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ABSTRACT

How to communicate ? Human beings use the voice or gestures to give
shape to their ideas. In digital communications, a modulation scheme
is used to give shape to bits of information, i.e., to convert zeros and
ones into an analog waveform. The question of an ideal modulation
scheme is discussed in this thesis and we study the one that seems the
most promising to us.

The orthogonal frequency division multiplexing (OFDM) modula-
tion is the most popular multicarrier modulation scheme nowadays.
The main advantage of OFDM is its simplicity. However, due to the
rectangular pulse shaping of the Fast Fourier transform filters, OFDM
systems exhibit very high frequency leakage and poor stopband attenu-
ation. In the light of these limitations, the offset-QAM-based filterbank
multicarrier (FBMC-OQAM) modulation has recently received increas-
ing attention. Rather than using a rectangular pulse, FBMC-OQAM uses
a pulse shape which is more spread out in time, which results in a much
better frequency localization. This in turn translates into higher spectral
efficiency and much more flexibility for spectrum allocation.

The main objective of this thesis is to investigate the applicability
of the FBMC-OQAM modulation for next generations of communica-
tion systems. More specifically, we focus on two main directions. The
first direction studies advanced equalization algorithms for multiple-
antenna wireless systems characterized by highly frequency and/or
time selective channels. The second direction studies two main linear
impairments in optical fiber systems, namely, phase noise and chromatic
dispersion.
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NOMENCLATURE

Symbols

2M Number of subcarriers.

2Ns Number of real-valued multicarrier symbols.

Am,l Single-tap pre-equalizer at subcarrier m and multicar-
rier symbol l.

x A scalar (lowercase and non-boldface).

x A column vector (lowercase and boldface).

X A matrix (uppercase and boldface).

Am Single-tap pre-equalizer at subcarrier m and time-invariant.

Bm,l Single-tap equalizer at subcarrier m and multicarrier
symbol l.

b Tap index.

O(x) Denotes a quantity that decays to zero at least at the
same rate as x.

Bm Single-tap equalizer at subcarrier m and time-invariant.

C[b, n] Time-variant channel impulse response at time instant
n and corresponding to delay b.



xvi Nomenclature

C[b] Time-invariant channel impulse response correspond-
ing to delay b.

CBS Spatial correlation matrix between the BS antennas.

dm,l Real-valued multicarrier symbols (SFB inputs) at sub-
carrier m and multicarrier symbol l.

D Dispersion coefficient [ps/nm/km].

δTF Lattice density.

δn Kronecker delta (also written δ[n]).

δm,n 2D Kronecker delta.

∆ν Combined laser linewidth of transmit and receive lasers.

δ(t) Dirac delta.

d̂m,l Estimates of dm,l after AFB processing, equalization and
real operator at subcarrier m and multicarrier symbol l.

diag(.) When applied to a vector, returns a diagonal matrix
whose k-th diagonal entry is equal to the k-th entry of
the argument vector. When applied to a square matrix,
returns the same matrix with off-diagonal elements set
to zero.

Es Symbol energy.

η Pulse-related quantity.

E(.) Expectation.

g[n] Discrete receive prototype filter.

g(t) Analog receive prototype filter.



Nomenclature xvii

Hm,l Time-variant channel frequency response evaluated at
subcarrier m and multicarrier symbol l.

Hm Time-invariant channel frequency response evaluated
at subcarrier m.

H(ω) Time-invariant channel frequency response.

H(ω, t) Time-variant channel frequency response.

 Imaginary unit.

K Number of users.

κ Overlapping factor.

⊗ Kronecker product.

L Fiber length.

l Time index, expressed in multicarrier symbol periods.

m Subcarrier index.

N Number of base station antennas.

n Time index, expressed in sampling periods.

N0 Noise variance.

NR Number of receive signals.

NT Number of transmit signals.

Ñs Notation introduced for the sake of clarity, Ñs =
2Ns+2κ−1

2 .

(.)∗ Conjugate operator.

(.)T Transpose operator.

(.)H Hermitian transpose operator.



xviii Nomenclature

ℑ(.) Imaginary operator.

ℜ(.) Real operator.

p[n] Discrete transmit prototype filter.

p(t) Analog transmit prototype filter.

Pd(m) Distortion power at subcarrier m.

φl PN at multicarrier symbol l.

φ[n] PN at sampling time n.

gm,l[n] OQAM modulated prototype pulse g[n] translated in
time and frequency, gm,l[n] = m+lg[n−lM ]e

2π
2M

(n− 2Mκ−1
2

).

pm,l[n] OQAM modulated prototype pulse p[n] translated in
time and frequency, pm,l[n] = m+lp[n−lM ]e

2π
2M

(n− 2Mκ−1
2

).

r[n] Discrete complex baseband equivalent of the received
signal.

~ Row-wise convolution.

S Number of spatial streams.

σ2
u Variance of the intrinsic interference.

T Multicarrier symbol period.

TCP Cyclic prefix duration.

tr[.] Trace operator.

Ts Sampling period, Ts = T/2M .

um,l Intrinsic interference at subcarrier m and multicarrier
symbol l.

var (.) Variance.



Nomenclature xix

w[n] Noise samples.

wm,l Filtered noise samples at subcarrier m and multicarrier
symbol l.

xm,l Equalized symbols at subcarrier m and multicarrier
symbol l.

ym,l Output of AFB and SFB placed back-to-back at subcar-
rier m and multicarrier symbol l.

zm,l Demodulated symbols (AFB outputs) at subcarrier m

and multicarrier symbol l.

Acronyms / Abbreviations

AFB analysis filterbank

AML adaptive maximum likelihood

ASE amplified spontaneous emission

ATT attenuator

AWG arbitrary waveform generator
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BER bit error rate

BS base station
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CDF cumulative density function

CFO carrier frequency offset
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CPR carrier phase recovery
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FBMC-OQAM offset-QAM-based filterbank multicarrier
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QAM quadrature amplitude modulation
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CHAPTER 1

INTRODUCTION

1.1 Motivations

The standards for the future generations of communication systems let
us expect revolutionary changes in terms of data rate, latency, energy
efficiency, massive connectivity and network reliability [1–4]. The net-
work should not only provide very high data rates but also be highly
flexible to accommodate a considerable amount of devices with very
different specifications and corresponding to different applications, such
as the Internet of Things, the Tactile Internet or vehicle-to-vehicle com-
munications. These high requirements will only be met by introducing
innovative technologies radically different from existing ones.

The orthogonal frequency division multiplexing (OFDM) modula-
tion has been very popular up to now mainly because of its low imple-
mentation complexity. Thanks to the combination of the fast Fourier
transform (FFT) and the introduction at the transmitter of redundant
symbols known as the cyclic prefix (CP), the OFDM modulation allows
for a very simple compensation of the channel impairments at the re-
ceiver [5]. However, the rectangular pulse shaping of the FFT filters
induces significant spectral leakage, which results in the need for large
guard bands at the edges of the spectrum in order to prevent out-of-band
emissions. Furthermore, the CP induces an additional loss of spectral
efficiency since it does not carry useful information.
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Figure 1.1 Comparison of the prototype filter frequency responses for OFDM
and FBMC-OQAM modulations (Phydyas pulse with overlapping factor set to
4 [6]).

In the light of these limitations, the offset-QAM-based filterbank
multicarrier (FBMC-OQAM) modulation has recently received a lot
of attention as an attractive alternative to cyclic prefix-orthogonal fre-
quency division multiplexing (CP-OFDM) systems [7]. As opposed to
CP-OFDM, FBMC-OQAM uses a pulse shape which is more spread out
in time, which results in a much better frequency localization of the pro-
totype pulse, as shown in Fig. 1.1. This provides significant advantages.
First, no CP is required to simplify the equalization process, leading to a
larger spectral efficiency than CP-OFDM systems. Secondly, very small
guard bands (of the order of one subcarrier) at the edges of the spectrum
are sufficient to meet frequency emission masks, which again increases
the system spectral efficiency [8]. Thirdly, it makes the system more
robust to symbol timing offset (STO) and carrier frequency offset (CFO)
[9]. Finally, it provides high flexibility for spectrum allocation with clear
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applications such as cognitive radios and the Internet of Things, which
may require asynchronous transmission from multiple users which can
be easily separated in the frequency domain [10].

The advantages of the FBMC-OQAM modulation come at the ex-
pense of an increase in the system implementation complexity. More
specifically, this modulation generates a particular interference pattern,
which may complicate the receiver design. Most of the MIMO algo-
rithms originally devised for spatial multiplexing CP-OFDM systems
can be straightforwardly applied to FBMC-OQAM systems if the chan-
nel is sufficiently slowly varying in time and frequency. However, the
case of highly selective channels or the use of space time codes re-
quires additional signal processing and results in more complex designs
[11–13]. Furthermore, one should note that, to achieve higher spec-
tral selectivity, the prototype pulse needs to be more spread out in the
time domain, which induces more latency and might be detrimental for
short burst transmissions. Pre-loading techniques and tail shortening
algorithms have been designed to limit this effect [8, 14–16].

The main objective of this thesis is to investigate the applicability of
the FBMC-OQAM modulation for next generations of communication
systems. More specifically, we focus on two main directions.

The first direction studies advanced equalization algorithms for
MIMO wireless systems. If the channel is slowly varying in time and fre-
quency, single-tap equalization is sufficient to restore the FBMC-OQAM
orthogonality. However, as the channel gets more selective in time
and frequency, distortion will appear and the FBMC-OQAM system
will suffer from so-called intrinsic interference caused by multi-stream
interference (MSI), inter-carrier interference (ICI) and inter-symbol in-
terference (ISI). This thesis precisely addresses the performance analysis
and the design of compensation algorithms for various wireless MIMO
scenarios characterized by highly frequency and/or time selective chan-
nels.
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The second direction of this thesis studies two main linear impair-
ments in optical fiber systems, namely, phase noise (PN) and chromatic
dispersion (CD). It will be shown that these two impairments can be
seen as special types of channel time and frequency selectivity respec-
tively.

1.2 Outline and contributions

Chapter 2 first introduces the principle of the FBMC-OQAM modulation
and the related state of the art, including a description of the main
multicarrier modulations, their limitations and our motivation to go
for the FBMC-OQAM modulation. A MIMO transmission model is
introduced, including discussions on efficient implementations, channel
equalization and estimation. Secondly, the different communication
systems under study in this thesis are detailed.

The main content of this thesis is structured in three parts. Part I ad-
dresses channel equalization in MIMO FBMC-OQAM wireless systems.
More specifically, Part I addresses various wireless MIMO scenarios
characterized by highly frequency and/or time selective channels, i.e.,
channels with large variations in the frequency and/or time domains.
As the selectivity of channel increases, the FBMC-OQAM orthogonality
is progressively destroyed and distortion appears after the demodula-
tion process. The different works presented in Part I share a common
approach of the channel selectivity based on a Taylor approximation of
its variations and an asymptotic characterization of the residual error.
These studies were performed in close collaboration with Dr. Xavier
Mestre from the Centre Tecnològic Telecomunicacions Catalunya (Castellde-
fels, Spain). A main result of Part I is to show that, as opposed to a
general claim in the literature, many low complexity solutions are pos-
sible to apply MIMO technologies to FBMC-OQAM systems, even in
the case of highly selective channels. Part I is composed of the four
following main contributions:



1.2 OUTLINE AND CONTRIBUTIONS 5

• Chapter 3 investigates the design of optimized single-tap equalizers
and pre-equalizers for a multi-user (MU)-multiple-input-multiple-
output (MIMO) FBMC-OQAM scenario under highly frequency se-
lective channel. The proposed single-tap (pre-)equalizers have a very
low implementation complexity. As opposed to classical approaches
that assume flat channel frequency selectivity at the subcarrier level,
the base station (BS) does not make this assumption and takes into ac-
count the distortion caused by channel frequency selectivity. The
equalizers and pre-equalizers are found by optimizing the mean
squared error (MSE) of the symbol estimates under either a zero
forcing (ZF) criterion or a minimum mean squared error (MMSE) cri-
terion. It is shown that, as soon as the BS has more antennas than the
number of users, the optimized (pre)-equalizers use those extra de-
grees of freedom to compensate for the distortion induced by channel
frequency selectivity. From an asymptotic study at high signal-to-
noise ratio (SNR), it is shown that the first order approximation of the
distortion can even be completely removed if the BS has at least twice
as many antennas as the number of users.

• In Chapter 4, the performance of an FBMC-OQAM uplink massive
MIMO system is theoretically characterized in terms of the MSE of the
decoded symbols. The study is performed for three types of single-
tap equalizers, namely, a ZF, a linear minimum mean squared error
(LMMSE) and a matched filtering (MF). Using random matrix theory,
the output MSE of these equalizers is asymptotically characterized as
the number of BS antennas N and the number of users K grow large,
while keeping a finite ratio N/K. The obtained expressions allow to
draw many conclusions. First, the MSE becomes uniform across the
frequency band as a result of the channel hardening effect. Secondly,
it is shown that a good synchronization of the users is crucial in a
massive MIMO scenario. Finally, if the users are well synchronized,
the different terms that compose the MSE, such as noise, inter-user
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interference (IUI) and the distortion caused by the channel frequency
selectivity, become negligible for large values of the ratio N/K.

• While the impact of channel frequency selectivity has been very
widely studied in the FBMC-OQAM literature, the impact of time
selectivity of the channel has only received little attention. In Chap-
ter 5, the effect of the two types of selectivity on a point-to-point (PTP)
MIMO FBMC-OQAM system is characterized and a parallel equaliza-
tion structure that can compensate for the doubly dispersive nature of
the channel is proposed. A theoretical approximation of the remaining
distortion after equalization is also given.

• Chapter 6 proposes a very simple PTP MIMO equalizing structure
for doubly selective channels based on a single-tap per-subcarrier
equalizer. The equalizers are designed to minimize the MSE of the
symbol estimates derived in Chapter 5 under a ZF constraint. This
receiver exploits the degrees of freedom offered by the extra anten-
nas at the receiver to compensate for the distortion induced by time
and frequency selectivity. Chapter 6 can be seen as an extension of
Chapter 3 to doubly selective channels.

Part II considers the compensation of linear impairments in FBMC-
OQAM optical fiber systems. More specifically, two impairments, namely,
PN and CD, are studied. These studies were conducted in close collab-
oration with Dr. Trung-Hien Nguyen from Université libre de Bruxelles
(Brussels, Belgium). Part II is composed of the three following main
contributions:

• Chapter 7 addresses PN estimation and compensation. Several ap-
proaches have already been proposed in the FBMC-OQAM literature.
However, most of them have a significant complexity and do not
make use of all information at disposal such as previously decoded
symbols. Here, we propose two new estimators, obtained by minimiz-
ing a maximum likelihood (ML) and a maximum a posteriori (MAP)
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criteria. They use an error model formulation which allows to easily
use priors on the PN statistics. An analytical solution is found, which
avoids the need for multiple phase tests.

• Chapter 8 reports on several methods for the CD compensation. The
typical approach to deal with channel frequency selectivity in FBMC-
OQAM systems, and more generally multicarrier systems, is to in-
crease the number of subcarriers. However, to avoid increasing the
system sensitivity to phase noise, the number of subcarriers cannot
always be made arbitrarily large. This implies that, for long optical
fibers, more advanced CD compensation methods need to be inves-
tigated. Here, we show that several equalization structures, initially
proposed for wireless FBMC-OQAM systems, can also be applied
to optical FBMC-OQAM systems to compensate for the CD effect.
The different algorithms are compared in terms of performance and
complexity of implementation with state of the art solutions.

• Chapter 9 investigates the joint compensation of CD and PN in FBMC-
OQAM optical fiber systems. To deal with such impairments, the PN
and CD compensation algorithms are working in the frequency do-
main, which allows for a simple and efficient implementation. We
further discuss a methodology for the design of long haul FBMC-
OQAM transmission systems in order to find the best trade-off be-
tween CD and PN compensation, and the complexity. It is shown that
the number of subcarriers is a critical parameter in the optimization
of the system design. This investigation can be extended to different
values of the fiber length and laser linewidth, providing an efficient
framework for system design.

Part III summarizes the experimental studies that were performed
during the thesis. Only one contribution is presented in Chapter 10,
which results from a collaboration with Dr. Pham Tien Dat from the
National Institute of Information and Communications Technology (Tokyo,
Japan). The others contributions to come are detailed in Section 11.2
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containing the perspectives of this thesis. Chapter 10 first proposes a
frame design for MIMO FBMC-OQAM transmission systems including
the description of the algorithms used for synchronization, channel
estimation and equalization. The proposed design is scalable in the
number of transmitted streams and flexible as multiple asynchronous
users can be accommodated. The proposed system is experimentally
validated for a 2x2 MIMO system over a seamless fiber–wireless link in
the W-band. Satisfactory performance is confirmed for a data rate of up
to 18 Gb/s in both downlink and uplink directions.

Finally, Chapter 11 concludes the thesis with a summary of the main
contributions and potential future directions.
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CHAPTER 2

PRELIMINARIES

The goal of this chapter is to introduce some preliminaries on the princi-
ple of the FBMC-OQAM modulation and the communication systems
under study in this thesis. This chapter is divided in two sections.

The first section gives a description of the FBMC-OQAM modula-
tion. Before introducing the advantages of OQAM-based multicarrier
systems, the Balian-Low theorem is recalled and its implications on con-
ventional QAM-based multicarrier systems are detailed. The properties
of several well-known multicarrier modulations are also discussed. To
allow for a more physical intuition of time and frequency quantities,
this discussion is given using a continuous-time formalism. After this
discussion (and throughout the remainder of this thesis), we switch
to a discrete-time formulation to introduce the MIMO FBMC-OQAM
system model as it better represents how it is implemented in practice.
More details are given on efficient FBMC-OQAM implementations and
algorithms for channel equalization and estimation.

In the second section, the communication systems studied in this
thesis are explained, including a discussion on the advantages of using
FBMC-OQAM for each system and the related challenges.
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Figure 2.1 QAM time-frequency lattice.

2.1 FBMC-OQAM modulation

2.1.1 Limitations of QAM-based multicarrier systems

Let us first consider a conventional QAM-based multicarrier system.
In such systems, the information symbols are first mapped to complex
QAM symbols dm,l, where m denotes the subcarrier index and l the
multicarrier symbol index. The number of subcarriers is denoted by
2M and we denote the subcarrier spacing by ∆f , expressed in [Hz] and
the symbol spacing in time by ∆t, expressed in [s]. Such a QAM time-
frequency lattice is shown in Fig. 2.1. The transmit signal, denoted by
sQAM(t), is obtained by filtering of the symbols dm,l by a pulse shape g(t)
translated around multicarrier symbol l and modulated in frequency
around subcarrier m, i.e.,

sQAM(t) =

2M−1∑
m=0

+∞∑
l=0

dm,lgm,l(t),

where gm,l(t) = g(t− l∆t)e2πm∆ft. An important metric directly related
to the system throughput is called the lattice density that we denote by
δTF. It measures how many symbols are transmitted per unit of time



2.1 FBMC-OQAM MODULATION 13

and frequency and is given for the lattice in Fig. 2.1 by δTF = 1
∆t∆f ,

expressed in complex symbol/s/Hz.

The limitations that we mentioned about such systems are related to
the so-called Balian-Low theorem [17, 18].

Theorem 1. Suppose g(t) is a square-integrable function on the real line, and
consider the so-called Gabor system

gm,l(t) = g(t− l∆t)e2πm∆ft m, l ∈ Z.

If δTF = ∆t∆f = 1 and if {gm,l, m, l ∈ Z} is an orthonormal basis for the
Hilbert space L2(R), then either(∫ +∞

−∞
t2|g(t)|2dt

)(∫ +∞

−∞
ω2|G(ω)|2dω

)
= ∞,

where G(ω) is the Fourier transform of g(t).

In other words, the theorem states that is not possible to have a
QAM-based multicarrier system that achieves at the same time the three
following desirable properties:

1. A critically sampled lattice implying maximal spectral efficiency,
i.e., δTF = 1 complex symbol/s/Hz.

2. Orthogonality in the complex domain, i.e.,∫ +∞

−∞
gm,l(t)g

∗
m0,l0(t)dt = δm−m0,l−l0 ,

implying easy demodulation at the receiver as (in the ideal case
where the received signal is equal to the transmit one)∫ +∞

−∞
sQAM(t)g∗m0,l0(t)dt = dm,l.
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Table 2.1 Properties of various multicarrier modulation schemes

Orthogonality Maximal symbol density Time-frequency localization
OFDM (no CP) yes (ideal channel) yes no

CP-OFDM yes no no
FMT yes no yes

GFDM no no yes
Filtered OFDM depends no yes
FBMC-OQAM real domain yes yes

3. Well localized prototype filter in time and frequency domains,(∫ +∞

−∞
t2|g(t)|2dt

)(∫ +∞

−∞
ω2|G(ω)|2dω

)
< γ,

for some constant γ, implying high flexibility for time-frequency
resource allocation and high robustness to time and frequency
selectivity of the channel.

In the end, one should choose which property to give up. In the follow-
ing, we describe a few QAM-based multicarrier systems and specify
which properties they satisfy, which are also summarized in Table 2.1.

Orthogonal frequency division multiplexing

For instance, the most well-known multicarrier modulation nowadays,
OFDM, achieves complex orthogonality by using a rectangular pulse
in time, which corresponds to a cardinal sine in frequency with very
slowly decaying lobes, as can be seen in Fig. 2.3. This bad frequency
localization has several consequences:

• A simple OFDM system would be very sensitive to channel frequency
selectivity. To compensate for this effect, CP-OFDM systems are pre-
ferred. The principle of CP-OFDM is to add a CP at the beginning of
each multicarrier symbol. If the CP is longer than the delay spread
of the channel, it allows for easy channel equalization at the receiver
[5]. However, the CP does not carry useful information and reduces
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Figure 2.3 Frequency domain comparison of the prototype pulses of OFDM
and FBMC-OQAM (Phydyas pulse [6]).

the system throughput. In fact, a CP-OFDM is not critically sam-
pled because the multicarrier symbols are spaced further apart in
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time, i.e., ∆f = 1/T and ∆t = T + TCP leading to a density of
δTF = 1

(T+TCP)
1
T

< 1.

• It induces high out-of-band emission. A CP-OFDM system requires
very large guard bands at the edges of the spectrum to respect emis-
sion masks, resulting in a waste of the frequency resources.

• The system is not suited for asynchronous transmission of multiple
users closely spaced in frequency.

These limitations are very detrimental for 5G scenarios where the
modulation format should at the same time be highly flexible and
achieve high spectral efficiency. In this sense, a good time-frequency
localization of the pulse would be very desirable. This has motivated
research for new waveforms that would better fit the 5G requirements.
Actually, the research regarding waveform design has a long history and
dates back to the sixties. This area of research has regained a lot of atten-
tion recently and a very large number of new waveforms has flourished,
each one having its own specificity. For a review of the literature on
orthogonal communication waveforms, we refer the interested reader to
[19, Chap. 7]. A comprehensive survey on multicarrier modulations is
proposed in [20], including modulations that are not constrained to be
orthogonal. In the following we briefly describe some of the main ones.

Filtered multitone

The aim of the filtered multitone (FMT) modulation is to design a sys-
tem, simultaneously achieving complex orthogonality and good time-
frequency localization at the price of a lower spectral efficiency [21].
Several system designs exist. Usually, the subcarrier spacing is increased
to space the subcarrier further apart and the prototype filter is designed
to be highly frequency selective to avoid overlapping of adjacent sub-
channels. This generally results in an increased filter length in the time
domain and hence an increased latency.
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Generalized frequency division multiplexing

The generalized frequency division multiplexing (GFDM) modulation
[22, 23] is a non-orthogonal scheme where the transmit signal is divided
into multiple blocks. Each block is obtained by cyclic convolution of the
QAM symbols with a well localized filter. It additionally uses a cyclic
prefix to combat channel frequency selectivity. At the receiver side, suc-
cessive interference cancellation is required to remove the interference
between symbols [24].

Filtered OFDM

FMT and GFDM modulations provide an improved spectrum localiza-
tion by using a finer filtering process at the sucbarrier level. However,
this is often not required since resource allocation and adaptive coding
and modulation schemes are commonly applied with a group of sub-
carriers or physical resource block [19, Chap. 7]. Many schemes have
been proposed recently, aiming at performing an improved filtering
process at the resource block level, namely, universal filtered multi-
carrier (UFMC) [25], resource block filtered-OFDM (RB-F-OFDM) [26]
and filtered-OFDM (F-OFDM) [27]. This type of systems maintains a
high compatibility with current OFDM systems, including simple chan-
nel equalization and straightforward application of OFDM multiple-
antenna techniques. However, the additional filtering operations to
suppress out-of-band emissions usually destroy the system orthogonal-
ity, especially for edge subcarriers, meaning that a trade-off should be
made between implementation complexity, in-band interference and the
guard band size between physical resource blocks.

2.1.2 Advantages of OQAM-based multicarrier systems

One could wonder if it is possible to circumvent the Balian-Low theorem
to be able to simultaneously achieve a well localized pulse in time and
frequency domains, orthogonality and critical lattice density. The answer
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Figure 2.4 OQAM time-frequency lattice.

to this question is actually yes, it is possible and it is achieved by the
FBMC-OQAM modulation, which was first proposed in the mid 1960s by
Chang [28] and Saltzberg [29]. The basic principle of the FBMC-OQAM
modulation is to use an OQAM lattice instead of the conventional QAM
lattice. Such a lattice is represented in Fig. 2.4. The parameter T is
defined as the multicarrier symbol period. In comparison with the QAM
lattice of Fig. 2.1, one can make several comments:

• The purely real transmitted symbols dm,l are affected by a phase
factor m+l, making them alternatively purely real and imaginary1.
For a QAM-based lattice, all symbols are complex. Secondly, the time
and frequency spacing between symbols is T/2 and 1/T respectively,
implying that the OQAM symbols are more closely spaced in time2.

• The OQAM lattice density is δTF = 2
T 1

T

= 2 real symbol/s/Hz. Since
one complex symbol carries the same information as two real symbols,

1One could actually use a different OQAM phase factor than m+l. Defining a
arbitrary phase factor eθm,l , θm,l has just to be equal to (π/2)(m+ l) mod π [30].

2There actually exists different OQAM lattice structure than the one detailed above,
which is used in this thesis and in most of the FBMC-OQAM literature. The interested
reader is referred to the review paper [20] for more details.
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it achieves an equivalent density of one complex symbol/s/Hz and
the system is said to be critically sampled.

The transmit signal for an FBMC-OQAM system is given by

s(t) =
2M−1∑
m=0

+∞∑
l=0

dm,lpm,l(t),

where the symbols dm,l are purely real and pm,l(t) is now defined as

pm,l(t) = m+lp(t− lT/2)e2πmf t
T .

Since the symbols dm,l are purely real, the orthogonality has to be only
constrained in the real domain, i.e.,

ℜ
(∫ +∞

−∞
pm,l(t)p

∗
m0,l0(t)dt

)
= δm−m0,l−l0 .

This relaxed orthogonality condition is what allows to circumvent the
limitations imposed by the Balian-Low theorem. As shown in Fig. 2.2
and Fig. 2.3, FBMC-OQAM uses a filter which is more spread out in the
time domain (of length κT where κ is the so-called overlapping factor),
which results in a much better frequency localization and provides
significant advantages:

• No CP is required to simplify the equalization process, leading to a
larger spectral efficiency than CP-OFDM systems.

• Very small guard bands (of the order of one subcarrier) at the edges
of the spectrum are sufficient to meet frequency emission masks.

• It provides high flexibility for spectrum allocation with clear appli-
cations such as cognitive radios or asynchronous transmission from
multiple users who can be easily separated in the frequency domain.
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The previous discussion motivates the choice made in this thesis to
focus on the study of the FBMC-OQAM modulation as it is for us the
most promising waveform candidate.

The advantages of FBMC-OQAM come at the expense of an increase
in the system implementation complexity. More specifically, this modu-
lation generates a particular interference pattern, which can easily be
taken care of if the channel is mildly frequency selective and slowly
changing over time but requires additional signal processing in more
complex propagation environments. More details about this will be
given in Section 2.1.5 and further in the thesis. Moreover, most of the
MIMO algorithms originally devised for spatial multiplexing CP-OFDM
systems can be straightforwardly applied to FBMC-OQAM systems if
the channel is sufficiently slowly varying in time and frequency. How-
ever, the case of highly selective channels or the use of space time
codes requires additional signal processing and results in more complex
designs. For instance, the conventional Alamoutti scheme cannot be
straightforwardly applied to MIMO FBMC-OQAM systems [11–13]. Fur-
thermore, one should note that, to achieve higher spectral selectivity, the
prototype pulse needs to be more spread out in the time domain, which
induces more latency and might be detrimental for short burst trans-
missions. Many pre-loading techniques and tail shortening algorithms
were designed to limit this effect [8, 14–16].

2.1.3 Discrete-time MIMO FBMC-OQAM transmission model

Let us consider the baseband equivalent of a MIMO FBMC-OQAM
transmission chain, as depicted in Fig. 2.5. For a reminder on the nota-
tions and the definitions of the symbols used in this thesis, the reader is
referred to the nomenclature section at the beginning ot this thesis.

The number of transmitted and received signals are denoted by NT

and NR respectively. As will be further explained in Section 2.2, NT

and NR might refer to the number of transmit and receive antennas in
a wireless context or the number of transmitted streams in an optical
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Figure 2.5 Baseband equivalent of a conventional MIMO FBMC-OQAM trans-
mission chain.

fiber context. The symbols dm,l ∈ RS×1 denote the purely real symbols
transmitted at subcarrier m and multicarrier symbol l and S denotes
the number of spatial streams. In this section, we do not consider a pre-
equalization or precoding scheme on the symbols dm,l and S is set to NT .
However, depending on the scenarios considered in this thesis, other
choices will be studied as well, as detailed more in depth in Section 2.2.

We consider the transmission of 2Ns multicarrier symbols. The
transmit and receive prototype filters have an energy normalized to
one. We make the classical assumption that the real-valued symbols
dm,l are independent, identically distributed bounded random variables
with zero mean and variance3 Es/2. From now on, we switch to a
discrete-time formulation since it better represents how the systems
are implemented in practice. Throughout this thesis, the indexes l and
n are time indexes that refer to the multicarrier symbol and sampling
period of interest. The sampling period is given by Ts = T

2M . We
define Ñs =

2Ns+2κ−1
2 so that the frame transmission duration is equal

to ÑsT , taking into account the tails of the frame. The transmitted
signal is obtained after filtering of the OQAM symbols by the synthesis
filterbank (SFB). More details on efficient implementations of the SFB
and analysis filterbank (AFB) at the receiver will be given in Section 2.1.4.

3The factor Es/2 comes from the fact that we consider the variance of the real PAM
symbol so that one full complex symbol has a variance of Es.
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The discrete baseband equivalent of the transmitted signal, denoted by
s[n] ∈ CNT×1, is given by

s[n] =
2M−1∑
m=0

2Ns−1∑
l=0

dm,l
m+lp[n− lM ]e

2π
2M

m(n− 2Mκ−1
2

) (2.1)

=
2M−1∑
m=0

2Ns−1∑
l=0

dm,lpm,l[n],

where n = 0, ..., 2MÑs − 1 and pm,l[n] = m+lp[n− lM ]e
2π
2M

m(n− 2Mκ−1
2

).
The pulse p[n], defined for n = 0, . . . , 2Mκ− 1 is the so-called prototype
filter at transmit side, which length is set to 2Mκ with κ > 1 being
the overlapping factor. One can note that, since the pulse length is
longer than M , the symbols overlap in time. Furthermore, the delay of
2Mκ−1

2
T
2M seconds is introduced for causality issues.

Ideal channel: Let us for now assume that the channel is ideal such
that the received signal is equal to the transmitted signal, i.e., r[n] =
s[n]. We denote the receive prototype pulse by g[n], defined for n =

0, . . . , 2Mκ− 1 and of length 2Mκ. As shown in [31], it might be inter-
esting to choose a receive prototype filter different from the transmit
one if the channel is not ideal. The samples ym0,l0 ∈ CNT×1 are defined
as the complex demodulated symbols at subcarrier m0 and multicarrier
symbol l0, if the symbols dm,l are FBMC-OQAM modulated using a
prototype pulse p[n], demodulated using a prototype pulse g[n] and for
an ideal channel,

ym0,l0 =

2Ns−1∑
l=0

2M−1∑
m=0

dm,l

2MÑs−1∑
n=0

pm,l[n]g
∗
m0,l0 [n], (2.2)

where gm,l[n] = l+mg[n− lM ]e
2π
2M

m(n− 2Mκ−1
2

). In other words, the sam-
ples ym0,l0 would be the output of a SFB and an AFB placed back-to-back.
Moreover, if the pulses p[n] and g[n] are designed to be bi-orthogonal
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[31], meaning that they respect the so-called perfect reconstruction (PR)
conditions, one will have

ℜ


2MÑs−1∑

n=0

pm,l[n]g
∗
m0,l0 [n]

 = δm−m0,l−l0 . (2.3)

These conditions impose the orthogonality to be satisfied only in the
real plane as opposed to QAM multicarrier modulations that require
complex orthogonality and are limited by the Balian-Low theorem. For
convenience, we define the so-called transmultiplexer response as

tm,m0,l,l0 =

2MÑs−1∑
n=0

pm,l[n]g
∗
m0,l0 [n].

The PR conditions can rewritten more compactly as ℜ{tm,m0,l,l0} =

δm−m0,l−l0 . If the PR conditions are met and in ideal propagation condi-
tions, the vector ym0,l0 can be rewritten as

ym0,l0 = dm0,l0 + um0,l0 ,

with the following definition of um0,l0

um0,l0 = ℑ

 ∑
(m,l) ̸=(m0,l0)

dm,ltm,m0,l,l0

 .

The vector of symbols um0,l0 ∈ RNT×1 is commonly referred to as the
intrinsic interference [32, 33] and is composed of the purely imaginary
contributions of the neighboring symbols. Table 2.2 shows the trans-
multiplexer response for the Phydyas filter (κ = 4) [6], i.e., the con-
tributions from neighboring symbols. Under the PR conditions, the
transmitted symbols can be simply recovered by taking the real part, i.e.,
dm0,l0 = ℜ(ym0,l0). The real conversion removes the purely imaginary
intrinsic interference which affects the demodulated symbols. In prac-
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Table 2.2 Transmultiplexer response - Phydyas filter (κ = 4)

tm,m0,l,l0 l0 − 4 l0 − 3 l0 − 2 l0 − 1 l0 l0 + 1 l0 + 2 l0 + 3 l0 + 4

m0 − 1 0.0054 −0.0429 −0.1250 0.2058 0.2393 −0.2058 −0.1250 0.0429 0.0054

m0 0 −0.0668 0.0002 0.5644 1 0.5644 0.0002 −0.0668 0

m0 + 1 0.0054 0.0429 −0.1250 −0.2058 0.2393 0.2058 −0.1250 −0.0429 0.0054

tice, the transmission channel inevitably induces distortion. Therefore,
to strictly respect the PR conditions is not essential and it is sufficient
to guarantee that the cross-talk between subchannels is low enough
relatively to residual interference. This means that the near perfect re-
construction (NPR) designs are sufficient and can be more efficient that
PR designs by providing for instance a higher frequency selectivity of
the prototype filter. Following this idea, the Phydyas NPR filter [6] will
be used throughout this thesis. This is the origin of the non zero purely
real terms in Table 2.2, which will not be removed after real conversion
but are negligible in practice.

Time and frequency selective channel: We now consider the effect
of a channel. In this thesis, we define the term "channel" in a general
sense as the transfer function between the discrete baseband samples at
the transmitter s[n] and the received baseband discrete samples at the
receiver r[n]. This definition includes not only the propagation channel
but also the digital-to-analog and analog-to-digital conversions, the fre-
quency up- and down-conversions, etc. We consider a linear channel
model since we are mostly concerned by the effects of linear channel
impairments. We denote by C[b, n] ∈ CNR×NT the time-variant chan-
nel impulse response at time instant n and corresponding to delay b.
This model allows to consider many different effects such as multipath
fading, Doppler effect, CFO, STO, etc. The different types of channels
that we considered in this thesis will be further developed in Section 2.2,
depending on the considered communication system. Furthermore, the
different chapters of this thesis address specific scenarios. The corre-
sponding assumptions will be clearly detailed in each chapter. The
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received signal, denoted by r[n] ∈ CNR×1, is given by

r[n] =

+∞∑
b=−∞

C[b, n]s[n− b] +w[n], (2.4)

where w[n] ∈ CNR×1 is made of additive noise samples, assumed to
follow a circularly-symmetric white Gaussian distribution, with zero
mean and variance N0. The received signal is processed by the AFB
using prototype pulse g[n]. The signal after demodulation, at subcarrier
m0 and multicarrier symbol l0, denoted by zm0,l0 ∈ CNR×1, may be
written as

zm0,l0 =

2MÑs−1∑
n=0

r[n]g∗m0,l0 [n] +wm0,l0 (2.5)

=

2Ns−1∑
l=0

2M−1∑
m=0

2MÑs−1∑
n=0

+∞∑
b=−∞

C[b, n]dm,lpm,l[n− b]g∗m0,l0 [n] +wm0,l0 ,

where wm0,l0 are the filtered noise samples. As it can be seen, the effect
of the channel C[b, n] on zm0,l0 is a mixed function of the transmitted
data, channel and pulses. Approximations can be used to simplify the
expression of zm0,l0 . In Section 2.1.5 reviewing channel equalization, we
describe the conventional approximation made in most of the FBMC-
OQAM literature, its underlying assumptions and its limitations. In the
following of the thesis, we will propose several improved approxima-
tions.

2.1.4 Efficient implementation of the SFB and AFB

Implementing the SFB and the AFB by computing the double sums
in (2.1) and (2.5) would be prohibitive in terms of complexity. Fortu-
nately, it is possible to use much more efficient implementations. The
most conventional implementation of the SFB (resp. AFB) relies on the
combination of a polyphase network (PPN) and an inverse fast Fourier



26 PRELIMINARIES

↓ 𝑀

𝑁𝑇

𝐬[𝑛]

𝑃2𝑀−1(𝑧
2)

↓ 𝑀

𝑁𝑇

𝑁𝑇

𝐝0,𝑙

𝐝1,𝑙
↓ 𝑀𝑃1(𝑧

2)𝑁𝑇

𝐝𝟐𝑀−1,𝑙

𝑃0(𝑧
2)

IFFT

𝛽0,𝑙

𝛽1,𝑙

𝛽2𝑀−1,𝑙

Synthesis filterbank

𝜃0,𝑙

𝜃1,𝑙

𝜃2𝑀−1,𝑙

𝑧−1

𝑧−1

Figure 2.6 Efficient implementation of the SFB based on a polyphase network
and an IFFT where θm,l = m+l, βm,l = e− 2π
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2 and Pm(z2) is the two

times upsampled m-th polyphase component of the prototype filter p[n].

transform (IFFT) (resp. FFT) [30, 34], as shown in Fig. 2.6 and 2.7. More
details on the design and implementation of FBMC-OQAM systems
are available in [35]. In particular, Section 8.3 of [35] details new real-
ization structures with emphasis on the Fast-Convolution FilterBank
(FC-FB), which provides an efficient implementation for realizing highly
tunable multirate filterbank configurations [36, 37]. In this thesis, the
conventional PPN implementation of FBMC-OQAM was used except
for one work in Chapter 8 which uses the frequency-spreading-FBMC
(FS-FBMC) [38, 39]. FS-FBMC can be seen as a special case of the FC-FB
and will be detailed more in depth in Section 2.1.5.2.

