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ABSTRACT. We consider the Boussinesq equation on the line for a broad class of Schwartz
initial data for which (i) no solitons are present, (ii) the spectral functions have generic
behavior near 41, and (iii) the solution exists globally. In a recent work, we identified
ten main sectors describing the asymptotic behavior of the solution, and for each of these
sectors we gave an exact expression for the leading asymptotic term. In this paper, we

give a proof for the formula corresponding to the sector % € (0, %)
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1. INTRODUCTION
The Boussinesq equation
Ut = Ugy + (u2)1‘3§ + Ugzzx, (11)

where u(x,t) is a real-valued function and subscripts denote partial derivatives, is an ap-
proximate model for water waves introduced by J. Boussinesq in the 1870’s [5]. This nonlin-
ear equation models small-amplitude dispersive waves in shallow water that can propagate
in both the right and left directions [23]. The Boussinesq equation is ill-posed, and is there-
fore often referred to as the “bad” Boussinesq equation. Partly due to this ill-posedness,
the mathematical literature on (1.1) is limited: we refer to [1, 3, 20] for results on soliton
solutions, to [32] for a Lax pair, and to [24, 31] for nonexistence results of global solutions
for certain initial-boundary value problems. Until recently [9], the problem of obtaining
long-time asymptotics for the solution of (1.1) was still open, see e.g. Deift’s list of open
problems in [13].

In [9], we developed an inverse scattering approach to the initial value problem for (1.1).
Among other things, we proved in [9] that for a large class of initial data, the solution is
unique and exists globally. The asymptotic behavior of such solutions is described by ten
main asymptotic sectors, and for each of these sectors the leading asymptotic term was
given in [9, Theorem 2.14]. For reasons of length, the proofs of some of these asymptotic
formulas were omitted in [9]. The purpose of this paper is to give the proof for the for-
mula corresponding to the sector 7 € (0, %) (this sector was denoted “sector V” in [9]).

The proof is based on a Deift-Zhou [15] steepest descent analysis of an associated Rie-
mann-Hilbert (RH) problem. A brief overview of the main steps in the derivation can be
found in Section 3; here we merely mention that one novelty of the proof is that only certain
of the jump matrices are initially factorized, with the relevant factors paving the way for
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the subsequent transformations of the Riemann-Hilbert problem, while the other jumps are

only adjusted according to these transformations and are then handled via estimates.
Results on long-time asymptotics for other integrable equations can be found in e.g.

[2, 4, 6-8, 12, 14-19, 21, 25, 27-30].

2. MAIN RESULT

We consider real-valued initial data in the Schwartz class,
uo(z) := u(z,0) € S(R), ui(x) := u(x,0) € S(R). (2.1)

We further assume that [p u;(2)dz = 0. As noted in [9], this assumption is natural because
it ensures that the total mass [ u(x,t)dz is conserved in time. The approach of [9] provides
a representation for the solution to the initial value problem in terms of the solution n of
a row-vector RH problem. This RH problem depends on two scalar reflection coefficients,
r1(k) and ro(k), which are defined as follows (see [9] for details).

2.1. Definition of 71 and ry. Let w:=e's and define {1;(k), z;(k)}}_, by
Wik + (wk)™! (Wk)? + (wik) 2
li(k) = i—————, zj(k) =1 , ke C\{0 2.2
i (k) V3 i () Wi \ {0} (2.2)
Let P(k) and U(x, k) be given by
1 1 1 0 0 O
P(k)=( (k) (k) I3(k) ), U(z,k) =Pk 0 0 0 P(k),
ll(k)Q lz(k)Q I3(k)? a5 2 0
where vo(z) = [ "dz'. Define X(x, k), X?(z,k) as the unique solutions to the

Volterra mtegral equatlons

X(v,k) =1~ / e@=TER) (UX) (2!, k)e~ @R gy

XA k) = [ e SR @ el
where (-)7 is the transpose operation and £ = diag (I1,12,13). Define s(k) and s (k) by
s(k) =1 — / e ERUX) (2, k)e™ P dz,  sA(k) =1+ / LR (UTXA) (2, k)e ™R dg.,
R R

The two spectral functions {r;(k)}? are defined by
& . R
e AT
TQ(k) = 0) ke I‘4 \ Q7
where the contours f‘j =TI'; U 0D and the set Q are defined in Section 2.4.

(2.3)

2.2. Assumptions. As in [9, Theorem 2.14], our results will be valid under the following
assumptions:

(i) There are no solitons: we suppose that s(k)y; is nonzero for k € (DyUdD)\ Q, where
Dy is the open set shown in Figure 1 and 9D is the unit circle.
(i) The spectral functions s and s have generic behavior near k = 1 and k = —1: we
suppose for k, =1 and k, = —1 that
lim (k‘ - k*)s(k)u 7é 0, lim (k - k*)s(k))lg 7é 0, khnlg S(k)31 7& O, kliril S(k)gg 7é 0,
—Rx

*

lim (k — k.)s™ (k)1 #0, Jim (k ky)s™(k)s1 # 0, Jim sA(k)13 #0, lim s?(k)s3 # 0.

k—ky —ky k—ky
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Figure 1. The contour I' = U?:lfj in the complex k-plane (left) and the open sets D,
n=1,...,6, together with the sizth roots of unity k;, j =1,...,6 (right).

(731) There exists a global solution to the initial value problem (1.1)—(2.1): we suppose
that r1(k) = 0 for all k € [0, ], where [0, ] is the vertical segment from 0 to 4.

We emphasize that Assumption (i) is generic. Let us also comment on Assumptions (%)

and (4i):

e In [10], the long-time asymptotics for the solution to the initial value problem (1.1)—
(2.1) is obtained in the sector £ € (-, 1) in the case when solitons are present. The
solitonless assumption (i) is made here for simplicity; we believe that the case when
solitons are present can be handled using similar ideas as in [10].

e The Boussinesq equation is ill-posed and admits solutions that blow up at any given
positive time [9]. Assumption (ii7) ensures that the solution belongs to the physically
relevant class of global solutions. It follows from [9, Theorems 2.6 and 2.12] that this
class is large. More precisely, associated to any functions rq, ry satisfying Assumption
(73) and the conditions stated in [9, Theorem 2.3], there exist Schwartz class initial
data ug, vy such that r;(k;up,vo) = rj(k), 7 = 1,2, and such that the initial value
problem (1.1)—(2.1) with u; := d,vg admits a global Schwartz class solution.

2.3. Statement of main result. We now introduce the necessary material to present our
main result. For easy comparison, we use the same notation as in [9]. Let ¢ := x/t and
assume that ¢ € (0, %). For k € C\ {0}, define ®;;(¢, k) for 1 <j <i <3 by

NE]
®i;(C, k) = (Li(k) — 1 (k)¢ + (zi(k) — 2 (k). (2.4)
The function k — ®91((, k) has four saddle points {k; = k; (C)}?:l given by

kz—i(C—m—i\@\/‘L—CzJFC\/SJF@)a (2.5a)
by — i(“ VEFC - i1 ¢ - (VB ), (2.5b)

k1 = ko, and k3 = k4. Moreover, |ko| = |k4| = 1, arghs € (—3%,—%”), and argky €

(=%, —%)- Define also 0,(¢, k), j =1,...,5, by
1 /’ ln(1+7‘1(w28)7“2(w25))d8}

51(C,/€):6Xp{2m_ . "
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52(C. k)_exp{;z/w% In(1 +Sr1_(2)r2(s))ds}7 53(C.K) _exp{%lr/w *h2 lnf }
54(c, k:)—exp{271” /w:@ l?‘i(z)ds}, 55(¢, k:)—exp{271m /;;Q 5( . ds}, (2.6)

where the paths follow the unit circle in the counterclockwise direction, the principal branch
is used for the logarithms, and

f(k) =14 ri(k)ra(k) + r1(o5)ra(sg), k€ OD. (2.7)

%\

Various properties of r1,72, and f have been established in [9, Theorem 2.3 and Lemma
2.13]. In particular, r1,r9, f are well-defined on 9D\ Q and the arguments of all logarithms
appearing in the above definitions of {d;((, k)}5-:1 are > 0. Define

Dl(k):“ 2k)o ( k) S1(wk) Ga(k)da(wk)d2(1)2 03(wk)d3(w2k)d3( )2
01(1)01(hr)  Ga(wk)20a(h)0a( L) 03(k)203(1)0a(hr)
04(w?k)*3a(5)0 (%)%(wk) 55(L)05(L)
5a(k)3(wk)a( ) 85 ()b (1)205(w2k)

DQ(]{): 51(w2k)251< ) ( 2k ) 52(%)(&(&) 63(('02]{)253(&)53(%)

al<k>al<> 1(wh)  0a(wh)8a(5ap)202(w?k)  G3(4)%03(wh)
dq(w? (%)2 85 (wk)d5 (=57 ) 205 (w?k)
54<wk>254< DaD) 50

Define x;(¢, k), j =1,2,3, and x;(¢, k), j = 4,5, by

x1(¢, k) = ! /Z Ing(k — s)dIn(1 + rl(w23)r2(w23)),

2mi o,
oG k) = 271m / ok — $)dIn(1 + 11 (s)ra(s)),
e = o [ s s,
W) =g (k= ain( ()
—mm ([ ;) (k= )/ (6) ~ T — ) (5 ).
W) = g (k= amn((e2)
-0

- b im ng(k — s)dIn(f(w?s)) — In —w)In(f(e
gt ([ k) (k) () ). 29

where the paths follow the unit circle in the counterclockwise direction. For s € {e | €
(2,25}, k— Ing(k—s) = In|k—s|+iarg,(k—s) has a cut along {e | 6 € [, arg s]}U(i, ic0)
ifarg s > Z, and a cut along {e | 0 € [arg s, T]}U(i,i00) if arg s < Z, and the branch is such
that arg,(1) = 2. Also, for s € {e? : 0 € [, 2]}, k — Ing(k—s) := In |k —s| +iafg,(k—s)
has a cut along {€ : 6 € [arg s, 7]} U (—00,0), and satisfies afg (1) = 0. In the definitions
of X4, X5, a regularized integral is needed because f(1) = f(w) = 0 (see [9, Lemma 2.13



BOUSSINESQ'S EQUATION: ASYMPTOTICS FOR ¥ € (0, J5)

()]). Let the functions {v; };*:1 and 7 be given by

(k) = ——— (1 + ri(wk)ra(wk)),  va(k) = ——— (1 + r1 (w2k)ra(w?k)),

2 27
v3(k) = —% In(f(wk)), va(k) = —% In(f(w?k)),  ta(k) = va(k) + v3(k) — va(k).

