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considers all paths independently. We show that, under this distribution, the probability of drawing a path
connecting two nodes can easily be computed in closed form by simple matrix inversion. This probability
captures a notion of relatedness, or more precisely accessibility, between nodes of the graph: two nodes
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ﬁi{agﬁsécience are considered as highly related when they are connected by many, preferably low-cost, paths. As an
Link analysis application, two families of distances between nodes are derived from the BoP probabilities. Interestingly,
Distance and similarity on a graph the second distance family interpolates between the shortest-path distance and the commute-cost
Resistance distance distance. In addition, it extends the Bellman-Ford formula for computing the shortest-path distance in
Commute-time distance order to integrate sub-optimal paths (exploration) by simply replacing the minimum operator by the soft
Semi-supervised classification minimum operator. Experimental results on semi-supervised classification tasks show that both of the
new distance families are competitive with other state-of-the-art approaches. In addition to the distance
measures studied in this paper, the bag-of-paths framework enables straightforward computation of

many other relevant network measures.
© 2017 Elsevier Ltd. All rights reserved.
1. Introduction such as link prediction, community detection, node classification,

and network visualization to name a few popular ones.

1.1. General introduction The main contribution of this paper is in presenting in detail the

bag-of-paths (BoP) framework and defining relatedness as well as
distance measures between nodes from this framework. The BoP
builds on and extends previous work dedicated to the exploratory
analysis of network data (Kivimadki, Lebichot, Saramaki, & Saerens,
2016; Kivimaki, Shimbo, & Saerens, 2014; Mantrach et al., 2010;
Yen, Mantrach, Shimbo, & Saerens, 2008). The introduced distances
are constructed to capture the global structure of the graph by us-
ing paths on the graph as a building block. In addition to relat-
edness/distance measures, various other quantities of interest can
be derived within the probabilistic BoP framework in a principled

Network and link analysis is a highly studied field, subject of
much recent work in various areas of science: applied mathemat-
ics, computer science, social science, physics, chemistry, pattern
recognition, applied statistics, data mining and machine learning,
to name a few (Barabasi, 2016; Chung & Lu, 2006; Estrada, 2012;
Kolaczyk, 2009; Lewis, 2009; Newman, 2010; Silva & Zhao, 2016;
Thelwall, 2004; Wasserman & Faust, 1994). Within this context,
one key issue is the proper quantification of the structural related-
ness bet}Neer} nodes of a netyyork by taking both.direct and i.ndirect way, such as betweenness measures quantifying to which extent
connections into account (Lt & Zhou, 2011). This problem is faced 3 5de is in between two sets of nodes (Lebichot, Kivimiki, Fran-
in all disciplines involving networks in various types of problems (5o & Saerens, 2014), extensions of the modularity criterion for,

e.g.,, community detection (Devooght et al., 2014), measures cap-

turing the criticality of the nodes or robustness of the network
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http://dx.doi.org/10.1016/j.neunet.2017.03.010
0893-6080/© 2017 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/j.neunet.2017.03.010
http://www.elsevier.com/locate/neunet
http://www.elsevier.com/locate/neunet
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neunet.2017.03.010&domain=pdf
mailto:marco.saerens@uclouvain.be
http://dx.doi.org/10.1016/j.neunet.2017.03.010

K. Frangoisse et al. / Neural Networks 90 (2017) 90-111 91

1.2. The bag-of-paths framework

More precisely, we assume given a weighted directed, strongly
connected, graph or network G where a cost is associated to each
edge. Within this context, we consider a bag containing all the
possible (either absorbing or non-absorbing—see later for details)
paths' between pairs of nodes in G. In a first step, following
Akamatsu (1996), Mantrach et al. (2010), Saerens, Achbany, Fouss,
and Yen (2009) and Yen et al. (2008), a probability distribution
on this countable set of paths can be defined by minimizing
the total expected cost between all pairs of nodes while fixing
the total relative entropy spread in the graph. This results in
a Gibbs-Boltzmann distribution, depending on a temperature
parameter T, on the set of paths such that long (high-cost) paths
have a low probability of being sampled from the bag, while short
(low-cost) paths have a high probability of being sampled.

In this probabilistic framework, the BoP probabilities, P(s =
i, e = j), that a sampled path has node i as its starting node and
node j as its ending node can easily be computed in closed form
by a simple n x n matrix inversion, where n is the number of
nodes in the graph. These BoP probabilities play a crucial role in
our framework for that they capture the relatedness (in terms of
accessibility) between each pair of nodes (i, j): the BoP probability
will be high when the two nodes are connected by many, short,
paths. In summary, the BoP framework has several interesting
properties:

e It has a clear, intuitive, interpretation.

e The temperature parameter T allows to monitor randomness by
controlling the balance between exploitation and exploration.

e The introduction of independent costs results in a large degree
of customization of the model, according to the problem
requirements: some paths could be penalized because they visit
undesirable nodes having adverse features.

e The framework is rich. Many useful quantities of interest
can be defined according to the BoP probabilistic framework:
similarity and distance measures, betweenness measures, etc.
This is discussed extensively in the sequel.

e The quantities of interest are easy to compute.

It, however, also suffers from a drawback: the different quan-
tities are computed by solving a system of linear equations, or by
matrix inversion. More precisely, the distance between a particular
node and all the other nodes can be computed by solving a system
of n linear equations, while all pairwise distances can be computed
at once by inverting an n x n square matrix. This results in O(n®)
computational complexity. Even more importantly, the matrix of
distances necessitates ©(n?) storage, although this can be allevi-
ated by using, e.g., incomplete matrix factorization techniques.

This means that the different quantities can only be computed
reasonably on small to medium size graphs (containing a few tens
of thousand nodes). However, in specific applications like classi-
fication or extraction of top eigenvectors, we can avoid comput-
ing explicitly the matrix inversion (see PageRank and the power
method Langville & Meyer, 2006, or large scale semi-supervised
classification on graphs Mantrach et al., 2011). In addition, it is
also possible to restrict the set of paths to “efficient paths”, that is,
paths that do not backtrack (always getting further from the start-
ing node), and compute efficiently the distances from the starting
node by arecurrence formula, as proposed in transportation theory
(Dial, 1971).

1 These are also called walks in the literature.

1.3. Defining node distances from the bag-of-paths framework

The paper first introduces the BoP framework in detail and
derives the BoP probabilities from this framework. Thereafter,
two families of distances between nodes are defined, and are
coined the surprisal distance and the potential distance. Both
distance measures satisfy the triangle inequality, and thus satisfy
the axioms of a metric. Moreover, the potential distance has the
interesting property of generalizing the shortest-path and the
commute-cost distances by computing an intermediate distance,
depending on a temperature parameter T. When T is close to
zero, the distance reduces to the standard shortest-path distance
(emphasizing exploitation) while for T — o0, it reduces to the
commute-cost distance (focusing on exploration). The commute-
cost distance is closely related to the resistance distance and the
commute-time distance (Fouss, Pirotte, Renders, & Saerens, 2007;
Klein & Randic, 1993), as the three functions are proportional to
each other (Chandra, Raghavan, Ruzzo, Smolensky, & Tiwari, 1989;
Kivimadki et al., 2014).

This is of primary interest as it has been shown that both
the shortest-path distance and the resistance distance suffer from
some significant flaws. While relevant in many applications, the
shortest-path distance cannot always be considered as a good can-
didate distance in network data. Indeed, this measure only depends
on the shortest paths and thus does not integrate the “degree of
connectivity” between the two nodes. In many applications, for a
constant shortest-path distance, nodes connected by many indi-
rect paths should be considered as “closer” than nodes connected
by only a few paths. This is especially relevant when considering
relatedness of nodes based on communication, movement, etc., in
a network which do not always happen optimally, nor completely
randomly. Moreover, the shortest path distance suffers from an-
other flaw: when computing the distance from a given node, the
shortest-path distance usually provides many ties, that is, many
nodes with the same distance, especially in weighted, undirected,
graphs. Breaking these ties can be done by considering other prop-
erties, like the amount of connectivity.

While the shortest-path distance fails to take the whole
structure of the graph into account, it has also been shown that
the resistance and the commute-time distances converge to a
useless value, only depending on the degrees of the two nodes,
when the size of the graph increases (the random walker is getting
“lost in space” because the Markov chain mixes too fast; see von
Luxburg, Radl, & Hein, 2010; von Luxburg, Radl, & Hein, 2014).
Moreover, the resistance distance, which is proportional to the
commute-time distance, assumes completely random movements
or communication in the network, which is also unrealistic.

In short, shortest paths do not integrate the amount of
connectivity between the two nodes whereas random walks
quickly loose the notion of proximity to the initial node when the
graph becomes larger (von Luxburg et al., 2010, 2014).

There is therefore a need for introducing distances interpolating
between the shortest-path distance and the resistance distance,
thus hopefully avoiding the drawbacks appearing at the ends
of the spectrum. These quantities capture the notion of relative
accessibility between nodes, a combination of both proximity in the
network and amount of connectivity (see the next Section 2 for a
short survey).

Furthermore, and interestingly, a simple local recurrence
expression, extending the Bellman-Ford formula for computing
the potential distances from one node of interest to all the
other nodes is also derived. It relies on the use of the so-called
soft minimum operator (Cook, unpublished) instead of the usual
minimum. Finally, our experiments show that these distance
families provide competitive results in semi-supervised learning.
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1.4. Contributions and organization of the paper

Thus, in summary, this work has several contributions:

e Itintroduces a well-founded bag-of-paths framework capturing
the global structure of the graph by using network paths as a
building block.

e Itis shown that the bag-of-hitting-paths probabilities can easily
be computed in closed form. This fundamental quantity defines
an intuitive relatedness measure between nodes.

e It defines two families of distances from the bag-of-paths
probabilities, capturing the structural dissimilarity between the
nodes in terms of relative accessibility. The distances between
all pairs of nodes can be computed conveniently by inverting an
n X n matrix.

e It is shown that one of these distance measures has some
interesting properties; for instance it is cutpoint additive and
it interpolates between the shortest-path distance and the
resistance distance (up to a scaling factor).

e The framework is extended to the case where non-uniform
priors are defined on the nodes.

e We prove that this distance generalizes the Bellman-Ford for-
mula computing shortest-path distances, by simply replacing
the min operator by the softmin operator.

e The distances obtain promising empirical results in semi-
supervised classification tasks when compared to other, kernel-
based, methods.

Section 2 develops related work and introduces the necessary
background and notation. Section 3 introduces the BoP framework,
defines BoP probabilities and shows how it can be computed
in closed form. Section 4 extends the framework to hitting, or
absorbing, paths. In Section 5, the two families of distances as
well as their properties are derived. Section 6 generalizes the
framework to non-uniform priors on the nodes. An experimental
study of the BoP framework with application to semi-supervised
classification is presented in Section 7. Concluding remarks and
extensions are discussed in Section 8.

2. Related work, background, and notation

2.1. Related work

This work is related to similarity measures on graphs for which
some background is presented in this section, largely inspired
by the surveys appearing in Fouss, Francoisse, Yen, Pirotte, and
Saerens (2012), Kivimadki et al. (2014), Mantrach et al. (2010) and
Yen, Fouss, Decaestecker, Francq, and Saerens (2009); Yen et al.
(2008). The presented BoP framework also has applications in
semi-supervised classification, on which our experimental section
will focus on in Section 7. A short survey related to this problem
can be found in Section 7.1.

Similarity measures on a graph determine to what extent
two nodes in a graph resemble each other, either based on the
information contained in the node attributes or based on the
graph structure. In this work, only measures based on the graph
structure will be investigated. Structural similarity measures can
be categorized into two groups: local and global (Lii & Zhou,
2011). On the one hand, local similarity measures between nodes
consider the direct links from a node to the other nodes as features
and use these features in various way to provide similarities.
Examples include the cosine coefficient (Dunham, 2003) and
the standard correlation (Wasserman & Faust, 1994). On the
other hand, global similarity measures consider the whole graph
structure to compute similarities.

Certainly the most popular and useful distance between nodes
of a graph is the shortest-path distance. However, as discussed

in the introduction, it is not always relevant for quantifying the
similarity of nodes in a network.

Alternatively, similarity measures can be based on random walk
models on the graph, seen as a Markov chain. As an example,
the commute-time (CT) kernel has been introduced in Fouss
et al. (2007) and Saerens, Fouss, Yen, and Dupont (2004) as the
Moore-Penrose pseudoinverse, LT, of the Laplacian matrix. The
CT kernel was inspired by the work of Chandra et al. (1989) and
Klein and Randic (1993). More precisely, Klein and Randic (1993)
suggested to use the effective resistance between two nodes as
a meaningful distance measure, called the resistance distance.
Chandra et al. (1989) then showed that the resistance distance
equals the commute-time distance (but also the commute-cost
distance), up to a constant factor. The CT distance is defined as the
average number of steps that a random walker, starting in a given
node, will take before entering another node for the first time (this
is called the average first-passage time Norris, 1997) and going
back to the initial node.