2.1.5 Channel equalization

2.1.5.1 Conventional approximation of the demodulated symbols for
mildly selective channels

Commonly, in most of the FBMC-OQAM literature [40], the channel is
assumed to remain constant over the transmit and receive pulse dura-
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Figure 2.7 Efficient implementation of the AFB based on a polyphase network
and an FFT where θm,l = m+l, βm,l = e− 2π
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tions. Furthermore, the channel is typically assumed to be frequency
flat at the subcarrier level. Under these conditions and if the pulses p[n]
and g[n] are well localized in time and frequency, an approximation of
zm0,l0 , defined in (2.5), is given by

zm0,l0 ≈ Hm0,l0

2Ns−1∑
l=0

2M−1∑
m=0

dm,l

2MÑs−1∑
n=0

pm,l[n]g
∗
m0,l0 [n] +wm0,l0 , (2.6)

where Hm0,l0 =
∑+∞

b=−∞C[b, l0M + 2Mκ−1
2 ]e− 2π

2M
bm0 is the time varying

channel frequency response evaluated at the subcarrier and multicarrier
symbol of interest. Throughout this thesis, we will refer to this approxi-
mation as a 0-th order approximation of zm0,l0 . Using the definition of
ym0,l0 in (2.2), the approximation (2.6) can be rewritten more compactly
as

zm0,l0 ≈ Hm0,l0ym0,l0 +wm0,l0 . (2.7)

The accuracy of the 0-th order approximation critically depends on the
channel variations in the time and frequency domains. As the channel
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Figure 2.8 MIMO FBMC-OQAM system with pre-equalization.

gets more time and/or frequency selective, the approximation will de-
teriorate. Classically, as shown in Fig. 2.5, a per-subcarrier single-tap
equalizer Bm0,l0 ∈ CS×NR is applied, giving

xm0,l0 = Bm0,l0zm0,l0 +Bm0,l0wm0,l0

≈ Bm0,l0Hm0,l0ym0,l0 +Bm0,l0wm0,l0

and the transmitted symbols dm0,l0 are estimated by taking the real part
of xm0,l0 , i.e., d̂m0,l0 = ℜ(xm0,l0). If Bm0,l0Hm0,l0 ≈ INT

, if the channel is
not too selective and if the additive noise power is not too large, one can
expect to get d̂m0,l0 close to dm0,l0 .

There exist different criteria to design the single-tap equalization
matrices Bm0,l0 . Most conventional designs are the LMMSE, ZF and MF
equalizers, which rely on the general assumption that the channel is
mildly selective in time and frequency (meaning that the approximation
in (2.7) is made). The performance and design of the single equalizer
Bm0,l0 under multiple criteria will be studied in depth in Chapters 3, 4
and 6.

An alternative to compensate for the channel impairments is to
use pre-equalization at the transmitter side. These algorithms usually
require the receiver to feedback its channel estimate to make it available
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to the transmitter. Fig. 2.8 shows the block diagram of a MIMO FBMC-
OQAM system with single-tap pre-equalization being performed on
a subcarrier level. If we denote by Am,l ∈ CS×NT the single-tap pre-
equalizer at subcarrier m and multicarrier symbol l, the precoded signal
can be rewritten as

s[n] =

2M−1∑
m=0

2Ns−1∑
l=0

Am,ldm,lpm,l[n], (2.8)

where we see that the symbols dm,l are linearly precoded by matrix Am,l,
prior to entering the SFB.

The main limitations of equalization by a single-tap equalizer Bm,l

and/or pre-equalizer Am,l is the sensitivity to channel variations in
time and frequency. As soon as the channel becomes too selective in
frequency and/or in time, the approximation in (2.7) becomes inaccu-
rate and the equalization performance degrades due to the presence of
distortion. This distortion is mainly composed of ICI, ISI and IUI. In
these situations, more advanced equalization techniques are necessary
to compensate for the channel impairments. We give below a review
of the main equalization algorithms for frequency selective and doubly
selective channels.

2.1.5.2 Frequency selective channels

Many works in the literature make the assumption of a quasi-static
channel, which means that the channel is assumed not to change over
the transmitted frame duration. When such assumption is made in this
thesis (as in Chapter 3 and 4), we omit the l subscript in the notation of
the equalizer, the pre-equalizer and the channel frequency response to
emphasize that it does not vary over time, i.e., Bm,l = Bm, Am,l = Am

and Hm,l = Hm. Similarly, the time-variant channel impulse response
C[b, n] will be rewritten as C[b] and referred to as the time-invariant
channel impulse response.
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Figure 2.9 Multi-tap fractionally spaced per-subcarrier equalizer.

Multi-tap fractionally spaced per-subcarrier equalizer: one of the
most common approach to compensate for the channel frequency se-
lectivity is to use so-called multi-tap equalizers. This type of equalizer
was first proposed in the SISO case [41–43] and later on in the MIMO
case [44]. As shown in Fig. 2.9, the idea is simple: rather than using
a single-tap (pre-)equalizer as previously detailed, a multi-tap filter is
used which combine successive time samples at the AFB output of the
subcarrier of interest. Even if the outputs of the adjacent subcarriers are
not used, the fractional spacing T/2 of the equalizer allows for efficient
mitigation of ISI and ICI, provided that the roll-off factor of the pulse is
smaller than or equal to one, as it is commonly the case in FBMC-OQAM
systems [6]. The estimated symbols at the receiver can be written as

d̂m0,l0 = ℜ

Ntaps−1∑
l=0

Bm0 [l]zm0,l0−l+ζ

 , (2.9)

where ζ is introduced in order to take into account the filtering delay
and Ntaps is the number of taps of the equalizer. Note that the equalizer
adds a delay of (Ntaps − 1)T/2 seconds to the demodulation process.
There are two main ways of computing the coefficients of the equalizer
Bm0 [l]. The MMSE equalizer [41], [43] optimizes the coefficients in
order to minimize the MSE of the symbol estimate. This requires to
evaluate, for each subcarrier, the equivalent channel made up of the
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convolution of the transmit filters, the channel and the receive filters,
taking into account the interference of the two adjacent subcarriers. On
the other hand, the principle of the frequency sampling technique is to
choose certain values for the equalizer coefficients so that the equalizer
frequency response is forced to pass through some target frequency
points in the subchannel of interest [41], [42]. The target frequency
points are chosen according to a ZF or MMSE criterion. If the channel
is not too selective in frequency, one can expect the equalizer response
to approximate well the optimal ZF or MMSE frequency response. This
design allows for a simpler computation of the equalizer coefficients.

In [45], a two stage interference cancellation equalizer is proposed to
enhance the multi-tap equalizer performance while in [46], a decision
feedback equalizer is proposed. Moreover, [47, 48] proposes a MIMO
multi-tap filtering solution at both transmit and receive sides, meaning
that pre-equalization and equalization are performed at both sides of
the communication link using a multi-tap filter. Channel equalization
has also been analyzed in the MU MIMO context in several works. In
[49], the authors extend the block diagonalization technique to FBMC
systems. Through an iterative algorithm, the work of [50] alleviates the
dimensionality constraint of [49] by allowing designs where the total
number of receive antennas of the users exceeds the number of transmit
antennas at the base station. In [51, 52], multi-tap pre-equalizers and
equalizers are iteratively and jointly designed. We refer to [11] for a
recent review paper on MIMO equalization.

Parallel multi-stage equalizer: the parallel equalization structure was
initially proposed in [53] in the SISO case. The work was extended
for the MIMO case in [54, 55] where a parallel multi-stage processing
architecture is used at both sides of the communication link. As shown
in Fig. 2.10 for the case Q = 1, this receiver uses Q+ 1 AFB’s working in
parallel on the received signal. The q-th AFB is using the q-th derivative
of the prototype pulse with respect to time. The demodulated symbols
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Figure 2.10 Parallel equalization at the receiver with Q = 1.

coming from the q-th parallel AFB, denoted by zm0,l0(q), are then equal-
ized by the q-th derivative of the equalizer with respect to frequency that
we denote by B

(q)
m . Finally, the outputs of each AFB are recombined in

order to cancel the Q first orders of the distortion caused by the channel
variations and the symbol is estimated as

d̂m0,l0 = ℜ

 Q∑
q=0

q

(2M)q
B(q)

m0
zm0,l0(q)

 . (2.10)

Note that this processing does not require any additional delay as op-
posed to multi-tap equalizers. We will extend this equalization structure
to the case of time selective channels in Chapter 5.

Frequency spreading receiver: several recent works have looked at
an alternative scheme to implement FBMC systems, which is the so-
called frequency-spreading FBMC (FS-FBMC) technique [38], [39]. It
can be seen as a special case of the fast-convolution implementation of
FBMC [36]. As shown in Fig. 2.11, in the FS-FBMC implementation of the
receiver, an FFT of size 2Mκ is first taken on the received signal. Then,
the output bins of the FFT are equalized to compensate for the channel
frequency selectivity before being recombined by the prototype pulse
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Figure 2.11 Frequency-spreading implementation of the receiver.

coefficients in the frequency domain ("de-spreading"). The complexity
of FS-FBMC is larger than the classical structure relying on a PPN, due to
the increased FFT size. However, the advantage of the approach comes
from its simplicity of understanding and from the very efficient channel
equalization being done in the frequency domain at the high resolution
1/2Mκ and without additional delay.

Overlap and save algorithm: this method, widely applied in single-
carrier and multi-carrier optical fiber communication systems [56], con-
volves the received signal before the AFB with an equalization filter.
Classically, this time domain filtering operation is implemented in an
efficient manner using the overlap and save algorithm. The algorithm
first takes an FFT of block of size NFFT on the received signal, the FFT
outputs are then multiplied by the inverse of the CD frequency response
and brought back to time domain by IFFT of size NFFT. Finally, Kov/2

samples are discarded at the beginning and at the end of the block,
which yields a block of NFFT − Kov samples, assumed to be approxi-
mately free from CD. These samples are then fed to the AFB. Note that
the parameters NFFT and Kov do not need to be related to the number
of subcarriers 2M and that the overlap and save algorithm adds a delay
of NFFTTs seconds to the demodulation chain.
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2.1.5.3 Doubly selective channels

As detailed in Section 2.1.5.2, many works have proposed algorithms to
compensate for the distortion induced by the frequency selectivity of
the channel. On the contrary, the case of time selective channels, i.e., the
fact that the channel rapidly changes over time, has not been extensively
studied in the FBMC literature. This issue is of crucial importance for
the future of wireless communications. Two examples of applications
are high speed trains and satellite communications. In [57–59], different
multicarrier modulations schemes proposed for 5G systems, includ-
ing CP-OFDM and FBMC-OQAM modulations, are compared under
high speed scenarios. Their main result is that FBMC-OQAM provides
more robustness to channel dispersion with respect to conventional
CP-OFDM.

In [60, 61], the authors propose adaptive equalizers for doubly se-
lective channels in MIMO FBMC-OQAM systems. The work of [62]
addresses the same problem by designing a fractionally spaced per-
subcarrier equalizer, taking into account the interference coming from
neighboring subcarriers and adjacent symbols in time. In [63], the MSE
of the received symbols for doubly selective channel is analyzed for
SISO FBMC systems with classical single-tap equalization. From the
channel estimation point of view, the authors in [64] propose a general
framework for compressive estimation of doubly selective channels in
multicarrier systems.

Other works study the effect of varying the prototype pulse shape to
deal with doubly selective channels [65, 66].

2.1.6 Channel estimation

As explained in Section 2.1.3, the FBMC-OQAM modulation is impacted
by intrinsic interference after demodulation. The presence of this in-
terference complicates the channel estimation task. This has motivated
numerous works. We give here below a short review of the main solu-
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tions devised in the literature. We refer the interested reader to [33, 67]
for a more comprehensive review and to [68] for a recent review on the
remaining challenges and solutions. The channel estimation algorithms
can be divided into two main classes depending if they rely on the
transmission of a preamble or scattered pilots.

Usually, the beginning of a transmitted frame is made of a known
training sequence used for synchronization and channel estimation. The
preamble should be properly designed to take into account the impact
of intrinsic interference coming from neighboring symbols in time and
frequency [33]. Commonly, the preamble section is "protected" from the
unknown data symbols by guard symbols. Interference approximation
methods were proposed to use the intrinsic interference as a way to
improve the estimation accuracy [33, 40]. In [69], preambles are opti-
mized under a least squares criterion and compared for CP-OFDM and
FBMC-OQAM systems. In [10, 70], it is shown how a LMMSE channel
estimator can be applied to FBMC-OQAM systems. Other works con-
sider preamble-based channel estimation for highly selective channels
[68, 71, 72]. The work of [10, 73] extended the study to the case of MIMO
channels.

If the pilots are scattered in time and frequency, one should use
a compensation method to avoid contamination of the pilot from the
intrinsic interference coming from neighboring symbols. To counteract
this effect, most of the existing algorithms properly fix the value of one or
more neighboring symbols to ensure that the intrinsic interference at the
pilot position is canceled. If only one neighboring symbol is used, this
symbol is referred to as an auxiliary pilot (or help pilot) [32, 74]. Note
that this scheme uses two OQAM symbols which corresponds to one
complex QAM symbol. Hence, this scheme has the same overhead as the
transmission of one complex pilot in an OFDM-like system. One of the
drawback of the auxiliary pilot scheme is the fact that that the amplitude
of the auxiliary pilot depends on the neighboring symbols and can be
very high, which is detrimental regarding for instance peak-to-power
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average ratio. A generalization of this scheme which prevents power
amplification is to use a coding scheme applied on several neighboring
symbols [75, 76]. Most of the pilot-based channel estimators rely on the
assumption of a channel sufficiently flat at the subcarrier level. In [77],
the authors generalize the auxiliary pilot scheme to the case of highly
frequency selective channels at the price of an increased pilot overhead.
In [78–80], the authors extend the pilot scheme to MIMO systems.

During the writing process of this thesis, we did not include our
works on channel estimation [10, 81, 82].

2.2 Communication sytems under study

The following sections detail the communications systems that are stud-
ied throughout this thesis and answer the following questions: what
is the interest of using FBMC-OQAM in each case ? what are the chal-
lenges ? and what are the different scenarios that we addressed in this
thesis ?

2.2.1 Wireless transceivers

The current fourth generation of wireless communication systems (4G)
relies on the CP-OFDM modulation. As was explained in detail in
Section 2.1, the FBMC-OQAM modulation has significant advantages
compared to CP-OFDM modulations and it is now regarded as one of
5G waveform contenders. Indeed, FBMC-OQAM has a higher spectral
efficiency due to the absence of CP and the low number of guard bands
at the edges of the system spectrum. Furthermore, one of the main
challenges investigated for future wireless communications systems
is the ability to take care of the largely increasing number of devices.
Allowing all devices to communicate simultaneously implies to choose a
modulation format that can easily take care of the multiple access issue.
The CP-OFDM requires time synchronization and a sufficiently large CP
to work with multiple devices simultaneously, which will become very
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difficult with the expected increase in the number of mobile devices as
well as more complex cell infrastructures. On the other hand, thanks to
the good frequency localization of its prototype pulse, FBMC-OQAM
can very easily separate the users in frequency by using very small
guard bands and no synchronization in time is required. In that regard,
FBMC-OQAM offers much more flexibility and would much better fit
the needs of future generations of wireless systems. Other applications
where FBMC-OQAM is particularly useful are cognitive radios and
unlicensed frequency bands where frequency resources should be shared
and dynamically allocated. As explained earlier, the main disadvantages
of FBMC-OQAM for wireless systems is the increased latency and the
complex combination with space time codes.

The application of the FBMC-OQAM modulation to wireless systems
has been extensively studied in the literature under different aspects
such as channel estimation, equalization and synchronization. The re-
lated literature can be found in Section 2.1. In this thesis, Part I focuses
on channel equalization for MIMO wireless systems under strong chan-
nel frequency and/or time selectivity. The different contributions are
original as they propose new types of equalizers and consider scenarios
not well studied in the literature. More specifically, we address three
main types of MIMO scenarios, namely, PTP MIMO, MU-MIMO and
massive MIMO.

In the PTP MIMO systems considered in Chapter 5 and 6, the anten-
nas at the transmitter and receiver are co-localized, as shown in Fig. 2.12.
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Figure 2.13 Multi-user-MIMO system.

The number of transmit and receive antennas are denoted by NT and
NR respectively and we consider pure spatial multiplexing so that the
number of spatial streams S is equal to NT .4

In the MU-MIMO system considered in Chapter 3, we consider the
presence of one BS equipped with N antennas and K single-antenna
users, as shown in Fig. 2.13. The users are not able to cooperate. The
users and the BS are assumed to use space division multiple access
(SDMA), i.e., they simultaneously communicate using the same time
and frequency resources [83, Chap. 10]. Two transmission directions are
considered, i.e., downlink (DL) and uplink (UL). The number of spatial
streams is equal to the number of users, i.e., S = K.

The UL massive MIMO system considered in Chapter 4 can be seen
as a MU-MIMO system where the number of BS antennas N and the
number of users K grow large.

In this thesis, we consider a channel model which takes into account
both the time and frequency selectivity of the channel. In most of the
simulations performed in Part I, we will use the 3GPP and the ITU
channel models [84] to characterize the power delay profile (PDP) of the
discrete-time channel impulse response. As it is common, we neglect
the inter-taps correlation that arises due to the analog filters at the
transmitter and at the receiver. If the channel is considered to be time-
varying, we will assume that the Doppler spectrum of each tap of the
channel is characterized by a classical Jakes model.

4We will always assume that NR ≥ NT .
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2.2.2 Optical fiber transceivers

In order to satisfy the ever-increasing network capacity demand, multi-
carrier modulations have been recently proposed for optical fiber com-
munication systems. Among multicarrier modulations, FBMC-OQAM
is seen as a promising candidate to improve the spectral efficiency of
optical fiber wavelength division multiplexing (WDM) communication
systems [85–89]. As we already know, FBMC-OQAM does not require a
CP while still allowing efficient channel equalization in the frequency
domain. Furthermore, thanks to the very low spectral leakage of its
prototype filter, it is sufficient to insert a very small guard band be-
tween unsynchronized optical lasers, which results in a higher spectral
efficiency [89].

The propagation in optical fibers is characterized by various impair-
ments [90]. In the Part II of this thesis, we will focus on the mitigation of
two main linear impairments, namely, CD and PN. The presence of CD
implies that the spectral components of the transmitted signal travel at
different speeds in the fiber. The CD is assumed to have the following
baseband frequency response

H (f) = e−πDλ2L
c

f2
, (2.11)

where D is the dispersion coefficient [ps/nm/km], λ is the central wave-
length, c is the speed of light and L is the fiber length [91]. As can be
seen in (2.11), the distortion induced by CD is amplified as the fiber
length and/or the system bandwidth increase. CD can actually be seen
as a special case of channel frequency selectivity as it induces phase
variations in the frequency domain.

On the other hand, PN does not originate from the optical fiber itself
but from the phase mismatch between the lasers at the transmitter and
the receiver. PN can be seen as a special case of time selectivity causing
a phase rotation of the received samples. We model the PN as a Wiener
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Figure 2.14 Radio-over-fiber system.

process, i.e.,

φ[n+ 1] = φ[n] + ν[n], (2.12)

where ν[n] is an independent real Gaussian random variable with zero
mean and variance σ2

ν = 2π∆ν T
2M [92]. The parameter ∆ν refers to the

combined laser linewidth. The baseband received signal, impacted by
CD, PN and additive noise, can be written as

r [n] =

 1/2Ts∫
−1/2Ts

S (f)H (f) e2πfTsndf

 eφ[n] + w[n], (2.13)

where S(f) is the Fourier transform of the transmitted signal. To focus
on the CD and PN effects, only one polarization mode and a standard
single-mode fiber (SSMF) will be considered in Part II, implying that
NT = NR = S = 1.

2.2.3 Radio-over-fiber transceivers

The fifth generation of mobile communication systems is expected to
offer a huge increase in the network capacity. In these networks, radio-
over-fiber (RoF) systems would be very useful for mobile fronthaul
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deployment to simplify the access to remote antenna sites [93–95]. As
shown in Fig. 2.14, the RoF system allows to connect a remote radio
head (RRH) to the core network through a remote antenna unit (RAU) by
the combination of an optical fiber and a radio link. The conversion from
the optical domain to the electrical domain in the DL (and vice versa
in the UL) at the RAU is efficiently performed in the analog domain
without additional signal processing. Seamless fiber–wireless systems in
high-frequency bands based on RoF technology are also very attractive
for flexible and resilient broadband access networks where the use of
optical fibers is not possible. RoF and fiber–wireless systems using
CP-OFDM have already been studied in many works [96, 97]. However,
the rectangular pulse shaping of the FFT filters induces high spectral
leakage. This results in the need of large guard bands at the edges of
the system band to prevent out-of-band emission. Furthermore, the CP,
which is introduced in order to simplify the equalization of the channel
at the receiver, induces an additional loss of spectral efficiency.

In the light of these limitations, the FBMC-OQAM modulation has
been considered in some works for RoF and seamless fiber–wireless
systems. The authors in [98] proposed and demonstrated a centralized
pre-equalization algorithm to compensate for the channel impairments.
In [99], full-duplex quasi-gapless carrier aggregation is demonstrated,
taking advantage of the very high spectral containment of FBMC. In
[100], a simultaneous transmission of OFDM and FBMC signals is exper-
imentally demonstrated. In [101, 102], the authors respectively propose
a 2x2 and a 4x4 MIMO FBMC-OQAM transmission over a radio-over-
multicore fiber system and wireless links in the 2-GHz band.

In Chapter 10, we will report on a MIMO FBMC RoF experiment
where the RAU and the RRH are equipped with a same number of
antennas and using pure spatial multiplexing so that NT = NR = S.
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CHANNEL EQUALIZATION FOR

MIMO WIRELESS SYSTEMS





INTRODUCTION

Part I of this thesis investigates channel equalization in MIMO FBMC-
OQAM wireless systems. More specifically, Part I addresses various
MIMO scenarios characterized by highly frequency and/or time selec-
tive channels. The different works presented in Part I share a common
approach to characterize the channel variations in the time and/or fre-
quency domains. The chosen approach, initially introduced in [53],
relies on a Taylor approximation of these variations and an asymptotic
characterization of the residual approximation error.

We now give a brief example of the approach. Formal proofs will be
given in the following chapters. For the sake of clarity, we consider a
simple case in order to give a general intuition to the reader. Following
this idea, we make a few simplifying assumptions that will not always
be made in the following chapters. We first consider that the channel
is only frequency selective and time-invariant, i.e., C[b, n] = C[b] (as
in Chapter 3 and 4). We will assume that no pre-equalizer is used, i.e.,
Am = INT

(as in Chapter 4, 5 and 6). Furthermore, a single-tap equalizer
is used so that the estimated symbols are given by d̂m,l = ℜ (Bmzm,l).
The single-tap equalizer is designed to perfectly invert the channel at
the receiver, i.e., BmHm = INT

(as in Chapter 6). We define the MSE of
the estimated symbols at subcarrier m as

MSE(m) = E
(
∥dm,l − d̂m,l∥2

)
(2.14)

= Pd(m) + Pn(m),
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where the expectation is taken over transmitted symbols and noise. Since
the noise and symbols are uncorrelated, their contribution to MSE(m)

can be separated in the two terms Pd(m) and Pn(m) and they can be
studied independently. The term Pn(m) accounts for the additive noise
power and can be easily computed. On the other hand, the term Pd(m)

accounts for the distortion due to channel frequency selectivity or, in
other words, ICI, ISI and IUI. The exact expression of Pd(m) is an intri-
cate function of the transmitted data, channel and pulses. We now show
how to obtain a very compact first order approximation of Pd(m). To
do this, we remove the additive noise terms, which are straightforward
to compute and can be added afterwards. In the noiseless case, the
received signal and the demodulated symbols are respectively given by

r[n] =
+∞∑

b=−∞
C[b]s[n− b]

zm0,l0 =

2MÑs−1∑
n=0

r[n]g∗m0,l0 [n] (2.15)

=

2Ns−1∑
l=0

2M−1∑
m=0

2MÑs−1∑
n=0

+∞∑
b=−∞

C[b]dm,lpm,l[n− b]g∗m0,l0 [n].

Setting n′ = n − b and using the definition of gm0,l0 [n] introduced just
after (2.2), we can rewrite (2.15) as

zm0,l0 =
∑
m,l

∑
n′

∑
b

C[b]dm,lpm,l[n
′]g∗m0,l0 [n

′ + b]. (2.16)

=
∑

m,l,n′,b

C[b]dm,lpm,l[n
′](−)l0+m0g[n′ + b− l0M ]e−ωm0 (b+n′− 2Mκ−1

2
),

where ωm0 = 2πm0
2M . We now introduce one of the central assumptions of

Part I: the discrete receive prototype filter g[n] is assumed to be obtained
by discretization of a smooth, real-valued and even analog waveform
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g(t), which is only non zero for t ∈ [−κ/2, κ/2], so that

g[n] = g

((
n− 2Mκ− 1

2

)
1

2M

)
, n = 0, . . . , 2Mκ− 1.

Furthermore, we define the q-th derivative of g(t) in time as g(q)(t) =
d(q)

dtq g(t) and its sampled version as

g(q)[n] = g(q)
((

n− 2Mκ− 1

2

)
1

2M

)
, n = 0, . . . , 2Mκ− 1.

Hence, g[n′ + b− l0M ] can be seen as the evaluation of the function g(t)

at t̃ = (n′ + b− l0M − 2Mκ−1
2 ) 1

2M . Let us perform a Taylor expansion of
g(t) around point t̃l0 = (n′ − l0M − 2Mκ−1

2 ) 1
2M that we evaluate at t̃

g[n′ + b− l0M ] =

+∞∑
q=0

g(q)
(
t̃l0
)

q!
(t̃− t̃l0)

q

=
+∞∑
q=0

g(q)[n′ − l0M ]

(2M)qq!
bq.

Replacing the expression of g[n′ + b− l0M ] by its Taylor expansion in
(2.16), we obtain

zm0,l0 =
+∞∑
q=0

q

(2M)qq!

∑
b

(−b)qC[b]e−ωm0b
∑
m,l

dm,l

∑
n′

pm,l[n
′]g(q)∗m0,l0

[n′]

=

+∞∑
q=0

q

(2M)qq!
H(q)

m0
y
(q)
m0,l0

, (2.17)

where we defined g
(q)
m0,l0

[n] = l0+m0g(q)[n− l0M ]eωm0 (n− 2Mκ−1
2

) and

H(q)
m0

=
∑
b

(−b)qC[b]e−ωm0b

y
(q)
m0,l0

=
∑
m,l

dm,l

∑
n′

pm,l[n
′]g(q)∗m0,l0

[n′].
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Defining the channel frequency response as H(ω) =
∑

bC[b]e−ωb, H(q)
m0

can be seen as its q-th derivative evaluated at subcarrier m0 so that
H

(0)
m0 = Hm0 . The samples y

(q)
m0,l0

can be seen as the complex demodu-
lated symbols at subcarrier m0 and multicarrier symbol l0, if the symbols
dm,l are FBMC-OQAM modulated using a prototype pulse p[n], demod-
ulated using a prototype pulse g(q)[n] and for an ideal channel, i.e.,
C[b] = δ[b]INT

. We also have that y(0)
m0,l0

= ym0,l0 as defined in (2.2).

Equation (2.17) allows us to make several important remarks. If the
channel is frequency flat, we have H(q)

m = 0 for q > 0, which corresponds
to the conventional 0-th order approximation of the demodulated sym-
bol presented in Section 2.1.5 relying on the assumption of a frequency
flat channel at the subcarrier level. As the channel frequency selectivity
increases, the derivatives of the channel (H(q)

m for q > 0) are amplified
and the accuracy of the 0-th order approximation of the demodulated
symbol deteriorates.

The estimated symbols are obtained, after single-tap equalization,
as d̂m,l = ℜ (Bmzm,l). Let us approximate zm,l by its first order approxi-
mation z

(1)
m,l, defined as the truncation of (2.17) to the first order,

z
(1)
m,l = Hmym,l +



(2M)
H(1)

m y
(1)
m,l.

Since we assumed that the equalizer Bm perfectly inverts the channel at
the receiver, we have5 BmHm = INT

. We recall that, if the pulses satisfy
the PR conditions, we have ℜ

(
ym,l

)
= dm,l, which leads to

d̂m,l ≈ ℜ
(
Bmz

(1)
m,l

)
= dm,l + ℜ

(
Bm



(2M)
H(1)

m y
(1)
m,l

)
and the MSE in (2.14) becomes (noiseless case, Pn(m) = 0)

MSE(m) = Pd(m) ≈ E

(∥∥∥∥ℜ(Bm


(2M)
H(1)

m y
(1)
m,l

)∥∥∥∥2
)
.

5This assumption will not always be made in the following chapters.
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To go further, we use a result, proven in Section 5.5.3,6 implying that

E
(
y
(1)
m,l

(
y
(1)
m,l

)T)
= 0

E
(
y
(1)
m,l

(
y
(1)
m,l

)H)
= 2ηEsINT

,

where η is a quantity related to the transmit and receive pulses. Using
this identity and the trace cyclic property, we finally find that

Pd(m) ≈ Es
η

(2M)2
tr

[(
BmH(1)

m

)(
BmH(1)

m

)H]
.

We will refer to this expression as a first order approximation of the
distortion due to channel frequency selectivity. The expression is very
compact and allows to very easily analyze the performance of an FBMC-
OQAM system under strong channel selectivity. As we will show in
following chapters, the approximation is very accurate to model highly
selective channel conditions. Furthermore, the expression is intuitive
as it explains the effect of channel frequency selectivity on an FBMC-
OQAM system. As the channel frequency selectivity increases, the
derivative of the channel H(1)

m is amplified and the FBMC-OQAM system
will suffer from stronger distortion, composed of IUI, ISI and ICI. One
can note that the amount of distortion will depend on the combination
with the equalizer, i.e., BmH

(1)
m .

In Part I, we greatly extend the approach proposed in [53] by con-
sidering more general types of equalizers and pre-equalizers. We also
consider channels that are both frequency and time selective. Moreover,
we investigate different MIMO scenarios. To avoid confusing the reader
and to help him identify the specificity of each chapter, we give here
below a short description of the different scenarios7 investigated in Part I

6Relying on the results of [53, Appendix B] and Lemma 3 presented in Section 3.5.2.
7For a reminder on the different types of MIMO systems that we consider (PTP

MIMO, MU MIMO and massive MIMO), we refer the reader to Section 2.2.1.
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and the related publications. Moreover, we refer the reader to Fig. 2.15
for a summary of the different scenarios.

Chapter 3 considers a MU-MIMO FBMC-OQAM scenario charac-
terized by a highly frequency selective channel. Both the DL and the
UL are investigated. In the UL (resp. DL), single-tap equalizers (resp.
pre-equalizers) at the BS are optimized under a ZF or a MMSE criterion.

• F. Rottenberg, X. Mestre, and J. Louveaux, “Optimal zero forcing precoder

and decoder design for multi-user MIMO FBMC under strong channel

selectivity,” in 2016 IEEE International Conference on Acoustics, Speech and

Signal Processing (ICASSP), pp. 3541–3545, March 2016

• F. Rottenberg, X. Mestre, F. Horlin, and J. Louveaux, “Single-Tap Precoders

and Decoders for Multiuser MIMO FBMC-OQAM Under Strong Channel

Frequency Selectivity,” IEEE Transactions on Signal Processing, vol. 65, pp. 587–

600, Feb 2017

Chapter 4 analyzes the performance of an uplink massive MIMO
FBMC-OQAM system, taking into account high channel frequency se-
lectivity. The performance in terms of the MSE of the decoded symbols
is evaluated for three types of classical single-tap equalizers, namely, ZF,
LMMSE and MF.

• X. Mestre, F. Rottenberg, and M. Navarro, “Linear receivers for massive

MIMO FBMC/OQAM under strong channel frequency selectivity,” in 2016

IEEE Statistical Signal Processing Workshop (SSP), pp. 1–5, June 2016

• F. Rottenberg, X. Mestre, F. Horlin, and J. Louveaux, “Performance Analysis

of Linear Receivers for Uplink Massive MIMO FBMC-OQAM Systems,”

IEEE Transactions on Signal Processing, vol. 66, pp. 830–842, Feb 2018

Chapter 5 proposes a parallel equalization structure for PTP MIMO
FBMC-OQAM systems under channels that are both highly frequency
and time selective.
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• F. Rottenberg, X. Mestre, D. Petrov, F. Horlin, and J. Louveaux, “Parallel

Equalization Structure for MIMO FBMC-OQAM Systems Under Strong Time

and Frequency Selectivity,” IEEE Transactions on Signal Processing, vol. 65,

pp. 4454–4467, Sept 2017

Chapter 6 also considers a PTP MIMO FBMC-OQAM system under
channels that are both highly frequency and time selective. Relatively to
the design in Chapter 5, a design with lower complexity is considered,
relying on a single-tap per-subcarrier equalizer. This chapter can be seen
as an extension of Chapter 3 to doubly selective channels.

• F. Rottenberg, X. Mestre, F. Horlin, and J. Louveaux, “Single-tap equalizer
for MIMO FBMC systems under doubly selective channels,” in 2017 IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP),
pp. 3784–3788, March 2017
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Figure 2.15 General principle used in Part I and application to various MIMO
scenarios.



CHAPTER 3

OPTIMIZED SINGLE-TAP PRE-EQUALIZERS

AND EQUALIZERS FOR MU MIMO
SYSTEMS UNDER STRONG CHANNEL

FREQUENCY SELECTIVITY

As the channel becomes more selective in frequency, the FBMC-OQAM
modulation begins to suffer from ISI and ICI and the orthogonality is
progressively destroyed. As detailed in Section 2.1.5.2, many works
in the literature have investigated this problem and proposed various
compensation methods. One should however note that the proposed
solutions in the literature enhance the system implementation com-
plexity by using more complicated designs such as multi-tap filters,
iterative methods, parallel receivers... Here, in contrast to most of the
proposed approaches to deal with channel frequency selectivity, we
consider the conventional low complexity approach based on single-tap
pre-equalizers and equalizers, as represented in Fig. 3.1 and Fig. 3.2. We
show that, as soon as the receiver has more antennas than the number
of transmit antennas, i.e., NR > NT , the equalizer can use these extra
degrees of freedom to cancel the distortion due to channel frequency
selectivity. The same result holds for the design of the pre-equalizer at
the transmitter as soon as NT > NR.
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Figure 3.1 Per-subcarrier pre-equalization at the transmitter.
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Figure 3.2 Per-subcarrier equalization at the receiver.

In a first step, a first order approximation of the per-subcarrier MSE
for a MIMO FBMC-OQAM system, including the effects of noise, MSI,
ISI and ICI, is proposed, relying not only on the channel frequency
response evaluated at this subcarrier but also on its derivatives. As
opposed to most of the works in the literature, the assumption of a
frequency flat channel at the subcarrier level (as in (2.6)) is not made.
The derived MSE expression is general and can be applied to various
MIMO scenarios such as PTP MIMO, MU MIMO and massive MIMO.
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User 1
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DL UL

Figure 3.3 Multi-user MIMO scenario: K single-antenna users and one base
station with N antennas communicate simultaneously in UL and DL using
space division multiple access.

This approximation generalizes the one given in [55] that is valid only
for the ZF case.

In a second step, we optimize the MSE formula to design single-tap
pre-equalizers and equalizers in a MU MIMO context. As shown in
Fig. 3.3, we consider a MU MIMO system with one BS equipped with
N antennas and K single-antenna users that are not able to cooperate
with one another1. The users and the BS are assumed to use SDMA, i.e.,
they simultaneously communicate using the same time and frequency
resources [83, Chap. 10]. As soon as N > K, we show that even
with the simple single-tap chosen structure, one can exploit the degrees
of freedom offered by the (N − K) extra BS antennas to compensate
for the distortion due to frequency selectivity. In both the UL and
DL cases, two design criteria are considered, namely ZF or MMSE.
From the asymptotic study at high SNR, it is shown that the first order
approximation of the distortion can be completely removed as soon as
the number of BS antennas is twice as large as the number of users.

Chapter 3 is structured as follows. Section 3.1 proposes an approx-
imation of the MSE for a general MIMO FBMC-OQAM system under

1Note that one could straightforwardly apply our results to a PTP communication
link transmitting with pure spatial multiplexing.
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strong channel frequency selectivity. Section 3.2 optimizes the previ-
ously derived MSE formula for a MU MIMO scenario as a function of
the single-tap pre-equalizer or equalizer under a ZF or a MMSE criterion.
Section 3.3 validates the accuracy of MSE approximation and the perfor-
mance of the optimized single-tap pre-equalizer and equalizer through
simulations. Finally, Section 3.4 concludes the chapter and Section 3.5
contains the mathematical proofs of previous sections.

3.1 MSE formulation for general MIMO
FBMC-OQAM systems under strong channel fre-
quency selectivity

We consider a general MIMO FBMC-OQAM system with NT and NR

antennas at the transmit and receive sides, respectively. The number
of streams is denoted by S. The block diagrams of the transmitter and
receiver are depicted in Fig. 3.1 and Fig. 3.2. This work makes a quasi-
static assumption on the channel variations in time meaning that we
assume that the channel does not change over the transmitted frame
duration. At the transmitter, the pre-equalizer at the m-th subcarrier
is denoted by Am ∈ CNT×S . At the receiver, the equalizer at the m-th
subcarrier is denoted by Bm ∈ CS×NR .2 We define the MSE at the output
of the transceiver chain corresponding to all streams as

MSE(m) = E
(
∥d̂m,l − dm,l∥2

)
= Pd(m) +

N0

2
tr
[
BmBH

m

]
, (3.1)

where the expectation is taken over transmitted symbols and noise. Since
noise and symbols are uncorrelated, their effect can be separated in the
two terms of (3.1). The term Pd(m) corresponds to the distortion due to

2Note that, as explained in Section 2.1.5, we remove the l subscript to emphasize
that Am and Bm do not vary over time (Am,l = Am and Bm,l = Bm).
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MSI, ISI and ICI. The designs of Fig. 3.1 and Fig. 3.2 usually rely on the
assumption of a channel sufficiently flat in frequency at the subcarrier
level. When the variation of the channel becomes non-negligible, this
assumption becomes inaccurate and distortion will increase with the
appearance of MSI, ISI and ICI (, i.e., the term Pd(m) increases). To
be able to give an approximation of Pd(m), we make the following
assumptions:

(As1) There exist two smooth functions A(ω) and B(ω), defined
on the torus R/2πZ, such that the actual pre-equalizers and equalizers
implemented at the m-th subcarrier result from the evaluation of A(ω)

and B(ω) at frequency ωm = 2πm
2M , i.e., Am = A(ωm) and Bm = B(ωm).

Similarly, the channel frequency response H(ω) is assumed to be a
smooth function and such that Hm = H(ωm). In the following, the
superscript (q) applied to a frequency-depending quantity refers to the
q-th derivative with respect to frequency, i.e., the first derivative of A(ω)

evaluated at ωm is denoted by A
(1)
m while H

(1)
m and H

(2)
m denote the first

and second derivatives of the channel frequency response.

(As2) The prototype pulse g[n] is assumed identical at transmit and
receive sides, so that p[n] = g[n] and of energy normalized to one. It
is either symmetric or anti-symmetric in the time domain and it meets
the PR conditions. Furthermore, g[n] is obtained by discretization of a
smooth real-valued analog waveform g(t), which is only non zero for
t ∈ [−κ/2, κ/2] , so that

g[n] = g

((
n− 2Mκ− 1

2

)
1

2M

)
, n = 0, . . . , 2Mκ− 1.

Furthermore, the pulse g(t) and its derivatives are null at the end-points
of the support, namely at t = ±κ/2. Thanks to the above assumption,
we can define g(q)[n] as the sampled version of the q-th derivative of
g(t), i.e.,

g(q)[n] = g(q)
((

n− 2Mκ− 1

2

)
1

2M

)
, n = 0, . . . , 2Mκ− 1.
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We are now in a position to introduce the main result of this section.

Theorem 2. Under (As1)− (As2), the aggregated distortion Pd(m) at the
m-th subcarrier can be expressed as

Pd(m) =
Es

2
tr
[
(BmHmAm − IS) (BmHmAm − IS)

H
]

+ Es
η

(2M)2
tr
[(

BmH(1)
m Am

)(
BmH(1)

m Am

)H]
+ Es

η

(2M)2
ℜ tr

[
(BmHmAm − IS)

(
BmH(2)

m Am

)H]
+ Es

2 (η + ζ)

(2M)2
tr
[
ℑ (BmHmAm − IS)ℑT

(
Bm

(
HmA(1)

m

)(1))]
+ Es

2 (η + ζ)

(2M)2
tr
(
ℑ
(
BmHmA(1)

m

)
ℑT
(
Bm (HmAm)(1)

))
+O

(
M−2

)
, (3.2)

where η and ζ are pulse-related quantities defined in Section 3.5.

Proof. See Section 3.5.