The following functions Jl,o and JQ’O appear in our final result:
Jl,O(Cv t) = e~ 41 (w?ka) o2x1 (Cwka) ,—2ivs (w?i) lni(w’%—i)t—il/l(w2k4)zifiV1(W2k4)D1 (wky), (2.9)
J2 o(C,t) = e~ 2x2(Cw?ka) +xa(Cw?ha) —Xa(Cw?ka)+2%5 (Cw?ka)
% eiug(w2i) lni(w2k27i)ti(ll4(k2)fl/3(k2)*l/2(k2))zgf£l’4(k2)_'/3(kQ)_VZ(kQ))'DQ (kaQ), (210)

where 21 ., 22, are given by

210 = 21%(C) == V2eT #, —iwksz15 > 0,
El El 4k4 El
i 4 — 3ko — k3
224 = 22%(C) 1= ﬁe4\/_w242]§42€7 _iw2k222,* >0,
2
and the branches for the complex powers z;’f L, =ce“ nzj« are fixed by
Inzi, =z, +iargzi . =Injzi.] + z(% — (wk4)), arg(wky) € (3, 5),
Inzo, =1In|za,| +iargzo, = In|zo.| + z(g — arg(w 2k ), arg(kag) € (5, 2%)
Finally, define also
- 1 1 - 1 - 1
= [F(ka)|2r1(ka), g2 = F(w’ka)2r1(w?ka), g5 = [F(wha)[2r1(wk2), g6 = [F(75)12m1(55)
where
- w? — k? 2 2

We now state our main result, which establishes the long-time behavior of u(z,t) in the
sector ¢ € (0,1/4/3). The statement involves the Gamma function I'(k), as well as the
square roots of D5(ko) and vi(w?ky). These square roots are well-defined and > 0 thanks
to the inequalities 75 (k2) > 0 and v1(w?ky) > 0 established in Lemma 6.3 below.

Theorem 2.1. Let ug,u1 € S(R) be real-valued and such that [puidez = 0. Let vo(x) =
[ wi(2')da’ and suppose that ug,vo are such that Assumptions (i), (ii), and (iii) are
fulfilled. Let T be a fixed compact subset of (0, %) Then the global solution u(x,t) of the
initial value problem for (1.1) with initial data ug,u1 enjoys the following asymptotics as
t — oo:

A A2(¢) Int
u(z,t) = i/i cosa (¢, t) + \2/i cos s (C, t)—l—O( . >, (2.12)

uniformly for ¢ := ¥ € I, where

Ai(q) o= DAV AR ),
—iwkaz14|F (5|2

—4/3\/D (k) |7 () |2 1m ey

—iw2k2227*

As((C) := sin(arg(w2k:2)),

_ 3T - ) ~
ai(¢,t) == o s + arg T(iv1 (w?ka)) + arg dy o — ¢ Im @31 (¢, whky),
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- 3T = ~
ao(C,t) = i arg(ge — q2qs) + arg I'(iva(k2)) + argda g — tIm <I>32(C,w2k:2).

2.4. Notation. We use the following notation throughout the paper.

— C' > 0 and ¢ > 0 denote generic constants that may change within a computation.

— [A]1, [A]2, and [A]3 denote the first, second, and third columns of a 3 x 3 matrix A.

— If A is an n x m matrix, we define |A] > 0 by |A]* = %, ;|A;;|*>. For a piecewise smooth
contour v C C and 1 < p < oo, if |A| belongs to LP(y), we write A € LP(y) and define
JAlLLoy = Al ooy

— D ={k € C||k| < 1} denotes the open unit disk and 0D = {k € C||k| = 1} denotes the
unit circle.

— f*(k) := f(k) denotes the Schwarz conjugate of a function f(k).

— D.(k) denotes the open disk of radius € centered at a point k € C.

— S(R) denotes the Schwartz space of all smooth functions f on R such that f and all its

derivatives have rapid decay as x — +oo.
mi(j—1)

— kj=e 3 ,j=1,...,6, denote the sixth roots of unity, see Figure 1.
— Welet Q := {/ij}?zl and Q := QU {0}.
— D,,n=1,...,6, denote the open subsets of the complex plane shown in Figure 1.

- I'= U?:1Fj denotes the contour shown and oriented as in Figure 1.
— f’j =I'; U 0D denotes the union of I'; and the unit circle.

3. THE RH PROBLEM FOR n

The proof of Theorem 2.1 is based on a careful analysis of a RH problem derived in [9].
We now recall this RH problem, whose solution is denoted by n. Let 0;;(x,t, k) =t ®;;((, k).
Forj=1,...,6,let us write I'; = 'y UT'j», where I'yy = I'; \ D and I';jr :=T'; \ T'js with I';
as in Figure 1. Because r1(k) = 0 for all k € [0,:] (by Assumption (#77)), the jump matrix
v(x,t, k) is given for k € T' by

1 —ri(k)e 2 0 1 00 10 0
v = 0 1 0 , U = rl(%)eeﬂ 1 0 , Uy = 01 —T‘Q(ﬁ)(i_g32 ,
0 0 1 0 01 00 1
1 0 0 1 00 10 ri(hg)e
vy = | 0 1 0], vy = 0 1 0],v3n=10 1 0 ,
0 ro(wk)e?2 1 —ri(w?k)efr 0 1 00 1
1 —ry(f)e % 0 1 00 10 0
Vyr = 0 1 0 , Vg = 7"2(]{7)6921 1 0 s Usl = 01 —rl(wk:)e 032 5
0 0 1 0 0 1 0 0 1
1 0 0 1 00 1 0 ro(w?k)e 9
1}5// = 0 1 O s ’1)6/ = 0 1 0 N 1}6// = 0 ]_ 0 R
0 ri(Zp)ef2 1 —ra(hp)ef 0 1 0 0 1
1 —ry(k)e b2 ro(w?k)e %1
vy = —1“2(14:)6‘921 1+ ri(k)ra(k) (rg(ﬁ) — rg(k)rg(w2k:))e_932
el (ka:)ee31 (rl(ﬁ) —r1(k)ry (wgkz))ee?’2 f(ka:)
f(k) ri(k)e=® (ri(g) — r(k)ri(wk))e %
vg = rg(k)6921 1 -7 (wk:)e_@32 ,
(rg(w%) — rg(wk)rg(k))6931 —ro(wk)efs? 1+ r(wk)ra(wk)
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1+ 71 (w?k)ra (w?k) (ra(3) — ra(wk)ra(w?k))e=021  —ro(w?k)e =0
vg = (7“1(%) -7 (wk)rl(wzk:))ea?l f(wk) 71 (wk‘)e*932 ,
—r1(w?k)ef ro(wk)efs? 1

(3.1)

where vj;, v, vj» denote the restrictions of v to I'j, I'js, and I'j», respectively. Let I'y =
{ir; }?zl U {0} denote the set of intersection points of I', and define
0 01 010

A=(1 0 0 and B:=[1 0 0]. (3.2)
010 0 01

The RH problem for n is as follows.

RH problem 3.1 (RH problem for n). Find a 1 x 3-row-vector valued function n(z,t,k)

with the following properties:

(a) n(z,t,-) : C\T — C'*3 is analytic.

(b) The limits of n(z,t, k) as k approaches I'\I'yx from the left and right ezist, are continuous
on '\ I'y, and are denoted by ny and n_, respectively. Furthermore,

ny(z,t, k) =n_(z,t,k)v(z,t, k) for kel \T,. (3.3)
(¢) n(z,t,k) =0(1) as k — k, € T',.
(d) For k€ C\T, n obeys the symmetries
n(z,t, k) = n(z,t,wk) A~ = n(z,t, kB (3.4)
(e) n(x,t, k) = (1,1,1) + O(k™1) as k — oo.

Recall that ug, vg are such that Assumptions (i), (i7), and (¢i7) hold, and that ui(x) :=
vy(z). Hence, it follows from [9, Theorems 2.6 and 2.12] that RH problem 3.1 has a unique
solution n(x,t, k) for each (z,t) € R x [0, 00), that

nél)(a:,t) = klingo k(ng(x,t, k) —1)

is well-defined and smooth for (z,t) € R x [0,00), and that u(z,t) defined by

0
u(z, t) = —z'\/ga—nél)(m,t) (3.5)
x
is a Schwartz class solution of (1.1) on R x [0, c0) with initial data ug, u;.
Note that v in (3.1) obeys the symmetries

v(x,t, k) = Av(z,t,wk) A~ = Bo(z, t, k1) 1B, kel, (3.6)

and that v depends on z,t only via the phase functions ®51, ®31, and $35. As mentioned
in Section 2, the saddle points of ®9; are given by {k; }?zl. From the relations

©31(C k) = — @1 (C, k), P3a(CLk) = o (G wh), (3.7)

we then conclude that {wkj}§:1 are the saddle points of ®3; and that {w2kj}§:1 are the
saddle points of ®35. The signature tables for @51, ®31, and P35 are shown in Figure 2.

Our proof employs the Deift-Zhou [15] steepest descent method and involves a series of
transformations n — n(*) — n? — n) — i, These transformations are invertible, mean-
ing that the RH problems satisfied by n(!), n® n®) # are equivalent to the original RH
problem 3.1. In the sector ¢ € Z considered here!, it turns out that the main contribution
to the long-time asymptotics of u(z,t) come from a global parametrix A and from twelve
local parametrices near the saddle points {k;,wk;, w?k; }?:1.

IRecall that Z denotes an arbitrary compact subset of (0, %)
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Figure 2. From left to right: The signature tables for ®o1, P31, and P39 for ( = ﬁ The
grey regions correspond to {k|Re®;; > 0} and the white regions to {k|Re ®;; < 0}. The
saddle points ki, ks, ks, kg of ®o1 are blue, the saddle points wki,wks,wks,wky of @31 are
red, and the saddle points w?ky, w?ke,w?ks, w?ks of ®3o are green. The black dots are the

points ikj, j=1,...,6.

The jump contours and jump matrices for the RH problems for n(), n(®) n() 7 will be
denoted by T'W . T® TG) T and v, 0@ 0B, respectively. The symmetries (3.4) and
(3.6) will be maintained after each transformation, so that, for j = 1,2, 3,

v (2, t, k) = Ao (z, ¢, wk) A~ = BoY (2, ¢, k=)' B kerW 3.8
( Y ) ( Y ) ( Y ) ) 9 ( )
) (z,t, k) = n) (2, t,wk) A" = n0)(z,t, k1B, keC\TW, (3.9)

and similarly for 7 and 0. These symmetries will save us some efforts, because (i) we
will only need to construct explicitly two local parametrices near wky and w?ks, and (ii)
we will only have to define the transformations n¥) — nU* and n® — # in the sector
S:={k € Clargk € [5, Z]}. In the rest of the complex plane, the local parametrices and
the transformations will be defined using the A- and B-symmetries.

The analysis of the asymptotic sector ( € Z considered in this paper involves two main
difficulties (which are not present for ¢ > 1): (i) the opening of the lenses can only be
implemented by introducing poles in the jump matrices, which complicates considerably
the constructions of the global and local parametrices, and (ii) the model RH problem used
for the local parametrix near w?ky, albeit using parabolic cylinder functions as in earlier
works such as [22], involves jump matrices of a much more complicated nature than in the
previous literature (see Lemma A.2).

