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Abstract

We study the objective function value performance of the scenario approach for ro-
bust convex optimization. A novel method is proposed to derive probabilistic bounds
for the objective value from scenario programs with a finite number of samples. This
method relies on a max-min reformulation and on the concept of complexity of ro-
bust optimization problems. With additional continuity and regularity conditions, via
sensitivity analysis, we also provide explicit bounds which outperform the previously
existing bounds. To illustrate our contribution, we also provide numerical examples.
Finally, we apply our method to a planar antenna array synthesis problem, where
we investigate the overfitting issue based on the derived probabilistic objective value
bounds.

Keywords— Scenario approach, probabilistic guarantees, sensitivity analysis

1 Introduction

In real-world applications, optimization problems with uncertainties often arise due to the lack
of knowledge on system parameters and measurement/estimation errors [1]. Classic approaches
to tackle uncertain optimization problems include stochastic optimization in which uncertainties
are treated as random variables [2, 3, 4] and robust optimization which seeks to obtain robust
solutions against all realizations of uncertainties [5, 6, 7, 8]. An alternative approach for handling
uncertainties is called the scenario approach or scenario optimization, which is somehow at the
intersection of stochastic optimization and robust optimization as it is able to provide solutions
to robust optimization and chance-constrained stochastic optimization problems in a probabilistic
sense, see, e.g., some early works [9, 10]. We refer to [11, 12] for a comprehensive view on this
subject.

The scenario approach is typically focused on constrained optimization problems with robust-
ness constraints or chance constraints. By randomly sampling a finite set of constraints, a scenario
program is formulated and a sample-based solution can be obtained. Chance-constrained theorems
are then derived for this sample-based solution in terms of the measure of the violating subset of
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the uncertain constraints for both convex [9, 10, 13, 14, 15, 16] and non-convex [17, 18] cases by
using the concepts of support/essential constraints. In particular, the bounds in [13, 14] have been
proved to be tight for a special class of uncertain convex programs called fully supported problems.
While these theoretic results bring a lot of new perspectives into uncertain optimization problems,
it takes further developments to apply the scenario approach to practical applications. For in-
stance, many real-life physical properties of interest are directly related with the objective function
of the underlying optimization problem, which means that the aforementioned chance-constrained
theorems alone do not allow us to learn such properties. For this reason, a formal analysis of the
scenario approach is needed with respect to objective function value performance. To the best of
our knowledge, the first work providing such results is [19] under some continuity and regularity
conditions on the basis of the chance-constrained theorems in [13, 14]. Though the results in [19]
are built on an intermediate bound that is tight in terms of the measure of the violating subset of
the uncertain constraints (as proved in [13, 14]), tightness is not provided in terms of the objective
function. In this paper, we show that these results are indeed not necessarily tight in terms of
the objective function by providing improved bounds under the same conditions. In addition, the
chance-constrained theorems in [13, 14] require a non-degeneracy assumption. We show that such
an assumption can be released when one is only concerned with the objective function.

This paper is motivated by recent progress on data-driven analysis of complicated systems, see,
e.g., [20, 21, 22, 23, 24, 25, 26, 27, 28]. In particular, for switched linear systems [24, 25, 26, 27, 28],
the scenario approach has been applied to the computation of the growth rate of the system
using different types of Lyapunov functions after reformulating the stability analysis as a robust
optimization problem in which the Lyapunov inequality is satisfied for all realizations of the
trajectory. Different techniques are then proposed in these works to derive probabilistic guarantees
on the computed growth rate. It appears that some of the results can be generalized from the
techniques in [24, 25, 26, 27, 28] to the general scenario approach. In [27], it is shown that the
stability analysis problem for switched systems reduces to a finite set of support constraints whose
cardinality is bounded by the dimension of the decision variable. In other words, the notion of
support constraints is generalized from scenario programs to robust optimization problems. This
observation is then leveraged to derive probabilistic stability certificates using a sensitivity analysis
argument on these support constraints. In this paper, we extend this sensitivity analysis method
to general robust optimization. Analogously to [16], we formally call the minimal number of such
support constraints the complexity of the robust optimization problem.

The contributions of this paper are two-fold: First, we present a new general method of deriving
probabilistic guarantees on objective value performance of the scenario approach for robust convex
programs. Second, we derive improvements of the bounds from [19] under the same regularity
conditions.

This paper extends preliminary results presented in a conference paper [29]. Additionally to
[29], the present work contains the detailed proofs of all the lemmas, propositions and theorems.
We also apply our results to min-max optimization problems and a special class of non-convex
problems, in which probabilistic guarantees are derived taking the underlying structure into ac-
count. Furthermore, we provide more numerical examples, among which is a planar antenna
synthesis problem.

The rest of the paper is organized as follows. This section ends with the notation, followed
by Section 2 on the review of preliminary results on the scenario approach. Section 3 presents
a general method of deriving objective value performance guarantees for the scenario approach
using a max-min reformulation and uniform level-set bounds defined implicitly. In Section 4,
under additional regularity conditions, we show explicit objective value performance bounds via
sensitivity analysis. In Section 5, we consider special cases and the extension to non-convex
programs. Finally, we apply our results to two numerical examples in Section 6.

Notation. The non-negative real number set and the non-negative integer set are denoted
by R+ and Z+ respectively. For any p ≥ 1, the ℓp norm of a vector x ∈ Rn is ∥x∥p (∥x∥
is the ℓ2 norm by default). Given a metric space (M, ρ), consider any two subsets S and X,
∥S∥X := sups∈S infx∈X ρ(s, x); cl(S) denotes the closure of S; |S| denotes the cardinality of S for
any S ⊂ M; 2S denotes the power set of S.
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2 Preliminaries

We consider the following robust convex optimization problem (RCP):

J⋆ := inf
x∈X

c⊤x (1a)

s.t. f(x, δ) ≤ 0,∀δ ∈ ∆ (1b)

where x ∈ Rd is the decision variable, δ is the uncertain parameter contained in the uncertain set
∆, X ⊆ Rd is some static constraint set, ∆ is a subset of some metric space (M, ρ) with ∆ ⊂ M
and ρ : M × M → R+ is a metric, and f : X × M → R is the uncertain constraint function.
Let us mention that a linear cost function is considered without loss of generality [9, 10]. We
would also like to mention that, while there is only one uncertain constraint in (1), the results
and discussions in the paper extend trivially to cases with multiple uncertain constraints. In this
paper, we consider the case where (1b) contains infinitely many inequality constraints. Such a
problem is also known as a semi-infinite program (SIP), see, e.g., [30]. The following assumptions
are made.

Assumption 1 f : X × M → R is lower semi-continuous (l.s.c.) in X × ∆ and X ⊆ Rd and
∆ ⊂ M are compact.

Assumption 2 There exists x ∈ X such that f(x, δ) ≤ 0 for every δ ∈ ∆.

Assumption 3 X ⊆ Rd is convex and f : X ×M → R is convex in x ∈ X for any δ ∈ ∆.

These are mild and standard assumptions, which make the objective of performance approx-
imation well-posed. In particular, Assumption 2 is a feasibility condition which prevents the
optimal J⋆ from being ∞. Such an assumption is also made in [19] (see Assumption 3.3 in [19]).

Let (∆,B(∆),P) be a probability space where B(∆) is the Borel σ-algebra of ∆ and P : B(∆) →
[0, 1] is a probability measure.

In the framework of the scenario approach (also called scenario optimization) [9, 10, 12],
the solution of the robust optimization problem in (1) is approximated with a finite number of
samples. More precisely, we randomly generate N ∈ Z+ samples, denoted by (δ1, δ2, · · · , δN ) ∈
∆N , from some probability measure with the support ∆, and formulate the following scenario
convex program (SCP)

P(ω) : J(ω̄) :=min
x∈X

c⊤x (2a)

s.t. f(x, δ) ≤ 0,∀δ ∈ ω̄. (2b)

where ω := (δ1, δ2, · · · , δN ), and ω̄ denote the unordered sample set, i.e., ω̄ := {δ1, δ2, · · · , δN},
and J : 2∆ → R with J(∆) = J⋆.

Chance-constrained guarantees on the solution of the sampled problem are derived in [13, 14]
for convex problems in terms of the violation probability, depending on the dimension of the
decision variable and the number of samples, as shown below.

Theorem 1 ([13, Theorem 1],[14, Theorem 3.3]) For any N ∈ Z+ with N > d, suppose ω
are N independent and identically distributed (i.i.d.) samples drawn according to the probability
measure P. Consider P(ω) as defined in (2), let us assume that P(ω) admits a unique optimal
solution. Then, with Assumptions 1–3 and additional conditions (see Remark 1), for any ϵ ∈ (0, 1),

PN{ω ∈ ∆N : V(ω̄) > ϵ} ≤ Φc(ϵ; d,N) (3)

where V(ω̄) := P{δ : J(ω̄ ∪ {δ}) > J(ω̄)}, ω̄ is the unordered set of the elements in ω, J(ω̄) is
defined as in (2), PN is the probability measure in the N -Cartesian product of ∆, and

Φc(ϵ; k,N) :=

k−1∑
i=0

(
N

i

)
ϵi(1− ϵ)N−i,∀k ≥ 1. (4)
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In fact, the bound in (3) is proved to be tight for a special class of convex programs called
fully supported programs, see [13, 14] for details. For non-convex optimization problems, similar
results are derived in [17, 18] using an a posteriori estimate of the complexity of the SCP. While
these probabilistic guarantees for both the convex and non-convex cases provide a fundamental
understanding on the solution of the scenario program (2), they alone do not allow to bound the
objective value of the original robust optimization.

Remark 1 The bound in (3) is derived by [13] and [14] based on different conditions. More
precisely, [13] requires that the feasible domain of P(ω) has a nonempty interior for any ω; [14]
assumes that P(ω) is nondegenerate with probability one, see Definition 2.7 in [14] for the defini-
tion of degenerate problems.