It was then shown (Saerens et al., 2004) that the elements of LT
are inner products of the node vectors in the Euclidean space where
these node vectors are exactly separated by the square root of the
CT distance. The square root of the CT distance is therein called
the Euclidean CT distance. The relationships between the Laplacian
matrix and the commute-cost distance (the expected cost (and not
steps as for the CT) of reaching a destination node from a starting
node and going back to the starting node) were studied in Fouss
et al. (2007). Finally, an electrical interpretation of the elements
of L™ can be found in Yen et al. (2009). However, we saw in the
introduction that these random-walk based distances suffer from
some drawbacks (e.g., the so-called “lost in space” problem, von
Luxburg et al., 2010; von Luxburg et al., 2014).

Sarkar and Moore (2007) suggested a fast method for com-
puting truncated commute-time neighbors. At the same time,
several authors defined an embedding that preserves the commute-
time distance with applications in various fields such as clustering
(Yen et al., 2005), collaborative filtering (Brand, 2005; Fouss et al.,
2007), dimensionality reduction of manifolds (Ham, Lee, Mika, &
Scholkopf, 2004) and image segmentation (Qiu & Hancock, 2005).

Instead of taking the pseudoinverse of the Laplacian matrix,
a simple regularization leads to a kernel called the regularized
commute-time kernel (Ito, Shimbo, Kudo, & Matsumoto, 2005),
with a nice interpretation in terms of the matrix-forest theorem
(Chebotarev & Shamis, 1997, 1998). Ito et al. (2005) further
propose the modified regularized Laplacian kernel by introducing
another parameter controlling the importance of nodes. This
modified regularized Laplacian kernel is also closely related to a
graph regularization framework introduced by Zhou and Scholkopf
(2004), extended to directed graphs in Zhou, Huang, and Scholkopf
(2005).

The adjacency-based exponential diffusion kernel, a member of
the more general exponential diffusion kernel family introduced by
Kondor and Lafferty (2002) and investigated in Fouss, Yen, Pirotte,
and Saerens (2006) and Fouss et al. (2012), as well as the Neumann
diffusion kernel introduced in Scholkopf and Smola (2002), are
both based on power series of the adjacency matrix. A meaningful
alternative to the adjacency-based exponential diffusion kernel,
called the Laplacian exponential diffusion kernel (Kondor &
Lafferty, 2002; Smola & Kondor, 2003), is a diffusion model that
substitutes the adjacency matrix with minus the Laplacian matrix,
and is closely related to the heat kernel (Chung, 1997). It is also a
member of the more general exponential diffusion kernel family,
computing the matrix exponential of a matrix reflecting the local
structure of the graph (e.g., the adjacency matrix or the Laplacian
matrix, see Kondor & Lafferty, 2002; Smola & Kondor, 2003 and
Fouss et al., 2012, 2006 for empirical comparisons). Note that the
adjacency-based exponential diffusion kernel is also known as
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the communicability measure in the physics community (Estrada,
2012; Estrada & Hatano, 2008).

Random walk with restart kernels, inspired by the PageRank
algorithm and adapted to provide relative similarities between
nodes, appeared relatively recently in Pan, Yang, Faloutsos, and
Duygulu (2004), Pucci, Gori, and Maggini (2006) and Tong,
Faloutsos, and Pan (2008). Nadler, Lafon, Coifman, and Kevrekidis
(2005, 2006) and Pons and Latapy (2005, 2006) suggested a
distance measure between nodes of a graph based on a diffusion
process, called the diffusion distance. The Markov diffusion kernel
has been derived from this distance measure in Fouss et al.
(2012) and Yen, Saerens, and Fouss (2011). The natural embedding
induced by the diffusion distance was called diffusion map by
Nadler et al. (2005, 2006) and is related to correspondence analysis
(Yen et al., 2011).

More recently, Mantrach et al. (2010), inspired by Akamatsu
(1996) and Bell (1995) and subsequently by Saerens et al.
(2009), introduced a link-based covariance measure between
nodes of a weighted directed graph, called the sum-over-paths
covariance. They consider, in a similar manner as in this paper, a
Gibbs-Boltzmann distribution on the set of paths such that high-
cost paths occur with low probability whereas low-cost paths
occur with a high probability. Their main goal was to define a well-
founded covariance/correlation measure between nodes based
on the following property: two nodes are considered as highly
correlated if they often co-occur together on the same - preferably
short - paths. In other words, two nodes obtain a high correlation
index when they are likely to appear on the same walk. Note
that a related co-betweenness measure between nodes has been
introduced in Kolaczyk, Chua, and Barthelemy (2009). The present
work re-interprets the idea introduced in Mantrach et al. (2010)
from a bag-of-paths point of view, extends the results, and focuses
on the study of accessibility measures between pairs of nodes,
integrating both proximity in the graph and high connectivity
between the nodes.

Indeed, as both the shortest-path distance and the resistance
distance show some issues, there were several attempts to define
families of distances interpolating between the shortest-path and
more “global” distances, such as the resistance distance. In this
context, inspired by Akamatsu (1996), Bell (1995) and Saerens et al.
(2009), a parametrized family of dissimilarity measures, called
the randomized shortest-path (RSP) dissimilarity, reducing to the
shortest-path distance at one end of the parameter range, and to
the resistance distance (up to a constant scaling factor) at the other
end, was proposed in Yen et al. (2008) and extended in Kivimaki
et al. (2014), for the efficient computation of the entire matrix
of dissimilarities. The RSP dissimilarity between two nodes i, j is
simply the expected cost for visiting a node j for the first time when
starting from a node i, under the assumption that paths between
i and j are chosen thanks to a Gibbs-Boltzmann distribution. The
calculation of this quantity requires the computation of a forward
and a backward variable, as in hidden Markov models (Garcia-
Diez, Fouss, Shimbo, & Saerens, 2011). Similar ideas appeared at the
same time in Chebotarev (2011, 2012, 2013), based on considering
the co-occurrences of nodes in forests of a graph or walks on the
graph, and in Alamgir and von Luxburg (2011) and Herbster and
Lever (2009), based on a generalization of the effective resistance
in electric circuits. These two last families are metrics while the RSP
dissimilarity does not satisfy the triangle inequality. The potential
and the surprisal distances introduced in this work fall under the
same catalogue of distance families. See also Guex (2016), Guex
and Bavaud (2015) and Kivimaki et al. (2014) for other, closely
related, formulations of families of distances based on free energy
and network flows.

2.2. Some background and notation

We now introduce the necessary notation for the bag-of-paths
(BoP) framework. First, note that, in the sequel, column vectors are
written in bold lowercase while matrices are in bold uppercase.

Consider a weighted directed graph or network, G = (V, &),
assumed strongly connected, with a set V of n nodes (or vertices)
and a set £ of edges (or arcs, links). An edge between node i and
node j is denoted by i — j or (i, j). Furthermore, it is assumed
that we are given an adjacency matrix A with elements a; > 0
quantifying in some way the affinity between node i and node j.
When g; > 0, node i and node j are said to be adjacent, that is,
connected by an edge. Conversely, a; = 0 means that i and j are
not connected. We further assume that there are no self-loops, that
is, the a; = 0.

From this adjacency matrix, a standard random walk on the
graph is defined in the usual way. The transition probabilities
associated to each node are simply proportional to the affinities
and then normalized:

aji

P = (1)

> ay

j=1
Note that these transition probabilities will be used as reference
probabilities later; hence the superscript “ref’. The matrix P,
containing elements p{jef, is stochastic and called the transition
matrix of the natural or reference random walk on the graph.

In addition, we assume that a transition cost, ¢; > 0, is
associated to each edge i — j of the graph G. If there is no edge
between i and j, the cost is assumed to take an infinite value,
¢j = oo. For consistency, ¢; = oo if and only if a5 = 0. The
cost matrix C is the matrix containing the immediate costs ¢;; as
elements. We will assume that at least one element of C is strictly
positive. A path g is a finite sequence of jumps to adjacent nodes
on G (including loops), initiated from a starting node s = i, and
stopping in an ending node e = j. The total cost of a path g is
simply the sum of the local costs ¢; along g, while the length of
a path is the number of steps, or jumps, needed for following that
path.

The costs are set independently of the adjacency matrix; they
quantify the cost of a transition, depending on the problem at
hand. They can, e.g., be defined according to some properties, or
features, of the nodes or the edges in order to bias the probability
distribution of choosing a path. In the case of a social network, we
may, for instance, want to bias the paths in favor of domain experts.
In that case, the cost of jumping to a node could be set proportional
to the degree of expertise of the corresponding person. Therefore,
walks visiting a large proportion of persons with a low degree of
expertise would be penalized versus walks visiting persons with
a high degree. Another example aims to favor hub-avoiding paths
penalizing paths visiting hubs. Then, the cost can be simply set to
the degree of the node. If there are no natural costs associated to
edges and there is no reason to bias the paths with respect to some
features, costs are simply set equal to 1 (paths are penalized by
their length) or set to ¢; = 1/a; (the elements of the adjacency
matrix can then be considered as conductances and the costs as
resistances).

3. The basic bag-of-paths framework

Recall that the bag-of-paths (BoP) model will be based on the
probability that a path drawn from a “bag of paths” has nodes i
andj as its starting and ending nodes, respectively. This probability
distribution then serves as a building block for various extensions.

In this section, the bag-of-paths framework is introduced by
first considering bounded paths and then paths of arbitrary length.
For simplicity, we discuss non-hitting (or non-absorbing) paths
first and then develop the more interesting bag-of-hitting-paths
framework in the next Section 4.
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3.1. Sampling bounded paths according to a Gibbs-Boltzmann
distribution

Following Akamatsu (1996), Mantrach et al. (2010), Saerens
et al. (2009) and Yen et al. (2008), the present section describes
how the probability distribution on the set of paths is assigned. In
order to make the presentation more rigorous, we will first have to
consider paths of bounded length t. Later, we will extend the results
for paths with arbitrary length. Let us first choose two nodes, a
starting node i and an ending node j and define the set of paths
(including cycles) of length ¢ from i to j as P;(t) = {;(t)}. Thus,
P;i(t) contains all the paths g;(t) allowing to reach node j from
node i in exactly t steps.

Let us further denote as ¢(g;(t)) the total cost associated to
path g;i(t). Here, we assume that g;(t) is a valid path from node
i to node j, that is, it consists of a sequence of nodes (kg = i) —
ki = ky — .-+ — (ks =j) wherec,,_, < ooforallt € [1,¢].
As already mentioned, we assume that the total cost associated to
a path is additive, i.e. c(g;(t)) = Zi:] Ck, 4k, - Then, let us define
the set of all t-length paths through the graph between all pairs of
nodes as P(t) = U;‘J:] P;i(t).

Finally, the set of all bounded paths up to length t is denoted
by P(<t) = Ui;o ‘P(t). Note that, by convention, for i = j and
t = 0, zero-length paths are allowed with zero associated cost.
Other types of paths will be introduced later; a summary of the
mathematical notation appears in Table 1.

Now, we consider a probability distribution on this finite set
P(< t), representing the probability of drawing a path p €
P(< t) from a bag containing all paths up to length t. We search
for the distribution of paths P(¢) minimizing the expected total
cost-to-go, E[C(g)], among all the distributions having a fixed
relative entropy Jo with respect to a reference distribution, here
the natural random walk on the graph (see Eq. (1)). This choice
naturally defines a probability distribution on the set of paths
of maximal length t such that high-cost paths occur with a low
probability while short paths occur with a high probability. In other
words, we are seeking for path probabilities, P(p), p € P(< t),
minimizing the expected total cost subject to a constant relative
entropy constraint?:

minimize P(p)C(p)
{P(p)}, peP (=) pe;(:ft) PICiE
. ~ref
subject to Y. P log(P() /P (9)) = Jo 2)
PEP(<L)
D Pp)=1
PEP(<t)
where Jo > 0 is provided a priori by the user, according to

the desired degree of randomness and ﬁref(p) represents the
probability of following the path g when walking according to the
reference transition probabilities p}ff of the natural random walk
on G (see Eq. (1)).

More precisely, we define 7™(p) = [[,_;pf’ ., that
is, the product of the transition probabilities along path gp—
the likelihood of the path when the starting and ending nodes
are known. Now, if we assume a uniform (non-uniform priors
are considered in Section 4), independent, a priori probability,
1/n, for choosing the starting and the ending node, then we set

2 1n theory, non-negativity constraints should be added, but this is not necessary
as the resulting probabilities are automatically non-negative.

f’rEf(p) = 7)) X prep < T ("), which ensures that the
reference probability is properly normalized.>

The problem (2) can be solved by introducing the following
Lagrange function

P
=3 P(p)f(so)Jr/\[ 3 P(p)logf)rf;‘:))—h}
&

PEP(<) pEP(<L)

+u{ > P(go)—l:| (3)

pEP(<L)

and optimizing over the set of path probabilities {P(¢)},ep(<r). AS
could be expected (the problem is similar to a maximum entropy
problem Jaynes, 1957; Kapur & Kesavan, 1992), setting its partial
derivative with respect to P(g) to zero and solving the equation
yields a Gibbs-Boltzmann probability distribution on the set of
paths up to length t (Mantrach et al., 2010),

P () exp [—0E(9)]
Y () exp[-0E(p)]

p'eP(<t)

P(p) =

(4)

where the Lagrange parameter A plays the role of a temperature T
and 6 = 1/A is the inverse temperature.

