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1 INTRODUCTION

In this series of articles we have investigated the imprintdark
energy on the non-linear structure formation. In a previpas

per (Alimi et al.|2010) we focused on the non-linear mattevgo
spectrum at = 0 and showed that dark energy leaves distinctive
signatures through a number of effects. On the one handubteci

ing of dark energy modifies the shape and amplitude of thatine
matter power spectrum, on the other hand the values of the cos
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form.

ABSTRACT

The universality of the halo mass function is investigatethie context of dark energy cos-
mologies. This widely used approximation assumes that thesrfunction can be expressed
as a function of the matter densi®,, and the root-mean-square linear density fluctuation
o only, with no explicit dependence on the properties of damérgy or redshift. In order to
test this hypothesis we run a series of 15 high-resolutidsobly simulations for different
cosmological models. These consist of thig@DM cosmologies best fitting WMAP-1, 3
and 5 years data, which are used for model comparison, aed thy-models characterized
by a Ratra-Peebles quintessence potential with diffedleptes and amounts of dark energy
density. These toy models have very different evolutiortasyories at the background and
linear level, but share the samg value. For each of these models we measure the mass func-
tion from catalogues of halos identified in the simulatiossg the Friend-of-Friend (FoF)
algorithm. We find redshift-dependent deviations from aversal behaviour, well above nu-
merical uncertainties and of non-stochastic origin, wiaithcorrelated with the linear growth
factor of the investigated cosmologies. Using the sphecmi&pse as guidance, we show that
such deviations are caused by the cosmology dependence wbihlinear collapse and viri-
alization process. For practical applications, we prowdiing formula of the mass function
accurate to 5 percents over the all range of investigatetdalogjies. We also derive an empir-
ical relation between the FoF linking parameter and th@lMaverdensity which can account
for most of the deviations from an exact universal beha@eerall these results suggest that
measurements of the halo mass function at 0 can provide additional constraints on dark
energy since it carries a fossil record of the past cosmitugen.

Key words: N-body simulations, dark energy, mass functions, largdesstructures,
quintessence, cosmology

mological parameters, such as the matter derigjtyand the lin-
ear root-mean-square (rms) density fluctuations or8the*Mpc
scale,os, differ from one model to another such as to satisfy the
constraints from Supernova la and Cosmic Microwave Baakugo
(CMB) observations. Because of this, the shape and ameliasd
well as the evolution of the linear power spectrum are adféolvith
the non-linear phase of collapse mixing and amplifying éresdel
dependent features. This is a direct consequence of théhtatch
record of the past history of forming structures is kept tigto-
out the non-linear regime (see e.g. Ma 2007). Although citirre
measurements of the clustering of matter at small scalasnatae
to detect such imprints (mainly because of astrophysicstesy-
atic uncertainties related to galaxy bias), these effeetpeesent
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linear power spectrum based on parametrized fitting funstierit- The paper is organized as follows. In Sec{idn 2 we introduce
ten in terms of the cosmological parameters (€g) and instan- the halo mass function, describe the main features of the@os
taneous linear quantities (such as the linear matter pgrestisum, logical models for which we have run a series of N-body simula
P(k), atz = 0 and the linear growth factor) are of limited pre- tions, and discuss the spherical collapse model. In SeBiome
cision on the non-linear scales. For instance this is the oathe describe the characteristics of the N-body simulationd the halo
Smith et all [(2003); Peacock & Dodds (1996) formula. Deuizadi finder algorithm, while in Sectiohl 4, we discuss various ntime
with respect to these fitting functions depend on the pastidoo- cal tests which we have performed to identify potential sesr

ary history of a given cosmology, hence it is not surprisihgtt of systematics errors. In Sectibh 5, we present the restiltiseo
such discrepancies have been found to be manifestly aatedtu  non-universality of the mass function, and discuss the ar@isms
in the context of dark energy cosmologigs (McDonald et aDé20 responsible for the measured deviations in Sedfion 6. Wdl\fina
Mal|2007{ Francis et d|. 2007; Casarini etlal. 2009; Jennihgk e  discuss our conclusions in Sect[dn 7.

2010j Alimi et al/ 2010).

The halo density profile is another observable for which sim-
ilar effects occur. For example Wechsler et al. (2002) hénosva
that the concentration parameters depend on the halo alyseisib
tory, and it has been shown that such dependencies aretbizard 2.1 The halo mass function

in the case of dark energy models (see for instance Dolag et al . o )
2004). Paradoxically, as a result of state-of-the-art migaksimu- Current analytical predictions of the halo mass function lzased
lations (Jenkins et 8. 2001; Warren et al. 2006), a univdose on the original work by Press & Schechter (1974). The basa id

is that virialized objects of mas¥ correspond to regions where the
linear density fluctuation field smoothed on the sdalkes above

a critical density contrast threshald. Then the halo mass function
is simply proportional to the fraction of volume occupied te
collapsed objects with mass greater thidn Assuming a Gaussian
distribution of density fluctuations, this is given by:

2 DARK ENERGY AND STRUCTURE FORMATION

of the halo mass function entirely specified®y, and linear root-
mean-square (rms) density fluctuatiengs usually assumed. Fur-
thermore it has been claimed that such a universal form Holds
dark energy cosmologies as well (Linder & Jenkins 2003)nif u
versality is rigorously exact, then in the light of the paws results
on the non-linear matter power spectrum and halo profilegitld/

imply that there must exist an unknown gravitational megran 2 00 52
capable of erasing the influence of the past evolution of fiogm F(> M) = o /5 e 202 dJ, @)
structures on the halo mass function. Only in such a case a de- ¢
pendence on cosmology (e.g. the properties of dark energy) a Where
redshift would be absent. 9 | 5
The universality of the mass function at very high-redshift o (R) = ﬁ/o K" P(k)W"(k, R)dk, @

(z > 5) has been long debated in the literature. As an exam-

le deviations from a universal behaviour up5@’% have been . . .
P B0 with P(k) being the linear matter power spectrum today and

found byl Reed et al.| (2003, 2007). HoweVer Lukic et al. (007 Wk R) is the window functi F herical top-hat filt
have shown that most of these deviations might be caused-by nu | (k, R) is the window function. For a spherical top-hat filter

merical artifacts (finite volume effects or initial conditis set at in real _spgce of radiugz containing a.massM ~ dmpo/3R°
very low redshift). In fact results inferred from high reiskimu- where.po Is the prfsent matter den35|ty, we haVé(k.?.R) -
lations are very sensitive to numerical errors, consedyisrteral 3% (_Sm(kR)/(kR) N COS(kR)/(kR.) ). The only ac!dmonal in-
works have focused on the low-redshift mass function. Asame grgdlept needed to solve Fhe model is the qverdensny toresh,
ple[Tinker et al. [(2008) have shown deviations from univiéissa W.h'(.:h IS assumed 0 be given by the spherlcal °°“‘f"pse quel P
up t030% in the low redshift mass function: (< 3). Such devi- diction of the linearly extrapolated density fluctuationtta time

ations are thought to be associated with the Spherical @usity of coga[;se. ¢ studi f th function h | i

(SO) halo finder which tends to underestimate the mass famcti (;Jtﬁfequ?n IS u |eds I(I)' (eB mf?jsst lfncllggll zive argecy Ilm-

relative to the Friend-of-Friend (FoF) algorithm when ddesing prO\{e IS simple modelling_tbond elal. 1991, Lacey & Lole

higher redshifts (Lukic et al. 2009). Since the SO detediasim- 1993), and corrections have been included to account for the
x H H H ~ 7. Y

ilar to the observational procedure of measuring the magalaky ellipsoidal collapsel (Audit et ! 199.‘ —Sheth & Tormen : 1999

clusters |(Tinker et al._20D8), such an effect is more relefram Sheth et al!_2001). Recently a modelling of the halo masstifumc

an observational stand point, but less informative for aelbetn- inthe context of the excur_sior_1 ??t forma_l i§m aswellas iterasdqn
derstanding of the non-linear structure formation. To ooovd- to the case of non-gaussian initial conditions has beerepted in
edge,10% deviations from universality (as a function of redshift) (Maggiore & Riottc 200.9)' . .

using FoF halo finder have been detected by Lukic eétlal. (007 . A cl_ear understanding of wha_t _unlversallty of the mass func-
Tinker et al| [(2008) at low redshift and very recently conédrby tion implies can be gathered by writing EfJ (1) as

Crocce et dl.[(2010). Nonetheless the physical origin ofethde- oo 5 5 )

viations has yet to be understood, especially in the comtedark F(>M) = /0 S (57 _) F ( ) d ( ) ’
energy cosmologies.

Is the halo mass function really universal? To what exteesdo
the universality approximation hold? For which cosmolsgied
for which redshifts? If there are deviations from an unieéize-
haviour are these of stochastic nature or do they correlitte w
physical effects? What can we learn from deviations to aarsal
behaviour and how to model them? These are the question$ whic dn _ po 1 do /°° ﬁj__ (é) s

0

is the variance of the density field smoothed on the sdale

o

o

®)

where S(4,d/0) is a selection function im-space andF is

the probability distribution of the primordial density fluations
smoothed on the scalR (for more details about the following dis-
cussion see Blanchard etlal. 1992). In such a case the hak® mas
function reads

685

we will address in this work. dM ~ M o?2dM @
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This very general formulation should be a good approxinmafio
slowly evolving primordial power spectra (such as the orexlia
this paper). A crucial point resulting from E] (4) is thdteffects
associated with the non-linear collapse are encoded inotime 6f
the selection functio. Although the precise shape §fis difficult
to compute, one may expect as a general trendShadries from
zero to one near the non-linear density threslbgldn the end it is
this threshold that determines the precise form of the masgibn.
For instance, by assumirf§jto be a Heaviside ids, one recovers
the Press-Schechter halo mass function,

dn . ﬁo 1 dU]__<5s)6S

dM ~ M o2dM ®)

The dependence ofis accounts for the effect of the non-linear
gravitational collapse and the virialization process. Tdrener is
estimated in terms of the extrapolated linear density atithe of
collapses?, and the latter by the virial overdensity at the same time
Afz-,. Since the collapse and virialization processes are spéaifi
each mass, redshift and cosmology, we can exfiedb be cos-
mology and redshift dependent, and consequently, for angive
the mass function as well. This is explicitly manifest in Piess-
Schechter (PS) mass function formula, with= ¢,

dn _ p 1 do (4 (6)
dM M o?2dM o
where the functional form of is given by:
1/2
frs () =F (26, = () ettt )
o) o) ¢ T o