In [19], theoretical links between P(ω) and the original robust optimization problem RCP in
(1) are further established in terms of the objective function in a statistical sense under the assump-
tions in Theorem 1 and Slater’s condition, i.e., there exists x ∈ X such that supδ∈∆ f(x, δ) < 0.
We briefly summarize the idea in [19] as follows. First, it is shown that the optimizer of SCP is a
feasible solution to the following chance-constrained program (CCP) with some confidence level

min
x∈X

c⊤x (5a)

s.t. P{f(x, δ) ≤ 0} ≥ 1− ϵ (5b)

where ϵ ∈ (0, 1). It is then shown that the feasible set of the program CCP is contained in the
feasible set of a relaxed RCP in the form of

inf
x∈X

c⊤x (6a)

s.t. f(x, δ) ≤ ξ,∀δ ∈ ∆ (6b)

where ξ ≥ 0. Finally, with the relations above, probabilistic objective bounds for the scenario
approach can be derived from the relaxed RCP under Lipschitz continuity and other regularity
assumptions. We call this procedure a two-step method in the sense that it relies on the link from
SCP to CCP (via the chance-constrained Theorem 1) to establish probabilistic objective function
value bounds. As we will show in the sequel, the step from SCP to CCP brings conservatism into
the resulting bound.

In this paper, we revisit the problem of deriving probabilistic objective function value bounds
for the scenario approach from a sensitivity analysis perspective in the context of robust opti-
mization. We develop a method that skips the step from SCP to CCP and enables us to directly
establish probabilistic objective value bounds for SCP using a perturbation argument. Thus, our
method does not require the conditions in Remark 1. We believe that this latter fact constitutes
an important improvement because these conditions can be violated in some control problems,
see [26] for such an example. The difference between our method and the two-step method [19] is
illustrated in Figure 1.

3 Probabilistic objective value performance

This section presents a general method deriving probabilistic objective value bounds of the scenario
approach for robust optimization problems. This method adopts a max-min reformulation of the
original robust optimization problem (1).

3.1 Continuity properties

We first show some preliminary continuity results on parametric optimization, see, e.g., [31, 32, 33]
for a comprehensive view. Given any N ∈ Z+, for any ω := (δ1, δ2, · · · , δN ) ∈ ∆N , for ease of
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Figure 1: Flowchart of the proposed method and its comparison with the two-step method:
The red arrows represent our method and the blue arrows represent the two-step method.

discussion, let us define

gN (ω) := J({δ1, δ2, · · · , δN}), (7)

FN (ω) := {x ∈ X : f(x, δi) ≤ 0, i = 1, 2, · · · , N}, (8)

F o
N (ω) := {x ∈ X : f(x, δi) < 0, i = 1, 2, · · · , N}, (9)

ϕN (ω) := {x ∈ FN (ω) : c⊤x = gN (ω)}, (10)

Under Assumption 1, a semi-continuity property is stated below.

Lemma 1 Consider the RCP in (1) and the SCP in (2). Given any N ∈ Z+, for any ω ∈ ∆N ,
let gN (ω) be defined as in (7). Suppose Assumptions 1& 2 hold, then gN (·) is l.s.c. in ∆N .

Proof: The proof is given in Appendix A. □
With Lemma 1, gN can be even proved to be continuous under additional conditions, as stated

in the following proposition.

Proposition 1 Assume f : X ×M → R is continuous in X ×∆ and X is compact. Given any
N ∈ Z+, for any ω ∈ ∆N , let gN (ω), FN (ω), F o

N (ω) and ϕN (ω) be given as in (7), (8), (9) and
(10) respectively. The following results hold:
(i) For any ω ∈ ∆N , if FN (ω) ⊆ cl(F o

N (ω)), then gN : ∆N → R is continuous at ω.
(ii) Suppose that for any ω ∈ ∆N there exists x ∈ ϕN (z) such that x ∈ F o

N (ω), then gN : ∆N → R
is continuous at ω.

Proof: The proof is given in Appendix B. □

3.2 Max-min reformulation

With the continuity property above, we then define, for any N ∈ Z+,

g∗N := sup
ω∈∆N

gN (ω) = sup
ω∈∆N

inf
x∈FN (ω)

c⊤x (11)
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where FN (ω) is defined as in (8). The next lemma states the equivalence between the RCP in (1)
and the max-min formulation as defined in (11).

Lemma 2 Consider Problems (1) and (11) for any N ∈ Z+ with the optimal values J⋆ and g∗N
respectively. Suppose Assumptions 1 – 3 hold, then it holds that J⋆ = g∗N for any N ≥ d;

Proof: From the definitions in (1) and (11), it holds that gN (ω) ≤ J⋆ for any ω ∈ ∆N , which
implies that g∗N ≤ J⋆ for any N ∈ Z+. As {g∗N}N∈Z+ is a monotonically increasing sequence,
bounded from above by J⋆, we only need to show that g∗d = J⋆. First, we show that g∗d+1 = J⋆.

The optimality of g∗d+1 in (11) implies that the set X(δ1,δ2,··· ,δd+1) := {x ∈ X : c⊤x ≤ g∗d, f(x, δi) ≤
0, i = 1, 2, · · · , d+1} is nonempty for any (δ1, δ2, · · · , δd+1) ∈ ∆d+1. Since f(·, ·) is l.s.c. in X×∆
and X is a compact convex set, X(δ1,δ2,··· ,δd+1) is also a compact convex set. Hence, from Helly’s

theorem (see, e.g., Theorem 21.6 in [34]), {x ∈ X : c⊤x ≤ g∗d+1, f(x, δ) ≤ 0, δ ∈ ∆} is nonempty,
which means that J⋆ ≤ g∗d+1 and thus g∗d+1 = J⋆. Now, we show that g∗d = g∗d+1. For any

ω := (δ1, δ2, · · · , δd+1) ∈ ∆d+1, from Theorem 2 in [9] (or Theorem 3 in [10]), there exists i such
that J(ω̄) = J(ω̄ \ {δi}), where ω̄ := {δ1, δ2, · · · , δd+1}. As a result, g∗d = g∗d+1, which implies that
g∗d = J⋆. □

In view of the result in Lemma 2, we define the concept of complexity for robust optimiza-
tion problems with infinitely many constraints, following the definition of complexity for scenario
programs with a finite number of constraints in [16].

Definition 1 Consider the RCP in the form of (1), the complexity of RCP is the smallest integer
k ∈ Z+ such that g∗k = J⋆.

Similar to the complexity of SCP in [16], the complexity of RCP is intuitively the minimal
number of samples needed to obtain the true objective value J⋆. With this formal definition,
Lemma 2 basically means that the complexity of RCP is bounded by the number of decision
variables under Assumptions 1 – 3. When RCP is not feasible, i.e., Assumption 2 does not hold
(which means that J⋆ = +∞), from Helly’s theorem, it still holds that J⋆ = g∗d+1 but not J⋆ = g∗d
in Lemma 2. Thus, the complexity of RCP is bounded by d+ 1 in any case.

3.3 Uniform level-set bounds

To establish probabilistic objective function value performance guarantees, inspired from [35, 19],
we define the following tail probability for any N ∈ Z+

pN (α) := PN{ω ∈ ∆N : g∗N − α ≤ gN (ω)},∀α ≥ 0. (12)

From the semi-continuity property of gN in Lemma 1, pN (α) is well defined and monotonically
increasing. In particular, when N ≥ d, from Lemma 2, pN defined as in (12) becomes

pN (α) = PN{ω ∈ ∆N : J⋆ − α ≤ gN (ω)},∀α ≥ 0. (13)

The continuity property of this tail probability function is stated in the following lemma.

Lemma 3 Consider the RCP (1) and the SCP (2). Suppose Assumptions 1 - 3 hold. For any
N ∈ Z+, let the tail probability function pN : R+ → [0, 1] be defined as in (12). Then, the following
property holds: i) There exists a finite C ∈ R+ such that pN (α) = 1 for any α ≥ C. ii) pN (·) is
upper semi-continuous (u.s.c.) at any α ∈ R+.

Proof: i) Let J̃ := minx∈X c⊤x. As a result, gN (ω) ≥ J̃ for any z ∈ ∆. Hence, for any α ≥ g∗N − J̃ ,
pN (α) = 1.
ii) It is easy to verify that pN (·) is monotonically nondecreasing. Now, we show that for any ᾱ ∈
R+, it holds that pN (ᾱ) ≥ lim supα→ᾱ pN (α), i.e., limi→∞ αi = ᾱ implies pN (ᾱ) ≥ lim supi→∞ pN (αi).
From the monotonicity of pN (α), we only need to consider the case that αi+1 ≤ αi for all i ∈ Z+.
We then define: Si = {ω ∈ ∆N : J⋆ − αi ≤ gN (ω))} for i ∈ Z+. Thus, lim supi→∞ pN (αi) =
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Figure 2: Illustration of the tail probability function and the optimal ULB: Given ε ∈
(0, 1), α∗(ε) is the supremum of α satisfying pN (α) ≤ ε.

limi→∞ PN{Si} = PN{limi→∞ Si} = pN (ᾱ) since Si ⊇ Si+1 and PN{Si} is bounded for any
i ∈ Z+. This proves upper semi-continuity of pN . □

We then call α̃ : (0, 1) → R a uniform level-set bound (ULB) if it satisfies

pN (α̃(ε)) ≥ ε, ∀ε ∈ (0, 1). (14)

The optimal ULB is defined as follows:

α∗(ε) := sup
α≥0

α : pN (α) ≤ ε, ∀ε ∈ (0, 1). (15)

Let us mention that an important difference with [35, 19] is that the definition of ULBs in this paper
is directly based on the objective function instead of the worst-case violation of the constraint.

With the discussions above, we arrive at the main result of this section.

Proposition 2 Consider the RCP in (1) and the SCP in (2). Suppose Assumptions 1 – 3 hold.
For any N ∈ Z+ with N ≥ d and N i.i.d. samples, denoted by ω, drawn according to the
probability measure P, consider Problem (2) with the optimal value gN (ω) as defined in (7). For
any ε ∈ (0, 1), let α∗(ε) be defined as in (15). Then, it holds that

PN{ω ∈ ∆N : J⋆ ≤ gN (ω) + α∗(ε)} ≥ ε (16)

where J⋆ is given in (1).

