fla,p)g(qd",p")d0 (¢" — q) do (p — p") dqdpdq’dp

= /R2 f(a,p)9(q,p)dqdp. (2.43)

This means that the integral of the star-product *%V is equal to the integral of
the classical pointwise product.

Definition 2.2.17 ([17]). Let (M,w) be a symplectic manifold with an associ-
ated (formal) star-product x, on C°(M)[[v]]. A trace form Tr (or a trace in

short) for x, is a C[[v]]-linear functional
Tr: C=(M)[[V]] = C[[]

such that
Tr(px ¥) =Tr (Y *, ¢).

Remark 2.2.18. Notice that the above computation concerning the Weyl
star-product shows that the integral operator Tr" defined as

™S8 (RQ) —-C:f— TrW(f) = /R2 f(q,p)dqdp

is a trace at the non-formal level for *};V (that is, a linear functional which, when

applied to the associated formal star-product, is a trace in the sense of Definition

15Remark that the integral makes sense thanks to the fact that the Schwartz space S(R?),
which is stable under multiplication, is a subset of L! (RZ) endowed with the standard
Lebesgue measure.
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2.2.17), thanks to the fact that using (2.43), we have for f,g € S (R?):

Y (f « g) = /R2 f(a,p)g(q,p)dgdp = Tx" (g x" f).

Definition 2.2.19. Let (M,w) be a symplectic manifold with an associated
(formal or non-formal) star-product x,. We will say that %, is a tracial star-
product, or equivalently a strongly closed star-product, if the following identity

holds (whenever it makes sense):

/ (f %0 9)(@)dpuo(2) = / (/.9) (@) dp (),
M M

where i, is the Liouville measure associated with the symplectic form w.

Thanks to the identity

/]R ] (f =" 9) (q,p)dgdp = /R _(J9)(a, p)dadp, (2.44)

the product ¥ is thus a tracial star-product (or a strongly closed star-product).

Let us now construct a trace for 2§ . Recall first that for ¢, € S(S),
Yo

0+BG =T, ., (T;logo ] TngOq/)) .

)

Using the identification S ~ R? by virtue of the coordinates (1.24), it seems

then natural to define the linear functionall®

v,90

59 : S(S) = C: s THW (T—1 cp) , (2.45)

ie. Trgoc =Tr" oTV_éO. It is straightforward to see that this functional defines
a trace for *Ego. Indeed, since > denotes (at the non-formal level) the Weyl
star-product on S ~ R? in coordinates {(a, £)}, we have for ¢, € S(S):

TS (o #05, 0) = T (1,040 T25,0)
=Y (173,04 Tra. )

v,90

= Trg’ (¥ x5, #) -

We will now show that *Ego is a tracial star-product. To this purpose, let us
first mention the following result.

16Recall that Lemma 2.2.10 tells us that Tv_éo : 8(S) — S(S). Note also that by a slight

abuse of notation, the functional Tr" stands here for fS
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Lemma 2.2.20. For ¢ € S(S) and ¥ € © satisfying J(—z) = 9J(z) for all
r € R, we have
.59 =T, 5%

V7

Proof. By virtue of the decomposition (2.33), a straightforward computation

leads to the following explicit expression:

1 i _ sinh(2iv€) 5\ _ sinh(2iv¢)
T Yo(a, 0) = —/ e (re—==5% Z)e (== ><p(a,€’)d€’d§.
R2

v, T

We then get!”
- (g —smh@ive) ) _5(sinh(2ive))
Toetan) = g [ TR T NI oo, pyarae
s 2

Changing the variables following —& — £, we get:

(b6 =R e) O (=BT o o dede

thanks to the fact that by assumptions,

= ( sinh(2iw€)\ [ sinh(2iv€)
19<_ 2iv )‘19( 2iv )

Proposition 2.2.21. The star-product *51(9;0 is strongly closed.
Proof. For p,¢ € S§(S), we have
T (pxE6, v) = T (15,045 T25,0)
= [(Te) @ (14,0) @)ista)
= (T} 3,0 T, 9, V)5(9)5

by traciality of 5 (which corresponds to ' under the usual identification

2
S ~ R?). Using the expression (2.38) for 9y (viewed as a function of its last

variable only), it is easy to observe that, being an even and real-valued function,

Jo(—€) = Yo(8),

I7Recall that iv € Rg.
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for all £ € R. Lemma 2.2.20 together with Lemma 2.2.11 then imply that

)

(T 500 T o )s(8) = (T, 90905 T gy V) s()
= (0, ¥)s(s)

= | e(@)¢(x)ds(z).

7]

Observe now that thanks to the identity
(TrW o ]—'_1) Y= / v(a,0)da
R
holding for all ¢ € S(S) (and with S ~ R?), the trace operator

TrgoG =Tt"o Tu_éo = /o Flo U” o Mexp(—v) © F
' S

reduces to
Tr5¢ = / , (2.46)
s

which completes the proof. |

Remark 2.2.22. Observe that a similar computation shows that *2¢ (which

coincides with *Eg for ¥ = 0) is not a tracial star-product.

2.2.3 An adapted Schwartz space for the tracial BG star-
product

As already mentioned, the standard Schwartz space on R? is closed under the
Weyl star-product formula (2.19) (with n = 1). The purpose of this subsection
consists in defining an adapted Schwartz space for the tracial BG star-product,
that is, a space of rapidly decreasing functions, closed under the tracial BG
star-product formula (2.40). For this, we describe (a part of) the work of
Bieliavsky and Gayral developed in [20]. Although similar (or even sometimes
equivalent) to other notions of Schwartz space on Lie groups, the originality of
their construction relies on the fact that their definition is formulated in terms
of the phase function ngo (2.42) only. This phase function appears naturally in
a star-product formula of oscillatory integral type (for instance (2.19) or (2.40)),
and its expression is related to the geometry of the underlying symplectic Lie
group (as initially observed and developed by Weinstein in [54] and thereafter
studied by Bieliavsky in [11]).
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Before presenting several notions (sometimes technical) required to define
precisely a Schwartz type function space adapted to the Bieliavsky-Gayral
tracial star-product, let us first briefly expose the strategy used to go beyond
the formal level of an oscillatory integral type expression. Roughly speaking,

such an expression is of the form

/ AeF, (2.47)

where A is a possibly unbounded smooth function, S is a real-valued smooth
function and where F' has to be suitably chosen to give a non-formal meaning
to the integral. The difficulty consists in finding the largest possible space
of functions F' such that the expression (2.47) makes sense. Of course, the
unboundedness of A implies the necessity for F' to be rapidly decreasing. But
that is not all : it turns out that in many cases, it is also useful that the
expression (2.47) (viewed as a function) enjoys some regularity conditions. The
easiest idea seems then to restrict, and sometimes drastically, the set of possible
functions F. Hopefully, that is not the only way of proceeding. A genius method
consists in introducing a differential operator D such that D (AF) belongs to
the space L' of integrable functions and with an associated formal adjoint DT
(with respect to the L2?-inner product) satisfying

Df (eis) = e'f,

If it exists, such an operator then allows to rewrite (2.47) as

/AeisF: /eiSD(AF),

by making use of integration by parts arguments. In general, this technique

then allows to keep a sufficiently large space of possible functions F'.

Before describing the suitable space of functions for the oscillatory integral
expression of the tracial Bieliavsky-Gayral star-product, we start by recalling
some generalities (following [20]) concerning the universal enveloping algebra of
a Lie algebra. Let g be the Lie algebra associated with a Lie group G given with
an ordered basis {X1, -+, X, }, to which we associate the Poincaré-Birkhoff-
Witt basis of U (g) defined as {X? | € N™}, with X := X' ... X2 This
induces the filtration

U(g) = J U (0),

keN
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in the sense that for k <1, Uy (g) C U; (g), where for k € N,

Ui (g) =4 > CpX’|CseRy,
|BI<k

with |8] := 81 + -+ + Bmn. We endow the finite dimensional vector space Uy, (g)
with the ¢;-norm |-|, defined within the basis {X” | 8 € N™} as follows: for

X =Y CpX’ el (g),
1BI<k

we set

| Xy, = Z |Csl -

IBI<k
The family of norms {|-|;}, oy is then compatible with the filtration of U (g)
in the sense that if X € Uy, (g), then |X|, = |X|, whenever [ > k. Now, for a
subspace V C g, we denote by U(V') the unital subalgebra of U (g) generated
by V, i.e.
UV) =spang {X1--- X, | X; € V,n e N}.

In what follows, for the sake of completeness, we introduce a sequence of
definitions and intermediary results that will allow us to enunciate two very
important propositions (cf. Propositions 2.2.42 and 2.2.43) concerning the

tracial Bieliavsky-Gayral star-product.

Definition 2.2.23 ([20], Definition 2.1). Let G be a connected real Lie group.
An element p € C* (G, Rar ) is called a weight if it satisfies the following

properties:

(i) for every X € U (g), there exists Cr,Cr > 0 such that
| Xu| < Crpand | Xpu| < Crp,

where X is the right invariant differential operator associated with X;

(ii) there exists C, L, R > 0 such that for all g,h € G, we have
p(gh) < Cu(g)"u(h)".

A pair (L, R) as in the item (ii) is called a sub-multiplicative degree of the weight.
A weight with sub-multiplicative degree (1,1) is called a sub-multiplicative

weight.
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Example 2.2.24. On the group S, consider the so-called modular weight on S
defined as

05 :S = Ry : (a,€) = /3 +eta (1 +402) + 402 + e,

In [20], it is shown in Lemma 2.4 that this function is a sub-multiplicative
weight on S.

Given a weight 4 on a Lie group G, we can define the following space of
smooth functions whose all derivatives are bounded by p (up to a constant).

Definition 2.2.25 ([20], Section 2.1). Let G be a real connected Lie group
given with a weight u. We set!'®

BY(G) :={F € C®(G)|VX €U (g),3C > 0: |XF| < Cu}.

When the weight = 1, we simply denote this space by B(G). We endow the
space B*(G) with the natural topology associated with the following semi-norms:

17 X7

‘= sup Sup{ ———— ¢,
s X €eUy(g) g€G M(g) |X‘k
with k € N.

For the particular weight p = 1, we have the following important result that

we quote from [20].

Proposition 2.2.26 ([20], Proposition 2.47). The multiplication 2§ is a

I/,’L90
continuous, bilinear and associative product on the space B(S).

In order to define the Schwartz space adapted to *Effo, we first recall the

notion of tempered function.

Definition 2.2.27. A tempered function f : R™ — R™ is a smooth function
whose every derivative is bounded by a polynomial function. That is, a smooth
function f = (f1,---, fm) is tempered if for every multi-index o € N™ and
k€ {1,---,m}, there exists a polynomial p, j such that for all z € R",

0% fio(2)| < pai(@)-

18 The notation C°°(G) stands for the complex-valued smooth functions on G. Moreover,
recall that (XF) (z) means the derivation at a point z of a function F' with respect to a

left invariant vector field X associated with an element X € g; explicitly, it is given by
(XF) (2) := %|OF(z.exp(tX)).
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Definition 2.2.28 ([20], Definition 2.17). A real and connected Lie group G
is called tempered if there exists a global coordinate system ¥ : R™ — G such
that the multiplication and inverse operations seen through ¥ are tempered
functions in the sense of the previous definition. That is, G is tempered if for
all z,y € R™,

m:R™ x R™ = R™ : (z,y) — m(z,y) == ¥ (¥(x).9(y))

and
R S Rz i(z) = U ((R(2) )

(respectively the multiplication and inverse of G seen through ¥) are tempered
functions in the sense of Definition 2.2.27.

A smooth real-valued or complex-valued function f on a tempered Lie group
G is called a tempered function if f o W is tempered on R™ in the sense of
Definition 2.2.27, under the identification C ~ R? (that is, the function f is
tempered on G if f is bounded by a polynomial in gfl—coordinates).

This definition is motivated by the following fact.

Lemma 2.2.29 ([20], Lemma 2.16). Let G be a connected and real Lie group
with Lie algebra g and let ¥ : R™ — G be a global diffeomorphism. Then the
multiplication and inverse operations seen through W are tempered functions if
and only if for every element A € U (g), their derivatives along the left invariant
differential operator A associated with A are bounded by a function which is

polynomial within the chart W.

Remark 2.2.30. As mentioned in [20] (see Remark 2.18), it can be shown that
a smooth function f on a tempered Lie group G is tempered if and only if for
any X € U (g), its derivative along X (the left invariant differential operator
associated with X) is bounded by a polynomial function within the global chart
v:R™ — G.

We now introduce the notion of tempered pair.

Definition 2.2.31 ([20], Definition 2.22). Let G be a connected real Lie group
with Lie algebra g and S be a real-valued smooth function on G. The pair

(G, S) is called tempered pair if the following two properties are satisfied:

(i) the map
2:G—ogtiam [goR: X (XS)(2)] (2.48)

is a global diffeomorphism, where g* is the dual space of g;
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(ii) the inverse map ® ' : g* ~ R™ — G endows G with the structure of a

tempered Lie group.

Remark 2.2.32. It can be shown (see [20], Remark 2.23) that within the
context of the previous definition, the function S is itself automatically tempered
(in the sense of Definition 2.2.28).

Let us illustrate this notion by an example concerning the Lie group S.

Lemma 2.2.33. On S, we consider the function S defined (in terms of coordi-
nates (1.24)) by
S:S—R: (a,f) > sinh(2a)l.

The pair (S, S) is tempered.

Proof. We begin by computing the expression of the map @ defined by (2.48)
in this case. For the basis {H, E} of s = Lie(S), we denote by {H*, E*} the
corresponding basis of the dual space s*. The expression of ® : S — s* is thus
given for each (a,f) € S by

(a,l) = (HS) (a,0)H* + (ES) (a, ) E*
= 2¢ *“¢H* + sinh(2a)E*,

where we have used the explicit expressions (1.29) of H and E. Under the

canonical identification
s* S R?:gH* + yE* = (2,y),
the expression of ® becomes
®:S—R*: (a,0) — (2¢7>*¢,sinh(2q)),
which is clearly a diffeomorphism with inverse given by
DR 5 S (z,y) — <;arcsinh(y), ;earcsmh(y)> .
Note that the function

earcsinh(y) —y+ \/W

is clearly a tempered function on R. Let us now show that the inverse map

&~ ! endows S with a structure of tempered Lie group. The multiplication seen
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through ® ! is given for (z1,y1), (x2,72) € R? by

m (1, 91), (22, 92)) = 2 (27 (21,31). 2 (22, 92))

= (xle—Qarcsinh(yz) + zoe ™SI ginh (arcsinh(y;) + arcsinh(yg))) .

The first component is obviously a tempered function. Moreover, since

sinh (arcsinh(y;) + arcsinh(ys)) = y11/1 + ¥3 + y21/1 + ¥

is clearly a tempered function too, we deduce directly the temperedness of the
multiplication m. A similar proof leads to the fact that the inverse map of S

seen through ® ! is tempered as well. |

As an illustration of Remark 2.2.32; note that in the context of the previous
lemma, the function S : S — R is tempered. Indeed, for ® the diffeomorphism

described in the above proof, we have

S O@*l ‘R2 5 R (a:,y) S (Qil(l‘,y)) _ %earcsinh(y)_

But

= gresinn) — 20 (4 T 7)),

2 2
which can obviously be bounded by a polynomial in x and y, as well as all of
its derivatives. This means exactly that the map S is tempered.

Given a tempered pair (G, .S), we consider a vector space decomposition

N
s=EPW., (2.49)
n=0
and for every n € {0,---, N}, an ordered basis {e?}jzl . dim(V) of V,,. We
thus get a global coordinate system on G given by
xd = (B?S) (z), (2.50)

forne {0,--- ,N} and j € {1,--- ,dim (V,,)}. We choose a scalar product on
each V;, and let |-|,, be the associated Euclidean norm. For every n € {0,--- , N},

k=0

Definition 2.2.34 (]20], Definition 2.24). A tempered pair (G, S) is called
admissible if there exists a decomposition (2.49) with associated coordinate

we also define the space
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system (2.50), such that for every n € {0,---, N}, there exists an element
X, €U (V,) C U (g) whose associated multiplier «,, defined by

where E := ¢, satisfies the following properties:

(i) there exists C,, > 0 and p,, > 0 such that

lon| > Cr (1 + |xn|Zn)a

n

where z,, := <xj)j:1,---,dim(\/n)’

(ii) for alln € {0,---, N}, there exists a tempered function u, € C* (G, Rar)
such that

(ii.1) for every A € U (V™) C U (g), there exists C4 > 0 such that
|Aan‘ <Ca |an‘ Hns
(ii.2) py, is independent of the variables {xi}g

1o dim(V,) for all r < n.
That is, for all r < n and for all j € {1,--- ,dim (V}.)}, it satisfies

Oin _
oz’

We now pass to the notion of tameness.

Definition 2.2.35 ([20], Definition 2.34). A tempered Lie group G with asso-
ciated diffeomorphism ® : G — g* given by (2.48) is called tame if there exists
an Euclidean norm |-| on g*, a tempered weight e and two positive constants
C, p such that

4
2

c(1+12)" < o

Before introducing the Schwartz space associated with a tempered pair (G, S),
we give (as an illustration of the previous "technical" definitions) an example of
an admissible and tame tempered pair.

Lemma 2.2.36. The tempered pair (S, S) is admissible and tame.

Proof. We start with the admissibility. Recall that for the group S, the associ-
ated global diffeomorphism @ : S — R? admits the following expression (within
coordinates (1.24)):

@(a,l) = (272, sinh(2a)) .
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Consider the decomposition s = Vg @ V7 with V := RH and V; := RE. In the
notations of Definition 2.2.34, we thus have the following expressions for the
global coordinate system on S:

To = 2¢ %Y, 21 = sinh(2a).
Using the expressions (1.29) of H and E, we get for k € N:
HFazg = (—1)ko2k+1e—2ay
and

e, — o cosh(2a) k odd I
sinh(2a) k& even

For every X € U (Vj), we thus deduce that there exists C > 0 such that
| Xao| < C% (1+ |zo)), (2.51)

while for every X € U (V1) (with in this case V1) = s), we observe that there
exists C'} > 0 such that

| Xa1| < Ok (1+ ). (2.52)

Define now Xg := 1 — H? € U (V) and X; := 1 — E? € U (V;). For E :=

etsinh(20)t 5 strajghtforward computation shows that the associated multipliers

ay, (for n € {0,1}), defined by
a, :=E'X,E,
admit the following expressions:
ap =1+ \x0|2 + 4izg, ap =1+ |x1|2.
Remark then that

1 1 1
<

2 2 — 27
ool (14 faol?) "+ o (1+ |aof?)

which implies that |og| > 1+ |2o|®. Thus, the multipliers o, satisfy the condition
(i) of Definition 2.2.34, for p,, = 2 and C,, = 1. Now, using inequalities (2.51)
and (2.52), we remark easily that for every X € U (Vp), there exists C’% >0
such that

|X040‘ < C% |awl,
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while for every X € U (V(V)), we can find C% > 0 such that
|X061| S C’)l( ‘041| .

The condition (ii) of Definition 2.2.34 is then fulfilled for the tempered weights
po =1 and g =1 and the pair (S, S) is then admissible.

We now pass to the tameness. Remark that
14 |®(a,0)> =1+ 4e %% + sinh?(2a).

Thanks to the expression of 0g given in Example 2.2.24, we thus observe that
there exists C' > 0 such that the rough estimate

1

O (1+1200.0F)" <od(a.0)

is satisfied for all (a,f) € S. Since 0§ is a (positive) power of a weight, this
function is a weight too (see Remark 2.2 in [20]). Moreover, Lemma 2.21 in [20]
tells us that on a tempered Lie group (in our case, the group S), the modular
weight 0g is a tempered function. The function D‘Sl is thus a tempered function
too and this shows the tameness of the pair (S,S) for the tempered weight
uS = 3. |

Definition 2.2.37 ([20], Definition 2.40). Let (G, S) be a tempered pair and
E := ¢*. For all X € U (g), define
ax = ETIXE € C%(Q).
Then, the space S°(G) of smooth functions on G defined as
S%(@) = {f e C®(@G) | VX, Y eU(g),Vn €N, sgg ’o&(g) (Yf) (g)| < —|—oo}
g
is called the Schwartz space associated with the tempered pair (G, S).

The following result shows that the Schwartz space associated with an
admissible tempered pair (G, .S) is isomorphic to the standard Schwartz space
of the Euclidean space g* ~ R™.

Lemma 2.2.38 ([20], Lemma 2.41). Let (G, S) be an admissible tempered pair
and @ : G — g* be the diffeomorphism given by (2.48). Fixing an Euclidean

structure on g* ~ R™, we denote by S (g*) the standard Schwartz space on g*.
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Then, S¥(G) coincides with
SHG) = {feC™(G) | fo2 " €S(g")}.

In particular, endowed with the transported topology, S°(G) is a nuclear Fréchet
space. If moreover the pair (G, S) is tame, then the transported topology on

S%(@) is equivalent to the one associated with the semi-norms:

1Ny, = sup sup
XeUy(g) 9€G

with £,n € N and pg the tempered weight associated with the tameness.

Recall now that if G is a real connected Lie group, then the product G x G is
naturally endowed with a structure of real connected Lie group too. So, for such
a Lie group G, let us consider a tempered, admissible and tame pair (G x G, S)
(where S is now a real-valued function defined on G x G). Definition 2.2.37
provides a way to associate a Schwartz space to such a pair. But using the
continuity of the partial evaluation maps, we can also define a "one-variable"
Schwartz space as follows.

Definition 2.2.39 ([20], Definition 2.48). Let (G x G,S) be a tempered,
admissible and tame pair. Then, the Schwartz space on G associated with S is
defined as

S5(@) = {[G S Ciges fg,e)] ] feS3a x G)}.
We endow the latter with the topology induced by the semi-norms:

o pe1(9)" [(Xe) (9)]
lolly,, == sup sup :
X €Uy (g) 9€C@ | X

with k,n € N and where ps,1(9) := pa(g,e), for pue the tempered weight on

G x G associated with the tameness of the pair (G x G, S) and e the neutral

element of G.

We now come back to the "two-point" phase function 551(9;0 given by (2.42),
for which we have the following important result, constituting a particular case
of Theorem 3.29 of the book [20] (to which we refer for the proof).

Proposition 2.2.40 ([20], Theorem 3.29). Let S2Z§ be the function given by

v, 99

(2.42). Then the pair (S xS, ngo) is tempered, admissible and tame.
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BG
Al/,'l90’

(which is a particular case of Lemma 4.8 of the reference [20]).

Concerning the amplitude function we have the following lemma

Lemma 2.2.41 ([20], Lemma 4.8). The amplitude function Afgo, given by
(2.41), belongs to the space B0 (S x S), for the tempered weight po defined by

po S xS — RY : (w1, 29) — cosh(ay) cosh(as),
with, within coordinates (1.24), z; = (a;,¢;) for j € {1,2}.

Let S50 (S) be the one-variable Schwartz space on S associated with the
tempered, admissible and tame pair (S x S,ngﬂ), as in Definition 2.2.39.
Proposition 2.2.40 along with Lemma 2.2.41 imply the following most important
result of this subsection.