While, in the case of the Sheth-Tormen formula (ST)
(Sheth & Tormen | 1999;| Sheth etall 2D01), the functional
form of f is given by:
e 2a\'/? 5. 5o \ P —62a/(202)
= (3)-a(%) %+ (m) e |
(8)

with A = 0.322, a = 0.707 andp = 0.3. Again in these
formula . is the spherical collapse prediction of a given cos-
mology, nevertheless the cosmology dependence encodéd in
is often neglected in the literature (see however Perci2flo%);
Francis et al. [(2009a,b); Grossi & Springel (2009)). Thisbés
cause the spherical collapse model in the SCDM scenarighwhi
has been for long time the reference cosmology to studytstieic
formation, predicts). = 1.686 and A,;» = 178 constant in red-
shift. Therefore it has become common to&eb such a value. Al-
ternatively the functional form of in Eq. [8) has been directly fit-
ted against the mass function measured in numerical sirontaas

a function ofo only (Jenkins et al. 2001; Linder & Jenkins 2003;
Warren et al._2006). For example, Jenkins etlal. (2001) found

f(o) =0.315exp (—|Ino~ ' 4+ 0.61>%), 9)

over the range-1.2 < Ino~! < 1.05, with deviations for differ-
ent cosmologies withie0% level. In such a case Eq.(6) depends
on the matter densit{2,,, and the rms linear density fluctuation
only, thus manifestly independent of the specificitiestezldo the
cosmological and redshift evolution of the non-linear apie and
virialization process. This is what is commonly understasduni-
versality’ of the mass function. Another way of rephrasing this idea

1 These quantities do not refer to any specific non-lineamapst model,
thus we distinguish them fro. andA ;.- of the spherical collapse.
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Figure 1. Relative variation off (6. /o) for different values of the spherical
collapse derived density threshald as a function ofn(s—1). Top panel
shows variation for the Press-Schechter formula, while oe the varia-
tion for the Sheth-Tormen formula in the bottom panel. Csrfvem top to
bottom correspond to regularly spaced valuesoin the rangel.638 to
1.686 (covering the interval of values inferred from the sphérazlapse
for the cosmological models considered in this paper).

is to say that the functioif in Eq. (8)

/ 85 )do,

is universal if the selection functiof is independent of cosmol-
ogy and redshift. How exact is this statement, and to whatrgxt
remains valid especially in the context of dark energy cdegies?
We can have an estimate of the influence of varydggon
f (o) by evaluating the relative error
5625

ﬂ fo 952 d5
f fo 5%}—(3) do

(10)

Ads, (11)

we may notice that deviations from a universal behaviour are
proportional toAds. In Fig. [d, we illustrate this for the (ex-
tended) Press-Schechter (PS) formula and the Sheth-Tq®Tgn
parametrization, where we &% (= d.) varying in the range 1.638

to 1.686 (corresponding to the typical rangedpfvalues covered

by the cosmological models studied in this paper). We cartrede
the effect of varyingjs is more important on the high mass tail of
the mass function (i.en (c=") > 0). This is because the mass
function is exponentially sensitive to the valuedgf. It is for this
very reason that we will specifically focus on the high mads ta
nevertheless this does not imply that there are no effecssratler
masses. From Fif] 1 we can also notice that the variationeaut

on f (o) are similar for the PS and ST prescriptions, thus suggest-
ing that we can study deviations from universality inde ety

of the specific form fo the mass function. To this purpose, eoei§

on models which exhibit the same rms fluctuatienswhile be-

ing characterized by different background expansion hescand
evolutions of the linear perturbations.
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Model QpE h o8 ns Qp
ACDM-W5  0.74 072 0.79 0.963 0.044
ACDM-W3 0.76 0.73 0.74 0951 0.042
ACDM-W1 0.71 072 0.90 0.99 0.047

Table 1.Cosmological parameter values of the WMAP calibrated cdsmo
gies. Our reference model is tAe&CDM-W5.

2.2 Cosmological toy-models: background and linear
evolution

We consider as reference cosmolognA@DM model best fit to
WMAP-5 years date (Komatsu et al. 2009) which hereafter we re
fer to asACDM-WS5. For comparison we also consider two ad-
ditional ACDM models calibrated to WMAP-1 and 3 years data
(Spergel et al.l 2003, 2007), which we dub A&€DM-W3 and
ACDM-W1 respectively. The model parameter values of these
ACDM-WMAP cosmologies are listed in Tab[é 1, the most no-
ticeable difference between these models concerngrghealue,
nevertheless their expansion and linear growth historiesinost
identical as we will discuss later in this Section. In ordeirves-
tigate the imprint of dark energy on the halo mass functiod an
test the universality hypothesis, we confront th€ DM-W5 cos-
mology with a set of “toy-models”. These are flat cosmolofica
models with different background expansion and linear gnoof

the density perturbations. Following the discussion oftfevious
paragraph we additionally require the models to have thestisa
tribution of linear density fluctuations at= 0, hence the sames
value.

We focus on a quintessence model with Ratra-Peebles poten-

tial (Ratra & Peebles 1988):
)\4+o¢

me ¢

V() (12)

where o and A are the slope and amplitude of the scalar self-
interaction respectively, anglis the quintessence field evolving ac-
cording to the Klein-Gordon equation. Fer= 0 the quintessence
cosmology resembles a standar@DM, provided that the initial
field velocity vanishes. We choose the RP model since it eorre

sponds to a dark energy component whose equation of state ca

vary fromw = —1 (cosmological constant value) to an evolving
function of the redshift@(z) > —1) by changing the slope of the
potential through the parameter> 0. As we are specifically in-
terested in cosmological evolutions which largely differam that
of ACDM, we consider a quintessence model with= 10, which
we dub as L-RPCDM (the letter L in the acronym means large
value).

We also construct two models with different amount of dark
energy density. In particular we considek&@DM model character-
ized by a large value of the dark energy density,z = 0.9, which
we refer to as LACDM (here L meaning larg@p  value), and a
cold-dark matter dominated cosmology, SCDOMith Qpr = 0
or equivalentlyQ2,,, = 1 (the x symbol is to remind that the other
model parameter values differ from the SCDM usually corrside
in the Iiteratur@). In Table[2 we quote the toy-model parameters,
while all the other cosmological parametekisi«, os, ..) are setto

2 SCDM with g = 0.51, h = 0.5 and shape paramet&r = 0.5 as in
Jenkins et al! (1998)

J. Courtin, Y. Rasera, J.-M. Alimi, P.-S. Corasaniti, V. Bloer, A. Rizfa

Model Qpe « P(k)
L-RPCDM 0.74 10 ACDM-W5
L-ACDM 0.9 - ACDM-W5

SCDM* 0 - ACDM-W5

Table 2. Toy-models characteristics; the values of the other patensik,
og andn; are set to the\CDM-WS5 values quoted in Tablg 1.

the ACDM-WS5 values. An important point is that given the same
initial conditions at some early time (e.g. at recombinatithese
models predict different matter power spectra at 0. However,
we would like to investigate deviations from a universal dgébur

of the mass function independently of the present form ofibée
ter power spectrum. Therefore we artificially force thesalet®to
have the matter power spectrumzat= 0 of the ACDM-WS5 ref-
erence cosmology. From a practical point of view this meaas t
when running the N-body simulations, for each model we gener
ate the initial conditions such that the linearly extrapatamatter
power spectrum at = 0 (obtained by using the growth factor
D*(z) specific to each model) coincides with that of the DM-
W5. SinceD™ (z) is model dependent, it implies that the various
models will have the same initial power spectrum, but a déffie
initial redshift (see Se€i.3 and SEtt.4 for technical detdiout this
point). We want to stress that such toy-models are not irerd

be compatible with observations, contrary to the “realistodels”
considered in the previous paper (Alimi etial. 2010) whichave
calibrated against CMB and SN la data. Again, our aim here is t
perform a physical study of the cosmological dependencéef t
mass function. Nonetheless the conclusions drawn fronsthidy
will be extended to more realistic cosmological models asiwa
forthcoming paper.

In Fig.[2 we plot the Hubble ratéf (a), the acceleration pa-
rameterg(a) and the linear growth factdd™ (a)/ Dy for different
cosmologies including our toy-models. The Hubble rate d&d t
growth factor are normalized to that of tA&DM-W5 cosmology.

In the upper panels we plot RP models with= 0, 1, .., 10; the
L-RPCDM model is shown as triple-dot-dashed line. We may no-
tice that the Hubble rate increasingly deviates at highdshifts

I_Lrom that of the reference cosmology for larger valuea g€urves

ottom to top in the upper left panel). Similarly, in such ratsd
the evolution of the acceleration parameter shows thattpare
sion is less decelerated during the matter dominated erdessd
accelerated during the dark energy dominated era (see apper
tral panel). Besides the acceleration starts later forelavglues
of «, such that above some values (corresponding to dark energy
models with equation of state > —1/(3Qpg)) the accelera-
tion never takes place. As dark energy dominates earlierirffo
creasing values af) the deviation of the linear growth rate with
respect to the\CDM-WS5 case is larger at high redshift, with dif-
ferences up to a factarata = 0.1 (see curves bottom to top in
the upper right panel). In the middle panels of Fiy. 2 are show
ACDM models (equivalent to RP models with= 0) with differ-
ent amount of dark energy density. The various curves qoorebs
to Qpe = 0,0.1,..,1 (curves bottom to top). The ACDM and
SCDM" models are plotted as short-dashed and dot-dashed lines
respectively. We can see here a trend which is similar to dhat
varying « in the RP models. However when increasing r the
deviations on the Hubble rate are much larger compared torthe
vious case. Moreover, since the dark energy equation af bt
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Figure 2. Scale factor dependence of the Hubble rate (left columnliggrexceleration parameter (middle column panels) arehtigrowth factor (right
column panels) for the RP models with different valuesxof= 0, 1, .., 10 (upper row panels), foACDM with different values of2pr = 0,0.1,..,1
(central row panels) and for the WMAP models (lower row pandh all panels the solid line corresponds to th€DM-WS5; in the upper panels the L-
RPCDM model corresponds to the triple-dot-dashed linelenihithe central panels the ACDM and SCDM models correspond to the short-dashed and
dot-dashed lines respectively. In the bottom panedOM-W1 and ACDM-W3 models corresponds to the dotted and long-dashed tiespectively.

is fixed to the cosmological constant value<£ 0 orw = —1), for to 30% level respectively. If the universality hypothesis holdert
decreasing values &tp g the acceleration occurs later, and even- such differences should not leave any imprint in the halosmfiarsc-
tually never takes place for sufficiently low values(of g (corre- tion.