Thus, as desired, short paths g (having a low cost ¢(g)) are
favored in that they have a large probability of being followed.
Moreover, from Eq. (4), we clearly observe that when 6 — 0,
the path probabilities reduce to the probabilities generated by the
natural random walk on the graph (characterized by the transition
probabilities p{ff as defined in Eq. (1)). In this case, J — 0 as
well. But when 6 is large, the probability distribution defined by
Eq. (4) is biased towards low-cost paths (the most likely paths are
the shortest ones).

Note that, in the sequel, it will be assumed that the user
provides the value of the parameter 6 instead of Jo, with & > 0.
Also notice that the model could be derived thanks to a maximum
entropy principle instead (Jaynes, 1957; Kapur & Kesavan, 1992).

3.2. The bag-of-paths probabilities

Let us now derive an important quantity from Eq. (4), namely
the probability of drawing a path starting in some node s = i
and ending in some other node e = j from the bag of paths.
These quantities will be called the (bounded) bag-of-paths (BoP)
probabilities. For paths up to length t this is provided by

Y B(p) exp [-02(p)]

PEP(<t)

Y P exp[-0E(p)]

©' eP(<t)

> 7™(p)exp[—0C(p)]
_ PEPii(<t) 5)
> () exp [—-0C(p))]

©'eP(<t)

PEO(s =i, e=))

where we recall that P;(< t) is the set of paths up to length
t connecting node i to node j. From (4), this quantity simply
computes the probability mass of drawing a path connecting i to

3 We will see later that the path likelihoods 7™ (gp) are already properly
normalized in the case of hitting, or absorbing, paths: ZpE'Ph 7 (p) = 1. See
next section and Appendix A. On the contrary, for regular paths as considered in this
section, it can be shown that Zpep(g) frm(p) = (t+ 1)n (we thank Dr. Guillaume
Guex for deriving and letting us know this result).
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Table 1

Summary of notation for the enumeration of paths in a graph G.

[2
P(p)

Py (t)

Pi(< t) i

Pt =Ujm P20

Pij N

P =Uij=1 Pi

Pref

C

7N(p) = [Tomr PE i,

~ref - - ,
P ) = M)/ Lprep 7 (50"
c(p)

A particular path visiting nodes ko, k1, . .., ke
The probability of drawing path o

Set of paths connecting i to j in exactly t steps
Set of paths connecting i to j in at most ¢t steps
Set of all paths of at most t steps

Set of paths of arbitrary length connecting i to j
Set of all paths of arbitrary length

Transition probability matrix with elements p{ff
Cost matrix with elements c;;

Likelihood of following path g according to p}ff

Normalized likelihood of following path g
Total cumulated cost when following path g

Jj. The paths in P;(< t) can contain loops and could visit nodes i
and j several times during the trajectory.”

3.2.1. Computation of the bag-of-paths probabilities for bounded
paths

The analytical expression allowing to compute the quantity
defined by Eq. (5) will be derived in this subsection. Then, in the
following subsection, its definition will be extended to the set of
paths of arbitrary length (unbounded paths) by taking the limit
t — oo.

We start from the cost matrix, C, from which we build a new
matrix, W, as

W = P o exp [-0C] = exp [—0C + log P"'] (6)

where Pl is the transition probability matrix® of the natural
random walk on the graph containing the elements p}ff, and
the logarithm/exponential functions are taken elementwise.
Moreover, o is the elementwise (Hadamard) matrix product. Note
that the matrix W is not symmetric in general.

Then, let us first compute the numerator of Eq. (5). Because all
the quantities in the exponential of Eq. (5) are summed along a
path, log #™f(p) = 22:1 Ing;if,lk, and c(p) = 22:1 Cler ke
where each link k;,_; — k, lies on path g, we immediately
observe that element i, j of the matrix W* (W to the power t) is
W' = Zpepijm exp[—0¢(p) + log ™ ()] where P;(7) is the
set of paths connecting the starting node i to the ending node j in
exactly T steps.

Consequently, the sum in the numerator of Eq. (5) is

Y #(p) exp [-0E(p)]

PEPii(<t)

t
=Y > 7 exp[-0e(p)]

=0 pePjj(r)

=) W= |:ZWI:| =e' (Zw’) e (7)
=0 =0 =0

ij
where e; is a column vector full of 0’s, except in position i where
it contains a 1. By convention, at time step 0, the random walker
appears in node i with probability one and a zero cost: W° = 1.
This means that zero-length paths (without any transition step) are
allowed in P;(< t). If, on the contrary, we want to dismiss zero-
length paths, we could redefine P;(< t) as the set of paths of length

4 Note that another interesting class of paths, the hitting, or absorbing, paths -
allowing only one single visit to the ending node j - will be considered in the next
Section 4.

5 Do not confuse matrix P in bold with ﬁrEf(p) representing the reference
probability of path . A summary of the notation appears in Table 1.

at least one (the summation starts at t = 1 instead of t = 0) and
proceed in the same manner.

This previous Eq. (7) allows to derive the analytical form of the
probability of drawing a bounded path (up to length t) starting
in node i and ending in j. Indeed, replacing Eq. (7) in Eq. (5), and
recalling that P(< t) = {J];_; P;(< t), we obtain

e (i‘ WT) e

=0

n t
> e (Z Wr) e
ij=1 =0

t
e (Z WT) e
=0

PS(s=ie=j) =

== £ 8)
el (Z Wf> e
=0
wheree = [1, 1, ..., 1]V is avector of 1’s. But, of course, there is no

a priori reason to choose a particular path length; we will therefore
consider paths of arbitrary length in the next section.

3.2.2. Proceeding with paths of arbitrary length

Let us now consider the problem of computing the probability
of drawing a path starting in i and ending in j from a bag containing
paths of arbitrary length, and therefore usually containing an
infinite, but countable, number of paths. Following the definition
in the bounded case (Eq. (5)), this quantity will be denoted as and
defined by
P(s=ie=j) = lim PEY(s =i e=})

t—0o0

> 7(p) exp [—0E(p)]
= 2 (9)
Y @l(p') exp [—0C(p)]

p'eP

where Pj is the set of paths (of all lengths) connecting i to j in the
graph and the denominator is called the partition function of the
bag-of-paths system,

z=7) #"(p)exp[-0c(p)]. (10)

HEP

As already stated before, the quantity P(s = i,e = j) in Eq. (9)
will be called the bag-of-paths probability of drawing a path of
arbitrary length starting from node i and ending in node j. This key
quantity captures a notion of accessibility (and thus relatedness or
similarity in terms of accessibility), between nodes of G. From Eq.
(9), we observe that two nodes are considered as highly accessible
(high probability of sampling them) when they are connected by
many, preferably low-cost paths. The quantity therefore integrates
the concept of connectivity (amount of paths), in addition to
proximity (low-cost paths).
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Now, from Eq. (8), we need to compute

Ps=i,e=j) = lim PSV(s=1ie=})

t—00
t
e (Z WT) e

= lim u

t—00 t ’
el Y wje
=0

We thus need to compute the well-known power series of W

(11)

t o]
lim » W' =) "W =(1-w)" (12)

t—00
=0 t=0

which converges if the spectral radius of W is less than 1, p(W) <
1. Because the matrix W only contains non-negative elements and
G is strongly connected, a sufficient condition for p(W) < 1is
that it is substochastic (Meyer, 2000), which is always achieved for
0 > 0asc; > 0foralli, jand we assume that at least one element
of C is strictly positive. We therefore assume a6 > 0.

Now, if we pose

Z=(1-wW)! (13)

with W given by Eq. (6), we can pursue the computation of the
numerator of Eq. (11),

o0
el (Z W[> e, =e (1—W) 'e; = e/Ze; = [Z]; = z; (14)
t=0

where z;; is element i, j of Z. By analogy with Markov chain theory,
Z is called the fundamental matrix (Kemeny & Snell, 1976).
Elementwise, following Egs. (7) and (14), we have that

zj= Y #(p)exp[-08(p)] =[A-W)'], (15)
PEP;

which is actually related to the potential of a Markov chain
(Cinlar, 1975; Norris, 1997). From the previous equation, z; can be
interpreted as

00 n
_ t1. ref ,—0c;i ref _ref [ —6(Cik, +Ckqj)
Zjj = E :[W li=38;+p; e "+ E D Prje Y
=0 ky=1
n n
ref ref _ref —Ocik, ,—OCk k, ,—OCk,j .
+ E E Pik,Pii,Pryj € e akze Y 4 (16)

k1=1ky=1
For the denominator of Egs. (9) and (11), we immediately find
z=e'Ze =2z, (17)

where z,, = Z?,j:l zjj is the value of the partition function Z.
Therefore, from Eq. (11), the probability of drawing a path starting
iniand ending in j in our bag-of-paths model is simply

7
Ps=ie=j) = E] withZ=(I—-W) 'and 2 =z, (18)
or, in matrix form,

Z . 1
nI=—, withZ=>1-W) (19)
where I, called the bag-of-paths probability matrix, contains the
probabilities for each starting—ending pair of nodes. Note that this
matrix is not symmetric in general; therefore, in the case of an

undirected graph, we might instead compute the probability of
drawing a path i ~ j orj ~+ i. The result is a symmetric matrix,

1-[sym =IO+ HT (20)

and only the upper (or lower) triangular part of the matrix is
relevant.

3.2.3. An intuitive interpretation of the z; in terms of killed random
walk

An intuitive interpretation of the elements z; of the Z matrix
can be provided as follows (Mantrach et al., 2010; Saerens et al.,
2009). Consider a special random walk defined by the transition
probability matrix W whose elements are [W]; = p{jef exp[—c;]. As
W has some row sums less than one (the rows i of C containing at
least one strictly positive cost ¢;), the random walker has a nonzero
probability of disappearing in each of these nodes which is equal
to (1 — 3 1, wy) at each time step.

Indeed, from Eq. (6), it can be observed that the probability of
surviving during a transition i — j is proportional to exp[—6c¢;],
which makes sense: there is a smaller probability to survive edges
with a high cost. In this case, the elements of the Z matrix,
zj = [Z]y, can be interpreted as the expected number of times
that a “killed” random walk, starting from node i, visits node
j (see for instance Doyle & Snell, 1984; Kemeny & Snell, 1976)
before being killed. This special stochastic process has been called
an “evaporating random walk” in Saerens et al. (2009) or an
“exponentially killed random walk” in Steele (2001).

4. Working with hitting/absorbing paths: the bag of hitting
paths

The bag-of-hitting-paths model described in this section is a
restriction of the previously introduced bag-of-paths model in
which the ending node of each path only appears once—at the end
of the path. In other words, no intermediate node on the path is
allowed to be the ending node j, thus prohibiting looping on this
node j. Technically this constraint will be enforced by making the
ending node absorbing,® as in the case of an absorbing Markov chain
(Doyle & Snell, 1984; Isaacson & Madsen, 1976; Kemeny & Snell,
1976; Norris, 1997). We will see later in this section that this model
has some nice properties.

4.1. Definition of the bag-of-hitting-paths probabilities

Let Pl-'? be the set of hitting paths starting from i and stopping
once node j has been reached for the first time (j is made absorbing
and killing). Let " = (P} be the complete set of such hitting
paths. Following the same reasoning as in the previous subsection,
from Eq. (9), when putting a Gibbs-Boltzmann distribution on P",
the probability of drawing a hitting path starting in i and ending in
jis

> 7™ (p)exp [-0C(p)]

b iecy < o
hWs=1e=)) = = =
> 7 () exp [—0C(p")]
o'eph
> 7™(p) exp [-0C(p)]
g)epi?

= Z (21)
and the denominator of this expression is also called the partition
function, 2, = Y o 7™ (p) exp [-6C(p)], for the hitting
paths system this time. The quantity P,(s = i,e = j) will be
called the bag-of-hitting-paths probability of drawing a hitting
path starting in i and ending in j. Note that in the case of
unbounded hitting paths, the reference path probabilities can

. ) ~ref ~ref .
simply be defined as P = niznmf if we assume a uniform
reference probability for drawing the starting and ending nodes.

6 And killing, see later.
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With this definition, it is shown in Appendix A that the probability
~ref

is properly normalized, i.e., Zpeph P (p)=1

Obviously, for hitting paths, if we adopt the convention that
zero-length paths are allowed, paths of length greater than 0
starting in node i and ending in the same node i are prohibited—
in that case, the zero-length path is the only allowed path starting
and ending in i and we set its 7" equal to 1.

Now, following the same reasoning as in previous section, the
numerator of Eq. (21) is

> 7N (p) exp[-0E(p)] =

h
pePl]

()

=e (I— W) g
=ez Ve =27 (22)

where W™ is now matrix W of Eq. (6) where the jth row has
been set to 0" (node i is absorbing and killing meaning that the
jth row of the transition matrix, P*, is equal to zero) and Z? =
(I — W)~ This means that when the random walker reaches
node j, it immediately stops its walk there. In other words, the
walker can only follow hitting paths, as required. This matrix is
given by W7 = W — e;(w))" with w] = col;(W") = W'e; being
a column vector containing the jth row of W.