Proof: With Lemma 2 at hand, we only need to show pN (α∗(ϵ)) ≥ ε for any ε ∈ (0, 1) as J⋆ = g∗N .
We consider two cases: i) the point at the optimal is continuous; ii) the point at the optimal is
not continuous. In the first case, from the monotonicity of pN (·), pN (α) ≤ ε is active, meaning
that pN (α∗(ε)) = ε. In the second case, from the upper semi-continuity shown in Lemma 3,
pN (α∗(ε)) ≥ ε. Thus, we conclude that pN (α∗(ε)) ≥ ε. □

While this is an elementary result, following from the bound on the complexity of RCP and
the u.s.c. of pN (·), as illustrated in Figure 2, it provides a general way of bounding the original
objective value J⋆. In practice, as computing the optimal ULB is not always possible, we turn to
upper bounds of α∗(ε).

Remark 2 From the proof of Lemma 3, when there is no measure concentration on the level sets
of gN , i.e., PN (ω ∈ ∆N : gN (ω) = u) = 0 for any u ∈ R, it can be shown that pN (·) is continuous.
Thus, the optimal ULB can be defined by pN (α∗(ε)) = ε.

Remark 3 Let us also highlight that the result in Proposition 2 is still valid without optimality
or uniqueness. That is, for any algorithm that generates a feasible solution to P(ω) with the
corresponding objective value function g̃N (ω), it holds that PN{ω ∈ ∆N : J⋆ ≤ g̃N (ω)+α∗(ε)} ≥ ε
for any ε ∈ (0, 1) under the same conditions as stated in Proposition 2.
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4 Explicit probabilistic guarantees via sensitivity analysis

We now explicitly establish probabilistic objective function value bounds for the scenario approach
via sensitivity analysis under regularity conditions. With this, we are also able to compute explicit
ULBs as defined in (14).

4.1 Lipschitz continuity

We first derive some continuity results on the optimal objective function of the scenario program
(2). This relies on Slater’s condition of the RCP as given below.

Assumption 4 (Slater’s condition) There exists x0 ∈ X such that supδ∈∆ f(x0, δ) < 0.

In fact, there can exist multiple solutions x0 that satisfy Slater’s condition. For convenience, we
choose any x0 according to Assumption 4, and define the constant below following [19]:

LSP :=
minx∈X c⊤x− c⊤x0

supδ∈∆ f(x0, δ)
(17)

We then assume Lipschitz continuity of f(x, δ) with respect to δ inside the closure of ∆.

Assumption 5 For any x ∈ X, f(x, ·) is Lipschitz continuous with constant Lδ in ∆, i.e.,
∀δ1, δ2 ∈ ∆,

∥f(x, δ1)− f(x, δ2)∥ ≤ Lδ∥δ1 − δ2∥. (18)

Based on these two additional assumptions, we present a Lipschitz continuity result in the
next lemma.

Lemma 4 Given any N ∈ Z+, let gN (ω) be defined as in (7) for any ω ∈ ∆N . Suppose Assump-
tions 1 – 5 hold, then, for any ω := (δ1, δ2, · · · , δN ) ∈ ∆N and ω′ := (δ′1, δ

′
2, · · · , δ′N ) ∈ ∆N , it

holds that

∥gN (ω)− gN (ω′)∥ ≤ LSPLδ max
i∈{1,2,··· ,N}

∥δi − δ′i∥. (19)

where LSP and Lδ are given in (17) and (18) respectively.

Proof: For any two points ω := (δ1, δ2, · · · , δN ), ω′ := (δ′1, δ
′
2, · · · , δ′N ) ∈ ∆N , we want to show

(19). First, we defined the perturbed problem for ω with the perturbation Lδ maxj ∥δj − δ′j∥:

g̃N (ω) := min
x∈X

c⊤x (20a)

s.t. f(x, δi) ≤ Lδ max
j

∥δj − δ′j∥,∀i = 1, 2, · · · , N (20b)

Similarly, the perturbed problem for ω′ is also defined:

g̃N (ω′) := min
x∈X

c⊤x (21a)

s.t. f(x, δ′i) ≤ Lδ max
j

∥δj − δ′j∥,∀i = 1, 2, · · · , N (21b)

From strong duality and perturbation analysis, see, e.g., Section 5.6 in [36] and Lemma 3.4 in
[19], the optimal cost function of the perturbed problem is Lipschitz continuous with respect to
the perturbation with constant LSP . Thus, 0 ≤ gN (ω) − g̃N (ω) ≤ LSPLδ maxj ∥δj − δ′j∥ and
0 ≤ gN (ω′) − g̃N (ω′) ≤ LSPLδ maxj ∥δj − δ′j∥. From the Lipschitz continuity of f(x, δ) in δ,
|f(x, δi) − f(x, δ′i)| ≤ Lδ∥δi − δ′i∥ ≤ Lδ maxj ∥δj − δ′j∥ for all i = 1, 2, · · · , N , which implies
that {x : f(x, δi) ≤ 0, i = 1, 2, · · · , N} ⊆ {x : f(x, δ′i) ≤ Lδ maxj ∥δj − δ′j∥, i = 1, 2, · · · , N}
and {x : f(x, δ′i) ≤ 0, i = 1, 2, · · · , N} ⊆ {x : f(x, δi) ≤ Lδ maxj ∥δj − δ′j∥, i = 1, 2, · · · , N}.
Hence, g̃N (ω) ≤ gN (ω′) and g̃N (ω′) ≤ gN (ω). Finally, we conclude that |gN (ω′) − gN (ω)| ≤
LSPLδ maxj ∥δj − δ′j∥. □

With the continuity result above, a deterministic relation between the robust optimization
problem RCP and the scenario program SCP is established in the following proposition.

8



Proposition 3 Suppose Assumptions 1 – 5 hold. For any ω̄ ⊂ ∆, let J(ω̄) be defined as in (2).
Then, the following results hold: (i) There exists a set ω̄∗ ⊂ ∆ with |ω̄∗| = d such that J(ω̄∗) = J⋆.
(ii) Given any d-element set ω̄∗ satisfying J(ω̄∗) = J⋆, for any finite subset ω̄ ⊆ ∆ with |ω̄| ≥ d,
J(ω̄) ≥ J⋆ − LSPLδ∥ω̄∗∥ω̄, where LSP and Lδ are given in (17) and (18) respectively.

Proof: (i) From Lemma 2, we know that J⋆ = g∗d := supω∈∆d gd(ω). With the result in Lemma
4, gd(·) is Lipschitz continuous in ∆d, which means that, according to Weierstrass’s theorem, there
exist ω ∈ ∆d such that g∗d = g(ω).
(ii) Given an extreme set ω̄∗ := {δ∗1 , δ∗2 , · · · , δ∗d}, let us define the set ω̄proj := {δ1, δ2, · · · , δd} ⊆ ω̄
as follows: δi := argminδ∈ω̄ ∥δ∗i − δ∥ for any i = 1, 2, · · · , d. Thus, from (19),

J(ω̄∗)− J(ω̄) ≤ J(ω̄∗)− J(ω̄proj) = gd(ω
∗)− gd(ωproj)

≤ LSPLδ max
i∈{1,2,··· ,d}

∥δ∗i − δi∥

= LSPLδ∥ω̄∗∥ω̄,

where ω∗ := (δ∗1 , δ
∗
2 , · · · , δ∗d) and ωproj := (δ1, δ2, · · · , δd). □

4.2 Explicit probabilistic bounds

In the rest of the section, we provide explicit probabilistic bounds for the scenario approach using
the continuity results above. To do so, we also need a regularity condition on ∆ with respect to
the measure P. Such a condition is often needed for domain or boundary estimation problems
[37]. For comparison, we consider the same condition as in [19].

Assumption 6 For the probability space (∆,B(∆),P), there exists a strictly increasing function
φ : R+ → [0, 1] such that

∀δ ∈ ∆,∀r ∈ R+,P{Br(δ) ∩∆} ≥ φ(r), (22)

where Br(δ) is an open ball centered at δ with radius r in the metric space (M, ρ).

Following [37], we can also consider other regularity conditions1. The following lemma shows
some elementary probability results.

Lemma 5 Given the probability space (∆,B(∆),P), for any k ∈ Z+(k ≥ 1), consider k subsets
{B1, B2, · · · , Bk} of ∆ with P{B1} = P{B2} = · · · = P{Bk} = ϵ for some ϵ ∈ [0, 1]. For any
N ∈ Z+, let ω be N independent and identically distributed (i.i.d.) samples drawn according to
the probability measure P. Then, for any ϵ ∈ [0, 1],

PN{ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} ≥ 1−Ψ(ϵ; k,N) (23)

≥ 1− Φa(ϵ; k,N) (24)

where ω̄ is the unordered set of elements in ω,

Φa(ϵ; k,N) := k(1− ϵ)N , and (25)

Ψ(ϵ; k,N) := ⌊ k
kϵ

⌋Φ(ϵ; kϵ, N) + Φ(ϵ; k(mod kϵ), N) (26)

with kϵ := ⌊ 1
ϵ ⌋, Φ(ϵ; 0, N) := 0 and

Φ(ϵ; k,N) :=

k∑
i=1

(−1)i−1

(
k

i

)
(1− iϵ)

N
. (27)

1As an example, another regularity condition is that there exist c > 0 and r̄ > 0 such that

P{Br(δ) ∩∆} ≥ cµ(Br(δ)),∀δ ∈ ∆, 0 < r ≤ r̄

where µ(·) denotes the Lebesque measure.
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Proof: The proof is given in Appendix C. □

Remark 4 From the arguments in the proof of Lemma 5, one observation is that, for any pos-
itive integer k′ ≤ kϵ, it holds that PN{ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} ≥ 1 − ⌊ k

k′ ⌋Φ(ϵ; k′, N) −
Φ(ϵ; k(mod k′), N). In particular, when k′ = 1, ⌊ k

k′ ⌋Φ(ϵ; k′, N) +Φ(ϵ; k(mod k′), N) = k(1− ϵ)N ,
which show the connection between the two bounds in Lemma 5.

