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partager, que ce soit lors de nos réunions, d’un barbecue chez Michel ou autour d’un
verre durant l’ESANN. J’ai également eu la chance de collaborer plus directement
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chaque jour ma vie aussi belle. Merci d’avoir été à mes côtés pendant ces quatre ans,
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Foreword

During my thesis, I had the chance to work on various aspects of feature selection,
both experimental and theoretical, and to collaborate with different researchers. An
important amount of the work and the publications discussed in this thesis are the re-
sults of fruitful exchanges. The aim of this foreword is to give more information about
these collaborations, but also to clearly expose which are the original contributions
I am responsible for. For each publication, the ideas and comments of my advisor
Michel Verleysen have constituted a priceless help.

First, a number of works have been performed on my own. In [54], I experi-
mentally compare different multivariate mutual information estimators, in the context
of feature selection. In [52] and [53], I propose two approaches to feature selection
for mixed datasets, with both categorical and continuous features. I presented first
results on feature selection for missing data in [58] at ESANN 2011, and this work
was further selected to be extended for a special issue of the Neurocomputing jour-
nal [55]. The presentation of [58] raised the interest of Amaury Lendasse and Emil
Eirola, two members of the Environmental and Industrial Machine Learning Group
from the Aalto University in Finland. Emil set himself to the derivation of an ef-
ficient way to estimate distances between samples for datasets with missing values
[61]. I contributed by improving the experimental part, listing related works and help-
ing organizing the text. I also tackled the problem of feature selection for datasets
where the sample values are uncertain or noisy. I proposed, for different noise models,
an analytical expression of the mutual information in the case of classification prob-
lems [50]. Furthemore, I have studied the problem of feature selection fur multi-label
datasets, i.e. datasets where each sample can be associated to more than one class
label. For continuous datasets, I suggested to use a problem transformation method
combined with a mutual information-based feature selection scheme [49]. These re-
sults were further analysed and a strategy to fix the pruning parameter for the problem
transformation was proposed in [48]. For discrete datasets, I obtained promising re-
sults using the Hilbert-Schmidt independance criterion (HSIC), which are waiting to
be published. My works eventually focused on feature selection for semi-supervised
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regression problems. I proposed in [51] and [56] an approach based on the graph
Laplacian. I also obtained interesting results using HSIC to derive multivariate feature
selection algorithms for semi-supervised and weakly-supervised problems which have
to be published.

I collaborated with Gaël de Lannoy on the problem of feature selection for heart
beat classification. Gaël provided the dataset and preprocessed the data while I sug-
gested the methodology and took care of the experiments. This work resulted in a
conference paper [46] selected for an extension in a journal [47].

Eventually, the person I had the most succesfull collaboration with is Benoı̂t Frénay.
We had lots of rich (and long) discussions in the last two years of our respective the-
ses, making it difficult to exactly determine each one’s contribution to our common
works. Knowing Benoı̂t was working on label-noise, I asked him about the oportu-
nity to achieve feature selection with mutual information in this context using gener-
ative models, as they can provide an estimate of conditional probabilitites which are
required to estimate the mutual information. Benoı̂t coordinated the theoretical de-
velopments and took care of the implementation. I coordinated the experimental part
and helped in the developments with my expertise of the mutual information. The
results can be found in [72]. Benoı̂t and I then came to discuss about feature selection
for imbalanced classification and quickly reached the conclusion that in the literature,
mutual information is often seen as a proxy for the classification risk. We have shown
in [7] and [73] that it is not always true even if mutual information can be considered
as a good criterion in practice. Benoı̂t and I both performed a deep literature review.
The two aforementioned papers being mainly experimental, we carefully determined
which simulations should be run; Benoı̂t then implemented them. We both contributed
to the analysis of the obtained results. Following an idea of Dr. Amaury Lendasse,
we also decided to study the adequacy of mutual information in regression problems,
with similar conclusions as for classification problems. The conclusions in [74] are
the results of many discussions and exchanges; Benoı̂t implemented the proposed ex-
periments. In [80], we show that, using a nearest-neighbour based mutual information
estimator, the classification risk can be directly and reliably estimated. I took care of
the experiments after Benoı̂t implemented the risk estimator.
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Introduction

Nowadays, in almost any area, the possibilities of acquiring and storing data are con-
tinuously increasing. As an example, IBM estimates that about 90 % of the data ex-
isting in the world today has been created during the last two years, at a rate of about
2.5 quintillon bites per day [180]. Simultaneously, the per-capita data storage capacity
has been reported to have roughly doubled every 40 months since the beginning of the
eighties [98].

Lacking of prior information about the relevance of the collected features, prac-
tionners often consider the whole available information and have to deal with databases
containing a huge number of features; many of them are generally redundant or irrele-
vant for a given prediction problem. To illustrate this, in near-infrared spectra analysis,
the rate of absorbance of objects is traditionally measured for tens or hundreds of dif-
ferent wavelengths [150]. In text classification or spam detection, features often con-
sist in a value indicating the (frequence of) occuring of a collection of words. Again,
datasets with hundreds or thousands of dimensions are generally built this way. The
task of feature selection, sometimes referred to as variable or characteristic selection,
consists in detecting a small set of features which are relevant or informative for the
considered problem. Of course the notion of relevance can vary from one situation
to another, and mainly results from the many possible motivations one has to perform
feature selection. These motivations are described in the rest of this section.

The objectives and benefits of feature selection are numerous in practice. First, as
can be easily deduced, removing irrelevant variables will undoubtely positively affect
the performances of many learning algorithms, which could be harmed by the presence
of too many noisy or redundant features.

Then, learning prediction models in high-dimensional spaces is a particularly hard
task, due to many indesirable and counter-intuitive effects arising in this context; the
most well-known one is the curse of dimensionality [15], basically stating that the
number of points needed to partition a space at a given resolution increases exponen-
tially with the dimension of the space. Other problems of working in high-dimensional
spaces include the empty space phenomenon (the volume of a hypersphere rapidly
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decreases towards 0 when the dimensionality increases), the concentration of the dis-
tances and the spreading of Gaussian functions [176]. More generally, learning in
high-dimensional spaces traditionnaly requires a huge amount of samples and is prone
to overfitting; feature selection is one way to circumvent such problems, by sharply
reducing the dimesionality of the studied datset. It is important to note that learning in
high-dimensional spaces is mainly an issue for the very popular distance-based mod-
els. On the contrary, other learning paradigms perform better when given as much
features as possible, as they are considered as additional information sources. This for
instance the case in statistical physics-based learning where, in an extreme situation,
an infinite number of features make learning deterministic. We do not discuss this
point in further details and refer the interested reader to [64].

Feature selection also helps speeding up further processing of the data, including
the construction, the training and the application of prediction models. Besides, it al-
lows one reducing the costs related to data acquisition and the required data storage
capacity, since useless features obviously do not need to be collected nor stored any-
more. Keeping in mind the considerations in [180] and the need for rentability many
industries have to deal with, this seems of crucial importance in the current context.

Another important aspect of feature selection is that it allows one to better under-
stand the problems at hand and to better interpret the prediction models, by determin-
ing which (groups of) variables mostly impact the outcome one wants to predict. This
is of particular importance in the medical field and for instance in biomarker selec-
tion; from the thousands of genes whose activity level is obtained through microarray
analysis, one tries to identify a small group of genes (a signature) strongly related to
a pathology or to the response to a specific treatment (see e.g. [90, 96]). Obviously,
such researches have an enormous potential impact in the understanding of complex
disease developments as well as in the detection and cure of those diseases.

Closely related, feature selection has the advantage over other dimensionality re-
duction techniques such as projection [122] or feature extraction [88] that it preserves
the original features instead of somehow transforming or combining them. This char-
acteristic makes the aforementioned model interpretation possible. Besides, most of
the projection or feature extraction techniques, whose most popular ones are prin-
cipal components analysis and multidimensional scaling, are unsupervised, meaning
that they are not able to consider the output in prediction problems; said otherwise,
these approaches are not designed for being considered in combination with a predic-
tion, classification or regression algorithm. They would indeed neglect a considerable
amount of informative data.

Eventually, feature selection has to be distinguished from metric learning, where
a weighted distance is learnt from the data to increase the accuracy of a prediction
method [181, 182]; indeed, using such a distance is equivalent to using the basic Eu-
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clidean distance in a new feature space, obtained by combining linearly or not the
original features. It can thus be seen as a supervised extension of projection tech-
niques. Feature selection is actually more closely linked to feature weighting [110]
where, as a matter of fact, each feature is given a specific weight in distance computa-
tion (this is actually a particular case of metric learning where the covariance matrix of
the Mahalanobis distance is constrained to be diagonal). A certain number of relevant
features can then be kept, according to the weights they have been given.

Non-standard Data

Because of its numerous and important potential benefits, feature selection has become
an extremely active reasearch field in Machine Learning and Data Mining, as will be
evidenced in Section 1. However, the huge majority of existing works are dedicated to
classical prediction problems, where a complete dataset of continuous or categorical
features as well as a full output target vector are available.

Nevertheless, in many situtations, the data is not encountered in such an ideal and
standard form or come with uncertainties on their values, as will be illustrated and
detailed in Chapters 4 to 7. For instance, it easily understandable that in practice,
some values may be missing (either in the dataset or int the target output). As another
example, one can suspect that some of the provided labels in a classification problem
are wrong. There is thus a real need for feature selection methods able to deal with
such non-standard types of data.

The second part of the thesis is consequently dedicated to the analysis of differ-
ent unconventional but important problems, including for instance missing data and
label noise, for which a feature selection algorithm is proposed. We have chosen to
generically denote those non-standard situations as complex settings.

Organisation of the thesis

The thesis is divided into three parts. The first one aims at provding the reader with
the necessary background knowledge on feature selection. Chapter 1 first describes
the three main approaches to feature selection. Chapter 2 introduces the three feature
selection criteria on which will be based the subsequent developments, namely the
mutual information, the Laplacian score and Hilbert-Schmidt independence criterion.
None of the contributions of this part are original, except for the experimental com-
parison of mutual information estimators, whose results presented in Section 2.1.3 are
extracted from a more complete work [54].

In the second part of the thesis, feature selection algorithms are proposed for dif-
ferent types of complex settings. Each chapter begins with an introduction to the
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considered problem, an illustration of its practical interest and a brief related state-of-
the-art, before the algorithm is introduced and its performances are illustrated. The
results are mainly based on the three feature selection criteria introduced in Part 1.
The four main types of problems addressed in this paper are semi-supervised learing,
multi-label learning, regression with missing data and classification problems with
unprecise class labels. They are respectively studied in Chapters 3 to 6.

The last part of the thesis is dedicated to the presentation of some theoretical con-
siderations about the entropy and the mutual information. More precisely, Chapter 8
is dedicated to the study of the relationships between the mutual information, one of
the most used feature selection criteria, and the classification risk. The objective is ac-
tually to characterize the situations where mutual information is a risk-optimal feature
selection criterion and what are the consequences of using it when it is not optimal.
This chapter also includes a direct risk classification estimator, which can be used
as a criterion for feature selection in place of the mutual information. Similar con-
siderations for regression problems are presented in Chapter 9, where links between
the mutual information and the mean squared error and the mean absolute error are
given. Again, the goal is to better apprehend the behaviour of the mutual information
criterion in order to use it in the most efficient way.

Contributions

We end this chapter by detailing and giving some comments on the contributions of
the thesis.

The first contribution, presented in Section 2.1.3, is to compare different MI esti-
mators in the particular context of multivariate feature selection. The results confirm
previous and quite natural observations about the inadequacy of traditional density-
based MI estimators for multi-dimensional variables. More interestingly, the interest
of a nearest neighbors-based MI estimator is also confirmed, after previous works have
successfully used it for feature selection. Those conclusions are of great interest for
the thesis, since many developments are based on the nearest neighbors-based MI es-
timator. They also confirm the estimator as an interesting tool for feature selection in
traditional settings, which can be of broad interest. Of course, the list of compared
estimators is not exhaustive; in particular, other estimators based on a similar nearest-
neighbors statistics exist and could potentially provide valuable alternative solutions.
Besides, the estimator has been tested with variables of moderate dimensionality, and
no guarantee can be given when subsets of thousands of features have to be considered.
The related publication is [54].

In Chapter 4, the problem of feature selection for semi-supervised problem is tack-
led. We first propose a solution for regression problems based on the popular Lapla-
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cian Score (LS) criterion, while the whole literature about semi-supervised feature se-
lection is actually dedicated to classification problems. Our proposal seems to behave
well when only a few data points are available and to benefit well from the addition of
new points. Its main drawback is its important number of parameters. We therefore
provide a sensitivity analysis of the criterion regarding the different parameters and
conclude that they can roughly be set to reasonable values, without affecting much
its performances; this observation makes our criterion quite practical to use in prac-
tice. We then propose a way to turn univariate criteria based on the Laplacian Score
into multivariate ones, using the Hilbert-Schmidt independence criterion (HSIC). The
presented results are preliminary but indicate the interest of the proposed approach; its
potential impact is quite important since many feature selection algorithms are actually
based on the Laplacian score and can currently only be used to rank features individu-
ally. It is important to mention that most of the kernels designed for graph Laplacians
possess several parameters whose influence on the feature selection process should be
carefully analysed. The corresponding references are [51, 56].

In Chapter 5, we first propose a mutual information-based multivariate feature se-
lection algorithm. It addresses to important lacks of existing methods: the need for
discrete features and the impossibility to deal with multi-dimensional variables. The
proposed methodology experimentally shows strong advantages over existing meth-
ods. However, its application is restricted to continuous problems for which the num-
ber of different label combinations is moderate. We also propose a multivariate crite-
rion based on the HSIC and test it for problems with discrete features. First results are
promising and there exists no restriction for the use of the criterion, which could easily
be adapted to problems with continuous features. Related publications are [49, 48].

Chapter 6 is dedicated to the problem of missing data. We first introduce a straight-
forward but efficient algorithm to handle such data, which is a direct adaptation of the
nearest neighbors-based mutual information estimator introduced in Section 2.1.3. We
believe this approach can be of broad interest, especially for moderate rates of miss-
ingness. We then present the results of a joined work devoted to the development of a
robust distance estimation technique. Besides a greater accuracy than competing ap-
proaches, the proposed methodology is able to deal with high rates of missingness and
produces distance matrices which can safely be used in kernel methods. The potential
impact of the approach is important, since many real-world datasets do contain miss-
ing values, while lots of machine learning and data mining methods are actually based
on the distance between the data points. The corresponding papers are [58, 55, 61].

The last chapter of Part 2 is devoted to classification problems with uncertain la-
bels. Our first contribution in this field is the proposal of a noise-tolerant entropy and
mutual information estimator for problems with label noise. The basic idea is to esti-
mate the true label of each data point and to use this information to compute the size
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of the neighborhood containing a given number of points from the same class; this is
actually the basis of the mutual information estimator presented in Section 2.1.3. Our
approach exhibits good performances and has a clear advantage over noise-intolerant
algorithms in the presence of label noise. However, it is based on a particular noise
model and could become inadequate if the true underlying model noise is far from
the assumed one. In the second part of the chapter we briefly address the problem
of feature selection for datasets where the labels are given as probabilities over the
different possible classes and propose an approach based on the Laplacian Score. The
publications related to this chapter are [72, 57].

While Part 2 essentially proposes practical solutions to feature selection and re-
lated problems, Part 3 is dedicated to more theoretical considerations about the mu-
tual information and the entropy. In Chapter 8, we illustrate the potential inadequacy
of the mutual information regarding the classification risk but show that in practice,
both quantities are often equivalent from a feature selection perspective. These ob-
servations are actually important as they (i) correct some wrong statements found in
the literature about the complete adequacy between the risk and the mutual informa-
tion and (ii) confirm the interest of the mutual information for feature selection, even
providing additional arguments for its use. Besides, extensive experiments give in-
sights on the behaviour of the mutual information during feature selection procedures,
which can be of broad interest for practitionners. While the two main messages of the
chapter can seem quite contradictory (MI is not optimal but should however be used),
we do not believe it is actually the case, especially because of the small proportion of
problems for which MI is actually not optimal. More details can be found in [7, 73].

Chapter 9 also gives considerations on the adequacy of the mutual information, in
the particular context of regression problems. We show that under some conditions on
the distribution of the prediction errors, the MI can be guaranteed to be optimal from a
mean squared or a mean absolute error point of view. While the underlying hypotheses
are strong (especially the fact that the error distribution is assumed to be the same
for every data point), our objective is mainly to give first results on the topic, while
confirming the interest of the mutual information criterion. More extensive results on
the potential non-validity of the hypotheses and its consequences are interesting leads
for future work. The corresponding publication is [74].

Table 1 summarizes the criterion used for the different complex problems tackled
in the thesis.
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MI LS HSIC
Semi-supervised x (univariate) x (multivariate)

Multi-label x (continuous) x (discrete)
Missing values x

Label noise x
Probabilistic labels x

Table 1: Feature selection criteria used for non-standard problems.
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As previously mentioned, feature selection is a preprocessing step of major im-
portance in many prediction problems; it has therefore been adressed extensively for
decades. This chapter intends to provide the reader with basic feature selection no-
tions and to give a brief overview of the various approaches generally considered in
the literature for traditional problems. We postpone the state-of-the-art specific to each
particular kind of non-standard data studied in this thesis to the corresponding sections
in Part 2. In the end of the chapter, we also give some comments on the way feature
selection approaches are generally evaluated.

1.1 Approaches to feature selection

There exist different paradigms according to which feature selection algorithms could
be distinguished. Here, we choose to introduce them following the way the subse-
quent prediction algorithm is considered in the feature selection process. Three main
categories can then be distinguished, filters, wrappers and embedded methods, which
are introduced in Sections 1.1.1 to 1.1.3. As will be made clear, filters and wrappers
generally require a heuristic procedure to build a feature subset based on a relevance
criterion. Some popular strategies are described in Section 1.1.1.

The reader interested in a more extensive introduction to feature selection is re-
ferred to [86]. A deeper literature survey can be found in [135, 87] and in [154] for
the special case of Bioinformatics.

1.1.1 Filters

Filters do not take into account the final prediction model to select features and are
rather based on a relevance criterion independent of this model. The most popular
of these criteria include the correlation coefficient [91, 187], the mutual information
[161, 37], which will be more deeply introduced in Section 2.1 and other information-
based criteria such as the Markov blanket [111]. Spectral feature selection algorithms
[199] based on the eigensystem of a similarity matrix defined from the dataset and
closely related to the notion of Graph Laplacian [93] introduced in Section 2.2 also
belong to filters. In addition, many other heuristic relevance criteria have been pro-
posed in the literature; this is the case of the popular Relief algorithm [108] and its
extensions, which are based on the ratio of the distance between the samples and their
nearest neihgbors of the same and of another class. The idea is that according to good
features, close samples are likely to belong to the same class. These methods can
also be considered as filters. Filters are generally considered to be fast (they do not
require building and training potentially complex prediction models), simple and gen-
eral, making them extremely popular in practice. It is however important to mention
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Figure 1.1: Continuous version of a XOR problem. The colour of the points represents
their class label.

that the rapidity and the computational efficiency of the filters is obviously dependent
on the chosen quality critetion.

Different strategies can be considered to optimize the chosen relevance criterion.
Obviously, the optimal solution would be to test every possible feature subset and
to chose the one that maximises the considered criterion. This is unfortunately not
realistic in practice since the number of subsets to test this way is 2d , where d is the
number of features. As soon as d exceeds 30, more than 1 billion feature subsets
already have to be considered.

The most straightforward approach consists in individually ranking the features
and in chosing the best rated ones. Despite its rapidity and easiness, this basic strat-
egy suffers from a huge drawback; it does not consider any possible joint relevance
or redundancy between the features, while both are in practice extremely important to
detect. Indeed, two features can for instance be completely irrelevant when consid-
ered individually and be extremely informative when considered together. Think for
instance of the XOR problem or of a continuous version of it, as illustrated in Figure
1.1. Obviously, neither the value of X or Y alone gives any clue on the class of a
data point. However, knowing both the values of X and Y completely determines the
class. Besides, it is as well important to eliminate redundant features, as they do not
provide any useful information and increases the dimensionality of the datasets. The
best n features are thus not always the best n features and ranking methods are not to
be recommended, as acknowledged for decades [36, 37].
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In practice, heuristic subset construction algorithms have thus to be considered.
The most popular ones are greedy search algorithms, including forward, backward and
forward/backward search. In a forward search, one starts with an empty set of features
and successively add the feature whose addition to the current set of selected features
maximises the chosen evaluation criterion. Well-known examples include maximum
relevance minimun redundancy (MRMR) algorithms, where the subset quality crite-
rion is the difference between the relevance of a feature and the sum of its pairwise
redundancy with the previously selected features (where both the relevance and the re-
dundancy can be evaluated by information-theoretic quantities) [139], or conditional
mutual information [68]. However, these two criteria are univariate, in the sense that
even if the feature redundancy is actually taken into account, the relevance between
each feature and the outptut is still measured individually. They could thus still not
be able to detect jointly relevant features as the ones in Figure 1.1 but they clearly
outperform ranking procedures. A possible solution to this problem is to use multi-
variate criteria; two of them, namely multivariate mutual information [150, 70] and
Hilbert-Schmidt independence criterion [166], will be introduced in Sections 2.1 and
2.3, respectively. Such criteria are able to evaluate the joint relevance and redundancy
of a susbset of features.

As mentioned above, one sometimes prefers backward elimination procedures,
which start with all the features and recursively eliminate the one whose removal op-
timizes the value of the relevance criterion. Their main advantage regarding forward
search is that they will not be affected by a bad choice of the first feature. As an ex-
ample, a forward search will not be able to detect one the two relevant features of a
XOR problem as informative among other (noisy) features. On the contrary, a back-
ward procedure combined with a multivariate criterion will eliminate useless features.
However, backward procedures are required to initially evaluate a criterion in a po-
tentially very high-dimensional space, which may become untractable or unreliable
in practice. Forward/backward search procedures, performing a backward step after
some forward steps have also been proposed (see e.g. [167]).

Besides greedy search, other search algorithms including genetic algorithms [185]
or tabu search [191] can also be thought of. Contrarily to greedy procedures, genetic
algorithms are random, in the sense that running them on the same dataset twice will
not necessarily lead to the same feature subset.

1.1.2 Wrappers

Contrarily to filters, wrappers are feature selection techniques which explicitely take
the prediction model of interest into account. The objective is thus often to maximise
the performances (e.g. the accuracy) of a specific prediction model, considered here
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as a black box, by using an adequate feature subset [109]. Cross-validation procedures
are generally considered to assess the performances of a feature subset. Filters are thus
conceptually very simple and quite easy to use.

The main criticism often made to wrappers is their the need for massive amounts
of computation required to build multiple prediction models. Indeed, wrappers can be
highly time-consuming when complex models with hyperparameters to tune are con-
sidered or when very large datasets have to be dealt with; for instance, they can hardly
be used for text classification problems [69]. On the other hand, they are likely to lead
to better prediction performances than filters, as they are specially designed for this
objective. Comparative studies between wrappers and filters such as the one in [101],
devoted to the particular context of microarray data classification, experimentally sup-
port these claims.

The same subset construction procedures as the ones described in Section 1.1.1
for filters can equally be considered for wrappers. However, the questions of rele-
vance and redundancy do not need to be investigated anymore since only the eventual
performance of the model actually matters. It is important to note that in [147], the
author advocates for the use of simple greedy search strategies in wrapper approaches.
They have the advantages over more complicated search procedures to limit the risk
of overfitting and to keep the number of evaluated feature subsets quite moderate.

It is worth noting that some works combine both wrapper and filter approaches,
trying to get the best of both worlds (the rapidity of the filters and the higher perfor-
mances of wrappers). Examples of such hybrid methods include [203, 158, 40].

1.1.3 Embedded methods

The last main approach to feature selection is the use of embedded methods. The
idea behind such methods is to consider the feature selection as part of the learning
procedure. Because of this quite general definition, many feature selection algorithms
can actually be considered as embedded methods. One of the first and most popular
examples of embedded method is the CART [22], which incorporates a mechanism to
perform feature selection.

Another example is the work in [90], where the authors propose a backward elim-
ination procedure using the difference in the norm of the weights of a linear support
vector machine (SVM) as the relevance criterion; this of course considerably limits
the amount of models that have to be built compared to a classical backward elimina-
tion procedure since only one model is built at each step. Other SVM-based feature
selection approaches are proposed and studied in [143].

The popular optimum brain damage (OBD) approach [120] and related methods
can also be considered as embedded methods. The approach, originally designed to



34 CHAPTER 1. Feature selection: approaches and quality criteria

prune weights in a neural network, uses a second order Taylor expansion to approxi-
mate the second derivative of the saliency of a feature, i.e. the effect of the deletion of
this feature on the training error. This criterion can be used with a greedy backward
elimination scheme.

Today, the most popular embedded methods are probably regularized prediction
models where a regularisation term, penalising the number of features actually used,
is added to the original objective function of the model. Learning in this framework
thus requires finding a compromise between optimising a quantity somehow related
to the performances of the model and limiting the number of effective features. The
most well-known example of such an approach is the LASSO [172] which proposes
learning the weights of a linear regression by simultaneously (i) minimising the sum of
the squared prediction errors and (ii) minimising a quantity proportional to the sum of
the absolute value of the weights (the 1-norm of the weight vector). The specificity of
this particular regularisation tends to make the weight vector sparse (i.e. many weights
will be set exactly to 0).

Because of its simplicity and the existence of efficient methods to solve it (such
as the Least Angle Regression (LARS) [60]), LASSO has become extremely popular.
Many research works have and still focus on the determination of new regularisation
criteria leading to sparse regression models [8]. As an example, elastic net [205] pe-
nalizes both the 1-norm and the 2-norm of the weight vector, and has been reported to
outperform LASSO and to jointly select or discard groups of very correlated features.

Researchers also try to develop regularization that allows the incorporation of prior
knowledge about the structure of the features [102]. For instance, the group LASSO
[188] explicitely allows the user to choose ensembles of features which will all be
given the same weight. In [197], the possibility to define a hierarchical structure be-
tween features (i.e. the selection of some features are conditionned to the selection
of other ones). LASSO and its extensions have been particularly successful for mi-
croarray classification problems whose particular nature (they are described by very
few samples and lots of features) makes the use of linear models almost mandatory
[154, 42, 129, 96].

In addition to linear regression, regularization has also been proposed for other
prediction models. Sparse logistic regression [115, 128], sparse SVM [27, 171] and
sparse probit regression [66] have been proposed along this line.

1.1.4 Discussion

It must be underlined that today, the strict distinction between filters and wrappers
tends to become less and less crisp. Indeed, it frequently happens that the criterion
used in the filter approach is actually based on a particular prediction model, or that
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this criterion implicitely assumes the use of a specific model. For instance, the mutual
information estimator introduced in Section 2.1.3 is obviously related to a k nearest
neighbors model, as will be made clear. The same is also true for the Relief criterion,
mentioned in Section 1.1.1. Similarly, the correlation coefficient assumes a linear
relationship between the features and the output. This issue and its implications are
further discussed at the end of the thesis.

In the remaining of the thesis we essentially focus on filter methods, based on the
three criteria described in Chapter 2. The reason why we choose filters instead of
both wrappers and embedded methods is their greater independence from a prediction
model, and therefore their greater generality. Indeed, as we just mentioned, filters are
rarely totally independent from a prediction model. However, a simple model is often
only used as a tool to build a more general criterion, which can further be combined
with any (other) prediction model. This is for instance the case for the mutual infor-
mation, whose goal is to detect any kind of dependencies between random variables;
the estimator presented in Section 2.1.3, based on a nearest neighbors statistics, is ac-
tually used as a proxy for the true mutual information. On the contrary, both wrappers
and embedded methods are tight to a particular prediction model.

1.2 Performance evaluation of feature selection meth-
ods

In the literature, most feature selection algorithms are only evaluated through the accu-
racy of a prediction model trained and tested using the selected features; this is also the
case for the methods we propose in Chapters 4 to 7 since building accurate prediction
models is often the objective one is the most interested in.

It has however to be mentioned that in practice, the stability or the robustness of
the feature selection algorithms (i.e. the sensitivity of the selected features to small
perturbations in the dataset) is also important to consider [105]. This is for instance
particularly true for biomarker selection from genomics data, where few data points
are typically available. In this context, the interpretability of the selected features (or
biomarkers) from a biological point of view is essential and it is important that a fea-
ture selection method returns consistent feature sets when data from a few additional
patients are added to the original dataset. Algorithms producing stable subsets (of
good predictive power) are thus generally preferred to algorithms returning slightly
more predictive but highly volatile subsets in the field of bioinformatics [94, 153].
More generally, if a feature selection algorithm returns very different feature subsets
on very similar data, presenting and considering only one of those subsets can obvi-
ously be misleading in practice. Of course, stability alone does not give any clue on
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the quality of the feature selection; it should ideally be combined with another quality
criterion, such as the accuracy of a prediction model.

The reason of the instability of feature selection algorithms is that the values of
the objective function guiding the search are actually random variables and that we do
not have access to the exact value of the criterion, since it is estimated on the available
data. The construction of the feature subset thus drastically depends on the accuracy
and the variance of the estimation of the search criterion. Different approaches have
been proposed in the literature to develop stable feature selection algorithms, including
for instance ensemble feature selection (see e.g. [1]). An overview of stable feature
selection techniques for biomarker discovery can be found in [94].

To assess the consistency of feature selection algorithms, stability indexes have
been proposed. One of the most popular ones has been proposed by Kuncheva [116].
The index is based on the cardinality of the intersection of the feature subsets and
incorporates a term that corrects a bias introduced by the chance of finding common
features in two feature subsets chosen at random. Other possible stability indexes in-
clude for instance the proposal in [117], where an entropy-based measure is proposed.

Also note that in the context of regularized regression models (such as the LASSO
and related methods), the consistency precisely denotes, as the number of data points
grows, the ability of the method to recover the sparse vector from which the data is
assumed to be generated from. Consistency is an important property, related to the
notion of stability, which has for instance been studied in details for the LASSO (see
e.g. [198]) and the Group LASSO [11]; adaptive versions of the LASSO which can be
proven to be always consistent have been proposed [204].
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This chapter is dedicated to the presentation of three feature selection criteria
which will serve as the basis for most of the remaining developments in this thesis.
The first one, mutual information (MI), is a very popular feature selection criterion on
which many of the feature selection algorithms presented in this text are based. Be-
sides, in Part 3, we study some if its properties; more specifically we investigate the
situations in which it can be an optimal criterion regarding prediction accuracy.

In Section 2.2, we introduce the Laplacian score (LS), a more recent criterion
originally introduced for unsupervised problems. We essentially use it to address semi-
supervised and wrongly supervised problems in our research, for reasons that will be
made clear.