sponding to matter dominated cosmologies). On the othet hen
may notice that the linear growth factor deviates from tHahe
reference cosmology both at low and high redshifts (mididjbtr
panel). Finally in the lower panels are shown thé DM-WMAP

models. As we can see these have very similar behaviours bOthThe collapse of a spherical matter overdensity embeddediin a

2.3 Cosmological toy-models: spherical collapse

at the background and linear level. Henceforth our toy-reodee expanding Friedmann-Lemaitre-Robertson-Walker (FLRAOK-
characterized by a cosmic evolution which differs from tifattan- ground is the simplest model to describe the evolution ofresitie
dard vanillaACDM cosmology. Deviations on the Hubble rate are perturbation throughout the non-linear phase of graviteti col-
up to 40% for the L-RPCDM model50% for the L-ACDM and lapse. For a given cosmology it allows us to estimate the time
95% for SCDM" respectively. Also the redshift dependence of the ' collapse of an initial density perturbation, as well as takie of
linear growth factor differs from that of the reference cotogy the overdensity at the time of virialization (i.e. assumthgt the
with larger deviations at higher redshifts, up to a factata = 0.1 perturbation virializes at some time before collapse)nfaly, the
for the L-RPCDM model. In the case of ACDM and SCDM spherical collapse equation describes the evolution ofteemaver-

such deviations are present both at high and low redshiftsugn  densitys,,, with a top-hat profile in a sphere of radifisas derived
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in Fig.[2. Note tha#. and Delta. ;- for L-RPCDM does tend towards 1.686 and 178 but at very higbhiét.

from the Raychaudury equation and which reaffs as

R e
B = "3 (p+3p),

3 (13)

of the local matter density inside the sphere is given by

o, oR .

wherep andp are the total energy density and pressure within the Integrating Eq.[(T6) and substituting the definitionggf in terms
sphere. Here we treat dark energy as a homogeneous componerfef the background matter density, we find the relation betwge

presents only at the background level. This is required éoisis-
tency with the fact that our N-body simulations do not exgiic
account for the presence of dark energy perturbations péxoe
the linear regime of the realistic model simulations diseadsin
(Alimi et al.112010). Hence the halos detected in the simategiare
effectively dark matter overdensities embedded in a FLRWkba

andR at timet,

3 3
14 6m = (14 6%,) (aﬂ) (%) ,

whered?,, a; and R; are the matter overdensity, scale factor and
radius at the initial time,. Finally using Eq.[(17) we can rewrite

(17

ground in the presence of a homogeneous dark energy. Since weEq. (I3) in terms of a second order differential equationthe

aim to interpret the properties of these halos using thergpite
collapse model, we solve the model equations in a similamoes
logical setup.

In such a case the energy density and pressure in the spgherica

region are given by = p;, + ppr andp = wpgrppr, Where

spherical matter overdensity (Nunes & Mota 2006; Abramd.et a
2007, see also):

4 o
314 dm’

bm + 2H b, = 47 G pmbm (1 + 6m) + (18)

0% = pm(1 + 6,,) is the matter density in the sphere of radius Equation [IB) is a non-linear ODE, which at the linear order r
R, while p,, andpp are the background matter and dark energy duces to the standard equation for spherical linear matgup

density respectively, withy being the dark energy equation of state.
The background densities evolve according to

ﬁm + 3gﬁm = 07 (14)

and

ﬁDE+3(1+w)gﬁDE =0. (15)
For the quintessence models considered here the dark ethengy
sity and equation of state depends are given in terms of thiarsc
field potential and kinetic energgpr = ¢*/2 + V(¢) and

— 2/2-V(@) i : i .
= Barvie) with the scalar fields evolving according to the

Klein-Gordon equation which we solve numerically. The etion

3 For a recent study of the spherical collapse model in darkggneos-
mologies and a fully relativistic derivation of the RaycHaty equation we
refer to Creminelli et al.| (2009)

bations in the presence of a homogeneous dark energy comtpone
(see e.g. Creminelli et al. 2009, in the inhomogeous casa)c®
that dark energy affects the matter spherical collapse loatause

of its influence on the background dynamics through theidmct
term appearing in Eq_(18).

Past works have solved the spherical collapse usingdEh, (13)
however we prefer to work with Eq._{lL8) which we solve numeri-
cally as an initial conditions problem rather than a boupdatue
one as in the case of Eq.(13). This allows us to relax some the
assumptions used in the literature, such as estimatingrtteedf
collapset. assuming that. = 2t:,, wheret,, is the time of turn-
around, i.e. wher = 0 after an initial phase of radial expansion.
Besides by solving the linearized form of Eg.}(18) for the saat
of initial conditions that lead to collapse @t (or equivalentlyz.),
we are able to directly infer the value of the linear densdgtcast
at the time of collapsé,., without the need of using semi-analytical
formula for the linear growth factor. In order to numerigadiolve
Eq. (I8), we first rewrite it in terms of the redshift variaklégi.e.

4 — 44z hereafter = d/dz) and set initial conditions with the
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perturbatiors?, initially starting in the Hubble rowRi/Ri = H;,

i.e. 8%’ = 0). At the beginning the system evolves linearly, but
as the quadratic terms in EQ_{18) become non-negligiblethe
lapse enters in the non-linear evolution which ultimatelgds to

a diverging non-linear matter density contrast, — oo, at the
redshift of collapse:.. (corresponding to the radius of the spherical
region R — 0). Since our goal is to determine the linear density
contrast for a perturbation collapsing at = 0 and more gen-
erally at a givenz., we have implemented a numerical algorithm
which iteratively searches for the initial density pertatibn value
5%, for which 6,,, diverges at the input redshift valug. Formally
0m(ze) = oo, but numerically it is not possible to verify such a
condition exactly, hence we use an additional algorithmijlar to
that developed in_London & Flannery (1982), to determinedor
given level of accuracy whefy, reaches the singularity. We fix the
accuracy ta\z. = 107°, then the algorithm alts the search &

as soon as a divergent solution & is found withinAz. from the
specificz. value of interest. At the same time we calculate on flight
the turn-around conditior,, = 0 and determine the correspond-
ing redshiftz:,. Furthermore we numerically solve the linearized
form of Eq. [I8) using?,” = 0 and thes?, value previously deter-
mined for which collapse occurs at to finally infer the value of
the linear density contrast at the time of collapke,

From the spherical collapse dynamics we can also calculate
the redshift and the non-linear overdensity value at thee toh
virialization. In the spherical collapse model, this caniifogple-
mented only as an external condition by requiring that atithe
of virialization the kinetic energy of the systei and the grav-
itational potential energy/ satisfy the virial conditionT’,;, =
(Rvir/2)(0U/OR)vir (see e.g. Peeblas 1993). Then using energy
conservation]yir + U(zvir) = const., one can infer the redshift
of virialization by solving the algebraic equation

ROU

5 @ (Zm'r)
where we have used the fact that at turn-around the kineéiggn
of the system vanishes}, = 0. We refer to Maor & Lahav| (2005)
for an explicit form of the gravitational potential energyterms of
the matter overdensity and dark energy density for diffeceamo-
logical set up, including SCDMACDM and homogeneous dark
energy models. Using the numerical computation previodsly
scribed we numerically solve Ed._{19) to derivg, and compute
the virial overdensity\vir = pm (zvir) (1 + 6527)/ pm (2c ). HOW-
ever we would like to remind the reader that the use of [Ed. i9)
rigorously justified only in the SCDM andCDM models. This is
because in the presence of a homogeneous dark energy camhpone
for which the background density evolves in time at a ratedift
from that of the background matter component, energy is ot ¢
served within the spherical overdensity region. DespiteIse at-
tempts to account for such a loss of energy (see e.g. Maor &\llah
2005), we still lack a full relativistic calculatigi(see discussion in
Creminelli et alll 2009). Thus similar to previous analykis tirial
overdensity value which we infer for the L-RPCDM model shibul
be considered only as approximative. Given this statertofam-
putation we cannot do better.

In Table[3 we list the values @. and A atz. = 0 for the
different cosmological models. We recover the standard MCD
valuesi. 1.686 and A,;» = 178; the values corresponding
to the variousACDM models are consistent with those found in
Eke et all 1(1996), similarly the values of the L-RPCDM model

+ U(zvir) = U(%ta), (19)

4 We thank Jorge Norena and Filippo Vernizzi for pointing tiisis.

Model dec Ayir
ACDM-W5 1.673 368
ACDM-W3  1.672 387
ACDM-W1 1.674 344
L-RPCDM 1.638 436

L-ACDM 1.665 708
SCDM* 1.686 178

Table 3. Values of the linearly extrapolated critical density threlsl 6.
and virial overdensity\ ;- at z. = 0 predicted by the spherical collapse
model. Note thatACDM-WMAP cosmologies have very similar values
for the collapse and virialization parameters. The L-RPCDBiddel dif-
fers mainly in the value of., while the effect of varying the dark energy
density as described by the SCDMnd L-ACDM models primarily affects
the virial overdensity value.

are compatible with those quoted.in Mainini et al. (2003).eXs
pected, the\CDM-WMAP cosmologies have very similar collapse
and virialization parameters, this is coherent with the flaat their
expansion history and linear growth evolution are very kimas
well. In contrast the L-RPCDM model predicts the lowest ealu
0. = 1.638, which in the framework of the Press-Schechter for-
malism means that in such a model structures form earliez. Th
spherical collapse prediction éf for L-ACDM and SCDM gives

d. = 1.665 and1.686 respectively, only a few percent lower and
higher than those ocf CDM-WMAP models. In contrast the former
models predict very different values for the virial oversigyn (708
and 178 respectively). Since a larger virial overdensity implies a
more compact object, we expect that virialized objects tene
more compact as the amount of dark energy increases.

In Fig.[3 we plot the evolution of. (left panel) andA ;.
(right panel) as a function of the redshift of collapse. We sae
that both the collapse threshold and the virial overderisityosed
to the SCDM values with large.. This is expected since at higher
redshift the collapse occurs in a matter dominated univéfbe
redshift evolution ofd. in L-RPCDM shows the largest devia-
tion with respect to the trend of the other models, with a much
slower convergence toward SCDM. This is because dark energy
starts dominating earlier in L-RPCDM than the other cosmicial
models. In contrast the evolutiah,;-(z.) has the largest deviation
for the L-ACDM model, withA,;,- rapidly decreasing towards high
redshifts due to the fact that in such a model the acceleratiours
earlier (see Fid.12).