To illustrate the difference among the bounds in (4), (25), and (26), a numerical comparison
is made in Figure 3 with k = 8 and N = 500. Note that, in this figure, Ψ(ϵ; k,N) = Φ(ϵ; k,N) for
all the values of ϵ as it remains in the interval [0, 1/8]. It can be seen that Φ(ϵ; k,N) is the best
among these three bounds. As ϵ increases, Φa(ϵ; k,N) becomes close to Φ(ϵ; k,N) and outperforms
Φc(ϵ; k,N) eventually.

Figure 3: The curves of Φc(ϵ; k,N),Φa(ϵ; k,N) and Φ(ϵ; k,N) with k = 8 and N = 500:
Ψ(ϵ; k,N) = Φ(ϵ; k,N) for any ϵ ∈ [0, 1/8].

Putting the results above together, we then present the main result of this section.

Theorem 2 Consider Problem (1) with the optimal objective value J⋆, suppose Assumptions 1 –
6 hold. For any N ∈ Z+ with N ≥ d, let gN (ω) be defined as in (7) for any ω ∈ ∆N . Let ω be N
i.i.d. samples drawn according to the probability measure P. Then, for any ϵ ∈ (0, 1),

PN{ω ∈ ∆N : J⋆ ≤ gN (ω) + LSPLδφ
−1(ϵ)}

≥ 1−Ψ(ϵ; d,N) (28)

where Ψ(ϵ; d,N) is given in (26), and LSP and Lδ are given in (17) and (18) respectively.

Proof: From property (i) of Proposition 3, there exists a set ω̄∗ := {δ∗1 , δ∗2 , · · · , δ∗d} ⊂ ∆ such that
J(ω̄∗

d) = J⋆. For any ϵ ∈ (0, 1), let ri be such that P{Bri(δ
∗
i ) ∩ ∆} = ϵ for any i = 1, 2, · · · , d.

Under Assumption 6, we can see that ri ≤ φ−1(ϵ) for any i = 1, 2, · · · , d. For convenience, we
define Bi = Bri(δ

∗
i ) ∩ ∆ for any i = 1, 2, · · · , d. With Lemma 5, we know that PN{ω ∈ ∆N :

Bi∩ ω̄ ̸= ∅,∀i = 1, 2, · · · , d} ≥ 1−Ψ(ϵ; d,N), where ω̄ is the unordered set of the samples ω. Since
Bi ∩ ω̄ implies that |δ̄∗i |ω̄ ≤ ri ≤ φ−1(ϵ) for any i = 1, 2, · · · , d, from property (ii) of Proposition
3, we get (28). □

Remark 5 From the arguments in the proof of Theorem 2, Assumption 6 can be further relaxed.
For Theorem 2 to be valid, we only need the regularity condition (22) to hold for any set ω̄∗ =
{δ∗1 , δ∗2 , · · · , δ∗d} ⊂ ∆ such that J(ω̄∗) = J⋆, i.e., ∀δ ∈ ω̄∗

d,∀r ∈ R+,P{Br(δ) ∩ ∆} ≥ φ(r). In
addition, let us mention that Theorem 2 is also valid without the closedness of ∆ by imposing
the regularity condition (22) for any δ ∈ cl(∆), while we implicitly assume that ∆ is closed in
Assumption 1.

Theorem 2 then allows to derive explicit ULBs. More precisely, the following corollary provides
a general explicit ULB.
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Corollary 1 Suppose the conditions in Theorem 2 hold. For any β ∈ (0, 1), it holds that

PN{ω ∈ ∆N :J⋆ − gN (ω) (29)

≤LSPLδφ
−1(Ψ−1(β; d,N))} ≥ 1− β.

where Ψ−1(·; d,N) denote the inverse function of Ψ(·; d,N) with fixed d and N .

Proof: This is a direct consequence of Theorem 2. □
Using the bound in (24), an explicit and closed-form ULB can be derived in the following

corollary.

Corollary 2 Suppose the conditions in Theorem 2 hold, a ULB satisfying (14) can be given as
follow:

α̃(ε) = LSPLδφ
−1(1− N

√
1− ε

d
),∀ε ∈ (0, 1). (30)

Proof: As shown in Lemma 5, for any ϵ′ ∈ (0, 1) and k ∈ Z+, Ψ(ϵ′; k,N) ≤ Φa(ϵ
′; k,N) =

k(1− ϵ′)N , which together with Theorem 2 implies that

PN{ω ∈ ∆N : J⋆ ≤ gN (ω) + LSPLδφ
−1(ϵ′)}

≥ 1− d(1− ϵ′)N . (31)

Letting ε = 1− d(1− ϵ′)N , (30) is a direct consequence of (31). □
With the discussions above, the overall procedure of deriving objective value performance is

summarized in Figure 1.

Remark 6 As a comparison, we also show the bound from [19, Theorem 3.6] below, for any
β ∈ (0, 1),

PN{ω ∈ ∆N :J⋆ − gN (ω) (32)

≤LSPLδφ
−1(Φ−1

c (β; d,N))} ≥ 1− β.

The difference between these bounds lies in the numerical value of the functions Φa(·; d,N),
Φ(·; d,N) (or Ψ(·; d,N)) and Φc(·; d,N), which essentially provide the confidence level of the
estimates.

5 Min-max optimization and extension to non-convex pro-
grams

In this section, we show that the proposed method is applicable to min-max optimization problems
and a special class of non-convex programs. More importantly, we find that, in these problems,
Slater’s condition is not necessarily needed in the derivation of explicit probabilistic objective
function value bounds.

5.1 Min-max optimization

Let us first consider min-max optimization problems in the form of

inf
x∈X

sup
δ∈∆

f(x, δ). (33)

To put (33) into the form of (1), we use the epigraph form below

J⋆
epi := inf

x∈X,γ
γ (34a)

s.t. f(x, δ) ≤ γ,∀δ ∈ ∆. (34b)

11



For any N ∈ Z+ and any ω := (δ1, δ2, · · · , δN ) ∈ ∆N , we define the sampled problem of (34)
below:

γN (ω) := min
x∈X,γ

γ (35a)

s.t. f(x, δi) ≤ γ,∀i ∈ {1, 2, · · · , N}. (35b)

With these definitions, objective function value performance of the scenario approach for min-max
optimization is analyzed in the following theorem, which can be viewed as a variant of Theorem
2.

Theorem 3 Consider Problem (34) with the optimal value J⋆
epi. Suppose Assumptions 1, 3 &

5–6 hold. For any N ∈ Z+ with N ≥ d, let γN (ω) be defined as in (35) and ϕN (ω) := {x ∈
X : maxi f(x, δi) = γN (ω)} for any ω ∈ ∆N . Let ω be N i.i.d. samples drawn according to the
probability measure P. Then, the following results hold:
(i) For any ϵ ∈ (0, 1),

PN{ω ∈ ∆N : J⋆
epi ≤ γN (ω) + Lδφ

−1(ϵ)}
≥ 1−Ψ(ϵ; d+ 1, N) (36)

where Ψ(ϵ; d+ 1, N) is given in (26) and Lδ satisfies (18).
(ii) Suppose there exists a continuous function Lδ : X → R+ such that, ∀δ1, δ2 ∈ ∆ and ∀x ∈ X

∥f(x, δ1)− f(x, δ2)∥ ≤ Lδ(x)∥δ1 − δ2∥. (37)

For any ϵ ∈ (0, 1),

PN{ω ∈ ∆N : J⋆
epi ≤ γN (ω) + min

x∈ϕN (ω)
Lδ(x)φ

−1(ϵ)}

≥ 1−Ψ(ϵ; d+ 1, N). (38)

Proof: (i) Given any N ∈ Z+, let γ∗
N := supω∈∆N γN (ω). It follows from the arguments of

the proof of Lemma 2 that γ∗
d+1 = J⋆

epi. For any ω := (δ1, δ2, · · · , δd+1) ∈ ∆d+1 and ω′ :=

(δ′1, δ
′
2, · · · , δ′d+1) ∈ ∆d+1, there exist x ∈ ϕN (ω) and x′ ∈ ϕN (ω) such that γd+1(ω) = maxi f(x, δi)

and γd+1(ω
′) = maxi f(x

′, δ′i). From the Lipschitz condition (18) in Assumption 5, maxi f(x, δi)−
maxi f(x

′, δ′i) ≥ maxi f(x, δi) − maxi f(x, δ
′
i) ≥ −Lδ maxi ∥δi − δ′i∥. Similarly, it holds that

maxi f(x, δi) − maxi f(x
′, δ′i) ≤ Lδ maxi ∥δi − δ′i∥, which means that |γd+1(ω) − γd+1(ω

′)| ≤
Lδ maxi∈{1,2,··· ,d+1} ∥δi − δ′i∥. This implies Lipschitz continuity of γd+1(·) in ∆d+1. Thus, ac-
cording to Weierstrass’s theorem, there exists ω∗ := (δ∗1 , δ

∗
2 , · · · , δ∗d+1) such that γd+1(ω

∗) = J⋆
epi.