Proposition 2.2.42 ([20], Proposition 4.10). Endowed with the multiplication
BG

*Ego, the space 80 (S) becomes an associative Fréchet algebra which acts

continuously on B#(S) (for u a tempered weight), via

L.sc (F):p— F+2§ o,
v, 90 »vo

where ¢ € S505s (S) and F € BH(S). In particular, (85550 (S),*Effo) is an
ideal of (B(S) xBG )

s Rudo

BG
The space 890 (S) then constitutes a space of smooth functions adapted
to the tracial star-product *Ego, in the sense that this space is closed under the

*559;0 -multiplication. Remark now that the constant functions obviously belong

to the space B(S) (which contains the space S 5.3 (S)). Thanks to the previous

result, for ¢ € C a constant (identified with the function [S — C: z — ¢]) and
BG

@ € 8o (S), both expressions ¢ *Ego ¢ and C*Ego © make sense at the non-

formal level. The following result shows in particular that, as at the formal

BG

level, the constant function 1 is the neutral element for x5 .

Proposition 2.2.43 ([20], Proposition 4.11). Identifying an element ¢ € C
with the function [S — C : z — ¢] in B(S), we have

F*Egoc:Fc and C*EgOF:cF,

for FF € B(S). In particular, the element [S — C:xz + 1] is the unit of
(B(S),+25,).
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Characterization of the adapted Schwartz space on S

BG
Let us describe more explicitly the one-point Schwartz function space 8§90 (S)
associated with the two-point pair (S xS, SEEO ) This space is defined as

S5730(S) = {[g S Ciae fze)] | f e85 (S x S)} , (2.53)
and endowed with the topology induced by the semi-norms:

{M%XS(@" [(X¢) ()] }

| X

el == sup sup
X EU(s) z€S

where 155 (z) == %S (x, e), for uS* the tempered weight on S x S associated
with the tameness of the pair (S x S,S2§ ). In [20], Corollary 3.28, it is

v, 99

SXS(

mentioned that this tempered weight is given by
/f'S><S = Déxs’ (2.54)

with, for z,y € S,

dss(z,y) = \J03(x) + 03(y) — 1. (2.55)
where 0s is the modular weight on S given in Example 2.2.24. So, for = € S,
p*S () = 0d(x) + 0 (e) + 1+ 20%(x)0d(e) — 203(x) — 203 (e). (2.56)

Actually, on S, we can also consider two other Schwartz type function spaces.
Indeed, using Definition 2.2.37 and Lemma 2.2.33, we have a Schwartz space
S5(S) associated with the tempered pair (S, S). This space is defined as

S5(S) = {<p eC*(S) |VX,Y €U (s),Vn € N7SI§S) lak (z) (Vo) (z)| < —|—oo} ,

(2.57)
with ax := e S Xe’S. On S5(S), Lemmas 2.2.36 and 2.2.38 imply that the

topology is the one associated with the semi-norms':

{u%c)” [(X¢) @)] } |

[ X

lelly,, == sup sup
X el (s) z€S

In reference [21], we can find another Schwartz space on S defined as follows.
First, consider the multipliers &y € C*° (S x S) defined for Y = (¥1,Y2) € s®s

9Recall that pS := Dg.
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and x1,x2 € S by

VeiSid (@) . —io?y(xl,xg)eisfgo (@1,22)
For instance, we compute easily that
a(m,0)(z1,2) = 2 (cosh(2ay)ls + sinh(2a2)l1)

and

&(p,0)(z1,22) = —sinh(2as),

with z; = (a;,¢;) (for j € {1,2}), within coordinates (1.24). Now, for X € s
and x € S, we set

dx(x) = d(Xp)(e,x).
Within coordinates (1.24), we get:
ap(a,l) =2¢, ag(a,l) = —sinh(2a). (2.58)

Following [21], we then define another Schwartz space on S.

Definition 2.2.44. We denote by SEY(S) the space of smooth functions defined
as

SBE(S) = {cp € C™(S) | Vj € N°,VX €U (s),sup |a(z)’ (Xe) (z)] < +oo} ,
€S
~J1 ~J2

where, for j = (j1,72), &7 := apaz.

We endow the latter with the topology associated with the semi-norms:

kj = Sup sup { |6¢(m)ﬁ (Xy) ($)| } , (2.59)

X €Uy (s) T€S |X|k

1%

for k,j € N.

On the group S, we thus have defined three Schwartz type function spaces,
BG
namely S0 (S), 83(S) and SBE(S). It turns out that they are all topologically
isomorphic to each other.

Proposition 2.2.45. The three spaces S575 (S), S5(S) and SBE(S) (given
respectively by (2.53), (2.57) and Definition 2.2.44) are isomorphic as topological

spaces. Moreover, they are all isomorphic to the usual Schwartz space S (]RQ).
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Proof. We will first show that SS(S) ~ SBY(S). For this, remark that the space
SS(S) defined by (2.57) corresponds to the following set of smooth functions:

{cp eC™®(S)|VY eU(s),Vn eN, stég (,us(x))n (}730) (m)‘ < —1—00} . (2.60)

Indeed, a straightforward computation shows that each ax = E71XE, with
X € U(s) and E := €S, is of the form?°

x(a,l) = Z ck,mvnék (eiQ‘I)m sinh™(2a),

K,M,N
where K, M, N are some finite sets of integers, k € K, m € M, n € N and
where ¢ m,n € C for all k,m,n. Since
(< 34402 <03(a,l) <0d(a,b) = 1i°(a,l)
and

e~2% < 2sinh(2a) < 2cosh(2a) < 2cosh(4a) < 03(a,l) < pS(a,l),

any power of |ax| can be bounded by a certain polynomial in pS.
By Lemma 2.2.33, we also know that the group S is tempered, for the tempered
structure associated with the map

®:S—R*:(a,0) — (2¢7%*¢,sinh(2q)) .
But a straightforward computation leads to the identities
2e72% = —jay(a,l), sinh(2a) = —iag(a,l).

Moreover, Lemma 2.21 in [20] tells us that on a tempered Lie group, the
associated modular weight is a tempered function. Of course, as any power of a
tempered function is again a tempered function, this lemma implies in particular
that the function y° is tempered on the tempered pair (S, S). In other words,
this function is bounded by a certain polynomial in |®,(a, )| = |ag(a,£)| and
|®,(a, )| = |ag(a,?)|. This shows that the sets of functions (2.57) and (2.60)
coincide.

Now, remark that for j = (ji, jo) € N2,

|a(a, 0)7] = |an(a, 0) dp(a, )] = |(20)" (sinh(2a))7?| .

20Recall that S(a,£) = sinh(2a)¢, see Lemma 2.2.33.
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Since
120 < 3+ 4% <02(a,0) < i(a,l) = 1°(a,¥)
and
| sinh(2a)| < cosh(2a) < cosh(4a) < 03(a,?) < 1S(a,0),
we have

|&j| < (Ms(a7€))j1+jz .

It implies that SS(S) € SBY(S). For the reverse inclusion, remark that
e™* < 2cosh(4a) < 4cosh?(2a) = 4 (1 +sinh*(2a)) =4 (1 + ag(a, 0)?).
Since 2¢ = ay(a,l), it implies that
1o(a,0) = (3+ e (14 £2) + 4% + =) < p(lan(a, 0], las(a, 0)])

for a certain polynomial p. This shows that any power of 1° can be bounded by
a polynomial in |@g| and |@g| and thus SBE(S) € SS(S). Remark moreover
that the above reasoning proves that the topologies induced by the semi-norms
of SS(S) and SBE(S) are the same, which leads to the topological isomorphism
SS(S) ~ SBE(S).

Now, we show that S5(S) ~ S57% (S). First, notice that as in the case of
S5(S), the space S575 (S x'S) can be defined as the set of smooth functions
f e C=(S x8S) such that VY € U (s @ s) and Vn € N,

sup (ugxg(x,y))" (Y f) (x,y)‘ < 4o0. (2.61)

(z,y)eSXS

Using the fact that ds(e) = v/5, the expression of z3*° given by (2.56) implies
the existence of constants ¢y, co > 0 such that for all x € S,

TS (@) = 05 (2) + c103() + o
This in turn implies that there exists a constant ¢ > 0 such that for all z € S,
1) < 1 < o (a). (2.62)

For f € S505, (S x S), remark now that a particularization of (2.61) implies

that the associated "one-variable' function f := f(-,e) satisfies®!

sup | (17 (@))" (X ) (2] < oo,

SXS
21Recall that pS*S(z,e) =: Mlx (@).
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for all X € U(s) and for all n € N. The first inequality in (2.62) then shows
that

sgg (ug(a:))n (Xf) (x)‘ < 400,
which means that S5 (S) ¢ S5(S).

For the reverse inclusion, notice that for ¢ € SS(S) non identically equal to 0,
we can assume without loss of generality that ¢(e) # 0. The function ¢ ® ¢
defined as

PR :SxS:(2,y) = 0 p(x,y) = p(x)p(y),

then belongs to szgo (S x S). It is straightforward by observing that, thanks
to identities (2.54) and (2.55), uS*S(x,y) is equal to a certain polynomial in
9s(x) and ds(y). The function 1°*5(x,y) can thus be bounded by a polynomial
in x5(x) and p(y). Since ﬁg@ ® @(x,e) = p(z), we thus have shown that
S8(S) c 8 et (S). Moreover, inequalities (2.62) imply that the topologies
induced by the semi-norms of SS(S) and S 5.5 (S) are the same, which leads to
the second topological isomorphism SS(S) ~ &° V%0 (S).

The last claim of the proposition comes from Lemmas 2.2.36 and 2.2.38. ]

Remark 2.2.46. The above proposition allows to have a better understanding
of the behavior of the functions belonging to the Schwartz space S 5.5 (S) (given
by (2.53)), adapted to the strongly closed star-product *Ego. Indeed, it turns
out that thanks to the isomorphism S 5250 (S) ~ SBE(S), this space corresponds
to the usual Schwartz space in coordinates (z,y) with z = sinh(2a) and y = ¢
(see [21]). That is, setting

®:S—R?: (a,0) — (z,y) := (sinh(2a),£),

the function ¢ o é_l belongs to the usual Schwartz space on R? whenever
¢ € SBY(S). This means that any derivative of ¢(a, ) (with respect to the
left invariant differential operators) is bounded by a polynomial in (z,y) =
(sinh(2a), ¢).

We now show that the space SBY(S) injects continuously into the standard

Schwartz space on S (within coordinates (1.24)).
Lemma 2.2.47. The inclusion SBY(S) — S(S) is continuous.

Proof. Let ¢ € SBY(S). Using Definition 2.2.44, we know that this space
corresponds to the usual Schwartz space in coordinates (z,y) := (sinh(2a), £).
Within the notations of Definition 2.2.44 and using expressions (2.58), remark
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that since H(a,e) =0, — 200, and E~(a75) = 0y, we have
8a = f{(al) +ap (CL, é)E(a,é)-

Moreover, for all a € R, |a| < [sinh(a)| = |ag(a,£)|. So, for given k,p,m,n € N
and for all (a,?) € S, we have

|ak£1’8;”8?<p(a,£)| < ‘a’ﬁ;(a,ﬁ)ai[(a,ﬁ) (ﬁ(a,g) + O[H(Q,E)E(a,g))m E&,Z)go

)

where the latter is bounded thanks to the fact that ¢ € SBE(S). That completes
the proof, by definition of the semi-norms inducing the Fréchet topologies of
S(S) and SBE(S). [ |

Remark 2.2.48. Combining Propositions 2.2.42, 2.2.43 and 2.2.45, we observe
that SBY(S) is then an associative and closed Fréchet algebra for the product
*55"0. Moreover, for ¢ € SBE(S), the following identities hold:

@*Ego 1= 1*5?0 = .
From now on, in order to lighten the notations, the star-product x7§ will be
simply denoted by B¢,

As announced previously, the purpose of this work is twofold. On one hand,
we want to describe the set of S-invariant intertwiners between BG and RC
star-products. On the other hand, we want to discuss the existence (or not) of

an oscillatory integral type formula for the RC deformation, together with an
RC

algebra of (smooth) functions??, closed for the RC deformation, turning =

into a non-formal star-product. As we will see, both goals are closely related to
each other. In the next chapter, we present a method, named retract method
(or retract in short), that will allow us to obtain the desired set of S-invariant
intertwiners by solving some systems of partial differential equations (PDE’s in
short).

22We insist on the fact that we use the terminology function to contrast with formal power
series.






Chapter 3

Non-formal Rankin-Cohen

star-product

In this chapter, we first introduce a method allowing to compute in an explicit
way the set of all S-invariant intertwiners between the star-products *2¢ and
*RC " After that, we focus on the analytical aspects of such an intertwiner in

order to derive a non-formal expression for the Rankin-Cohen deformation.

3.1 The retract method

In this section, we generalize a method used by the authors in [19] to derive
the expression of all invariant deformation quantizations on the hyperbolic
plane. Roughly speaking, their method consists in computing first the set of
invariant deformation quantizations on a curvature contraction of the hyperbolic
plane, that is, the same manifold but endowed with a connection whose some
components of the Riemann curvature tensor are equal to zero. The (intuitive)
advantage is that the every geometric theory on such a contraction appears as
simpler than in the initial framework. Then, in order to recover the deformation
quantizations on the initial space (without curvature contraction), the authors
of [19] compute the set of operators that reverse the contraction process'. The
important point is that the method used for computing those operators relies on
the fact that both hyperbolic plane and its curvature contraction share common
symmetries, in the sense that there exists a Lie group acting simultaneously on

both the initial manifold and the contracted one.

IThat is the reason why we will call such a procedure a retract method.
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In what follows, we describe a way to get the expressions of (invariant)
intertwiners between two invariant star-products, via the resolution of particular
systems of (distributional) PDE’s.

Let (My,w'), (Ma,w?) be two symplectic manifolds and G1,G2 two Lie
groups with associated Lie algebras g; and gs, acting respectively (possibly

locally only?) on M;, My, through some (local) maps 71, 7%

hi Gy x My — My : (g1, 11) — 7’;1(.1‘1),

7'2 : G2 X M2 — M2 : (gg,{EQ) *—)7'922(502).

The groups G and Gy are called symmetry groups (or local symmetry groups in
the case of a local action) of M7 and Ms. Assume that M7 and M; share common
symmetries, that is, that there exists a Lie group B injecting simultaneously in
G1 and G2 (i.e. such that there exists two maps B < G, B < G3) such that

the (transported) actions®

B x My = M; : (z,p;) — 72(p))

for j € {1,2} are (at least locally) simply transitive. We then get the

B-equivariant identifications

Mll’BZMQ.

Consider now two formal star-products (A1, %), (Az,+2) (with deformation
parameter v) on M, My respectively (where, for j € {1,2}, A; C C™(M;)[[v]]
is an algebra). Remark that under the previous identifications, for j € {1, 2},
A; C C* (B) [[v]] (under the left regular representation). We assume moreover
that D(B) C Ay, for j € {1,2}.

Denoting by b := Lie(B), we get for j € {1,2} the following injections:

g; < Der (#) : Y = Y}

In particular,
b — Der (x,) : X — X*.

2By local action, we mean an action of the Lie algebra g; by derivations on Mj, for
je{1,2}.
~°We mean actions through the injections B < G1 and B < G2, that we again denote by
7J for j € {1,2}, with a slight abuse of notation.
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Assume now that . and +2 are in the same B-equivalence class. Then there

exists an equivalence between x. and 2 (for the left regular representation):
T: Al :> AQ,

such that for all z € B,
LT =TL}. (3.1)

The above relation is referred to as the B-equivariance of T'.

Remark 3.1.1. In equation (3.1), we stress that the left actions in the LHS
and the RHS are not exactly the same (because there are seen through two
different identifications), but are denoted identically with a slight abuse of
notation. In the same way, we will sometimes speak of such an operator 1" as
an B-equivalence, in the sense of Definition 2.1.15, in which the ‘nvariance of
the sequence of the differential operators {T}}, defining the operator 7" will
be understood as the equivariance of the operators Ty’s (in the sense of the
equation (3.1)).

On D(B) C A; (for j € {1,2}), we can express T as a (formal) convolution
operator. Indeed, the Schwartz kernel theorem allows to express T in terms of a
formal distributional kernel. More precisely, for ¢ € D(B) and = € B, we have*

To(x) = / u(e, y) o) d ), (3.2)

for u a distribution in the whole generality. On one hand, note that for x¢ € B,

we then have:
L:, (Tg) (x) = / w(zoz, y)o(y)d5 (y).

On the other hand, by left invariance of d&(y), we also have

T (L) @) = [

(e )elaon)db(s) = [ (w5 Do),
B B

But the B-equivariance of T' (3.1) implies in turn the following (distributional)
equality:

U(I, ‘To_ly) = ’LL(SC()I, y)

Remark that for the particular choice « = e, the previous identity becomes

u(e, 5 'y) = u(xo,y)- (3.3)

4Recall that d]]% denotes the left invariant Haar measure on the group B.
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Remark 3.1.2. For f a function on B, we denote by f the function defined
for all z € B by f(z) := f (z71).

For all z € B, we set ur(z) := u(e, z), i.e.
ur(z) =u(e,z7"). (3.4)

Combining identities (3.2), (3.3) and (3.4), we get the following convolution
form for the operator T

To() = / ur (') o(y)dk (y).

Remark 3.1.3. Hereafter, we will sometimes denote such an operator T by
ur X -, to insist on the fact that it is a convolution operator with associated

convolution kernel uy.

This operator T' allows us to define a Lie algebra morphism as follows:

D : gy — Der (%,,)
Y — Dy =T 'Y*T.

Remark that for X € b, Dx = X*, the infinitesimal translation of the B-

equivariance of T' meaning exactly that for all X € b,
TX* = X*T.

The map D then extends to gs the injection b < Der (*11,), into a Lie algebra
morphism. Assume now that all derivations of x. are inner (in the sense of
Remark 1.2.29). In particular, taking Z € gy, we can write Z* in the following
way:
7% = i [(I) 7, ] 1
2v *u

for some map @ € C°(M;)[[v]] defined up to additive formal constants. If ®x
is known explicitly for all X in the basis of b, it is then possible to characterize
all possible Lie algebra morphisms D extending b < Der (*i), in terms of a
system of ordinary differential equations (ODE’s). Indeed, let V; be a vector
space such that go = b ® V5 (as a vectorial decomposition) and let {Y;}, be a
basis of V5 and {X}}, a basis of b. Denoting by [-,-]> the Lie bracket on go, we
have

(X, Vi, =Y CpXa+ > Ch Y,
a b
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for some constants C,‘;’Z,Qz’l. Moreover, for Y € go, Dy € Der (*},) and we

have
1

:21/

Since D is a Lie algebra morphism, we have

DY [@}/7']*}/ .
D[Xk,Yl]2 = [DkaDYl]v (35)

where the bracket in the RHS is the commutator of derivations. Firstly, the

linearity of D yields

Dix,vi, = > CtiDx, +Y_Ch Dy,
a b

1 a b
- [t s Seton ]
a b «l
Secondly, using the Jacobi identity, we get
[Dx,,Dv)] = Dx, oDy, — Dy, 0 Dx,
1 1 1 1
= — |bx,,— [Py,- —— | Py, — [Px,,-
2V[ Xk’QV[ Y“}*‘l’:|*1 2 |: Y“Zl/[ ka]*},:|*1
1|1
= — | —[®y . b .
2 |:2V[ Xk Yz]*}/v :|*1
1 *
= X2 @),

For all X}, in the basis of b and Y] in the basis of V4, (3.5) then leads to the
following ODE’s:

X (Py) = ZCI(CI,Z(I)XG, + ZQZJ@Yb? (3.6)
a b

up to additive formal constants. Once the solutions ®y; obtained for all ¥; in
the basis of V5, we can deduce the expression of Dy for all Y € g5 by use of
linear extensions.

It remains then to compute the expression of the kernel ur associated with the
operator T It is actually possible if the Haar measure dZ(y) is preserved under
Y™ for all Y € go. Indeed, remark that using the same arguments as before, the

inverse T~! of T is also a convolution operator with associated kernel denoted
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by up-1. Moreover, for ¢ € D(B), x € B and Y € ga,

Dy (T7'¢) (2) =T~ (Y*¢) (z)

Dylgc/BuT—1 (=) e(y)dg (y) =/BuT—1 (27 1y) Y odg (y),

where |, means that the operator is applied by considering the function following

it as a function depending only on the z-variable. If Y* preserves d(y), then

/BUT—l (z71y) Yy odf (y) = */}E Y|, ur— (27 1y) e(y)dg ().
This leads to the following distributional equation on up-1, for any Y € go:
Dy |, ur—1 (z71y) = — Y7, up- (:U*Iy) . (3.7)

The solutions of those retract equations leading to an associated invertible
operator then give explicit (formal) expressions of intertwiners between x> and

x2. All the above development is summarized by the following proposition.

Proposition 3.1.4 (Retract). Let (My,x.), (Ms,*2) be two symplectic man-
ifolds given with an associated star-product (for which v is the deformation
parameter). Let G; and G2 be two (possibly local only) symmetry groups of
My and Ms, with respective Lie algebras g; := Lie (G1), g2 := Lie (G2), and B
a Lie group (with associated Lie algebra b) injecting simultaneously into G
and G2, such that its action on both manifolds M; and M; is simply transitive.

Assume in addition that
(i) xL and 2 are in the same class of B-equivalence;

(ii) all derivations of x. are inner and for all X in the basis of b, X* =
= [®x,],:, for some known maps ®x € C> (M;)[[v]] defined up to

additive formal constants ;
(iii) the action of gs preserves the left invariant Haar measure on B.

Then, for each B-equivariant intertwiner 7" such that T (*11,) = %2, both T and
T~ are convolution operators. Moreover, for all z,y € B ~ M; ~ M, and for
all Y € go, the kernel up-1 of T~! is solution of a distributional equation of
type

Dy |, ur— (xfly) =-Y"|, ur— (xfly) ,

where D : go — Der (*ll,) is a certain Lie algebra morphism extending the

injection b < Der (%), associated with the solution of a system of ODE’s of
type (3.6).
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3.2 Intertwining of RC and BG star-products

via retract

In this section, we apply the retract method (that is, Proposition 3.1.4) to the
particular case of RC and BG star-products. For this, we choose My = My :=S
endowed with the symplectic structure w®, A; = Ay := C=(S)[[V]], B := S,
91 7= 0BG, 92 7= ORC, %) = x5O
in what follows, in many situations, the computations will be understood in a

and x2 1=« Tt is worth mentioning that

heuristic way. To be more precise, a lot of integrals will be handled without any
justification regarding their existence and well-definedness in a precise analytical
context. The main reason is that the only goal of the present section consists
in providing an explicit expression for the intertwiners of +2¢ and x2¢, for
which we will provide an in-depth analysis (regarding their properties and the

meaning of the integrals used) in section 3.3.

We start by describing the set of all derivations D extending the injection
5 — Der (*f G).