Comments: equations (3.1) and (3.2) show that the MSE expression
is composed of many terms including the effects of noise, MSI, ISI and
ICI. One may recognize some usual terms, i.e., the noise term in (3.1) or
the first term of (3.2) related to the fact that the channel is not perfectly
inverted (BmHmAm ̸= IS). Those two terms would be the only ones
remaining if the channel was frequency flat (H(1) = 0) and the pre-
equalizer non-frequency selective (A(1)

m = 0). Those are also the two only
terms of distortion in an OFDM system if the cyclic prefix is longer than
the channel length and the system well synchronized. Furthermore, the
dependence of (3.2) on H

(1)
m and H

(2)
m comes directly from the fact that

the channel variation breaks the FBMC-OQAM orthogonality while the
dependence in the derivatives of the pre-equalizer A(1)

m and A
(2)
m shows

that the precoding operations on adjacent subcarriers may influence the
MSE at the current subcarrier. Notice that this effect, also known as
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intrinsic interference, also occurs if the channel is non-varying (H(1)
m = 0)

but the pre-equalizer varies over the subcarriers (A(1)
m ̸= 0).

3.2 Single-tap pre-equalizers and equalizers design
for MU MIMO systems

The goal of this section is to optimize the general MSE formulation of
(3.1), applied to a MU MIMO scenario, as a function of the pre-equalizer
or the equalizer. As shown in Fig. 3.3, we consider a MU MIMO system
with one BS equipped with N antennas and K users, each one equipped
with a single antenna3 and not able to cooperate with each other. The
users and the BS are assumed to use SDMA, i.e., they communicate
simultaneously using the same time and frequency resources. The num-
ber of streams is equal to S = K with N ≥ K. The channel frequency
response matrix H(ω) is assumed to be perfectly known by the BS. For
the sake of clarity, H(ω) is denoted by HDL(ω) ∈ CK×N when referred
to the specific DL scenario and HUL(ω) ∈ CN×K resp. in the UL case.
We use the same subscript to denote the equalizer and pre-equalizer in
UL and DL. Furthermore, we remove the subscript m to clarify expres-
sions even though every frequency-depending quantity are evaluated at
ω = ωm, e.g., H(1) = H

(1)
m , A = Am.

While optimizing the equalizer in UL (resp. pre-equalizer in DL), the
pre-equalizer (resp. equalizer in DL) at the other end is fixed to a real
positive scalar ξUL(ω) (resp. ξDL(ω)) since the users cannot collaborate,
i.e., AUL = ξULIK (resp. BDL = ξDLIK). Moreover, a per-subcarrier
transmit power constraint is considered so that

tr
[
AAH

]
= GT . (3.3)

3Note that the approach could be generalized to the case where each user terminal is
equipped with multiple antennas, although the extension does not seem trivial.
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Table 3.1 Summary of the different designs under consideration and their
respective assumptions.

Equalizer (Uplink, MAC channel) Pre-equalizer (Downlink, BC channel)

AUL = ξULIK , HUL ∈ CN×K BDL = ξDLIK ,HDL ∈ CK×N

ZF (BHA = IK) ξZFUL independent of ω ξZFDL depends on ω

MMSE (BHA ̸= IK) ξMMSE
UL independent of ω ξMMSE

DL depends on ω

Two design criteria will be investigated, namely the ZF criterion
and the MMSE criterion. A summary of the different designs under
study with their corresponding assumptions is given in Table 3.1. Note
that, in UL, the users cannot pre-equalize the streams, so that ξUL(ω) is
constant over frequency. Conversely, in the DL, the BS pre-equalizes the
channel at the subcarrier level. This processing depends on the channel
frequency response at this subcarrier and hence, the normalization factor
ξDL(ω) will generally depend on frequency. Finally, the computation
complexity of the proposed designs will be studied.

3.2.1 Zero forcing design

For this design, a channel inverting constraint is considered, namely

BHA = IK , (3.4)

where we recall that every frequency-depending quantity should be
understood as evaluated at the subcarrier of interest. The channel matrix
H is assumed to be of full rank, which is a quite natural assumption
in the considered MU MIMO scenario. Using (3.4) and the fact that
(BHA)(1) = B(HA)(1) + B(1)HA = 0,4 many terms of the distortion

4As a reminder, the subscript (q) applied to a frequency-depending quantity refers to
the q-th derivative with respect to frequency evaluated at the subcarrier of interest.
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expression of (3.2) vanish and the MSE in (3.1) simplifies to

MSE(m) = Esη̃tr

[(
BH(1)A

)(
BH(1)A

)H]
− Es2(η̃ + ζ̃)tr

[
ℑ(BHA(1))ℑ(B(1)HA)T

]
+

N0

2
tr
[
BBH

]
+O

(
2M−2

)
, (3.5)

where η̃ = η
(2M)2

and ζ̃ = ζ
(2M)2

.

Equalizer (multiple access channel (MAC), UL)

In the UL case, HUL and H
(1)
UL ∈ CN×K correspond to the tall channel

frequency response matrix and its derivative evaluated at the subcarrier
of interest. From the power normalization (3.3) and channel inversion
(3.4) constraints, the general solution of the problem can be written in
the following form

AZF
UL = ξZFULIK

BZF
UL =

1

ξZFUL

(
H†

UL + B̃PUL

)
, (3.6)

where

ξZFUL =
√
GT /K (Power normalization)

H†
UL = (HH

ULHUL)
−1HH

UL (Left pseudo-inverse of HUL)

PUL = IN −HULH
†
UL (Projection in left null space of HUL),

and where B̃ is a K × N matrix to be optimized. This shows that the
equalizer in (3.6) can be written as the left pseudo-inverse of the channel
plus a matrix lying on the left null space of HUL. In the trivial case
N = K, the equalizer is the inverse of the channel since there are no
extra degrees of freedom, i.e., PUL = 0, H†

UL = H−1
UL.
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One can check that the second term of the distortion in (3.5) is null
due to the fact that ℑ(BZF

ULHUL(A
ZF
UL)

(1)) = ℑ
(
(ξZFUL)

(1)/ξZFUL

)
IK = 0

with ξZFUL purely real ( and not depending on frequency). Therefore, the
optimization problem can be turned into the minimization of a quadratic
expression in B̃

min
B̃

tr

[(
H†

ULH
(1)
UL + B̃PULH

(1)
UL

)(
H†

ULH
(1)
UL + B̃PULH

(1)
UL

)H]
+

N0Kη̃

GTEs
tr
[(
HH

ULHUL

)−1
+ B̃PULB̃

H
]
. (3.7)

Setting the derivative of this expression with respect to B̃
∗

to 0, we find
that the optimum solution is such that

B̃ = −H†
ULH

(1)
UL

(
H

(1)H
UL PULH

(1)
UL +

N0Kη̃

GTEs
IK

)−1

H
(1)H
UL , (3.8)

where we used the matrix inversion lemma.

Pre-equalizer (broadcast channel (BC), DL)

In the DL case, HDL,H
(1)
DL ∈ CK×N denote the fat channel frequency

response matrix and its derivative evaluated at the subcarrier of interest.
From the constraints (3.3) and (3.4), the general solution can be written
as

AZF
DL =

1

ξZFDL

(
H†

DL +PDLÃ
)

BZF
DL = ξZFDLIK ,



3.2 SINGLE-TAP PRE-EQUALIZERS AND EQUALIZERS DESIGN 63

where

ξZFDL =

√
tr
(
(HDLH

H
DL)

−1 + Ã
H
PDLÃ

)
/GT (Power normalization)

H†
DL = HH

DL(HDLH
H
DL)

−1 (Right pseudo-inverse of HDL)

PDL = IN −H†
DLHDL (Projection in right null space of HDL).

As in the equalizer case, the second term of the distortion in (3.5) also dis-
appears due to the fact that ℑ((BZF

DL)
(1)HDLA

ZF
DL) = ℑ((ξZFDL)

(1)/ξZFDL)IK =

0 with ξDL purely real. The optimization problem then simplifies to

min
Ã

tr

[(
H

(1)
DLH

†
DL +H

(1)
DLPDLÃ

)(
H

(1)
DLH

†
DL +H

(1)
DLPDLÃ

)H]
+

N0Kη̃

GTEs
tr
[
(HDLH

H
DL)

−1 + Ã
H
PDLÃ

]
,

the solution of which is, after applying the matrix inversion lemma,

Ã = −H
(1)H
DL

(
H

(1)
DLPDLH

(1)H
DL +

N0Kη̃

GTEs
IK

)−1

H
(1)
DLH

†
DL.

One can check that the asymptotic MSE of the optimized pre-equalizer
and equalizer will be exactly the same if the channels are the Hermitian
of one another, i.e., HDL = HH

UL.

Asymptotic study at low and high SNR

We concentrate here on the behavior of the optimized single-tap equal-
izer in the UL (MAC) channel. Similar conclusions also hold for the
pre-equalizer in the DL (BC) channel. We assume that the number of
users K and the transmit power GT remain constant while we let N0 go
to 0 or +∞ (high and low SNR respectively). At low SNR (N0 → +∞),
the expression in (3.8) tends to zero (B̃ → 0) and the optimized equalizer
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converges to

lim
N0→∞

BZF
UL =

1

ξZFUL

H†
UL.

As one would expect, when noise power is large, the distortion caused
by channel selectivity is comparatively negligible. The best thing to do is
to use the classical pseudo-inverse of the channel to combine the signals
of each antenna.

At high SNR, assuming that H(1)
UL is of full rank K, the equalizer

converges to a limit that depends on the rank of PUL. Indeed, two
cases must be considered depending on whether matrix H

(1)H
UL PULH

(1)
UL

is invertible or not. One can rewrite PUL as a function of the singular
value decomposition (SVD) of HUL

HUL =
[
U1 U2

] [
ΣK×K 0HN−K×K

]H
VH .

We then find PUL = U2U
H
2 where U2 is the N×N−K matrix composed

of the N −K left singular vectors of HUL associated to its zero singular
values. It is then straightforward to see that the rank of PUL is the
dimension of the left null space of HUL, i.e., N −K. First, if N −K ≥ K,
matrix H

(1)H
UL PULH

(1)
UL is full rank and the limit becomes

lim
N0→0

B̃ = −H†
ULH

(1)
UL

(
H

(1)H
UL PULH

(1)
UL

)−1
H

(1)H
UL .

Replacing this expression of B̃ into (3.7), it can be seen that the limit
of the asymptotic MSE at high SNR will tend to zero. This means
that for twice as many antennas as the number of served users, we
can completely remove the first order approximation of the distortion
caused by channel frequency selectivity.

As for the case N −K < K, using the fact that PUL = U2U
H
2 , one

can reapply the matrix inversion lemma on B̃PUL in order to show that
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the limit becomes

lim
N0→0

B̃PUL = −H†
ULH

(1)
ULH

(1)H
UL U2

(
UH

2 H
(1)
ULH

(1)H
UL U2

)−1
UH

2 .

In this case, the noise term of the MSE will tend to zero but the first order
approximation of the distortion will only be partially compensated for.

We can conclude that the optimized ZF equalizer and pre-equalizer
can be written in a compact expression as the pseudo-inverse of the
channel plus a matrix lying on the null space of the channel. This
design can compensate for the degradation due to channel frequency
selectivity and even completely remove the first order approximation of
the distortion for twice as many BS antennas as the number of served
users.

3.2.2 Minimum mean squared error design

The previous designs rely on a ZF criterion which restricts the solu-
tion domain. In the following, we do not make this assumption and
we look at the general MMSE design which will achieve an optimized
performance. Indeed, for low SNR situations or highly selective sub-
channels, inverting the channel might strongly degrade the performance.
Furthermore, the channel matrix H does not generally need to be full
rank.

Equalizer (multiple access channel, UL)

For the equalizer case, due to the power normalization constraint (3.3),
we impose

AMMSE
UL = ξMMSE

UL IK

BMMSE
UL =

1

ξMMSE
UL

B̂,
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where ξMMSE
UL =

√
GT
K . The notation B̂ = ξMMSE

UL BMMSE
UL is introduced

to clarify the following expressions by suppressing the dependence in
ξMMSE
UL . The two imaginary terms of the distortion in (3.2) again disap-

pear since the pre-equalizer is frequency independent, ((AMMSE
UL )(1) = 0)

and the optimization problem takes the following quadratic form in B̂

min
B̂

MSE(m) =
Es

2
tr
[
(B̂HUL − I)(B̂HUL − I)H

]
+ Esη̃tr

[(
B̂H

(1)
UL

)(
B̂H

(1)
UL

)H]
+ Esη̃ℜtr

[
(B̂HUL − I)(B̂H

(2)
UL)

H
]

+
N0K

2GT
tr
[
B̂B̂

H
]
.

Setting the derivative of this expression with respect to B̂
∗

to 0 yields
the MMSE equalizer given by

B̂ =
(
HH

UL + η̃H
(2)H
UL

)(
HULH

H
UL + 2η̃H

(1)
ULH

(1)H
UL (3.9)

+η̃
(
HULH

(2)H
UL +H

(2)
ULH

H
UL

)
+

N0K

GTEs
IN

)−1

.

Pre-equalizer (broadcast channel, DL)

In the pre-equalizer case, due to the normalization constraint, we have

AMMSE
DL =

1

ξMMSE
DL

Â

BMMSE
DL = ξMMSE

DL IK ,

with ξMMSE
DL =

√
tr
[
ÂÂ

H
]

GT
. As opposed to all of the previous designs,

the imaginary terms of the distortion in (3.2) do not cancel out. The
optimization of those two terms is difficult due to the dependence in
(AMMSE

DL )(1). The derivative implies that the optimization of the pre-
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equalizer of one subcarrier depends on the neighboring subcarriers and
the optimization can no longer be done locally at the subcarrier level,
which increases the problem complexity and is not comparable to the
other designs. Hence, we propose to impose an additional constraint
which cancels the imaginary terms of (3.2), i.e., ℑ(HDLA

MMSE
DL ) = 0.

This somehow means that we have a ZF design on the imaginary part
of HDLA

MMSE
DL and a MMSE design on its real part. We then have to

minimize the following Lagrangian formulation including the constraint
via the Lagrange multiplier Θ

min
Â

L =
Es

2
tr
[
(HDLÂ− I)(HDLÂ− I)H

]
+ Esη̃tr

[(
H

(1)
DLÂ

)(
H

(1)
DLÂ

)H]
+ Esη̃ℜ tr

[
(HDLÂ− I)(H

(2)

DLÂ)H
]

+
N0K

2GT
tr
[
ÂÂ

H
]

+


2
tr
[
ΘT (HDLÂ−H∗

DLÂ
∗
)
]
.

Setting the derivative of L with respect to Â to 0 yields the pre-equalizer
given by

Â =
(
HH

DLHDL + 2η̃H
(1)H
DL H

(1)
DL + η̃

(
HH

DLH
(2)
DL +H

(2)H
DL HDL

)
+

N0K

GTEs
IN

)−1(
HH

DL + η̃H
(2)H
DL +



Es
HH

DLΘ

)
,

where the value of Θ is fixed thanks to the constraint ℑ(HDLA) = 0.
Denoting X = HH

DLHDL + 2η̃H
(1)H
DL H

(1)
DL + η̃

[
HH

DLH
(2)
DL +H

(2)H
DL HDL

]
+

N0K
GT

IN , we find

Θ = −Es

(
ℜ
(
HDLX

−1HH
DL

))−1ℑ(HDLX
−1(HH

DL + η̃H
(2)H
DL )).
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Table 3.2 Complexity of calculating the proposed pre-equalizers and equalizers.

Equalizer (Uplink, MAC channel) Pre-equalizer (Downlink, BC channel)

Classical ZF O(2NK2 +K3) O(3NK2 +K3)

Opt. ZF O(4NK2 + 4N2K + 2K3) O(5NK2 + 4N2K + 2K3)

Classical MMSE O(2N2K +N3) O(2N2K +NK2 +N3)

Opt. MMSE O(5N2K +N3) O(6N2K + 3NK2 + 2K3 +N3)

3.2.3 Complexity of computation of the proposed pre-equalizers
and equalizers

Table 3.2 gives an order of complexity of computing the proposed op-
timized designs with respect to classical designs. By classical designs,
we mean pre-equalizers and equalizers that rely on the hypothesis
of channel frequency flatness at the subcarrier level, i.e., H(1)(ωm) =

H(2)(ωm) = 0. For the calculation, only matrix multiplications and in-
versions are taken into account given that they are the most complex
operations. It is assumed that for general matrices D ∈ Cl×m,E ∈
Cm×n,F ∈ Cm×m, performing matrix multiplication DE has complexity
O(lmn) and matrix inversion F−1 has complexity O(m3). One can check
that the calculation complexity of the optimized designs remains similar
to the classical. Note that the designs in DL are more complex since
they require one more matrix multiplication for the calculation of ξDL.
Furthermore, the opt. MMSE pre-equalizer is slightly more complex
than the opt. MMSE equalizer due to the required calculation of Θ.

3.3 Simulation results

The following simulations first aim at demonstrating the accuracy of
the derived asymptotic MSE expression in practical situations. Sec-
ondly, they validate the performance of the optimized pre-equalizers
and equalizers w.r.t. classical pre-equalizer and equalizer designs. A
FBMC-OQAM system is considered with 2M = 128 subcarriers and
subcarrier spacing 15 kHz as in LTE. The channels are randomly drawn
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Figure 3.4 The optimized MMSE equalizer clearly outperforms the classical
MMSE equalizer. The asymptotic approximation of the MSE represented in a
solid line matches perfectly the simulated MSE in crosses.

from the ITU Vehicular A or B channel model, i.e. a mildly or highly
frequency selective channel respectively. Furthermore, they remain
constant during the frame transmission (quasi-static assumption). The
Phydyas prototype pulse with overlapping factor κ = 4 is used in the
simulations [6]. This pulse does not fully satisfy the PR constraints
but is of the NPR type. Given that it almost fulfills PR constraints, the
derived MSE expression (3.1) remains a very good approximation of the
distortion, as will be shown in the following.

Fig. 3.4 shows the MSE of the classical and optimized MMSE equaliz-
ers for a specific channel realization. The channel model simulated is the
Vehicular B channel. The BS is assumed to have N = 4 antennas serving
K = 2 users and the SNR of the system is 25 dB. One can first check that
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Figure 3.5 SER of the optimized and classical ZF/MMSE equalizers and Veh.
A channel model.

the simulated MSE (in cross markers) perfectly matches the theoretical
approximation (in solid line) of (3.1). Furthermore, in the high SNR
regime considered here, the classical MMSE equalizer is limited by the
distortion induced by the channel frequency selectivity. On the other
hand, the optimized MMSE equalizer uses the two extra antennas to
cancel the distortion, giving a clear gain of performance.

In Fig. 3.5 and Fig. 3.6, the symbol error rate (SER) for the classical
and optimized equalizers are plotted for a fixed number of users K = 3

and different number of BS antennas N . The signal constellation is a
16-QAM. In Fig. 3.5, the Veh. A channel model is considered and the
classical equalizers can achieve the same performance as the optimized
ones. This comes from the fact that the assumption of an approximately
flat channel inside each subchannel is accurate. On the other hand, in
Fig. 3.6, the Veh. B channel model is considered, i.e., a highly selective
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Figure 3.6 SER of the optimized and classical ZF/MMSE equalizer and Veh. B
channel model

channel. The SER saturates very quickly with a classical equalizer while
the optimized ZF or MMSE equalizer can compensate for the distortion
as the number of BS antennas N grows and the SER therefore saturates at
higher SNR. In the case K = 3, N = 6, the SER does not even saturate in
the considered SNR range since the BS has twice as many antennas and
can completely remove the first order approximation of the distortion.
This is in accordance with the asymptotic study at high SNR conducted
in Section 3.2.1. As expected, the MMSE designs outperform the ZF
designs, and this gain is larger for a small number of BS antennas.
Indeed, as the number of BS antennas increases, the interference can be
better handled and the regularization gain of the MMSE equalizer is
reduced.

In Fig. 3.7, a 4-QAM constellation and the Veh. B channel model are
considered in the UL. The proposed equalizer designs are compared
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Figure 3.7 SER of the optimized and classical ZF/MMSE equalizer and a 3-tap
frequency sampling equalizer.

with a 3-tap frequency sampling equalizer that follows the design of [44]
with target frequency points chosen according to a ZF criterion. One can
check that the 3-tap equalizer has a gain of performance relative to the
proposed designs for the same antenna configuration. Note however
that the multi-tap design has a much larger complexity in terms of
hardware implementation and calculation of the equalizer coefficients.
Moreover, it adds a reconstruction delay to the demodulation chain.

Fig. 3.8 has exactly the same simulation parameters as Fig. 3.7 but for
the DL. One can check that the performance of the ZF pre-equalizer in
DL is similar to the equalizer one in UL. Note that the SER performances
of the pre-equalizer and equalizer might differ. Indeed, even though
the MSE expression is dual in UL and in DL, the distribution of the per-
stream SER might differ due to the correlation of the noise arising in UL
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Figure 3.8 SER of the optimized, classical ZF/MMSE pre-equalizer.

but not in DL. Moreover, due to the ZF constraint on ℑ(HDLA
MMSE
DL ) = 0,

the optimized MMSE pre-equalizer performs slightly worse than the
classical MMSE pre-equalizer at low SNR.

3.4 Conclusion

We investigated the design of optimized FBMC-OQAM single-tap pre-
equalizers and equalizers for a MU MIMO scenario highly selective
channel. The asymptotic expression of the MSE of a FBMC-OQAM
transceiver was recalled, simplified and generalized. Optimizing the
MSE expression, expressions of the optimized single-tap pre-equalizers
and equalizers were found under either a ZF criterion or a MMSE crite-
rion. As soon as the BS has more antennas than the number of users, the
optimized structures use those extra degrees of freedom to compensate
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for the distortion induced by channel frequency selectivity. From an
asymptotic study at high SNR, it was shown that the first order approxi-
mation of the distortion can even be completely removed if the BS has at
least twice as many antennas as the number of users. Simulation results
have demonstrated the accuracy of the new asymptotic expression of
the distortion as well as the performance of the optimized pre-equalizers
and equalizers.

3.5 Proofs

3.5.1 Distortion expression

In this appendix, we are interested only in the intrinsic distortion caused
by the FBMC signal itself in the presence of channel frequency selectivity.
Since the additive noise samples are assumed to be uncorrelated with
the signal of interest, we will assume a noise-free received signal. In
order to derive the distortion expression, we will first define different
notations and recall one Lemma of [55].

We define yp,g
m0,l0

∈ CS×1 as

yp,g
m0,l0

=

2Ns−1∑
l=0

2M−1∑
m=0

dm,l

Lq−1∑
n=0

pm,l[n]g
∗
m0,l0 [n].

The symbols yp,g
m0,l0

can be seen as the complex demodulated samples
at subcarrier m0 and multicarrier symbol l0, before de-staggering, if the
real-valued symbols streams dm,l are FBMC/OQAM modulated using
a prototype pulse p[n] and demodulated using a prototype pulse g[n]

and for an ideal channel, i.e., H(ω) = IS . To compensate for the effect of
the channel, a single-tap precoding matrix A(ω) and decoding matrix
B (ω) are used, operating at the per-subcarrier level. At the transmitter,
the symbols dm,l are precoded by matrix A(ωm). At the receiver, the
equalized symbols are denoted by xm0,l0 = B(ωm0)zm0,l0 where zm0,l0

are the demodulated symbols at the receiver before equalization.
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To derive the result of Theorem 2, we will use the following result,
proven in [55]. We will basically assume that all frequency depending
quantities are smooth functions of ω and that the prototype pulses are
sampled versions of smooth analog waveforms, namely, (As1)-(As2).

Lemma 1. Under assumptions (As1)-(As2), we have

zm0,l0 =

Q∑
q=0

Q−q∑
q′=0

(−j)q+q′

(2M)q+q′q!q′!
H(q)A(q′)yp,g(q)

m0,l0
(q′) +O(M−Q)

where

yp,g(q)

m0,l0
(q′) =

q′∑
r=0

q′!
r!(q′ − r)!

(−1)ryp(r),g(q+q′−r)

m0,l0

and where p(r), g(r) are the sampled versions of the r-th time domain derivatives
of the original prototype pulses. Superscript (q) denotes the q-th order derivative
of the corresponding frequency dependent quantity, which always is evaluated
at subcarrier m0 (here and in the following of Section 3.5).

A direct application of the above lemma for Q = 2 allows us to write

xm0,l0 = BHAym0,l0 −
j

2M
ϵ1 −

1

2(2M)2
ϵ2 +O(M−2) (3.10)

where we have defined

ϵ1 = B (HA)(1) yp,g(1)

m0,l0
−BHA(1)yp(1),g

m0,l0

ϵ2 = B (HA)(2) yp,g(2)

m0,l0
− 2B

(
HA(1)

)(1)
yp(1),g(1)

m0,l0
+BHA(2)yp(2),g

m0,l0
.

At this point, force p = g so that the same prototype pulse is used at
both transmitter and receiver. The distortion power Pd(m) was defined
in (6.1) as (in the absence of noise)

Pd(m) = E
(
∥ℜ(xm0,l0)− dm0,l0∥2

)
. (3.11)
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We now need to define some pulse-related quantities. Given two
generic pulses, p, q of length 2Mκ and let P and Q denote two 2M × κ

matrices obtained by arranging the samples of the respective pulses in
columns from left to right. We will define

R(p, q) = P ~ J2MQ

S(p, q) = (J2 ⊗ IM )P ~ J2MQ

where ~ denotes row-wise convolution, ⊗ denotes Kronecker product,
IM (resp. JM ) are the identity (resp. exchange) matrices of order M .
Given four generic pulses p, q, r, s, we define

η± (p, q, r, s) =
M

2
tr
[
U+R (p, q)RT (r, s) +U−S (p, q)ST (r, s)

]
η∓ (p, q, r, s) =

M

2
tr
[
U−R (p, q)RT (r, s) +U+S (p, q)ST (r, s)

]
,

where U± = I2 ⊗ (IM±JM ). In order to simplify the notations, given
four integers m,n, r, s, we will define η

(+,−)
mnrs = η±

(
p(m), p(n), p(r), p(s)

)
.

Assuming that the pulse has PR properties (As2) so that dm0,l0 =

ℜ(yp,g
m0,l0

), we can obtain an asymptotic expression for this distortion by
simply inserting (3.10) in (3.11) for p = q and by using the fact that [53,
Appendix B]

E
(
ℜ(yp(m),q(n)

m0,l0
)ℜT (yp(r),q(s)

m0,l0
)
)
= Esη

(+,−)
mnrs IS

E
(
ℑ(yp(m),q(n)

m0,l0
)ℑT (yp(r),q(s)

m0,l0
)
)
= Esη

(−,+)
mnrs IS

E
(
ℜ(yp(m),q(n)

m0,l0
)ℑT (yp(r),q(s)

m0,l0
)
)
= 0.

The resulting expression can be more compactly expressed by using
the fact that η(+,−)

mnrs = η
(+,−)
rsmn , η(+,−)

mnrs = η
(+,−)
nmsr ,5 as established in Lemma 2

of Appendix 3.5.2. Furthermore, if we assume that the prototype pulse
is either symmetric or anti-symmetric, one can establish that η(+,−)

0000 =

5Obviously, the same identities hold if (+,−) is replaced by (−,+).
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η
(−,+)
0000 , η(+,−)

0001 = η
(−,+)
0001 , η(+,−)

0101 = η
(−,+)
0101 and η

(+,−)
0020 = η

(−,+)
0020 , a fact that is

proven in Lemma 3 of Appendix 3.5.2. If, additionally, the prototype
pulse meets the PR conditions, we can guarantee that η(+,−)

0001 = 0 as
established in Lemma 4 of Appendix 3.5.2.

Using all this, together with the fact that

tr
[
ℜ(X)ℜT (Y) + ℑ(X)ℑT (Y)

]
= ℜtr

[
XYH

]
tr
[
ℑ(X)ℜT (Y)−ℜ(X)ℑT (Y)

]
= ℑtr

[
XYH

]
for any complex valued matrices X, Y of appropriate dimensions, we
see that

Pd(m) = Esξ0,m + Es
1

(2M)2
ξ2,m +O

(
M−2

)
(3.12)

where we have defined

ξ0,m = η
(+,−)
0000 tr

[
(BHA − I) (BHA − I)H

]
ξ2,m = η

(+,−)
1010

(
tr
[
BHA(1)

(
BHA(1)

)H]
+tr

[
B (HA)(1)

(
B (HA)(1)

)H])
− η

(+,−)
2000

(
ℜtr

[
(BHA − I)

(
BHA(2)

)H]
+ℜtr

[
(BHA − I)

(
B (HA)(2)

)H])
+ 2η

(+,−)
0011 tr

[
ℜ (BHA − I)ℜT

(
B
(
HA(1)

)(1))]
+ 2η

(−,+)
0011 tr

[
ℑ (BHA − I)ℑT

(
B
(
HA(1)

)(1))]
− 2η

(+,−)
1001 tr

[
ℑ
(
B (HA)(1)

)
ℑT
(
BHA(1)

)]
− 2η

(−,+)
1001 tr

[
ℜ
(
B (HA)(1)

)
ℜT
(
BHA(1)

)]
and where all frequency-depending matrices are evaluated at ω = ωm.
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It is easy to see that, thanks to the PR property of the prototype pulse,
we will have η

(+,−)
0000 = 1/2. Therefore, the asymptotic distortion power

depends on six different pulse-related quantities, which present some
non-trivial interrelationships. To establish these interrelationships, we
invoke again Lemma 3 of Section 3.5.2. In particular, the relationships in
(3.17)-(3.18) allow us to establish[

η
(+,−)
1001 − η

(−,+)
1001

]
−
[
η
(+,−)
0011 − η

(−,+)
0011

]
= 0 (3.13)

η
(+,−)
0011 + η

(+,−)
1010 = 0. (3.14)

We can find further equivalences between the different pulse quantities
by considering here the asymptotic domain as M → ∞ together with
the fact that the prototype pulse is, by assumption, a sampled version of
a smooth analog waveform.

Indeed, applying the result in Proposition 1, Corollary 1 and Lemma
6 in Section 3.5.2 together with the fact that the prototype pulse is
symmetric and PR compliant, we obtain

η
(+,−)
2000 − η

(+,−)
0011 + η

(+,−)
1010 − η

(−,+)
1001 = O(M−1) (3.15)

η
(+,−)
0011 − η

(+,−)
2000 = O(M−2). (3.16)

We may consider the system of equations formed by (3.13),(3.14),(3.15)
and (3.16). Denoting η = η

(+,−)
1010 and ζ = η

(−,+)
0011 , we can express the

system of equations as
1 −1 −1 0

0 0 1 0

0 −1 −1 1

0 0 1 −1




η
(+,−)
1001

η
(−,+)
1001

η
(+,−)
0011

η
(+,−)
2000

 =


−ζ

−η

−η

0

+O(M−1)
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so that we can conclude that
η
(+,−)
1001

η
(−,+)
1001

η
(+,−)
0011

η
(+,−)
2000

 =


−ζ

η

−η

−η

+O(M−1).

Using this in (3.12), we obtain (3.2).

3.5.2 Some properties of the quantities η
(+,−)
mnrs

We now provide some identities on the quantities η(+,−)
mnrs , η(−,+)

mnrs that will
clearly simplify the expression for the asymptotic distortion derived
above. We will begin by presenting some properties that hold exactly
for all values of M .

Non-asymptotic properties

Let us begin with general properties that hold regardless of whether the
pulses are symmetric or not.

Lemma 2. By the definition of the η± (p, q, r, s), and regardless of the pulse
symmetries, we have

η± (p, q, r, s) = η± (r, s, p, q)

and
η± (p, q, r, s) = η± (q, p, s, r) .

The same identities hold if ± is replaced by ∓ everywhere.

Proof. Indeed, the first result is a consequence of the fact that

(
U±R (p, q)RT (r, s)

)T
= R (r, s)RT (p, q)U±(

U±S (p, q)ST (r, s)
)T

= S (r, s)ST (p, q)U±
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whereas the second one follows from the identities

R (p, q)RT (r, s) = J2MR (q, p)RT (s, r)J2M ,

S (p, q)ST (r, s) = (I2 ⊗ JM )S (q, p)ST (s, r) (I2 ⊗ JM )

and the definition of U±.

Sometimes, it is useful to consider a relationship between quanti-
ties of the type η± and η∓. In order to obtain such relationships, we
impose that the pulses are either symmetric or anti-symmetric in the
time domain.

Lemma 3. Assume that all the pulses p, q, r, s are either symmetric or anti-
symmetric in the time domain. Let s(p) be defined so that s(p) = 0 if the pulse
p has even symmetry and s(p) = 1 if the pulse is anti-symmetric. Then, we
can write

(−1)s(p)
[
η±(p, q, r, s)− η∓(p, q, r, s)

]
+ (−1)s(r)

[
η±(r, q, p, s)− η∓(r, q, p, s)

]
= 0 (3.17)

and also

(−1)s(p)
[
η±(p, q, r, s) + η∓(p, q, r, s)

]
± (−1)s(p)

[
η±(p, q, s, r)− η∓(p, q, s, r)

]
= (−1)s(s)

[
η±(s, q, r, p) + η∓(s, q, r, p)

]
(3.18)

In particular, for the specific case where p = r we have

η±(p, q, p, s) = η∓(p, q, p, s).

Finally, if q = s and the pulses p and r have the same type of symmetry, we
have

η±(p, q, r, q) = η∓(p, q, r, q).
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Proof. Let us denote by R1(p, q) and R2(p, q) the upper and lower ma-
trices of R(p, q), and equivalently for S1(p, q) and S2(p, q). Let P denote
a 2M × κ matrix obtained by arranging the pulse p[n] in columns, and
let P1 and P2 respectively denote the matrices obtained by selecting the
M upper and lower rows of P respectively. By the symmetry of p[n], we
know that

P1 = (−1)s(p)JMP2J2κ−1.

On the other hand, we can prove that, for any four matrices A,B,C and
D of dimensions M×κ, the diagonal entries of (A~BJκ) (C~DJκ)

T JM

are equal to the diagonal entries of JM (C~ JMB) (A~ JMD)T . This
shows that, using pulse symmetry,

tr
[
R1 (p, q)RT

1 (r, s)JM

]
= tr

[
JM (JMP1 ~Q2) (JMR1 ~ S2)

T
]

= (−1)s(p)+s(r) tr
[
(P2Jκ ~Q2) (R2Jκ ~ S2)

T JM

]
(∗)
= (−1)s(p)+s(r) tr

[
JM (S2 ~ JMP2) (Q2 ~ JMR2)

T
]

= (−1)s(p)+s(r) tr
[
JM (P2 ~ JMS2) (R2 ~ JMQ2)

T
]

= (−1)s(p)+s(r) tr
[
JMS1 (p, s)ST

1 (r, q)
]

= (−1)s(p)+s(r) tr
[
JMS1 (r, q)ST

1 (p, s)
]

(3.19)

where the identity in (∗) follows from the above convolution result.
Equivalently, we will obviously have

tr
[
R2 (p, q)RT

2 (r, s)JM

]
= (−1)s(p)+s(r) tr

[
JMS2 (r, q)ST

2 (p, s)
]

and the two above identities directly prove (3.17). Regarding the identity
in (3.18), it follows easily from the above identities together with the
fact that JMRi (p, q) = R3−i (q, p), JMSi (p, q) = Si (q, p), i = 1, 2, and
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the fact that

tr
[
R1 (p, q)RT

2 (r, s)JM

]
= (−1)s(p)+s(r) tr

[
R1 (r, q)RT

2 (p, s)JM

]
tr
[
S1 (p, q)ST

2 (r, s)JM

]
= (−1)s(p)+s(r) tr

[
S1 (r, q)ST

2 (p, s)JM

]
,

which can be established following the same approach as in (3.19). The
last two identities in the statement of the lemma are obtained as special
cases of (3.17).

We finalize the description of the non-asymptotic properties of the
η±(p, q, r, s) with a result that will be useful whenever two of the pulses
meet the PR conditions.

Lemma 4. Assume that the two pulses p, q meet the perfect reconstruction
conditions, and that r and s are either symmetric or anti-symmetric in the time
domain and have the opposite symmetry. Then η±(p, q, r, s) = 0.

Proof. Since p, q have PR conditions, we know that U−S (p, q) is an all-
zero matrix whereas U+R (p, q) has zeros everywhere except for the
central column, which is filled with 1s. Therefore, we are able to write

η±(p, q, r, s) =
1

2M

2MÑs−1∑
n=0

r[n]s[2Mκ− n+ 1] = 0

where the last equality follows from the fact that r and s have the
opposite symmetry.

Asymptotic properties

Let us now consider some properties of the η±(p, q, p, s) that are obtained
by assuming that the pulses are sampled versions of a smooth analog
waveform. In other words, we assume that p[n], q[n], r[n] and s[n] are
sampled versions of the waveforms p(t), q(t), r(t) and s(t) respectively,
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according to the properties in (As2). This means that we can express

p[n] = p

((
n− 2Mκ− 1

2

)
1

2M

)
where p (t) has the usual properties in (As2). The same holds for the
rest of the pulses.

Let us denote pm[n] the m-th polyphase component of p[n], which
can be expressed as

pm[n] = pm

((
n− 1

2

)
1

2M

)
where pm(t) is the m-th section of p(t), namely

pm(t) = p
(
t−

(
m+

κ

2
− 1
))

which has support [0, 1]. The definition of pm(t) is only valid for m =

1, . . . , κ, but we will consider pm(t) = 0 for values of m outside this
range. The same definitions carry over to the other pulses, namely q, r

and s. With all these definitions, we are now in a position to establish
the first asymptotic result associated with η±(p, q, p, s). The following
result asymptotically relates the original quantity η±(p, q, p, s) with an
equivalent definition that is constructed using the analog waveforms
instead of the sampled ones.

Lemma 5. Under the above assumptions, we can write

η±(p, q, r, s) = η̄±(p, q, r, s) +O(M−2)

where

η̄±(p, q, r, s) =
2κ−1∑
ℓ=1

κ∑
m=1

κ∑
n=1

A(ℓ,m,n) [p, q, r, s]±B(ℓ,m,n) [p, q, r, s]
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and where A(ℓ,m,n) [p, q, r, s] and B(ℓ,m,n) [p, q, r, s] are defined as:

A(ℓ,m,n) [p, q, r, s] =

∫ 1

0
pm(t)qℓ−m+1(1− t)rn(t)sℓ−n+1(1− t)dt

+

∫ 1
2

0
pm(t)qℓ−m+1(

1

2
− t)rn(t)sℓ−n+1(

1

2
− t)dt

+

∫ 1

1
2

pm(t)qℓ−m+1(
3

2
− t)rn(t)sℓ−n+1(

3

2
− t)dt

and

B(ℓ,m,n) [p, q, r, s] =

∫ 1
2

0
pm(t)qℓ−m+1(1− t)rn(

1

2
− t)sℓ−n+1(

1

2
+ t)dt

+

∫ 1

1
2

pm(t)qℓ−m+1(1− t)rn(
3

2
− t)sℓ−n+1(t−

1

2
)dt

+

∫ 1
2

0
pm(t)qℓ−m+1(

1

2
− t)rn(

1

2
− t)sℓ−n+1(t)dt

+

∫ 1

1
2

pm(t)qℓ−m+1(
3

2
− t)rn(

3

2
− t)sℓ−n+1(t)dt.

Proof. The proof is a direct consequence of the definition of η±(p, q, r, s)
and the Riemann integral. Details are omitted due to the space con-
straints.

The above lemma allows us to express η±(p, q, r, s) as a function of
integrals of the analog waveform sections pm(t), qm(t), rm(t), sm(t). This
turns out to be very convenient for the following result, which provides
an asymptotic relationship among different η±(p, q, r, s) with respect to
the derivatives of the corresponding pulses.
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Proposition 1. Under the above assumptions and definitions, we can write

η±
(
p′, q, r, s

)
−η±

(
p, q′, r, s

)
+ η∓

(
p, q, r′, s

)
− η∓

(
p, q, r, s′

)
=−

[
U∓R (p, q)R1 (r, s)U±]

1,1

−
[
U∓R (p, q)RT (r, s)U±]

M+1,M+1

−
[
U±S (p, q)ST (r, s)U∓]

1,1

−
[
U±S (p, q)ST (r, s)U∓]

M+1,M+1
+O(M−1) (3.20)

Proof. Consider the definition of A(ℓ,m,n) [p, q, r, s] and B(ℓ,m,n) [p, q, r, s].
These terms consist of a number of integrals of a differentiable function
on a compact interval of the positive real axis. Hence, we can use the
fundamental theorem of calculus to write

η̄±
(
p′, q, r, s

)
− η̄±

(
p, q′, r, s

)
+ η̄∓

(
p, q, r′, s

)
− η̄∓

(
p, q, r, s′

)
=

2κ−1∑
ℓ=1

φℓ

where

φℓ = µℓ (1, 0) ξℓ (1, 0)− µℓ (0, 1) ξℓ (0, 1)

± [µℓ (1, 0)− µℓ (0, 1)] ξℓ (1/2, 1/2)

± µℓ (1/2, 1/2) [ξℓ (0, 1)− ξℓ (1, 0)]

+ µℓ (1/2, 0) ξℓ (1/2, 0)− µℓ (0, 1/2) ξℓ (0, 1/2)

+ µℓ (1, 1/2) ξℓ (1, 1/2)− µℓ (1/2, 1) ξℓ (1/2, 1)

∓ µℓ (1/2, 0) ξℓ (0, 1/2)± µℓ (0, 1/2) ξℓ (1/2, 0)

∓ µℓ (1, 1/2) ξℓ (1/2, 1)± µℓ (1/2, 1) ξℓ (1, 1/2)
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and where we have defined

µℓ (t1, t2) =
κ∑

m=1

pm(t1)qℓ−m+1(t2)

ξℓ (t1, t2) =

κ∑
m=1

rm(t1)sℓ−m+1(t2).