The rest follows from the arguments in the proof of Theorem 2.
(ii) From (i), there exists x∗ ∈ ϕN (ω∗) such that J⋆

epi = maxi=1,2,··· ,d+1 f(x
∗, δ∗i ). Note that, for

any ω := (δ1, δ2, · · · , δN ) ∈ ∆N , the set ϕN (ω) is compact as f : X × ∆ → R is l.s.c in X × ∆.
Given any x ∈ ϕN (ω), we know that J⋆

epi = maxi=1,2,··· ,d+1 f(x
∗, δ∗i ) ≤ maxi=1,2,··· ,d+1 f(x, δ

∗
i ) ≤

γN (ω) + Lδ(x)maxi=1,2,··· ,d+1 ∥δ∗i ∥ω̄ where the first inequality is from optimality, the second
inequality is due to the condition (37), and ω̄ := {δ1, δ2, · · · , δN}. As x is arbitrary, J⋆

epi ≤
γN (ω) + minz∈ϕN (ω) Lδ(x)maxi=1,2,··· ,d+1 ∥δ∗i ∥ω̄. Again, the rest follows from the arguments in
the proof of Theorem 2. □

Remark 7 The two-step method (as summarized in Figure 1) can be also applied to min-max
optimization. In general, under the same conditions as in Theorem 3, the corresponding bound
can be given as, ∀ϵ ∈ (0, 1),

PN{ω ∈ ∆N : J⋆
epi ≤ γN (ω) + Lδφ

−1(ϵ)}
≥ 1− Φc(ϵ; d+ 1, N). (39)
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5.2 Extension to non-convex programs

In this section, we show that our results can be extended to a special class of non-convex programs.
In fact, the proposed method is applicable to non-convex programs in which the complexity (see
Definition 1) or its upper bound is known a priori with proper continuity and regularity conditions.
More precisely, consider the scenario program (2) and g∗N as defined in (11) for any N ∈ Z+,
suppose there exists k̄ such that g∗

k̄
= J⋆, with proper conditions on the constraint and uncertain

set in (1) such that α∗(ε) in (15) is well defined, Proposition 2 is still applicable for any N ≥ k̄.
In particular, we consider a special type of non-convex problems called quasi-linear programs

as defined in [26]. Such problems are motivated by data-driven stability analysis of switched linear
systems [24, 27].

Given two proper functions v : ∆ → Rd and h : ∆ → Rd, we define the following robust
optimization problem

J⋆
quasi := inf

x∈X,λ≥0
λ (40a)

s.t. v(δ)⊤x ≤ λh(δ)⊤x, ∀δ ∈ ∆. (40b)

For any N ∈ Z+ and any ω := (δ1, δ2, · · · , δN ) ∈ ∆N , we define the following problem with a finite
number of constraints

λN (ω) := min
x∈X,λ≥0

λ (41a)

s.t. v(δi)
⊤x ≤ λh(δi)

⊤x, ∀i ∈ {1, 2, · · · , N}. (41b)

Let ϕN (ω) denote the optimal set of the variable x for the given ω ∈ ∆N . Similar to (11), we also
define the following max-min formulation for (40)

λ∗
N := sup

z∈∆N

λN (z),∀N ∈ Z+. (42)

An a-priori bound on the complexity of quasi-linear programs is provided in the following lemma.

Lemma 6 Consider the problem (40) with the optimal objective value J⋆
quasi and assume X is

convex and compact. Suppose that v : ∆ → Rd and h : ∆ → Rd are continuous in ∆ and such
that h(δ)⊤x > 0 for any x ∈ X and δ ∈ ∆. Let λ∗

N be defined as in (42) for any N ∈ Z+. Then,
λ∗
N = J⋆

quasi for any N ≥ d.

Proof: The proof is given in Appendix D. □
Let us point out that, while the result above is similar to Theorem 2 in [26], there are two

fundamental differences. First, Theorem 2 in [26] is only proved for scenario programs with a
finite number of constraints while Lemma 6 is valid for the robust optimization problem in (40)
with an infinite number of constraints. Second, Theorem 2 in [26] require the uniqueness of the
solution while this condition is not needed in Lemma 6.

With the knowledge of the Lipschitz constant of λd(·) and some regularity condition on ∆ (as
mentioned in Assumption 6), we are able to compute explicit probabilistic bounds on J⋆

quasi based
on the scenario program (41) following the reasoning in Section 4. In the rest of this section, we
provide the details of the derivation.

The following Lipschitz continuity condition is needed.

Assumption 7 The functions v : ∆ → Rd and h : ∆ → Rd are Lipschitz continuous in ∆ with
constant Lv and Lh respectively i.e., ∀δ1, δ2 ∈ ∆,

∥v(δ1)− v(δ2)∥ ≤ Lv∥δ1 − δ2∥, (43)

∥h(δ1)− h(δ2)∥ ≤ Lh∥δ1 − δ2∥. (44)

In addition, there exists a constant σ > 0 such that,

∀(x, δ) ∈ X ×∆, h(δ)⊤x ≥ σ. (45)
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With these assumptions, a continuity property of the optimal value function (41) is provided
in the following lemma.

Lemma 7 For any N ∈ Z+, let λN (ω) be defined as in (41) for any ω ∈ ∆N . Suppose Assumption
7 hold and X ⊂ Rd is convex and compact. Then, for any ω := (δ1, δ2, · · · , δN ) ∈ ∆N and
ω′ := (δ′1, δ

′
2, · · · , δ′N ) ∈ ∆N ,

λN (ω′) ≤λN (ω) (46)

+
Lv + λN (ω)Lh

σ
∥x∥ max

i∈{1,2,··· ,N}
∥δi − δ′i∥

where x is any element in the optimal set ϕN (ω) := {x ∈ X : v(δi)
⊤x ≤ λN (ω)h(δi)

⊤x, i =
1, 2, · · · , N} and σ is given in Assumption 7.

Proof: For any x ∈ ϕN (ω), we have that, ∀i, v(δi)⊤x ≤ λN (ω)h(δi)
⊤x, which implies that

v(δ′i)
⊤x − cLv∥x∥ ≤ λN (ω)h(δ′i)

⊤x + λN (ω)cLh∥x∥, where c = maxj ∥δj − δ′j∥. From (45), the
inequality above implies that, ∀i,

v(δ′i)
⊤x ≤

(
λN (ω) +

cLv∥x∥+ λN (ω)cLh∥x∥
σ

)
h(δ′i)

⊤x.

Thus, by optimality, we arrive at (46). □
Using the continuity property in Lemma 7, we derive a probabilistic objective value function

bound for quasi-linear programs as defined in (40).

Theorem 4 Consider Problem (40) with the optimal value J⋆
quasi. Suppose X is convex and

compact, ∆ is compact and Assumptions 6 & 7 hold. For any N ∈ Z+ with N ≥ d, let λN (ω) be
defined as in (41) for any ω ∈ ∆N . Let ω be N i.i.d. samples drawn according to the probability
measure P. Then, for any ϵ ∈ (0, 1),

PN{ω ∈ ∆N :J⋆
quasi ≤ λN (ω)

+
Lv + λN (ω)Lh

σ
min

x∈ϕN (ω)
∥x∥φ−1(ϵ)}

≥ 1−Ψ(ϵ; d,N) (47)

where Ψ(ϵ; d,N) is given in (26) and ϕN (ω) := {x ∈ X : v(δi)
⊤x ≤ λN (ω)h(δi)

⊤x, i = 1, 2, · · · , N}.

Proof: We first show that, for the case when N = d, there exists Lλ such that, for any ω :=
(δ1, δ2, · · · , δd) ∈ ∆d and ω′ := (δ′1, δ

′
2, · · · , δ′d) ∈ ∆d,

|λd(ω)− λd(ω
′)| ≤ Lλ max

i∈{1,2,··· ,d}
∥δi − δ′i∥. (48)

Since X is compact, there exists r such that X ⊆ rBd. Under Assumption 7, v(δ)⊤x is always
bounded for any (x, δ) ∈ X ×∆. Thus, there exists λ̄ such that λd(ω) ≤ λ̄ for any ω ∈ ∆d. Thus,

from Lemma 7, (48) is satisifed with Lλ = Lv+λ̄Lh

σ r. This implies Lipschitz continuity of λd(·)
in ∆d. Hence, according to Weierstrass’s theorem, there exists some ω∗ := (δ∗1 , δ

∗
2 , · · · , δ∗d) in ∆d

such that λ∗
d = λd(ω

∗). From Lemmas 6 & 7, we then conclude that, for any ω ∈ ∆N and any
x ∈ X (ω),

J⋆
quasi ≤λN (ω) +

Lv + λN (ω)Lh

σ
∥x∥∥ω̄∗∥ω̄. (49)

where ω̄∗ = {δ∗1 , δ∗2 , · · · , δ∗N} and ω̄ = {δ1, δ2, · · · , δN} represent the unordered sets of ω∗ and ω
respectively. Note that ϕN (ω) is closed. It also holds that, for any ω := (δ1, δ2, · · · , δN ) ∈ ∆N ,

J⋆
quasi ≤λN (ω) +

Lv + λN (ω)Lh

σ
min

x∈ϕN (ω)
∥x∥∥ω̄∗∥ω̄. (50)

Following the same reasoning as in the proof of Theorem 2, we then obtain the result above. □
Theorem 4 provides an a-posteriori objective gap bound because the deviation to the actual

optimal value J⋆
quasi depends on the sample ω. From the compactness of X and ∆, we can

immediately derive an a-priori objective gap bound as follows.
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Corollary 3 Suppose that the same conditions in Theorem 4 hold. Let Dx and Dv be such that
∥x∥ ≤ Dx for any x ∈ X and ∥v(δ)∥ ≤ Dv respectively. Then, for any ϵ ∈ (0, 1),

PN{ω ∈ ∆N : J⋆
quasi ≤λN (ω)

+
Lvσ +DvDxLh

σ
Dxϕ

−1(ϵ)}

≥1−Ψ(ϵ; d,N) (51)

where Ψ(ϵ; d,N) is given in (26).

Proof: With the bounds Dx and Dv, it can be seen that λN (ω) ≤ DvDx

σ for any ω ∈ ∆N . This

implies that Lv+λN (ω)Lh

σ minx∈X (ω) ∥x∥ ≤ Lvσ+DvDxLh

σ Dx for any ω ∈ ∆N . With this, the result
above is a direct consequence of Theorem 4. □

6 Numerical examples

In this section, we apply our method to two numerical examples: One is an illustrative exam-
ple where the exact objective function value bound is available; the other is a canonical robust
optimization problem in planar antenna synthesis.