Finally, Section 2.3 introduces the Hilbert-Scmidt independence criterion (HSIC),
used as a measure of dependence between two kernels each defining the inner product
of the mapping of a domain to a possibly high-dimensional feature space.

2.1 Mutual information

Mutual information is a quantity first introduced by Claude Shannon back to 1948
[161] in his famous Mathematical Theory of Communication, for which he is still
known as the father of information theory. More gentle introductions to mutual infor-
mation and information theory can be found in [5, 37].

2.1.1 Definitions

Let us define two discrete random variables X and Y , possibly multidimensional,
whose respective domains are X and Y . Les us denote their probability mass func-
tion as pX and pY respectively. We can then define the entropy [161], a fundamental
quantity in Shannon’s theory of information, as

H(X) =−∑
x∈X

pX (x) log pX (x) = E [− log pX ]] (2.1)

where E [.] denotes the expected value. The entropy is a measure of the uncertainty of
a random variable, which corresponds to the expected unpredictability in this random
variable, measured by its information content − log pX . Using Eq. (2.1), it is then
possible to defive the mutual information (MI) between two random variables as

I(X ;Y ) = H(Y )−H(Y |X) = H(X)−H(X |Y ) (2.2)
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with H(Y |X) being the conditional entropy of Y given X :

H(Y |X) =−∑
x∈X

∑
y∈Y

pX ,Y (x,y) log
pY (y)

pX ,Y (x,y)
(2.3)

where pX ,Y denotes the joint probability mass function of random variables X and Y .

Following Eq. (2.2) and (2.3), the MI of two variables X and Y can equivalently be
formulated as the Kulback-Leibler (KL) divergence of the product of the distributions
of the random variables pX pY and the joint distribution pX ,Y of these variables:

I(X ;Y ) = ∑
x∈X

∑
y∈Y

pX ,Y (x,y) log
pX ,Y (x,y)

pX (x)pY (y)

= KLD(pX ,Y ||pX pY ).

(2.4)

Noting that pX ,Y (x,y) = pX |Y (x|y) pY , it possible to write

I(X ;Y ) = ∑
y∈Y

pY (y) ∑
x∈X

pX |Y (x|y) log
pX |Y (x|y)

pX (x)

= ∑
y∈Y

pY (y)KLD(pX |Y (x|y)||pX (x))

= E
Y

[
KLD(pX |Y (x|y)||pX (x))

]
= E

X

[
KLD(pY |X (y|x)||pY (y))

]
(2.5)

This last equation thus expresses mutual information as the expected value of the KL
divergence of the marginal distribution pX and the conditional distribution pX |Y .

It is important to note that the exact same developments can be made if the con-
sidered random variables are both continuous, or if one is discrete and the other one is
continuous. For continuous random variables, the sums in Equations (2.1), (2.3), (2.4)
and (2.5) are simply replaced by integrals. In the case of two continuous variables, Eq.
(2.4) thus becomes

I(X ;Y ) =
∫

X

∫
Y

pX ,Y (x,y) log
pX ,Y (x,y)

pX (x)pY (y)
dxdy (2.6)

where pX , pY and pX ,Y now denote continuous probability density functions. Formu-
lating the entropy and the mutual information as expectations prevents one from using
sums or integrals and thus leads to more general definitions for these two quantities.

Eventually, as can be deduced from the above definitions, let us note that MI is a
positive and symmetric quantity, i.e. I(X ;Y ) = I(Y ;X)≥ 0.
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2.1.2 Interpretation and interest for feature selection

Keeping in mind that the entropy is actually a measure of the uncertainty about the val-
ues taken by a random variable, MI can be given a nice interpretation from a feature
selection point of view. Indeed, Eq. (2.2) defines MI as the difference between two un-
certainty measurements; more precisely, if variable X corresponds to a set of features
and if variable Y corresponds to an output target, H(Y )−H(Y |X) is the reduction of
uncertainy on Y once X is known; it is equivalently the amount of information that X
carries about Y . In a feature selection context, if one tries to find a subset of features
maximising the MI with the target output vector, she actually tries to select a subset
of features which contain the most information about the output. Mutual information
is thus intuitively a sound criterion for feature selection. Equation (2.5) confirms this
interpretation; if X and Y are independent pYX = pY , whose divergence with itself is
obviously equal to zero. On the contrary, as the dependence between X and Y in-
creases, so does the value of EX

[
DKL(pY |X (y|x)||pY (y))

]
. A similar interpretation can

be given for Eq. (2.4).

Other useful properties

Besides this interpretation, MI possesses other desirable properties for feature selec-
tion. First, it is able to detect non-linear relationships between variables, which is for
instance not the case with the very popular correlation coefficient. This is an important
asset since it is often the case in practice that the features are non-linearly related to
the target output. On the other hand, it also means that MI should not be used before
learning linear models, since the features it will select, if non-linearly dependent to the
target output, may actually be irrelevant for such models. Another advantage is that
MI can naturally be defined for groups of variables; subsets of variables can thus be
jointly evaluated, whereas this is not true for univariate criteria, as already discussed
in Section 1.1.1.

The aforementioned properties were essentially the ones originally leading to the
popularity of the MI for feature selection, following the seminal paper of Battiti [14].
The Fano and Hellman-Raviv bounds, despites the anteriority of their publication,
were only related later to the feature selection problem [136, 67, 24], but support as
well the interest of MI for feature selection in classification.

Fano and Hellman-Raviv bounds

In classification problems, the objective one is traditionnaly interested in is to min-
imise the misclassification probability that a classification algorithm will achieve. The
goal is thus that given a sample x ∈ X , the predicted class label ŷ ∈ Y be equal to the
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actual class label y ∈ Y . The error probability Pe for a given classifier is then

Pe = E
Y |X=x

[I [ŷ 6= y]] = ∑
y∈Y

pY |X (y|x)I [ŷ 6= y] (2.7)

where I is the indicator function, i.e.

I [ŷ 6= y] =

{
0 if ŷ = y,

1 if ŷ 6= y
. (2.8)

The Fano and Hellman-Raviv bounds relate the misclassification probability Pe to
the conditional entropy, in the particular context of an optimal (i.e. Bayesian) classi-
fier, predicting y∗ as:

y∗ = max
ŷ∈Y

pY |X (ŷ|x). (2.9)

First, Fano [65] has proven the existence of two lower bounds on Pe. The weaker
bound is:

H(Y |X)≤ 1+Pe log2(nY −1) (2.10)

where nY denotes the number of possible classes. The stronger bound is:

H(Y |X)≤ H(Pe)+Pe log2(nY −1). (2.11)

Both Eq. (2.10) and (2.11) originally give bounds on H(Y |X), but can be inverted
to provide a lower bound on Pe. In practice, the stronger bound (2.11) is less easy
to manipulate because Pe cannot be isolated in a closed-form and the bound on Pe

has to be computed numerically. Nevertheless, the strong Fano bound is much more
useful than the weak one because (i) the weak bound (2.10) does not apply to binary
classification problems since in this case, it trivially reduces to H(Y |X) ≤ 1 and (ii)
the weak bound is generally much looser than the strong one, especially when Pe is
small. which is the situation of interest for classifier design [67].

The misclassification probability Pe can also be upper-bounded by the Hellman-
Raviv inequality [97]

Pe ≤
1
2

H(Y |X). (2.12)

The three aforementioned bounds are illustrated in Figure 2.1 for a 3-class problem
(nY = 3); the weak Fano bound is shown to be quite useless regarding the strong
bound. Please note that similarly to the risk, these bounds correspond to a given X
and the conditional entropy in Eq. (2.10) to (2.12) is actually the specific conditional
entropy H(Y |X = x).

One could rightly argue that the Fano and Hellman-Raviv bounds are actually
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Figure 2.1: Weak Fano bound (dashed line), strong Fano bound (plain line) and
Hellman-Raviv bound (dash-dotted line) with three classes.

about the conditional entropy H(Y |X) rather than the MI I(X ;Y ). Nevertheless, for a
given classification problem, the outptut target will remain identical during the feature
selection procedure and the term H(Y ) in the first part of Eq. 2.2 can be considered
as constant. Therefore, maximising the MI becomes equivalent to minimising the
conditional entropy. Equations (2.10) to (2.12) thus provide arguments to support the
use of MI as feature selection criterion in classification problems, since reducing the
conditional entropy actually leads to a lower upper bound and a higher lower bound on
the probability of misclassification Pe. However, contrarily to what is sometimes read
[136, 67, 24], the Fano and Hellman-Raviv bounds do not guarantee the optimality of
the MI for feature selection. This will be further discussed in Section 8.

2.1.3 Estimation

As can be seen in the definitions given in Section 2.1.1, computing the MI between two
groups of random variables requires the knowledge of probability density functions.
However, in real-world problems, these quantities are likely to be unknown, and MI
has to be estimated from the available data.

The most popular and straightforward way to do so is to first estimate the required
probability densities, before plugging them into Eq. (2.5) or an equivalent expression.
Many density estimators have been proposed in the literature, whose most simple one
is the basic histogram which consists in dividing the space into bins of fixed size
and counting the number of points falling in each bin. To become independent from
the size of the bins and their origin and to avoid sharp discontinuities between the
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different bins, one can use a kernel density estimator (KDE) instead. The density is
then estimated as:

p̂X (x) =
1

nh

n

∑
i=1

K
(

x− xi∗
h

)
, (2.13)

where n is the number of observations in the dataset, h is the window width and K
is the kernel function required to integrate to one in order for f̂ to be a probability
density [137]; xi∗ denotes the ith observation of the data set. One option for K is the
Gaussian kernel, leading to the following density estimator:

p̂X (x) =
1

nh
√

2π

n

∑
i=1

exp
(
−(x− xi∗)

2

2h2

)
. (2.14)

The choice of h is crucial and constitutes an open problem, with many existing possible
alternatives (see e.g. [163]). Other density estimation strategies involve for instance
B-splines [41]. The idea is again to discretise the space into bins, but to allow each
point to belong simultaneously to different bins with a degree of belongingness given
by the coefficients of a B-Splines function.

The three aforementioned density estimators have the similar limitation that they
become unreliable as soon as the dimensionality of the data increases. Indeed, as men-
tioned earlier, the number of available samples needed to obtain accurate estimates
increases exponentially with the dimension of the space. In practice, however, the
number of available samples is often limited. Consequently, the majority of the bins
will be empty, leading to sharp and inacurate estimations. Besides, for the histogram
and the B-splines estimator, the number of bins to consider increases exponentially
with the dimension of the space, which becomes quickly untractable if a decent reso-
lution has to be obtained.

Some works try to directly estimate the MI, such as the proposal in [39]. In this
paper, the authors use an adaptive partitioning of the observation space to take into ac-
count the fact that with basic fixed partitions, much of the bins are not used to estimate
the MI and can thus be replaced by fewer bins. The paper furthermore shows that the
MI can be approximated arbitrarily closely in probability by calculating relative fre-
quencies on appropriate partitions. However, this approach can hardly be considered
for high dimensions because of its computational requirements.

A possible solution is to consider nearest neighbours-based MI estimators, which
bypass direct density estimation and space partitioning, the most critical steps in den-
sity and MI estimation. The estimator introduced in [114] by Kraskov et al. is an
example of such approach, which has already been used successfully for feature se-
lection [150].

This estimator is actually based on the Kozachenko-Leonenko estimator of en-
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tropy, computed as [113]:

Ĥ(X) =−ψ(k)+ψ(n)+ log(cd)+
d
n

n

∑
i=1

log(εX (i,k)) (2.15)

where k, a parameter of the estimator, is the number of nearest neighbors considered,
n is the number of samples in X , d is the dimensionality of these samples, cd is the
volume of a unitary ball of dimension d and εX (i,k) is twice the distance from the
ith observation xi∗ to its kth nearest neighbor, usually determined using the Euclidean
distance. Finally, ψ is the digamma function defined as:

ψ(k) =
Γ′(k)
Γ(k)

=
d
dk

lnΓ(k) , Γ(k) =
∫

∞

0
xk−1e−xdx. (2.16)

Function ψ can be shown to satisfy the following recursion:

ψ(x+1) = ψ(x)+
1
x
, ψ(1) =C,

with C =−0.5772 . . . being the Euler-Mascheroni constant.

More precisely, in [113], the authors first propose a density estimator

log p̂X (xi∗) = ψ(k)−ψ(n)− logcd−d logεX (i,k), (2.17)

before deriving an entropy estimator by noting that following the continuous version
of Eq. (2.1), the entropy can actually be estimated as:

Ĥ(X) =−1
n ∑

i
log pX (xi∗). (2.18)

The estimator is based on the sole hypothesis that pX (xi∗) remains constant in the
hypersphere of diameter εX (i,k) centered in xi∗.

Based on (2.15), Kraskov et al. [114] derived two slightly different estimators
for regression problems, i.e. problems with a continuous output variable. The most
widely used is:

Î(X ;Y ) = ψ(n)+ψ(k)− 1
k
− 1

n

n

∑
i=1

(ψ(τx(i))+ψ(τy(i))) (2.19)

where τx(i) is the number of points located no further than ε(i,k) from the ith obser-
vation xi∗ in the X space and τy(i) is defined similarly for yi in the Y space. Here,
ε(i,k) is defined as max(εX (i,k),εY (i,k)) which corresponds to the maximum norm in
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the joint (X ,Y ) space Z:
∥∥zi∗− z j∗

∥∥= max
(∥∥xi∗− x j∗

∥∥ ,∥∥yi∗− y j∗
∥∥). In practice, any

norm could theoretically be used.
Based on the same entropy estimator (2.15), Gomez et al. derived a similar MI

estimator dedicated to classification problems [82]. Empirically estimating the proba-
bility distribution of the discrete class vector as p(y = yc) = nc/n, whith nc the number
of points whose class value is yc, and keeping in mind that

I(X ;Y ) = H(X)−H(X |Y ) = H(X)− ∑
y∈Y

pY (y)H(X |Y = y), (2.20)

it is quite straightforward to derive the following MI estimator:

Îclass(X ;Y ) = ψ(N)− 1
N

ncψ(nc)+
d
N

[
N

∑
n=1

log(ε(n,K))−
C

∑
c=1

∑
n∈yc

log(εc(n,K))

]
.

(2.21)
In Eq. (2.21), C is the total number of classes while εc(n,K) has the same meaning as
εX (n,K) in (2.15), but is limited to samples belonging to class c.

It is important to note that other nearest neighbours-based MI or entropy estimators
have recently been proposed [179, 124]. They have not been considered in this work,
but are likely to show similar interesting properties as the estimator proposed in [114].

Brief experimental comparison

In the remaining of this section, we briefly illustrate the differences in performances
obtained by the previously introduced MI estimators, in the particular context of fea-
ture selection. In particular, the behaviour of the different estimators is studied when
the dimensionality of the data increases. Indeed, if a forward search strategy is used to
build a feature subset, the dimensionality of the data from which MI is estimated will
increase at each step; conversely this dimensionality may be very high at the begining
of a backward search. The results presented here are part of a more extensive work
published in [54], where all technical and implementation details can be found. Com-
parisons of MI estimators in other contexts have also been proposed in the literature,
see e.g. [106, 178].

Accuracy The first criterion of comparison is the accuracy of the MI estimation.
To compare the estimators according to this criterion, we have chosen to work with
correlated Gaussian features of unit variance and zero mean, as it is one a of the only
multivariate distributions for which the MI can be given an analytical expression. In-
deed, it can be shown [39] that for m such features X1 . . .Xm, the high dimensional
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Figure 2.2: Boxplots of MI approximation of the MI for correlated Gaussian vectors
by 5 estimators with r = 0.1: the basic histogram (green), a KDE (red), an adaptive
histogram (cyan), a NN-based estimator (black) and a B-splines estimator (magenta).
The solid blue line is the true MI.

redundancies [39, 114] between these m features is:

I(X1, . . . ,Xm) =−0.5× log[det(σ)] (2.22)

where σ is the feature covariance matrix.
From the definition of MI (2.6), it can also be deduced that:

I((X1, . . . ,Xm−1) ;Xm) = I(X1, . . . ,Xm)− I(X1, . . . ,Xm−1). (2.23)

Therefore, Eq. (2.22) allows us to know the exact value of I((X1, . . . ,Xm−1) ;Xm) given
the correlation between the features is known. In Figures 2.2 and 2.3, the accuracy of
the five described MI estimators is compared; the covariance r between each pair of
features is set to an identical value of 0.1 and 0.9, respectively. The sample size is 1000
and the estimation is repeated on 100 artificially generated datasets. The parameter k
of the estimator is set to 6.

As it can be seen, the nearest neighbours-based MI estimator shows the more accu-
rate and stable results over the repetitions, especially for highly correlated gaussians,
i.e. for problems where there is a more important dependence between the features.
The B-splines-based estimator appears as the principal outsider, as it is quite accurate
for r = 0.1 and has a satisfying behaviour for r = 0.9, even if it strongly underestimates
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Figure 2.3: Boxplots of MI approximation of the MI for correlated Gaussian vectors
by 5 estimators with r = 0.9: the basic histogram (green), a KDE (red), an adaptive
histogram (cyan), a NN-based estimator (black) and a B-splines estimator (magenta).
The solid blue line is the true MI.

the MI. As soon as the dimensionality exceeds 3, the three others compared estimators
produce inacurate and unreliable results.

MI between independent features In feature selection, a very desirable property
for a MI estimator is to be able to assign a value close to zero to the MI between
independent (groups of) variables. Said otherwise, it is important to make sure that a
large value of MI actually does translate a strong dependence between the variables
and does not result from a weakness or a bias of the estimator.

Besides, the MI is not bounded to a known interval (as [−1,1] for the correlation
coefficient); the relevance of each feature subset cannot thus be assessed on the sole
basis of the value of the MI. A possible solution is therefore to establish the relevance
of a feature subset by estimating the MI between a randomly permuted version of this
subset and the target outptut vector; if it is significantly lower than the MI between the
subset and the target output, then the feature subset can be considered as relevant, in
the sense that it brings more information about the output than a random vector with
the same density. Such a strategy has for instance been successfuly used to decide
when to stop a forward search procedure and to set parameter k of the MI nearest
neighbours-based MI estimator [70].

It is thus important in practice to study how the MI between the true features and
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Figure 2.4: Estimated MI between a group of features and the output (circles) and
boxplot of the estimated MI between the same group of features and a permuted out-
put: KDE (upper left), adaptive histogram (upper right), B-splines estimator (lower
left), nearest neighbours estimator (lower right).

a randomly permuted target ouput is estimated (permuting the features or the output
is actually equivalent). Theoretically, the MI estimated in this way should be 0 as no
more relationship is supposed to remain between the observations and the permuted
output.

The results obtained with the different estimators are illustrated for the Nitrogen
dataset (see Chapter 3 for details). The goal is to predict the nitrogen content of grass
samples. A forward feature selection procedure using the NN-based estimator has
been conducted to select the first best successive feature subsets. For each subset
of increasing dimension, the regular MI and the MI with the permuted output are
then estimated for 100 random permutations of the output. The performances of the
estimators are thus compared on the same sets of relevant features. Note that the results
for the histogram are not reported here, since this method is obviously not adapted to
multidimensional problems and has already shown the worst accuracy.
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Figure 2.4 shows the estimated MI as a function of the number of features for the
compared estimators. The NN-based estimator returns values very close to 0 for the
permuted output. This conclusion is in good agreement with the conjecture made in
[114] that equation (2.6) is exact for independent variables; however, the authors did
not provide a proof of this result. The same is not true for the other estimators, which
all show important deviations from a zero value as the dimensionality increases. For
instance, the results for the adaptive histogram [39] are particularly unreliable: the MI
for 6,8 or 9 relevant features is lower than the MI with three random features. Besides,
the estimations become strongly negative when the dimension exceeds 3, which trans-
lates high instability of the algorithm, which could be caused by the relatively small
number of features. Results on alternative datasets presented in [54] support these
claims.

Let us also notice two undesirable facts about MI estimation. First as already men-
tioned above, slightly negative values are sometimes produced. This has no theoretical
justification since MI is a positive quantity and can easily be dealt with in practice, by
setting negative values to 0. Secondly, it can be seen that the MI sometimes decreases
after the addition of some variables. Again, this is theoretically not sounded since
considering more features can never reduce the information content about the outptut
[37], even if a decrease in MI has often been used as a stopping criterion in greedy
feature selection algorithms.

Sensitivity to the parameter value To conclude, we illustrate how the choice of the
parameter(s) of an estimator can actually influence the MI estimation. To this end,
Figure 2.5 shows the MI for a relatively small number of features, estimated using
the narest neighbours-based and the B-Splines-based estimators, as the latter appears
as a good alternative to the nearest neighbors-based estimator for small dimensions.
The parameter in this estimator is k the number of neighbours. In the splines-based
estimator, there are two parameters, the degree of the splines and the number of bins
per dimension. Here, we focus on the second one, as the degree of the splines has
been reported to have less influence on the output. Various plausible values of those
parameters are considered in the comparison and the dataset considered is Nitrogen.

In Figure 2.5, the estimator proposed in [114] shows very litle sensitivity to the
value of the parameter k. On the contrary, the splines-based estimator appears to be
much more influenced by the number of considered bins.

While the considerations presented in this section are based on heuristic results,
they remain quite informative about the actual behaviour of traditional MI estima-
tors. Most of them are somehow based on a partitioning of the observation space, or
a continuous extension of such a partioning. These methods clearly cannot deal with
high-dimensional data for practical problems where the number of available samples is
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Figure 2.5: Estimated MI for different values of the estimators parameter. Splines-
based estimator (left), Nearest neighbours-based estimator (right).

limited. Nearest neighbours-based approaches, as illustrated here through the proposal
in [114], are actually better suited for high-dimensional datasets, as the ones encoun-
tered in the field of feature selection. This claim is supported by different works in
which the estimator in [114] is successfully used for feature selection [149, 150].

2.2 Laplacian score

We now introduce the Laplacian score (LS), a feature selection criterion first intro-
duced in the unsupervised concept [93].

2.2.1 Definitions

The basic idea behind Laplacian score is to somehow define a similarity matrix be-
tween the samples of a dataset. Then, the feature relevance is a measure of how much
the samples of a feature are coherent with the similarity matrix. Close samples ac-
cording to the similarity matrix thus have to be close for relevant features, while the
contrary is true for samples far away from each other. As will be made clear in the fol-
lowing of this section, one of the major advantages of the LS and related approaches is
the freedom to build the similarity or proximity matrix. It can for instance involve the
target outputs if available, the samples only or a combination of both. Such approaches
are therefore particularly well suited to address semi-supervised or weakly-supervised
problems, as will be further illustrated in this thesis. We begin by introducing the
unsupervised criterion.

Formally, consider a data set of n samples xi∗, each described by d features. Let xir

denote the value of the rth feature of the ith sample (i = 1 . . .n) and x∗r the rth feature
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of all samples. Build then a similarity graph consisting of n nodes (one for each data
sample), which contains an edge between node i and node j if the samples xi∗ and xj∗
are close. While closennes could be defined in many ways, it will denote here the fact
that xi∗ is among the k nearest neighbors of xj∗ or conversely. Even if any measure of
similarity between the samples can theoretically be used, the Euclidean distance will
be considered here to identify the nearest neighbors of each sample.

Based on the similarity graph, a similarity matrix S can be built by setting

Si, j =

e−
‖xi∗−xj∗‖2

2
t if xi∗ and xj∗ are close

0 otherwise
(2.24)

where t is a positive constant, whose value can be set freely. The next step is to define
D = diag(S1), with 1 = [1 . . .1]T , and eventually the graph Laplacian L = D−S [31].
In practice, it is not mandatory to have a zero similarity for pairs of samples whose
one is not among the k nearest neighbors of the other, especially since the similarity
decreases exponentially with the distance. However, using such a cut-off still enforces
the local aspect of the approach and leads to sparse similarity matrices.

It is then important to remove the mean of each feature, possibly weighted by the
local density of data points: the new features are called x̃∗r and are given by

x̃∗r = x∗r−
xT
∗rD1

1TD1
1. (2.25)

While a weighted normalisation has a natural interpretation in the field of spectral
graph theory [93, 31], traditional normalisation can be used as well, as suggested in
[93]. The end of this section gives a detailed argument for the need of normalization.

Eventually the Laplacian score of each feature x∗r is computed as follows:

Lr =
x̃T
∗rLx̃∗r

x̃T
∗rDx̃∗r

, (2.26)

and this score is used to rank the features in increasing order. In its original form,
LS is thus a univariate criterion. In Section 4.3, a proposal to develop a multivariate
criterion based on LS is introduced. It is also interesting to note that the authors of
[93] derive a connection between the LS (2.26) and the well-known Fisher criterion.

We now give some brief comments on the reasons why normalisation (2.25) is
necessary. The first goal in removing the (weighted) mean is actually to prevent a
non-zero constant feature such as 1 to be assigned a zero Laplacian score. This is
important in practice since, as mentioned above, a low Laplacian score corresponds
to a relevant feature. Indeed, a constant feature obviously does not contain any infor-
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mation about the output but would be given a zero LS. As detailed in [93], after the
proposed normalisation, the numerator of (2.26) cannot be zero for a constant feature
if the denominator is not zero. If both the numerator and the denominator are equal
to zero, the score of the feature is thus equal to 0

0 , which is an indetermined quantity.
It is then possible to detect the feature and to remove it from the problem. While
detecting constant features is not a hard task in practice, the main interest of the pro-
posed normalisation is to ensure that the score of the features is not influenced by their
range. Indeed, according to Eq. (2.26), the LS directly depends on the feature values.
It is thus important to make sure that a good LS actually translates a real relevance
of the feature. As the feature range can also negatively impact the computation of
the distance between the samples, we actually remove the mean of the features before
building the similarity matrix S.

2.2.2 Justification or alternative derivation

In this section, we show an alternative derivation of the Laplacian score; this derivation
heuristically justify its use for feature selection.

Let us first mention that the denominator x̃T
∗rDx̃∗r in (2.26), is the weighted vari-

ance of the feature x∗r. Features with a low variance are thus penalized, as the variance
is believed to measure the predictive power of a feature.

Then, as explained above, the basic idea of LS is to favour features which are
coherent with a previously defined similarity matrix. In the context of unsupervised
learning, this matrix is defined by the Euclidean distance between two samples, and
the objective is thus to find features which are the most compatible with this proximity
measure representing the structure of the data. In other contexts, the similarity matrix
could as well translate the fact that two samples belong to the same class or that their
associated continuous target outputs are close to each other. A quite natural criterion
for which a relevant feature will be low is thus the following one:

min
r ∑

i
∑

j
(xir− x jr)

2Si j. (2.27)

Indeed, following Eq. (2.27), if Si j becomes large, (xri− xr j)
2 has to decrease

for the criterion (2.27) to remain small (remember that criterion (2.26) has to be min-
imised). Features according to which the samples xi∗ and xj∗ are not close while they
actually are in the sense of Si j are thus penalized. The local structure of the data can
therefore be preserved. Indeed, a negative exponential is used in the definition (2.26),
meaning that for close samples xi∗ and xj∗, Si j will be high.

We now explicitely establish the connection between criteria (2.26) and (2.27).
Based on the definition of the diagonal matrix D = diag(S)1, it is easy to deduce that
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Dii = ∑ j Si j. Remembering that the Laplacian of a graph is defined as L = D−S, some
basic developments give

∑
i

∑
j
(xir− x jr)

2Si j = ∑
i

∑
j
(x2

ir + x2
jr−2xirx jr)Si j

= ∑
i

∑
j

x2
irSi j +∑

i
∑

j
x2

jrSi j

−2∑
i

∑
j

xirx jrSi j

= 2 xT
∗r D x∗r−2 xT

∗r S x∗r
= 2 xT

∗r (D−S)x∗r
= 2 xT

∗r L x∗r.

(2.28)

Therefore it clearly appears that minimising the numerator ˜x∗rT L ˜x∗r of (2.26) is
equivalent to minimising (2.27); both expressions are indeed equal to a multiplicative
factor. Also note that in [199], the authors presents the Laplacian score as a particular
case of a more general feature selection algorithm based on spectral graph theory.
More generally, they propose an interesting unifying framework for supervised and
unsupervised spectral feature selection.

2.3 Hilbert-Schmidt independence criterion

The last feature selection criterion we present is the Hilbert-Schmidt independence
criterion (HSIC) introduced in [83]. As illustrated in this section, it is a kernel-based
independence criterion which can handle a very large range of data types, making it
particularly suitable for feature selection with unconventional or non-standard data.
The idea of using kernel-based approaches to measure dependence is actually quite
popular in the literature. The general principle of these methods is to define covari-
ance or cross-covariance operators in reproducing kernel Hilbert spaces and to derive
statistics from those operators which are well suited to measure the dependence be-
tween functions in these spaces. For instance, in [9], the authors introduce the kernel
canonical correlation analysis (CCA), a non-linear extension of the canonical corre-
lation analysis, defined using positive-definite kernels. The idea is to extract the in-
formation shared by two random variables by finding non-linear mappings φ(X) and
ψ(X), respectively belonging to the reproducing kernel Hilbert spaces F and G , which
maximize their correlation. Kernel CCA can be written in terms of a cross-covariance
operator (which will be defined in the next section), making its theoretical analysis
easier. From this operator, a regularized corelation operator is derived, whose largest
singular value has associated eigenfunctions that are the solutions of the kernel CCA
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problem. In another related work, the largest singular value of the cross-covariance
operator is used as a measure of independence [84]. The HSIC extends the work in
[84] by considering the whole spectrum of the cross-covariance estimator, in order to
get a more robust indication of (in)dependence between the variables. To this end, the
sum of the squared singular values of the cross-covariance operator, corresponding to
the Hilbert-Schmidt norm of this operator, is used as a measure of dependence. Ex-
periments presented in [83] illustrate the superiority of the HSIC regarding previous
approaches. An important related work is [77], where the authors also use covariance
and cross-covariance operators in RKHSs but do not consider the Hilbert-Schmidt
norm. Other related works include [95, 18], which deal with covariance operators
instead of cross-covariance operators (the difference being that a cross-covariance op-
erator defines a mapping from one space to another one).

2.3.1 Definitions

Let us again consider two domains X and Y , which can contain any data type such as
(a vector of) real values, strings, graphs, class labels... From these domains, we draw
couples of samples (x,y) and we consider a mapping function φ(x) ∈ F from any
x ∈ X , where F is a feature space such that the inner product 〈φ(x), φ(x′)〉 is given
by a kernel kX (x,x′). F is then called a reproducing kernel Hilbert space (RKHS).
A second RKHS G can be defined on Y , with a kernel kY (y,y′) and a feature map
ψ(y) ∈ G .