Now, according to Lemma 5 we can replace each term η̄± (p, q, r, s) by
the corresponding η± (p, q, r, s) up to an error of order O(M−2). There-
fore, it suffices to prove that the right hand side of (3.20) is equal to∑2κ−1

ℓ=1 φℓ +O(M−1). But this follows directly from the fact that

µℓ (1, 0) = [R2 (p, q)]M,ℓ +O(M−1)

µℓ (0, 1) = [R1 (p, q)]1,ℓ +O(M−1)

µℓ (1/2, 1/2) = [R1 (p, q)]M,ℓ +O(M−1)

= [R2 (p, q)]1,ℓ +O(M−1)

µℓ (0, 1/2) = [S2 (p, q)]1,ℓ +O(M−1)

µℓ (1/2, 0) = [S2 (p, q)]M,ℓ +O(M−1)

µℓ (1, 1/2) = [S1 (p, q)]M,ℓ +O(M−1)

µℓ (1/2, 1) = [S1 (p, q)]1,ℓ +O(M−1)

and equivalently for ξℓ, replacing p, q with r, s. This concludes the proof
of the proposition.

The application of the above proposition may prove to be difficult
due the presence of the term on the right hand side of (3.20), which is
difficult to interpret. The following corollary establishes that under PR
conditions, this term is zero.

Corollary 1. Under the above assumptions and definitions, if (r, s) are PR-
compliant and p, q are symmetric or anti-symmetric but have the opposite



3.5 PROOFS 87

symmetry, we can write

η+
(
p′, q, r, s

)
− η+

(
p, q′, r, s

)
+ η−

(
p, q, r′, s

)
− η−

(
p, q, r, s′

)
= O(M−1).

Proof. It follows from the PR conditions that U−S (r, s) is an all-zero ma-
trix, whereas U+R (r, s) contains zeros everywhere except for the central
column, which is filled with 1s. Proposition 1 therefore establishes that

η+
(
p′, q, r, s

)
− η+

(
p, q′, r, s

)
+ η−

(
p, q, r′, s

)
− η−

(
p, q, r, s′

)
=

[R (p, q)]2M,κ − [R (p, q)]1,κ + [R (p, q)]M,κ − [R (p, q)]M+1,κ +O(M−1)

and the result follows from symmetry.

Before we conclude this proof section, we introduce another asymp-
totic result that will prove useful in the situation where two of the pulses
meet the PR conditions.

Lemma 6. Under the above definitions and hypotheses, assume additionally
that p and q are perfect reconstruction pulses and that the analog waveforms
r, s and r′, s′ are zero at the extreme of their support. Then, we can write

η±
(
p, q, r′, s

)
− η±

(
p, q, r, s′

)
= O(M−2)

Proof. We know that U−S (p, q) is an all zero matrix whereas the entries
of U+R (p, q) are all zero except for the central column, which is filled
with ones. This means that tr

[
U+S(p, q)S(r, s)T

]
= 0 and

1

2M
tr
[
U+R(p, q)R(r, s)T

]
=

1

2M

2Mκ∑
n=1

r[n]s[2Mκ− n+ 1]

=

∫ κ

0
r(t)s(κ− t)dt+O(M−2)
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where the last identity follows from the Riemann integral definition.
Therefore, since∫ κ

0
r′(t)s(κ− t)dt−

∫ κ

0
r(t)s′(κ− t)dt = r(κ)s(0)− r(κ)s(0) = 0,

we obtain the result.



CHAPTER 4

PERFORMANCE ANALYSIS OF SINGLE-
TAP EQUALIZERS FOR UPLINK MASSIVE

MIMO SYSTEMS

In recent years, massive MIMO systems have received a lot of attention.
These architectures are able to achieve the high data rate requirements
targeted by 5G communication networks in terms of capacity and energy
efficiency [109–111]. By using a very large number of antennas at the BS,
these systems are able to simultaneously serve multiple users occupying
the same time-frequency resources and separated using SDMA.

FBMC-OQAM modulations in combination with massive MIMO
communications was first analyzed in [112]. As detailed in Chapter 3,
the FBMC-OQAM orthogonality is well known to be progressively de-
stroyed as the channel frequency selectivity becomes large, i.e., when
the channel cannot be approximated as flat at the subcarrier level. Some-
what surprisingly, in massive MIMO systems, it appears that the distor-
tion induced by channel frequency selectivity decreases as the number of
BS antennas increases, even in the case of strong channel selectivity and
for simple single-tap per-subcarrier equalizers [112]. It is stated in [112]
that, thanks to this so called "self-equalization effect", the subcarrier
spacing can be increased in massive MIMO FBMC systems, reducing
the number of subcarriers and leading to a lower sensitivity to CFO
and peak-to-average-power-ratio. In [113], the same authors propose



90 PERFORMANCE ANALYSIS OF MASSIVE MIMO SYSTEMS

𝐾 users, 𝑁 antennas per base station
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Figure 4.1 Uplink massive MIMO system.

to use the frequency spreading implementation of FBMC [38, 39] in the
massive MIMO setting. This would allow for a more accurate channel
equalization, which would result in a further reduction of the number
of subcarriers. In [114, 115], it is shown that a distortion floor remains
even if the number of BS antennas grow without bounds, meaning that
ICI and ISI are not completely removed. To get rid of this performance
floor, the authors propose an efficient equalization method.

As explained above, the combination of FBMC and massive MIMO
has been studied in several previous works. However, to the best of
our knowledge, there does not exist a theoretical analysis of the FBMC
performance in a massive MIMO scenario. In [114, 115], bounds for
the signal-to-interference-plus-noise ratio (SINR) are derived. However,
these bounds only hold when the number of BS antennas N grows to
infinity, for a fixed number of users K. In practice however, N is finite
and may not be sufficiently large with respect to K, so that the derived
bounds are very far from the actual SINR value for practical K and
N . Furthermore, the work of [114] assumes a common PDP per-user,
equal channel gains for each user and does not consider spatial channel
correlation at the BS.
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Here, the performance of an FBMC-OQAM uplink massive MIMO
system is theoretically characterized in terms of the MSE of the estimated
transmitted symbols and at the output of ZF, LMMSE and MF single-
tap equalizers. Using random matrix theory, the MSE approximation
derived in [104] is asymptotically analyzed as N and K grow to infinity,
while keeping a finite ratio N/K, for each type of equalizer. Even if
the results are only asymptotically true, it is shown that for practical
values of N and K, the MSE is very close to its asymptotic equivalent,
so that the approximations are very accurate and useful in practice. The
obtained asymptotic MSE expressions are very compact and give a lot of
insight on how the different scenario parameters affect the MSE, i.e., the
number of BS antennas N , the number of users K, the spatial correlation
between the BS antennas, the small-scale and large-scale fading and the
different PDP of each user. More specifically, we draw the following
conclusions:

• For each type of equalizer under study, the asymptotic MSE almost
surely converges to a deterministic quantity that does not depend on
the subcarrier index, meaning that the MSE becomes flat across the
frequency band.

• A good synchronization of the users and the BS is crucial in the con-
sidered SDMA uplink massive MIMO scenario. Indeed, it is shown
here that a sizable part of the distortion is related to the average delay
of the channel or in other words, the timing synchronization. This
part of the output distortion does not go to zero as N/K grows large.
This performance floor was earlier noticed in [112, 114], though its
relationship with timing synchronization was not established.

• It is shown that, if users are well synchronized, the different terms that
compose the MSE, such as noise, inter-user interference (IUI) and the
distortion caused by the channel frequency selectivity, are inversely
proportional to the ratio N/K and hence can be made arbitrarily
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Figure 4.2 Uplink massive MIMO FBMC-OQAM transmission chain.

small for large N/K. This effect was previously referred to as "self-
equalization" in [112, 114].

The rest of this chapter is structured as follows. Section 4.1 provides
details on the system model of the considered uplink massive MIMO
scenario. A per-subcarrier MSE approximation previously derived is
recalled, which holds for general types of single-tap equalizers. Fur-
thermore, the channel model under study in the current massive MIMO
scenario is described. In Section 4.2, the asymptotic performance of
FBMC is studied for the three types of single-tap equalizers. Section 4.3
validates the theoretical study of the self-equalization effect in massive
MIMO FBMC systems in practical situations. Finally, Section 4.4 con-
cludes the chapter and Section 4.5 contain the mathematical proofs of
previous sections.

4.1 System model

4.1.1 Massive MIMO FBMC-OQAM transmission model

Let us consider a massive MIMO uplink transmission with one BS,
equipped with N antennas, and K single-antenna users. The transmis-
sion chain considered in the following is depicted in Fig. 4.2. Each user
simultaneously transmits one data stream to the the BS at the same fre-
quency resources, using SDMA. It is assumed that the BS has knowledge
of the channel response of all the users in the system. As in the rest of
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this thesis, the symbols dm,l ∈ RK×1 are assumed bounded, indepen-
dent and identically distributed random variables with zero mean and
variance Es/2. In practice, users may have a different transmit power.
This can be taken into account by the channel gain of each user, that
is specified in the channel model presented in the next section. The
channel is assumed to be quasi-static and its impulse response, denoted
by C[b] ∈ CN×K , is assumed to be of finite length1 L.

4.1.2 MSE approximation under high channel frequency selec-
tivity

In practice, as we saw in Chapter 3, the presence of channel frequency
selectivity will deteriorate the symbol estimate, which will be affected
by ICI and ISI. Moreover if the channel is not perfectly inverted at the
receiver, i.e., Bm0Hm0 ̸= IK , IUI coming from the other users will impact
the symbol estimate. We use the same definition of the aggregated MSE
at subcarrier m as was defined in (3.1), i.e.,

MSE(m) = E
(
∥dm,l − d̂m,l∥2

)
,

where the expectation is taken over transmitted symbols and noise
samples. The exact expression of the MSE is an intricate function of
the channel impulse response. Therefore, we utilize the approximation
derived in Theorem 2. Under (As1)− (As2) and when no pre-equalizer
is used at the transmitter side implying that A(ω) = IK and A′(ω) = 0,

1Note that the channel of each user may have a different length. L would then be
the supremum of all the channel lengths, which we assume bounded.
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the approximation of the MSE leads to2

MSE(m) =
ET

2K
tr
[
(BmHm − IK) (BmHm − IK)H

]
+

ET

K

η

(2M)2
tr
[(

BmH(1)
m

)(
BmH(1)

m

)H]
+

ET

K

η

(2M)2
ℜ tr

[
(BmHm − IK)

(
BmH(2)

m

)H]
+

N0

2
tr
[
BmBH

m

]
+ ϵ, (4.1)

where ET = KEs and η = η±
(
p, g(1), p, g(1)

)
is a pulse-related quantity,

with η± (p, q, r, s) properly defined in Section 3.5. For an integer q, H(q)
m

denotes the q-th order derivative of the channel in the frequency domain
and evaluated at subcarrier m, i.e.,

H(q)
m =

L−1∑
b=0

(−b)qC[b]e− 2π
2M

mb. (4.2)

Note that H(0)
m = Hm. The term ϵ in (4.1) is an error contribution that

depends on the degree of frequency selectivity of the channel, which can
be characterized by the ratio L

2M . As will be shown in the simulations, for
practical channel lengths and number of subcarriers, the approximation
is very accurate. Therefore, we will neglect the error term ϵ. Note that the
approximation takes into account the effect of IUI, ICI, ISI and additive
noise, as explained in Section 3.1.

4.1.3 Channel model

To study the MSE behavior when the number of antennas grows large,
we first need to define a channel model that is relevant in the considered
uplink massive MIMO scenario. We denote by ck[b] ∈ CN×1, k =

2Note that in the case of no pre-equalizer, the derivations performed in Section 3.5
can be simplified and are holding even in the case where a different pulse is used at
transmit and receive sides.
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1, . . . ,K, the b-th tap of the channel impulse response between the k-
th user and the BS antennas, namely the k-th column of C[b]. In the
following, we will assume that vector ck[b] is modeled as

ck[b] = C
1/2
BS︸︷︷︸

BS correlation

Small-scale fading︷︸︸︷
gk[b]

√
βk︸︷︷︸

Channel gain

PDP︷ ︸︸ ︷√
pk[b] . (4.3)

The positive matrix CBS ∈ CN×N models the spatial correlation between
the BS antennas, normalized such that tr[CBS] = N . We assume that
the matrix matrix CBS does not depend on the user index k, which is
the case if the spectrum of angle of arrival is the same for each user.
The vector gk[b] ∈ CN×1 is made of i.i.d. zero mean and unit variance
Gaussian entries that accounts for the small-scale fading. The coefficient√
βk accounts for the channel gain related to user k,3 normalized such

that
∑K

k=1 βk = K. The coefficient pk[b] models the power of the b-th
tap, normalized such that

∑L−1
b=0 pk[b] = 1. Note that since pk[b] depends

both on k and b, the model can take into account different PDP’s for each
user, depending on its own environment. Collecting the vectors ck[b] for
all users k = 1, . . . ,K, the matrix C[b] ∈ CN×K can be formulated as

C[b] = C
1/2
BS G[b]D

1/2
β,b , b = 0, . . . , L− 1, (4.4)

where the diagonal matrix D
1/2
β,b ∈ CK×K is given by

D
1/2
β,b = diag(

√
β1
√

p1[b], ...,
√
βK
√
pK [b])

and G[b] = (g1[b], ...,gK [b]). The fact that D1/2
β,b is diagonal comes from

the fact that users are assumed to be located at different positions in the
cell and we assume no correlation among them. Inserting (4.4) in (4.2),
the q-th derivative of the channel frequency response at subcarrier m

3The coefficient βk includes the effect of large-scale fading and power control.
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can be expressed as

H(q)
m = C

1/2
BS

L−1∑
b=0

(−b)qG[b]D
1/2
β,b e

− 2π
2M

mb

= C
1/2
BS GΦqD1/2,m, (4.5)

where we defined

G =
(
G[0], . . . ,G[L− 1]

)
, (4.6)

Φ = (−Γ⊗ IK),

Γ = diag(0, ..., L− 1),

D1/2,m =
(
e− 2π

2M
m0D

1/2
β,0 , . . . , e

− 2π
2M

m(L−1)D
1/2
β,L−1

)T
and matrix Φ0 is defined as the identity ILK . Furthermore, we define
key channel statistics that will help characterize the distortion induced
by the channel frequency selectivity. The average delay τk,av and the
delay spread τk,rms associated to user k are defined as

τk,av =

L−1∑
b=0

bpk[b],

τk,rms =

√√√√L−1∑
b=0

b2pk[b]− τ2k,av.

Note that the average delay of each user τk,av depends on the BS syn-
chronization. By changing the demodulation window, a delay is added
or removed to the PDP of each user pk[b]. However, the delay spread
τk,rms is an intrinsic property of the channel of each user and does not
depend on the BS synchronization.
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Further, we define the three following diagonal matrices of size
K ×K

Dβ = diag(β1, . . . , βK),

Dav = diag(τ1,av, . . . , τK,av),

Drms = diag(τ1,rms, . . . , τK,rms),

which respectively contain on their diagonal the channel gain, the aver-
age delay and the delay spread of each user.

4.2 Performance in massive MIMO systems

In this section, we aim at characterizing the performance of FBMC-
OQAM in an uplink massive MIMO scenario for three types of classical
single-tap equalizers, namely, the ZF, the LMMSE and the MF equalizers.
These are designed based on the assumption of a frequency flat channel
at the subcarrier level, i.e., H(1)

m ≈ 0 and H
(2)
m ≈ 0. In practice, it will not

be the case and this simple design will lead to ICI, ISI and IUI, which
is taken into account by the second and third terms of (4.1). In the
following, we study the asymptotic behavior of the MSE in (4.1) for
each type of single-tap equalizer. We will show that (4.1) converges in
each case almost surely to an asymptotic equivalent as N and K grow
infinitely large, for a finite ratio N/K. Of course, in a massive MIMO
scenario, the number of BS antennas N and the number of users K are
finite but they are sufficiently large so that the actual MSE becomes very
close to its asymptotic equivalent, as will be shown via simulations.

In the sequel, as N and K grow large, we will assume that

(As3): 0 < lim inf N
K ≤ lim sup N

K < ∞,

(As4): lim supN ∥CBS∥ < ∞,

(As5): lim supK ∥Dβ,b∥ < ∞ for all b.

One should note that (As4) and (As5) practically make sense since
it is unlikely that one channel gain grows infinitely large.
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4.2.1 ZF and LMMSE equalizers

We will here study the performance of two particular equalizers. The
first one, the ZF equalizer, is obtained by minimizing (4.1) under a
channel inversion constraint and assuming a frequency flat channel at
the subcarrier level (H(1)

m = H
(2)
m ≈ 0), i.e.,

BZF
m = argmin

B
MSEm s.t. BmHm = IK

=
(
HH

mHm

)−1
HH

m.

It is well know that inverting the channel may lead to noise amplification,
which is particularly detrimental for low SNR. An alternative is to use an
LMMSE equalizer, obtained by minimizing (4.1) assuming a frequency
flat channel at the subcarrier level (H(1)

m = H
(2)
m ≈ 0), i.e.,

BLMMSE
m = argmin

B
MSEm

=

(
HH

mHm +
N0K

ET
IK

)−1

HH
m.

As soon as the channel becomes significantly frequency selective, we
have H

(1)
m ̸= 0,H

(2)
m ̸= 0. Hence, BZF

m and BLMMSE
m are not optimal

anymore, as was shown in Chapter 3. Still, in the massive MIMO setting,
we will show further that classical single-tap equalizers, designed for
the frequency flat case, such as BZF

m and BLMMSE
m , can lead to very small

MSE values for large values of the ratio N/K, even for highly frequency
selective channels. In the following, we will more generally study a
single-tap equalizer of the form

Bλ
m =

(
HH

mHm +KλIK
)−1

HH
m. (4.7)

Note that if λ = 0, we retrieve the expression of the ZF equalizer whereas
if we choose λ = N0

ET
, we find the LMMSE equalizer. Inserting the
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expression of this equalizer in (4.1), the MSE becomes

MSEm(λ) =
ET

2K
λ2tr

[(
HH

mHm

K
+ λIK

)−2
]

+
ET η̃

K
tr

[(
HH

mHm

K
+ λIK

)−2
HH

mH
(1)
m

K

(HH
mH

(1)
m )H

K

]

− ET η̃

K
λℜ tr

[(
HH

mHm

K
+ λIK

)−2
(HH

mH
(2)
m )H

K

]

+
N0

2K
tr

[(
HH

mHm

K
+ λIK

)−2(
HH

mHm

K

)]
, (4.8)

where η̃ = η/(2M)2. The MSE expression can be rewritten as a function
of the matrix of Gaussian entries G defined in (4.6).

The following theorem shows that the expression of MSEm(λ) given
in (4.8), almost surely (a.s.) behaves as a deterministic equivalent in a
massive MIMO scenario.

Theorem 3. Under (As1)-(As5), as N and K grow infinitely large, for the
equalizer in (4.7) and if λ ∈ C\ (R− ∪ {0}), we have

MSEm(λ)−MSE(λ)
a.s.−→ 0,

and the expression of MSE(λ) is given by

MSE(λ) =
ET

2

(
1− δ̃(λ)δ(λ)

)
+

N0 − λET

2

α(λ)α̃(λ)

1− γ(λ)γ̃(λ)

+
ET η̃

K
tr

[
δ̃(λ)Dβ

(
δ̃(λ)Dβ + λIK

)−1
D2

av

]
+

ET η̃

K

α(λ)γ̃(λ)

1− γ(λ)γ̃(λ)
tr
[
DβD

2
rms

]
+

ET η̃

K

λα̃(λ)

1− γ(λ)γ̃(λ)
tr

[
Dβ

(
δ̃(λ)Dβ + λIK

)−2
D2

rms

]
, (4.9)
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where δ̃(λ) and δ(λ) are the unique positive solutions of the following system
of equations in

(
δ̃(λ), δ(λ)

)
δ(λ) =

1

K
tr

[
Dβ

(
δ̃(λ)Dβ + λIK

)−1
]

(4.10)

δ̃(λ) =
1

K
tr
[
CBS(δ(λ)CBS + IN )−1

]
. (4.11)

Furthermore, we have defined

α(λ) =
1

K
tr

[
Dβ

(
δ̃(λ)Dβ + λIK

)−2
]

(4.12)

γ(λ) =
1

K
tr

[
D2

β

(
δ̃(λ)Dβ + λIK

)−2
]

(4.13)

α̃(λ) =
1

K
tr
[
CBS(δ(λ)CBS + IN )−2

]
(4.14)

γ̃(λ) =
1

K
tr
[
C2

BS(δ(λ)CBS + IN )−2
]
. (4.15)

The above properties also hold for λ = 0 when inf N
K > 1.

Proof. The proof is given in Section 4.5.

The expression of MSE(λ) in (4.9) is not trivial to interpret due to the
dependence in the variables δ̃(λ) and δ(λ). A first remark is that it does
not depend on the subcarrier index m, meaning that the MSE becomes
flat over frequency. Moreover, the two first terms proportional to N0

and ET are terms of additive noise and IUI. The terms proportional to
η̃, are ICI and ISI caused by the channel frequency selectivity, related
to the average delay and the delay spread of the channel. By making
further assumptions on the channel statistics, the next corollary will give
a better intuition of the different terms of MSE(λ).

ZF equalizer

Theorem 3 can be particularized to the ZF equalizer case by setting λ = 0

and ensuring that inf N
K > 1. Let us define MSE

ZF
= MSE(0).
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Corollary 2. If we assume that the channel is spatially uncorrelated at the
receiver side, i.e., CBS = IN , the expression of MSE

ZF simplifies to

MSE
ZF

=
N0

2

1
N
K − 1

tr
[
D−1

β

]
K

+ ET η̃
tr
[
D2

av

]
K

+ ET η̃
1

N
K − 1

tr
[
D−1

β

]
K

tr
[
DβD

2
rms

]
K

.

If, further, we assume a common PDP for all users but different per-user large-
scale fading coefficients, we have pk[b] = p[b], which does not depend on k. The
expression of MSE

ZF then becomes

MSE
ZF

=
N0

2

1
N
K − 1

tr
[
D−1

β

]
K

+ ET η̃τ
2
av + ET η̃

1
N
K − 1

tr
[
D−1

β

]
K

τ2rms,

where we defined τav = τav,k, which does not depend on k.

Proof. The proof is given by particularizing the result of Theorem 3 to
the special cases mentioned above. First, if CBS = IN , the solution of the
system of equations (4.10) and (4.11) admits a closed-form expression
(λ = 0), given by δ̃ = N

K − 1 and δ = δ̃−1. Replacing this expression of δ
and δ̃ in (4.12)-(4.15) for λ = 0, we find the first result of the Corollary.
Moreover, if pk[b] = p[b], we have Dav = τavIK and Drms = τrmsIK .

By adding some assumptions, Corollary 2 provides additional in-
sights into the physical meaning of the different terms of the MSE. The
first term is simply related to the additive noise power after equaliza-
tion and goes to zero as N/K becomes large. This makes sense since
with a larger N/K, the channel inversion will be better conditioned and
leads to lower noise amplification. As explained before, the two other
terms are related to the channel frequency selectivity. Note that the
term related to the delay spread of the channel τrms also goes to zero as
N/K grows large. This is part of the so-called "self-equalization" effect,
previously noticed in [112].
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Surprisingly, the term related to the delay average of the channel τav
is independent of N and K. Hence, this corresponds to the remaining
error floor as N/K grows to infinity, previously noticed in [114]. The
presence of this term motivates the need for a strict synchronization of
the users at the transmit side in the considered SDMA uplink scenario.
In practice, if the users and the BS are well synchronized, this term is
negligible relatively to the other terms. Further, it can even be made very
close to zero. This can be done by redefining the channel C[b] as being
not causal and having a τav ≈ 0. In other words, the BS can re-center the
demodulation window to minimize the average channel delay.

LMMSE equalizer

Theorem 3 can also be particularized to the LMMSE equalizer case by
setting λ = N0

ET
. Let us define MSE

LMMSE
= MSE(N0/ET ). Unfortu-

nately, the asymptotic expression MSE
LMMSE is not trivial to interpret

due to the dependence in the variables δ(λ) and δ̃(λ). Even by making
more assumptions as in Corollary 2, the expression does not simplify
a lot. However, we will see via simulations that the performance of
the LMMSE equalizer gets very close to the one of the ZF for relatively
high values of N/K and/or high SNR. Hence, in these regimes, the
conclusions that were drawn for the ZF equalizer, approximately hold
for the LMMSE equalizer.

4.2.2 MF equalizer

A disadvantage of the ZF and LMMSE equalizers is that they require
one matrix inversion, which significantly increases their implementation
complexity. To overcome this, an alternative equalizer known as MF
or maximum-ratio combining, has received a lot of attention in the
massive MIMO literature. If we denote by hj,m ∈ CN×1 the channel
frequency response at subcarrier m between user j and the BS antennas,
the BS simply processes this stream by a multiplication by its Hermitian
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transpose hH
j,m/∥hj,m∥2. The normalization factor ∥hj,m∥2 ensures a unit

gain for the channel of interest. We can write the matrix form of this
equalizer as,

BMF
m = diag−1

(
HH

mHm

)
HH

m,

where the operator diag(.) applied to a square matrix A returns a diago-
nal matrix with diagonal entries equal to the diagonal entries of A and
diagr(A) is the r-th power of matrix diag(A).

Inserting the expression of BMF
m into (4.1), the MSE expression for

the MF equalizer becomes

MSEMF
m =

ET

2K
tr
[
diag−2

(
HH

mHm

) (
HH

mHm

)2]− ET

2

+
ET η̃

K
tr
[

diag−2
(
HH

mHm

) (
HH

mH(1)
m

)(
HH

mH(1)
m

)H]
+

ET η̃

K
ℜtr
[
diag−2(HH

mHm)(HH
mHm)(HH

mH(2)
m )H

]
− ET η̃

K
ℜtr
[
diag−1(HH

mHm)(HH
mH(2)

m )H
]

+
N0

2
tr
[
diag−1

(
HH

mHm

)]
, (4.16)

which can be written as a function of G using (4.5).

The following theorem gives the expression of MSEMF
m as the number

of BS antennas N and the number of users K grow large for a finite ratio
N/K.

Theorem 4. Under (As1)-(As5), as N and K grow infinitely large, we have,

MSEMF
m −MSE

MF a.s.−→ 0

such that the deterministic equivalent of MSEMF
m is given by

MSE
MF

=
ET

2
tr
[
D−1

β

]tr[C2
BS

]
N2

+ ET η̃
tr
[
D2

av

]
K

+
N0

2

tr
[
D−1

β

]
N

.
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Proof. The proof is given in in Section 4.5.

Note again that MSE
MF is a deterministic quantity that does not

depend on the subcarrier index m. MSE
MF is composed of three terms.

The first one is related to IUI due to the fact that the channel is not
perfectly inverted, BMF

m Hm ̸= IK . This term is generally dominant at
mid to high SNR values. The second term is related to the average delay
of the PDP of each user, whereas the last term is due to the additive
noise. Surprisingly, in contrast to the ZF and LMMSE equalizers, the
deterministic equivalent MSE

MF does not depend on the delay spread
of the channel, i.e., MSE

MF does not depend on Drms.

Corollary 3. If we assume that the channel is spatially uncorrelated at the
receiver side, i.e., CBS = IN , the expression of MSE

MF simplifies to

MSE
MF

=
ET

2

tr
[
D−1

β

]
N

+ ET η̃
tr
[
D2

av

]
K

+
N0

2

tr
[
D−1

β

]
N

.

If further, we assume a common PDP for all users, as in Corollary 2, MSE
MF

becomes,

MSE
MF

=
ET

2

tr
[
D−1

β

]
N

+ ET η̃τ
2
av +

N0

2

tr
[
D−1

β

]
N

,

where τav and τrms are defined as in Corollary 2.

By making some additional assumptions, Corollary 3 allows for
a very intuitive understanding of the behavior of the different terms.
As mentioned earlier, the first term is related to IUI. As in the ZF and
LMMSE cases, we notice the self-equalization impact of massive MIMO
on FBMC: for large values of the ratio N/K, the first and third terms
will go to zero. The only term that does not go to zero, is the second one,
proportional to η̃ and τ2av, similarly as in the ZF and LMMSE cases. This
again emphasizes the fact that in an SDMA situation, the BS and the
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different users should be well synchronized. If this is the case, this term
is negligible compared to the other two.

4.3 Simulation results

This section aims at assessing the accuracy of the approximations through
simulations. Furthermore, the performance of an uplink massive MIMO
FBMC-OQAM system is characterized as a function of different parame-
ters.

In the simulations, the subcarrier spacing is fixed to 15 kHz. The
number of subcarriers is 2M = 128. The prototype filter used in all
simulations is the PHYDYAS pulse [6] with overlapping factor κ = 4.
To characterize the PDP’s pk[b] and the channel gains βk of each user, we
will assume that the users are clustered in four groups of equal number
K/4. The PDP of the users of each cluster follow the same channel model,
which is given by an ITU - Veh. A, an ITU - Veh. B, a 3GPP - Typical
Urban or a 3GPP - Hilly Terrain channel model. Note that these models
correspond to both mildly and highly frequency selective channels.
Moreover, the users inside a same cluster have an equal channel gain
βk which takes one of the following four values [0.4, 0.8, 1.2, 1.6]. The
spatial correlation matrix at the BS CBS was fixed using the exponential
model [116], i.e., its m,n entry is given by [CBS]m,n = ρ|m−n|, which
models a linear array of antennas. The parameter ρ will be referred to as
the correlation coefficient and is fixed to 0.7, if not stated otherwise. The
SNR is defined as ET /N0.

4.3.1 Accuracy of the MSE approximations and frequency flat-
tening effect

Fig. 4.3 shows the MSE of the three types of single-tap equalizers as
a function of the subcarrier index for an SNR of 15 dB. One can first
check that the crosses, which corresponds to the MSE approximation
of (4.1), perfectly match the simulated MSE. As it could be expected,
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Figure 4.3 MSE across the subcarriers. The MSE approximation in crosses
perfectly matches the simulated MSE in continuous lines. As the number of
users K and the BS antennas N increases (above figure), the MSE gets flat
across frequency and converge to the derived asymptotic MSE.

the LMMSE is the best equalizer closely followed by the ZF, while the
MF has a poorer performance. Note that both Figures 4.3 (a) and (b) are
plotted for the same ratio N/K = 1.5, while in (a), N = 6 and in (b),
N = 30. One can clearly see in (b) that, as expected by Theorems 1-2,
when N and K grow, the MSE gets flat across frequency and converges
to the asymptotic expressions of the MSE derived in Theorems 3 and 4.

Figures 4.4 (a) and (b) plot the MSE as a function of the SNR for
the same antenna configuration as in the previous figure. The dashed
lines correspond to the asymptotic approximation of the MSE of The-
orems 1-3 while the circles correspond to the MSE averaged over the
subcarriers and the channel realizations. The vertical bars indicate the
90% confidence interval of the measured MSE across the spectrum and
channel realizations. In other words, 90% of the subcarriers and channel
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Figure 4.4 Simulated MSE vs. asymptotic MSE as a function of the SNR. Vertical
bars represent the 90% confidence interval.

realizations resulted in a simulated MSE within these vertical intervals.
Observe that the asymptotic formulas of the MSE provide a very accu-
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Figure 4.5 Asymptotic MSE as a function of the ratio N/K.

rate description of the average MSE, even for relatively low values of
N and K (in Fig. 4.4 (a)). Further, observe in Fig. 4.4 (b) that, as N and
K grow, the variance of the simulated MSE is drastically reduced, con-
firming the convergence predicted by Theorems 1-3. Finally, note that at
high SNR, the MSE begins to saturate due to the distortion induced by
the channel selectivity, i.e., the terms related to the delay average and
delay spread of the channel in Theorems 3 and 4. We will see in the
following figure that these terms may go to zero as well.

4.3.2 On the self-equalization effect

Fig. 4.5 plots the asymptotic MSE as a function of the ratio N/K for
the three equalizers and two SNR values, i.e., 5 dB and 15 dB. One can
clearly observe the self-equalization effect. As N/K increases, the MSE
decreases and the different terms of the MSE progressively go to zero,
except for the term related to the average delay of the channel. The
curve denoted by MSE∞ corresponds to the performance floor observed
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Figure 4.6 Asymptotic MSE as a function of the correlation at the BS.

for the ZF and MF equalizers and is defined as

MSE∞ = ET η̃
tr
[
D2

av

]
K

.

The value of MSE∞ could be diminished by a better synchronization
of the users and the BS, which would decrease the value of tr

[
D2

av

]
.

Furthermore, one can note that the performance of the LMMSE and
ZF equalizers rapidly converge as N/K increases. Moreover, note that
increasing the SNR is beneficial for the ZF and LMMSE equalizers while
it does not help the MF a lot. Indeed, as predicted by Theorem 3, the MF
is especially limited by IUI, which does not depend on the SNR.

Fig. 4.6 plots the asymptotic MSE of the three single-tap equalizers
as a function of the correlation coefficient ρ for an SNR of 10 dB and
two ratios N/K. Note that ρ models the degree of correlation between
the BS antennas. One can see that the ZF and LMMSE equalizers are
relatively robust to the correlation between BS antennas except for high
values of ρ, especially for the ZF equalizer with a low ratio N/K. On the
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other hand, the MF appears to be more sensitive to the BS inter-antenna
correlation. Again, this makes sense since, following Theorem 3, the MF
is especially limited by IUI, which becomes stronger as the channels of
the different users get more correlated.

4.4 Conclusion

We have investigated the performance of FBMC-OQAM systems in an
uplink massive MIMO scenario. The performance of three types of
single-tap equalizers was analyzed as the number of BS antennas and
the number of users grow large. For each equalizer, the MSE was shown
to converge to a deterministic quantity that does not depend on the
subcarrier index. Further, it was shown that a good synchronization of
the user is of crucial importance. Finally, the "self-equalization" effect of
FBMC-OQAM was verified by theory and simulations. This shows that,
under a good synchronization, having a large ratio N/K allows for a
low value of the MSE, even in the case of highly selective channels and
classical low complexity equalizers.

4.5 Proofs

4.5.1 Proof of Theorem 3

For the sake of the compactness of the expressions, we define Fm =

D1/2,m and F
(1)
m = ΦD1/2,m. Let us first review well known results

related to the resolvent Q(λ) defined as

Q(λ) =

(
HH

mHm

K
+ λIK

)−1

=

(
FH
m

GHCBSG

K
Fm + λIK

)−1

.
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Theorem 5. Let G consist of i.i.d. standardized complex Gaussian entries, and
assume that both CBS and Dβ = FH

mFm be matrices of appropriate dimensions
with uniformly bounded spectral norm. Assume that K,N → ∞ with

0 < lim inf
N

K
≤ lim sup

N

K
< ∞.

Then, for each sequence of deterministic matrices A of size K ×K with uni-
formly bounded spectral norm and assuming λ > 0, we have

1

K
tr[A (Q (λ)−T (λ))]

a.s.−→ 0, (4.17)

where
T (λ) =

(
λIK + δ̃ (λ)Dβ

)−1

and where
(
δ̃ (λ) , δ (λ)

)
are the only positive pair of solutions to the system of

equations

δ (λ) =
1

K
tr

[
Dβ

(
λIK + δ̃ (λ)Dβ

)−1
]

δ̃ (λ) =
1

K
tr
[
CBS (IN + δ (λ)CBS)

−1
]
.

Furthermore, the above convergence can be extended to the case λ = 0 assuming
that inf N

K > 1.

The result is well known in the random matrix theory literature, see
e.g. [117, 118] for some early studies of this random matrix model. We
here follow the formulation established in [119, 120]. In particular, it
follows from [120] and [121] that if the eigenvalues of Dβ and CBS are
uniformly contained in two compact intervals of R+, the eigenvalues of
FH
m

GCBSG
H

K Fm are contained on a compact interval S ⊂ R+ for all large
K,N . Furthermore, it was shown in [120] that 0 /∈ S if inf N

K > 1. This
means that, if λ ∈ C\ (R− ∪ {0}) we have dist (−λ,S) > 0 and that this
property also holds for λ = 0 when inf N

K > 1.
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Convergence of (4.17) has been usually proven for λ ∈ C\ (R− ∪ {0}),
but it can be trivially extended to all the region of interest according
to the following reasoning. Observe that the spectral norm of Q (λ)

and T (λ) is upperbounded by (dist (−λ,S))−1, because they are Stieljes
transforms of positive matrix valued measures (see further [122]). Fur-
thermore these matrices are holomorphic functions on all the region of
interest. Therefore, by a standard application of Montel’s theorem, one
can establish almost convergence in all the region of interest.

Next, we present a result that can trivially be established using the
same approach as in [119] (details are therefore omitted).

Proposition 2. Let λ ∈ C\ (R− ∪ {0}). Under the above set of assumptions,
and assuming that A,B and Υ are sequences of rectangular deterministic
matrices of appropriate dimensions with uniformly bounded spectral norm, and
define

Ψ̂0 (λ) =
1

K
tr[AQ (λ)]

Ψ̂1 (λ) =
1

K
tr

[
AQ (λ)B

GΥGH

K

]
.

It holds that ∣∣∣EΨ̂0 (λ)−Ψ0 (λ)
∣∣∣ = 1

N
P1(|λ|)P2

(
1

|ℑ(λ)|

)
(4.18)∣∣∣EΨ̂1 (λ)−Ψ1 (λ)

∣∣∣ = 1

N
P1(|λ|)P2

(
1

|ℑ(λ)|

)
(4.19)

where P1 and P2 are polynomials of positive coefficients independent of K, N
(the values of which may change from line to line), and where we have defined



4.5 PROOFS 113

the deterministic quantities

Ψ0 (λ) =
1

K
tr[AT (λ)]

Ψ1 (λ) =
1

K
tr[AT (λ)B]

1

K
tr[Υ]

− 1

K
tr
[
AT (λ)FH

m

] 1

K
tr[T (λ)BFm]

1

K
tr
[
(IN + δ (λ)CBS)

−1CBSΥ
]
.

Furthermore, we can establish that

var
(
Ψ̂0 (λ)

)
=

1

N2
P1(|λ|)P2

(
1

|ℑ(λ)|

)
var
(
Ψ̂1 (λ)

)
=

1

N2
P1(|λ|)P2

(
1

|ℑ(λ)|

)
.

The result in (4.19) accepts an interesting particularization in the case
where B = FH

m, for which, one trivially obtains

Ψ1 (λ) =
1

K
tr
[
AT (λ)FH

m

] 1

K
tr
[
(IN + δ (λ)CBS)

−1Υ
]
.

We now have all the ingredients to prove Theorems 3, which we sum-
marize in the following proposition.

Proposition 3. Let λ ∈ C\ (R− ∪ {0}). Consider two sequences of N ×N

deterministic matrices Γ1, Γ2 with uniformly bounded spectral norm, and
define

Ψ̂2 (λ) =
1

K
tr

[
Q (λ)FH

m

GΓ1G
H

K
F(1)
m (F(1)

m )
HGΓ2G

H

K
Fm

]
Under the assumptions of Theorem 1 and 2, we can write

∣∣∣EΨ̂2 (λ)−Ψ2 (λ)
∣∣∣ = 1

N
P1(|λ|)P2

(
1

|ℑ(λ)|

)
(4.20)
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where

Ψ2 (λ) = δ̃2 (λ)
1

K
tr

[
T (λ)FH

mF(1)
m

(
F(1)
m

)H
Fm

]
+ δ (λ)

1

K
tr
[
C2

BS (IN + δ (λ)CBS)
−1
] 1

K
tr
[
F(1)
m (F(1)

m )H
]
.