4. THE n — nY) TRANSFORMATION

The following properties of 71 and 79, which were proved in [9, Theorem 2.3], will be
used throughout the steepest descent analysis: 71 € C®(I'), 7o € C®(Ty \ {w?, —w?}),
r1(kj) # 0 for j =1,...,6, ro(k) has simple poles at k = +w?, and simple zeros at k = +w,
and r1, 79 are rapidly decreasing as |k| — co. Furthermore,

r1(Zg) + ra(wk) + 1 (wk)ra(}) = 0, k€D {w, —w}, *1)

w? — k2 ~ 2 2
(k) = m, k S P4 \ {O,W , —W }, (42)

r(=1) =1,  ro(1) =rao(~1) = 1. (4.3)

ro(k) = F(k)ri(k71), 7

Tl(l)
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7f)

The first transformation n — n) consists in opening lenses around O \ Q. For j =1,2,
define

and let

ri(k) _ (k) —r(gp)ri(Gap)
fk)’ f(k)
Since the above spectral functions are (in general) not defined in a neighborhood of 9D, we

need to decompose them into an analytic part and a small remainder. Let M > 1 and let
{Uf = U{(¢, M)}3_, be the open sets defined by (see Figure 3)

Ul = {k|Re ®2; > 0} N ({k|argk € (3F, 7] U [—m, arg(w®ks)), M ™" < |k < 1}
U{k|largk € (—F,argks), 1 < |k| < M}),
U = {k|Re®y; >0} N ({kyargk € (argky, = %), M~ < |k| <1}
U {k|largk € (5, arg(w’ks)), 1 < |k| < M}),
U? = {k|Re ®2; > 0} N {k|argk € (argki, 5F), M~' < |k| < 1},
U = {k|Re ®2; > 0} N {k|argk € (arg(wks), %), M ™" < |k < 1},
U = {k|Re @91 > 0} N {k|argk € (arg(w?ks),argki), 1 < |k| < M)}.
It is known from [9, Lemma 2.13] that 1 + r1(k)ra(k) > 0 for all £ € 0D with argk €
(m/3,7m) U (—27/3,0), and that f(k) = 0 if and only if ¥ € {£1,+w}. Hence, for each
¢ € {1,2,3}, 71 is well-defined for k € QU{NOD; 1 4 is well-defined for k € (OU{NID)\{1};
and 71 5 is well-defined for k € (OU7 N D) \ {w}. Let ny > 0 be the smallest integer such
that (k — 1)™ 7y 4(k) remains bounded as k — 1, k € 9D, and let n,, > 0 be the smallest
integer such that (kK —w)™r; 5(k) remains bounded as k — w, k € OD.

The next lemma establishes decompositions of {rm}?:l; we will then obtain decompo-
sitions of {ry ¢};_; using the symmetry (4.2). Let N > 1 be an integer.

rja(k) =

Lemma 4.1 (Decomposition lemma). There exist M > 1 and decompositions
r1o(k) = 100, t, k) + 7100 (2.t k), kEedUufnob, £=1,...,5, (4.4)

such that the functions {7‘17&,1,7’174,,,}?:1 have the following properties:

(a) For each ¢ € I, t > 1, and £ € {1,...,5}, r10q(x,t,k) is defined and continuous for
k € U{ and analytic for k € U}.

(b) For each ( €Z,t>1, and £ € {1,...,5}, the function 11 4, satisfies

N
rl,@,a(xa t, k) - Z
§=0

where Ry = {€7™/6 wks, —1,w?ky, —i,w?ks, —w, k4}, Ro = {i,w?k, kg, e ™/6}, Ry =
{k1, 2™/} Ry = {wka,w?ky, e™/%}, Rs = {w?ka, k1}, and the constant C' is indepen-
dent of (,t, k. Furthermore, for ( € L andt > 1, we have

rﬂ(k) N+1_t[Re®ar(C,k 0
i (k— k)| < Clk — k[N tleaRe®nCh b c ULk, € Ry,

Ny (@) ,
T1747a(x,t, k:) . E : [( 1) T.1'74( )] (1) (kj _ 1)]*n1 < C’k . 1’N+16i|Re<I>21(C,k)\’
, 7!
j=0
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2 2

2 2 N " N S
2 1 0 1 2 2 1 0 1 2 2 1 0 1 2

Figure 3. The open subsets {Uf}?zl of the complex k-plane.

NAne e w) e I)1G) w
st )= 3o L)

Jj=0

(k — w)j—nw <Clk - w’N+1eg|Req>21(¢,k)\’

and these inequalities hold for k € Uf and k € U{’, respectively.
(¢) For each 1 < p < oo and £ € {1,...,5}, the LP-norm of r1¢,(x,t,-) on OU{ N ID is
O(t=N) uniformly for ( € T ast — oc.

Proof. For each £ € {1,...,5}, 8 — Im ®91((, e) = (¢ — cosf)sinf is monotone on each
connected component of 8Uf N oD. Hence the claim can be proved using the techniques of
[15]. Since these techniques are rather standard by now, we omit the details. (]

Note that 7(k) € R for k € 0D\ {—w?,w?} and that 7(k) = ()7 (-5). By (4.2), we
thus have 7o ¢(k) = 7(k)r10(k~1), k € ODNUY, £ = 1,...,5. Using this symmetry, for each
te{l,...,5} welet Uj := {k|k~! € U{} and define a decomposition 79 ¢ = 7944 + 72,4, by

rogalk) = F(k)riea(k™1), k€U, rog,(k):=7(k)rie (k71), ke oUsNaD.
We now proceed with the first transformation n — nW). As explained in Section 3, we
will first define this transformation in the sector S, and then appeal to the symmetries (3.4)
to extend it to the whole complex plane. Since we will need to open lenses differently on
four subsets of 9D NS, we find it convenient to introduce a new contour I'®). This contour
coincides as a set with I' NS, but is oriented and labeled differently, see Figure 4. We let

Fgo) denote the subcontour of I'©) labeled by j in Figure 4. We emphasize that

Fg?) = {eie CAS (arg(ka:g), 2%)}, Fgo) = {eie |6 € (%,arg(wk4))}.
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Figure 4. The contour T'©) (solid), the boundary of S (dashed) and, from right to left, the
saddle points ks (blue), wky (red), w?ks (green), and ki (blue).

On Fgo), we will use the factorization

vg = vél)vél)vgl),

where
1 0 —roq(w?k)e 0 1 rg,a(%)e_(’?l 0
of = [ raPef 1 ra(wh)e e | o = 0 Lo
0 0 1 —11.q(WPk)e®t o (wk)ef2 1
Tl,r(WZk)TQ,r(w2k) 92(“}]{:)6_921 —r27r(w2k)6_931
o) =140l), W)= | gulwk)e’ gwk)  mwk)e 2 |, (45)
—r1 - (w?k) el ho(wk)e?s 0
and
hi(k) = ri,(k) + 1, ( Qk)rg T(wk) ha(k) = ror(k) + T2,a(%)7’1 r(wk),
g1(k) = 7’177‘(# 1, (wk ( )+ 71a ﬁ)TQ,T(Wk))a
gZ(k) = ""2,7“(%]C ( ( 2,a %k)rl,r((*)k))’
g(k) = Tl,r(k)( T(Wk)r2 a( ) +r2 r( ))

1 b ) (k) (r1 (@R Ghe) o (R) + a0 (Ghp)ras (he).

On Féo), we will use the factorization

1
——r = 0 0
1471 (w2k)re (w2k)
vy ~1 _ vil)vél)vé1)7 Uél) _ 0 1 O + Ué,lr),
0 1+ 7 (w?k)re(w?k)
1 cio0e7 % c130e70 0
Uil) = 0 1 0 C21 a66 1 C23.a€ —0s2 ) (46)
0 6327(16932 1 C31 ae Os1 1
where
ci2 = —r2(3), c13 = Pa(w?k), c23 = ra(gp);
Co1 = —7‘1(%) c31 = 721(W2]“3)a €32 = Tl(ﬁ)’
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and ¢;jq, ¢ denote the analytic continuation and the remainder of ¢;; from Lemma 4.1,
. _ 1 _ 1 _ 2
ie., cioa = —121.4(3)s c120 = —7T21.:(5)s €130 = —T2,2,4(W°k), ete.

On Fgo), we will use the factorization

1 (1) (1 1 % ’ 0 1
vy = U; )Ué )'Ué )7 'Ué ) 0 1+ ri(k)re(k) f?k) + UE(M?’
0 0 1+7’1(k’)?“2(k’)
1 apee  ajzee 1 0 0
v§1) =10 1 0 , vél) = a217ae‘921 1 a237ae_932 , (4.7)
0 a32,a6932 1 a31’a6931 0 1
where
a1z = —#1(K) o1 — _r1(ﬁ) s — ro( L) = ro(k)ra(w?k)
’ f(k) ~ 1+ ri(k)re(k) ’
a9y = —fg(k) asy — _TQ(ﬁ) gy = Tl(ﬁ) - Tl(k)rl(w2k‘)
’ f(k) ~ 1+ ri(k)re(k)

and a;j q,ai;,» denote the analytic continuation and the remainder of a;; from Lemma 4.1,
1 1
e.g., 4130 = —T14,a(5z) and azza = 723.4(25)-

Finally, on Fg(i), we will use the factorization

_1 0 0
W, M, 1 o_ [ 0
V7 = V19 V11 V19 v = 0 e 0 + V11
0 0 f(w?k)
1 b12 a€ 021 613 (& 031 1 0 0
1) g’ 1) 0
”go =10 1 ba3 g€ 32 Uy = | ba1,0€"! 1 0], (4.8)
0 0 1 b317a6931 b327a€032 1
where
b — _rl(k) — Tl(ﬁ)ﬁ(w%) —_— ro(w?k) _ r2(ﬁ) — 1o(k)ra(w?k)
hor — _rz(k) — rg(ﬁ)rg(w%) b r1(w?k) _ Tl(ﬁ) — 11 (k)r1(w?k)

and b;j q, bij» denote the analytic continuation and the remainder of b;; from Lemma 4.1,

e.g., biog = —r15.4(k) and bag, = r2,57a(ﬁ). The long expressions for vé}g, vé}lz, and vﬁ?r

are similar to vélg and are omitted, but we mention that Lemma 4.1 ensures that

1 — .
0§ gy = O™, ast— o0, j=2,5.8,1L

Let T be the contour shown in Figure 5. Define the piecewise analytic function n(!)
by

n(l)(a:,t, k) = n(z,t, k)G(l)(x,t, k), keC\ r, (4.9)
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Y \

Figure 5. The contour 'V (solid), the boundary of S (dashed) and, from right to left, the
saddle points k3 (blue), wky (red), w?ks (green), and ki (blue).

where GV is defined for k € S by

1
Uél) I on the — side of F( ) 1)5(1,) k on the — side of FE ;
! -1
(1) !k on the + sid fI‘() (vg ) ,konthe+81deofF8,
¢= 1()1(}%) : k Zz thz Zidz Zf b, GW=quly, & on the — side of T{), (4.10)
4 > - . 1
(v( )) Ik on the + side of I‘( ) (v§2)) Lk on the + side of Fgl),
6 1, otherwise,
and G is extended to C\ ')
G (z,t, k) = AGV (z,t,wk) A~ = BGW (x,t,k~1)B. (4.11)

The functions G and n) are analytic on (C\F(l). Indeed, consider for example the small

region inside the lens on the — side of Fgll); in this region GV = v%) involves the functions
r15,a(k), r25a(2%), and r2.4,4(w?k), and these functions are all analytic in this region as a
consequence of Lemma 4.1 and the definitions of U7, US, and Us.

The next lemma easily follows from Figure 2. Note that v%),vﬁ),vg) (and hence also
nM(xz,t,k)) are singular at k = w, because f(w) = f(1) = 0. This is why the disks D, (w’)
have been excluded in Lemma 4.2.