We begin by defining the Hilbert-Schmidt (HS) norm of a linear operator C : G 7−→
F , provided the sum converges, as:

‖C‖2
HS := ∑

i, j

〈
Cvi,u j

〉2
F , (2.29)

where u j and vi are elements of orthonormal bases of F and G respectively and where
〈., .〉F denotes the inner product of F . This norm actually generalizes the Frobenius
norm on matrices.

We can also define a tensor product operator f ⊗g : G 7−→ F as

f ⊗g := f 〈g,h〉G ∀h ∈ G . (2.30)

Following Eq. (2.29), the HS norm of f ⊗g can be computed as

‖ f ⊗g‖2
HS = 〈 f ⊗g, f ⊗g〉H S = 〈 f ,( f ⊗g)g〉F

= 〈 f , f 〉F 〈g,g〉G = ‖ f‖2
F ‖g‖

2
G .

(2.31)
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Let us also define the mean element µx ∈ F as follows:

〈µx, f 〉F := E
x

[
〈φ(x), f 〉F

]
= E

x
[ f (x)] , (2.32)

while µy ∈ G can be defined similarly. It is therefore possible to compute

‖µx‖2
F = E

x,x′

[〈
φ(x),φ(x′)

〉
F

]
= E

x,x′

[
k(x,x′)

]
. (2.33)

Let us note that µx and µy can be proven to exist and to be unique using Riesz’s rep-
resentation theorem [145], as long as their respective norms in F and G are bounded;
this condtion is verified when the kernels kX and kY are bounded.

It is now possible to define a (linear) cross-covariance operator Cxy between these
features maps as:

Cxy : G 7−→ F := E
xy
[(φ(x)−µx)⊗ (ψ(y)−µy)] = Exyφ(x)⊗ψ(y)−µx⊗µy. (2.34)

Alternatively, Cxy can be defined as the only operator satisfying [166]

〈Cxyψ,φ〉F = E
xy
[(φ(x)−µ(x))(ψ(y)−µ(y))] . (2.35)

The cross-covariance operator thus expresses the covariance between functions in the
RKHS; it also contains all the information regarding the dependence of X and Y that
can be expressed by nonlinear functions in the RKHS [78].

The Hilbert-Schmidt independence criterion is formally defined as the square of
the Hilbert-Schmidt norm of the cross-covariance estimator [166]:

HSIC(F ,G ,Pxy) = ‖Cxy‖2
HS , (2.36)

with Pxy being the joint distribution of (x,y).

To ease the computation and the approximation of the HSIC, it is useful to rewrite
it only in terms of the kernels kX and kY . Following the developments in [83] it can
be proven that:

HSIC(F ,G ,Pxy) = E
x,x′,y,y′

[
kX (x,x′)kY (y,y′)

]
+ E

x,x′

[
kX (x,x′)

]
E
y,y′

[
kY (y,y′)

]
−2 E

x,y

[
E
x′

[
kX (x,x′)

]
E
y′

[
kY (y,y′)

]]
.

(2.37)



58 CHAPTER 2. Feature selection criteria

Indeed, using Eqs. (2.31) and (2.34), it is possible to write

‖Cxy‖2
HS =

〈
E
xy
[φ(x)⊗ψ(y)]−µx⊗µy,E

xy
[φ(x)⊗ψ(y)]−µx⊗µy

〉
H S

= E
x,y,x′,y′

[〈
φ(x)⊗ψ(y),φ(x′)⊗ψ(y′)

〉
H S

]
−2 E

x,y

[
〈µx⊗µy,φ(x)⊗ψ(y)〉H S

]
+ 〈µx⊗µy,µx⊗µy〉H S .

(2.38)

By substituting the definiton of µx and µy and by using the fact that 〈φ(x),φ(x′)〉F =

k(x,x′), it is possible to obtain Eq. (2.37).

A remarkable property of the HSIC criterion is that if F and G are RKHSs with
universal kernels kX and kY as introduced in [169] on the compact spaces X and Y
respectively, then HSIC(F ,G ,Pxy) = 0 if and only if x and y are independent. Exam-
ples of universal kernels include the Gaussian or the Laplacian kernels, which can thus
be used to detect dependencies between X and Y . While they will not guarantee that
all dependencies will be detected, other (non-universal) kernels can as well be used.
By defining them on strings, graphs or other domains, one will thus be able to address
a large variety of complex non-standard problems. In [83], the authors experimen-
tally show the advantage of the HSIC over competing methods in the measurement of
dependency between variables.

The use of HSIC as a feature selection criterion has first been advocated in [166].
In this work, the authors propose to combine the HSIC with the backward search pro-
cedure described above. The idea is to compute only once the kernel for the target
output and to evaluate the kernel for the tested features as required by the search pro-
cedure, before estimating the HSIC. The authors use a Gaussian kernel for the features
as well as for the continuous target outptut of regression problems. They rather apply
a linear kernel on the labels for classification problems.

2.3.2 Estimation

In order for the HSIC to be a useful and practical criterion to evaluate the relevance of
a (set of) features, it is important to be able to correctly approximate it given a finite
sample size. Let us consider a dataset D := {(xi,yi)⊆ X ×Y ,(i = 1 . . .n)}, where the
n observations are independent and assumed to be drawn from distribution Pxy. An
estimator of HSIC(F ,G ,Pxy), written as HSIC(F ,G ,D) can then be given as [83]:

HSIC(F ,G ,D) = (n−1)−2 tr
(

KX H KY H
)
. (2.39)
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In Eq. (2.39), KX
i j = kX (xi,x j), KY

i j = kY (yi,y j) and Hi j = δi j−n−1, with δ being the
Kronecker delta.

As pointed out in [83], the computational complexity of the estimator HSIC(F ,G ,D)

is O(n2), which is less than most of other kernel dependence criteria. However, in
practice, good approximations to all such criteria can be obtained with a simlar com-
plexity (see e.g. [10]). Another important property of this estimator concerns its
bias. Indeed, it can be shown that, considering again the i.i.d. couples of samples
(xi,yi)∼ Pxy that compose the dataset D [83]:

HSIC(F ,G ,Pxy) = E
D
[HSIC(F ,G ,D)]+O(m−1). (2.40)

This result actually means that if the variance of HSIC(F ,G ,D) is larger than O(m−1),
the bias induced by the estimation (2.39) can be considered as neglectable. It is also
important to note that assuming non-negative and bounded almost everywhere by 1
kernels, tight bounds on the difference between the estimated and real values of HSIC
can be given, showing again the interest of the estimators [83].

2.4 Discussion

We end this chapter with a small discussion on the choice of three particular criteria
considered in the thesis.

Obviously, and as already detailed in Section 1.1.1, other possible filter quality
criteria were available as the basis of our further developments. The rationale behind
the choice of the three criteria (MI, LS and HSIC) is the following one. First, the mu-
tual information has mainly been chosen because of the existence of an estimator able
to handle multivariate data and therefore to score feature subsets, both for regression
and classification problems. Besides, mutual information is a non-linear criterion, able
to detect any kind of dependency between random variables. Then, Laplacian score
and related methods are particularly well designed for both weakly supervised and
non-standard problems. Indeed, such methods are only based on the determination of
a similarity matrix between samples, which can either take supervised samples into
account or not. Eventually, we believe the HSIC has a great potential for feature se-
lection in non-standard settings. Indeed, it only requires the determination of a kernel
function in both the input and the target output space. As kernels can be defined for
many kinds of data (discrete and/or continuous, strings, graphs...), a large amount of
problems can potentially be addressed. Besides, HSIC is naturally defined for multi-
variate data.

The three considered criteria thus possess interesting and complementary proper-
ties for feature selection, especially in the context of non-standard data.
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For comparison, the very popular correlation coefficient is univariate and limited
to the detection of linear dependencies, while the Relief algorithm is univariate and
limited to regression problems. Both approaches seem therefore less promising in
terms of potential extensions.
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We now gather in Table 3.1 all the datasets used in the experiments throughout the
thesis; we then briefly introduce them. First, some datasets correspond to regression
problems, i.e. problems for which the output to predict is a continuous (real) value.
Nitrogen1 and Orange juice2 are spectroscopic datasets. As preprocessing, each spec-
trum of the 1050 original spectrum in the Nitrogen dataset has been represented using
its coordinates in a B-splines basis, in order to reduce the amount of features to a rea-
sonable number of 105 (see [149]). For the Delve census dataset3, only the first 2048
samples have been kept. The mortage dataset can be downloaded from the website of
the Federal reserve bank of Saint-Louis 4 while the Housing dataset is available from
the UCI website [71]. Then, all classification datasets, except for the multi-label ones,
can as well be found on the UCI website [71], where they are presented in details.
Eventually, the multi-label datasets can all be downloaded from the website of the
Mulan project5 . In Table 2, the number in brackets denotes the maximum number of
potential labels for each data point.

All but the Corel, Enron and Medical datasets are have continuous variables, while
the three remaining ones are discrete.

The experimental setting and the way the datasets are used can differ according
to the considered problem. Indications on the exact use of the datasets are therefore
given when necessary in the corresponding chapter.

Also note that two datasets are called Yeast. However, the context will make clear
the one that is referred to in the following chapters.

1http://kerouac.pharm.uky.edu/asrg/cnirs/
2http://mlg.info.ucl.ac.be/index.php?page=DataBases
3http://www.cs.toronto.edu/ delve/data/census-house/desc.html
4http://research.stlouisfed.org/
5http://mulan.sourceforge.net/
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Sample size Features Type
Delve Census 2048 104 Regression

Housing 506 13 Regression
Mortage 1049 16 Regression
Nitrogen 141 105 Regression

Orange Juice 218 700 Regression
Breast Tissue 106 10 6-class

Ecoli 336 8 8-class
Glass Identification 214 10 7-class
Image Segmentation 2310 19 7-class

Ionosphere 351 34 2-class
Iris 150 4 3-class

Mines vs. Rocks 208 60 2-class
Page Blocks Classification 5473 10 5-class

Handwritten Digits 10992 16 10-class
Seeds 210 7 3-class

Vehicle Silhouettes 946 18 4-class
Vertebral Column 310 6 4-class

Wall-Following Robot 5456 24 4-class
Waveform 5000 21 3-class

Wine 178 13 3-class
Wisconsin diagnostic Breast Cancer (wdbc) 569 32 2-class

Yeast 1484 8 10-class
Corel 5000 499 multi-label (374)
Enron 1702 1001 multi-label (53)

Medical 978 1149 multi-label (45)
Scene 2407 294 multi-label (6)
Yeast 2417 103 multi-label (14)

Table 3.1: Datasets used in the thesis.
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This chapter deals with feature selection in the context of semi-supervised prob-
lems. Such problems are characterized by the small amount of output values available
regarding the number of samples in the dataset. Semi-supervised learning thus dif-
fers from the traditional supervised learning, where the knowledge of the output target
value is assumed for every sample in the data set. It also differs from the unsupervised
learning paradigm, where no target value is considered and which is thus unrelated to
any prediction task.

Semi-supervised learning thus lies between these two extreme situations and ac-
tually corresponds to a quite realistic problem in practice. Indeed, it is common for
real-world problems that generating lots of samples is an easy task, while obtaining
the target value of interest can turn out to be costly, time-consuming and error prone.
As an example, consider a practician whose goal is to detect if a patient suffers (or
will likely suffer) from a given disease based on analyses or on radiographies. As
most patients of an hospital undergo lots of tests and analyses, building a dataset is
quite simple. However, most of the patients will not be diagnosed for the pathology
of interest. Besides, determining the presence of a certain disease can be a hard task,
even for a trained practician. In another field, it is sometimes important in a food qual-
ity control context to measure some properties of a food sample (as e.g. the fat rate for
meat, the sugar rate for juice or the alcohol degree for wine). Spectroscopic properties
of the samples can be used to help automating such predictions (see e.g. [150]). How-
ever, building supervised training sets and obtaining the real values of interest can be
costly in practice, as destructive tests (such as burning the piece of meat) and chemical
analyses often have to be performed.

These two examples illustrate the need to adress the semi-supervised learning
problem in the machine learning literature, and more precisely in the context of feature
selection. The objective is often to improve algorithms based on the unsupervised part
of the data by using the knowledge of the few available labels; two reference books on
semi-supervised learning are [28, 202].

While many recent works have adressed the feature selection problem for semi-
supervised datasets, they are focused on classification problems. Regression problems
have therefore not been considered. This chapter thus first addresses this lack by
proposing an approach based on the Laplacian Score (LS) introduced in Section 2.2.
The developments are presented in Section 4.2 and are based on the works [51, 56].

As the feature selection criteria based on the LS and on spectral theory are mainly
univariate, a solution is proposed in Section 4.3 to develop a multivariate criterion.
The method is based on the Hilbert-Schmidt independence criterion (see Section 2.3)
and on the possibility to define kernels on graph Laplacians. It can be applied to both
regression and classification problems, and actually to a broader range of problems, as
will be illustrated. The results have not been published yet.
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Prior to these developments, the chapter begins with a brief state-of-the-art about
semi-supervised feature selection.

4.1 Related work

Various solutions for feature selection have been proposed in the particular context of
semi-supervised learning. Among many others, Zhao and Liu proposed a very pop-
ular approach using spectral analysis [199]. The idea is basically to turn the features
into cluster indicators for the min-cut clustering method [162]. The quality of the fea-
tures is then measured by their ability to produce clusters which are (i) well-separated
and (ii) coherent with the few available class-labels. Quinzan et al. introduced an
algorithm based on feature clustering, conditional mutual information and conditional
entropy [142]. In [26], the authors use the notion of Markov blanket. In [184], the
authors propose to solve a class margin maximization problem involving a manifold
regularization term, which allows the user to take the structure of the data into ac-
count. Globally, features are selected according to their class-margin maximisation
power and their ability to preserve the structure of the data. In [200], Zhong et al.
introduce a hybrid method that selects an initial set of features using the supervised
samples, before expending and correcting this set using the unsupervised samples and
label propagation techniques. In [196], the concept of graph Laplacian is also ex-
ploited, similarly to what is done in the next section. Sample proximity matrices are
defined through the class memberships if available or through the distance between
samples if one of the two samples is not supervised. Again, a compromise is thus
seeked between features that are in good agreement with the few class labels and with
the global structure of the (unsupervised) data. Eventually, let us also mention the
work in [146], which belongs to the wrapper category. The idea is to perform a greedy
forward search to select at each step the feature whose addition leads to the better
classification performances. To evaluate these performances, a random set of unsuper-
vised samples are first given a class label, evaluated by the prediction algorithm. This
procedure is repeated many times, leading to a very time-consuming method.

As previously mentioned, one common aspect of all the aforementioned works is
that they are designed for classification problems, and that there exists no obvious way
of extending them for regression problems. One of the main reasons for that is that
class labels naturally define a cluster structure in the data, while this is not the case for
regression problems. Besides, the notions of class-margin or label propagation have
no obvious counterpart in regression problems.

While this chapter is dedicated to semi-supervised problems, some works on fea-
ture selection for unsupervised or weakly-supervised problems also have to be men-
tioned. First, the most obvious and simple example of unsupervised method is simply
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the evaluation of each feature variance, which gives an indication of the features pre-
dictive power, as already explained in Section 2.2.

However, more interesting unsupervised methods rather focus on (i) finding sub-
sets of features that lead to the determination of sound clusters of samples or (ii) re-
moving redundancy between features. For instance, in [134] the authors introduce a
feature similarity measurement called maximum information compression index and
perform feature clustering using this criterion; they then remove all but one features
of the most compact cluster and proceed recursively. Other works include for instance
[59], which is based on expectation-maximisation clustering or [130] where it is also
proposed to use the dependency between features to eliminate redundant ones. Of
course, the Graph Laplacian based ranking method proposed in [93] and presented in
details in Section 2.2 is another popular approach on which are based the subsequent
developments in this chapter. An important more recent work is [25], where the basic
idea is again to find features preserving the best the (cluster) structure of the data. The
authors first propose to compute a graph Laplacian L before solving the generalized
eigenvalue problem LY = λDY, where D has the same meaning as in Eq. (2.26). Each
row of Y actually corresponds to a flat embedding of a data point or, said otherwise,
to the unfolded data point. The K eigenvectors Y∗k with the largest eigenvalues (core-
sponding to the K first columns of Y) are then kept, where K ideally corresponds to
the number of clusters in the data. For each eigenvector, a LASSO-like problem is
solved:

min
ak

∥∥Y∗k−XT ak
∥∥2

+β |ak| ,

where X is the original dataset. The maximum of the absolute value of the coefficient
corresponding to each feature is determined across the K LASSO-like problems. The
features are then ranked according to this value, in decreasing order.

Let us eventually mention another form of weak supervision closely related to
the semi-supervised problem: pairwise constraints [190]. The idea is that the class
labels are not available, but that it is known, for a limited amount of pairs of samples,
whether or not they belong to the same class. An approach based on a graph Laplacian,
very similar to the work in [196] for semi-supervised problems has been proposed to
address feature selection for problems with pairwise constraints.

4.2 Semi-supervised Laplacian score

This section introduces the Semi-Supervised Laplacian Score (SSLS), following the
developments in [51, 56]. SSLS is actually a semi-supervised feature selection crite-
rion, designed for regression problems. The first part of this section will be dedicated
to the derivation of a supervised criterion, which will then be used to produce the
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semi-supervised one.

4.2.1 Supervised Laplacian score

While the goal of the Supervised Laplacian score (SLS) is essentially to serve as an
intermediate step in the derivation of the SSLS, it possesses by itself interesting prop-
erties for feature selection, as illustrated below.

Let us consider again a dataset described by n samples xi∗ and by d features x∗i.
A target output vector Y = [y1 . . .yn] ∈ℜm is also given. Assuming that the outputs yi

are given by a continuous and smooth function of the samples xi∗ (possibly limited to
a subset of features), it is quite natural to expect that for close samples xi∗ and xj∗, the
output values yi and y j are close too. In that regard, we can define good features as ones
having close values for data points whose outputs are close too. Let us note that this
assumption is quite common in machine learning and that many popular regression
models including the k nearest neighbors and the radial basis functions networks are
based on a similar idea. Based on this principle, and keeping in mind Eq. (2.28)
and the justifications in Section 2.2.2, a feature selection criterion can be constructed
following the next guidelines.

Define a similarity matrix Ssup as

Ssup
i, j =

e−
(yi−y j)

2

t if xi∗ and xj∗ are close

0 otherwise
(4.1)

and Dsup = diag(Ssup1), Lsup = Dsup− Ssup, x̃∗r = x∗r− xT
∗rDsup1

1TDsup1 1. In eq. (4.1), two
points xi∗ and xj∗ are considered as being close if one is among the k nearest neighbors
of the other, while t is a suitable (positive) constant.

The Supervised Laplacian Score (SLS) can then be defined as follows:

SLSr =
x̃T
∗rLsupx̃∗r

x̃T
∗rDsupx̃∗r

. (4.2)

It can be used to rank the features, by sorting them in decreasing order of their score
SLSr.

Illustration

In order to illustrate the interest of SLS, it is briefly compared to two other feature
selection criteria: the correlation coefficient and the univariate MI. From a practical
point of view, in this section, the value of the parameter k in (4.1) is set to 5 and the
MI is estimated using the nearest neighbors-based estimator in [114] (see Eq. (2.19)).
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Y1 Y2
Correlation 100 32

SLS 100 100
MI 100 100

Table 4.1: Percentage of experiments for which the relevant features are ranked first
on two artificial problems.

Artificial datasets SLS is first tested on two artificial problems for which the rele-
vant features are known in advance.

The first problem has 6 features X1 . . .X6 uniformly distributed on [0;1]. Its output
is a linear combination of three features

Y1 = 5X1 +7X2−10X3. (4.3)

Obviously, only features X1, X2 and X3 are informative.
The second problem consists of 4 features X1 . . .X4 uniformly distributed on [0;1],

where only the two first ones are useful to build the output, since it is defined as

Y2 = X2
1 X−2

2 . (4.4)

In both problems, the sample size is 1000 and 1000 datasets are randomly gen-
erated. The criterion of comparison is the percentage of the experiments where the
informative features are the best ranked. The results are summarized in Table 4.1.
Obviously, when the relationship between the features and the output is non-linear
the proposed SLS performs much better than the correlation coefficient, which is re-
stricted to linear dependencies. SLS is equivalent to the MI for this problem. For the
linear problem (4.3), all the three criteria perform equally well.

Real-world datasets We also test SLS on real-world data sets. For such datasets,
a prediction model has to be used to assess the performances of the feature selection
criteria. Here, a 5-nearest neighbors (5-NN) model is considered because it is both
simple to use and sensitive to irrelevant features. Two data sets are studied, Delve
Census and Orange Juice (see Chapter 3 for details).

For the two datasets, Figures 4.1 and 4.2 show the root mean squared error (RMSE)
(estimated through a 5-fold cross-validation procedure) of a 5-NN model as a function
of the number of selected features. For comparison, the results with the unsupervised
Laplacian score are also presented. The interest of the SLS against the correlation
coefficient is again illustrated, while as could be expected, the performances of the un-
supervised method are the worst. MI outperforms its competitors for the Juice dataset
and is equivalent to the SLS for the Delve dataset. However, as will be illustrated
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Figure 4.1: RMSE of a 5-NN model for 4 feature selection criteria on the Delve Census
data set.

Figure 4.2: RMSE of a 5-NN model for 4 feature selection criteria on the Orange Juice
data set.
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below, the performances of the MI greatly decrease when the number of labelled sam-
ples is low; the performances of the SLS are then comparable to the ones of the MI.
A possible explanation is that because of its complexity, the MI criterion requires a
consequent amount of samples for being reliably estimated.

4.2.2 Semi-supervised Laplacian score

We now introduce a semi-supervised feature selection algorithm based on the SLS;
such an algorithm is necessary in practice as taking the unlabeled samples into account
is particularly important when the number of labeled samples is low. As previously
explained, the LS and the SLS are both based on the idea of preserving the local
structure of the data. The difference between both methods only lies in the way we
define local structure, using the data samples, the target outputs or both. An intuitive
idea is to compute the distance between two samples from their outputs if both are
known, and from the unsupervised part of the data otherwise. This way, the important
supervision information is always taken into account, while the strucutre of the data is
also considered to help dealing with the small number of supervised samples.

Let us consider a semi-supervised regression problem, where a data set of n sam-
ples is considered, only s of them being supervised: Y = [y1 . . .ys] ∈ ℜs. We futher-
more assume that s << m.

The developments begin by defining the pairwise distance matrix d:

d2
i, j =

{
(yi− y j)

2 if yi and y j are known
1
n ∑

n
k=1 ( fk,i− fk, j)

2 otherwise.
(4.5)

In the second case, the distance is normalized by the number of features n to keep
every value of d2 in a comparable range. This would not be the case otherwise, since
the dimension of the data set is generally much larger than one.

Based on d2, a matrix Ssemi is then built as follows

Ssemi
i, j =


e−

d2
i, j
t if xi∗ and xj∗ are close and yi and/or y j is unknown,

C× e−
d2
i, j
t if xi∗ and xj∗ are close and yi and y j are known,

0 otherwise.

(4.6)

Again, two points are close if one is among the k nearest neighbors of the other one.
A positive constant C has been introduced in Eq. (4.6) to weight the values of

Ssemi
i, j corresponding to two supervised samples. Since the SLS has been shown to

outperform the unsupervised LS (see Figures 4.1 and 4.2), it actually seems reasonable
to assume that the labels are in practice more important than the unsupervised samples
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and to give them more importance in determination of relevant features.

We then define Dsemi = diag(Ssemi1), Lsemi =Dsemi−Ssemi and f̃∗r = x∗r− xT
∗rDsemi1

1TDsemi1 1.
The Semi-Supervised Laplacian Score (SSLS) is eventually defined for each fea-

ture x∗r as

SSLSr =
x̃T
∗rLsemix̃∗r

x̃T
∗rDsemix̃∗r

×SLSr. (4.7)

In Eq. (4.7), SLSr is the Supervised Laplacian Score computed using the supervised
samples only.

The proposed criterion thus takes both the unsupervised and the supervised part of
the data into account, giving the supervised part more importance. The SSLS can actu-
ally be seen as the SLS corrected with a term slightly influenced by values of the data
samples. Experimental results will show that even such a small influence can greatly
improve the feature selection performances compared to the SLS. Both terms are ac-
tually important in Eq. 4.7 since the semi-supervised term alone is not guaranteed to
fully use all the available information provided by the supervised samples.

Experimental results and discussion

We now illustrate the interest of the SSLS criterion through two different axes. First,
the performances of a prediction model using the features selected by SSLS are stud-
ied. Then, we ensure that SSLS efficiently uses the few supervised samples.

Prediction performances While we only focus on the two same datasets as the ones
used for the SLS (see Section 4.2.1), more results can be found in the corresponding
journal paper [56]. The SSLS is compared with the MI, the correlation coefficient and
the SLS. The results with the unsupervised LS are not reproduced here, as they do
not compete with those of the supervised and semi-supervised methods. Again, the
feature selection criteria are compared through the RMSE of a 5-NN model. A few
supervised samples are first randomly selected from the training set, based on which
the MI, the correlation coefficient and the SLS are computed. All samples are used for
the SSLS. For the prediction step, all samples in the training set are considered to be
supervised because the model would perform badly with a low number of supervised
samples, making the results unmeaningful. The compared algorithms are tested with
3% and 5% of randomly selected supervised samples. The RMSE is estimated through
a 5-fold cross-test procedure repeated 10 times. The different parameters are set as fol-
lows. The value of t is set to 1 while 5 neighbors are considered for computing the
unsupervised (2.24) and supervised (4.2) score. 30 neighbors are considered for Ssemi

(4.6) in order to increase the probability of taking supervised samples into account. C
in Eq. (4.6) is set to the moderate value of 5, giving significant weight to supervised
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Figure 4.3: RMSE of a 5-NN model as a function of the number of selected features
with 3% (left) and 5% (right) supervised samples for the Orange Juice data set.

Figure 4.4: RMSE of a 5-NN model as a function of the number of selected features
with 3% (left) and 5% (right) supervised samples for the Delve Census data set.
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samples but nevertheless allowing one to take the information coming from the unsu-
pervised data points into account. Before any distance computation, the features and
the output vector are normalized by removing their mean and dividing them by their
standard deviation. For the prediction step, the outputs are not normalized.

Figures 4.3 and 4.4 illustrate the results. First, the semi-supervised criterion out-
performs its supervised counterpart for the Juice dataset, while the performances are
identical for the Delve dataset. These observations and further results in [56] indicate
the interest of considering the information coming from the unsupervised part of the
data. It also looks like the MI performs quite bad when given a small number of super-
vised samples (the Delve dataset is much larger than the Juice dataset in terms of the
number of samples). In this regard, the SSLS appears to be a possible alternative. In-
deed, the SSLS also performs much better than the correlation coefficient. The SSLS
thus seems to have an advantage over both the unsupervised and supervised compared
approaches to feature selection for semi-supervised problems.

Efficient use of the supervised samples Another property a good semi-supervised
algorithm should possess is the capacity to efficiently exploit the precious and rare
information given by the labelled samples. It is thus interesting to see how the per-
formances of the SSLS depend on the number of supervised samples, especially when
a very small amount of them is available. Figure 4.5 shows the results on the Delve
dataset. As can be seen, the SSLS clearly benefits from the addition of supervised
samples, as further illustrated in [56]. It is reasonable to assume that this observation
will remain true only as long as the number of supervised samples remains small and
that the behaviour of both the SSLS and the SLS will tend to become similar when the
amount of supervised samples increase. It is worth noting that the proposed method-
ology has interest only if the supervised samples can be assumed to be distributed
similarly to the unsupervised ones, i.e. if the samples are i.i.d. Indeed, otherwise, the
feature relevance computed from the supervised samples would be meaningless for
the unsupervised ones.

Discussion on the parameters

This section ends with a few comments on the different parameters involved in the
definiton of the SSLS.

First, 5 neighbors are used to build the the proximity matrices for the unsupervised
and supervised scores, in order for the graph to accurately reflect the local structure
of the data. This value is suggested in related works such as [93] and [196]. For the
semi-supervised similarity matrix (4.6), the number of neighbors is increased to 30,
while in practice any intermediate value could as well be used. Experiments using 50
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Figure 4.5: Performances of a 5-NN model as a function of the number of features
selected with the SSLS criterion and different numbers of supervised samples on the
Delve Census data set.

Figure 4.6: Performances of a 5-NN model as a function of the number of features
selected with the SSLS criterion and different values of the parameter C on the Orange
Juice data set.
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to 100 neighbors confirmed this intuition with non significant differences observed in
the final performances.

The parameter t in Equations (2.24), (4.1) and (4.6) has actually mainly been in-
troduced to be consistent with the notations of the original paper about the LS [93].
We have however set it to 1 because (i) the data we deal with are assumed to have
zero mean and unit variance and (ii) a low number of neighbors are used to build the
proximity matrix and using a quickly decaying exponential function to represent the
local structure of the data is not needed.

Eventually, C gives more weight to the supervised information in Ssemi (4.6). This
parameter can prove useful in practice but experiments have shown that its value only
slightly affects the results. To illustrate this, Figure 4.6 presents the performances of
the SSLS for 10 supervised samples and different values of C. When the value of C
remains low, the performances of the SSLS remain close. On the contrary, when the
value of C increases, the performances of the SSLS become similar to the ones of the
SLS. The value of C can thus be set to 1 in practice and this parameter can be ignored.
However, when the proportion of supervised samples is extremely low (e.g. less than
1%), we rather suggest a moderate value of C = 5.

4.3 Multivariate LS-based criteria

As explained above and as can be understood from the presentation of the SLS and
SSLS, feature selection criteria based on the graph Laplacian are traditionally univari-
ate, which can be a serious drawback in practice. A possible solution to this problem
is the method proposed in [25] and already discussed in Section 4.1. Indeed, even if
originally designed for unsupervised data, the similarity matrix on which the graph
Laplacian is built can equally be constructed using target outputs if available. How-
ever, one of the main limitations of the method in [25] is that it cannot be used to
evaluate a subset of features as it rather solves an optimisation problem and outputs
what it considers as the best feature subset of a given cardinality. For instance, it can-
not been used in greedy forward or backward searches where subsets of features are
comapred at each step. In practice, this limitation can restrict the application of the
method to criteria which involve more than one similarity matrix and graph Laplacian,
as it is made clear below.