3.2.1 Characterization of the morphisms defining the re-
tract equations

Let us first consider the algebra gre (1.22), that is the algebra of invariance
of the RC star-product. This algebra decomposes as s & Vre, with, as vector
spaces, § = spang {H, E} and Vie := spang {F,Q, P, Z} (the table for those
elements is given in (1.23)). If we denote by {X}}, (for k € {1,2}) the basis of
s and {Y;}, (for I € {1,...,4}) the one of Vz®, then for all k and for all [, we

can write

[kai/l} = Z Clnga + ZQZI}/}U
a b

with a € {1,2}, b € {1,...,4} and where Cii,l,Qi,z are some real constants. We
thus have to find all the Lie algebra morphisms D’s such that

We will need the following result from [56].

Theorem 3.2.1 ([56], Theorem 8.2). Let M be a symplectic manifold endowed
with a star-product x,.. If H},(M) = {0}, then all derivations of *, are inner.

SWe mean X1 :=H, Xo:=E, Y1 :=F,Y,:=Q, Ys:=P, Y, :=Z.
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In the case of the symplectic manifold (S,w®), since Hj(S) ~ Hjp (R?),

the Poincaré lemma implies that

H,p(S) = {0}.

From the previous theorem, we can thus deduce that for any Y € ggrc, the
associated derivation Dy is inner, i.e. there exists some ®y € C(S)[[v]] such
that )

Dy = % [(I)Y; ']*IE»G .
Remark 3.2.2. As mentioned in the previous section, for an element X € s,
the associated derivation reduces to Dx = X*. Moreover, the star-product x2¢

being a twist on (S, ws) (see Proposition 2.1.13), we get
Dy =X*= - [ARE, ]
2% V' wBG

for all X € 5 and with A§ defined by (2.3). Thus, the maps ® mentioned in
the item (ii) of Proposition 3.1.4 are in the case of 5 given by AP¢. We thus set

(I)H = /\ZG, (I)E = )\gG,
up to additive formal constants.

Remark 3.2.3. Thanks to Proposition 2.1.18, there is no need to consider
the derivation Dp (which is actually quite complicated). Indeed, the solution
of the retract equations (3.7) will yield an intertwiner 7' such that the star-
product T (*EG) will be locally S x Hy -invariant. Proposition 2.1.18 will then
automatically implies the SLs (R) x Hy -invariance of this star-product. In other
words, we can restrict ourselves to the subalgebra grc C gre of invariance for
*BC with §re = spang {H, E,Q, P, Z}.

In our particular case, recalling that (within coordinates (1.24)) H¢, , = —0a
and E7, = —e~249, (see (2.2)), equations (3.6) lead to the following systems
for elements @ and P (we will consider the element Z later):

)

1) —8a(I>Q :(I)Q+C(H,Q) 2) —0,Pp Z—(I)p—FC(H,P)
76*2“6‘&)@: c (E, Q) , 7672(13((1)13: (I)Q +c (E, P)

where, for all k € {1,2} and for all [ € {1,...,4}, ¢(Xk, V) € C[[v]]. In order
to get solutions for systems 1 and 2, a straightforward computation shows that
we have to choose ¢ (F,Q) =0 and ¢(E, P) = ¢(H, Q). Within the global chart
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(1.24), the general solution of the system 1 is then of the form
@Q(Q,é) = Kleia —C (H7 Q) )

for some constant K7 € C[[v]], while the general solution of the system 2 is
given by
®p(a,l) = (K2 — Kil) e +c(H, P),

for some constant Ky € C[[v]].

Remark 3.2.4. Note that in the case of the retract equations (3.7), we are more
interested in the expressions of the derivations ﬁ @y, ],6c (With Y € gre)
than in the functions ®y themselves. Since for any C' € C[[v]], we have

1

1
g P ) — = .
o [ y +C, ]*EG 2 [ Y, ]*lgfc s

we make the particular choices ¢ (H, Q) := 0 and ¢ (H, P) := 0 for the maps ®¢

and ®p. That reduces their respective expressions to
Dg(a,l) = Kie™?, ®p(a,l) = (Ko — Kif)e”. (3.8)

Accordingly, we define the following derivations of xZ&:

1 1
Dq =5 [®q; lipas Dpi= o [P, ]ne -

Remark 3.2.5. Since we look for morphisms® D : grc — Der (*VBG), we

require in particular the relation

Diq,p) = [Dq. Dp]

to be fulfilled. Using the fact that D is inner (with respect to a map ®), the
Jacobi identity implies that up to an additive formal constant, the following

identity holds:
1
PP = 5, [P0, PP, pa -
By relations (1.23), we know that [Q, P] = Z and thus ®|g p; = ®z. But
a straightforward computation shows that [®q,®p| zc € C[[V]]. A similar
argument to that used in Remark 3.2.4 then leads us to set @z := 0, which

implies Dz = 0.

We thus have shown the following proposition.

SRecall that §rc := spang {H, E,Q, P, Z}.
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Proposition 3.2.6. The family of morphisms D : grc — Der (*EG), extending
s — Der (x59) : X — X*,

is parametrized by C[[v]] x C[[v]]. More precisely, such a derivation is always
of the form D&%z with (K, K5) € C[[v]] x C[[v]], defined within the global

chart (1.24) as the linear extension of the set of following maps”

Ki,K2 * Ky, Ko * K1, K2
’ =H(, ., Dg" =E{0, D" =0,
S (OO (R R A A (%)
K1 K 1 —a K1.K: - ¢
D™ o = 3y a7 Lpe s DR = o) (e = Kb et po

Using the fact that x5% := T, () for T, := F 1o (¥ 1) o F (see (2.12)),

14

we have
174

1 —1 —1
Dg=1T,0 % [TU ((I)Q)7'L§ oT

and

1
Dp =T, 0o [T, (®p), ] s o T},

for the x>-commutator given in (2.5).
Lemma 3.2.7. The operator T, ! leaves ®g and ®p unchanged.

Proof. First of all, notice that T, ! leaves all the functions depending only
on the a-variable unchanged. Moreover, for p(a,f) := ¢, we have T, 'p = .

Indeed, at the distributional level, we compute that

2ty

1
T o(a,l) = —
L pla,l) 27r/

R

But

Fo <a, sinh(?iuf)) _ / LY E B
2iv R

B 2mi a2 |s sinh(2iv¢)
~ cosh(2iv€) €1 2iv
2mi

- cosh(2iv€) Dedo(&)-

. K1,K Ki,K K1,K
"By this, we mean that Dy 1""2 := chZDX;’ 2+ZZCIYDY[1 2,forY:Ekckka+

Zz clYYl. Remark that we have added superscripts in the notations to insist on the dependence
parameters K1 and Ks.
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Then
, 1
-1 — (743
Tl/ 410(6%6) ZAB COSh(QZ'l/f) aféo(f)dg
_ (iﬁe”5 cosh(2iv€) — e 2iv sinh(2i1/§)> ‘
B cosh?(2iv€) £=0

= 90((17 6)

The lemma is then a direct consequence of the expressions of ®g and ®p given
in (3.8). |

We then obtain the following expressions:

v

. 1
Do =F"o(¥,1) 0Fo—[0g,]s0F ToUjoF,
vV v

v

1
Dp=F "o (L) oFor (@ ]goF ol oF.
V v

Let us now compute those expressions explicitly. First, we have (in (a,)-

coordinates)

1 Ky _, .
% (@0, 'Lﬁ =——e % sinh (v0p)

and .
e
% [@p, |5 = (K2 — Kif)

where for all ¢ € C,

sinh (v9y) + K;1e%0, cosh (vdy) ,

14

. (cy)2n+1 2n+1 (cy)Qn 2n
sinh (cvdy) := Z Wﬁz and cosh (cvdy) := Z )l o™,
neN ’ neN '

It implies that (for the corresponding (a, §)-coordinates)
1 K
Foo-[®g,]g0F ' = —71(3—@ sinh (iv€)1d

and

a

1
Fos[p, ],y 0 F " = £ sinh(iv€) (KoId — iK;0¢)
124 1%

+ Kje cosh(iv€) (Id + 9,) -
From the latter, we deduce:

* 1 K inh(2i
(\11;1) O]:OE [CI)Q) .]*S oF1 o\p: = _716—11 sinh (W) 1d (3.9)
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and

v

&e“ sinh (arcsmh(2w§)> Id 4 Kye® cosh (arc51nh(2w§)> (1d + 0,)

1
(0,1) 0 Fo o [@p, ], 0 F oW =

v 2 2
+ %e“ sinh (arcsinlzl(%uf)) me}g.
(3.10)
Setting
Dg = (W;l)* oFo % [@g, ~]*§ oF toWx
and

Dp = (U,1) 0 Fo o [Bp, ], 0 F oW,

v

we get the explicit expressions of the derivations up to a partial Fourier trans-
form:
Dg=F'oDgoF, Dp=F 'oDpolF.

Computation of a particular morphism

Here, we point out a way to compute a particular morphism D : grc —
Der (x5¢), extending s < Der (x7¢), without using the retract method. The
idea is as follows: if we are able to find a quantum moment map A : gpe —
C>=(S)[[v]] (see Definition 1.2.36) so that x2¢ is ARC_covariant, then the map

D : grc — Der (*fc) Y — % [A{?C, -LBG

defines automatically a Lie algebra morphism, extending s < Der (*EG).
It turns out that obtaining such a map AB% is not so hard. Indeed, after a short

computation, we remark first that x5, = 7,! (¥7¢) is "almost" A*“-covariant,

in the sense that if we set®

B ~ 2
MEC . gre — C®(S)[[V]] 1 Y s MIC = ABC 4 %eQa[Y]F,

where [Y]r denotes the component of Y in the direction of the basis element F,

we get the AEC_covariance of x5, In particular, we thus have

AFC = AR (3.11)

grc Grc

8Recall that A€ is defined by (1.27).
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ARC

Accordingly, we get the -covariance of x2¢ by setting

ARC . grc = CS)[[V]]: Y — A{?C =T, (5\50) ,

by use of the fact that for Y1,Ys € gre,

1 1 % < -
37 B Ao = 70 (55 MO0, ) = T (W) = A

v

Now, we set

v

L ape

D :gre —>Der(*BG) Y — %

] BG
*V

ie.
Dy = F 1o (\11171)* oFo % [5\507.]*% oF 1o UroF.
Of course, using (1.27) and (3.11), Dy = H*, Dy = E* and D, = 0. Moreover,
setting
QQ =FoDg, oF ! and QP ::FOQPOJ:_l,

similar computations to that performed for Dgl’Kz and Dgl’KQ lead to the

following expressions:

~ et arcsinh(2iv¢)
Dalag =~ sinb (2) Id
and
Dplq =
e® cosh (W) (Id + 0,) + i sinh (arcsml;(?wf)) mag
i

Remark 3.2.8. We have D = D0, where D'V := DK

DX1:K2 given in Proposition 3.2.6.

’Klzl,K2:0’ for

3.2.2 Resolution of the retract equations
Set-up of the equations

Recall that given a derivation D¥1-%2 (with (K, Ks) € C[[v]] x C[[v]]) and

an element Y € §rc, the (inverse of the) corresponding intertwiner? Tk, r, =

9See Remark 3.1.3 for the notation.
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UK, K, X - satisfies the following identities:
K1, K - _
Dy1 2 (TKS,KQ@) (3«"0) = TK},KZY*W(Q«”O)

DEvK> /SUKI,KQ (a7 a0) p(g)df (2) = /SuKl,Kz (27 20) V¥ p()d5 ()

Y

To

l)1<171<2
/
S

where the last line comes from the following observation: here, the left invariant

ks (o7 a0) @b @) = = [ VL (57 0) pla)af (@)

€T

Haar measure d¥ (z) coincides with the Liouville measure on (S,w®). Indeed,
since Y* is a (local) Hamiltonian action, if we denote by £ the Lie derivative,

the Cartan formula along with the fact that w® is closed lead to:
Ly w® =1 (Y*)dw® +d (. (Y*)w®) = d (—d\C) = 0.

The form w® is then locally invariant under the action of grc:.
For any Y € grc, we then get the following associated retract equation (in the

sense of distributions):

K1,K>
DY

v ug, x, (7 wo) = — Y|, uk, k, (z7 @), (3.12)
where xg,z € S. The linearity of D¥1%2 allows us to consider only the
retract equations associated with the basis elements of grc, or even only with
the elements @ and P, by virtue of the triviality of the equation (3.12) for
Y=HFELZ.

In order to lighten the notations, we define the two following one-variable

smooth functions:

Srl;lfl(f) := sinh (arcsmh(%lﬂé)> = sign(iyfo)\/_l S ;_ 4V2§8, (3.13)

2

where sign denotes the sign function on R, and

14++/1- 41/258' (3.14)

2

cosh(£) = cosh <afcsmh<%ws>>

2

Within these notations and setting (as before) DK1.K2 .= F o DK1.K2 o F=1,
we get from (3.9) and (3.10):

- K —
D5k = —ZLe%inh(6)Id, (3.15)
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and
DKl,K2 _
(a.6)
— K,  — Ko ——
Kie“cosh(€) (Id + 9,) + ,—Vleasinh(g)m — 42€20, + TQe“sinh(f)Id. (3.16)
1

Recall also that'©
Qg = —€ "0 and  P*|,, =e"(0a —Ld,).

The following important result summarizes all the above development.

Theorem 3.2.9. (i) Any intertwiner T such that 7' (*5¢) is a grc-invariant
star-product admits as an inverse a convolution operator T-! = u x -,

with u a solution of a system of equations of the form:

DSvi? » U (zflxo):* Q[ u (Iilxo) (3.17)
D§17K2 N U (zflfo):* P, u (zilxo) ’ .

for some K1, K5 € C[[v]], where
Dgl,KQ _ ]:71 ODIQ(th oF and Dgl’KQ _ ffl ° bgl,fﬁ O]:"

for Dgl’Kz, D" given respectively by (3.15) and (3.16) (within the
global chart on S), and Q*, P* given in (1.28) (within the global chart on
S).

(ii) Let U = u x - be an operator such that u satisfies the system (3.17).
If U is invertible, then U~} (*EG) coincides (up to a redefinition of the

deformation parameter) with x7.

Proof. The item (i) is a direct application of the retract method (Proposition

3.1.4). For item (ii), we notice that if U := u x - is invertible, then
DyU =UY*

and
U'Dy =Y*U!,

10See (1.28).
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for Y € {H,E,Q, P, Z}. By linearity, we then deduce that those equations hold

for any Y € grc. Hence, since
Y*=U"'DyU,

we observe that for Y € ggrc, the derivation Y* of the classical pointwise
product is also a derivation of U1 (*EG). Proposition 2.1.18 then leads to the
desired result. |

Explicit resolution of the equations

We start with the following observation.

Lemma 3.2.10. For given (K7, K3), let uk, x, be a solution of (3.17) such
that the associated S-equivariant convolution operator Uk, g, 1= Uk, K, X - is
invertible. Then, ug, k, is the unique solution!! of (3.17), up to a multiplicative

formal constant.

Proof. Let K1, K3 be two formal constants such that the associated system
of equations (3.17) admits (at least) two solutions u and ' leading to two
convolution operators U := u x - and U’ := «' x -. Then, the form of the
retract equations implies that both U~! (*EG) and U'~! (*EG) define grc-
invariant star-products. Hence, Proposition 2.1.18 implies that they both
coincide with *f*“ up to a redefinition of the deformation parameter. Without

loss of generality, we then assume that U~! (x2¢) = U’'~1 (x8F) and we set
®:=U'""'U € Aut (x]),

where Aut (*50) denotes the set of automorphisms of ¥ (that is, the set of
intertwiners of x¥¢ with itself). Trivially, for all X € s, the following identity
holds:

OX* = X",

Formally, we can thus write ® as a convolution operator (on S); we set & =: w x -.
Moreover, by assumptions, the retract equations are satisfied for U and U’.
Thus, if we simply denote D¥1-%X2 by D, we have for any Y € grc:

U'DyU=Y"*

and
U~1DyU =Y"*.

HUp to a redefinition of the deformation parameter.
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That implies
Y*=U"\UY*=U"'DyU =Y*U"'U =Y*.

In other words, ® commutes with elements of grc.
For Y € grc, € S and ¢ € D(S), we have

Yio(p) = /Sw (y ') py)df (y) = /S Y*|, w(y~t) py)ds (y)
and
B (o) @) = [0 a) Vo) = = [ V71,0 () o))
The fact that ® commutes with grc leads to the following equation:
Y, w(y'z) + Y|, w (y~'z) =0, (3.18)

for all Y € gre. Although useless for Y € s (because @ is a convolution on S),
this relation is interesting for Y € gre\s. Indeed, recall first that locally, we
have an action

T GRC XS — S,

where Gge is the Lie group such that Lie (grc) = Gre. Then, remark that

Y, w(y 'z) =Y} (LZ—I'LU)
4
dt

d _
% o w (y 1Texp(7tY)($>) .

o szl w (Texp(ftY) (33))

Moreover, since'?

w(y~z) =w(a7y) = L1 (y),

12Recall that, as mentioned in Remark 3.1.2, w(x) := w (m_l).
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we also have

Y|, w (y'z) = Y, (L -10)
d

== ) L; o (Texp(—tY)(y))

% - ((Texp(ftY)(y))_l x) .

Hence, for © = e, observe that equation (3.18) becomes

dt

_ d -1
w (y 17_exp(fitY) (6)) + % w ((Texp(ftY) (y)) ) =0. (319)
0 0
For any Y € Stabg, . (e) (that is, the Lie algebra of the stabilizer subgroup'® of

the neutral element e), the equation (3.19) becomes

jt‘o w ((Tcxp(—tY)(y))_1> =0,

i.e.
* v
Y, w=0,

for all y € S. So, for all p € D(S),

[50) 5] @ G- ) dhw) =0,
S 0

which means that supp (@) C {e}. Remark that the form of the equation (3.18)
implies that we also have supp(w) C {e}.

Since ® = w X - for a certain distributional kernel w, we can write that for all
€ D(S),

B(e)e) = [0 (n) k) = [ v ) elen)db ) = (0. L)
where we have used the standard notation (-,-) for the pairing between a
distribution and a function. Now, we choose a function ¢ € D (S) and consider
the map [z € S — (W, L:¢g)]- Let X be the support of this map. For z € ¥,
(W, LEpo) # 0, which implies that {e} € supp (L%yo). So {x} € supp (¢o) and
then ¥ C supp (o). In other words, the map [z € S — (W, L% pg)] restricts the
support of ¢g. According to Peetre theorem, we deduce that ® € DO (S)° [[v]],

i.e. the set of formal left invariant differential operators on S. It is well-known

13Recall that the stabilizer subgroup of a given element is a Lie subgroup a Grc. In our
case, the dimension of this group is equal to three; see for instance [53], Theorem 3.62.
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that this set identifies to U (s) [[¢]], and so there exists a unique element Xg €
U (s) [[v]] such that ® = X4 (the equality is understood as an identification).
Since ® commutes with the whole algebra grc, the same is true for Xg. Recall
now that the (uncompleted) generators of fundamental vector fields are given
by

H* = —8,, B* = —~290,, F* = (22 (9, — (dy), Q* = —e 0y,
P* = ¢ (9, — (DY),

while the left invariant vector fields are given by
H=0,— 20, E=0,.

Notice that Q* = e*FE* and F* = £e®P*. Since X commutes with any element

of grc, we have in particular
[(Xe,Q*] =0.
Since
[X‘1>7Q*] = [X'q,,e“E*] = X<I> (e"E¥) — 6aE*X<I> = X@ (e"E*) — eaff@E*a

we deduce that
X@ (eaE*) = ean)E*.

A short computation then shows that X has to be polynomial in E only.
Moreover, since [Xq;, F*] = 0, a similar reasoning shows that Xo (Le®P*) =
le® X4 P*. Again, a short computation implies that Xg can not depend on E,
which means that Xg € C[[¢]]. In others words, ® = U’'~'U € C|[[v]] and so U

and U’ are equal up to a multiplicative formal constant. |

This lemma means that for purely geometrical reasons, to each particular
(K1, K») € C[[v]] x C[[v]], the associated system (3.17) leads, at most, to one

relevant solution (up to a multiplicative constant), that is, a solution associated

B

BG and +F¢. We now pass to the explicit

with an S-equivalence between *

resolution.

By means of the global coordinates (1.24), we set z = (a,¢) and xo = (ag, {o)-
Then, a partial Fourier transform in the ¢y-variable applied to the LHS and
RHS of equations (3.17) (we denote by & the conjugated variable associated
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with £y under the partial Fourier transform), leads to

D{’(DKQ (ao,& )WK1,K2 (a7£7a07£0) + Y*‘(a,é) WK1,K2 (a7€a aOafO) = 07 (320)
ap,50

which holds for Y = Q, Y = P and for every (ag, &) € S, where

WK1,K2 (a7€aa0550) = / efi§olouK17K2 ((a’é)*l(ao’eo)) déo, (321)
R

and with ug, &, a solution of (3.17) for some choice of K and K,. For Y = Q,
the equation (3.20) becomes!* (using (1.28) and (3.15))

K —
—fe_“osinh(fo)WKl,KQ (a, & ag, 60) — €_aa[WK1’K2 (61,7£7 a07§0) = 0, (322)
and for Y = P (using (1.28) and (3.16)), (3.20) becomes

K1€a°CfOﬁl(fe)WKl,K2 (a,2,a0,&) + Kleao&)al(fo)aao Wk, k. (a,€,a0,&)

Ky . — /
+ 7;76 Slnh(g()) 1-— 4V2£(%860WK1,K2 (a’vga a0a£0)

K —~
+ —Zetsinh(£0) Wi, 1, (0, £, a0, €0)

+ (3aaaI/VK17K2 (a,2,a9,&) — éeaagWKhK? (a,2,a0,&) = 0. (3.23)

Remark 3.2.11. Formally, using (3.21), we have

Wk, k,(a, 4, a0,&) = /Re_i&’ZOuKhK2 ((a, 8)_1(%,[0)) dly
= /]Re_i&’eou;(h;{2 (ao —a,—e 2(@0=a)p 4 f()) dly
— —ibote®(@ 70 /]Re_’fozouKl,;Q (ap — a, £o)dly.
Setting a := a — ag, we get the following form for W, k,:
Wi, i (a, €, a0, &) = €™ Wi, e, (0, &), (3.24)

where

WKl,KQ(Oé,ﬁo) 1:/efiEOZOUKl,m(*Oé,fo)dfo-
R

14Recall that the functions sinh and cosh are defined respectively by (3.13) and (3.14).
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If we substitute W, x, with the RHS of (3.24) within the equation (3.22),
a multiplication of the LHS and the RHS (of (3.22)) by —ve® leads to

(Fasinh(€o) —ivoe® ) e Wi e (0,0) = 0
(with a := a — ag as in Remark 3.2.11), or simply
(Klsml(go) - iufoea) Wi, e, (. €9) = 0. (3.25)

For &, = 0, this latter equation is trivially satisfied. However, for £, # 0, this
equation implies that Wi, i, has to be a distribution whose support is a subset
of W := {(a,ﬁo) € S| Kysinh(&) — ivépe® = O}. Thanks to the expression

(3.13), we can see that sﬂﬂl(&)) is a non-zero real number (for &, # 0), admitting
the same sign as ivépe®. For a fixed non-zero &, the identity characterizing the
set W thus admits a solution in « if and only if K is a strictly positive real

number (possibly depending on v)!. Let us now recall the following result.
Lemma 3.2.12. All weak solutions w € D'(R) of the equation
rw(r) =0 (3.26)

are of the form w(r) = ¢do(r), for ¢ a constant and Jy the Dirac delta distribution

with support in r = 0.