Furthermore,

var
(
Ψ̂2 (λ)

)
=

1

N2
P1(|λ|)P2

(
1

|ℑ(λ)|

)
.

Before presenting the proof of this result, let us reason why the above
two propositions directly prove almost sure convergence of the MSE
quantities in Theorems 3. To see this, observe that, using (4.5), all the
terms in the expression of MSEm(λ) can be expressed in the form of
Ψ̂0 (λ), Ψ̂1 (λ) and Ψ̂2 (λ) together with their derivatives with respect to
λ,4 for different choices of the deterministic matrices A, B, Υ, Γ1, Γ2 (all
of which have bounded spectral norm). Hence, almost sure convergence
of all these quantities and their derivatives will ultimately establish the
result. Now, from Propositions 2 and 3, we obtain that

E
∣∣∣Ψ̂i (λ)−Ψi (λ)

∣∣∣2 = ∣∣∣EΨ̂i (λ)−Ψi (λ)
∣∣∣2 + var

(
Ψ̂i (λ)

)
=

1

N2
P1(|λ|)P2

(
1

|ℑ(λ)|

)
.

A direct application of the Markov inequality and the Borel Cantelli
lemma shows that Ψ̂i (λ) − Ψi (λ) → 0 almost surely to zero for every
fixed λ ∈ C\ (R− ∪ {0}) (or λ = 0 when inf N

K > 1). Indeed, all the terms
in the MSE expression are analytic and almost surely bounded for all
λ ∈ C\ (R− ∪ {0}) (or λ = 0 when inf N

K > 1). Hence, Montel’s theorem
shows that convergence holds uniformly in compact sets in the same
region, which additionally implies convergence of the corresponding
complex derivatives.

4Note that the derivative with respect to λ of Q(λ) is dQ
dλ

(λ) = −Q2(λ).
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We devote the rest of the appendix to the proof of Proposition 3. We
first establish the bound of the variance by using the Nash-Poincaré
inequality [123], which establishes that (if gij denotes the (i, j)-th entry
of G)

var
[
Ψ̂ (G,G∗)

]
≤

LK∑
j=1

N∑
j=1

E

∣∣∣∣∣∂Ψ̂ (G,G∗)
∂g∗ij

∣∣∣∣∣
2
+ E

∣∣∣∣∣∂Ψ̂ (G,G∗)
∂gij

∣∣∣∣∣
2


(4.21)

for any continuously differentiable Ψ̂ (G,G∗) such that both itself and its
derivatives are polynomially bounded functions of G. One can readily
see that

LK∑
j=1

N∑
j=1

E

∣∣∣∣∣∂Ψ̂2 (λ)

∂g∗ij

∣∣∣∣∣
2


=
1

K2

1

K
Etr
[
QGΓ1G

H

K
FGΓ2G

H

K
QGC2

BSG
H

K
QH

GΓH
2 GH

K
FGΓH

1 GH

K
QH

]
+

1

K2

1

K
Etr
[
FGΓ2G

H

K
QGΓ1Γ

H
1 GH

K
QHGΓH

2 GH

K
F
]

+
1

K2

1

K
Etr
[
QGΓ1G

H

K
FGΓ2Γ

H
2 GH

K
FGΓH

1 GH

K
QH

]

where Q = FmQ(λ)FH
m, F =F

(1)
m (F

(1)
m )H and where we have used the

fact that
∂Q

∂g∗ij
= −Q(λ)FH

m

GCBSeje
T
i

K
FmQ(λ)

with ej denoting the j-th column of the identity matrix. Now, using
the fact that ∥Q(λ)∥ ≤ 1

|ℑ(λ)| , the uniform boundedness of the spectral
norm of F , CBS, Fm, Γ1, Γ2 and the result in [124, Lemma 2], we read-
ily obtain that the above term is bounded by a quantity of the type



116 PERFORMANCE ANALYSIS OF MASSIVE MIMO SYSTEMS

N−2P1(|λ|)P2

(
1

|ℑ(λ)|

)
. The same reasoning can be applied to the second

term on the right hand side of (4.21), leading to the result (details are
omitted).

Next, we prove the identity in (4.20). We will be using the integration
by parts formula [123], which establishes that for any continuously
differentiable Ψ̂ (G,G∗) such that both itself and its derivatives are
polynomically bounded functions of G, we have

E
[
gijΨ̂ (G,G∗)

]
= E

[
∂Ψ̂ (G,G∗)

∂g∗ij

]
.

More specifically, we consider the decomposition of G as

G =

LK∑
j=1

N∑
j=1

gijeie
T
j .

Using this decomposition in the definition of Ψ̂2 (λ), we directly obtain

EΨ̂2 (λ) =

LK∑
j=1

N∑
j=1

1

K
E

∂

∂g∗ij
tr

[
Q
eie

T
j Γ1G

H

K
FGΓ2G

H

K

]

and, after some algebra,

EΨ̂2 (λ) = −E
[
1

K
tr

[
QGCBSΓ1G

H

K
FGΓ2G

H

K

]
1

K
trQ
]

+ E
[
1

K
tr

[
QFGΓ2G

H

K

]
1

K
tr[Γ1]

]
+ E

[
1

K
tr

[
Γ1

GHFG

K
Γ2

]
1

K
trQ
]
.

Observe that the first term on the right hand side of the above equation is
very similar to Ψ̂2 (λ). Next, we introduce the following error definition
in the first and last terms on the right hand side of the above equation,
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namely

ϵ0 (λ) =
1

K
tr
[
FH
mFm (Q− EQ)

]
.

After some algebra, and replacing Γ1 in the above expression of EΨ̂2 (λ)

we obtain

E
1

K
tr

[
QGΓ1G

H

K
FGΓ2G

H

K

]
=

1

K
Etr
[
QFGΓ2G

H

K

]
1

K
tr

[(
IN +

1

K
Etr[Q]CBS

)−1

Γ1

]

+
1

K
tr

[(
IN +

1

K
Etr[Q]CBS

)−1

Γ1Γ2

]
tr[F ]

K

Etr[Q]

K

+ χ1 + χ2 (4.22)

where

χ1 = E [t1 (λ) ϵ0 (λ)]

χ2 = −E [t2 (λ) ϵ0 (λ)]

t1 (λ) = tr

[
1

K

(
IN +

1

K
Etr[Q]CBS

)−1

Γ1
GHFG

K
Γ2

]

t2 (λ) =
1

K
tr

[
QGCBS

(
IN + 1

KEtr[Q]CBS

)−1
Γ1G

H

K
FGΓ2G

H

K

]
.

Now, a direct application of the Cauchy-Schwarz inequality shows that

|χ1| ≤
√
var (t1 (λ)) var (ϵ0 (λ)).

By Proposition 2, we see that |χ1| = N−1P1(|λ|)P2

(
1

|ℑ(λ)|

)
. A similar

reasoning shows that |χ2| = N−1P1(|λ|)P2

(
1

|ℑ(λ)|

)
. Using this in (4.22),

particularizing the resulting expression for Γ1 = Γ2 = CBS and observe
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that, by Proposition 2,∣∣∣∣ 1KEtr[Q]− δ

∣∣∣∣ = N−1P1(|λ|)P2

(
1

|ℑ(λ)|

)
,∣∣∣∣ 1KEtr

[
QFGCBSG

H

K

]
− δ̃

1

K
tr
[
T (λ)FH

mFFm

]∣∣∣∣
= N−1P1(|λ|)P2

(
1

|ℑ(λ)|

)
,

we obtain the result of the proposition.

4.5.2 Proof of Theorem 4

rewriting MSEMF
m in (4.16) as a function of the matrix G using (4.5), as

we did for the ZF and LMMSE equalizers, one will observe terms that
have the following general form,

1

K
Etr
[
Ŷ

−1
Ψ
(
G,GH

)]
,

where Ŷ is a diagonal matrix defined as

Ŷ = diag

(
HH

mHm

K

)
= diag

(
FH
m

GCBSG
H

K
Fm

)
.

The proof of Theorem 4 consists in showing that Ŷ can be replaced
by its asymptotic equivalent Y. Then, one only needs to compute the
expectation of EΨ

(
G,GH

)
, which can be easily computed. Here below,

in Proposition 4, we only give the first part of the proof. The other one
is omitted due to space constraints.

Proposition 4. Assume that Ψ
(
G,GH

)
is a function of G such that

sup
K,N

1

K
Etr
[
Ψ
(
G,GH

)
Ψ
(
G,GH

)H]
< ∞
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and let

Y = E
(
Ŷ
)
= diag

(
FH
mFm

) 1

K
tr[CBS] .

Assume that the eigenvalues of FH
mFm are located on a compact set of R+

independent of K,N and that inf 1
K tr[CBS] > 0. Then, as K,N → ∞ at the

same rate,
1

K
tr
[(

Y−1−Ŷ
−1
)
Ψ
(
G,GH

)]
→ 0

almost surely.

Indeed, observe that we can write, by the Cauchy-Schwarz inequal-
ity, ∣∣∣∣ 1K tr

[(
Y−1−Ŷ

−1
)
Ψ
(
G,GH

)]∣∣∣∣
=

∣∣∣∣ 1K tr
[(

Ŷ − Y
)
Ŷ

−1
Ψ
(
G,GH

)
Y−1

]∣∣∣∣
≤
√

1

K
tr
[
Y−2

(
Ŷ − Y

)
Ŷ

−2
(
Ŷ − Y

)]
√

1

K
tr
[
Ψ
(
G,GH

)
Ψ
(
G,GH

)H]
≤ α

∥∥∥Ŷ−1
∥∥∥∥∥Y−1

∥∥∥∥∥Ŷ − Y
∥∥∥

for some positive constant α. Observe that
∥∥Y−1

∥∥ < ∞ by assump-
tion, whereas

∥∥∥Ŷ−1
∥∥∥ will also be bounded for sufficiently large K,N

because of the norm convergence. Hence, we only we now prove that∥∥∥Ŷ − Y
∥∥∥→ 0 almost surely to prove the theorem.
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In order to see
∥∥∥Ŷ − Y

∥∥∥→ 0, let d̂ii and dii denote the i-th diagonal

entry of Ŷ and Y respectively. Then, for an arbitrary ϵ > 0, we have

P
[∥∥∥Ŷ − Y

∥∥∥ > ϵ
]
= P

[
max

i

∣∣∣d̂ii − dii

∣∣∣ > ϵ

]
≤

K∑
i=1

P
[∣∣∣d̂ii − dii

∣∣∣ > ϵ
]
.

However, the i-th entry of Ŷ can be expressed as

d̂ii = xH
i

CBS

K
xi

where xi is a circular Gaussian vector with zero mean and variance
E
[
xix

H
i

]
= E

[
GHf if

H
i G

]
= ∥f i∥2 I with f i denoting the i-th column of

Fm. Using, e.g. [125, Lemma 2.7], for p ≥ 2

E
[∣∣∣d̂ii − dii

∣∣∣p] ≤ α1

Kp/2

(
1

K
tr

[(
∥f i∥2CBS

)2])p/2

+
α2

Kp
tr
[(

∥f i∥2CBS

)p]
.

Choosing, e.g. p = 5 we see that E
[∣∣∣d̂ii − dii

∣∣∣5] = O
(
K−5/2

)
and

therefore, using Markov inequality, P
[∥∥∥Ŷ − Y

∥∥∥ > ϵ
]
≤ O

(
K−3/2

)
.

Applying the Borel-Cantelli lemma we obtain the result.



CHAPTER 5

PARALLEL EQUALIZATION STRUCTURE

FOR PTP MIMO DOUBLY SELECTIVE

CHANNELS

If the channel is slowly varying in time and frequency, single-tap equal-
ization is sufficient to compensate for the channel distortion and restore
the FBMC-OQAM orthogonality. However, as the channel gets more
selective in time and frequency, distortion will appear and FBMC will
suffer from so-called intrinsic interference caused by ISI and ICI. As
detailed in Section 2.1.5.2, many papers have proposed algorithms to
compensate for the distortion induced by the frequency selectivity of
the channel while the case of time selective channels has received much
less attention. The interested reader is referred to Section 2.1.5.3 for a
review on the associated literature.

In this work, we first characterize the effect of time and frequency
variations of the channel on the FBMC transceiver chain. Second, we
propose a new receiver structure for PTP MIMO FBMC-OQAM systems
that can compensate for both the time and frequency selectivity of the
channel. This receiver uses multiple AFB working in parallel on the
received signal. Each AFB is using a different derivative of the prototype
pulse with respect to time and frequency. The demodulated symbols
coming from each parallel AFB are then equalized and re-combined in
order to mitigate the distortion caused by the channel variations. This
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processing does not require any additional delay as opposed to multi-
tap equalizers and has a relatively low complexity of implementation.
Furthermore, analytical approximations of the residual distortion and
noise power after equalization are given, which results in a very compact
expression, as compared with [63]. The proposed parallel equalization
structure may be seen as an extension of the work of [53, 55] to the
doubly selective channel case. Another related work that aimed at
characterizing the FBMC distortion based on the same approach but
restricted to the frequency selective only case, was performed in [126–
128].

The rest of this chapter is structured as follows. Section 5.1 details the
system model for a general FBMC-OQAM MIMO transceiver and pro-
poses different orders of approximation of the demodulated symbol for
doubly selective channels. Section 5.2 proposes the new parallel receiver
structure and gives a theoretical expression of the residual distortion
and noise power. Section 5.3 validates the accuracy of the distortion ap-
proximation and the performance of the proposed equalization structure.
Finally, Section 5.4 concludes the chapter.

5.1 System model

5.1.1 FBMC-OQAM transmission model

We consider a MIMO FBMC-OQAM transmission chain as described
in Section 2.1 and shown in Fig. 2.5. Let us omit the effect of additive
noise to simplify the exposition. Since the noise is not correlated with
the data, its impact may be studied independently, as will be shown
later (see Section 5.2.2). As a reminder, the signal after demodulation, at
subcarrier m0 and multicarrier symbol l0, denoted by zm0,l0 ∈ CNR×1,
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may be written as (in the noiseless case)

zm0,l0 =

2MÑs−1∑
n=0

r[n]g∗m0,l0 [n]

=

2Ns−1∑
l=0

2M−1∑
m=0

2MÑs−1∑
n=0

+∞∑
b=−∞

C[b, n]dm,lpm,l[n− b]g∗m0,l0 [n],

where C[b, n] ∈ CNR×NT is the time-variant channel impulse response
at time instant n and corresponding to delay b. The effect of the channel
C[b, n] on zm0,l0 is a mixed function of the transmitted data, channel
and pulses. It is then convenient to find accurate approximations and
more practical expressions of zm0,l0 . Since we here consider the case of
strongly doubly selective channels, a conventional 0-th order approxi-
mation of zm0,l0 as given in (2.6),

zm0,l0 ≈ Hm0,l0

2Ns−1∑
l=0

2M−1∑
m=0

dm,l

2MÑs−1∑
n=0

pm,l[n]g
∗
m0,l0 [n], (5.1)

is highly non accurate. The work of [53] initially proposed the idea of
considering higher order approximations of the demodulated signal
zm0,l0 in the presence of channel frequency selectivity. Here, we extend
the approach of [53] to doubly selective channels. To be able to write
this higher order approximation of the demodulated symbol, we need
to give a deeper description of the channel model. In the same way,
smoothness conditions on the prototype pulses are necessary.

5.1.2 Doubly selective channel model

Let us introduce the continuous time-frequency response of the channel,
denoted by H(ω, t) and defined in terms of normalized time and angular
frequency, i.e., t ∈ [0, 1], ω ∈ [0, 2π]. The normalized time t = 0 denotes
the beginning of the data transmission and t = 1, its end or unnormal-
ized time ÑsT [s]. The normalized angular frequency ω = 0 and ω = 2π
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corresponds to the edges of the system bandwidth, i.e., unnormalized
frequencies 0 and 2M

T [Hz].

Since the function H(ω, t) is limited to unnormalized frequency 2M
T

and time ÑsT , we know from the Shannon sampling theorem that the
inverse Fourier transform of H(ω, t) with respect to frequency ω can
be sampled in the delay domain with a spacing T

2M , without causing
any aliasing in the frequency domain. Similarly, the Fourier transform
of H(ω, t) with respect to time t can be sampled in the Doppler do-
main with a spacing 1

ÑsT
. Hence, H(ω, t) is equivalently defined by the

discrete-delay-Doppler spreading function of the channel [129], which
we denote by Ψ[b, ν]. The index b denotes the delay tap index while ν

denotes the Doppler tap index. The functions H(ω, t) and Ψ[b, ν] are
related through the relations

H(ω, t) =

+∞∑
b=−∞

+∞∑
ν=−∞

Ψ[b, ν]e(
ω2M
T )( bT

2M )e
−2π(tÑsT)

(
ν

ÑsT

)

=

+∞∑
b=−∞

+∞∑
ν=−∞

Ψ[b, ν]e−ωbe2πtν , (5.2)

Ψ[b, ν] =
1

2π

∫ 2π

0

[∫ 1

0
H(ω, t)e−2πtνdt

]
eωb dω.

Functions H(ω, t) and Ψ[b, ν] equivalently define the channel and all
channel frequency quantities can be derived from them. Equation (5.2)
highlights the fact that H(ω, t) can be seen as the linear superposition
of multiple scatterers, each having a particular delay and Doppler shift.
The time-variant channel impulse response C[b, n] at time instant n and
corresponding to delay b can be obtained from Ψ[b, ν] as

C[b, n] =
+∞∑

ν=−∞
Ψ[b, ν]e

 2π
2ÑsM

nν
,
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for n = 0, . . . , 2ÑsM − 1. The derivatives of the channel with respect to
time and frequency at the subcarrier and multicarrier symbol of interest
can also be expressed as a function of Ψ[b, ν]

H
(q,r)
m,l =

dq

dωq

dr

dtr
H(ω, t)

∣∣∣∣
ω=ωm,t=tl

(5.3)

=

+∞∑
b=−∞

∞∑
ν=−∞

(−b)q(2πν)rΨ[b, ν]e−ωmb+2πtlν ,

for l = 0, . . . , 2Ns − 1, m = 0, . . . , 2M − 1 and where we defined
ωm = 2π

2Mm and tl = 1
2ÑsM

(lM + 2Mκ−1
2 ). Note that H

(0,0)
m,l = Hm,l.

Equation (5.3) highlights the fact that the variations of H(ω, t) with
respect to frequency and time can be related to the support of Ψ[b, ν].
If the function Ψ[b, ν] is very spread out in the delay and/or Doppler
domains, one can expect large variations of H(ω, t) in the frequency
and/or time domains respectively. To characterize those variations, we
make the following assumption:

(As6) The spreading function Ψ[b, ν] is assumed to be causal and
finitely supported in the delay and Doppler domains (as was assumed
in [64]). This implies that Ψ[b, ν] is non zero only for b = 0, . . . , Lb and
ν = −Lν , . . . , Lν . Moreover, we assume that the parameters Lb and Lν

are related to the maximal delay τmax [s] and Doppler shift fd [Hz] of the
underlying analog channel, given by Lb = ⌊ τmax2M

T ⌋ and Lν = ⌊fdÑsT ⌋
with T being the multicarrier symbol period. The channel is assumed to
be perfectly known by the receiver. Furthermore, we assume that

inf
(ω,t)∈[0,2π]×[0,1]

λmin

(
HH(ω, t)H(ω, t)

)
> 0,

sup
(ω,t)∈[0,2π]×[0,1]

λmax

(
HH(ω, t)H(ω, t)

)
< +∞

where λmin(A) and λmax(A) denote the minimum and maximum eigen-
value of matrix A respectively.
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Intuitively, (As6) implies that the channel can be equivalently de-
scribed by the combination of the effects of a finite number of scatterers,
such that the number of delay taps and Doppler shifts are finite. Fur-
ther, it implies that the channel is periodic in time and frequency, i.e.,
H(ω, 0) = H(ω, 1) and H(0, t) = H(2π, t), which makes sense if a suffi-
ciently large observation window is used both in time and frequency.
The equivalent channel should then be zero at the edges due to the
time-frequency windowing effect of the analog filters at the transmitter
and the receiver. Still, the channel model remains quite general under
(As6). For instance, it can address the special cases of a timing or carrier
frequency offset. A timing offset of x samples would be modeled by
imposing that Ψ[b, ν] = 0 if b < x.

Moreover, (As6) implies that the channel is perfectly known at the
receiver. In practice, this is of course not the case and the receiver should
estimate the function Ψ[b, ν] based on pilots scattered in time and fre-
quency inside the transmitted frame. If the support of the function
Ψ[b, ν] is not known in advance, one has to estimate the channel fre-
quency response and its derivatives at each subcarrier and multicarrier
symbol of interest by interpolation between the scattered pilots. Due to
the OQAM modulation and the MIMO scenario, the pilot symbols may
be impacted by ISI, ICI and inter-antenna interference. Many works
in the literature have looked at this issue, see [33] for a general review
or [68, 77] for more recent works on the challenges and solutions in
pilot-aided channel estimation for FBMC-OQAM systems.

5.1.3 Conditions on the prototype pulses

We introduce the following assumptions on the prototype pulses:

(As7) The transmit and receive prototype pulses p[n] and g[n] are of
the perfect reconstruction type and of energy normalized to one. They
are either symmetric or anti-symmetric. Furthermore, g[n] is obtained
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by the discretization of an analog waveform g̃(t) : R → R so that

g[n] = g̃

((
n− 2Mκ− 1

2

)
1

2M

)
,

for n = 0, . . . , 2Mκ − 1 and zero elsewhere. The additional shift of
2Mκ−1

2 units is performed in order to obtain a causal pulse. Further, g̃(t)
is analytic and only non zero if t ∈ [−κ/2, κ/2].

Moreover, we define g(q,r)[n] as

g(q,r)[n] = g̃(q,r)
((

n− 2Mκ− 1

2

)
1

2M

)
,

where g̃(q,r)(t) = dq

dtq (t
rg̃(t)). Further, we define y

(q,r)
m0,l0

as

y
(q,r)
m0,l0

=

2Ns−1∑
l=0

2M−1∑
m=0

dm,l

2MÑs−1∑
n=0

pm,l[n]g
(q,r)∗
m0,l0

[n], (5.4)

where g(q,r)m0,l0
[n] = l0+m0g(q,r)[n−l0M ]e

2π
2M

m0(n− 2Mκ−1
2

). Note that y(0,0)
m0,l0

=

ym0,l0 as defined in (2.2) and that, for perfect reconstruction pulses p[n]
and g[n], the perfect reconstruction property is not generally fulfilled by
p[n] and g(q,r)[n] if (q, r) ̸= (0, 0).

5.1.4 Higher order approximation of the demodulated symbol

We are now in the position of introducing our higher order approxima-
tion of the demodulated symbol zm0,l0 .

Proposition 5. Under (As6)− (As7), an approximation of zm0,l0 of order
Q with respect to channel variation in frequency and of order R with respect to
channel variation in time is given by

z
(Q,R)
m0,l0

=

R∑
r=0

Q∑
q=0

q

(2M)qq!(Ñs)rr!
H

(q,r)
m0,l0

y
(q,r)
m0,l0

(5.5)
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and as τmax
T → 0 and fdT → 0, the approximation error can be bounded by

∥∥∥zm0,l0 − z
(Q,R)
m0,l0

∥∥∥ = O

((τmax

T

)Q)
+O

(
(fdT )

R
)
. (5.6)

Proof. The proof is based on the truncation of a double Taylor expansion
of the channel and the pulse with respect to time and frequency. See
Section 5.5 for the complete proof.

Equation (5.5) gives more understanding of what is happening to
the demodulated signal in the presence of channel selectivity. As the
channel gets more selective, the derivatives of the channel H(q,r)

m0,l0
are

amplified and distortion will be superimposed on the demodulated
signal. Equation (5.6) shows that the approximation is more accurate
when τmax

T and Tfd are small. As one would expect, a larger symbol
period T is beneficial regarding frequency selectivity since the maximal
delay of the channel will be smaller with respect to the symbol duration.
At the same time, a larger T means that the channel will have stronger
variations in time during one symbol period, which is detrimental re-
garding time selectivity. In practice, the choice of T should be made
according to a trade-off between time and frequency selectivity. For a
fixed T , the approximation is more accurate as τmax and fd decrease,
i.e., the time and frequency channel selectivity decreases. Furthermore,
for a higher accuracy regarding time and frequency selectivity, one can
always increase R and Q respectively. Moreover, one can check that
z
(0,0)
m0,l0

corresponds to the 0-th order approximation given in (2.6) and
recalled in (5.1).

5.2 Parallel equalization structure

We here extend the proposed receiver structure of [53, 55] to doubly selec-
tive channels. Let us consider that the receiver uses (R+1)(Q+1) AFB’s
working in parallel on the received signal, as shown in Fig. 5.1. Each
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Figure 5.1 Parallel equalization structure at the receiver for different designs:
Q = 0, R = 0 (classical), Q = 1, R = 0 and Q = 1, R = 1.

AFB has a different index pair (q, r) with q = 0, . . . , Q and r = 0, . . . , R

and uses g(q,r)[n] as prototype pulse. After the (R + 1)(Q+ 1) parallel
AFB’s, the signals coming from each AFB are first equalized and then
combined to cancel the distortion caused by the channel selectivity. To
formalize this new receiver structure, we need to introduce the following
assumption on the per-subcarrier decoding matrices:

(As8) There exists a function B(ω, t) such that the per-subcarrier
equalizers Bm,l at subcarrier m and multicarrier symbol l result from
the evaluation of B(ω, t) at frequency ω = ωm and time t = tl. We define
B(ω, t) as

B(ω, t) =
(
H(ω, t)HH(ω, t)

)−1
H(ω, t)H .

and its derivatives with respect to time and frequency as

B
(q,r)
m,l =

dq

dωq

dr

dtr
B(ω, t)

∣∣∣∣
ω=ωm,t=tl

.

One can note that B(0,0)
m,l = Bm,l. The following results can be extended

to equalizers that do not invert the channel. However, we restricted
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the analysis to this case for the sake of compactness of the results and
readability of the chapter.

Let us denote by zm0,l0(q, r) the demodulated symbol at subcarrier
m0 and multicarrier symbol l0 of the (q, r) AFB, such that zm0,l0(0, 0) =

zm0,l0 . The following theorem gives the weights to combine the outputs
of the (R + 1)(Q + 1) parallel AFB’s so that the combined equalized
symbol is free from the distortion caused by the frequency selectivity up
to an error term, the magnitude of which depends on Q and R.

Theorem 6. Under (As6)-(As8), the demodulated symbols zm0,l0(q, r) of
each AFB are combined into the symbol x(Q,R)

m0,l0
in the following way

x
(Q,R)
m0,l0

=
R∑

r=0

Q∑
q=0

q

(2M)qq!(Ñs)rr!
B

(q,r)
m0,l0

zm0,l0(q, r) (5.7)

= ym0,l0 + ϵCm0,l0

and as τmax
T → 0 and fdT → 0, the residual error after parallel processing,

ϵCm0,l0
= x

(Q,R)
m0,l0

− ym0,l0 , is bounded by

∥∥∥ϵCm0,l0

∥∥∥ = O

((τmax

T

)Q)
+O

(
(fdT )

R
)
.

Proof. The proof is given in Section 5.5.

As it is classical in FBMC-OQAM systems, to recover the purely real
transmitted symbol, the real part of the equalized signal is taken, i.e.,
d̂
(Q,R)

m0,l0 = ℜ(x(Q,R)
m0,l0

). Note that d̂
(0,0)

m0,l0 = d̂m0,l0 .

Table 5.1 Implementation complexity of the different receivers under compari-
son.

Considered system Real-valued multiplications

Classical FBMC (Q = R = 0) 2MNR(log2(2M) + 2κ+ 2NT − 3) + 4NR

Parallel equalization (2MNR(log2(2M) + 2κ+ 2NT − 3) + 4NR)(Q+ 1)(R+ 1)

CP-OFDM NRM(log2(2M) + 4NT − 3) + 2NR
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Regarding the complexity of implementation of the proposed design,
one can check in Fig. 5.1 that it scales linearly with the number of parallel
AFB’s. Each parallel stage has its own filterbank and performs a per-
subcarrier single-tap decoding. This shows that the complexity is about
(Q+1)(R+1) times the complexity of the classical FBMC-OQAM design.
Table 5.1 shows the comparison of complexity of the classical designs,
the proposed equalization structure and a similar CP-OFDM system, in
terms of real-valued multiplications. For the calculation, we assume that
the number of subcarriers is a power of two and that an FFT/IFFT of size
2M requires 2M(log2(2M)−3)+4 real-valued multiplications using the
split-radix algorithm [130]. Note that each parallel AFB can be efficiently
implemented by the combination of a 2M -FFT and a polyphase network
[30].

We have proposed here a parallel equalization structure at the re-
ceiver side. A similar approach could be implemented at the transmitter
side, in order to implement a pre-equalizer robust to time and frequency
selectivity, as was done in [55] for the frequency selective case only.

5.2.1 Error model for the residual distortion after parallel pro-
cessing

The next theorem proposes a model for the residual distortion power
after parallel processing, equalization and real part conversion, which
correlation matrix is defined as

P
d,(Q,R)
m,l|H = E

((
dm,l − d̂

(Q,R)

m,l

)(
dm,l − d̂

(Q,R)

m,l

)T)
= E

(
ℜ
(
ϵCm,l

)(
ℜ
(
ϵCm,l

))T)
,

where the expectation is taken over the transmitted symbols, for one
specific channel realization1. Note that P

d,(Q,R)
m,l|H is a NT × NT error

1To highlight that the expectation is taken conditionally to the channel realization,
we added the subscript |H in the notation P

d,(Q,R)

m,l|H .
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correlation matrix. The distortion associated to the k-th stream is given
by its k-th diagonal element while its trace gives the total distortion of
all streams.

Theorem 7. Under (As6)-(As8) and up to an error term, we can write that

P
d,(Q,R)
m,l|H = Es

η(0,R+1),(0,R+1)(
(R+ 1)!(Ñs)R+1

)2 (B(0,R+1)
m,l Hm,l

)(
B

(0,R+1)
m,l Hm,l

)H
+ Es

η(Q+1,0),(Q+1,0)

((Q+ 1)!(2M)Q+1)2

(
B

(Q+1,0)
m,l Hm,l

)(
B

(Q+1,0)
m,l Hm,l

)H
+ Es

η(0,R+1),(Q+1,0)

(R+ 1)!(Ñs)R+1(Q+ 1)!(2M)Q+1[
ℜ
((

B
(0,R+1)
m,l Hm,l

)(
Q+1B

(Q+1,0)
m,l Hm,l

)H)
+ℜ

((
Q+1B

(Q+1,0)
m,l Hm,l

)(
B

(0,R+1)
m,l Hm,l

)H)]
,

(5.8)

where the different η’s are pulse-related quantities properly defined in Sec-
tion 5.5.

Proof. The proof is given in Section 5.5.

Theorem 7 gives a compact approximation for the residual distortion
power of a receiver that would use (R+ 1)(Q+ 1) parallel AFB’s. The
approximation is very accurate, as will be shown in the simulations.
By inspection of the three terms of Pd,(Q,R)

m,l|H , one can see that the first
two are related to the distortion caused by time or frequency selectivity
respectively while the third term of the sum is a cross term due to the fact
that the channel is both selective in time and in frequency. In practice,
by evaluating P

d,(Q,R)
m,l|H , the receiver could make the best choice of R and

Q by trading-off complexity and performance.
Note that the particularization of Pd,(Q,R)

m,l|H to Q = 0, R = 0 gives
the expression of the distortion associated with the classical FBMC de-
modulator of Fig. 2.5 using only one AFB. These results are important
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to develop link abstraction model for FBMC system-level simulators,
as was done in [126–128] but under a quasi-static assumption of the
channel. Moreover, by particularizing the channel model, the perfor-
mance analysis of an FBMC system with errors of synchronization can
be performed, such as carrier frequency offset or timing offset.

5.2.2 Noise effect

In the previous analysis, the effect of the noise was discarded. Given
that it is assumed uncorrelated with the data samples, its effect can
be analyzed independently. If the receive antennas are corrupted by
additive circularly-symmetric white Gaussian noise samples w[n], with
zero mean and variance N0, the noise samples after the AFB using
g(q,r)[n] as prototype filter are given by

wm,l(q, r) =

2MÑs−1∑
n=0

g
(q,r)∗
m,l [n]w[n],

such that, after parallel combining, the noise samples become

w
(Q,R)
m,l =

R∑
r=0

Q∑
q=0

q

(2M)qq!(Ñs)rr!
B

(q,r)
m,l wm,l(q, r).

Then, the real part is taken such that the noise correlation matrix is

P
n,(Q,R)
m,l|H = E

(
ℜ
(
w

(Q,R)
m,l

)(
ℜ
(
w

(Q,R)
m,l

))T)
, (5.9)

where the expectation is taken over the noise statistics, for one specific
channel realization. Pwn,(Q,R)

m,l|H is a NT × NT matrix, which k-th diago-
nal entry corresponds to the noise power associated to stream k. The
following theorem gives the expression of Pwn,(Q,R)

m,l|H .
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Theorem 8. The noise correlation matrix after parallel processing is given by

P
wn,(Q,R)
m,l|H =

N0

2

R∑
r′=0

R∑
r=0

Q∑
q=0

Q∑
q′=0

(−1)q
′
α(q,r,q′,r′)ℜ

(
q+q′B

(q,r)
m,l B

(q′,r′)H
m,l

)
(2M)q+q′q!q′!(Ñs)r+r′r!r′!

,

where

α(q,r,q′,r′) =

2MÑs−1∑
n=0

g(q,r)[n]g(q
′,r′)[n].

Due to the symmetry of the pulse g[n], the evaluation of the noise can be greatly
simplified by using the fact that α(q,r,q′,r′) = 0 if q + r ̸= q′ + r′ mod 2

(g(q,r)[n] and g(q
′,r′)[n] do not share the same type of symmetry).

Proof. The proof is given in Section 5.5.

This expression is exact and not an approximation as opposed to
Theorems 6 and 7.

5.3 Simulation results

This section aims at assessing the performance of the proposed designs
and approximations through simulations. Most results of previous sec-
tions show that the accuracy of the approximations depend on quantities
τmax
T and Tfd. We will show in the following that, even for high time and

frequency channel selectivity, the symbol period T can be considered
large enough with respect to τmax and small with respect to fd such
that the assumption holds and the approximations closely match the
simulations results.

Hereby, we assume that the symbol period and subcarrier spacing
are fixed to T = 66, 67µs and 15 kHz, as in LTE systems. The number of
real multicarrier symbols is 2Ns = 1000 and the number of subcarriers
is 2M = 128. The carrier frequency is fixed to fc = 2000 MHz, which
corresponds to the E-UTRA band 23. We consider a terminal moving at
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Figure 5.2 The prototype pulse and its derivatives used in the simulations.

speed V = 400 km/h, which corresponds to a maximal Doppler shift
of fd = fcV

c ≈ 741 Hz where c is the speed of light. To characterize
the power delay profile of the channel, we will use the 3GPP - Hilly
Terrain model [84], which corresponds to a highly frequency selective
channel. The ITU - Veh. A channel model will also be used in one figure
as an example of mildly frequency selective channel. Note that for both
channel models, the Doppler spectrum of each tap is characterized by a
classical Jakes model.

The per-stream signal-to-noise-and-distortion ratio (SNDR) is de-
fined as

SNDRm,l|H(k) =
Es/2

[P
d,(Q,R)
m,l|H ]k,k + [P

n,(Q,R)
m,l|H ]k,k

,

where k = 1, . . . , NT is the stream index. The SNDR is a very useful
metric in practice since it characterizes the scale of the signal of interest
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Figure 5.3 SNDR at one subcarrier as a function of the multicarrier symbol
index and for one SISO channel realization. The simulated performance of
the proposed receivers, plotted with crosses, is very close from the lines that
represent the proposed SNDR approximation.

relatively to the power of the additive noise, ICI and ISI. We recall that
P

d,(Q,R)
m,l|H and P

n,(Q,R)
m,l|H come from computing the expectation with respect

to the transmitted symbols and noise for a specific channel realization.
The SNR is defined as SNR = Es/N0.

In the following simulations, the prototype pulse at transmit and
receive sides is the PHYDYAS filter [6] with overlapping factor κ = 4.
The pulse and its first derivatives are shown in Fig. 5.2.

Furthermore, the performance of a CP-OFDM system is also shown
in several figures as a reference. For the sake of comparison, the same
number of subcarriers 2M , the same bandwidth and the same frame
duration were considered as in the filterbank multicarrier (FBMC) case.
The CP length used here is 10 samples, as it is defined for the first OFDM
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Figure 5.4 CDF of the SNDR for different types of parallel receiver structure
in the SISO case, for one channel realization. The simulated performance of
the proposed receivers, plotted with crosses, is very close from the lines that
represent the proposed SNDR approximation. The simulated performance of a
CP-OFDM system is also shown.

symbol of each slot in the normal mode of the LTE standard. Hence, for
the same frame duration, less information bits are transmitted and the
CP-OFDM system has a lower throughput rate than the corresponding
FBMC system. Perfect channel estimation was also considered and the
decoding matrices at each subcarrier were chosen as the pseudo-inverse
of the channel evaluated at that frequency and multicarrier symbol, i.e.,
zero-forcing equalization.
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5.3.1 Validation of the theoretic expressions of Theorems 7 and
8

In Fig. 5.3, we consider a SISO case, i.e., NR = NT = 1 and only
one channel realization. For this channel realization, we plotted the
SNDR at one subcarrier as a function of time, expressed in terms of the
multicarrier symbol index, and for a fixed SNR of 25 dB. We used a high
SNR regime to highlight the gain of the proposed designs. Indeed, at low
SNR’s, the distortion power is negligible compared to the noise power.
Different versions of the proposed designs are plotted together with the
classical FBMC implementation having only one AFB, as depicted in
Fig. 2.5. The Q = 0, R = 1 (resp. Q = 1, R = 0) receiver has a second
AFB which is used to cancel the first order of the distortion due to time
(resp. frequency) selectivity. The Q = 1, R = 1 receiver uses four AFB’s.
The theoretical performance of a distortion free system is also shown,
which corresponds to the theoretical case of a perfectly flat channel at
the subcarrier level and during the pulse duration, i.e., H(q,r)

m,l = 0 for
q > 0 or r > 0. In other words, only additive noise impacts the equalized
symbols. Furthermore, the crosses correspond to the simulated SNDR
while the lines (continuous and dashed) correspond to the theoretical
SNDR values from Theorems 7 and 8.

One can first notice in Fig. 5.3 the close match between the lines and
the crosses, which imply that the proposed expressions of Theorems 7
and 8 are very accurate. There is visible gain of the proposed designs
with respect to classical FBMC implementation. The Q = 1, R = 1 curve
is even very close to the distortion free curve. At a few points however,
we can see that the classical FBMC receiver performs better than the
Q = 0, R = 1 and Q = 1, R = 0 designs. This is in accordance with
the theoretical expression of Pd,(Q,R)

m,l|H and is more specifically related to
the third term of (5.8), which is not restricted to be positive and may
decrease the distortion, depending on the value of η(0,R+1),(Q+1,0). Still,
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we will see in the next figure that the proposed designs perform better
"statistically", looking at their cumulative density function (CDF).

For the same channel realization as in Fig. 5.3, Fig. 5.4 shows the
CDF of the SNDR, evaluated at all subcarriers and multicarrier symbols2.
Again, one can note the close match between the lines (continuous and
dashed) and the crosses, demonstrating the accuracy of Theorems 7 and
8. Next, increasing the number of AFB’s is in each case statistically bene-
ficial. The Q = 1, R = 1 curve gets close to the theoretical distortion free
curve. To be even closer, it is possible to increase the number of AFB’s, at
the price of a higher receiver complexity. Furthermore, the performance
of a CP-OFDM system is also shown, which is outperformed by all
FBMC receivers. Indeed, since the length of the cyclic prefix is much
smaller than the channel delay spread, CP-OFDM strongly suffers from
the channel frequency selectivity. Furthermore, the bad time-frequency
localization of the rectangular pulse in OFDM makes it very sensitive to
time selectivity as well [131].