6.1 An illustrative example

We first present an example to illustrate the conservatism induced by the chance-constrained
theorems in [13, 14]. Consider the following robust optimization problem

min
x1,x2

x2

s.t. |x1 +D(δ)| ≤ x2,∀δ ∈ ∆ = {δ ∈ R : |δ| ≤ 1},
|x1| ≤ 1,

where

D(δ) :=


δ, −0.5 ≤ δ ≤ 0.5

1− δ, 0.5 < δ ≤ 1

−1− δ, −1 ≤ δ < −0.5.

The optimum is J⋆ = 0.5 with the optimizer being x⋆
1 = 0 and x⋆

2 = 0.5. Given N i.i.d. samples
ω := (δ1, δ2, · · · , δN ) for some N ∈ Z+, drawn from the uniform distribution P on ∆, let

η(ω) := min
i=1,2,··· ,N

D(δi), η(ω) := max
i=1,2,··· ,N

D(δi).

With these definitions, the optimizer of the sampled problem SCP is

x∗
1(ω) = −

η(ω) + η(ω)

2
, x∗

2(ω) =
η(ω)− η(ω)

2
.

The tail probability pN (·) defined as in (12) becomes

pN (α) = PN{ω ∈ ∆N : J⋆ − α ≤ x∗
2(ω)}

for any α ∈ [0, 0.5]. It can be verified that, for any α ∈ [0, 0.5],

pN (α) = T (α) := 1− (1− 2α)N − 2αN(1− 2α)N−1.

The details can be found in the appendix. Thus, the optimal ULB of pN is given as

α∗(ε) := sup
α≥0

{α : pN (α) ≤ ε} = T −1(ε),∀ε ∈ (0, 1).

15



Note that this example is exactly in the form of (34) and that Assumption 5 is satisfied with
Lδ = 1. Thus, from Theorem 3, a probabilistic objective value function bound is given as, for any
ϵ ∈ [0, 0.5],

PN{ω ∈ ∆N : J⋆ ≤ x∗
2(ω) + ϵ} ≥ 1− Φ(ϵ; 2, N).

Finally, we conclude that, given the confidence level β ∈ (0, 1)

PN{ω ∈ ∆N : J⋆ − x∗
2(ω) ≤ Φ−1(β; 2, N)}

≥PN{ω ∈ ∆N : J⋆ − x∗
2(ω) ≤ T −1(1− β)} ≥ 1− β.

We now consider the two-step method as shown in Figure 1. From (39), we obtain the following
bound: ∀ϵ ∈ (0, 1),

PN{ω ∈ ∆N : J⋆ ≤ x∗
2(ω) + ϵ} ≥1− Φc(ϵ; d,N).

Hence, for any confidence level β ∈ (0, 1),

PN{ω ∈ ∆N : J⋆ − x∗
2(ω) ≤ Φ−1

c (β; 2, N)} ≥ 1− β,

The comparison of the three objective function value bounds is conducted under two different
settings. First, we consider the case where N is fixed at 100 and compute the objective function
value bounds for different values of β. We then fix β at 0.01 and compute the objective function
value bounds for different values of N . The comparison results are given in Figures 4 & 5. From
these figures, we can see that our method provides considerable improvement, in particular when
β is small or N is small.

Figure 4: Comparison between our method and the two-step method from [19] when N
is fixed at 100.

6.2 Planar antenna synthesis

We now apply the proposed analysis approach to a canonical robust optimization problem as
described in Section 1.1 of [38], which is concerned with a monochromatic transmitting antenna
placed at the origin. In particular, we consider a planar antenna comprised of a central circle and
a number of concentric rings of the same areas as the circle in the XY-plane (which is considered
as the Earth’s surface). Let the wavelength be λ = 0.5m, and the outer radius of the outer ring
be 1m.
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Figure 5: Comparison between our method and the two-step method from [19] when β is
fixed at 0.01.

The directional distribution of energy sent by the antenna can be described in terms of the
antenna’s diagram which is a real-valued function D(θ) of the altitude (the angle between the
direction of the XY-plane). Suppose that there are M rings. Let the diagram of the central circle
be D1(θ) and the diagrams of the rings be D2(θ), D3(θ), · · · , DM+1(θ). The overall diagram of
the antenna is just the sum of the diagrams of all the elements. In this antenna design problem,
the goal is to select the weights {xi} of the diagrams {Di(θ)} (which in reality corresponds to
modifying the output powers and shifting the phases of the elements) so that the resulting sum∑M+1

i=1 xiDi(θ) is as close to the target diagram D∗(θ) as possible. As mentioned in Section 1.1
of [38], for any i = 1, 2, · · · ,M + 1, the analytic expression of the diagram

Di(θ) =
1

2

∫ ri

ri−1

∫ 2π

0

r cos
(
2πrλ−1 cos(θ) cos(ζ)

)
dζdr

where {ri}Mi=1 are the radii of the circles (see Figure 6 below for an example) with r0 = 0 and
rM = 1. Let the target diagram be axial symmetric with respect to the Z-axis (which is the
vertical direction of the XY-plane) and be “concentrated” in the cone [ 5

12π,
1
2π]. Its expression is

given as

D∗(θ) =

{
0, θ ∈ [0, 5

12π)

sin(6θ − 5
2π), θ ∈ [ 5

12π,
1
2π]

.

We formulate the following robust optimization problem to select the weights {xi}:

inf
γ,x∈X

γ

s.t. |D∗(θ)−
M+1∑
i=1

xiDi(θ)| ≤ γ,∀θ ∈ ∆ := [0,
1

2
π]

where x := (x1, x2, · · · , xM+1) and X := {x : ∥x∥∞ ≤ 10}(arising from physical constraints). The
optimal solution is denoted by γ∗, which represents the minimal discrepancy between a synthesized
diagram and the target one. For convenience, let f(x, θ) := |D∗(θ) −

∑M+1
i=1 xiDi(θ)|. Given N

i.i.d. samples ω := (δ1, δ2, · · · , δN ) for some N ∈ Z+, drawn from the uniform distribution P on
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[0, 1
2π], the sampled problem becomes:

min
γ,x∈X

γ

s.t. |D∗(θj)−
M+1∑
i=1

xiDi(θj)| ≤ γ,∀j = 1, 2, · · · , N.

Let the solution be γN (ω) and the corresponding optimal set be ϕN (ω). It is reported in Section
1.1 of [38] that the weights obtained from the sampled problem can be dramatically different
from the optimal weights of the original robust optimization problem, which makes it difficult to
establish the link between these two problems in terms of the weights. With the proposed method,
we show below that a link can be established directly in terms of the objective function value.

r1r5

(a) Array elements of equal areas. (b) Diagrams of the elements.

Figure 6: Antenna design with five array elements.

We consider the case where M = 4 and N = 500. The antenna elements and their diagrams
are given in Figure 6. By solving the sampled problem above, we obtain the solution γ(ω) =
0.0806 and the synthesized diagram, which is shown in Figure 7a. From Theorem 3, the exact
worst-case error between the targeted and synthesized diagrams is bounded by γ∗ ≤ γN (ω) +
minx∈ϕN (ω) Lδ(x)φ

−1(ϵ) with probability no smaller than 1 − Ψ(ϵ;M + 2, N), where φ(θ) = 2θ
π

for any θ ∈ [0, 1
2π] and Lδ(x) is a Lipschitz constant satisfying |f(x, θ1)− f(x, θ2)| ≤ Lδ(x)∥θ1 −

θ2∥,∀θ1, θ2 ∈ [0, 1
2π]. One choice of Lδ can be Lδ(x) = maxθ∈[0, 12π]

|
∑5

i=1 xiD
′
i(θ)− D̃∗(θ)|, where

D′
i denotes the derivative of Di (as depicted in Figure 7b) and

D̃∗(θ) =

{
0, θ ∈ [0, 5

12π)

6 cos(6θ − 5
2π), θ ∈ [ 5

12π,
1
2π]

.

As the optimal solution set ϕN (ω) is not necessarily a singleton, a reasonable choice is that we
set the weights to be the x ∈ ϕN (ω) of the smallest norm. Thus, our error bound is ERR(ω) :=
γN (ω)+Lδ(X (ω))φ−1(ϵ), where X (ω) := argminx∈ϕN (ω) ∥x∥. After these computations, we set the
confidence level to be β = 0.01. By bisection, we obtain the value of ϵ such that Ψ(ϵ;M+2, N) = β.
Finally, we obtain that ERR(ω) = 0.141.

We also investigate the impact of the number of array elements on the error bound. From a
function approximation perspective, the diagrams of the array elements can be considered as the
basis functions and the number of array elements is the complexity. Since the value of γ∗ tends
to decrease as M increases, a larger M leads to a better approximation. However, this is not the
case in the framework of scenario optimization, where the error bound can deteriorate when M
increases as the number of decision variables increases. We compute the error bound ERR(ω) with
different values of M for several realizations of ω. Our results are shown in Figure 8. From this
figure, we can see that the minimal error bound is always reached at M = 7. This phenomenon
corresponds to the overfitting issue in machine learning which often occurs when a model is getting
complex. With the proposed method, we can also provide a mathematical interpretation of this
observation. The error bound consists of two parts: the first part is the numerical solution from
the sampled problem; the second part is the correction term to account for the uncertainty or
randomness in the sampling. When the confidence level β is fixed, as M increases, the value of
ϵ satisfying Ψ(ϵ;M + 2, N) = β increases while γN (ω) decreases. This means there is a trade-off
between the numerical solution of the sampled problem and the correction term.
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(a) The target and synthesized dia-
grams: The dashed lines denote com-
puted bound ERR(ω) on the optimal-
ity gap.

(b) Derivatives of the diagrams of the
elements

Figure 7: Synthesis of antenna array with error bounds

Figure 8: Error bounds with different values of M for 20 realizations: Overfitting is
automatically detected when M ≥ 7 in all the 20 experiments.