Lemma 4.2. For any € > 0, GV (z,t, k) and GV (z,t, k)~ are uniformly bounded for
keC\ (TWuy U?ZODe(wj)), t > 1, and ¢ € T. Furthermore, GM)(z,t,k) = I for all large
enough |k|.

By construction, ”Sr) = nM ]( ) on I’(l), where v( ) is given by (4.5) for j = 1,2,3, by
(4.6) for j =4,5,6, by (4.7) for j = 17,8, 9 by(48)forj—10 11,12, and
Ui/l/) = vy, Ui}) = Uy, US/) - ’Uf(jl)vl”(vg()l)) 17 ’Uz(yl) ( (1)) ,U4’U$1)7

o = @B k)G W (k) = o) () ABY) (L) BAT
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1 —(bi2.a(k) + baa.a( X ))e 02 (013
=10 1 —(bQI,a(ﬁ) -+ b237a(k))67932 ) (4-12)
0 0 1

(0D )13 = (b2, (k) (bat.a( ) + bosa (k) + bar o (2 )bss.a( L) — brs () — bapa( L)) e 0.

The expressions for ve,, v3,, vy, are similar to (4.12) and we do not write them down.

5. THE nY) — n(2) TRANSFORMATION

We now proceed with a second opening of lenses. We will use the following factorizations
(the matrices with subscripts u and d will be used to deform contours up and down,
respectively, see (5.3) below):

1 0 0
vgl) = v§2)v§2u), 2152) = 0 1 01,
—r1a(w?k)ef 0 1
) 7'27(1(%)6 021 0
WP = [0 1 0],
0 (r17a(w2k)7“2,a(%) + 1o q(wk )6932 1
1 2) (2 2 ! 0 0
vé ) = véd)vé ), véd) = [ ra(p)e? 1 (ria(wk) +ria(f)ree(w?k))e
0 0 1
10 —rza(ka) —0s1
P =10 1 0 ,
0 0 1
1 C12 a€ 021 1 0 013416 031
vg‘l) = vfj}vll , 0], Uf) =10 1 0 ,
cg0e?? 1 00 1
0 0 1 0 0
vél) = vé2) 1 0], véfl) = czl,aeem 1 023,,16*932 ,
C31, W50 1 0 0 1
1 0 0 1 (a12,0 — @13,0a32,0)e % a3 e %
vgl) = v%)m , v72) 0 1 0], v%) =10 1 0 ,
0 a32a6932 1 0 0 1
0 0 1 0 0
'Ug()l) = véz)vgd, (a21,q — @23, aa31 we® 1 0], Ug()Z) =[0 1 axgee
as1,q€ 031 0 1 0 0 1
10 0 1 bizge %t (bi13q — bi2,ab2s.q)e %
v%) = v%)uv%), v%) =101 bazg e 2 | U%L =10 1 0 ,
00 1 0 0 1
. I ) 1 0 0 ) 0 0
v§2) = v§2)v§221, U§2)d ba qef21 1 0], ng) =10 1 0]. (5.1)
(31,0 — bo1.absaa)e® 0 1 0 bapqe? 1

Let I'® be the contour displayed in Figure 6, and let F§-2) be the subcontour of T') labeled
by j in Figure 6. Define the piecewise analytic function n(® by

n(? (x,t k) = n(l)(a:, t, k)G(Q) (x,t, k), kEeC\ r®), (5.2)
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Figure 6. The contour I'®) (solid), the boundary of S (dashed) and, from right to left, the
saddle points k3 (blue), wky (red), w?ks (green), and ki (blue).

where G?) is defined for k € S by

(2) (2)
(0(2))_1 k above T'\¥ Ut 5 k above I';”,
lu ’ 1 (2)y—1 k bel F(z)
e k below TP (Voq )™ cow Ty
IR - S SIRCLTERNAEY I R CE)
Udyy 5 above 1y 7, (2) \— (2)
(0(2))—1 k below T'?) (vigq) ™", & below I'y3,
6d /2 6> I, otherwise,

and G? is extended to C\T'® using the A- and B-symmetries (as in (4.11)). The following
lemma follows easily from Lemma 4.1 and Figure 2.

Lemma 5.1. For any € > 0, G®(z,t,k) and G (z,t, k)~ are uniformly bounded for
keC\T®u U?ZODe(wj)), t > 1, and ¢ € Z. Furthermore, G (z,t,k) = I for large
enough |k|.

(2)

The jumps v, of n(?) are given for j =1,...,12 by (5.1) and by
vf) = vél), vé2) = vél), 1)5(;2) = Uél), ’Uﬁ) = Uﬁ), v](?) = vj(.l) for j = 1g,...,4s,
2 2) (2 2 2) (2 2 2)\—1_ (2 2 2) ; (2)\—
o) = ool o) =g o = )Tl =enee) T (5.

The jumps on the parts of I'2) NS that are unnumbered in Figure 6 are small as t — oo,
so we do not write them down. The matrix v(®) on T® \ S can be obtained using (3.8).
The next lemma is proved in the same way as [9, Lemma 8.5].

Lemma 5.2. The L®-norm of v'¥ — I on ng) U Fg?,) is O(t™N) as t — oo uniformly for
(el

2)

The next lemma shows that the jumps v j=1s...,8s, also are small for large t.

Lemma 5.3. It is possible to choose the analytic approzimations so that the L°°-norm of
v](.Q) — 1 on I‘;Q), j=1g,...,8, is O(t™N) as t — oo uniformly for { € T.
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Proof. In the case of compactly supported data wg, vy, we can choose 714 = 71, 24 = T2
and aijq = aij, bija = bij, cija = cij for all 1 <4,j < 3, and then long but straightforward
calculations using (4.1) show that 1)(2) = I for j = 1,...,8. In the general case of non-
compactly supported data, the matrlces o\ ;. are non- tr1v1al but it is still possible to choose
decompositions such that they remain close to I as t — co. The proof is similar to [9, Proof
of Lemma 9.2] so we omit it. O

Thus v®) — I'is O(t~N) as t — oo, uniformly for k € I'® \ (U?:o Ui De(w?ky) U OD).
The next transformation n(?) — n(3) makes v®) — I' uniformly small as t — oo for k € dD.
To prepare ourselves for this transformation, we first construct a global parametrix.

6. GLOBAL PARAMETRIX
For each ( € Z, let
51(¢, )t CA\TY - €, 6(¢,).83(¢,-) - C\TE = €, 64(¢,),05(C,) : C\TH = C

be analytic with continuous boundary values {5]-,5[}?:1 satisfying

51.4(C, k) = 61, (C, k) (1 + 11 (k) (w2k)), ker?,
52,4 (C, k) = 62— (C, k)(L + 1 (R)ra(k)), kerd,
85.4(C k) = G5, (G, k) F (), keTy,
Sa(Co k) = 84 (C, k) F (), ker(y,
85,4+ (C. k) = 85, (C. k) f (W), keT?,
and such that
5;(C,k)=1+0(™), k—o0, j=1,...,5. (6.1)

By [9, Lemma 2.13],
14 1 (w?k)ra(w?k) > 0 for all k € T, 14 71 (k)ra(k) > 0 for all k € T2,

F) > 0forall ke TP, f(k) > 0 for all k € T\ {w}, f(w?k) > 0 for all k € T\ {w}.

Hence the solutions to the RH problems for i, d2,d3 are unique and given by (2.6). It
also follows from [9, Lemma 2.13] that f(w) = f(1) = 0, and therefore the solutions to the
above RH problems for d4,d5 are not unique. It turns out that the solutions relevant for
us are those defined in (2.6).

The next lemma establishes several propreties of {6j}§?:1. We omit the proof which
consists of an analysis of the definitions (2.6) and uses the assumption that r; = 0 on [0, 4].

Lemma 6.1. The functions §;(C,k), j =1,...,5, have the following properties:
(a) The functions {6;(¢, k)}?zl can be written as

d2(C, k) = exp (WQ Ing2p,, (k — w’ka) — X2(C7k’)),
( — vz In;(k — i) + ivg Ing2p, (b — w?k2) — x3(C, k)),
04 C k = exp ( — iy lnw2k2 k w k2) X4(C7 k)))

05(C, k) = exp ( = ivs Ingap, (k — w?ha) = x5(G,K) )



BOUSSINESQ’S EQUATION: ASYMPTOTICS FOR % € (0 17

7f)

where the branches for the logarithms are described below (2.8), the functions {x; :;»:1
are defined in (2.8), the functions {Xj}?:4 are defined in the same way as {5(]‘}?:4 in
(2.8) except that In, is replaced by Ing and In,, is replaced by In,,, and

1 1
v = v (wky) = 5 In(1 + 71 (ka)ra(ka)), vo = 1va(ke) = —%ln(l + 11 (WP ko) re(w?ks)),

s = val?i) = 5 In(F(0)) = 5= (1L + Py (W2i)ra(e?)),
vy = wy(ks) = —%hl(f(w%@))a vs = v3(k2) = —% In(f(wks)).

(b) The functions {6;(¢, k)}?ZQ can be written as

02(C k) = exp (ivnlnep, (k — whs) = X2(C.K)),
05(C, k) = exp ( — sl (k — i) + ival o, (k = w?ha) = %a(C R)),
01(C. k) = exp (= ivalhgp, (k = w?ka) = Xa(,K) ).

k)

95(C. k) = exp ( = ivslngep, (k — w?ka) = X5(G,K) ).

where the branches for the logarithms are described below (2.8), and x;(¢, k) is defined

in the same way as x;(¢, k) except that In, is replaced by Ing and In,, is replaced by In,,.
(¢) For each ¢ € T and j € {1,...,5}, 6;(C, k) and 6;(¢, k)~ are analytic functions of k

in their respective domains of definition. Furthermore, for any € > 0,

sup sup [01(C, k)T < oo, sup sup [82(¢, k)T < oo, sup sup |d3(¢, k)T < oo,

CT kec\rl? C€T kec\ry C€T kec\ry)
sup sup [04(C, k) < oo, sup sup |05(Ck)F| < oo (6.2)
C€T kec\r'? C€T kec\rY

|[k—w|>e |k—w|>€

(d) As k — wky along a path which is nontangential to 0D, we have
X1(C, k) = x1(Gs wha)| < Clk — wha|(1 + | In [k — whkal]), (6.3)
and as k — w?ky along a path which is nontangential to OD, we have
1XG(C k) = X (¢ w?ka)| € Clk — w?hka|(1 4 |In|k — w?kol]),  §=2,3,4,5,  (6.4)
where C' is independent of ¢ € T.

Remark 6.2. The identity f(i) = 1+ 71 (w?i)ro(w?i), which is used in the above definition
of v3, is a consequence of Assumption (iii) and the symmetries (4.1)—(4.2). Indeed, by
Assumption (iii) we have r1(1) = 0. This z'mplz'es by (4.2) that ro(i) = 0. We then find
using (4.1) that r1(w%) +r2(=5) = 0 and r1(Z5;) + r2(w?) = 0. This implies in particular
that r1(—5)ra(oh:) =11 (wzz)rg(w i), from whzch f(@) =14 71 (w?i)re(w?i) follows.