One can also see that the Q = 0, R = 1 design performs worse than
the Q = 1, R = 0. This is due to the fact that the channel is comparatively
more frequency selective than time selective. This is also related to
the choice of the LTE symbol duration T , which is relatively low and
provides high robustness to channel time variations. If it was chosen
to be larger, the system would be more sensitive to time selectivity and
less to frequency selectivity. The authors in [65, 132] provide a detailed
performance analysis on the choice of the symbol duration as a function
of the channel delay and Doppler spread.
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Figure 5.5 Ergodic capacity comparison of the proposed different parallel
receivers, classical FBMC receiver and CP-OFDM system.

5.3.2 Ergodic capacity and outage symbol error rate for random
channels

In Fig. 5.5, the ergodic capacity as a function of the SNR is plotted for the
different designs under comparison, in the SISO case and averaged over
multiple channel realizations. The distortion plus noise distribution
at one subcarrier and multicarrier symbol, for one specific channel
realization is approximated by a Gaussian distribution.

The ergodic capacity is defined as

R = EH

(
1

2M2Ns

2Ns−1∑
l=0

2M−1∑
m=0

log2
(
1 + SNDRm,l|H(1)

))
,

2As a reminder, the SNDR metric come from taking the expectation with respect
to the statistics of the noise and the transmitted symbols, conditionally to the channel
realization.
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Figure 5.6 SER of the classical FBMC system, the proposed Q = 1, R = 1 design
and the distortion free curve.

expressed in bits per symbol and where the expectation EH is taken
over the channel statistics. As could be expected, the proposed designs
provide more robustness to channel selectivity. Furthermore, CP-OFDM
exhibits the worst performance. In Fig. 5.6, the uncoded SER is plotted
as a function of the instantaneous SNR for the classical FBMC system,
the proposed Q = 1, R = 1 design and the distortion free curve. The
instantaneous SNR is defined as the SNR at one particular subcarrier
and multicarrier symbol, taking the channel gain into account. The
curves are obtained by considering average SNR ranging from 0 to 30
dB and computing for each channel realization, each subcarrier and each
multicarrier symbol, the corresponding instantaneous SNR. We plotted
the results for a 4-PAM and a 16-PAM constellation sizes. Again, the
proposed design outperforms the classical FBMC receiver.
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Figure 5.7 CDF of the SNDR for different types of parallel receiver structure in
the NR = NT = 2 MIMO case.

5.3.3 Multiple-antenna case

In Fig. 5.7, the CDF of the SNDR’s of the proposed designs evaluated
at each subcarrier and multicarrier symbol is plotted for the MIMO
case NR = NT = 2, for a fixed SNR of 25 dB and for multiple channel
realizations. The same conclusion as in the SISO case holds. Note that
the simulations of all figures were realized for a 3GPP-Hilly Terrain
channel model and a maximal Doppler frequency fd = 741 Hz, which
corresponds to a channel highly selective both in time and frequency.
The results demonstrated the superiority of the receiver structure Q =

1, R = 1. However, if the channel was for instance higly time selective
but only slightly frequency selective, there would be no large gains
of increasing Q to one. To illustrate this, we plotted in Fig. 5.8 the
performance of the same system for the ITU - Veh. A channel model
and for the same maximal Doppler frequency, i.e., a channel which is
strongly time selective but mildly frequency selective. As one can see,
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Figure 5.8 CDF of the SNDR for different types of parallel receiver structure
in the NR = NT = 2 MIMO case. The channel is strongly time selective and
mildly frequency selective.

the Q = 1, R = 1 and Q = 0, R = 1 curves are very close to the distortion
free curve.

5.4 Conclusion

We investigated the effect of time and frequency selectivity on the per-
formance of a FBMC-OQAM system. As the channel becomes more
selective in the time-frequency plane, the demodulated symbol are af-
fected by distortion caused by ICI and ISI. A new parallel equalization
structure was proposed, such that the performance of a distortion free
system can be retrieved by the use of multiple AFB’s at the receiver side.
A theoretical approximation of the residual distortion and noise powers
after equalization was derived. The accuracy of the approximation as
well as the performance of the proposed equalization structure were val-
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idated through simulations in the single-antenna and multiple-antenna
cases.

5.5 Proofs

5.5.1 Proof of Proposition 5

Let us rewrite (2.5) by setting n′ = n− b as

zm0,l0 =
∑
m,l

∑
n′

Lb∑
b=0

C[b, n′ + b]g∗m0,l0 [n
′ + b]dm,lpm,l[n

′].

=
∑
m,l

∑
n′

∆m0,l0 [n
′]dm,lpm,l[n

′], (5.10)

where we have defined

∆m0,l0 [n
′] =

Lb∑
b=0

C[b, n′ + b]g∗m0,l0 [n
′ + b]

= β∗
m0,l0

Lb∑
b=0

C[b, n′ + b]g[n′ + b− l0M ]e−ωm0b, (5.11)

with βm0,l0 = l0+m0eωm0 (n
′− 2Mκ−1

2
). We are now going to develop the

expression of ∆m0,l0 [n
′].

Note that C[b, n′ + b] comes from the evaluation at time t = n′+b
2ÑsM

of
the smooth function Fb(t) defined by

Fb(t) =

Lν∑
ν=−Lν

Ψ[b, ν]e2πtν ,

which can be seen as the time variant response of the b-th tap of the
channel. We have

C[b, n′ + b] = Fb(t)|t= n′+b
2ÑsM

.
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Since C[b, n′+b]g[n′+b−l0M ] is non zero only for n′+b ∈ {l0M, . . . , l0M+

2Mκ−1}, let us perform a Taylor expansion of Fb(t) around time instant
tl0 = 1

2ÑsM
(l0M + 2Mκ−1

2 ) that we evaluate at t = n′+b
2ÑsM

. Note that this
Taylor expansion converges for any t since the convergence radius of
the exponential function is infinite. We obtain

C[b, n′ + b] =
+∞∑
r=0

F
(r)
b (tl0)

r!
(t− tl0)

r

∣∣∣∣∣
t= n′+b

2ÑsM

=
+∞∑
r=0

Lν∑
ν=−Lν

(2πν)r

(Ñs)rr!
Ψ[b, ν]e2πtl0ν

(
n′ + b− l0M − 2Mκ−1

2

2M

)r

.

Replacing this expression of C[b, n′ + b] in (5.11), we obtain

∆m0,l0 [n
′] = β∗

m0,l0

+∞∑
r=0

Lν∑
ν=−Lν

(2πν)r

(Ñs)rr!
e2πtl0ν

Lb∑
b=0

Ψ[b, ν]g(0,r)[n′ + b− l0M ]e−ωm0b. (5.12)

Remember that g(0,r)[n′ + b− l0M ] can be seen as the evaluation of
the function g̃(0,r)(t) at t̃ = (n′ + b− l0M − 2Mκ−1

2 ) 1
2M . Let us perform a

Taylor expansion of g̃(0,r)(t) around point t̃l0 = (n′ − l0M − 2Mκ−1
2 ) 1

2M

that we evaluate at t̃

g(0,r)[n′ + b− l0M ] =

+∞∑
q=0

g̃(q,r)
(
t̃l0
)

q!
(t̃− t̃l0)

q

=

+∞∑
q=0

g(q,r)[n′ − l0M ]

(2M)qq!
bq.

Note that, due to (As7), g̃(t) is analytic and the same holds for g̃(q,r)(t)
since the product and derivatives of analytic functions are also analytic.
Hence the above Taylor expansion is ensured to converge to g(0,r)[n′+b−
l0M ], which is bounded. Replacing the expression of g(0,r)[n′ + b− l0M ]
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by its Taylor expansion in (5.12), we obtain

∆m0,l0 [n
′] = β∗

m0,l0

+∞∑
r=0

+∞∑
q=0

g(q,r)[n′ − l0M ]

(2M)qq!(Ñs)rr!

Lb∑
b=0

Lν∑
ν=−Lν

bq(2πν)rΨ[b, ν]e2πtl0νe−ωm0b

(5.3)
=

+∞∑
r=0

+∞∑
q=0

qH
(q,r)
m0,l0

(2M)qq!(Ñs)rr!
g
(q,r)∗
m0,l0

[n′].

If we replace this expression of ∆m0,l0 [n
′] in (5.10), we finally obtain

zm0,l0 =

+∞∑
r=0

+∞∑
q=0

qH
(q,r)
m0,l0

(2M)qq!(Ñs)rr!

∑
m,l

dm,l

∑
n′

pm,l[n
′]g(q,r)∗m0,l0

[n′]

=
+∞∑
r=0

+∞∑
q=0

q

(2M)qq!(Ñs)rr!
H

(q,r)
m0,l0

y
(q,r)
m0,l0

. (5.13)

The above repeated series can be replaced by a double series, which
allows to swap the order of the two indexes q and r. To see this, it
is enough to see that the double series is absolutely convergent. In-
deed, this can be deduced by looking at the different terms of zm0,l0

in (5.10). First, we have just shown that ∆m0,l0 [n
′] can be replaced by

a double series, which converges and remains bounded. Further, the
transmitted symbols dm,l and the energy of the pulse p[n] are bounded
by assumption.

The (Q,R)-th order approximation of zm0,l0 is given by the trunca-
tion of the Taylor expansion to its (Q,R) first terms

z
(Q,R)
m0,l0

=

R∑
r=0

Q∑
q=0

q

(2M)qq!(Ñs)rr!
H

(q,r)
m0,l0

y
(q,r)
m0,l0

.
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and the approximation error is

zm0,l0 − z
(Q,R)
m0,l0

=
∑

(q,r)∈Ω

q

(2M)qq!(Ñs)rr!
H

(q,r)
m0,l0

y
(q,r)
m0,l0

where Ω denotes the set (q, r) such that q > Q or r > R. Using the
triangular inequality and the fact that the channel power is bounded,
we can write

∥∥∥zm0,l0 − z
(Q,R)
m0,l0

∥∥∥ ≤
∑

(r,q)∈Ω

∥∥∥H(q,r)
m0,l0

∥∥∥
(2M)q(Ñs)r

∥∥∥∥∥∥y
(q,r)
m0,l0

q!r!

∥∥∥∥∥∥
(5.3)

≤
∑

(r,q)∈Ω

Lb∑
b=0

Lν∑
ν=−Lν

(
b

2M

)q (2πν

Ñs

)r

∥Ψ[b, ν]∥

∥∥∥∥∥∥y
(q,r)
m0,l0

q!r!

∥∥∥∥∥∥ .
Since the channel has finite energy, we can bound

Lb∑
b=0

Lν∑
ν=−Lν

∥Ψ[b, ν]∥ ≤ CΨ,

and we obtain

∥∥∥zm0,l0 − z
(Q,R)
m0,l0

∥∥∥ ≤ CΨ

∑
(r,q)∈Ω

(
Lb

2M

)q (2πLν

Ñs

)r
∥∥∥∥∥∥y

(q,r)
m0,l0

q!r!

∥∥∥∥∥∥ .
Under (As6), we have Lb = ⌊ τmax2M

T ⌋ and Lν = ⌊fdÑsT ⌋. Using the
fact that the symbols are bounded, the definition of y(q,r)

m0,l0
in (5.4) and

under (As7), we can write that, as τmax
T → 0 and fdT → 0, we have

∥∥∥zm0,l0 − z
(Q,R)
m0,l0

∥∥∥ =O

((τmax

T

)Q)
+O

(
(fdT )

R
)
,

which completes the proof of Proposition 5.
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5.5.2 Proof of Theorem 6

We will begin by showing that the equalizer and its derivatives are
bounded. Under (As8), we have that B(ω, t)H(ω, t) = INT

, which is
not dependent on time and frequency and hence

(Bm,lHm,l)
(q̃,r̃) =

q̃∑
q=0

r̃∑
r=0

(
q̃

q

)(
r̃

r

)
B

(q,r)
m,l H

(q̃−q,r̃−r)
m,l

= INT
δ[q̃]δ[r̃]. (5.14)

We can reason by induction to show that supm,l ∥B(q,r)
m,l ∥ < +∞ for each

q and r. First, for q = r = 0, we have

sup
m,l

∥Bm,l∥ ≤ sup
m,l

∥
(
HH

m,lHm,l

)−1 ∥ sup
m,l

∥HH
m,l∥

≤
sup(ω,t) λ

1/2
max

(
HH(ω, t)H(ω, t)

)
inf(ω,t) λmin

(
HH(ω, t)H(ω, t)

) ,
which is bounded under (As6). Otherwise, using (5.14), we have,

∥B(q,r)
m,l ∥ ≤

∥B(q,r)
m,l Hm,l∥

λ
1/2
min

(
HH(ω, t)H(ω, t)

)
≤

(q,r)∑
(i,j)=(0,0),
(i,j)̸=(q,r)

(
q

i

)(
r

j

)
∥B(i,j)

m,l ∥
∥H(q−i,r−j)

m,l ∥
λ
1/2
min

(
HH(ω, t)H(ω, t)

)
and the result follows from taking the supremum with respect to m, l

and applying the induction hypothesis. This concludes the proof that
supm,l ∥B(q,r)

m,l ∥ < +∞. In the following, we drop the subscript m0, l0 for
the sake of clarity. Let us define α = τmax

T and β = fdT . Using the result
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of Proposition 5, we can write

z(q, r) =

R−r∑
r1=0

Q−q∑
q1=0

q1H(q1,r1)

(2M)q1q1!(Ñs)r1r1!
y(q+q1,r+r1) + ϵ(q, r)

where ∥ϵ(q, r)∥ = O
(
αQ−q

)
+ O

(
βR−r

)
. Using the definition of x(Q,R)

in (5.7), we can write

x(Q,R) =
R∑

r=0

Q∑
q=0

R−r∑
r1=0

Q−q∑
q1=0

q+q1B(q,r)H(q1,r1)y(q+q1,r+r1)

(2M)q+q1q1!q!(Ñs)r+r1r!r1!
+ ϵC,

where the error ϵC is given by

ϵC =
R∑

r=0

Q∑
q=0

q

(2M)qq!(Ñs)rr!
B(q,r)ϵ(q, r)

= O
(
αQ
)
+O

(
βR
)
,

where we used the fact that supm,l ∥B(q,r)
m,l ∥ < +∞ and 1

2M ≤ Lb
2M ≤ τmax

T

and 1
Ñs

≤ Lν

Ñs
≤ fdT . Let us take q̃ = q + q1 and r̃ = r+ r1, x(Q,R) can be

rewritten as

x(Q,R) − ϵC =
R∑

r=0

Q∑
q=0

R∑
r̃=r

Q∑
q̃=q

q̃B(q,r)H(q̃−q,r̃−r)y(q̃,r̃)

r!q!(r̃ − r)!(q̃ − q)!(2M)q̃(Ñs)r̃

=

R∑
r̃=0

Q∑
q̃=0

q̃

q̃!(2M)q̃ r̃!(Ñs)r̃

q̃∑
q=0

r̃∑
r=0

B(q,r)H(q̃−q,r̃−r)y(q̃,r̃)

r!q!(r̃ − r)!(q̃ − q)!
.

Using the identity in (5.14), we finally find that x(Q,R) = y + ϵC, which
completes the proof.
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5.5.3 Proof of Theorem 7

Using Theorem 6, we have3

x(Q+1,R+1) =
R+1∑
r=0

Q+1∑
q=0

q

(2M)qq!(Ñs)rr!
B(q,r)z(q, r)

and
∥∥x(Q+1,R+1) − y

∥∥ = O
(
αQ+1

)
+O

(
βR+1

)
. Note that,

x(Q+1,R+1) − y = x(Q,R) − y +
Q+1B(Q+1,0)z(Q+ 1, 0)

(2M)Q+1(Q+ 1)!

+
B(0,R+1)z(0, R+ 1)

(Ñs)R+1(R+ 1)!
+

R+1∑
r=1

Q+1B(Q+1,r)z(Q+ 1, r)

(2M)Q+1(Q+ 1)!(Ñs)rr!

+

Q∑
q=1

qB(q,R+1)z(q,R+ 1)

(2M)qq!(Ñs)R+1(R+ 1)!
.

Combining the two previous equations, we can write the following
approximation of the residual distortion

ϵC = x(Q,R) − y

= −Q+1B(Q+1,0)z(Q+ 1, 0)

(2M)Q+1(Q+ 1)!
− B(0,R+1)z(0, R+ 1)

(Ñs)R+1(R+ 1)!
+ ϵ1,

where ϵ1 is the error on the approximation of the residual distortion
itself, which can be bounded as

∥ϵ1∥ ≤
∥∥∥∥∥
R+1∑
r=1

Q+1B(Q+1,r)z(Q+ 1, r)

(2M)Q+1(Q+ 1)!(Ñs)rr!

∥∥∥∥∥+
∥∥∥∥∥∥

Q∑
q=1

qB(q,R+1)z(q,R+ 1)

(2M)qq!(Ñs)R+1(R+ 1)!

∥∥∥∥∥∥
+O

(
αQ+1

)
+O

(
βR+1

)
= O

(
αQβ

)
+O

(
αβR

)
+O

(
αQ+1

)
+O

(
βR+1

)
,

3Here again, we dropped the subscript m0, l0 for the sake of clarity.
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where we used the same bounding methodology as in Appendices 5.5.1
and 5.5.2. Then, we can write, using the result of Proposition 5,

ϵC = −Q+1B(Q+1,0)Hy(Q+1,0)

(2M)Q+1(Q+ 1)!
− B(0,R+1)Hy(0,R+1)

(Ñs)R+1(R+ 1)!
+ ϵ2 (5.15)

∥ϵ2∥ = O
(
αQβ

)
+O

(
αβR

)
+O

(
αQ+1

)
+O

(
βR+1

)
.

We now need to compute P
d,(Q,R)
m0,l0|H = E

(
ℜ
(
ϵC
)
(ℜ
(
ϵC
)
)T
)
. To do this,

we need to define some pulse-related quantities. Given two generic
pulses, p, q of length 2Mκ, let P and Q denote two 2M × κ matrices
obtained by arranging the samples of the respective pulses in columns
from left to right. We will define

R(p, q) = P ~ J2MQ

S(p, q) = (J2 ⊗ IM )P ~ J2MQ,

where ~ denotes row-wise convolution, ⊗ denotes Kronecker product,
IM (resp. JM ) are the identity (resp. exchange) matrices of order M .
Given four generic pulses p, q, r, s, we recall the definition of η± (p, q, r, s)

and η∓ (p, q, r, s) from Section 3.5.1

η± (p, q, r, s) =
M

2
tr
[
U+R (p, q)RT (r, s) +U−S (p, q)ST (r, s)

]
η∓ (p, q, r, s) =

M

2
tr
[
U−R (p, q)RT (r, s) +U+S (p, q)ST (r, s)

]
,

where U± = I2 ⊗ (IM±JM ). In order to simplify the notations and
since the pulse at the transmit side always is p and the pulse at the
receiver is a derivative of g, given four integers q1, r1, q2, r2, we will
define η

(+,−)
(q1,r1),(q2,r2)

= η±
(
p, g(q1,r1), p, g(q2,r2)

)
.
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We can now obtain an expression of the residual distortion by using
the fact that, under ((As7)) [53, Appendix B] and neglecting tail effects,

E
(
ℜ(y(q1,r1))ℜT (y(q2,r2))

)
= Esη

(+,−)
(q1,r1),(q2,r2)

INT
,

E
(
ℑ(y(q1,r1))ℑT (y(q2,r2))

)
= Esη

(−,+)
(q1,r1),(q2,r2)

INT
,

E
(
ℜ(y(q1,r1))ℑT (y(q2,r2))

)
= 0.

The resulting expression can be simplified using Lemma 3 presented in
Section 3.5.2 showing that, in the particular case considered here, we
have η

(+,−)
(q1,r1),(q2,r2)

= η
(−,+)
(q1,r1),(q2,r2)

(the transmit pulse does not change).
Hence, we will omit the superscripts (+,−) and (−,+). The result of
Theorem 7 is then found by computing P

d,(Q,R)
m0,l0|H = E

(
ℜ
(
ϵC
)
(ℜ
(
ϵC
)
)T
)

with the expression of ϵC given in (5.15) (neglecting the error term ϵ2)
and using the above definition of η(q1,r1),(q2,r2).

5.5.4 Proof of Theorem 8

Let us develop the expression of Pn,(Q,R)
m0,l0|H ,

P
n,(Q,R)
m0,l0|H = E

(
ℜ
(
w

(Q,R)
m0,l0

)(
ℜ
(
w

(Q,R)
m0,l0

))T)
=

R∑
r′=0

R∑
r=0

Q∑
q=0

Q∑
q′=0

1

(2M)q+q′q!q′!(Ñs)r+r′r!r′!

E

ℜ

qB
(q,r)
m0,l0

2MÑs−1∑
n=0

g
(q,r)∗
m0,l0

[n]w[n]


ℜ
(
q

′
2Mκ−1∑
n′=0

g
(q′,r′)∗
m0,l0

[n′]w[n′]T
(
B

(q′,r′)
m0,l0

)T))

Using the fact that for any complex matrix A, ℜ(A) = 1
2(A+A∗) and

that w[n] is white and circularly symmetric, E(w[n]wT [n′]) = 0 and
E(w[n]wH [n′]) = N0INR

δ[n− n′], the expression of Pn,(Q,R)
m0,l0|H simplifies
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to

P
n,(Q,R)
m0,l0|H =

R∑
r′=0

R∑
r=0

Q∑
q=0

Q∑
q′=0

1

(2M)q+q′q!q′!(Ñs)r+r′r!r′!

N0

4
tr

q(−)q
′
B

(q,r)
m0,l0

(
B

(q′,r′)
m0,l0

)H 2MÑs−1∑
n=0

g
(q,r)∗
m0,l0

[n]g
(q′,r′)
m0,l0

[n]

+(−)qq
′
B

(q,r)∗
m0,l0

(
B

(q′,r′)
m0,l0

)T 2MÑs−1∑
n=0

g
(q,r)
m0,l0

[n]g
(q′,r′)∗
m0,l0

[n]

 .

Defining

α(q,r,q′,r′) =

2MÑs−1∑
n=0

g
(q,r)∗
m0,l0

[n]g
(q′,r′)
m0,l0

[n] =

2MÑs−1∑
n=0

g(q,r)[n]g(q
′,r′)[n],

we find the expression given in Theorem 8. Using the fact that g[n] is
even or odd and that g(q,r)[n] shares the same type of symmetry as g[n]
if q + r = 0 mod 2 and the opposite otherwise, one can easily check
that α(q,r,q′,r′) ̸= 0 only if q + r = q′ + r′ mod 2. This completes the
proof.





CHAPTER 6

OPTIMIZED SINGLE-TAP EQUALIZERS FOR

PTP MIMO SYSTEMS UNDER DOUBLY

SELECTIVE CHANNELS

As explained in Chapter 5, the techniques to deal with channel fre-
quency selectivity have been extensively studied in numerous works.
Conversely, equalization for time selective channels has only been stud-
ied in very few works (see Section 2.1.5.3 for a review of the related
literature). In this chapter, we propose a very simple design based on
single-tap per-subcarrier equalizers. The equalizing matrices are de-
signed to minimize the MSE of the symbol estimate at each subcarrier
and each multicarrier symbol of interest, taking into account a first order
approximation of the distortion caused by channel time and frequency
selectivity. It is shown that, as soon as the equalizer has more antennas
than the number of transmitted streams, it can tune those extra degrees
of freedom to compensate for the channel distortion. This chapter can
be seen as an extension of Chapter 3 to doubly selective channels.

6.1 MSE expression

We consider a PTP MIMO FBMC-OQAM transmission chain as de-
scribed in Section 2.1 and shown in Fig. 2.5. We define the MSE at the
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subcarrier m and multicarrier symbol l as

MSE(m, l) = E
(∥∥∥d̂m,l − dm,l

∥∥∥2) (6.1)

= Pd(m, l) + Pn(m, l).

Since the noise and symbol samples are uncorrelated, their effect can
be studied separately and we divided the MSE expression into two
contributions, namely, the distortion power Pd(m, l) and the noise power
Pn(m, l). The noise term is simply due to the additive noise and is given
by (for the receive pulse energy normalized to one)

Pn(m, l) = tr
[
P

n,(0,0)
m,l|H

]
=

N0

2
tr
[
Bm,lB

H
m,l

]
,

where P
n,(Q,R)
m,l|H was defined in (5.9) and computed in Theorem 8. The

distortion term Pd(m, l), including the ISI and ICI power, comes from
channel selectivity or in other words the fact that the channel is not
flat and constant at the subcarrier and multicarrier symbol of interest.
Under (As6)-(As8) and up to an error term, it can be approximated
using a particularization of Theorem 7 to the case Q = R = 0,

Pd(m, l) = tr
[
P

d,(0,0)
m,l|H

]
= Es

η(0,1),(0,1)

(N ′
s)

2
tr

[(
Bm,lH

(0,1)
m,l

)(
Bm,lH

(0,1)
m,l

)H]
+ Es

η(1,0),(1,0)

(2M)2
tr

[(
Bm,lH

(1,0)
m,l

)(
Bm,lH

(1,0)
m,l

)H]
+ Es

2η(0,1),(1,0)

2MN ′
s

ℑtr
[(

Bm,lH
(0,1)
m,l

)(
Bm,lH

(1,0)
m,l

)H]
,
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where P
d,(Q,R)
m,l|H was defined in (5.8). Hence, MSE(m, l) defined in (6.1)

can be approximated as

MSE(m, l) ≈ Es

η(0,1),(0,1)

(N ′
s)

2
tr

[(
Bm,lH

(0,1)
m,l

)(
Bm,lH

(0,1)
m,l

)H]
+ Es

η(1,0),(1,0)

(2M)2
tr

[(
Bm,lH

(1,0)
m,l

)(
Bm,lH

(1,0)
m,l

)H]
+ Es

2η(0,1),(1,0)

2MN ′
s

ℑtr
[(

Bm,lH
(0,1)
m,l

)(
Bm,lH

(1,0)
m,l

)H]
+

N0

2
tr
[
Bm,lB

H
m,l

]
. (6.2)

6.2 Single-tap equalizer design

The goal now is to optimize the MSE formula in (6.2) to obtain the
expression of the optimal single-tap equalizer in the asymptotic regime.
Due to the channel inversion constraint (As8), we have

Bm,lHm,l = INT
,

and the multi-stream interference is mitigated. The optimal equalizer
should then compensate for time and frequency selectivity of the channel
while keeping the noise level low enough. The general expression of
any equalizer that satisfies (As8) is given by

Bm,l = H†
m,l + B̃m,lP

†
m,l, (6.3)

where H†
m,l =

(
HH

m,lHm,l

)−1
HH

m,l, P
†
m,l = INR

− Hm,lH
†
m,l and B̃m,l

is a matrix left to be optimized. The above expression of Bm,l shows
that the optimal equalizer can be written as the pseudo inverse of the
channel plus a matrix lying on the left null space of Hm,l. In the case
NR = NT , it is obvious to see that Bm,l is fixed to the inverse of the
channel and there are no extra degrees of freedom. On the contrary,
as NR increases relatively to NT , there is more and more degrees of
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freedom left to optimize and one can expect a better compensation of
the noise and distortion. Note that the assumption that NR > NT makes
for instance particular sense in the uplink of cellular networks where
the number of base station antennas could be drastically increased in a
massive MIMO scenario [109].

6.2.1 Equalizer optimization

By using the expression of the MSE in (6.2) and the expression of Bm,l

in (6.3), the optimization problem can be formulated as follows,

min
B̃m,l

MSE(m, l)

= tr

[(
H†

m,l + B̃m,lP
†
m,l

)(
Θm,l +

N0

2
INR

)(
H†

m,l + B̃m,lP
†
m,l

)H]
,

where matrix Θm,l is given by

Θm,l = Es

η(0,1),(0,1)

(N ′
s)

2
H

(0,1)
m,l H

(0,1)
m,l

H
+ Es

η(1,0),(1,0)

(2M)2
H

(1,0)
m,l H

(1,0)
m,l

H

+ Es

η(0,1),(1,0)

2MN ′
s

(
H

(1,0)
m,l H

(0,1)
m,l

H
−H

(0,1)
m,l H

(1,0)
m,l

H
)
.

This problem is a quadratic form in the variable B̃m,l which can be easily
solved by differentiation with respect to B̃

∗
m,l and setting the derivative

to zero. The expression of the optimized equalizer is then given by

Bm,l = H†
m,l

(
INR

−Θm,lP
†
m,l

(
Θm,lP

†
m,l +

N0

2
INR

)−1
)
.

6.2.2 Asymptotic behavior at low and high SNR

It is easy to see that at low SNR, i.e., when N0 −→ +∞, the opti-
mized equalizer converges to the classical pseudo inverse of the channel
Bm,l = H†

m,l. Indeed, in that regime, the noise power is dominant rela-
tively to the distortion power and the best to do is to invert the channel
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combining the signals coming from each receive antenna to prevent
noise amplification.

As explained above, the distortion will be better compensated as
NR increases. One could be interested to know the number of receive
antennas NR required to completely compensate the distortion caused
by the channel selectivity in the high SNR regime, i.e., when N0 → 0. In
Section 3.2.1, it was shown that, when the equalizer has twice as many
antennas as the number of transmit antennas, it can completely remove
the first order approximation of the distortion at high SNR. However, in
that section, a quasi-static channel was assumed such that only the effect
of frequency selectivity was regarded. Here, the channel time selectivity
should also be mitigated.

When N0 → 0, the MSE is given by the distortion power only, MSE =

Bm,lΘm,lBm,l. Hence, in order to completely remove the first order
distortion power, matrix Bm,l should on the one hand satisfy (As8) and
on the other hand lie in the null space of Θm,l. Let us define the i-th
decoding vector as bH

i = eHi Bm,l where ei is the i-th column of the
identity matrix INT

. Vector bH
i ∈ C1×NR should generally satisfy

bH
i Hm,l = eHi ,bH

i H
(0,1)
m,l = 0,bH

i H
(1,0)
m,l = 0, i = 1, . . . , NT .

For this problem to be feasible, NR has to be larger than the number of
linearly independent constraints. We will assume that all matrices are
full rank. Depending on the channel selectivity, we differentiate three
cases:

• No channel selectivity (H(0,1)
m,l = H

(1,0)
m,l = 0): in this trivial case, the

MSE is zero by assumption (NR ≥ NT ).

• Channel with frequency or time selectivity only (H(0,1)
m,l = 0 or H(1,0)

m,l =

0): in that case, at least 2NT receive antennas are required, as was the
case in Section 3.2.1.
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Figure 6.1 MSE at multicarrier symbol l = 35 as a function of the subcar-
rier. Crosses correspond to simulated SNDR and solid/dashed lines to the
theoretical proposed approximation.

• Channel with time and frequency selectivity: in that case, at least 3NT

receive antennas are required.

6.3 Simulation results

This section aims at demonstrating the performance of the proposed
equalizer design with respect to classical designs. By "classical" equalizer,
we refer to single-tap per-subcarrier decoding matrices that assume a
constant and flat channel at the subcarrier level, i.e., the pseudo inverse
of the channel, Bm,l = H†

m,l. We consider an FBMC-OQAM system with
2M = 128 subcarriers and a frame transmission composed of 2Ns = 100

real multicarrier symbols. The subcarrier spacing is fixed to 1/T = 15

kHz as in LTE systems. The transmit and receive pulses are the Phydyas
prototype pulse with κ = 4 [6].
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Figure 6.2 MSE at subcarrier m = 35 as a function of the multicarrier sym-
bol. Crosses correspond to simulated SNDR and solid/dashed lines to the
theoretical proposed approximation.

In the simulations, one channel realization is drawn and the per-
formances are averaged over multiple frame transmission where data
and noise samples are regenerated. The SNR of the system is 35dB.
The delay-Doppler discrete channel coefficients Ψ[b, ν] are assumed
zero-mean and independent with variance

E
(
vec (Ψ[b, ν])vecH (Ψ[b, ν])

)
= INRNT

p2b [b]p
2
ν [ν]

p2b [b] = αb10
−2 bT

τmax2M ; p2ν [ν] =
αν√

1−
(

ν
fdN ′

sT

)2 ,
which models an exponentially decaying power delay profile and a
classical Jake’s Doppler spectrum. The constants αb and αν are chosen
to normalize

∑
b p

2
b [b] and

∑
ν p

2
ν [ν] to one. In the simulations, we fixed

τmax = 5µs and fd = 400Hz.
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Figure 6.3 CDF of the MSE for different number of antennas at the receiver
using a classical equalizer or the optimized one.

Fig. 6.1 and Fig. 6.2 show the MSE in an NR = 4, NT = 2 scenario
at one subcarrier and one multicarrier symbol respectively. As can be
seen, the optimized equalizer has a large gain of performance over the
classical one. One can further check that the crosses that represent the
simulated MSE perfectly match the theoretical one in dashed/solid lines,
which validates the accuracy of the approximation in (6.2).

Fig. 6.3 plots the CDF of the MSE of the classical and optimized
equalizers. A channel realization for NT = 2 and NR = 6 antennas is
drawn and the performance of the equalizer using only two, four or all
its six antennas is shown. One can check that in the NR = NT = 2, the
performance of the classical and optimized equalizers is the same, which
is logical since they are the same (no extra degrees of freedom at the
receiver). As the number of receive antennas increases, the distortion
cannot be compensated for efficiently with a classical equalizer while
the optimized equalizers can use their extra antennas to mitigate the
distortion.
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6.4 Conclusion

We investigated the design of equalizers for MIMO doubly selective
channels. The proposed design is based on a single-tap per-subcarrier
decoding matrix and has a very low complexity. It is shown that, as soon
as the receiver has more antennas than the number of streams, these
extra degrees of freedom can be used to compensate for the distortion
induced by the channel selectivity.





PART II

LINEAR IMPAIRMENTS

COMPENSATION IN OPTICAL FIBER

SYSTEMS





INTRODUCTION

This part of the thesis investigates the compensation of linear impair-
ments in FBMC-OQAM optical fiber systems. More specifically, two
major impairments are considered, i.e., PN and CD. PN and CD are
assumed to follow the model detailed in Section 2.2.2. We here detail
the impairments studied in each chapter and the related publications.

Chapter 7 proposes a ML and a MAP PN estimators for optical fiber
FBMC-OQAM systems.

• F. Rottenberg, T. H. Nguyen, S. P. Gorza, F. Horlin, and J. Louveaux, “ML

and MAP phase noise estimators for optical fiber FBMC-OQAM systems,”

in 2017 IEEE International Conference on Communications (ICC), pp. 1–6, May

2017

Chapter 8 considers the application of advanced CD compensation
algorithms to optical fiber FBMC-OQAM systems.

• F. Rottenberg, T.-H. Nguyen, S.-P. Gorza, F. Horlin, and J. Louveaux, “Ad-
vanced Chromatic Dispersion Compensation in Optical Fiber FBMC-OQAM
Systems,” IEEE Photonics Journal, vol. 9, pp. 1–10, Dec 2017

In Chapter 9, the joint compensation of CD and PN in optical fiber
FBMC-OQAM systems is studied.

• T.-H. Nguyen, F. Rottenberg, S. P. Gorza, J. Louveaux, and F. Horlin, “Ef-
ficient Chromatic Dispersion Compensation and Carrier Phase Tracking
for Optical Fiber FBMC/OQAM Systems,” IEEE/OSA Journal of Lightwave
Technology, vol. 35, pp. 2909–2916, July 2017





CHAPTER 7

ML AND MAP PHASE NOISE ESTIMATORS

Thanks to the recent advents in electronic circuits, digital signal pro-
cessing is becoming more prevalent in modern optical coherent systems.
The laser PN is one of the crucial impairments in such systems. The
PN induces a rotation of the signal after the demodulation process at
the receiver. Multicarrier systems are particularly sensitive to PN, es-
pecially if the number of subcarriers is large. Indeed, increasing the
number of subcarriers (for a fixed bandwidth) induces a larger multicar-
rier symbol period and hence, the PN will have more varied during one
multicarrier symbol duration. Different CPR algorithms have already
been proposed in the literature. Because of the particular structure of
the intrinsic interference inherent to OQAM modulations, the extension
to OQAM systems is not straightforward. The work of [85] proposed a
modified-blind phase search (M-BPS) algorithm which takes advantage
of the OQAM modulation to track the phase variations of the laser. The
M-BPS algorithm tries to find the optimal phase estimate by performing
a certain number of phase trials. The final phase estimate is given at
each multicarrier symbol by the phase trial that minimizes a certain cost
function. The approach has a significant complexity of implementation,
even though simplified versions have been proposed in [86, 136, 137]
with negligible performance loss. Moreover, in practice, only a finite
number of phase trials can be tested, which induces a discretization
error.
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In this work, we propose two new estimators for the laser PN in
optical FBMC-OQAM systems, namely, a ML estimator and a MAP esti-
mator. The novelty of the approach is plural. Since the phase is assumed
to change slowly over time, the measurement model is formulated as a
function of the phase error with respect to the previous phase estimate.
This allows to easily exploit the a priori known statistics of the PN. By
linearization of the system model, closed-form expressions are found
that avoid the need of multiple phase tests. This decreases the complex-
ity of the algorithm and at the same time suppresses the discretization
error due to the limited number of phase tests of the M-BPS algorithm.
Furthermore, a part of the intrinsic interference is estimated based on
previous and current decoded symbols. The ML and MAP estimates are
obtained by combining the outputs of all subcarriers, which makes the
system more robust to additive noise effect. Moreover, the ML and MAP
estimators do not suffer from phase ambiguity problems as opposed to
the M-BPS algorithm. The performance of the proposed estimators is
demonstrated by simulations. It is shown that the proposed algorithms
outperform the state of the art M-BPS algorithm in the low SNR region
and when a small number of subcarriers used.

7.1 System model

We consider a conventional FBMC-OQAM system, as shown in Fig. 2.5.
To focus on the PN impact, we consider only one polarization mode
and we will assume that the CD is perfectly compensated at the receiver.
The model of the PN that we are using was detailed in Section 2.2.2, we
recall it here. The received signal, only impacted by PN and additive
noise is given by

r[n] = s[n]eφ[n] + w[n].
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The PN is modeled as a Wiener process, i.e., φ[n + 1] = φ[n] + ν[n]

where ν[n] is an independent real Gaussian random variable with zero
mean and variance σ2

ν = 2π∆ν T
2M [92]. The parameter ∆ν refers to

the combined laser linewidth. The noise samples w[n] are additive
circularly-symmetric white Gaussian noise samples with zero mean and
variance N0. At the receiver, the signal after demodulation, at subcarrier
m0 and multicarrier symbol l0, denoted by zm0,l0 , may be written as

zm0,l0 =

2MÑs−1∑
n=0

r[n]g∗m0,l0 [n]

=
∑
l,m

dm,l

2MÑs−1∑
n=0

pm,l[n]g
∗
m0,l0 [n]e

φ[n] + wm0,l0 .

Furthermore, we assume that the PN is slowly varying with respect to
the symbol duration. Hence, the PN can be viewed as constant during
one multicarrier symbol transmission,

zm0,l0 ≈ dm0,l0e
φl0 + um0,l0e

φl0 + wm0,l0

where um0,l0 =
∑

(m,l) ̸=(m0,l0)
dm,ltm,m0,l,l0 with

tm,m0,l,l0 =

2MÑs−1∑
n=0

pm,l[n]g
∗
m0,l0 [n].

The symbol um0,l0 is purely imaginary and is commonly referred to as
intrinsic interference. The equalization is performed by simply applying
a phase correction and real conversion, i.e., d̂m0,l0 = ℜ{zm0,l0e

−φ̂l0}
where φ̂l0 is the estimate of the PN at multicarrier symbol l0. Accurate
estimation of the PN is of crucial importance to avoid leakage of the
intrinsic interference on the symbol of interest.
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Figure 7.1 Illustration of the signal model on the complex plane without addi-
tive noise.

7.2 ML and MAP estimators

Let us assume that an initial phase estimate can be obtained at the
beginning of the transmission. After this initialization phase, the modem
switches in tracking mode and does not use pilot symbols. Let us denote
the estimate of the previous phase at multicarrier symbol l − 1 by φ̂l−1.
We want an estimate of the current phase φl that we denote by φ̂l.

Since the PN is assumed to be slowly varying over the symbol dura-
tion, we propose to estimate the phase error, defined as ϵl = φl − φ̂l−1

and its estimate, ϵ̂l = φ̂l − φ̂l−1, instead of re-estimating φl from scratch
as in [85, 86]. At first, we perform a rotation of angle −φ̂l−1 on zm,l,

z̃m,l = e−φ̂l−1zm,l

= dm,le
ϵl + um,le

ϵl + w̃m,l.