4.2. Computation of the bag-of-hitting-paths probabilities

In Appendix B, it is shown from a bag-of-paths framework point
of view that the elements of Z can be computed simply and
efficiently by

D=z =2 (23)
Zjj
which is a noteworthy result by itself. Note that this result has
been re-derived in a more conventional, but also more tedious,
way through the Sherman-Morrison formula by Kivimdki et al.
(2014) in the context of computing randomized shortest paths
dissimilarities in closed form.
Using this result, Eq. (22) can be developed as

Z 7 () exp [0 ()] = _]) 4o zl.? (24)
peP; ij
where we define the matrix containing the elements zi(j_j) = Z;j/zj
as Z,—the fundamental matrix for hitting paths. The elements of
the matrix Z are denoted by 25‘ From Eq. (24), this matrix can be
computedasZ, = ZD, !with D, = Diag(Z). Note that the diagonal
elements of Z are equal to 1, z! = 1. Moreover, when § — oo,
zj — 1and zg — z; (at the limit, only shortest paths, without
loops, are considered).

From these results, we immediately deduce the bag-of-hitting-

paths probability including zero-length paths (Eq. (21)),

> 7(p) exp [—-0C(p)]

N
Phis=ie=j)=—
Y Y af(p) exp [—-08(9)]
i j=1 go’EPi]}j,
 mly

n
Zh
> @y /zy)

i.j=1

Algorithm 1 Computing the directed bag-of-hitting-paths proba-
bility matrix of a graph.
Input:
- A weighted, possibly directed, strongly connected, graph G
containing n nodes.
- The n x n adjacency matrix A associated to G, containing affinities.
- The n x n cost matrix C associated to G.
- The inverse temperature parameter 6.
Output:
- The n x n bag-of-hitting-paths probability matrix IT}, containing the
probability of drawing a path starting in node i and ending in node j,
when sampling paths according to a Gibbs-Boltzmann distribution.
1: D <« Diag(Ae)  the outdegree diagonal matrix with e being a
column vector full of 1’s
2: P <« D7'A & the reference transition probabilities matrix
33 W <« P o exp[—6C] > elementwise exponential and
multiplication o
4: Z < (I—W)~! » the fundamental matrix
: Dy < Diag(Z) v thecolumn-normalization diagonal matrix needed
for computing hitting paths probabilities

w

6: Zy < ZD;1 > column-normalize the fundamental matrix
7: Z, < e'Zye > compute the partition function
Z
8: I, < Z—h > the directed bag-of-hitting-paths probability matrix
h
9: return ITy

where the denominator of Eq. (25) is the partition function of the
hitting paths model,

Zanef(mexp —0C(p)] = Z(zu/sz (26)

ij= 15767911] i,j=1

In matrix form, denoting by IT}, the matrix of bag-of-hitting-
paths probabilities P, (s = i, e = j),

Zn,’ ) i .
h=———, withZ=(I—-W) ' and D, = Diag(Z). (27)
e'ZD; 'e
The algorithm for computing the matrix IT;, is shown in
Algorithm 1. The symmetric version for hitting paths is obtained
by applying Eq. (20) after the computation of IT. An interesting
application would be to investigate graph cuts based on bag-
of-hitting-paths probabilities instead of the standard adjacency
matrix.

4.3. An intuitive interpretation of the zi’} in terms of killed random
walk

In this subsection, we provide an intuitive description of the
elements of the hitting paths fundamental matrix, Z;,. As for non-
hitting paths, let us consider a special killed random walk with
absorbing state « on the graph G whose transition probabilities
are given by the elements of W', that is, w; = p' exp[—6cy]
wheni # « and w,; = 0 otherwise. In other words, the node a is
made absorbing and killing—it corresponds to hitting paths with
node « as hitting node. When the walker reaches this node, he
stops his walk and disappears. Moreover, as exp[—6c;] < 1 for all
i, j, the matrix of transition probabilities wj; is substochastic and
the random walker has also a nonzero probability (1 — Zj":] wij)
of disappearing at each step of its random walk and in each node i
for which (1 — Y"1, wy) > 0.

Now, let us con51der column « (corresponding to the hitting, or
absorbing, node) of the fundamental matrix of non-hitting paths,
col, (Z) = Ze, . Because the fundamental matrixisZ = (I — W)~!
(Eq. (13)), we easily obtain (I — W)(Ze,) = le, = e,. Or, in
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elementwise form,

n
Zig = E WijZj
j=1

n

foreachi # o
(28)

Zoa = WejZje + 1 for absorbing node .

j=1

When considering hitting paths instead, z{,}a = 1(see Eq. (24))
because w,; = 0 for all j (node « is made absorbing and killing)
so that the second line of Eq. (28) - the boundary condition -
becomes simply z;‘a = 1 for hitting paths. Moreover, we know that
2zl = Zig /2y for any i # a. Thus, dividing the first line of Eq. (28)
by z,, provides

n
h h ;
Zig = E wjjz, foreachi# o
(29)

Zh =1 for absorbing node «.

Interestingly, this is exactly the set of recurrence equations
computing the probability of hitting node « when starting from
node i (see, e.g., Kemeny & Snell, 1976; Ross, 2010; Taylor
& Karlin, 1998). Therefore, the zf“x represent the probability of
surviving during the killed random walk from i to & with transition
probabilities w; and node o made absorbing. Said differently,
it corresponds to the probability of reaching absorbing node j
without being killed during the walk.

5. Two novel families of distances based on hitting paths
probabilities

In this section, two families of distance measures are derived
from the hitting paths probabilities including zero-length paths.”
The second one benefits from some nice properties that will be
detailed.

5.1. A first distance measure: the surprisal distance

The first distance measure is directly derived from the bag-of-
paths probabilities introduced in the previous section.

5.1.1. Definition of the distance

This section shows that the associated (directed) surprisal
measure,
—logPn(s =i,e=j),

quantifying the “surprise” generated by the outcome (s = i) A(e =
J), when symmetrized, is a distance measure. This distance A"
associated to the bag-of-hitting-paths is defined as follows

logPh(s =i,e =j) +1ogPh(s =j, e =1)

A e 2 17130
0 ifi =j
where Ph(s = i,e = j) and Ph(s = j,e = i) are computed

according to Eq. (25) or (27) for the matrix form. Obviously, A3 >
0 and Afj“‘ is symmetric. Moreover, Afj”r is equal to zero if and only
ifi =j.

It is shown in Appendix C that this quantity is a distance
measure since it satisfies the triangle inequality, in addition to the
other mentioned properties. This distance will be called the bag-
of-hitting-paths surprisal distance.

7 Note that the results do not hold for a bag of paths excluding zero-length paths.
Furthermore, the distances are developed only for the hitting paths case because
the equivalent definitions applied to non-hitting paths are less satisfying or even
ill-defined.

5.1.2. Computation of the distance

The surprisal distance can easily be computed by adding the
following matrix operations to Algorithm 1:

o Aqr < —3[log(Tly) + log(T})] > take elementwise
logarithm for computing the surprisal distances
e Ay < Ay — Diag(Agy) > put diagonal to zero.

We now turn to the development of the second distance
measure.

5.2. Asecond distance measure: the potential distance

This subsection introduces a second measure enjoying some
nice properties, based on the same ideas. Note that the same
distance also appeared in Kivimadki et al. (2014), where a distance
closely related to the randomized shortest paths dissimilarity
(Saerens et al., 2009; Yen et al., 2008) was derived from a different
perspective (minimizing free energy), and called the free energy
distance in that work.

5.2.1. Definition of the distance

The second distance measure automatically follows from
Inequality (C.5)in Appendix C and is based on the quantity ¢ (i, j) =
—; logz}, which is necessarily nonnegative because z! can be
interpreted as a probability (see Section 4.3). For convenience, let
us recall this inequality,

Ph(s=i,e=k) > Z,Ph(s=1i,e =j)Ph(s =j,e = k).

Then, from Py(s = ie = j) = z/2, (Eq (25)), we
directly obtain z§, > z} z};. Taking — log of both sides provides
—;logzl < —7logz}! — 1 logz}, or,

@G, k) < @@, )) + &3, k) (31)
where we defined
B(i.J) &~ loga) =~ log (2) (32)

and, from (31), the ¢ (i, j) verify the triangle inequality.

The quantity ¢ (i, j) will be called the directed potential (Cinlar,
1975) of node i with respect to node j. Indeed, it has been
shown (Garcia-Diez, Vandenbussche, & Saerens, 2011) that when
computing the continuous-state continuous-time equivalent of
the randomized shortest paths framework (Saerens et al., 2009),
¢(x, y) plays the role of a potential inducing a drift (external force)
V¢ in the corresponding diffusion equation.

From the properties and the probabilistic interpretation of the
zf,both ¢ (i, j) > 0(as0 < z} < 1)and ¢(i, i) = 0(asz} = 1)hold.
This directed distance measure has three intuitive interpretations.

e First, let us recall from Eq. (24) that z}! is given by z}} =

Zpepg 7" (p) exp[—08(p)] = z;/z; where z; is element

i,j of the fundamental matrix Z (see Eq. (13)). From this

last expression, ¢(i,j) can be interpreted (up to a scaling

factor) as the logarithm of the expectation of the reward
exp[—0c(g)] with respect to the path likelihoods, when
considering absorbing random walks starting from node i and

ending in node j.

e In addition, from Eq. (29), it also corresponds to minus the
log-likelihood of surviving during the killed, absorbing, random
walk from i toj.
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e Finally, it was shown in Kivimaki et al. (2014), investigating
further developments of the randomized shortest paths (RSP)
dissimilarity, that the potential distance also corresponds to
the minimal free energy of the system of hitting paths from
i to j. Indeed, the RSP dissimilarity, defined as the expected
total cost between i and j, is not a distance measure as it does
not satisfy the triangle inequality. However, subtracting the
entropy multiplied by the temperature from the expected total
cost (that is, computing the free energy) leads to a distance
measure that was shown to be equivalent to the potential
distance. Therefore the potential distance was called the free
energy distance in Kivimaki et al. (2014), which provides still
another interpretation to the potential distance.

Inequality (31) suggests to define the distance A? = (¢(,)) +
¢(, i) /2.1t has all the properties of a distance measure, including
the triangle inequality, which is verified thanks to Inequality (31).
Note that this distance measure can be expressed as a function of
the surprisal distance (see Eq. (30)) as A? = (Al?j”r — log 2;) /6 for
i # j. This shows that the newly introduced distance is equivalent
to the previous one, up to the addition of a constant and a rescaling.

The definition of the bag-of-hitting-paths (free energy) poten-
tial distance is therefore

L )1 e s
A e o3, ) + ¢, D) ifi £ j
i 2 .
0 ifi =j,
. 1 zZj
where ¢ (i, j) = —— log = (33)
0 Zjj

and z;; is element i, j of the fundamental matrix Z (see Eq. (13)).

5.2.2. Computation of the distance
From Eq. (27), it can be easily seen that the matrix Z;, containing
the zi? can be computed thanks to Algorithm 1 without the

normalization steps 7 and 8. The distance matrix with elements AZ?
is denoted as A4 and can easily be obtained by adding the following
matrix operations to Algorithm 1:

e d <« —log(Z,)/6
computing the potentials

o Ay <~ (& + ®")/2 > symmetrize the matrix

o Ay < A, — Diag(Ay) > put diagonal to zero.

> take elementwise logarithm for

Note that both the surprisal and the potential distances are well-
defined as we assumed that G is strongly connected.

5.3. Some properties of the potential and surprisal distances

The potential distance A? benefits from some interesting
properties proved in the appendix:

e The potential distance is cutpoint additive, meaning that
Aﬁ( = A:? + Afi if and only if every path from i to k passes
through node j (Chebotarev, 2011) (see Appendix D for the
proof).

e For an undirected graph G, the distance A? approaches
the shortest-path distance when 6 becomes large, 6 —
oo. In that case, the Eq. (33) reduces to the Bellman-Ford
formula (see, e.g., Bertsekas, 2000; Christofides, 1975; Cormen,
Leiserson, Rivest, & Stein, 2009) for computing the shortest-
path distance, AY = minjesuci{cj + Aj} and A = 0
(see Appendix E for the proof). The convergence is, however,
slow® and numerical underflows could appear before complete

8 It was observed, e.g., that the convergence of the RSP dissimilarity (Saerens
et al., 2009; Yen et al., 2008) is much faster when 6 increases.

convergence to the shortest-path distances (convergence is
linear in 6—see the appendix for details). Therefore, if solutions
close to the shortest-path distance are needed (with very large
0), computational tricks such as those used in hidden Markov
models should be implemented. See for instance the appendix
in Huang, Ariki, and Jack (1990).

o For an undirected graph G, the distance Al? approaches half

the commute-cost distance when 8 becomes small, § — 0%
(see Appendix F for the proof). Note that, for a given graph G,
the commute cost between two nodes is proportional to the
commute time between these two nodes, and therefore also
proportional to the resistance distance (see Chandraetal., 1989;
Kivimdki et al., 2014).

e The distance A? extends the Bellman-Ford formula com-
puting the shortest-path distance to integrate sub-optimal
paths (exploration) by simply replacing the min operator by
the softmin operator in the recurrence formula. This property
is discussed in the next subsection.