7 Conclusions

We have presented a novel method for deriving probabilistic guarantees on the objective function
value for the scenario approach for robust optimization problems via sensitivity analysis. This
method is based in particular on the concept of complexity of a robust optimization problem,
which is the minimal number of constraints that define the actual solution. We show that the
complexity of robust convex programs is bounded by the dimension of the decision variable by
the use of a max-min reformulation and thereby extend classical results, which were known for
scenario programs but not the original robust optimization problem, which possibly contains an
infinite number of constraints. With this observation and additional regularity conditions, we are
able to build probabilistic objective value bounds for the scenario approach. Our results do not
rely on the chance-constrained theorems in the literature as an intermediate step, which not only
enables us to release some strong technical assumptions for ensuring these chance-constrained
theorems, but also to improve the value of these bounds. We illustrate these improvements using
two numerical examples, among which is a practical application in planar antenna synthesis.
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A Proof of Lemma 1

We prove the lemma by using standard results on parametric optimization. With Assumptions 1&
2, from Theorem 4.2.1 in [31], to show the l.s.c. property of gN (ω), we only need to show that the
point-to-set mapping FN : ∆N → 2X , as defined in (8), is closed at any ω := (δ1, δ2, · · · , δN ) ∈ ∆N

in the sense that, for each pair of sequences {ωt = (δt1, δ
t
2, · · · , δtN ), t ∈ Z+} ⊂ ∆N and {xt, t ∈

Z+} ⊂ X with the properties ωt → ω, xt ∈ FN (ωt), and xt → x, it follows that x ∈ FN (ω). From
the fact that f : X ×M → R is l.s.c. in X ×∆, f(x, δi) ≤ lim inf(xt,δti)→(x,δi) f(x

t, δti) ≤ 0 for any

i = 1, 2, · · · , N , where the second inequality is due to the property that xt ∈ FN (ωt). Hence, we
conclude x ∈ FN (ω). A similar proof can also be derived from Lemma 5.3 in [33].

B Proof of Proposition 1

(i) From the continuity of f(·, ·) and the compactness of X, we know that gN (ω) is l.s.c. at any
ω ∈ ∆N according to Lemma 1. We now show that gN (ω) is also upper semi-continuous (u.s.c.)
when FN (ω) ⊆ cl(F o

N (ω)) is satisfied. Consider any ω satisfying FN (ω) ⊆ cl(F o
N (ω)). From

Theorem 3.1.5 in [31], we know that FN : ∆N → 2X is l.s.c. according to Berge (see Section 2.2
in [31] for the definition) at ω. Thus, from Theorem 4.2.2 in [31], gN is also u.s.c. at ω. Hence,
we prove the continuity.
(ii) Following the same argument above, we can show that gN is l.s.c. at any ω ∈ ∆N . The u.s.c
property follows from Lemma 5.4 in [33]. This proves the continuity.

C Proof of Lemma 5

The proof consists of the following three steps:
Step I: We first show that, for any ϵ ∈ [0, 1], PN{ω̄ ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} ≥ 1 − Φa(ϵ; k,N).
For any i, let us define Si := {ω ∈ ∆N : Bi ∩ ω̄ = ∅}, i.e., the set of ω such that none of the
points in ω fails into Bi. As P{Bi} = ϵ, we know that PN{Si} = (1 − ϵ)N for any i. Hence,
PN{∪k

i Si} ≤ k(1 − ϵ)N . Note that ∪k
i Si is the set ω such that there exists at least i such that

Bi∩ω̄ = ∅. Hence, PN{ω̄ ∈ ∆N : Bi∩ω̄ ̸= ∅,∀i} = 1−PN{∪k
i Si} ≥ 1−k(1−ϵ)N = 1−Φa(ϵ; k,N).

Step II: We then show that, for any ϵ ∈ [0, 1/k], PN{ω̄ ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} ≥ 1 − Φ(ϵ; k,N)
and Φ(ϵ; k,N) ≤ Φa(ϵ; k,N). Let us first consider the case where {B1, B2, · · · , Bk} are disjoint.
We prove by induction that PN{ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} = 1 − Φ(ϵ; k,N). For convenience, let
Ω := {ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i}. Note that the set Ω can be expressed as Ω = ∩k

i=1Si, where
Si := {ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅}. Hence,

PN{Ω} = PN{∩k−1
i=1 Si ∩ Sk}

= PN{∩k−1
i=1 Si}+ PN{Sk}

− PN{(∩k−1
i=1 Si) ∪ Sk}

= PN{∩k−2
i=1 Si}+ PN{Sk−1}+ PN{Sk}

− PN{(∩k−2
i=1 Si) ∪ Sk−1}

− PN{(∩k−1
i=1 Si) ∪ Sk}

...

=

k∑
i=1

PN{Si} −
k−1∑
i=1

PN{(∩i
ℓ=1Sℓ) ∪ Si+1} (52)

Continuing this process with {PN{(∩i
ℓ=1Sℓ) ∪ Si+1}}k−1

i=1 , we will finally be able to write PN{Ω}
in terms of {PN{∪k

ℓ=iSℓ}}ki=1, which allows to show that PN{Ω} = 1− Φ(ϵ; k,N). Note that the
measures of all the sets in the proof are independent of the order of {S1, S2, · · · , Sk}. The details
are given below. For any i = 1, 2, · · · , k, the set ∪k

ℓ=iSℓ is in fact the set of ω such that there

exists at least one point in ∪k
ℓ=iBℓ, which means that PN{∪k

ℓ=iSℓ} = 1 − (1− (k − i+ 1)ϵ)
N

as
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{B1, B2, · · · , Bk} are disjoint. For any two integers i, j with 1 ≤ i < j ≤ k, we consider the

set SSSj
i := (∩i

ℓ=1Sℓ) ∪ (∪k
ℓ=jSℓ) and let ϕ(i, j) := PN{SSSj

i} with ϕ(1, j) = 1 − (1− (2 + k − j)ϵ)
N
.

Following the same reasoning, we obtain that, for all i, j with 1 < i < j ≤ k,

PN{SSSj
i} =PN{SSSj

i−1}+ PN{Si ∪ (∪k
ℓ=jSℓ)}

− PN{(∩i−1
ℓ=1Sℓ) ∪ Si ∪ (∪k

ℓ=jSℓ)},

which leads to the following recursive relation

ϕ(i, j) = ϕ(i− 1, j) + ϕ(1, j)− ϕ(i− 1, j − 1). (53)

After some manipulations, we can obtain that, for all i = 1, 2, · · · , k − 1,

ϕ(i, k) = 1−
i∑

ℓ=1

(−1)ℓ−1

(
i

ℓ

)
(1− (ℓ+ 1)ϵ)

N
. (54)

This, together with (52), yields

PN{Ω} = k
(
1− (1− ϵ)N

)
−

k−1∑
i=1

ϕ(i, k)

= 1− k(1− ϵ)N

+

k−1∑
i=1

i∑
ℓ=1

(−1)ℓ−1

(
i

ℓ

)
(1− (ℓ+ 1)ϵ)

N

= 1− k(1− ϵ)N

+

k−1∑
ℓ=1

(
k−1∑
i=ℓ

(
i

ℓ

))
(−1)ℓ−1 (1− (ℓ+ 1)ϵ)

N

= 1− k(1− ϵ)N

+

k−1∑
ℓ=1

(
k

ℓ+ 1

)
(−1)ℓ−1 (1− (ℓ+ 1)ϵ)

N

= 1−
(
k

1

)
(1− ϵ)N

−
k∑

ℓ=2

(
k

ℓ

)
(−1)ℓ−1 (1− ℓϵ)

N

= 1− Φ(ϵ; k,N),

where the fourth equality is from the Hockey-stick identity. The case with disjoint sets {B1, B2, · · · , Bk}
is in fact the worst case. In general cases where {B1, B2, · · · , Bk} are not necessarily disjoint, the
probability that there exists at least one point in each set is bounded from below by 1−Φ(ϵ; k,N).
As PN{ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} = 1 − Φ(ϵ; k,N) when {B1, B2, · · · , Bk}, from Step I, PN{ω ∈
∆N : Bi ∩ ω̄ ̸= ∅,∀i} ≥ 1− k(1− ϵ)N , which means that Φ(ϵ; k,N) ≤ Φa(ϵ; k,N) = k(1− ϵ)N .
Step III: We finally show that, for any ϵ ∈ [0, 1], PN{ω ∈ ∆N : Bi ∩ ω̄ ̸= ∅,∀i} ≥ 1−Ψ(ϵ; k,N)
and Ψ(ϵ; k,N) ≤ Φa(ϵ; k,N), by combining Steps I & II above. When k ≤ kϵ, Ψ(ϵ; k,N) =
Φ(ϵ; k,N) and hence this becomes Step II. We consider the case where k > kϵ. Let us divide
{B1, B2, · · · , Bk} into ⌊ k

kϵ
⌋+1 groups (when k(mod kϵ) ̸= 0): {B1, · · · , Bkϵ

}, {B1+kϵ
, · · · , B2kϵ

}, · · · ,
{B1+(⌊ k

kϵ
⌋−1)kϵ

, · · · , B⌊ k
kϵ

⌋kϵ
}, {B1+⌊ k

kϵ
⌋kϵ

, · · · , Bk}. We define the following sets: ∀i = 1, · · · , ⌊ k
kϵ
⌋,

Si := {ω ∈ ∆N : Bj ∩ ω̄ ̸= ∅,∀j = (i− 1)kϵ + 1, · · · , ikϵ}

with S⌊ k
kϵ

⌋+1 := {ω ∈ ∆N : Bj ∩ ω̄ ̸= ∅,∀j = ikϵ + 1, · · · , k}. From (ii), we know that PN{Si} ≥
1−Φ(ϵ; kϵ, N),∀i = 1, · · · , ⌊ k

kϵ
⌋ and PN{S⌊ k

kϵ
⌋+1} ≥ 1−Φ(ϵ; k(mod kϵ), N). Following the same ar-

gument in (i), we conclude that PN{∩
⌊ k
kϵ

⌋
i=1 Si∩S⌊ k

kϵ
⌋+1} ≥ 1−⌊ k

kϵ
⌋Φ(ϵ; kϵ, N)−Φ(ϵ; k(mod kϵ), N).
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The same reasoning also holds when k(mod kϵ) = 0. From the results in Step II, we can also see
that, Ψ(ϵ; k,N) = ⌊ k

kϵ
⌋Φ(ϵ; kϵ, N) + Φ(ϵ; k(mod kϵ), N) ≤ ⌊ k

kϵ
⌋kϵ(1− ϵ)N + k(mod kϵ)(1− ϵ)N =

k(1− ϵ)N = Φa(ϵ; k,N). This completes the proof.