Since the PN is assumed to vary slowly, a first estimation of the symbols
dm,l at multicarrier symbol l can be obtained by taking the real part of
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z̃m,l and performing a direct decision. Moreover, thanks to the current
and previously decoded symbols, a part of the intrinsic interference can
be estimated. We rewrite um,l as

um0,l0 = u
(1)
m0,l0

+ u
(2)
m0,l0

u
(i)
m0,l0

=
∑

(m,l)∈Ω(i)
m0,l0

dm,lℑ{tm,m0,l,l0} , i = 1, 2,

where u
(1)
m,l corresponds to the intrinsic interference due to previous and

current decoded symbols which can be estimated based on decisions,
i.e., Ω(1)

m0,l0
is the set of indices (m, l) such that m ∈ {0, ..., 2M − 1}, l ≤ l0

and u
(2)
m,l is the intrinsic interference due to future symbols, i.e., Ω(2)

m0,l0

is the set of indices (m, l) such that m ∈ {0, ..., 2M − 1}, l > l0. Fig. 7.1
illustrates the signal model under consideration with no additive noise
(wm0,l0 = 0). Of course, the knowledge of u(1)m,l can help to improve
the performance but also increases the complexity of the algorithm
due to the necessary computation of u(1)m,l. In practice, if the prototype

pulse is well localized in time and frequency, the set Ω(1)
m0,l0

can be re-
stricted to the close neighbors of (m0, l0) and the complexity might be
decreased by considering less neighboring symbols in the estimation of
u
(1)
m,l. The complexity-performance trade-off will be further discussed

in Section 7.3. Note that the symbol dm,l + u
(1)
m,l can be seen as a kind

of pseudo-pilot symbol [33]. However, it includes only one part of the
intrinsic interference and it is based on direct decisions and not pilots.

Since the PN at instant l does not depend on the subcarrier index,
it makes sense to combine all subcarriers to jointly estimate this phase
factor. Moreover, the use of all subcarriers makes the estimator more
robust against the noise effect. In the following sections, the outputs of
all subcarriers will be considered.
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Figure 7.2 Empirical cumulative density function (CDF) of u(2)
m,l versus CDF of

a zero mean Gaussian random variable with variance σ2
u.

7.2.1 ML estimator

The ML estimator of ϵl is the one that maximizes the likelihood of the
demodulated symbols given ϵl, based on current available decisions,

ϵ̂ML
l = argmax

ϵl
f(z̃0,l, ..., z̃2M−1,l|ϵl).

Since one part of the intrinsic interference, u(2)0,l , ..., u
(2)
2M−1,l, cannot be

estimated, we will consider it as noise. The distribution of u(2)m,l is an
intricate combination of the real transmitted symbols. To simplify the
design, we will assume that u(2)m,l is normally distributed with zero mean

and variance σ2
u, i.e., u(2)m,l ∼ N (0, σ2

u). Assuming that the transmitted
symbols dm,l are independent and of variance Es/2, the variance σ2

u is
given by

σ2
u =

Es

2

∑
(m,l)∈Ω(2)

m0,l0

ℑ2 {tm,m0,l,l0} .

Note that depending on the number of neighboring symbols included
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in the set Ω(2)
m0,l0

, the value of σ2
u might change. In the limit case where

Ω
(1)
m0,l0

= ∅, there is no estimation of the intrinsic interference, i.e., u1 = 0.

Fig. 7.2 plots the empirical distribution of u(2)m,l compared to the distri-
bution of a Gaussian random variable with variance σ2

u. This justifies
the assumption of approximating the distribution u

(2)
m,l as Gaussian. One

should remember that u(2)m,l is purely real. Hence, the noise statistics
are not circularly symmetric. To take this into account, we rewrite the
measurement model at all subcarriers in an extended all-real form as

z = Cθ +w,

where we defined

z =
(
z̃R0,l, z̃

I
0,l, . . . , z̃

R
2M−1,l, z̃

I
2M−1,l

)T
C =

(
CT

0,l, . . . ,C
T
2M−1,l

)T
θ =

(
cos(ϵl), sin(ϵl)

)T
w =

(
w̃T

0,l, . . . , w̃
T
2M−1,l

)T
and

Cm,l =

(
dm,l −u

(1)
m,l

u
(1)
m,l dm,l

)

w̃m,l =

(
−u

(2)
m,l sin(ϵl) + w̃R

m,l

u
(2)
m,l cos(ϵl) + w̃I

m,l

)
.

One can verify that, under previous assumptions, the vector of real noise
samples w is normally distributed with zero mean and a covariance
matrix Rw that depends on ϵl. In FBMC-OQAM systems, the prototype
pulse, modulated around a specific time-frequency bin (m, l), overlaps
with neighboring subcarriers and multicarrier symbols. This implies
correlation of the additive noise and the intrinsic interference, i.e., Rw
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is not diagonal. Taking into account this interference could help to
average the noise effect. However, this would significantly increase
the complexity of the design. Therefore, we here choose to neglect
inter-carrier correlation. Matrix Rw then becomes block diagonal, i.e.,
Rw = I2M ⊗Rm, with Rm given by

Rm =

(
N0
2 + σ2

u sin
2(ϵl) −σ2

u sin(ϵl) cos(ϵl)

−σ2
u sin(ϵl) cos(ϵl)

N0
2 + σ2

u cos
2(ϵl)

)
.

We are now in the position to write the expression of the likelihood
f(z|ϵl) = f(z̃0,l, ..., z̃2M−1,l|ϵl),

f(z|ϵl) =
1√

(2π)4M |Rw|
e−

1
2
(z−Cθ)TR−1

w (z−Cθ).

Noting that |Rw| = (N0
2 (N0

2 + σ2
u))

2M which does not depend on ϵl and
that R−1

w = I2M ⊗R−1
m is block diagonal with

R−1
m =

(
N0
2 + σ2

u cos
2(ϵl) σ2

u sin(ϵl) cos(ϵl)

σ2
u sin(ϵl) cos(ϵl)

N0
2 + σ2

u sin
2(ϵl)

)
N0
2 (N0

2 + σ2
u)

,

the ML estimator is given by

ϵ̂ML
l = argmax

ϵl
log f(z̃|ϵl)

= argmax
ϵl

−1

2
(z−Cθ)TR−1

w (z−Cθ)

where we removed the constant term of the log-likelihood that does not
depend on ϵl. After several mathematical manipulations and keeping
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only the terms that depend on ϵl, the expression simplifies to

ϵ̂ML
l = argmax

ϵl
− σ2

u

2

2M−1∑
m=0

ℜ{z̃m,le
−ϵl}

(
ℜ{z̃m,le

−ϵl} − 2dm,l

)
+

N0

2

2M−1∑
m=0

ℜ
{
z̃m,l

(
dm,l − u

(1)
m,l

)
e−ϵl

}
.

The two terms in the above expression have an intuitive meaning. The
maximization of the first term, proportional to −σ2

u tends to find the
rotation ϵl such that, after taking the real part, the contribution due
to remaining intrinsic interference disappears and the symbol dm,l is
recovered, i.e., ℜ{z̃m,le

−ϵl} = dm,l. The maximization of the second
term aims at finding the value of ϵl that aligns the observations z̃m,l with
the "partial" pseudo-pilots dm,l + u

(1)
m,l, especially when the additive

noise power N0 is large. This problem is not trivial to optimize due
to the non polynomial dependence in ϵl. One idea would be to test
different phase trials, evaluate the likelihood and keep the best test, as it
was done in [85, 86] but using a different metric. However, this would
significantly increase the complexity of the algorithm. Moreover, the
fact that, in practice, only a finite number of phase trials can be tested
induces a discretization error.

In order to reduce the complexity, we derive a closed-form solution.
Due to the fact that ϵl is close to zero, the term e−ϵl can be well approxi-
mated by the first order Taylor expansion given by e−ϵl ≈ 1− ϵl. Note
that this assumption makes sense due to the slowly varying nature of
the PN. We will further show, through simulations, that the error in-
duced by this linearization is negligible and does not impact the system
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performance. This leads to

ϵ̂ML
l ≈ argmax

ϵl
− σ2

u

2

2M−1∑
m=0

(ℜ{z̃m,l(1− ϵl)})2

+ σ2
u

2M−1∑
m=0

(ℜ{z̃m,l(1− ϵl)}) dm,l

+
N0

2

2M−1∑
m=0

ℜ
{
z̃m,l

(
dm,l − u

(1)
m,l

)
(1− ϵl)

}
,

which is a quadratic expression in ϵl. We finally obtain

ϵ̂ML
l ≈

∑
m(z̃Im,l(

N0
2 + σ2

u)dm,l − z̃Rm,l
N0
2 u

(1)
m,l − σ2

uz̃
R
m,lz̃

I
m,l)

σ2
u

∑
m(z̃Im,l)

2
.

Hence, the current phase can be estimated as φ̂l = φ̂l−1 + ϵ̂ML
l and the

symbols dm,l can be re-estimated using this update of the phase.

7.2.2 MAP estimator

The ML estimator does not use the a priori distribution of ϵl. In practice,
the transmit and receive lasers are known. Hence the linewidth can be
estimated and we can use this knowledge to improve the estimation.
The MAP estimator of ϵl is given by

ϵ̂MAP
l = argmax

ϵl
f(z|ϵl)f(ϵl). (7.1)

Assuming that the previous phase estimate is close to the actual phase,
we can approximate ϵl = φl − φ̂l−1 by ϵl ≈ φl − φl−1. Under this
assumption, ϵl is normally distributed with zero mean and variance
σ2
ϵ = Mσ2

ν = π∆νT , i.e.,

f(ϵl) =
1√
2πσ2

ϵ

e
− ϵ2l

2σ2
ϵ , log f(ϵl) = D − ϵ2l

2σ2
ϵ

,
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where D is a constant that does not depend on ϵl. Taking the logarithm
of the expression in (7.1), the MAP estimator of ϵl is the solution of

ϵ̂MAP
l = argmax

ϵl
− σ2

u

2

2M−1∑
m=0

ℜ{z̃m,le
−ϵl}

(
ℜ{z̃m,le

−ϵl} − 2dm,l

)
+

N0

2

2M−1∑
m=0

ℜ
{
z̃m,l

(
dm,l − u

(1)
m,l

)
e−ϵl

}
− ϵ2l

2
σ2
MAP,

where σ2
MAP =

N0
2

(
N0
2

+σ2
u)

σ2
ϵ

. If, as in the derivations of the ML estimator,
we use the first order approximation of e−ϵl , we obtain

ϵ̂MAP
l ≈

∑
m(z̃Im,l(

N0
2 + σ2

u)dm,l − z̃Rm,l
N0
2 u

(1)
m,l − σ2

uz̃
R
m,lz̃

I
m,l)

σ2
u

∑
m(z̃Im,l)

2 + σ2
MAP

.

One can see that the MAP estimator expression is very close to the
ML estimator. Intuitively, the parameter σ2

MAP adjusts the estimation
depending on the linewidth of the laser. If the linewidth is small, σ2

ϵ

will be low as well and σ2
MAP will be high, which will decrease in the

end the value of the estimate. This makes sense since we have the a
priori knowledge that ϵl is low and we should then penalize large values
of ϵl. Finally, the current PN is estimated as φ̂l = φ̂l−1 + ϵ̂MAP

l and the
symbols dm,l are re-estimated using this update of the phase. Note that,
the ML and MAP estimators do not suffer from ambiguity problem [138]
as could be the case for the M-BPS algorithm, which can recover the
phase only up to a multiple of π.

Note that in the case where no part of the intrinsic interference is
estimated, the MAP estimator simplifies to

ϵ̂MAP
l,u(1)=0

≈
(N0

2 + σ2
u)
∑

m z̃Im,ldm,l − σ2
u

∑
m z̃Rm,lz̃

I
m,l

σ2
u

∑
m(z̃Im,l)

2 + σ2
MAP

,
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where σ2
u should be re-computed based on the new neighborhood de-

fined by Ω
(2)
m0,l0

. One can see that the estimator ϵ̂MAP
l,u(1)=0

has a very low
complexity of implementation.

7.3 Simulation results

This sections aims at validating the performance of the proposed estima-
tors through simulations. We will assume a laser linewidth ∆ν of 1 MHz
and a bandwidth of 30 GHz, which corresponds to a sampling period
T
2M of 33 ps. Note that since the bandwidth is fixed, if we increase the
number of subcarriers 2M , the symbol period T is increased as well. As
a consequence, the system becomes more sensitive to the laser PN since
the phase has experienced a larger variation during one symbol dura-
tion. To take that into account, we define the normalized bandwidth as
the product of the combined linewidth and symbol duration, i.e., ∆νT .
In the simulations, the theoretical curve of a system without PN is also
plotted, as a benchmark. The transmit and receive prototype filters used
in the simulations is the Phydyas filter [6] with overlapping factor set to
four.

In Fig. 7.3, the symbol error rate (SER) is simulated for FBMC-OQAM
systems using different implementations of the proposed estimators. A
4-OQAM and a 16-OQAM constellations are considered. The ML curve
corresponds to the derived ML estimator denoted by ϵ̂ML

l , based on the
linearization of e−ϵl and where u

(1)
m,l is estimated based on all current

and previously decoded symbols. The MAP curve corresponds to the
derived MAP estimator denoted by ϵ̂MAP

l which is very similar to the
ML estimator but includes the a priori distribution of the PN. As can be
seen, the MAP estimator does not provide a high gain with respect to
the ML estimator, except at very low SNR for the 4-OQAM constellation.
Furthermore, the MAP curve with u(1) = 0 corresponds to the MAP
estimator with no estimation at all of the intrinsic interference, denoted
by ϵ̂MAP

l,u(1)=0
. Note that this estimator is less complex and achieves the
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Figure 7.3 Comparison of different proposed estimators.

same performance as the the estimator ϵ̂MAP
l . Therefore, we conclude

that estimating part of the intrinsic interference is not really useful
and should be avoided to decrease the estimation complexity. In the
following, we only consider the MAP estimator ϵ̂MAP

l,u(1)=0
since it achieves

the best trade-off between performance and complexity.

In Fig. 7.4 and Fig. 7.5, the SER of an FBMC-OQAM system using
the proposed MAP estimator ϵ̂MAP

l,u(1)=0
is compared to the state of the

art M-BPS algorithm, as detailed in [86]. The M-BPS algorithm is here
implemented with a number of phase tests B set to 20. The complexity
of those two algorithms is compared in Table 7.1. One can see that the
proposed estimator uses about 4 times less real multiplications and 10
times less decisions than the M-BPS algorithm (for B = 20).

Fig. 7.4 compares the two methods as a function of the SNR. Again,
two constellation sizes are considered, namely, a 4-OQAM and a 16-
OQAM. The results show that M-BPS performs significantly worse at
low SNR level, especially for a higher constellation size. At medium
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Table 7.1 Complexity of the algorithms in terms of real multiplications and
decisions. B is the number of phase tests.

Real multiplications Decisions

M-BPS 4MB 2MB

MAP, u(1) = 0 18M + 4 4M
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Figure 7.4 Comparison of the proposed MAP estimator with the state of the
art M-BPS algorithm as a function of the SNR.

and high SNR values, the performances of the two algorithms are equiv-
alent. The worse performance of the M-BPS algorithm at low SNR can
be explained by the M-BPS metric, which is obtained based on the as-
sumption of a high SNR regime. On the other hand, the proposed MAP
estimator does not make that assumption and performs well at low SNR.
Furthermore, it does not suffer from the discretization error due the
limited number of phase tests of the M-BPS algorithm. It can also use its
a priori information on the phase error to improve the PN estimation. On
top of that, the complexity of the MAP estimator is drastically reduced.
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Figure 7.5 Comparison of the proposed MAP estimator with the state of the
art M-BPS algorithm as a function of the normalized linewidth.

Fig. 7.5 compares the proposed MAP estimator and the M-BPS
algorithm as a function of the normalized linewidth for fixed SNR values.
For the 16-OQAM constellation, the SNR is fixed to Es/N0 = 15 dB
while for the 4-OQAM constellation, the SNR is fixed to Es/N0 = 10

dB. To better understand the figure, one should remember that the
transmission bandwidth is fixed and hence the ratio T

2M . This means that,
if the normalized linewidth ∆νT = ∆ν T

2M 2M increases, the number of
subcarriers 2M has increased as well, as indicated in the upper x axis of
Fig. 7.5.

It can readily be seen in Fig. 7.5 that the M-BPS algorithm performs
very poorly for low normalized linewidth. This comes from the fact
that the number of subcarriers is low and the noise effect is not well
averaged by the algorithm. As the normalized linewidth increases, and
hence the number of subcarriers, the M-BPS starts to perform better. On
the other hand, the MAP estimator performs well at low to moderate
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normalized linewidth since it does not make any assumption on the
working SNR regime.

Furthermore, for high normalized linewidth values, the performance
of the two algorithms begins to decrease. This comes from the fact that
the basic assumption that the phase is constant during one multicarrier
symbol transmission is not true anymore. One can see that the MAP
estimator is more sensitive and is outperformed for high normalized
linewidth by the M-BPS algorithm. One could think that the degradation
comes from the linearization error of the approximation e−ϵl ≈ 1− ϵl.
To show the impact of this error, we plotted a MAP curve with no lin-
earization, which achieves exactly the same performance as the MAP
estimator. This curve is obtained by computing the MAP criterion for a
high number of phase tests and keeping the best phase test. Therefore,
we explain the worse performance of the MAP algorithm by the fact
that the algorithm first estimates the current real symbols by perform-
ing a direct decision using the estimate of the phase at the previous
multicarrier symbol, which is not the case for the M-BPS algorithm. In
other words, the algorithm is limited by the propagation of the decision
errors. One could avoid it by changing our algorithm and considering
the current multicarrier symbol as an unknown random variable too
and try a different number of phase trials. For each phase test, we would
perform a direct decision and compute the a posteriori probability and
keep the best test, as in the M-BPS algorithm but using a different cost
function. Of course, this would increase the complexity.

7.4 Conclusion

Two estimators have been proposed for carrier phase recovery in optical
FBMC-OQAM systems. The first one was obtained by maximization
of the likelihood of the demodulated signal while the second one was
found by maximizing the a posteriori distribution of the received signal.
For both estimators, a closed form expression was derived, based on a
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first order approximation of the signal model, which leads to a signifi-
cant reduction of complexity with respect to state of the art solutions.
The impact of estimating part of the intrinsic interference based on pre-
vious and current decoded symbols was studied. It was shown through
simulations that it does not provide significant gain of performance.
Simulation results have also shown that the proposed estimators out-
perform state of the art solution in the low SNR regime and for a small
number of subcarriers.





CHAPTER 8

CHROMATIC DISPERSION COMPENSATION

The CD is one of the main transmission impairments in optical fiber sys-
tems. It comes from the fact that spectral components of the transmitted
signal travel at different speeds inside the fiber. The classical way to han-
dle channel frequency variations in FBMC-OQAM systems is to increase
the number of subcarriers, so that the channel can be approximated as
flat at the subcarrier level. Then, simple one-tap equalization can be
used, providing an efficient replacement of the well-known overlap and
save algorithm [87]. However, Chapter 7 has shown that, for a fixed
bandwidth, having more subcarriers induces a larger symbol period
and hence, more sensitivity to PN [137].

In this work, we consider a system with a sufficiently high num-
ber of subcarriers such that it can achieve high SE. At the same time,
we keep the number of subcarriers low enough such that the system
remains robust against PN. In other words, a low complexity PN esti-
mator as proposed in Chapter 7 is sufficient to compensate for PN. In
that case, for wideband systems and for relatively long fibers, simple
one-tap equalization is not sufficient to compensate for CD and more
advanced methods are necessary [87], [139], [140]. Here, we review sev-
eral compensation algorithms and we show that these methods, initially
designed to handle channel frequency selectivity in wireless systems,
can be applied to optical fiber communications. The different algorithms
are compared in terms of performance and complexity.
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8.1 System model

In order to focus on the CD effect and its compensation methods, an
FBMC-OQAM transmission with only one polarization is considered.
Dual polarization systems can straightforwardly be achieved by us-
ing some existing techniques in OFDM systems for both polarization
multiplexing and demultiplexing [141]. Ideal time/frequency synchro-
nization is assumed. As detailed in Section 2.2.2, the CD is assumed to
have the following baseband frequency response

H (f) = e−πDλ2L
c

f2
, (8.1)

where D is the dispersion coefficient [ps/nm/km], λ is the central wave-
length, c is the speed of light and L is the fiber length [91]. The baseband
received signal, impacted by CD, PN and additive noise, can be written
as

r [n] =

 1/2Ts∫
−1/2Ts

S (f)H (f) e2πfTsndf

 eφ[n] + w[n], (8.2)

where S(f) is the Fourier transform of the transmitted signal. The PN is
modeled as detailed in Section 2.2.2.

In classical approaches of FBMC-OQAM transmissions, the channel
is assumed to be frequency flat at the subcarrier level and the phase
noise is assumed to slowly vary with respect to the symbol duration.
Under these conditions and if the pulse g[n] is well localized in time and
frequency, an approximation of zm0,l0 is given by (neglecting additive
noise)
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zm0,l0 =
2Mκ−1∑
n=0

r [n] g∗m0,l0 [n]

≈ eφl0Hm0

+∞∑
l=−∞

2M−1∑
m=0

dm,l

2Mκ−1∑
n=0

pm,l [n] g
∗
m0,l0 [n] (8.3)

where Hm = H (fm) with fm being the frequency of subcarrier m. CD
equalization is performed by a simple one-tap multiplication. Assuming
that the PN φl0 is estimated and compensated after the CD compensation
and using the fact that the pulses are assumed to have PR conditions,
the transmitted symbols can be recovered by taking the real part

d̂m0,l0 = ℜ
{
zm0,l0e

−φ̂l0

Hm0

}
. (8.4)

The quality of the detection will critically depend on the accuracy of
the approximation in (8.3). For long fibers, the channel will exhibit fast
phase variations, especially at the edges of the band [140], which can be
seen as a highly selective channel. To counterbalance this effect and to
improve the accuracy of (8.3), one could decrease the subcarrier spac-
ing 1/T . This can be achieved by increasing the number of subcarriers
in the system, while the transmission bandwidth, 1/Ts, remains fixed.
However, as was shown in Chapter 7 (for instance Fig. 7.5), increas-
ing the number of subcarriers also means an increased symbol period
T = 2MTs, making the system more sensitive to time variations of the
channel and hence to PN. In other words, more advanced equalization
techniques should be analyzed to compensate for CD, especially for long
communication links and for a relatively low number of subcarriers.
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8.2 Equalization algorithms for chromatic dispersion
compensation

In this work, we consider and compare several equalization algorithms
for the CD compensation: a multi-tap per-subcarrier equalizer, a parallel
equalization structure, a frequency-spreading receiver and the overlap
and save algorithm. All these algorithms were detailed in Section 2.1.5.2.
Except for the overlap and save algorithm [87], the other techniques were
initially proposed for wireless FBMC-OQAM communications under
high channel frequency selectivity and can be adapted straightforwardly
to FBMC-OQAM communications on optical fiber to compensate for
CD.

8.3 Complexity comparison

Since the CD effect is assumed to be static over time, the equalizer coeffi-
cients should be computed only once and for all at the beginning of the
transmission or off-line. Therefore we omitted this type of complexity
in the comparison.

In Table 8.1, the complexity of implementation of the different algo-
rithms, in terms of real-valued multiplications, is compared. For the
calculation, we assume that the number of subcarriers is a power of
two and that an FFT/IFFT of size 2M requires 2M(log2(2M) − 3) + 4

real-valued multiplications using the split-radix algorithm [130]. The
classical receiver using single-tap per-subcarrier equalization, as de-
scribed in Section 8.1, can be efficiently implemented using a 2M−FFT,
a PPN and a single-tap per-subcarrier equalizer. The multi-tap fraction-
ally spaced per-subcarrier equalizer has an increased complexity due to
the additional filtering by a Ntaps−equalizer. The parallel multi-stage
structure has a complexity that simply scales linearly with the number
of parallel AFB’s Q. The frequency-spreading receiver uses a FFT of size
2Mκ. Each bin of the FFT is equalized and filtered to retrieve the trans-
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Table 8.1 Complexity of implementation of the algorithms.

Equalization structure Real-valued multiplications

Single-tap, per-subcarrier 2M(log2(2M) + 2κ+ 1) + 4

Multi-tap, per-subcarrier 2M(log2(2M) + 2κ+ 4Ntaps − 3) + 4

Parallel multi-stage (2M(log2(2M) + 2κ+ 1) + 4)Q

Frequency-spreading 2Mκ(log2(2Mκ) + 5)− 8M + 4

Overlap and save M
NFFT−Kov

(2NFFT log2(NFFT)− 2NFFT + 8)

+2M(log2(2M) + 2κ− 3) + 4

Table 8.2 Equalizers complexity for the considered parameters: 2M = 256 and
κ = 4.

Single-tap, per-subcarrier 4356

Multi-tap, per-subcarrier Ntaps = 3 → 6404, Ntaps = 7 → 10500

Parallel multi-stage Q = 2 → 8712, Q = 3 → 13608

Frequency-spreading 14340

Overlap and save NFFT = 512,Kov = 128 → 6065

NFFT = 512,Kov = 256 → 7432

NFFT = 1024,Kov = 512 → 7942

mitted symbol. Finally, the overlap and save algorithm is composed of
an FFT of size NFFT, NFFT complex multiplications and another IFFT of
size NFFT, followed by one AFB. The penalty due to the Kov discarded
samples was also taken into account. Table 8.2 gives the complexity of
the different CD equalization methods when the number of subcarriers
is 256 and the Phydyas prototype filter with overlapping factor equal to
4 is used [6].

8.4 Numerical results

In order to evaluate the effectiveness of the proposed CD compensation
methods, a 30-GBaud (1/Ts = 30 GHz) FBMC-OQAM system is simu-
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Figure 8.1 MSE of symbols versus subcarrier index. Normalized chromatic
dispersion, DL = 1.7× 104 ps/nm.

lated and 4- and 16-OQAM modulations are considered. The combined
linewidth of the transmitter and receiver lasers is set to ∆ν = 200 kHz,
which is a typical value of the commercial external cavity laser. The adap-
tive maximum likelihood algorithm, which will be later presented in
Chapter 9, is used for the compensation of the PN after CD equalization.
We fix the number of subcarriers 2M = 256 such that the normalized
linewidth becomes ∆νT = ∆νTs2M = 1.7× 10−3. As shown in Chap-
ter 7, it ensures that the assumption of a sufficiently slow varying PN
during one multicarrier symbol duration is accurate. Ten percents of
the subcarriers at the edges of the band and the center (DC) subcarrier
remain inactive. In the simulations, the frequency sampling method is
used to compute the coefficients of the multi-tap per-subcarrier equal-
izer.

First, additive noise is not included in the simulations. This allows
to clearly identify the impact of CD on the system performance. Fig. 8.1
shows the MSE of received symbols for each subcarrier after a 1000 km
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optical fiber transmission using different CD compensation methods.
The dispersion coefficient D of standard single-mode fiber (SSMF) used
in simulations is chosen equal to 17 ps/nm/km. The normalized CD is
defined as the product of the dispersion coefficient and the fiber length,
i.e., DL [ps/nm]. It can be seen that the MSE exhibits the highest values
on the edges of the frequency band since the phase variations of the
channel are increasing with the absolute value of frequency. As it would
be expected, the MSE reduces when applying the CD compensation
methods. The performance is improved by increasing the block size of
the overlap and save method, the number of taps of the fractionally-
spaced per-subcarrier equalizer, the number of parallel AFBs equalizer,
at the cost of increasing the receiver complexity. The high CD tolerance
of the frequency spreading structure comes from the efficient equaliza-
tion being performed at the very high frequency resolution 1/2Mκ. A
basic assumption of the parallel equalization structure is that the deriva-
tives of the channel frequency response should remain bounded [53],
which becomes less accurate at the edges of the band and explain the
performance degradation for these subcarriers. The frequency sampling
multi-tap equalizer does not suffer from this limitation and outperforms
the parallel equalization structure at the spectrum edges while perform-
ing relatively worse in the center frequencies.

In the next step, the FBMC system under the impact of CD is inves-
tigated in the presence of additive noise. The commonly used optical
signal-to-noise ratio (OSNR) can be linked to the SNR per bit SNRb

used in wireless communications by [142]

OSNR =
Rb

2Bref
SNRb, (8.5)

where Rb is the information bit rate and Bref is the reference bandwidth,
which is commonly 12.5 GHz corresponding to a 0.1 nm resolution
bandwidth of optical spectrum analyzers at 1550 nm carrier wavelength.
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Fig. 8.2(a) and (b) present the bit-error-ratio (BER) as a function of the
OSNR after a 1000 km optical fiber transmission for 4- and 16-OQAM
modulations, respectively. Considering the BER of 3.8 × 10−3 as the
soft forward error correction (FEC) limit [143], the conventional single-
tap equalizer is not sufficient to compensate for the CD induced by
1000 km fiber transmission for both modulation formats. By applying
the proposed CD compensation methods, the OSNR penalties of the CD
compensation curves compared to that of back-to-back (B2B, no trans-
mission) curve at the 3.8× 10−3 BER are negligible for 4-OQAM modu-
lations (Fig. 8.2(a)). However, for 16-OQAM modulations (Fig. 8.2(b)),
the CD compensation by using the 3 tap frequency sampling equalizer
and the two parallel-AFBs equalizer are less effective than the other CD
compensations. More specifically, at the soft FEC limit, the former CD
compensations exhibit about 2 dB OSNR penalty whereas the latter CD
compensations present only about 0.3 dB OSNR penalty compared to
the B2B level.

Finally, the OSNR penalty at the 3.8× 10−3 BER as a function of the
normalized CD using different CD compensation methods is shown in
Fig. 8.3(a) and (b) for 4- and 16-OQAM modulations, respectively. Con-
sidering a 1-dB OSNR penalty and 4-OQAM modulations (Fig. 8.3(a)),
the tolerated CD of the conventional single-tap equalizer is only 9× 103

ps/nm. The tolerated CD of the 3 taps and 7 taps frequency sampling
equalizers are increased to 5× 104 ps/nm and 1.1× 105 ps/nm, respec-
tively. Whereas the two and three parallel-AFBs equalizers show the
corresponding tolerated CD of 2.5 × 104 ps/nm and 3.5 × 104 ps/nm.
The frequency spreading method can provide the tolerated CD as high
as the 7 taps frequency sampling equalizer, however, at the cost of
higher complexity (Table 8.2). The tolerated CD of the overlap-and-save
method can vary by adjusting the FFT size and overlapping factor. For
example, when the FFT size and overlapping factor are 1024 and 512,
respectively, the tolerated CD is 8 × 104 ps/nm. Similar to the other
methods, the tolerated CD can be increased at the price of increasing
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Figure 8.2 BER versus OSNR for a) 4-OQAM and b) 16-OQAM modulations.
Normalized chromatic dispersion, DL = 1.7× 104 ps/nm.

the complexity. For 16-OQAM modulations (Fig. 8.3(b)), the similar
tendencies are observed for different CD compensation methods, how-
ever, the tolerated CD is reduced compared to the case of 4-OQAM
modulations. It is worth noticing that the frequency sampling equalizer
seems to be more sensitive to higher modulation formats than the other
methods. More particularly, at the 1-dB OSNR penalty, the tolerated CD
of the 3 taps frequency sampling equalizer is reduced to that of the two
parallel-AFBs equalizer. While the tolerated CD of the 7 taps frequency
sampling equalizer is no longer similar to that of the frequency spread-
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Figure 8.3 OSNR penalty as a function of the normalized CD for a) 4-OQAM
and b) 16-OQAM modulations.

ing equalizer, as in 4-OQAM modulations case. Note that, although
a varying number of subcarriers is not studied here, it is pointed out
in [139] that the CD tolerance can scale linearly with the increase of the
number of subcarriers. However, the PN compensation algorithm may
become the main limitation of the system if the number of subcarriers is
too large, which would require more efficient PN algorithms.
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8.5 Conclusion

We investigated the compensation of CD in optical fiber FBMC-OQAM
systems. It was shown that several equalization structures, initially
proposed for wireless systems, can be applied to optical FBMC-OQAM
systems even when the number of subcarriers is moderate. This allows
for simple PN compensation methods working in the frequency domain.
The various algorithms propose different trade-off between performance
and complexity of implementation. The frequency spreading and paral-
lel multi-stage architectures do not add any delay to the demodulation
chain as opposed to the overlap and save and the multi-tap equalizers.
The frequency spreading receiver and certain versions of the overlap
and save algorithms showed very high robustness to CD. The disadvan-
tage of the frequency spreading is its implementation complexity. The
multi-tap equalizer is flexible in the sense that it can be applied on a
subcarrier-basis depending on the CD frequency response.





CHAPTER 9

JOINT PHASE NOISE AND CHROMATIC

DISPERSION COMPENSATION

In this chapter, we investigate long-haul terrestrial optical fiber FBMC-
OQAM systems in the presence of both CD and PN. The number of
subcarriers is kept sufficiently high in order to get a high spectral effi-
ciency, i.e., at least 128 subcarriers so that discarding one subcarrier at
the spectrum edge to create a guard band between two optical chan-
nels leads to less than 1% spectral loss. However, it has been shown
in Chapter 7 that the number of subcarriers should not be too high to
ensure that the PN can be compensated in the frequency domain, allow-
ing for a low complexity algorithm. At the same time, we know from
Chapter 8 that the CD tolerance of single-tap equalization is reduced as
the fiber dispersion or the propagation distance increases and/or the
number of subcarriers decreases. In this work, we propose to use the
frequency sampling multi-tap equalizer (as detailed in Section 2.1.5.2)
for improving the CD tolerance. Moreover, a new simple PN estimation
algorithm is derived following the same methodology as in Chapter 7
and which can be seen as an adaptive maximum likelihood (AML) algo-
rithm. The proposed algorithms are numerically validated with 4- and
16-OQAM modulations after transmission over L = 1000 km of SSMF,
with a combined laser linewidth ∆ν of 400 kHz. The sampling rate 1/Ts

is set to 60 GHz. Finally, we show how to optimize an FBMC-OQAM
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system in terms of the performance of both CD and PN compensation
and their complexity. It is shown that the number of subcarriers should
be carefully chosen so that the trade-off between efficient CD and PN
compensation is optimized while the complexity is kept relatively low.

The chapter is organized as follows: in Section 9.1, the system model
under study is detailed. In Section 9.2, the CD compensation perfor-
mance of the FS multi-tap equalizer is studied as a function of the
number of taps of the equalizer. In Section 9.3, the AML algorithm is
proposed. The implementation complexity of the proposed algorithms
is discussed in Section 9.4. In Section 9.5, we introduce the methodology
for designing the FBMC-OQAM systems in the presence of both CD and
PN effects. Finally, Section 9.5 concludes the chapter.

9.1 System model

In order to focus on the CD and PN effects, only one polarization is
considered. Ideal time and frequency synchronization is assumed. The
transmission model is exactly the same as the one presented in Sec-
tion 8.1.

9.2 Chromatic dispersion compensation

The CD compensation method used in this chapter is a multi-tap equal-
izer, which coefficients are computed using the frequency sampling
method, as detailed in Section 2.1.5.2 [41, 42]. The main advantage of
this equalizer is its relatively low complexity of implementation and
its flexibility as the number of taps can be chosen at each subcarrier
depending on the quantity of CD. We assume that the CD is perfectly
known at the receiver.

To focus on the performance of the multi-tap equalizer to deal with
CD, additive noise and PN are first not considered. Fig. 9.1 shows
the MSE of the received symbols at each subcarrier using the multi-
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Figure 9.1 MSE of the received symbols at each subcarrier index after a
L = 1000 km optical fiber transmission, in the absence of PN and AWGN.
Normalized chromatic dispersion, DL = 1.7× 104 ps/nm.

tap equalizer with a varying number of taps after a 1000 km optical
fiber transmission. The dispersion coefficient of SSMF D used in the
simulations is 17 ps/nm/km and the sampling rate 1/Ts is 60 GHz. The
number of subcarriers is set to 256. The MSE exhibits the highest values
on the edges of the frequency band since the phase variations of the
channel are increasing with the absolute value of frequency. As it would
be expected, the MSE reduces when the number of taps of the multi-tap
equalizer is increased.

Fig. 9.2 presents the average MSE as a function of the number of
subcarriers for a 200 km and a 1000 km optical fiber transmission in
the absence of additive noise and PN. In this figure, the performance of
the equalizers with single-tap and 7 taps are plotted. As the number of
subcarriers increases, the MSE is reduced since the subcarrier width is
reduced and the frequency response of the channel can be considered to
be flatter at the subcarrier level. For example, in order to achieve a MSE
of -28 dB, if we use the single-tap tap equalizer and 128 subcarriers, the
propagation length cannot exceed 200 km. However, using the 7 taps
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Figure 9.2 MSE versus number of subcarriers, in the absence of PN and AWGN.
Solid lines: 200 km (DL = 3.4 × 103 ps/nm), dashed lines: 1000 km (DL =
1.7× 104 ps/nm).

equalizer, a 1000 km fiber transmission may achieve the same MSE by
using only 64 subcarriers.

9.3 Phase noise compensation

If the CD is assumed to be perfectly compensated after the AFB, we can
assume that the derivations performed in Chapter 7 are holding. Under
several assumptions, we found in Section 7.2.1 that the ML phase noise
estimator was the solution of the following problem (particularized to
the case of no estimation of the intrinsic interference u

(1)
m,l = 0)

ϵ̂ML
l = argmax

ϵ
L(ϵ)

L(ϵ) = −σ2
u

2

2M−1∑
m=0

ℜ{z̃m,le
−ϵ}

(
ℜ{z̃m,le

−ϵ} − 2dm,l

)
+

N0

2

2M−1∑
m=0

ℜ
{
z̃m,l (dm,l) e

−ϵ
}
,
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Figure 9.3 Optimum AML step-size versus number of subcarriers.

where we recall that symbols z̃m,l are the AFB outputs zm,l rotated by the
previous PN estimate φ̂l and where symbols dm,l are primarily detected
using direct detection on symbols z̃m,l. This optimization problem is
not trivial to solve. In Section 7.2.1, to avoid performing multiple phase
trials as in [86], we proposed to use a linearization of the complex
exponential e−ϵ using the fact that the PN is assumed to slowly vary,
i.e., ϵl ≈ 0. Another possibility that is explored here is to use a gradient
ascent approach. The derivative of the maximization criterion can be
computed as

dL

dϵ
=

2M−1∑
m=0

(
z̃Im,l cos ϵ− z̃Rm,l sin ϵ

)
((

σ2
u +

N0

2

)
dm,l − σ2

u

(
z̃Rm,l cos ϵ+ z̃Im,l sin ϵ

))
.
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Figure 9.4 MSE versus number of subcarriers using different PN compensation.
Averaging PN compensation is carried out with the assumption of knowing
PN.

Assuming that we are in a low noise scenario (σ2
u >> N0), the AML

PN estimator is obtained as

φ̂l+1 = φ̂l

+ µ

2M−1∑
m=0

(
z̃Im,l cos ϵ̂l − z̃Rm,l sin ϵ̂l

) (
dm,l − z̃Rm,l cos ϵ̂l − z̃Im,l sin ϵ̂l

)
,

where ϵ̂l was defined in Section 7.2.1 as ϵ̂l = φ̂l − φ̂l−1 and µ is a step-
size parameter controlling the rate of convergence, which needs to be
optimized in order to achieve the best performance. To study the impact
of the step-size on the PN compensation, the CD and AWGN are first
neglected. Fig. 9.3 presents the optimum AML step-size as a function of
the number of subcarriers. The optimum value is selected corresponding
to the minimum MSE when varying the step-size. For the simulations, a
combined laser linewidth ∆ν of 400 kHz is considered and the sampling
rate 1/Ts is set to 60 GHz.
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Fig. 9.4 shows the MSE as a function of the number of subcarriers us-
ing the proposed AML algorithm or the M-BPS algorithm. The "average
PN compensation" is also plotted as a reference. It is obtained, assuming
that the PN is perfectly known, by computing the average of the PN on
the duration of each FBMC symbol and compensating with this average
value. It can be observed that the MSE of every method increases as
a function of the number of subcarriers. This comes from the fact that
the system becomes more sensitive to PN and the assumption that the
PN is constant within one symbol transmission becomes less and less
accurate. The performance of AML becomes worse than that of BPS for
a large number of subcarriers or high normalized linewidth. As it was
the case in Chapter 7, the proposed estimators are more sensitive to high
PN because of the initial decision on the symbols based on the previous
phase estimate, which is not the case of the M-BPS algorithm. At the
same time, as shown in [137] and in Chapter 7, the M-BPS performance
performs worse than AML for a low number of subcarriers, since there
are not enough samples to average out the additive noise. Somewhat
surprisingly, the AML shows better MSE than the compensation based
on the true PN average, implying that the optimum value for the PN
compensation of one FBMC symbol is not obtained by averaging the
PN.