For instance, as mentioned above, the constraint score [190] assumes that class
labels are not known but that it is known for a certain couple of samples whether they
belong to the same class (there is then a must-link constraint between these points) or if
they belong to different classes (there is then a cannot-linnk constraint). Two similarity
matrices Sml and Scl are built such that Sml

i j (Scl
i j ) is 0 if there exists a must-link (cannot-

link) constraint between the ith and jth samples. Two graph Laplacians (Lml and Lcl)
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are then built following the usual procedure. Two variants of the univariate feature
selection criterion exist:

C1
r =

x∗rT Lmlx∗r
x∗rT Lclx∗r

, (4.8)

and
C2

r = x∗rT Lmlx∗r−λx∗rT Lclx∗r. (4.9)

The idea of these two criteria is to favour features for which samples with a must-link
constraint are close and samples with a cannot-link constraint are far from each other.

The criterion in (4.9) can be reduced to C2
r = x∗rT (Lml−λLcl)x∗r and can therefore

be plugged into the framework proposed by [25]. On the contrary, it is impossible to
summarize the criterion (4.8) using a single Laplacian matrix. Therefore, the approach
in [25] cannot be adapted to measure the relevance of a subset of features regarding
criterion 4.8, as it involves a quotient of Laplacian Scores.

The solution we propose to produce a multivariate criterion generalising the cri-
terion (4.8) is to use the HSIC (see Section 2.3). Indeed, it has been shown in [165]
how kernels can be defined on graph Laplacians based on regularization functions on
graphs. As an example, if L̃ = D−

1
2 LD−

1
2 is a normalized graph Laplacian, than a

p-step random walk kernel can be defined as:

KL = (aI− L̃)p, (4.10)

where a and p are parameters to be set. Following the guidelines in [165] we fixed
their value to 2 and 4 respectively.

Using such a Laplacian kernel as the target output kernel KL and the Gaussian ker-
nel as the samples kernel KX , it is possible to use the HSIC feature selection criterion
presented in Section 2.3 in a backward search procedure. At each step of the proce-
dure, HSIC(KX ,Kml

L ,D) as well as HSIC(KX ,Kcl
L ,D) are evaluated for all the features

subsets that have to be tested. The feature whose removal leads to the largest value of
HSIC(KX ,Kml

L ,D)

HSIC(KX ,Kcl
L ,D)

is then eliminated.

Another criterion for which the proposed methodology can be proven to be useful
is the semi-supervised feature selection method for classification problems introduced
in [196]. In this work, two similarity matrices are also introduced. The between-class
matrix Sb is such that Sb,i j is 1 if the ith and the jth samples have different labels,
and 0 otherwise. The within-class matrix Sw is such that Sw,i j is γ if the samples have
the same label, 1 if one or both samples are unlabeled but that they are close and 0
otherwise. The finall criterion is:

Lsemi
r =

x∗rT Lbx∗r
x∗rT Lwx∗r

, (4.11)
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Figure 4.7: Accuracy of a nearest-neighbor classifier with features selected by the
Constraint Score and multivariate version of it. From top to bottom and left to right:
Mines vs. rocks, Breast Tissue, Vertebral Column and wdbc dataset.

with the exact same interpretation as for (4.8). To illustrate the potential interest of the
method we propose, we have studied the performances of a nearest-neighbor classifier
using the features selected by criteria (4.8), (4.11) and their respective multivariate
counterpart. We present the results for four datasets from the UCI repository: Mines
vs. Rocks, Breast Tissue, Vetebral Column and wdbc. The experiments are repeated
50 times. Each time a training set containing 70% of the samples and a test set con-
taining the remaining 30% are randomly drawn from the dataset. 50 constraints are
randomly drawn in the training set, while 10 % of the samples are considered as su-
pervised for the semi-supervised problem. Figures 4.7 and 4.8 illustrate the potential
interest of the proposed approach, for the two feature selection algorithms. Indeed,
even if they are non-significant, large accuracy differences can be observed especially
for the Vertebral column dataset. There thus appears to be a real interest in further
investigating the suggested methodology, for instance by considering other kernels on
graph Laplacians.
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Figure 4.8: Accuracy of a nearest-neighbor classifier with features selected by the
semi-supervised algorithm in [196] and a multivariate version of it. From top to bottom
and left to right: Mines vs. Rocks, Breast Tissue, Vertebral Column and wdbc dataset.
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4.4 Conclusion

This chapter first introduces a feature selection criterion for semi-supervised regres-
sion problems, inspired from the well-known Laplacian score and called semi-supervised
Laplacian score (SSLS). The idea is to look for features that preserve the local struc-
ture of the data, defined either based on the target output if available, or on the unsu-
pervised samples. The second part of this chapter suggests a possible way to extend
univariate graph Laplacian-based criteria, extremely popular in practice, to multivari-
ate criteria. To this end, it is proposed to use the HSIC feature selection framework
introduced in Section 2.3 and to consider a p-step random walk kernel on a graph
Laplacian as the output kernel. First results indicate the approach is promising; it
must however be kept in mind that it introduces two additional parameters.
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Figure 5.1: Illustration of the multi-label paradigm. Picture belonging to both beach
and mountain categories.

This chapter tackles the problem of feature selection for multi-label datasets. By
opposition to more conventional single-lable classification problems, the multi-label
paradigm assumes that each data sample in a dataset can be simultaneaously asso-
ciated to multiple classes. The samples thus really belong to different classes and
multi-label learning is not related to any kind of uncertainty. One of the most illus-
trative examples of application is the categorization of pictures or texts, where one is
interested in the detection of more than one topic or characteristic. In newspapper ar-
ticles categorization, for instance, one could be interested in both the main topic of the
text (sport, politics...) and the place where the events took place. Similarly, in picture
classification, one could be interested in determining the scene of the picture [20]. In
this context, Figure 5 can be associated to both beach and mountain categories.

The problem of multi-label classification can actually be seen a generalization of
the single-label one; it has been extensively studied recently due to its interest in many
domains. Besides the aforementioned classification of visual scenes [20] and text
categorization [156], these domains also include classification of music into emotions
[173] or protein function classification [45].

The next section gives a brief overview of state-of-the-art approaches to classifi-
cation and feature selection for multi-label learning. A feature selection algorithm for
continuous problems is then presented in Section 5.2; a way to tune its parameter is
proposed in Section 5.2.1 and its performances are evaluated in Section 5.2.2. A mul-
tivariate algorithm for discrete datasets is also introduced in Section 5.3. This chapter
is based on the works [49, 48] as well as on unpublished results.
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5.1 Related work

Two main directions are usually considered to tackle multi-label learning. One con-
sists in adapting existing classification algorithms to the multi-label paradigm. Among
the most popular examples of this strategy, let us mention extensions of AdaBoost
[156], support vector machines [62], C4.5 [32] and K nearest neighbors [194]. Adap-
tation can de done through the use of a multi-label errror criterion [62], the design of
a multi-label entropy-like criterion [32] or more heuristic procedures.

The other popular approach is to transform the considered multi-label classifica-
tion problem into one or several single-label problems; each subproblem can then be
addressed using any existing method. The simplest transformation method that can be
thought of is the binary relevance (BR). The idea is to learn a separate classification
model for each possible label. As many prediction models as the number of possible
labels are thus created this way and each of these models predict whether or not a sam-
ple belongs to a specific class. The prediction of each classifier is independent of the
prediction of the other classifiers. Eventually, the predicted label set for each sample is
obtained by combining the decisions of all the classifiers. One important dawback of
this approach is that BR does not take into account the potential dependence that could
exist between the class labels, since the decision for each label is made individually.
One possible solution to this problem is to see each unique combination of labels in a
training set as a label for a single-label classification algorithm. This approach, intro-
duced in [144], is called label power set (LP). A problem is that the number of class
labels created this way can potentially be very high (up to 2c, where c is the original
number of labels). Read et al. [144] thus suggested to prune the problem by getting rid
of the classes represented by a too small number of samples after the problem trans-
formation. Points belonging to these classes can be removed or can be assigned to one
or several other class(es). This methodology is called pruned problem transformation
(PPT) [144].

Concerning the feature selection problem we are interested in, it has only been
addressed in few works. One of the most popular and straightforward approaches is
to measure the relevance of each feature for each of the labels independently using a
χ2 statistics [173, 30]. The global relevance of the features can then be obtained by
somehow combining the scores relative to the different labels. This methodology has
essentially been used for text categorization [30]. The χ2 statistics has also been con-
sidered in combination with the LP transformation rather than the BR as in [30]. This
combination showed promising results in the field of music classification [173] and
has been shown to outperform the work in [30]. The main reason of this superiority is
the fact that the LP takes the label dependency into account.

The two aforementioned approaches suffer from two important restrictions. First,
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the χ2 statistics is defined for discrete features. It is thus necessary to discretize them
if the training set contains continuous variables. This obviously leads to a loss of
information and makes the results of the feature selection highly dependent of the
chosen discretization procedure. A criterion designed for continuous variables could
therefore prove very useful. Then, the χ2 statistics is a univariate relevance criterion
that scores features individually. Neither jointly relevant nor jointly redundant features
can therefore be detected. It is therefore important to propose multivariate feature
selection criteria, which could detect jointly relevant or redundant features.

Other related works include [118], where a graphical model and the symmetrical
uncertainty are used to represent the relationships among the labels and the features;
it is designed for discrete datasets only. In [121], the authors decompose and ap-
proximate the multivariate MI as a sum of (conditional) entropies involving subsets of
variables of lower dimensionality. Again, discrete datasets are required. In [193], it is
proposed to combine PCA-based feature extraction with a wrapper feature selection
method using a genetic algorithm. This approach is rather a feature extraction than a
feature selection method, as the original features are transformed and combined.

Let us also mention that some works consider other information than a simple de-
pendency between the class labels. For instance, in the context of gene classifications,
it can be pertinent to introduce a hierarchical structure between the labels, meaning
that some labels cannot be associated with a sample if some other ones are not. Such
considerations are for instance adressed in [13, 175]. A very comprehensive survey
covering all aspects of multi-label learning can be found in [192].

5.2 MI-based feature selection with continuous datasets

Because it is naturally able to both deal with continuous features and consider mul-
tivariate variables, MI is well-suited to address the drawbacks of most current multi-
label feature selection algorithms.

Let us consider a dataset D ∈ℜn×d , whith d being the original number of features.
Let us also consider a multi-label output vector O ∈ {0,1}n×c, whith c being the num-
ber of possible labels. Each column of O thus codes for the belonging of the samples
to one of the c classes.

Let us first transform the problem using the PPT approach. Every unique combi-
nation of class labels in O is thus considered as a single class label. Points belonging
to created classes containing less than p samples are then removed from the dataset.
The transformed dataset and output vector are denoted Dt and Ot , respectively. Dt

contains nt ≤ n samples described by the original number of features d.
As mentioned above, it is possible to keep the points whose class is shared by less

than p samples by duplicating them and assigning each copy a new class label, chosen
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from the labels still existing in the dataset after the pruning [144]. However, as we will
work with the nearest neighbors-based MI estimator designed for classification prob-
lems (2.21), this solution is not acceptable. Indeed, this would induce the existence of
samples described by the exact same values but belonging to different classes. This
would of course confuse the determination of the class label of the kth nearest neighbor
of the samples and hurt the MI estimator.

Once the original problem has been transformed to a single-label one, a forward
search using the MI criterion is considered to select relevant features. It is stopped
after a predetermined number of features has been selected or when another stopping
criterion is met. Because the MI is estimated between a subset of features and the
output, the above strategy is able to consider the possible interaction or redundancy
between features, which is a great advantage over most existing methods, as already
mentioned.

The benefits of the problem transformation are two-fold for the proposed method-
ology. First, the PPT eases the problem by limiting the possible number of classes. It
thus prevents the MI estimator from suffering from the presence of many rare classes,
which do not accurately represent the original dataset. In this regard, the PPT pre-
vents from a certain kind overfitting. Then, the PPT ensures that each class of the
transformed dataset is described by a minimum number of p samples. This is of great
importance since the considered MI estimator requires that the distance between each
sample and its Kth nearest neighbor in the same class is known. Controlling the prun-
ing parameter p allows us to make sure that K < p, as required. This would obviously
not be the case for the BR transformation for which no guarantee can be given regard-
ing the minimal cardinality of the classes.

5.2.1 Determination of the pruning parameter

The proposed feature selection algorithm can be seen to have only one parameter (in
addition to the one of the MI estimator): the pruning parameter p corresponding to
the minimum number of samples belonging to a class after the PPT procedure. This
section is dedicated to the presentation of a heuristic procedure to determine it. The
procedure is based on the work in [70], where a way to set the k parameter of the
nearest neighbors-based MI estimator is proposed.

Intuitively, a good value of p should lead to a a compromise between two re-
quirements that may seem quite incompatible. First, it is important to preserve the
information contained in the data as much as possible, which is equivalent to choos-
ing a relatively low value for p. Indeed, selecting a too high value for p would mean
removing many of the original samples. It could make the transformed dataset unin-
formative and therefore useless, as it would not represent anymore the original dataset.
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Only a few leading classes and therefore only the global trends of the dataset would
actually still be represented.

Secondly,feature selection algorithms will probably not perform well in the pres-
ence of many classes containing very few samples. Indeed, it can reasonably be as-
sumed that most of such small classes actually represent extremely rare events which
are probably not relevant for the considered problem and which can easily lead to
overfitting.

A quite natural idea to set the value of p is to consider the feature selection crite-
rion, i.e. the MI in our case. We therefore look for a value of p for which the MI (i)
could efficiently use as much relevant information as possible to determine the impor-
tant features and (ii) would not be harmed by too many small classes. Said otherwise,
we are interested in values of p for which the MI criterion will be the most able to dis-
criminate between relevant and irrelevant features. One solution is to look for values
of p which will best differentiate the MI estimated between the output and relevant
features and the MI estimated between the output and irrelavant features. Following
the work in [70], it is proposed to compare the distribution of I(xt

∗i;Ot) with the dis-
tribution I(U ;Ot), where xt

∗i is the transformed ith feature and U denotes a useless
feature. The value of p which best separates these distributions can be chosen. This
procedure has quite an intuitive justification. If there are too many classes with a low
number of samples (in an extreme situation, each sample could be assigned a different
class label), the labels will lose any kind of meaning and there will be no significant
difference between a relevant and an irrelevant feature. The same will be true if only
a small number of classes with many samples exist (only one class in an extreme
situation), since the dataset would then contain a very limited amount of information.

Of course, in practice, the distribution of I(xt
∗i;Ot) is unknown for any feature,

while an irrelevant feature still has to be defined. We therefore suggest to use a per-
mutation test combined with a k-fold procedure to estimate the mean and the variance
of the MI estimator and thus the distribution I(xt

∗i;Ot). Following the guidelines in
[70], the idea is the following. For a feature xt

∗i assumed to be relevant, the distribu-
tion of I(xt

∗i;Ot) and of I(xt,Π
∗i ;Ot) are built, where xt,Π

∗i denotes a randomly permuted
version of xt

∗i. Because of the random permutation, xt,Π
∗i is assumed to be completely

independent from Ot and therefore irrelevant for the classification task. To concretely
build the required distributions, 20 estimations of I(xt

∗i;Ot) and of I(xt,Π
∗i ;Ot) are made

on non-overlapping subsets of the dataset, using a 20-fold cross-validation scheme.

The value of p is then chosen as the one best separating the two distributions in
the sense of a Student measure:

t i
x =

µx−µΠ
x√

σ2
x +(σΠ

x )
2
. (5.1)
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In Equation (5.1), µx and σ2
x are respectively the estimated mean and variance of the

distribution of I(xt
∗i;Ot) obtained with a pruning parameter p equal to x; µπ

x and (σπ
x )

2

are the corresponding quantities for the distribution of I(xt,Π
∗i ;Ot).

Once t i
x is obtained for every feature xt

∗i and every parameter value x in a chosen
range, the best value for p is selected as the one corresponding to the global highest
value of t i

x across all the features. This ensures that useless features are not taken
into account in the choice of the value of p, as it would be the case if t i

x would for
instance be averaged over all features. Considering useless features would indeed
make no sense in the described procedure. Other strategies are nevertheless possible
and one could also consider the m highest values of t i

x, or the features for which t i
x is

above a fixed threshold. This would however require the introduction of an additional
parameter which would need to be tuned.

As mentioned above, the parameter k of the MI estimator could as well be set
according to the same methodology. To do so, t i

x should simply be made dependent
to k and become t i

x(k) (with of course k < p). The maximum value of t i
x(k) over all

features would then give the best couple of parameters for (p,k). The computational
cost of the procedure would consequently be multiplied by k when compared to the
situation where only p has to be determined. In the remaining developments of this
chapter, the value of k is set arbitrarily because we mainly focus on the influence of p.

5.2.2 Experimental evaluation

This section gives experimental evidences for the interest of the suggested feature
selection methodology. In the present text, we only show results for two real-world
classification problems. More extensive results can be read in [48] where experiments
on artificial datasets clearly illustrate the ability of the proposed criterion to detect
jointly relevant and redundant features.

The proposed methodology is compared to the one introduced in [173] denoted as
χ2. The discretisation needed for the χ2 approach follows [127]. The parameter k is
set to a relatively small value of 4 in the MI estimator, as it is needed that p > k. The
value of the pruning parameter p is chosen in the range 5 to 20.

The first dataset we consider is called Yeast, whose objective is to associate genes
with a set of functional classes. The sample size is 1500 for the training set and 917
for the test set. The second one is the Scene dataset [20], concerned with the semantic
classification of pictures. The sample size is 1211 for the training set and 1196 for the
test set.

It is important to note that the proposed divisions of the samples into the training
and test sets are the ones suggested on the website of the Mulan project1 where the

1http://mulan.sourceforge.net/
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datasets can be downloaded from in ARFF format. Such divisions are often used in
the multi-label literature.

Performance criteria

Four multi-label performance criteria are considered in this work to evaluate the per-
formances of the proposed feature selection algorithm. Let us call M the number of
points in the test set, Oi∗ (i = 1 . . .M) the set of true class labels for sample i, Ôi∗ the
set of class labels predicted by a multi-label classifier h for sample i and N̂i, the set of
labels non-predicted by the classifier h. Let us also define, for sample i, ri(o) as the
position of label o in the ranking of the most probable labels provided by the classifier.

The Hamming loss is defined as:

HL(h,M) =
1
|M|

|M|

∑
i=1

1
c
|Oi∗ ∆ Ôi∗|, (5.2)

where ∆ denotes the symmetric difference between two sets and c the maximum num-
ber of possible labels. The Hamming loss actually measures the number of times a
label not associated to a sample is predicted or a label associated to a sample is not
predicted.

The second criterion is the accuracy, defined as:

Accuracy(h,M) =
1
|M|

|M|

∑
i=1

|Oi∗ ∩ Ôi∗|
|Oi∗ ∪ Ôi∗|

. (5.3)

For the accuracy to be defined (and not infinite), it is important to make sure that all
samples belong to at least one class.

The ranking loss is defined as :

RL(h,M) =
1
|M|

|M|

∑
i=1

∣∣(o,o′) ∈ Ôi∗× N̂i | ri(o)> ri(o′)
∣∣

|Ôi∗| |N̂i|
(5.4)

and corresponds to the average fraction of pairs of labels which are not correctly or-
dered.

Finally, coverage is defined as:

Co(h,M) =
1
|M|

|M|

∑
i=1

max
o∈Oi∗

ri(o)−1 (5.5)

and corresponds to the mean number of predicted labels required to cover the complete
set of true labels.
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Figure 5.2: Four quality criteria of the k nearest neighbors classifier as a function of
the number of selected features for the Yeast dataset.

Results and discussions

To compare the feature selection algorithms, the k nearest neighbors-based multi-label
classifier introduced in [194] is used. Its principle is to first identify the k nearest
neighbors of the sample to be classified before using the maximum a posteriori princi-
ple to predict the label set. This algorithm has been chosen for both its simplicity and
its high sensitivity to the presence of irrelevant features.

An important point is that the PPT has only been used for the feature selection step.
Once the features have been ranked, the original dataset containing all instances is con-
sidered for the classification step. We are then sure to address the same classification
problem and to use the same learning set as for the χ2-based algorithm. The values
8 and 12 have been obtained for the parameter p for the Yeast and Scene datasets,
respectively. They lie in the middle of the possible range and therefore confirm this
range of tested values is reasonable.

Figures 5.2 and 5.3 show the accuracy, the Hamming loss, the ranking loss and the
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Figure 5.3: Four quality criteria of the k nearest neighbors classifier as a function of
the number of selected features for the Scene dataset.
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Figure 5.4: Four quality criteria of the k nearest neighbors classifier as a function of
the number of selected features for the Enron dataset.

coverage of the ML-KNN classifier as a function of the number of selected features
for the two datasets. The results indicate the superiority of the proposed methodology
as the MI-based approach (i) leads to improved classification performance for the two
datasets and the four criteria, when compared to the case where all features are used,
(ii) always leads to the global highest accuracy and smallest Hamming loss, ranking
loss and coverage and (iii) leads to better prediction performances than its competitor
for a very large majority of the numbers of selected features. Point (i) is particularly
important as it demonstrates that the method is effectively able to detect relevant fea-
tures and to globally improve the whole classification procedure.
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Figure 5.5: Four quality criteria of the k nearest neighbors classifier as a function of
the number of selected features for the Medical dataset.
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Figure 5.6: Four quality criteria of the k nearest neighbors classifier as a function of
the number of selected features for the Corel dataset.

5.3 A multivariate criterion for discrete datasets

As mentioned above, text categorization is one of the main areas for which multi-label
learning can prove useful. In such an area, the features are very often discrete, for
instance if they correspond to the presence of a particular word in the text. It is thus
important in practice to propose feature selection algorithms designed to handle such
data.

In this section, we briefly illustrate how the HSIC criterion can be useful in this
context. More precisely, we extend the idea presented in [195], where a projection
method for dimensionality reduction is proposed. In this paper, Zhang and Zhou pro-
pose two possible kernels for the multi-dimensional target output space. The first one
consists simply in taking the scalar product of two output vectors and therefore does
not take any dependency between the class labels into account.
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On the contrary, the second one does allow one to take the label dependencies into
account. It is defined as

L = OT BO,

where O again denotes the target output matrix. The B matrix is a between samples
correlation matrix which can be built in many ways. One solution is to define each
entry Bi j as the Gaussian kernel of Oi∗ and O j∗, the output vectors for samples i and j,
respectively. The varaince parameter of the Gaussian kernel can be set to the average
squared distance between any pair of samples. The kernel for the sample space can
also be defined in the exact same way. Once the two kernels are defined, the HSIC
criterion can be used. Here, we combine it with a greedy forward search procedure.

Three discrete datasets are used in the experiments. The Enron and the Medi-
cal datasets are both concerned with text categorization while The Corel dataset is a
picture classification dataset. The same four quality criteria as in Section 5.2.2 are
studied.

Figures 5.5 and 5.6 show the performances of the suggested approach, again com-
pared to the χ2 method already used in Section 5.2.2. The advantage of the suggested
approach seems obvious for the three tested datasets, suggesting that it could effec-
tively be used in practice. Indeed, it consistently leads to better performances than
the χ2 approach. Moreover, it always allows one to improve the classification perfor-
mances compared with the case all the features are used.

5.4 Conclusion

This chapter is concerned with the development of feature selection algorithms in
the context of multi-label learning. An algorithm based on the mutual information
and specifically designed for continuous problems is first proposed and successfully
tested. It combines a problem transformation strategy taking the label dependency into
account and a MI-based greedy search strategy.

An approach for discrete datasets based on the HSIC is then proposed. It requires
the determination of a kernel function on both the sample and the output spaces. First
results show extremely promising results on the three considered datasets. Further
experiments with other choices of kernels could confirm this good behaviour and pos-
sibly make the approach much more general, if for instance kernels designed for the
hierachical structure described above could be designed.
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Missing data is an extremely common problem occuring in many data mining,
machine learning or pattern recognition applications [155, 126]. Indeed, there are ac-
tually plenty of reasons that can cause a value in a dataset to be missing. For instance,
in an industrial context, data can be missing because of the dysfunction of a measure
equipment or because a sensor device has a too low resolution to capture the desired
information. In the socio-economic domain where data are often collected from sur-
veys and polls, it is very likely that some people will refuse to answer too personal
questions, for instance about their income or their political opinions. This will also
lead to missing values in the datasets [107]. As an other example, in the medical do-
main, it is not always possible to conduct all the desired experiments on some patients.
The reasons for this can be numerous and include the patients’ condition, the fact that
they left the hospital or died or simply their age or their sex. Eventually, some data
can also be lost or wrongly recorded.

The aforementioned situations illustrate the three different missingness patterns
often distinguished in the literature [152] and that we now briefly detail. Let us denote
by M the matrix indicator coding for the fact that values are observed or missing.
Here, M has thus the same size as the dataset and its elements are 1 or 0, depending if
the values are missing or not. Let us then denote the total dataset by ∆ = {∆obs,∆mis}
where ∆obs is the observed part of the data and ∆mis is the missing part.

The first missingness mechanism is missing at random (MAR) data, making the
assumption that M (or its distribution) does not depend on the (unobserved) values of
the missing data:

P(M|∆) = P(M|∆obs). (6.1)

In the medical example, this situation corresponds for instance to the fact that a par-
ticular experiment has not been realized because the patient is a woman, as can be
indicated or not by a feature in the dataset.

A special case of MAR data is missing completely at random data (MCAR). This
situation, very popular in practice, corresponds to a matrix M independent from both
the missing values and from the observed values:

P(M|∆) = P(M). (6.2)

The MCAR assumption is verified for lost data or when an equipment or device unex-
pectedly stops working. As another example, it is also verified when one voluntarily
prevents all the participants of a test from undergoing a huge number of experiments or
from answering lots of questions, but randomly selects a few ones for each participant
for time or cost reasons [2].

When Equation (6.1) (and consequently Equation (6.2)) does not hold, the data are
said to be missing not at random (MNAR). For such data, the probability to observe
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a missing data depends on ∆mis and can also possibly depend on ∆obs. For example,
such a situation happens when people having a too low or a too high income refuse
to communicate it. In practice, the MNAR missingness is a much harder problem to
address than MAR or MCAR because the missingness distribution has to be carefully
modelled. In this chapter, the data are assumed to be MCAR and experiments are
conducted accordingly.

It is important to note that the presence of missing values in a dataset does not
automatically mean that a great amount of information is lost. However missing data
always prevent one from using traditional data mining or machine learning tools, de-
signed for regular data. As a revealing example, pairwise sample distances, which are
at the core of many algorithms, cannot be computed directly anymore in the presence
of missing data. More specifically, for the topic we are interested in, most feature
selection algorithms are designed to be used with complete dataset and cannot be triv-
ially adapted to problems with missing data. Of course one simple solution would be to
remove all samples (or features) containg missing data, which is obviously unrealistic
when the proportion of missing data grows. Another option is to impute the data be-
fore applying classical feature selection procedures. However, imputation would add
a bias whose effect on feature selection would be really hard to estimate; in practice
we thus look for a way to select features independently of any imputation procedure.

The goal of this chapter is thus precisely to propose a way to achieve feature se-
lection in the presence of missing data, without the need for any imputation algorithm.
Besides the first motivation explained above, it is also important to note that very few
prediction models are actually able to handle missing data. Therefore, if one wants
to achieve regression or classification with an originally incomplete dataset, it is very
likely that an imputation phase will still be necessary after the feature selection step.
In this situation, it appears obvious that useless features would probably harm the im-
putation procedure and should therefore be removed beforehand. This will be particu-
larly the case when distance-based imputation strategies including the very popular k
nearest neighbors imputation and its variants will be considered.

To propose an imputation-free feature selection algorithm, the mutual information
(MI) criterion will be used. More precisely, MI will be directly estimated from the
dataset, with an adapted version of the k nearest neighbors-based MI estimator [114]
introduced in Section 2.1. A more elaborated way to estimate distance between sam-
ples with missing values will then be introduced.

The remaining of the chapter is organized as follows. Section 6.1 draws a brief
literature review about missing data analysis. The proposed feature selection algorithm
is introduced in Section 6.2 and is experimentally tested in Section 6.2.2. Section 6.3 is
devoted to the presentation of a distance estimation methodology for data with missing
values.
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Section 6.2 is based on publications [58] and [55] and Section 6.3 is based on [61].

6.1 Related work

It has already been explained that the missing data problem is frequently encountered
in machine learning. It has thus been extensively studied for many different purposes.
Three main approaches are generally considered to tackle missing data: case deletion,
imputation of the missing values or learning directly with missing data.

Case deletion or complete-case analysis only takes into account the samples for
which the values are available for all features, deleting the incomplete ones [141].
As already said, such a strategy can lead to a huge loss of information, especially
when there is a high proportion of missing data. On the other hand, the case dele-
tion approach can be used in combination with any traditionnal algorithm designed
for complete case problems and does not require developing specific procedures for
missing values.

Contrarily, imputation methods try to recover the values which are missing, with
the goal of producing complete datasets. Traditional data mining or machine learning
methods can then be applied. Those techniques are extremely popular and have been
adressed by a huge amount of works in the literature. They have been used success-
fully in many areas including DNA microarray [174] and environmental [104] data
analysis.

The most widely used imputation technique is probably the k nearest neighbors
imputation. It consists in finding the k nearest complete samples of an incomplete
data point. The missing values of this point are then set to the average of the values
of the k neighbors for the corresponding samples. It is easy to understand that the
performances of this strategy are very limited when the proportion of missing data is
high, because only a small amount of samples will then be complete and will serve as
the basis for imputation. A simple improvement to this approach is to also look for
incomplete neighbors of a sample, which are however observed for the features whose
value is missing in the sample to impute. This strategy is called incomplete case k
nearest neighbors imputation (ICkNNI) [99].

Another basic imputation technique is to replace each missing value with the mean
of the observed values for the corresponding feature. More sophisticated imputation
methods include an expectation maximization (EM) algorithm and regularized ver-
sions of it [157], as well as multiple imputation [151]. However, multiple imputation
requires to fit a model to the data and is generally considered as hard to conduct in
practice [155]. Least-squares imputation [81, 6] is another possibility which estimates
the missing values from a linear prediction model built from the data.

Methods have also been proposed to directly deal with missing data; they do not
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require any imputation or deletion phase. For instance, the authors of [183] perform
logistic regression with missing data by estimating conditional density functions us-
ing a Gaussian mixture model. For clustering purposes, [177] proposed an algorithm
called KSC, where the partially observed features are encoded as a set of supplemen-
tary soft constraints.

Quite surpisingly, the important problem of feature selection for data with missing
values has been barely addressed. Indeed, only two works are, to the best of our knowl-
edge, dedicated to this issue. In [189], Zaffalon et al. infer the MI distribution using
a second-order Dirichlet prior distribution to conduct feature selection. The develop-
ments are limited to the classification problem. In [131], the authors combine feature
selection and imputation of missing values. Nevertheless, the feature selection only
aims at increasing the performances of a k nearest neighbors imputation algorithm; it
is thefore not clear if such a strategy can increase the performances of a prediction
algorithm. We refer the interested reader to [126] for a more complete overview of the
treatment of missing data.