Proof. Suppose that w satisfies (3.26) and choose a function fy € D(R) such
that fp(0) = 1. For every ¢ € D(R), the function ¢ — ¢(0) fy is equal to 0 in
r = 0. By applying a Taylor development to the latter around r = 0, we observe
that there exists a function ¢ € C°°(R) such that

¢ —¢(0)fo =1¢.
Remark that this equation implies that ) € D(R). So we have
(w,r¢) =0 = (w, ) — (w, ¥(0) fo)-
Setting ¢ := (w, fo), we obtain
(w, @) = cp(0),

which implies w = ¢d. ]

151n other words, this is the required condition on K to have a non-trivial solution Wk, Ko
associated with a non-zero &g.
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For fixed &, the equation (3.25) only depends on the variable & € R. Remark
that for strictly positive real number K7 and & # 0, the function

Ficreo (@) := Kysinh(&o) — iv€oe®

is injective and possesses as unique root

a = log (Klﬂl(g())) .

iwéo
Setting r := fx, ¢,(a) and then
Wi, g0 (1) = Wi (Ficl e, (M:0)
the equation (3.25) becomes
TWE, Ky, (1) = 0.

Lemma 3.2.12 then implies that all weak solutions wg, k,.¢, are of the form

WK1,K3,&0 (T) = CK, ,K215050 (T)v

where ¢k, K, ¢, is independent of r (and thus independent of «). Since

WKth (05750) = WKy,K2,& (le,fo (a)) s

all weak solutions of (3.25) are of the form

WKth (@, &) = XK1,k (60)d0 (K1S/ia1(§o) - iV§0€a>

= XK;,K» (60)(50 (a — log <Klslnh(§0)>> 7
iy

for a certain distribution x i, x,. For & # 0, we define the following (strictly

positive) function:

o (6o) = Smhf") (3.27)
o

Thereby (again for £, # 0), the solution of (3.22) is given by

_ifqbe2(a—an)
WK17K2 (CL, ¢, ap, 50) = XK1,K, (60)6 Lot do (Cl — ao — IOg 77u(§0)) . (328)

Notice that taking into account the form of Wy, g, obtained in Remark 3.2.11,

we have 0, Wk, k, = =04, Wk, k,. Moreover, a straightforward reformulation
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of (3.22) yields

K —
0Wk, i, (a,l,a0,&) = _Tlea_aOSIHh(£O)WK17K2 (a, 4, ao,&o)- (3.29)

Now, if we multiply the LHS and RHS of the equation (3.23) by e~® and if
we replace the element 9;Wi, i, by the RHS of (3.29), the equation (3.23)
becomes

. K __
(Klea"_acosh(&)) + Vlfe“_““sinh(fo)) Wk, Kk, (a,?,ag,&)

+ (Kleao_aC/O\Sil(go) - 1) 8QOWK1,K2 (a'a€7 a’O7£0)

Ky, _a /
=+ ge 0 Sll’lh(fo) 1-— 4V2§3850WK1,K2 (a,Z, Clo,fo)
K _
+ feaofaSinh(ﬁo)WKl,KQ (a,€,a0,&) = 0. (3.30)

Hence, in particular, it remains to look for a distribution y such that for each
¢ € D(S),

[, (Kieromecambin) + S ter=onsinn) ) Wi el 0o, Eo)plan ot
R2 v
+Klea°c€s/h(£o)6ao/ e Wk, k,(a,¥,a0,&)p(a, f)dadl
R2
—8%/ Wi, i, (a, Y, ao,&0)e(a, £)dadl
R2

K, —

+ T;sinh(&)) 1 — 42 3850/ e Wk, k,(a, ¥, a0,&0)p(a, {)dadl
R2

K N

+ TQeaOSinh(&J)/ e "Wk, .k, (a, £, ag,&)p(a, l)dadl = 0. (3.31)
R2

Assume first that £ # 0. To lighten the notations, we set

p(ao,&o, f) = e‘iK?eEO”E(&’)go(ao + log (K1m,(&0)) , £). (3.32)
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Using (3.28) along with an integration w.r.t. the a-variable, the equation (3.31)

becomes

K sinh(&)
VKI 771/(£O)

Ui (60)

C()S}(léfg))eaoaao Reaow(aovfo,f)df3(10/Rg0(a07§07£)d4>

smh fo \/72538 /XKT;V,Kgofo (a0, &0, £)dl = 0. (3.33)

Remark 3.2.13. For ¢ € D(S), we have the following identities'®

XKl,KQ(fo)/R (COSh(gO) 1577u(§0)51nh(§0) ><P(aoa€o,€)d£

+ XK1,k (€0) <

08@0/ a07£07 ) dl =

- / olao, €0, £)de + / e KT €0) 9, o (ag + log (K (&) , £)de
R R

(where 01 means the partial derivative w.r.t. the first variable),

D / oo, €0, 0)dl = / eI (€09, o(ag + log (Kimy (o)) , £)de
R R

and
Xr 5 (§0) _
afo/R "711(60) f(ao,&),f)dﬁ—
4 ><KK<€0>) g2 XKLk () 4
/]R|:d§0 ( () v ey dg G (En) | lao fo, Odl
XKl,Kz(fO)lOUV@O) _iK? 2
7712/(626) /Re Kle&onv(&’)am@(ao +10g (Kﬂlu(fo)),ﬁ)dﬁ.

Using the identities of the previous remark within the equation (3.33), we
see that the coefficient in front of the term

/ TN €, (g + log (K1, (€0)) , £)dE,
R

is given by

cosh(&) _ sinh(&) /1 o ds(&)
XK1,K2(§0)< (o) +— v2€2 2 (E0) 1).

v

We now show that this coefficient is always equal to 0.

16We use the notation ¢ defined in (3.32).
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Lemma 3.2.14. For all ¢ # 0,

cosh(§o) | sinh(§o) /7 g™ (&) _
v (&o) * iv 5 nZ(&o) B

Proof. First, notice that by (3.13) and (3.27),

)\/_Hm oy
. _ .

(60) 2V2€(2)

1
sign(ivéy
o

74 2¢2
VT8 4hen leads to
14+4/1—402¢2

9 1
V _ _ 7 3.34
v (§o) m cosh(&p) .

from which we deduce that

A multiplication by

d n(Eo) ivsinh(&)
= v Qo) = ——— .
dgo coshQ(fo)\/ 1— 4288

A straightforward computation then yields

cosh(§o) | sinh(&) ngo (o)  —~ 2 R
. (&o) + iV \/7g n2(&) = cosh (§) —sinh (§) = 1.

|
In the same way, it can be shown that the coefficient in front of the term
Jg p(ag, &, €)€de, which is given by

K2

*XKl,Kz (%o) (Uu(fo)sfial(fo) (1&)) T (5077u(§0))51nh(§0)\/ 1- 4’/253) ;

is equal to 0 for all £y # 0. After reduction, the unique remaining term in the
LHS of (3.33) is a multiple of [, ¢(aq,&o,£)dl, in front of which the coefficient

is given by

STI\ITl(fo) d XK1,Ko (50) Ky XKi,K> (EO)
( g (V) e )

Hence, by setting

XKq,K> (50)

Kira(80) =75 )
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it remains to solve the following ODE:

d . 1Ky _
m%XK1,Kz (50) + 712XK17K2 (50) =0.

The general solution of the latter is given by

Ko . .
~ — 5—>p—arcsinh(2iv
XK1,K2 (50) = Ke %Ki ( €0)7

for K an arbitrary constant. Thereby, for non-zero fixed &g, we get the following

expression for xx, k,:

XK1,k (€0) = Kﬁu(fo)e_%msmh(%@)~

Assume now that £ = 0. In this case, as already observed, the equation

(3.22) is trivially satisfied. Now, using'”

Wk, k. (a,€,a0,0) = ¢ ibole™ WKI,KQ (o, &o) = WKl,KQ (a,0),

0=

along with the relation 0., Wk, x, = —0,Wk, .k, the equation (3.30) becomes
Kie "Wk, 16, (,0) — (Kie™® — 1) 9a Wi, K, (c,0) = 0. (3.35)

Remark that for K’ an arbitrary constant, the element
Wi, i, (@, 0) := K'do(cr — log(K1)) (3.36)

fulfills the condition (3.35). Indeed, the Leibniz rule extended to distributions

implies
Oy (e_O‘WKhKQ (a,O)) = —e_o‘WKhKZ (o, 0) + e_o‘aaWKth (, 0).
The LHS of (3.35) is thus equal to
—K,0, <e_aWK1’K2(a,O)) + GQWKDKQ (o, 0),

with K
efaWKl,KQ (a,0) = ?150(04 —log(K1)),

by virtue of the expression of Wk, r,(a,0) given by (3.36).

17Recall that oo = a — ag.
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The following remark will allow us to connect the solution W, k, (or WKI Ks)
obtained for &y # 0 with that for £, = 0.

Remark 3.2.15. Using (3.14) and (3.34), we have

1
A (6o) 6050 cosh (&)

It implies that the function 7, defined on Ry by (3.27) admits a continuous
(and even smooth) extension to R. This extension (again denoted by 7, with a

slight abuse of notation) is given by

2
L RSRE g — | —m 3.37
" R VW T (337)

So, if for any &y € R, we set

WKl,KQ (aa Z7 ap, 60) =
Ko

—1 e2(a—ao) . arcsin v
K (o)e [60te™ ™t mdraresinhGiveo) [ 5 (4 ay — 1og(K, (&)))

with K an arbitrary constant, we see that

Wk, k,(a, 4, a0,80)|¢ -0 = Wi, 1, (a, £, a0, €o) = Kdo(a — ao — log(K1)),

S0=

which coincides with the expression of WKLKQ (a — ap,0) given by (3.36), for
K' =K.
Explicitly, we thus have the following (v-depending) expression for Wi, k,:

. 2¢q Ko . .
—1 4 5 arcsinh(2iv.
2 t4y/1-202¢2 Fvky ( fo):l

——(—————¢€
1+ /1 — 42

1
a—ap — log(Ky) — ilog <

WKl,Kz (G/,E, aO;fO) =K

X(So

2
1+4/1 —4u2gg>] '

Now, using (3.21), observe that it suffices to apply an inverse partial Fourier
transform to Wk, k,(0,0, ap, &) w.r.t. the {y-variable to get the expression
of the corresponding convolution kernel. From now on, in order to stress the
v-dependence of the latter, it will be denoted as u, 7 for K := (K1, Ks). We
then have:

1 _
u, z(ao, lo) = %/€ZZ°§°WK1,K2(0,O,aovfo)dﬁo-
R
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Up to a multiplicative formal constant K, we obtain the following more explicit

expression:
1 / €000 — 52— arcsinh(2iv&o) 2
u =(ag,ly) = — [ €070 WKL O
V,K( 0 0) 27 R 1+ /71 —4V2§g
X 0 +log(K7) + 1 1 2 d§
a og —log | ——— .
o ao 1 5 e T 0
(3.38)
The associated convolution operator U, g := u, z X - is thus computed as
follows:

U, zlao, bo) = / u, g ((a,€)" (a0, L)) ¢(a, £)dadt
R2

1 i [€0(o—te2(#=90)) — K2 arcsinh(2ivgo) |
21 R3

Ui (gO)

x g [a — ag — log(K1n,(&))] p(a, £)déodadl.
Using (3.37) and performing the integral w.r.t. the a-variable, we get the

following result.

Proposition 3.2.16. Let K; be a strictly positive real number (possibly
depending on v) and K, € C[[v]]. Then, setting K := (K;, K»), each solution
of (3.17) is a formal multiple of the operator U, ;= given formally by

U, g¢(ao, bo) =

1 i [5 (Zof 2KG Z) — 25/(?(1 arcsinh(2iu£)i| 2
e

14+4/1—402¢2

27( R2 / 41/2§2

X o+ log(Kyp)+ =1 — | ¢ | dld§

e | a og( K og , dg.
gl ) 14 /1 — 4022

Moreover, when K; is not a strictly positive real number, (3.17) admits only

the trivial solution.

We insist on the fact that at this moment, U  has no reason to be invertible.

However, if for some particular choice of constants K; and Ko, the inverse

BGY = 4RO,

operator Uy_ll? exists, then Theorem 3.2.9 will imply that U;Il? (*
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Remark 3.2.17. To be an intertwiner in the sense of Definition 1.2.18, a

necessary condition on the operator U, z is that'®

lim U, = 1d.

v—0 ’

In particular, for all ¢ € D(S) and for all x € S, it is thus required that

lim U, zo(z) = lim | u, z (y™"'2) (y)dg (y) = p(2).

The Lebesgue dominated convergence then implies that
lim u, z = 0, (3.39)

with e the neutral element of S. Since for all £, € R,

. arcsinh(2iv&p)
lim ——=
v—0 2ty

=¢&o
and

2
lim —————= =1,
v=01 4+ /1 — 4282
a quick look at the expression (3.38) shows that K and K2 have to be chosen

in order to fulfill the following limit conditions:
lim K1 = 1, lim KQ =0.
v—0 v—0

Indeed, in that case, for all (ag, {y) € R?,

do(ao)

- /Reiwod& = (0,0 (a0, o),

lim v,z (a0, o) =

which, by virtue of the global chart (1.24), yields the desired identity (3.39).

3.2.3 Inversion of the retract solutions

Our goal consists now in finding a way to invert the solution given in Proposition
3.2.16, whenever it is possible. Before stating the following result, recall that in
chapter 2, we have mentioned the existence of a strongly closed star-product
th = *Ego on (S,ws). Lemma 2.1.17 along with Theorem 2.1.16 imply that
this strongly closed star-product is S-equivalent to x2¢ (also defined in chapter

2, see Definition 2.1.10). In what follows, we will denote this S-equivalence by

18See item (i) of Definition 1.2.18.
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T,, satisfying T, (x5%) = xB%. Moreover, the trace form Trj< (see (2.45))

)

will be simply denoted as Tr” ¢ in order to lighten the notation.

Proposition 3.2.18. Every S-equivalence T such that T (*EG) = xRC is of

the form
v
Ty (xo) = Ko ([Tuu,,ﬁ} X Tyw) (o),
for some formal constants Ko € C[[v]], K = (K1, K») € C[[v]] x C[[v]], with K;
a strictly positive real number (possibly depending on v).

Proof. Let U be an S-equivalence such that U (x£¢) = «f¢. Formally, U is

thus a convolution operator. So, there exists a certain distribution v such that

for all ¢ € D(S), we have (when it makes sense)!?

Usp(ao) = /S o (a0 ) (x)
= [ (mp0%0) @it @),

by virtue of the traciality of ¢ (see Proposition 2.2.21). Thus, using (2.46),
we get
Uep(zo) = TrBC (L*_lzvtf%) .
Zo

Now, using the fact that T, (x7¢) = x5 along with the S-equivariance?” of
T', this leads to
Uplwo) =T (T, (T, (L5 5) 29T, ) )

= TI'BG (L;_1 (Iil'tv)) *EG I;1¢) )
0

174

where TrP¢ = EBG oT

sense of Definition 2.2.17). Remark now that any S-equivalence T : ¥2¢ — i€

which defines obviously a trace for 2 (in the

v

admits the decomposition T' := U o T, with U an S-equivalence such that

U (x5%) = «[¢. So, for ¢ € D(S),

v

14

To(xo) = TrBC (L;,l (T '5) B9 w) . (3.40)

As mentioned at the beginning of this chapter, such an operator T' can be found

by solving a system of "inverse" retract equations of type

TDy = Y*T, (3.41)

191t is worth mentioning that the star-product KEG extends to the space of distributions,
constituting a multiplier space for tfc; we refer to [21], section 4.2 for more details.
208ee (3.1).
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for Y € gre and with D : ggre — Der (*EG) a Lie algebra morphism extending
the injection s < Der (7). Using (3.40), equation (3.41) becomes

T (L0 (L19) 0 Dylow) =B (v, (L (T19)) #27 0).
(3.42)
Now, we notice the following fact: for Y € grc, Dy is a derivation of x2€.

Theorem 3.2.1 then implies that Dy is an inner derivation and thus equal (up

BG

2@ -commutator. The cyclicality of the trace B¢

to a formal constant) to a *
thus implies that

TrB% o Dy = 0.

From this, we deduce that for two functions 1, ¥, we have
0 = TrP% (Dy (11 59 12)) = TP (Dypy %5 4ho) + TeP (11 x589 Dyaho)

i.e.
TP (11 +BC Dypy) = —TrP9 (Dy oy #5C 1) .

Combining the above identity with (3.42) yields the following one, satisfied for
all ¢ € D(S):

“TBG Dy, L2 (T,19) #89 0) = T80 (v, (L0 (T,19) ) +59 0).

In turn, using the decomposition®! B¢ .= B¢

oT, and the traciality of
*xBG this equation implies that the following distributional equation has to be
satisfied:

Dyl, (T,'0) (x5 w) = = Y|, (T,'0) (5 '),

174 14

with zg,z € S. Remark now that this equation is exactly a retract equation
for T '#, and thus Proposition 3.2.16 implies that there exists K, € C[[v]] and
K € C[[v]] x C[[¥]], such that

T;'% = Kou, ~. (3.43)

Moreover, setting K= (K7, K2), we know that K7 has to be a strictly positive
real number (possibly depending on v). Indeed, if this is not the case, Proposition
3.2.16 implies that u, z =0, which in turn implies that v = 0, by virtue of
the identity (3.43). But this is impossible due to the fact that by assumptions,

U =wv x - is an S-equivalence between x2¢ and «f'“. Lastly, notice that (3.43)

HRecall that TrP¢ = [ and T, (x5¢) = 6.

v
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leads to the announced form for the operator T, since for all ¢ € D(S),
T(w) = TeBC (L;,l (T '5) %56 ¢)
0

= /v (3371330) T, (z)ds (z)

S

In some sense, the previous proposition means that there exists a "correspon-
dence" between the space of kernels u, g defining the "direct" intertwiners Uu, 7
and that of kernels defining the inverted intertwiners U;Il? In order to use this
result, we start by computing the expression of the intertwiner T, satisfying
T, (x59) = xJC. First, recall that by (2.39), we have

174

tBG = Tu’ﬁo (*IS/) .

174

Moreover, by Definition 2.1.10, we also have

So, we get
(To0, 0 T, 1) (x59) = «5€,

which implies
T,=T, 9, 0T, "

Using the decompositions (2.12) and (2.32), we get
T, = (F7 0 Megog) 0 (¥3) 7 0 F) o (F oWy 0 F)
= ]:_1 o Mexp(ﬁo) oF. (344)
Thanks to the expression (2.38) of Jg, we get for all (a,&) € R?:

1
Y1 =22’

which leads to the following explicit expression for T,

exp(do)(a, &) =

Tolat) = 5= [ N e il (349)

2m 1 — 40282
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We now pass to the inversion of the intertwiners U . By Proposition 3.2.18,

we know that if it exists, the inverse of such an operator U, ;z is given by

\%
UL = Ko <[Tl,uu7 12} X > oT,, (3.46)

for some formal constants Ko € C[[v]], K’ = (K}, K}) € C[[v]] x C[[v]], with
K] a strictly positive real number. Using together the expressions (3.38) and
(3.45), we compute that, formally and up to a multiplicative formal constant:

7. —Lé'r in 117
T u, z(a,f) 21 /ege 3ok resinh (2i6) (§)
T JRr

¢ Nrvere

Lou, g do (a +log(K1ny (€))) d&,
with 7, given by (3.37). Then, using (3.46), we get?*:

U;;glﬁ(ao,eo) =
K / i£(£76*2(“’a0>20)+i§’(Zfé’)f25(1%{ arcsinh(2iv¢) 7, (€)

V1 —dv2€23/1 — d2¢?
x 6o (a — ag + log(K1n,(£))) ¥ (a, £")dE' dl’ dEdadl.

(2m)?

Performing the integral w.r.t. the ¢-variable yields
1 e
o / "G = 50 (¢' + ).
T JR

Therefore, since 9 is an even function, an integration w.r.t. the &’-variable

followed by an integration w.r.t. the a-variable lead to the following proposition.

Proposition 3.2.19. Let K; be a strictly positive real number (possibly
depending on v) and K, € C[[v]]. Then, when it exists, the inverse of U j is

given up to a formal constant by the following formal operator:

2
2K1

KI
) 5 . .
/ ez |:§ (g, Y wers Z0> TSk arc:ﬂnh(2'w£)j| 2
R2

(1 a2¢?) (14 T— 2282

x (ao —log(K1) — %bg (

2
wm) f) s

22We omit the domain of the integrals to lighten the notation. Recall that in this case, the
underlying domain will always be understood as R X ... X R n times, with n the number of
variables in the integrals.
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for some K’ := (K|, K}), with K} a strictly positive real number (possibly
depending on v) and K/ € C[[v]].

3.2.4 Intertwiners of RC and BG

Propositions 3.2.16 and 3.2.19 give the explicit form of both intertwiner and
inverse intertwiner between the star-product *2¢ and a grc-invariant star-
product. Moreover, we know that the set of all intertwiners is indexed by two
formal parameters (K1, K2) € C|[v]] x C][[v]].

Let K, K5 be two formal parameters such that the solution of equations (3.17)
leads to an invertible operator??; let call it TR with K = (Ki1,K3). By
Proposition 3.2.16, we know that there exists a formal constant K such that
7,7 = KU, g (with U, ¢ as in Proposition 3.2.16). Then, setting T, z := 71

v, K’
EG) is a gro-invariant star-product, which, by virtue

we know that T 2 (*
of Proposition 2.1.18, has to coincide with *“ (up to a redefinition of the

deformation parameter). Our goal is now to determine the map
Cllv]] x Cl[W]] = W] x C[[V]] : (K1, K2) = (K71, K3),

such that
T,z =KU g,

V1

for a certain formal constant K, with K’ := (K}, K}) and with U,z asin
Proposition 3.2.19. For this, we will simply impose that 7, 2 oT - =1Id and
Tu,ff ] Tu,ff =Id.