All of these properties make the potential distance quite
attractive as it defines a family of distances interpolating between
the shortest-path and the resistance distance. Our conjecture
is that interpolating between these two distances hopefully
alleviates the “lost in space” effect (von Luxburg et al, 2010,
2014) as the distance gradually focuses on shorter paths, while still
exploring sub-optimal paths, when parameter 6 increases. A recent
paper (Hashimoto, Sun, & Jaakkola, 2015) addresses this question
by showing the consistency and the robustness of the Laplacian
transformed hitting time (the Laplace transform of hitting times),
a measure related to the potential distance. One of our future
work will be to evaluate if their analysis can be transposed to
our measures. But, of course, ultimately, the “best” distance is
application- and data-dependent and it is difficult to know in
advance which one will perform best.

Note that, even if the potential distance converges to the
commute cost when § — 0T, we have to stress that 6 should
not become equal to zero because the matrix W becomes rank-
deficient when & = 0. This means that the Eq. (13) cannot be
used for computing the commute cost when 6 is exactly equal to
zero. Despite this annoying fact, we found that the approximation
is quite accurate for small values of 6.

Concerning the surprisal distance, because it was shown in the
previous section that Afj‘“ = QA;f + log z;, for all i # j, we deduce
that the ranking of the node distances for a given 6 is the same for
the two distances.

5.4. Relationships with the Bellman-Ford formula
As shown in Appendix E (Eq. (E.7)) the potential ¢(i, k) for

a fixed ending node k can be computed thanks to the following
recurrence formula

1
. - 1ogL ;(A)p;;fexp[—e(cy + ¢, k))]}
¢(lv <) - # k
0 ifi=k

(34)

which is an extension of Bellman-Ford’s formula for computing the
shortest-path distance in a graph (Bertsekas, 2000; Christofides,
1975; Cormen et al, 2009; Jungnickel, 2008; Rardin, 1998;
Sedgewick, 2011). Eq. (34) has to be iterated until convergence.
Note that this result seems to be related to the concept of
“path integral control” developed in control theory; see, e.g., the
survey (Kappen, 2007). The nonlinear recurrence (34) is also a
generalization of the distributed consensus algorithm developed
in Tahbaz and Jadbabaie (2006), and considering binary costs only.
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Interestingly and intriguingly, this expression is obtained by
simply replacing the min operator by a weighted version of
the softmin operator (Cook, unpublished) in the Bellman-Ford
recurrence formula,

. 1 .
softming ¢ (X) = ~3 log Z qj exp[—6x;]
j=1

n
withallg; > 0and » g;=1 (35)
j=1
which interpolates between weighted average and minimum
operators (see Appendix E or Cook, unpublished; Tahbaz &
Jadbabaie, 2006). The consequence is that the potential ¢(i, j)
tends to the average first-passage cost when & — 07 and to the
shortest-path cost when 6 — oo (see Appendix E).

6. Extending the bag of paths by considering non-uniform
priors on nodes

This section extends the bag of hitting paths model by
considering non-uniform a priori probabilities of selecting the
starting and ending nodes.’ For instance, if the nodes represent
cities, it could be natural to weigh each city by its population. These
prior probabilities, weighting each node of G, will be denoted as
q; and ¢f with )i, ¢f = 1, Z}Ll g = 1and all weights non-
negative.

In this situation, because the reference probability ﬁrEf(py)
becomes

S e ~ref

(85) (36)

instead of izﬁmf(pij), the probability of sampling a hitting path
i~jin Eq.?Zl) is redefined as

Y 7 (p) exp [—0E(p)]

P (KJU) =4q;q

pePi'}
Ph(s=i,e=j) = e -
> P () exp[—6C(p))]
p/GPh
| X 7@ exp[-0c)] | ¢
(pePi'}
n
Y og | X aee)exp[-08)] | q

i i
i,j=1 p’EPil}j/

(37)

where 7"f(;) is, as before, the likelihood of the path g given that
the starting and ending nodes are i, j. Therefore this expression can
be computed thanks to Eq. (24) as the weighted quantity

Zj Zjj
a(2)e  a(})

n
Z
Z qz/ (Z/r) j’ m

i"j=1

Pp(s=i,e=j) =

and the denominator

Zw=Yg (z‘]> G (39)

i,j=1 Zjj

9 The development for non-hitting paths is similar and will therefore be omitted.

is the new, weighted by priors, partition function. The numerator
of (38) defines the fundamental matrix of the hitting paths system
for weighted nodes, containing elements

z 7
q ( ") q =4 215‘ q; where, as before, 23 =2, (40)
Zjj Zjj
In matrix form, the counterpart of Eq. (27) -
priors on the nodes - is

o Diag(q,)ZD;, 'Diag(q.)
q'zD, 'q ’

but now including

with D;, = Diag(Z) (41)

where the vectors q5 and g, contain the a priori probabilities g; and
q;. Of course, we recover Eq. (27) when q; = q, = e/n.

Interestingly, the surprisal and potential distances defined
on the weighted nodes still verify the triangle inequality and
are therefore distance measures; this is shown in Appendix G.
Therefore, both the surprisal and the potential distances are
defined in the same way as in previous section (see Egs. (30) and
(33)), but based this time on the weighted quantities defined in Eqs.
(38) and (40).

More precisely, the directed surprisal distance is computed by
taking — log of the probabilities (38) or (41) (matrix form) while
the directed potential distance is redefined as (see Appendix G for
details)

oG, j) = —— log(qf ). (42)

7. Experiments on semi-supervised classification tasks

This experimental section aims at investigating the perfor-
mance of the bag-of-hitting-paths distances, and kernels derived
from them, in a semi-supervised classification task, on which they
are compared with other competitive techniques.

Notice, however, that the goal of this experiment is not to
design a state-of-the-art classifier. Rather, the main objective is
to study the results of the proposed distances in comparison
with other measures and therefore investigate their usefulness in
solving pattern recognition tasks. More precisely, this experiment
investigates to which extent the distance measures are able to
accurately capture the global structure of the graph through a
spectral method.

7.1. Graph based semi-supervised classification

Semi-supervised graph node classification has received an
increasing interest in recent years (see Abney, 2008; Chapelle,
Scholkopf, & Zien, 2006; Hofmann, Schélkopf, & Smola, 2008;
Subramanya & Pratim Talukdar, 2014; Zhu, 2008; Zhu & Goldberg,
2009 for surveys). It considers the task of using the graph structure
and other available information for inferring the class labels of
unlabeled nodes of a network in which only a part of the class
labels of nodes are known a priori. Several categories of approaches
have been suggested for this problem. Among them, we may
mention random walks (Callut, Francoisse, Saerens, & Dupont,
2008; Szummer & Jaakkola, 2001; Zhou & Scholkopf, 2004), graph
mincuts (Blum & Chawla, 2001), spectral methods (Chapelle,
Weston, & Schoélkopf, 2002; Kapoor, Qi, Ahn, & Picard, 2005;
Kondor & Lafferty, 2002; Smola & Kondor, 2003), regularization
frameworks (Belkin, Matveeva, & Niyogi, 2004; Wang, Wang,
Zhang, Shen, & Quan, 2009; Yajima & Kuo, 2006; Zhou, Bousquet,
Lal, Weston, & Scholkopf, 2003; Zhou et al., 2005), transductive and
spectral support vector machines (SVM) (Joachims, 2003), to name
a few.
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Table 2

Document subsets for semi-supervised classification experiments. Nine subsets have been extracted from the original 20 Newsgroups dataset, with 2, 3 and 5 topics as

proposed in Yen et al. (2007, 2009). Each class is composed of 200 documents.

Topic Size Topic Size Topic Size
news-2cl-1 news-2cl-2 news-2cl-3

Politics/general 200 Computer/graphics 200 Space/general 200
Sport/baseball 200 Motor/motorcycles 200 Politics/mideast 200
news-3cl-1 news-3cl-2 news-3cl-3

Sport/baseball 200 Computer/windows 200 Sport/hockey 200
Space/general 200 Motor/autos 200 Religion/atheism 200
Politics/mideast 200 Religion/general 200 Medicine/general 200
news-5cl-1 news-5cl-2 news-5cl-3

Computer/windowsx 200 Computer/graphics 200 Computer/machardware 200
Cryptography/general 200 Computer/pchardware 200 Sport/hockey 200
Politics/mideast 200 Motor/autos 200 Medicine/general 200
Politics/guns 200 Religion/atheism 200 Religion/general 200
Religion/christian 200 Politics/mideast 200 Forsale/general 200

Still another family of approaches is based on kernel methods,
which embed the nodes of the input graph into a Euclidean feature
space where a decision boundary can be estimated using standard
kernel (semi-)supervised methods, such as SVMs. Fouss et al.
(2012) investigated the applicability of nine such graph kernels in
collaborative recommendation and semi-supervised classification
by adopting a simple sum-of-similarities'® rule (SoS). Zhang and
Mao (2008a, 2008b) as well as Tang and Liu (2009a, 2009b, 2010)
extract the dominant eigenvectors (a “latent space”) of graph
kernels or similarity matrices and then input them to a supervised
classification method, such as a logistic regression or a SVM, to
categorize the nodes. These techniques based on similarities and
eigenvectors extraction allow to scale to large graphs, depending
on the kernel.

Another category of classification methods relies on random
walks performed on a weighted and possibly directed graph seen
as a Markov chain. The random walk with restart (Pan et al,,
2004; Tong, Faloutsos, & Pan, 2006; Tong et al., 2008), directly
inspired by the PageRank algorithm, is one of them. The method
of Callut et al. (2008), based on discriminative random walks, or
D-walks, belongs to the same category. It defines, for each class, a
group betweenness measure based on passage times during special
random walks of bounded length. Those walks are constrained to
start and end in nodes within the same class, defining distinct
random walks for each class. The number of passages on nodes is
computed for each type of such random walk, therefore defining a
distinct betweenness for each class. The main advantage of some
of these random walk-based approaches is that class labels can be
computed efficiently (in linear time) while providing competitive
results.

7.2. Datasets description

Comparison of the different methods will be performed on
several well-known real world graph datasets (14 in total). Note
that, in some cases, only the largest connected component of the
following graphs has been selected:

e 20 Newsgroups (9 subsets): this dataset'' is composed of
20000 text documents taken from 20 discussion groups of the
Usenet diffusion list (available on UCI Lichman, 2013). Nine sub-
sets related to different topics are extracted from the original
dataset, as listed in Table 2 (Yen, Fouss, Decaestecker, Francq,
& Saerens, 2007; Yen et al., 2009). Each subset is composed of

10 The equivalent of nearest neighbors classification when dealing with similari-
ties (a kernel matrix) instead of distances.

11 Available, e.g., from http://people.csail.mit.edu/jrennie/20Newsgroups/.

200 documents extracted randomly from the different news-
groups. The subsets with two classes (news-2cl-1,2,3) contain
400 documents, 200 in each class. In the same way, subsets
with three classes contain 600 documents and subsets with five
classes contain 1000 documents. Each subset is composed of
different topics, each of which are either easy to separate (Com-
puter/windowsx and Religion/Christian) or harder to separate
(Computer/graphics and Computer/pchardware). Initially, this
dataset does not have a graph structure but is represented in
a word vector space of high dimensionality. To transform this
dataset into a graph structure, a fairly standard preprocessing
has been performed, which is directly inspired by the paper of
Yen et al. (2009).

Basically, the first step is to reduce the high dimensionality of
the feature space (terms), by removing stop words, applying
a stemming algorithm on each term, removing too common
or uncommon terms and by removing terms with low mutual
information with documents. Second, a term-document matrix
W is constructed with the remaining terms and documents.
The elements wy; are tf-idf values see, e.g., (Manning, Raghavan,
& Schutze, 2008) of term i in document j. Each row of the
term-document matrix W is then normalized to 1. Finally,
the adjacency matrix defining the links between documents is
given by A = WTW.

o IMDB: the collaborative Internet Movie Database (IMDD,
Macskassy & Provost, 2007) has several applications such as
making movie recommendations, clustering or movie category
classification. It contains a graph of movies linked together
whenever they share the same production company. The
weight of an edge in the resulting graph is the number
of production companies two movies have in common. The
classification problem focuses on identifying clusters of movies
that share the same notoriety (whether the movie is a box-office
hit or not).

o WebKB (4 datasets): these networks consist of sets of web
pages gathered from four computer science departments (one
for each university, Macskassy & Provost, 2007), with each page
manually labeled into 6 categories: course, department, faculty,
project, staff, and student. Two pages are linked by co-citation
(if x links to z and y links to z, then x and y are co-citing z).

The adjacency matrices extracted from these datasets are all
symmetric and some are weighted. In a standard way, the costs
associated to the edges are set to ¢; = 1/ay. That is, the elements of
the adjacency matrix are considered as conductances and the costs
as resistances. For unweighted graphs, affinities and costs are both
equal to 1 for existing edges, meaning that the paths are weighted
by their total length (number of steps).
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7.3. Compared distances, kernels, and algorithms

This paper derived distance measures from the bag-of-
paths probabilities. In order to use these distances in machine
learning and pattern recognition methods, it is convenient to
transform them into similarity matrices, simply called kernels for
convenience.