The spherical collapse model remains a very simplistic de-
scription of the gravitational collapse of structures ia thiverse.
Typically these are not isolated, or spherical, and thdwaity dis-
persion and angular momentum are certainly not negligidé/-
ertheless the model captures some features of the non-phese
of collapse (see for instance Valageas (2009) for analytesailts
in the rare events limit). It can therefore guide us toward:ten
understanding of the formation and evolution of dark méisdps
as detected in N-body simulations.
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3 N-BODY SIMULATIONS
3.1 Simulation sets

The numerical set up is the same as the one presented in
Alimi et al.| (2010) and we refer the interested reader to tlee p
vious article for a detailed description of the numericalle®
used in this series of papers. The N-body simulations are per
formed using the RAMSES-AMR (Adaptative Mesh Refinement)
code (Teyssier 2002; Rasera & Teyssier 2006) based on a multi
grid Poisson solver. The matter power spectra are compuged u
ing the CAMB code [(Lewis et dll _2000), then Gaussian initial
conditions using the Zel'dovich approximation are geredatith
MPGRAFIC (Prunet et al. [ (2008)). For the toy-models we use
the LCDM-WS5 power spectrum (see previous sections). Fon eac
model the various cosmological variableg#), H(¢), etc...) are
pre-computed with an independent code and stored intostable
these are subsequently interpolated to input the varimesdiepen-
dent quantities into appropriately modified version of MPAGRC
and RAMSES. We have used the same phase for the initial condi-
tions of the various simulations, more specifically the whribise
from the Horizon Project. We have performed a total of 15 &mu
tions at the “Centre de Calcul Recherche et Technologie’R?ﬂ):
Our longest simulation run for 350 hours of elapsed time on 64
cores. In Tabl€]4 we list the characteristics of the 15 cosgicél
simulations covering 6 cosmological models at variousescal

Since we expect deviations from universality to manifeshan
high-mass tail of the mass function, our box lengths of egeare
648 h~'Mpc and1296 h~'Mpc. In the case of the WMARCDM
cosmologies we have also performed three simulations wlithixa
length of 162h =" Mpc for comparison with the mass functions at
intermediate mass ranges which have been estimated iropsevi
studies. In Fig 4, we illustrate the dynamics of the RAMSE@&R
code with a zooming sequence of images of the dark matter part
cle distribution in theACDM-W5 atz = 0 from cosmological to
galaxy group scale (clockwise from top to bott@#8 h~*Mpc,
162h~*Mpc, 40h~Mpc and 10h~'Mpc). Because of the large
simulated volume and the high spatial and mass resolutibase
simulations provide a robust statistics of well resolvelbba

3.2 Halo finder and mass function

The halos in the simulation boxes are identified using therieri
of-Friend halo finder (FoF) (Davis et &l. 1985). This aldumitde-
tects halos as group of particles characterized by an pertele
distance smaller than a given linking length paramétefhe al-
gorithm runs over a list of particle coordinates in the borstly

it regroups all those which are within distartcef an initial parti-
cle. Then it moves to the next particle of the group and rafes
the same selection until no new neighbours are found. Afpibiist

the algorithm moves onto the next untagged particle repgatie
above procedure to detect a new group (halo).

Halos can also be detected using the Spherical Overdemsity a
gorithm (SO/ Lacey & Colg 1994), which provides halo mass es-
timations similar to that performed observationally, nower den-
sity profiles are directly given by the algorithm. Howevee tialo
detection is restricted to spherical geometry, halos canlap, and
the last particles of the list could merge into some unplaj$ialos.

In contrast under the FoF algorithm all particles belongalo$ as
in the case of the halo model, and it is applicable to non$pdie

5 www-ccrt.cea.fr
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Model 162 Mpc 648 Mpc 1296 hr1Mpc
ACDM-W5
2 93 56 41
mp (h™Mg) 228 x 109  1.46 x 1011 1.17 x 1012
Ax (h—kpc) 2.47 19.78 39.55
Zmax 7 6 6
L-RPCDM
2 - 136 97
mp ("1Mg) - 1.46 x 1011 1.17 x 1012
Ax (h~1kpc) - 9.89 39.55
Zmax = 7 6
L-ACDM
2 - 71 52
mp ("1Mg) - 5.61 x 1010 4.50 x 10!
Ax (h~'kpc) - 9.89 39.55
Lmax - 7 6
SCDM*
2 - 42 30
mp (™1Mg) - 5.61 x 1011 4.50 x 10!2
Ax (h~kpc) - 19.78 79.10
Lmax - 6 5
ACDM-W3
2 84 52 38
mp (h"'Mg) 211 x10°  1.35 x 10'*  1.08 x 10'2
Ax (h—1kpc) 2.47 79.10 158.20
Lmax 7 4 4
ACDM-W1
2 110 65 47
mp (™Mg) 255 x 109  1.63 x 1011 1.31 x 1012
Ax (h—kpc) 2.47 19.78 39.55
Lmax 7 6 6

Table 4. Parameters of the 15 N-body simulations for the various ciega
ical models:z; is the initial redshiftyn,, is the mass of the particle\x the
comoving resolution anémayx is the maximum refinement level. Each sim-
ulation has5123 particles, with &123 grid on the coarse level and evolved
down toz = 0. All the simulations share the same realization of theahiti
conditions (namely the Horizon Project white noise), ardtsit the same
level of rms density fluctuatiom 0.05) at the scale of the resolution of the
coarse grid. Our refinement strategy consist in refining whemumber of
particles in one cell is greater than 8.

particle groups as well, though it has tendency to overlinéded-
halos. Therefore FoF and SO are complementary algorithmee H
we use FoF since by relaxing the assumption on spherical gymm
try this allows for a better physical study of the collapsedaures
in the simulations (as we shall see hereafter).

As can be seen in Fifl 4, halos are much more complicated
than spherical isolated objects with a clearly defined mdilalos
in numerical simulations are non-spherical, interactirithuheir
environment, contain lots of subhalos and, moreover thaitjen
can vary rapidly. This makes the definition of their boundsoyne-
what arbitrary. The SO halo definition is based on the endlose
overdensityA in a given spherical region. This implies that it is
rather straightforward to run a SO halo finder with threstgilen
by A, from the spherical collapse. Similarly, it is possible taru
a FoF halo finder with a linking length parametet= b.,;,, where
byir corresponds to the value of a spherical overdenAity., pro-
vided that a relation between the two is assumed. A praatimad
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Figure 4. 2-dimensional projection of the dark matter density at ze0nf
the ACDM-WS5 simulation in the 648 h!Mpc box. The four images rep-
resent a zooming sequence (clockwise from top to bottom)fattar four
for each image from the full box size (upper left) to a T0'Mpc scale
(bottom left).

version formula is given byA /178 ~ (0.2/b)® (Cole & Lacey
(1996)), nevertheless such a conversion is very approxienad
thorough comparison between the FoF and SO algorithms a&nd th
accuracy of conversions has been performed in Lukit e2410%)
(see also Audit et al. 1998). Furthermore sihgg depends on an
approximate treatment of the non-linear collapse, its sse lank-
ing length parameter, introduces built-in assumptionshenmass
function obtained with Fols(;), which may hide the non-linear
contributions associated with the halo formation and lizéion
process. For these reasons we start by considering the HoF ha
finder with a constarti, which we set td = 0.2. As we will show,
our conclusion about universality will be independent & éxact
value ofb, remaining valid in the range.1 to 0.3 (corresponding
to A varying roughly fromi424 to 53).

One last point concerns the numerical definition of the halo
mass function, which reads as

dn(M) 1 N
dlog(M) ~ L3 Alog(M)’

(20)

where N is the number of halos in a logarithmic mass bin batwee
log(M)—Alog(M) /2 and log M)+ Alog(M) /2, with Alog(M)

the bin width andL the comoving box length. Our default choice
of the bin width is very conservative\M /M ~ 0.2. Moreover
when measuring the mass function we focus on mass rangeb whic
corresponds to halos containing at le3sh particles and Poisson
shot noise below thé0% level. As we will discuss in the next
Section, such conservative assumptions are necessamitdhe
effect of mass resolution, bin size and Poisson noise, wtachbe
important source of systematic errors in the high-mass tail

4 NUMERICAL CONSISTENCY CHECKS

In this Section we present a detailed study of various soafce
numerical systematic effects. As result of this analysisaveeable
to control numerical errors within few percent level, thadidating
our final results at the same percentage level.

4.1 Initial conditions

We have performed a series of tests on the initial conditions
generated with MPGRAFIC. Firstly, we have checked that the
power spectrum of the initial particle distribution is citent
within a few thousandth with the input spectrum from CAMB
near the Nyquist frequency (at this high frequencies thesdooi
noise is minimal). In addition, we have compared the MPGRAFI
power spectrum with that extracted from the GRAFIC code for
the same white noise. After turning off the Hanning filter sub
tine in GRAFIC we have found good agreement even at kow
(Bertschinger 199%, 2001). The Hanning filter suppress iiie 1
modes, hence potentially causing unphysical numericéets on

the generated particle distribution even in the linearmegiThere-
fore previous studies that have inadvertently used the idgrfitter
may have underestimated the mass function, which is knovae to
sensitive to the gravitational dynamics on all scales. incase, the
use of the Hanning filter, led to a roughl9% suppression of the
mass function over the full range of masses tested in ourlaimu
tions (10'* — 10'°h~'My). Therefore, we preferred not to use this
filter.

A further test concerns the choice of the initial redshift
of the simulations. This can be responsible for spurious ef-
fects due to transients from initial conditions when usihg t
Zel'dovich approximation| (Reed et al. 2003, 2007; Croccal et
2006; | Lukic et al. | 2007). Several works (Crocce et al. (2006
Tinker et all ((2008) and_Crocce et al. (2010)) suspect tharg v
low initial redshift combined with the Zel'dovich approxation
might be responsible for the discrepancies between thénaed
mass functions and those inferred lby Jenkins étlal. (200d) an
Warren et al. [(2006). To be as conservative as possible we hav
chosen higher initial redshifts; compared to previous studies
(Sheth et al. 2001; Jenkins etlal. 2001; Warren et al. |2006%s T
is realized by imposing that the standard deviation of thesite
fluctuations smoothed at the scale of the coarse Qjtr"*c is
o(AgP™*¢) = 0.05. With this choice our; for the different cos-
mologies and simulations boxes vary in the raBge- 110, which
are much higher then for instance the initial redshifts @ered
in\Warren et al. |(2006) which range fro?d to 34 depending on
the box lengths, and for which Crocce et al. (2006) have eséth
the suppression of the high-mass tail of the mass functidie tof
order10 — 15%.