The following inequalities will be important for us.
Lemma 6.3. For all ¢ € (0, f> the following inequalities hold:

v 2> 0, Uy =19 +v5 —1vy > 0.

Proof. For ¢ € (0 ’f) we have arghks € (—Z,—Z) and argks € (—2F, —2F). Hence, the

inequality for 14 follows from (4.2) and the fact that 7(k) < 0 for k € {e’e 0e (3,5}
and the inequality for 2, follows from [9, Lemma 2.13 (iv)]. O
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In what follows we drop the ¢-dependence of {4;(¢, k)}?zl for conciseness. For k € C\0D,
we define

Ass(C.K) = 31 (w?k)a1(gg) Ga(k)d2(x)  05(wk)ds(5) 04(w?k)da( ) I5(w kﬁ%(ﬁ).
7 01(k)o1(3)  da(w ) 2(55)  03(k)d3(3)  Oa(wk)oa(zg)  05(k)ds(5
This function satisfies Ag3((, +) = As3(¢, k), and
Ags i (CF) = Mgz (G, k) ! ker®,  (65a)

1+ 71 (w2k)re(w2k)’

Asz 4 (¢ k) = Ass (¢, k‘)H_?((IZ))rQ(k), ker?, (6.5b)
Asz + (¢ k) = Ass (¢, k>f( %)’ kerty. (6.5¢)

Define also A11(¢, k) = As3(¢,wk) and Ao (¢, k) = As3(¢,w?k). We now define the inverse
of the global parametrix by

(AH(C k) 0 0 )
A(C k) = 0 Aga(C, k) 0 , (€I, keC\aD. (6.6)
0 0 As3(¢, k)
The function A satisfies
A(¢ k) = AA(C wk)A™! = BA(C, 1)B,

and possesses the jumps

Ar1 (G k) = Aqp— (G R) (1 + r1(w2k)ra(w?k)), kel (6.72)

A11,4(C k) = Au (G k) f(R), kerl?, (6.7b)
Av1 (G k) = An (G, k) f(R), kerd, (6.7c)
and
Aoz (¢ k) = Aaa(C, k), ke F?), (6.8a)
1
Aoz (¢, k) = Aga,(C, k’)m> ke F§2), (6.8b)
w2
Ag2 4 (¢ k) = Aoz (G, k‘)f( £ ke ]_“521). (6.8¢)

f(k)

The next lemma follows from (6.6) and Lemma 6.1.
Lemma 6.4. For any ¢ > 0, A((, k) and A(C, k)~' are uniformly bounded for k € C\
(U?ZODe(uﬂ) UOD) and ¢ € Z. Furthermore, A((, k) = I+ O(k™1) as k — oo.
7. THE n(®) — n®®) TRANSFORMATION
Let 3 be the piecewise analytic function given by
n® (a1, k) =n® (2,6, )ACK),  keC\T®, (7.1)

where T'(®) = T2 It satisfies nf) =n®y® on I'®) | where v®) = AZ1y@IA .

Let Xl and X5 be small crosses centered at wky and w?ks, respectively. More precisely,
Xl = U —1 X7, where

i1 =TV N De(why), Xio =T N De(whs),

Xf3 =T N D(wha), Xy =T N D(wha),
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1
7)

are oriented outwards from wky, and Xy := U;*:l/l’i ;j» where
X5, = ng) N De(w?ks), Xy o= Fg%) N De(w?ky),
X5y =T N De(w?ks), X, =T 0 De(w?hy),

are oriented outwards from w?ky. Let X¢ = U32:1 (Xje UwXf U w2XjE U (2(]-5)_1 U (wa)_l U
(wzé’(j)*l) be the union of all the small crosses centered at the twelve saddle points.

Lemma 7.1. v converges to the identity matriz I as t — oo uniformly for ¢ € T and
ke TG\ X¢. More precisely, for ¢ € T,

10® = Tl 1 poeyron 2oy < O (7.2)

Proof. From the expressions for vj(-l), j=2,5,8,11, in (4.5), (4.6), (4.7), and (4.8) together
with (5.4), (6.5), (6.7), (6.8), we deduce that

o = AT AL =T+ ATWAL j=2,58,11. (7.3)

T

By Lemma 4.1 and Lemma 6.4, the matrices A:lv§12A+, j=2,5,8,11, are small as t — oo.

Using also Lemmas 5.2 and 5.3, we inAfer that the L' and L* norms of v(® — I tend to 0 as
t — oo, uniformly for k € SNT®) \ X¢. Then (7.2) follows from the symmetries (3.8). O

To define the next transformation n®® — 7, we need to construct local parametrices near

{kj, wk;, wzkj }34:1- Thanks to the A- and B-symmetries, we can focus on the construction
of the parametrices near wky and w?ks. The construction of these two parametrices is the
content of Sections 8 and 9. We will then show in Section 10 that these parametrices are
good approximations of n(®) in D, (wk4) and D.(w?ks).
8. LOCAL PARAMETRIX NEAR wky
As k — wky, we have
4 — 3ksC — K
(@31 (G ) — B (G, ha)) = G, (5 — wha)? + O((k — wk)’), gy 1= ke S,
4

Let z1 = z1(C, t, k) be given by
2i(P ky) — @ k
o= ik —whk)h, A :\/ i(P31(¢, wka) — P31(¢, ))7

Z%,*(k - wk4)2
where the principal branch is chosen for Z; = 2,((, k), and

2= V2eT v Duwkas —iwkaz1 % > 0.

We have 21 (C,wkq) = 1 and t(P31((, k) — P31(¢, wky)) = % Let € > 0 be fixed and small
enough that the map z; is conformal from D.(wk4) to a neighborhood of 0. The asymptotic
behavior of z1 as k — wky is given by

zZ1 = Zl’*\/i(k - wk4)(1 + O(k‘ — w/-c4)).
For all k € D¢(wk4), the following identity holds:
lnwk4 (k — wk4) = 111[217*(]{ — wk4)21] —In 731 —In 21, + 27ri,

where In is the principal logarithm. Shrinking € > 0 if necessary, the function k — In 21 is
analytic in D(wky), In 2y = O(k — wky) as k — wky, and

Inzi, =In|z .| +iarg 2z, = In|z1 .| + z(% — arg(wk4)),
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where arg(wky) € (35, 5). Using Lemma 6.1, we obtain
(C ]{3) — e—iljl In 21 t%ei”l In 21 eiul In Zl’*BiV?’ lni(k—i)e—)a (¢k) 627ru1
, .
alnzy e’ alnzy 4

For conciseness, we from now on, for a € C, use the notation z{ :=e , 20, =e *
and 2§ := e?"%1, Using (6.6) and the above expression for §1(, k), we get

As3(C, k) Di(k) -
A1(C k) 61(¢ k)2 le(C t)d11 (G k)2, (8.1)

Jl 0(C7 t) — 6747w1 62X1(<,wk4)672i1/3 lni(wk4fi)tfiu1 Zl—ziulpl (L{)k4),

- —2iv3 | In; (k—1)—1In; (wkg—1) | »r—2iv Dl(k)
di1(C k) = e (GR) =2 (Cwka) =2 3[1 i(k—=1)—In; (wka )] 121 7
7 Dl(wk4)

Dy(k) = 01(w?k)01 () *01(wk) 0a(k)0a(w?k)0a(3)? I3(wh)ds(w 2k)53(%€)
()0 (gr)  a(whk)?0a( i) 0a(g)  03(k)205(3)d3( 525
0(w?k)?04(3)0a( ) 95 (wh)*05 (55) 5 (). (8.2)
84(k)da(wk)oa(z5)? 05 (k)05 (5)%05(w?k) '

Define Y1((,t) b
Yi(G 1) = dup(C 1) Fer s tunCkirg,
where o = diag (1,0, —1) and A; is a free parameter that will be fixed later. Let
iz, t, k) =n®(x, ¢, k)Y1(¢,t), k€ De(wka),

let © be the jump matrix of 72, and let ¥; be the restriction of v to F§-3) ND¢(wky). By (5.1),
(7.1), and (8.1), we can write

1 iz2

| 0 00 (10 e
1= . iz2 ’/U:)’: O 1 0 ’

—d 1M1 a(w?h)z P e 01 0 0 1

7l22 1

} 10 digA ?foe(w?k)zy™e 2 | 0 (1) 8
4= 10 1 0 » V6 = =2

0 0 1 dy iAo (W2h)z e 0 1

The matrices 75, j = 1,3, 4, 6, suggest to approximate 7 by (1, 1, 1)Y1m®*, where m@“* (x, t, k)
is the solution of the 3 x 3 RH problem with m“*(x t,k) — I as t — oo uniformly for
k € 0D((wk4) and whose jumps on X7 are

1 0 0 9ivy L
10 A 2P (w?hke)zi™e 2
17%]13,41: 0 2 Loy, @S?Ef;: 01 0 ,
A (W) 2 e 01 0 0 1
1 00 “2 o ag N\ 2in
1 0 =X “ro(wky)zy"e 2
Ut = 0 2 POl g =10 1 ' o :
A2y (w2 )2 e s 01 0 0 1
(8.3)

where k, = wky. We fix the free parameter A\ as follows:
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Lemma 8.1. The function Y1((,t) is uniformly bounded:
supsup |Y1(¢, 1) < C. (8.5)
CET t>2
Moreover, the functions JLO(C,t) and di1(¢, k) satisfy
|d10(¢,t)] =1, (€T, t>2, (8.6)
|di1(¢, k) — 1| < Clk — wka|(1 + |1In |k — wka]]), CeZ, ke Xy
Proof. Standard estimates yield (8.5) and (8.7). Let us show (8.6). Observe that
1d1o(C,1)] = e~ 4m1e2Rexa (Cuwha) o2vs arg(wha—i) 21 a8 21 | Dy (k). (8.8)
We infer from Lemma 6.1 that, for £ € D \ {argk € (arg(wk4),7/2)},
51 (CR)| = e arg; (k) org(oh)4m _, orgi (0 tars() gy (c ) (8.9)

where arg; (k) € (7/2,57/2). It follows from the definition of x; in (2.8) that the right-hand
side of (8.9) is independent of k € OD\ {argk € (arg(wk4),7/2)}. Similar calculations show
that |0;(¢, k)|, 7 = 2,3,4,5, are independent of k for k € 9D\ {argk € (7/2,27/3)}. Thus

2 ky)+3 ky)+arg(i)+3
arg(w24> W*Qllg arg(wky) 2arg(l) W*ZRGXl (C,Wkél)'

D1 (wks)| = [01(¢, wka)|* = €

Substituting this expression for |D;(wky)| as well as the expressions arg;(wks — i) =
arg(“)k“)garg(l)ww and arg z1 , = 5 — arg(wky) into (8.8), we obtain dio(¢, 1) = 1. O

The local parametrix m“*4 is defined by
ka4(I7t7k) = Yl(C7t)mX’(1)(Q7 Zl(<7t7 k))Yi(Cat)_lv ke De(wk4)a (810)

X,(1)

where m is the solution to the model RH problem of Lemma A.1 with

q=Fka)2ri(ke), G = —|F(ka)|"2ra(ka).
Note that, for ¢ € Z, we have |g| < 1 and

_ -9 9
1 —[q]? 1—1q?

so that the jump matrices in Lemma A.1 agree with those in (8.3) if z = 2z and v = v;.

q = Nri(Wk,), = A\ 2Fa(Wlky), = —A*ra(w?ky), = N7 (W?ky),

Lemma 8.2. For each t > 2 and ( € T, m“*(z,t,k) defined in (8.10) is analytic for
k € D.(wky) \ Xf. Moreover, m“*(z,t, k) is uniformly bounded for t > 2, ¢ € I, and
k € Dc(wks) \ Xf. On Xf, m** satisfies m“_f_k‘* = m@Fiywks where the jump matriz vk
obeys

(3) _ ywka o <Ot
{Ilv v |y < O Int, Cel, t>2. (8.11)

[0 — 04| e ey < C+1/2 It

Furthermore, as t — 00,
I @8, = Il oo, k) = O2), (8.12)
;i om Vv o

wky —1

—1= + O(t 8.13
217*\/i(k — wk4)21(C, k) ( ) ( )

uniformly for ( € T, and mf’(l) = mf’(l)(q) is given by (A.3).