Fig. 9.5 presents the MSEs of the estimated PN using different PN
compensation methods versus the SNR with the considered 400 kHz
laser linewidth and 2M = 256. The AML shows a better MSE compared
to the M-BPS, especially at low SNR, which is consistent with the results
in Fig. 9.4. Also, the modified Cramer-Rao lower bound (MCRLB) [144]
is plotted as a benchmark.

9.4 Implementation complexity

In Table 9.1, we evaluate the complexity of the different compensation
algorithms in terms of real multiplications. The number of multipli-
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Figure 9.5 MSE of the estimated PN versus SNR. Laser linewidth is set to
∆ν = 400 kHz and 2M = 256 giving ∆νT = 1.7× 10−3.

Table 9.1 Complexity of the algorithms in terms of real multiplications and
decisions. Ntaps is the number of taps and B is the number of phase tests.

Real multiplications Decisions

Multi-tap equ. 8MNtaps

M-BPS 4MB 2MB

AML 18M 2M

cations required by the multi-tap FS equalizer is proportional to Ntaps.
Regarding the PN compensation, the AML reduces significantly the
complexity compared to the M-BPS, as the number of phase tests B

of M-BPS is generally at least equal to 16 [137]. Note that the AML
algorithm approximately has the same complexity as the MAP estimator
derived in Chapter 7.
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Figure 9.6 Trade-off between the CD and PN compensation, 1000 km fiber and
400 kHz linewidth. Black solid lines: single-tap equalizer; Black dashed lines: 7
taps equalizer.

9.5 System design and discussion

The performance of a 60 GBaud FBMC-OQAM system based on 4- and
16-OQAM modulations is assessed in this section in the presence of both
CD and PN for a 1000 km transmission distance and a laser linewidth of
400 kHz. The number of subcarriers is considered here as a key design
parameter as it directly fixes the SE in unsynchronized WDM systems
using a small guard band. This number is varied in order to find the
best trade-off between the CD and PN compensation. Even though the
transmission distance and laser linewidth are fixed in the simulations,
the system design methodology still applies for different values of CD
and PN. We assume that the CFO is pre-compensated before the data
detection can take place.

Fig. 9.6 shows the trade-off between the CD and PN compensation
in terms of MSE when varying the number of subcarriers. Note that no
AWGN is added in the simulations in order to focus on the CD and PN
impacts. The performance achieved when only one of the two effects is
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activated is assessed as a benchmark. Regarding the CD compensation,
the performance of single-tap equalizer (black solid lines) is compared
to that of the 7-tap equalizer (black dashed lines). Regarding the PN
compensation, only the performance of the AML algorithm is illustrated
as it has been shown to outperform the M-BPS algorithm for the con-
sidered laser linewidth (Fig. 9.4). At the receiver, the CD compensation
using different numbers of equalizer taps and the PN compensation
using the AML algorithm are investigated. For a low number of sub-
carriers, it can be seen that the single-tap equalizer fails to recover the
symbols and leads to a high MSE. For a high number of subcarriers, the
performance of CD compensation is better, resulting in the reduction of
MSE. As 2M is further increased, the PN compensation becomes less
efficient resulting in an increase of the MSE. It is observed that there is
an optimum compromise between CD and PN compensation regarding
the number of subcarriers. Note that the exact value of the optimum
number 2M varies depending on either the number of equalizer taps
or the optical link parameters, i.e., optical fiber length, laser linewidth.
More specifically, with the considered link configuration, the optimum
number of subcarriers is 1024 when using a single-tap equalizer and 256
when using a 7 taps equalizer.

In the next analysis, we investigate the performance of the optical
link using the optimum number of subcarriers with 4- and 16-OQAM
modulations. Fig. 9.7 shows the BER of 4- and 16-OQAM signals as
a function of the SNR using AML and M-BPS algorithms. Note that
we define the SNR as the ratio between the optical signal power at the
receiver input and the optical noise power over the 60 GHz system
bandwidth. When 2M = 256 and a 7 tap equalizer is considered, no
noticeable SNR penalty is observed for 4-OQAM signals while a 0.9 dB
SNR penalty at the 10−3 BER is reported for 16-OQAM signals. If we
now consider the single-tap equalizer, the optimum 2M value is 1024
(see in Fig. 8) and we can see in Fig. 8 that the BER is worse for both
4- and 16-OQAM modulations. More particularly, the 4-OQAM mod-
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Figure 9.7 BER versus SNR after 1000 km transmission (DL = 1.7×104 ps/nm)
with the combined laser linewidth of ∆ν = 400 kHz (∆νT = 1.7× 10−3). The-
ory curves are achieved with only AWGN. Solid lines: 4-OQAM modulations;
dotted lines: 16-OQAM modulations.

ulation exhibits a 0.6 dB SNR penalty at the BER of 10−3, whereas the
16-OQAM modulation cannot reach the 10−3 BER level regardless of the
PN compensation algorithms. Note that, in the best design parameters
set (corresponding to the lowest MSE) where the 2M = 256 and 7 taps
equalizer are used, the AML algorithm slightly outperforms the M-BPS
algorithm with about 0.1 dB less SNR penalty at a BER of 10−3, while
the complexity of AML is lower than that of M-BPS.

In order to confirm the effectiveness of the proposed PN compen-
sation in the laser linewidth range [10 kHz, 500 kHz] of commercial
sources, we evaluate the SNR penalty to achieve a bit error rate (BER)
of 10−3 (corresponding to the hard FEC limit) as a function of laser
linewidth (Fig. 9.8). The SNRs when considering only AWGN and no
transmission to achieve a BER of 10−3 for 4- and 16-OQAM signals are
9.8 dB and 16.7 dB, respectively, and these values are used as the bench-
marks for the SNR penalty calculation. To this evaluation, the 7 taps
equalizer is used to compensate for the CD after 1000 km transmission
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Figure 9.8 SNR penalty at a BER of 10−3 versus laser linewidth after 1000 km
transmission. 7-tap equalizer is used. Number of subcarriers: 2M = 256.

and 2M = 256. The performance of AML algorithm is compared to that
of M-BPS algorithm for 4- and 16-OQAM modulations. It can be seen
that the AML can provide a smaller SNR penalty than the M-BPS for
systems working with laser linewidths smaller than 2 MHz and 400 kHz
for corresponding 4- and 16-OQAM modulations. Considering a 1-dB
SNR penalty, the tolerated linewidths of AML and M-BPS are about 3
MHz and 600 kHz for 4- and 16-OQAM modulations, respectively.

A similar investigation is carried out by varying the fiber length.
More specifically, we investigate the SNR penalty at a 10−3 BER as
a function of the fiber length for 4- and 16-QAM modulations using
different number of taps of the equalizer (Fig. 9.9 with 2M = 256 and 400
kHz laser linewidth). Only AML algorithm is applied to compensate for
the PN. For a 1 dB SNR penalty, the maximum reachable distances using
the single-tap equalizer are 400 km and 150 km for the 4- and 16-OQAM
modulations, respectively. When the 7 taps equalizer is applied, the
maximum transmission distances increase to 3200 km and 1000 km for
the 4- and 16-OQAM modulations, respectively. Such results confirm the
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Figure 9.9 SNR penalty versus fiber length at the 10−3 BER for 4- and 16-OQAM
signals with laser linewidth ∆ν = 400kHz and 2M = 256 (∆νT = 1.7× 10−3).

effectiveness of the proposed algorithms for CD and PN compensation.
The results shown in Figs. 9.8 and 9.9 imply that, for a fixed complexity,
there is a limitation in terms of linewidth and fiber length that can be
handled by the system, whatever the choice of the number of subcarriers
is. The only way to improve the system performance is to go towards
higher complexity receivers. It is also worthwhile to note that this is also
typically the point where the performance of AML starts to degrade.
However, for all practical scenarios where the impact of CD and PN is
mixed, AML will be better than M-BPS.

Even though the parameters of the considered systems are suitable
to the terrestrial communication links, the system design rule can easily
be extended to other communication links such as submarine links.

9.6 Conclusion

We have investigated the joint CD and PN impact in optical FBMC-
OQAM systems. To deal with such impairments, compensation in the
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frequency domain has been preferred due to its efficiency and simplicity.
The first one is the multi-tap equalizer for the CD compensation and the
second one is the AML algorithm for the PN compensation. The methods
have been numerically validated with 4- and 16-OQAM modulations,
confirming their effectiveness. We further discuss a methodology for the
design of long haul FBMC-OQAM transmission systems in order to find
the best trade-off between the performance of CD and PN compensation,
and the complexity. It has been shown that the number of subcarriers
is a critical parameter in the optimization of the system design. This
investigation can be extended to different values of the fiber length and
laser linewidth, providing an efficient way for system design.
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EXPERIMENTAL STUDY





INTRODUCTION

Part III summarizes the experimental studies that were performed dur-
ing the thesis. Only one contribution is included in this thesis. The
others contributions to come are detailed in Section 11.2. Chapter 10
reports on the experimental validation of a 2x2 MIMO FBMC-OQAM
signal over a seamless fiber–wireless in the W-band. This work led to
the following contribution:

• F. Rottenberg, P. T. Dat, T.-H. Nguyen, A. Kanno, F. Horlin, J. Lou-
veaux, and N. Yamamoto, “2x2 MIMO FBMC-OQAM Signal Trans-
mission over a Seamless Fiber–Wireless System in W-band,” IEEE
Photonics Journal, 2018, accepted and in press





CHAPTER 10

MIMO RADIO-OVER-FIBER SYSTEMS IN

THE MILIMETER WAVE BAND

In this chapter, we first design a frame structure which is compliant with
the FBMC-OQAM modulation and allows for efficient synchronization
and channel estimation. The frame structure is scalable with the number
of antennas and is capable of handling asynchronous UL user transmis-
sion. The proposed transceiver design is then experimentally validated
in a 2x2 MIMO seamless fiber–wireless system in the W-band in both DL
and UL directions. The MIMO seamless fiber-wireless system is realized
using WDM intermediate frequency-over-fiber (IFoF) systems with an
electrical signal up-conversion to the W-band at the RAU. At the re-
ceiver, envelope detectors are used for the signal down-conversion. The
proposed system is different from previous works in [101, 102] where
the authors used a multicore fiber to multiplex the streams on the optical
fiber instead of WDM and where the wireless link was in the 2-GHz
band instead of the W-band. Moreover, using a larger bandwidth, we
achieve a data rate of up to 18 Gb/s compared to the rates of 4.42 Gb/s
and 11.04 Gb/s demonstrated in [101] and [102] respectively.

In addition, we demonstrate that time domain channel estimation
algorithm can provide high performance gain with respect to conven-
tional approaches in the frequency domain. We also observed that the
transmitted signals are affected by the random phase variations of lo-
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cal oscillators used for the signal up-conversion to the W-band at the
RAU, even when the local oscillator (LO)s are synchronized by 10-MHz
output and input ports. This happens when multiple LO signal sources,
which are necessary for a scalable and large-scale MIMO fiber-wireless
systems, are used for the signal up-conversion at RAUs, and envelope
detections are used for signal down-conversion at the RRH. To com-
pensate for the PN effects, we adopt the blind PN estimator devised
in [133]. The proposed frame structure does not require the periodic
transmission of pilot symbols so that the system achieves a maximal
spectral efficiency. To the best of the authors knowledge, it is the first
time that a MIMO FBMC-OQAM seamless fiber-wireless system in the
W-band is experimentally investigated in both DL and UL directions.

The rest of this chapter is structured as follows. Section 10.1 presents
a general transceiver design for MIMO FBMC-OQAM systems. Sec-
tion 10.2 presents the experimental setup for MIMO signal transmission
in both DL and UL directions, used to validate the proposed transceiver
design. Section 10.3 provides the experimental results. Finally, Sec-
tion 10.4 concludes the chapter.

10.1 Transceiver design for MIMO FBMC-OQAM
systems

We consider a general MIMO FBMC-OQAM system as introduced in
Section 2.1, holding both for UL and DL directions. The set of active
subcarriers is denoted by M. The number of transmitted streams is
equal to S and we assume S transmit and receive antennas (NT = NR =

S).

10.1.1 Preamble structure

The preamble structure is shown in Fig. 10.1 in the particular case S = 2.
It is made of the 6 + 2S first OQAM symbols dm,l, which corresponds
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Figure 10.1 Preamble structure for S = 2.

to a duration of (6 + 2S)T/2 = 3T + ST . The preamble is constructed
in order to avoid the influence of the intrinsic interference. Therefore,
the 1st, 3-rd, ... (3 + 2S)-th odd OQAM symbols are only zeros, i.e.,
dm,1 = dm,3 = ... = dm,3+2S = 0 ∀m. Further, only even subcarriers
are filled with pilots while the symbols on odd subcarriers are all zeros.
Finally, to avoid influence from the data tones, an additional guard time
of two OQAM symbols is added, i.e., dm,4+2S = dm,5+2S = 0 ∀m.

The even subcarriers of the 0-th OQAM symbol dm,0 are modulated
with pseudo-randomly generated ±1, which prevents from increasing
the peak-to-average power ratio of the preamble as would be the case for
interference approximation methods [33]. For synchronization purposes,
the 2-nd OQAM symbol is a repetition of the first symbol, giving

dm,0 = dm,2 =


±1

±1

 if m is even and m ∈ M

0 if m is odd or m /∈ M
.

For estimation purposes, the (2 + 2s)-th symbol is only used to estimate
the s-th stream with s = 1, 2, ..., S. Hence, at the (2 + 2s)-th symbol, no
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pilots are transmitted on the S − 1 streams different from s, leading to

dm,2+2s =

±1es if m is even and m ∈ M
0 if m is odd or m /∈ M

,

where es is an all zero vector with a single one at the s-th row. To
simplify the notations in the following, we will denote by Mp the set of
pilot subcarriers, i.e., all even subcarriers that belong to M.

10.1.2 Synchronization

The synchronization algorithm utilizes the repetitive pattern of the 0-th
and the 2-nd symbols. It can be seen as a straightforward extension
of the work in [146] to the MIMO case. The algorithms work in the
frequency domain, which makes the algorithms very flexible. Thanks to
high spectral containment of the prototype filter, it allows for instance
not to take into account some parts of the spectrum in the presence of
interferers or handling asynchronous users.

The first step of the algorithm is to detect the start of the frame. This
can be done by maximizing the following detection metric computed
based on the AFB outputs of the two receiving antennas,

ξ[l] =
2
∣∣∣∑m∈Mp

zHm,l+2zm,l

∣∣∣∑
m∈Mp

(∥zm,l∥2 + ∥zm,l+2∥2)
.

Once the beginning of the frame l is detected, a first coarse CFO can be
estimated by

ϵCFO =
1

2πT
∠
∑

m∈Mp

zHm,0zm,2, (10.1)

where the 0-th OQAM symbol corresponds to the first demodulated
symbol of the frame. Based on the coarse CFO estimate, the CFO can be
corrected in the time domain before performing a second AFB demodu-
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lation. The CFO is then re-estimated using (10.1) again. The STO is then
estimated as

τSTO =
T

4π
∠
∑

i={1,2}

∑
l={0,2}

∑
{m,m+2}∈Mp

z
(i)∗
m+2,lz

(i)
m,l

z
(i)
m+2,lz

(i)
m,l

.

The rest of the frame is demodulated using the refined CFO and STO
estimates.

10.1.3 Channel estimation

The channel estimation relies on the transmission of the (2 + 2s)-th
OQAM symbols (s = 1, 2, ..., S). Let us define the three following matri-
ces

Zm =
(
zm,4 zm,6 . . . zm,2+2S

)
∈ CS×S

Wm =
(
wm,4 wm,6 . . . wm,2+2S

)
∈ CS×S

Dm =
(
dm,4 dm,6 . . . dm,2+2S

)
∈ CS×S .

Using the fact that, at the pilot positions, the intrinsic interference can
be neglected thanks to the neighboring guard symbols (um,l ≈ 0) and
assuming that the phase φl has not changed too much from the 4th to
the (2 + 2S)-th symbol, we can write

Zm = HmDm +Wm,

and the least squares estimate of Hm at the pilot positions is simply given
by Ĥm = ZmD−1

m . This operation is very simple since Dm is diagonal.
Note that, in theory, Dm is not required to be diagonal, meaning that
multiple streams could be sending a pilot at the same time-frequency
ressource. Other interesting designs use unitary matrices or Fourier
matrices.
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Still, the channel frequency response is only known at the pilot
positions and the response at the non-pilot subcarriers should be inter-
polated. A straightforward interpolation can be done in the frequency
domain by estimating the response at the non pilot subcarriers by an
average of the response at the two neighboring pilot subcarriers. An-
other interpolation method can be conducted in the time domain. This
method mainly assumes that the channel impulse response has an a
priori known finite length L and use it to average the noise effect [147].
The specific time domain method used here is detailed in [82]. In the
experiments, we will compare the frequency and time domain methods.

10.1.4 Phase tracking

The demodulated symbols can be affected by a phase rotation, which
needs to be compensated for in order to avoid a phase drift. To track
the phase φl, we use the MAP phase estimator derived in Chapter 7,
which was straightforwardly extended to the MIMO case by combining
not only all subcarriers but also the different streams of symbols. The
algorithm proposed in Chapter 7 has a low complexity and is decision
directed, which has the advantage of not requiring the insertion of pilots
in the data frame and thus not decreasing the spectral efficiency.

10.2 Experimental setup

The transceiver design proposed in Section 10.1 is experimentally val-
idated in a 2x2 MIMO FBMC-OQAM signal over a seamless fiber–
wireless in the W-band.

The DL experimental setup is shown in Fig. 10.2(a). The 2x2 MIMO
FBMC signals are generated offline in Matlab, upconverted to 5 GHz
and downloaded to two synchronized arbitrary waveform generator
(AWG)s. At the central station (CS), two optical signals with a frequency
difference of 50 GHz from two different laser diode (LD)s are modu-
lated independently by the generated FBMC signals at Mach-Zehnder
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Figure 10.2 Experimental setup.

modulator (MZM)s. The modulated optical signals are combined by
an optical coupler (OC) and inputted into an attenuator (ATT) to ad-
just the transmit power. The signals are then amplified by an optical
amplifier (EDFA) and transmitted to a RAU via a 20-km SSMF. The
received optical signals are separated into two branches by a 3-dB OC.
At each branch, the optical signals are filtered by optical bandpass filters
(OBPFs) to recover the transmitted modulated optical signals. After be-
ing converted to electrical domain by photodetector (PD)s, the recovered
signals at the intermediate frequency are up-converted to 80 GHz using
electronic balanced mixers and LOs. In our experiment, for the sake of
simplicity, the LO signals are generated by synthesizers and frequency
up-converters at the RAU. However, to simplify the RAU, these LO sig-
nals can be delivered remotely from the CS using photonic technologies
for generating and transmitting the LO signals [100]. The up-converted
signals in the W-band are amplified by power amplifier (PA)s before
being emitted into free space by two 23-dBi horn antennas. After being
transmitted over a 1-m free-space link, the signals are received by an-
other two horn antennas at the RRH. The received signals are amplified
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by low-noise amplifier (LNA)s in the W-band, and down-converted to
the original signals by envelope detectors (EDs). The recovered signals
are then amplified by LNAs in the microwave band and connected to
a real-time oscilloscope (OS). Finally, the signals are sent to a personal
computer and demodulated offline in Matlab.

The UL experimental setup is shown in Fig. 10.2(b). Similar to the
DL direction, 2x2 MIMO FBMC signals are generated offline in Matlab,
upconverted to 4.3 GHz and downloaded to two AWGs. All parameters
of the signals are the same as in the downlink direction. The generated
FBMC signals are up-converted to the W-band (81 GHz) using two
electrical balanced mixers and LO sources. The up-converted signals
are amplified by PAs before being transmitted into free space by horn
antennas. The signals are transmitted over the same 1-m free-space link
as in the DL, and received by two horn antennas at the RAU. The signals
are then amplified by LNAs before being coupled into two EDs for down-
converting to the originally transmitted FBMC signals. The signals are
then amplified by LNAs in the microwave band before modulating
optical signals from two different LDs at two MZMs for conversion to
optical signals. The modulated optical signals are combined by a 3-dB
OC and transmitted to the CS by a 20-km SMF as in the DL. At the
CS, the optical signals are amplified by an EDFA and separated into
two branches by a 3-dB OC. The optical signal in each branch is then
inputted to an OBPF to recover the transmitted optical signals. The
received optical signals are converted to the original 2x2 MIMO FBMC
signals by two PDs. Finally, the recovered signals are connected to the
real-time OS and demodulated offline in Matlab.

In the experiment, to demonstrate a scalable system that can be ap-
plied for the signal transmission over a large-scale MIMO fiber-wireless
system, we use a WDM IFoF system for optical links. Different electrical
LO signal sources are also used for the signal up-conversion at the RAU.
One should note that this system demonstration meets the general as-
sumptions that were made in Section 10.1 on the channel variations in
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Figure 10.3 Downlink received baseband spectrum of received signals at an-
tennas 1 and 2, 1/Ts = 2500 MBd.

the time and frequency domains. Indeed, the link is relatively static and
does not change fast over time, except for relatively slow changes due to
PN. In our system, the two electrical LOs used for signal up-conversion
to W-band are synchronized. However, there is still some difference in
the phases of the oscillators, resulting in the presence of phase noise.
Further, since the optical link is made of a few tens of kilometers and
the system bandwidth is of the order of the GHz, the dispersion effect
of the fiber remains quite limited. Furthermore, the millimeter-wave
link is mainly composed of line-of-sight components and does not suffer
much from multipath fading, resulting in slow variations of the channel
in frequency, as will be further demonstrated in the next section.

10.3 Experimental results

This section aims at demonstrating and evaluating the performance of
the 2x2 MIMO FBMC-OQAM fiber–wireless system using the proposed
transceiver design. The number of subcarriers is fixed to 512, if not stated
otherwise. Out of all subcarriers, 5% on each edge of the spectrum
are left inactive. The prototype filter is the Phydyas pulse [6] with
overlapping factor κ = 4. The constellation is a 16-QAM. Five values
of the Baud rate are considered for the system, i.e., 1/Ts = 500 MBd,
1/Ts = 1000 MBd, 1/Ts = 1600 MBd, 1/Ts = 2000 MBd and 1/Ts = 2500
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MBd. The total bit rate can then be computed as

R =

Number of streams︷︸︸︷
2 × 4︸︷︷︸

16-QAM

Active subcarriers︷ ︸︸ ︷
⌊0.9M⌋ 1

MTs︸ ︷︷ ︸
Inverse of symbol period

[bps].

In numbers, this gives 3.6, 7.2, 11.6, 14.4 and 18 Gb/s for the 500, 1000,
1600, 2000 and 2500 MBd systems respectively. The downlink received
baseband spectrum of received signals at antennas 1 and 2 are shown
in Fig. 10.3. The polarization of the transmit and receive antennas can
be chosen to be the same or different between each stream, to avoid
inter-antenna interference. The MSE, expressed in dB, is used as the
main figure of merit and is defined as

MSE = E∥d̂m,l − dm,l∥2 [dB],

where the expectation is taken over all symbols transmitted in time and
frequency.

10.3.1 Synchronization

In Fig. 10.4, the magnitudes of the received baseband signals for the two
streams are plotted after downconversion to baseband. The AWGs were
generating the same frame periodically. The preamble section of the
frame can be clearly identified. The detection metric detailed previously
using the signals of the two receiving antennas leads to a sharp peak
to jointly estimate the start of the frame. Note that the two smaller
following peaks are due to the following pilot symbols aimed at channel
estimation, as was shown in the preamble structure in Fig. 10.1.

Fig. 10.5 plots the MSE in DL and UL directions by switching on or
off the CFO correction. As can be seen, the performance is similar and
hence, we see that the system is not sensitive to CFO. This makes sense
since the receiver is non coherent and that the electrical oscillators at
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Figure 10.4 Baseband received signals and detection metric for antennas with
different polarization in downlink and 1/Ts = 1000 MBd.

the RAU are synchronized, as explained in Section 10.2. Therefore, the
system does not require the CFO correction algorithm, which simplifies
the receiver implementation.

10.3.2 Channel estimation

In Fig. 10.6, the MSE of the uplink system is plotted for the two channel
estimation interpolation methods and for two different Baud rates. The
horizontal axis of Fig. 10.6 corresponds to the channel impulse response
length L, which needs to be fixed for the time domain interpolation
method. The MSE reaches a minimum for a particular value of L. In-
deed, for too small values, missing taps of the channel are not estimated
while for too large values, more taps than the actual channel length are
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estimated, resulting in a larger sensitivity to noise. One can note that
the minimum value of the MSE for the 2500 MBd system corresponds
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Figure 10.7 Channel frequency response between each pair of transmitted and
received streams and 1/Ts = 1000 MBd.

to an approximately 2.5 times larger value of L than for the 1000 MBd.
This makes sense since the sampling frequency 1/Ts is 2.5 higher. On
the other hand, the frequency domain method does not depend on any
parameter. For most values of L, the time domain method is more per-
formant than the frequency domain method. The gain comes from the
averaging of the noise. Indeed, all pilot subcarriers outputs are com-
bined to jointly estimate the time domain coefficients. In the following
simulations, the time domain interpolation method was used with the
parameter L fixed to the value of 25.

Fig. 10.7 plots the channel frequency response evaluated at each
active subcarrier and for each pair of streams. As can be seen in the
upper subfigures, when the polarization of the antennas is different
for each stream, there is almost no inter-stream interference while it is
stronger for the same polarization. An interesting observation is to see
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that one interfering channel is almost null. This can be explained by the
position of the antennas and their quite directive pattern.

10.3.3 Phase tracking

In our system, even though EDs are used for the signal down-conversion
at the RRHs, some phase noise is observed in the received signals. This
is due to the fact that when the antennas are placed closed to each other,
the LO signal component, which is much larger than the mixed sideband
signals, from one transmit antenna will leak to the other receive antenna
and vice versa. As a result, the LO signal components of the input signal
to the EDs at RRHs are the sum of the corresponding LO signal from
the transmit antenna and the leaked LO signal from the other transmit
antenna. Because the frequency of the LOs are same, the LO signals
will be added up and the phase of the LO signal component to each ED
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Figure 10.9 Constellation plot of the demodulated symbols at one multicarrier
symbol after channel equalization and before/after PN compensation for same
antenna polarization, DL and 1/Ts = 500 MBd.

is the summed phases from different LOs. This explains why the PN
compensation is still needed in our system. We should note that, when
one common LO signal is used for the MIMO signal up-conversion to
many antennas, the observed PN drift might not exist. However, for
a large-scale MIMO system, the use of multiple LO signal sources are
necessary due to the limited output power from one single LO signal
generator.

Fig. 10.8 shows the estimated phase as a function of the symbol
in time for different system Baud rates. In Fig. 10.9, the constellation
of the demodulated symbols zm,l is plotted after channel equalization
and before/after PN compensation. Note that, in the FBMC-OQAM
modulation, the QAM symbols are mapped to PAM purely real symbols.
After demodulation, if the channel and PN are perfectly compensated
for, we should retrieve the purely real transmitted symbols impacted by
purely imaginary intrinsic interference, i.e., dm,l+um,l. Clearly, Fig. 10.8
and 10.9 show that a phase drift is present and it induces a rotation of
the symbols before the real conversion. This phase rotation needs to
be compensated for to avoid leakage of the intrinsic interference on the
purely real transmitted symbol. Furthermore, we can see in the right
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Figure 10.10 Downlink MSE of each stream as a function of the system rate for
FBMC and OFDM modulations and 512 subcarriers.

figure that the PN compensation algorithm succeeds in correcting the
phase drift so that the purely imaginary intrinsic interference will be
completely removed after real conversion.

10.3.4 Comparison with OFDM

Fig. 10.10 plots the downlink MSE of each stream as a function of the
system Baud rate for FBMC and OFDM modulations and 512 subcarriers.
For the OFDM modulation, a similar frame structure was considered
with a preamble designed for synchronization and channel estimation.
The cyclic prefix was fixed to one fourth of the symbol period. This
implies that the FBMC throughput is 25% higher than the OFDM one,
as shown in Table 10.1. As one can see, the two modulations perform
similarly in terms of MSE. The performance slightly degrades as the
Baud rate increases. As could be expected from Fig. 10.7, stream 1 has



10.3 EXPERIMENTAL RESULTS 233

0.5 1 1.5 2 2.5

Baud rate [GBd]

-25

-20

-15

-10

M
S

E
 [d

B
]

Same polarization

0.5 1 1.5 2 2.5
-25

-20

-15

-10

M
S

E
 [d

B
]

Different polarization

FBMC-128 str. 1
FBMC-128 str. 2
FBMC-512 str. 1
FBMC-512 str. 2
OFDM-512 str. 1
OFDM-512 str. 2

Figure 10.11 Uplink MSE of each stream as a function of the system rate for
FBMC and OFDM modulations and 512/128 subcarriers.

Baud rate 1/Ts FBMC-OQAM bit rate CP-OFDM bit rate

500 MBd 3.6 Gb/s 2.9 Gb/s

1000 MBd 7.2 Gb/s 5.8 Gb/s

1600 MBd 11.6 Gb/s 9.2 Gb/s

2000 MBd 14.4 Gb/s 11.5 Gb/s

2500 MBd 18 Gb/s 14.4 Gb/s
Table 10.1 Throughput comparison between FBMC-OQAM and CP-OFDM
systems.

a relatively better performance since its channel frequency response is
stronger.

Fig. 10.11 plots the corresponding figure as Fig. 10.10 in the uplink
with the additional performance of a FBMC system having 128 subcarri-
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ers. OFDM and FBMC again perform similarly for 512 subcarriers. The
FBMC performance is degraded for the lower number of subcarriers 128.
This can be explained by the fact that the channel becomes relatively
more selective in frequency. In this case, the channel estimation and
equalization algorithms become less efficient. From this observation, an
optimal number of subcarriers should be chosen to optimize the system
performance.

10.4 Conclusion

In this chapter, we proposed a general framework for MIMO FBMC-
OQAM transmission systems, including the description of algorithms
for mitigation of the channel impairments. The proposed system is
scalable in the number of transmitted streams and flexible as multiple
asynchronous users can be accommodated. The transceiver chain is
experimentally validated in a 2x2 MIMO seamless fiber–wireless system
in the W-band. The system uses a high spectral efficiency WDM IFoF
for MIMO signal transmission in the optical links, and an electrical
up-conversion at the RAU. Satisfactory performance is confirmed for
a data rate of up to 18 Gb/s in both DL and UL directions. We also
observed that even though a simple intensity modulation and direct
detection method is used, there is some phase drift in the received
signals when multiple LO signal sources are used. This is due to the
leakage of the local oscillators and the difference in the phase variations
of the LOs. Our proposed system can be very useful for high spectral
efficiency seamless fiber-wireless mobile fronthaul system and/or for
transmission of large-scale MIMO mobile signals in the high frequency
bands over a fiber optic fronthaul system.



CHAPTER 11

CONCLUSIONS

This chapter first summarizes the main contributions of this thesis and
secondly enumerates perspectives for future works.

11.1 Summary

The contributions of this thesis are organized in three parts. Part I ad-
dresses channel equalization in MIMO FBMC-OQAM wireless systems.
The different works presented in Part I rely on a Taylor approximation
of the channel variations in the frequency and/or time domains. Part I
is composed of four contributions.

Chapter 3 investigates the design of optimized single-tap equaliz-
ers and pre-equalizers for a MU-MIMO FBMC-OQAM scenario under
highly frequency selective channel. The proposed single-tap equaliza-
tion structure has a very low implementation complexity. The optimized
(pre-)equalizers minimize the MSE of the symbol estimates under either
a ZF criterion or a MMSE criterion. It is shown that, as soon as the BS has
more antennas than the number of users, the optimized (pre)-equalizers
can use those extra degrees of freedom to compensate for the distortion
induced by channel frequency selectivity. In the asymptotically high
SNR regime, the first order approximation of the distortion can be com-
pletely removed if the BS has at least twice as many antennas as the
number of users.
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Chapter 4 studies the performance of an FBMC-OQAM uplink mas-
sive MIMO system in terms of the MSE of the decoded symbols. Three
types of single-tap equalizers are considered, namely, a ZF, a LMMSE
and a MF. Using random matrix theory, the MSE is asymptotically
characterized as the number of BS antennas N and the number of users
K grow large, while keeping a finite ratio N/K. The obtained expres-
sions allow to draw many conclusions. First, the MSE becomes uniform
across the frequency band as a result of the channel hardening effect.
Secondly, it is shown that a good synchronization of the users is crucial
in a massive MIMO scenario. Finally, if the users are well synchronized,
the different terms that compose the MSE, such as noise, IUI, ICI and
ISI become negligible for large values of the ratio N/K.

Chapter 5 studies the effect of both time and frequency selectiv-
ity of the channel on a PTP MIMO FBMC-OQAM system. A parallel
equalization structure that can compensate for the doubly dispersive
nature of the channel is proposed and a theoretical approximation of the
remaining distortion after equalization is given.

In Chapter 6, a very simple PTP MIMO equalization structure is
proposed for doubly selective channels based on a simple single-tap
per-subcarrier equalizer. This receiver exploits the degrees of freedom
offered by the extra antennas at the receiver to compensate for the
distortion induced by the time and frequency selectivity of the channel.
Chapter 6 can be seen as an extension of Chapter 3 to doubly selective
channels.

The compensation of PN and CD in FBMC-OQAM optical fiber
systems is addressed in Part II, composed of three main contributions.

Chapter 7 addresses PN estimation and compensation. Two new
estimators are proposed, namely, an ML estimator and a MAP estimator.
Simulation results demonstrate that the proposed estimators outperform
state of the art solutions in the low SNR regime and for a small number
of subcarriers, with a reduced implementation complexity.
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Chapter 8 investigates the performance of advanced CD compen-
sation methods. We show that several equalization structures, initially
proposed for wireless FBMC-OQAM systems, can also be applied to
optical FBMC-OQAM systems to compensate efficiently for the CD ef-
fect. The different algorithms are compared in terms of performance
and complexity of implementation.

Chapter 9 investigates the joint compensation of CD and PN in
FBMC-OQAM optical fiber systems. The PN and CD compensation
algorithms are designed to work in the frequency domain, which allows
for a simple and efficient implementation. We further discuss a method-
ology for the design of long haul FBMC-OQAM transmission systems
in order to find the best trade-off between CD and PN compensation,
and the complexity.

Part III summarizes the experimental studies that were performed
during the thesis. Only one contribution is included in this thesis. The
others contributions to come are detailed in Section 11.2. In Chapter 10,
a general framework for MIMO FBMC-OQAM transmission systems is
first proposed. The proposed system is experimentally validated in a
2x2 MIMO FBMC-OQAM system over a seamless fiber–wireless link in
the W-band for the first time. Satisfactory performance is confirmed for
a data rate of up to 18 Gb/s in both downlink and uplink directions.

11.2 Perspectives

The asymptotic approach initially proposed in [53] is an efficient and
powerful tool to model highly time and/or frequency selective channels
in FBMC-OQAM systems. As we showed in Part I, the approach can be
generalized and applied to various scenarios. Still, there remain many
perspectives to be explored. We draw here below some of them:

• Chapter 3 considered the optimization of single-tap pre-equalizers
in the DL and single-tap equalizers in the UL. The optimization was
made easier by assuming that the users are equipped with one single
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antenna and are not able to cooperate. In other words, the opti-
mization is performed only at one side of the link, which makes the
problem quadratic in matrices Am or Bm. A very interesting exten-
sion is to investigate the joint design of pre-equalizing and equalizing
matrices at transmit and receive sides respectively, assuming full co-
ordination. In other words, one should optimize the MSE formula
in (3.1) with respect to matrices Am and Bm. This problem is not
quadratic anymore and much more challenging to solve.

• Chapter 4 only considered the massive MIMO performance in the
UL. The DL performance is more complex to study due to the depen-
dence of the asymptotic MSE formula (3.1) in the derivative of the
pre-equalizer A(1)

m , modeling the fact that the performance at subcar-
rier m also depends on the pre-equalizers at neighboring subcarriers.
Still, through simulations, we found out that the performance in UL
and DL is similar even though we could not mathematically prove it.
Furthermore, we did not consider the effect of pilot contamination,
which is one of the main limitations in such systems. This also needs
to be further investigated. Moreover, we restricted the analysis to
frequency selective channels. We are convinced that the observed
self-equalization effect can be extended to doubly selective channels.
In that case, it would mean that increasing the ratio N/K would be
beneficial to cancel the distortion coming from both types of selectiv-
ity.

• Chapter 5 proposed a parallel equalization structure at the receiver
side. A similar approach could be implemented at the transmitter side,
in order to implement a pre-equalizer robust to time and frequency
selectivity, as was done in [55] for the frequency selective case only.
Moreover, in general, the equalizer should not be constrained to invert
the channel and more general designs such as MMSE receivers are
possible.
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• Part I focused on the channel equalization task, assuming that the
channel was perfectly known, which is a common assumption. In
practice, channel estimation algorithms should be designed taking
into account the effect of the intrinsic interference. This is particularly
challenging in the presence of high channel time and frequency selec-
tivity. One perspective is to use the asymptotic approach to improve
the channel estimation performance in the case of highly selective
channels. The authors in [77] already extended the auxiliary pilot
scheme for the case of strongly frequency selective channels. We are
now investigating the extension to doubly selective channels.

• The asymptotic approach considered in Part I was only applied to
FBMC-OQAM systems. We could investigate if the same approach
can be applied to other types of waveforms such as CP-OFDM, filtered
OFDM, generalized frequency division multiplexing...

• The various Taylor approximations made in Part I allowed for an
intuitive and efficient analysis of the linear impairments of the chan-
nel, namely, time and frequency selectivity. An extension would be
to consider the same type of approximations to model non-linear
distortion coming for instance from clipping, PA’s, PD’s...

The research on the application of the FBMC-OQAM modulation
to optical fiber communications has only started recently. The different
works detailed in Part II need more investigation in several directions:

• One main assumption in Part II was that the PN was assumed to
be constant over one symbol transmission duration. As we showed,
this has a direct limitation on the number of subcarriers that can be
used in the system. Hence, the use of more complex CD algorithms
should be considered. An alternative is to no longer assume that the
PN is constant over one symbol duration, which would allow to use
a larger number of subcarriers (or lasers with larger linewidth). Then,
more advanced PN compensation algorithms should be designed.
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This can be done with the parallel equalization structure proposed
in Chapter 5 as PN can be seen as a special case of time selectivity.
Another possibility is to compensate for the PN in the time domain
before the AFB. However, these solutions will require to design new
PN tracking methods.

• Only the PN and CD impairments were considered in Part II. How-
ever, other major impairments such as polarization mode dispersion
and non linear effects need more investigation.

The results shown in Part III are only the first that we formalized.
We are now preparing the following experiments:

• A long-haul optical fiber testbed is currently under construction at
the Université libre de Bruxelles. We expect to experimentally validate
the theoretical studies performed in Part II.

• One of the advantages of the experimental setup in Chapter 10 is
its simplicity, relying on direct detection. Direct detection allows
for simple baseband conversion of the received signal, which suffers
from low PN. However, direct detection imposes limitations on the
bandwidth of the transmitted signal. An alternative is to use coherent
detection at the receiver. This allows for communication with much
larger bandwidth. However, the required laser at the receiver may
induce large PN, which may require more advanced compensation
methods. Experiments are under preparation at the National Institute
of Information and Communications Technology to investigate the effect
of PN on RoF systems, relying on coherent detection.

• The visible light communication (VLC) systems rely on the light to
support wireless data transmission [148]. The approach has been
considered as a promising solution for indoor communications. The
FBMC-OQAM modulation has already been investigated for VLC
[149, 150]. During my stay at the National Institute of Information and
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Communications Technology, we performed measurements on such se-
tups. The originality of the work is the use of an organic light emitting
diode (OLED) rather than a conventional light emitting diode (LED).
An OLED has a better performance in terms of luminous and power
efficiency [151]. It is now being commercialized from companies such
as LG and Philips. However, one limitation of an OLED is its narrower
modulation bandwidth. To deal with this, we used the combination
of a pre-emphasis circuit and per-subcarrier bit allocation. We are
now discussing about new experiments to corroborate our results.
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