4.2 N-body code

We have run a series of tests to check the accuracy of the RAMSE
code as well as the modifications that have been implemented t
account for the quintessence scenario. Firstly, we havBagkthat

for the various models the ratio of the measured power sjredio

the linear prediction from CAMB is constant at the percenel®n

the large linear scales{0.01-0.1 h/Mpc) of the simulations at all
redshifts (see_Alimi et all 2010). Furthermore, we have kédc
that by reducing the integration time steps the results irema-
changed, thus validating our implementation of quintessenod-

els in RAMSES. Secondly, we have compared the mass function
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from the RAMSES simulation of thACDM-W3 cosmology with

box length648 h~'Mpc and256% particles against a simulation
with identical characteristics and same seed for the Initi-
ditions obtained using the GADGET code (Springel etlal. 2001
Springel | 2005). We find that the two mass functions are in very
good agreement (few percent level) over the range of masses c
sponding to halos with more tha%0 particles and less thar0%
Poisson noise. Using the Warren et al. (2006) correctiors do¢
improve noticeably the inferred mass function below 35Qiplas.

In principle the halo mass correction by Warren et al. (20)
pend on code and/or cosmology. Another point concerns thitse

of [Heitmann et al. | (2005, 2008), the authors have computed th
mass function with various codes using the same set oflinibia-
ditions. They found a scatter of order 10% in the high masgean
the HOT code used in Warren etlal. (2006) seems to give lower
mass functions than other codes such as GADGET by a factor of
about ten percent at 10'° h™'M.

4.3 Particles, box length, mass and force resolution

Another set of tests concerns the sensitivity of the regaltear-
ious simulation characteristics. First we have checkedsthbil-

ity of the results when varying the number of particles frp56>

up to 10242, while keeping the same phase of the initial condi-
tiondd. Assuming 350 particles as a minimum for the halo mass,
we find that the mass functions are consistent to betteribant

all masses. Secondly, we have evaluated the influence oingary
the maximum level of refinement in RAMSES froénto 4. This
parameter changes the spatial resolution of the simukstioow-
ever we found no effect on the mass functions. Besides iniour s
ulations the refinement level evolves freely, and neverlresithe
maximum allowed level.

Another important consistency check concerns the coherenc
of the mass functions as measured from simulations witlewifft
box lengths. Discrepancies may indicate effects due teeittass
resolution or finite volume. With our conservative choiceahin-
imum of 350 particles per halo and0% level of Poisson noise,
the coherence in the mass range of interest is betteri¥tamas it
can be seen in the left panel of Hig. 5, where we plot the diffee
between the mass function measured @DM-WS5 simulations at
z = 0 with 512° particles and box lengths @8 h~*Mpc and
1296 h~'Mpc respectively, and the Sheth-Tormen parametriza-
tion, Eq. [8), calibrated over the whole set 8€DM-W5 simu-
lations. The vertical dotted lines identify the mass int¢swvhere
the Poisson noise is below®% and halos have at lea350 parti-
cles (the right interval corresponding 1896 h~'Mpc simulation
box and the left one t648 h~'Mpc). We can see that the scatter
of the points around the zero residual is well within &% level.

We did not investigate finite volume effects, or cosmic vac&
specifically. In fact in our largest boxi296 h~'Mpc), the cos-
mic variance error on the largest halo masses is likely todme-d
inated by Poisson shot noise as shown_ in (Hu & Kravtsov |2003;
Crocce et al. 2010), hence it should be within &% level set
by our requirement for the Poisson noise. We have also checke
the effect of changing the phase of the initial conditiomsthe
right panel of Fig[b we plot the residuals of the measuredsmas
function in ACDM-WS5 simulations at = 0 with box lengths of

6 The results of these simulations with 1 billion particlee agart of the
Dark Energy Universe Simulation Series (DEUSS) and will tespnted in
an upcoming paper.
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1296 h~*Mpc and5122 particles with two different phases, with
respect to thed\CDM-WS5 best fitting formula. In the mass range of
interests the differences between the residuals are wiiinthe
Poisson errorbars.

4.4 FoF code & Mass Binning

We have compared the results from our halo finder code to those
obtained using “Halomaker” FoE (Tweed etlal. 2009) and foumd
difference in the measured mass function. We have alsonpesfb
a study of the influence of varying the bin-width and the igni
strategy on the mass function. These tests are particutagegr-
tant, since some authors (see €.g. Jenkins et al.| 2001) lsade u
analytical corrections to remove effects caused by largesrhins
and smoothing functions.

In Fig. [8 we plot the residual mass function AfCDM-
W5 simulations atz = 0 with 512% particles and box lengths
of 648 h™'Mpc and 1296 h~'Mpc respectively with respect to
the Sheth-Tormen best fitting formula, for different bingitis:
AM/M = 0.1 (left panels)AM /M = 0.25 (central panels) and
AM/M = 1 (right panels). In the top panels we plot the case with
averaged-mass bins, i.e. the mass of each point is the averasp
of the halos in the bin, while in the bottom panels we plot thsec
with centered-mass bins, i.e. the mass of each point is thigate
value of the logarithmic mass bin. We can see that for bothibg
strategies increasing the bin-width reduces the Poisse ramd
smooths the curves. However increasing the bin size iscodaitly
delicate in the high mass tail especially for the averagedsnin-
ning. In fact we can see that a larger binnidg¥//M = 1) tends
to lower the mass function intrinsic scatter. This is beeaas the
bin-size increases, each bin has a larger number of haledehd-
ing to smaller Poisson errors on the other hand in the higésrtal
the mass function drops steeply and the use of averagedhimesss
tends to lower its value. As noticeable from Hi). 6, such decef
is much weaker in the case of centered-mass bins which we adop
hereafter, and for the study of the universality of the masgf
tion we consider centered-mass bins with widti//M = 0.2,
a compromise between the Poisson noise and the number of bins
It is worth noticing that Jenkins et all (2001) use large kand
a gaussian smoothing (of rms 0.08lin()/) corresponding to a
width of 0.37 in our units) which is supposed to strongly edise
curve. An analytical correcting factor is then applied toawer a
proper estimate of the mass function. We find this proceduteet
quite uncertain. Again as seen in [ 6 using large bins témds
lower the mass function unlike expectations, and such alytioa
correction might cause an underestimate in the high massaend
the 10% level. In such a case, it is safer to use smaller bins such
that deviations remain withif% (as in our case) and not rely on
analytical corrections. In the light of these various tests preci-
sion on the absolute FoF mass function is expected to be ef ord
5 —10%. However, we want to stress that the precision on the rela-
tive mass function is even higher (typically less t1ié6) since for
all our simulations we use the same phase for the initial itiomd,
and thus systematic errors cancel out. The Poisson errerdnar
consequently not relevant for quantifying the error on #lative
mass functions, since the scatter of the mass functionsardifv
ferent cosmologies is strongly correlated. Moreover framabove
analysis we can see that intrinsic fluctuations of the meaisunass
functions for a given cosmology are much smaller than thegeoi
error bars.
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Figure 5. Left: residual between the measured mass function and dimgfiormula for two ACDM-WS5 simulations with box lengths 162 Mpc and
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This illustrates the coherence between the simulatiorghtRAs in the previous figure for two simulations with diéet realisations of the initial conditions.
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Figure 6. Effect on the mass function of varying the bin width and bignstrategy. The plots show the residuals between the nezhsuass functions
and our fitting formula Eq[{32) as a function bi(c—1) for two ACDM-WS5 simulations with box lengths 648 A Mpc and 1296 h*Mpc at z=0. The
minimal number of particles per halo is 350 and the Poissasenis less thari0%. Left: bins widthAM/M = 0.1. Middle: 0.25. Right: 1. Top raw:
“average-mass” bindBottom raw: “Centered-mass” bins. Using too large bins decrease the fuastion, especially for the “average-mass” bins. To be as
conservative as possible we use “centered-mass” bins dfiuNd//M ~ 0.2.
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Figure 7. Mass functionsin(M)/dlog(M) for the ACDM-WMAP cos-
mologies at z=0 (upper curves), and z=1 (lower curves) fiémh~M¢,
648 h~1Mg and 1296 h—'Mg, box lengths simulations. Halos are de-
tected with FoR{ = 0.2). The dotted line is our best fi\CDM-W5
Eq. [22). Crosses correspondA€DM-W1, stars forACDM-W3 and tri-
angles toACDM-W5. The mass functions cover a range from Milky-Way
size halos to cluster of galaxies.

5 RESULTS
5.1 WMAP-ACDM cosmologies and universality atz = 0

In Fig.[d we plot the mass function of thekCDM-WMAP cos-
mologies atz = 0 and1 measured in62h~*Mpc, 648h~"Mpc
and1296 h™~*Mpc simulation boxes respectively. Notice the large
mass range covered by the simulations, which spans from- Milk
Way to cluster size halod¢'? — 10'°h~'Mg). In order to test the
universality of the mass function it is preferable to workiwthe
function

M  dn
flo) = o din(o 1)’ (21)
wheredn/dIin(c~1) is the comoving number of halos per unit of
natural logarithm ot ~!. As mentioned in Sectidn 2.1, if the mass
function is universal the selection function accountingtfe non-
linear collapse in the definition of is independent of cosmology
(i.e. independent of the density threshold). In such a deséunc-
tion f for different cosmological simulations should be ideritica
numerical precision.

In Fig.[8 we plot the functiory for the threeACDM-WMAP
models atz = 0 in the range—0.8 < In(c™') < 0.7. We can
see that the data points nicely overlap to numerical pratighis
is quite remarkable given the fact that these models havyerdif
ent initial conditions with very differents values. This implies
that changing the initial conditions does not break the ensiglity
of the mass function in thA CDM cosmologies, which is in agree-
ment with the results of Jenkins etlal. (2001); Warren et2006).
Nonetheless we find that the functional form pfdiffers from
standard fitting formula inferred in previous analysis (et al.
2001;/ Jenkins et al. 2001; Warren et al. 2006). As an example i
Fig.[8 we plot against the simulation data-points the fitforgnula
Eqg. [9) given inl(Jenkins et al. 2001). Large deviations néspect
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Figure 8. Mass functions for the\CDM-WMAP cosmologies at z=0, in
the f — In(oc—1) plane (as defined in the text) from tH&2 h— Mg,
648 h~1Mg and1296 h— Mg box length simulations. Halos are detected
with FoF( = 0.2). The continuous line is thACDM-WS5 fit described in
this section (EJ_22) and the dotted line isthe Jenkins 2(24101) fit. The
conventions are the same than in [ify. 7. Deviations fromeusality are
below numerical precision.

to this fit occurs in the high-mass end, instead we find a bétter
by using the functional form of the ST formula, with diffetgra-
rameter values calibrated on tA€DM-W5 model simulations. In
particular by fixingd. to the spherical collapse model prediction of
the ACDM-WS5 cosmology,d. = 1.673, our best fitting function
(using b=0.2) reads as:

oA\ 1/2 % < —2p o
flo)=A4 (2#—“) % [1 + ( 5{) ] e~/ (22
ava

with A = 0.348, @ = 0.695 andp = 0.1.