Proof. The proof is almost identical to [9, Lemma 9.10], so we omit it. O
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9. LOCAL PARAMETRIX NEAR w?ko
The construction of this local parametrix is similar to the one in [9, Section 9.6] (the
difference is that the functions {(5]-};?:1, da,d2 1, Dy appearing in [9, Section 9.6] need to

be defined differently here). For convenience, we provide details of the construction. As
k — w?ks, we have
—(®32(¢, k) — P32(¢, w?ka)) = Gz, (k—w?ka)® + O((k—w?ka)?),
. 24 3kaC — k3¢
Pu2ky = T'

Let z9 = 22((, t, k) be given by

23 = 29 ViH(k — w?ka) 29, Zy = \/2i(¢32(C’W2k2) L)

Z%,*(k - w2k2)2 7

where the principal branch is chosen for Z; = 22((, k) and

224 = \/567 A/ gf)wsz, —iw2k‘222,* > 0.

We have 29(¢,w?k2) = 1 and t(®32((, k) — P32(¢, w?ks)) = ZZ? . Let € > 0 be fixed and small
enough that the map zo is conformal from De(wzkg) to a nelghborhood of 0. As k — w?ks,

29 = 29 VH(k — Wika)(1 + O(k — W2ky)).
For all k € D¢(w?ks), the following identities hold:
Ingop, (K — w?ka) = Ing[22,4 (k — w?k2)22] — In 22 — In 294,
Ingep, (k — w?ke) = Inf2g,4 (k — w?ka)20] — In 2y — In 29,4,

where Ing (k) := In |k|+iargy k, argy(k) € (0,27), and In is the principal logarithm. Shrink-
ing € > 0 if necessary, the function k + In 25 is analytic in D(w?ks), In 22 = O(k — w?ks)
as k — w?ks, and

In 2, = In 2o, +iarg 2o, =In|z.| + (5 — arg(kag)),

where arg(w?kz) € (5, 2%F). Using Lemma 6.1, we obtain

52(C, k) = ex2(CR)= 5 ZEV(QO)ZQ_WZZQ_iVQ,
03(C, k) = e~ iwa (k=i g=xa(Gh) =5 2 2t 8
B1(C, b) = £ 2 A i),
(0B = £ )
where we have used the notation zg 0= — ealno 2 , 25 =e ealn 22 zé‘ — ealnzz,*7 28 1= ¢ In 2y
for a € C. Using (6.6) and the above expressions for {¢;((, k;)}] _,, we get
Bgg _ 5a(k)5(1) o
Agy 53 (k)5 (k)2 'DQ(kf) = d2 o(C t)d2 1(¢, k)Zz vs—U4) ;(((I)f)z 1/4)7 (0.1)

dao(C,t) = e 226 w?k2)+x3(C.w?k2) —X4(C,w?k2)+2X5 (C.w?k2)
% eivs lni(w2k2—i)ti(u4—1/5—ug)zgfim—us—l/z)D2 (w2 kz),

do1(C, k) = e 2x2(CR)+2x2 (Cw?ka)+xs(C,k) —x3(Cw?ha) —Xa (CF) +Xa (Cw?k2)+2X5 (C,k) —2X5 (¢ w?kz)
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« ivs [lni(kfi)flni(kagfi)]2,;1(”4*’/5*’/2) D?(’:(ZZQ) ’
Dy(k) = 51(w2/€)2511(ﬁ)51(ﬁ) 82(3)82(Zr) 83 (w?k)203( 1) d3(=57)
01(k)01(5)201(wk)  Ga(wk)da( 3 ) 202 (w?k)  3(3)%03(wk)
d4(w 2k)54( or)” 05(wk)ds(ag) 05 (w? k) 9.2)
84 (wk)264( 5a7)0a (%) 35(%)35 ()
Define

YQ(C? t) = CZ2,0(C7 t)%eié(bSZ(C’wzkz)&)‘g?
where ¢ = diag (0,1, —1) and A3 is a free parameter that will be fixed later. Let
iz, t, k) = n® (2,6, k)Ya(C,t), k€ De(w?ks),

let © be the jump matrix of 7, and let ¥; be the restriction of v to Fg?’) N D¢(w?ks). By
(5.1), (7.1), and (9.1), we can write

1 0 0
ol = 0 1 0
L2 () R @?R)  —ivs—va) —iCva—va) 5 ]
0 —dy1A3(= 1+r1(1k)7"2(1k) )a?2 Va . e? 1
1 0 0
~ _ o ro(L)—ra(k)re(w2k i(2us—vy4) (29— _ﬁ
v0=10 1 d2 1)\ 2( Q(Wk) f(igk)) 2( ))az2(2 5 4)22(7?0)2 4)6 22 ,
0 0
1 0 0
~ 10 1 0
o2 (Z)—ri () @2h)\  —i(@us—va)_—i(ua—vs) B |
_ ri(=)—r r1(w —1 (25—, —1(2v2—1. iz
0 d2&)\%( \ok f(ulﬂk) 1 )a 2y 5—V4 227(0) 2—V4 e 2 1
1 0 0
1 o (L) —ra(K)ra(w?k)\ i(2vs—va) i(2va—va) _ 3
Vg 0 1 —da1Ay°(2 1k+r1(2k)r2(2k) Jaz2 Zy ) € 2
0 0

The above expressions for the matrices v;, j = 7,9,10,12, suggest that we approximate
n by (1,1, 1)1/'2771“2’“2, where m’k2 (z,t,k) is the solution to the 3 x 3 RH problem with
Mm% (2,1, k) — I as t — oo uniformly for k € dD(w?ky) and whose jumps on X5 are

1 0 0
~w?ks | O 1 0
UXQ{J - 2 l(wk )=r1(ki)r1(w?ky) —i(2us—va4) _—i(2v2—14) L% ’
0 =A 1471 (k) (x) %2 2,(0) ez 1
1 0 0
w2y _ _ora(gir)—re(k)ra(@?he) i(2us—vs) _i(2va—vs) 1
X2€,22 - O 1 >\22 . f(ka*) Z;( Ve V4)Z;E(g)2 V4)6 2 )
00 1
1 0 0
6w2k2 10 1 0
X5z 1y 2 . is2 ’
’ 0 )\2 1 ( wkx ) T1 (k*)Tl (w k*) —Z(2V5—I/4) Z—Z(2l/2 l/4) TQ 1

F(@?ks) %2 2,(0) ¢
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1 0 0
~w?ks _ora(gh)—ra(k)ra(w?ke) i(2us—va) i(2ua—va) _ 2
V5.2 = _ why 5—v4) i(2v2—v4) — 9.3
X5 4 01 Ay T Gon)ra (s 2o Z).(0) e 2 |» (9-3)
0 0 1

where k, = w?ky. We fix the free parameter \y as follows:
1

. PR 1
Ao = [Pl = 7))l (9.4)
The local parametrix m«’k2 is defined by

mW2k2 (.I‘, ta k) = }/Q(C7 t)mX7(2) (Q27 94,95, 46, Z?(C? t7 k))Y2(<7 t)_la ke De(w2k2)7 (95)

where m~ 3 is the solution to the model RH problem of Lemma A.2 with
g = (k)1 (k) G2 = F(ke) " ra(ke) = (k) 271 (ka),
G = (A, d= ()| () = 1A ().
g5 = |F(w?ky) |2 (why), & = —|F(Wke) |2 ra(w?ky) = |F(w2ke) |21 (W2ky),
a6 = lEnGh), ds= Il 2 (k) = F(ak) 2 (G-
Using (4.1) and the relation

7|77 = [F(@?h)|2 = [7(R)] 3 |F(L)|2, ke C\{~1,1},

we see that ¢4 — g5 — q2gs = 0, so that the condition (A.5) holds as it must. Moreover, for
¢ €Z, we have 1+ |g2” — |qa|* = (ki) > 0, 1 — |gs|* — |g6|* = f(w?ks) > 0, and

6—q2qs 2r1(ﬁ)—r1(k*)r1(w2k*)  G6—P0s . _QTQ(ﬁ)—rg(k*)rz(wzk*)
e 1+r1 (ke )ra(ky) ’ 1—[g5[2—[gs? — 72 F(w2ky) )

go—gags__ _ \2"(Giz) i (kori (W?hy) -5 — _ -2 G )2k (@?k)
1—gs[Z=lge]> — 72 Fw?ki) ’ I+lg2[2 — 72 1471 (ki )ra(ky) ’

so that the jump matrices in Lemma A.2 agree with those in (9.3) if z = 2s.
The next lemma is proved in the same way as [9, Lemma 9.9].

Lemma 9.1. Y5((,t) satisfies supgcz SUP;>9 Y2(¢, 1)t < C. Furthermore,
|do o (¢, t)] = ™2, (€T, t>2, (9.6)
|d21(C, k) — 1] < Olk — w?ka|(1 + |In |k — w?ks|), CET, ke Xs. (9.7)
The following lemma can be proved in the same way as [9, Lemmas 9.10 and 9.12].

Lemma 9.2. For each t > 2 and ( € I, the function m*’*2(z t,k) defined in (9.5) is
analytic for k € D¢(w?ka) \ X5. Moreover, me’k2 (z,t, k) is uniformly bounded for t > 2,
(el anczi k € D.(w?ko)\ X5. On X5, me’k2 satisfies m‘f’” = m“ikav‘UQ]”, where the jump
matriz v* %2 obeys

lv® — ”kaQHLl(Xg) < Ct~'nt,
e, t>2. 9.8
{Hv<3> =gy < Ot 09
Furthermore, as t — oo,
LU2 —
||m 2 (xvta ) - I”L""(@Dc(w2k2)) = O(t 1/2)’ (99)
X,(2 _
etk _ p = 126, my Ora(g, 0! +Oo@t™) (9.10)
2245 VE(k — w?k2)22(C, k)
uniformly for ¢ € I, where mf{’@) = mf’(Q)(qz,Q4,Q5,QG) is given by (A.7).
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el
10. THE n(® — A4 TRANSFORMATION
Using the relations
m@ka(z t, k) = Am@F (x,t, wk) AT = Bm®* (x, t, k1B,
m< k2 (z,t k) = Am< 2 (2, t, wk) A~ = Bm® %2 (2, ¢, k) B,

we extend the domain of definition of m“* and m®’*2 from D,(wks) and D(w?ks) t0 Dy,
and D2, respectively, where

Doy = De(wks) UwDe(whka) Uw? De(wks) U De(5) UwDe (5 ) Uw?De(5),

wky

D2k, = De(w?ka) UwD(wks) Uw?De(w?ka) U De( ;) UwDe () Uw? Del ;)

We will prove that

nB) (m@k)=1 ke Doskys
= nB(me k)1 ke Dy, (10.1)
n®, elsewhere,
satisfies a small-norm RH problem as ¢t — oo, ¢ € Z. Let I' = T® U 9D with D :=
D, UD,z2y, be the contour represented in Figure 7. We orient the circles that are part of

0D in the clockwise direction, and define ¥ by

v®), kel \ D,
m“’k4, k € OD,k,,
b= meke, k € 9D, 2y, (10.2)
m&kaqy(3) (mﬁk“)_l, kel'n Dok,
m®h2(3) (mka)_l, k€ T'ND,oyp,.