Firstly, thanks to the expressions given in Propositions 3.2.16 and 3.2.19 and
setting K := (K1, Ks), K' = (K, K}), we have heuristically?*

UI/,I? (Uy,l?/w) (a’07€0) =
1 i |:£(€0—Kfn5 (5)@)—%arcsinh(%uf)-&-ﬁ'(Z'—Kizng (5')@)— %arcsinh(%u&')}
27 c
% 0 () (§)
V1 — 27
2

with, as a reminder, n, (&) := fewymert Performing the integral w.r.t.
50

¥ (ao + log(K1my(§)) — log(Kin, (£')), ') dlde'ddg’,

the /-variable yields

1

5o [ TSROSO ap — 5y (Kagn2(€) + KPEm(E))
™ Jr

23Recall that this condition is satisfied if K is a strictly positive real number possibly
depending on the deformation parameter v.
24 Again, we omit the domain of the integrals.
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A short reflection allows to see that the only way to simplify the expression of
U,go° ﬁuﬁ, consists in choosing K7 := K; (recall that by Proposition 3.2.16,
K has to be a strictly positive real number). In that case,

8o (K1&mi(€) + KPP, (€)) = %50 (En2(&) +Em2(E)) .
1

Since p 26
el 2 _ ub;
g E©) = (3.47)

which is an even function, we get

1 / ny — V 1 _41/25/2 /
K*%CSO (En2 (&) + &) = W%(f +&').

Hence, performing the integral w.r.t. the ¢-variable followed by an integration
w.r.t. the &-variable, we are left with:

1 et R arcsinnaive')|
/ . o UK Qp(aO’Z’)dE’dg'.
R2

U,z (Uy,gﬂ/}) (ao, o) = 2

From this, we see that we have to choose K) := K5. This leads to the choice
K’ = K. Then, performing the integral w.r.t. the &’-variable, we finally obtain

- 2
U,z (0,5) (00, 00) = 5 /R lan, £)5o( — Co)dl’

2
= ?1210(00,50)-

Setting
T,z =U,z (3.48)
and 2
T8 =5 Ui (3.49)

the above computation shows heuristically that 7, 2 is a formal left inverse for

Tu,}?'

Now, we consider the operator Ty7 ROT, R with Ty7 7 and T, & given respectively



126 Non-formal Rankin-Cohen star-product

by (3.48) and (3.49). We have

T,z (n,w) (a0, o) =

(21(12)2 /ei [€(6— K302 (€)t0 ) +€ (¢~ KFn2(€)0") — gskr (axcsinh(2ivé)+arcsinh(2ive”) ) |
™

ALA(S)
N

Performing the integral w.r.t. the ¢-variable yields

¢ (a0 — log(K1n, (€)) + log(Kimy (&), £) dlde' dgde’.

1

A e gp '
2#/11@6 dl = b6o(E+¢').

Performing now the integral w.r.t. the {-variable, we are left with:

K2 . ’ ’ ’ 2 !
T, = (Ty’ﬁ(p) (ag,bo) = -1 /2 BZng n2 (&) (Lo—£ )M@(ao,él)df/dg,
R

2 o N
We then change the variables following &'n2(¢’) + z. Using (3.47), we have

2(¢t

Now, notice that the range of the strictly increasing function [5’ ER— &n2(¢ )}
is included in } L [, since (using (3.37))

T Tl Tav

2¢! 1
lim &7?(¢)= lim ——— =4~ 3.50
§’~>:too£ (&) g>ko0 |+ /1 — 42€"2 iv| (3:50)
This leads to

K2 . ,
T,z (Tu,fw) (a0, Lo) = 1/ s K= o 1) dl dz
Rx| %,

2 L
1

Tl
/ ) e’Kfze‘J.F(p(ao,Kfz)dz.
T

_K?
oo

We can see that if we want to simplify this integral, the only way consists in
requiring some conditions on the function . It is important to understand that
although our approach is formal, the choice to write all operators using integrals
is not so innocent. Indeed, since our goal is to obtain a non-formal expression
for the Rankin-Cohen star-product, this strategy will allow us to get at the
same time the expression of the star-product in terms of an integral formula as

well as (if it exists) an adapted function space. The above computation shows
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that at the non-formal level, we will have to ask that

-K}? K?
L _1] : (3.51)

supp (Fp) C R x [,,
iv v

In that case, we get (formally)

2w

K12 w1 K220 2
TV,R (TU,R‘P) (ao,lo) = —— et Fo(ag, Kiz)dz

K? ;

= 71/621(12240]:@(%7[(122”,2
21 R
K? . /

=1 / KT 0—) (g0 0)dl dz.
2w R2

Since the computation of the integral w.r.t. the z-variable yields

1

. , 1
- zKlzz(ég—é )d = —8a(F —E/
zw/Re TK? 0(lo =),

we finally obtain
T,z (Ty,ﬂﬂ) (ao, Lo) = p(ao, fo).

This means exactly that under a restriction on ¢, 7,  defined by (3.49) is also
a formal right inverse for T, .

Remark 3.2.20. Note that if as in Remark 3.2.17, we choose K such that the
limit condition
lim K = lim (K1, K») = (1,0)

is satisfied, that implies that both intertwiners T’ » and 7, 3, given respectively
by (3.48) and (3.49), admit the correct limits:

lim 7, ¢ = 1d, lim 7, ¢ = Id.

The following theorem summarizes all the previous development.

BG

14

Theorem 3.2.21. Any S-equivalence between x’¢ and a grc-invariant star-

product on (S, wS) is a linear operator T, z (defined such that the star-product
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T, = (*f G) is gre-invariant), given formally by

)

T, z¥(ao, lo) =
2K2 K

1 l{ﬁ(ef 1+\/1—i e 50)72“,,2{1 arcsinh(2iy§)] 2
e v

21 Jpa 1+ /1 422

1 1 92
X \/Ew <ao - log(K1) 3 log (m) ,é) dede,

(3.52)

where K := (K1, K>), with K a strictly positive real number possibly depending
on v and Ky € C[[v]], satisfies the limit condition
lim K = (1,0). :
lim & = (1,0) (3.59)

The formal inverse of T, g denoted by T, R 8 the linear operator given formally
by

7, g¥(ao, bo) =

2K2

K12 i |:§ (@0— ——ve ; T é) — 2«;}5?(1 arcsinh(2iu§):| 2
e —4v
R2

2 1+ /1 422

1
X (ao +log(Ky) + 3 log ( ded¢.  (3.54)

2
1+4/1 41/252) ’Z)

For ¢, € C*(S)[[v]], the formal product § 5 defined as

vt g =1, (TV,W x,C Tu,z%lb)

is then grc-invariant. By Proposition 2.1.18, it implies that up to a redefinition
of the deformation parameter v, f = coincides with 7. We will now give a
non-formal meaning to this formula through a more in-depth analytical study

of the operators T, = and 7, .

3.3 Non-formal aspects of the intertwiners

The purpose of this section is to show the existence (on some well-chosen spaces
of smooth functions) of the integrals defining the operators computed in the

previous section via retract, by means of oscillatory integral techniques.
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Recall that in chapter 2, we have introduced the space SPY(S) of smooth

functions on S (cf. Definition 2.2.44), adapted to the strongly closed version of
BG

the Bieliavsky-Gayral deformation quantization, namely the star-product x;;
In order to make use of this space for the analytical study outlined within the

BG
v

than those between x5 and xZ¢. For this, let us recall that

present section, we will focus on the intertwiners between x;< and *507 rather

I (*UBG) :*BG

v =V I

where T, is the operator given by (3.45). It follows that the intertwiners '

of ¥2¢ and x2¢ are given by
T, =T, oT," (3.55)
Thanks to the decomposition (3.44) of T, its inverse T, ! decomposes as

I;l = -/—"71 OMexp(—ﬁo) oF.

Combining (3.52) with the above operator, and setting?>

2
1 — 4272 + /1 — 4272’

My, : R — Rg s = (r) exp(Yo(r)) = \/ (3.56)

we get the following expression for T 5:

T, zvlao, bo) =

1 i|lr(z— T — 22 arcsin wr)| ~
o! [ (=R t0) s oresimh G (1) (ag — log(Km (1) 2) drdz,

(3.57)

2 R2

for n,, defined by (3.37) (and K; a v-depending strictly positive real number).

Remark 3.3.1. It is worth mentioning that the above operator could have
been directly obtained by use of the retract method, but the computations
would have been more complicated than in the case of the intertwiner between
*BG and +C.

The following lemma shows that, under a slight restriction on the choice of
K5, the integral in the RHS of (3.57) exists whenever ¢ belongs to the standard
Schwartz space on S (that is, the Schwartz space in (a, £)-coordinates (1.24)).

25Recall that we denote in the same way the function ¥ defined on S ~ R? and the one
defined on R.
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Lemma 3.3.2. For ¢ € §(S) and K a real number (possibly v-depending),
the integrand in (3.57) is bounded by a function in L' (R?), turning the RHS

of (3.57) into an existing integral.

Proof. Let us first consider the following integral:

1 LA
27T R2 ]. + 7"2

(Id — 82) ¢ (ap — log(K1my(r)), ) drdz, (3.58)

in which, in order to lighten the notation, we have set

E — ei [r(szfng (T)Zo)fﬁlfi?(larcsinh@iur)]

(3.59)
Since any (classical) derivative of a Schwartz function is again a Schwartz
function, (Id —82)¢ =: ¢ is Schwartz on S ~ R?. It means that for all
k,p,m,n €N,
sup |ak€p8;”8?¢(a,€)} < 4o00.
(a,0)
In particular,
sup |(1+ £%)@(a, £)| < +oo.
(a,6)
Setting co 1= sup 4 ¢ |(1+ £%)@(a, )|, we get, for any (a, () € R*:

Co

~ _
¢(a. 0 < 5>

where the function belongs to L!'(R). Having said that, we can then

_1
1402
observe that

Co

|(1d = 32) ¢ (a0 = log(Kunu (1)), 2)| < =5

which holds for any a¢ and any r. Now, remark that |7, (r)| <1 for all » € R.
Moreover, for K a real number, the element E is a pure phase?® and then
|E| = 1. It follows that there exists a positive real constant ¢ such that for all
r,z € R:

(14+72)(1+ 22)’

Ef:(tn)2 (1d — 53) ¢ (ap —log(Kimy(r)),2)| <

26Recall that v and K are real numbers.
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where the latter belongs to L' (RQ). To conclude the proof, it suffices to observe
that thanks to the identity

b (Id-92)E=E

1472 # ’
along with the self-adjointness®” of the differential operator Id — 92 (w.r.t. the
L?(R)-inner product), the expression (3.58) coincides with the RHS in (3.57)
(with K := (K1, K>)). ]

We can now show that the Schwartz property is retained by the operators

Ill,K'

Proposition 3.3.3. Let ¢ € S(S) and K5 be a v-depending real number. Then,
T, z¢ € S(S), with K := (K1, Ky) and T, ¢ given by (3.57).

Proof. Let K; be a strictly positive (possibly) v-depending real number, let Ko
be a (possibly) v-depending complex number and let ¢ be a Schwartz function
on S ~ R2. Using the proof of Lemma 3.3.2, we know that the function T,z
given by (3.57) (with K := (K;, K3)) admits the equivalent expression:

1 v ()
T, zv(ao, bo) = o /E1 2 (Id — 92) ¢ (ap — log(K1m, (1)), z) drdz,
with E defined by (3.59) and where we have dropped the domain of the integral,
which is here equal to R2.

We start by showing that T') z¢ € C°°(S). First of all, in order to lighten the

notation, we set D :=Id — 92 and

i (1)

ftp(a07€0araz) = E]. ¥+ 72

D (ag — log(K1mu(r)), 2) -

Recall that in the proof of Lemma 3.3.2, we have shown that there exists a

constant ¢ € RT, independent of ay and £, such that, for all r, z:

C

‘ftp(a07£07Taz)| < m

The Lebesgue dominated convergence®® then implies that ' ¢ is continuous
in (ao, ¢o) for all ag,ly € R, and thus T’ z¢ € C°(S).

27Tt can be shown by use of an integration by parts argument.
28See for instance [55], Theorem 2.2.17.
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Consider now the following limit:

1
fltli% 7 [IV}I}QD(GO +h, b)) =T, gplao,bo)| =

1 . 1
by }ILILIB 7 [folao + h,lo, 7, 2) — folao, bo, T, 2)] drdz. (3.60)

By smoothness of f,,, the mean-value theorem implies that there exists ay €
Jao, ap + h[ such that

1
E [fga(ao + h,éo,'l", Z) - ftp(a’()vg()a T, Z)] = alf«p(ahag()vrv Z)7

where 9; denotes the partial derivative w.r.t. the first variable. But

17?1’(7“)2 O (D) (an — log(Kimy(r)), )|,

|81f<p(ah7€0araz)‘ = E + 7

where 01 (Dy) is of course again a Schwartz function. Thus, there exists

¢1,0 € R, independent of ag, aj, and £, such that, for all r,z € R:

B4 01 (D) (a1 ~ tou(Kn (1), 2

< C1,0
= A+ +22)

The Lebesgue dominated convergence then implies that

1
}Lin% 7 [folao + h, by, 7, 2) — folao, bo, T, 2)] drdz = /alftp(GJOag(]u T, z)drdz,
5
where, as mentioned above, |9; f,;| is bounded by a L' (R?)-function (in the r, z-
variables), independent of ag and £y. It follows that the limit (3.60) exists and
the dominated convergence theorem implies moreover that 9,1, z¢ € C°(S).

Now, we consider the limit

%ii% 7 [L,,ggﬁ(aovfo +h) — Iyﬁ@(aOaEO) =
1 . 1
Py ’llli%/ 7 [fo(ao, o+ h,r, 2z) — folao, lo, T, 2)] drdz. (3.61)

By the mean-value theorem, we have

1
E [fcp(a07€0 + h,T, Z) - fip(a‘(%éOa T, Z)] = a2f<p(a07£h7r7 Z))

for a certain ¢}, € |€y, o + h], and where 0o denotes the partial derivative w.r.t.
the second variable. Using the fact that for all r € R,

rn2(r)| < 1, we get, for
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all r,z e R:

. Co,1
|02 fo (a0, h, 7y 2)| = |K%”‘773(7")f<p(a07€h’7’, Z)} < mv
for a certain positive constant ¢y ; independent of ag, ¢y and ¢;,. The dominated

convergence theorem then implies:

}lLiL% % [fo(ao, bo+ h,r,2) — folag, by, T, 2)] drdz = /32f¢(a0,€0, r,z)drdz.
Since (as mentioned above) |92 f,| is bounded by a L' (R?)-function (in the
r, z-variables), independent of ay and ¢j, a new use of the Lebesgue theorem
implies that the limit (3.61) exists, which in turn implies that 0,1, z¢ € Cco(S).
We thus have shown that T, z¢ € CL(S).

Remark now that for m,n € N,

. n Ny r
OO Syav,lo,r,2) = (<) B 01 (D) (s — o Kam, (1), ).
where, obviously, 07*(Dy) is again a Schwartz function. Then, there exists
Cm,n € RT, independent of ag and £y, such that

c
07" 0y 14 < — 0
| 1 2ftp(a07 O,T,Z)‘ = (1 ¥+ TQ)(I ¥ 22)7
for all r, z € R. An induction on the degree of the partial derivatives then shows
that T, zp € C*(S).

It remains to show that for all k,p,m,n € N,

sup |a*Pom R (T

T, ze)(a,0)] < +oc.
(U"Z) ’

For this, remark that thanks to Lemma 3.3.2 and the Fubini theorem, if we
start by performing the integral w.r.t. the z-variable within the expression of
T, z¢ given by (3.57), it leads t0*:

=,

Iyyﬁw(aa E) =
[l et el (5 o - og(Kun, (). ) dr, (362
with ¢ := F 'y which is again a Schwartz function on S, by property of the

partial Fourier transform. An obvious but important fact about 7,, logn,,

7, and arcsinh is that those functions are tempered in the sense of Definition

29 Again, we drop the domain of the integral which is here equal to R.
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2.2.27 (this is clear thanks to the expressions (3.37) and (3.56)), and thus belong
to the space Op(R) of Schwartz multipliers on R. In particular, it implies
that, viewed as a function in the r-variable only, 7, (a — log(Kin,(r)),r) is a
Schwartz function on R (for a fixed a). Having said that, we set p(r) := rn2(r),
E:=¢ #E .= o~ TR aTesnh (2T g 4 (d%u(r))_l J,. Remark that
both E and E are pure phases. A straightforward computation leads to the
identity A?E = (?E, which in turn implies that

1402 [Id+A2] (E) =E.

Any power of the differential operator ﬁ [Id + AQ] thus leaves the element E
unchanged. Remark now that the functions (d% ﬂ) “"and dd—; 1 both belong to the
space O (R). Moreover, for a fixed a, the function Ef, ¢ (a — log(K1n,(r)),7)

is a Schwartz function on R (w.r.t. the r-variable). Setting

Aﬂ=—¢<Qimw)4<jZMﬂ)hr—Qima)AaJ

(that is, the adjoint operator of A w.r.t. the L?(R)-inner product), an integration
by parts argument then yields the following identity for all ¢ € N:

Iy,f('(a7 E) =

1 E [1d + (4h)?]” (&5, ()¢

o [ B+ )] @2 @ oatin ). ) ar (369
Note that the integrand in the above RHS is again a Schwartz function on
R, w.r.t. the r-variable. Since ¢ is a Schwartz function on S ~ R2 this
integrand can be written by means of a linear combination of elements of the
form 97 05%¢ (a — log(K1n,(r)),r) (with ni,ne € N), with coefficients in the
space Opr(R) (w.r.t. the r-variable). Using the fact that 07" 952¢ € S(S) (for
any ny,ng € N), the function 97 952¢ (a — log(K1n,(r)),r) can be bounded by
a L'(R)-function (w.r.t. the r-variable), independent of a. Hence, the RHS in
(3.63) can be bounded by a L!(R)-function (w.r.t. the r-variable), independent
of a and ¢. The Lebesgue dominated convergence along with the mean-value

theorem then imply that for all m,j € N:

W%/EM+mfrﬁmmwmmmmmmm»w:

J/c—nwr»jgzpd+-c4w2}q(Eﬁumoa?<¢>uz—logckanuooxvo)dn
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The Leibniz rule then leads to

ooy ( VK(p) (a,0) =

" (n d\"’ 1
Z@ (#) (aver)
x / (—iu(r))’E [Id + (A*)Q}q (B (1)o7 (@) (a — log(Kin, (), 7)) dr.

For all j € N, remark that |(—iu(r))’E| < 1. Moreover, for any choice of
p,n € N, note that if we choose ¢ := p, then for all j € N with j < n, there
exists a certain ¢; € € R such that for all £ € R, (dl)n_J (m)‘ < ¢;. So,

we obtain the following estimate:

lah 007 (I, 70 (a,0)| <

k N2 (s m (o
er [ o [1a+ (A1)’]" (B (1)05(2) (0 — log(Kany (), 1) | dr, (3.64)
where ¢ := Z;:O ¢ (n), with ¢; € RT. Remark now that for all a € R,
J

jal* < (|a = log(Kin, (r))] + [log(Km, (r))"

where, as a reminder, the function log(K;7,(r)) belongs to O (R). In particular,
we can find a certain ¢’ € RT such that [log(K17,(r))| < ¢/(1+7r?) for all r € R.

Thus, by Newton’s binomial formula, we get

< 622 < ) la — log(K1n,(r ))|k7t (1 Jrrz)tv

for a certain co € R*. Therefore,
‘ kerom oy ( K<p> (a,f)‘ <

i k) k—t 2\t
c16o (a —log(Kin, ()" (1 +7°)

x 1+ (Afﬂ”(m(r)ar(@) (a—log(Kiny(r)),r)) | dr.

(3.65)

To conclude the proof, it suffices to remark that ¢ € S(S) implies that for
all m € N, 97*(p) € S(S). Since the function 7j,, the element E as well as
the coefficients of the differential operator Id + (AT)2 are tempered functions
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on R w.r.t. the r-variable, we can find for all ¢ € N a function ¢y € L'(R)
(independent of a and £) such that the integrand in (3.65) is bounded by ), for
all » € R. In other words, for all a,f € R,

k
k
akep(‘);"@?(zuﬁtp)(a,ﬁ)‘ < cien E <t> /wt(r)dr < 400,
=0

where the majorant is independent of (a, £). We thus have shown that

sup ’aképag@?(ly Rgo)(al)‘ < 400.
(a,0)€S '

Thanks to Remark 2.2.46, we know that the space SPY(S) (see Defini-
tion 2.2.44) corresponds to the usual Schwartz space in coordinates (x,y) =
(sinh(2a), £). In other words, the functions in SP%(S) are Schwartz functions
(in the usual sense) with an extra property of exponential decreasing in their
first variable. Since the operator I% i does not really affect the first variable
of the functions on S ~ R? (by means of coordinates (1.24)), this observation
leads to the following corollary.

Corollary 3.3.4. Let ¢ € SPY(S) and K, be a possibly v-depending real
number. Then, T, z¢ € SBG(S), with K := (K, K,) and T, z given by
(3.57).

Proof. Let ¢ be a function belonging to SP%(S). Lemma 2.2.47 and Proposition
3.3.3 imply that T' 2 belongs to S(S). Then, it remains to show that for all
k,p,m,n € N,

sup [sinh®(2a)P H™E™(T, z¢)(a, £)| < +o0.
(a,)€S '

Note that regarding the expressions (1.29) of the left invariant vector fields H
and F, it is then sufficient to show that for all k, p,m,n € N,

sup [sinh®(2a)POM O} (T, z¢)(a,l)| < +oo.
(a,b)€S '



3.3 Non-formal aspects of the intertwiners 137

For this, we start by replacing a by sinh(2a) in the inequality (3.64) and we

consider the following estimate:

|sinh(20)] = |sinh(2(a — log(Ky7, () + 2log(Kyn, (r))|
< |sinh(2(a — log(K1n,(r)))) cosh(2log (K1, (r)))|
+ | cosh(2(a — log(K1n,(r)))) sinh(2log(K1m.(r)))].  (3.66)

Note that the functions |sinh | and cosh have the same asymptotic behavior.
Moreover, thanks to the identities (2.9), the (inverse) partial Fourier transform3°
F~! maps SBY (S) to SBE(S). Hence, in the inequality (3.64), we notice that
for all m € N, 97" (¢) € SBY(S) whenever ¢ € SBY(S). Remark also that the
functions sinh (2 log(K17,(r))) and cosh(2log(K17,(r))) are linear combinations
of powers of functions 7, (r) and 1, !(r), that are tempered as functions on R.
A similar proof to that made for Proposition 3.3.3 then leads to the desired

result. [ |

Remark 3.3.5. From now on, K; and K, will always denote two possibly
v-depending real numbers satisfying the limit condition (3.53), with K7 strictly

positive.

In the previous section, we have seen that in order to be fulfilled, the identity
IV, % (Iu, I?go) = (p requires at least a certain condition on the support of the
partial Fourier transform of ¢ (see (3.51)). It turns out that this condition is
naturally satisfied for the functions belonging to the space T,  (S(S)). Indeed,
Proposition 3.3.3 along with the property of the partial Fourier transform imply
that for p € S(S), F (Ljﬁgo) € 8(S), with K := (K, K5). Remark that for

such a function ¢ € S(S), we have:
F (IV’RQD) (a7£) =
/ et (/ e*inrng(”eEﬁy(r)gﬁ (a —log(K1n,(r)),r) dr) dre, (3.67)
R R

A 1 G 7%arcsinh(2iur)
where ¢ := F p and E 1= ¢ ?*K1

. Using the same notations as in

the proof of Proposition 3.3.3, we observe that

J.

e_ifée_iK%T"E(r)Z]:}ﬁy(r)gﬁ (a —log(K1n,(r)),r)| drdt

:/Rz

30We stress the fact that this is a Fourier transform in the second variable only.