7.3.1. Deriving a kernel from a distance

From classical multidimensional scaling (MDS, see, e.g., Borg &
Groenen, 1997; Cox & Cox, 2001), a centered kernel matrix K can
be derived from a matrix of squared distances A® as follows

1
K™ = —EHA(Z)H (43)

where H = (I — ee’/n) is the centering matrix and
matrix A® contains the elementwise squared distances. Then,
computing the dominant eigenvectors of this matrix (see the next
section on Experimental settings) corresponds exactly to classical
multidimensional scaling.

Still another popular way to map the distance matrix to a kernel
matrix aims to use the Gaussian mapping or kernel (see, e.g.,
Scholkopf & Smola, 2002)

K¢ = exp[-A® /207] (44)

where the exponential is taken elementwise. Both approaches
will be investigated. Computing the dominant eigenvectors of
this matrix corresponds to a kernel principal components analysis
(Scholkopf & Smola, 2002; Scholkopf, Smola, & Muller, 1998).

However, the obtained kernels are not necessarily positive
semi-definite until the distance is Euclidean, which is required
for kernel methods. This problem can be fixed by removing the
negative eigenvalues in the spectral decomposition (see, e.g.,
Mardia, Kent, & Bibby, 1979), which will be applied in all our
experiments.'?

For classifying the nodes, the five dominant eigenvectors of the
resulting kernels will be extracted and then injected into a SVM
classifier (see the next Section 7.4 for details).

7.3.2. Compared methods

The following list presents the methods based on kernels
computed from the distances introduced in this paper, as
well as from two other recent families of dissimilarities, for
comparison. The derived kernels are computed by using both (1)
multidimensional scaling (mds, Eq. (43)) and (2) a Gaussian kernel
(8 Eq. (44)).

e The kernels associated to the bag-of-hitting-paths potential dis-
tance (l(g;dpsp, KgBopp) (Egs.(33)and (43)-(44)). The corresponding
methods are denoted as BoPP-mds and BoPP-g.

e The kernels associated to the bag-of-hitting-paths surprisal dis-
tance (Kg}ﬂfs, l(gops) (Egs.(30)and (43)-(44)). The corresponding
methods are denoted as BoPS-mds and BoPS-g.

e The randomized shortest-path (RSP) kernel (KFR"S?,S, K&p) com-
puted from the RSP family of dissimilarities (see Kivimdki et al.,
2014; Saerens et al., 2009; Yen et al., 2008 and Eqs. (43)-(44)).
The corresponding methods are denoted as RSP-mds and RSP-

g.

12 Note that, probably because only the dominant eigenvectors are extracted,
we did not observe any significant difference in the experimental results when
removing and not removing the negative eigenvalues of the kernels (results not
reported).

e The logarithmic forest (LF) kernel (K%, K&.) computed from
the logarithmic forest family of distances (see Chebotarev,
2011,2012 and Egs. (43)-(44)). The corresponding methods are
denoted as LF-mds and LF-g.

In addition, five state-of-the-art similarity matrices and kernels
on a graph are added to this list and compared to the previous
ones. We selected the three kernels providing consistently the
best results in Fouss et al. (2012), which were based on a sum-
of-similarities instead of the spectral method investigated in this

paper.

e The modularity matrix (Q) (Newman, 2006, 2010), which
was used as a kernel for semi-supervised learning earlier
by Zhang and Mao (2008a, 2008b) as well as Tang and Liu
(2009a, 2009b, 2010). The modularity matrix performed best
in their experiments, in comparison with other state-of-the-art
methods. This is our first baseline method, denoted as Q.

e The Markov diffusion kernel (Kyp) (Fouss et al, 2012)
computed from the Markov diffusion map distance (Nadler
et al., 2005, 2006; Pons & Latapy, 2005, 2006) and studied in
Fouss et al. (2012) and Yen et al. (2011). This kernel, as well
as the two following ones, provided good results in Fouss et al.
(2012). The corresponding method is denoted as MD.

e The regularized Laplacian, or matrix forest, kernel (Kg.)
(Chebotarev & Shamis, 1997, 1998; Fouss et al., 2012; Ito et al.,
2005). The corresponding method is denoted as RL.

e The regularized commute-time kernel (Kgcr) (Fouss et al., 2012;
Mantrach et al., 2011). The corresponding method is denoted as
RCT.

e The bag-of-paths modularity matrix (Kgopym) Studied in De-
vooght et al. (2014). The corresponding method is denoted as
BoPM.

Finally, our introduced distances are also compared to an ef-
ficient, alternative, way of performing semi-supervised classifica-
tion on a network:

e A sum-of-similarities (SoS) algorithm based on the regularized
commute-time kernel, which provided good results on large
datasets in Mantrach et al. (2011); see this paper for details. This
is our second baseline method, denoted as SoS.

These kernels and similarity matrices are real symmetric
when working with undirected graphs. All the above kernels and
methods will be compared by following the experimental settings
described hereafter. For illustration, a picture of some of the
kernels is shown in Fig. 1.

7.4. Experimental settings

In this experiment, we address the task of classification of
unlabeled nodes in partially labeled graphs. The method we use
is directly inspired from Tang and Liu (2009a). It consists of two
steps:

1. Extracting the “latent social” dimensions, which may be done
using any matrix decomposition technique or by using a
graphical topic model. Here, we used, as in Tang and Liu (2009a),
a simple spectral decomposition of the relevant matrices.
More precisely, we extracted the top eigenvectors of the
compared kernel matrices just described (see Section 7.3).
This aims to perform a classical multidimensional scaling from
distances when using the MDS transformation of Eq. (43) and a
kernel principal components analysis when using the Gaussian
mapping of Eq. (44).
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Fig. 1. Images of the different similarity matrices, (a) Kgypp, (b) Kggpe, and (c) Q, computed on the news-3cl-1 dataset. Nodes have been sorted according to classes. We
observe that classes are clearly visible in (a) and (b). For the standard modularity (c), the class discrimination is less clear.

2. Training a classifier on the extracted latent space. In this space,
each feature corresponds to one latent variable (i.e. one of
the top eigenvectors). The number of social dimensions has
been set to 5 for all the suggested measures and the classifier
is a one-vs-rest linear SVM. Note that we also investigated
different numbers of social dimensions [10, 50, 500] but the
performance did not change significantly—these results are
therefore not reported here.

The classification accuracy is computed for a labeling rate of
20%, i.e. proportion of nodes for which the label is known.'*> The
labels of remaining nodes (80%) are removed and used as test
data. For this considered labeling rate, an external stratified 5-fold
cross-validation (each fold defining in turn the 20% labeled data)
was performed, on which classification accuracies are averaged.
For each fold of the external cross-validation, a 5-fold internal
cross-validation is performed on the remaining labeled nodes
in order to tune the hyper-parameters of the SVM and each
kernel/distance (¢ = {0.01, 0.1, 1, 2, 5, 10} for the bag-of-paths
based approaches and ¢ = {0.01,0.1, 1, 10, 100} for the SVM).
Then, the performance obtained for each external fold is assessed
on the remaining, unlabeled, nodes (test data) with the hyper-
parameter tuned during the internal cross-validation.

For each unlabeled node, the various classifiers predict the most
suitable category according to the procedure described below.
We compute, for each method, the average classification accuracy
obtained on the five folds of the cross-validation. Then, a Borda
ranking as well as a nonparametric Friedman-Nemenyi statistical
test (Demsar, 2006) are performed across all datasets in order
to compare the different methods. Finally, pairwise comparisons
between some specific methods are investigated.

7.5. Results and discussion

Table 3 reports average classification accuracies (in percent)
of the methods on all the datasets, for a proportion of 20% of
labeling rate and five latent dimensions (components). The method
performing best is presented in boldface for each dataset. Then, a
simple Borda ranking of the methods is performed and shown in
Table 4. Each method is given a score equal to its rank (methods
are sorted in ascending order of accuracy, worst first and best last)
for each dataset. The best method overall is the one showing the
highest Borda score.

From these tables, it can be observed that the bag-of-paths
(BoP) and the randomized shortest paths (RSP) based approaches
obtain competitive results in comparison with the other methods.
Indeed, both the BoPP and the BoPS consistently provide good

13 Other settings were also investigated, leading to similar conclusions; they are
therefore omitted here.

results. The logarithmic forest distance also obtains good overall
results. However, we can further observe that the best method is
dataset-dependent; this shows that it is often useful to investigate
different methods when facing a network-based semi-supervised
classification problem. Moreover, the differences in performance
among the best performing methods are often small. For instance,
for the five best techniques (BoPP-g, BoPS-mds, BoPP-mds, RSP-g,
BoPS-g; see Table 4), the average difference between the accuracy
(see Table 3) of the best performing method and the other methods
across all datasets is 0.79 and the maximum difference is only
4.,58. This can be understood by the fact that we selected the most
promising candidate methods for the comparisons, but also by the
fact that several investigated distances are derived from a similar
framework.

Moreover, in order to rate globally the results of each
method, we use a nonparametric Friedman-Nemenyi statistical
test (Demsar, 2006) allowing to compare them across all the
datasets. The obtained ranking scores are presented in Fig. 2 and
are similar to those provided by the Borda ranking. The figure
confirms that the BoP and RSP distances provide good results,
although not significantly different from the logarithmic forest and
the two baseline methods (the modularity matrix Q and the sum-
of-similarities SoS). This is partly because the Friedman-Nemenyi
test is rather conservative, especially when comparing many
different techniques.

Therefore, in order to further investigate the results, we also
computed some pairwise comparisons through a nonparametric
one-sided Wilcoxon signed-rank test for matched data (¢ =
0.05). These paired tests show that all the introduced bag-of-paths
methods (BoPP-g, BoPP-mds, BoPS-g, BoPS-mds) are significantly
better than our first baseline (Q, eigenvectors extracted from the
modularity matrix), but not necessarily better than the second
baseline (SoS, the sum-of-similarities method). Indeed, only one
method, BoPS-mds, provided significantly better results than SoS
(but close to the critical value, p-value = 0.033). This confirms that
the SoS can be considered as a good baseline which, in addition, is
simple to implement, efficient, and scales to large, sparse, networks
(Mantrach et al., 2011). Moreover, by examining further Table 3,
SoS is the only method achieving good performance on the imdb
dataset while almost all the other methods fail on this dataset.

Although a little under the bag-of-paths based approaches, note
that the randomized shortest path (RSP) and the logarithmic forest
(LF) methods associated to the gaussian transformation are also
competitive, consistently providing good results, and significantly
better than our first baseline (Q). Note also that this simple
modularity matrix based method Q, although below the best
methods, especially in the 5-classes setting, provides reasonable
results.

Curiously, the spectral method applied to the three kernels
(the Markov diffusion kernel (MD), the regularized commute-time
kernel (RCT) and the regularized Laplacian kernel (RL)) provides
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Classification accuracy (correct classification rate) in percent for the bag-of-paths based distances and the competing methods, obtained on each dataset, using 5 social
dimensions. Only the results for graphs with 20% labeling rate are reported. The best performing method of each dataset is highlighted in boldface.

Method: BoPM  BoPP- BoPP- BoPS- BoPS- LF-g LF- MD Q RCT RL RSP- RSP- SoS
Dataset: g mds g mds mds g mds
webKB-texas 74.85 77.40 74.92 76.57 76.95 7492 7275 58.01 72.75 70.89 48.73 7492 75.75 74.63
webKB- 66.19 71.49 70.68 68.61 70.05 7224 70.10 66.53 5950 67.40 40.78 70.68 70.33 65.61
washington
webKB-wisconsin 7284  75.50 73.49 73.13 7414 7378 7191 7048 7270 7076 45.04 7335 72.49 73.71
webKB-cornell 60.04 5557 58.31 56.29 58.46 5838 56.43 5173 5123 46.82 4191 5831 56.87 58.67
imdb 7444  50.75 50.68 50.77 50.68 50.71 50.71 52.67 66.64 5693 68.44 50.75 50.68 78.14
news-2cl-1 96.00 95.06 94.25 95.25 94.75 95.06 95.94 9756 9481 9094 90.69 94.31 94.06 92.50
news-2cl-2 89.83 91.02 90.70 91.71 91.58 90.89 89.26 90.64 91.02 8643 87.50 90.52 90.89 89.89
news-2cl-3 9449  95.99 95.68 95.80 95.99 95.55 95.05 9549 9417 9286 9336 9599 9530 94.11
news-3cl-1 9442 93.92 93.08 92.92 93.08 93.17 92.25 9175 9333 7217 7825 9350 92.67 91.75
news-3cl-2 93.31 92.98 92.06 92.89 92.39 91.68 91.39 89.38 92,64 5498 5564 92.98 92.18 89.72
news-3cl-3 91.18 93.03 93.24 93.99 93.78 9139 91.01 81.68 9055 6450 57.61 93.11 93.07 90.84
news-5cl-1 86.32 87.98 87.57 87.80 87.47 86.02 86.50 7640 81.04 48.72 27.73 86.90 87.30 86.52
news-5cl-2 79.48 78.25 81.83 77.80 81.68 77.23  80.88 60.41 7528 5188 4760 77.25 81.41 8251
news-5cl-3 73.60 81.02 81.09 80.29 80.77 7991 7891 61.01 76.00 41.68 27.83 80.97 80.22 81.92
Table 4 Ranking of methods
Ranking of the different classification methods ‘ ‘ ‘
according to Borda’s method (the higher score, the BoPM - i}
better). BoPP-g - ]
Method Rank Score BoPP-mds - e 1
BoPP-g 1 162 BoPS9 |
BoPS-mds 2 155 BoPS-mds - - 7
BoPP-mds 3 143 LFg |- S — R
RSP-g 4 141 . |
BoPS-g 5 140
LogF-g 6 127 MD - S — 1
BoPM 7 125 at — E
RSP-mds 8 118 ror | : 7
SoS 9 109
LogF-mds 10 95 RLE - 1
Q 11 89 RSP-g | SIS S 1
MD 12 72 RSP-mds - _— —
RCT 13 38
RL 14 29 SoS - - ]
2 0 2 z 6 s 10 2 T4

bad results (all three kernels perform significantly worse than the
two baselines). This is especially odd, as these kernels obtained
good results when used in a sum-of-similarities context (Fouss
et al., 2012; Mantrach et al., 2011)—see the results obtained by
the sum-of-similarities based on the RCT kernel (SoS) in Table 3
which is not statistically different from the best method. This could
be related to the recent comparison in Ivashkin and Chebotarev
(2016) showing that taking the logarithm of some well-known
kernels improves the results in node clustering tasks.