The function 7 satisfies the following RH problem: (a) 7 : C\ ' — C3 is analytic,
(b) ny = n_v for k € '\ I, where T'y is the set of self-intersection points of I", (c)
iz, t k) = (1,1,1)+O0(k™') as k — oo, and (d) 7(z, t, k) remains bounded as k — k, € T';.

Lemma 10.1. Let w =0 — I. Uniformly fort > 2 and ( € Z, we have

19 p1rpey i @pUtey) < O (10.3a)
10| (p1nzeey@m) < CEY2, (10.3b)
@l 11 2oy < CEnt, (10.3c)
1] oo ey < C2 It (10.3d)

Proof. Since T'\ (9D U X€) = I'®) \ X¢, (10.3a) is a consequence of (10.2), Lemma 7.1, and
(for the part inside D) the uniform boundedness of m“* and m“**2. The estimate (10.3b)
follows from (10.2), (8.12), and (9.9). Finally, (10.3¢) and (10.3d) follow from (10.2), (8.11),
(9.8), and the uniform boundedness of m“** and mk2, O

For a function h defined on T, we define Ch by

(éh)(k)=27lri/fh,g€,_)d:,, keC\T.
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Figure 7. The contour I' = T®)UID for argk € (5 5”] (solid), the boundary of S (dashed)
and, from right to left, the saddle points ks (blue), wky (red), w?ks (green), and ki (blue).

Lemma 10.1 implies that

@]l < C7 /2.
t>2 (el 10.4
{|w||m ooy ERC (104
Therefore, using the estimate || f||zr < Hle/prH(p VP we find
-1
101 1o <ct ()7, t>2 (€T, (10.5)

for each 1 < p < oo. It follows from (10.5) that @ € L?(I') N L*(T), and therefore
Coh := C_(h) is well-defined as an operator C; = Cw(z,t’) L2(T) + L®(T) — LA(T).
It also follows from (10.5) that there exists a 7' > 0 such that I — Czi;(x,t,-) € B(L*(T)) is
invertible whenever ¢ > T and ¢ € Z, where B(L?(I)) denotes the space of bounded linear
operators on LQ(f‘). By standard theory for small-norm RH problems, we have

R 1 ds
N =(1,1,1 nw) = (1,1,1 — —_— 10.
et k) = (1,11 + €)= (1L1,1) + 5= [ e tsoetos) 2 (106)
for t > T and ¢ € Z, where
f=(1,1,1)+ I —Cy) 'Cs(1,1,1) € (1,1,1) + L*(ID). (10.7)

Moreover, since ||@,||B(Lp(f)) < oo for p € (1,00), we infer from (10.5) and (10.7) that for
any p € (1,00) there exists C}, > 0 such that

A _1 p—1
i = (L1, 1)l oy < Cpt™2 (Int) (10.8)

holds for all sufficiently large ¢ and all { € Z. Now, we turn to the problem of finding
asymptotics for n. We introduce the following nontangential limit:

V4
MWLQ:JMkmmuM—ﬂ$U)—3L iz, t, k)i(x, t, k)dk.
—00

m™ Ji
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Since
1,1,1 1,1,1
0,0 == LD [ ama = BE [  agnnar
271 9D 2mi Moo
- — i(x,t, k) — (1,1,1))w(x, t, k)dk
7 i) = (1 L D)ot )
we conclude from (10.8) and Lemma 10.1 that
1,1,1
AW (z,t) = ()/ w(z,t,k)dk 4+ Ot nt)  ast — oo, (10.9)
2mt Jap
uniformly for ¢ € Z. Let us define {Fl(l), Fél)}lez by
1 1
FO¢ ) = —— KV (e, t, k) dk = —— KN (m®k — I)dk,
20 J oD, (why) T4 JaD, (whs)
1 1
FP¢t) = KV, t, k) dk = K=Y (m»™%2 — [)dk.

271 D (w2ks) 2mi 0D (w2ks2)

Using (8.13), (9.10), and 21(¢,wky) = 1 = 23(¢,w?ks), and recalling that D (wk4) and
OD(w?ky) are oriented clockwise, we find

FP(¢ 1) = —i(wka) Z1(C, ) + O ™) as t — 00, (10.10)
F(¢,1) = —i(wha) Za(C,t) + Ot ™) as t — oo, (10.11)
uniformly for { € Z, where
B(I)Jl O)\Q
0 0 12 > 1
X, (1) -1 -1 td3 (Cwky)
Yi(¢,t Yi(¢,t t €
Z1(¢t)= 16, )7.711 SO0 L 0 0 0 . (10.12a)
—’ka4217*\/{f _ZWk4ZL* ﬂg)et‘l’sﬂéywlm) 0 0
di1,00?
0 0 0
Yo (¢, ym Pyy(¢, ) 2 519 2,00
Zo(Cot) = 2(C, t)m;y 2(G 1) 2 0 0 t<1>1322(§2,f2k22)
’ —iw2k‘2227*\/{f _iW2k222,* 5%)61&4@2((,“;21@2) c ’
0 T 0
(10.12b)
and, letting ¢ 1= ¢ = \f(k4)]%r1(k4),
ﬂ(l) _ 6%6% \V 271'(‘7]_ (1) _ 67%6% \% 27‘”?1 (10 13&)
12 (67”/1 _ e*“"l)r(—iul)’ 21 (671'1/1 _ 677”/1)].1(2'1/1)7 ’
5O _ e’ e 7 2 i)\ /or (G — Gns) @ _ e 5 e 2™/ 2m(gs — qags)
12 (emb _ e—wﬁg)r(_i%) ’ 21 (em?g _ e—wﬁg)r(i,;2) ’
(10.13b)
and 14, V9, 14, U9 have been defined in Lemmas 6.1 and 6.3.
Lemma 10.2. Forl e Z and j =0,1,2, we have
1 . ) )
T o / 50D, (whs) Kz, t, k) dk = W 0D A7 D (¢ 1) A7, (10.14)
w e(wky
1 . . i )
351 oo oy K1 Rl = =TSP ATBET G B, (1019
W el(WKg )™
1 . 4 .
- K (x, ¢, k)dk = w/ D AT D (¢ 0y 49 (10.16)

27 J i OD¢(w2k2)
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1 . 4 i .
- = / ki (x, ¢, k)dk = —w! D ATBESTD (¢ 6 BA. (10.17)
21 widD ((w2k2) 1)

Proof. This follows from the symmetries w(z,t, k) = Aw(x,t,wk)A™! = B(x,t,k~ B
valid for k£ € 0D. The proof is identical to [9, Proof of Lemma 9.10], so we omit further
details here. U

Using Lemma 10.2, we obtain

2
-1 — 1
211 Jop e ¢ 2T Jwiop. (wk4 ) ]z; 270 Jwi oD, ((wha)~1) ot )
24 2
- Z/ (z,t,k)dk — / w(x,t, k)dk
= 270 Jiop., w2k2 = 270 J i oD (w2ka)—1)
2
_ZWJA] (I)Ct)+F Z (C t)+F (C t))BA.
5=0

Hence, by (10 9), (10 10), and (10.11), we obtain 7)) = (1,1, 1)mY, where

) ( Zw].A irM (¢, 1) A ZWJA iBF (¢, t)BAI

Jj=0 j=0

+Zw%4 iEY (¢, 1) A Zwu IBESV (¢, H)BAT + Ot Int)
Jj=0 Jj=0
2
—i(wky) ZwJA T2 (A +i(whka) ™D Wl AT BZ (¢, 1) BA

Jj=0 7=0

2 2
—i(who)' Y W AT Zo(C ) AT +i(wPha) Y Wl ATTBZy (¢ )BAT + Ot Int)
j=0 j=0
(10.18)

as t — oo uniformly for ¢ € 7.

. ASYMPTOTICS OF u

Recall from (3.5) that u(x,t) = z\f < n3 (x t), where nz(x,t,k) =1+ n(l)(x,t)k:_l +
O(k72) as k — oo. Using (4.9), (5.2), (7 1), and (10.1) to invert the transformations
n—n® = n@ - B — i we obtain

n=nA"Y G H(G) kecC\ (T uD),

where G, G?)| A are defined in (4.10), (5.3), and (6.6), respectively. Using that 0, =
t_lﬁg, it follows that

u(zw,t) = z\f (ngl)(a: t) + hm E(As3(C k)7t )>
_ _m%ﬁg})(m, H+0EY,  t— oo (11.1)

where fi3(z, £, k) = 1+ a{" (2, )k~ + O(k~2) as k — oco. Utilizing (10.12) and (10.18), we
obtain, as t — 00,

8 = Z1 13 (i(wha) ™ — i(wka)Y) + Z1,31(iw? (k) 7! — iw! (wha)?)
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Figure 8. The contour X = X7 U Xo U X3U X4.

+ Z 23( (w k’g) —i(w 2]{32) )+ 22732(2'(/01((,02]{32)_1 — in(OJQk'Q)l) + O(t_l Int).
By Lemma 6.3, v1 > 0 and 2 > 0. We also have v2,v4 € R. Hence (10.13) shows that
B = BV and B2 = e @2 Since Ay = [7(ka)|F > 0 and Ay = [F(L)[F > 0

by (8.4) and (9.4), we conclude with the help of (8.6) and (9.6) that Z; 13 = A} Z1731 and
Zyo3 = )\%Zg 32. Using also that A\ = —7(ky) and \j = —f(ki), it follows that

Al = 2iTm (21 13(8(wha) ™" — i(wha)") + Zoos(i(w?ka) ™" — i(w?ky)! )) +O(t 'Int)

= 2iIm [ Aialdioliwhs)”! — ifwke)') 4 O o (i(w?h) ™ — i(w?ko)") i 0(@
iy e G| (k)| § | ity et () 1] OVt

as t — oo. Employing (10.13) and the relations

(JZLO(C, t) = e argdlﬁo(c’t), d~270(§, t) = eﬂ(2V2*V4)eiargJ2,o(c,t)

i(wky) ™t — i(wky)! = 2sin(arg(wks(Q))), i(w?ks) ™t — i(w?ko)! = 2sin(arg(w?k2(¢))),
B = v B = oGk = (G,

we get
41\ /v -
flgl) = — \/71~ T sin(arg(w]ﬁ;)) sin(%’r —argq; + arg F(iul) + arg d170 — tlm <I>31(C7wk:4))
—zwk4zly*\/f|r(k—4)|‘z
GVl N
,7’” sin(arg(w?ks)) bm(— —arg(gs — g2g5) + argI'(idy) + arg ds o — tIm B35(C, wiky))
—iw2kozo 4/t
+ Ot ' Int),

as t — oo uniformly for ¢ € Z. Formula (2.12) now directly follows from (11.1) (as in [11],
we can prove that the above error O(t~!Int) can be differentiated with respect to x without
getting worse) and the fact that % ¢ Im @31 (¢, wka(C))] = —Im ky and d%[lm P32(C, w?k2(0))] =
Im ko. This finishes the proof of Theorem 2.1.