6.2 A feature selection algorithm for continuous regres-
sion problems

This section introduces the proposed methodology to achieve feature selection for
regression problems with missing values. It is based on the MI criterion, estimated
using the nearest neighbors-based estimator [114]. As detailed in Section 2.1.3, the
estimator (2.19) is fully determined by the distances between each sample and its k
nearest neighbors in both the input and the target output space.

To estimate the MI using (2.19), imputing the missing values is therefore not re-
quired since only the pairwise distances between samples is needed. To estimate these
distances, the partial distance strategy (PDS) is used in this work. The quite simple
principle of PDS is to compute the distances using the available values only and thus
ignoring the missing ones.

To illustrate this idea, let us consider two samples a, b ∈ℜ f and let us denote by
Ma (Mb) the indices of the missing values for a (b). The distance between samples a
and b is:

dist(a,b) =

√
1

d−|Ma∪Mb| ∑
i/∈Ma∩Mb

(ai−bi)2, (6.3)

whith | . | being the cardinality of a set. In Equation (6.3), we have chosen to normalize
the estimated distance by the number of features (or dimensions) effectively involved
in its estimation. The reason for this normalization is to make the range of εX and
εY comparable in (2.19). Indeed, the output target variable is of dimension 1 while,
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conversely, the original dimension of the samples is often much higher in practice.
Without the proposed normalisation, εX would likely always be greater than εy because
the distance in the sample space would be computed using much more dimensions; the
MI estimation would therefore be harmed.

As a very simple example, the estimated distance between the samples [3 • 8 7 2]
and [1 9 • 3 4], with • denoting a missing value, is computed by only taking into
account the first, fourth and fifth elements of each sample; it is equal to√

(3−1)2 +(7−3)2 +(2−4)2

3
.

Once the pairwise distances between samples have been obtained, the nearest
neighbors can be determined in both the sample and the target output spaces, and
the MI can be traditionnaly estimated using Equation (2.19). Here, we combine the
MI criterion estimated as described above with a greedy forward search procedure to
build the subsets of relevant features. It is interesting to note that the PDS cannot be
related to any kind of imputation method.

Despites its simplicity, PDS has been successfully used in other topics than feature
selection, including clustering [92], inference of prediction problems [3] and self-
organizing maps [168]. Let us note that in the PDS acronym, the term distance is used
abusively. Indeed, the similarity measure defined by the PDS is not guaranteed to obey
the triangle inequality and cannot thus be considered formally as a distance measure.

6.2.1 Practical considerations

Some practical details about the proposed methodology deserve to be clarified.

First, the parameter k of the MI estimator, corresponding to the number of nearest
neighbors, is set to a moderate value of 6, as suggested in the original paper [114].

Then, the PDS distance estimation is obviously not able to produce a distance
estimate if two samples have no common features for whose values are available. In
this case, the distance between the samples is considered as infinite and the points
cannot therefore be considered as neighbors.

Finally, prior to the MI estimation, the real-world datasets have to be normalized
such that each feature has zero mean and unit variance. Indeed, we do not want that
because of their range, some features are given more weight than other ones in the
estimation of the distance between samples.
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Figure 6.1: Two different approaches to the regression problem with missing values.

6.2.2 Experimental results

We now provide some experimental evidences about the interest of the suggested fea-
ture selection algorithm. More specifically, we compare the proposed approach with
the strategy consisting in imputing the dataset before feature selection and using the
same MI estimator. Since for real-world problems we compare the feature selection
algorithms through the prediction performances of regression models, the data have to
be imputed before the prediction step. Therefore, our experimental framework allows
us to compare the two main approaches to prediction with missing data, illustrated
in Figure 6.1. Our intuition is that the strategy in the lower part of Fig. 6.1 (feature
selection THEN imputation) is computationally more efficient and potentially leads to
more accurate predictions.

Two imputation strategies are used for comparison: the ICkNNI with 10 neighbors
and a regularized version of the EM algorithm [157]. Note that the ICkNNI method
fails to produce an estimation of the missing values if for a given sample whose values
are missing for some features, it cannot be found neighbours with observed values for
those features; the mean value of the feature is used instead in such situations.

Artificial datasets

Two artificial datasets are first used to evaluate the performances of the proposed al-
gorithm. Both datasets consist in ten continuous features, whose values are uniformly
distributed between 0 and 1. They are built such that only a subset of the ten features
are useful to predict the associated continuous target output.

The first problem is inspired from [75]; its output is defined as:

Y1 = 10sin(X1 X2)+20(X3−0.5)2 +10X4 +5X5 + ε, (6.4)

where ε is a Gaussian noise with unit variance. The second output is computed as:

Y2 = X1 X2 + sin(X3)+0.5X4 + ε. (6.5)
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Figure 6.2: Average MI between each individual feature for, from top to bottom, Y1
and Y2 with 10% (left) and 40% (right) of missing values; ◦ : PDS, � : ICkNNI, ? :
regularized EM.

Obviously, only the five first features are useful for the prediction of Y1 while only
the four first ones are needed to predict Y2. For both problems (6.4) and (6.5), 50
datasets of sample size 100 have been generated. Each dataset has been randomly
filled with various percentages of missing values. As explained above, three strategies
are compared: the proposed approach, feature selection after imputation by the EM
algorithm and feature selection after imputation by ICkNNI.

Feature ranking The first experiment we conduct is simply to rank the features
according to the MI criterion. This is indeed important to make sure that the estimated
MI is still a valuable criterion in the context of missing data. Besides, in a forward
search procedure, the choice of the first feature is actually based on univariate MI
estimations. It is important to note that in the context of ranking procedures, the PDS
approach is equivalent to considering only the available values for the MI estimation.

Figure 6.2 shows the average MI between each feature and the output, over the 50
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10% of missing data 40% of missing data
5 4 3 2 1 5 4 3 2 1

PDS 14 49 30 6 1 8 40 43 9 0
Regularized EM 0 1 6 30 49 0 1 23 45 28

ICkNNI 0 1 5 39 43 0 0 9 43 40

Table 6.1: Percentage of experiments for which a certain number of relevant features
(second line of the table) are ranked in the five first positions for the Y1 problem with
10 and 40 % of missing data.

repetitions of the experiment. Table 6.1 also presents the percentage of experiments
for which five, four, three, two and one relevant features have respectively been ranked
in the five first positions for the Y1 problem. Results are similar for the other problem
and are not shown here for concision reasons.

Results clearly indicate the advantage of the PDS-based approach. First, the re-
sults are similar when only 10% of the values are missing and the three approaches
all discriminate well between irrelevant and relevant features in this situation. Con-
versely, when the proportion of missing values becomes higher (40%), imputation
based methods do not seem able anymore to correctly assess the relevance of a fea-
ture. As an example, for the second problem, the MI between feature 5 and the output
is greater than the MI between the output and feature 1 or 2 according to both im-
putation techniques. Such strategies could therefore be misleading about the relative
importance of the features for a regression problem. When the PDS is used, the av-
erage MI is always higher for the relevant features than for the irrelevant ones. These
claims are confirmed by Table 6.1 which clearly shows that using the PDS method
leads to the selection of a more important fraction of relevant features than the one
obtained with imputation-based methods.

Forward search Results are now presented for a forward search on the artificial
datasets. The search has been stopped when the number of relevant features had been
selected, i.e. five for the first problem and four for the second one. Table 6.2 summa-
rizes the performances of the three compared approaches for the Y1 output and various
amount of missing data. For the other problem, relevant features are always selected
first by all methods. As can be seen, the proposed methodology largely outperforms its
competitors regarding the correct determination of the entire set of relevant features.

Real-World Datasets

We now compare the performances of the feature selection methods on two real-world
datasets; more extensive results can be found in [55].

The first dataset is the Housing dataset; from its 506 instances, 337 are kept for



114 CHAPTER 6. Feature selection for missing data

% of missingness PDS Regularized EM ICkNNI
10 100 100 100
20 84 70 62
30 66 46 44

Table 6.2: Percentage of correct selection of the relevant set of features by a forward
search procedure for the Y1 artificial problem.

KNN
% EM PDS then EM ICkNNI PDS then ICkNNI

Housing

1 2,9366 ± 0,1277 2,8252 ± 0,0690 2,8896 ± 0,1783 2,8522 ± 0,0590
5 3,1365 ± 0,1341 3,1083 ± 0,1548 3,9726 ± 0,2323 2,9732 ± 0,1551
10 3,5232 ± 0,3061 3,4998 ± 0,3617 4,4350 ± 0,2238 3,4646 ± 0,1942
20 3,6588 ± 0,5177 3,7271 ± 0,3508 6,0218 ± 1,0507 4,0720 ± 0,3173

Mortgage

1 0,3709 ± 0,0193 0,3700 ± 0,0149 0,3515 ± 0,0401 0,3571 ± 0,0250
5 0,3986 ± 0,0640 0,3545 ± 0,0394 0,4339 ± 0,0227 0,3778 ± 0,0595
10 0,3908 ± 0,0337 0,3519 ± 0,0388 0,4950 ± 0,0986 0,3589 ± 0,0428
20 0,4854 ± 0,0501 0,3680 ± 0,0686 0,8355 ± 0,0946 0,4057 ± 0,0435

Table 6.3: Best RMSE reached by a KNN prediction model on two real-world datasets
for various rates of data missingness. Significantly better results for one of the two
compared approches are shown in bold.

training the model while the 169 remaining ones constitute the test set. Experiments
are also conducted on the Mortgage dataset; from the 1049 data points available, the
700 first ones are used as the training set.

As the relevant features are not known in advance, the criterion of comparison
is the root mean square error (RMSE) of a regression model built from the selected
features. As almost no work has been done to propose prediction models able to handle
missing values (see [138] for an exception in classification), it is necessary to impute
the data after the feature selection step if the PDS-based feature selection strategy
is used. Two regression models are tested: the k nearest neighbors predictor, with
k = 10, and a Radial Basis Functions Network model (RBFN) whose parameters are
optimised according to [16]. For each complete dataset, 1, 5, 10 and 20 % of missing
values are randomly introduced and this procedure is repeated 10 times, producing 40
new datasets. The two branches of Figure 6.1 are again compared.

Tables 6.3 and 6.4 give the average lowest RMSE obtained over the 10 incom-
plete datasets, together with the standard deviation, for the four missing data rates.
In those tables, EM or ICkNNI means that the data have first been imputed using the
corrsponding method; PDS then EM or ICkNNI means that the feature selection has
been conducted with missing data and indicates the imputation method used to build
the prediction model. Cases where one of the two strategies performs significantly
better than the other one according to a paired test with a 95% confidence level are
shown in bold.

Again, the interest of the proposed approach is demonstrated by the results. In-



6.2. A feature selection algorithm for continuous regression problems 115

RBFN
% EM PDS then EM ICkNNI PDS then ICkNNI

Housing

1 7,7308 ± 0,6103 7,6343 ± 0,7922 7,7187 ± 0,4537 7,6061 ± 1,2242
5 8,1533 ± 0,9341 7,0395 ± 0,2474 7,0163 ± 0,7397 6,9950 ± 0,4565
10 7,6845 ± 0,3980 7,3737 ± 0,2737 7,8922 ± 2,1218 7,4886 ± 0,5520
20 8,3647 ± 0,4642 7,6461 ± 0,4159 9,3573 ± 0,9904 7,6116 ± 0,3985

Mortgage

1 0,1819 ± 0,0692 0,1517 ± 0,0521 0,1714 ± 0,0919 0,2184 ± 0,098
5 0,2680 ± 0,0750 0,2668 ± 0,0646 0,3568 ± 0,1576 0,2664 ± 0,1344
10 0,3068 ± 0,0757 0,1901 ± 0,0624 1,006 ± 0,463 0,2556 ± 0,1106
20 0,3964 ± 0,1784 0,2244 ± 0,0722 1,6213 ± 0,284 0,5071 ± 0,2719

Table 6.4: Best RMSE reached by a RBFN prediction model on two real-world
datasets for various rates of data missingness. Significantly better results for one of
the two compared approches are shown in bold.

deed, it leads to an average best regression performance than the imputation-based
techniques in all but 3 of the 32 comparisons. An important point is that the PDS-
based approach seems much less sensitive to the increase of the missingness rate. For
instance, on the Mortgage dataset, the mean lowest RMSE is reduced by more than
25% in comparison with the ICkNNI imputation and by more than 50% in comparison
with the regularized EM imputation for both prediction models and 20% of missing
values. Globally, the RBFN model always performs better with the PDS-based method
when 5% of values at least are missing. Eventually, the results obtained with the pro-
posed strategy are statistically significantly better for almost half of the considered
comparisons.

6.2.3 Further considerations

The obtained results are clearly in favor of the proposed PDS-based feature selection
approach. However, some points have to be discussed.

Indeed, the proposed methodology could suffer from a few drawbacks. First, and
similarly to most methods dealing with missing data, the performances of the algo-
rithm are likely to decrease when the missingness rate becomes high, even if the
methodology could theoretically be applied with any percentage of missing values.
Indeed, for high missingness rates, the first steps of the forward procedure could be
based on a very few number of samples and therefore be unreliable. One solution is to
rather use a backward search strategy, or to begin the forward procedure with groups
of two or three features instead of singletons; this way, the whole procedure would not
be affected by a bad choice of the first few features.

Then, it is not possible to determine whether the estimated MI values are mean-
ingful. Said otherwise, the proposed methodology can estimate the MI for any rate of
missing value; however there probably exists a certain rate of missingness above which
the estimated MI values will not reflect true dependencies anymore since the estimator
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will be given too few information. Knowing the relevance of an estimated value is ob-
viously of great importance for feature selection. One solution could be found in the
permutation test [70]. Comparing the MI estimations for relevant and random features
could give very valuable information on whether or not the estimations correspond to
true dependencies.

6.3 Distance estimation with missing data

Despites its efficiency, the PDS distance estimation method remains quite basic. In
particular, this strategy tends to underestimate the distances, beacause it ignores the
general variability of the data, and only considers the locally known components.
There is thus room for improvements and the development of more sophisticated meth-
ods. The solution described in the remaining of the chapter aims at estimating the
expected squared distance between samples and is based on the assumption of a mul-
tivariate normal distribution, even if experiments show the robustness of the approach
even when this assumption is violated.

6.3.1 Theoretical developments

For a sample xi∗ ∈ℜd , let us denote by Mi the set of indices denoting the dimensions
for which the values of xi∗ are missing. The first idea is to rewrite the squared distance
by identifying four terms according to the missing attributes for both samples:∥∥xi∗−xj∗

∥∥2
= ∑

k/∈Mi∪M j

(xik− x jk)
2 + ∑

k∈M j\Mi

(xik− x jk)
2+

∑
k∈Mi\M j

(xik− x jk)
2 + ∑

k∈Mi∩M j

(xik− x jk)
2.

(6.6)

The first term of Eq. (6.6) corresponds to the known components for both samples and
can be computed directly. The second (third) term corresponds to components known
for xi (xj) and not for xj (xi). The fourth term corresponds to components missing for
both samples. Let us then consider the missing values as random variables Xik, k ∈Mi
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and take the expectation of Eq. (6.6).

E
[∥∥xi∗−xj∗

∥∥2
]
= ∑

k/∈Mi∪M j

(xik− x jk)
2 + ∑

k∈M j\Mi

E
[
(xik−X jk)

2]
+ ∑

k∈Mi\M j

E
[
(Xik− x jk)

2]+ ∑
k∈Mi∩M j

E
[
(Xik−X jk)

2]
= ∑

k/∈Mi∪M j

(xik− x jk)
2

+ ∑
k∈M j\Mi

((xik−E
[
X jk
]
)2 +Var

[
X jk
]

+ ∑
k∈Mi\M j

(E [(xik]−X jk)
2 +Var [Xik]

+ ∑
k∈Mi∩M j

(E [(Xik]−E
[
X jk
]
)2)+Var [Xik]+Var

[
X jk
]
.

(6.7)

The developments in Eq. (6.7) result from the linearity of the expectation operator.
For clarity, the expansion for the second term is now detailed:

E
[
(xik−X jk)

2]= E
[
x2

ik +X2
jk−2 xik X jk

]
= x2

ik +E
[
X2

jk
]
−2xik E

[
X jk
]

= x2
ik−2xik E

[
X jk
]
+E

[
X jk
]2−E

[
X jk
]2
+E

[
X2

jk
]

=

(
xik−E

[
X jk
])2

+E
[

X2
jk−E

[
X jk
]2]

=

(
xik−E

[
X jk
])2

+Var
[
X jk
]
.

(6.8)

Following Eq. (6.7), the expectation and variance of each random variables are
thus sufficient to estimate the distance between two samples. If we assume the samples
xi∗ are drawn independently from a multivariate distribution, the distribution of each
random variable Xik is equal to the conditional distribution of the random variable,
conditioned on the observed samples. This implies that when estimating the expected
squared distance, it is sufficient to estimate the mean and covariance (conditionned to
the observed values) for each missing value separately. To formalize this idea, let us
define x′ik and σ2

ik as:

x′ik =

{
E [Xik|xi,obs] if k ∈Mi

xik otherwise
(6.9)
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and

σ
2
ik =

{
Var [Xik|xi,obs] if k ∈Mi

0 otherwise.
(6.10)

Using the above notations, the expected square distance can be rewritten as:

E
[∥∥xi∗−xj∗

∥∥2
]
=
∥∥x′i∗−x′j∗

∥∥2
+ ∑

k∈Mi

σ
2
ik + ∑

k∈M j

σ
2
jk. (6.11)

This last expression clearly emphasizes the fact that the uncertainty of the missing val-
ues is taken into account and that the estimated distance is not limited to the difference
between imputed samples.

The conditional mean and variance

As the distribution of the random variables is obviously unknown in practice, hypothe-
ses have to be made in order to evaluate the required conditional mean and variance.
Here, the assumption is made that the data samples are drawn independently from a
parametric distribution: the multivariate normal distribution. Among other advantages
discussed in more details in [61], the normal distribution has the advantage of being
fully determined by the mean and the covariance matrix.

The conditional mean and variance can be directly computed under the multivari-
ate normal assumption. Indeed, let us divide the components of a multivariate normal
random variable X in X (1) (the missing values) and X (2) (the observed values). Let us
proceed similarly for the mean µ and the covariance matrix Σ such that:

X =

[
X (1)

X (2)

]
, µ =

[
µ(1)

µ(2)

]
, Σ =

[
Σ11 Σ12

Σ21 Σ22

]
.

It can then be shown [4] that the conditional distribution
{

X (1)|X (2) = x(2)
}

follows a
normal distribution with mean and covariance matrix respectively given by:

µ′1 = µ(1)+Σ12Σ
−1
22

(
x(2)−µ(2)

)
(6.12)

and
Σ
′
11 = Σ11−Σ12Σ

−1
22 Σ21. (6.13)

The only remaining task is thus now to estimate the covariance matrix, which
is not trivial in practice when dealing with missing values. One popular solution is
to use maximum likelihood estimation. For instance, it is detailed in [126] how the
EM algorithm can be used to produce an estimate. Here, the expectation conditional
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maximisation (ECM) algorithm [132] with the improvements proposed in [160] is
considered.

6.3.2 Summary of the proposed approach

We now sum up the consecutive steps of the expected squared distance estimation
procedure we suggest. As a reminder, we consider a dataset of n samples xi∗ ∈ ℜd ;
the indices of the missing components in each sample are denoted as Mi.

1. Estimate the mean µ and the covariance Σ of the dataset using the ECM algo-
rithm.

Repeat the following steps for each sample xi∗ with missing values.

2. Compute the conditional mean µ′1 = µ(1)+Σ12Σ
−1
22

(
x(2)i∗ −µ(2)

)
3. Define Xi∗

′ by replacing the missing values in xi∗ by values from µ′1

4. Compute the covariance matrix Σ′11 =Σ11−Σ12Σ
−1
22 Σ21 and define s2

i =∑
|Mi|
k=1(Σ

′
11)kk

For each couple of samples xi∗, xj∗ repeat the following steps

5. Compute Pi j = ∑
d
k=1

(
x′ik− x′jk

)2

6. Add the sum of the conditional variances to the estimated distances Pi j = Pi j +

s2
i + s2

j

The matrix P built this way contains the estimated expected squared distance between
each pair of samples.

6.3.3 Further considerations

We end this section by briefly giving some practical considerations on the proposed
distance estimation method.

The normal hypothesis The Gaussian hypothesis is at the heart of the proposed
method since it allows most of the presented developments. However, it is very likely
that the Gaussian hypothesis will not hold in practice. Considering the effects of
dealing with non-Gaussian distributions is therefore important. First, it is important
to note that Equationss (6.12) and (6.13) are exact in some non-Gaussian cases. For
instance, the equations hold exactly if all the variables are independent and if their
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variance is positive and finite. Indeed, the covariance matrix would then be diagonal
for any distribution. Equations (6.12) and (6.13) can also be shown to hold if a subset
of variables follow a multivariate normal distribution while the remaining variables are
(i) mutually independent and (ii) independent of the normally distributed variables.

If the data does not follow a Gaussian distribution, determining the mean and co-
variance will likely produce a normal distribution covering too large areas of the space.
The conditional variance terms will then probably be overestimated, and so will the
distances with high uncertainty (i.e. the distances between samples with many missing
values). In practical applications, more importance is often given to small distances
or to the determination of nearest neighbors. In this context, overestimating distances
for which the estimations are not likely to be accurate is actually not a drawback. In-
deed, it is often better no to detect the closeness between two samples than to treat two
samples as close when it is not the case.

Extensive experiments presented in [61] confirm the interest of the method for
both distance estimation and nearest neighbors determination, even for data far from
being Gaussian.

Special case and further use An important special case is when the features of the
dataset can be assumed to be independent. The proposed algorithm then becomes
much simpler as only the mean and the variance of each variable then need to be
estimated. In particular, no matrix inversion is required anymore and the algorithm
runs much more quickly.

Then, let us also mention that the proposed methodology can be easily extended
to any squared weighted distance in the form ((xi∗ − xj∗)

T S((xi∗ − xj∗). It is only
required to estimate the Cholesky decomposition S = LLT and to slightly adapt the
mean and covariance terms. Let us also note that the estimated distance matrix can
safely be used in kernel methods considering a RBFN or Gaussian kernel. Indeed, it
is shown in [61] that the kernel matrix built this way can be guaranteed to be positive
definite.

6.4 Conclusion

This chapter introduces a feature selection algorithm for regression problems with
missing values. The idea is to adapt a nearest neighbors-based MI by using a distance
measure able to directly deal with missing values. Experiments on both artificial and
real-world data show that this strategy often leads to improved performances compared
to the case where data are first imputed (before the feature selection step).

An improved distance estimation procedure between samples with missing values
is then presented. The developments are based on the hypothesis of a multivariate
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Gaussian distribution while experimental results presented in [61] actually indicate
that the proposed strategy works well, even with non-Gaussian data. The develop-
ments are theoretically sound and the procedure can easily be adapted to the compution
of weighted distances; it can also safely be used for kernel-based methods.
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This chapter is concerned with feature selection for problems where the target
class labels are uncertain. In particular, we address the cases (i) where some labels
can be wrong (label noise) in Section 7.1 and (ii) where some labels are provided with
a probability of correctedness in Section 7.2.

7.1 Feature selection in the presence of label noise

Label noise is a frequently encountered problem in machine learning and data min-
ing [23]. Indeed, it is common in practice that class labels are wrongly assigned to
samples, for instance when a human expertise is needed to assign class labels. As an
example, in medicine, practicians have to make diagnoses based e.g. on blood anal-
yses, on X-ray images or on electrocardiograms monitoring. Such tasks can be hard
to perform, repetitive and time-consuming; they are obviously error-prone. Besides,
errors can also be made when labels are encoded in a data set.

Label noise is known to have a negative impact on the behaviour of most super-
vised classification algorithms. It is therefore likely that it will as well degrade the
performances of supervised feature selection algorithms. In this regard, proposing
a label noise-tolerant feature selection algorithm would therefore be of considerable
interest. Quite surprisingly, this task has not been addressed in the literature.

We first begin by analysing the impact of label noise on a traditional MI-based filter
feature selection algorithm, to make completely sure that the problem is interesting to
consider. A proposal to make the nearest neighbors-based MI estimator less sensitive
to label noise is then introduced. The approach is based on a statistical label noise
model combined with an expectation-maximisation (EM) algorithm.

Section 7.1.1 briefly reviews basic notions about the label noise problem. The
impact of label noise on feature selection is illustrated in Section 7.1.2. Section 7.1.3
introduces a label noise-tolerant entropy estimator, requiring the knowledge of the true
class memberships and on which is based the MI estimator (see Section 2.1.3). These
memberships can be estimated as described in Section 7.1.5. The label noise-tolerant
MI estimator is introduced in Section 7.1.4 and is experimentally tested in Section
7.1.6.

7.1.1 Related work

Two main approaches are generally thought of in the literature to deal with label noise
in classification problems.

One popular approach consists in filtering the noisy data, with the objective of
detecting the wrongly labelled samples. These samples can then be removed or their
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label can be corrected. Many criteria indicating mislabelled data points can be consid-
ered. For instance, [89] uses the information gain, while [12] observes the class labels
of the closest samples whose majority is supposed to belong to the class of the studied
sample.

A completely different strategy is to build an explicit model for the label noise.
The first and most well-known work following this strategy is [119], where the authors
propose a probabilistic noise model and combine it with a Fisher Kernel discriminant
to perform binary classification. The original model in [119] was later extended in
[125] where the authors get rid of the limiting assumption of normal distribution. The
same model was more recently further adapted to multi-class problems [19]. Besides
the model in [119], other models can be found in the literature (see e.g. [21]). Such
a model-based approach is considered in this paper as it has the advantage of being
theoretically sound and does not require discarding potentially valuable samples.

Eventually, in a slightly different context, some works assume uncertain or partial
information about the class labels to be readily available [33].

7.1.2 Impact of label noise on feature selection

The objective of this small section is to illustrate that the problem we consider actually
has an interest and that label noise really does impact the performances of supervised
feature selection algorithms.

To this end, we have conducted a greedy backward feature selection procedure
using the nearest neighbors-based MI estimator on the well-known Iris dataset from
the UCI repository [71]. We have then run the same experiment but after 20% of the
class labels have randomly been switched to another class, chosen equiprobable among
the other classes. To assess the quality of feature selection, the balanced classification
error rate of a k-nearest neighbors classifier is studied. Let us notice that noisy data
have only been considered for the feature selection step, while the whole classification
step has been conducted with the noise-free data. This allows us to compare the results
on the actual problem of interest. We delay the technical details to Section 7.1.6.

Even for a dataset as simple as Iris, Figure 7.1 shows that the performances of
the feature selection algorithm are highly (and negatively) affected by the presence of
label noise. Indeed, as can be observed, the balanced classification error rate (which
is the average of the classification accuracy obtained for each class) is significantly
larger for the noisy feature selection. Besides, another important aspect is that the
stability of the feature selection also seems to be affected by the presence of label
noise, as the confidence intervals on the values of the error criterion are much larger
in this situation.
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Figure 7.1: Balanced classification error rate of a k-nearest neighbors classifier as a
function of the number of selected features for noise-free (plain line) and noisy (dashed
line) data. The error bars correspond to a 95% confidence interval on the mean of the
values of the error criterion.

7.1.3 The need for a label noise-tolerant entropy estimator

As explained above, designing a noise-tolerant feature selection algorithm is an impor-
tant task. To this end, we propose to adapt the nearest neighbors-based MI estimator
designed for classification (see Section 2.1.3). As a reminder, this estimator uses the
Kozachenko-Leonenko entropy estimator (2.15). There are actually two ways in which
the MI and entropy estimators can be affected by label noise.

First, remember that empirical estimators of conditional entropy Ĥ(X |Y = y) are
required to estimate the MI (see Eq. (2.20)). Obviously, instances with an incorrect
label will be used in the estimation of a wrong quantity. Indeed, assume that the
sample xi∗ has 0 as true class label but is wrongly given the label 1 in the dataset. It
will be used to estimate H(X |Y = 1) where it should actually be used for H(X |Y = 0),
which affects both estimations.

Then, closely related, the estimations of H(X |Y = y) using the estimator (2.15)
are likely to be biased. Indeed, the entropy estimator (2.15) and therefore the density
estimator (2.17) are based on εy(i,k), the diameter of the hypersphere containing the
k nearest neighbors of xi∗ with label y. It is easy to understand that this diameter will
be affected by label noise. A particularly problematic situation would be the case of a
wrongly labelled sample lost in the middle of a large amount of samples from another
class. In such a case, the volume of the hypershere containing k neighbors of the same
class would probably be very (and abnormally) large; the estimate of pX |Y (xi|y) would
then be close to zero and large negative values would occur in (2.18) and equivalently
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Figure 7.2: Estimates of the logarithm of the conditional probability pX |Y for a clas-
sification problem. Both class have a Gaussian distribution (dashed lines). Circles
belong to class 0 and black squares belong to class 1: the large grey square sample is
mislabelled.

in the third term of Equation (2.21).
To illustrate this issue, 40 samples are generated from two classes with Gaussian

distributions N (µ =±1.5,σ = 1) and identical priors. One of the samples with label
0 is switched to 1. Figure 7.2 shows estimates of log pX |Y (xi|yi) computed using the
Kozachenko-Leonenko approach. For the mislabelled sample a large negative value
can be observed, while it is not the case for the other correctly labelled samples. The
estimate of MI is only 0.58 with the switched label and 0.63 for a clean version of the
dataset. An important difference can thus be observed, even with only one mislabelled
sample.

To address the two aforementioned issues, one possibility is to associate each sam-
ple with what we consider is its true class label, which can of course differ from the
observed label. We thus consider each of these observed labels as noisy versions of
true hidden labels. For each sample, we would therefore like to have an estimate of
the membership pS|X ,Y (s|x,y) of an instance x to the true class s, if the observed label
is y. Note that those memberships are not crisp but can take any value between 0 and
1, provided that sum of the memberships for a given sample is always 1.

To estimate the required memberships a sound strategy consists in (i) choosing
a label noise model representing the nature of the noise and (ii) estimating the most
probable class memberships given the available data. For the subsequent develop-
ments, we make the assumption that these true class memberships are available, while
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they are usually unknown in practice. The estimation procedure of these quantities is
delayed to Section 7.1.5.