We plot in Fig.[9 the residual of the measured functipn
against Eq.[(22), we can see that th& DM-WMAP cosmolo-
gies have a universal mass functionie- 10% accuracy level.
For comparison we also plot the original ST formula Edg|. (8hwi
J. = 1.686 (dashed line), and the Jenkins et al. one Eb. (9) (dot-
ted line). The former badly reproduce the measured massidmsc
atIn(c~') > —0.5, while the latter provide a good description
only in the lower mass rangén(o ') < 0.4). In contrast at higher
masses there are deviations20%, thus confirming previous re-
sults by Tinker et al.| (2008); Crocce ef al. (2010).

The fact that inACDM-WMAP cosmologies the mass func-
tion atz = 0 shows a universal behaviour is not surprising, since
from the considerations of SectibnP.1 these models delsaitag
different os values and small differences in the other parameters,
they have nearly identical expansion histories, lineamgncevo-
lution and spherical collapse model parameters. The spieml-
lapse model is only approximative we may expect small deriat
from universality to be present also in these models, honitve
likely that such deviations are within the numerical errofour
simulations.

The universality of the mass function for cosmologies ctara
terized by the same expansion history but differentalues (and
slightly different values of the other cosmological paréeng) im-
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Figure 9. The residual between the fitting formula Elg.J(22) and the mea-
sured FoR{ = 0.2) mass functions at z=0 for the “WMARCDM cos-
mologies”. The conventions are the same than in[Hig. 7. Hadose from

162h~ Mg, 648 h~*Mg and1296 h—1Mg box lengths simulations. For
reference the Jenkins etlal. (2001) (dotted line) and théehShd&ormen
(1999);/ Sheth et al.| (2001) (here in dashed line) fitting faamare also
plotted. We recover the universality up to numerical piecig5 — 10%).

plies that the position of the mass function in the plgneln(c )

is independent ofs (within the accuracy of our simulations). This
is an important point to keep in mind, as we will show in thetnex
Section this will allow us to isolate cosmological depertdsfects
on the halo mass function, which are related to the recortaegbast
expansion history, and also extend our conclusions on thiésliof
universality to models with differents values.

5.2 Dark energy models and the limit of universality

We now focus on the toy-model simulations. In Hig] 10 we show
the projected density maps from thé8 h~*Mpc simulation box
atz = 0 zoomed ontOh ~*Mpc (left panels) andOh~*Mpc (right
panels) scales respectively. Since the simulations havestime ini-
tial phase, in order to facilitate a visual comparison benwdiffer-
ent models we plot their density distribution in the samegenaith

a different color coding for each model. In the top panelsamvn
the density maps for th&CDM-WS5 (red) and L-RPCDM (green),
while in the lower panel in addition to th&CDM-WS5, we also
show the LACDM (green) and SCDRN (blue). The differences in
the top panels are indicative of the effects related to hipaitime
evolving dark energy withv(z) > —1, while those in the bottom
panels are associated to varying the amount of dark energjtge
We can see that in both cases there are no apparent differance
the particle distribution on thé0h~*Mpc scale. In contrast differ-
ences are clearly manifest on thgh ~'Mpc scale, where the halo
concentration seems to differ from one model to another,thad
outer parts of halos show different morphologies as wellpdn-
ticular, we may notice that in the L-RPCDM case, sifitg and
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Figure 11. The residuals between the measured mass functions of L-
RPCDM (diamonds) and the measured mass functiond ®&pM-WS5 (tri-
angles) cosmology at z=0. Deviations from universality @early above
numerical errors<€ 5%) and correlated with linear growth history. Here
the amplitude of the residuals is a signature of the diffecark energy
equation of state evolution in the L-RPCDM model.
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Figure 12. The residual between the measured mass functions\dEDM
(crosses), SCDM (squares) and that cRCDM-WS5 (triangles) cosmol-
ogy at z=0. Deviations from universality are clearly abouenerical errors
(< 5%) and correlated with linear growth history of the modelsré-ine
amplitude of the deviation is related to the different amamfrdark energy
of the models.

the mass function should remain unaffected, that is to sawersal
in dark energy cosmologies.

For a more quantitative comparison, we plot in figl 11 the
residual of the functiorf (o) measured in L-RPCDM with respect

P(k) are the same of the reference cosmology, differences in the to that of theACDM-W5. As previously mentioned we only plot

dark matter distribution are unique signature of the naedr pro-
cess of structure formation. In such a case, it is hard t@etelihat

the mass range in which halos contain at least 350 particids a
where the Poisson noise is withid%, thus allowing us to con-
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Figure 10. Projected overdensity maps for tfeCDM-W5 and L-RPCDM models (top) andCDM-WS5, L-ACDM and SCDM (bottom) on scale
40 h—! Mpc (left) and 10 h—! Mpc (right) respectively at z=0. The views are centered onto hatps and extracted from simulations of box length
648 h—1Mpc with the same realisation of the initial conditions aheé samess. Each cosmology is represented with different color codimgt with

the same intensity level). Top panel/sCDM (red) and L-RPCDM (green). Here the distinct green omeggons at small scales are non-linear imprints related
to the different equation of state evolution between the mmamels. Bottom panels\CDM (red), L-ACDM (green) and SCDM* (blue). Here the distinct
colored regions on small scales are non-linear signatugdalthe different amount of dark energy of the models.

trol numerical errors to better than abdiit. From this plot we
can clearly see deviations from universality at 16€; level, hence
well above numerical errors. Similarly in Fig.]12 we plot ttese
of L-ACDM and SCDM. The former lies abou5% above the
ACDM-W5 model, while the latter is roughl¥0% below, again
these are evidence of departure from universality. Howsweh de-
viations are not random, they are correlated with the ligeawth
history of the corresponding model. In fact comparing thelev

tion of the growth factor of each model (see Hijj. 2) with the co
responding amplitude of the mass function residual, we nwy n
tice that the greater the deviation in the growth rate hystord the
larger is the deviation from universality at z=0. This is it case
for the ACDM-WMAP cosmologies which share nearly the same
linear growth rate history and therefore their mass fumstiare
universal to numerical precision. The physical origin aftsdevi-
ations is quite intuitive. The cosmic structure formatisnmore
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efficient in the past when the linear growth rate is greatbis T
is indeed the case for our toy-models. Even though by comstru
tion they share the same amount of clustering at the linead le
at z = 0, lots of dense halos were formed earlier and survive at
lower redshift since they are decoupled from the cosmic esipa

on the larger scales. The same effects are responsibledamth
prints which have been shown to affect the non-linear matterer
spectrum_Ma [(2007); Alimi et al.| (2010) and halo concentrati
Dolag et all [(2004); Wechsler et al. (2002). To our knowledlgis

is the first time that physical effects leading to a non-ursa&be-
haviour of the mass function have been unambiguously shown.

6 NON-UNIVERSALITY OF THE MASS FUNCTION
AND THE NON-LINEAR COLLAPSE

In this section we will focus on the non-linear processesctvhi
are responsible for the departure from a universal behawabiine
mass function. As discussed in Sectionl 2.1, deviations fuoin
versality occur if and only if the non-linear collapse of kianat-
ter is cosmology and redshift dependent (or in other wordbdf
relation between the linear and non-linear growth of stmed is
cosmology and redshift dependént Francis etlal. (2009b)jhe
Press-Schechter framework this is parametrized by thendiepee
of the mass function on the threshold densigy This suggests that
we may gain a better insight into the origin of the non-urse¢be-
haviour by explicitly accounting for the non-linear coltspmodel

in the analysis of the measured mass functions. Here we ese th
spherical collapse model which has been described in $¢2ih
Furthermore we will plot residuals with respect to the masgf
tion measured from the SCDMsimulations, rather than that of
the referencé\ CDM-W5 cosmology. In fact theoretical arguments
(Efstathiou et al. 1(1988); Blanchard etlal. (1992); Lacey &l&C
(1994)) suggests that for scale-free initial conditiongt{a power
law of slope—1 < n < 1) in the Einstein-de-Sitter cosmology the
structure formation should be universal (or self-similsince no
length or time scales (other than the one from the non-licekr
lapse itself) are involved. Though our power spectrum feritiitial
conditions is not a power law, the variations of the slope fage-
tion of k are very mild such that deviations from universaiit the
SCDM case should still be small. Moreover the sphericalapsié
model predict constant. andA ;- values, and all our cosmologies
converge to a SCDM-like behaviour at high redshift sinceitifie-
ence of dark energy becomes negligible. Therefore residuigh
respect to SCDM should be more sensitive to the cosmological
and redshift dependent signature of the non-linear calapsthe
halo mass function. The mass function for the reference SCDM
used here for comparison is measured from the simulatiohsf
lengths 648 Mpc/h and 1296 Mpc/h. As for th€ DM-W5 model
we use a fitting formula with the ST form. We find for the SCDM
model the following parameter valued: = 0.350, @ = 0.720 and

7 =0.1andé. = 1.686.

6.1 The role of the threshold of collapse

Here we consider the effect of the critical density thregh@lr
equivalently the time of collapse) on the halo mass functi®pre-
dicted by the spherical collapse model. In the left paneligf[E3
we plot the residual of the functiofi for the L-RPCDM model
with respect to the SCDMcase as a function dfi(c ). The am-
plitude of the residual is of ord&@0% over the entire mass range.
In the right panel of Fig__13 we plot the residual as a functén

Cosmology dc Deviations Ayir Deviations
for £(1/0) for f(3c /o)
SCDM* 1.686 0% 178 0%
ACDM-W5  1.673 10.6% 368 7.6%
L-ACDM 1.665 15.8% 708 11.5%
L-RPCDM 1.638 19.9% 436 9.7%

Table 5. Standard deviations from a universal behaviour of the mass-f
tion with and without accounting for the time of collapse asaded byj.
predicted in the spherical collapse model. For comparisealgo quote the
values ofs. andA,;,- for each model as in Tab[é 3.