ﬁ [1d+ (A)°] (Bt (1) (a — log(Kn, (1) 7)) | drd,
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where the latter is an existing integral®'. So we can use the Fubini theorem

within the expression (3.67) and compute first the integral w.r.t. the ¢-variable.
This leads to the distributional identity:
/ SR gp = 976y (€ + K2 u(r)) .
R

Notice that the limit (3.50) implies that the latter distribution is identically

zero for & ¢ } —%12, %2 [ It means that
K? K?
supp (F (Iyygw)) CRx |:_|7,V1||7,V1|:| :

by means of the global chart (1.24) (that is, for S ~ S ~ R?). We thus have
shown the following lemma.

Lemma 3.3.6. For any®? ¢ € T = (S(S)) and under the identifications S~
S ~ R? w.r.t. (1.24), we have:

supp(]-‘i/))CRX[ Ki Kq

vl ivl

Recall that the operator T, = satisfies T = (x5¢) = «[I°. Using (3.55), its

formal inverse, that we will denote as 7, z, is then given by

More explicitly, a computation leads to the following expression for 7, 5:

7, g¥(ao, lo) =
LS

[ RO e T s g+ og(Rum, (1), ) drdz,
R

(3.68)

with 7, defined by (3.56).
Remark 3.3.7. Let v, z be the smooth map defined by

VR R? — R?
(a,&) — (a+log(Kin,(€)), Kirn,(€)),

31See the proof of Proposition 3.3.3 and the expression (3.63) with ¢ := 1.
32Recall that K1 € Ra‘ and K9 € R, both possibly v-depending.
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and let M - be the operator defined for any smooth function f on S ~ R? by

M, 2 (£) 1= [(@,) = i (§)e™ AT p(q )]

At least formally, a simple computation shows that 7, = given by (3.68) admits

the following decompostion:

[l

MKZ.F_loM”J?o*y:’ROF. (3.69)

The decomposition (3.69) of 7, = given in the above remark yields the

following result at the non-formal level.

Proposition 3.3.8. The operator 7, z is a non-formal left inverse for ' .

More precisely, we have:
ol f.) ‘ = Idg(g)-
(IV, © v, S(S) S(S)

Proof. Let ¢ be a function belonging to S(S). In the notations of Remark
3.3.7, we start by computing the expression of 7:.,1?]: (Zuvg@> (a, &), where
(a,€) € S ~ R2. Using the expression (3.67) and performing®® the integral w.r.t.
the ¢-variable followed by the integral w.r.t. the r-variable, we get

2T ﬁarcsinh(%vﬁ) A
() 0 = e
v, K K K%nu (5) (

It implies that

M,z (127 (T, 20)) (0.6) = 2mp(a, ~0),

which is obviously a Schwartz function. Finally, notice that an inverse partial

Fourier transform applied to the latter expression yields:
Fr (Mg (77 (T,29))) (@0 = ola,0),

which holds for all (a,?) € S ~ R?. That completes the proof, thanks to the
decomposition (3.69) of 7 . [ |

In what follows, we will show that the operator 7, 2 is also a non-formal

right inverse for T' at least on a particular functional space that we have to

l/,I? 4
specify. That is the reason why we start by introducing the following definition.

33We use here the Fubini theorem.
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Definition 3.3.9. For ¢ € R", we denote as S, the space of all functions
f € SBY(S) (cf. Definition 2.2.44) such that supp(f) C R x [~0, 0], with S
viewed as R? by means of the chart (1.24). Moreover, we will denote as S,
the space of all functions f € SBF(S) such that supp(f) C R x [—¢, €], for a
certain 0 < e < 0. Lastly, we will denote respectively as S and S? the spaces
F~H(S,) and F~1(S,), that is, the ranges of S, and S, under the inverse
partial Fourier transform3*.

Remark 3.3.10. As a consequence of the Hardy uncertainty principle (see for
instance [40]), the space 87 (for o € R") does not contain the space D(S) of

smooth compactly supported functions

Lemma 3.3.11. For v # 0, the following inclusion holds:

T,z (D(S)) C SKi/lvl,

Proof. For a function ¢y = T z¢ with ¢ € D(S), note first that Corollary 3.3.4
implies that 1 belongs to the space SPF(S). Now, notice that for a,& € R, we
have (by virtue of the expression (3.57) of T’ ):

F (T, z¢) (a,6) =

; i 22 aresin T | ~ ~
[ [ eetelrimionsigrentenly ) (0 - og(Kun, (1), 1) dra
RJB

for a certain compact set B C R such that ¢ (a — log(K31n,(r)),r) = 0 for r ¢ B.
Indeed, the function @ is compactly supported in its first variable (because the
partial Fourier transform affects only the second variable), and for a fixed a € R,
we have:

lim a—log(Kin,(r)) = +oc.

r—+oo

Performing the integral w.r.t. the ¢-variable in the above expression yields

F(T,z2%) (@€ =
— 522 _arcsinh(2ivr) ~ ~
277/ e TRTIEIEY G (1) (a — log(Km, (1)), 7) 0o (& + Kirmp (1)) dr.
B
Since the range of the map [B —R:r— K%rn?,(r)] is included in an interval

2
[—¢, €] for a certain 0 < € < %, the distribution &y (£ + K7rn2(r)) is identically
zero for € outside the interval [—e, €]. We thus have shown that ¢ € QK%/M”‘. |

Now, we show the announced result concerning the operator 7, .

34This notation is inspired by that of Gel’fand and Shilov used in [35].



3.3 Non-formal aspects of the intertwiners 141

Proposition 3.3.12. For a given deformation parameter v # 0, the following
holds?3?:

(IV,I? OIU,I?)‘ék%/MM = Id|§Kf/\iV\ .

Proof. First of all, remark that for a Schwartz function ¢ on S, a change of vari-
ables following r — —r within the expression (3.57), followed by an integration
w.r.t. the z-variable, lead to the following expression for T, r¥(ag, lo) (with
(ag, lp) € R?):

Il,)g@(ao,go) =
1 3 T T 2 aresin wr) | ~
— / o [KErn? (r) o+ 5y avcsinh (2ivr) | 71, (1) Fop (ag — log(K1n,(r)), ) dr.
R
. K? . K?2/|iv|
Now, we choose a function ¢ € §7, for 0 < o < ﬁ (ie. p e S™1 ). We thus

have the identity 1 = F !4, for a certain ¢y € S,. Notice that in particular®®,
Yo, € S(S). Thanks to the decomposition (3.69) of 7 =, we have

z,50=F (M5 (v %)) -
with
M,z (7 g0 (a,€) =
K27, (€)e™ TRTSMCO (4 log(Kyn, (€)), K2En2(€)).

Let us show that the function 7, 24 belongs to the standard Schwartz space
S(S). First, by using the limit (3.50) along with the fact that ¥y € S5, we can

see that the function M ('y: Xi/}g) (a, &) vanishes identically for £ outside an

interval [—&, 5], for a certain 0 < & < +o00. Moreover®’,

0uM, & (7 gt0) = M, (7120100 ) -
and for all a,& € R,
la| < la+log(K1m,(§))| + [log(K1m.(£))I.

Given that the (classical) partial derivatives are operators that restrict the
support and that (in particular) 19 € S(S), we can deduce that for all k, p, m,n €

35See Definition 3.3.9 for the notation.
36See Lemma 2.2.47.
37TRecall that 01 means the partial derivative w.r.t. the first variable.
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N,
sup_ ‘akgpa;nag/w% 2 (1% (a,f)‘ < +00.
(a,8)€s ’
It implies that M, 2 (7: ]?wo> € S(S), which in turn implies that 7, 7¥ € S(S).
Notice now that
F (Iu,ﬁw) (0,0 - log(Kan(T))7 T) =
K.

- — s—2—arcsinh(2ivr
K1277u(7")€ ZoRyeresinh(2 )wo (GO,K127"7712/(7’))-

If we plug this expression into that of T’ z for p := 1 29, we get:

K? I N
T,z (z,.8Y) (a0, t0) = 5 / e T g3 ) (ao, Kiry (r)) dr.
R

This integral exists thanks to the fact that (as mentioned above), the function
Yo (ao,K%rn,%(r)) vanishes identically for r outside a certain finite interval
[—5,5]. Changing the variables following K7rn2(r) + r’ and using (3.47) along
with (3.56), we get:
K}
1 =) ir'e
T,z (Iyﬁw) (a0, lo) = or | w2 € °tho(ag,r")dr’

T Tav]

1 [t

.y
— e o (ag, r')dr!
o | 7/J0( 05 )

= F "o (ao, o)
= w(G‘O;gO)v

where, for the second equality, we have used the fact that ¢y € S,, with
K2
g < ﬁ |

In the next section, we will transport the algebra structure (SBG(S),KEG)
under the operator T', =. Thanks to the identity T', 2 (th) = xBC that will
generate a non-formal Rankin-Cohen star-product formula, together with an

adapted space of functions for this non-formal deformation quantization.

3.4 The non-formal RC star-product

3.4.1 Formula and integral representation

The purpose of this section is to give rise to a non-formal expression (that

is, an expression in terms of an integral) for the Rankin-Cohen deformation
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quantization formula x%¢ given in Proposition 1.2.24. To this end, recall that
we can transport the space of Schwartz functions S(S) under the operator®®
T, % in a non-formal way (see for instance Lemma 3.3.2). From chapter 2, we
know that the space of smooth functions SBE(S) is a closed algebra for the
product x2¢. Tt seems then natural to transport this space by means of the
operator IV, 2+ in order to produce a closed functional space for the star-product
T,z (x5¢) = +l“. Thanks to Corollary 3.3.4, note that T,z (8B4(S)) c

SBY(S). We start by showing that ' z (SPE(S)) contains the space SKi/livl,

Lemma 3.4.1. For v # 0, the following inclusion holds:

SEIC T, 4 (SPE))

Proof. Let us consider a positive real number ¢ satisfying o < ‘%zl, along with
a function ¥ € 87 (in the notations of Definition 3.3.9). By Proposition 3.3.12,
we know that ¢ =T = (IV’R”L/J). The fact that 7, 21 belongs to SBE(S) is
based on similar arguments to that used for the proof of Proposition 3.3.12.
Indeed, since we already know that T, 7Y € 8(S), it remains to show that
this function and any of its (classical) partial derivatives decrease faster than a
hyperbolic sine in their first variable. By replacing a by sinh(2a) in the proof
of Proposition 3.3.12, the desired result then follows from the inequality (3.66)
and from the fact that the inverse partial Fourier transform maps obviously
SBE(S) to SBE(S). ]

Now, we set
&,z =T,z (8%9), (3.70)

that is, the range subspace of T’  in the Schwartz space S(S). Corollary 3.3.4
and Lemmas 3.3.11 and 3.4.1 imply the following inclusions:

T,z (D) c K/ ce - cSPE(s). (3.71)

Lemma 3.4.2. The function space SBY(S) is stable under the left action (2.1)

of S. That is, for any zo € S, we have the inclusion

L} (SPE(S)) c SBU(s).

38Recall that from now on, K= (K1, K2) with K7 and K2 two possibly v-depending real
numbers satisfying the limit condition (3.53), with K strictly positive.



144 Non-formal Rankin-Cohen star-product

Proof. Recall that for zg = (ao, ), © = (a, ) (within coordinates (1.24)) and
¢ a function on S, we have (using the left action (2.1)):

L} o(9) = o(z0g9) = ¢ (a0 + a,e 4o + 1) .

If ¢ € SPE(S) (see Definition 2.2.44), then the function L% ¢ belongs also to

SBE(S). Indeed, it comes from the rough estimates™’
| sinh(2a)| < [sinh(2(ag + a)) cosh(2ap)| + |cosh(2(ag + a)) sinh(2a)|,

|4 < |e_2a€0 + E’ +e %l and e 2 <4 (1+ sinh2(2a)) ,

holding for all ag, a, o, ¢ € R, along with the fact that for any X € U(s), the

associated vector field X is left invariant. [ |

Being a convolution operator, T’ ;z is thus left equivariant, as shown in the

next proposition.

Proposition 3.4.3. For all p € SBY(S) and for all 2y € S, the following
identity holds:

Iu,l? (L:()(p) = L;(J <IV,I?S0) :

Proof. Let ¢ be a function belonging to the space SB“(S). Thanks to Lemma
3.4.2, we know that for all = € S, the function L} ¢ belongs to SEE(S) too.

For given (a,f) € R?, setting xo := (ag,4) (by means of coordinates (1.24))

and using the left action (2.1), we can thus consider the expression®

T, & (Lluginy?) (@:0) =
K

QL ei [r(z—Kfnﬁ(r)Z)—ﬁarcsinh(%ur)] i, (7“)
™ JRr2

X @ (ao + a — log(K1n, (1)), e 2@ lostKun(m)) g 4 z) drdz,
which is an existing integral. Notice that

e—2(a—10g(K1nu(T))) = K%nz (7")6_2a.

39Notice that the functions cosh(z) and |sinh(z)| have the same asymptotic behavior.
40Gee (3.57).
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Then, performing a change of variables following z +— 2z — K2n2(r)e 2%, we
get

T,z (Lfag,eOW) (a,0) =

i ei [r(szfn?, (r)(e—2a£o+4))*%arcsinh(%ur)] i (T)
21 R2

x ¢ (ag +a —log(K1n, (1)), z) drdz,

which corresponds exactly to T’ z¢ (L(ao,go)(a, 6)) [ ]

We can now enunciate one of the most important result of the present work.

Theorem 3.4.4. Let K; and K5 be two possibly v-depending real numbers
satisfying the limit condition lim, _,o(K7, K2) = (1,0), with K7 strictly positive
and v € iRy a non-zero deformation parameter.

(i) Fort! o, € &, g (with K := (K1, K3)), the formula
o, gV =T,z (zy, g T, Rw)

defines an associative product on £, . The algebra (SV s 1?) is then

endowed with the Fréchet algebra structure transported under '  from
SBG(S)42. ’

(i) The star-product § z is gre-invariant and, up to a redefinition of the

deformation parameter, it coincides with x%¢.

(iii) At the level of functions belonging to*3 §Kf /1l the star-product admits

the following integral representation®*:

o, gY =

4
Kl / 1 elf/% [tanh(a2)¢1 —tanh(ay)l2]
(2miv)? Jp2yg2 cosh(ay) cosh(ag) cosh(a; — ag)

*

R cosh R*
sh(a]—ag) SO cosh(aq—ag)
(a1+log it 00 ) T (a2 Hog <SR Lo

)wdald&dagd&.

“IRecall that E,r=T, (SBG(S)); see (3.70).
42Gce Definition 2.2.44 and semi-norms (2.59).
43See Definition 3.3.9 for the notation.

44Recall that R denotes the right action of S.
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(iv) Moreover, this star-product is invariant under the left action’® of S. That

is, for all z € S, we have:

L; (1, zv) = Ligh, g Lt

Proof. The item (i) comes from the associativity of x5 (see chapter 2, section
2.2). The item (ii) comes from the construction of § z itself (see the retract
method used in chapter 3, section 2) and Proposition é.1.18. For the item (iii),
we start by choosing o such that o < ‘%12' and two functions ¢, € §?. Observe
that using (2.40) (in which we perform the integrals w.r.t. the {1, ¢3-variables),

(2.41) and (2.42), we get'¢:

(2miv)? (Iy,gwthI,,’gﬁf) (ao, o) =

/ \/cosh(2a; — 2ag) cosh(2as — 2ag) cosh(2a; — 2as)

5 [sinh(2a1 —2ag)¢2 —sinh(2a2 —2a0)¢1 —sinh(2a1 —2a2)4o]

X e
sinh(2as) sinh(2a4)

X F(T, z¢) <a1 + ag, ZW) Fz, z¥) <a2 + ag, ~—%i daidas,
where ag, y € R. Remark that for all a € R, a straightforward computation
leads to inh(2a) )

sinh(2a
K ( 2iv ) cosh(a) (8:72)
and inh(2a) , (sinh(2a)\ 1
sinh(2a) , (sinh(2a)\ _ 1
5, ( 57 ) = tanh(a), (3.73)

for n,, defined by (3.37). We also have

_ (sinh(2a)) 1
771/( 2iv >_cosh(a)\/cosh(2a)7 (3.74)

with 7, defined by (3.56). Thanks to the decomposition (3.69), we thus have

sinh(2a2)) _

2iv

f(IV,;st) (Ch + ag, —
K3
cosh(ag)+/cosh(2as2)

Ky K K?
eszl 2f(p a1 +a0—|—log71,—,—1tanh(a2) s
cosh(az)’ v

455ee (2.1).
46 A5 usual for long computations, we drop the domain of the integrals and use the same
convention as in the rest of the text.
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and a very similar identity for ¢. Plugging this into the previous integral
expression, we get:

(2miv)? ( T, 20 CT Izi/f) (a0, bo) =

/ \V 005h 2al - 2@2 % [smh 2a1—2a2)lo— (2a172a2)]

cosh(ay) cosh(ag)

K K}
1 — tanh
x Fp (a1 +ag+1log ——— cosh(a)’ i anh(asg)

K K?
x Fi | as + ag + log 71, —L tanh(ay) | daidas,  (3.75)

cosh(ay)’ v
which is an existing integral thanks to the fact that” ¢, € S (which implies
that the integrals w.r.t. the a1, as-variables are performed over a compact set).
Now, using the expression (3.57) for the operator T, z, we obtain (for a,/ € R):

(@riv)*T, (1, gexE%T, 70) (a,0) =
K
o

/ eifo [7'-&-2%’ sinh(2a1 —2@2)] €7K12”73 (r)e— 2K1%1 [arcsinh(2ivr)+(2a1 —2a2)] i (’I")

cosh(2a; — 2az) K?
—1 h ——tanh
X cosh(ay) cosh(ap) Fo <a1 + a —log(n, (r) cosh(as)), - tanh(ag)
K2
x Fip (ag + a — log(n, (r) cosh(aq)), Tl/l tanh(a1)> daydasdlodr,
(3.76)

which is again an existing integral (it can be shown by means of arguments
based on oscillatory integrals techniques similar to that already used in this

work). Performing first the integral in the ¢y-variable, we get the following
distributional identity:

1 1
7/ zéo[r+2,—ysmh(2a1—2az)]d50 = 8o | 7+ — sinh(2a; — 2as) | .
2w v

Plugging this into the above expression (3.76) and performing the integral w.r.t.
the r-variable, we finally get (using again (3.72), (3.73) and (3.74)) the following

47Recall that the range of the hyperbolic tangent is contained in ] — 1, 1].
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simplified expression:

(2miv)?
K4 ZV,I? (Iy,f?tptfczyj?w) (aa f) =
1

/ 1 eKT%[tanh(al—a2)6+tanh(a2)£1 —tanh(a1)¥s]
cosh(ay) cosh(as) cosh(a; — az)

cosh(a; —a
) <a1 +a+10gco(shl(a2)2)’£1>

cosh(a; — ag)

X <(12 +a + log ,£2> daidlidasdls.

cosh(ay)
(3.77)

Performing a change of variables following

h _
by — £y + Lexp [—2 (a1 + log COb(alaQ))]

cosh(az)

and

Ly — fo + Lexp [—2 (ag + log COSh(al_@))} ,

cosh(ay)

we get the announced expression in the item (iii), thanks to the expression
(1.31) of the right action R on S, which in coordinates (1.24) reads

R (d 0) = (a +a,l+ e ).

Lastly, notice that for p =: T, g and ¢ =: T, 2t belongingto T, 2 (SP4(S)),

=,

we have
ot g =1, ¢ (@othwo) .

The item (iv) is then a direct consequence of the left invariance®® of x2¢ (see
Theorem 2.2.12, item (ii)) and that of T’  (see Proposition 3.4.3). |

Remark 3.4.5. (i) As mentioned in the previous proof, the expression in
the item (iii) of Theorem 3.4.4 constitues an existing integral, whenever
RNS §Kf/ livl, Indeed, recall first that this integral is equivalent to the
RHS of (3.77). Since (in particular) ¢ and 1 are Schwartz functions,
they are both bounded by an integrable function in their second variable
(respectively ¢ and ¢5). Moreover, there exists a positive constant ¢ such
that for all a1, a2 € R,

1 c
<
cosh(ay) cosh(az) cosh(a; —az) = (1+a1)2(1 + ag)?’

480r left equivariance.
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where the latter is an integrable function.

(ii) Notice also that the RHS of the formula in the item (iii) of the previous
theorem does not depend on the parameter K. Moreover, the expression
of the star-product ﬂ,,) 7 is the same for any choice of the parameter K7,
up to a redefinition of the deformation parameter v (it suffices to set
Vi, 1= KLf as being the new deformation parameter). In what follows,
without any loss of generality, we will then focus on the particular star-
product jjyﬁo, with Ky := (1,0), corresponding to the limit case (3.53).

Proposition 3.4.6. (i) For every ¢ € D(S), the function of # € R given by
Ty g, belongs to C* (R, C*°(S)).

(ii) For every 1,92 belonging to the space T, z (D(S)), the function of
0 € R given by ¢18s g 12 belongs to C* (R, C*>(8)).

Proof. We use similar arguments to that of the proof of Proposition 3.3.3.
Indeed, starting with the item (i), notice that for every (a,f) € S ~ R?, we
have:

72’7‘7]2@ (r)e

Ty el = [ 00 (a—togtng ().r) dr.

The integrand is smooth in the variables (a, ¢, 0), as well as all of its partial deriva-
tives. Moreover, we have shown previously that 7s (r)¢ (a - log(ng (r)), r) is a
Schwartz function w.r.t. the r-variable (for any a and for any ) and that rn3 (r)
is tempered (w.r.t. the r-variable). We deduce that any partial derivative (Wl.r.t.
a,? and 0) of the integrand is bounded by an integrable function. Thus, the
function [(m,@) — Ig’ch(x)} (with 2 € S ~ R?) belongs to C=(S x R) (by
virtue of the Lebesgué dominated convergence). The desired result then follows
from the reference [49], Theorem 40.1.

For the item (ii), remark first that Lemma 3.3.11 implies that T, = (D(S)) C 57,
for a certain 0 < o < ‘7}'. The product 914 2 R, 19 is thus given by the expression
in the item (iii) of Theorem 3.4.4. After a change of variables following ¢; — 6¢;
for j € {1,2}, we get

(1/)111%,1201/12) (a,0) =

1 1 ei(tanh(ag)fl —tanh(a1)€2)

(2m)? /szRz cosh(ay ) cosh(az) cosh(a; — as)
(a1+log

M,eel)¢l (a,ﬁ)R*(

cosh(aj —a9)
cosh(ag) 1042

Gosh(a1)

az+log )wQ(aag)daldgldagdZQ.