To keep things simple, we introduce the following notation:

γ(s|i) = pS|X ,Y (s|xi,yi). (7.1)

7.1.4 An entropy estimator based on the class memberships

Remember from Section 2.1.3 that the density estimator (2.17) for pX |Y relies on the
hypothesis that pX |Y is constant in the hypersphere of diameter εx(i,k) which contains
the k nearest neighbors of the ith sample. Of course, rather than estimating H(X |Y =

y), one would prefer estimating H(X |S = s) using the true class labels.
The solution proposed in this paper is to consider a hypersphere containing an

expected number of k instances truly belonging to the target class s. As we have
assumed the class memberships to be available, they can be used to determine the
true hypersphere diameter. Indeed, for any class s ∈ Y and any sample xi∗, one can
define the hypersphere containing enough neighbours of xi∗ such that the sum of these
neighbors memberships to class s is approximately equal to k.

For each class s ∈ Y and each sample xi∗, let us first consider the standard hy-
persphere containing the k nearest neighbors of xi∗. In this hypersphere, there is an
expected number of

k

∑
j=1

γ(s|i j) (7.2)

instances belonging to target class s, with i j being the index of the jth neighbor of
sample xi∗. Intuitively, for correctly labelled samples, (7.2) is expected to be close to k
for their observed class and close to zero for other classes; an exception is for samples
near the classification boundary, where the number of instances of each class tends
to be proportional to the classes prior. On the contrary, for mislabelled samples, the
number of samples from the observed class contained in the hypersphere is expected
to be very low. Indeed, mislabelled samples are supposed to lie in a region where
samples of the same class should not be observed.

The idea is then to increase the diameter of the hypersphere εs,γ(k, i) until the sum
of the memberships

Γ(s|i) =
k(s|i)

∑
j=1

γ(s|i j) (7.3)

is at least equal to k. In Eq. (7.3), k(s|i) denotes the number of considered neigh-
bors. The obtained hypersphere contains an expected number of Γ(s|i) ≈ k instances
belonging to the target class s.
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Intuitively, the new diameter εk,γ(i|y) of an hypersphere associated with a given
observed label y is likely to be much larger for mislabelled samples than for correctly
labelled ones. Indeed, for mislabelled samples, the hypersphere has to become large
enough to encompass a part of the space containing samples with sufficiently high
memberships to the class y. Contrarily, for the hypersphere associated with the true
class of a mislabelled sample, the diameter should be close to the diameter for correctly
labelled samples of the same class.

Using the newly derived hypersphere diameters, the following noise-tolerant den-
sity estimator is proposed, based on the original estimator (2.17):

log p̂X |S(xi|si) = ψ(Γ(s|i))−ψ(Γ(s))− logcd−d logεs,γ(k, i) (7.4)

with

Γ(s) =
n

∑
i=1

γ(s|i). (7.5)

The quantity Γ(s) can be interpreted as the expected number of samples really belong-
ing to class s, and it is used instead of the number of samples with label s considered in
the original estimator. In addition, the sum of the memberships Γ(s|i) is used instead
of the parameter k while the new hypersphere diamteer is considered instead of the
original one. Since γ(s|i) represents the probability with which xi∗ belongs to class s,
it is possible to write a noise-tolerant expression for the estimation of the conditional
entropy by combining Equations (2.18) and (7.4) as:

Ĥ(X |S = s) =− 1
Γ(s)

n

∑
i=1

γ(s|i)ψ(Γ(s|i))+ψ(Γ(s))

+ logcd +
d

Γ(s)

n

∑
i=1

γ(s|i) logεk,γ(i|s).
(7.6)

For feature selection we are mainly interested in the MI criterion, for which we
now trivially derive a noise-tolerant version from (7.6). Indeed, in the last part of Eq.
(2.20) the entropy H(X) is not affected by label noise as it only involves the samples
while the conditional entropies H(X |Y = y) can be estimated using Eq. (7.6). As a
result, the following noise-tolerant version of the MI estimator (2.21) is proposed:

Î(X ;S) = Ĥ(X)−∑
s∈S

p̂S(s)Ĥ(X |S = s) (7.7)

where p̂S(s) = Γ(s)/n. This estimator thus measures the dependencies between the
features and the true classes rather than noisy versions of them. It is therefore expected
to be more reliable for feature selection in the presence of label noise.



130 CHAPTER 7. Feature selection for uncertain class labels

7.1.5 True class memberships estimation

Up to now, the knowledge of the true class memberships has been assumed, which is an
unrealistic hypothesis in practice (the label noise problem would therefore be useless
to consider). This section introduces an expectation maximisation (EM) algorithm to
estimate the required memberships.

Label noise modelling

The first step in estimating the memberships is to consider a model for the label noise.
Here, we consider the model introduced in [119]. Its underlying assumptions are that
(i) according to its true class s, an instance has a probability pe(s) to be mislabelled and
that (ii) if an instance is mislabelled, the incorrect label is randomly chosen amongst
the wrong labels Y \{s}. Under both hypotheses, one can write:

pY |S(y|s) =

{
1− pe(s) if s = y

pe(s)
|Y |−1 if s 6= y.

(7.8)

The question is then how to estimate the error probabilities pe(s) and therefore the true
class labels.

Derivation of an objective criterion for label noise estimation

Remember from Section 7.1.3 that one of the main effects of label noise is to increase
the estimated partial conditional entropy

Ĥ(X |Y = y) =− 1
ny

∑
i|yi=y

log p̂X |Y (xi∗|y). (7.9)

by introducing large negative values for log p̂X |Y (xi∗|y) which increase the partial con-
ditional entropies and eventually decrease the estimated MI. These problems come
from the difficulty of standard models to explain abnormal instances which bias the
(estimated) class conditional distributions.

The interest of label noise modelling precisely lies in its capacity to explain noisy
observations, helping to increase p̂X |Y (x|y) for misclassified instances and to limit the
decrease of the estimated MI value. This last remark suggests that looking for values
of pe that leads to high values of MI can be an interesting way to determine the label
noise model. We thus propose to determine values for pe as follows:

p̂e = argmax
pe

Î(X ;Y ). (7.10)
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Combining Equations (2.20) and (7.9), it can be shown that the optimisation prob-
lem (7.10) is completely equivalent to

p̂e = argmax
pe

n

∑
i=1

log p̂X |Y (xi∗|yi). (7.11)

An EM algorithm for label noise model estimation

Equation (7.11) can further be rewritten by noting that

n

∑
i=1

log p̂X |Y (xi∗|yi) =
n

∑
i=1

log ∑
s∈Y

p̂X ,S|Y (xi∗,s|yi) (7.12)

The second term of Eq. (7.12) is called the incomplete log-likelihood, because it
involves unknown true class labels. Because of the logarithms the optimisation prob-
lem is non-convex, meaning multiple local maxima may exist. As there exists no
closed-form solution for a global maximum of Eq. (7.12), a possible solution is to
use a EM algorithm [43]. It will consider S as a latent random variable to recursively
build an approximation of the incomplete log-likelihood and use it to estimate the er-
ror probabilities pe(s). For the particular case of Equation (7.12), the EM algorithm
alternatively (i) estimates

Q(pe, pold
e ) =

n

∑
i=1

∑
s∈Y

γ(s|i) log p̂X ,S|Y (xi∗,s|yi) (7.13)

based on the current estimate pold
e (E step) and (ii) update the estimate of pe by finding

the value maximizing Q(pe, pold
e ) (M step).

The E step consists in estimating the true class memberships using the current label
noise model:

γ(s|i) =
pX |S(xi|s)pY |S(yi|s)pS(s)

∑s∈S pX |S(xi|s)pY |S(yi|s)pS(s)
(7.14)

using Equations (7.8) and (7.4).
During the M step, the following updates are made:

pe(s) =
1

Γ(s) ∑
i|yi 6=s

γ(s|i), pS(s) =
1
n

n

∑
i=1

γ(s|i). (7.15)

To initialize the algorithm, the error probabilities pe(s) are randomly selected
while the true class priors are set to the value of the label priors: pY (s) =

ny
n .

More details on the proposed algorithm can be found in [72].
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Figure 7.3: Estimates of the logarithm of the conditional probability pX |Y for a clas-
sification problem. Both class have a Gaussian distribution (dashed lines). Circles
belong to class 0 and black squares belong to class; the large grey square sample is
mislabelled.

Illustration of the proposed approach

Consider again the problem illustrated in Figure 7.2. To show the interest of the pro-
posed methodology, Figure 7.3 shows the estimates the conditional probabilities ob-
tained with the estimated true class labels.

The conditional probability of the mislabelled sample has increased to a value sim-
ilar to the one of the samples of its true class. Besides, the estimated error probabilities
are pe(0) = 0.02 and pe(1) = 0.00, which is close to the true error probabilities in the
dataset. Eventually, the MI estimate obtained using Equation (7.7) is Î(X ;Y ) = 0.61,
which is above the value obtained by the standard estimator.

7.1.6 Experiments

We now illustrate the interest of the proposed label noise-tolerant feature selection
algorithm. To do so, we compare the two following approaches: i) a backward search
procedure based on the MI criterion estimated with the noisy samples (BW-N) and
(ii) the same backward search based on the proposed label noise-tolerant MI estimator
(LNT-BW). Both algorithms are thus identical, except for the way the MI is estimated.
This allows us to really measure the impact of the noise-tolerant MI estimator on the
feature selection process.
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The classification accuracy of a k nearest neighbors algorithm is used as the cri-
terion of comparison between the feature selection algorithms and the experiments
are performed on eleven UCI datasets [71] described in Table 3.1. For each dataset,
features are first normalised to have zero mean and unit variance. Samples are then
randomly split into a training and a test set whose respective sizes are 70% and 30% of
the total amount of samples. Labels of the training set are then polluted by label noise:
a given percentage of labels are randomly flipped. Feature selection is then conducted
on the training set following the two aforementioned strategies. For comparison pur-
poses, feature selection is also conducted on the true original labels as given in the
dataset (BW-C).

For each feature subset obtained by the feature selection algorithms, the training
set with unpolluted labels is then used to (i) select the optimal value of the classifier
meta-parameter k using ten-fold cross-validation and (ii) build the k NN classifier.
The performances of the classifier is eventually obtained on the test set, which is not
polluted by label noise. The exact criterion of comparison is the balanced error rate,
which corresponds to the average of the percentages of misclassification for each class.
Experiments are repeated 100 times. The levels of label noise are 10% and 20% of
flipped labels while the parameter for the MI estimator is k = 8.

The parameter for the label noise modelling is k = 3, meaning the label noise
is estimated locally. Preliminary experiments indicated that samples from minority
classes tend to be considered as belonging to majority classes during the estimation of
the true class memberships with larger values of k. Please refer to the related paper
[72] for more details on the experimental protocol.

Figures 7.4, 7.5 and 7.6 show the results for some classification datasets introduced
in Chapter 3. In those figures, the error bars show the 95% confidence interval for the
means. To make the presentation of the results as clear as possible, datasets are split
into two groups. Figures 7.4 and 7.5 show the results for the datasets for which the
proposed feature selection method produces significantly better feature subsets than
BW-N while Figure 7.6 shows the results for datasets on which both methods perform
similarly.

Figures 7.4, 7.5 and 7.6 first indicate that the label noise can have a significant
impact on feature selection since the observed performances are almost always signif-
icantly better when feature subsets are obtained using BW-N than when using BW-C.
Large differences between BW-C and BW-N can particularly be observed in Figures
7.4(f), 7.4(h), 7.5(d) and 7.5(f). For the Ecoli and Yeast datasets, the differences are
less important.

Figures 7.4 and 7.5 illustrate that the proposed feature selection method is able to
considerably improve the feature selection performances compared to noise-intolerant
methods. Indeed, when 20% of the labels are flipped, LNT-BW is significantly better
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(a) Iris (10%) (b) Iris (20%)

(c) Image Segmentation (10%) (d) Image Segmentation (20%)

(e) Vehicle (10%) (f) Vehicle (20%)

(g) Vertebral Column (10%) (h) Vertebral Column (20%)

Figure 7.4: Balanced error rates for the (a-b) Iris, (c-d) Image Segmentation, (e-f)
Vehicle and (g-h) Vertebral Column datasets using BW-C (plain black line), BW-N
(dashed black line) and LNT-BW (plain grey line). The levels of label noise are 10%
and 20% for the left and right columns, respectively.
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(a) Wall-Following Robot (10%) (b) Wall-Following Robot (20%)

(c) Waveform (10%) (d) Waveform (20%)

(e) Wine (10%) (f) Wine (20%)

(g) Yeast (10%) (h) Yeast (10%)

Figure 7.5: Balanced error rates for the (a-b) Wall-Following Robot, (c-d) Waveform,
(e-f) Wine and (g-h) Yeast datasets using BW-C (plain black line), BW-N (dashed
black line) and LNT-BW (plain grey line). The levels of label noise are 10% and 20%
for the left and right columns, respectively.
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(a) Ecoli (10%) (b) Ecoli (20%)

(c) Glass (10%) (d) Glass (20%)

(e) Page (10%) (f) Page (20%)

Figure 7.6: Balanced error rates for the (a-b) Ecoli, (c-d) Glass and (e-f) Page datasets
using BW-C (plain black line), BW-N (dashed black line) and LNT-BW (plain grey
line). The levels of label noise are 10% and 20% for the left and right columns,
respectively.



7.2. Feature selection for probabilistic labels 137

than BW-N in terms of the balanced error rate for a very large number of intermediate
feature subsets. Obviously, when the number of selected features gets close to d, the
performances of each feature selection strategy tend to become similar. Besides, when
only a small number of features are selected, the amount of information is too low to
achieve satisfying and relevant classification performances. When 10% of the labels
are flipped, LNT-BW remains better than BW-N, except for the Vertebral Column and
the Wall Robot datasets.

For the datasets whose results are shown in Figure 7.6, the performances of the
LNT-BW and BW-N methods cannot be distinguished. For the Ecoli dataset, the bal-
anced error rates are identical for the three methods. For the Glass and Page datasets,
both LNT-BW and BW-N are affected by label noise, but none of them is significantly
better over a large range of feature subset sizes.

The proposed noise-tolerant feature selection algorithm thus exhibits obvious ex-
perimental advantages over its competitors in the presence of label noise. The algo-
rithms have not been compared on noise-free datasets as in this case, the classical
estimator has to be prefered. Indeed, the noise-tolerant estimator is (i) more time-
consuming and (ii) more complex, which could lead to overfitting problems. It should
therefore be used only when one does suspect the presence of label noise.

7.2 Feature selection for probabilistic labels

We now give some results concerning another form of uncertain supervision. We
consider classification problems for which the labels are not exactly known but are
rather given as probabilities over the different class labels. As an illustration, it is
frequent that a human supervision is required to assign labels to sample points, for
instance in the medical domain where a diagnostic has to be made based on a micro-
array or a radiography. As such a task can be hard to perform, experts sometimes
hesitate between different labels or furnish a single class label and give a measure of
the confidence they have in this label.

More precisely, this section addresses the problem of feature selection in the case
where an expert gives for each sample xi∗ (i = 1 . . .n), a probability pi j to every possi-
ble class c j ( j = 1 . . .c); it is assumed that ∑

l
j=1 pi j = 1∀i, while this is not mandatory

in practice. Such labels are called possibilistic labels in the literature. Rather than
being directly given by a single expert, they can also be obtained by combining the
opinion of several experts reagrding the membership of a point to a given class. As
a concrete illustration, [44] mentions the recognition of some transient phenomena in
EEG data, whose shapes can be really hard to distinguish from the EEG background
activity, even for trained practicians. Experts are almost never sure about the presence
of such phenomena but are nevertheless able to give a probability of this presence.
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Probabilistic labels can also be found in fuzzy classification problems. Indeed, classes
which are not well defined can often be better represented by labels measuring the
degree of membership of the samples to the classes. For example, probabilistic labels
can be obtained through the fuzzy c-means clustering algorithm [17].

We propose to extend the Laplacian score introduced in section 2.2 to this uncer-
tain label framework in order to achieve feature selection in this context. The devel-
opments are organized as follows. Section 7.2.1 describes the few related works on
uncertain labels. The proposed feature selection criterion, called weighted Laplacian
Score (WLS), is introduced in Section 7.2.2 and is briefly experimentally tested in
Section 7.2.3.

7.2.1 Related work

The problem of classification with uncertain labels has been barely addressed in the
literature. The most relevant proposition of classification algorithms make use of the
Dempster-Shafer theory (DS) of belief functions, which has proven to be very suc-
cessfull in this context [44, 103, 34]. DS theory offers a very general and flexible
framework to model beliefs about the class label of a sample. Beliefs can either take
the form of probabilities such as in the present work or more general aspects as a set
of possible class labels or the probability of a class with no additional information.
Moreover, DS theory can conveniently be used in combination with the Transferable
Belief Model [164] which permits to elegantly combine the different pieces of belief
concerning the class memberships of samples.

Feature selection with imprecise class labels has similarly received very little at-
tention in the literature. Among the few related works, let us mention [159], where the
authors consider a fully supervised classification problem before relabelling automat-
ically all the data points in order to take the classification ambiguity into account. In
[179], the Hilbert-Schmidt independence criterion is used to achieve feature selection
with uncertain labels. Label noise and probabilistic labels are however not studied in
this paper which is rather focused on multi-label like problems.

7.2.2 The weighted Laplacian Score for probabilistic labels

We now introduce the proposed feature selection criterion for possibilistic labels.
While we assume here that each class label comes with a probability for each sam-
ple, the developments could equivalently be applied to the case where an expert only
provides one class label for each point and associates this label with a value of the
confidence he has on this prediction.

Consider a data set containing n samples xi∗ ∈ℜd . Each sample actually belongs
to a single true class c j, j ∈ 1 . . .C but this label is not precisely known. Instead, the
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samples are associated with a probability value pi j for each possible class label such
that ∑ j pi j = 1∀i∈ 1 . . .n. It is then possible to compute the probability that two points
xi∗ and xj∗ share the same true class label as:

Ssim
i j = ∑

k
pi,k p j,k. (7.16)

Said otherwise, Ssim
i, j is the scalar product between the vectors of label probability for

samples xi∗ and xj∗. Following the developments presented in Section 2.2, we define
a diagonal matrix Dsim = diag(Ssim1) and the graph Laplacian as Lsim = Dsim−Ssim.

Let us then proceed similarly for a matrix Sdis ∈ℜn×n, corresponding to the prob-
abilities that two samples belong to different classes:

Sdis
i j = 1−∑

k
pi,k p j,k = 1−Ssim

i j (7.17)

and let us define Ddis = diag(Sdis1) as well as Ldis = Ddis−Sdis.
The importance of each feature fr is eventually computed by the weighted Lapla-

cian score (WLS) that we define as

WLSr =
fT
r Lsimfr

fT
r Ldisfr

. (7.18)

Features are ranked according to this score, in increasing order.
The idea of the criterion is thus to select features according to which samples

belonging to the same class with a high probability are close while samples belonging
to different classes are far away from each other. The alternative formulation proposed
in Section 2.2.2 can therefore justify why the proposed criterion accurately translates
these feature quality criteria.

7.2.3 Experimental results

The performances of the proposed WLS are now briefly illustrated on both artificial
and real-world problems. Before presenting the results, we detail the procedure used
to simulate the uncertainty of an expert and the possible errors (s)he makes when
labelling data points. First, n values βi are drawn from a Beta distribution of mean µ
and variance σ = 0.1. With probability βi, the true label l j of sample xi∗ is switched
to one of the other possible labels ls 6= j, with the same probability for each label. The
probability value associated with the true class label is set to pi j = 1− βi and the
probability of the possibly switched label is set to pis = βi.

Similarly to what has been done for the label noise problem (see Section 7.1.6),
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the performances of the WLS are compared to two similar strategies which both ne-
glect the uncertainty of the class labels. The first strategy consists in using the labels
yerror

i (i = 1 . . .n) obtained after the procedure described above. The second one con-
siders only one label (which has thus a 100% probability) for each sample point. This
label is the most probable label ymax

i (i = 1 . . .n) after the switch procedure described
above.

Two matrices Ssim,error (resp. Ssim,max) and Sdis,error (resp. Sdis,max) are built from
the switched (resp. most probable) labels by setting

Ssim,error(max)
i, j =

{
1 if yerror(max)

i = yerror(max)
j

0 otherwise
(7.19)

and Sdis,error(max)
i j = 1− Ssim,error(max)

i j . The Laplacian scores for both problems are
then constructed as usual, and the relevance of the features is computed similarly to
Eq. (7.18).

Experiments are first conducted on two artificial data sets, for which the relevant
features are known.

Both problems have 10 randomly and uniformly distributed features x∗1 . . .x∗10
and a sample size of 300. The true labels are generated by discretizing the following
outputs:

Y1 = cos(2x∗1)cos(x∗2)exp(2x∗3)exp(2x∗4) (7.20)

and
Y2 = 10sin(x∗1 x∗2)+20(x∗3−0.5)2 +10x∗4 +5x∗5, (7.21)

this last problem being derived from [75]. Precisely, the sample points are ranked in
increasing value of Y1 or Y2 and then respectively divided into three and two classes
containing the same number of consecutive points.

The criterion of comparison is the percentage of relevant features among the dr

best ranked features, where dr is the number of relevant features for a given problem.
Both artificial datasets have been randomly generated 50 times to repeat the experi-
ments.

Tables 7.1 and 7.2 present the results obtained with various values of µ or equiva-
lently for various levels of uncertainty. It can be observed that for both problems and
each value of µ, the proposed WLS always outperforms its two competitors by more
accurately detecting the relevant features. Besides, the WLS performances appear to
be very satisfactory with, for example, more than 90% of relevant features selected for
µ ≤ 0.3. Such observations indicate the adequateness of the proposed feature selec-
tion strategy for problems with uncertain labels. Generally, the method based on the
observed class labels yerror performs the worst.
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µ WLS ymax yerror

0.25 95.5 94.5 88.5
0.30 95 89 87
0.35 89.5 82.5 82
0.40 84.5 75 74

Table 7.1: Percentage of relevant features obtained by the three feature selection tech-
niques on the Y1 data set.

µ WLS ymax yerror

0.25 96.8 93.6 91.6
0.30 94 90 84.8
0.35 84.8 79.2 74.4
0.40 76.4 72.4 59.6

Table 7.2: Percentage of relevant features obtained by the three feature selection tech-
niques on the Y2 data set.

To further assess the interest of the proposed feature selection criterion, experi-
ments are also conducted on two real-world datasets, namely Iris and Mines vs. Rocks,
both available from the UCI repository [71].

The criterion of comparison is the accuracy of a 1-nearest neighbor (1NN) clas-
sifier using the features selected by the three methods. The exact class labels will be
used for the classification step while the feature selection will be achieved with the
possibly permuted labels and the expert information. This way the ability of the meth-
ods to select relevant features for the true original problems can be compared. Figures
7.7 and 7.8 show the accuracy of the 1NN classifier as a function of the number of se-
lected features for µ = 20% and µ = 30%. For each data set and each value of the
parameter µ, the label permutation step is randomly repeated 50 times and the results
are obtained as an average over a five-fold cross-test procedure.

The results tend to confirm the interest of the proposed WLS, even if the impact
is less obvious than for the artificial problems. For the Iris dataset, the WLS never
leads to lower classification performances than its two competitors for any number of
features and both contamination rates, even if the differences in performance are larger
when µ = 30%. The Mines data set confirms that the WLS detects relevant features
more quickly than the methods which do not take label uncertainty into account. For
this dataset, the WLS outperfoms both its competitors for the first 12 and the first 16
features when µ equals 20% and 30%, respectively. For both datasets, there exists a
reduced number of features leading to better performances than the full set of features.
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Figure 7.7: Accuracy of a 1NN classifier as a function of the number of selected
features for the Iris dataset with µ = 0.2 (left) and µ = 0.3 (right).

Figure 7.8: Accuracy of a 1NN classifier as a function of the number of selected
features for the Mines vs. Rocks dataset with µ = 0.2 (left) and µ = 0.3 (right).
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7.3 Conclusion

This chapter tackles the problem of wrongly or unprecisely labelled datasets, which
can be frequently encountered in practice. The first part of the chapter is dedicated to
the label noise problem, i.e. the situation where some of the provided class labels are
wrong. To achieve feature selection in this context, a way to make the MI estimator
proposed in [114] and presented in Section 2.1.3 tolerant to label noise is proposed.
The idea is to obtain an estimation of the true class membership of the samples using
a label noise model and an EM algorithm. These memberships are then used to adapt
the volume of an hypersphere supposed to contain exactly k nearest neighbors of a
given class in the original algorithm. Results indicate that (i) the label noise actually
affects the feature selection procedure and that (ii) the proposed approach is efficent
in taking the possibility of label noise into account.

The second part is dedicated to the problems where class memberships are given
as probability values for each sample. An approach based on the Laplacian score is
proposed to take the label uncertainty into account. First results indicate the potential
interest of the method for such problems.
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In the second part of the thesis, the mutual information has been widely used as
a relevance criterion for feature selection. As mentioned in Section 2.1, numerous
arguments actually motivate this choice. Besides its ability to detect non-linear depen-
dencies, its natural definition for multivariate variables and its good performances in
practice, the mutual information is also closely related to the classification risk through
the Fano and Hellman-Raviv bounds, as detailed in Section 2.1.2.

Despite what is sometimes written in the literature, the aforementioned bounds do
not guarantee that selecting a subset of features maximising the mutual information is
always equivalent to selecting a subset of features minimizing the classification risk,
the quantity one is generally interested in. This chapter first illustrates this observation
in Section 8.1.

We then try to more precisely characterize the problems for which the mutual in-
formation is likely to be not optimal as a feature selection criterion, and what can be
the consequences in terms of risk or misclassification probability. Extensive experi-
ments are carried out to this end, on both continuous and categorical datasets, some
being artificial and other ones corresponding to real-world problems. The results are
presented in Section 8.2. The global objective of these developments is to eventu-
ally assess what is the real interest of the mutual information as a feature selection
criterion, despite the fact that it is non-optimal from a classification risk point of view.

This chapter ends with the presentation of two risk estimators, based on the same
density estimators as the nearest neighbors-based MI estimator. They allow one to
directly estimate the risk rather than the mutual information, for instance in a fea-
ture selection context. The developments and brief experimental results are given in
Section 8.5.

This chapter is based on first results presented in [7], later extended in [73] as well
as [80].

8.1 Inadequacy of the mutual information for feature
selection

When facing a classification problem, the main objective one is often interested in is to
reduce as much as possible the classification risk, or equivalently, to build prediction
models which are as accurate as possible. In this case, feature selection should also be
conducted with the same objective. The quality of a particular feature subset should
therefore be measured through the risk induced by this subset. More precisely, we are
interested in the optimal (Bayes) risk Pe, which gives a lower bound on the misclas-
sification. Using the bounds illustrated in Figure 2.1 and the related considerations,
some papers including [67, 24, 136] conclude that if the feature subset f s1 has a higher
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mutual information with the output than the subset f s2, then f s1 will lead to a smaller
classification risk Pe than f s2. Those papers therefore conclude that the mutual infor-
mation can safely be used as a proxy for the risk as a feature selection criterion. In this
section, we show through a simple example that such a conclusion is not always true in
practice and give a condition for the optimality of the mutual information. We eventu-
ally derive a bound which relates the maximum value of mutual information between
two feature subsets and the output to the difference of classification risk induced by
the use of one subset instead of the other one.

8.1.1 Illustration of mutual information failure for feature selec-
tion

From Figure 2.1 which illustrates the bounds on the Bayes classification risk given
the conditional entropy H(Y |X), it is easy to understand that for different values of
H(Y |X) (and thus for different values of the mutual information I(X ;Y )), the bounds
are likely to strongly overlap. Therefore, Pe could obviously take values in the same
intervals for two different subset of features X1 and X2 being compared. Because of
this overlap, it could be possible that I(X1;Y ) > I(X2;Y ) while X1 would simultane-
ously lead to a higher classification risk than X2. This would be considered as a mutual
information failure for feature selection, in the sense that the choice of a feature subset
would not be optimal from the Bayes risk point of view. We show through the simple
following example that such a failure can happen in practice.

Let us imagine a situation where a practician has to make a diagnosis Y , choos-
ing between two diseases y1 and y2 which have the same prior probability (pY (y1) =

pY (y2) = 0.5). To help him in his task, the practician can choose to run only one out
of two possible tests. Both tests X1 and X2 are binary and can therefore only take the
values 0 and 1. The practician has thus clearly to deal with a feature selection problem.

Based on previous cases, the conditional distributions P(Xi|Y ) of both tests have
been obtained:

Y = 0 Y = 1
X1 = 0 0.287 0.758
X1 = 1 0.713 0.242

and
Y = 0 Y = 1

X2 = 0 0.627 0.999
X2 = 1 0.373 0.001

,

where the rows correspond to the possible values of Xi and the columns correspond
to the possible values of Y . Through marginalisation and the Bayes theorem, one can
easily obtain P(Y |Xi), the posterior probabilities of both diseases given each of the
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tests:
X1 = 0 X1 = 1

Y = 0 0.275 0.746
Y = 1 0.725 0.254

and
X2 = 0 X2 = 1

Y = 0 0.385 0.999
Y = 1 0.615 0.001

.

Those posterior probabilities indicate that X1 allows discriminating quite well be-
tween the classes, whether its output is 0 or 1. The remaining misclassification proba-
bility is almost equal for both outputs (Pe = 0.275 if X1 = 0 and Pe = 0.254 if X1 = 1).
On the contrary X2, allows discriminating almost perfectly when its output is 1 since
Pe = 0.001 in this case. When X2 = 0, this feature is much less discriminative than X1

as the misclassification probability is still Pe = 0.385 in that case.
Eventually, it is possible to compute that for the first test X1, the classification risk

Pe = 0.265 while the mutual information I(X1;Y ) = 0.167. Using the second test, it
can be obtained that Pe = 0.314 and I(X2;Y ) = 0.217. It thus appears that the mutual
information between X2 and Y is larger than the one between X1 and Y . However, X2

also incurs a higher risk Pe than X1; selecting the test to perform (X2) based the on
mutual information thus leads here to an increased classification risk.

The example is more clearly illustrated in Figure 8.1. Again, it is shown that
I(X2;Y ) = H(Y )−H(Y |X2) is larger than I(X1;Y ) = H(Y )−H(Y |X1) while Pe(X2) is
larger than Pe(X1). As expected, both points lie between the bounds.

8.1.2 A condition of optimality

As illustrated by the previous example, it is not always possible in practice to asses the
interest of the mutual information for feature selection. In some situations, however,
the optimality of the mutual information can be guaranteed. Let X1 and X2 be two
features sets that have to be compared. If the value of the Hellman-Raviv bound for
X1 is smaller than the value of the strong Fano bound for X2, then the bounds in
Figure 8.1 show that X1 leads to a smaller classification risk Pe than X2 does. This
actually translates the quite natural idea that if the conditional entropies (or the mutual
information) for two subsets are different enough, than there cannot be any overlap
between the possible values of Pe for these subsets; ranking feature subsets with the
mutual information criterion is optimal in that case.