In(é. /o), whered, = 6./1.686 is the critical density threshold of
the L-RPCDM model rescaled to the SCDMalue. As we can see
the deviation with respect to the SCDivhodel is strongly reduced,
more in the high mass end than at low masses. A similar trend oc
curs if we consider the residual of theA€DM and ACDM-W5
models, which we plot in Fig—14 as a function lof(c ") (left
panel) andn(é. /o) (right panel), withd.. the value of the criti-
cal density threshold of each model rescaled to the SCalue.
Again accounting for the collapsing time of halos as encaded
reduces the residuals. For a more quantitative comparisaquate
in Table® the standard deviatifhsf the residuals of each cosmol-
ogy as a function o& ! andd. /o respectively. We also quote the
values ofd. and A, at z = 0 already discussed in Sectibn2.3.
We may notice that deviations with respect to the SCDiulass
function are correlated with the difference in the valueotpe-
cific to each model. In particular as decreases with respect to
the SCDM value, the standard deviation increases up-ta0%
for the L-RPCDM. Indeed accounting for the spherical cdlap
threshold reduces discrepancies between the halo magsohsc
by a factor~ 1.4 for ACDM-WS5 and LACDM, and a factor 2
in L-RPCDM. This clearly show that the density thresholdypla
role in the cosmic structure formation and a general prpsori for
the mass function should include its dependence upon cogyol
From Tabldb we can also notice that the remaining residuals
are still relevant, above numerical uncertainties, anccootelated
with é.. Moreover if we consider the L-RPCDM model, accounting
for 6. improves only the high mass range and the deviations on the
lower mass range can be hardly be attributed.tor his indicates
that there is at least one more process responsible for peetdee
from universality, which will discuss in the next paragraph

6.2 Halo virialization and redshift evolution of the mass
function

Confronting the level of improvement of the mass functicsidaal

as a function ob. /o and the difference of thA ;. value of each
cosmological model with respect to SCDMuoted in Tabl€l5 we
notice a strong correlation between the two. The larger ifierd
ence in the value od,,;,- the greater the deviations of the function
f(6+/0). Such a correlation is indicative of the fact that the viri-
alization of halos does indeed play a role in determiningntiaes
function and since the characteristics of this process eperntient

7 The standard deviation used to quantify the differencel vaspect to
the SCDM mass function is defined e\%Zi Alog fi2/(N —1)
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Figure 13. Residual between the measured mass functions in L-RPCDamhids) and SCDM* (squares) models respectively at z=Q: Rekidual for
the mass functions is shown in tife— In(1/0) plane. Right: Residual for the mass function in the- In(d. /o) plane, wheré, = §./1.686. Taking into
account the different halo formation times throughstrongly decreases deviations from universality in théhitass end.
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Figure 14.Residual between the measured\IGDM (crosses)ACDM-WS5 (triangles) mass functions and that of SCDEdquares) at z=0. Left: Residual of
the mass functions in thé — In(1/0) plane. Right: Residual of the mass functions in the In(é. /o) plane, wher&, = é./1.686. Taking into account
the different halo formation times through decreases deviations from universality in the high-masds en

upon cosmology and redshift, so are the deviations fromengal-
ity. Qualitatively this can be understood as follows. Letaasider
two perturbations, one in SCDMand another in LACDM, both
collapsing and virializing at the same moments, then thesgd
collapse model suggests that the resulting halos should Uz m
more compact or “concentrated” in ACDM than in SCDM*. Be-
cause we measure mass functions with a constant linkingHerag
rameter (corresponding to a fixed overdensity), this wou(glan
why the mass function is greater inA€DM than in SCDM.

Now, if we extend this argument to the redshift evolution of
the virial overdensity, since for every cosmology,;.(z) con-
verges toward the SCDMvalue at higher redshifts, then the mass
function residuals must decrease with redshift in coriatatvith

the behaviour of\ ;.- (2) specific to each model. In Fig. 115, we plot
the mass function residuals from the 648'Mpc simulation boxes
atz = 0,0.25 and1 for the SCDM (upper left panel)ACDM-W5
(upper right panel), L-RPCDM (lower left panel) andAGDM
(lower right paneﬁ. We can see that the deviations correlate well
with A, (z) of each model. For the SCDMhe residual is consis-
tent with a zero value, this is a non-trivial result which wisahat
clustering in SCDM models occurs in a universal manner asefu

8 We limit this analysis to the 6481 box length anct < 1, since higher
redshifts or larger box lengths would result in too few halod larger Pois-
son error bars in the reference SCBIdhodel.
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Figure 15. Redshift evolution of the deviations from a universal bébiav We plot residuals between the measured mass fundiorSCDM* (squares,
upper left panel) ACDM-WS5 (triangles, upper right panel), L-RPCDM (diamontisyer left panel), LACDM (crosses, lower right panel) with respect to
the SCDM mass function at z=0 (squares on the central line in the uleftgpanel). In each plot the left curve corresponds te- 0, the middle curve to
z = 0.25 and the right one ta = 1. The box length of the simulations @18 h~! Mpc. As expected, all mass functions tend towards SCDi#¥high

redshift.

tion of redshift. As shown in Sectidn 2.3 the evolution of tieal
overdensity inACDM-WS5 rapidly converges toward the SCDM
value and again in Fifl._15 we can see that the mass functiah res
ual rapidly vanishes as a function of redshift. However #iso
shows that the mass function as measured with &eF(.2) for
the ACDM-WS5 is not universal forz < 1, where dark energy
starts dominating the cosmic expansion, which is in agre¢mith
recent findings by Tinker et all (2008); Crocce et al. (20T
models with the largest deviations &¥,;-(z) are the L-RPCDM
which converges towards the SCDMalue very slowly at high
redshifts and LACDM which converges more quickly. In the lower

functions are all compatible with a null deviation at the sdavel
independently of the cosmological model.

These results clearly demonstrate that the virializatiocgss
also contribute to shaping the halo mass function in a cosgiol
cal and redshift dependent way. At this point we may ask dwese
whether accounting for the virialization in the measurenuénthe
mass function may reduce the deviations from universadity-
ilarly to the collapse threshold. After all we have detedtedbs
using a constant linking length parametier= 0.2, and using in-
stead a value ob as predicted by the spherical collapse may fur-
ther reduce discrepancies of the mass function residuaacéd

panels of Fig['I5 we can see that this is indeed the case for thewe have run the FoF algorithm on the simulations at 0 with

mass function residuals. Although errorbars become vegg|ave
also checked that at higher redshift (for instance at zzth8)mass

parameteb,;, given by the conversio ;- /178 ~ (0.2/by;)*
(Cole & Lacey| 1996), with\,,;,- the value predicted by the spher-
ical collapse model specific to each cosmology. As illusttan
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Figure 16. Residuals between the measured mass functions for thedeonsi
ered cosmology at z=0 using FoF with= b,,;,- (specific for each cosmol-
ogy) from the spherical collapse and the mass function&®8CDM* cos-
mology. Conventions are the same as in previous graphs.utiog for the
virialization overdensity from the spherical collapse relsdstrongly over-
corrects the deviations from universality. Such deviatia@me larger than
those one finds using a constant b for detection (which isist@mg with
the findings of Jenkins et al. (2001)).

Fig.[1I8 deviations from universality are even greater thenply
usingb = 0.2. The conversion formula is not accurate, nevertheless
even using the SO halo finder with density threshalg;,. gives
similar results. From Fid._16 we can also notice that thistgp
halo detection tends to overcorrect the different masstiome dif-
ferently for the different cosmologies. The largest degiabccurs
for L-ACDM, then L-RPCDM andACDM-WS5. This means that
other effects may contribute to the final shaping of the mass-f
tion, effects which go beyond the simple spherical collapselel.
Overall usingb,i» to account for the virialization process is in-
correct, for this very reason it will be useful to find an engat
relation which can account for it. This will be discussedtia hext
paragraph.

6.3 An empirical relation: byniv VS. Ayir

Rather than trying to identify non-linear mechanisms whichnot
well modelled by the spherical collapse we may take a diffeap-
proach and investigate the following question: which Vidensity
parameter ;. Or alternatively linking lengttb,,...,, is needed to
recover a universal behaviour to numerical precision oftirula-
tion?

One possibility would be to use a halo mass conversion for-
mula such as Hu & Kravtsov (2003), however this would lead to
results which are dependent on the specific form of the hale pr
file. Therefore we prefer to adopt a more robust approachhyhic
although more time consuming, is independent on the hale pro
file. We have run a series of 7 FoF halo finders with varioustigk
lengths ranging from 0.15 to 0.21 (in steps of 0.01) for easmo-
logical simulation and redshift. For each measured massifim
we have computed the deviation from universality and thhoing
terpolation we have determined the linking length paramekéch

Corasaniti, V. Boer, A. Rizfa
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Figure 17.Sensitivity of halo mass functions to the FoF linking lengthe
plot shows the deviations of the mass functions in the pjareln (6. /o)
(whered, = d./1.686) for linking length ranging from 0.15 (lower curve)
to 0.21 (upper curve) by step of 0.01. This plot is only true A&~ DM
W5 cosmology at z=0. The deviations from universal behavitso affect
small masses.

minimizes the residual with respect to SCDM-or instance in
Fig.[I4 we plot the deviations measured for the various figki
lengths inAC' DM -WS5 simulations at z=0. Notice that deviations
are also important at low masses unlike when varyingin this
specific case the residual is minimal far,..,, = 0.187 (between
the third and fourth curve from the top). For each data-pstiatvn

in Fig.[18, this procedure allows us to determine the valug,gf,,

or better still(buniv/0.2) ™2 for which a given data-point of each
mass function lies on the zero residual axis. This providewith

an ensemble ofb..:»/0.2) > value for each cosmological model
and at each redshift(= 0,0.25 and1), for which we calculate
the average and the standard deviation. So in total we hanee ni
estimations that we plot in Fif. 118 as a functionf;, (2)/178
for each cosmology and redshift. Assuming the conversion fo
mula A/178 ~ (0.2/b)? is valid, we can interpret this plot as
(buniv/0.2) "% as a function ofb,:»-/0.2) "> or alternatively as a
plot of Ayniv/Ascpms as a function ofA ;- /178. Not surpris-
ing we find that these points are not randomly distributedabet
compatible with a linear regression. We find

buniv -? Auir
—_— =0.24
( 0.2 ) 024 x {178

which we plot in Figl['IB as solid line. We can see that a fixeslami
sal value of the linking length parametes= 0.2 (short dashed line)
does not exist, as it is ruled out at more tt3an Similarly the spher-
ical collapse model prediction ;- /178 = (0.2/buniv)? (dotted
line) is ruled out, this was expected since the sphericdhpsé

is a too simplistic model. Nevertheless even in the contéthe
spherical collapse, accounting for the virialization pdeva good
qualitative description of the dark matter halos. As an exdafin
L-ACDM halos are more “compact” than in SCDM given the dif-
ferent value ofA,;, hence requiring a smaller linking-length pa-
rametem.,;, as shown in Fig.18. The linear regression best-fit lies
between these two extreme cases. However, this relatiandshot

be interpreted as a new form of universality, as indicatethbyact

- 1] +0.92. (23)
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Figure 18. FoF linking length (byniv/0.2)~3 (or corresponding
Auniv/Ascpa«) required to explain the deviations from universality
as a function of virial overdensities from the sphericalaypdeA ;- /178
(or corresponding FoF linking lengitb, ;,-/0.2)~2) . The symbols are the
same as for previous graphs. The horizontal dashed linesmonds to the
usually assumed universality which is strongly ruled outhd&he dotted
upper line corresponds to deviations exactly explainechbyspherical col-
lapse. This is also ruled out. The continuous intermediateis the linear
best fit. This correlation indicates that dark energy effece indeed encap-
sulated inA, ;- (andd.) but in a non trivial way.

that the slope is neither 0 or 1. Moreover the dispersioneptiints
around the linear regression is a signature of all the effettich
contribute to departure from universality such as non-spitg
concentration parameters, halo merging rates, etc...hadnie not
modelled by the spherical collapse and which may also depand
the cosmological model (i.e. the properties and abundahdark
energy).