(3.78)

Again here, the integrand is smooth in the variables (a, ¢, 0), as well as all of

its partial derivatives. Moreover, each of these functions are bounded by an
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integrable function. Indeed, setting
E = ei(tanh(ag)fl7tanh(a1)fg)
remark that for 4; := m&h (which makes sense since the first derivative®®

of the hyperbolic tangent is nowhere zero) and Ay :=
A = (Id + A}) (Id + A3) satisfies

a ma@, the operator

AE = (1+6) (1+ ) E.

Recalling that the integrand in (3.78) is compactly supported w.r.t. the a1, as-
variables (see (3.75) in the proof of Theorem 3.4.4), and setting

Ea1+10g cosh(ay—ag) 79@1) "/}1 (a’7 6)R2a2+10g cosh(ay—ag) ,9@2) 1/}2 (a’V E)

F 0) = cosh(az) cosh(ay)
(21,22, 6) cosh(aq) cosh(az) cosh(a; — as)

with  := (a,f) and z; := (a;,¢;) for j € {1,2}, an integration by parts
argument leads to the following alternative expression for o Ry

(%ﬁgﬁowz) (a,0) =

@n)2 Sy \(A+ B (15 3)) DA w2 O,

valid for any n € N. It follows that the function [(x, 0) — (1/)11:13_ [301&2) (m)}
defines an element of C°(S x R). Theorem 40.1 in [49] then implies that the
function [0 = 1fe goiﬁz} belongs to C*° (R, C*°(S)). [ |

The first item of the previous proposition then allows to consider the Taylor
series at 0 of the function I%’ . (with ¢ € D(S)). This asymptotic expansion
then shows that I% R, 182 formal equivalence, in the sense of Definition 1.2.18
(with v := £).

We can now establish the precise link (suggested at several times previously
in this work) between the integral representation of § Ry and the formal version
of the Rankin-Cohen star-product?®.

Theorem 3.4.7. For every functions ¢, € T z (D(S)) and for every z € S,

the function [R —C:0+— (apﬁgﬁow) (x)} is smooth. Its Taylor series at 0

49We denote this derivative by tanh’ to slightly lighten the notation.
50See Definition 1.2.25.
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defines an associative formal star-product on (S, wS) which coincides with x%¢,

for v := %

Proof. The smoothness of the map [R —-C:0— (cpﬁg ROQZJ) (z)} comes from
Proposition 3.4.6, item (ii). Now, recall that

(Wﬁgﬁoi/)) (z) = Ty g, (Tf),f(‘og&tgczg,f(‘o’gb) ().

i i i

By virtue of the associativity of (the formal version of) x5 (see for instance

[16], Theorem 4.9), the Taylor series at 0 of [R —-C:0— (@ﬂ@_ ;?01/)) (x)] then
yields an associative formal star-product, which, by construction of 1T’y R, and
To g, 18 (locally) gre-invariant. We then deduce from Proposition 2.1.18 that

the formal version of §,  ~coincides with *RC, |

Remark 3.4.8. Of course, we can also compute explicitly the Taylor series at
0 of the function [R —-C:0— ((pﬂg R w) (x)} by means of a stationary phase
method. Let us first illustrate it for the 0-order term. Using (3.78) and setting

x1 = (a1,01), T2 := (ag,{z), we observe that®?

(ote z,0) (@) _ =

0=0
1 / 1 ei(tallh(a2)€1 —tanh(a1)l2)
(2m)? Jre2xme cosh(aq) cosh(ag) cosh(a; — asz)

R} cosh(ay—a 0,0)R} cosh(a) —a 0,0)dz, dzs.
(a1+logchoi+ag)2)’0)<p( ,0) (a2+10g 70};;}1%01)2),0)11)( ,0)dz1dzs

Since for all a € R,
do(tanh(a)) = do(a),

performing the integrals w.r.t. the variables ¢; and ¢ yields

(vt z,%) ()] _ = (o).

0=0

The left invariance®® of §,  then implies that the above formula again holds

after replacing e by z, for any € S. For the 1-order term of the Taylor series,

51Recall that e denotes the neutral element of S.
528ee Theorem 3.4.4, item (iv).
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notice that

0=0

% (@ﬁgﬁﬂ)) (€)

L/g 1 oi(tanh(az )¢, —tanh(a1 ) ¢2)
(2m)2 J 00 |cosh(ay) cosh(as) cosh(a; — as)

cosh(a —as) ’022) (0, 0)}

cosh(ay)

*

dxidzs.
(a1+log 1 2

az+log 0—0

cosh(ag —ag) ,041) <p(0, O)RZ

cosh(ag)
Using the identities

i/ - ei(tanh(ag)él —tanh(a1)l2) _ eQei(tanh(az)fl —tanh(a1)é2)
tanh’(aq)
and

_ i(tanh(as)¢; —tanh(a1)ls) __ ¢ i(tanh(as)f; —tanh(a1)¥€2)
a € = t1€ ’
tanh’(ay) " !

we deduce (after a straightforward computation) that

O (te.g,%) @

= {p, 9} (e),

0=0

where {-,-} is the Poisson bracket associated with the symplectic form w® =
da A dl (within coordinates (1.24)). The left invariance of §, g implies that the
above formula still holds after replacing e by x, for any € S. The computations

for the other terms of the Taylor series are similar.

The star-product f,, 7, 18 then the non-formal equivalent (that is, the integral
representation) of the formal star-product *?¢ introduced in chapter 1. This is

what motivates the following definition.

Definition 3.4.9. The star-product §, z (cf. the item (iii) of Theorem 3.4.4
with K := I?o) will be hereafter called the non-formal Rankin-Cohen star-
product (or non-formal RC star-product in short). By a slight abuse of notation,

it will also be denoted by x%“. Moreover, the associated space g, Ro will be
denoted as EFC.

Unless the constant 1 does not belong to £ (with 1 identified with
the function [S — C : x ~ 1]), we will now show that for any ¢ € £ both
expressions p*7¢ 1 and 1x5¢  make sense (where +7¢ stands for the non-formal

RC star-product), and satisfy the following identities:

eI =141 = .
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This means that the constant function 1 plays the role of a neutral element for

the (non-formal version of the) star-product xZ¢.

Proposition 3.4.10. Let ¢ be a function belonging to the space £F¢. Identify-
ing an element ¢ € C with the constant function [S — C : z — ¢], both elements

@ %1 ¢ and ¢ xEC ¢ belong to EFC. Moreover, we have:

RC ._ .,RC  _ RC
px, T c=cx,  p=cp €&,

Proof. We start with the element ¢ x%¢ ¢, where ¢ € £E¢ and ¢ € C. First,

recall that the operator T, R, decomposes as

_ —1 . *
TvRe = Fo M%Ko © ’71/,}?0 o,

by virtue of the decomposition (3.69) (see also Remark 3.3.7 for the notations).
Thanks to the fact that F (along with its inverse) extends to the space S'(S) of
tempered distributions on S ~ R? (by means of coordinates (1.24)), we get the

following distributional identity (where ¢ is viewed as a constant function on S):

F(e)(a€) = [ it = 2meho(c),

R

for all (a,€) € S ~ R%. Now, notice that the function [R — R: 7 rn?(r)]
admits a unique root at r = 0. Moreover, since d%(rng(r))LZO =1,7,(0)=1
and Ko = (1,0), we get:

M, 2, (772, F(0)) (0 €) = 2medo(€).
Applying an inverse partial Fourier transform F~! then leads to:
TR =6

for all ¢ € C. In a similar way, we can show that T', RoC =G for any ¢ € C.
Having said that, recall now the identity

RC BG
px, c=T, (Iuﬁo % Iuﬁoc) , (3.79)
where +7¢ = 8, &, Since ¢ € ERC = T, z, (SBE(S)), there exists a function

¢o € SPY(S) such that ¢ = T &, po- Using Proposition 3.3.8 and Lemma

2.2.47, we thus have T, R, P = %o € SBE(S). Since any constant ¢ = T, 7C
belongs to the space B(S) (see Definition 2.2.25), Propositions 2.2.42, 2.2.43
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and 2.2.45 imply that
IV,I?OQOKEGIV,I?OC =crT, 2P =Cpo € SBG(S).

In turn, the linearity of T, Ro implies that

BG _ RC
T, z, (z,,, Ry Px T, RQC) =cp € &N,

which, through (3.79), yields the identity ¢ *%¢ ¢ = cp. The proof for the

RC

element c x;,

 is entirely similar. |

3.4.2 Topological algebras

In this subsection, we introduce a pre-Hilbert structure on the space ££¢. For
this, we come back to the star-product x2¢, i.e. the strongly closed version of
the Bieliavsky-Gayral deformation quantization. Recall® that the pre-Hilbert
structure associated with the space SPE(S) is (-, -)s(s), that is, the restriction
to the Schwartz space S(S) of the usual inner product on L%(S) (see (2.30)). In
the sake of simplicity, we start by focusing on & Y |i”‘, which is a subset of £¢
(see (3.71)). Using the intertwiner T, i, previously computed, a natural way

to define an inner product on this subspace then consists in setting

(o, V) s1/1vl == (T, 2,0 T, &, ¥)S(S) (3.80)

for v, € S'1"I Note that the above RHS makes sense. Indeed, since ¢,
belong (in particular) to EEC| there exists g, v € SPY(S) such that ¢ =
Iyﬁogao and ¢ = Iv,ﬁo¢0' Hence, Proposition 3.3.8 implies that T, Z¥ = P0

and T, @ 1 = tho, with pg,10 € S(S) (see Lemma 2.2.47). Moreover, the

linearity of 7, z ~along with Proposition 3.3.12 imply that (s )s1/1v1 1s indeed

an inner product.
Proposition 3.4.11. For ¢, € Sl the following identity holds:
<Iu,1?0‘Pva,k0¢>S(S) = (¢, V)s(s)-

Proof. Let ¢, € SYI™l Within the notations of Remark 3.3.7, notice first
that

M, &, (7:,;?0]:90) M, %, (VZ,KOJ:Q/J))S(S) =2m(p, ¥)s(s)-

53See chapter 2.
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Indeed, a straightforward computation shows that the LHS is equal to

/Rz i, (r)Fo(a +log(m (1)), r15,(r)) Fib(a + log(ny (), i () )dadr =

[0 F et ) P, ) dadr:

Note that the above integrals exist; indeed, since ¢, ¢ € §1/‘i”‘, both Fp and
F1) are in particular Schwartz functions on S and the integral in the r-variable
is only computed over a certain compact set of R.

A change of variables following rn2(r) — r’ then leads to

[ BT oo, i) T ) dadr =

Fo(a,r")Fib(a,r")dadr'.

Thanks to the formula (2.35) and the hypothesis made on ¢, ¥, we see that the
above RHS coincides with

Fola, ") Fip(a,r")dadr’ = (Fo, Fi) ss) = 27, 1) s(s)-
RQ
The proposition then follows from the decomposition (3.69) and the formula
(2.36). |

This means that the inner product (-, -)gi/1iv on Sl given by (3.80)
coincides with the restriction of (-,-)s() to s/l

Definition 3.4.12. Endowed with the (restriction of the) inner product (-, -) s(s),
the space SY1" becomes a pre-Hilbert space whose Hilbert completion is de-
noted as HFC.

Remark 3.4.13. As already mentioned in Remark 3.3.10, the space s/l
does not contain the space D(S) of smooth compactly supported functions.

Moreover, since Sy ;| = F <§1/|i"‘) also does not contain the space D(S), the

Hilbert completion HX does not coincide with the space L(S).

Proposition 3.4.14. The linear operator T : D(S) — HEC extends as a

*V,I?O
continuous operator from L?(S) to HEC.
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Proof. Let ¢,1) € D(S). Using (3.71), we know that both ', 2 ¢ and T, ¢
belong to s/l Hence, Propositions 3.3.8 and 3.4.11 imply that

<Iy,g0¢7zu,go¢>§1/|iu\ = <IV,I€O‘P’IV,RO¢>S(S)
= (T, %, (Iy,za)@) oy (Iy,ﬁo¢)>s<s>
= (0, ¥)s(s)-

The operator T, z is then continuous from D(S) to HEC wrt. the L%(S)-
topology. Moreover, it satisfies HI” I?UH = 1 (where || - || denotes here the
operator norm). Since D(S) is a dense subset of L?(S), Proposition 3.2.3 in [55]
then implies that the continuous operator T', 7 admits a unique continuous

extension to L%(S) that we denote again by T,z with an operator norm equal
to 1. m

Corollary 3.4.15. The inclusions®

T,z (D(S)) c SY1" c gf¢ c i

are dense w.r.t. the L?(S)-topology.

Proof. Given that D(S) is dense in S(S) and D(S) € SBF(S) C S(S), the space
D(S) is dense in SPY(S) (w.r.t. the L?(S)-topology). Hence, the continuity
of Iu,l?o obtained in Proposition 3.4.14 implies that IV,I?O (D(S)) is dense in
ERC =T Ko (SB G(S)). This shows that the two first inclusions of the corollary
are dense.

Now, for ¢ € EfY we know that there exists ¢y € SPE(S) such that p =
IV, &, P0- Then, there exists a sequence {gpn}n, on € D(8), satisfying lim,, ¢, =

©o. Hence, the continuity of T', 7o yields:

Y= I%RO('DO = IMRO (h}ln s0”) = liTILHIVJ-{'OQOn7

where, for each n, Iuﬁocpn e Sl That implies £f¢ ¢ HEC. Since by

definition S*"! is dense in HEC, so is ERC. [ ]
Remark 3.4.16. The (extended) operator T, . : L*(S) — H,I“ is invertible.
Indeed, by Proposition 3.3.12, its restriction ' z : D(S) — SYI"I (where the

latter is a dense subset of HZ) admits T, R, 8 inverse operator. Since its
operator norm is equal to 1 (see the proof of Proposition 3.4.14), T’ Ry defines
a linear isometry. Its (extended) inverse will be again denoted by 7, &, Note
however that T’ 5 L%(S) — HEC is a nonunitary operator.

54Recall that the two first inclusions of the corollary hold by (3.71).
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Now, recall that for the BG deformation, (L*(S),*5%) constitutes an asso-
ciative Hilbert algebra, as it has already been mentioned in Proposition 2.2.14.
Using the operator T, &, connecting the BG and RC deformations, we can then

extend the star-product +#¢ to the Hilbert completion HZC.

Proposition 3.4.17. The algebra structure x%¢ on £/¢ extends to HEC.
Endowed with the extended product again denoted by *507 the space ch

becomes an associative topological algebra.

Proof. Recall once again that for o, 1) € EEC,

RC _ B R BG .
e =T,z (72,9057, 1,0

Under the (extended) operator T, . L3(S) — HEC coming from Proposition
3.4.14 and the (extended) product *2¢ coming from Proposition 2.2.14, the
RHS of the above identity implies that the star-product +Z¢ extends to the

completion HZC as an associative product. |

As in the case of (L2(S), x5¢), we can also show that the complex conjugation
is a *-involution for (ch, *50). Before stating this result, we start by showing

the following lemma.

Lemma 3.4.18. For every ¢ € L*(S), we have T z2P=T, ¢

Proof. By continuity of the complex conjugation (w.r.t. the L?(S)-topology), it
is sufficient to show the identity for ¢ € D(S). For such a function and thanks
to the formula (3.57) in the particular case K := Ko = (1,0), we have:

1

T, z,¢la0, bo) = ?/ e~ 5 () (ag — log (K, (1), 2) drdz.
’ ™ JR2
Using the fact that the real-valued functions 7, and 7, are both even functions,

a change of variables following —r — r leads to

1

T, z,¢(0.00) = o / e () 3, (1) (ag — log(Ky, (1)), 2) drdz,

which is exactly equal to T, gotﬁ(&mfo)- [ ]

We then obtain the following result.

Proposition 3.4.19. The triple (’ch *RC,T) is a *-algebra.

b %4

Proof. It suffices to show that the complex conjugation is an involution for +#¢

(the rest follows from Definition 3.4.12 and Proposition 3.4.17). At the level of
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functions belonging to £FY, the previous lemma implies that

RC — . . BG . — _, _, BG .
QO*V 1/} - IV,KO (IIAKOQDtV II/7I(01b> - IV,KO (IV,KOSDtV II/,Koz’[}) :

Since ¢ € ', there exists o € SBE(S) such that ¢ =T, 7, %0- By virtue of
Proposition 3.3.8 and Lemma 3.4.18, we thus have:

IVylzo(p =%0= IV,I?O (IV,I?O%) = IV’RO <Iy7[20 @0) = IV’[{‘O@- (381)

Moreover, thanks to Proposition 2.2.16, we know that the complex conjugation

is an involution for x2¢. We then get the following identity:

_ ~ BG —\ _
T,z (zl,’ 7, P*5°T, ,z()w) =T, z, (zm 2V T, 13090) =1x, P,
and we thus have shown that
B0y =y«

The proposition follows from the extension of this identity to (the functions

belonging to) the space HZC. [ |

Trace form for RC

The goal of this short subsection is to show that the star-product x+#¢ is strongly
closed. We start with the following fact.

Lemma 3.4.20. On the space SP%(S), the following identity holds:

oT, g :/.
/s Ho s

Proof. Let ¢ € SBY(S). By Proposition 3.3.3, we know that T, R,P 1s a
Schwartz function and thus belongs to the space L!(S) ~ L!(R?). Explicitly,

using the expression (3.62) in the particular case K = K, we get

/ T - ola, O)dadt = / ( / e“""f(’“ﬁm)@(a—bg(m(r))m)dr) dadt,
r2 00 R2 \JR

where ¢ := F~1p. Using oscillatory integral techniques similar to that in the
proof of Proposition 3.3.3, we can show that the Fubini theorem applies to
the RHS of the above identity (see for instance the expression (3.63)). After
a change of variables following a — log(K17,(r)) — a, followed by the integral
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w.r.t. the ¢-variable, the RHS (of the above identity) becomes

27r/¢(a,0)da:/ o(a, l)dadl,
R R?

where we have used the (distributional identity) 8o (rn2(r)) = o(r). [ |

We can now show the traciality of +ZC.

Proposition 3.4.21. The star-product «%¢ is strongly closed. That is, for
@, € ERC the following identity holds:

/ (%5 ) (2)ds(x) = / (o) (2)ds(a).
S

S

The map Tr™“ := [, thus defines a trace form for «5¢.

Proof. For ¢, € EFY the element T, I?O@KEGTV RV belongs to SBE(S) c

S(S). Using Lemma 3.4.20 (and the link between +#¢ and x2¢ through the

operator T'

|44
T, I?o)’ we get°°:

[ e+ 0) @s(o) = [ (z,5,045%7, £,) @) (0)

- /s (Iv,f?ow‘fu,ﬁoi/’) (z)ds(),

where the last identity comes from Proposition 2.2.21. Combining now Remark
3.4.16 and the identity (3.81), we obtain:

[ (k. ,8) @iele) = (2,07 Dt
= {p, E>S(S)
- /S (-0 (2)ds(a).

Remark 3.4.22. Notice that the trace form Tr*® comes from the observation
that under the identity

RC _ . . BG .
(10 *I/ ’l/) - IV,KO (IV7KO @tu IV7KOw> ’

55Recall that xB¢ := *fgo (see chapter 2).
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RC

v

2.2.21 for the notation). Since Tr5” = [, Lemma 3.4.20 thus leads to:

the map Trgoc oT', g, naturally defines a trace form for %,*¢ (see Proposition

BG _ . RC
TI‘190 OIV,RO_/S_'T‘T .

3.4.3 Gel’fand-Shilov and Paley-Wiener spaces

We end this chapter by connecting the several function spaces involved in the
construction of the non-formal RC star-product with the literature (especially
(2], [3] and [35]).

Gel’fand-Shilov spaces of type S

We refer to [35] for details.

Definition 3.4.23 ([35], Section 4.2). For o > 0, the space Sy, consists of all
functions f € D(R) C C*°(R) such that supp(f) C [—0o,0].
The space S* consists of all entire functions ¢ on C such that there exists
C > 0 with

|( + iy)*¢(z +iy)| < Cexp(aly)

(where £k =0,1,2,...).

Lemma 3.4.24 ([35], Section 4.6). Denoting by F the Fourier transform on

R, we have
F((8")g) = So.o

where (807")]R means the restriction of functions in S%¢ to the real axis.

Remark 3.4.25 ([35], Section 4.2). A function in S% is completely determined
by its restriction to the real axis, which leads to the identification §%7 ~ (§%7)_.

The previous lemma then becomes
F(8%7) = Sp0.

The functions in §° (identified with (S%7),) are said to be bandlimited
to [—o,0]. For o > 0, a function f is called strictly bandlimited to [—o, o] if it
is bandlimited to [—e¢, €] for some 0 < € < 0. We denote the space of functions
that are strictly bandlimited to [—o, o] as S"7.

Remark 3.4.26 ([35], Section 4.8). For o > 0, the space S%“ does not contain

any compactly supported functions.
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Remark 3.4.27. For a > 1 (the cases where a < 1 are uninteresting because
the involved spaces are trivial), we define the space S27 to be the set of all
entire functions ¢ on C such that there exists C' > 0, a > 0 with

6z +iy)| < Cexp (—alal +olyl).

We have
U 8o c s

a>1
Again, a function in 8§27 is completely determined by its restriction to the real

axis and we have the identification S37 ~ (S07) ..

Now, for ¢ € SK/lWl and a € R (under the global chart (1.24)), we set
Yo : R=>R: 0 () := p(a,l).

We thus have Fo(a,§) = Fp,(§). Note that in particular, for all a € R,
2

Ya € §O’I%l\. The space §Kf/ "l involved in the construction of the non-formal
Rankin-Cohen star-product can thus be viewed as a partial space of type S.
We mention that this observation allows us to connect the present work with
[22], in which authors describe function spaces of type S related to convergent

star-products on S.

Paley-Wiener spaces

We refer to [2] and [3] for details.

For a function f € L?(R), we define the support of f, supp(f), to be the
smallest closed set outside which the function f vanishes almost everywhere.

We set also

Rf = Sup:erupp(f) |.’E|7

to be the radius of the support of f. Let
L2(R) := {f € L*(R) | supp(f) is compact} ;

L%(R) :={f € L2(R) | Ry = R},
with R > 0.

Definition 3.4.28 ([2], Definition 2.2). The L?-Paley-Wiener space PW?2(R) is
the space of all functions f € C°°(R) such that, setting A := ddez the Laplacian
on R,
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(i) A"f € L*(R), Vn € N;
1
(i) R = limpos o0 [|A™ f[| 73 ) < +o0.
For ¢ > 0, we set also
PW2(R):= {f € PW*R) | R} =0}.

In the literature, the space PW2(R) is sometimes called L2-Bernstein space
and is denoted by B2(R). Denoting again by F' the Fourier transform on R, we
have the following Paley-Wiener theorem in the real case.

Theorem 3.4.29 ([2], Theorem 2.3). The inverse Fourier transform F~! is a
bijection of L2(R) onto PW?(R), mapping L2(R) onto PW2(R).