In the example of Section 8.1.1, the aforementioned condition is violated since
the Fano bound for X1 is Pe ≥ 0.264, whereas the Hellman-Raviv bound for X2 is
Pe ≤ 0.391; mutual information cannot threfore be guaranteed to be optimal to choose
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Figure 8.1: Example of mutual information failure for feature selection, with the
strong Fano bound (plain line) and the Hellman-Raviv bound (dash-dotted line).

between X1 and X2. On the contrary, Figure 8.1 shows an other candidate subset X3

for which the Hellman-Raviv bound is Pe ≤ 0.252. Feature subset X3 thus respects the
optimality condition and is guaranteed to be a better choice.

8.1.3 Upper bound on the misclassification probability loss

We end this section by giving an upper bound for the difference in misclassification
probability or classification risk in case of a failure. This difference is called the
misclassification probability loss or the risk loss.

The worst possible situation for a mutual information failure is obviously when
the two compared feature subsets have almost identical mutual information with the
output while one of the subsets incurs a maximum risk (corresponding to the Hellman-
Raviv bound) and the other one incurs a minimum risk (corresponding to the strong
Fano bound). In this case, the risk loss is simply the difference between the Hellman-
Raviv bound and the strong Fano bound. In our example, the risk loss is bounded by
0.159 for X2 and the actual risk loss is 0.049. It is interesting to note that the bounds
on the risk loss are tightened for small or large values of the mutual information. This
suggests that mutual information failures have less important consequences in these
cases. Said otherwise, making a wrong choice between two extremely informative
or two completely irrelevant feature subsets has no major consequences in practice,
which is quite easy to understand.

Note eventually that the bound on the classification risk loss is concave with re-
spect to I(X ;Y ), since the Hellman-Raviv and Fano bounds are increasing concave and
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Figure 8.2: Theoretical upper bound on the misclassification probability loss for binary
classification problems with balanced classes.

convex with respect to H(Y |X), respectively. Figure 8.2 shows the upper bound on the
classification risk loss for a binary classification problem with balanced classes.

8.2 Experimental results

This section illustrates experimentally the connections between the classification risk
and the mutual information. More precisely, the potential failure of mutual informa-
tion is studied on a variety of problems of very different nature to provide the most
complete analysis as possible.

8.2.1 Artificial discrete datasets

In this section, three artificial monovariate binary classification problems are consid-
ered. More precisely, it is assumed that a classifier is given only one discrete feature
with 2d possible modalities. The reason for this choice is that such a feature is ac-
tually equivalent to the combination of d binary features. We thus actually consider
classification problems based on d binary features.

We consider three datasets with different domain sizes for the discrete feature
X (depending on d) and different prior distributions for the conditional probabilities
pX |Y . The idea is to obtain classification problems of different levels of difficulty. For
each problem, the idea is to generate and compare a huge number of pairs of features,
in terms of both mutual information with the output and classification risk.
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To generate the problems, we draw conditional probabilities pX |Y (X = xi|Y ) for
each feature from a symmetric Dirichlet distribution

f (x1, . . . ,xm|α) = Γ(αm)
m

∏
i=1

xα−1
i

Γ(α)
(8.1)

where xi denotes the ith modality of feature X , Γ denotes the gamma function and α

is the concentration parameter. The interpretation of this parameter is the following
one. For large values of α, the distribution will amost be constant and the generated
probabilities of X given Y will be very similar. On the contrary, for small values of
α, the distribution will be more concentrated and only one probability will eventually
be non-zero. The classification problems are thus expected to be easier with small
values of α. Besides, it can also be expected that classes are likely to be more easily
discriminated in high-dimensional spaces. Therefore, three families of problems are
considered 〈m = 2 (d = 1),α = 4〉, 〈m = 8 (d = 3),α = 1〉 and 〈m = 128 (d = 7),α =

0.06〉; they correspond respectively to high, medium and low levels of difficulty. Both
classes have the same prior, i.e. P(Y = y) = 1

2 for each y, in order to avoid any class
imbalance effect. It should be noted that the relative difficulty of the three problems is
shown to comply with intuition in Figures 8.3(a), 8.4(a) and 8.5(a).

For each family of problem, 106 pairs of features are generated, which are com-
pared in terms of both mutual information and risk. These quantities can be computed
exactly because all the required probabilities are known. For each comparison, we
check whether there is a mutual information failure. In this case, the risk loss ∆Pe is
also computed.

The results are presented in Figures 8.3, 8.4 and 8.5. The first row shows, from
left to right, a histogram of the misclassification probability, a histogram of the mutual
information and a two-dimensional histogram of these two quantities where the opac-
ity of the hexagonal bins indicates the number of samples in the bin. The second row
shows an estimate of the conditional probability of failure given Pe and given the mu-
tual information, as well as a histogram of ∆Pe in case of a failure. Eventually, in the
case of a failure, the third row shows two-dimensional histograms of (i) Pe and ∆Pe, (ii)
the mutual information and ∆Pe and (iii) the mutual information difference and ∆Pe.
In the last two rows, both the mutual information and the misclassification probability
or the risk Pe are those of the feature which is selected using mutual information. This
is quite intuitive since we are mainly interested in studying when selecting a feature
by mutual information is likely to be a bad idea.
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Results

As expected, classes are very difficult to discriminate in the setting m = 2 and α = 4;
this is confirmed by Figures 8.3(a) and 8.3(b) where we see that the risk is generally
high and the mutual information generally low. However, only 0.6% of the compar-
isons lead to a failure. The conditional probability of failure given both Pe and the MI
remains small, as can be seen in Figures 8.3(d) and 8.3(e). It can also be observed
that the failure probability decreases for small mutual information values and large
misclassification probabilities. The losses are also very limited, since Figure 8.3(f)
shows that 95% of the misclassification probability losses remain below 1.5%. The
loss decreases for small mutual information values and large misclassification proba-
bilities, as illustrated in Figures 8.3(g) and 8.3(h). Eventually, Figure 8.3(i) illustrates
the important fact that failures mostly occur when comparing pairs of features which
are close in terms of both mutual information and misclassification probability.

For m = 8 and α = 1, classes are a little easier to determine, as seen in Figures
8.4(a) and 8.4(b). The percentage of failure in this setting is 4.6 and is thus higher than
for m = 2 and α = 4. The conditional probability of failure is also larger (see Figure
8.4(d) and 8.4(e)); Figure 8.4(f) shows that the misclassification probability loss is
larger, but remains below 4.3% in 95% of the cases a failure occur. Eventually, Figures
8.4(g), 8.4(h) and 8.4(i) lead to similar conclusions than what has been observed with
m = 2 and α = 4.

Classes are quite easy to separate for m = 128 and α = 0.06, as can be seen in Fig-
ures 8.5(a) and 8.5(b). A percentage of failure of 3.8% is observed and the conditional
failure probability decreases for large mutual information values and small misclassi-
fication probabilities. Similarly, Figures 8.5(g) and 8.5(h) show that ∆Pe decreases for
large values of mutual information and small risk values. In Figure 8.5(f), it can be
shown that 95% of the misclassification probability losses remain below 1.5%.

Discussion for artificial discrete problems

Mutual information failures is observed in a very small percentage of the experiments.
Besides, these failures do not incur important misclassification probability losses; the
consequences of the failures are thus not too important. Failures actually appear to
be more frequent when the classes are moderately difficult to discriminate, i.e. when
the compared features have a moderate value of mutual information with the output
and lead to a moderate misclassification probability. The misclassification probability
loss is also larger in such cases. Eventually, for all problems, failures mostly occur for
pairs of features which are close in terms of both mutual information and misclassifi-
cation probability. This indicates that if the value of the MI is very different for two
feature subsets, using this criterion for feature selection is actually safe from a risk
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8.3: Results for artificial binary classification problems with a 2-value discrete
feature and a Dirichlet prior with α = 4 for the conditional probabilities P(X = xi|Y ):
histogram of the misclassification probability (a), histogram of the mutual information
(b), two-dimensional histogram of these two quantities (c), estimate of the conditional
probability of failure given Pe (d) and given the mutual information (e), histogram
of ∆Pe in case of a failure (f), histogram of Pe and ∆Pe (g), histogram of the mutual
information and ∆Pe (h) and histogram of the mutual information difference and ∆Pe
(g).

perspective.

8.2.2 Artificial continuous datasets

Similarly to what has been done in Section 8.2.1, three continuous artificial problems
are now considered to simulate low, medium and high levels of difficulty. All are uni-
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8.4: Results for artificial binary classification problems with a 8-value discrete
feature and a Dirichlet prior with α = 1 for the conditional probabilities P(X = xi|Y ):
histogram of the misclassification probability (a), histogram of the mutual information
(b), two-dimensional histogram of these two quantities (c), estimate of the conditional
probability of failure given Pe (d) and given the mutual information (e), histogram
of ∆Pe in case of a failure (f), histogram of Pe and ∆Pe (g), histogram of the mutual
information and ∆Pe (h) and histogram of the mutual information difference and ∆Pe
(g).

variate and correspond to three-class classification problems. Each generated feature
follows a class-wise unidimensional Gaussian conditional distribution and the stan-
dard deviations of the feature values are randomly drawn from a gamma distribution

f (σ|k,θ) = σk−1

θkΓ(k)
e−

σ

θ , (8.2)
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8.5: Results for artificial binary classification problems with a 128-value dis-
crete feature and a Dirichlet prior with α = 0.06 for the conditional probabilities
P(X = xi|Y ): histogram of the misclassification probability (a), histogram of the mu-
tual information (b), two-dimensional histogram of these two quantities (c), estimate
of the conditional probability of failure given Pe (d) and given the mutual information
(e), histogram of ∆Pe in case of a failure (f), histogram of Pe and ∆Pe (g), histogram of
the mutual information and ∆Pe (h) and histogram of the mutual information difference
and ∆Pe (g).

where k is the shape parameter and θ is the scale parameter. The values k = 2 and
θ = 0.5 are used in the experiments. The feature values for each class are centered on
three different values given by µ0 = −∆, µ1 = 0 and µ2 = ∆, where ∆ is a parameter
controling the difficulty of the problem. If the value of ∆ is large, the classes are well
separated and the problem is easy. Small values of ∆ lead to overlapping Gaussian
distributions and therefore correspond to difficult problems. Here, the three problems
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(a) ∆ = 0.5 (b) ∆ = 2 (c) ∆ = 4

Figure 8.6: Examples of the three class-conditionnal feature distribution. Standard
deviations of the Gaussian distributions are drawn at random from a gamma distri-
bution with k = 2 and θ = 0.5; the centers are respectively set to ∆ = 0.5, ∆ = 2
and ∆ = 4. Subfigures correspond to a: histogram of the misclassification probability
(a), histogram of the mutual information (b), two-dimensional histogram of these two
quantities (c), estimate of the conditional probability of failure given Pe (d) and given
the mutual information (e), histogram of ∆Pe in case of a failure (f), histogram of Pe
and ∆Pe (g), histogram of the mutual information and ∆Pe (h) and histogram of the
mutual information difference and ∆Pe (g).

are obtained by considering the following values: ∆ = 0.5, ∆ = 2 and ∆ = 4; the class
priors are uniform, i.e. P(Y = y) = 1

3 for each y. The class distribution and therefore
the difficulty of the three problems is illustrated on Figure 8.6.

Again, 106 pairs of features are generated for each problem. Each feature distri-
bution is actually a mixture of Gaussian distributions, making it impossible to obtain
closed-form expressions for the entropy H(X) and the mutual information. However,
the conditional entropy H(Y |X) and the conditional probabilities P(X |Y ) can be com-
puted analytically. To address this problem, 104 samples are drawn from each class
for each feature. The conditional probabilities P(X |Y ) are then computed analytically
and the samples are used to estimate the required quantities, in order to obtain an es-
timate of the mutual information and the misclassification probability. This procedure
is expected to be accurate, given the large number of samples and the low dimension-
ality of the data. However, to prevent the results from being affected by estimation
errors, failures with a mutual information difference below 0.01 or a misclassification
probability loss below 0.1% are not taken into account. The quantities presented in
Figures 8.7, 8.8 and 8.9 correspond to the ones shown for discrete problems.

Results

For ∆ = 0.5, Figures 8.7(a) and 8.7(b) confirm that the three classes are quite difficult
to discriminate. A failure occurs in 1.2% of the cases and the failure probability is low
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for extreme (i.e. small or large) mutual information values and extreme classification
risk (see Figures 8.7(d) and 8.7(e)). In Figure 8.7(f), it can be observed that 95%
of the misclassification probability losses remain below 3.2%. From Figures 8.7(g)
and 8.7(h), it can be deduced that the misclassification probability loss decreases for
extreme mutual information values and misclassification probabilities. Eventually,
Figure 8.7(i) shows that failures occur mainly for pairs of features which are close in
terms of both mutual information and misclassification probability.

For ∆ = 2, classification is easier, as illustrated in Figures 8.8(a) and 8.8(b). The
probability of failure is 0.9 and it decreases as mutual information values increase and
the misclassification probabilities decrease (Figures 8.8(d) and 8.8(e)). Figure 8.8(f)
shows that 95% of the misclassification probability losses remain below 2.7%. In
Figures 8.8(g) and 8.8(h), ∆Pe decreases for large mutual information values and small
misclassification probabilities. Failures occur for pairs of features which are close in
terms of both mutual information and misclassification probability (see 8.8(i)).

The setting ∆ = 4 corresponds to the easiest problem. The percentage of failure
is only 0.2 and the failure probability decreases for large mutual information values
and small misclassification probabilities (see Figures 8.9(d) and 8.9(e)). In Figure
8.9(f), it is shown that 95% of the misclassification probability losses remain below
1%. Figures 8.9(g), 8.9(h) and 8.9(i) lead to similar conclusions than for ∆ = 2.

Discussion for artificial continuous problems

The conclusions of the above experiments are very close to those already drawn in
Section 8.2.1 for discrete problems. The failure probability for the MI is very low, and
the associated risk losses are very limited. Again, failures are more probable and have
more important consequences when classes are moderately difficult to discriminate,
i.e. for intermediate values of mutual information and misclassification probability.
For all three problems, failures occur essentially for pairs of features which are close
in terms of both mutual information and misclassification probability.

8.2.3 Real-world continuous datasets

To get insights into the adequacy of mutual information for feature selection in the
case of real-world problems, three datasets from the UCI [71] repository are now con-
sidered. All are balanced and contain an important number of samples in order to get
reliable estimates of the mutual information and the classification risk: Handwritten
Digits, Wall-following Robot and Waveform.

Here, feature selection is conducted with a greedy forward search algorithm using
the mutual information criterion. The objective is to determine if mutual informa-
tion failures are more likely to happen at certain steps of greedy multivariate feature



162 CHAPTER 8. On the relationships between MI and risk classification

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8.7: Results for an artificial three-class problems with one continuous feature.
Class distributions are Gaussians centered at x = −0.5, x = 0 and x = 0.5. Mutual
information values and misclassification probabilities are estimated using 104 samples
from each class. Subfigures correspond to: an histogram of the misclassification prob-
ability (a), an histogram of the mutual information (b), a two-dimensional histogram
of these two quantities (c), an estimate of the conditional probability of failure given
Pe (d) and given the mutual information (e), an histogram of ∆Pe in case of a failure
(f), an histogram of Pe and ∆Pe (g), an histogram of the mutual information and ∆Pe
(h) and an histogram of the mutual information difference and ∆Pe (g).

selection procedures, such procedures being very popular in practice.
More precisely, the experiments are conducted as follows, and repeated 5000 times

for each dataset. First, 10 features are chosen at random among all the features; the
goal is to obtain a sub-problem of lower dimension but with similar characteristics to
the original problem. We then conduct the forward search to obtain 10 feature subsets
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8.8: Results for an artificial three-class problems with one continuous feature.
Class distributions are Gaussians centered at x = −2, x = 0 and x = 2. Mutual in-
formation values and misclassification probabilities are estimated using 104 samples
from each class. Subfigures correspond to: an histogram of the misclassification prob-
ability (a), an histogram of the mutual information (b), a two-dimensional histogram
of these two quantities (c), an estimate of the conditional probability of failure given
Pe (d) and given the mutual information (e), an histogram of ∆Pe in case of a failure
(f), an histogram of Pe and ∆Pe (g), an histogram of the mutual information and ∆Pe
(h) and an histogram of the mutual information difference and ∆Pe (g).

of increasing sizes. At each step of the forward procedure, we also estimate the risk
associated to each possible feature subset. We say that a forward step is a failure if the
subset selected based on the mutual information is not the one leading to the smallest
classification risk at this step.

Both the mutual information and the misclassification probabilities are thus es-
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8.9: Results for an artificial three-class problems with one continuous feature.
Class distributions are Gaussians centered at x = −4, x = 0 and x = 4. Mutual in-
formation values and misclassification probabilities are estimated using 104 samples
from each class. Subfigures correspond to: an histogram of the misclassification prob-
ability (a), an histogram of the mutual information (b), a two-dimensional histogram
of these two quantities (c), an estimate of the conditional probability of failure given
Pe (d) and given the mutual information (e), an histogram of ∆Pe in case of a failure
(f), an histogram of Pe and ∆Pe (g), an histogram of the mutual information and ∆Pe
(h) and an histogram of the mutual information difference and ∆Pe (g).

timated for whole feature subsets, and thus for multivariate variables, contrarily to
what has been done for artificial problems. More precisely, those quantities are di-
rectly estimated by first estimating the class-conditional probabilities P(Y |X) of each
sample. These class-conditional probabilities are obtained using the Bayes rule and
marginalisation from the conditional probabilities P(X |Y ), which are estimated using
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(a) Digits (b) Wall-following robot (c) Waveform

Figure 8.10: Mutual information and classification risk with random subsets of ten
features for the Digits, Wall-following robot and Waveform datasets, with Fano and
Hellman-Raviv bounds.

the Kozachenko-Leonenko density estimator (2.17). As we use estimates for the MI
and the classififcation risk, it is important to check that they are reliable before con-
ducting more in-depth experiments. In this regard, Figure 8.10 shows a 2D histogram
of the mutual information and the misclassification probability for each dataset and
random subsets of 10 features. It can be observed that the Fano and Hellman-Raviv
bounds hold, what gives indications about the validity of the above procedure.

The results of the experiments are presented in Figures 8.11, 8.12 and 8.13, which
show several interesting plots for each problem. From left to right, the first row
presents a histogram of the classification risk Pe, a histogram of the mutual infor-
mation as well as Pe for different feature subset sizes. The second row shows an
estimate of the conditional probability of failure given (i) Pe and (ii) the mutual infor-
mation. It also shows the mutual information for different feature subset sizes. The
third row shows 2D histograms of Pe vs. the risk loss ∆Pe, the mutual information vs.
∆Pe and the mutual information difference vs. ∆Pe. The fourth row shows the mutual
information difference and ∆Pe for different feature subset sizes, and the conditional
probability of failure given the feature subset size. If a step is a mutual information
failure, the risk loss is computed between the feature subset with the highest mutual
information and the feature subset with the lowest misclassification probability.

Results

In Figures 8.11(a), 8.11(b), 8.11(c) and 8.11(f), it can be shown that for the Digits
dataset, the forward procedure is first faced with quite difficult problems, which be-
come eaiser as the number of selected features increases. The total percentage of
failures is 7.8 and Figures 8.11(g), 8.11(h) and 8.11(i) indicate that 95% of the the risk
losses are below 2%. The dark hexagonal bin in these figures further shows that the
failures occur mostly when the compared feature subsets are close in terms of both
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mutual information and misclassification probability. Besides, ∆Pe decreases for large
mutual information values and small misclassification probabilities as can be seen in
Figures 8.11(d) and 8.11(e). From Figures 8.11(j), 8.11(k) and 8.11(l), we can deduce
that the probability of failure is maximum at the beginning of the forward procedure;
it corresponds to small risk loss and decreases quickly as the number of considered
features increases.

The results obtained on the Wall-following robot dataset are close to the ones ob-
served for the Digits dataset, with two exceptions. First, the classification perfor-
mances are already maximal with about only three features, as observed in Figures
8.12(c) and 8.12(f). Then, MI failures are much more likely to happen at the first step
of the forward search (see Figure 8.12(l)). This step corresponds to intermediate val-
ues of mutual information and the classification risk. Therefore, it is shown in Figure
8.12(j) that ∆Pe is only significant for subsets of only one feature. This first step cor-
responds to the peak of probability of failure in Figures 8.12(d) and 8.12(e) as well as
to the dark hexagonal bin in Figures 8.12(g), 8.12(h) and 8.12(i). Globally, failures
occur in 2.4% of the cases and 95% of the misclassification probability losses remain
below 1%.

The Waveform dataset is actually a harder problem, as shown in Figures 8.13(a),
8.13(b), 8.13(c) and 8.13(f). However, the percentage of failure is only 0.2. As shown
in Figure 8.13(l), the conditional probability of failure increases for small feature sub-
sets before quickly decreasing after three features have been selected. The misclassi-
fication probability is large for subsets of one and two features (see Figure 8.13(c)),
which indicates again that failures mostly occur for intermediate mutual information
values and misclassification probabilities. The peak of probability of failure in Figures
8.13(d) and 8.13(e) corresponds to the dark hexagonal bin in Figures 8.13(g), 8.13(h)
and 8.13(i), where it can be seen that 95% of the misclassification probability losses
remain below 0.4%.

Discussion for real-world problems

The main conlusion from the above results on real-world datasets is that that mutual
information is more likely to fail in the first stages of the forward search, even if the
probability of a failure remains limited. Those first steps actually correspond to inter-
mediate values of mutual information. On the three datasets, the observed misclassifi-
cation probability losses are low (around 1 percent). The mutual information failures
thus seem not to have important consequences in practice, regarding the classification
risk. Besides, failures mainly occur when the feature with the best mutual information
and the feature with the best misclassification probability are close in terms of both
mutual information and misclassification probability.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 8.11: Results of mutual information-based forward search with random sub-
sets of ten features for the Digits dataset: histogram of the classification risk Pe (a),
histogram of the mutual information (b) as well as Pe (c) for different feature subset
sizes, estimate of the conditional probability of failure given Pe (d) and the mutual
information (e), mutual information for different feature subset sizes (f), histogram of
Pe vs. the risk loss ∆Pe (g), histogram of the mutual information vs. ∆Pe (h), histogram
of the mutual information difference vs. ∆Pe (i), mutual information difference (j) and
∆Pe (k) for different feature subset sizes, conditional probability of failure given the
feature subset size (l).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 8.12: Results of mutual information-based forward search with random subsets
of ten features for the Wall-following robot dataset: histogram of the classification
risk Pe (a), histogram of the mutual information (b) as well as Pe (c) for different
feature subset sizes, estimate of the conditional probability of failure given Pe (d) and
the mutual information (e), mutual information for different feature subset sizes (f),
histogram of Pe vs. the risk loss ∆Pe (g), histogram of the mutual information vs. ∆Pe
(h), histogram of the mutual information difference vs. ∆Pe (i), mutual information
difference (j) and ∆Pe (k) for different feature subset sizes, conditional probability of
failure given the feature subset size (l).



8.2. Experimental results 169

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 8.13: Results of mutual information-based forward search with random subsets
of ten features for the Waveform dataset: histogram of the classification risk Pe (a),
histogram of the mutual information (b) as well as Pe (c) for different feature subset
sizes, estimate of the conditional probability of failure given Pe (d) and the mutual
information (e), mutual information for different feature subset sizes (f), histogram of
Pe vs. the risk loss ∆Pe (g), histogram of the mutual information vs. ∆Pe (h), histogram
of the mutual information difference vs. ∆Pe (i), mutual information difference (j) and
∆Pe (k) for different feature subset sizes, conditional probability of failure given the
feature subset size (l).
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8.3 General analysis of the results

We now summarize the observations and conclusions drawn from the experimental
results obtained on the three kinds of problems.

The first important point is that mutual information can actually fail as a feature
selection criterion from the classification risk point of view. This however does not
mean that this criterion has no interest for feature selection. Indeed, the proportion of
failures is quite limited (often below 5%) and so is the misclassification probability
loss, which often lies around a few percents. For instance, on the three real-world
problems, the misclassification probability loss remains below 2% for 95% of the
failures.

Then, the failures mostly occur for intermediate values of mutual information. In
the context of a forward selection, this corresponds to the first steps of the procedure,
when the number of selected features is still small. Therefore, practically, it could
be interesting to perform some backward steps after the first few steps of the forward
search, when the procedure lies in a region where mutual information is likely to be
a more reliable criterion for feature selection. In the same spirit, another potential
option is to start the forward search with all combinations of 2 or 3 features if this
can be afforded. Eventually, a backward search algorithm starts with all features, in a
region where mutual information is reliable. It only reaches the dangerous zone after
good feature subsets have been found. It could therefore also prevent the drawbacks
mentioned for the forward search.

The last important fact is that failures occur the most when comparing feature
subsets which are close in terms of both mutual information and misclassification
probability. Therefore, the misclassification probability losses remain low, and in any
case below the theoretical bound given in Section 8.1.3

8.4 Comments on the stability

In this section, we briefly discuss the stability of greedy MI-based feature selection
algorithms. Our objective is to evaluate how stable the procedure is and what are the
potential consequences of its unstability. We also would like to quantify the relative
influence of the unstability on the classification risk, compared to the use of mutual
information (as studied from the beginning of this chapter). To this end, we consider
the popular Kuncheva stability index. For two feature subsets A and B of n f features
chosen out of d possible ones, such that |A∩B|= r, the Kuncheva index is defined as:

IC(A,B) =
rd−n2

f

n f (d−n f )
. (8.3)
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When K feature sequences are used, the stability index becomes:

2
K(K−1)

K−1

∑
i=1

K

∑
j=i+1

IC(Si(k),S j(k)), (8.4)

where Si(k) denotes the k best ranked features of the sequence Si.
Figures 8.14 and 8.15 show the Kuncheva index for a MI-based forward search

procedure, respectively obtained on the Waveform and the Wall-following robot datasets.
The results have been obtained through a 10-fold cross-test procedure. Both figures
show that the stability remains quite high at the beginning of the procedure, before
decreasing as the dimensionality of the feature subsets increases. This means that
the same most relevant features are always selected first; then as could be expected,
when less relevant features have to be selected, the choice is not obvious anymore and
slight differences can be observed from run to run, as the dataset is slightly modififed.
These results comply quite well with the intuition and indicate that the stability of the
MI-based procedures does not seem to be an issue.

To confirm this intuition, we have also computed the standard deviation of the risk
estimation obtained using the 10 feature sequences built during the cross-test proce-
dure. For each number of selected features and both datasets, the standard deviation
of the estimated risk is below 1 %. This is a very low value, especially regarding the
average classification risk obtained on the datasets (see Figures 8.13(c) and 8.12(c)).
The standard deviation of the risk using the different feature subsets is indeed much
lower than the average risk obtained on the datasets. This means that the conclusions
given in the previous sections of this chapter are probably not too much influenced by
the stability of the method and that unstability has no major negative impact on the
MI-based feature selection procedure. This conclusion should however be confirmed
by further investigations as the experimental protocol of Section 8.2.3 consisted in
randomly preselecting 10 features before conducting the feature selection procedure,
in order to limit the time required to conduct the experiments.

8.5 Direct risk estimation

Results in the previous section indicate that the MI is not an ideal proxy for the clas-
sification risk, despite strong similarities. Therefore, if one is interested by the classi-
fication risk only, estimating it correctly and using such an estimate to select relevant
features can be of great interest in practice. However, beacause of the lack of efficient
and reliable risk estimators, such an approach is almost never considered. Instead, the
mutual information is often used, mainly because of its strong connections with the
risk presented in Section 8.1.
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Figure 8.14: Kuncheva stability index on the Waveform dataset for a greedy forward
search procedure.

Figure 8.15: Kuncheva stability index on the Wall-following robot dataset for a greedy
forward search procedure.
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The idea of feature selection using risk estimation is not new. It actually dates
back to the works [133, 76] which use a rectangular Parzen density estimation and
require the features to be discretised; this obviously leads to a loss of information.
Besides, every possible combination of discrete feature values has to be considered,
which becomes not tractable for high-dimensional datasets. Discrete features are also
required in [123] which is devoted to cancer classification problems. In [79], Parzen or
k-NN density estimators are used but only binary problems are tackled. Other related
works include [201] which is based on counting the number of mistakes made by
a 1-NN classifier and [186] which gives connections between risk minimisation and
the well-known Relief feature selection algorithm. Existing methods thus suffer from
many drawbacks since none of them is simultaneously able to (i) deal with continuous
variables, (ii) be reliable with high-dimensional variables, (iii) consider multi-class
problems and (iv) be independant from a specific classification algorithm.

These observations motivate the development of a new risk estimator. To this
end, we use the Kozachenko-Leonenko estimator (2.17) to address the aforementioned
limitations. The developments are introduced in Section 8.5.1. We also compare the
performances of the proposed estimator with the ones of the MI for feature selection
purposes in Section 8.5.2.

8.5.1 Derivation of the risk estimator

In this section, we are mainly interested in estimating the Bayes risk, i.e. the optimal
achievable risk (see Section 2.1.2). As can be deduced from Equations (2.7) and (2.9),
the Bayes risk can be written as

R∗ = min
f

R( f ) = E
X

[
1−max

y∈Y
pY |X (y|x)

]
(8.5)

where f denotes a classifier. The Bayes risk thus involves the conditional probabilities
of the (discrete) class labels given the observed samples.

However, as discussed in the first part of the thesis (see more precisely Section
2.1.3), the Kozachenko-Leonenko density estimator can be used with continuous vari-
ables only. Indeed, with discrete variables, the determination of the nearest neighbors
would probably not be univoque, harming the estimation process. A possible solution
is therefore to consider the density estimator in order to get estimates for pX |Y using
Equation (2.17), before considering the Bayes rule to obtain the estimate

p̂Y |X (y|x) =
p̂X |Y (x|y)p̂Y (y)

∑y∈Y p̂X |Y (x|y)p̂Y (y)
. (8.6)

Naturally, pY can be estimated for each class as the proportion of samples belonging



174 CHAPTER 8. On the relationships between MI and risk classification

to the class in the training set. With an estimation of pY |X , it is now possible to derive
two risk estimators.

The first one simply consists in counting the misclassifications made by a Bayes
classifier:

R̂∗ =
1
n

n

∑
i=1

I
[

yi 6= argmax
y∈Y

p̂Y |X (y|x)
]
. (8.7)

This empirical estimator of the true risk actually corresponds, for a Bayesian classifier,
to the quantity that is frequently used in the literature to estimate the classification risk
on a test set.