APPENDIX A. MODEL RH PROBLEMS
Let X = Xj U---U Xy C C be the cross defined by
Xlz{se%}0§s<oo}, ng{se%‘0§s<oo},
ng{sef%‘0§s<oo}, X4:{sef%|0§5<oo}, (A.1)

and oriented away from the origin, see Figure 8.
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Lemma A.1 (Model RH problem needed near k = wky). Let ¢ € D, and define
v= —%ln(l — 4.

Define the jump matriz v>M (2) for z € X by

5 1',22
1 0 0 1 0 l_—‘g|222w677
0 _2 Lo if z € Xy, 0 1 0 if z € Xy,
—qz7%es 0 1 00 1
92
1 00 1 0 gz?*"e T
0 o L0 iz e Xy, 0 1 0 if z € Xy, (A.2)
=z ?eT 01 0 0 1

where 2 has a branch cut along (—o00,0], such that 2% = |z|"e 728()  arg(z) € (—m, 7).

Then the RH problem

(a) mSMW () =mXM(g,): C\ X — C3>*3 is analytic;

(b) on X \ {0}, the boundary values of m~") exist, are continuous, and satisfy mf’(l) =
m)_fy(l)vx,u) .

() m¥M(2) =T+ 0(z7") as z — oo, and m* MV (2) = O(1) as z — 0;

has a unique solution va(l)(q, z). This solution satisfies

) i 0 0 gy
va(l)(z) — I+ 12 + O<z2>, z — 00, ml (1) = 0 0 0 ) (A 3)
B 0 0

where the error term is uniform with respect to arg z € [—m, 7| and q in compact subsets of
D, and

(1) et e V2ng (1) e T e \2mg
12 = TV __ p—TV s ’ ﬁQl = TV __ p—TV <\ (A4)
(e e~ ™)'(—iv) (e e~ ™)I'(iv)
(Note that 5%%5? = v because |I'(iv)| = \/%)

Lemma A.2 below was also used in [9] for the local analysis near k = w?ky when % €

(%, 1). We provide here a proof of this lemma.

Lemma A.2 (Model RH problem needed near k = w?ks). Let qo2,q4,q5,q6 € C be such
that 1+ |q2|? — |qa|> > 0, 1 —|g5]> — |g6|> > 0, and

q4 — @5 — q2Gs = 0. (A.5)
Define vo,vq,v5 € R by

v = —o-In(1+|g?), vi=—-gIn(l+|g—|ul), vs=—5h1-]|g[—|wul?).
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Define the jump matriz v (2) for z € X by
(1 0 0
1 0 s z € X1,
0 —496=%29 2—1(21/5—1/4)2*"(2”2*”4)6% 1
1+]g2]? (0)
1 0 0
0 To—G205 . i(2vs—vy) i (2v2—v4) —% e X
" TP —faoP o€ ’ >
0 0 1
Xi2) () = A6
v z .
@=1{ . ; (A6)
0 1 01, zeXs,
G6—0205  —i(2vs—wa) ,—i(2v2—va) 12
O Ter-laeP® R0 er 1
10 0
0 1 %= QQQSzz(Ql/s va) , i(2v2—v4) *72 z€ Xy
1+]gz]? #(0) ’ ’
0 0 1

where 2% has a branch cut along (—oo, 0] and Z(o) has a branch cut along [0, +00) such that

2 = |z|Ve V@82 arg(z) € (—m, ), and z( = |z|"e v2%0(2)  arg,(z) € (0,27). Then

the RH problem

(a) mXP () =m® @ (g, q4, 05, g6, -) : C\ X — C>*3 is analytic;

(b) on X \ {0}, the boundary values of m*"?) exist, are continuous, and satisfy mf(z) =
mX»(2)UX,(2);

() m¥P(2) =T+0(z7") as z — o0, and m*?(2) = O(1) as z — 0;

has a unique solution m*?)(z2). This solution satisfies

@ 1 0 0 0
m¥? () =141 +0<2>, zooo, mPi=f0 0 Y|, (A7)
2 )

where the error term is uniform with respect to arg z € [—m, 7| and g2, qu, g5, g6 in compact

subsets Of {QQ7q47Q57q6 S C | 1 + ‘QQ|2 - |Q4‘2 > 07 1-—- ‘Q5|2 - IQG‘Z > 07Q4 - Q5 - QQQG = 0}7
and

3mi o 37ri T
@ _€ Te QW(V4_V2)\/27T(Q6 — 42G5) 5(2) _ o o5 2 /27 (g6 — q2gs5)
12 (e™2 — e=™2)['(—iiy) ’ 2L (e™2 — e=™2)T(il%) ’
(A.8)

where 1y := vy + v5 — vy4. (Note that 612 (2 ) v.)
Proof. Uniqueness of mX’(Q)(z) follows from standard arguments. Let us temporarily as-
sume that m*(?)(z) exists. Define mXV(2) := m*?)(2)z ivs =55 (() V4)&e_%& where
o = diag (0,1, —1). We verify that

mC D (2) = mEV (D (z) for 2z e (XUR)\ {0},

where R is oriented from left to right and (X1 is given by

1 0 0 10 0
0 1 0] if z € Xy, 0 1 -2 fr | if 2 € Xo,
0 _ 96—Q295 1 00 1

1+(gz[?
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1 0 0 10 0
o 4 0)usex (01 45 ) ween,
1—lgs[*—1ge]? 00 1
O i e R e if L e R,

We next collapse the contours X; and X4 onto R} and the contours X9 and X3 onto R_.
To this end we let

P(z) = mXV(2)B(2), (A.9)
where B(z) is equal to
1 0 0 10 0 1 0 0 1 0 0
0 1 0 0 1 36 —3q235 0 1 0 0 1 _ G6—q295
) 1-lg5|>—lgsl® | ° ) 1+|g2]?
__96—Q29 __46—92495 _
0 e 1/ \0 o TlgsPP—laeT? 00 1

Y

for argz € (0,%), argz € (%TW,TF), argz € (—77,—%), argz € (—7,
B(z) = I otherwise. The function 1 satisfies 1, (2) = ¥_(2)v¥(z) fo
v¥ is piecewise constant and defined by

0), respectively, and
r z € R\ {0}, where

10 0 1 0 0
d6—Gq24: Qw9 —14)&
v(2)= |0 1 PRk | eremwo [0 qﬁlqz% 0
0 0 1 0 — 1+q2]? 1
1 0 0
7(2v9— —n(2ua—v4) [06—9205 > —w(2va—14) T—027
— |0 er(@e-w) _ (2 v’f)% e (2 V“)% ; z € Ry,
0 _e—7r(21/2—1/4) qlbﬂgzi]; e—7r(21/2—u4)
1 0 0 10 0
P — m(va—2vs5)G _36—q2q5 _
)= 8 . Q6EQ2(15 (1) o 01 1—lgs[*~[ge[?
T T (g5 o] 00 1
1 0 0
m(va—2 m(va—2 q6—q2q:
=" rin ) erenT) o o | FeR-
_ om(va—2vs) _ 46—q245 —m(va—2vs) _ m(va—2vs) __ 196 —92G5
e v e A N o T

Using (A.5), it is a simple calculation to verify that v¥(z) is constant on the whole real
line. This implies that (9,4)y~! is an entire function. Note that

vy 3

; = i(ve— o iz2 -
U(z) =1+ miﬁ@)z—l +0(272)) "2 )7 (=) e 1 7B(z) as z — oco.  (A.10)

z
(0)
Hence, assuming that the asymptotics can be differentiated termwise,
. 0 0 0
iz .
@t =—Ta+ |0 0 gy |, (A.11)
0 -y 0

for some Bg), 55?) € C. Differentiating a second time we get
Oss + (3 — 5 — B3 B s = 0,
> 20 g0 z€C\R.
O + (5 + 5 — Big By )bz = 0,
By [26, Chapter 12],

ch_iV(e%z) + coD_j,(e”
P33(2) = Bmi _
esD_j(e 4 2)+cqaD_j(e

), Imz >0,

: (A.12a)
z2), Imz < 0,
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3m T
D;, —F D;,(e7z), I > 0,
na(z) = { (e _3mi 2) + coD (eﬂ-z) e (A.12b)
crDiy(e” 4 2) + esDjy (e 2), Imz < 0.

for some constants {cj}sf, where v := ﬁg) Bg) and D, denotes the parabolic cylinder func-
tion. The 23 and 32 entries of ¢ can be found directly using (A.11):

iW5s(2) + 5¢33(2) —ithhe(2) + 5b22(2)
¢23( ) 31 (2)2 ) 1#32(2) = 2 2) : )
Ba1 12
where primes denote derivative with respect to z. Hence, we find
1 0 0
0 ’l/] 7;1)[}33"1‘ ¢33
) = 22 5(2) , z€C\R. (A.13)

—iphg+51baa
0 —25— P33
12

From (A.10), we obtain

. iz2
2t ) o5 (14 0(271),

. v, —1 (v _ iz2
Uas(z) = 270D TR (14 0 Y) = |
ef7r(1/4721/2)2,71(1/2+1/571/4)eT(1 + O(z’l)),

¢22(z) _ Z( 5_7) z(Vz—%)e_%(l + 0(2_1)) _ Zl(uz—i-us 1/4)6 (1 + O( ))
(0) e m(va— 21/2)Z i(va+uvs— V4) (]_ =+ O( ))

as z — 0o, where in each bracket the first and second lines apply for argz € (e, — €) and
argz € (—m + €, —¢), respectively (for any € € (0, 7)). Since

D,(z) = z”e_%(l +0(z7%)),

as z — 00, arg z € (—?}f + €, %’r — €), these asymptotic formulas are consistent with (A.12)
provided that we choose v = 15 + v5 — 14 and

c1 =0, o =eT, c3 = 6_3%6_”("4_2”2), cy =0,
5 = e*%, cg =0, c7 =0, cg = e'1 em(ra—22)
With this choice, we get
e%D,i,,(e_%z) Imz >0,
- usZ T A].4
Yas(2) {e e—m—22)p_, (€3TZ>, Imz <0, ( )
3y 31
T Dy(e T I 0
¢22(Z) _ 67”/ 4 7,1/(6 4 Z)a i mz > 9 (A14b)
et et D, (e 2), Imz < 0.

and evaluation of the jump relation 1), = v¢_v¥ at z = 0 then gives (A.8). The expressions
in (A.14) lead to an explicit formula for m*>(?) in terms of parabolic cylinder functions.
This expression was established under certain assumptions. However, it can now be verified
directly that the constructed function m*(?)(2) indeed satisfies the stated RH problem and
the asymptotic formula (A.7). O
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