Concerning the transformation from distances to inner prod-
ucts of Egs. (43) and (44), the Gaussian kernel often provides
slightly better results than multidimensional scaling, but not al-
ways so.

In summary, these experiments showed that the introduced
BoP families of distances (BoPP, BoPS), but also the already known
randomized shortest path (RSP) and the logarithmic forest (LF) dis-
tances, achieve good results in comparison with our two base-
line methods (Q and SoS) on the investigated datasets. However,
we found that the introduced distances are not necessarily sig-
nificantly better (although globally ranked better) than the sec-
ond baseline, the sum-of-similarities method (SoS) based on the
RCT kernel (Fouss et al., 2012; Mantrach et al., 2011). Because this
SoS technique is fast and scales to large graphs (Mantrach et al.,
2011), it can be concluded that the introduced distances do not
bring much added value here in our semi-supervised classification
tasks. Still, this has to be confirmed in larger experiments. Indeed,
in further work, we plan to conduct a systematic, comprehensive,
comparison of families of distances and kernels on clustering, clas-
sification and dimensionality reduction tasks.

3 groups have mean column ranks significantly different from BoPP-g

Fig. 2. Friedman-Nemenyi ranking over the 14 datasets (the larger, the better).
Two methods are considered as significantly different when their confidence
intervals do not overlap. The best ranked method (BoPP-g) is highlighted.

8. Conclusion and further work

This work introduced the bag-of-paths framework considering
a bag containing the set of paths in the network. By defining a
Gibbs-Boltzmann distribution on this set of paths penalizing long
paths, we were able to derive various interesting quantities such
as distance measures between nodes. It is also shown that one of
the two introduced distance measures has some nice properties,
like interpolating between the shortest-path distance and the
resistance distance (up to a constant factor). Experiments have
shown that the BoP framework can provide competitive algorithms
within a clear theoretical framework.

Indeed, as demonstrated in semi-supervised classification
experiments, the kernels associated to the distance measures
derived from the bag-of-paths probabilities achieve good results.
Consistency of performance across the different datasets (except
imdb) shows that the bag-of-paths framework seems to induce
some promising distance and similarity measures on graphs, based
on its structure.

The framework is rich and other quantities of interest can be
defined, which is pursued in parallel. For instance, a betweenness
measure can be defined as P(int = jls = i,e = k), the
probability that a path starting in i and ending in k visits j as
an intermediate node (Lebichot et al.,, 2014). Another idea is to
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reformulate the modularity matrix in terms of paths instead of
direct links (Devooght et al., 2014). Still another application is the
definition of a new robustness measure capturing the criticality
of the nodes (Lebichot & Saerens, submitted for publication). The
idea then would be to compute the change in accessibility between
nodes when deleting one node within the BoP framework. Nodes
having a wide impact on reachability are then considered as highly
critical.

Another idea would be to investigate graph cuts by considering
paths instead of links. We also plan to evaluate experimentally the
potential distance (see Eq. (34)) as a distance between sequences
of characters by adapting it to a directed acyclic graph, as in Garcia-
Diez, Fouss et al. (2011).

Finally, we plan to make a systematic experimental compari-
son between families of distances and kernels on clustering, semi-
supervised classification and dimensionality reduction tasks, while
trying to analyze the theoretical properties of the proposed dis-
tances families by following Hashimoto et al. (2015). In particular,
we will investigate the new kernels introduced recently in [vashkin
and Chebotarev (2016) where it is shown on node clustering tasks
that taking the logarithm of well-known kernels improves signifi-
cantly the performance.
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Appendix A. Sum of reference probabilities over hitting paths

In this appendix, it is shown that the sum over all hitting paths
of the reference probabilities is equal to one. We thus have to
compute

Zf)ref( )—Z Z laref(p)

peph t=0 peph(t)

=ZZ > (1)

(=0 ij=1 gjePi(1)

SONNDY

ij= 1pU€Ph(t)

7l () = 1 (A1)

where P(t) is the set of all hitting paths of length exactly equal
to t and P,?(t) the set of such hitting paths connecting i to j. As
stated before, because we assume that the a priori probability of
~ref
choosing the starting node and ending node is uniform, P (o) =
L™ (py) with 7™ (g;) being the likelihood of the path gy,
i.e., the product of transition probabilities plrﬁf along the path of
length ¢, 7™ (py) = [T'_ (D", with kg = i, ke = jand no
intermediate node being equal to node j.

As we are concerned with hitting paths stopping in node j, let us
consider the absorbing, killing, Markov chain on G with transition
probabilities p”,f for I # jand prEf = 0 for all I'. In other words,
node j is made killing and absorbmg.

We now introduce a new quantity, q,((")(t), on this absorbing
Markov chain, defined as the probability of finding the process in
state k at time t when considering walks from starting node i to
absorbing node j. This probability can easily be computed thanks
to the following recurrence relation

a (0) = 8i

qkl) (t) Z q(']) (t »1) pref fort > 1
I#J

fort =0
(A2)

which says that the probability of being in node k at time ¢ is the
sum of the probabilities of being in any node [ (except node j which
is absorbing) at time t — 1 times the probability of jumping from
[ to k. When k = j, the quantity computes the probability of being
absorbed in node j at time ¢, given that we started from i at time 0.

Let us now examine the last quantity appearing in Eq. (A.1), the
sum of hitting paths likelihoods from i to j, assuming i # j,

n n n
~ ref _ ref .ref _ ref
E T (py) = E E E ik, Preyky Py s *
k=1 kp=1 k=1
PIEPYO A koA kA

p,ﬂff ,j fort>0 (A3)
and it is equal to 0 when t = 0 because there is no path of length
zero connecting two different nodes.

But the second-hand quantity in this last equation is nothing
else than the sequential application of recurrence (A.2) for ¢, t —
1,...,0, therefore computing q;")(t), that is, the probability
of being absorbed in node j in exactly t steps. Therefore,
P pyerho 1y = g7 (1) when i #

Moreover, as we know that the process necessarily ends in
absorbing node j at some point (see, e.g., Grinstead & Snell, 1997),
Y0 q” (t) = 1 holds when i # j.

Conversely, when i = j, the probability of finding the process
innode jis 1att = 0 (a zero-length path) and then collapses to 0

when t > 0, which also provides > 7~ q; Dty =1.
Eq. (A.1) then becomes

~ref
)ILACEES 3) SIUCEES S FT R
peph ij=1 t=0 ij=1
which is the desired result. In addition, this also shows that
> A =1, (A5)

pe?’h

that is, the sum over the path likelihoods is equal to 1 for hitting
paths.

Appendix B. Computation of the entries of Z™ in terms of the
fundamental matrix

All the entries of Z™ can be computed efficiently in terms of
the fundamental matrix Z = (I — W)~!

This result can be understood as follows. Each non-hitting path
$ij € P can be split uniquely into two sub-paths, before hitting
node j for the first time, 5/),']‘ € 7)1? and after hitting node j, p;; €
Pj. These two sub-paths can be chosen independently because
their concatenation is a valid path, with gob‘ o pji € Pj being the
concatenation of the two paths. Now, as ¢(gp;) = 5(50,1}) + C(p5)
and 7" (py) = 7" ()7 () for any g = o g}, we obtain

zj = Z 7" (5) exp[—OE (5]

i€ Pij
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= Y 7 pF" (py) expl—02 (p})] expl—0Z ()]
h h
i <Py
©jj€Pjj

> 7"} expl—02(9})]

h h
2ij <Py

x (Z 7™ (5) exp[—Mop])
i €Pjj
=z 7'z (B.1)
and therefore zl;_j)
developed as

= z;/z;. Using this result, Eq. (22) can be

- - i Z,.
> oy exp[-0c()] =77 = .
/)

(B.2)
5067?,-‘]?

Appendix C. Triangle inequality proof for the surprisal distance

In order for Al?j“r to be a distance measure, it has to be shown
that it obeys the triangle inequality, A} < Afj‘“ + Aj,z” for
all i, j, k. Note that Af’j”r = oo when node i and node j are not
connected (they belong to different connected components)—this
is why we require G to be strongly connected. In addition, note that
the triangle inequality is trivially satisfied if eitheri = j,j = k or
i = k. Thus, we only need to prove the casei # j # k # i.

In order to prove the result, consider the set of paths Py from
node i to node k. We now compute the probability that such paths
pass through an intermediate node int = jwhere i # j # k # i,

> 3G € p) 7™ (p) exp [—0C(p)]
9 <€Pik

> 7o) exp [—0C(p")]
o' eP

P(s=i,int =j,e=k) =

(C1)

where §(j € ¢) is a Kronecker delta equal to 1 if the path p
contains (at least once) node j, and 0 otherwise. It is clear from Eqs.
(21)and (C.1) that

P(s=i,e=k)>P(s=i,int =j,e=k) fori£j#k#i (C2)

Let us transform Eq. (C.1), using the fact that each path gy
between i and k passing through j can be decomposed uniquely
into a hitting sub-path g;; from i to j and a non-hitting sub-path
ik from j to k. The sub-path g; is found by following path gj until
reaching j for the first time. Therefore, fori # j # k # i,

P(s =i,int =j,e =k)
Y 8G e p) ™ (p)exp[—-0C(p)]

PEPik

zZ

Y X 77 (o) exp [0 C(py) + Ep))]
pijerl) k<P

Z

> 7™ (py) exp [—08(y)] [ b ﬁre{(@jk)EXP[_GE(@jk)]:|
Kr),'jePg ik <Pik

s

> 7™ (py) exp[—0C(py)]

h
pijepij
= Zp

Zh

|: Z ﬁ”f(sojk) exp [95(@]k)]i|

ik € Pik

z
=zZPh(s=i,e=j)P(s=j,e=k),fori#j#k#Ii. (C.3)
Combining Inequality (C.2) and Eq. (C.3) yields

Ps=i,e=k) > Z,Ph(s=i,e=j)P(s=j,e=k),
fori£j+#k#i. (C4)
Replacing the non-hitting bag-of-paths probabilities by their
expressions (see Eq. (18)) in function of the elements of the
fundamental matrix, P(s = i,e = k) = zy/Z and P(s = j,e =
k) = zyx/Z, in the previous Inequality (C.4) provides zy/Z >
Zn Pp(s = i, e = j) zj/ Z. Further dividing each member by (Z,zj)
gives zy/(Znzi) = Zn Pu(s = i, e = j) Zj/(Znzik). Finally, using
Pn(s =i, e = k) = zi/(Znzik) (see Eq. (25)), we obtain
Ph(s=ie=k) > Z,Ph(s=i,e=j)Ph(s=j,e=k) (C5)

fori # j # k # i. Now, from Eq. (26) and the fact that the z; are
nonnegative, it is clear that 2, > 1; thus

Pp(s=i,e=k) >Py(s=i,e=j)Pp(s=j,e=k),

fori#£j#k#i (C.6)
Finally, by taking — log of Inequality (C.6),
—logPh(s =i,e=k) < —logPn(s =1i,e =)
— logPr(s =j, e = k), (C.7)

fori # j # k # i Thus, the (directed) surprisal measure,
—log P, (s = i, e = j), obeys the triangle inequality. Therefore the
surprisal distance Af}”r = —(logPy(s=i,e =j)+logPy(s =j,e =
i))/2 also enjoys this property.