The second estimator directly estimates the quantity in Eq. (8.5):

R̂∗ =
1
n

n

∑
i=1

[
1−max

y∈Y
p̂Y |X (y|xi)

]
. (8.8)

As can be deduced from Equations (8.7) and (8.8), the first one does consider the
training labels while the latter rather uses the estimated class memberships.

Using the Kozachenko-Leonenko density estimator which is an actual density es-
timator contrarily to some k nearest neighbours estimators, it is expected that the in-
troduced risk estimators propose a solution to the drawbacks of existing estimators.
Besides, they are also expected to give good results in feature selection, as MI based
on the same density estimators proved to be very successful at this task, even when
dealing with high-dimensional data [150].

8.5.2 Experiments

In this section, we compare the two proposed risk estimators with the mutual infor-
mation estimated using the same density estimator (2.21) in the particular context of
feature selection. To this end, we have conducted a greedy backward search proce-
dure using these criteria. The criterion of comparison between these methods is the
balanced classification rate of a 1-nearest neighbor classifier. The results have been
obtained through a 10-fold cross test procedure. Despite we use continuous datasets
in the experiments, some features in these datasets have equal values for a large num-
ber of samples. Therefore, to avoid any problem in the determination of the nearest
neighbors for risk or MI estimation, a random Gaussian noise with variance 10−3 and
zero-mean has been added to the features of each training set before the feature selec-
tion process. Note that the noisy datasets are only used for feature selection and that
classification is performed on the noise-free datasets.

Figure 8.16 shows the results on 6 datasets from the UCI repository [71], presented
in Chapter 3. The results obtained with the three methods can be seen to be quite
similar. While mutual information and error counting (8.7) perform better on the Ecoli



8.6. Conclusion 175

dataset (Fig. 8.16(a)), direct risk estimation (8.8) is slightly better on the Ionosphere
(Fig. 8.16(b)) and Seeds (Fig. 8.16(e)) datasets. Performances are equivalent on the
other datasets. To detect any significant difference in the results, a two sample test
of means has been carried out, following [148]. It appears that MI performances are
significantly better for the first three feature subsets for the Ecoli Dataset. There is
no other significant difference, except for very small subsets of one or two features
in some datasets. An interesting observation is that the simple error counting (8.7)
seems sufficient in practice to obtain good results. It is less costly than the second
risk estimator since it requires the estimation of only n conditional probabilities while
n×|Y | conditional probabilities have to be estimated in the second estimator.

8.6 Conclusion

This chapter is devoted to the derivation of connections between the risk classification
and the mutual information, especially in the context of feature selection.

The first part studies the adequacy between the two quantities through various ex-
perimental procedures. The first conclusion is that the MI is not an ideal proxy for the
classification risk, in the sense that a feature subset having a higher mutual information
with the output than another one could at the same time incur a higher classification
risk. Extensive experiments confirm these possible failures but confirms the interest of
mutual information for feature selection as the failures (i) are not frequent in practice
and (ii) lead to a very small risk increase compared to the risk-optimal feature sub-
set. The consequences of using the MI instead of the risk thus remain very limited in
practice.

The second part of the chapter is dedicated to the development of a new risk esti-
mator, based on the Kozachenko-Leonenko density estimator. The two proposed so-
lutions are able to handle continuous features, multi-class problems and are expected
to be reliable as the dimension of the data increases. Experimentally, they seem to be
very close to the MI as feature selection criteria. This confirms the previous observa-
tions on the similarity between risk and mutual information for feature selection. The
proposed risk estimators could also be useful in other contexts, as for instance active
learning, where it could serve as a criterion to lead the sample selection process.

It is important to note that Bayes risk estimation does not necessarily require the
estimation of densities. Indeed, some classification algorithms are said to be consis-
tent, meaning that they asymptotically converge to the Bayes risk, as the number of
available data points grows to infinity. This is for instance the case of the SVM [170]
or the KNN, while the error of a 1NN classifier asymptotically tends to twice the Bayes
risk [35]. Estimating densities, a hard and computationaly demanding task in practice,
is therefore not always required to estimate the Bayes risk. The estimators proposed
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Figure 8.16: Balanced classification rate of a 1-nearest neighbour classifier as func-
tion of the number of selected features obtained with the mutual information (o), the
misclassification count (8) (�) and the direct risk estimation (9) (*).
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in this chapter do estimate densities, but are based on the non-parametric KNN classi-
fier and are therefore compationally equivalent. Despite their connection to a nearest
neighbours statistics, the estimators are not equivalent to the sole use of this classi-
fication algorithm and are expected to prevent the user from explicitely building and
training prediction models.
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While the previous chapter was dedicated to the adequation of the mutual infor-
mation for feature selection from a risk perspective, we now try to develop a similar
reflexion in the important context of regression. Here, the objective to minimize is not
the classification risk anymore but rather the mean squared error (MSE) or the mean
asolute error (MAE); we therefore study links between these two error criteria and
the mutual information. More precisely, we show that under reasonable assumptions
on the distribution of the prediction errors, the mutual information is actually optimal
from a MSE or a MAE point of view.

Some works somehow address similar considerations, as e.g. [85] where the MSE
is related to the derivative of the mutual information with respect to the signal to noise
ratio. In another related work, connections between MSE and mutual information
are shown (see [100, 29]). However, the relationships are only true in the case of
normal estimation errors. In the further developments, we address this limitation by
generalizing the results for more realistic hypotheses on the estimation errors on the
target. In addition, we also present situations where the mutual information fail for
feature selection (in the sense mentioned in the previous chapter). This way, we aim
to provide both theoretical arguments and experimental evidences for the opportunity
of using mutual information for feature selection in regression problems. In the end,
we hope helping the interested user to better apprehend the behaviour of the MI to
more efficiently use it in a feature selection context.

In the remaining of this chapter, we first present the well-known MSE and MAE
error criteria and we connect them to the estimation or prediction error (Section 9.1).
In Section 9.2, we theoretically demonstrate the adequacy of the mutual information
for three distinct distributions of the estimation error. In Section 9.3, the potential
inadequacy of the mutual information is illustrated through an example, and we try to
characterize the conditions leading to this criterion to fail. The results are eventually
discussed in Section 9.4. This chapter is based on the work [74].

9.1 Error criteria and link to the mutual information

Before presenting the two considered error criteria, please recall that in the context of
feature selection, maximising the MI I(X ;Y ) or minimising the conditional entropy
H(Y |X) is actually equivalent. Indeed, as detailed in Section 2.1, I(X ;Y ) = H(Y )−
H(Y |X). During the feature selection process, H(Y ) remains constant as it does not
depend on any choice of features. In the remaining of this chapter, the discussion will
therefore be about H(Y |X) for simplicity and concision reasons, while the exact same
conclusions can be drawn about I(X ;Y ).

Assume that in a regression problem, for a given subset of d features, the contin-
uous target output Y ∈ ℜ depends probabilistically on X ∈ ℜd . Also assume that the
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prediction is made through a function f which provides an estimate Ŷ = f (X) of Y
given X . The prediction or estimation error is then

ε = f (X)−Y, (9.1)

whose distribution is supposed to be zero-mean and obviously depends on the choice
of the features. Based on ε, two very popular regression error criteria can be derived.

The first one is the mean squared error (MSE), defined as the variance of ε,

E
{
( f (X)−Y )2

}
= E

{
ε

2} ,
where E{·} denotes the expected value. The second criterion is the mean absolute
error (MAE), which is defined as the expected absolute value of ε:

E{| f (X)−Y |}= E{|ε|} .

An interesting observation is that, for a given function f , it is possible to rewrite
the conditonal entropy H(Y |X) in terms of ε [5, 38]:

H(Y |X) = H(ε|X). (9.2)

To show the validity of (9.2), we can rewrite H(Y |X) as

H(Y |X) =
∫

X
pX (x)H(Y |X = x)dx

=
∫

X
pX (x)H( f (X)+ ε|X = x)dx.

(9.3)

Then, noting that f (X) is fixed when X is known and that the differential entropy is
translation invariant (H(X +k) = H(X) for a constant k [63]), it comes that H( f (X)+

ε|X = x)=H(ε|X = x). Eq. (9.2) then follows directly from Eq. (9.3) since
∫

X pX (x)dx
is obviously equal to 1. Based on Equation (9.2), we now study more precisely the
connection between the conditional entropy or the mutual information and the two
introduced error criteria.

9.2 Adequacy of the mutual information

We now show that it is possible to characterize some situations where mutual infor-
mation is guaranteed to be an adequate criterion for feature selection in regression.
More pecisely, we prove that when the conditional distribution of the estimation error
is uniform, Laplacian or Gaussian, choosing the feature subset with the lowest condi-



182 CHAPTER 9. Adequacy of the mutual information in regression problems

(a) uniform noise U(µ = 0,∆ =
1.105)

(b) Laplacian noise L(µ = 0,λ =
0.203)

(c) Gaussian noise N (µ = 0,σ =
0.267)

Figure 9.1: sin(x) polluted by uniform, Laplacian or Gaussian target noise with iden-
tical conditional target entropy H(Y |X) = 0.1.

tional target entropy H(Y |X) or the highest mutual information is actually equivalent
to minimising the MSE and the MAE criteria. This conclusion holds under the as-
sumption that when two feature subsets are compared, the distributions of the estima-
tion error for both subsets belong to the same parametric family (uniform, Laplacian
or Gaussian). In practice, this hypothesis is realistic when the feature subsets which
are compared are not too different from an informative contain perspective. This is for
instance the case at a given step of a forward or backward search.

Assume that the estimation error is identically distributed for any x ∈ X . In this
case, the conditional entropy H(Y |X) is obviously equal to the specific conditional
entropy H(Y |X = x) for any x ∈ X . Because the mean of the estimation error dis-
tribution is zero, the distribution has only one effective parameter: the width ∆ for
the uniform estimation error, the scale λ for the Laplacian estimation error and the
standard deviation σ for the Gaussian estimation error. It is clear that the value of
the aforementioned parameters depends on the considered feature subset, which cor-
responds to X . Using the parameters, the conditional target entropies H(Y |X) become
ln∆, ln [2eλ] and 1

2 ln
[
2πeσ2

]
, respectively [38].

The three noise distributions are illustrated in Figure 9.1, where the functional
f (x) = sin(x) is polluted by the three types of noise, with identical conditional target
entropy H(Y |X) = 0.1. As expected, under the uniform noise, the function values
stay inside a tube around the real function f . Under Laplacian or Gaussian noise, the
distribution of the function values spreads around the real value of the function f .

9.2.1 Theoretical considerations

Remember that the MSE can be interpreted as the variance of the estimation error.
However, the estimation error is assumed to be identically distributed for any x ∈ X .
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Figure 9.2: MSE as a function of the conditional target entropy H(Y |X) for identically
distributed uniform (dotted line), Laplacian (dashed line) and Gaussian (plain line)
estimation errors.

Its variance is thus precisely equal to the MSE and can be written as ∆2

12 , 2λ2 and σ2

for uniform, Laplacian and Gaussian estimation errors, respectively [38, 112]. Using
these relationships and the expressions for the condtional entropy derived in the pre-
vious section, it is possible to rewrite the MSE in sole terms of H(Y |X). The MSE be-
comes 1

12 exp [2H(Y |X)], 1
2e2 exp [2H(Y |X)] and 1

2πe exp [2H(Y |X)] for uniform, Lapla-
cian and Gaussian estimation errors, respectively.

The MSE expressed this way is a monotonically increasing function of H(Y |X)

and depends on the selected feature subset. Therefore, when comparing feature sub-
sets which incur estimation errors belonging to one of the parametric families (uni-
form, Laplacian or Gaussian), choosing the feature subset which minimises the con-
ditional target entropy H(Y |X) or maximises the mutual information is completely
equivalent to choosing a feature subset minimising the MSE. This is illustrated in Fig-
ure 9.2 where the MSE in terms of the conditional target entropy H(Y |X) is shown for
the three considered error distributions. As the Gaussian distribution is the one max-
imising the entropy for a given estimation error variance σ2 [38], the corresponding
curve is a lower bound for the MSE for which it defines an admissible region.

It is possible to conduct similar developments for the MAE criterion. Indeed, re-
member that the estimation error is assumed to be identically distributed. The MAE is
thus by definition equal to the expected absolute value of the estimation error for any
x ∈ X . For uniform, Laplacian and Gaussian estimation errors, the expected absolute

value can be written as ∆

4 , λ and
√

2
π

σ, respectively [112]. Using these relation-
ships and the expressions for the conditional target entropies derived previously, one
can express the MAE in sole terms of H(Y |X). The MAE becomes 1

4 exp [H(Y |X)],
1
2e exp [H(Y |X)] and 1

π
√

e exp [H(Y |X)] for uniform, Laplacian and Gaussian estimation
errors, respectively.
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Figure 9.3: MAE as a function of the conditional target entropy H(Y |X) for iden-
tically distributed uniform (dotted line), Laplacian (dashed line) or Gaussian (plain
line) estimation error.

Similarly to what has been observed for the MSE, the MAE is a monotonically in-
creasing function of the sole conditional target entropy, which in turn depends on the
selected feature subset. Consequently, if some feature subsets all leading to estimation
errors following one of (and the same) the considered distribution (uniform, Laplacian
or Gaussian) are compared, choosing the feature subset minimising H(Y |X) is equiv-
alent to choosing the subset minimising the MAE. This conclusion is illustrated in
Figure 9.3, which shows the MAE in terms of H(Y |X) for the three families of esti-
mation errors. The Laplacian distribution can be proven to be the maximum entropy
distribution for a given expected estimation error absolute value λ [112]; the corre-
sponding curve is a lower bound for the MAE and defines an admissible region for
it.

9.3 Inadequacy of the mutual information

We now show that when the aforementioned hypotheses are violated, mutual informa-
tion is not always adequate for feature selection in regression.

For instance, we exhibate an example where the conditional distribution of the
estimation error is assumed to be a Student distribution for any x ∈ X . In this case,
choosing the feature subset which minimises the conditional target entropy H(Y |X) is
not necessarily equivalent to minimising either the MSE or the MAE criterion. The
density of the non-standardised Student distribution is

S (ε = e|µ,ν,σ) = 1

B
( 1

2 ,
ν

2

)√
νσ2

[
1+

(e−µ)2

νσ2

]− ν+1
2

(9.4)
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where B is the beta function. Since the mean of the estimation error is zero, so is the
parameter µ. The Student distribution has thus two remaining effective parameters:
the number of degrees of freedom ν and the scale σ. Obviously, the value of the
parameters ν and σ depend on the feature subset X . The conditional target entropy for
a Student estimation error can be computed as

H(Y |X) =

(
ν+1

2

)[
Ψ

(
ν+1

2

)
−Ψ

(
ν

2

)]
+ ln

[√
νB
(

1
2
,

ν

2

)]
+ lnσ (9.5)

where Ψ denotes the digamma function [38].

9.3.1 The MSE criterion

In the case of an identical Student estimation error for any x ∈ X , the variance is equal
to ν

ν−2 σ2. Using this last relationship and the expression of the conditional target
entropy given above, the MSE can be rewritten as

E
{
(Y − f (X))2

}
=

1

(ν−2)B
( 1

2 ,
ν

2

)2

× exp
{

2H(Y |X)− (ν+1)
[

Ψ

(
ν+1

2

)
−Ψ

(
ν

2

)]}
. (9.6)

The MSE thus cannot be written in sole terms of the conditional target entropy, con-
trarily to what was possible for the distributions considered in Section 9.2. Indeed, the
MSE still depends on the number of degrees of freedom ν, while it could equivalently
be made dependent on σ. It is however not possible to get rid of the dependence from
the two parameters simultaneously. Figure 9.4 illustrates this problem by showing the
MSE as a function of H(Y |X) for different numbers of degrees of freedom. As the
numbers of degrees of freedom of the estimation error distribution for different fea-
ture subsets can be different (for instance, a data point which is an outlier with respect
to some features can look normal with respect to other features), the conditional target
entropy can be decreased while increasing the MSE.

This potential failure is illustrated in Figure 9.5 where two feature subsets X1 and
X2 characterised by a Student estimation error with parameters ν = 2.3 and ν = 5
are shown. Using mutual information (or conditional entropy), X2 will be chosen.
However, the MSE is larger for X2 than for X1 and mutual information fails as a feature
selection criterion. In Figure 9.5, we also illustrate another subset X3, characterised by
the same degree of freedom that X2 such that mutual information does not fail when
choosing between X1 and X3. Failures are thus not immediate when the distributions
considered Section 9.2 are not observed.
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Figure 9.4: MSE in terms of the conditional target entropy H(Y |X) for Student estima-
tion error with different numbers of degrees of freedom: ν = 2.3 (dotted line), ν = 5
(dashed line) or ν = 30 (plain line). The admissible region defined by the Gaussian
curve appears in white.

Figure 9.5: Example of mutual information failure for Student estimation error. The
feature subsets correspond to different degrees of freedom of the distribution: ν = 2.3
(dotted line) and ν = 5 (dashed line).

In the case of a failure, the impact of using the mutual information is quite limited.
Indeed, Figure 9.5 shows that the curve for ν = 30 and ν = 5 are very close. It is there-
fore not dangerous to compare feature subsets with such estimation error distributions.
Since ν = 2.3 leads to a quite extreme distribution, it is less encountered in practice.
Mutual information can therefore be used in most practical cases with a reasonable
confidence.
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Figure 9.6: MAE in terms of the conditional target entropy H(Y |X) for Student esti-
mation error with different numbers of degrees of freedom: ν= 2.3 (dotted line), ν= 5
(dashed line) or ν = 30 (plain line). The admissible region defined by the Laplacian
curve appears in white.

9.3.2 The MAE Criterion

For the same Student distribution, the expected error absolute value can be expressed
as [140]

E{|Y − f (X)|}= 2
√

νσ2

B
( 1

2 ,
ν

2

)
(ν−1)

(9.7)

or equivalently as

E{|Y − f (X)|}= 2

(ν−1)B
( 1

2 ,
ν

2

)2

× exp
{

H(Y |X)−
(

ν+1
2

)[
Ψ

(
ν+1

2

)
−Ψ

(
ν

2

)]}
. (9.8)

Similarly to the MSE, the MAE still depends on one of the two parameters of
the distribution and cannot be written in sole terms of the conditional target entropy.
Figure 9.6 illustrates this fact by showing the MAE in terms of H(Y |X) for various
numbers of degrees of freedom. Even if the different curves are very close, they
are not equivalent and it is possible to decrease the conditional target entropy while
increasing the MAE.

A concrete example of mutual information failure is shown in Figure 9.7. Two
features subsets X1 and X2 are illustrated and are characterised by a Student estimation
error with parameters ν = 2.3 and ν = 5, respectively. Using mutual information, X2

will be chosen. However, selecting X2 leads here to an increase in the MAE. Figure
9.7 also shows a counterexample: mutual information does not fail when choosing
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Figure 9.7: Example of mutual information failure for Student estimation error. The
feature subsets correspond to different degrees of freedom: ν = 2.3 (dotted line) and
ν = 5 (dashed line).

between the feature subsets X1 and X3.

9.4 Conclusion and discussion

This chapter first shows that mutual information is often a valuable criterion for fea-
ture selection in regression. Indeed, estimation errors with a uniform, Laplacian or
Gaussian distribution are realisitc, and choosing a feature subset which minimises
the mutual information corresponds in this case to minimising both the MSE and the
MAE. More generally, one can postulate that mutual information can safely be used
whenever the estimation error is identically distributed for any x ∈ X and that its dis-
tribution can be characterised by only one parameter.

Mutual information is however not always optimal. Indeed, when the estimation
error distribution is characterised by multiple parameters (as it is the case for the Stu-
dent distribution), it is possible to obtain different values of the MSE or the MAE for
a given value of the mutual information. Therefore, minimising the mutual informa-
tion does not necessarily correspond to minimising either the MSE or the MAE. The
impact of this issue may be of various importance. For instance, the MSE can be quite
different for a given conditional target entropy when the number of degrees of free-
dom of the Student distribution changes. On the contrary, the difference remains quite
small for the MAE. However, as it is not common to observe very small degrees of
freedom in practice (this could actually correspond to the presence of a large number
of outliers), one can expect the impact of mutual information failures to remain small.

We eventually discuss an important hypothesis made in Sections 9.2 and 9.3. To
derive the results, the estimation error is assumed to be identically distributed for any
x ∈ X . In practice, this is not always the case and the distribution of the estimation
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error could depend on x. Consider for instance a situation where the estimation error
follows a Gaussian distribution N (0,σ1) for one half of the samples and N (0,σ2) for
the other half. The conditional entropies H(Y |X) for this non-identically distributed
(n.i.d.) estimation error is 1

2 ln [2πeσ1σ2], the MSE is 1
2

(
σ2

1 +σ2
2
)

and the MAE is
1√
2π

(σ1 +σ2). The MSE and the MAE can be rewritten by replacing e.g. σ2:

1
2

(
σ

2
1 +

exp [4H(Y |X)]

4π2e2σ2
1

)
(9.9)

for the MSE and
1√
2π

(
σ1 +

exp [2H(Y |X)]

2πeσ1

)
(9.10)

for the MAE. Consequently, for a given value of H(Y |X), it is possible to obtain feature
subsets with different MSE and MAE values. The mutual information may therefore
also fail in that case.

In practice it thus appears that the nature of the estimation error is important to
assess the interest of MI for feature selection. Trying to characterize it can therefore
be interesting if one intends to perform feature selection based on mutual information.





Conclusion

Feature selection is a task of great importance in many data mining and machine learn-
ing problems. Reducing the dimensionality of a dataset by detecting the most relevant
variables is of great interest, both from a prediction accuracy and from a interpretation
point of view. Indeed, it is often the case that the data at hand contains irrelevant or re-
dundant features, or is simply too high-dimensional for a prediction model to reliably
handle it. Learning with high-dimensional data is generally acknowledged as a hard
task involving counter-intuitive phenomena.

While deeply studied in the literature, feature selection has mainly been addressed
for classical data, which are not always representative of actual real-world situations.
Indeed, as illustrated throughout the second part of this thesis, data are for instance
often unprecise, missing or not fully supervised to name a few potential issues. It is
therefore important in practice to propose feature selection methods for such actual
problems. This is the first main objective of the thesis, whose second part presents and
evaluates feature selection algorithms for a variety of poblems.

The proposed algorithms are mainly based on three feature selection criteria: the
mutual information (MI), the Laplacian score (LS) and the Hilbert-Schmidt indepen-
dence criterion (HSIC).

In the context of semi-supervised learning, we propose an algorithm for regression
problems based on the graph Laplacian of a dataset. The graph is constructed based
on both the available target outputs and the unsupervised data points. The proposed
method is thus able to consider both sources of information and is experimentally
shown to outperform many potential competitors. One of the main drawbacks of the
approach based on the LS is that they rank the features individually rather than scoring
subsets of features. To tackle this lack, we propose to combine the HSIC criterion
with kernels defined on graph Laplacian. The introduced multivariate criterion leads
to promising performances when it is used to adapt two well-knwon univariate feature
selection criteria based on the LS.

The following problem we tackle is multi-label learning, where each sample can
simultaneously belong to different classes. The proposed solution is to first reduce
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the problem to a classical single-label problem, before using the MI criterion in a
greedy forward procedure. The considered transformation of the problem allows us
to make sure that the MI estimator will work properly. The transformation procedure
we apply has a parameter controling the minimum number of samples a class contains
after transformation. We propose an intuitive way to tune this parameter based on the
permutation test. Results indicate that the proposed approach is better than existing
ones. We then propose a multivariate strategy for discrete datasets. It is based on the
HSIC criterion and shows interesting performances on benchmark datasets.

Another common problem in machine learning is the presence of missing data.
To perform feature selection in this context, we adapt a nearest neighbors-based MI
estimator by considering a distance measure directly able to handle missing values, the
partial distance strategy. This way, we avoid any imputation phase before the feature
selection process. Such a phase is however often required in practice since almost no
prediction model is designed to deal with missing values. We thus compare two full
prediction methodologies: performaing feature selection before or after the imputation
phase. Results clearly indicate that the suggested approach has strong advantages over
the other one. We also propose a more elaborate distance estimation procedure for
samples with missing values. It is based on the assumption of a multivariate Gaussian
distribution but can be shaown to produce accurate results even when dealing with
non-Gaussian data.

The last specific problem for which we present results in this thesis is the pres-
ence of uncertainty in the provided labels. We first tackle the well-known label noise
problem. We propose to adapt the number of nearest neighbors considered in the mu-
tual information estimator we use by taking into account the estimated membership
of each sample to the different classes. These memberships are first estimated by
considering a noise model optimized through an expectation-maximisation algorithm.
Results indicate the interest of considering a noise-tolerant version of the MI estimator
compared to the use of the classical estimator in the presence of label noise. We also
propose a feature selection criterion based on the Laplacian score for problems where
the samples are given with a probability of belonging to each of the different classes.

The second main objective of the thesis is to study in more details aspects related
to some information theoretic quantities. More precisely, we are first interested in the
relationship between the mutual information, one of the most popular feature selec-
tion criterion, and common quality criteria for prediction models. These criteria are
the mean squared arror and the mean absolute error for regression, and the (Bayes)
classification risk for classification. Our goal is to better understand the situations
where the mutual information is likely to be a reliable proxy for the risk and what are
the consequences of using mutual information when it not the case.

For classification problems, we first show that the Fano and Hellman-Raviv bounds
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on the risk as a function of the conditional entropy (and therefore the mutual infor-
mation) do not guarantee the complete equivalence between the risk and the mutual
information. The MI is thus not guaranteed to be an optimal feature selection criterion
from a risk perspective. We nevertheless provide some conditions of optimality for
the MI and an upper bound on the risk loss induced by a choice of features driven by
the MI criterion. Extensive experiments indicate that the MI failures remain quite rare
in practice and that their consequences are of limited impact, as they mainly occur
between feature subsets close in terms of both MI and risk. Failures mostly occur for
intermediate values of MI, corresponding to subsets of low cardinality. In this regard,
backward search strategies could therefore reveal more reliable than forward ones, as
they begin with a more important number of features, which correspond to a zone
where the MI is less likely to fail.

For regression problems, we demonstrate that the adequacy of the MI regarding
the MSE or the MAE can be studied from the distribution of the prediction errors
perspective. Indeed, we show that if the prediction errors follow a uniform, Gaussian
or Laplacian distribution, than the MI is optimal as a feature selection criterion. This
is due to the fact that for these distributions, it is possible to rewrite the MSE or the
MAE as a decreasing function of the sole MI. On the contrary, this is not possible
for a Student distribution since it possesses too many parameters. The MI cannot be
guaranteed to be optimal anymore. As for the classification, the consequences of the
MI failures are likely to remain moderate in practice.

In this thesis, the different complex settings considered have been tackled individ-
ually. However, it is important to note that the PDS strategy used to handle missing
data could as well be used in combination with the approach proposed for the label
noise and the continuous mulit-label problems. It could also be used for Laplacian-
based methods provided some minor modifications, like for instance the definition of
a vector-matrix product with missing values. The other complex problems mentioned
in the thesis are all about a specific form of supervision and we believe the proposed
solutions could not be trivially combined to handle both kind of problems simultane-
ously.

Then, it is also necessary to briefly discuss the distinction between the wrapper
and the filter approaches to feature selection. As already explained, the main differ-
ence between both approaches is that wrappers do consider the performances of the
final prediction model during the feature selection step. For years, one of the main ad-
vantages of the filters over wrappers has been their ease and their lower computational
requirements as filters do not require learning and tuning many prediction models.
Today, because of the increase of both the available computational facilities and the
complexity of the filter criteria, the distinction between filters and wrappers has be-
come less obvious. For instance, in this thesis, we mainly focused on filters, with
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a particular interest for the mutual information criterion estimated through a nearest
neighbors statistics. This estimator is clearly related to a k nearest neighbors classifier
and has a similar complexity. However, the classifier is only used as a tool to build a
specific criterion, which can subsequently be used in combination with any other clas-
sification model and which possesses by itself interesting properties. As an example,
the authors that have introduced the nearest neighbors-based MI estimator make the
conjecture that their criterion is exactly zero for independent random variables; this is
obviously a very desirable property and the MI estimator can prove useful even if no
subsequent classification task is performed. Besides, the nearest neighbors algorithm
is a simple and non-parametric classifier, easy to use in practice. Therefore, if one
could argue that the estimated MI is not purely a filter criterion, we actually believe
that this distinction is not of major importance and that what actually matters is to
design appropriate and easy-to-handle criteria, whether they are based on a prediction
model or not. Of course, since the MI estimator strongly relies on a distance-based
criterion, distance-based prediction algorithms are expected to work particularly well
with the features selected using this criterion. However, we do not see any major
restriction for the use of other kinds of prediction models.

Since the thesis spreads in many different directions, lots of future work perspec-
tives can be thought of. To cite a few, first, as already mentioned, the HSIC criterion
seems well suited to transform univariate feature selection criteria into multivariate
ones. The promising preliminary results presented in this thesis suggest that more
extensive experiments should be conducted, using for instance other kernels than the
ones considered. In the more specific context of problems with missing values, the
proposed distance estimation procedures should also be tested with the MI estima-
tor, as it has been shown to more accurately detect nearest neighbors than the partial
distance strategy. More extensive experiments could also be carried out to assess the
validity of the hypotheses made in the study of the adequation of the MI for regression
problems. Of course, the most important future work perspectives concern the study
of new complex settings. For instance, when dealing with missing data, it is frequent
in practice that there exists a clear missingness structure, most values being missing
for some given features. In multi-label learning, as already mentioned, a hierarchical
structure is often assumed between the class labels. These two examples illustrate the
amount of situations for which feature selection methods still have to be developped.
We hope that this thesis will modestly help to contribute in these future developments.
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[154] Y. Saeys, I. Inza, and P. Larrañaga. A review of feature selection techniques in
bioinformatics. Bioinformatics, 23(19):2507–2517, 2007.

[155] J. L. Schafer and J. W. Graham. Missing data: Our view of the state of the art.
Psychol. Methods, 7(2):147–177, 2002.

[156] R. E. Schapire and Y. Singer. Boostexter: A boosting-based systemfor text
categorization. Mach. Learn., 39(2-3):135–168, 2000.

[157] T. Schneider. Analysis of Incomplete Climate Data: Estimation of Mean Values
and Covariance Matrices and Imputation of Missing Values. J. Climate, 14(5),
2001.

[158] M. Sebban and R. Nock. A hybrid filter/wrapper approach of feature selection
using information theory. 35:835–846, 2002.
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