D Proof of Lemma 6

From the condition that h(δ)⊤x > 0 for any x ∈ X and δ ∈ ∆, we conclude that λN (ω) is bounded
for any ω ∈ ∆N . In fact, an upper bound can be explicitly given:

λN (z) ≤ max{0,
max

δ∈∆,x∈X
v(δ)⊤x

min
δ∈∆,x∈X

h(δ)⊤x
},∀z ∈ ∆N . (55)

Hence, λ∗
N is bounded for any N ∈ Z+. With this, we prove that λ∗

d = J⋆
quasi. The proof is

divided into two parts. We first show that γ∗
d+1 = J⋆

quasi following the same arguments in the
proof of Lemma 2. From the definitions in (41) and (42), the optimality of λ∗

d+1 implies that the set

{x ∈ X : v(δi)
⊤x ≤ λ∗

d+1h(δi)
⊤x, i = 1, 2, · · · , d+1} is nonempty for any (δ1, δ2, · · · , δd+1) ∈ ∆d+1.

Again, as X is a compact convex set, from Helly’s theorem (see, e.g., Theorem 21.6 in [34]),
the set {x ∈ X : v(δ)⊤x ≤ λ∗

d+1h(δ)
⊤x, δ ∈ ∆} is nonempty, implying that J⋆

quasi ≤ λ∗
d+1.

Hence, J⋆
quasi = λ∗

d+1 as it holds trivially that λ∗
d+1 ≤ J⋆

quasi. We then show that λ∗
d+1 = λ∗

d.
The second part can be considered as a simplified proof of Theorem 2 in [26] in the sense that
we do not require the uniqueness of the solution. The proof goes by contradiction. Suppose
λ∗
d+1 ̸= λ∗

d, i.e., λ
∗
d < λ∗

d+1 as the sequence {λ∗
k}k∈Z+ is non-decreasing. This means that there

exists ω := (δ1, δ2, · · · , δd+1) ∈ ∆d+1 such that λd+1(ω) > λ∗
d ≥ 0. For any i ∈ {1, 2, · · · , d+1}, let

ωi denote the samples by removing δi from ω . Thus, λd+1(ω) > λd(ωi) for any i ∈ {1, 2, · · · , d+1}.
Let (λ∗, x∗) be a corresponding optimal solution of λd+1(ω), i.e., λ

∗ = λd+1(ω). As the optimal
value of Problem (41) with ω = (δ1, δ2, · · · , δd+1) decreases when any of the d + 1 constraints
is removed, we conclude that (v(δi) − λ∗h(δi))

⊤x∗ = 0, which implies that the vectors {zi :=
v(δi)− λ∗h(δi)}d+1

i=1 all lie in a (d− 1)-dimensional subspace orthogonal to x∗. We then define the
function Z(x) = maxi z

⊤
i x and the convex optimization problem minx∈X Z(x). The optimality

of (λ∗, x∗) implies that x∗ is an optimal solution to minx∈X Z(x); otherwise, there exists (λ, x)
such that x ∈ X, v(δi)

⊤x ≤ λh(δi)
⊤x, i = 1, 2, · · · , d + 1 and λ < λ∗, which contradicts the

optimality of (λ∗, x∗). With this observation, from Theorem 27.4 in [34], we conclude that 0 ∈
conv({zi}d+1

i=1 ) + Norx∗(X), where Norx∗(X) denotes the normal cone of X at x∗, i.e., the set of
vectors u such that u⊤(x−x∗) ≤ 0 for any x ∈ X. From Carathéodory’s theorem [39], there exists
a subset I ⊂ {1, 2, · · · , d+1} with |I| ≤ d such that 0 ∈ conv({zi}i∈I)+Norx∗(X), which implies
that there exists i ∈ {1, 2, · · · , d + 1} such that λd+1(ω) = λd(ω̄i), leading to a contradiction.
Therefore, it holds that λ∗

d+1 = λ∗
d. This completes the proof.

E Computational details in Section 6.1

Given any α ∈ [0, 0.5), for any c ≤ min{2α, 1− 2α}, let us define: ∀k = 0, 1, · · · , ⌊ 2α
c ⌋ − 1,

Wk := {ωN ∈ ∆N :
1

2
− α ≤

η(ωN )− η(ωN )

2
,

1

2
− 2α+ kc ≤ η(ωN ) ≤ 1

2
− 2α+ (k + 1)c}

with

W⌊ 2α
c ⌋ := {ωN ∈ ∆N :

1

2
− α ≤

η(ωN )− η(ωN )

2
,

1

2
− 2α+ ⌊2α

c
⌋c ≤ η(ωN ) ≤ 1

2
}.
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By definition, pN (α) =
∑⌊ 2α

c ⌋
k=0 PN{Wk}. We now construct over- and under-approximations of

{Wk} as follows: ∀k = 0, 1, · · · , ⌊ 2α
c ⌋ − 1,

WO
k := {ωN ∈ ∆N : η(ωN ) ≤ −1

2
+ (k + 1)c,

1

2
− 2α+ kc ≤ η(ωN ) ≤ 1

2
− 2α+ (k + 1)c},

W I
k := {ωN ∈ ∆N : η(ωN ) ≤ −1

2
+ kc,

1

2
− 2α+ kc ≤ η(ωN ) ≤ 1

2
− 2α+ (k + 1)c}

with

WO
⌊ 2α

c ⌋ := {ωN ∈ ∆N : η(ωN ) ≤ −1

2
+ 2α,

1

2
− 2α+ ⌊2α

c
⌋c ≤ η(ωN ) ≤ 1

2
},

W I
⌊ 2α

c ⌋ := {ωN ∈ ∆N : η(ωN ) ≤ −1

2
+ ⌊2α

c
⌋c,

1

2
− 2α+ ⌊2α

c
⌋c ≤ η(ωN ) ≤ 1

2
}.

It can be verified that, for any k = 0, 1, · · · , ⌊ 2α
c ⌋, W I

k ⊆ Wk ⊆ WO
k , which means that

⌊ 2α
c ⌋∑

k=0

PN{W I
k } ≤ pN (α) ≤

⌊ 2α
c ⌋∑

k=0

PN{WO
k }. (56)

We then compute {PN{WO
k }} and {PN{W I

k }}. Let us first consider {PN{WO
k }}. For any k =

0, 1, · · · , ⌊ 2α
c ⌋, we define the following sets: S̃k := {δ ∈ ∆ : D(δ) ≤ 1

2 − 2α+ (k + 1)c}, Sk := {δ ∈
∆ : 1

2−2α+kc ≤ D(δ) ≤ 1
2−2α+(k+1)c} and Sk := {δ ∈ ∆ : D(δ) ≤ − 1

2+(k+1)c}, as illustrated
in Figure 9. By simple calculation, P{S̃k} = 1− 2α+ (k + 1)c, P{Sk} = c and P{Sk} = (k + 1)c.
Hence, WO

k = S̃k ∩Sk ∩Sk, where S̃k := {ωN ∈ ∆N : ωN ⊂ S̃k},Sk := {ωN ∈ ∆N : ωN ∩ Sk ̸= ∅}
and Sk := {ωN ∈ ∆N : ωN ∩ Sk ̸= ∅}. For any k = 0, 1, · · · , ⌊ 2α

c ⌋ − 1, we have that

PN{WO
k } = PN{S̃k ∩ Sk}+ PN{S̃k ∩ Sk}

− PN{S̃k ∩ (Sk ∪ Sk)}

= P{S̃k}N [1− (1− P{Sk}
P{S̃k}

)N

+ 1− (1− P{Sk}
P{Sk}

)N

−

(
1−

(
1− P{Sk}+ P{Sk}

P{Sk}

)N
)
]

= (1− 2α+ (k + 1)c)N − (1− 2α+ kc)N

− (1− 2α)
N
+ (1− 2α− c)

N
.
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When k = ⌊ 2α
c ⌋, PN{WO

k } = 1−(1−(2α−⌊ 2α
c ⌋c))N−(1− 2α)

N
+
(
1− (4α− ⌊ 2α

c ⌋c))
)N

. Combing
the equalities above yields

⌊ 2α
c ⌋∑

k=0

PN{WO
k } =(1− 2α+ ⌊2α

c
⌋c)N − (1− 2α)N

+ ⌊2α
c
⌋
(
(1− 2α− c)

N − (1− 2α)
N
)

+ 1− (1− (2α− ⌊2α
c
⌋c))N − (1− 2α)

N

+

(
1− (4α− ⌊2α

c
⌋c))

)N

From the fact that limc→0⌊ 2α
c ⌋c = 2α, we obtain that

lim
c→0

⌊ 2α
c ⌋∑

k=0

PN{WO
k } = 1− (1− 2α)N − 2αN(1− 2α)N−1.

Following the same reasoning, it also holds that

lim
c→0

⌊ 2α
c ⌋∑

k=0

PN{W I
k } = 1− (1− 2α)N − 2αN(1− 2α)N−1.

Since (56) holds for any c ≤ min{2α, 1− 2α}, we conclude that

pN (α) = 1− (1− 2α)N − 2αN(1− 2α)N−1.

It is easy to see that pN (α) = 1 when α = 0.5. Hence, U(·) as defined above is the tail probability.

0
0.5

δ
1

−0.5

−1

D(δ)

0.5

−0.5

0.5− 2α+ (k + 1)c
0.5− 2α+ kc

−0.5 + (k + 1)c

Sk

Sk

Figure 9: Illustration of Sk andSk.
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