Finally, in order to show that Eq[(23) explains most of the
deviations from a rigorous universal behaviour of the mase{
tion to numerical precision, we plot in Figl19 the residuattud
mass function for SCDM ACDM-WS5, L-ACDM and L-RPCDM
atz = 0,0.25 and1 as a function 0b.. /o , with each mass function
determined using a linking length parametgr,;,, obtained from
Eq. [23). The reference cosmology is SCDMith FoFp = 0.2).

As we can see all deviations reduce to below the 5 percent, leve
which is of order of our numerical precision.

These results show the importance of taking into account non
linear effects in the prescription of the mass function. iAgae
want to stress that we are not claiming to have found a new uni-
versal behaviour. As already mentioned other non-linefect,
besides those modelled by the spherical collapse corgsliotthe
mass function. Future works with much smaller numericabrsrr
may found departures from Ef._{23) which are correlated otitier
non-linear collapse quantities. Here we have shown thatgakto
account the time of collapse (as encoded by the densityhbies
d.) and the virialization process (as described by the vinadro
densityA ;) play an important role in determining the halo mass
function and as such these effects should be included incagthie
ical formulation, also extended to dark energy cosmologese
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Figure 19. Deviations from our reference mass functions (SCDM*, FoF,
b=0.2) for all cosmologies and redshifts when taking intcoat the cos-
mology and redshift dependent time of collapse (by plottisga function
of 6« = d./1.686) and virialization processes (by using a linking length
buniv(Avir) given by Eq[2B wheré\ ;- is given Fig[B). The convention
for the cosmologies are the same as in precedent plots: SOBdlrares),
ACDM (triangles), LACDM (crosses) and L-RPCDM (diamonds). The
redshifts are z=0, 0.25 and 1 from left to right. The averagsitpn of
the mass functions for all cosmologies and redshifts aréwitiin the 5
percent deviations band (dotted lines) and are of order ofnomerical
uncertainties. Overall this shows than one can develop scpption to go
beyond the universality approximation which accounts fmkdenergy and
redshift dependant non-linear effects.

they greatly improve the agreement between theory and aimul
tions.

From a phenomenological point of view, this implies that
when constraining dark energy models through measurenoénts
cluster number counts, rather than using standard univiétizg
formula of the mass function, it will be preferable to use @sgrip-
tion which explicitly depends od.(z) predicted by a given dark
energy model. Here, we have shown that Eq] (22), with SCDM
parameters (given at the beginning of Secfibn 6) providecan-a
rate description of the mass function in dark energy cosgieto In
addition, one can account for the effect of the virializatity using
Eqg. (23), withA,,;,- value predicted by a given model. In such case
one has to convert the corresponding maégs, ,, to the observed
one usually defined at a given overdensitis . These conversions
can be performed using for instance Hu & Kravtsov (2003) and
Luki€ et all (2009).

A final point concerns whether the non-universality founcehe
extends to models with differents values. In order to isolate the
effects of dark energy we have focused on toy-models for kvhic
we have forceds to be that of the referencRCDM-W5 cosmol-
ogy. Would we observe a non-universality also in “realistiod-
els” of dark energy calibrated on SNla and CMB data such atho
considered in_(Alimi et all 2010)? In this case differs from one
cosmology to another, but the deviations from universabbits
must be present also for these models. In fact from the apalys
of the mass function in the WMAP cosmologies presented iR Sec
tion[5.1 we have shown that has very little effect orf(In o~ 1).
Despite having very differents values the mass function of the
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WMAP models are universal to numerical precision. This is be
cause what really matters is whether cosmological modeisesh
the same structure formation history or not. Therefore omctu-
sions on the non-universality of the mass function can bityeas
tended to cosmologies with differeat. For instance, from Fid.]8
and Fig[11, it is straighforward to see that the deviatiogtsvben
L-RPCDM andACDM-WS5 (we share the samss) still hold if
we had confronted L-RPCDM taCDM-W1 (for whichos is very
different). Furthermore, having shown that the non-ursigéty of
the mass function results from the cosmological and retdsli
pendence of the past structure formation history, it ingaiiet our
conclusions do not simply restrict to the models considévem:,
but have more general validity.

7 CONCLUSION

In this work we have studied the cosmology and redshift depen
dence of the halo mass function through high resolution cesm
logical N-body simulations. By comparing the resultsAGEDM-
WMAP calibrated models against toy-models characterizethé
same distribution of linear density fluctuations today, Wwith dif-
ferent expansion histories and growth of the linear pedtiobs,
we have been able to infer a number of new and important sesult
Previous works have focused on the universality of the hasanm
functions and its deviations as a function of redshifts. \aestused

a FoFp = 0.2) halo finder to construct catalogues of halos from
our simulations, and we have limited our analysis to masgesn
for which the Poisson noise is bela®% level and halos contain
at least350 particles. By focusing on mass function residuals we
have further limited the effect of numerical systematicsartain-
ties to better than%. Using such an approach we have been able
to clearly show that universality does not exists in absotatms,
rather it can be verified to numerical precisionzat 0, but only

for those cosmologies which share very similar evoluticsidries

at the background and linear level. This is indeed the casheof
ACDM-WMAP models, thus confirming past results (Tinker et al.
2008; Crocce et al. 2010). In contrast our toy-models shaguade
tures from universality above numerical uncertaintiesgda than
10% atz = 0.

Using the spherical collapse model as guiding tool, we have
been able to incontrovertibly identify the non-linear magisms
responsible for such deviations. Firstly, the sphericdlapse
threshold which differs from one cosmological model to aeot

J. Courtin, Y. Rasera, J.-M. Alimi, P.-S. Corasaniti, V. Bloer, A. Rizfa

the mass functions tend to that of the standard cold darkematt
scenario at higher redshifts, which is consistent with e that
all cosmologies tends to a matter dominated universe at 1.
We find an empirical relation between the linking length paeter
of the FoF algorithm necessary to recover a universal forthef
mass function and the virial overdensity at a given red$bifeach
cosmology. Such a relation lies between the prediction oélgu
spherical collapse and a fully universal behaviour. It alsggests
that other non-linear mechanisms probably exists withi rih-
merical precision of our simulations which contributes tettier
shaping the mass function.

Furthermore the empirical relation we have found between
buniv OF equivalentlyA,,:, and A,;, may have important im-
plications for the definition of the physical “frontier” ofalos. As
we have seen here, most of the works in the literature which co
cern the mass function use a mass definition based on a cbnstan
detection parameter (eithéx or b). In contrast internal halo pro-
files are usually defined as a function &f,;,-. Henceforth, using
a value of A, niv (Or bunis) corresponding to that of the assumed
cosmology may provide a consistent halo definition appleab
both mass function and halo profile. Overall these resultatpo
to the fact that the collapse threshold and the virializapoocess
play an important role in determining the halo mass functem
coding cosmological (dark energy) dependent featureshwaie
neglected in the standard universal fitting formula (Jeskinal.
2001 Warren et al. 2006), and which we have shown to be of lim-
ited precisions.

These cosmology-dependent effects are coherent with those
found on the non-linear matter power spectrum_(Ma 2007;
Alimi et al.| [2010) and the halo profile_(Wechsler et al. 2002;
Dolag et alll 2004), and which are a direct consequence ofttte f
that the non-linear structure formation conserves a reafitee lin-
ear phase of collapse. Henceforth the halo mass functiotaiosn
specific cosmology dependent features which can be testmapth
observations, provided that predictions from numericalgations
or semi-analytical prescriptions are sufficiently accaitataccount
for such imprints (see Wu etlal. 2010). The results of thisupwo-
vide also an understanding of the deviations from univéystdat
are present in realistic dark energy models (calibrateddB @nd
SNla data) as those discussed in Alimi et al. (2010), and kvhic
will be presented in an upcoming paper. Finally, we can dpéeu
that our findings are relevant also in the context of non-méiiy
coupled inhomogeneous dark energy models, for which theatin
growth history is scale dependent, thus deviating fromdhfhatan-

is responsible for deviations in the high mass end of the mass dard LCDM cosmologies. In such a case imprints on the halemas

function. Models with values ob. lower than the SCDN pre-
diction form structures earlier, thus leading to differanprint on
the present halo mass function consistently with the exptele
cut-off expected in the Press-Schechter formalism. Inéeedunt-
ing for the collapse threshold reduces the discrepancydstthe
mass function of the different models. We have provided enditt
formula, based on the Sheth-Tormen functional form caiéatan
the ACDM-W5 model for which model dependent deviations from
universality are ofv 10%, with an explicit dependence dn, thus
it can be efficiently used for a robust model parameter imiege
against halo mass function measurements.

Nevertheless the residuals lie still above numerical eramd
are not correlated with the value 6f predicted by each model,
suggesting that at least one additional non-linear meshais re-
sponsible for departures from universality. We find thatrérgédual
deviations at < 1 are correlated with the redshift evolution of the
virial overdensityA,;,- specific to each model. On the other hand,

function should be larger, thus needing accurate studidgeaion-
linear structure formation of these scenarios beyond thready
discussed in the literature.
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