We thus obtain the following characterization: Rpy = o if and only if
f € PW2(R).

Remark 3.4.30. The classical theorem of Paley-Wiener-Schwartz in the com-
plex case implies that PW2(R) consists of all functions in L?(R) that can be
extended to holomorphic functions of exponential type ¢ on C.

In order to express a refinement of the previous theorem, we introduce the

following definition.

Definition 3.4.31 ([2], Definition 2.6). The Paley-Wiener space PW (R) is the
space of all functions f € C°°(R) such that

(i) (1+|z))™ A™f € LA(R), ¥m,n € N;
(i) RF = limy oo A" f|| 75 gy < +o0-

We set
PW,(R) = {f € PW(R) | R} =0}.

Remark that the extra requirement on the functions in PW(R) ensure that
Ff e C>(R).

Theorem 3.4.32 ([2], Theorem 2.7). The inverse Fourier transform F~! is a

bijection of D(R) onto PW (R), mapping the space
Dy(R) :={f € C*(R) | supp(f) C [~0,0]}

onto PW,(R).
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Since by definition Sy, = Dy (R), Lemma 3.4.24 and Theorem 3.4.32 imply
that
509 ~ PW,(R).

Moreover, in [44], we can find the following result.

Proposition 3.4.33. For o > 0, 8”7 is a L?(R)-dense subspace of PW2 (R).

Notice that if ¢ € §K12/|i”|, then for all a € R, the function ¢, belongs to
the space PW2, (R). Therefore, the space §K12/|“’| can also be interpreted as a
1

Too]

partial Paley-Wiener type function space.

In the last chapter, we outline an alternative way of building an integral repre-
sentation for the Rankin-Cohen deformation quantization. The construction is
based on the result given by Proposition 1.2.32, which links the Rankin-Cohen

formal star-product with a restriction of the Moyal product on R2.






Chapter 4

An alternative integral
representation for the

Rankin-Cohen star-product

In chapter 3, the integral representation for Rankin-Cohen relies on the fact
that there exists a link (by means of an intertwiner) between the Rankin-Cohen
deformation on the symplectic manifold (S,ws) and that of Bieliavsky and
Gayral outlined in [20]. The particular interest of the BG star-product on
(S, ws) is the non-formal aspect of its construction, which plays a crucial role
in the integral formula obtained for +¥¢ and given in Theorem 3.4.4. But if
we have a look at the geometrical interpretation of the formal Rankin-Cohen
star-product given by Proposition 1.2.32, we can notice that +%¢ can be directly
written in terms of the Moyal star-product on the symplectic (flat) manifold
(R2 ={q,p},w=dgA dp). This suggests another way (in some sense more
natural) of building an integral representation for the RC star-product by means
of the Weyl product, which constitutes the non-formal version of the Moyal

product (see chapter 2, section 2.2). This chapter is devoted to this construction.

4.1 Construction of the integral representation

Recall that thanks to Proposition 1.2.32, the formal Rankin-Cohen star-product

admits the following expression:

oY = 0" (07 e (071)) = ¢ ([(07)"e 5 (070 ) -
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where the set O is the upper half-plane of R? (see (1.25)), the map ¢ : S — O
is defined by (1.26), and where 2 denotes the Moyal star-product on the
symplectic manifold (R2 ={¢,p},w=dgA dp), as in Definition 1.2.20. In view
of this formula, it is thus tempting to pass from the (formal) Moyal product
to its convergent version (the Weyl product), in order to produce an integral
formula for ¢, But unfortunately, the expression® [(¢~")* ¢ x5V, (¢ 1) "] | o
does not make sense, because neither (¢~")*¢ nor (¢~ ")*¢ is defined on the
whole space R2. In order to avoid this problem, we introduce the following map:

¥ C®(0) = C™(R?)
P+ s*P, (4.1)

where @ denotes the extension by 0 on the whole space R? of the function ¢,
and s := — id|g. is the central symmetry of R?.

Remark 4.1.1. Notice that for any function ¢ € C*°(0), 3(p) is an even
function, in the sense that

For p,¢ € C*(0), we have:
S(0) %0 D) = GO + 5" @0 + G0 5 P + 5 G A s*Y
=309 + 5 50 55

Indeed, s*@ and QZ (respectively @ and s*zZ) have disjoint supports and then
s*@ %0 1h = 0 (respectively @+ s*1 = 0). It implies that

[2e) 0 ZW)]|o = FH b =0 ¥,
and then the formal Rankin-Cohen star-product can be re-expressed as
el = ([2(@™) )2 (e )]])-

But, at least at the level of D(O) (the space of smooth compactly supported

functions on O), notice that the RHS is exactly the asymptotic expansion of

o ([ (0™ 0) 2 (@) 9)]l,)

IRecall that the Moyal product x9 coincides with the asymptotic expansion of *‘2/[2'/1/ around
iv = 0 (see chapter 2, subsection 2.2.1).
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We then get a non-formal formula for the Rankin-Cohen star-product, which

we will denote as ¥7¢:

o0 = 0" ([Z (7)) #h = (07 0)]],) - (4.2)
Remark 4.1.2. Since s = —id|g. € SL2(R), the (well-known) SLa(R)-

invariance of %7, implies that 3 (@_1)*@) DY ((Q_l)*w) is an even function.

Lemma 4.1.3. The map

> L(S) — L*(R?)
V2
P = 72 (@ 1)*%0)
defines an isometric injection, with Im(X) = L?(R?)even (the set of square

integrable and even functions on R?).

Proof. Denote by? w the symplectic form dg A dp on R? and w® := ¢* w|,. We
also denote by ., and p,s the Liouville measures associated respectively to w
and w®. First, notice that thanks to the definition of the map ¢ (1.26):

$:S—= O (a,l)— (Let e ),

we have

Jacy(a, l)| := det fer e =1.
ptef=a )

—e

2We use the same notations as in chapter 2, section 1.2.
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Then, for ¢ € L?(S), we get:

=~ 2 1
I oy = 5 /.,

Il
N | =
T
2
\_’;‘
*

S

=0
/-\7 e~ /-\7 2
+ (07 es (7)) w+ 5" (671 ¢| | die
=0
/_\7 2
- / (6 o dus
RQ

= H%’Hiz(sy

Remark 4.1.4. The following identities hold?:

(i) for f € L% (0),
E(Nlo =1

(11) for g < LQ(Rz)even7
% (glo) = g-

In particular, it implies that for any ¢ € L*(S), we have:

¢* (2 (CaN) !O) = ¢.

Before stating the following result, we recall that as mentioned in chapter
2, subsection 2.2.1, the Schwartz space (S (RQ) ,*g‘i/y) is an associative algebra.
Moreover, its algebra structure extends to L? (Rz) (we refer for instance to [39]
for more details), for which we denote again the product law by ., . Having

said that, notice that all the above reasoning leads to the following fact.

Proposition 4.1.5. The product law #¢ extends to L?(S). Endowed with
the extended product again denoted by #7, the space (L?(S), %5 ,~) becomes

a *-algebra associated with the Rankin-Cohen deformation.

3We use the fact that in an L2-space, two functions equal almost everywhere are identified
with each other.
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Proof. Using Lemma 4.1.3 and Remark 4.1.4, it suffices to transport the algebra
structure on (L? (R?), ) via the map ¥ (given by (4.1)), in order to obtain

24y
the algebra structure on (LQ(S),;VRC). Moreover, notice that for a smooth

function f defined on O, we have:

() =2(f).

Lastly, thanks to the fact that the complex conjugation is an involution for the
Weyl product®, we get the mentioned *-algebra structure on (L2 (S),%fc). |

Recall now that SLo(R) acts on R? by matrix multiplication:

p:SLy(R) x R* — R?
(A, x) = pa(z) = A x.

For f € L* (R?) A € SLy(R) and z € R?, notice that

paf(=z)=f(A (-z)) = f(-A-2) = f(A-z) = pif(z),

which means that p% f is even too. Moreover,

/ IPZf\Q(q,p)dqdp:/ 12 (A' ( 1 >> dqdp
R2 R2 p
:/ \f1? (¢, p)dd dp/,
RZ

thanks to the fact that det(A) = 1. In other words, we get an action of SLa(R)
on L? (Rz)even induced by p*:

p*: SLy(R) x L? (R?) — L* (R?)
(A, f) = paf

even

Using (up to a constant) the correspondence between L2(S) and L?(R?)eyen
given by Lemma 4.1.3, we can transport the above action in an action of SLs(R)

on L2(S). Hence, if we denote again this action by p*, we get:

p*: SLy(R) x LA(S) — L*(S)
(A,9) = pap =[S = Ciam S((¢7)¢) (A-(x))]. (43)

4This is a well-known fact, see for instance [52].



170 An alternative integral representation for the Rankin-Cohen star-product

Remark 4.1.6. Notice that the restriction of p* to S coincides with the left
regular action. Indeed, for x € S (with S viewed as a subgroup of SL2(R)), we
have

Pre(zo) =2 (7)) (x - $(x0)) -

But using the expression (1.26), we observe that

x-¢(xo) =2~ <x0~ ( (1) >> = (zxp) - ( (1) > = ¢(xwo).

Since ¢(xxo) € O, the first item of Remark 4.1.4 then implies that

S (@7 1)e) (z- d(xo) =2 (671 ¢) (¢(z20)) = p(x20) = Li0(0).

Proposition 4.1.7. The star-product ¥ is SLy(R)-invariant.

Proof. For A € SLy(R), x9 € S and ¢, € L?(S), we have:

(P ) (o) = ([2 (67" (20)) *bh = (67" ()] | ) (8(0))

Note that for all y € O,

(@) (k) W) =3 (¢ 1)) (A-y)=pi (Z (3 )*0)) (),

which is an even L2-function on R2. Hence,

(A (@) =ra (E(@))),

and the same holds for ©. The SLa(R)-invariance of 7, then implies that

Pa (Z((@7)70)) P2 (B ((07)0)) = P [S((@7 1)) %21, S ((07) )]

Hence,

(Plap*)piat) (o) = (2 ((¢71)"¢) %31, B ((¢71)"¥)) (A (o)) -

Since
P (P30) (o) = 2 ((07 1) (3 )) (A - d(x0))

it remains to show that

2 (67" (R W) = ((@71)0) *2i B ((67)0) -
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For this, note that by the definition (4.2) of #¢ and by using the item (ii) of

Remark 4.1.4, we have:

= (@) (5 99) == ([B(@7)e) 5 = (67 9)]])
=2 (7)) A S (7)),

which completes the proof. |

Remark 4.1.8. (i) The above proposition means that the space L? (]R2)

allows to realize an S L (R)-invariant extension of x4, ’ o (the latter being

even

only sly(R)-invariant).

(ii) Tt could be interesting to compare the star-product ¥ with the formulas

given in [1].
In the following result, we show that 9}5”0 is a tracial star-product.

Proposition 4.1.9. The star-product ;EC is strongly closed. That is, at the

level of compactly supported functions on S, the following identity holds:
~RC _
[ 550) @iste) = [ (o) @aso).

—RC _Re
The map Tr  := [ thus defines a trace form for ;.

Proof. For ¢,v € D(S), we have:

/ (PR1Cp) (2)ds(x) = / (£ (67" 0) +, 2 ((071)"9)) (&) ds (2)-

S S -

We recall also that for x = (a, ) (through the global chart (1.24)), the definition
of the map ¢ (1.26) implies:

‘Ja%(a, E)’ = det ( te ¢ ) =1.
@ —e @ 0



172 An alternative integral representation for the Rankin-Cohen star-product

Hence, using the evenness of the function  ((¢~")*¢) *br, S ((¢~1)*1) (see
Remark 4.1.2) and the traciality of 5., (2.44), we obtain:

[ 500) @ds(@) = 5 [ (5(@7)0) o8 2 ((07)0)) (avp)dadp

:%/RQ( ((0™)") = ((67")"%)) (4. p)dgdp

:/Rz <(¢— ) (¢,p)dqdp
= [ (@) o™ w) (e iaay
:/S(Wp) (x)ds(z),

which completes the proof. |

The next subsection is devoted to the connection between the non-formal
product +%¢ constructed in chapter 3 and the product #%¢ exhibited above.

4.2 Link between both integral representations
for the RC star-product

Let us consider two functions ¢, belonging to the space stlvl ¢ ERC In
particular, since EFC .= T, g, (SBE(S)), both functions ¢ and ¢ belong to the
Schwartz space S(S) (see Proposition 3.3.3). By virtue of the expression (4.2)
and the formula (2.19) for the Weyl product, their **“-multiplication is given
explicitly by

1

((p;(f’cw) (G,, E) = W /]RQX]R2 e_;S ((Zea,eia),(%l))a(q”p’))2 ((@*1)*@) (q,p)

x 3 ((¢~")*y) (¢, p')dgdpdd dp’,
(4.4)

where (a,f) € R? ~ S (by means of the coordinates (1.24)) and with
SV (e, e™), (q.p)s (¢, ) = Le"p — e g +qp’ —pg' +e"q — Lep/

by using (2.20) with the usual symplectic form w = dg A dp on R?. Note that
the integral in the above RHS exists. Indeed, first of all, recall that using (4.1),

we have

—_~—

S((@07)9) =@ e +sT @ ),
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with s := —id|g. (and the same for the function v). For (¢,p) € O (the
upper-half plane of R?), notice that®

(¢ ") *¢(a,p) = ¢ (—log(p), ap) -

Thanks to an iterative use of the relations

9y (pod™") (q,p) = e 718D (900 ¢71) (¢,p)

and

A (pood ) (q,p) = —e 8P (8100 ¢7") (¢, p) +qpe™ 2P (a0 ¢ 1) (q,p),

we then observe that for all k,m,n € N and for all ¢ € R,

lim 3m3"(¢ D e(a,p) = lim e 5P G0 (97" (g, p) = 0.

p—0 p p—0

That leads to the fact that for all j, k,m,n € N,

sup |q7p*0y o0 (¢ ) (g, p)| < +oo,
(¢,p)€0

which in turn implies that the function X ((¢~')*¢) belongs to S(R?), the

usual Schwartz space on the plane (of course, the same holds for the function
2 ((67)0)).

If we now come back to the identity (4.4), notice that the RHS splits into four
integrals (due to the extension by zero coming from the definition (4.1) of the

map ¥). Namely, if we set

/

={(¢,;p.¢",p") € ] = 00, +00[x]0, +00[x] — 00, +00[x]0, +00l},
:={(q,p,q,p") €] — 00, +00[x] — o0, 0[x] — 00, +00[x]0, +00[},
= {(q,p,q,p') €] — o0, +00[x] — 00, 0[x] — 00, +00[x] — o0, 0[} ,

={(a,p,d,p") € ] = 00, +00[x]0, +-00[x] — 00, +-00[x] — 00,0},

we get (for ¢, € SH/16.

4

() 00 = g 3 [ bl
j=1

J

x (¢~ ") *p(sign(p)q. pl) (¢~ ") ¢ (sign(p’)d, |p'|)dadpdq dp’,

®Recall that the map ¢ is defined by (1.26).
SNote that we make use of the Fubini theorem.
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where sign denotes the sign function on R. Changing the variables following
q — eq, p — e %, ¢ — eq and p’ — e %’ (note that the Jacobian
determinant of this change of variables is equal to 1), we obtain

4
1 1 ’ ’ ’ /7
$hC = E — < (tp—q+ap'—pd'+q'—tp")
(SO*V w> (a7€) (27”;]/)2 j=1 /Dj ‘
x ¢ (a —log(|pl), qp) ¥ (a —log(|p'|), ¢'p") dgdpdq'dp’.

A second change of variables following g > % and ¢ Z—: (for which the

Jacobian determinant is given by pp’) then leads to:

4
. 1 1 ,l(@ _aqa,_pdd ')
RC p—2+ip —pL+L —tp
£ = v
() 00 =i 2, e O H
x ¢ (a —log(|pl), ) ¥ (a —log(|p']), ¢') dqdpdq'dp’.
Now, we denote the four quadrants of the plane R? = {(p,p’)} as follows:

di == {(p,p") € 10, +00[x]0, +0[}, d2 :={(p,p) € ] — 00,0[x]0, +00[},
dz == {(p,p/) € ] - 0070[X] - 0070[}7 dy = {(p,p/) € ]07+OO[X] - OO’O[} .

Performing the integrals w.r.t. the ¢, ¢’-variables, we get:

4
_ 1 1 1 1 p -1
RC (p—p")t _
l) = E v F 1 )
(90*1/ ’ll)) (a7 ) (27T’iV)2 j:1 d. pp/e SO (a Og(|p‘)7 iV p )

11—
x Fip <a —log(|p']), e p/p) dpdp’,

where, as usual, F means the partial Fourier transform w.r.t. the second variable.
Recall that thanks to the fact that ¢, € & 1/ |i’“|, the support of both functions
Fo and F is contained within the strip R x [—o, o], for a certain 0 < o < ﬁ

Note that the only elements (p,p’) € R? which fulfill both conditions |2 /71‘ <1

p

and ‘pp;,l‘ < 1 constitute a subset of the first quadrant d;. Hence, the integrals
taken over the other quadrants vanish (the integrands being identically zero).
Let us denote by dy the subset of d; =)0, 400[x]0, +o0[ defined as follows:

11 1
p ‘<1and’p ’<1}.
P

/

dy = {(p,p') € dj s.t.
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We are therefore left with

~ 1 1 1 ’ 1 pl -1
RC (p—p")¢

o* a,l) =—- —e v Fola—1 .

( v ’(/}) ( ) ) (27.”'1/)2 ~/d’; pp/e ( Og(p)7 Z'V )

1-p
p/

1
x Fap (a — log(p'), e ) dpdp’.

We will now rewrite this expression with the help of the following lemma.

Lemma 4.2.1. The set cfivl is diffeomorphic to R? through the map

¢1:R? = dy : (a1, a9) — (e‘ cosh(as) e~ COSh(al)) .

cosh(a; — az)’ cosh(a; — az)

Proof. Let us start with the injectivity. For this, assume that (a1, as), (a},a}) €
R? are such that ¢1(a1,as) = ¢1(al,ab) =: (p,p’). Notice that

p— p’ = —tanh(a1 — ag) = —tanh(a’l — Q/Q),

which implies that a; — as = a} — a}. From the identity ;ﬁvl(al, as) = ?qﬁvl(a’l, al),
we then deduce that

e~ cosh(ay) = e cosh(a}) and e cosh(as) = e~ cosh(a}),
which in turn implies that a; = o} and ay = a). The map 61 is then injective.

The rest is then a direct consequence of the following observations: for any
ai,az € R,

1- 1—p
a, = arctanh <p/p> and ay = arctanh ( pp > , (4.5)

with (p,p’) := E(al, az). Moreover, for all (aj,az) € R?,

efalfaz
Jac~ (ay, ‘ — ¢ " o 16
’ b1 (a1, a) cosh®(a; — as) # (46)

Setting (p,p’) := E(al, az), the use of (4.5), (4.6), together with the identity

1 cosh?(a; — as)

pp’ e %1792 cosh(ay) cosh(ay)’
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yields the above rewriting for QD;II,%C’(/JZ

(‘p;fcl/}) (av é) =

1 1 1 tanh(a —a )@
D] 1 2
(27 ZV) R2 COSh(a] ) COSh(ag) COSh(a] - ag)

h(a; — 1
x Fo (a +ay + log (COS(QIGQ)> S tanh(a2)>

cosh(as)
h(as — 1
x Fa (a +as +log (W) S tanh(al)) daydas.

By writing more explicitly the partial Fourier transforms (by means of integrals)
in the above RHS, we can then notice that the integral representation of
(¢*F°4) (a,€) coincides exactly with the expression of (¢px5C) (a,€) given
in the item (iii) of Theorem 3.4.4 (with K := Ko = (1,0)). This leads to the

following result.

Theorem 4.2.2. The restriction of the star-product ¥%¢ to the space £FC
coincides with the star-product +2¢. That is, for all ¢, € EEC | the following
holds”:

ROy = By,

The space (E5C,«1C) = (€8¢ ;RC) is then a subalgebra of (Lz(S),chc).

v Y v ) 174

Proof. Thanks to Corollary 3.4.15, we know that the space Sl is dense
in £8C. Hence, for ¢ = lim,, ¢, = lim,, ¥, € ELC with ¢,, ¥, € CRatd
for all n,m, the continuity of the star-products +Z¢ and Jc,lfc (see respectively
Proposition 3.4.17 and Proposition 4.1.5) along with the previous computation
lead to:

o+ = (lim oy ) +5€ (lim oy,
n m
= lim (cpn *BC 1/Jm)
= }11% (@n;fcwm)
= (lim gpn) ;50 (lim ¢m>
= ¥, Y.

For ¢, € EEC | the product @%fcw then belongs to £, This completes the
proof. |

"Recall that 5 and #5C are given respectively by the item (iii) of Theorem 3.4.4 and
the formula (4.2).
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This means that 7 defines an extension of the non-formal star-product
*RC " Nonetheless, we note an important point. Recall that in chapter 3, we
have computed all the intertwiners between the (strongly closed version of
the) non-formal BG star-product and a grc-invariant star-product on (S, wS)
(namely, the RC star-product). We can see, therefore, that it is possible to
intertwine non-formally x2¢ and %7€ only at the level of the subalgebra £/¢
of L*(S) (the latter being the algebra associated with 7). Hence, in addition
to providing a link between two non-formal star-products on (S, ws), the work
done in chapter 3 have yielded an unexpected subalgebra of L2(S), stable for
the ¥2¢_product.

1 .
Denote now as (’Hfo) the orthogonal complement of H“ in the space
L?(S). Note that this space contains all the Schwartz functions (i.e. functions in

the space S(S)) admitting a partial Fourier transform with a support contained
11

outside the strip R x [_W’ W} (w.r.t. the identification S ~'S ~ R? by means

of the coordinates (1.24)). Indeed, for such a function 1 and for ¢ € S/l ¢
HEC the formula (2.35) implies

1
(Y, 0)r2s) = %U‘Vl)’f@m(& =0.

We end this section with the following proposition.

Proposition 4.2.3. The space (’HfC)J‘ is a right H2¢-module w.r.t. 7 i.e.

we have the following map:

(HEC) x HEC - (hC)*

(1, @) = Vx .

~RC ~RC
Proof. We consider the trace form Tr  given in Proposition 4.1.9 (i.e. Tr  (f) =
Js f)- Extending this trace to the space L'(S), Proposition 4.1.9 implies that

—~RC
for f,g € L3(S), Tr (f35%) = (f,9)12(s). Hence, for 1 ¢ (”HfC)L and
01,02 € HEC we have

- . —~RC . .
W*EC 01, B) 2y = Tr (W% 01)* %)

—~RC
=Tr (¥ (1% %2))

= (¥, o155 Cpa) 12(5)-
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Using Theorem 4.2.2, we know that 901%50902 = 1%8%p,. So this element
belongs to HEC. Since this space is stable under the complex involution®, we
get (1, p1%5C 05) r2@s) = 0, which implies that the element Y*EC 01 belongs to
the space (’HEC)L. [ |

8See Proposition 3.4.19.
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