Appendix D. Proof of the cutpoint additive property of the
potential distance

From the definition of the bag-of-paths probability (Eq. (9)), as
well as Eq. (C.1) defining P(s = i,int = j,e = k), we have for
i#jAkAi

Y 7™ (p) exp[—6C(p)]

. _ _ »EPik
P(s=i,e=k) = =
> 3G € p) T (p) exp [—0C(p)]
_ p€Pi
N z
> (1-38G € o) 7™ (p) exp[—0(p)]
£€Pik

Z
=P(s=i,int =j,e=k)

Y 8G ¢ 9) T (p) exp [—0C(p)]

#EPik

P (D.1)

Now, substituting P(s = i, int = j,e = k) by 2, Pp(s = i,e =
JP(s =j, e = k) (see Eq. (C.3)) in the previous equation yields
P(s=i,e=k) = 2,Ph(s=i,e=j)P(s=j,e =k)

Y 8G & ) 7 (p) exp [-6E(p) ]

»€Pik

D.2
Z (D.2)
Further recalling that P(s = i,e = k) = zy/Z (Eq. (18)) and
Pa(s =i, e = j) = z}}/ 2, (Eq. (25)), we transform Eq. (D.2) into
ze=zzi+ »_ 8G &) 7 (p) exp[-0E(p)]. (D.3)

$<€Pik
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Dividing both sides of the previous equation by z;, and recalling
that z8 = zy/zi (Eq. (24)) provides

1
=2z +— > 5G &) 7 (p) exp[-0E(p)] (D.4)

kk ©EPik

and we recover z > u ]k (Eq. (31)). The equality zi

zuzjk (i # j # k # 1) holdsifand only if }  , 8( ¢
) 7™ () exp [~0¢(p) | = 0, which only occurs when all paths

connectmg i and k visit node j. Thus, it is clear that A¢ = A¢ +

]k, # j # k # iifand only if all paths p € Ph and
o € 77,“- connecting node i and node k pass through node j.

This property is called the cutpoint additivity or graph-geodetic
property in Chebotarev (2011).

Appendix E. Asymptotic result: for an undirected graph, the A?
distance converges to the shortest-path distance when § — oo

There are two ways to prove this property, each of them
having its own benefits. The first proof is based on the bag-of-
paths framework and is shorter. The second proof is inspired by
Tahbaz and Jadbabaie (2006) and is longer, but establishes some
interesting links with the Bellman-Ford formula for computing
the shortest-path distance in a network (see, e.g., Bertsekas, 2000;
Christofides, 1975; Cormen et al., 2009; Rardin, 1998; Sedgewick,
2011).

E.1. First proof

Assuming i # jand 6 > 0, let us recall (Eq. (33)), that is,
= (¢(i.)) + ¢(.1)/2 with ¢(i,j) = —7 logz}, and where
z,.? is given by (Eq. (24), recalled here for convenience):

= Y #"(p) exp[-0c(p)] (E.1)
pePi?
which is always positive for a strongly connected graph.

We now have to compute the asymptotic form ofzi}1 for0 — oo
or, equivalently, T — 0. Let the lowest-cost (shortest) paths from
i to j be denoted as {g;} and let c* = c(g;) be the cost of such
a lowest-cost path. c¢* is therefore the minimum cost among all
possible paths from i to j. Say there are m > 1 such lowest-cost
paths. Now, as Zpepg 7™ (p) = 1 (see Eq. (A.5)), it is clear that

z} is bounded by
z} < Z 7" () exp [—0c*] = exp [—0c*] Z A" (p)
peP}} pePi?
= exp [—6c”] (E2)

and is therefore finite. We also observe that it converges
exponentially to 0 when & — oo. Moreover, this last inequality
implies

> 7 ) exp[-0E(p) — )] <1 (E3)
goe’P,?

which shows that the quantity on the left-hand side is bounded.
We can now rewrite

=Y #(p)exp[-0E(p)]

5)57915-'

=exp[—0c"] Y 7N (p) exp [-0E(p) — )]

h
pePh

= exp

Zz“me > #Np)exp[-0E(p) — ]
i=1 pePh
E(p)>t*

(E4)

Let us now compute the potential ¢(i,j) =
6 — oo.Using Eq. (E.4), we get

1 h
—5 logzj when

. 1 h
¢@,)) = —glogzij

—flo ex
0 g P

Zﬂref(pl

+ ) #p) exp [-0E(p) — )]

h
PEP;;

C(p)>c*

=c*—— log Z 7 (o)

+ Y 7N(p) exp [-0E(p) — )]
pe?’g
E(p)>c*

0708 o (E5)

Here, the last limit applies because, following Eq. (E.3), the

expression inside the logarithm is finite and strictly positive (the

first termis a positive value and the second is positive and bounded
(see Eq. (E.3))).

Moreover, observing that, in the case of an undirected graph,

the lowest cost from j to i is equal to the lowest cost from i to j

. . iVt 6
(i.e., ¢*), the distance A? = w —% ¢*. Therefore, the

bag-of-hitting-paths potential distance provides the shortest-path
distance when & — oo for undirected graphs.

E.2. Second proof

The second proof starts from Eq. (29), where we replace w; =
p;}ef exp[—0c;] in this expression with node k absorbing,

ref h .
exp[—6cilz, fori+#k
E pi exp[—0cijl z; # (E6)

1 for i = k(boundary condition).

Let us now compute the value of the potential ¢ (i, k) (Eq. (33))
fori  k (wheni = k, ¢(k, k) = — 7 log (zu/2zuc) = 0),

o3, k) =

1
) logz},

1
—5 log |:Z ! exp[—ecij]z]i]
1
_- log |:Zp”5fexp —0c;] exp [—9 <—5 logzl}{>i|:|
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—— log |:Z pre‘r exp[—0¢;] exp[—0¢(, k)]i|

=— log L > P expl—0(c; + ¢ k))]} (E7)

jeSucc(i)

which provides a recurrence formula for computing ¢(i, k),
together with the boundary condition ¢ (k, k) = 0.

Let us now study the behavior of this equation when 6 — oo.
We first observe that both the numerator and the denominator
tend to 4oco. Now, in order to simplify the notations, we
will study the softmin function (Cook, unpublished; Tahbaz &
Jadbabaie, 2006), softmings(X) = — log(zjf':1 q; exp[—6x;1)/0
with Z};l gi = 1andall g; > 0 instead, where we define x; =
(cj+¢G, k) and g = p{ff (the development is inspired by Tahbaz
& Jadbabaie, 2006). Let us further define x* = min;(x;) so that
(xj — x*) = 0; we then have

lim softming ¢ (X)
6— o0

B n
log Z i exp[—0x;] ]
= lim —— &~
6—o00 0
n
log | exp[—6x*] >_ qjexp[—0 (x; — x*)]]
i—1
= lim —— = !
0—o0 9
n
log | >_ gjexp[—0(x; — x*)]
i—1
= lim | x" — !
6—o00 0
n
log | > gjexp[—0(x; — x¥)]
i—1
=x"— lim !
0—00 0
=x" (E.8)

and the last limit is 0 because no term in the exponential is positive
and at least one of the x; is exactly equal to x* (the minimum) so
that the sum Z}‘zl q; exp[—6 (x;—x*)] is non-zero, and thus strictly
positive.

Thus, when & — o0, Eq. (E.7) becomes ¢ (i, k) = min;(c; +
¢(, k) fori # kand ¢(k,k) = O which is the well-known
Bellman-Ford formula for computing the shortest-path distance in
an undirected graph (see, e.g., Bertsekas, 2000; Christofides, 1975;
Cormen et al., 2009; Jungnickel, 2008; Rardin, 1998; Sedgewick,
2011). Moreover, for such an undirected graph, the shortest path
from i to j is equal to the shortest path from j to i, which implies
that A? reduces to the shortest-path distance too when 6 — oo.

Appendix F. Asymptotic result: for an undirected graph, the A¢
distance converges to half the commute cost distance when
0— ot

Let us show that the A? distance is half the commute-cost
distance when @ — 0. As before, there are two ways to prove this
property. The first proof is based on the bag-of-paths framework
and is somewhat shorter. The second proof, also inspired by Tahbaz
and Jadbabaie (2006), establishes some interesting links with the
Bellman-Ford recurrence formula (Kemeny & Snell, 1976; Norris,
1997; Ross, 2010; Taylor & Karlin, 1998).

F.1. First proof

From Eqgs. (E.1) and (33),

6 (logz}} + logzj',?)
i 20

h h
PEP] PEP]

log( > #(p) exp[—eapﬂ) +log( > ﬁfef@)exm—eé(m)

20
(E.1)

and, because Zpeph #*f(p) = 1 for hitting paths (see Eq.
ij

(A.5)), both the numerator and the denominator tend to zero
when & — 0%, For taking the limit & — 0% of the whole
expression (F.1), we apply I'Hospital’s rule (taking the derivative
of the numerator and the denominator with respect to 6 and
then the limit limy_, o+ of the resulting expression). Because the
Gibbs-Boltzmann probability distribution over the hitting paths
tends to 7"  when 6 — 07 (see Eq. (3)), this provides

> 7)) + Y 7))
lim A¢ Py o< . (F.2)
6—0* 2

The quantity Z[peph 7" () () can be interpreted as the
ij

average first-passage cost from i to j, i.e. the average cost
undergone by a random walker using transition probabilities pref
for reaching destination node j for the first time when starting from
i. Consequently, the average of the two quantities defined in Eq.
(F.2) is half the commute-cost distance.

F.2. Second proof

Restarting from Eq. (E.7), we now have to take the limit§ — 0.
Assuming Z]'.':l gi = 1, let us compute the limit & — 071 of
softming ¢ (X), instead of & — oo in Eq. (E.8), and apply as before
I'Hospital’s rule

=1

log (Z qj exp[—@xﬂ)

lim softmingy(X) = lim —

6—0+ 6—0+ 0
n n
> gixexpl—0x1 > qjx;
— i j=1 _ =1
- 92? 1 I
> gy exp[—0x;] > g
j= =1
n
= Z Qij. (F3)
=1
Therefore, as in our case x; = (¢; + ¢(, k)) and g; pl‘ff

with Y, piff = 1, we obtain ¢(i, k) = Y, pi¥'(cj + ¢, k)
for i # k, together with the boundary condition ¢(k, k) =
But this is exactly the recurrence formula computing the average
first-passage cost in a regular Markov chain (Kemeny & Snell, 1976;
Norris, 1997; Ross, 2010; Taylor & Karlin, 1998). Thus, when 6§ —
0%, A? = (¢(i,j) + ¢(, i))/2 reduces to half the commute-cost
distance between i and j.

Appendix G. Triangle inequality for hitting paths and weighted
nodes

To prove the result we simply adapt the corresponding proof
of Appendix C. Note that Eq. (C.2) still holds. Moreover, Eq. (C.3)
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»€Pik

gGq; Y. 8G € o) 7™ (p) exp[—0C(p)]

P(s=i,int =j,e=k) =
Zw

p,»jefp}; ©ikE€Pik

aga Y Y 7Ny (op) exp [0 C(9y) + C(pip))]

Zw

. cph
p,]epij

a| X 7oy exp[—0cop)] | ¢ x qf

Z ﬁrEf(@jk) exp [—GE(pjk)] qi
£k P

a Y 7™ (py) exp[—6C(py)] qf

49 2w

¢ X 7 () exp [-0C(pp)] af

_ Zhw PiEP) k€ Pik
qa;q; Zhw Z
Z
= Sh";Ph(s:i,e:j)P(s:j,e:k), fori£j#k#1i (G.1)
q;9;
Box 1.
becomes Eq.(G.1) whichis given in Box [ where Z,, = Zi"Jﬂ qul-jqje References

is the partition function for non-hitting paths (the counterpart of
Eq. (39) for non-hitting paths).
As for Eq. (C.4), combining this last result with (C.2) yields
Zhw

P(s=i,e=k) > Ph(s=i,e=j)P(s=j,e=k),

Sqe
9]
fori£j#k#i. (G.2)
Then, by further considering that, from Eq. (39), the following
inequality holds

Zh 1 1 Zik
oy (2
99 49 = Kk

because the term i = k = j in the double sum is equal to 1 and all
terms are non-negative.

We deduce that P(s = i,e = k) > Pn(s = i,e = j)P(s =
j, e = k). Then, dividing both sides by (zixZnhw) and using P(s =
i, e = k) = (q;zikq};) / 2w for weighted nodes and non-hitting paths,
provides (q;ziqy)/ (ZikZnw) = Pn(s = i, e = J) (qziq}) / Zik Zhw)-
Then, from the expression of P,(s = i,e = k) in Eq. (38) and by
taking — log of both sides of the inequality, we have
—logPp(s =i,e=k) < —logPn(s =1i,e =})

— logPn(s =j,e = k) (G.4)
which shows the triangle inequality for the directed surprisal
distance and, hence, the surprisal distance, in the case of weighted
nodes.

The same triangle inequality result holds for the directed
potential distance with weighted nodes, defined as ¢(i,j) 2
—; log(qiz]}qf), and z}! given in Eq. (40). Indeed, by replacing P(-)
and Py, (+) by their expressions in function of the zi']? in Eq. (G.2) and
dividing both sides by zy, provides

1

Gzha; > ——= (@2)) (@Za5).

q;9;

Then, because 1/q;q; > 1 for every j, we obtain after taking —% log
of both sides

(G.3)

(G.5)

1 1 1
-5 log(qjziap) < -5 log(qz'q}) — 5 log(qZ,q5)
which proves triangle inequality for the directed potential
distance, and therefore also for the potential distance with priors

on nodes.

(G.6)
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